CAC CHUYEN PE TOAN 9

BAT PANG THUC

Ky thuat chon diém roi trong bai toan bat dang thirc.
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0. KIEN THUC LI THUYET
1. binh nghia bdt ddng thitc

Ta goi hé thic dang @<b (hay 9> ba=bka=b) 13 h3t ddng thic.
Tinh chéat clia bat dang thic

1. a<be=b>a 3. a<b=a+c<b+c

a<hb<c=a<c 4 a<be ac<belc>0).
2. ; . .

a<he ac>hclc<0)

¢ 5. Cong ting v€ cta hai bat ddng thitc cing chiéu duwoc mot bat
dang thirc cung chiéu.
¢ 6. Trlr ting vé clia hai bat ddng thitc khac chiéu duwoc mot bat dédng
thitc méi cung chiéu véi bat dang thirc thit nhat.
¢ 7. Nhan timg vé cta hai bat d&ng thitc cing chiéu ma hai vé& khong
am, ta duoc mot bat dang thirc cung chiéu. Pac biét:
a>b>0= a* >b*;ja|>p|= a™ >b™
a>b= g >p*"
.1
a>b>0 a b

¢ 8.Néu thi

I
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2. M6t s6 hdng bdt ddng thitc hay diing.

a b
b E+E =2 = < a=b
o 1.N6éu ? va ~ 1a hai s6 cung dau thi (dau xayra ).
1 1_ 4
a,b>0 E+Ega+b — & a=b
¢ 2.Néu thi (ddu ~ xay ra ).
a+b|=<la|+|b .=, b>0
<>3.| | <lal+}o (dau Xayrakhia ).
a- bj=la|- b L=, >b>0, . a<b<0
<>4.| |=lal- P (dau Xayrakhia__ hoaca__)
¢ 5. Bat dang thirc Co-si
a+b
abz=0 __ 2 >Jab a+b=2Jab. . - | _a=b
Voi thi hay (dau xay ra khi ).
Vai dang khéac ctia bat dang thitc Co-si.

1 2

J{E_a+b (a,b>0))

2
? >ab;(a+b) =4ab;a’ +b* =2ab.

[ a+b r a’ +b’

ab = < .

2 ) 2

3. Phuong phdp chiing minh bdt ddng thitc

1. Phuong phdp dung dinh nghia cua bdt dang thirc:
Muén chimg minh @<b, ta chimg minh a- b<0.
Muén chtng minh 9>? ta ching minh a-b>0.

, . ) A<Be= A <B, = A <B == C<D.
2. Phuong phap bién doéi tuong duong:

Néu bat dang thtc cudi ding thi bat dang thirc ddu dung.
3. Phuong phdp vdn dung tinh chdt ctia bdt dang thitc va vdn dung nhiing
hdng bdt ddng thitc quen thudc:
Tir cic bat dang thirc da biét ta dung céc tinh chéat clia bat dang thic
dé suy ra bat dang thirc can chimg minh.

4. Phuong phdp phan ching:

A~ Ve . A < B’ .« 2 2 A ZB R n « R n V4 n
Muon chung minh ta gia sw roi suy ra mot diéu vo li (mau

thuan véi diéu da cho hoac da biét), tir dé suy ra diéu gia st la sai,
diéu phai chimg minh la dung.
|
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0. BAI TAP

Bai 1: Cho 3 s6 thuc dwong a, b, c. Ching minh rang: la+b)[b+c||c+a|=8abc
Huong dan giai

Ap dung bat ddng thitc AM - GM, ta c6:

(a+b)(b+c)(c+a)22@.2\@.2\/&280%
(dpcm)

Bai 2: Cho 4 s6 thuc dwong a, b, ¢, d. Chimg minh rang:
Jac+Vbd<\[a+b|[c+d]
Huong dan giai

Ap dung bat ddng thitc AM - GM, ta cé:
Vac++bd _\/a C \/b d

— . + )
JVla+b)(c+d) (a+b) (c+d| la+b] (c+d)
.1_(a C )+1(b d ) 1(a+b+c+d)

