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I. BAT PANG THUC COSI
1. Dang hai s6 khong am x,y

e  Dang tong sang tich: x+y > ZM .

2
o Dang tich sang tong: MS Xery hay Xyg(xzyj |

2 2

X +y
> .

e Dang liy thtra: x> +y® > 2xy hay xy <

Ddu "=" xay ra < X=Y.

2

X +1

. Dang dac biét: x=x.1<
2. Dang ba s6 khong am X, y,z
e  Dang tong sang tich: X+ Yy+2z>33/xyz .

+y+z

3
X+y+12
3)'

Xy +7°

e Dang tich sang tong: /xyz < X hay xyz S(

e Dang liy thtra: X*+y°*+2°>3xyz hay xyz <

Ddu "=" xayra < X=y=2.
X +1+1

. Dang dac biét: x=x.1.1<

3. Dang tong quat v6i ns6 khong am X, X,,..., X,
e  Dang tong sang tich: X +X, +...+ X, > N{/XX,...X, .

X + X, + .o+ X

n

e  Dang tich sang tong: /X X,...X, <
n

n n n
S + X+t X
e Danglay thtra: X' +X; +...4+ X, =XX,...X, hay XX,...X, < 4 1% n.

n
Dau "=" xayra < X =X, =...=X,.
e Dang dicbiet: x=x11.1<X* =1
n-1 n

4. Bat dang thitc trung gian
o 14-12 Vx>0,y>0.Dau "=" xayra & x=Y.

X Yy X+y
. 1+1+l2 J Vx>0,y>0,z>0.D4u "=" xay ra < x=y=1.

X Yy 7 X+y+z

DANG 1: DANG TONG SANG TiCH

Vidy 1. Cho x#0. Tim gid tri nho nhat ctia biéu thiec T =8x° —4X+4—12+15.
X

Loi giai




CO T =(4x" —4x+1)+ (4x +4ij+14
X

=(2x—1)2 +(4x2 +4—12j+142 0+2 4x2.% +14=16
X \l X

Vay MinT =16 khi x :%

Vidy 2. Cho x>0. Tim gia tri nho nhat ctia biéu thiec M = 4x* —3x +4i +2011.
X

Loi giai

Co M :4x2—4x+1+x+4i+2010
X

=(2x-1)’ +(x+4ij+2010 >0+42 /x.4i +2010=2011.
X X

Vay MinM = 2011 khi x =%

2 2

Vidu 2. Cho x>y>0va xy=2. Tim gid tri nho nhat cua biéu thirc H _ XS
X—y
Loi giai
2 2 _v)2
T —2xy+2xy _(X-y) +4
X—y X—y
4 4
=(X-y)+ 22 [(x=y).——=4
i L
x—y——i— X—y=2 y=2-X x—¢§+1
Vay MinH =4 khi X—-y < = <90, =17 .
Xy =2 Xy =2 x> —2x-2=0 y=+3-1

DANG 2: DANG TiCH SANG TONG, NHAN BANG SO THICH HOP.

Vidy1: Choa>1,b>1. Chiing minh: avb-1+bya—-1<ab

L(‘ri giai

Cé\/b—lz\/l.(b—1)<l+(b - _ b —adbo1<®

Va twong tu: bya l<—:>aa\/ 1+ba- <—+a?—ab:> dpcm

Déu ‘= xayrakh1a—b—2

11abc
12

Vi du 2: Cho a9, b>4, ¢ 1. Chttng minh: abc—1+bcya—-9+cavb—4 <

Loi giai:
Co:




abyc—1+bcya—9+cavb—4 = ab«/(c—l).1+b—;.,/(a—9).9 +%.,/(b—4).4

gab.w+ﬁ_w+ﬁ_(b—4)+4 :11abc
Dé’u “u_u Xéy ra khl a= 18, b = 8, c=2

Vidu 3: Choa>0,b>0, a>+b?< 2. Tim gid tri 16n nhat ctia bidu thite: M = ay/b(a+2b) +b,/a(b+2a)

Loi giai
Xét:
2 2
M.\/§=a.\/3b(a+2b)+b\/3a(b+2a)sa.3b+(2+2b)+b.3a+(2+2a):a b | sab
2 2 2 2
<8 erb +52 erb <6=>M <23

Vay MaxM =2+/3 khia=b=1

Vidu4. Cho x>0, y>0 vax®+y”<2.Tim gid tri I6n nhat ctia biéu thirc

P= \/x(14x +10y) +\/y(14y +10x)

Loi giai
Xét: P24 = [24x(14x +10y) +,[24y (14y +10x)
. 24x+(14x+10y) . 24y +(14y +10x)
2
2 2 2 2
<o XL Y AL of XY L 4g o p< B L pcalp.
2 2 2 24

Vay MaxP =46 khi x=y=1.

=24(x1+y.1)

Vidu5.Cho x>0, y>0 va \/W(X—y):x+y.Timgiétrinhénhéftcﬁa P=x+y.

Loi giai
Tt \/@(x—y):x+y:>x>y

1(4y)+(x=y)" _(x+y)

2 2 4

va x+y:\/xy(x—y)2 :%\/4xy(x—y)2 <
=(x+y) —4(x+y)>0=>x+y>4.
v o 2 _ _
Dau "=" xay ra khi (x=v) 4Xyc> (x+) 8xy©{xy
X+y=4 X+y=4 X+y=4
= X, y 12 hai nghiém phuong trinh t? —4t+2=0<t=2+2.
Do x>y:>x:2+\/§, y:2—\/§.
Vay MinP =4 khi x=2++/2, y=2-2.

DANG 3: QUA MOT BUOC BIEN POI ROI SU DUNG BAT PANG THUC COSI

Vidu1l.Cho a, b, ¢>0 va ab+bc+ac=1. Tim gia tri 16n nhat cua biéu thirc:




P= a + Y + ¢
JaZ+1 b2+1 41

Loi giai
Thay 1=ab+bc+ac, ta duoc:
a b c

= + +
JaZ+ab+bc+ac +b?+ab+bct+ac ~Jc?+ab+bc+ac
a b c

“Jaib)(arc) Jbra)jbro) ycra)crb)

_\/ a a +\/ b b +\/ c ¢
“Va+b'a+c \b+a'b+c Vc+a'c+b

a a b b C C
+ + +
Sa+b a+c+b+a b+c+c+a c+b
2 2 2

a b a C b C
+ + + + +
_ a+b a+b a+c a+c b+c b+c
2
Vay MaxP:g khia=b=c=

_3
2

Sl

Vi du 2. Cho cac s6 duong a, b, ¢ thoa man a+b+c=1. Chitng minh:

\/ ab \/ bc \/ ca 3
+ - <=
c+ab a+bc b+ca 2

Loi giai
. \/ ab \/ bc \/ ca \/ ab \/ bc \/ ca
Ta co + + = + +
c+ab a+bc b+ca c.l+ab a.l+bc b.1+ca

ab bc ca
= + +
\/c(a+b+c)+ab \/a(a+b+c)+bc Jb(a+b+c)+ca

:\/(a+c6)1t()b+c) +\/(a+bt))((:a+c) +\/(b+cz)afb+a)
=\/aic'cib +\/a2b'aic +\/bJCrc'bja

1 a b b c c a 3
<= + + + + + = (dpcm).
2|\c+a c+b a+b a+c b+c a+b 2

Vidu3.Cho a>0, b>0, ¢c>0 va ab+bc+ac=3abc. Tim gia tri nho nhat cua

P= e + 7 + ¢
_c(c"+a2) a(a2+b2) b(b2+c")'
Loi giai
a’ b® c?

Cop= c(cz+az)+ a(a2+b2)+b(b2+cz)




_a2+c2—02er2+a2—a2+cz+b2—b2
_c(c2+a2) a(a®+b*)  b(b”*+c?)

_(1_ c HLLHLL)
e c?+a’ a a’+b? b b?*+c?
>(LL]{LLJ{LL}
o 2Jc2a? a 2ya’n? b 2b%?
(1 1] [1 1) [1 1) 1[1 1 1j ab+bc+ac 3
= | e ] e = S i s | —
c 2a a 2b b 2c 2la b c 2abc 2

Vay MinP=g khi a=b=c=1.

Vidu4.Cho a>0, b>0, ¢>0 va a+b+c=1. Tim gia tri nho nhat cta biéu thirc

a b c
= = = =
1+9b= 1+9c° 1+9a
Loi giai
a(1+9b2)—9ab2 b(1+9c2)—9bc2 c(1+9a2)—9ca2
CoT= > + > + >
1+9b 1+9c 1+9a

9ab’ 9hc? 9ca?
=la-——— [+| b- > [+ c— 5
1+9b 1+9c 1+9a

>[a— 9ah? J ( 9bc? J {_ 9ca’ J
U 24190 24/1.9¢2 21.92°
=a+b+c—g(ab+bc+ac)2a+b+c—%(a+b+c)2=% (doa+b+c=1).

Vay Minng khi a=b:c:%.

1 1

+ + = 2. Chtrng minh: abcsi.
l1+a 1+b 1+cC 8

Vidu5.Cho a, b, c>0va

Loi giai

1 N 1 1
1+a 1+b 1+c

1 ( j j c cosi \/ b ¢ bc
= 1- + > 2 . =2 .
1+a 1+b 1+c) 1+b 1+c 1+b 1+c (1+b)(1+c)

Tuong tu: ab
& (1+a)(1+c) Trc 1+a)(1+b)'

Nhan céc bat dang thitc duwong, cung chiéu ta dwoc:

1 > Bac hay abc S% (dpem).

(1+a)(1+b)(1+c) (1+a)(1+b)(1+c)




DANG 4: GHEP CAP bOI
Tach x+y+z :%(x+ y)+%(y+z)+%(z+x).

xyz=ﬂ.\/y_z.ﬁ VX, Y,2=0.

Vidu1l.Cho a>0, b>0, ¢>0 va a’+b’ +c? =1. Chiing minh:
ab bc ac bc ca ab

a) —+—+—>a+b+c; b) —+—+=>/3.
c a b a b ¢
Loi giai
,ab bc ac 1(bc ca) 1(ca ab) 1(ab bc
a)CO —+—+—==| —+— |[+=| —+— |+=| —+—
c a b 2la b 2 b ¢ 2Lc  a

ZE.Z E_%+l_ E.a—b+1. ’a—b.E:a+b+C (dpem).
2 a b 2\b ¢ 2\Vc a

. (bc ca ab) b%? c%a? a?
b) Xét (—+—+—j = + 0’ + o

a b ¢
1(b%? c?a®) 1(c’a® a%h?) 1(a** b*?
==l —t—F|t7| —t—F |+3| —F+— |t2
2\ a b 2\ b C 2\ ¢ a

1, [b%? c’a® 1, [c*a® a’® 1 . |a’h® b*c?
2_'2\/_2'_2""_'2\/_2'_2+_'2x’_2'_2
2 a~ b 2 b c 2 C a

=a’+b*+c*+2=3,do dé E+§+a_b2 3 (dpcm).
a b 2 P

+2(a2+b2+cz)

Vi du 2. Cho a,b,c la d6 dai ba canh ctia AABC. Chttng minh (a+b—-c)(b+c—a)(c+a—b)<abc.

Loi giai
Vi a,b,c la @0 dai ba canh cia AABC nén
a+b-c>0b+c—a>0,c+a—-b>0.
(a+b—c)+(b+c—a):b.

C6 0</(a+b—c)(b+c—a) <

2
0<J(o+c—a)c+a-b) < (b”‘a);(“a‘b) —c;
0<f(c+a-b)@a+b—c) < (C+a_b);(a+b_°) —a;

Nhan ba dang thitc dwong cting chiéu ta duoc
(@a+b—c)(b+c—a)(c+a—b)<abc (diéu phai chitng minh).

DANG 5: DU POAN KET QUA ROI TACH THiCH HOP

Buroc 1: Ke bang dw dodn gidi tri I6n nhat,nho nhit va dat tai gid tri nao ciia bién.
Buroc 2: Ke bang xic dinh s6 nao sé di véi nhau.

Buedc 3: Tich ghép thich hop s6 hang va ste dung bit ding thirc Co-si.

Vidy 1. Cho a>2. Tim gi4 tri nhé nhat céia bifa thte P =2a+>.
a

Loi giai
Phén tich bai todn




a 2 3 4
5 183 65 B 17 37 < 9,25
2 3 4
N Lo S 13
Tt bang tht nhat dw doan minP :E<:> a=2.
1
a pa—
a
L 1
a= 2 >
N e 1 .. ,.a . 5 . .5
Ttr bang thit hai, ta suy ra — sé di voi 4 nen — s€ di voi e
a a
Trinh bay loi giai
Co P= §+5—{jl +3—a22 E~‘E’—a+3—a=5+3—a25+£=E(doa22).
a 4 4 a 4 4 4 4 2
N
Vay minP == khi {a 4 < a=2 (thda man).
a=2
. \ C epae s o o oo : 6 24
Vidu2.Cho x>0, y>0 va x+y<6. Tim gia tri nho nhat cua biéu thttc F =x+y+—+—.
Xy
Loi giai
Phdn tich bai todn
(x;y) ;5 (2; 4 @;3 (4;2) G;9
84 39 156
—:16’8 —=19,5 _=31,2
F 5 15 16 > c
Ttr bang thit nhat, ta du doan min F =15 khi x=2,y=4.
1 y 1
X » y
1 1
X=2,y=4 - =
Tt bang thit hai, ta suy ra L s& di véi > nén 5 sé di véi bx_3x ; 1 s& di véi 2 nén 2 sé di vdi
X 4 X 4 2y y
24y _3y
16 4
Trinh bay loi gidi
(@)
F:(§+3_Xj+ %+3_y _(§+XJ
X 2 y 2 2 2
22\/9%+2 ﬁ-?'—y—l(x+y):18—l(x+y)
X 2 y 2 2 2
1

218—5-6:15 (do x+y<6).




X=2
Vay minF =15 khi E=3—X;ﬁ=ﬂ;x+y=6c>{ _4 (thoa man).

X 2y 2 =
7 \ n .7 . 2 A, 2 « A2 P 2 2 28 1
Vidu 3. Cho x>0, y>0 va x+y>3. Tim gia tri nho nhat ctia biéu thitc P=2x"+y +—+—.
Xy
Loi giai
Phdn tich bai todn
(xy) (£2) (21)
p ® 345 2
2
Ttr bang thit nhat, ta du doan min P =24 khix=2,y =1.
1 1
X » y y
1
x=2,y=1 2 3 1 1
Tt bang thit hai, ta suy ra 1 sé di voi % nén 28 sé di voi %fx=7x; E sedivoi y.
X X y
Trinh bay loi giai
Céo
P:(§+7x]+(£+y]+2x2+y2—7x—y
X y
:(§+7x]+[i+ yj+2(x—2)2+(y—1)2+(x+y)—9
X y
22\/§-7x+2\/£~y+0+0+3—9:24.
X y
A . 28 1
Vay min P =24 khi 7:7x;§:y;x—2:0;y—1:0;x+y:3<:>x:2,y:l.
Vidu4.Cho 2<x<34<y<6,4<7<6 va x+Yy+z=12. Tim gia tri l6n nhat cta biéu thitc P =xyz.

Loi giai
Nhan xét: Do y va z vai trd nhu nhau nén stt dung bat dang thitc Co-si ddi véi tich yz, ta dugc

P=x(yz) < x(%j = % X(12-x)(12-X) .

bén day ta ké bang dé duw doan gia tri 16n nhat cua P

X 2 3
p 50 % ~ 60,75
N .~ , 243 .
Tt bang thi nhat dy doan maxP = Ve khi x=3.
X 12 -x
X=3 3 9

Ttr bang thit hai, ta suy ra 3x sé di vdi 12— X nén ta bién d6i

9




1 1(x+24\ 1(3+24)° 243
P<—[(Bx)(12—x)(12—Xx)] < — <— <—.
L 0a2-002-x) 12[ d ] 12( - j
9

Vay maxP:E khix=3,y=z=—.
4 2

DANG 6: KET HOP DAT AN PHU VA DU POAN KET QUA

. Khi dat an phu ta can tim diéu kién ctia an phu.

o Mot s6 bat dang thitc trung gian thuong dung:

= Voéimoi a,b thi 2(a’ +b°)> (a+h)* > 4ab. Dau bang xay ra khi a=b.

= V6imoi a,b,c thi 3(a®+b”+c*)>(a+b+c)’* 23(ab+hc+ca) . Ddu bang xéy rakhi a=b =c.

. . a’+b?_(a+b) a+b® _(a+bY’ o1l , .
. Véimoi a,b thi 5 > 5 Vva,b; 5 > 5 Va+b>0.Dau bang xay ra khi a=b.

. 1+12iVa>0,b>O.Dé’ubz‘?mgxélyrakhia=b.
a b a+b
1 11 1Y , .
. —+=+=2 Va>0,b>0,c>0.Daubang xay rakhi a=b=c.
a b c¢c a+b+c
4 \ X 8 N .7 . d A, ? - A? 7 X 2y
Vidu1.Cho x>0, y>0 va E+—£2.T1m gia tri nho nhat cta biéu thitc K =—+—.
y y X

Loi giai

Data—— d02> + >2—— \/7 5 1 <a
y \! y 4
2 2
K=a+—= +32a —3la>2 —32a 3la
a
Co

=16—-3la 216—31&: 33[
4 4

VAN
N

d00<a<1J
4

Vay MinK :;fkhia:%hayx:z,y:&

X+y+l xy+x+y

Vidu 2. Cho x>0,y >0 . Tim gid tri nhé nhat ctia biéu thirc A=
Xy + X+ y X+y+1°

X 1°
Dit a— +y+ xy+x+y _1

XXty  xiyil’ a

Do Mm+n+p 2>3(Mn+np+pm)= X+y+1>>3 xy+x+y =a>3

Vay MinA:%khia:3:>x:y:1.

2 2
X
Vi du 3. Cho x>0,y >0. Tim gia tri nho nhat cia A= X )—(;y —I—):/_Z/

Loi giai

10




X+y

N

2
AR

X+y

2 2
—2
co A= XY Xy+«/xy _ Xty n Jxy .
Xy X+y Xy X+y

pat t=""Y dox+y>2fxy =Y >2=1>2

ﬁ ]

1 t* 1] 7 Cosi_ 21 7,
Tadwoc A=t> +-—2=|— 4|+ t?—2>2|— -+ t2 -2
' t [8 tj'g 7 \/8 t '8

:\/E—l—ZtZ—Z \/54-722 ZE(dotZZ).
2 8 2 8 2

Vay MinA:g Khit—2—x—y.

