PHEP NGHICH PAO VA UNG DUNG
Nguyén Vin Thdo — THPT Chuyén Bac Giang
A. Loi noi dau

Phép bién hinh la mot cong cu hét sitc quan trong trong viéc giai quyét cac
van dé cta hinh hoc. Trong chuyén dé nay, t6i xin trinh bay mot s6 tng dung ctia
phép nghich dao, day la phép bién hinh kha dac biét trong chwong trinh Toan pho
thong (N6 khong béo tén tich dong dang cua cac hinh).

Vé noi dung, t6i co6 gang hé thong lai cac tinh chat va cac dang toan, vi du
dién hinh trong &ng dung cta phép nghich ddo. Nhitng vi du sé duwgc trinh bay ti
dé dén kho (theo quan diém cta tac gia), giip ban doc phan nao thdy dwgc vé dep
quyén rii cia phép nghich ddo néi riéng va hinh hoc néi chung. Phan cudi la mot so
bai tap gitip ban doc trai nghiém va thit sttc minh. Hi vong chuyén dé sé dé lai chut
an twong dep trong long ban doc!

B. Noi dung
I. Ly thuyét
I.1. Dinh nghia

Cho diém O c¢6 dinh va mot s6 thyc k khac 0. Phép bién hinh f bién moi
diém M thanh M’ sao cho: OM.OM' =k dugc goi 1a phép nghich ddo cuc O
phuong tich k.

I.2. Cac tinh chat
I.2.1. Tinh chat 1

Phép nghich déo f bién M, N (M, N, O khong thang hang ) lan lwgt thanh
M’, N’ thi M, N, M’, N’ cung thudoc mot duong tron.

1.2.2. Tinh chat 2

Phép nghich ddo f bao ton goéc cia hai dwong. (hay fla phép bién hinh bao
giac).



I.2.3. Tinh chat 3
Phép nghich déo f bién M, N lan lwgt thanh M’, N’ ta c6

M'Nl :|k|MN
OM .ON

I.3. Anh cia duwong thing, duwéng tron qua phép nghich dao
1.3.1. Anh cia duwong tron qua phép nghich dao

- Anh ctia duong tron tdm I khong di qua cwc O 1a mot dudng tron tam I’
khong di qua cuc va I’ thudc dwong thang OI (I’ khong phai la anh cua I)

- Anh ctia duong tron tdm I di qua cuc 1a mot duwong thdng vudng goc véi
Ol

1.3.2. Anh ciia dwdong thang qua phép nghich dao
- Anh ctia dwong thing qua cuc 1a chinh né

- Anh cta duong thing a khdng qua cue 1a mot dwdng tron tam I di qua cuc
va Ol L a.

Céach dung anh cia dwong tron, duwong thang xin nhwong lai cho ban doc!

Chi y: Néu k > 0 thi tap hop cac diém bat dong cta f 1a dwong tron (O,+k ),
duong tron nay goi la dwong tron nghich dao cua f.

Néu k < 0 thi f khong c6 diém bat dong.

O la diém duy nhat khong c6 anh va tao anh, nhung néu bo sung diém vo
cuc thi anh cda O chinh 1a diém vo cuc.

I1. Cac dang toan co ban

II.1. Cac bai toan ve do dai



Khi gap céac bai toan chitng minh lién quan dén do dai doan thang, ta thwong
stt dung hé thic (1) dé dwa biéu thitc can chitng minh vé mot hé thitc méi, don
gian hon hé thitc ban dau.

Vi du 1 (Mathlins.ro). Cho t gidc ABCD c¢6 £BAD + /BCD = 90°. Chitng minh
rang

(AB.CD)? + (AD.BC) = (AC.BD)>.

Lai giai

Xét phép nghich ddo cwc D phuong tich k

Goi anh cua A,B,C lan lwotla A’, B’, C’. Ta c6
T gidc ABB’A’ va BCC’B’ ndi tiép nén
/A’BD = Z/BAD; ZDB’C’ = ZBCD

Suy ra ZA’B’C’ =90° suy ra

A:C’Z :A)B)Z + B)C,Z

Ack’ )" [ aBk* ) [ Bck? )
_ . _[ ABKk* | [ BC.
[DADC] [DADB] [DB.DC]



< (AB.CD)’ + (AD.BC)* = (AC.BD)*
D6 chinh la diéu phai chitng minh.

Nhw vay viéc stt dung phép nghich dao gitp cho bai toan trd nén dé dang hon rat
nhiéu!

