KY THI OLYMPIC TRUYEN THONG 30/4
LAN THU XIII TAI THANH PHO HUE

PE THI MON TOAN LOP 10
Thoi gian lam bai: 180 phuit

Chii ¥: Mdi ciu hoi thi sinh 1am trén 01 t& gidy riéng biét

Céu 1 (4 diém).

Giai hé phuong trinh:
P4y + 8y =16
x+y
Jx+y=x"—y
Céu 2 (4 diém).

Cho cdc sb thuc a, b, x, y thod man diéu kién ax — by = V3. Tim gia tri nho
nhat cia biéu thic F =a’® +b* + x> + y* +bx +ay.

Cau 3 (4 diém). ‘
Cho tam gidc ABC c6 cac goc A, B thoa diéu kién:
A-B

. 3A . 3
sin— + sin— = 2co0s
2 2

Chting minh tam gidc ABC 1a tam gidc déu.

Caud (4 diém). q q
Cho tur gidc 161 ABCD. Xét M 1a diém tuy y. Goi P, Q, R, S 1a cic di€ém sao
cho:
MB+ MC +MD =4MP ; MC + MD + MA=4MQ;
MD + MA+MB=4MR; MA+MB+MC=4MS .
Tim vi tri cua diém M sao cho PA = OB = RC = SD.
Céu 5 (4 diém).

Trong mit phang toa d6 cho mot ngii gidc 10i ¢6 céc dinh 12 nhitng diém c6
toa do nguyén. Ching minh rang bén trong hoac trén canh ngli gidc c6 it nhat mat
di€ém c6 toa do nguyén.

Ghi cha: Cdn bo coi thi khong gidi thich gi thém



Dép 4n Toéan 10

NOI DUNG

PIEM

Cau 1:

Giai hé phuong trinh:

X*+y*+ 8xy

=16 (1)
X+y

Jx+y=x*-y (2)

* Piéu kién: x +y > 0

0,5

(1) & K +y)EX+Y)+8xy=16(x +y)
S[x+y)’-2xy] (x+y)— 16(x+y) +8xy=0
<:>(X+y)3—16(X+y)—2xy(x+y)+8xy=0
S E+YIE+y)’—16]-2xy(x +y—-4)=0
SX+y-DEx+y)x+y+4)—2xy]=0

x+y—-4=0 3)
X>+y* +4(x+y)=0 (4)

0,5

Tt (3)=>x+y=4, thé vao (2) ta duoc:

X2+X—4=2<:>X2+X—6=0<=>{X =Y

X = 2:>y=2.

(4) vo nghitm vix“ +y" >0 vax +y > 0.
g y y

0,5

Vay hé c6 hai nghiém la (-3; 7); (2; 2)

0,5




Dép 4n Toéan 10

NOI DUNG

PIEM

Cho céc sd thuc a, b, x, y thdéa man diéu kién ax—by =+/3.

Tim gi4 tri nho nhat ctia biéu thitc F =a>+b>+x> + y> +bx+ay.

SAoq- b\ a) 3 2 o
Viétlai F=|x+2| +| y+2| +2(a>+b?).
2 2 4

0,5

bat M =(x; y), Az[—%;—%), (A):ax—by=+/3.Tacé

2 2
MA® =(x+§j +(y+%j .Ma M e (A) nén MA? >[d(A; A =

Diang thuc xay ra khi M 12 hinh chiéu cua A trén (A).

3

a*+b?

1,5

3.

3 3 3
e (iRY S ELN NE BT

3
Suyra F >
y a’+b

Vay minF =3 dat duoc chéng han

WMw{ﬁOi—iJ

khi




Dép 4n Toéan 10

NOI DUNG

PIEM

Cho tam gidc ABC c6 céc géc A, B thoa diéu kién

sin(ﬁj + sin(3—3j = 2COS(A_BJ.
2 2 2

Chting minh tam gidc ABC 13 tam gidc déu.