(’2 a+b c+d 5a+b+c+d a+b c+d

=+ ac+vbd<v|a+b|[c+d|

2

(dpcm)

L
Bai 3: Cho 3 so thuc duong a, b, ¢ thoa
JVela—cl+Velb—c|<vab

Chirng minh rang
Huong dan giai

Ap dung bat ddng thitc AM - GM, ta c6:

Vela=cl+vVelb—c] \/c la—c] +\/c b—c]

Jab b a a'b
.1|lc a—-c)\ 1|c b-—c

L—|—+ =+

2\b a 2\la b

. C c| 1]c c

b=+l —— |+ —+1——|=1

2\b a) 2\a b)

=vcla=c|+Vclb—c|<Vab (dpcm)
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Pl

Bai 4: Cho 2 s0 thuc dwong a, b thda | . Chimg minh rang:
avb—1+bya—1<ab

Huodng dan giai
a\/b—lzx/ax/ab—as%(a+ab—a):%
Ap dung bat d&dng thitc AM - GM, ta c6:

1)
bx/ﬁsaz—b
Tuong tu: (2)
— —1<
Cong theo vé (1) va (2), ta duoc: avb-1+bVa-1<ab (dpcm)

Bai 5: Cho 2 s6 thuc duwong a, b. Chirng minh rang: 16abla—b[*<|a+b/*
Huong dan giai
Ap dung bat ddng thitc AM - GM, ta c6:

4ab+(2a b| 4

2
=[a+b/
(dpcm)

16abla—b[’=4.|4ab)(a—b*<4.

. . ab+£+22a+b+1
Bai 6: Cho 2 s6 thuc dwong a, b. Chimg minh rang: b a

Huong dan giai
Ap dung bat ddng thitc AM - GM, ta cé:

ab_fab a) fab_b| (a b} . jab a ., Jab b a b _
ab+b+a— 5 +2b + 5 +2G + 2b+2a) 62\/754-2\/7%4-2\/%%_0-””1 :
dpcm)
2+222 , Vab>0

Bai 7: Chimg minh réng: b ¢
Huodng dan giai

a b
—>0, —=>0
Vi a,b>0 pnén b a

I
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Ap dung bat ddng thitc AM - GM ta cé:

ba ~ (dpcm)
1
. , . a+——>3 , Va>1
Bai 8: Ching minh rang: d-
Hudng dan giai
Ap dung bat ddng thitc AM - GM ta c6:

a+L:a—1+L+1zz\/(a—l)i+1:2+1:3
a—1 a—1 a—

(dpcm)

a’+2

) > >2 ,Ya€ER
Bai 9: Ching minh rang: Va+1

Huong dan giai
Ap dung bat ddng thitc AM - GM ta cé:

2 2
a+2 _a+l+l_ gL 22\/\/az+1 L__,
va®+1  Vd*+1 \/a2+1 \/a2+1
(dpcm)
2
. ) . 3a 431 , Va#0
Bai 10: Chtrmg minh rang: 1+9a" 2
Huong dan giai
. YVa#0 | oy 22 . .
véi © ¢ , ap dung bat dang thiac AM - GM ta co:
3¢ _ 1 _ 1 _ 1 _1
4= 4 - -
toat 90 st o Lag
3 3 a
a a 3a (dpcm)
a ?
A=[a+1f+|—+2| , Vaz-1
Bai 11: Tim gid tri nho nhat cta biéu thic: a+l

Huong dan giai

I
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A+2a+2 |
at+l

la+17+1 ’
a+l

A=|a+1]"+

olav 11+

(',(a+1)2+

2
a+1+1—)
a+1

Cauchy

1
a+1

+2 ¢ 2Jﬂa+1f1

(2la+1)+ T
a+

)2

1

2(a+1)*=
D&u “=" x4y ra khi va chi khi la+

Vay GTNN ctia A=2v2+2

Bai 12: Chtmg minh réng: b(a—b)
Huong dan giai
Ap dung bat ddng thitc AM - GM ta cé:

L ZSi/b.(a—b).

bla-b|
Bai 13: Cho ba s6 thuc duwong a, b, c. CMR:

1

blab -

a+

lap) 0TI

Huong dan giai
Ta co:

ca ab) 1

_+_
c

Lca
b

Bai 14: Cho ba s6 thuc abc#0. CMR: b® ¢

bc 1
R +_
a 2
a_ b

a b?

