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oanGo Cyc t 56 phitc

1. PHAN DE BAl

L N A ,
véi z la so phtic

R . . 3 . L s . 27+
Caul: Goi M va m lan luot la gia tri I6n nhat va gia tri nho nhat cua P =‘

z
. <l ~ T
khac 0 vathoaman |z|>2. Tinhtis6 — .
m
AM_3 B. M_2 cM_> p.M_5.
m m 3 m 3 m
Cau2: Trongcacsb phuac z thoa man dicu kién |z—i|:‘f—2+3i‘,sé phtc z, c6 modun nho nhat. Phan
aocua z; la
A2 B. 2. c. 3. D. 3.
3 3 2 4

Cau3: Cho tét ca cac s phuc z=x+Vi,(x,yeR) théaman |z+2i—-1 =|z+i|. Biét z duoc biéu dién
bai diém M sao cho MA ngén nhét véi A(L3). Tim P =2x+3y.
A 9. B. 11. C. 3. D.5.

Cau4: Chosé phirc z théaman |z|=1.Goi M va m lan luot 1 gia tri Ion nhat va gia tri nho nhat cia
biéu thirc P =|z+1+|z*~z+1]. Tinh M.m.

A.@. B. 32 C. 3V3. p. 18
4 4 4

Cau5: Goi M la diém biéu dién sb phuc z :a+(a2 —2a+ 2)i va N 1a diém biéu dién sé phuc z,

biét |2, ~2~i|= |z, ~6—i[ . Tim o dai ngén nhét cia doan MN .

A. 245, B. % C.1. D.5.
A e P A - X , A NN ~ TSN ‘A (1+i)Z N .
Cau 6: Cho so phtrc z va w biét ching dong thoi thoa man hai diéu kién: T+2 =lvaw=iz.
—i
Tim gia tri 16n nhat coa M =|z—w|
A M=3/3. B. M =3. C. M =32. D. 24/3.

Cau7: Chosb phic z thoa man ‘22 —2iz‘ =2. Gia trj 16n nhat cua biéu thic P =|iz+1] bang
A 2. B. 3. C. 3. D. V2.

Cau8: Vi ai sé phuc z,, z, thoa man z,+2z, =8+6i va |z,—2,|=2. Gia tri lon nhat cua biéu thic
P=|z|+|z,| Ia:

A. 5+35. B. 24/26. C. 46 D. 34+342.
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Sé phic

Cau 9:

Cau 10:

Cau 11:

Cau 12:

Céu 13:

Céau 14:

Céau 15;

Céau 16:

Cau 17;

Céau 18:

Xét tap hop S cac s6 phic z=x+Yi (x,yeR) thoa man diéu kién ‘32—2‘:‘(1+i)(2+2i)‘.

Biéu thitc Q =|2-7|(2-x) dat gid tri Ion nhét 1 M va dat duoC tai 2, =X, + Y,i . Tinh gid tri

T=MXxY:.

Cho sé phuc z thoa man ‘zz—22+5‘:‘(z—1+2i)(z+3i—1)‘.Tinh min|w|, véi w=z-2+2i.

A. min|w|:%. B. min|w|=1. C. min|w|:g. D. min|w|=2.
Xét cac s6 phic z thoa mén |z—2—i|=1. Goi m,M la gia tri nho nhat va Ion nhat cia |z|. Gia
tri M +m bang:
A. 3. B. 2. C.1+2:5. D. 2.5.
1 2

Xét cac s6 phirc z thoa man |z| =1, gia tri nho nhat cua biéu thuc |z* + Z+5 biang
a2 5. L. c L p. L.

8 8 16 4

Cho hai sb phuac z,;z, théa man z, #2, va z,°-52,2,+4z,°=0. Goi M,N lan luot 1 diém
biéu dién cua sb phuc z, z» thoéa mén dién tich tam giac OMN bing 12. Gié tri nho nhét cia

biéu thic P =2z, —z,| 1

A. 1443, B. 214/2. C. %. D. 74/6.
Cho s6 phirc z ¢6 [z|=1. Gia trj Ion nhét cua biéu thic P =|z° —z|+|z* +z+1 1
13 11
A —. B. 3. C. V3. D. —.

4 V3 4

J10

Xét s6 phuc 2 thoa man (1+2i)|z|= T—2+ . Ménh d& nao dudi day dang?
A 2ff<2. B. [2]>2. C.lz<2. D. Z<|g<3.
2 2 2 2

Cho s6 phiic z thoa man |z—2—4i|=|z-2i| va biéu thtc |iz+2-i| dat gia tri nho nhat. Tim

phan 4o cua sé phuc z.

J2 5 3

A —. B. ——. C. —. D.
2 2 2

N | ol

Xét cac s6 phic z thoa man |z—1-3i[=2. S phac z ma |z-1| nho nhat Ia
A. z2=1+5i. B. z=1+i. C. z=1+3i. D.z=1-i.

Cho cac s phiuc z va W théaman (2+i)|z| % 11— Timgiatrilon nhitcua T =|w+1-i
w
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A.ﬂ. B.Q. c.&. D. V2.
3 3 3
Cau 19: Choso phuc z va w théa man (1+i)|z| =% +2-i. Tinh gia tri I6n nhit cia T =|w— 2il
W
A.§+2. B.ﬁ. c.£+5. D. \5
3 3 3
Cau 20: Chosb phic z va W thoa mén (3+2i)|z| ZTH_i . Tinh gia tri Ion nhat cia T = |w|
iw—1+3i
A.£+J1_1. B.£+\/1_0. c.=. D.£+J1_3
3 5 J2 5
Cau 21: Cho z 1 sb phic thoa man ‘E‘:|z+2i|. Gid tri nho nhat ciia |z -1+ 2i[+|z+1+3i Ia
A. 52 B. V13. C. V29, D. 5.

