CHUYEN DE 4 - HAM SO MU VA LOGARIT

1. KIEN THUC TRONG TAM
Lity thira va can thirc:

-n

1 : .
a" =— (vé6ia#0vanelN)
a

m . . m .
al- :a; :n[am (VO’l a >0 var :;’nez’nelN )
o =lima" (véi a>0,a€R,r, €Q va limr, =ar),
Khinlé, b =4a o b" =a (véimoi a)

b =0
Khi 7 chan, b =a = ‘|b” _ (v6i a =0).

- Bién d6i Iy thira: Vi cac sé @ >0,b>0,a va f tuy y, ta co:

g g g -p r g
a“a’ =a“";a"  a’ =a“";(a") =a”

(ab) =a“b";(a:b)" =a” : b

-Sosanh: Néu 0 <a <b thi: a” <b” © a>0,a“ >b" © a <0
Logarit:

- Logarit co s6 a: @ =log, b < a“ =b (0<a #1 va b>0)

- Logarit co s6 10: log, b =Igb hay logh

- Logarit co sb e: log, b =Inb(e ~2,7183)

- Tinh chét: log,1=0 va log,a” =b véi a >0,a #1,

a®’ =p voi a>0,b>0,a #1.

- Bién d6i 16garit trong diéu kién xac dinh:

log, (b.c) =log, b+log, c

1] =-log,c

log, b =log,b- log, c,log,| —
c c

log, b” =alog,b (v6imoi @), logﬂ/g =llogab (neN)
n

- Bai co so trong diéu kién xac dinh:
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Ogaz hay log, b.log, x =log, x

a

log, x ]

1 1
log, a :@ hay log, b.log, a =1;log . b :;loga b

a
Ham s0 liy thira y =x“:
Lién tuc trén tap xac dinh cua no

Pao ham (x*)' =ax™",(u") =au""u";

(4/;)/2{/IIT(X>O):(Q/;)/:”u—\/%,véiuzu(x)>0.
nA/ x niu

Ham s y =x“ ddng bién trén (0;+00) khi & > 0; nghich bién trén (0;+00) khi @ <0

Ham s6 mii:
Lién tuc trén tap xac dinh IR, nhan moi gia tri thuoc (0;+00).

+o  khia>1 0 khi a >1

lima® = ) ;lima* = .
ot 0 khioO<a<l »—-= +0  khi0<a<l

Pao ham: (a*) =a*na;(e*) =e';
(a“ )’ Za“u'lna;(e“ )’ =e"u' voi u =u(x).
Pong bién trén IR néu a >1, nghich bién trén R néu 0 <a <1.
Ham s6 logarit ¥ =log, x:
Lién tuc trén tap xac dinh (0; +00), nhan moi gia tri thudc IR.

+00 khi a >1 _ - o0 khi a >1
lim log, x =

lim log x =
08 +o khi0<a<l

X— +00

o khiO<a<l’ s

(na) = (infxf) =

1
xlna

Pao ham (log, x)' =

(loga u)' =u—;(lnu)' :u—;(ln|u|)' =4 voi u =u(x),
ulna u u

Ham sé y =log, x ddng bién trén (0;+00) néu a <1 , nghich bién trén (0;+90) néu 0<a <1.

Gidi han:

In(1+
lim | 1+2| =Ze:lim® 1:1;1imu -
X— +0 X X x—0 X
x—0
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2. CAC BAI TOAN
Bai toan 4.1: Thuc hi¢n phép tinh

1

L
125

3 115 L B e A%
| 53| B=0.001% - (-2)" 64 - 8 2 +(9")

A :81-0,75 +

Huéng din giai

4=(G)) "+

-1 -3
=(3)" + LI [l] = 1isg=t. 3280
5 2 27 27 27
_3 ] s 1 111
B:(IO) 22 (2) (2)%+1—10 222441 =7 —=—.
16 16
Bai toan 4.2: Pon gian biéu thuc trong diéu kién xac dinh:
1 7 1 5
] a7 1 .5 3.5
P:f 11'\/?-\/5‘“4+1;Q:a1 614_612 al
Jiegr Vatl C-d di+d’
Huéng din giai
(Va+1){a-1) 4a({a+1)
= AJa+1=Va-1+1=Va
Ja(fa+1) ~ (a+1)
_a (1 az) a (1 az)
=(I+a)- (- a) =2a
3(1 a) 3(a+1)
Bai toan 4.3: Truc cin ¢ miu
1 1
Q) ——— b
NP )Q/s- 13++/48

Huwéng din giai
I B3-3 (B-V2)GB+20+4)
V2433 -2

1
b) Vis- 134448 =5- (23 +1) =4- 243 =(\3- 2)

a)
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. 1 B _
G-Viedms B -

L iWBE-1) (Be)s- 2B
2

Bai toan 4.4: Khong dung may, tinh gia tri ding:

a)

b)

8) \15+646 ++/15- 66 b) 7+5v2 - 7- 542
Hudéng dén giai

Tacs (332 £23) =18 +12 +126 =30 1246

. _3W2+23 32- 243
nén \15+6v6 +/15- 66 = 7 =6

Cdch khic: Dit 15+ 636 +1/15- 64/6 =x;x > 0-

Tacod x* =30+2+/225- 216 =36 nén chon x =6.
Taco: 7T+5v2 =1+342+6+2v2 =(1+2)

Tuong tu 7 - 572 2(1- \/5)3
Dods J7+5v2 - J7- 542 =1+2- (1- V2) =242
Cdch khde: Dat x =37 +542 - 37- 542 . Ta co:

© =7+5v2- (7- 542)- 3(3f7- 5v2 - 37 +5\/5).[g/(7 +52)(7- sﬁ)]

—10v2 +3(7+52 - 7 592 ) =1042 + 3«

Ta c6 phuong trinh:

X-3x-1002 =0 = (x- 2\5)()5 +2\/§x+5):0 o x =242

Bai toan 4.5: Tinh gon

a)

b)

a)