—+—+

2

Huong dan giai

17 hay

—+2=2/2+2

—2+48
2

>3 , Va>b>0

bc ca  ab
—+—+-—>a+b+c

a b c

c?
a2

>

~b,c,a
a C

<
b

VnTeach.Com



CAC CHUYEN PE TOAN 9

Bai 15: Cho ba s6 thuc dwong a, b, ¢ théa abc=1, CMR

b+_C+C+_a+a+_bZ\/E+\/B+\/E+3
Ja b Ve

Huong dan giai

=2(Ja +b +4c) =(Va + b +c ) +(Va + b +c)
> Ja +Jb +& +33Navbye =Ja +vb +c +3

b+c c+a+a+b
Vé_y \/CI \/b \/C

+ +

>+ a+vVb++c+3

b+c_|_c+a_|_a+b>6
Bai 16: Cho ba s6 thuc dwong a, b,c. CMR: a b ¢

Huong dan giai

Ta co:
b+c+c+a+a+b: 1_l_b+c N 1_l_c+a N 1_|_a+b _3
a b C a b C
_a+b+c b+c+a c+a+b
= + + -3

a b C
=(a+b+c] 11,1 359 3-6

a b c

I
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© Ky thuat chon diém roi trong bai toan cuc tri xay ra & bién.
Xét cac bai toan sau:

1
A=a+—
Bai 1: Cho s6 thuc @=2, Tim gia tri nho nhat (GTNN) cua a

. 2
Sai lam thuong gap la: a a . Vay GTNN cua A la 2.

N ki \ <:> a: l @ a = 1 Ay 7 \ 2
Nguyén nhan sai lam: GTNN cua A la 2 a vO ly vi theo gia

thuyét thi a=2,

, aarl=gi1,30,, (0 130,325
Loi gidi dang: a 4 a 4 4 2

Dau “="xadyra 4 a

ul

Vay GTNN cta A la 2.

Vi sao chung ta lai biét phén tich dwoc nhuw 10i giai trén. Pay chinh la ky

thuat chon diém roi trong bat dang thic.

Quay lai bai toan trén, dé thay a cang tang thi A cang tang. Ta du doan A
dat GTNN khi a=2. Khi d6 ta néi A dat GTNN tai “Piém roi a=2" . Ta
1
khong thé 4p dung bat dang thitc AM - GM cho hai s6 ava avi khong thoda
1
=", Vi vay ta phai tach a hoac a dé khi 4p dung bat dang

o

quy tac dau
thitc AM - GM thi thoa quy tdc ddu “=". Gid st ta st dung bat dang thirc

I
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a l

B
a da

a —
sao cho tai “Piém roi a=2” thi

la 2 ...
A=2=>6—=—{ 60

1
a

AM - GM cho cap so , ta co so

< a o
do sau:
) A:a+l:2+3_0+l . . , A
Khi do: a 4 4 a vjta coloigidi nhu trén.
al
Luu v: D€ gidi bai todn trén, ngoai cdch chon cdp s6 \® 4/ ta cé thé chon
1 o 1
. aa,— 3 s 3 a,—
cdc cdc cdp so sau: hodc'\ 9/ hodc\ 99/,
/ 2 < k) A:a+i2
Bai 2: Cho s6 thuc @=2, Tim gid tri nho nhat cua a
So d6 diém roi:
_ . a _ 2 . o o
A=2=>6{—=—{( 66
a o

_a, 1 7a a l 7a_ |1 7a 1 7.2_9

. A=—t—+——22 = S+——= o+ =y o+ ——=—

Sai lam thuong gap la: 8 a° 8 8a 8 V2a 8 2.2 8 4
Dau “=" xay ra < a=2,

9
Vay GTNN cua A la 4

I
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9
Nguyén nhan sai lam: Mac du GTNN cua A 1a 4 la dép s6 diung nhung

, o e S
cach giai trén mac sai lam trong danh gid mau so6: “ 2a V2.2 13

n

sai”.