Cau 22: Cho z,, z,la cac s6 phuc khac 0 thoéa méan |z|z, =9|z,|z,. Goi M, N lan luot 1a diém biéu

dién cac sé phic z, va z,. Biéttam giac OMN co dién tich bing 6 , gia tri nho nhat cua |z, + 7, |

bang
A. 8. B. 6. C. 4/2. D. 3V2.
Cau23: Cécsé phic z,, 2, thoa mén w=—2"2"\_ |as4 thuc va |4z, +8+13i|= 4. Gid tri nho nhit
(zl+zl)|+1
cua biéu thic P =|z, +2,| bing
A2 B. @. C.0. D. ﬁ_“.
16 4 4
CAau 24: Cho cé4c s6 phirc z va w théa méan (3—i)|z|:i1+1—i . Tim gia tri 16n nhat T =|w+il.
W_
A.Q. B.ﬁ. C. 2. D.E.
2 2 2
Cau 25: Cho sb phic z théa man diéu kién |z+2|=|z+2i|. Biét gia tri nho nhéat cia bieu thic
A=|z-1-2i|+|z —3-4i|+|z-5-6i| dugc viét dang % véi a,b 1asd hitu ti. Gia tri cua
3a—b bing
A. 4. B. 2. C.L D. 3.

Cau 26: Trong céc s6 phuc z thoa man |2—3-4i|=2 c6 hai s phic z,,z, thoa mén|z, — z,| =1. Gi4 tri
nho nhit cua |z, —|z,| bing
A. -10. B. -4-3.5. C.-5. D. -6-2+5.

CAau 27: Cho sb phuc z=a+bi, (a,beR) théa man |2z +2-3i|=1. Khi biéu thac P =2|z+2|+|z-3|

dat gid tri 16n nhét thi gi4 tri cia a—b bang
A. -3. B. 2. C. -2. D. 3.
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Sé phic

Céu 28:

Céu 29:

Céu 30:

Cau 31:

Cau 32:

Céu 33:

Céau 34:

Cho s6 phirc z théa man |z—1-2i|+|z—4-6i|=9, gia tri I6n nhat cua |z -10-14i| 1a
A 17. B. 20. C.15. D. 12.

Xét cac s6 phic z,w thoa mén |z| =2, |iw—2+5i| =1.Gia tri nho nhét cia ‘22 —wz —4‘ bang

A. 4. B. 2(v/29-3). C. 8. D. 2(~/29-5).
ko - N . PR
Cho céc s6 phic z,w thoa méan |w+||:T va 5w = (2+i)(z—4). Tim gia tri I6n nhat cta biéu

thac P:|z—2i|+|z—6—2i|.
A. 7. B. 24/53. C. 24/58 D. 413.

Cho hai sb phic z,,z, théa man |z, +2+3i[=5|z, + 2+3i[=3. Goi m, la gia tri 16n nhét cua

phan thyc sb phirc M.Tim m, .
Z,+2+3i
A mo=§- B. moz%. C. m,=3. D. m,=5.

Cho sé phic z théa man |(1+i)z+2|+|(1+i)z—2|=4+2. Goi m=max|zl;n=minfz| .
2018
phac w=m+ni. Tinh |W|

A 41009 B 51009 C 61009 D 21009
Cho sb phuc z théa mén |(1+i)z+1-3i[=3V2 . Gid tri l6n nhit cua biéu thic
P =|z+2+i|++/6|z—2-3i| bing

A. 56 B. J1_5(1+J€). C. 65. D. v10+315.
Hai s6 phac z , W thay d6i nhung Iuén théa man dang thuc
(1+ i)‘z2 —2iz —1‘ = MJF 2-2i. Gia tri 16n nhét cua |w| 1a
w
A. 2012\/5 . B. 20129\/5 . C. 2019. D. bép an khac.
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11. PHAN HUGNG DAN GIAI CHI TIET

BANG DAP AN
1.C 2.C 3.A 4. A 5.B 6.C 7.C 8.B 9.D 10.B
11.D 12.B 13.D | 14.A | 15.D | 16.D 17.B | 18.A. | 19.A 20.B
21.B 22.A | 23.D 24.B 25.C 26.A | 27.A | 28.A | 29.C 30.C
31.D | 32.C 33.C 34.A
HUONG DAN GIAI CHI TIET
Caul: ChonC
Taco P= 22+i|=|22+'|:>|22|_|'|3Ps|22|+|'| o2-Ltepcarla3pd
2 | [ u u u 7 2 2
M 5
Vay —=—.
ay m 3
Cau2: ChonC
Gid s z, =X+ Vi, (X, yeR).
Taco:|z—i|=[z—-2+3i[ < |x+(y-1)i|=|(x=2)+ (-y +3)i
& x2+(y—l)2 :(x—2)2 +(—y+3)2 &y =—x+3.
2 / 3Y 9_ 3
25| =\ X* +¥? = (X* +(-x+3)" =+/2X* —6x+9 = Z(X_Ej s Zﬁ'
Vay |z, =% khi va chi khi x=g:> y=g:> Z, :g+gi , suy ra phan 4o cua z, bang g
Cau3: ChonA
Goi M (x;y) 1a diém bicu dién s6 phuc z=x+yi,(x,y eR).
Taco: |z+2i-1=|z+il
S|x+yi+2i-1 =|x+yi+il < |(x=1)+(y+2)i| =[x+ (y+1)i
<:>(x—1)2 +(y+2)2 =x* +(y+1)2 & x-y-2=0.
D& thiy tap hop cac diém M biéu dién sb phic z 1a duong thang: x—y—-2=0 = M (x;x—2)
MA = (x—1,x-5) :‘W\‘:\/(x—l)z +(x—5)2 =/2x* —12x+ 26 :\/(x\/i—B\/E)Z +8>8
Suy ra: MA . =8 khi x2-3v2=0< x=3=y=1.Viy P=2x+3y=23+3.1=9
Cau4: ChonA

Giastr z=Xx+Yi, (x,yeR).
Do |z7|=1 & X’ +y’ =1< x*+y*=1.Suyra X,y e[-11].