449 +2046 + 449 - 2046
‘\‘/2+\/§+2\/2+\/§ +i/2+\/§- 242 +4/5

Huwéng din giai

Taco 449 +20v6 =425 +10v24 + 24 =(5+26)
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(5 va) =544

Tuong tu: $/49- 2076 =43 - v/2 (do 3 >42)
Suy ra 449 +204/6 + 449 - 2046 =243

b) DétM:{/2+\/§+2 2+\/§,N:§/2+\/§—2 2445
Taco: MN =§/(2+x/§)2 - 4(2++5) =1

M+ N 24425 = M*+ N2 + 207N =6+ 245 =(/5 +1)

2

= M*+N* :\E+2:> M2+N2+2MN:\E+3: J§+1
2
Vay §/2+\/§+2\/2+\/§ +§/2+\/§- 242 ++/5 :M”N:ff/;-
Bai toan 4.6:
1|./]23++/513 23- /513
a) Cho x == i/ +i/ -1|.Tinh 4 =x* + % +1
3 4 4
by Tinh g = tY3 , 648 k4 VE - 200 +~/9999

\ﬁ+\/§ JE+\/Z ...+\/m+\/m+...+—\/®+\/1(T1

Huéng din giai

2) it 4 _ 2344513 b _,23- V513
4 4
23

= g +b 27, ab=1va3x+1l=a+b
Vi Gx+1) =27x° +27x% +9x +1
=27 + x* +1)+3Bx +1)- 29 nen

P CBx+1)-3Bx+1D+29  (a+5) - 3(a+b)+29

23 29
_a +b +3ab(a+b)- 3(a+b)+29 _7+ _3
= 27 22
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b) V6imoi k =2 thi
Y /e {(\/H)z+(x/k+l)2+\/(k-1)(k+1) (Vi +1-k-1)
NN Wi 1+ D)1= Jk-1)

:\/(k+1)3 - \/(k— D' 5o ds
2

Y NN N N N N N N e T

3 -
o NS TN T A LU
999 +1014/101 - 24/2

2
X_ -X X + -X )C_ - X
Bai todn 4.7: Cho sh(x)=2"2 - ch(x)=2 "% . 1h(x)=2L"%_ y6i a>0,a #1. Ching minh
2 2 a +a”
2th(x)
ch?*(x)- sh*(x) =1, thQQx) =———"".
’ 1+th* (x)
Hudéng din giai
x+ -X 2 X X 2
Taco ch’(x)- s’ () =| 22| - | £ 2“
_a2x+a-2x+2_ a2x_ a-2x+2 _4 _1
4 4
2 2x -2x
XX Z(a +a )
Taco: 1+1h* (x) =1+ a a_ =— >
a +a’ at+a 7 +2
2th(x) a -at a+a T +2

nén 1+th2(x) - a +a* '2(a2x +a-2x)

_Z(ax -a)a - a'x)2 _a¥-a’

_2(ax +a-x)(a2x _ a-zx) _azx +a_2x :[h(zx)

Bai toan 4.8: Cho s tu nhién # 1¢, chimg minh:

P 1 1 1 o1 1 1 1
a) Néeu —+—+—= thh —+—+—=———
a b ¢ a+b+c a b" " a"+b"+"
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, 1 1 1
b) Néu ax" =by" =cz", ;+;+— =1 thi: /gx"! +by”'1 +cz"! ZQ/E +4/E +4/E
z

Huéng din giai
N 11 1 1
a) Tu gid thietsuyra —+— = Sl
a b a+b+c c

= (a+b).(a+b+c)ec=abc- abla+b+c)= (a+b)b+c)c+a)=0

= ¢062s0doinhaumatacoénlé = dpcm.

b) VTZfJax +by + & :{/ax” l+l+l =Yax" =xtla =yi/b =z4/c
x oy oz Xy z
I 1 1
= VT | —+—+— :%+%+Q/E=> dpem.
X y z

Bai toan 4.9: Tinh:
a) 310g318 :18_3510g32 :310g325 :25 :32

1]10225 :(2_3)10g25 :2(-3)1og:5 :210g:5'3 :5—3 :L

3 125
1 5
g

1 6
b) —log.36- log.14- 3log. /21 =log7
) ) g5 g7 g, g 1421

log, 2°

=2 =32.

1 log, 52
5l -

=log, 7% =-2.

Bai toan 4.10: Rut gon cac biéu thirc:
a) A =log,2.log,3.log,5.log, 6.log, 7
b) B ZaJ@ - bm
Hudéng dén giai
a) A =log,2.log,3.log,4.log,5.1og, 6.log, 7
_ log log3 log4 log5 log6 log7 _log2 _
log3 log4 log5 log6 log7 log8 log8

b) Dit x =/log b = log,b =x"= b =a"

1 1
log, 2 zglog2 2 :§

1 1
Mait khac log, a == Jlog, a =—
X X
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2

Do do: B=da"-da

< —

=0

Bai toan 4.11:

a) Cho log 15 =x,log,,18 =y tinh log,; 24 theo x, y

b) Cho a =log,3,b =log,5,c =log, 2 tinh log,,, 63 theo a, b, c.

Huéng din giai

_log,3.5 log,3+log,5 log,2.3> 1+2log,3
a) Taco X = = vay= T =
log,2.3 1+log,3 log,2°3 2+log,3
2y-1 +1- 2y +
Suy ra log, 3 :y—;log2 5=2 YT
2-y 2-y
log,2°3 _ 5-y

5 log,. 24 = =
Do do 1082 log,5"  2(x+1-2y+xp)

b) log,,, 63 =log,,, (32'7) =2log,, 3 +log,, 7

_ 2 b _ 2 1
log,140 log,140 log,(225.7) log,(2°5.7)

2 1
= +
2log,2+log,5+log,7 2log,2+log,5+1

Ta co log, 2 = zl,log7 5 =log, 2.log, 3.log, 5 =cab ;
log,3 a
log,7 = ! = ! :L
log,3 log,2.log,3 ca
log,, 63 = 2 N 1 _ 2ac +1
Va 2,p+e L 2c+cab+l abc+2c+1
a ca