Vi du 4. Cho a>0,b>0,c>0 thoa man b®4c* <a’. Tim gia tri nho nhat ctia biéu thtc

1 1 1
P:¥ b*+c* +a’ [FJFC_Z]

Loi giai

1 1 2bc  2a’ bc a®
Co6 P== b*+c* +a°| S+ |>—F+—=2|5+—
© a’ [b2 ] be a’ bc]

2

Détt—a— b” +¢* >2_bc_2 ta duoc

bc bc bc
p— 2[ §]=2(1+}]+§ 222/1.}+3t 2[1+3t]>2[1+32] 5 (do t>2).

t 4 t 4 4t 4 4 4
Vay MinP—5 khi |°.° b a
ay MinP = i sSh=c=—
ay b? 4+¢? = a2 ﬁ

2o

. 0 , 1 1
Vidu5.Cho x>0,y >0 va x+ Yy <1. Tim gia tri nho nhat cta biéu thtc P:[;—i_;]' 1+Xx7y

Loi giai

Coé P>|2

’— =L Xy =2 ’—+xy

bat a=xy, do xy<[ eryJ <4:>O<a<Z ta duoc

P> 2\/1+a — 2\/[1 +16a]—15a > 2J2 /1.16a —15a = 2+/8—15a > 2. /8—15% — J1_7[doo <a g%
a a a

:>MinP:\/1_7khia:%hayx:y:%
Vidu 6: Cho x>0,y >0va x+ Yy <1. Tim gia tri nho nhat ctia biéu thic P = _::: +— ! +4xy .
Xy Xy

Loi giai

11

~—




Cé P=|— 1 - 1 + 1 +4xy|. St dung 1+12iVa,b>0,ta duwoc
X“+y®  2xy) |2xy a b a+b
1 1 4 4 _4 1
+—2= —4 do0<x+y<1.S P>4+|—+4x
Cry: Yy T yEaxy (x+y)2 - ( y<1).Suyra 2xy y]

2
Dat a =xy, doxyg[%] g%:>0<a§% ta duwoc

P>4+ i+4a]=4+(i+8a]—4a24+2 /i.Sa—4a=8—4a28—4.l=7(d00<a§1)
2a 2a 2a 4 4

MinP:7khix=y=%

2

2
Vi du 7: Cho x,y >0 va x+ y <1. Tim gia tri nho nhét ctia biéu thic K = [X—FE] +[y+1]
X y

Loi giai
2 2 2
Céch 1: Str dung & z[‘”b] vabva t4+i>_% vapso.
2 c a b a+b
1Y 1) 1 1Y
P+X]+y+ X+-4+y+= LY
ta duoc K = 2. Y) so|l X VI S R
2 2 ~2 X4y
Dat a=x+vy, diéu kién 0<a <1, ta duoc:
2 2 2
Kzl[aJri] :l[a—l-l]—i-g 212 a.1+§
2 a 2 a) a 2 a a

2
;[24—3] %[2—{—?] zé(do 0<a<l1). Vay, MInK——kh1 x—y—;

, 1y 1Y, , (1 1 1
Cach2: K=|x+=| +|y+—| = X" +Y° +|5+—5|+4>2|xy+—|+4
X y Xty Xy
2
bat a= xy,do Xyg[ﬂ] gl:>0<a§1.Tadu“QC:
2 4 4
K>2[1 15] 1ax2| i B a—B (g 0<a<lt| vay, Mink = 2khi x—y—1
2 ' 4a 2,1 2 4 2 2
4

3 3
Vidu 8: Cho x>0,y >0va x+y <1.Tim gia tri nhé nhat cta biéu thirc S :[1—|—X—|—1] +[1+y+1]
X y

Loi giai

3 3 3
St dung a erb Z(a;bj VYa+b>0 va 1+%2ib VYa+b>0, ta duoc
a a+
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1\ 1Y 3
(1+X+j +£1+y+j 1+x+1+1+y+i
X y 59 X y
2 h 2

S=2.

bat a=x+y, diéu kién 0<a<1, ta dwoc

3 3 3 3
821(2+a+ﬂj :l 2+(a+ij+§ 1 2+2/ 1 3 —£(4+§j 2£(4+§j :%
4 a 4 a/ a 4 a a 4 a 4 1 4

4 ‘ 2 7
DANG 7: TIM LAI PIEU KIEN CUA AN

Vidu 1. Cho X,y >0va 2x° +2xy + Yy’ —2x <8. Tim gid tri nho nhat cua bi€u thiic P—E+£—2X 3y.
Xy

Loi giai
Co 2x2+2xy+y2—2x<8<:>x2+2xy+y2+x2—2x+1<9
& (x+y) +(x-1) <9, ma (x+y) <(x+y)’ = (x+y)'<9=>0<x+y<3

Co P= ( +2xj [—+y] 4x— 4y>2!—2x+2’ Y —4(x+Yy)
y

=8—-4(x+Yy)>8-43=—4(do 0<x+y<3). Vay MinP=—-4khi x=1y=2.

Vidu 2: Cho a>0,b>0,c>0 théaman 2 b*>+bc+c®> =3 3—a* . Tim gid tri nho nhat cua biéu

thirc T—a+b+c+2+k2)+g

Loi giai
Céd 2 b?>+bc+c® =33—a?> «<3a°+2b*+2bc+2c>=9
< 3a’ +2b* 4 2bc ++-2ab + 2ac +2¢* —2ab—2ac =9
< a’+b*+c®+2ab+2bc+2ca + a*+b*—2ab + a*+c®—2ac =9

o a+b+c ‘L a-b’+ta-c’=9= atb+c’<9=0<a+htc<3
1 1 1

St dung — +—+— Lta@Iu:(_)’cT2a+b+c+—8
b ¢ a+b+ a+b+c

Dat x:a+b+c 0< x<3, ta duoc

T>X+E:[18+ZXJ X>2 E.Zx—x:12—x212—3:9 (do 0<x<3)

X \/x
Vay MinT =9 khi x=3 hay a=b=c=1

Vidy 3: Cho a>0,b>0 va a’+b’+6ab <8. Tim gia tri nho6 nhat ctia biéu thirc:

1 3
P— +—+ab
+b? " ab

Loi giai

13



Co a® +b®+6ab <8« a®+b®+3a’h +3ab* —3a’h —3ab® +6ab <8
a+b’—3ab a+b—2 <8« a+b’—2°-3ab a+bh—2 <0

at+b-2 [ a+b’+2a+b +4}—3ab at+h—2 <0
a+b—2 a’?+b?’—ab+2a+2b+4 <0
a+b—2 2a’+2b*>—2ab+4a+4b+8 <0

¢ ¢

& at+b-—2 [ a—b’+a+2+ b+22}§0

S 0<a+b<?2
1 1 5
Co P= + + +ab
[az+b2 2abJ [Zab ]

Stt dung 1+12 X,y >0, ta duwoc:
X

y X+y
1 1 1 4 4
4 > = >—=1(do0O<a+b<?2
a’+b?> 2ab a’+2ab+b?> ag4p?  2? ( )

5
S P>1+|—+ab
uyra P> [Zab ]

2
bat x=ab, do ab<[a;b] 2?:1:>0<X§1,ta duoc:
g] 3x

2) 2

>142 /3 §—§:6—§_6—£:9 (do 0<x<1)
2x 2 2 2 2

Vay Miang khi a=h=1

P21+[£+x]:1+[i+
2 2X

Vidy 4: Cho a>0,b>0 va a’ +b* =a+b. Tim gid tri nho nhat ctia bi€u thirc

P=a bt 2020
a+b
Loi giai
X +y? _(x+y)
St dung 5 2[ ],ta duoc
2 2 2 2
a+b
¢ atbeatipr—22F0 o, a“’] _ath _oatb_ g aip<o
2 2 2 2
a® "+ b 2020 a?+b2) 2020 a+b’ 2020
* P:2. + 222 ] —|— 2: 3
2 a+b 2 a+b 2 a+b

Dit x= a+b ?,),0< x<4, ta duoc:

X 2020 X 8] 2012 X 8 2012
P=—+—-=|—4+—-|+—""2>2,|——4+——
2 X 2 X X 2 X X
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:4+%24+¥:50 (do 0<x<4)
X

Vay MinP =507 khi x=4 hay a=b=1

2 2

Vidu5:Cho x>0,y >0 va vX+1 y+1 >4. Tim gi tri nho nhat ctia biéu thire P =2+ L
Yy X

Loi giai
Co Vx+1 Jy+1 >4 Py +Ix+y >3e3< oy +x1+y1

Ma Jxy +x1+[y.1< Xj;y+x_;l+ y;rl:x+y+1, suy ra X+y >2

2 2 2 2
cs p:x_+y_:[x_+y]+[y_+x]_ ‘t+y
y X y X

X2 y2
ZZJ—.y +2\/—.x— X+y =x+y>2
y X
Vay MinP=2 khi x=y=1
1. BAT PANG THUC BUNHIA
1. Dangbd haisé a;b va x;y bdtky
e  ax+by’< a’+b? X*+y?

n n n 2 X
Dau "=" xayra & —= y
a

2 2

e Dicbiet x+y° = 1x+ly’ < P+1® xX*+y
2. Dangbdbasé ab;c va xy;z bdtki

. ax+by+cz’< a?+b?4c? X2 +4yi47?
Dé’u":"xéyra<:>§:X:E
a b ¢

° DéCbIét X+y+12z 2: 1X+1y+1z ZS 12 +12+12 X2—|—y2—|—22
3. Dangtong quat bo nsé a;a,;...;a, vd X;Xy;.. X,

e ax+aX+..+ax ‘< altai+..f+a’ x4+X 4. +x

ALon " 2 X X
Dau "=" xay ra sh e A
a & a,
Quy wdc trong ddu "=" xay ra, néu mau nao bang 0 thi t& twvong Gng bang 0.

Vi du 1. Cho 4x + 9y = 13. Tim gid tri nho nhat cua biéu thirc A = 4x? + 9y?

Loi giai

15



Bunhia

Co132=(4x +9y)? = (2.2x +3.3y)? = (22+3?)(4x*+9y?)=13A = A >13

Vi dy 2. Cho 4x + 3y = 1. Tim gia tri nho nhat cua biéu thirc A = 4x2 + 3y?

Loi giai
Bunhia 1
Co12=(4x +3y)> = (22x+ 3. Byp <  (4+3)@x+3y?)=7A = A >
. 2x _ f3x L
Vay MinA = ?khi 3y ﬁ <:;>x:y:7
4x+3y =1

Vidu3.Chox>0;y>0;z>0vax+y+z=2.Tim gia tri nho nhat cua biéu thirc A = x?+y?2 + 22

Loi giai
Bunhia

Co2=(Ix+1y+lzp < (R+12+1)(x2+y2+2?)=3A =A z%

X
Vay MinA = § khi {1 ~
X+

II I—\|N
X
Il
<
1
w|N

=Y_
1
y+z

Vi dy 4. Cho 3x2 + 2y = % . Tim gi4 tri nhé nh&t ctia i€ thite A = 2 + 3y

Loi giai

CéSZ=(2x+3y)2=(T J_X+\/- J_yjz

h
Buga [g 2](3x +2y° )=365(3x2+2y2)s35 512 s«

6 35
Vay MaxS = 1 < = 9 2 3 < =
V3 V2 2x+3y=1 8—y+3y:1 y:i
2x+3y=1 9 35

Vidu 5. Cho 4a2+ 25b? < % Tim gia tri nho nhat ctia biéu thiec H = 6a — 5b

Loi giai
C6 H? = (6a — 5b)?= (3.2a + (-1) .5b)?
Bunhia

< (9+1)(4a2+25b?) = 10(4a2 + 25b?) < 10.% -1= H<1
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3

2a 5b a= —
== === 2a+15b=0

Vay MaxH = 1 <3 -1 <:>{18 15p = 3<:> 22
6a-5b =1 a- - b=-—

50

Vi die 6. Cho x2-+y2 + 22 = % iy (e I il e (B (e TP — s 40 7 5 2

Loi giai
Bunhia 3 19 3
CoPr=(lx+ly+lzf < (IM+1+1)0C+y?+27)=3 =~ =P~
X_Y¥y_z2
VéyMaxP=gkhi 111 @X:yzzzé
X+y+z:E

Vi dy 7. Tim gia tri 16n nhét cua biéu thitc P=+x-1++/3-x khi1<x<3

Loi giai
2 Bunhia

CoP= (1x-1+143-x) < (1+ 12)(Jx-12 +J3-x2) 4= P<2

Jx-1 3-x -
1 1

Vay MaxP =2 khi x =2 (thoa man)

Vidu8. Choa>0,b>0,c>0vaa+b+c=3. Tim gia tri 1on nhat cua biéu thirc

K=+4a+5++4b+5 ++J4c+5

Loi giai

2

C6K2=(1.\/4a+5+1.\/4b+5+1.\/4c+5)
Bunhia
< (17+12+12)(4a+5+4b+5+4c+5)
=3[4(a+b+c)+15]=3(4.3+15)=81= K<9

J4a+5 J4b+5 J4c+5
Vay MaxK =9 khi 1 1 1 e a=b=c=1

a+b+c=3

Vidu9.Choa>0,b>0,c>20vaa+b+c=1.Tim gia tri 1én nhat cua biéu thic

P=+vb+c+Jc+a++a+b

Loi giai

CoP2= (1.Jb +c+1c+a+1a+ b)2

Bunhia

< (1r+ 12+12)(\/b+c2 rfcra + Ja+b2)

—6(a+b+c)=6 = P <6

17




Ja+b _+Jb+c _+c+a
Vay MaxP = /6 khi 1 1 1 <©a=b=c=
a+b+c=1

Wl

Vidu 10. Choa, b, c>0va Ja ++b +c=3.Tim gia tri nho nhat cuia biéu thuc

I\/Iz\/a+b+\/b+c+\/c+a
2 2 2

Loi giai
2 Bunhia

< (1°+1%)(at+b)=2(a+b)

-

(Va+vb) =(14a+1b
Ta c6 (Vb+e) =(1vb+1C
(Ve+va) =(1c+1./a)
Suyra Ja+vb < f2(a+b) ,b+Jc < [2(b+c) Jec+a < f2(c+a)
= 2(Va+Jb+/c) <2 (atb+brc+/cra)
:>\/§+x/5+\/€s\/a;b +\/b;° +\/Cza hay M 2 3

Vay MinM=3khia=b=c=1

N

2 B

<" (12+12) (b+c) =2 (br+c)

2 Bunhia

< (12+12)(c+a) =2(c+a)

N—

III. PHUONG PHAP BIEN POI TUONG PUONG

DANG 1: PUA VE BINH PHUONG

e A2+m>0+m;-A?2m<0+m
Ddu “=" xay ra khi A = 0.

e A2+B2+m>0+0+m;-A2-B2+m<0+0+m
Dau “=" xay rakhi A=0,B=0.

Vidu 1. Cho x >-2; y > 1. Tim gia tri nho nhat ctia biéu thiic
A=X+y-2x+2-4,Jy-1+24.

Loi giai
Co A= (x+2-2/x+2+1) + (y-1-4y-1+4) +18
= (Vx+2-1) +(Jy-1-2) +1820+0+18=18

Jx+2=1 =-1
Vay MinA = 18 khi N {X ( thoa mén)
Jy-1=2 y=5

Vi du 2. Chon—%. Tim gia tri nho nhat ctia biéu thitcc E=5X - 642X +7 - 4/3x+ 1+ 2.
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Loi giai
Co6 E= (2x+7-6\/2x+7+9) + (3x+1-4\/3x+1+4) -19
= (V2x+7 -3)2+(\/3x+1-2)2-1920+0-19:-19

«/2x+7=3©{2x+7=9
Px+1=2 x+1=4

Vay MinA =-19 khi { < X =1 (théa man)

Vi du 3. Cho x>1. Tim gia tri nhé nhat ctia biéu thuc

T= x—«/x—l—3\/x+7+28.

Loi giai
Xét 2T =2X — 24X —1—6X+7 +56
= (x=1-2Xx=1+1)+(x+7-6x+7 +9)+40

- x_1_1)2+(m—3)2+4020+0+40:4o:T >20

Jx-1=1 x-1=1
Vay Min T =20 khi @{ & X =2 (thoéa man)
x+7=3 [X-7=9

Vidu 4. Cho x> J15. Tim gia tri nho nhat ctia biéu thuc

F =x? +x—\/’(x2 —15)(x—3)—\/’x2 —15—+/x-3-38.

Loi giai
Xét 2F =2x° Jrzx—z\/’(x2 ~15)(x—3) -2Jx* ~15—\x-3-76

= (7 ~15+ x-3-2,[(x ~15)(x=3) )+ (x* ~15 - 2JX ~15+1) + (x~3-2/x~3 +1)

2 2
=(«/x2—15—«/x—3) +(«/x2—15—1) +( x—3—1>2—4220+0—42:—42
=F>-21
Vay Min F =-21 khi JX¥—15 = Jx—3 =1 x =4 (thoa man)

Vidu5.Cho a>0,b>0,c>0 va a+b+c=6. Tim gid tri I6n nhat ctia biéu thic
T=+/a2 + 4ab +b? +/b? +4ab +c? ++/c + 4ca+a’.

Loi giai
Chay: Véi x>0,y>0, taco

sy BRI 2] )

= X2 +4xy +y® S%.

Van dung vao bai todn, ta co
T< (a+b)\/§+ (b+c)%+ (c+a)%

2 2 2

=(a+b+c)\/§=6\/§
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Vay MaxT=6+/6 khia=b=c=2.

Vidu 6. Cho a>0,b>0,c>0, X+Y+2z=1 Tim gia tri 16n nhéat cua biéu thirc

S= \sz—xy+y2 +\/y2—yz+z2 +Z2 —2x+ 22

Loi giai
Chuy: Véi x>0,y >0, tacod
2 2 2
a2_ab+b2=(a+b)+3(a+b)>(a+b)
4 B 4

:>~\/a2—ab+b22a%b
Van dung vao bai toan, ta co SZX;y+yJ2FZ+ZJ2rX=x+y+Z=l.
Vay MinS=1 khi x:y:z:%.

DANG 2: TAO RA BAC HAI BANG CACH NHAN HAI BAC MOT
. m<x<n=(x—m)(x—-n)<0.

. m< Xénz(ﬁ—m)(x/;—n)SO.

Vidu1l.Cho —2<a,b,c<3 va a®*+b*+c*=22.
Tim gia tri nho nhat cua biéu thiee M =a+b+c.

Loi giai
Vi 2<a<3 nén a+2>0,a-3<0.
Suy ra (a+2)(a-3)<0<a’-a-6<0<a>a’-6.
Twong tu, ta cling tim dwoc b>b?—6,c>c* -6
Dodé M =a+b+c>a’+b*+c’-18=22-18=4.

a=-2,a=3

be 2 b3 a=b=3c=-2

Vay MinM =4 khi ’ <la=c=3b=-2
c=-2,c=3

b=c=3a=-2
a+b+c=4

Vidu 2.Cho x>0,y>0,2>0 thoa man x+y+z=86.
Tim gia tri nho nhat ctia biéu thiec A= x> +y*+2°.