A:g+£+i+6—a>3.3£.£.i+60Z§+6'2=2
2 8 8 a° 4 4

Loi giai dung: 8 8 a 8 a- 8 8
Dau “=" xay ra < a=2
9

Vay GTNN ctia A 1a 4

1
A=ab+—
a+b

Bai 1: Cho 2 s6 thuc duwong a, b théa a+b=<1 Tim GTNN cua a
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A:16ab+i—15 abZZ\/IGabi—ISabZS—B. lzg
ab ab 4 4

1 .1
) , © ab=—<a=b==
D&au “=" xay ra 4 2
17
Vay GTNN clia A 1a 4
- 2 A:a2+§
Bai 2: Cho s6 thuc a=6, Tim GTNN cua a
Phan tich:
Azaz+£:az+g+g

Ta c6 : a a a

Dé thady a cang tang thi A cang tang. Ta dy dodn A dat GTNN khi a=6_ Ta

ld® 36 ...
a=6=>6\—=—106(466
a o

c6 so do diém roi:

Giai:

Ve A :
Ta co: 24

a 9 9 Bﬁ} a299+nf
a a 24 24'aa 24

, 2 Aad
Diu “=”"xayra 24 a
Vay GTNN cua A la 39
Bai 3: Cho 3 s6 thuc dwong a, b, ¢ thoa a+2b+3c=20 |

A:a+b+c+§+i+i

Tim GTNN cua a 2b c

I
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Phan tich:
Du dodn GTNN cua A dat dwoc khi a+2b+3c¢=20 tai diém roi ¢=2,b=3,c=4,

So do6 diém roi:

la_2 ...
=22 6i—=—{( 66
a «

b=3=>({— b —(,u,

B B

. . 4
c=4=>01—=={60
— 3a 3 b 9 c 4 a b 3c
A=—+—|+|F+—|+|—F—|+—+—+—
4 a 2 2b 4 c)] 4 2 4
62J§9-§+2Jb 2 +2Jc 4 ,a+2b+3c
4 a 2 2b 4 ¢ 4
(3+3+2+5=13
Dau “=" xdy ra © a=2,b=3,c=4

Vay GTNN cua A la 13

bl

Bai 4: Cho3 so thuc duwong a, b, ¢ thda ’ﬂ

1 1 1
——+— |+
ab bc ca

8 _121

— >

2
la+b+c|+ =

Chirng minh rang:
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=i

Dy dodn GTNN ctia A dat duoc kh1 , tai diém roi a=3,b=4,c=2

Giai:
Ap dung bat ddng thttc AM - GM ta c6:

ab2\/b2_

—+—+—2>3 .
18 24 ab 18 24 ab

a,c2 o3ac2
9 6 ca 9 6 ca
b ¢ 2 sb ¢ 2 3
—t+—t+—> 3«/—.—.———
16 8 bc V16 8 b
a
+—+ —

-1
2

\Y

13a,13b 2\/13a 13b 2\/§ 13 .. _13

18 24 18 24 1824 "3
13b 13¢ \/13b 13¢ \/13 13 13

+22>) i W gy Pl
48 24 48 24 4824 4

Cong theo vé céac bat dang thirc trén ta duoc:

1.1 .1
ab bc ca

L8 121

la+b+c|+2 >
abc 12 (dpcm)

@ Ky thuat chon diém roi trong bai toan cuc tri dat duoc tai tam
Xét bai toan sau:
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Bai toan: Cho 2 s6 thuc duong a, b thoa a+b=<1_ Tim GTNN cua