Taco z.z=|z|' =1. Thay véo P ta duoc:

5 | Facebook tac gid: Phan Nhét Linh




Sé phic

Cau 5:

P :|z+1|+‘zz—z+z.2‘:|z+]4+‘z(z—1+2)‘=|z+]4+|z|.‘z+£—1‘=|z+1|+‘z+2—1‘
:«/(x+1)2+y2 +[2x-1 =~/2x+2 +|2x-1].
Xétham s y = f (x)=+2x+2+[2x-1|

N2X+2-2x+1 khi —1£x<%

Taco y=f(x)= . :
N2X+2+2x-1 khi nggl
1 . 1
-2 khi -1<x<=
f'(x)= N2X+2 2
1 1
+2 khi =<x<1
N2X+2 2
—1<X<1 —1<x<l
1 2 2 7
f'(x)=0< . o 1<:>x=—§
-2=0 J2x+2 ==
N2X+2 X+ 2
Bang bién thién ciia ham so f (x) trén [-11]
7
x | 1 ) Py 1
y + 0 - +
13 3
y / 2 \ /
3 /3
m=min f (x)=+/3
[-11] ( ) \/_ R 13\/§
Suy ra 14.Vay M.m=——.
M =max f (x)="" 4
[-1:] 3

Chon B
Goi M (x;y). Tir diéu kién z, =a+(a’—2a+2)i suyra M thudc parabol (P):y = x* —2x+2

Goi N(x;y). Tir diéu kién |z2—2—i|=\z_2—6—i\ suyra N thudc duong thingd: 2x—y—8=0

Goi A 1a tiép tuyén cta (P) ma song song vGi d: 2x—y—-8=0.
Goi M (X,;Y,) 14 tiép diém ma tai d6 tiép tuyén A //d . Tacod y =2x-2.
Do A//d nén y'(x,)=2<2x,—2=2< X, =2 suyray,=2.

Phuong trinh tiép tuyén A c6 dang: y=Y'(X,).(X=X,)+Y, © y=2(Xx-2)+2< y=2x-2.

Khi d6: minMN=d(A,d)=d(A;d) v6i AecA . Chon A(LO) ta co:
i 2 J2170-8 66
J2Z+(-1 B
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P\ 44
M
2
N
1 2 3 4 5 6

2 1 0 /
A d

Cau6: ChonC

Cach 1.
Ta 6: %u :1<:>‘(1+|)21:2(1_|)%:1c>|(1+i)z+2(1—i)|:|1—i|
<:>|(1+i)z+2(1—i)|=\/§.
Mt khac: (1+i)z|-[2(1-0)| <|@+i)z+2(1-i)|=v2 < |1+i)z <[2(1-i)+V2
< 27| <3V2 . Khi d6: M =|z—w|=|z—iz|=|(1—i)z|=ﬁ|z|33\/§.
Céch 2.
A y

3

2¢

1

1o 1 "

%u =1@‘(1+i)21:2(1‘i)|:1@|(1+i)z+2(1—i)|=|1-i|

o|@+iyz+2@-i)=v2 ()
Dt z=x+yi thay vao (1) ta duoc |(1+i)(x+ yi)+2(1-i)| =~/2
S (x—y+2) +(x+y-2) =2 x*+(y-2)* =1.
Tap hop diém biéu dién sé phirc z trén hé truc toa do 1a duong tron tam 1(0;2) bén kinhR =1.
Khi d6: 1<|7|<3= M =|z-w|=|z-iz|=|1-i) 7| =V2|z] < 3J2.
Cau7: ChonC

Ta co: 2=‘22—2iz‘:‘zz—2iz+i2+1‘:‘(z—i)z+1‘z‘(z—i)2 -1.
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Sé phic
:>|z—i|233<:>|z—i|£«/§.

P:|iz+1|:‘i(z—i)‘:|z—i|£\/§.Vay gia tri nho nhét cua P bing /3.
Cau8: ChonB
bit z, =a+hi, z, =c+di, (a,b,c,d eR).

a+c=8

Taco: z,+2,=8+6i nén a+bi+c+di=8+6i < :
b+d=6

Do d6 (a+c)’ +(b+d)” =100 < a? +b? +c* +d? =100—2ac—2bd (1).

Vi |2,-2,|]=2 nén ta co:
la+bi—c—di|=2e(a—c)’ +(b-d) =4 a®+b?+c?+d? =4+2ac+2bd (2).

Cong va ta dugc: 2(a’ +b”+c”+d*)=104,

Ap dung bt dang thiic Z(X2 + y2) >(x+ y)2 ta co:

2
p2 :(\/a2+b2 +\/c2+d2) 32(a2+b2+02+d2):104.Do do P <226

Vay gi4 tri 16n nhat cua biéu thirc 1a 2+/26 .
Cau9: ChonD
Tach ‘32—2‘:‘(1+i)(2+2i)‘ < Bx+3yi—x+yi|=4 < [2x+4yi|=4

o X +4y' =4 o |2y|=v4-x* (-2<x<2).
Khidé Q=[z-2|(2-x) < Q=[2yi[(2-x)=]2y|(2-x)=V4-X* (2-X).

Xétham s f(x)=(2-x)v4-x* voi xe[-2;2].