Ta c6: sin(34 ) +sin(38) =2 sin(@) COS(@) '
2 2
1> sin(34+8)) > 0; cos(A=8)>0
4 2
0<lA-B <3IA-8 <z
2 4

— cos(l4-8)=cos(34-8])
2 4

= C0S(A-B)>cos(3A-B))
2 4

Tu sin(34 ) + sin(38) = 2cos(A-8) va COS(LZB)>0
2 2 2

Suy ra : 2sin(3(4+8) )cos(34-8)) >0
4 4

Hay cos(34-8))>0.
4

Két hop vo1 sin(34+8) )<1, ta ¢ sin(34+5) )cos(34-5 )<Ccos(3(A-B))
4 4 4 4

Do d6: 2 sin(3(4+8) )cos(3(4-B) ) < 2cos(3A-8)) < 2cos(A-B)
4 4 4 2

Vi vay néu sin(3A ) +sin(38) = ZCOS(L;B) thi phai co:
2 2

|A-B| 3A-B|
2 4 @A:B:%.

Sin(3(A+B))=1

Vay tam gidc ABC 1a tam gidc déu.




Dép 4n Toéan 10

NOI DUNG

PIEM

Cho tir gidc 16i ABCD. Xét M 1a diem thy y. Goi P, O, R, S 1a cdc
diém sao cho

—_— — — s —

MB+MC+MD =4MP ; MC+MD + MA = 4MQ

—_— — — —

MD+ MA+MB=4MR ; MA+ MB+ MC = AMS
Tim vi tri ctua diém M sao cho PA = OB = RC = SD.

Gia st c6 diém M thoa bai toan. Goi G 1a diém sao cho

SMG MA+MB+MC+ MD.

0,5

Ta MB+MC +MD = 4MP ta cO 4PA=5GA.
Tu’(mg tu 4QB = SGB " 4RC = SGC R 4SD = 5GD .

Do d6 PA = QB =RC =SD < GA =GB = GC = GD.

Néu ABCD 1a tir gidc ndi tiép dugc trong duong tron tam O thi G
trung O va M la diém duy nhat xdc dinh boi
OM = (OA+ OB +0C + OD) Kiém tra lai thiy théa PA = OB = RC =
SD.

Néu ABCD khong phai la tir gidc noi tiép duogc trong dudng tron thi
khong ton tai diém M.

0,5




Dép 4n Toéan 10

NOI DUNG

PIEM

Trong mit phang toa d6 cho mot ngil gidc 16i ¢6 cdc dinh 1a nhiing
diém c6 toa do nguyén.
Chirng minh rang bén trong hodc trén canh ngil gidc c6 it nhat mot
diém c6 toa d6 nguyén.

Coi dinh A; gxi; y),1=1,2,3,4,5.
(X;; yi) €6 thé roi vao nhiing truong hop sau:
(2k; 2k), (2k; 2k’ +1), (2k+1; 2k’ + 1), (2k +1; 2k’) voi k, kK € Z

1,5

Do da gidc c¢6 5 dinh nén theo nguyén 1i Di rich 1&, c6 it nhat 2 dinh
c6 toa d§ thudc mot trong bon kiéu trén.

1,5

Khi dé trung diém cua doan nodi 2 dinh ay s€ c6 toa do nguyén.
Do ngii gidc 1a 161 nén di€ém nay & mién trong hodc trén canh cua
ngil gidc do.




KY THI OLYMPIC TRUYEN THONG 30/4
LAN THU XIII TAI THANH PHO HUE

PE THI MON TOAN LOP 11
Thoi gian lam bai: 180 phuit

Chii y: M3i ciu héi thi sinh 1am trén 01 to gidy riéng biét
Cau 1 (4 diem).
Giai hé phuong trinh sau:
242 X2 +1
- y> +1
3log,(x +2y +6)=2log,(x+y+2)+1

ey

Cau 2 (4 diém). ‘ ‘ ,
‘ Cho hinh ch"ép déu S.ABCD c6 cgnh day bang d va s6 do cua nhi dién [B,SC,D]
bang 150°. Tinh thé tich cta hinh chép déu S.ABCD theo d.

Cau 3 (4 diem).
Cho day s6 duong (ay). ’
a. Chirng minh rang v&i moi s6 nguyén duong k :

32 4 (k+1)
2a1+?a2+3—2a3+...+ = a,

kla,.a,..a, <
PR TRk +D)

b. Biét lim) a,=ae R. Datb,= a, +\/a1a2 +3\/a1a2a3 +..+%/aa,..a, voinx1

n—soo %
i=1

Chting minh rang day (b,) ¢6 gi6i han.

Céu 4 (4 diém).

Cho ham s f(x) = 2x — sinx.