A:a+b+l+l
a b
. . .. A:a+b+l+lz4‘\1/a.b.l.l:4 . , .
Sai lam thuong gap la: a b a b | VAy GTNN cua A 1a 4.
. R A , . S a= :l:l@a:bzl )
Nguyen nhan sai lam: GTNN cua A la 4 a b . Khi do

a+b=2=1 trgi gia thuyét.
Phan tich:
Do A la biéu thirc d6i ximg vdi a, b nén ta du dodn GTNN cua A dat tai

a:b:l
2

.1 Ja_b_1 ...
a=b==={(—=—=—{((
2 a a 2«

So do6 diém roi:

—3a—3bz4‘\‘/4a..4b%%—3(a+b)28—3:5

A=

4a+4b+l+l
a b

Loi giai dung:

4 2 Qa:b:l A 2 N
D&au “=" xay ra 2 Vay GTNN cuaAla>s

) , a+b+c£§
Bai 1: Cho 3 s6 thuc duong a, b, ¢ thoa 2

A:a+b+c+l+l+l

Tim GTNN cta a b c
Phan tich:
Do A la biéu thirc d6i ximg véi a, b, ¢ nén ta dw dodn GTNN cua A dat tai
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a=b=c=

1
2

So do6 diém roi:

.1 Ja_b c_1 ..
a=b=c===(|—=—=—=—(((
2 |l a o 2«
Giai:
A= 4a+4b+4c+1—+1—+1— —3a-3b—-3c
a b c
z,e‘\5/4a.4b.4c.1—.1—.1—3(a+b+c)
abc
(12-2=1
2 2
1 13
’ , o a=b=c== . , e
Dau “=" xay ra 2 Vay GTNN cua A la 2
. , a+b+csE
Bai 2: Cho 3 s6 thuc duong a, b, ¢ thoa 2
A=@+b+c+ie iyl
Tim GTNN cua a b c

Phan tich:
Do A la biéu thirc d6i ximg véi a, b, ¢ nén ta dw doan GTNN cua A dat tai

a=b=c==
2

1 . 1...
a:b:c:E:m aZ:bZZCZ:Z(,u,
So d6 diém roi:
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Giai:
1 1 1 1 1 1 3 3 3
A=|P+b*+CP+ bbb [+
a C8a8b 8c 8a 8b 8c/| 4a 4b 4c
1 1 1 1 1 1 3[(1 1.1
R T ST e S S S A=
\/a C8a8b8€8a8b804abc
.9 1 9 91 9 9 27
b=+ —=2—+— —————=>—+—2=—
4 Jabc 4 4 atb+c 4 4 4
3
. , Sa=b=c==
Dau “=" xay ra

27
Vay GTNN cia A la 4

Bai 3: Cho 2 s6 thyc duong a, b. Tim GTNN cua Jab a+b

Do A la bi€u thirc d6i ximg voi a, b nén ta du dodn GTNN cua A dat tai
a=>b

So do diém roi:

a+b Za 2.
a=b=
aab @ «a
_[_a+b  Vab| 3la+b 2/a+b Vab ,3.2Vab_, . 3_5
“\avab a+b| avab  Vavab a*b’ ajap 2 2
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D3au “=” xady ra ©®a=b

5
Vay GTNN cua A la 2

Bai 4: Cho 3 s6 thuyc duwong a, b, c.