2x° —2x—4 x=-1
f'(X)=——mnw0—F"—; f'(X)=0 .
(x) = (x) {x=2

Ta c6 bang bién thién

fx) t 0

fl) " ..

Nén Max f(x)=33=f(-1).

vxe[-2;2]
Vay M=3V3; x=-1; y{=> = T=
Céau 10: Chon B
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Taco [2° —22+85/=|(z-1+2i)(2+3i-1)| & |(2-1) + 4| =|(2—1+2i) (2 +3i -1)
& |(z-1+2i)(z2-1-2i) =|(z-1+2i)(z+3i -1)| <> |z -1+ 2i[|z—1-2i| = |z —1+ 2|z +3i -]
|z-1+2i|=0
|z-1-2i|=|z+3i-1
Truong hop 1: |2-1+2i|=02=1-2i 2> w=2-2+2i=1-2i-2+2i=-1=|w|=1
Trudng hop 2: |2 -1-2i| =|z+3i—1| < |(2 -2+ 2i) +1-4i| = (2 - 2+ 2i) +1+i|

< |wH1-4i| = |w+1+i|

Goi W=x+Yi (xyeR) thl < x+1 +(y— 4) =(x+1)2+(y+1)2<:>y=g.

Khi do |w| = /x* +y? ’X + g Déng thire xdy ra <> x =0. Suy ra: min|w| ==

Tur va suy ra min|w|=1.
Cau 11: Chon D
Taco: |z|=|(z-2-i)+(2+i)|.
Ap dung bat ding thitc ||| ~|z,|| <[z, +z,| <|z| +|z,| ta co:
lz-2=il-[2+i] <|z| |z =21 +[2+i| = [1-VB| < |7 <1+ 5 < B -1<[z| <145
Vay m=+5-1M =+/5+1, dodé M +m=25.
Cau 12: Chon B

Theo dé |z|=1. D4t z=cosx+isinx (xeR). Suyra z* :(cosx+isinx)4 =Cos4x+isin4x.

2 2

Khi d6 z“+z+1

= [cos4x+cosx+%}+(sin4x+sin X)i

1Y .
=(cos4x+cosx+zj +(5|n4x+5|nx)2:%+cos4x+2c083x+cosx

9
=Z+8cos4 X +8c0s® x—8cos® x—5c0s x+1

:%Jrf(t).Vc’yif(t)=8t4+8t3—8t2—5t+1, te[-11].

9 . 9 [(-1+411) 1
zz+m|n[_m]f(t):z+f{ J:—.

4 8

Cau 13: ChonD
Vi 2 -527,+4z," =0(z, #2,)suy ra z, =4z, = P =[7z,|

Mat Khac S,q, =%OM.ON.sin MON c>12=%|zl||zz|sin MON < |z,|"sinMON =6

6
sin MON

= P=[7z,|=7 .Nén P =|7z,| nho nhat khi sin MON 16n nhat<> sin MON =1.
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Sé phic

Khidé P=7+6.

Céu 14: Chon A
Giasir z=x+Yyi (x,yeR). Theo gia thiéttaco x*+y* =1,

Taco: P =‘zz—z‘+‘zz +z+1‘=|z(z—1)|+‘zz+z+ﬂ=|z|.|z—ﬂ+‘zz+z+1‘:|z—1|+‘zz+z+1‘.

|z—]4:|x+yi—]4:1/(x—1)2+y2 :\/x2+y2—2x+1:\/2—2x .

22+ 2+1= X" —y? + 2xyi + X+ Yi+1=2%" + X+ y(2x +1)i

:>‘z2 +z+].‘:\/x2(2x+1)2+y2(2x+1)2 :\/(2x+1)2(x2+y2) =[2x+1].
Suy ra P=+/2-2x+[2x+1]. Xétham s6 f (x)=~/2—2x +[2x+1] trén doan [-1;1].

A 1 1 1
I ~L-=1|; f(x)=v2-2x-2x-1= f'(x)=— -2<0, Vxe|-L-=|.
ren{ j (X) X X = (X) \/7)( < XE[ 1 j

Mit khac ham s6 f (x)=~/2—2x —2x—1 lién tyc trén {—1;—3.

Do d6 ham sbé nghich bién trén {—1;—%J:>f(x)sf(—1):3, VXE[—l;—%j :

= max f (x)=3.
xe[—l;—%]

Trén [——;1

f(x)=v2-2x+2x+1= f'(x)=—

\/Ziﬁ+2:>f'(x):0<:>\/2—2x:%<:>x:%
Co: f( J J3; f(j 13, f(l):3:>maxf(x)=E.
4 o da] A
>
13

Tuva = max f (x)=E hay P ==
xe[-1;1] 4

Céu 15: Chon D

Ta co: (1+2i)|z|:@—2+i. & (|z|+2)+i(2|z|—1)=@ ldy modun hai vé
1.3
J| (I2]+2) +(22-1) =12 16(5 Ej
Céau 16: ChQﬂD
Goi z=a+hi (a,beR).Khido:
|lz-2-4i|=|z- 2||<:>\/ 2) +(b—4)° \/a2+(b—2)2<:>a:4—b.

iz+2-i[=(2-b)* +(a-1)? =/(2-b)* +(3-b)* =\/2b? ~10b+13
5, 1.2
\jz(b‘z) iy
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Cau 17:

Cau 18:

Viy gié tri nho nhit caa [iz+2 | 12 % khi b:%; a:g.

Chon B
Goi z=x+Yyi, X,yeR.Khidé M(x;y) la diém biéu din cta sé phic z.

Theo bairatacé [z—1-3i|=2 c>(x—1)2 +(y—3)2 =4,
Suy ra tap hop diém M 1a duong tron tam 1(1; 3) bankinh R=2.