Loi giai
% Tim MinA
Cdch 1 (Sk dung bat dang thitc Bunhia)
Bunhia
C6 6°=(Lx+Ly+1z)" < (P+1+1°)(x*+y*+2°)=3A= A>12.

X yA
VayMinA=12khi{1 1 1 ©x=y=2=2
X+y+2=06

Cdch 2 (Str dung bat déng thitc Cosi — dy dodn min dat tai x=y=z=2)
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Co A=X"+y" +2° =(x*+4)+(y* +4)+(2* +4)-12
> 2\X2.4+2\/y? 4+ 2724 12 = 4(x+y+2)-12=4.6-12=12.
Vay MinA =12 Khi x=y=2=2.

<  Tim MaxA

Co x,y,z=20va x+y+z=6 nén 0<Xx,y,z<6.
= X(x—6)+y(y-6)+z(z-6)<0
=X +y*+2° <6(x+y+2)=6.6=36= A<36.
Xx=0,x=6
y=0,y=6

Vay MaxA =36 khi
2=0,2=6

hay (x;y;z) la hoén vi ctia (0;0;6).

X+Yy+2=6

Vidu3.Cho a>0,b>0,c>0 théaman a+b+c=3.
Tim gia trj nho nhét cta biéu thite K =+/3a+1++/30+1++/3c+1,

Loi giai
< Tim MaxK

Cdch 1 (St dung bat dang thic Bunhia)
Xét K? =(1/3a+1+1+/30+1+14/3C +1)2

Bunhia

< (12 +1° +12)(3a+1+3b+l+30+1):9(a+b+c+l):36:> K <86.

Vay MaxK=6 khi a=b=c=1.
Cdch 2 (St dung bat déng thirc Cosi — du doan min dat tai a=b=c=1)

K =Ba+1+3b+1+3c+1= %[J(3a+1).4 +\(30+1) 4+ (3c+1) 4|

6.

<1 (3a+1)+4+(3b+1)+4+(3c+1)+4 _3(a+b+c)+15_3_3+15_
T2 2 2 2 B 4 4
Vay MaxK =6 khi a=b=c=1.

o Tim MinA
Co a+b+c=3<3a+3b+3c=9<(3a+1)+(3b+1)+(3c+1)=12.

bat x=3a+1L,y=3b+1,z=3c+1=>X,y,z>1va x+y+z=12.
T x,y,z>1va x+y+z=12=1<x,y,2<10

= (VR 1) (X 8) <02 x— (I +1) X + VIO <0 Vi > X0,

V10 +1
y++/10 z++/10
Tuwong ti [y > Nzt
e W V10 +1 V10 +1

, suy ra
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ﬁ+ﬁ+ﬁzx+y+z+3@:K2M=Jl_0+2.
J10 +1 10 +1

Vay MinK=+/10 +2 khi (X, y,2) 1a hoén vi cia (1110) nén (a;b;c) hoan vi ctia (0;0;3).

DANG 3: TAO RA ab+bc+ca

. 0<ab,c<m=(m-a)(m-b)(m-c)>0
. 0<ab,c<m=(m-a)(m-b)+(m-a)(m-c)+(m-b)(m-c)=0

Vidu 1. Cho 0<a,b,c<2 va a+b+c=3. Chitng minh ab+bc+ca=>2.

Loi giai
Do 0<a,b,c<2 nén (2-a)(2-b)(2-¢)>0
=8—4(a+b+c)+2(ab+bc+ca)—abc>0
=8-4.3+2(ab+bc+ca)—abc>0 (do a+b+c=3)

:>ab+bc+cc’:122+aTbC , ma 2+aTbC22 nén ab+bc+ca=2 (dpcm).

Vi du2: Choa>1,b >1, c > 1 va ab+bc+ca =9.
Tim gia tri I6n nhat va gid tri nho nhat cua biéu thirc: P =a? + b? + 2

Loi giai:
* Tim Min P
Cé (a-b)? +(b- ¢)> +(c-a)> 20=>a?+b?+c? > ab +bctca=>P >9.
Vay MinP =9 khia=b=c= /3
* Tim MaP
Doa >1,b>1,c 21=>(a-1)(b-1) +(b-1)(c-1) +(c-1)(a-1) >0
<=>(ab+bc +ca) -2(atb+c)+3 >0 <=> at+b+c <6
<=>a?+b? +c? +2(ab+bc+ca) < 36 <=>P < 18
Vay MaxP=18 khi (a,b,c) 1a hoan vi cta (1;1;4)

DANG 4: SUDUNG TiINH CHAT TRONG BA SO BAT Ki LUON TON TAI HAI SO CO TiCH

KHONG AM
Tinh chat 1: Néu -1 < a <1thi a"<[a] ¥YneN*

Dau “=" xay ra khi a=0 hodc a=1 néu n 1¢, khi a=0 hodc a= £ 1 néu n chan

Tinh chét 2: Néu hai sd a va b ¢6 tich ab > 0 thi |a|+|b| =[a +b|

Tinh chat 3: Véi ba s0 x, y, z bdt ky, ludn ton tai hai s c6 tich khong am.

Bai todn co ban: Cho-1 < x,y,z < 1, x+y+z=0
Tim gid tri 16n nhat va gia tri nho nhat ctia biéu thice: T = |X| + |y| + |Z|

Loi giai:
Véiba sO x, y, z bat ky, ludn ton tai hai s6 ¢6 tich khong am.
Giasuxy 2 0=>[x|+|y|=|x+Yy|=|-7|=|
Nén T=2[z|<2 (do-1<z<1).
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Vay MaxT =2 khi (x;y;z) 1a hoan vi (-1;0;1).

Vidy1. Cho-2 < x,y, z < 2, x+y+z=0. Chttng minh r?mg at+b* +c* <32

Loi giai:
Co-2<xy,z<2=> —1SE.E,E,S1
2 22
Dat X=%,y=g,z=§=>—13x, y,z<1 va x+y+z=0.

Khi d6 a* +b* +c* =16(x* +y* +2*) < 16(|x|+|y|+|2]) -
Véiba sO x, y, z bat ky, ludn ton tai hai so c6 tich khong am.
Gidst:xy 2 0=>|x|+|y|=|x+Y|=|-7|=|z| nén

IX|+|y|+|z|=2|z| <2=>a" +b" +c" <32 (dpcm)

Vidy2.ChoO <x,y,z<1va x+y+z=g.

Tim gia tri 16n nhat va gia tri nho nhat cta biéu thic: P=x2 +y? +22

Loi giai:
Tim Min P
Cdch 1( St dung bat dang thiic Bunhia)

nhia

2 Bu
Co (gj —(Ax+1y+12)* < P+ +15)(X*+y*+2*)=3P =>P2%

X
1

<

YA
VéyMinP=% Khi 1 :>x:y:z:%

X+y+z==
y 2
Cdch 2( Str dung bat dzfmg thirc Cosi — dw doan min dat tai x=y= =% )

C6 P=x’+y’ +7° = Xerl + y2+l + zz+l 22\/X2.l+2\/y2.l+2\/zz.l—§=x+y+z—§.
4 4 4 4 4 4 4 4

Vay MinP = % Khix=y=z=

N | —

Tim MaxP
Céx+y+z=§<:>(2x—1)+(2y—1)+(2z—1)=0

Pata=2x-1,b=2y-1,c=2z-1.
Do(2x-1)+(2y-1)+(2z-1)=0néna+b+c=0
Vio<x, y,z<1=-1<2x-1,2y-1,2z-1<1nén-1<a,b,c<1.
2 2 2 2 2 2
CoP = a+l N b+1 N c+1 _a +b“+c*+2(a+b+c)+3
2 2 4
2 2 2
_a +bA:|-c +3S|a|+|b|+|c|+3

(do—1<a,b,c<1])
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Véiba s6 a, b, ¢ bat ki, ludn ton tai hai s co tich khong am.
Gia st a.b >0 thi |a| + b| = |a+b| = |—C| = |C| nén
PSM££:§(dO|C|S1).
4 4 4
13

Vay MaxP = % khi (a; b; ¢) 1a hodn vi cta (- 1; 0; 1) hay (x; y; z) la hoan vi cta (O; 5 ; Ej

Vidu3:Cho0<x,y,z<2vax+y+z=3.Tim gia tri 16n nhat va nho nhat cua biéu thuc
M=x*+y*+2z*+12(1 - x)(1 - y)(1 - 2).

Loi giai
Cox+y+z=3x-1)+(y-1)+(z-1)=0
bata=x-1,b=y-1,c=z-1=-1<a,b,c<lvaa+b+c=0
Véia+b+c=0thia®+Db®+c®=3abc
CoM=(a+1)*+(b+1)*+(c+1)*-12abc

=(at+bt+ct)+4(3+b*+ ) +6(a?+b>+c?) +4(a +b+c)—12abc
=(a*+b*+c?) +6(a> + b2+ ).

*COM = (a* + b+ ) + 6(a + b2+ c2) > 0
VayMinM=0khia=b=c=0&x=y=z=1
“C6 M= (at+bt+ ) + 6(a2 + b2+ @) < ([al-+]0]+]d)+ 62|+ |b|+|e]) =7 Ja|+ |+ [e].
Véiba so a, b, ¢ bat ki, ludn ton tai hai s6 co tich khong am.
Gia str ab >0 = [a|+|b| =|a+b| =|—c|=|c|
— lal+]bl+|c| = 2Jc| <2 = M <14.
Vay MaxM = 14 khi (a; b; c) la hoan vi caa (- 1; 0; 1) hay (x, y, z) la hoan vi cua (0; 1; 2).

Vidu4:ChoO<a,b,c<4vaa+b+c=6.
Tim gid tri 16n nhat cta biéu thiec P = a2 + b2 + ¢ + ab + bc + ca.

Loi giai

a2+b2+c2+(a+b+c)2 _at+b’+c’
2 2 2
Doa+b+c=6=(a-2)+(b-2)+(c-2)=0=

CoP +18.

a-2 b-2 c-2
+ + =
2 2 2

0

bat X=a;2,y=b_2,z=0_2 =>x+y+z=0.

2 2
Vio<a b c<4=>-2<a-2b-2 c-2<2=-1 sagz,bgz,cgzﬂ.

=-1<x,y,z<1.
(2x+2)" +(2y+2)° +(2z+2)’
2

CoP = +18 =22 +y2+z?) +4(x +y +z) + 24
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=2(x2+y? + 22) + 24 < 2(|x|+|y| +|7] )+ 24
Véiba s X, y, z bat ki, ludn ton tai hai s c6 tich khong am.
Gia stt xy 20 = |X|+|y|=|x+y|=|-7| =|z| nén P =4|z|+24<4+24=28(do-1<z<1).

Vay MaxP =28 khi (x, y, z) la hoan vi ctia (- 1; 0; 1) nén (a, b, c) 1a hoan vi cta
0; 2; 4).

DANG 5: SUDUNG TiNH CHAT CUA MOT SO BI CHAN TU 0 PEN 1

*Néu 0< x<1 thi Vx >x . Dau “=” xay rakhi x = 0 hodc x = 1
*Néu 0<x<1thi X"<xVneN" .D4u “=" xay rakhi x = 0 hogc x = 1.

Vidu1: Cho a>0;b>0;c>0 va a+b+c=1. Tim gia tri lon nhat va nho nhét cta biéu thirc
P=+b+c++c+a++a+b .

Loi giai
* Tim MaxP
Cdch 1: ( St dung bat dang thtic Bunhia)
Xét P? =(Lib+c+1c+a+1la+b)?

S Jrlz)(\/b+c2 +Jcra’ +Ja+b2)

—6(a+b+c)=6(doa+b+c=1)=P<6
Vay MaxP =+/6 khi a:b:c:%

Cich 2: ( St dung bat dang thitc Cosi - du dodn max dat tai a=b=c=

Xét P\/7 \/ (b+c)+ \/ (c+a)+\/ (a+b)

—+(b+c) g+(c+a) —+(a+b)
<3 4+ 3 43
2 2 2

OOII—‘
~

=l+a+b+c=2(doa+b+c=1)= PSZ:\E:«/E

Vay Max P =+/6 khi a:b=c=%

*Tim MinP

Stt dung tinh chat: 0< x <1 thi /X > X

Do a,b,c>0 va a+b+c=1nén 0<a+b,b+c,c+a<l
Cé P=+b+c+yc+a++a+b=(b+c)+(c+a)+(a+b)<1
=2(a+b+c)=2(doa+b+c=1).

Vay MinP =2 khi (a;b;c) 1a hoan vi (1;0;0).
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Vidu 2: Cho a>0;b>0;c>0 va a+b+c=3 . Tim gia tri 16n nhat va nho nhat cua biéu thirc
T=vJb+c+Jc+a++a+b .

Loi giai
* Tim MaxP
Cdch 1: ( Sk dung bat dang thitc Bunhia)
Xét T? =(~b+c+1lc+a+la+b)?

SBunhia (12+12 +12)(\/b+C2+\/C+aZ+\/a+b2)

—6(a+b+c)=18(doa+b+c=3)=P <32
Vay MaxT =32 khi a=b=c=1
Cdch 2: ( Str dung bat déng thirc Cosi - du doan max dat tai a=b=c=1)
Xét T2 = [2(b+c) +./2(c+a) ++[2(a+b)
£2+(b+c)+2+(c+a)+2+(a+b)
2 2 2
=3+a+b+c=6(doa+b+c=3):>P£6:\E=3\E
Vay MaxT =342 khi a=b=c=1

*Tim MinP
Stt dung tinh chat: 0< x <1 thi /x> x
Do a,b,c>0 va a+b+c=3:>a+b+c:lnén O£a+b;b+c;c+a£1
3 3 3 3
b+c c+a a+b b+c c+a a+b
CoT=43 + + >3 + +
\/_(\/3 \/3 J3JI(3 3 3)

:ﬁwzzﬁ(doa+b+c:3).

Vay MinT =24/3 khi (a;b;c) 1a hoan vi (3;0;0).

Vidu 3: Cho a>0;b>0;c>0 va a+b+c=1.Tim gia tri nho nhat ctia biéu thuc
F=+3a+1l++3b+1++3c+1 .

Loi giai:
Cach1: C6 a>0;b>0;¢c>0; a+b+c=1
=0<ab,c<l=ax>a’,b>b*cx>c’
Do doé:
F=+v3a+l+3b+1++3c+l=a+2a+1++b+2b+1++/c+2c+1

>\a2+2a+1+Vb2+2b+1++/c?+2c+1=a+b+c+3=4
Vay MinF =4 khi (a;b;c) la hoan vi (0;0;1)
Cdch 2: C6 a+b+c=1<3a+3b+3c=3<(3a+1)+(3b+1)+(3c+1)=6
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bat x=3a+1Ly=3b=1z=3c+1.
=X, ¥,z>1lva Xx+y+z=6 va F:\/;+\ﬁ+\/z

T X,y,z>1va x+y+z=6=1<x,y,z<4

= (VX -1)(Vx—V3) 0= x-3Jx +250= Jx 2 242

3
Twong tu: WZ ygz;ﬁzzgz , suy ra ﬁ+ﬁ+ﬁ2%+2+6:>F24

Vay MinF =4 khi (x;y;z) 1a hoan vi (114) nén (a,b,c) la hoan vi (0;0;1).

Vidu 4: Cho a>0;b>0;c>0 va a+b+c=1.Tim gia tri 1én nhéat cua bi€u thirc
M =+/2a’ +3a+4+2b2 +3b+4 ++/2¢> +3c+4 .

Loi giai:
Coa=0;b>0;c>0;a+b+c=1
=0<a,b,c<l=a’<ab’<b,c*<c.
Do dé:

M :\/a2+(a2+3a+4)+\/b2+(b2+3b+4)+\/c2+(c2+3c+4)

s\/az+(a+3a+4)+\/b2+(b+3b+4)+\/c2+(c+3c+4)

:\/(a+2)2 +\/(b+2)2 +\/(C+2)2 =a+b+c+6=7
Vay MinM =7 khi (a;b;c) la hoan vi (0;0;1).

DANG 6 : DU POAN KET QUA ROI XET HIEU

Vi du 1: Cho x;y>0 thoéa man x+y =+/10 . Tim gia tri nh6 nhét ctia biéu thic P = (X4 +1)(y4 +1) :

Loi giai

Cé P=(X4 +l)(y4+1)=x4y4+(x“+y4)+1=x4y4+(x2+y2)2_2x2y2 1
= x*y* +(10—2xy)" —2x%y? +1=x*y* + 2x?y? — 40xy +101.

2 2
Détt:xy>0th‘1xy£(x+yj = @ :§:>O£t£E
2 2 2 2
Ta duoc P =t*+2t* —40t +101; Ostsg
bén day ta ké bang du doan MinP
t 0 1 2 2,5
P 101 64 45 52,5625

Tt bang trén ta du doan MinP =45 khi t =2 nén ta xét hiéu :
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P—45=t+2t* — 40t +56 = (t* -8t +16)+(10t2 — 40t +40)
=(t2-4) +4(t-2)"20=>P>45

Vay MinP =45 khi t=2 = {” y=vio_ y 1a hai nghiém ctia phuong trinh :
Xy—
\/_t+2 Oc>t—\/_0+f —\/1_0;\/5y:—\/l_oé_ﬂ/5

Vi du 2: Cho a+b+4ab=4a’+4b’. Tim gid tri 16n nhat cta bi€u thirc
A=20(a’+b*)-6(a” +b*)+2013 .

Loi giai
Co: a+b-+4ab=4a”+4b" <> a+b+4ab=4| (a+b)’ ~2ab |
<12ab=4(a+b)’ —(a+b) , ma 4ab<(a+b)’ hay 12ab<3(a+b)’ .

Nén 4(a+b)2—(a+b)£3(a+b)2 <:>(a+b)2—(a+b)£0<:>03a+b£1.