_ a b c b+c c+a a+b
= + + + + +
Tim GTNN cua b+c c+a a+b a b c

Phan tich:

Do A 1a biéu thirc déi ximg véi a, b, ¢ nén ta du doan GTNN cua A dat tai

a=b=c

So do6 diém roi:

a b ¢ 1

a=b=c>{(|—=—=—"==(((
b+tc c+a a+b 2
Giai:
_|a +b L +b+c+c+a+a+b +?3_b+c+c+a+a+b

4

b ¢c ¢ a a b
=
a a b b c c

b+c c+a a+b 4a 4b 4c a b C

(.,6§,/a b c b+c c+a a+b+3

b+c c+a ‘a+b 4a 4b ‘4c 4

z,3+§.6.‘\5/9.5.5.9.9.9:3+9:1—5
4 aabbcc 2 2
Dau “=" xdy ra < a=b=c

15

Vay GTNN ctia A 1a 2

Bai 5: Cho 2 so thuc dwong a, b thda a+b=1,

I
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1 1
N > A== 2+2 b
Tim GTNN cua : a+b a

Phan tich:

Do A la bi€u thirc d6i xtimg véi a, b nén ta dw doan GTNN cua A dat tai

a:b:l
2
1 .| 1 .
a=b=—=({——=2(((
- 2 a*+b’
So do diém roi:
Giai:
1 1 1 1 4
= +——>2 >2. = >4
a2+b2+2ab \/(a2+b2)2c1b a’+b*+2ab  (a+bf’
2

ol d4h=2ab il

Dau “=" xay ra
Vay GTNN cua A la 4

Bai 6: Cho 2 so thuc dwong a, b thdéa a+b<1 Tim GTNN cua
A= 1 + 1
1+a’+b> 2ab phan tich:

Do A la biéu thirc d6i ximg vdi a, b nén ta duw dodn GTNN cua A dat tai

a:b:l
2

a—b—l:(}—l —z’(}(}
1+a2+h? 3°

So do6 diém roi:

I
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Giai:

1 1 1

= + +
1+a*+b> 6ab 3ab

&2d1 +1
|1+a®+b?)6ab 3ab

62 1 +1 :4 +1
‘1+d°+b°+6ab 3ab (q+bP+1+4ab 3ab
2
2
b 4 LT lb - Do ab< ﬂ )
2 a+ a+
+b[ +1+4| — -
la+b[*+1+4 ; 315
. 4 4
6 +

2(a+bl*+1 3la+b)?

Dau “=" xay ra Q() 1+a2+b2:60b&{a:bz;éz;

8
Vay GTNN clia A 1a 3

Bai 7: Cho 2 s6 thuc dwong a, b théa a+b=<1 Tim GTNN cua

1 1
A=———+—+4ab
a’+b> ab

Phan tich:
Do A la biéu thirc d6i xing v6i a, b nén ta dw doan GTNN cua A dat tai
a:b:l

2

I
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1 .| 1 .
a=b==—> > 2:Zz,(,(,
. 2 a‘+b
So do diém roi:
1 . .
a:b:§:>o{4ab:1u,<,
Giai:
1 1 1 1
A= 2ab T aab T aab
. 1 1 1
"2J(—az+bz>zab *ZJ““’M*M
o1 1 4 1
“% Pibts2ab - 4ab |qsbP - 4ab
2
4 1 a+b |’
6(a+b)2+2+4ib2 Do ab< > )
2
.5
6(a+b)2+2
é§+2:7
1
2 i
%(H 2l [I=— (- 1
o I
Dau “=" xay ra

VAay GTNN clla A 1a 7

0. BAI TAP TU LUYEN

Bai 1: Cho X=0 | cht'mg minh rang:

I ———
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CAC CHUYEN PE TOAN 9

X+5 59
a) J;::_*dx+1- 1’. b) -.,ix+4

Bai 2: Cho @b¢c=0  ching minh rang:

a) (a+ b)(b+c)(c+a) ::8&‘_)0;

a +Zb+3c:
b) 2b+3c 4a

=1

1,32 3, V20 .0 05

4t

Bai 3: Chimg minh réng: 1 2 3 200

1 1 1 1
5= + + +ot =4
Bai 4: Ching minh rang: V142 J3+J4 J5+6 V79 +/80

Bai 5: Cho a=1 b=l Chtng minh rang: ab- 1+bJa- 1 <ab

Bai 6: Cho 2bc=0 thda méan diéu kién a>c; b>c

,JC((I- c:)+,Jc:(b- c) =+Jab

Chimg minh rang
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