Khi d6 [2—1 = /(x=1)" +y? = IM véi 1'(L; 0).
A

|z—1| nh¢ nhatkhi 1'M ngan nhathay 1, M, I’ thang hang, M ndm gira | va I'.
Phuong trinh duong thang 117 1a x=1.
Toa dd giao diém cia duong thang 11" véi duong tron tdm | ban kinh R=2 1a M, (L 1) va

M, (1 5). Thu lai ta thiy M, (L 1) thoa man. Vay z=1+i.

Chon A
Cach 1

Ta co: (2+i)|z|:%+1—i <:>(2|z|—1)+(|z|+l)i ==

- Z Z
:>‘(2|Z|—1)+(|z|+1)|‘:‘%‘ <:>\/(2|z|—1)2+(|z|+1)2 :%@ 5|z|2—2|z|+2:%_

Vi 5|z —2|z|+2>0 Vz =|z|>0.Pit t=|z| (t>0).

Tach: — ! St —2A+2 /5—g 3 (———j % zi Vt>0:>|w|s£.

-

\/_\/— 4\/_

Khi do: T =|w+1-i| <|w|+[1- ||<—
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Sé phic

Dau dang thic xay ra < {|w|=— — k2 =

Vay maxT = N2 .
3
Cach 2

Ta c6: (2+i)|z|=%+1—i = (2|7 -1)+( |2 +1)i :%

: z z
:>‘(2|z|—1)+(|z|+1)|‘=‘%‘ <:>\/(2|z|_1)2+(|z|+1)2 :%Q (5|z|2—2|z|+_2:%_

Vi 5|z —2|z|+2>0 Vz =|z|>0.Pat t=|z (t>0).

[ei2 2
Tacs: - A2 5 2,2 z[%_lj 1253 oo ow|<¥2,
|w] t tt? t 2) 2 2 3

|

Suy ra tap hop cac diém biéu dién cho s6 phic W 14 hinh tron tim O(0;0), ban kinh R=-——.
Khi d6: T =|w+1—i|=MlI

DE thay diém 1(0;2)nam ngoai duong tron tim C(O;R), suy ra T = MI dat gid tri I6n nhat

khi va chi khi T = MI = IO+R=2+§: 6+3‘/§ . Vay maxT =¥.
Cau 19: Chon A
Céach 1
Ta co: (1+i)|z|:%—2+i<:>|z|—2+(|z|+1)i:%<:>\/(|z|—2)2+(|z|+1)2:%

<:>J2|z|2—2|z|+5 :%

Panh gi: 2|z ~2|z|+5>0,vz =|z|>0.Pat t=|z| (t>0)

[or2 2
Ta co: i=M= 2—E+£2: 5(}—% +gzi :>|W|g_5
|w] t \/ t ot t 5 5 5 3

N3

Khi do ta co: w—2i| <[w]+|-2i| < == +2
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Cau 20:

w=k(-2i),(k e Rk >0)
DAu dang thuc xay ra < |W|=—5 :>§:2k:>k=§ w=—§i
3 3 6 2
|7|=5

Vay: MaxT = §+2.

Céach 2

Ta co: (1+i)|z|:%—2+i<:>|z|—2+(|z|+1)i=%c>\/(|z|—2)2+(|z|+1)2=H

W
@,/2|z|2—2|z|+5=%

Pénh gid: 2|z| —2|z|+5>0,vz =|z|>0.Pat t=|z| (t>0)

1 J2t2-2t+5 2 5 (1 1)2 9 3

b —=———= 22—+ =[5 —=| +=2—F¢=

W t VT t 5) 5 5
J5

Suy ra tap hop cic diém biéu dién cho sé phic W 13 hinh tron tam O(0;0), ban kinh R = R

Ta <P
3

Khi do: T =|w —2i| = MI
Dé thay diém 1(0;2)nam ngoai dudng tron tim C(O;R), suy ra T = MI dat gid tri I6n nhét

5

khi va chi khi T =Ml :IO+R:2+?.

Vay maxT =2+§.
Chon B
Ta co: (3+2i)|z|=- - +1-i < 3|z|-1+(2]z|+1)i =- Z__
iw—1+3i iw—1+3i
2 2 |Z| 2 |Z|
_ =11 13|z| -2 2=
& \(3l2-2) +(2]2]+1) TR e \132 -2l + e
Panh gia: 13|z —2|z|+2>0,vz =|z|>0. Pt t =|z| (t>0)
[ 2 2
Ta c0: — = 180 —2t+2 = 13_§+£2= Z(E—l —Szi :>|W+3+I|££
W+ 3+il t t ot t 2 2 2 5

Khi d6 ta cé: |W|=|W+3+i+(—3—i)|s|w+3+i|+|—3—i|s%ﬁ/lio
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Sé phic

w+3+i=k

—~

—3-i),(ke R k>0)

i
Ny

Diu dang thic xay ra < <|w+3+i|=

|z|=2

] 1 ) 3 1 ]
SWH+3+Ii=——=(-3-1)eow=—| —+3 || —+1|i
AR [5@ J (sﬁ j

Vay: MaxT =g+\/10

Céau21: ChonB
bat z=a+hi (a, beR).

Taco: ‘E‘:|z+2i|<:>x/a2+b2 :,/a2+(b+2)2 <db+4=0b=-1=z=a-i.

Xét: |2-1+2i|+|z+1+3i|=[a—-1+i|+|a+1+2i| :\/(1—61)2+12 +\/(1+a)2+22 :

Ap dung BDT Mincopxki:

\/(1—a)2 +1 +\/(1+a)2 +2° 2\/(1—a+1+ a)2 +(1+ 2)2 =J4+9=413.
Suy ra: |z —1+2i|+|z +1+3i| dat GTNN Ia V13 khi 2(1—a)=1+a<:>a=%.