Vi du 2 (Dinh ly Ptolémée). Chitng minh rang diéu kién can va da dé mot t¢ giac
noi tiép la tich hai dwong chéo bang tong tich cac cap canh doi dién.

Loi giai

B
Xét phép nghich dao cuc A, phuong tich k
Goi anh cua B, C, D lan lwotla B’, C’ D’.
Ta c6 ABCD noi tiép khi va chi khi B’, C’, D’ thang hang theo thit ty dé

k*.BC .\ k’CD _ k’.BD

= B)C, + C’D’ :B’DJ P —
AB.AC AC.AD AB.AD

< AC.BD = AB.CD + AD.BC
Twr d6 c6 diéu phdi chitng minh.

Tat nhién tir day ta cling suy ra ngay bat dang thitc Ptolémée.



Vi du 3. Cho ba dudng tron cung di qua A. Mgt duong thang di qua A, cat ba
dwong tron dé lan luot tai ba diém P, Q, R khac A. Chitng minh rang % khong
doi.

Loi giai

Xét phép nghich dao cuc A, phuong tich AB.

Khi dé cac duong tron da cho lan lwgt bién thanh cac dwong thang c6 dinh a, b, ¢
(nhu hinh vé).

Goi anh cua P, Q, R lan lwgt 1a P’, Q’, R’ 1an lwot nam trén a, b, c.

, AR" QR" .
Ta co B(A, Q’, R’, P’) = == :=—= khong doi.
API QIPI
Ma
— AB* — AB° —— AB’QP —— AB’O0OR
AP' = :AR'= ,Q'P':_Q ;Q'R':__Q
AP AR AQ.AP AQ.AR

Tt d6 suy ra



AR'.QR'_PQ

AP'.Q'P' ﬁ

Twr d6 c6 diéu phai chitng minh.

I1.2. Chitng minh mét s6 quan hé: Song song, vuong goc, dong quy,
thang hang

Muo6n chitng minh ba dwong thang a, b, ¢ dong quy, ta chitng minh ching la
anh cua ba duong tron cung di qua A, B qua phép nghich dao cyc A.

Mubn chitng minh ba diém A, B, C thang hang, ta chitng minh anh cda
chung qua phép nghich dao cuc I 1a cung vdi cuc nghich ddo tao thanh mot tir giac
noi tiép.

Ta cling c6 thé dwa vé bai toan d6 dai dé chitng minh.

Vidu 1 (IMO 1996). Cho P la diém nam trong tam giac ABC sao cho

/APB - /C = ZAPC - ZB. Goi D, E lan lwgt la tam duong tron noi tiép tam
giac APB va tam giac APC. Chitng minh rang AP, BD, CE dong quy.

Lai giai

AB _AC
PB PC

Ta can chitng minh

Xét phép nghich dao cuc A phwong tich k = AP?
Goi B’, C’ lan luwgt 1a dnh ctia B, C qua phép nghich ddo do.
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Taco LAPB- ZC= ZAB’P- ZAB’C’= ZPB’C’
Tuwong tw c6 LAPC- £/B= ZPC’B’
Do do6 tam giac PB’C’ can tai P hay PB’ = PC’

Mat khac, do P la anh ctia P nén ta c6

< AB AC
Twdosuyra — =——
PB PC

Vay c6 diéu phdi chitng minh.

Vi du 2 (IMO SL 1997). Cho tam gidc A1A>A; khong can ngoai ti€p dudng tron
tam I. C, i = 1, 2, 3 1a dwong tron nho hon di qua I tiép xic v6i AiAi va AiAix. B;
la giao diém thi¢ hai cia C;+ 1 va C;+,. Chitng minh rang tam cac dwong tron ngoai
tiép cac tam giac AB4I, A;Bol, A;Bsl thang hang.

Loi giai

Vi cac duong tron ngoai tiép cac tam giac AiB4l, A:B.I, A3Bsl cung di qua I nén
yéu cau bai toan twong dwong vdi cac duong tron dé con c6 mot diém chung khac
nira.

Xét f la phép nghich dao cuc I phwong tich k bat ki (Ban doc tw vé hinh)

Ki hiéu X’ = f(X)

Ta c6 &nh caa C; 1a duong thing B,,,B.,,

Vi du 4 (Singapore 2010). Cho CD la mot day cung cia duwong tron (T,). Buong
kinh AB vuong goc v6i CN tai N, (AN > NB). Buong tron (T;) tam C, ban kinh CN
cat (T,) tai P, Q. PQ cat CD tai M, va AC tai K. Puong thang NK cat (T,) tai diém
tht hai la L. Chitng minh rang PQ | AL.