Pt x=a+b thi 0<x<1va 12ab=4x*—-x

Taco A=20|(a+b)’~3ab(a+b) |-6| (a+b)’ ~2ab |+2013
=20(a+b)’—60ab(a+b)—6(a+b)’ +12ab+2013
=20x3—5(4x2—x)x—6x2+4x2—x+2013=3x2—x+2013

Dbén day ta ké bang du doan MaxA

t 0 1

A 2013 2015

Tt bang trén ta dw doan MaxA=2015 khi X =1 nén ta xét hiéu
A-2015=3x"-x—2=(x-1)(3x+2). Do 0<x<1nén (x-1)(3x+2)<0, suy ra A<2015

Vay MaxA=2015 khi x=1 hay a=b=%.
CAC BAI TOAN PHAN LOAI VAO LOP 10 CAC TINH NAM 2019-2020

Caul: [TS10 TP Ha Noi, 2019-2020]
Cho biéu thiecc P=a* +b*—ab , vdi a, b 1a cic s6 thuc théa man a”® +ab+b” =3. Tim gid tri nho nhat,
gia tri 16n nhat caa biéu thic P

Loi giai

Ta co:
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P=a*+b* —ab:(a2 +b2)2 —2a%b? —ab:(3—ab)2 —2a*b*—ab

2
=— ab+Z +§
2 4
Ta co: a2+b3+2ab=3+ab<::>3+ab:(a+b)2 >0=ab>-3

3—ab=a’+b*>2ab=ab<1

2
Vi —3+%Sab+%£1+%:%£ab+z<2:1£[a+zj 38—1

272 4 2) T4
81 7V 1 7\ 85
- <—|a+s | <——o-1<-|a+Z | +=<21
4 2 4 2] 4
—1<P<21

GTLN ctia P13 21 khi a=+/3,b=-/3 hoiic a=—/3,b=+/3
GINN ctaPlalkhia=b=1.

Cau2: [TS10 Tinh Béc Ninh, 2019-2020]
Cho hai s8 thwc khong 4m a, b thoa ma: a’+b’>=2. Tim GTLN va GTNN cta bi€u thtc

_a’+b’+4
ab+1
Loi giai
Tim GTNN:
AM-GM
Ta cé: a3+b3+4:(a3+b3+1)+3 > 3ab+3.
Ddu “=" xay rakhia=b=1.
34b8 3(ab+1
Via,b>0nénM:a +b +42 ( ):
ab+1 ab+1
Do d6 gid tri nho nhat cua biéu thire M 1a 3 dat dwgckhia=b=1.

Tim GTLN:
bat S=a+b,P=ab

2_
Via®+b?=2=(a+b) ~2ab=2255> 2P =2 P =2 "2,

Ta co: (aer)2 —a’+2ab+b’=2+2ab>2=a+b>2

Do d6 S>+2
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2
M- (a+b)2—3ab(a+b)+4  S?-3PS+4 B [

2
3 5 _2J.S+4
2

B ab+1 P+1 S22
2

_ 2
=w—§+é—SS§+i—\/§=4+\j§.

2 8 S 2 2

+1

Dau “=" xay ra khi {az b* = (a+b) = (0; \15);(\/5;0)

ab=0

Vay gia tri 16n nhat caa M la 4+2\/E khi (0; x/E);(x/E;O)

Cau 3: [TS10 Tinh Nghé An, 2019-2020]
Giai phuong trinh: v/5x% +27x+25 —5y/x+1 = N

Loi giai
DKXD: x>2

U552 +27x+25 = 5x +1 +x* —4

& 5X +27x+25=25(x +1)+(x" ~4)+10,[(x* ~4)(x+1)

& 2x +x+2-5,(x ~4)(x+1) =0

& 2(x =x=2)-5,[(x* ~x-2)(x+2) +3(x+2) =0

Pit VX' —x—-2=a2>0;vx+2=b>2
Phuong trinh tro thanh:
a=b

2a’ —5ab+b’ =o@(2a—3b)(a—b)=o©[
2a=3b

=1++5(TM
Véia:b:>\/x2—x—2:\/x+2<:>x2—2x—4<:> x +\/_( )
y=1-5(L)
X:1+3»\/65
8

Vi 2a=3b=>4(x* —x-2)=9(x+2) <> 4x* ~13x-26 =0 <

1+3\/%

8

Vay phuong trinh c6 2 nghiém: x =1+ J5;x =

Cau 4: [TS10 Tinh Hai Phong, 2019-2020]

a) Cho X, Y, Z laba s§ duong. Chtiing minh (X + y+z)(1+£+1j29-

X Yy z

(T™)

x:—”‘g@ (L)
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b) Cho a,b,c 1a ba s6 duong thoa méan a+b+c=6. Tim gia tri I6n nhat cta biéu thirc

) N bc Lt
a+3pb+2c b+3c+2a c+3a+2b
Loi giai
a) Ta co
(x+y+z)(£+£+ljz9
X y z

X X z 1
<:>—+—+X+X+—+—26

y Z X 7 X Yy
<:>[£+X—2j+[l+5—2j+(i+§—2jZO
y X z y X z

2 2 2
@(x—y) +(y—z) +(Z_X) >0Vvx,y,z>0

Xy yz X
Vay (x+y+ z)(£+l+lj29
X y z

b) Ap dung bat dang thiic & cau a) ta c6
ab  ab 9 <@(1 1 1)

a+3b+2c 9 (a+c)+(b+c)+2b 9
ab <1( ab .\ ab +EJ' R

[ —+_

a+c b+c 2b

= <

a+3b+2c 9\a+c b+c 2
Chttng minh twong tw ta co:

bc sl bc N bc +9 ' )
b+3c+2a 9\a+b a+c 2

ca gl ac N ac +E _ 3)
c+3a+2b 9\b+c a+b 2

Cong tling vé& ctia cac bat dang thite (1); (2) va (3) ta ¢6

1(ac+bc ab+ac bc+ab a+b+c)
A<L— + + +
9\ a+b b+c c+a 2
cla+b) a(b+c) b(c+a
<::>As1 ( i )+ ( i )+ ( i )+a+b+c
9/ a+b b+c c+a 2
3(a+b+c
o aclB(atbec) 136
9 2 9 2

Dédu “=" xay ra <a=b=c=2.
Vay gid tri 16n nhat caa biéu thiee A la 1 dat dwockhi a=b=c=2.
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Cau 5: [TS10 Tinh Thanh Hda, 2019-2020]

Xét cac s6 thue duwong a, b, ¢ thdéa man abc =1.Chting minh rang;
ab N bc N ca <1

a'+b*+ab b'+c*+bc c'+a'+ca

Loi giai
Tacs:@ +b' >ab(a’+b*)Va;beR
That vay:
a’ +b* >ab(a’+b?)
<=>a‘*+b*>a’b+ab’
<=>(a—b)@’-b’)=0
<=>(a-b)’(a® +ab+b*)>0 (ludn déng Va;beR)
=>a* +b* +ab>ab(a’ +b’)+ab <=>a"* +b* +ab >ab(a’ + b*) +abc ( vi a;b;c > 0 va abc = 1)

Do d6:

ab  _ ab P 1+1+¢ __2+¢
a*+b*+ab ab(a’+b’)+ab a’+b’+1 (a2+b2 +1)(1+1+C2) - (a+b+c)2

Tuwong tu:
bc 1+a’ ca __ 1+b’

4 4 < 2(2)’ 4 4 -
b*+c" +bc (a+b+c) c +a”+ca (a+b+c)

7(3)

Mait khac:
2(ab+bc+ca) >2.33/a’b*c* =6

Cong theo v& cac bat dang thirc (1),(2) va (3) ta co:

a b C a2 +b*+c +6 a2+b2+cz+2(ab+bc+ca)
+ < < =

b +c'+a a'+c'+b at+bitc (a+b+c)2 - (a+b+c)2

Vay bai toan dwgc chitng minh

Ddu “=" xdyrakha=b=c=1

Cau 6: [TS10 Tinh Quang Ninh, 2019-2020]
Cho céc sd duong a, b, c thod méan a+b+c<1. Tim gia tri nho nhat cta:
po_ 1 2019

+
a’+b’+c®> ab+bc+ca
Loi giai
X A~ 2 ’ A e A 3 1 1 1 1
Ap dung bat dang thiec C6 si cho 3 s6 dwong a+b+c ></abc; —+B+— >3
a

¢ Rabc
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Suy ra (a+b+c)(1+l+1j29(*)

a b c

Bat dang thitc duoc chiing minh. D&u dang thiec x4y ra khi va chikhi a=b=c

2
a+b+c
b) Ta c6 ab+bc+ca£a2+b2+(:2:>ab+bc+ca£u£%
Suy ra &26051
ab+bc+ca

Ap dung bét dang thiic trong cau a, ta c6

1 n 1 + 1 (a2+b2+c2+2ab+2bc+2ca)29
a’+b*+c* ab+bc+ca ab+bc+ca

Suy ra 1 + 2 > 2 >9

a’+b*>+c® ab+bc+ca _(a+b+c)2

Do do ta duwoc P = 1 + 2019 >6060.

a’+b*+c* ab+bc+ca

Vay gia tri nho nhat ctia P 1a 6060
A < 7 ~? PO 2 . 1
Dau dang thitc xdy ra khi va chikhi a=b=c= 3"

Cau7: [TS10 Tinh Bac Giang, 2019-2020]

Cho x, y 1a cac s6 thyc thoa man x* +y” =1 . Tim gié tri nho nhat ctia biéu thirc

P :(3—x)(3—y)
Loi giai
Ta co:

18—6(x+Yy)+2xy

2
C174+(XP+Y?)-6(x+Y)+2xy B+ (x+Yy) —6(x+Y)+9
- 2 - 2

P=(3-x)(3-y)=9-3(x+y)+xy=

2
:w%

Tt X +y? =1chi ra dugc(x+ y)2 <2=-2<x+y<V2;
Suy ra —\/5—3£ X+y—3£\/§—3<0.
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2
_3)? J2-3 _
p_(x+y-3) +42( ) 1419762

2 2 2

19-6+2 J2
2

khix:y=7~

Vay gia tri nho nhdt cua P la

Cau 8: [TS10 Tinh Ving Tau, 2019-2020]
Cho s6 thuc duong x, y thoa man x+y <3

Tim Gia tri nho nhat ctia biéu thitc

1 5
P= +
5xy x+2y+5
Loi giai
p 1 5 1 5 S 1 5

= + = + > +
5xy X+2y+5 5xy (X+y)+y+5 5xy y+8
ﬁ+ 5 +y+8_xy+y+8

5y 20 y+8 20 20
(x+y+1)2
Xy+y+8 y(x+1)+8 4 +8 3
Ta lai co: = < <—=
20 20 20 5
Khi do:
P> i+ﬁ N 5 +y+8 _Xy+y+8
5xy 20 y+8 20 20

<:>P21+1—§<:>P2§
5 5

R 3 x=1
Vay PMin:gQ{y_z

Cau9: [TS10 Tinh Binh Dinh, 2019-2020]

e L A X*+y?
Cho x,y lahai so0 thic thoa % Tim gia tri nho nhat cua biéu thitc P = .
Xy = X—y

Loi giai
Véi x>y,xy =1, ta co

P

2 2 2
_X+y =(x—y) +2Xy=x—y+—
X=y X=y X=y

>0 va xy=1.

Vi x>y=x-y>0; 2
X

Ap dung bat dang thiic Co-si cho hai s§ duong x— y;X—Zy , tacd
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x—y+i ,Z(X ) =2J2=2\2
X=y X—y

Suy ra min P:Z\/E.

D&u dang thtec xay ra @X—yzia(x—y)z:2©x—y:ﬁ@x:y+ﬁ_
X=y

-\
Ma xy=1= (y+2)y=1o y? +{2y =1 y? +2y-1=0 < 2
i
)
G G
A ) . 2 y 2
Va mlnP:Zx/E tai hoac
g NG NN

Cau10: [TS10 Tinh Dik Lik, 2019-2020]

Cho ba s6 thye dwong X,y,z thoa man: X+2y+3z=2.

X 3 3xz
Tim gia tri 16n nhat cua biéu thic:S= y L .
Xy +3z 3yz +X 3Xz +4y

Loi giai
bat a=x;b=2y;c=3z, ta duwoc: a,b,c>0;a+b+c=2.

Khidé:S:\/ ab +\/ be +\/ a_
ab+2c bc+2a ac+2b

, \/ ab ab ab 1( a b j
Xet = = S_ -
ab+2c ab+(a+b+c)c (a+c)(b+c) 2\a+c b+c

D4u dang thikc xay ra khi va chi khl—zi.
a+c b+c
Twong tu ta co: be Sl( b 1 j;,, ac Sl(i+ij.
bc+2a 2\b+a c+a) Vac+2b 2\a+b c+b
b ¢ a ¢

D&u dang thtec xay ra khi va chi khi = ; = .
b+ta c+a a+b c+b

2

Cong cac vé'ta duoc: S<= ( =
a+b b+c a+c

a+b b+c a+cj 3
+ +
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G > M . \ > . 2 .7 s 1 A~ » M . \
Vay gia tri l6n nhat caS bang g khivachikhi a=b=c= 3 hay gia tri 16n nhat cta$S bang g khi va
chi khi x=g;y=1;z:g.
3 3 9
Cau11: [TS10 Tinh D4k Nong, 2019-2020]

4 ~ 2 ~ 1 N .7 . 2 A 2 o A? r
Cho cac so0 thuwc duwong a,b,c thoa man a+b+C:T. Tim gid tri nho nhat caa biéu thtc
abC

P=(a+b)(a+c).
Loi giai

Ta co: a+b+c:i = abc(a+b+c)=1.
abc

Theo bat dang thiic cosi ta co:
P=(a+b)(a+c)=a’+ab+ac+bc >2,/a(a+h+c)bc =2

a(a+b+c):bc®{a(a+b+c):1

Déng thttc xay ra khi: {

bc=1 bc=1
Ta thdy hé ¢ vo s8 nghiém duong ching han b=c=1a=+2-1.
Vay I:)min =2.

Cau12: [TSI10 Tinh Dong Nai, 2019-2020]
Cho ba s6 thyce a,b,c. Ching minh réng:

(a2 —bc)3 +(b2 —ca)3 +(c2 —ab)3 > S(a2 —bc)(b2 —ca)(c2 —ab)
Loi giai
Phuong phap:

- Dat x =a* —bc,y =b* —ca,z = c* —ab dua bat dang thitc can chiing minh vé
x>+’ +2° >3z

- Chting minh déng thiee X° +y* +2° —3xyz = (x+y + z)(x2 +y +2i—xy—yz —zx)
- T d6 ddnh gai hiéu x° +v° +2z° —3xyz va két luan.

Dit x=a> —bc,y=0b" —ca,z=c*> —ab
B4t dang thitc can chitng minh tro thanh : x° + y° +2° > 3xyz.

Ta co:
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x> +y° +2° —3xyz =(x3‘+y3)—3xyz+z3

X+ y) —3xy(x+y)-3xyz+2°

X+ ) +2° =3xy(x+y+2)

X+Yy+ z)[x2+2xy+ yz—xz—yz+zz—3xy]

(
(
(x+y+ z)[(x+ y)2 —(x+ y)z+zz}—3xy(x+y+z)
(
(

X+y+2) (X +y? +2° - xy - yz - 2x)

Dé thay:

x2+y2+22—xy—yz—zx:%(x2—2xy+ y2+y2—2yz+zz+zz—22x+x2)
:%[(x—y)z+(y—z)2+(z—x)2}20,Vx, Y,z
Do d6 ta di xét ddu ctia x +y +z

Tacod: x+y+z=a*—bc+b>—ca+c> —ab
=a2+b2+02—ab—bc—ca=%[(a—b)2+(b—c)2+(c—a)2]20,Va,b,c
Suy ra

X+Y+220=>(X+y+2) (X +y*+2° —xy—yz-2%) 2 0
x+y+z>0= x+y+z X +y +2 —xy—yz—zx >0

=x° +y° +2° >3xyz hay

(a® —bc)3 +(b? —ca)3 +(c? —ab)3 >3(a” —bc)(b* - ca)(c’* —ab) (dpem)

Ddu “="xayrakhi a=b=c

Cau 13: [TS10 Tinh Ha Nam, 2019-2020]
Cho a,b,c la cac s thue duong va thdéa man diéu kién abc =1

1 1
+ + <
2+a 2+b 2+c

Chttng minh

Loi giai
1 1
+ + <
2+a 2+b 2+c

B4t dang thitc can chitng minh
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< (b+2)(c+2)+(a+2)(c+2)+(a+2)(b+2)<(a+2)(b+2)(c+2)
<ab+bc+ca+4(a+b+c)+12<abc+2(ab+bc+ca)+4(a+b+c)+8
< ab+bc+ca+4(a+b+c)+12<1+2(ab+bc+ca)+4(a+b+c)+8
< ab+bc+ca=3

A N ’ A, M ’ A , 2
That vay ap dung bat dang thirc CauChy cho 3 s6 dwong ta c6 <> ab+bc +ca > 3,3f(abc) >3.

Ddu “=" xay rakhi a=b=c=1.
Hoan tat chitng minh.

Cau 14: [TS10 Tinh Ha Tinh, 2019-2020]
Cho hai s6 thyee dwong @,b thoa man: a+b+3ab=1.

, ) 6ab
Tim gié tri I6n nhat ctia biéu thite P = —— —a” —b?.
a+b
Loi giai

2
Ta c6: (a—b)? >0 <> a? +b% > 2ab <> (a+b)? > dab: a® +b? > &0

Tw gia thiét a+b+3ab=1=a+b=1-3ab 21—%(a+b)2

<:>3(a+b)2+4(a+b)—42O@[a+b+2][3(a+b)—2]20<:>a+b2§ (vi a,b>0)

3ab 1-(a+b) 1
a+b a+b a+b

_1<§_1:1
2 2

2
a’+b’ 2(a+b) 22<:>—(a2+b2)£—E
2 9 9
p_Bab 2 yp :23;‘*’—(az+b2)31—3=Z
a+b a+b 9 9
a=b

a=b=£.
3

Vay gid tri 16n nhat cua P bang ! khi =
9 a+b+3ab=1

Cau15:  [TS10 Tinh Hai Duong, 2019-2020]

Cho céc sd duong a,b,C thoa man diéu kién: a+b+c=2019.