Nhan xét: Bai toan trén co thé duoc giai quyét bang cach dua vé bai toan hinh hoc phang.

Cau 22: Chon A
Tur gia thiét: 2,2, =9|z,|z, (1)
LAy modun hai vé ta dugc: |z,|* = 9|z, =|z,|=3|z,].
Thay |z,|=3|z,| vao (1) ta duge z, =3z,.

Goi z, =a+bi (a,beR) =z =3a+3bi, Z,=a-hi.

Diém M (3a;3), N (ai-b) = Sy = |-3a-3ab| =3jal].

Ma S, =6 Nén [alJb| =2 va |z, +2,|=|4a -+ 4bi| = 4/a® +b* > 4.[2[a]|b] =8.

Suy ra min|z, +z,| =8.

Luu ¥ cong thirc tinh dién tich tam giac OAB véi OA=(a,;a,), OB =(b;b,) 14
1

Sons :§|a1b2 _azb1|-

Céu 23: ChonD
bat z, =x+vyi, (x,yeR), taco
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z+2-1  (x+2)+(y-1)i x+2+2x(y-1)+[y-1-2x(x+2)]i
(zl+z_1)i+1_ 1+2xi 1+4x '

Vi w laséthuc nén y—1-2x(x+2)=0< y=2x"+4x+1.

2
|4z, +8+13i|=4 = zz+2+%i‘=1®(x+2)2+(y+%j =1.

P:|zl+22|:|zl—(—22)

Goi M 1a diém biéu dién cua z, thi diém M thudc parabol (P):y =2x*+4x+1.

2

Goi N la diém biéu dién cia z, thi diém N thudc duong tron (C):(x+2)2+(y+¥j -1

2
Goi N, Ia diém biéu dién cua —z, thi diém N, thuoc duong tron (C,):(x—2)° +[y—$} =1

4

Phuong trinh tiép tuyén A cua (P) tai T (x,, 2 +4%,+1), (% >-1) Ia
Y =(4% +4) (X=X )+2X5 + 4%, +1 < (4% +4)x—y-2x; +1=0.
Khi dé:

P < (MN;) < T Ilahinh chiéu vudng goc cua | 1&n A, Véi | [2%) latam (C,)
= IT ciing phuong v6i VTPT n, , véi IT = (xo —2,2x2 +4x, —%j N, = (4%, +4,-1)

<:>(4x0+4)[2x§+4x0—%]:2—x0 < 8% +24x; +8%,—11=0 < X, :%:ﬂ-(l ZJ

2'2
Vay Pmin=|T—R=Jj’_7—1=‘/i_4.

Céau 24: ChonB
biéu kien: w=1.
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Cau 25:

Céau 26:

] . z . . .z
Taco: (3—i)|z|=——+1- =)z -1+i=— = 1.
aco: (3—i)|z| 1t i < (3—i)|z|-1+i W_1<:>W (3|z|—1)+(l—|z|)i+
Vay T =|w+i|= Z —+1+i s‘ z _|+|1+||
(32| -1)+ (1-2])i (3[2~1)+ (1-[2])i]
< K 2.
J10[z" ~8Jz|+2
Pt t=|z| diéu kién: t>0. Xéthamsé f(t)=——L 12,
10t* -8t +2
4t +2 1
f'(t)=  f'(t)=0t==.
) (10t —8t+2)10t* -8t +2 ® 2
Bang bién thién:
1
t 0 E oo
f(z) * 0 -
2
Duya vao bang bién thiéntacé T = |w+||<r(1)1a>§ f(t)= f(%}=¥
Chon C
Goi z=Xx+Yi véi x,yeR. Tact:|z+2|=|z+2i|
o |(x+yi)+2 =|(x+yi)+2i] < |(x+2)+yi|=|x+(y+2)i| o (x+2) +y =X +(y+2)

S X=Y hay z=x+xi

Khi d6 ta co: A=|(x—1)+(x=2)i|+|(x=3)+(x—4)i|+|(x=5)+(x-6)i|

:\/(X_1)2+(X—2)2 +\/(X—3)2+(X—4)2 +\/(X—5)2+(X—6)2

= J2X% —BX+5 +/2X2 —14xX+ 25 +/2X% — 22x + 61

S RO CRRD) e

zﬁ.\/(x—g+1_1—xj2+(1+%jz+\/2[X_Ej > 217 + 1 1+3_;/_

2 2
_s_11_
DAu bang xay ra khi 2 2 @X:%.
X——=0
2
Vay: minA_1 2\/_ yraa=1,b=2nén 3a-b=1.
J2
Chon A
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(a-3)"+(b-4) =4 (1)
_ |zy=a+hi . 2 )
it 2 —cud (a,b,c,d eR). Theo dé ta co: {(c—3) +(d-4) =4(2)
i (a-c)’+(b-d)’ =1 (3)
Khi ldy — theo vé ¢6 @’ +b* —c?—d *=6(a—c)+8(b—d).

Két hop sir dung bit diang thirc Cauchy — Schwarz va sir dung ta co:

2 —|z,[ =’ +b*—c?—d? =6(a- c)+8(h-d 62+82 (a- c +(b—d)* [=-10.
1 2
(a- 3)2+< )=4
(c— 3)2+( ) =4
Vayglatrlnhonhatcua|zl| —|22| la —10 khi a4 C)z+( ) 1
H:b;d:k<0
8
[, _27-415 144412415
Y10 40
_33-4415 176412415
L=
Ton tai 2 cap sb phuc thoa man 1a: 10 40 .
_27+4V15 144-12V15.
10 40
_33+4415 176-1215.
7 10 40

Céu 27: Chon A
Theo gia thiét co:
|2(a+bi)+2-3i|=1 < |(2a+2) + (2b-3)i|=1 = (2a+2)" + (2b-3)* =1.

o (n 3)_1 .
< (a+l) +(b—§j =7 (*)

Céach 1:
* 2 W2 N 3\ 1
(*) @a®+b*=-3-2a+3b. T (*) suyra b—E 4<:>1<b<2

Khi d6 bién ddi va st dung bat dang thirc Bunhiacopxki ta dugc:
P=2|z+2|+|z-3= 2\/(a+2)2 +b? +\/(a—3)2 +b?