Ldi giai



Ta c6 KA.KC =KP.KQ =KN.KL

Nén A,L,C,N cung thuoc mot dwong tron suy ra CL L AL

Do d6 ta chi can chitng minh PQ // CL

Xét Phép nghich dao f cyc C phwong tich CN?, ta c6

fbién P thanh P, Q thanh Q nén duwdng tron (T,) bién thanh duwong thang PQ

Do d6 f(D) = M hay CM.CD = CN? < 2CM.CN = CN? & CN = 2CM

Twr d6 suy ra M la trung diém CN.

Dé thdy K la trung diém NL nén MK//CL

Twr d6 c6 diéu phdi chitng minh.

Vi du 4. Cho tam giac ABC. Buong tron tam I noi tiép tam giac ABC, tiép xuc vdi
BC, CA, AB lan luot tai M, N, P. Chitng minh rang O, I va trwc tam H ctia tam giac
MNP thing hang.

L&i giai



Xét phép nghich ddo f cuc I phuwong tich r (r 1a ban kinh dwong tron noi ti€p tam
giac ABC)

Khi do f bién duong tron Euler ctia tam gidc MNP (la dwong tron ngoai tiép tam
giac DEF) thanh dudng tron ngoai tiép tam giac ABC. Goi tam duong tron Euler
cta tam giac MNP 1a J. Khi d6 I, J, O thang hang

Mat khac I la tdm duwdong tron ngoai ti€p tam gidac MNP nén H, I, J thang hang

Twr do6 suy ra H, I, O thang hang.

I1.3. Bai toan vé goc va su tiép xic cia cac duong cong

Pay ciing 1a dang toan dac trung nhat cho wu thé ctia phép nghich dao. Béi
vi phép nghich ddo bdo toan goc gitta hai duong cong.

Qua phép nghich dao:
- Hai dwong thang song song cé thé bién thanh: hai dwong thang song song,
hai duong tron tiép xic nhau hoac mot duwong tron va mot dwong thang tiép xuc

nhau.

- Hai duwong tron tiép xuic nhau bién thanh: hai dwong thang song song, hai
dwong tron tiép xtc nhau hodc mét duwong tron va mot duwong thang tiép xtic nhau.



- Mot duong tron va mot dwong thang tiép xic nhau bién thanh: hai dwong
thang song song, hai dwong tron tiép xuc nhau hodac mot duwong tron va mot dudng
thang tiép xdc nhau.

Vi du 1 (China 2012). Cho tam gidc ABC c6 goc A 16n nhat. Goi D va E lan lugt
la 1a trung diém cung ABC, ACB ctia duong tron ngoai tiép tam giac ABC. Buong
tron (C; ) tam C; qua A, B tiép xtic vGi AC tai A, duong tron (C, ) tdam C, qua A, E
tiép xic AD tai A. C; va C, cat nhau tai A va P. Chithg minh rang AP la phan giac
Z BAC.

Loi giai

Xét phép nghich dao f cuc A phuong tich k.
Goi X’ = f(X)
f bién dwong trung trec cia AC thanh duong tron (C’) tam C’, f(C) = C°.

Do A, B, C, D, E cung thuoc mot duwong tron nén B’, C°, D’°, E’ cung thudoc mot
dwong thang.

Taco LADC’= £ ACD = ZDAC =4ZD’AC".
SuyraC’D’=C’A

(Cy) bién thanh duwong thang B’P’ va AC bién thanh AC nén B’P’ // AC
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Twong tw P’E’ // AD
T d6 suyra Z/D’AC’ =~/ B’P’E’
Tw P’E’//AD’suyra £/B’E’P’= LZAD’E’= /D’AC’ = ZB’P’E’
Suy ra tam giac B’E’P’ can tai B’ = B’E’ = B’P’ = B’A
Suy ra tam giac B’AP’ can tai B’
Suy ra
2/BAP =2 /B’AP’=180°- LAB’P’

=180°- Z/AB’C’—- ZC’B’P’

=180°- LAB’C’- ZB’C’A= /BAC
Vay c6 diéu phai chitng minh.
Vi du 2. Cho p 1a ntta chu vi ctia tam giac ABC. E, F 1a hai diém trén AB sao cho
CE = CF = p. Chitng minh rang dwong tron ngoai tiép tam giac CEF tiép xuic vdi
duwong ron bang tiép goc C cta tam giac ABC.