Bai toan 4.12: Cho cac sd thuc a, b, ¢ thda man:
a10g37 :27’b10g7 11 :49’010};ll 25 — /11
Tinh 7 :a(log3 77 +b(log711)2 + c(]og1125)2
Hudéng din giai

Ta co:

log, 7 log, 11 1 25
T :(a logy 7 )0g3 + (blog7 11 )0g7 + (Clog“ 25 )og”
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og, 25

3 I 1
=277 44901 4 (J11)™7 =70 +11° +25° =469.
Bai toan 4.13: Trong diéu kién c6 nghia, chimg minh:

a) alogt,b :blog(‘ a

1 1 1 1 n(n+1)

b) + + +...+ =
log,b log b log .b log .0 2log,b

Huwéng dan giai
a) alog(, b :blogl7 g%t :blog‘, b.logy a :blogc a

1 2 3 n
+ + +..+
log,b log,b log,6b log, b

b) VT =

1 _n(n+1)
log, b 2log,b

=(1+2+3+...+n).

Bai toan 4.14: Trong diéu kién c6 nghia, ching minh:
a) Néu ¢’ +¢* =p” thi log,, a+log, .a=2log,, alog, .a.

log,d-log,d log,d

b) Néu a,b,c 1ap cap s6 nhan thi =
) Neéu ap cap so nhan thi log,d-log.d log.d

Hudéng dan giai
a) Theo gia thiét: @’ =(b- ¢)(b+¢). Xét a =1: dung.

1 1

+ =2
logb- c a logb+c a

Xét a #1 thi log, (b- ¢)+log, (b+c)=2>

nén 1Ogb+c at logb- c a :2 10gb+c a'logb- c a

C

b) Taco _ 1 I _ b
log, d-log,d = - =
& & log,a log,b (log,a)(og,b)

A

log, b ) log, ¢ _(logdb)(logdc)

log,

log,

Tuong tu: log, d - log, d = 1 1

Cc

=log,

q

. 2 c b
Vi a, b, ¢ 1ap thanh cap s6 nhan nén — =— = log,
a a

log,d-log,d log,c log, d
log,d-log.d log,a log,d

Do do6
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Bai toan 4.15: Cho x, y, z, a 1a cac s6 thuc duong d6i mot khac nhau va khac 1. Ching minh:

a) Néu log,x =1+log, x.log, z, log, y =1+log, y.log, x thi:

A :10g£x.loga y.log, z.log a.log a.log. a =I,
N a a )
x(y+z-x) yG+x-y) z(+y-2)

b) Néu
log x logy logz

thi x”.p" =y°.z" =z .x°

Huéng din giai

a) Tir gia thiét, ta co: log, x =1+log, x.log, z

1 1

= log, x = = . =log, z
1- log, z log, ¢ Z
z
Do db: log alogﬁ z :1. Twong tu log, aloggx =1
1
Ma log, y =1+log, y.log, z nén log, y =1+ £V - log z = 08, Y
- log, z log,y-1
= log,z =l+log, y.log, z
Tuong tu trén, ta cling co log. a logg y =l . Do dé
y

A4 =|log, x.log, a|.|log, y.log.a|.llog, z.log a| =1

b) Néu mot trong cac sdX+¥-Z,V+z- X,z+X- Y bang 0 thi ca ba sé6 déu bang 0 va din dén

x =y =z =0, mau thuén.

Dodo X+y-z,y+z- X,Z2+x- ¥ khac 0.
x(logy).(y+z- x)=y(ogx).(z+x- y)

Tir gia thiét thi: { y(logz).(z+x- y) =z(logy).(x + y- z)
z(ogx).(x+y- z) =x(ogz).(y +z- x)

Tacé: x(logy).(y+z- x) =y(logx)(z+x- y)

y+z-x
= xlogy + ylogx =y(logx). z+x—-y+1
y+z-x
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= xlogy+ ylogx =y(10gx).L
Z+x-y

2x

Z+x-y

Tuong tu ylogz +zlogy =z(log y).

Do do: x".y" =y°.z" @ xlogy+ ylogx =ylogz+zlogy

2z 2x
< ylogx.——— =zlogy.——
yt+z-x z+x-y

= y(logx).(z +x- y) :x(logy)(y +z-Xx): ding
Chirng minh tuong tu: y*.z" =z".x".
Bai toan 4.16: Cho cic s thuc @ b ¢ théa min l<a<b<c. Ching minh rang:
log, (log, b)+1log, (log, c)+1log, (log.a)>0.
Huéng din giai
Vi 1<a <b nén log,b>1= log, (log, b)>1log, (log,5)>0
Taco 1<a<c nén log a<l
Suy ra 0> log, (log, a) > log, (log, a)
Do do log, (loga b)+ log, (logb c)+ log, (logc a)
>1log, (log, b) +log, (log, c) +log, (log, a)
=log, (log, b.log, c.log,a) =log, (1) =0

13
,x>0.

J2
x3 +x\/;

Bai to4n 4.17: Trong khai trién nhi thirc P(x)=

a) Tim hé s6 cua x" b) Tim so hang khong chira x

Huéng din giai

5 13
S6 hang tong quat cua P(x) =| x 3 +x\/; la:
2\13K . 13k- 52
T :Clk3 x’ (X\/;) :Clks-x ¢
. 13k - 52
a) Hésocua x" ung véi T =13 < k =10 la:
T, =C) =286.
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b) S6 hang khéng chira x tng véi 13k - 52 =0 & k =4 1a T, =C;; =715.

6
1
Bai toan 4.18: Trong khai trién nhi thae | Vx'#**" + x , biét s6 hang thir tw bang 200. Tim x?