—2\a’ +b? +4a+4++/a? +b? —6a+9 = 2,/(-3—2a+3b) +4a+4 +,/(-3—2a+30)+9—6a

=22a+3b+1++/-8a+30b+6

=+/8a+12b+4 ++/-8a+3b+6 <./(1+1)(8a+12b+4—8a+3b+6)

= 2(15b+10) < ,/2(15.2+10) = 4+5.

8a+12b+4=-8a+3b+6 {a:—l
&

Déu “ = > xay ra khi .
au Xay {bzz b:2
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Sé phic
Suy ra MaxP =445 khi a=-1,b=2.Vay a—b=-3.
Cach 2:

-1

Goi M (a;b) la diém biéu dién hinh hoc cua sé phuc z .
Tu (*) suyra M thudc duong tron (C) c6 tam |(—1; g] ban kinh R :%.
Goi A(-2;0),B(3,0) va H(-10).

Khi d6 P =2MA+MB va HB =—4HA.
Theo bét ding thirc Bunhiacopxki ta dugc: P? =(2MA+MB)” < (1+1)(4MA” + MB?).

[} - - —\2 - —\2
Taco: 4MA? + MB? = 4MA + MB :4(MH + HA) +(|v|H + HB)
=<4MH2+8W.W\+ HA2)+(MH2+2W.@+ HBZ)
=5MH2+2W(4WA+@)+(HA2+HBZ) =5MH2+(HA2+H82).
Do cac diém H, A, B ¢ dinhva P >0 nén P 16n nhat khi MH 14 16n nhat
< M la giao diém cia duong thang 1H véi duong tron (C) (1 nam gira M va H).
DE dang tim dwoc M (-1 2) hay a=-1b=2.Vay a-b=-3.

Cau 28: Chon A

Céach 1:
Détz:—w_+5+8|.
3-4i 2
Ta oo [2-1-2i[+|z—4—6i|=|-% + 342+ [ 3 gl —9 w2+ w- 22| = 5.
3-4i 2 3-4i 2 2 2

Dit w=x+Yi vagoi M(X;y) ladiém biéu dién w.Khi d6 tap hop diém M 14 elip c6 phuong

2 2

inh I3 X y 2 56 ,
trinhla (E): +——=1.Suyra y=350-—x" (1).

()(45j2 350 yray TR

2
2
Mt khdc ta co T =|z-10~14i| =| - 20| =Ly 12511 [y 10 e
3-41 2 5 2 5 2
2
SuyraTzl X—% _,_350_@)(2:1 §X2—125X+17025_
5 2 81~ 5\81 4

Tu (1) taco —4—25S x£4—25. Xét ham sb f(x)zgx2 1253+ 1195 ey doan {—%fl_;}
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Cau 29:

f’(x)=@x—125.Xét f’(x)=0c>x=@¢ 4.45
81 2

Taco f (—%J =7225; f (%) =1600.

Vay gia tri 16n nhit cia T bang é f (—%j =17.

Cach 2:
Taco |z-10-14i| <|z —1-2i|+]|-9-12i|=|z —1-2i|+15.

Taco |2-10-14i|<|z - 4-6i|+|-6-8i|=|z—4-6i[+10.

Suy ra 2|2—10-14i|<9+15+10 =34 < |z -10-14i[ <17

Déu "=" xdy ra khi z=—%+§i . Vay max|z-10-14i[ =17 .

Céach 3:

Goi M (x;y) 1a diém biéu dién s6 phirc z. Goi F,(1;2) va F,(4;6). Suy ra MF, + MF, =9.
Suy ra tap hop diém biéu dién z 1a Elipvacé FF, =5.

Taco P=|z-10-14i|= MA véi A(10;14).

FF,=5

Tacod FA=(9;12), FF, =(3;4)= FA=3FF, = F, A, F, thing hang va c6 { FA=15 .
F,A=10

Ta c6 MA<MF,+F,A<7+10=17 . Du "=" xdy ra khi M , F, F, thang hang va

MF, + F,F, = MF, .

Chon C
Ta co:|iw—2+5i|=1< |w+5+2i|=1|z|=2= 22=4

X*+y*=4

Pbat: z=x+iy,w=a+ib;(x,y,a,beR). Khi d6:
¢ Y (xy <R) 10{(a+5)2+(b+2)2:1

152wy —al— 1l —wH ol _7) -
Taco.‘z2 wz 4‘—|z|z W 2_2‘(2 z) w‘

Goi A,B lan lugt 1a diém biéu dién z—z va w.

Dan dén: A(0;2y)véi —2 <y <2, B thude dudng tron co tam 1(-5;-2) va co ban kinh R=1.

d
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Cau 30:

Khi dé:|2° —wz—4|=2AB. Taco: AB,,, =d(1,d)-R=4

Gia tri nho nhat cua ‘22 —Wz —4‘ =8.

Nhan xét:

Ta xem bai toan trén gdm 3 gia thiét: |z|=2=z.2=4

liw—2+5i|=1< |w+5+2i|=1

‘ZZ—WZ—4‘=2‘Z—W—E‘(*)

Viéc dau tién, ta rat gon cac gia thiét cua bai toén.

T (*), tagoi A ladiém biéu dién ctia z—z, B la diém biéu dién cua w.
Bai toan tré thanh tim d6 dai AB nho nhat.