Chtng minh rang ton tai hang s6 b va cdc ham s g, h thoa man dong thoi cac
diéu kién sau:

1) g(x) = bx + h(x) véi moi sd thuc x.

2) h(x) 1a ham s6 tuan hoan.

3) f(g(x)) = x v6i moi s6 thuc x.

Cau 5 (4 diém). , 7
Tim tat ca cdc sO ty nhi€n m, n sao cho dang thirc sau ding:
8" =2" +n(2n-1)(2n-2)

Ghi cha: Cdn bo coi thi khong gidi thich gi thém



PAP AN TOAN LOP 11

NOQI DUNG

DIEM

Cau 1:

Giai hé phuong trinh
2
o = xz +1 M
vy +1

3log,(x+2y+6)=2log, (x+y+2)+1 2)

bk: x+2y+6>0vax+y+2>0

0,5

Phuong trinh (1) < y* — x* = In(x*+1) — In(y*+1)

& In(x*+ 1)+ x> +1 = In(y*+1)+y*+1 (3)
Xét ham s6 f(t) = Int + t voi t> 1
Phuong trinh (3) ¢6 dang f(x*+1) = f(y*+1) 4)
Ta c6 f(t) dong bién trén [1 ;+oo ).
Dodé(4) & x*+l=y+l & x==*y

*Voix =-y, tu(2) taduge log,(6—x) =1, véi x<6
& x =3 =y =-3(théa man h¢)

0.5

*Voix =y, tr (2) ta dugc3log,(x+2)=2log,(x+1) véix > -1

0.5

x+2=3"
x+1=2*"

= 1+ =3" & (% +(§j =1 5)
9 9

Xét g(u) = (éj +(§j , g(u) 1a ham nghich bién trén R va cé g(1)=1nén

Dat 3log,(x+2)=2log,(x+1)=6u = {

u = 1 12 nghiém duy nhét cua (5).
Véiu=1suyrax=y=7 (théa man h¢)

Vay h¢ ¢6 2 nghiém (3 ;-3), (7 ;7)

0.5




NOI DUNG

DIEM

Céu 2 Cho hinh chép déu S.ABCD c6 canh ddy bang d va s do cta nhi dién
[B,SC,D] bang 150°. Tinh thé tich cua hinh chép déu S.ABCD theo d.
Ta c6: BD L SC . Dyng mit phang qua BD vudng géc vé6i SC tai P. 1
Ta c6 : ZBPD =150°
2BP° - BD’ BD?
Ta c6: cos150° = 5 =1- 5 (1) 0.5
__2BP 2BP
Goi M 1a trung di €ém cua BC. Ta ¢6 SM .BC = BP.SC.
BC =d, goi h la chiéu cao hinh ch6p S.ABCD
d d? d’(4h® +d° 1
Tacé: SM’=h*+ —; SC*=h’+ — . Suy ra: BP’ = ( 5 )
4 2 2(2h” +d°)
3 d’ d [243-3
(1) tré thanh: —\/_=— 0 .Suyra:h:—W/\/_— 1
2 4h” +d 2 3
3
1 d* [243-3 05

Vs aBcp = gh.thBCD = z ;




NOI DUNG

DIEM

Cho day s duong (a).
a. Chtrng minh rang véi moi s6 nguyén duong k:

2 3 k
Ka,a,..a, < (2a1+37a2+j—2a3+...+Makj

kk 1
r . o
b. Biét lim) a, =a€ R.

=i

batb,= a, +\/ala2 +3\/a1a2a3 +...+%/aa,..a, véin=1

Chirng minh rang diy (b,) c6 gi6i han.

k(k+1)

a)Ta co
. 3.4 (k+1)*
(a,2)(a, —)Nay —)....(a, — ) =4/aa,a,...a, (k+1) =
2 3 k
1 3., 4 (k+1)" 2
Yaa,a,...a, = _H’i/(al2)(a2 ?)(033—2)....(01( P ) <
3? 4’ (k+D*
a2)+(a,—)+(a,=)+....+(a, ———
(k+1)k{(‘ ) (22) (332) (a, = )
b)
Tu cau a) suy ra
1 n+1)" 1
b <(a,2)(—+..+ )+ (a 2—)(— )+..+(an( n_l) )(
1.2 n( 1) 2 23 n(n+1) n n(n+1)
Do: i+L+...+ ! =1- 1+l—l+...+l— ! =1- ! <l )
1.2 23 n(n+1) 2 2 3 n n+l n+1

nén b, <a,(1+ )+a2(1+ ) +.ta, 1+ ) <e(Za) voi
i=1

(by) tang va bi chan trén, do d6 c6 gidi han.

e= lim(l + l)
n—oco n




NOI DUNG

DIEM

Cho ham sb f(x)= 2x — sinx.
Chtrng minh rang ton tai hang sd b va cdc ham sb g, h thoa mén dong thoi cic
diéu kién sau :

1) g(x) =bx + h(x) véi moi sb thuc x.