1
PK: x>0,x #E. Ta cO:

6
[ L
ceel gl =

1

Huéng din giai

6
e | o S i e
2(lg x+1 I'e) ko 2(gx+1 1
X x| = Y CEx T
k=0

S6 hang thir 4 tmg voi k =3, theo gia thiét bang 200 nén:

'3 e 7+lgx
C§x2(lgx+l) 4 :200 PN x4lgx+4 :10 PN —glgx :1
4lgx+4
e x+3lgr-4=0e BT o [T o
= X X = =V <= .
g g lgx =-4 10 (Chon)
Bai toan 4.19: Ching minh cac gioi han:
* - log (1+
a) lima ! =Ina;lim g”( x) = !
=0 x x=0 X Ina
X n + _
by lim|1+%| = lim it -1 _4
xX— 400 X x—=0 X n
Huéng din giai
ax _ Ina* _ xlna _
a) lim =lim =lim Ina =lna
=0y =0 x =0 xlna
. log, I+x) . In(1+x) 1
lim——— =limlog e =
x—=0 X x=0 X Ina
: al’ .. 1 a
b) lim|l+—| =lim||]l+— =e
xX— +0 X X— +00 {
a

YJl+ax-1 l+ax+1

lim =lim

x=0 X "‘Hox({/(1+a!x)”_l +{/(l+ax)n_2 +---+1)

NN
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Bai toan 4.20: Tim cac gioi han sau:

2x _ S5x X X _
a) lim<—¢ b) limﬂ
—0 X 03" 457 -2
Huéng din giai
2x _ 5x 2x _ Sx _
2 lim® =tim| L oy 523
x—0 X x—0 X X
-1, 5°-1
=03 457-2 03 -1+5 -1 In3+In5 Inl5

X X

Bai toan 4.21: Tim céac gidi han sau:

Vi In(1+3x?) b) lim 6 -3
a £1£13m ) =0 In(1+6x)- In(1+3x)

Huéng din giai

. In(1+3x?) , ln(1+3x2)
a) lim =lim 3
=0 1-cos2x 0 2sin"x

1. 31n(1+3x%) sinx 21 3
=—lim 5 : ==
2 x=0 3x X 2
. 6" - 3" (6 -1 37-1] [In(0+6x) In(1+3x)
lim =lim - : -
=0 In(1+6x)- m(143x) 0 X X X X
1
=(In6- In3):(6- 3):51112.
Bai toan 4.22: Tim cac gioi han sau:
a) lim |1+ by Tim | 3
X— +00 x-3 X— +00 .X'+1
Huéng din giai
x 1 x-3 %
a) lim|1+ =lim ||+ =¢' =¢
xX— 400 X - 3 xX— 400 X - 3
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2x

x4 |l
2
+ X
) lim| 3| =tim |1+ —lim || 1+ =¢?
xX— 40 x+1 xX— +m x+] xX— +m x+1
2

Bai toan 4.23: Tim cac gioi han sau:

22 3 2 1
o lim b) fim| < X2 |
=0 ln(1+x ) 0

Huéng din giai

e o+ e -1 A+xt-1 In(1+x*)
a) lim : =lim - 5 : 5
x—0 ln (1 +x ) x—0 X X X
. e 1 n(+x?) 7
=lim| -2 —- - : > = —
x—0 -
2x {/(l+x2) +31+x% +1 X 3
a*+b* |
2
13 _ x
. ax + bx X a)( + b_x a.\?+bx_
b) lim ] = 1+ -1] : !
x—0 x—0 2
ax‘+bx'-1
P a"—l+bx—l Ina+inb
=lime * =lime?2* 2¥ =¢ 2 =¢"V® =ab
x— 0 x—0
1
Ao |lat+b"|*
Vay llII(} =Jab

Bai toan 4.24: Tinh cac gidi han sau:

o fim| - L b) lim (1 + )™
=1 x-1 Inx 0
Huéng din giai
, 1 1 . Inx-x+1
a) Iim| —- — | =lim—«—
=1l x-1 Inx =1 (x- Dlnx

voi 0<a,b #1,
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1

o (nx-x+1) ;-1
=lim =lim
x—1 ((x- l)hlx)' x—1 lnx+X' 1
X
_ 1- x , a-x) -1 1
=lim——— =Ilim =lim =-—
—ilnx+x-1 1 (xlnx+x-1) ~lnx+2 2
(ev)  (Gen)
. In(1+ In(1+x))
b) Ta co: lim(cotxln(l +x)) :limix =lim— :1im1q+7x =
x—0 =0 tanx x—0 ([an x)' =0 fan~ x+1

cot xIn(1+x) _elirr})(cotxln(l+,x))

A . cot .
nén im(+x)" " =lime =e
x—0 x—0
Bai toan 4.25: Tim cac gidi han sau:
e 5
a) lim (cos x )22 b) lim(cos3x)
x—0 x—0

Huéng din giai

: In(cosx) (In (cos x))' . -tanx ’ (- tanx)
Ta c6 lim =lim =lim =lim—————
a) Taco I 2x> =0 (2x2 )r =0 4y =0 (4x)
_ - (tan2 x+ 1) 1
=-im=—-——— = —
x=0 4 4
In(cos x) im In(cosx) l
Nén lirr(}(cosx)? :linge Wzt Wz 4
( ) ( ( )) 15sin3x
. SIn(cos3x - BlInlcos3x)) .~
b)) fim——""" —|im —]im—<083x  _
x—0 X x—0 (_)C)|I x—0
5 51n(cos3x) lim 5(111(005 3x))
Nén ling(COSSx)? :linge e |
Bai toan 4.26: Tinh gigi han sau:
Inx In (er'”)
a) lim ! b) im——=
xX— 40 X - x2_l o X-J
Huéng din giai
L |
. 1 Inx . T
a) lim —2] =11m(x+\/x2+1)1’
X— 400 X - x? - 1 X— 40
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1

ln(x+m)

2
I3 . . +
Taco: lim =lim Nx 4+l
X— +00 nx X— 400 l
X
L
V" 1 Inx |
ay: lim | ——— =e =e
x— +0 X - /xZ _ l
. . . 7" . Ina"-Ina”
b) lim ln(ﬂx ”):hm In— =lim—
T X - T T X-T T o X- 7

pit g¢(x) =Inz* thi g(7) =Inz va g'(x) =Inx

Theo dinh nghia dao ham ta co6:

lim In 7 :1img(X)- g(r) =g'(7)=Inx
ST X- g T X-1T

Bai toan 4.27: Tim dao ham ctia ham s0 sau:

v 2°-27"
a) y :x2 e4x+1 b) y :2x+2-x C) y :xs_ 5 4 x*

Huéng din giai

IxZe*™  2x [ (x+1De* + 1]
a) y'=2xve' +1+ =

(2'm2+2"m2)(2 +2)- (27- 2°)(2*In2- 2*In2)
(+2)

b) ¥'=

@+2)-@-2) L 4w
(2 +27) (2r+27)