Lai giai

Goi (T) la dwong tron bang tiép goc C

Taco CE = CF = CD = CG = p.
11



Xét phép nghich dao f cye C phuong tich p?
Khi dé6 fbién D,G, E, F thanh chinh né

Suy ra duong tron (T) bién thanh chinh n6, dwdng tron ngoai tiép tam giac CEF
thanh duong thang EF

Do EF tiép xtc (T) nén (CEF) tiép xtc (T). (dpcm)

Vi du 3 (Serbi 2013). Cho M, N, P lan lwot 1a trung diém cac canh BC, CA, AB cta
tam giac nhon ABC. Goi O la tam dwong tron ngoai tiép tam giac ABC. Cac duong
tron ngoai tiép tam giac BOC va MNP cat nhau tai X, Y bén trong tam giac ABC.
Chitng minh rang ~/ BAX = / CAY.

Loi giai

B

Xét phép nghich dao f cuc A phwong tich AD.AN

1
Goi I, J lan lwot 1a tam caa AD, AE ta c6 AILAB = EAD.ZAN =AD.AN

Suy ra f bién I thanh C, bién J thanh B

Vay f bién (MNP) thanh chinh n6, bién dwong tron Euler (T) ctia tam gidc ADE
thanh (ABC)
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Goi R, S 1a giao cta (T) va (MNP)suyraf: R,S = XY

. AB .
Mat khac phép bién hinh g la tich ctia phép vi tw tdm A, ti s6 D va phép doi
xitng qua dwong phan giac trong goc A, bién tam giac ADE thanh tam giac ABC.
Suyrag:RP Y, S X= /BAX= ZBAR= ZCAS = ZCAY
Vay c6 diéu phdi chitng minh.
Vi du 4 (APMO 2014). Cho hai dwong tron (T,) va (T,) cat nhau tai A, B. M la
trung diém cung AB cua (T;) va M nam trong (T,). Day cung MP ctia duong tron
(Ty) cat (T>») tai Q. I, la tiép tuyén cua (T,) tai P, I, 1a tiép tuyén caa (T) tai Q.

Chitng minh rang dwong tron ngoai tiép tam giac tao bdi AB, I, I, ti€p xtic vGi
duwong tron (T).

L&i giai

E

Goi DEF la tam giac tao bdi ba duwong thang I, I, va AB.
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MP cit (T2) tai Y, PM cit AB tai X, 0,0, cét (T.) tai T, M.
Ta co
/PXD = /ZPTM = ZEPX
Suy ra tam giac PDX can tai D.
Xét phép nghich dao f cyre D phwong tich DP?.
Khidof:P+» P,B A XP X
Do do6 (T,) va (T,) bién thanh chinh n6.
Goi Y’ la giao diém thit hai cua DY va (T») khi dé
Y~ Y =f PXY# (DPXY)
Lai co
ZDXY’ = ZDYX = Z£CQY’
Suy ra CQXY” noi tiép
Ap dung dinh 1y Miquel cho tam gidc PME ta c6 Y’ thudc (CDE)
Goi Y'Y’ la tiép tuyén cua (T,) ta c6
ZYYD=/2YYY= /Y QY= £LXCY’=ZDEY’
Suy ra diéu phai chitng minh.
Vi du 5 (Balkan 2012).Cho tam gidc ABC noi tiép dwong tron (O), £ ABC > 90°.
Goi D la giao diém ctia duwong thang d ( qua C, vudéng gbc véi AC) va duong thang
AB, I 1a duong thang qua D vudng géc v6i AO,E la giao cua [ va AC, F la giao cua
(O) va I (F nam gitta D, E). Chitng minh rang (BFE) tiép xtc (CFD) tai F.

Lai giai
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Goi X la giao diém tht hai ctia CD va (O) suy ra AX la dwong kinh cta (O).
E la tryc tam tam giac ADX.
Xét phép nghich dao f cuwc D phuwong tich DA.DB.
Ta co

ffA» BCP X,E- N

O O)=fFPM
Dodé  f (BFE) » (AMN), (CFD) » MX
Ma MX tiép xic (AMN) suy ra (BFE) tiép xic (CFD).

I1.4. Bai toan vé quy tich, dwdong, diém cé dinh

Vi du 1. Cho duong tron (O) va diém S nam ngoai (O), AB la duong kinh thay doéi
cta (0). Goi M, N lan luot 1a giao diém thit hai cia SA, AB. Chitng minh rang MN
luén di qua mot diém c6 dinh.

Ldi giai
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Xét phép nghic dao cuc S phuong tich SA.SM
Khi do
f-(0) » (0)
MN » (SAB)
Chi can chitng minh (SAB) di qua mot diém c6 dinh khac S.