Tim gia tri nho nhat ctia biéu thite: P =+/2a% +ab+ 20% +/2b? + bc + 2¢% ++/2¢% + ca + 2a
Loi giai

Ta co:
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2a’ +ab+2b’ =%(a+b)2 +§(a—b)2 > %(a+b)2

4
N

— \/2a% + ab + 2b? 27(a+b)

Twong tu:

5 5

J2b? +bc+2¢% > 5 (b+c) ; V2c? +ca+2a’ 27(c+a)

=N Pz?(a+b)+§(b+c)+§(c+a)=\E(a+b+c)
= P > 20195

D&u “=" xay ra <:>a:b:C=&;9:673

Vay minP =2019J5 < a=b=c=673

Cau 16: [TS10 Tinh Hau Giang, 2019-2020]

2
, . X°—3x+2019
Véi X # 0, tim gid tri nho nhét cuia biéu thire: A = >
X

Loi giai
Piéu kién x =0

x* —3x+2019 3 2019

Taco A= 5 =1-—+ >
X X X

bat t= %(t # 0) ta duoc:

2 2
A =1-3t+2019t?> = 2019 tz—it +1=2019> t2—2ti+ 1 —2019 1 +1
673 1346 (1346 1346

2
=2019| t— ! + 2689 > 2689 vGi moi t thude R
1346 2692 2692
Dau “=" xay rakhi t = i(tm) . Vay minA= 2089 1 hit=—1 —x =1346(tm)
1346 2692 1346
Cau 17: [TS10 Tinh Hoa Binh, 2019-2020]
Cho hai s6 thye duong a, b théa man a +b =4ab
. a b 1

Chq inh rang: > =

g IS e 1 4a? 41" 2

Loi giai

Ttta+b=4ab :>4ab22\/£:>abz%
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2
Chiing minh dwoc BDT: Véi x, y >0 ta co & + o > M *)
Xy  X+y
Ap dung (*) ta c6
a b a’ b? (a+b)’
207 +1 22211 4ab’+a 4a’brb  dab(atb)+(a+tb)
a+b 4ab 1 1 .1

dab+1 4ab+1 = 4ab+1l 2

Dau dang thiec xay ra khi a=b :%

Cau 18: [TS10 Tinh Hung Yén, 2019-2020]

Cho céc s6 thie duong x, y, z thoa man: x° +y? +z% = 3xyz
X2 2 Z2

Tim gia tri 16n nhat cua biéu thitc P = — +— +—
x*+yz yi4xz ' +xy

Loi giai
x2+y2+22:3xyz:>i+l+i=3
yz Xz Xy
Ap dung bat dang thirc Co-si cho hai s8 duong— Y tacs: ZaLs2 L.X:g
yZ Xz yZ Xz yZ X 2
y z_2 72 X _2
Tuwong tw ta cling c6: —+—2—;—+—2>—
X2 Xy XXy yz y
(x y](y z][z XJZZ 2
=S| —+= |+ —+— |+ —+ >—+—+—
yz Xz Xz Xy XY yz) z X y
x y z_ 1 11 1 11
>—4+—+—2—+—4+-—=>—+—+-<3
yZ X Xy X y zZ X y 1z
2
Lai cé: x* +yz>2x'yz =2x*Jyz = 4X < L =1.2.i.i31(1+1)
xteyz o 2fyz 4y Nz 4y 2z
2 2
Tuong tw 4y _l 1+1)Z— (— i)
yi+xz 4'x 77 '+xy 4'x y
Suy ra
2 2 2
P= 4X + 4y + 42 _l E+E+E)ZE(E+E+E)S§
X*+yz y'+xz z°+xy 4'x y z°0 2Xx vy 7o 2

=P< §

2
Vay gid trinhdé nhatctaP=3/2khix=y=z=1.
Cau 19: [TSlO Tinh Kon Tum, 2019-2020]

1
Chtrng minh +..+—F—=<38.
ETET
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Loi giai

11 1 1 1 1
ﬁJrﬁJrﬂL@:2[\5+\E+«E+\E+m+m+ 400]
<2 1 + 1 + ...+ 1 ]
L+ B+2 400 ++/399
Tacod: 2[ 1 + 1 —|—...+;]
2+ B+2 J400 ++/399

= V2143 V2 +...4+/400 /399
—2 —J1+/400 =38

vy Lol 1o
Y BT 400
Cau 20: [TS10 Tinh Lai Chau, 2019-2020]

Cho cac s8 thuc dwong a, b, c. Chitng minh rang:
ab bc ca
+ +
a+b+2c b+c+2a c+a+2b

1
<—(a+b+
4(a c)

Loi giai

Ta chting minh bat dang thtic 1 . 1[1 +1] véix, y>0.
Thay vay, vdi x, y > 0 thi:

L££(1+£j<:>i£u<:>(x+y)224xy<::>x2+2xy+y2—4xy20
X+y 4\{x vy X+y 4xy

& x2-2xy+y? 20 (x-y)? 20 (ludn ding)

, 1 1/1 1

X+y 4{x vy
Ap dung bat dang thtkc trén ta co:
1 _ 1 Sl( 1 N 1 N ab S% 1 N 1
a+b+2c (a+c)+(b+c) 4 a+c b+c a+b+2c 4\a+c b+c

bc bc( 1 1 j
<= +
b+c+2a 4\b+a c+a

ca cal 1 1
<= +
c+a+2b 4\c+b a+b

Cong v€ vai vé€ cac bat dang thire v6i nhau ta duoc:

ab bc ca ab 1 1 bc 1 1 ca 1 1
+ + <— + +— + +— +
a+b+2c b+c+2a c+a+2b 4 \a+c b+c 4\ b+a c+a 4\c+b a+b

Tuong tw ta co:
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1| ab ab bc bc ca ca
=— + + + + +
a+c b+c b+a c+a c+b a+b

4
1 ab+bc+ab+ca+bC+Ca _ 1 b(a+C)+a(b+C)+C(b+a) =l(a+b+c)
4| a+c c+b b+a 41 a+c c+b b+a 4

Do do6 VT < %VP (dpem).

Dau “=" xay rakhia=b=c.

Cau 21: [TS10 Tinh Lang Son, 2019-2020]

Cho ba s8 thirc khdng am g, b, ¢ va théa man a+b+c=1. Chiing minh rang;

a+2b+c>4(1—a)(l-b)1—c)

Loi giai

Tacd a+2b+c>4(1-a)1-b)(1—-c)=a+2b+c>4(b+c)a+c)a+b)

Ap dung bat dang thtic cd si ta c6

a+b+b+c=22y(a+b)(b+c)=(a+2b+c) 24(a+b)(b+c)=(a+2b+c) (a+c)=4(a+b)(b+c)a+c) Ap
dung bat dang thtic cd si

a+2b+c+a+c 2(a+b+c)

2 2

=1>(a+2b+c)a+c)=a+2b+c=(a+2b+c)(a+c)
=a+2b+c>24(a+b)a+c)b+c)

Cau 22: [TS10 Tinh Nam Dinh, 2019-2020]

Xét cac s x, y, z thay d6i thoa man x® + y® + 23— 3xyz = 2.

2\/(a+2b+c)(a+c) = 2J(a+2b+c)(a+c) :>12\/(a+2b+c)(a+c)

Tim gid tri nhoé nhat cua biéu thiec P:%(x+y+z)2+4(x2+y2+22—xy—yz—zx)
Loi giai

Ta co:

x3+y3+2z3-3xyz=(x+y)?-3xy(x-y)+2z3-3xyz=2

=[(x+y)P+2z%]-3xy(x+y+z)=2

=(x+y+2z)’-3z(x+y)(x+y+2)-3xy(x-y-z)=2

=(x+y+z)[(x+y+2z)?-3z(x+y)-3xy] =2

=(X+y+2z)(X2+y2+2z2+2xy +2xz + 2yz - 3xz - 3yz - 3xy) =2

=(X+y+z)(X2+y2+2z2-Xy-XzZ-yz)=2

| xX2+y2+z2-xy-xz—-yz # 0

Chttng minh: X2 +y2+z2-xy -xz—-yz 20 véimoiXx, y, z

| x2+y2+z2-xy-xz—-yz > 0 | X+y+z
t
Patx+y+z=t(t>0) | X2 +y2+2z2-Xy -XZ-Yyz =3 khi d¢6 ta co

1 ) s o t? 8 (t? 8
P:E(x+y+z) +4(X"+y +z —xy—yz—zx):5+¥: E+2 +¥—2
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2 2
Ap dung BDT C6 si ta co: %+ 222, ,%2 =2t (daubang xay ra=t=2)

2t +%2 2, /2t.% =8 (ddubang xay ra=t=2)

| P>8-2=6.Tontaix=y=1,z=0thiP=6
Vay gia tri nho nhat cta P la 6.
Cau 23: [TS10 Tinh Ninh Binh, 2019-2020]

1. Tim tat ca cac s6 nguyén t6 p sao cho tdng cdc wdc nguyén dwong cua p’la mot sd chinh phwong.
2.Cho x, Y, z la cac sd thuc duwong théa man x+y+z>2019. Tim gia tri nho nhat cta biéu thiec

T= X" + y’ + z .

S RPN e

Loi giai
1. Tacd plasonguyéntd (peN') = p*lasd c6 cdc wdc duong la 1 p; p?
Theo dé bai ta c6 tong cac wdc nguyén duong ctia p la mét sd chinh phuong
=1+p+p’=k’ (keN)
= 4k* =4+4p+4p®
& 4k% =(2p+1)° +3
& 4k* —(2p+1)° =3
<(2k-2p-1)(2k+2p+1)=3 *)
Tacd k,peN =2k+2p+1>0;2k-2p-1<2k+2p+1
{2k—2p—1=1 {2k—2p=2 {kzl (thda man)
Me = = -
2k +2p+1=3 2k +2p=2 p=0 (khongthda min)
Vay khong c6 sd nguyén t6 p nao thdoa man dé bai
a> b> ¢ _(a+b+c)

2. Ta chiing minh bat déng thtc —+—+—>~——>-vdi a,b,¢c,X,y,z >0
X Yy Z @ X+y+z

. , a b c
Ap dung bat dang thiec Bu — nhi — a - ¢&p — xki cho ba bd s& (—;\/;J, —\JY ,(—;»\/Ej
=N EWY e

S s (R EEC R R
{%"/;Jr%-\/%%-ﬁf =(a+b+c)’
a’> b> ¢ _(a+b+c)

=t —t—2>— *)
X Yy Z @ X+y+z
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. . . a (o
Dau “=" xay khi khi — = E =—
z

Xy
Ap dung bat dang thitc C6 si ta ¢ \yz < %;\/zx <2t

X X+Y
<X

2 2 2

=T X + y + 2
+2 Z+X X +
y y
X+7—— y+ zZ+
2 2 2
2x? 2y? 27°

= + +
2X+Y+Z X+2y+Z X+y+22

X2 y2 22
=2 + +
{2x+y+z X+2y+2 x+y+22J
Ap dung bat dang thikc (*) ta 6
(x+y+2z)° x+y+z 2019
A(x+y+2z) 2 2
Ddu “=" xay rakhi X=y=2=673

T>2

Vay gia tri nho nhat ctia biéu thic T = &219 khi Xx=y=z=673
Cau 24: [TS10 Tinh Phu Tho, 2019-2020]
2 2
X
1+ y1:4

X+ —
Giai hé phuong trinh sau y

X+2 y-2

——+l=y-X

x+1 y-1

Loi giai

DKXD:x # -1,y # 1
Hé phuong trinh da cho twong dwong vdi hé phueong trinh:

2 2
X —1+1+y —1+l:4 X+ 1 Y+ 1 =4
x+1 y—1 x+1 y-1
=
X+1+1 y-1-1 1 1
+ =y—X X+———| y+—— |=-2
X+1 y—1 X+1 y-1
Dax+—l—=a,y+———:b
X+1 -1

Hé phuong trinh da cho tr¢ thanh:
a+b=4 a=1

=
a-b=-2 b=3

+Vdéia=1taco:
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1 X(x+1)+1 x+1

X+—=1< =

x+1 Xx+1 X+1
=X +X+1l=x+1x=0 (t/m)
+Véib =3 ta coé:
v+ 1 :3©y(y—l)+1:3.(y—1)

y-1 y-1 y-1
=y -y+1=3y-3o V' -4y+4=0cy=2 (t/m)
Vay hé phuong trinh da cho c¢é nghiém duy nhat (x; y) =(0; 2)
Cau 25: [TS10 Tinh Quang Nam, 2019-2020]
Cho hai s6 thue X, y thoa man x>3;y > 3.

Tim gia tri nho nhdt cua biéu thiee T = 21[X + 1) + S(y + ij
Yy X
Loi giai
3 x 62 3 21 7 2

T=21x+2—1+3y+—:—+—x+—+—+—y+—y
y Xx 3 3 X y 3 3

=(§+§j+ 2—l+zy +gx+zy22+l4+62+2=80
3 X y 3 3 3

X=3

y=3

Vay gid tri nhé nhat cua T 1a 80 khix =3;y =3.

Dau “=" xay ra <:>{

Cau 26: [TS10 Tinh Quang Ngai, 2019-2020]
Cho hinh vuéng ABCD. Goi S, 1a dién tich phan giao

ctia hai ntra dwong tron duong kinh AB va AD. S, 1a dién tich phan con lai cia hinh vudng nam

ngoai hai ntta duong trong néi trén (nhw hinh vé bén). Tinh —+
2

Ly

LU

Loi giai.
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A D
Goi a la canh hinh vudéng ABCD. Ta cm dwoc:

5.=5 _@_ngo 1.(§j2_a_2(£_1j

2) 4la 2

S S 18 _a_z[z_1)+a_2[z_1)_a_2(£_1j
R alg 2) 4l4s 2) 2\4 2

Cau 27: [TS10 Tinh Quang Ninh, 2019-2020]
Cho x, y, z la cac s0 thuc duong thoaman x+ y + z < 1. Tim gia tri nho nhat cta biéu thirc
1 1

+

P= 2 2 2
X2 +y2+2% Xy +YyZ+ 12X

Loi giai.
(x+y+2)’ _1 en 2007 e
3 73 B

Tacod Xy +yz+2zx<
Xy + yZ + ZX

Ap dung BPT (x+ y+z{£+l+lj29 , ta co:
X y z

[(xz+y2+zz)+(xy+yz+zx)+(xy+yz+zx)] - 12 ~+ L + L >9
X24+y2+2% XY HYZHIX XY+ YZ+IX Hay

c>(x2+y2+22+2xy+2yz+22x)(2 12 —+ L + L ]29
X24+y2 427 XYHYZHIX XY +YZ+IX

1 2
NI >+ >9
y 4z Xy + YZ + ZX
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Tir d6 ta cd: P =—; 12 =+ 2 + 2017 > 9+ 6051 = 6060
X“+Yy +2° XY+YZ+IX XY+ YyZ+2ZX
1 21 2017
= + +
xX?+y?+z?2 xy+yz+zx xy+yz+zx

<:>PZ6060.VéyGTNNcﬁaPlz‘i6060khiVéchikhiX=y=z=% x=y=z=%

> 9+ 6051 = 6060

Cau 28: [TS10 Tinh Son La, 2019-2020]
Giai phuong trinh \/ J3-x= X\/ J3+x
Loi giai.

JVB-x = xB+x
Pidu kién 0<x<9

Binh phuong hai v€ phuong trinh da cho, ta duoc:
3-x=x2.(3+X)

<X +BX2+x=43
ot (3] (3] - 5
<:>(x+ij 10 10\/?:

B) 3B 9

1 10\/'

\/_
,’ thoa man diéu kién)

Vay phuong trinh da cho ¢6 1 nghiém x =3

103 3
9

3

Cau 29: [TS10 Tinh Vinh Long, 2019-2020]
Cho x,yla cac s thuc duwong thoa x+y=1.

N .7 . 2 Y ? o« A? 7 1
Tim gid tri nhé nhat cua biéu thitc A= 2x" — y* + x+=+1.
X

Loi giai.
Ta cé: x+y=1=y=1-x thay vao A ta duoc:

A=2x2—yz+x+1+1=2x2—(1—x)2+x+1+1
X X

:2x2—(x2—2x+1)+x+1+1:x2+2x+x+1
X X

2
= x2—x7Ll + 4x+1 i x—l + 4x+1 1
4 X) 4 2 X) 4
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2
Dé thay (x—%j >0, VX

Ap dung bat dang thitc Co-si ta c6 4x +§ >2, ’4X.% =4

2
Suy ra X—1 + 4X+1 —120+4—1=E
2 X) 4 4 4

D4u "=" xay ra khi x = %

15 1
Va =" Kkhi x==.
Y Anin 2 >
Cau 30: [TS10 Tinh Thai Nguyén, 2019-2020]
Cho a, b, ¢ lacac sd thuc duwong théa man a+b+c+ab+bc+ac=6. Chiing minh réng:
3 3 3
a + b + c >3.
b ¢ a
Loi giai
3 3 3
bat P= a + 2l + c .
b ¢ a

Cb a, b, ¢ 1a cac s6 thuc duwong, theo bat déng thirc AM-GM c0:

3
a

~—+ab>2ad’
b

3 3 3 3
b—+bc22b2.:>P:a—+—+c—22(a2+b2+c2)—(ab+bc+ac),méa+b+C+ab+bC+aC=6.
c b ¢ a

3
C—+ac22c2

a

:>P22(a2+b2+c2)+(a+b+c)—6.
Co (a—b)2 +(b—c)2 +(a—c)2 >0 :>2(a2+b2 +cz)22(ab+bc+ca) :>3(a2+b2+cz)2(a+b+c)2.
Suy ra PZ%(a+b+c)2+(a+b+c)—6.

Co ab+bc+ca<a® +b* +¢? :>3(ab+bc+ac)£(a+b+c)2.

Do d6 6:a+b+c+ab+bc+acga+b+c+%(a+b+c)2 3%(a+b+c>2+(a+b+c)—620.

:(a+b+c)23, (a+b+c)2 >9.
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Suy ra P2§.9+3—6:3.Dé'u dang thtec xay rakhi a=b=c.