¢) Taco y=x - 5 +x" =x"- 5" +&"™" nén
' =5x"- 5 InS+e™ (Inx+1)=5x* - 5*In5+x"(Inx +1)

Bai toan 4.28: Tim dao ham ctia cac ham so sau:

a) y :ln(x+\/x2 +a2)

b) ¥ =log (- x* +5x+6)

2tan x

C) Yy =cosx.e
Huéng din giai
Trang 16



X
I+——

a) y': X2+a2 = 1

X+ +dE N+

P -2x+5 — -4x+10
b) (- x> +5x+6)Iny/3  (-x* +5x+6)n3

2tan x 2 tan x 2tan x

c) y'=-sinxe " +——e " =e
COS X

- sinx

COS X
Bai toan 4.29: Ching minh:
a) Néu y =e™ +2¢ " thi: y"- 13- 12y =0
2
b) Néu y =%+%x\/x2 +1+Inyx++vx>+1 thi: 2y =xy'+Iny’
Huéng din giai

a) y'=4de* - 2e ", y" =16 +2¢ ", y" =64e™ - 2¢”" nén:

ym 13y 12y =(64e* - 2¢7)- 13(4e* - 2¢77)- 12(e* +2¢77) =0

X

x> +1

X

NS 2(x+\/x2+1)
2

2x~ +1 N | =x+m

=x +
2\/x2 +1 2\/X2 +1

Do do, ta co: 2y =x> +xyx* +1 +ln(x+ x’ +1)

xy' :x2 +x\[x2 +1 VE‘[ lny' :ln(x+ \/Xz +l)

= 2y =xy'+Iny': dpcm.

5 1+
+

b) y'=x+% X1+

Bai toan 4.30: Tim dao ham cip » ca ham sb
a) y =5 b) y =1r1(6x2 - Xx- 1)
Huéng din giai
a) y'=(kIn5).5";y" =(kIn5) .5

Ta chirmg minh quy nap: y(") =(kIn5)" .5"
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| 1
b) Véi x <- — hodc x>—:
3 2

y =In(Qx- DGx+1)) :ln|2x- 1|+1n‘3x+1|

1 1
= y'= +
7 2x-1 3x+1
, . ™ ) mla”
Ta chiing minh quy nap th —m
q w G- G D" (- D13
uyra )y = - -
Y (2x- 1) Gx+1)

Bai toan 4.31: Tim khoang don di€u va cuc tri ham $6:

X

a) y =< b) y =x’e "
X
Huéng din giai
Tx-1
a) D :|R\[O} , y' :Lz),y' =0 x =I.
X

BBT

X - o0 0 1 +00

y' - - 0 +

y +00 +00 +00

\ -0 \ e /

Vay ham s6 nghich bién trong cac khoang (- 00;0) va (0;1) dong bién trén khoang (1 +00), dat CT (1;e)

b) D=R,y' :(2x— xz)ex,y' =0 < x =0 hoic x =2.

BBT
X - 0 0 2 +00
y' - 0 + 0 -
Y +oo 4e?
\ 0 / \ .
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Vay ham sb ddng bién trong khoang (0;2), nghich bién trong cac khoang (- 0;0) va (2;+%), dat CD
(2:4¢), c1 (0;0).
Bai toan 4.32: Tim khoang don di¢u va cuc tri ham s6:
a) y=ln(x2- l) b) y =x- In(+x)
Huéng din giai
2x

a) D:(-oo;-l)U(l;+oo),y': ]
x -

Khi x <-1 thi ¥'<0 nén ham sb nghich bién trén (- o0;- 1)
Khi x >1 thi »"'>0 nén ham sb dong bién trén (1; +00)
Ham s khong ¢o cuc tri.

1
b) D=(-L+w),y'=1- — =2 =0 e x =0
I+x 1+x

y'>0, Vx € (0;+%0) nén ham sé dong bién trén (0;+0)
y'<0,Vx€ (- 1;0) nén ham sé nghich bién trén (- 1,0)
1

Taco V" :m >0 nen dat cyc tiéu tai x =0,y., =0.

Bai toan 4.33: Cho g, b, c 1a cac sy thuc duong. Chiing minh ham $b

X X X
a b c A < A 7.2 :
f(x)= + + dong bién véi moi x duong.
X X X X X X
b*+c* c'+a' a"+b

X

' _ax.lna(bx +cx)- a’ (bx.lnb +cx.lnc)

a
Ta co b+ (bx +cx)2
_a'b’ (na- nb)+a*c*(na- Inc)
(b +c)
x *»*(na- Inb)+a‘c*(na- Inc)
Dodéf'(x):Z Va! : :2 a a ac; a c
sym b +c sym (br +C~r)

a'b*(na- nb) ab*(na- Inb)
:Z N2 - 2
sym (b’r + c*) (ax +cx)
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Z 5" (In 1nb)(ax b )(a" thr 2CX) >0
- a ar-
sym (ax + C)r )2 (b‘r + C)r )2

Bai toan 4.34: So sanh cac sb:

a) {13 va 323 b) /7 +15 va V10 +3/28
Hudéng din giai
a) 413 =313 =%371293;323 =¥/23* =¥/279841
Ta c6 371293 > 279841 nén 413 > 323

b) Y7 +15<2+4 =3+3 <10 +328

Bai toan 4.35: So sanh cac sd:

1 445
a) 3900 va 540 b) | — va 3732
J3
Huéng din giai
a) Taco: 3 2(33)200 =27"" va
5400 :(52 )200 =250 vy 390 5 540
445 25 1 32
b) Tacd | — —[— va 3732 :[_]
3 3
2 2
Taco 332 <245 o (3v2) <(245) & 18<20: ding
1 245 1 32 1 445
Vicosd 0<—<1 nén | — [—] = | — <3'3ﬁ.
3 3 NE)
Bai toan 4.36: Hiy so sanh céc so:
1
a) 10g3 4 va 10g4§ b) 310g611 va 710g60,99

Huéng din giai
1 1
a) Taco log;4>1va 10g4§ <0,suyra log,4 > log4§
b) Taco logs1,1>0 nén 3% 5 3% =1 (vi 3>1)va log;0,99 <0 nén 7°%°° <7° =1 (vi 7>1).
Suy ra 3" >7log, 0,99.