Xét phép nghich ddo cuc O, phwong tich —R? bién B thanh A, S thanh I ¢ dinh trén
(SAB)

Tt d6 suy ra MN ludn di qua f(I) co dinh.

Vi du 2 (China TST 2012). Cho hai dwong tron c6 dinh (T), (T»). S 1a tap hgp céac
tam giac ABC sao cho (T,) la dwong tron ngoai tiép va (T-) la dwong tron bang tiép
goc A. (T») tiép xtc v6i cac duong thang BC, CA, AB lan luot tai D, E, F. Chitng

minh rang trong tam tam giac DEF la mot diém c6 dinh.

Loi giai
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Goi O, r lan lwot la tam va ban kinh cta (T»). Ai, Bi, Ci lan lugt la trung diém cua
EF, FD, DE.

Xét phép nghich dao f cuc O, phwong tich r°
f:Al I A,Bl g B,Cl = C

Do do6 f bién dwong tron Euler ctia tam gidc DEF thanh (ABC) va ngugc lai suy ra
duwong tron Euler ctia tam gidc DEF ¢6 dinh suy ra tam K ctia n6 ¢6 dinh

Ma O la tam duong tron ngoai tiép tam gidc DEF c6 dinh suy ra G thudc OK va

2 c0 dinh. Do d6 G co dinh.
GK

Nhan xét: ta cling c6 thé chitng minh tryc tdm tam gidc DEF c6 dinh.

II1. Bai tap

Bai 1 (Serbi 2010). Cho tam gidc ABC nhon. Goi M la trung diém BC, D, E, F lan
lwgt 1a chan duong cao ha tt A, B, C cua tam giac ABC. Goi H la tryc tam cta tam

giac ABC, S la trung diém AH, G la giao ctia EF va AH, N la giao cua doan AM va
(BCH). Chitng minh rang ~ HMA = Z GNS.
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Bai 2 (USA 1993). Cho ABCD la tt giac 16i sao cho cac duwong chéo C va BD
vuong goc tai O. Chitng minh rang cac diém doi xitng cta O qua AB, BC, CD, DA
cung namg trén mot dwong tron.

Bai 3 (Israeli 1995). Cho ntta duong tron (T) dwong kinh PQ. Buong tron (T,)
tiép xuc trong vaGi (T) va tiép xtuc PQ tai C. Goi A la mot diém trén (T), B 1a mét
diém trén PQ sao cho AB 1 PQ va tiép xuc (T,).

Chitng minh rang AC la phan giac géc £ PAB.

Bai 4. Cho bon dwong tron (T), (T2), (Ts), (Ts) sao cho moi duwong tron (T;), (T2)
déu tiép xuc véi (Ts), (T4). Chitng minh rang bon tiép diém cung thuéc mot duong
tron.

Bai 5 (IMO SL 2002). Cho duwong tron (T) ndi tiép tam gidc nhon ABC, tiép xuc
v6i BC tai K. AD la dudng cao ctia tam giac ABC, M la trung diém ctia AD. Néu N
la mét diém chung cua (T) va KM, chitng minh rang (T) va duong tron ngoai tiép
tam giac BCN ti€p xuc nhau tai N.

Bai 6. Cho KL, KN la cac tiép tuyén ké tv K t¢i dwong tron (T). M la diém trén
dwong kéo dai cia KN veé phia N, P la giao diém thit hai caa (T) va (KLM). Q la
chan dwong vudng goc ha tir N xuéng ML. Chitng minh rang £ MPQ = 2 / KML.

Bai 7. Cho A, B, C la ba diém thang hang theo th ty d6. Vé cac nita dwong tron
(T1), (T») dwong kinh AB, BC vé cung phia so v6i duwong thang AB. Duong tron
(T5) tiép x1dc v6i nita dwong tron (T,), ti€p xuc (T,) tai M khac C va tiép xuc vdi
duwong vuong goc vGi AB tai C. Chitng minh rang AM tiép xuc (T>).

Bai 8 (Mathlinks.ro). Cho tam giac ABC, M la diém nam trong tam giac. Cac
duwong thang qua M lan lugt vudng gbéc véi MA, MB, MC lan lugt cat BC, CA, AB
lan lwot tai X, Y, Z. Chitng minh rang X, Y, Z thang hang.

Bai 9 (USA TST 2011). Cho tam giac ABC nhon ndi tiép (O), tam O. H la tryc tam
tam giac ABC. Hai diém M, N lan lwot la trung diém AB, AC. Tia MH, NH cat (O)
lan lwot tai P, Q. Hai dwong thang MN, PQ cat nhau tai R.

Chiéng minh rang OA L RA.
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