3 3 3

. a c
Vay —+—+—23.

b ¢ a

Cau 31: [TS10 Tinh Vinh Phuc, 2019-2020]
Cho ba s6 thye dwong a, b, c. Chting minh:

2+6a+3b+6+2bc 16
>
2a+b+2+2bc \/2b2+2(a+c)2+3

Loi giai
Theo bt dang thitc AM-GM ta c6:
a-+2c>22bc = VT = 2 +3> 2 —1—3:;—1—3
2a+ b+ 22bc 2a+b+b+2c a+b+c
Mat khac theo BDT Bu-nhi-a-c6p —xki thi:
2 2 2 2 2 16
\j’2b +2(a+c) —\/(l+1)[b +(a+c) }2\/[1.b+1.(a+c)] _b+(a+c):>VPS—a+b+c+3

Vay ta chi can ching minh:
1 +3> 16
a+h+c a+b+c+3

<:>(a+b+c—1)2 >0 (1)

Ta c6 (1) dting hién nhién do d6 bat dang thitc dwoc chiing minh.

atbte=1 |, _._1
Dau “=” bf“ang xay ra khi: b=2c = ) 4
b=a+tc sz

PDAP AN CAC CAU PHAN LOAI CHYEN NAM 2019-2020

Cau 32: [TS10 Chuyén KHTN Ha Noi, 2019-2020]
Cho x, y 1a cac s6 thiee dwong thda man: 4x* +4y” +17xy +5x+5y >1
Tim gia tri nho nhat ctia biéu thite: P=17x" +17y” +16xy
Loi giai
Ta c6: 4x* +4y* +17xy +5x+5y 21 < 4(x+y) +9xy+5(x+y)>1

bat t=x+y, t>0, theo bat déng thitc AM-GM,, ta co:
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22-2

5

Xy <

hay x+y 2>

(x+y)2 t2 9 2\/5—2
5

=— . Dodé: 4> +=t* +5t>1=>t>
4 4 4

Ta c6: P=17x* +17y* +16xy =17(x+y) ~18xy

>17(x+y)’ —18M§(x+y)z>§[2\/§2J26—4\/§

4 4 4 5

2 -1

Dau “=" xay rakhi x=y = —

Vay gid tri nho nhat ctia P1a 6442
Céu 33: [TS10 Chuyén Su Pham Ha Noi, 2019-2020]
Cho cac s0 thuc x, y thay d6i, hay tim gid tri nho nhat cua biéu thiec:
P =xy(x—2)(y+6)+13x* +4y* —26x + 24y +46
Loi giai
Ta co:
P =xy(x—2)(y+6)+13x* +4y” —26x+24y +46
=(x* —2x)(y* +6y)+13(x* —2x)+4(y* +6y)+46

= (x=1) =1 (y+3)" =9 |+13[ (x 1) =1 ] +4| (y+3) =9 | +46
Pbat a=x-1,b=y+3, khi d¢:
P:(a2 —1)(b2 —9)+13(a2 —1)+4(b2 —9)+46

=a’b*-9a*-b*>+9+13a*-13+4b*-36+46

=4a’ +3b* +a’b*+6

>6

= —]_ =
Ddu “=" xay ra khi {a 0 = {X 0
b=0

Vay gia tri nho nhat ctia P la 6.
Cau 34: [TS10 Chuyén Tin Ha N6i, 2019-2020]
Cho a, b, c dwong thoéa man: ab+bc+ca+abc=4
1 1

+ + =
a+2 b+2 c+2
1 1 1

\/2(a2+b2)+4+\/2(b2+cz)+4+\/2(c2+a2)+4'

Loi giai

1) Chting minh rang:

2) Tim gia tri nho nhat: P =

1) Ta co:
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1 1 1
+ + =
a+2 b+2 c+2

& (b+2)(c+2)+(a+2)(c+2)+(b+2)(a+2)=(a+2)(b+2)(c+2)
< ab+bc+ca+4(a+b+c)+12=abc+2(ab+bc+ca)+4(a+b+c)+8
<> 4=ab+bc+ca.
Déng thitc cudi cling diing theo gia thiét, cdc phép bién ddi 1a tuwong duong, do d6 dang thiic da cho
duoc chirng minh.

2) Véi x, y duong ta c6 bat dang thirc:
2(x2 +y2)2 (ery)2 *)

! Sz(;zj )
x+y 4(x vy

That vay:

(*) = (x—y) 20 (ludn dung)

(>(- *) PN Xty >
4xy x+y
Cac bat dang thite (*), (**) xay ra ddu “=" khix =y.

Lan lwgt 4p dung (*) va (**) ta co:

= (x+y)2 > 4xy < (x —y)2 >0 (lubn dang)

1 < 1 = 1 l( 1 +L
\jz(a2+b2)+4_a+b+4 (a+2)+(b+2)_4 a+2 b+2

Tuwong tu:

1 L1 1)), 1 1, 1)
2<b2+c2)+4_4 b+2 c+2) 2(c2+a2)+4_4 c+2 a+2)
Cdng theo vé ta duoc:
petf 1 1)1, 1
2la+2 b+2 c+2 2 2

Dau “=” xayrakhia=b=c

Vay gié tri nho nhét cta P 1a %

Cau 35: [TS10 Chuyén Toan Ha N¢i, 2019-2020]
Cho K=ab+4ac—4bc vo6i a,b,c >0 vaa+b+2c=1.

1) Chting minh rang: K > %
2) Tim gia tri 16n nhat cua K.

Loi giai
1) Str dung bat dang thitc AM-GM ta c6:
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2 2
4bc <2 b+2c <2 M 213_4}”2_1
2 2 2 2

Mait khac: a,b,c>0= K =ab +4ac—4bc > —-4bc > —%

Dau “=" xay rakhi a=0,b= ,Czl.

N | =

Cach khac:

Ta co:

K:ab+4c(a—b):ab+2(1—a—b)(a—b)
=ab+2(a—b)—2(a2—b2)
=2b”+(a-2)b+2a-2a’

Do dé: 2b*+(a—2)b+2a-2a>~K=0 (¥)

Dé€ ton tai K thi phwong trinh (*) Phai ¢6 2 nghiém:

©A20e (a-2) -42(2a-2a*-K)20

< 8K >20a-17a” —4.

Via,b,c>20vaa+b+2c=1=0<a<1.Do dé:

2a-17a* =a(20-17a)>a(20-17.1)=3a >0

Do do 8K2—4:>K2—%

D4u “=" xay rakhi a=0,b= 1,(: = 1
2 4
2) St dung bat dang thiic AM-GM ta c6:
2
a(b+2c)£ atb+2c :l.
2 4

Mait khac: a,b,CZO:>K:ab+4ac—4bc2ab+4acSZab+4ac:2a(b+2c)£

xay ra khi:

a=b+2c,a+b+2c=1,bc=O,ab:0:>a=%,b=0,c=i

Vay gié tri 16n nhat ctia K 1a %

Cau 36: [TS10 Chuyén Thai Binh, 2019-2020]

(a+b+2c)2
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0<a,b,c<l
2

Cho cic sO0 thuc a, b, ¢ thoa man . Tim gia tri nho nhat cua bi€u thtc

2a+3b+4c=3
p_ 2 . 9 . 8
a(3b+4c-2) b(4a+8c-3) c(2a+3b-1)
Loi giai
Ta co:
B 2 9 8
“a(3b+4c-2) b(da+8c-3) c(2a+3b1)
2 9 8
“a(3-2a-2) b(6-6b-3) c(3-4c-1)
2 3 4
_a(1—2a)+b(1—2b)+c(l—2c)
2a 3b 4c

“a(1-2a) D(1-2b) & (1-2c)
Ap dung bat dang thicc AM-GM ta c6:

2
3 27

1 1
Tuong tu: b (1—2b)£§ ; (1—2c)£§

Suy ra: P>27(2a+3b+4c)=81

Ddu “=" xay rakhi a=b=c =%

Vay gid tri nhd nhat cua P 1a 81.
Cau 37: [TS10 Chuyén Hoa Binh, 2019-2020]
Cho hai s6 duong a, b théa man: a + b = 4ab. Chitng minh rang:

a b S 1

2 T =5

4b°+1 4a“+1 2
Loi giai

Ta co:
a+b:4ab£(a+b)2<:>(a+b)[a+b—1]20<:>a+b21(a+b>0)
Lai co:
2 2
a_ _. 4ab 2a—4ab —a—ab
4b* +1 4b* +1 4b
2 2
;b b 4&;b Zb—4ab
4a“ +1 4a” +1 4a

=a-ab
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a

Do d6: 5 +—
4b" +1 4a“+1

a+b_1<

2(a+b)—2ab:(a+b)— 5 =5 a+b)2

1
2

AL Iy 2 . 1
Dau “=" xay ra khi a:bzz
Cau 38: [TS10 Chuyén Hung Yén, 2019-2020]
Cho cac s thuc khong am x, y, z théa man: x* +y* +z° <3y
Tim gia tri nhé nhat cta biéu thikc:

1 4 8
2 + 2 + 2
(x+1) (y+2) (z+3)
Loi giai

Str dung bat dang thitc Cauchy-Schwarz ta cé:

2
1 1 _1(1 1 8
==+ > *
a’ b’ 2(61 bj (a+b)2 ©

Ap dung bat dang thikc (*) ta dwoc:

I)=1+1+8>8+8>64

(x+1) (y_i_ljz (z+3)2_(x+§+2f (z+3)2_(x+z+z+5jz.

2

Mat khac:

x+zg\l2(x2+z2) S\f2(3y—y2) S%.

P> 64 _ 64

2 2 21
1 1 2
(6+2y—2y2j [S—Z(y—Z) }

Dau “=" xay ra khi (x, y,z) = (1, 2,1).

Vay gid tri nhé nhat cua P la 1.

Cau 39: [TS10 Chuyén Ha Nam, 2019-2020]

1 1 1
+

Cho cac so thuc duong a, b, ¢ thdéa man:
a+1l b+1 c+1

<1. Tim gia tri nho nhat cua biéu thiec:

o a b’ c’

= + +
a’+ab+b* b*+bc+c? c*+ca+a’

Loi giai
Ta dé dang chitng minh bat dang thic:
1 1 1

e
X y 2z X+y+Z

(voi x,y,2>0) (%)

That vay: (*)<:>(a+b+c)[l+%+1J29
a C
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Ap dung AM - GM ta dugc:
(a+b+c) 1+l+1 > 33abc. 5 =9
a b c «3!abc
Vay bat dang thiic (*) dugc chitng minh, ddu “=" xay ra khi x =y = z.
St dung bat dang thitc (*) ta duwoc:
1 1 1 9
> + + >
a+l b+1 c+1 a+b+c+3

b’ c? a’

< a+b+c+3>9<a+b+c>6

bat Q= +
a’+ab+b®> b?’+bc+c® *+ca+a’
Ta co:
3 3 3 3 3 3
a’-b b’ -c c’—a
P_Q=

a2+ab+b2+b2+bc+c2 ¢’ +ca+a’
(a—b)(a2+ab+b2) (b—c)(b2+bc+c2) (C—a)(c2+ca+a2)

- a’+ab +b? b +bc+c? i c’*+ca+a’
:(a—b)+(b—c)+(c—a)
-0

Do do:P=Q

v ‘. 2 2 1 2 2 * %
Mat khac: x* —xy+y Zg(x +xy+y ) ( )
That vay:
xz—xy+y22%(X2+Xy+yz)®3xz—3xy+3yz2X2+XY+Y2C>2(X—Y)220

St dung (**) ta duoc:

a’+b’ b’ +¢’ . ¢ +a’
a’+ab+b*> b*+bc+c® c*+ca+a’
b)(a?-ab+b? b b*-b 2 2 2
_(a+ )(a ab+ )+( +C)( c+ce )+(c+a)(c Ca+a)

P+Q=

a’+ab+Db? b? +bc+c? > +ca+a’

1 1 1
2§(a+b)+§(b+c)+§(c+a)

=z(a+b+c)22.6=4
3 3

Ma P=Q=P2>2

Dau “=" xay rakhia=b=c=2

Vay gid tri nhé nhat cua P 1a 2.

Cau 40: [TS10 Chuyén Phan Boi Chau, 2019-2020]

Cho céc s6 duong a, b, ¢ dwong thdéa man abc=a+b+c+2 . Tim gia tri 16n nhat cta biéu thirc
1 1 1

P= + +
Jai+b? b*+c® Pt +al
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Tt abc=a+b+c+2 Loi giai.
o (arb)(b1)(e1)=(a 1) (o 1)+ (b1)(e 1)+ (e 1) +1)

1 1 1
+ + =
a+1l b+1 c+1
y,2>0
Dit 1 —x, 1 _y, 1 N X,Y,2
a+1 b+1 c+1 x+y+z=1.
Khi dé: a=1_X=y+Z;b=Z+X;c=X+y
X X y z
1 1 1 1 1 1 1
Nén P = + + <—— + +
Ja?+b? b2+ +al \E( ab +/bc \/C_aj

1 X y . |¥ z .|z X
y+z z+x \z+x x+y \x+y y+z
[\/ y X +\/ z_ .y +\/ X 7z
y+z z+x \z+x x+y \x+y y+z
z y X z
< + +
22 (z+x x+y] [x+y y+z]_
V4

(7
_ 1 y N J{ Z N X j =3\j§
2\/5 x+y x+y y+z y+z z+x z+x)| 4

Ddu “=" xay rakhi x=y=z hay a=b=c

3\2

Vay gid tri 16n nhat cua biéu thire P la e khia=b=c=2.

NG
1
NG
1

yzz+x

Cau 41: [TS10 Chuyén Vinh Phuc, 2019-2020]
Cho X, y, z 1a cac s6 thuc duong thoa man 5(x2 +y° +z2)—9x(y+z)—18yz =0. Tim gid tri I6n nhat
ctia biéu thire: Q= Y =2
y+2z
Loi giai
Ta co:
5(x2 +y’ +ZZ)—9x(y+z)—18yz <0

< 5x° —9x(y+z)+5(y+z)2 —28yz<0
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< 5x% —9x y+z)+5( +z)2S7.4yzS7(y+z)2
< 5x2 — (y+z 2( z)2S0

2
( -2<0
y+z y+z

(t>0) khi do:

bat: t=

y+z
5t -9t—2<0 < (5t+1)(t-2)<0
©t<2  (do5t+1>0)

= <2

y+Z

XYZZ_ 5 X q<np1-3
y+Z y+Z

Taco: Q=

Ddu “=" xay rakhi y=z :2

Vay gid tri 16n nhat caa Q la 3.
Cau42: [TS10 Chuyén Bac Ninh, 2019-2020]
Cho x, y, z khong am théa man x+y+z=_3. Tim GTLN. GTNN cua biéu thuc

M = 5% —6x+25 +4y* —6y +25 +7* —67+25
Loi giai
Ta co:

M =% —6x+25 +,Jy? —6y +25 +/z* —62+25

= (3B-x) +16+\[(3-y) +16+/(3-2)" +16

a+b+c=6
0<a,b,c<3

Pbat a=3-x,b=3-y,c=3-2, Khi do: {

M=1a? +16 +yb* +16 +/c* +16
Tim GTNN:
Theo bat dang thitc Minkowski ta co:

M =+a?+16 + b2 +16 +yc% +16 2\#4I(a1+b+c)2+(4+4+4)2 — 645

Déng thiic xay rakhia=b=c=2
Tim GTLN

St dung phuong phap UCT véi diéu kién 0<a <3 ta dwgc va> +16 < a+12 (*)

That vay:
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(*) =9(a”+16)<(a+12)" < 8a’-24a<0>a(a—3)<0 (diing)

Hoan toan twong tu va suy ra: M <14

Déng thitc xay ra khi (a, b,c) = (0, 3,3) va cac hoéa vi.

Cau 43: [TS10 Chuyén KHTN, 2019-2020]

Cho x, y,z 1a cac s8 duwong théa man xy +yz+zx=1 . Chting minh rang:

3

1 1 1 2 X y z
~+ =+ ~>= + +
L+x® 1+y* 142" 3| {14x \/1+y2 J1+2

Loi giai

1)

Ta c6: 1+x* =xy +yz+2zx+x° =(x+y)(x+z)
Twong ty: 1+y” =(x+y)(y+z);1+z2 :(x+z)(y+z)
Do do:
_ 1 1 1 _ 2(x+y+z)
Vo= )xrg) o) ve2) v d)zry) (oy)ly +2)(z o)

Ap dung bat dang thiic Cauchy-Schwarz, ta co:

X Y - S{x+y+z X + Y + z
[\/1+x2+\/1+y2+\/1+z2J <bery )(1'”‘2 l+y’ 1+Z2}
=(x+y+z X + Y + z
(x+y ){(Hy)(yﬂ) (x+y)(y+2) (x+z)(z+y)}
_2(x+y+z)(xy+yz+zx)

(x+y)(y+z)(z+x)

2(x+y+z)
(x+y)(y+z)(z+x)
Suy ra:

4(X+y+z) x .y ., z
CIOT (T P2 ey ey
Nhu thé dé chitng minh bat dang thitc da cho ta chi can chiing minh:

X Y , Z sé 2
J1+x2 \/1+y2 J1+2> 2 2)

Str dung bat dang thitc AM-GM ta c6:

VP, <

X _ X <1[ X N X j
J1+x2 \j(x+y)(x+z)_2 X+y X+z
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Tuongtu:y£1y+y;zzlz+z
\/1_,_},2 2(x+y y+z) 1422 2\z+x y+z

Cong theo vé& 3 bat danng thiic trén ta duoc bat dang thirc (2). Bai toan dwoc chitng minh.
3
Cau 44: [TS10 Chuyén TP. H6 Chi Minh, 2019-2020]

Cho x, y, z la cac s6 thuc thudc doan [O; 2] thoa man diéu kién: x+y+z=3.

Dau “=" xay rakhi x=y=z=

a) Chting minh rang: x> +y” +z° <6

b) Tim gia tri 16n nhat ctia biéu thiee: P=x" +y° +z° —3xyz
Loi giai

a) Ta co:

(Z—X)(Z—y)(Z—Z)20:>8—4(x+y+z)+2(xy+yz+zx)—xyz20
=Xy +2 P +y  +27 +8—4(x+y+2)+2(xy +yz+2zX)—XyzZ
:(x+y+z)2—4(x+y+z)+8—xyz
=9-43+8-xyz=5-xyz<5<6

b) Ta co:

P=x3+y3+z3—3xyz=(x+y+z)(x2+y2+zz—xy—yz—zx)
{ x? +y +2z° —%(x2+y2+z2+2xy+yz+zx)}

[ x> +y° +2° (x+y+z)2}

w I\le

—[35 9]

I\J

D4u “=" xay ra khi (x, y,z) = (2, 1,0) va cac hoan vi.
Cau 45: [TS10 Chuyén Hoa Binh, 2019-2020]
Cho x, y, z la cac s6 thuc duong thda man: xy +yz+4zx =32
Tim gia tri nho nhat ctia bidu thiee: P=x* +16y* +162°
Loi giai.
Ap dung bat dang thitc AM-GM ta c6:
X?Z +8y” > 4xy

2
X 1822 >4xz
2

8y2 +82% > léyz
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Cong theo vé ta dugc: P=x* +16y° +16z° > 4(xy +XZ+ 4yz) =128

D&u “=" xay ra khi x = 4y = 4z, thay va diéu kién ta dugc: x = % 5 y=z= %
Cau46: [TS10 Chuyén Qudc Hoc Hué, 2019-2020]
Cho ba s duong x, y, z théa man xyz = 2. Chitng minh rang;
X 2y 4z 1
+ + <—
2x*+y*+5 6y’ +z°+6 3z°+4x°+16 2

Loi giai
Ta co:
+) 2+ +5=x" +y? +x° +1+4 > 2xy +2x+4
X X X
= < =
2x2+y2+5 2xy +2x+4 2(xy+x+2)

+) 6y’ +2° +6=4y" +72° +2y* +2+4>4yz+4y +4

% % Y
6y’ +z°+6 4yz+dy+4 2(yz+y+1)

Do do:
VI<—> y 42
2(xy+x+2) 2(yz+y+1) ZX+27+2
_ X N y N yz
2(xy+x+xyz) 2(yz+y+1) Xyz+2yz+2y
_ 1 y yz
_2(yz+y+1)+2(yz+y+1)+2(yz+y+1)
yz+y+1
_2(yz+y+1)
1
2
Ddu “=" xayrax=y=1,z=2.