Bai toan 4.37: Hiy so sanh cac so:
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a) log, 27 >log, 25 b) log, 9 >log, 25

Huéng dan giai
a) log,27>log, 25 >log, 25
b) log,9 =log, 3 =log, 27 > log, 25
Bai toan 4.38:
a) Sosanhhaisd 1'+2% +3° +...4+1000'°° va 22222
b) Chimng minh véin s62, n>6 thi 22‘"2 > 000 D22
Hudéng dén giai
a) Ta thdy rang 22222 o2 2"
Ma 2'° =1024 >1000,2° =64
= 21 =2"%2° > 64000 nén 52" Heam
Mit khac: 17 +2° +3° +...+1000'” <1000.1000"*" =1000"""

1001
< (210) :210010 < 264000

Tirdo suy ra 22222 >1°+2%+3° +...+1000""
b) Ta ching minh quy nap 2" > n, Vn >6
Véinsd 2, dit a, =2 b, =222..2%2

Tacod 222..2<10" <2* nén
bn < (24;1 )2 ! :24;1.24” < 225”

Vamitkhic g _, - 5n>2%" =822 52" - 2" >0

ap-2

>27" > b,. Ta c6 dpcm.

Bai toan 4.39: Chirng minh:

a) log, (n+1)>1log,,, (n+2) vi moi s nguyén n >1
b) 4" +b" <c",néum>1, a+b=c véi a>0,b>0

Huéng din giai

1+l
n

1+l
n

a) A=log, (n+1)=log n =l +log,
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B =log,, (n+2)=log,, (n+ 1|1+ =l+log,,, 1+L
n+l n+l1
1 1
Taco l+—>1+ = log,|1+—|>log, |1+
n n+l n n+l
1 1
Vé logn 1+— >10gn+1 1+—
n+l n+1
1 1
= log, |1+—|>log,, |1+——| .Doddé A>B.
n n+l
/4 m m m a " b "
b) Tacdé a”" +b" <c @[— +—| <1
c c
. . a b
Maa+b=c,a>0,b>0nén 0<—<1,0<—<1
c c
m 1 m 1
Suy ra véi m >1 thi 4 <& ,é] <[é]
c c c
Tu do6 ta co: [ﬁ + é <ﬁ+é:1
c c c

Bai toan 4.40:
a) Cho a,b,c >0.Chimg minh ¢ p° c¢ >a’ b .c*

b) Cho a, b, c 1a d§ dai cac canh cta tam gidc nhon. Chirng minh:

2

b +b3

2
, 2
c+c?

2

+ >a’ +a?

Hudéng din giai
a) Giasit @ =max|a;bic] .
_Xét a =b >c:BPT o g pr ¢ >0
Via>=b=>c>0nén g’ p"¢ >c* b p>¢ =@
_Xét a >c >b:BPT o g%b =peb oo

Vi a>c Zb >0 nén bc-b'ca-c <ac-b'aa-c :aa-b

b) Khong mat tinh tong quét, ta gia st a 1a canh 16n nhat trong cac canh cua tam giac. Khi do, ta co

2 5 2 2, 2 22
a > >C,a3>b3>c3nen'
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2

b* +b3

2
2 R
>c +c3 va

2
, 2
a +a’?

2
, 2
c”+c?

2

+ + >b> +b3

Do a, b, ¢ 1a 6 dai c4c canh ctia tam giac nhon nén A% +¢* > ¢°
1 1 1
1 1 Lo 3 3.3
x=a’;y =b%;z =c3 thi y° +z° >x
. 2, 2¥ 6, _6 2 2(.2, 2 6, 6 3_3 3 3V 3V 6
Ta co: (y +2%) =y’ +z +3y°z (y +z )>y +z +2yz =(y’+z’) >(x3) =Xx

2 2 2

Suyra y* +z° >x” hay b3 +¢3 >3 = dpem.

Bai toan 4.41:

a+b+c

a) Cho a,b,c>0.Ching minh (gpc) 3 <g®b’c

b) Cho4sé x,y,z,t€

1 .
Z;l] . Chirng minh:

+log. +log, =

log,

1
Z‘-_
4

- +log | z- L xX- —
Y Rt 4
Huéng din giai

a+b+c
a) BDT o log(abe) 5 <log(a®b’ct)
o (a+b+c)loglabe) S3(loga“ +logh’ +logcc)

= (a+b+c)loga+logh+logc) <3(aloga+hblogh +clogc)
e (a- b)loga- logh)+(b- c)(logh- logc)+(c- a)(logc- loga) =0

BDT nay ding vi co s6 10>1 nén x =y >0 = logx =logy hoic 0<x <y= logx <logy nén
(x- y)(ogx-logy) =0, Vx>0,Vy>0.

2

1 .
b) Ta co: >0= a- 2 <a® voi moi a.

1
a— J—
2
L1 s g .
Vavi Z<x,y,z,t<l nén ham nghich bién, do do:

VT =log, y* +log, z* +log_ 1* +log, x°

:2(logx y+log, z +log. 1 +log, x)

ZS.Q/logx y.log, z.log_t.log, x =841 =8,

Bai toan 4.42: Chirng minh:
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a) i >m+1),YnelN,n>3

b) dx" +y" =Y x" + ™! v6innguyén, n =2 va X,y >0,
Huéng din giai
a) V&i n€IN,n >3 bit ding thirc twong duong

n+l n

(m+Dinn>nln(m+1) >
n nn>nln(n @ln(n+1) =

Inx-1 >0

Xét f(x) = tren (3;+%0) thi f'(x) =

In® x
Do d(’)fdéng bién trén (3;+0) nén: n+1>n>3= f(n+1)> £ (1) (dpem)
b) Véi x =0 hodc ¥ =0, bit ding thirc dung.