Chon C
Cach 1.

Taco 5w=(2+i)(z—4) < 5w+5i =5i+(2+i)(z—-4) < 5|w+i|=|(2+i)z-8+il.
Dit z=x+yi Véi x,yeR tadugc |(2+i)(x+yi)-8+i|=35

& 2x—y -8+ (x+2y+1)i|=3V5 < (2x—y-8)* +(x+2y+1)* =45

& 4X2+y? +64—4xy —32X+16Y + X* +4y° +1+4xy +2x+4y =45

& 5% +5y° —30x+20y+20=0 < (x=3)*+(y+2)?*=9

_ [x=3sina+3 )
Pat . Khi @6
y=3cosa -2

P =) +(y—2)2 +/(x=6)2 +(y—2)? =~/18sin— 24C0s x + 34 +~/—18sin o — 24 Cos cx + 34
Ap dung bt dang thirc Bunhia Copsky ta c6

P <12 +12 \/~48cos & + 68 < 2+/58

V18sina —24cosa +34  +/-18sina —24cosa +34 cosg = —1
DAu bang xay ra khi 1 B 1 { _ .
Sina =0
cosa =-1
Suy ra max P = 2+/58 khi z=3-5i.
Céach 2.

Taco 5w=(2+i)(z—4) < 5w+5i =5i+(2+i)(z—4) < 5|w+i|=|(2+i)z-8+i|.

< 5|w+i|=]2+i|

2—2—;:‘ <35 =+5|z-(3-2i)| < |z—-(3-2i)| =3.

Khi d6 tap hop céc diém biéu dién s6 phic z 1a duong tron tam 1(3;-2) va ban kinh R =3.
Goi M (x;y) 1a diém biéu dién s phuc z;

A(0;2) 1a diém biéu dién sé phuc z, = 2i;

B(6;2) 1a diém biéu dién s6 phirc z, =6+2i.

E(3;2) la trung diém cua doan thing AB .
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Taco P=MA+MB = P’ =(MA+MB)’ <2(MA’ + MB’) =4ME’ + AB’.

Khi d6 P dat gia tri 16n nhit khi ME dat gia tri Ion nhat hay ME =R+ IE .
Viy P, =4(R+IEY +AB* =258

T Iy =~ M4 Xy =

khi Ml ==ME < 7MI -3ME =0 < = :

7 _ 7y, —3Ye Yu =—9
yM_—4

=Y

/’i\/g
\\

Céau 31: ChonD

2 2
W=z +2+3i=a+bi o [wy|=3=va"+b
bat vai a,b,c,d e R, theo gia thiét ta co:

W, =2,+2+3i=c+di

z,+2+3i _w, _(a+bi)(c—di) ac+bd+(bc-ad)i
z,+2+3 w,  c’+d®> 9 '
25
5 . 25(ac+hbd
Phan thyc cta so6 phtc AR M
W, 9

Tacd (ac+bd)” <(a®+b*)(c? +d*) < (ac+bd)’ sQ.%:ae+bd s%.

25(ac+bd)
9

Vay m, =5.
Cau 32: ChonC
Goi z=x+YVi (x,yeR).
Taco [(1+i)z+2+|(1+i)z-2/ =42
e |A+i)z+@+i)(1-1)+|A+i)z-(1+i)(1-1)| =42

S|A+i)(z+1-0)+|L+1)(z-1+i)|=4V2 S [L+illz+1-i[+[1+i[|z-1+i] =442

= <5.Déu "=" xay rakhi ad =bc hay “2 1a s thuc va |w| = 5|w,|=3.
W

2

Slz+l-i+|z-1+i|=4< \/(x+1)2 +(y-1) +\/(X_l)2 +(y+1)° =4(%.
Goi M(x;y),F(-11),F,(L-1). Tacé < MF, + MF, =4,
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Do d6 tap hop diém M biéu dién cho s6 phic z 1a mot Elip c6 hai tiéu diém la F,, F,; tiéu cu

biang %Fl F, =+/2 ; d0 dai tryc 16n bing MF, + MF, = 4; mot nira do dai truc bé bing +2 .

Tacoé m=max|z|=2;n=min|z| =2 = w=2+2i = [w| =6 = [w[*" =(J§)2018 = 61999
Céau 33: Chon C
Ta ¢6 |(1+i)z+1-3i|=3v2 < |z-1-2i|=3 nén tap hop diém M biéu dién s6 phic z la
duong tron tim 1(1;2), ban kinh R=3.
bat a=z-1-2i,b=1+i.
2+ 2+i =[a+3b[ |a|2+9|b|2+3(a.5+5.b)
Taco |z—2—3|| =|a—b| =|a|2+|b|2—(a.5+5.b)

= |z+2+i] +3|z-2-3i] =|a+ 30 +3[a—b|" = 4|a" + 120" = 60.

Khi d6 P :|a+3b|+J§.J§|a-b|g\/(1+2)(|a+3b|2 +3la-b[’) =65,

Céu 34: Chon A

Ta co: |z—i|:‘2+i‘ nén ‘22—2iz—1‘:|z—i|2:‘E+ir.
Nhu vay: (1+i)‘22—2iz—q:M+2—2i@(1+i)‘2+i‘2:$+2—2i
<:>(1+i)‘§+ir+2i—2:%<:>‘E+ir—2+(‘f+i‘2+2)i:w.
w w
Didu kién: w0 suyra z+i=0 hay ‘E+i‘>0.
_ _2019(z+i) ,
Bétt:‘z+|‘,t>0tacé t* —2+(t* +2)i =——— . Ly modun hai vé ta dugc:
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Vay max|w| = khi 2t' =8 > t' =4 > t=2 o |z-i|=+2
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