Cau 47: [TS10 Chuyén Tin Hoa Binh, 2019-2020]
Cho céac s6 thuc duong x, y thoa man: x+y <1.
1 1
Tim gi4 tri nho nhét cta bi€u thic: P=| —+— [{[1+x’y?
e (X YJ g
Loi giai
Theo AM-GM ta co:

12x+y22,/xy:>.fxy S%:xySiSLZAL
Xy
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Do d6:

P:(l+l}/1+x2y2 2%4,1+x2y2 =2 i+xy
Xy Xy

Xy
Suy ra:

P>2 i+xy=2 L +Xy + 15 =212 L Xy + 15
Xy loxy léxy l6xy l6xy
/1 15
—>P22 [=+—.4=4\17
2 16
1

Déru “_y Xéy ra khl X = y = E

Vay gid tri nho nhat cua P1a 17
Cau 48: [TS10 Chuyén Tién Giang, 2019-2020]
Cho hai s6 duong x, y thdéa man Z(X3 +y3)+6xy(x+ y—2)=(x+ y)2 (xy+4)

Tim gia tri nhé nhat cua biéu thac: T = %{i +Yg 1j
y X

Loi giai
Ta c6:
2(x3 +y‘°’)+6xy(x+y—2):(x+y)2 (xy+4)
= 2(x+y) —12xy = (x+y) (xy +4)
Dit a=x+y,b=xy(a,b>0) khi d¢:
2a°-12b=a’ (b+4) < b(a’ +12)=2a’ —4a’
Do VT >0nén 2a’—4a’ >0 2a’(a—2)>0<a>2

Ta co:

2 2 2 2 4 2
Tl X,y (|l Xty ey _1rat ;LL%J
2y x 2 Xy 2\ b 2b 2 4a°-8a° 2

Ta sé ching minh: T > g

2
4 2 a—6) a’
2 4a’-8a 4a (a—2)

Dau “=" xay rakhia=6,b=6
hay x=3++/3,y=3-+/3 hosic x=3-+/3,y=3+3

>0 (ludn dang Va>2)

Vay gi4 tri nho nhat ctia T 13 g
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Cau 49: [TS10 Chuyén Ba Ria Viing Tau, 2019-2020]

Cho cac s0 thiee dwong x, y. Tim gia tri nho nhat cua biéu thirc:

P= +2+\/>

Y Xty
Loi giai
Ta co
2 2 4
P= S+l ip Y =\/X +2XY +y' Ny
y© X X+y x’y? x+y

[x2+y2J2+\/;:X2+y2+\/§

Xy X+y Xy X+y

Sp(E), Fy o )
X

y X+y Xy X+y

b3 tt—\/7 Theo AM - GM thi: x+y > 2/xy = L2 <%:>ts%:>%zz

X+y X+y
Khi dé:

P_l+t 2= (
t

+ —
2 2 16t?) 16t

233,,1.i LBy,
2 2 16t 16

ttlle

Dé&u “=" xay rakhix =y

Vay gid tri nho nhat ctia P 1a ;

Cau 50: [TS10 Chuyén KHTN Ha Noi, 2019-2020]

V6i x, y la cac s6 thuc thoa man 1<y<2 va xy+22>2y

M:X2+4

y>+1
Loi giai.
Theo giai thiét ta cd: 4xy +8 > 8y.
Str dung bat dang thitc AM — GM ta c6: 4x* +y* > 4xy.
Suy ra: 4x* +y* +8>4xy +8 > 8y.

. Tim gid tri nhd nhat cta biéu thic

Do d6: 4(x* +4)>8+8y—y’ =4(y* +1)+(5y+2)(2-y) 2 4(y* +1).
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x> +4
>

Suyra: x> +4>y* +1=>M= 1

y2 +1

Dédu “=" xay rakhix=2,y=1.

Vay gia tri nho nhat caa M 1a 1.

Cau 51: [TS10 Chuyén Hung Yén, 2019-2020]

Véi x, vy la ca s6 thuc thoa man (2+x)(y—1):z. Tim gia tri nho nhadt cta biéu thac

A= \ix4 +4x° +6x* +4x+2 +\/y4 —8y3 +24y2 -32y +17.
Loi giai
Ta co:

A =X +4C +6XC +4x+2 41y —8y° +24y* ~32y +17

:\/1+(x+1)4 +\/1+(y—2)4

Dit a=x+1, b=y-2, ta duoc A=+1+a* +1+b*

Tt gia thiét ta duoc: (a+1)(b+1)=z<:>a+b+ab=2

Theo AM — GM ta cé:

4a’+1>4
a2+ 2 ratbt (1)
4b”+1>4b 2
a2+b222ab:>l(a2+b2)2ab (2)
2
Cong theo vé (1) va (2) ta duoc: E(a2+b2)2a+b+ab—1:§—1:§:>a2+b2 >1
2 2 4 2 4 2

Ap dung bat dang thitc Minicopski ta duoc:
A=+1+a* +41+b* > \/(1+1)2 +(a2 +b2)2 = \/(a2 +b2)2 +4

. @14:@
2

2

D&u “=" xay ra khi a:b:1<:>x:—1,y:§ :
2 2 2

J17

Cau 52: [TS10 Chuyén Binh Thuan, 2019-2020]
Cho cac s0 duong X, y, z thoa xyz = % Chting minh rang;

z  zx X
yz ., Xy

x*(y+z) y*(z+x) Z*(x+y)

2 Xy +YyZ+2zZX.
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D&u “=" xay ra khi nao:

Loi giai
Ta co:
5 yz +— X +— Xy 2Xy+yz+zX
X (y+z) y (z+x) z (x+y)
1 1 1
-y 2
ex ¥y 2 11,11
1 1 1 1 1 1 X y z
—+ - 4= 4=
y z X Xy

Khi d6 ta can chitng minh:
a®> b> & _a+b+c
+ + >
b+c a+c a+b 2
That vay, st dung bat dang thitc Cauchy-Schwarz ta dwoc:

2
a> b >(a+b+c) _a+b+c

VT = + + >
b+c a+c a+b 2(a+b+c) 2

= VP (dpcm)

Déau “=" xay rakhix =y = z.
Cau 53: [TS10 Chuyén Hai Phong, 2019-2020]

Cho x;y;z la ba s0 thuc duong thoéa man x(x—z)+y(y—z)=0. Tim gia tri nhé nhat cta biéu thuic

3 3 2 2
P 2x - 2y 2+x +y° +4
X" +z° y +z X+y
Loi giai
‘ oy 22 e a X xz* xz* z
Ap dung bat dang thitc Cosi —— =x————F2Xx———=x——.
X +z X +z 2xz 2
3 2 2
Tuong tu 2y > Zy—E.Suyra P2x+y—z+X Ty +4,
y +z 2 X+y
x> +y?
Theo gt z = =>P>x+y+ >4,
X+y X+y

Vay P =4 x=y=z=1.
Cau 54: [TS10 Chuyén Quang Nam, 2019-2020]
Cho ba s0 thuc duong a, b, ¢ thoa man abc = 1. Tim gia tri nhdé nhat caa biéu thuc:

b (1+a)2 +b2+5+(1+b)2+c2+5+(1+c)2+a2+5

ab+a+4 bc+b+4 cat+c+4
Loi giai
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Vi y duomg a6 (x-y) 20 (xey) 2y o X o Lo AL

Ddu “=" xay ra khix =y.

Ta co:
2
(1+a) +b*+5 a’+b’+2a+6 _2ab+2a+6 _2(ab+a+4)-2 2
ab+a+4 ab+a+4 = ab+a+4 ab+a+4 ab+a+4
2 2
1+b) +c*+5 1+c) +a*+5
Twong tu: ( ) 22— 2 ; ( ) 22— 2
bc+b+4 bc+b+4 cat+c+4 catc+4
Dodé: P6-2) ——+—— L __|_g 29
ab+a+4 bc+4+4 ca+c+4
Ap dung (*) ta duoc: L = L sl L +1 .
ab+a+4 (ab+a+1)+3 4\ ab+a+1 3

1 1 1 1 1 1 1 1
Tuong t: ——<—| ——+=|; <= +2
bc+b+4 4\ bc+b+1 3) ca+c+4 4\ca+c+1 3

Do do:
Qéﬂ L + L + L +1j:>2Q:1[ L + L + L +1J

ab+a+1 bc+b+1 ca+c+1 2lab+a+1 bc+b+1 ca+c+1

:>P26—1 1 + L + L +1
2lab+a+1 bc+b+1 ca+c+1

1 C ac 1
=6—— + + +1
2\ abc+ac+c bcac+abc+1 ca+c+1

1 C ac 1
=6—— + + +1
2\ ca+c+1 ca+c+1 ca+c+1

—6-12
2

=5
Ddu “=" xdy rakhia=b=c=1.
Vay gid tri nhd nhat cua P 1a 5.
Cau 55: [TS10 Chuyén Lai Chau, 2019-2020]

Cho cac s8 thuc dwong a, b, c. Chiing minh rang: b, _be , @ _ 1(a +b+c)
a+b+2c b+c+2a c+a+2b 4
Loi gidi

Véix, y duong ta co: (x—y)2 20<:>(x+y)2 > 4xy < x-lky < );::; = XJlry gi(%juij *)

Dau “=" xay ra khix = y.

St dung (*) ta dugc: ab < ab g@ L+ 1
a+b+2c (a+c)+(b+c) 4 \a+c b+c

65



bc be( 1 1 ca cal 1 1
Twong ty: ———— < — + ; <= +
b+c+2a b+a a+c) c+a+2b 4\{c+b b+a

Cong 3 bat dang thtic trén theo vé ta dugc:

ab N bc N ca
a+b+2c b+c+2a c+a+2b

ab( 1 1 be( 1 1 cal 1 1
<—| —+ +— +— |+ — +
4 \a+c b+c 4\b+a a+c 4\c+b b+a

1(ab+bc ab+ca bc+caj

c+a b+c a+b
:l{b(a+c)+a(b+c)+c(a+b)}
4| a+c b+c a+b

:i(a+b+c) (dpcm)

Déng thitc xdy rakhia=b=c
Cau 56: [TS10 Chuyeén Vinh Phuc, 2019-2020]
Cho céc s8 dwong a, b, ¢ thoa man: abc >1. Chiing minh rang:
3

a b C .3
\/me/; «/c+x/£ \/a+x/b_c_\/5

Loi giai
Ta co:
b+\ESb+a;C a+2b+c / ,a+2b+c
1 \E a a § 4\5«3 Mat khac:

\/b+«/£ \/a+2b+c \/bﬂ/; \fa+2b+c \/4(a+2b+c)_a+2b+c+4

42a g 1242a

a+2b+c+4 7a+10b+7c

VTZle/E[ a + b + ¢ j

7a+10b+7¢c 7b+10c+7a 10a+7b+7c

a+b+c>33abc 23:§(a+b+c)24:

Do do:

2
212\5 (a+b+c)
7(a2 +b? +c2)+17(ab+bc+ca)
a’+b?+c? Zab+bc+ca:>7<.32+b2+c2)+17(ab+bc+ca)s8(a+b+c)2

Mat khac: 12x/§(a+b+c)2 12\/5(a+b+c)2 3
= > = =— (dpcm)
7(a2+b2+c2)+17(ab+bc+ca) 8(a+b+c) N

Dau “=" xay rakhia=b=c=1.
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Cau 57: [TS10 Chuyén Tuyén Quang, 2019-2020]
Cho cac s60 dwong a, b, ¢ théa man a+b+c=4 .Tim gid tri nho nhat cta biéu thtec:
aa bJb e
RN TEN N TN S N

Loi giai
Ta co:
P a\F b\F C\E
f+3f \F+3f xﬁ+3f
a’ c?
a+3\,aﬁ b+3\/=c C+3«E
Ap dung bat dang thirc Cauchy-Schwarz ta duoc:
a’ b* c
P= + +
a+3x/£ b+3x/1; c+3\/;
(a+b+c)2
a+b+c+3(\/£+\/a+ ca)
Mat khac theo AM-GM: \/5+«/l;+ ca < a;b+b;rc+c42ra =a+b+c
(a+b+c)2 a+b+c
DO dé P > = = 1
a+b+c+3(a+b+c) 4
Ay 2 . 4:
Dau “=" xay ra khi a=b=c=§
Vay gia tri nho nhat caa P 1a 1.
Cau 58: [TS10 Chuyén Ha Nam, 2019-2020]
Cho cac s6 duong a, b, c. Chttng minh: + b +E atb+c >4 .
a \f34a’+b’+c?
Loi giai

Ap dung bat dang thiic Cauchy-Schwarz ta duoc:

a’ b2 C2 a+b+c (a+b+c) +\/ab+bc+ca
ab  be ca \/_Ja +b? 42 ab+bc+ca Ja2+b2 +¢2
a’+b*+¢c? /ab+bc+ca
=2+, | ————
ab+bc+ca a’+b’+¢°
a’+b*+c? 1\/ab+bc+ca 1\/ab+bc+ca a’+b*+c?
= +— —
2(ab+bc+ca) 2V a?+b*+c* 2\ a?+b*+c? 2(ab+bc+ca)

VT =

+2

Ap dung bat dang thitc AM-GM cho 3 s6 ta duoc:
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a’+b*+c* 1 |ab+bc+ca 1 [ab+bc+ca 1
VT >33 = =1 — +—+2
2(ab+bc+ca) 2\Va"+b"+c” 2\Va“+b +c 2

=g+%+2 =4 (dpcm)
Déng thiic xay rakhia=b=c.
Cau 59: [TS10 Chuyén Phu Yén, 2019-2020]
Cho a, b, ¢ 1a cac s6 thiee dwong thdéa man ab+bc+ca =1. Chitng minh rang:
a\/b2 +1 +b\/c2 +1 +C\/a2 +1>2

D&u “=" xay ra khi nao?

Loi gii
Str dung bat dang thitc Minicopski ta dwoc:
avb?+1+byc? +1+cya’+1 = \/(ab)2 +a’ +\/(bc)2 +b* + \/(ca)z +c?
> \/(ab+bc+ca)2 +(a+b+c)2 > \/(ab+bc+ca)2 +3(ab+bc+ca)

= \/m =2 (dpcm)

Ddu “=" xay rakhi a=b=c= %
Cau 60: [TS10 Chuyén Cao Bang, 2019-2020]
Cho a, b, c la cac s6 duwong thoa man diéu kién a+ b + ¢ = 3. Tim gid tri nho nhét cua biéu thac:

__a b L_¢

1+b*> 1+ 1+a’
Loi giai

Ap dung bat dang thixc AM-GM ta duoc:

a ab’ ab’ ab
——=a-— za— =a——
1+b? 1+b? 2b 2
Tuong tu: 22b—E R ZZC_E

1+c 2 1+a 2

Cong theo vé& 3 bt dang trén ta duoc:

__a - b - C : 2(a+b+c)_ab+bc+ca

1+b° 1+c¢” 1+a 2
2
a+b+c 2
RIS S
6 6 2

Dau “=" xay rakhi a=b=c :%
Vay gid tri nho nhét caa R 1a g
Cau 61: [TS10 Chuyén Nam Dinh, 2019-2020]
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Cho x, y, z la s6 thyc khéong am thdéa man diéu kién x+y+z:% . Chting minh r?mg:

X+2xy +4xyz <2
Loi giai
St dung bat dang thitc AM-GM ta duoc:

x+2xy+4xyz=x+x.4y[z+%}

:x+x(2—x)2 :x—2+x(2—x)2 +2
=(x—2)(1+x2 —2x)+2
=(x—2)(x—1)2 +2

Do x+y+z=§:>0<x<2:>x—2<0.V‘1 thé: x+2xy +4xyz < (x—2)(x~1) +2 <2 (dpem)

Ddu “=" xay ra khi x:l,y:%,z:o

Cau 62: [TS10 Chuyén Binh Dinh, 2019-2020]
Cho a, b, c 1a cac s6 thuc duong thoa man (a+b)(b+c)(c+a) =8. Tim gid tri nho nhét cta biéu
thtec: P = 1 1 1 1

+ + +
Jabc a+2b b+2c c+2a
Loi giai.
Truede hét ta chitng minh bat dang thitc phu sau:

(a+b)(b+c)(c+a)2g(a+b+c)(ab+bc+ca)

That vay: (a+b)(b+c)(c+a) :(a+b+c)(ab+bc+ca)—abc

Lai theo BDT AM-GM ta co: abc = \E\E ca< (a+b).(b+c).(c+a) = (a+b)(b+c)(c+a)
' 2

2 2 8
Suy ra: (a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)—abc
2(a+b+c)(ab+bc+ca)—(a+b)(b+c)(c+a)
8
Suy ra dpcm: (a+b)(b+c)(c+a)2g(a+b+c)(ab+bc+ca)

—ab+bc+ca<

a+b+c

Ap dung bat dang thitc AM-GM dang cong mau s6 ta co:
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1 N 1 N L 9 __ 3 _ab+bc+ca
a+2b b+2c c+2a_3(a+b+c) a+b+c 3

Lai co: (ab +bc+ ca)2 > 3(ab2C +a’bc +abc? ) = 3abc(a +b+ c)

2
:L23abc a+b+c)e 1 2(a+b+c) = 1 2a+b+c
2

1 1 1 1 a+b+c 3
+ + + > n >0
{’labc a+2b b+2c c+2a 3 a+b+c

Suyra: P=

(a+b)(b+c)(c+a)=8

Dau “=" xay ra khi: a=b=c <a=b=c=1
3 a+b+c

a+b+C: 3

Vay gid trinhd nhatctaPla2khia=b=c=1.