Véi xy >0, bat dang thic can chimg minh twong dwong voi

</1+ i n 2n+\1/1+ 5 " . Xét f(z)—% vi 1 €(0;+00)
Tacs S (z)—“\/(lﬂn'jl;(1 (/(z””)’ll f(D=0er=1
BBT
x 0 I +00
@) 0 + 0 -
f@ / \
1 1

Suyra f(t) =1 v&i moi t€(0;+0) = dpem.

Bai toan 4.43: Chung minh cac bat dang thirc sau véi moi x >0
x2
a) e >x+1 b)ex>1+x+7

2
¢) In(1+x)>x- x?

Huéng din giai
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a) Xéthamsé f(x)=e"- x- 1,x >0 thi /'(x)=e"-1>0, Vx>0 nén fddng bién trén (0;+00) vi flién

tuc trén [0; +00) nén fddng bién trén [0; +0):x>0 = f(x)> £(0)=0- dpcm.

2

b) Xét f(x)=¢" - % x-1x=0thi £'G)=e - x-1,

Theo cau a) thi f'(x)>0 nén fddng bién trén [0; +00).

x>0= f(x)>£(0)=0: dpem.

2
¢) BPT: In(1+x)- x+x7>0, Vx>0

2
X

>0

2
Xét f(x) =In(1+x)- x+x—,x >0, f'(x) =
2 I1+x

va f'lién tuc trén [0; +00) nén fddng bién trén [0; +00)
Dodo: x>0= f(x)> £(0)=0- dpem.

Bai toan 4.44: Ching minh:

a) 4sinx +2tanx S /23x+2’Vx€ O,%]
x X L. .
b) e >27 VO1 mo1 x
X -2x+2

Huéng din giai

a) Ap dung bat dang thirc Cosi:

sin x tan x sinx Atanx __ 2sin x+tan x+2
geins g puns > fpsnx puns — [

Ta can chitng minh: 22$n+anx+2 5 93542 oy D gin x + tan x > 3x

Xét f(x) =2sinx +tanx - 3x,0 <x <%

f'(x)=2cosx + 1, - 3>2co0s” x+ 1, -32242-350
COS™ X cos” x

x>0= f(x)>£(0)=0: dpem.

nén £ dong bién trén

O;z
2

b) Néu x <0 thi BBT ding. Néu x >0, vi x> - 2x+2 >0, Vx nén

BDT © x° - 2x+2>iX.Xét F(x)=x"-2x+2,x>0
e
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F'()=2x-2,7'(x)=0 = x =1.Lap BBT thi min £ (x) =£ (1) =1

X - X 1_
Xét g(x) =£x,x>0,g'(x)=e 2xe = x_x;g'(x) 0 x =1
e e e

X

1 .
Lap BBT thi max g(x) =g(x)=—. vi min £ (x)>max g(x)= dpem.
e

Bai toan 4.45: Ching minh céc bat dang thirc sau:

2
. X
a) e +cosx =2+x- 7,Vx

b) e -¢" Z2ln(x+\/1+x2 ), Vx >0

Huéng din giai
I x2
a) Xéthamsd f(x) =e" +cosx- 2- x+7,D =R

'(x)=e" - sinx-1+x;f'(x) =0 = x =0
f"(x) =e" +1- cosx >0, Vx nén f'(x) ddng bién trén IR, ta c6:

7'(x)< 7'(0) =0, Vx; f'(x) > £'(0) =0, Vx > 0.
BBT:

x -0 0

7'(x) - 0 +

7 \ | /’

2
vay f(x) =e" +cosx- 2- x+x7 >0, Vx

b) Xéthamsd f(x) =e - e " - 2ln(x+\/1+x2 ),D :[O;+oo)

f'(x)=e" +e " -

\/12—2:f'(x)20© x =0,
+Xx

2
Vie*+e ¥ >2 va \/—2<2 nén f'(x)>O,Vx>O_

1+x

Do do f(x) ddng bién trén [0; +0) nén f(x)=7(0)=0= dpem.
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Bai toan 4.46: Cho 0 <x <1;0 <y <1 va X #)_ Chiing minh rang:

1
y-x

y-lnx

-y 1-x

In >4

Huéng din giai
Do X #Y, khong giam tong quat, gia st V > X . Xét ham s
2
-1 S0
t(1-¢)

vay f() 1la ham ddng bién tréen (0;1) ma y>x

f(t):lt—[- 4t voi 0<t<l= f'(1) =

X
In—- 4y >In——- 4x vado y- x>0 nén suy ra:
I-y - x
1 y
In - In >4 = dpcem.
yv-x{ 1-yp 1- x
1) 1)
Bai toan 4.47: Cho @ >b >0 . Chimg minh | 2° + —| < 2b+?

Huéng din giai
Véi a >b >0, bat dang thic twong duong

b

4“ +1
2(1

b b
T (4 41) <4 +1)

In(1+4) 1n(1+4°
e bIn(4°+1) <an(4’ +1) = n )sn( )

nén ta co f(y)>f(x) hay

a b
In\1+4"
Xét f(x):L),x>O
X
r=L2 ln?.x- n(1+4)| =2 (4"1n4" - (1+4°).1n(1+4*))<0
. _

nén fnghich bién: a >b>0= f(a)< f(b): apem.

Bai toan 4.48: Cho p >1,q>1 théa P +9 =pq va a,b>0.

p q
+ —
P 9

Chirng minh ab <

Huéng din giai
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, a’ b
Xét ham s6 f(a) ==—+—- ab v6i a>0.
P q

1

f'(@)=a”"-b f'(a)=0= a"' =be a =p!
Ma p+1=pg= (p-1)(g-1) =1 nén 4 =p*!
Lap BBT thi min f :f(bq_l):() = dpcem.

Bai toan 4.49: Cho a,b >0 va g +b =1. Chung minh bat dang thtic
™™™ <a.e* +be’,Vx, Yy
Huéng din giai

Tacd b =1- a dodo 0<a <1 nén BDT:
e <get+(1- a)e’
o e e < +a(e"" - l) e et v - 1<0
xét f(1)=¢” - ae' +a- L,teR. 7'() :a(e“f - e’),f'(t) = =0

BBT

Suyra f(¢) <0, V¢ = dpem.

Bai toan 4.50: Cho a,b,c > 0. Chirmg minh

a) a’ +b° > 1 b) (@+b) +(b+c) +(c+a) >2

Huéng din giai
a) Néu a =1 hoic b =1 thi ¢’ +p° >1

NéuO<a,b<l.Xét f(x)=0+x)"-1- ax,x>0,0<a <l

@ =a+x)" - a=a| ———-1|<0
(1+x)
nén x>0= f(x)<f(0)=0= (+x) <l+ax (*)
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1 a+l
l+xb a+b+ab

. 1
Apdung a =——,x>0= a’ >
I+x

1 b+1
Tuong tu: b* > = = a" +b" >1
i l+ya a+b+ab

b) Trong 3 s6 a+bb+c,c+a néu c6 mdt s, ching han a+b=1 thi (a+b) =1 va

(b+c) +(c+a) >b*+a" >1 suy ra dpecm. Con néu ca 3 s6 d6 bé hon 1 thi dung bt déng thirc (*).

3. BAI LUYEN TAP
Bai tap 4.1: Thuc hién phép tinh
2 10 | -1];
A =273+ _] - 25%° B=(-0,5)"- 625" - [2_ " +19(-3)
16 4
Huéng din

Bai tap 4.2: Rat gon cac biéu thic:

Dung 5 quy tic vé mii. Két qua 4 =12,B =10,
Nax® - Ja’x 1+ \/ax

1+ 2\/:+—V01a>0x>0a¢x
J_ K e | X ox

[ 2 [ 2
b) S:\/‘H— a -b i\/a- a _b,Vé’i a,b>0,a* >b.
2

2
1+\/7

2 2
b) Kétquég:\/‘”‘"’ 'b-\/a' va' - b

2 2

a) R=

Huéng dan

=Va(Vx +a)

a) Kétqua R =+ax

Bai tap 4.3: Tinh gon

8) \J4 423 - 4- 243 =2 b) 39+ /80 +3/9- 30 =3

Huéng din

a) Viét binh phuwong du trong cin thic hay dit an phu VT rdéi binh phuong. Két qua
J4+243 - J4- 23 =2.

b) Viét 1ap phuong du trong can thirc hay dat an phu VT rdi 1ap phuong. Két qua {/ 90++/80 + {/ 9- .80 =3
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Bai tip 4.4: Trong khai trién nhi thirc:

nhau.
Huéng din
IR - -k k
Diing nhi thére Niuton: (a +56)" =Y Cla"*b*
k=0

|
2l _r93930.
2!

Két qua C;, =
9
Bai tap 4.5:
a) Tinh 108 ; 50 theo log;15 =a,log,10 =b
b) Tinh 1n 6,25 theo ¢ =In2,d =In35.
Hudéng din
a) Dua vé cosb 3. Kétqua 2a +2b- 2
b) Pua vé co sb e. Két qua 2d - 2c.
Bai tap 4.6: Trong diéu kién c6 nghia, chimg minh:

. +bh 1
a) Neu ¢” +b*> =7ab thi 10g7aT 25(10g7 a+log, b)

b) Néu log,,18 =a,log,,54 =b thi ab+5(a- b) =1,

Huéng din

a) a’+b> =7Tab= (a+b) =9ab hoic bién dbi tuong dwong didu cin chimg minh.

. . 3b-1
b) Puave coso2: log,3 = va log,3 =——.
) g, 2- 4 g 3. b
Bai tap 4.7: Tim céc gidi han sau:
. sin4x . AM+2x- Y1+
a) lim———— by lim Lt 2%~ Y1+
-0 " - 7 x=0 tan x

Huéng dian

a) Chia tir va mau thirc cho x. Két qua
3-1In7

Ao g x . 5
b) Thém bat 1 trén tir thirc roi chia tir va mau thire cho x. Két qua E

Bai tap 4.8: Tim dao ham cuia cac ham s6 sau:

21
a b \ A A . £ , \ r A a1
7=t |57 , tim h¢ sO cua s0 hang chtta a va b c6 s6 mi bang
Jb b

Trang 30



In(x* +1
a) y =v/x* +1.log, x° b) y :M

x
Huéng din

2 [ .2

a) Két qua y,:xlog3x +2 al +lln3
Vx?t +1 X
. In(x* +1
b) Kétqua y'=_2 - n(x2 )

x +1 X
f(x)=1+x

Bai tap 4.9: Cho flién tuc trén IR: Vx,y€R . Tinh f'(x).

F+)=fG).rGY

Dung dinh nghia va kep gidi han. Két qua f '(x) =€,

Bai tap 4.10: So sanh céc sd:

) 34330 va I3 0 (3) v 3

Huéng din

a) So trung gian. Kétqué \/§+€/%>1+i/ﬁ =4 :%/6—4>3/a

s
b) Kétqua (\3)° < 3/34@

Bai tap 4.11:
a) Khoéng ding bang s6 va may tinh, hiy so sanh:
g5 +/7 v log5 +log~/7
2 2
b) Cho 3 $b khong am x, y, zthdaman x+y +z =3 . Tim GTNN cua

K= 1 N 1 N 1
4+21n(1+x)-y 4+21n(1+y)-z 44+2In(1+z2)- x

lo

Huéng dan

_10g5+10g\/7
2

va b

5+\/7
2

a) Pat a =log

Suy ra 5+47 =10 va /57 =10".

Trang 31



5+7 S 10g5+log\/7
2 2 '

b) Dung bat ding thirc AM-GM.

Két qua lo g

Trang 32
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