Cau 63: [TS10 Chuyén Ba Ria Viing Tau, 2019-2020]
Cho cac s6 duong a, b, ¢ théa man 1 + % + 1 <3 . Tim gia tri nho nhat cua biéu thac
a c
P= ! + L + !
Ja’—ab+3b%+1 +b*—bc+3c*+1 +J®—ca+3a’+1
Loi giai
Ta co:

a’ —ab+3b2+1:(a2 —2ab+b2)+ab+(b2 +1)+b2
=(a-b) +ab+(b’+1)+b* 2b*+ab+2b=b(a+b+2)

1 < 1
Ja®-ab+3b>+1 \fb(a+b+1)
.1 1 1
Jb2—bc+3c+1 \/C(b+C+2), J—ac+3a2+1 \Iia(c+a+2)

Ja? —ab+3b?+1 2\/b(a+b+1) =

Tuwong tu:

.. . 2 2 1 X+y 1 1({1 1
Véix, y duong ta co: (x—y) 20©(x+y) Z4xyc>x+y£ Iy ©x+ySZ(;+§] (*)

Dau “=" xay ra khi x =y.
Cong theo v& va st dung bat dang thitc AM-GM ta duoc:
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1 N 1 N 1
\/b(a+b+2) \/c(b+c+2) \/a(c+a+2)

3 2 N 2 . 2
B \/4b(a+b+2) \/4C(b+C+2) \f4a(c+a+2)

AM-GM (1 1 1 1 1 1
< | —+ +| —+ +| —+
4b a+b+2 4c b+c+2 4a c+a+2

11 1 1 1 1 1
=—|—+—+— |+ + +
4(a b cj (a+b+2 b+c+2 c+a+2j

St dung bat dang thiic (*) ta duoc:
11 1 1 (1 1)y 11 1) 1({ 1 1
P<—|—+—+—-|+|— +=|+= +=|+=| —+=
4la b c 4\a+b 2) 4(b+c 2) 4\c+a 2
3 (11 1 1(1 1) 1(1 1) 1(1 1
S| —4—+—+—| —+— |[+—| —+— |+ —| —+—
4 |8 8 8 16la b) 16\b c) 16\c a

3 13 11 1 1
=—+|=+=| =+—+=
{8 S(a b Cj:|

4
<3
4

P<

—+

o | W
oo | W
N | W

Ddu “=" xdy rakhia=b=c=1.
Vay gid tri nho 1a P 1a %
Cau 64: [TS10 Chuyén Tay Ninh, 2019-2020]
Chttng minh (a+b+c)3 +9abc24(a+b+c)(ab+bc+ca) voi X, y, z 1a cac s6 thuc khong am. Péang
thitc xay ra khi nao?
Loi giai
Theo b4t dang thitc Schur véi a, b, ¢ 1a s8 thuc khong am thi:
a(a—b)(a—c)+b(b—c)(b—a)+c(c—a)(c—b)20
Bién doi ta dwgc hé qua:
a’ +b’ +c’ +3abc>a’ (b+c)+b*(c+a)+c’(a+b)
Mit khac ta ¢ dang thic: (a+b+c)3 =a’+b’+c’+3(a+b)(b+c)(c+a)
Khi d6 ta co: (a+b+c)3 +9abc =a’ +b’ + ¢’ +9abc+3(a+b)(b+c)(c+a)
Do d6: VT 2a*(b+c)+b’(c+a)+c*(a+b)+9abc+3(a+b)(b+c)(c+a)
Ta la c6 2 dang thirc:
+) a’(b+c)+b*(c+a)+c’(a+b)+9abc=(a+b+c)(ab+bc+ca)
+) abc+(a+b)(b+c)(c+a):(a+b+c)(ab+bc+ca)
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Do dé: a*(b+c)+b’(c+a)+c (a+b)+9abc+3(a+b)(b+c)(c+a) >4(a+b+c)(ab+bc+ca)
Vay bat déng thiic dwoc chiing minh.

Ddu “=" xay rakhia=b=c
Cau 65: [TS10 Chuyén Quang Nam, 2019-2020]

Cho 3 s6 duong x, y, z. Tim gid tri nho nhat caa biéu thiec:

P:\/(2x+z>)({2}’+z) +\/(2y+x})]?22+x) +\/(22+y§>((2x+y)

Loi giai

St dung bat dang thttc Bunyakovski ta duoc:

(2X+Z)(2y+z):(x+x+z)(y+z+y)2(ﬁ+«@+ yz)2

Do do:
J xy Py Jy Wy
xen)y ) Joxen)Cyea) - |[(fy e frzeda) oyl
Tuong tu: Y < \fy_z ; 2 < Jox
; (2y+x)(ZZ+X) \/;+\/;+\/Y>Z (2z+y)(2x+y) \/;+\/;+\/}TZ
Cong 3 bat dang thiic trén theo vé ta duoc: P < \/;Jr ax + Y2 1
Py oy
Déng thitc xay ra khix =y = z.
Vay gia tri lon nhat caa Pla 1.
Cau 66: [TS10 Chuyén Binh Phudc, 2019-2020]
1) Cho x, y la cac s6 duong théa man xy <1. Chitng minh rang:
1 N 1 < 2
T+x 1+y 1+ \/;
2) Cho x, y la cac s6 thuc duong thoa man diéu kién: (x+ y)3 +4xy <12

Tim gia tri 16n nhat ctia bi€u thic: P = S 2018xy
1+x I+y

Loi giai
1) Ta co:
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1+x+1+yé1+\/_©£1+x_1+\/g] (1+y 1+\/_J 0
o Iy -1-x 1+f1y<
1+x (1+\/_) 1+y (1+\/_)
@(ﬁ x) 1+y (F y) 1+x <0
(Tex)(1+y) 1y )
(\/: \F)1+y+f(f \F)1+x
1+x 1+y (1+\j7)
@(J?—&)_&w&—ﬁ—xﬁ}m
() (1+y) 1y )
(R ]
(1+x) 1+y(1+\F) B
R ]
(14x)(1+y)(1+ xy) B
(5
(1+x)(1+y)(1+J§)

Dé&u “=” xay rakhix=y =1.

[

<0 (dung Vxy<1) (1)

Bat dang thuc (1) diing cac phép bién d6i 1a trong duong nén bai toan dugc chiing minh.
2) St dung AM-GM ta co:

12 Z(ery)3 +4xy Z(ZM)S +4xy =8xy\/i;+4xy
Dit \/xy =t (t>0), khi d¢:
8t° +4t -12<0 = 22 +t° -3<0 < 2t —2t* + 3t -3<0
<2t (t-1)+3(t-1)(t+1)<0 <:>(t—1)(2t2 +3t+3)£0
S t<1
Ap dung bat dang thixc 0y 1 ta co:

1

1
P=—+—+2018xy <
1+x 1+y Y= 1+ fxy

+2018xy = %+2018t2
_|_

Ta s& chitng minh: —=—+2018t* <2019 (*)
1+t

That vay:
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(*)@(%—1j+2018(t2 ~1)<0

+t
1-t

<:>E+2018(t—1)(t+1)£0

<:>(1—t)($+2018(t+1))SO(dl’mg do 0<t<1)

Déau “=" xay rakhix =y =1.

Vay gia tri 16n nhat cua P 1a 2019.

Cau 67: [TS10 Chuyén Dac Lac, 2019-2020]

Cho 3 s6 thuc dwong a, b, ¢ théa man a’® +b” +c* = 3. Chttng minh rang:
a’+b® b’+c’ . A +a’
a+2b b+2c c+2a

>2
Loi giai.
Str dung bat dang thitc Cauchy-Schwarz ta duoc:
a’ b’ c’ a’ b* c*
+ + = + +

a+2b b+2c c+2a a’+2ab b*+2bc ’+2ca

(a2+b2+c2)2 (a2+b2+c2)2
> >

Ca’+b*+c®+2ab+2bc+2ca a2+b2+c2+2(a2+b2+c2)

+)

_a2+b2+c2 3

3 2
oK c’ a’ b* c* a’
+ + = —+ —+ -
a+2b b+2c c+2a ab+2b° bc+2¢c® ca+2a
a+b2+c2) a+b2+c2)
o ) o )

B ab+bc+ca+2(a2+b2 +c2) Cal+bi+c? +2(a2 +b2+c2)

_a’+b’+c® 3

3 2
3 3 3 3 3 3
Cong theo v€ ta duoc: a+b +b LR Y (dpcm)
a+2b b+2c c+2a
2

Ddu “=" xay rakhi a=b=c= 3

Cau 68: [TS10 Chuyén Quang Nam, 2019-2020]
Cho hai s6 thuc x, y thoa man x> 3;y 2> 3.
Tim gia tri nhé nhat cta biéu thite: T = 21[x + lj + 3[y + 1}
y X
Loi giai
Ap dung bat dang thitc AM — GM ta c6:
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1 x 3 7y 21} 62 2
+— +3 y+ =| —+— |+ =—+— [+—Xx+TYy
X 3 x 3 vy 3 3
2

> \/52 2\/7y.21 +25425
3 x 3 vy 3 3

=2+27+62+2

=80

Dau “=" xay ra khix =y = 3.

Vay gia tri nhé nhat cua T 1a 80.

HE THONG BAI TAP SU DUNG TRONG CHU PE
L BAT PANG THUC COSI
Bai 1.Cho x#0. Tim gid tri nho nhat cta bi€u thie T =8x* —4X+4—12+15.
X

Bai 2.Cho x>0. Tim gid tri nho nhat cta bi€u thitc M =4x* —3x+ L o011,

4x
. \ e e x*+y*
Bai 3.Cho x>y >0 va xy =2. Tim gia tri nho nhat cua biéu thitc H = .
X=-y
Bai 4.Cho a>1 b>1. Chiing minh ayb-1+bya-1<ab.

Bai 5.Cho a>9; b>4; ¢>1. Chizng minh ab+/c—1+bcva—9 +cavb—4 Sllabc.

Bai 6.Cho a>0; b>0; a*+b° <2.

Tim gid tri l6n nhat cta biéu thic M = a\/b(a+ 2b) +b\/a(b+ 2a) .
Bai 7.Cho x>0; y>0; x*+y* <2,

Tim gia tri 16n nhat cua biéu thirc P = \/x(14x +10y) + \/y (14y +10x).

Bai 8.Cho x>0; y>0 va \/W(X—y)zx+y.T‘1m gia tri nho nhat cua biéu thitc P=x+Y.
Bai 9.Cho a,b,c >0 va ab+bc+ca=1.

a_ b L '
Ja?+1 b +1 2 +1
Bai 10.Cho cac s6 duong a, b, ¢ théa man a+b+c=1

chfrngminh\/ ab +\/ be +\/ @ SE
c+ab a+bc b+ca 2
Bai 11.Cho a>0, b>0, c>0 va ab+bc+ca=3abc
a’ b? c?
+ +
c(cz+a2) a(a2+b2) b(b2+cz)
Bai 12.Cho a>0, b>0, c>0 va a+b+c=1

Tinh gia tri 16n nhat cta biéu thic P =

Tim gia tri nho nhat cua P =

a b C
+ +
1+9b* 1+9c®> 1+9a?

Tim gia tri nho nhat cua biéu thiee T =
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Bai 13.Cho a,b,c>0 va 1 + 1 + 1 =2.Ch1’mgminhr5ng abcﬁl.
l+a 1+b 1+c 8

Bai 14.Cho a>0, b>0, ¢ >0 va a*+b® +c? =1. Chting minh :
a) a—bjL@+%2a+b+c b) @+@+a_b2\/§
c a b a b ¢
Bai 15.Cho a, b, ¢ la d0 dai ba canh caa AABC.

Chting minh (a+b—c)(b+c-a)(c+a-b)<abc

Bai 16.Cho a>2. Tim gi4 tri nho nhét caa biéu thitc P =2a+>.
a
‘e . e e 1 N s 1o 6 24
Bai 17.Cho x>0, y>0 va x+y<6. Tim gia tri nho nhat cta biéu thttc F =x+y+—+—.
Xy
N \ n .7 . 2 A, P .« A2 , 2 2 28 l
Bai 18.Cho x>0, y>0 va x+y>3. Tim gia tri nho nhat cta biéu thttc P =2x"+y"+—+—.
Xy
Bai 19.Cho 2<x<3, 4<y<6, 4<z<6 va x+Yy+z=12. Tim gia tri 16n nhat cua biéu thirc P =xyz.

Bai 20.Cho x>0, y>0 va §+§32. Tim gid trj nho nhét ctia bicu thie K =X +2%.
y y X
2
(X+y+l) N Xy +X+Yy

Xy+X+y (x+ y+1)2 '

Bai 21.Cho x>0, y >0. Tim gid tri nhé nhat cua biéu thirc A=

2 2
Bai 22.Cho x>0, y >0. Tim gia tri nhé nhat ctia bidu thite A=2—Y 1 Py
Xy X+y

Bai 23.Cho a>0, b>0, ¢ >0 thoa man b®+c?<a®.

Tim gid tri nho nhat ctia biéu thite P = é(b2 +c?)+a’ [biz + i) :

C2

Bai 24.Cho x>0, y>0 va x+y<1. Tim gia tri nho nhat ctia biéu thtec P = (1+1]4/1+ xX°y? .
Xy

+i+4xy.

Bai 25.Cho x>0, y>0 va x+y<1. Tim gia tri nho nhat ctia biéu thic P =
Xy

X2 +y?

2 2
Bai 26.Cho x>0, y>0 va x+y<1. Tim gia tri nho nhat cta biéu thirc K :(X+£) +(y+lj )
X y

3
Bai 27.Cho x>0, y>0 va x+y <1. Tim gia tri nho nhat cta biéu thirc S =(1+X+§T+[1+ y+%) .
Bai 28.Cho x>0, y>0 va 2x* +2xy+ Yy’ —2x <8.

Tim gia tri nho nhat caa biéu thie P :§+3—2X—3y.
Bai 29.Cho a>0, b>0, ¢>0 thoaman 2(b”+hc+c’)=3(3-a’).

Y DI I I Ay 2 2 2
Tim gia tri nhé nhat ctia bieu thitc T =a+b+c+—+—+—.

a b c
Bai 30.Cho a>0, b>0 va a’+b’+6ab<8.
Tim gia tri nho nhat cua biéu thirc P = ——— +3 L.
a“+b” ab
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Bai 31.Cho a>0, b>0 va a®+b*=a+Dh.

Tim gid trj nho nh&t ctia bidu thite P =a* +b* + 2020
(a+h)
Bai 32.Cho x>0, y>0 va («/;+1)(W+1) >4,
X2 y2
Tim gid tri nho nhat cua biéu thiec P=—+-"—.
y X

ILBAT DPANG THUC BUNHIA
Bai 1.Cho 4x+9y =13. Tim gia tri nho nhat ctia bi€u thite A=4x* +9y?.
Bai 2.Cho 4x+3y =1. Tim gi4 tri nho nhat cta bi€u thite A=4x* +3y>.
Bai 3.Cho x>0, y>0, z>0 va x+Yy+z=_2. Tim gia tri nho nhat cta biéu thiec A=X* +y* +7°.

Bai 4.Cho 3x* +2y* < 3—65 Tim gid tri 16n nhat ctia bi€u thiee S =2x+3y.
Bai 5.Cho 4a® +25b* < % Tim gid tri 16n nhat cta biéu thiec H =6a—5b.

Bai 6.Cho x*+y*+17° = % Tim gia tri I6n nhat cua biéu thitc P=x+y+z.

Bai 7.Tim gi4 tri I6n nhat ctia bifu thite P =+/x—1++/3—x khi 1<x<3.
Bai 8.Cho a>0, b>0, c>0 va a+b+c=3.

Tim gid tri 1én nhat caa biéu thite K =+4a+5+4b+5++/4c+5 .
Bai 9.Cho a>0, b>0, c>0 va a+b+c=1.

Tim gia tri 16n nhat cta biéu thitc P =+b+c++c+a++a+b.
Bai 10.Cho a,b,c>0 va \/g+x/5+x/623.

Tim gia tri nho nhat ctia biéu thie M :\/a;b“/bgcﬂ/c;a.

III. PHUONG PHAP BIEN POI TUONG PUONG
Bai 1. Cho x>-2, y>1. Tim gi4 tri nho nhét cta bidu thire: A=X+y—2yx+2—4,/y—1+24.

Bai 2. Cho x> —% . Tim gia tri nho nhét cua biéu thire: E =5x —BJ2X+ 7 —4J3x—1+2
Bai 3. Cho x >1. Tim gia tri nho nhat ctia biéu thiec: T=X—X—-1-3JX+7 +28.

Bai 4. Cho x >+/15. Tim gid tri nho nhat ctia biéu thitc:

F=x" +x—J(x* ~15)(x~3) = /x* ~15 -x 3 -38.

Bai 5. Cho a>0,b>0,c>0 va a+b+c=6. Tim gid tri I6n nhat cta biéu thic:

T =+a?+4ab+b? +b? +4bc+c? ++/c? +4ca+a? .
Bai 6. Cho x>0,y >0,z>0,x+y+z=1.Tim gia tri nho nhat cua biéu thtic:

Sz\/xz—xyjty2 +\/y2—yz+z2 +NZ—zX+ X
Bai 7. Cho —2<a,b,c<3 va a?+b?*+c?*=22. Tim gia tri nho nhat ctia biéu thic: M=a+b+c.
Bai 8. Cho x>0,y>0,z2>0 thdéa man X+Yy+z=6. Tim gid tri l6n nhdt va nho nhat ctia biéu thic:

A=x>+y*+7°.
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Bai 9. Cho a,b,c>0 va a+b+c=3. Tim gia tri 16n nhat va nho nhat cua biéu thirc:
K=+3a+1++/30+1++3c+1.

Bai 10. Cho 0<a,b,c<2 va a+b+c=3. Chitng minh: ab+bc+ca>2.

Bai 11. Cho a>1b>1,c>1 va ab+bc+ca=9. Tim gia tri 1én nhat va nho nhat cta bi€u thirc:
P=a’+b’+c’.

Bai 12. Cho —1<x,y,z<1, X+y+z=0. Tim gia trji 1én nhét ctia bi€u thire: T =|x|+|y|+|7|.
Bai 13. Cho —2<a,b,c<2 va a+b+c=0. Chéing minh: a* +b* +c* <32.

Bai 14. Cho 0<x,y,z<1va x+y+z:g.

Tim gia tri I6n nhat va nho nhat cta biéu thire: P=x* +y? +2°.
Bai 15. Cho 0<X,y,z<2 va x+y+z=3.
Tim gid tri Ion nhat va nho nhat cua biéu thie: M=x*+y* +z* +12(1-x)(1-y)(1-z).
Bai 16. Cho 0<a,b,c<4 va a+b+c=6.
Tim gi4 tri lon nhat cta bi€u thite: P=a’+b’ +c* +ab+bc+ca.
Bai 17. Cho a>0,b>0,c>0 va a+b+c=1. Tim gia tri 16n nhat va nho nhat ctia biéu thic:
P=vb+c+yc+a+a+bh.
Bai 18. Cho a>0,b>0,c>0 va a+b+c=3.Tim gia tri 16n nhat va nhé nhat cua biéu thic:
P=Jb+c+yc+a+a+bh.
Bai 19. Cho a>0,b>0,c>0 va a+b+c=1.Tim gia tri 16n nhat va nho nhat cua biéu thirc:
F=v3a+1+3b+1++3c+1.
Bai 20. Cho a>0,b>0,c>0 va a+b+c=1. Tim gia tri 16n nhat cua biéu thirc:
V22?2 +3a+4++2b2 +30+4 ++/2¢? +3c+4.
Bai 21. Cho X,y >0 théa man: x+y:\/1_0.
Tim gid tri nho nhat ctia biéu thie: P =(x* +1)(y* +1).
Bai 22. Cho a+b+4ab=4a*+4b’.
Tim gid trj I6n nhét cua biéu thie: A=20(a’+b°)-6(a’ +b”)+2013.
Hét
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