2) h(x) 12 ham s6 tuan hoan.

3) f(g(x)) = x voi moi s thuc x.

Tir diéu kién 3) cho thdy mudn chimg t6 ton tai g chi cAn ching to f c6 ham

sO nguoc. 1
Chu ¥ : f ddng bién trén (- oo ;+00) nén c6 ham sé nguogc g.
Tacé : f(g(x)) = x va g(f(x)) = x véi moi sd thuc x.
Dit : h(x) = g(x) — bx. Ta s& chon b dé h(x) tuan hoan. 0.5
Ham sinx tudn hoan chuki2 7.
Ta s€ chiing t6 g(x+ 4 7) = g(x) +2 7 v&i moi s6 thuce x.
That vay : gx)+2z = [f(gx) +27 )] = g[2(gx)+27x) - sin(g(x)+27)] 1
=g[2g(x)-sin(g(x)) + 4 7] = glf(g(x)) +47] = g(x +47).
Tudéo:h(x+4zx)=g(x+4x)-bx+47r)=gxX)+27 -bx —4bx
= h(x) + 27 (1-2b). 1
0.5

Néu chon b :% thi h(x + 4 7 ) = h(x) véi moi ) thuc x.




NOI DUNG

DIEM

Tim tat ca cdc sb tw nhién m,n sao cho ding thirc sau diing :
8" =2" + n(2n-1)(2n-2) .

Pt x =2™, y=2n-1 v6i m ,nla cdc s6 ty nhién .
Ta c6 : (x,y) =1 va 2(x*-x) = (y+D)y(y-1) & y(y*-1) =2x(x*1) (1)
Dom=>20,n>20nénx>1vay>-1.

0.5

+ Truong hop x =1: Taco m =0 .Licd6n=0hayn=I .

+Truong hop x >1:

Tu (1) va (x,y)=1 suyra: y2—1 chia hét cho x va 2(x*-1) chia hét cho y. Do d6
2(x*-1).(y>-1) chia hét cho xy. Nhung: 2(x*-1)(y*-1) = 2[x*y*-2xy-((x-y)*-1)]
nén ciing c¢6: 2((x-y)>-1) chia hét cho xy (2)

0.5

Chid y: véix >1 thitr (I)tacé x° <y < 2x° .

Thatvay : (1) & (y—x)(y2+xy+y2—1) = X°-X.

Vi x>1 ta c6 x’-x>0.Liic ny y>0 va y*+xy+y>-1>0,nén y>x.

Ngoai ra: (- D2x*y’) = 2001 - (- Dy’ = X (y-y)-(-Dy’
= y(y*-x%) > 0. Do d6: 2x7-y*> 0

+ Tir d6: O<y-x = x(Z-1) < x(1/2 -1) .Do d6 (y-x)2<x2(§/§-1)2<%xy ,
X

Suy ra: 0 < 2((y-x)>-1) <xy .
Két hop v6i (2) ta c6: (y-x)*-1 =0 hay y =x +1 .

0.5

Thay vao (1),tac6 x=4vay=5 .Licnaym=2,n=3.
Céc cap (m,n) thda bai téan l1a: (0,0) ;(0,1) ;(2,3) .

0.5




$¢ Gio Dyc & Dao Tao TP. HO CHI MINH KY THI OLYMPIC TRUYEN THONG 30/4
LAN XV - NAM 2009

R

Truomg THPT Chuyen Mbn thi : Toan - Khoi: 10

L& Hone Phong Ngiy thi : 04/04/2009
i .:_'@9’_:

TECHEO SABANK Thai gian lam bai : 180 phit

Ghl chil : Thi sinh 1am mdi cau trén 1 hay nhiéu t& gidy riéng va ghi 16 cAuso ....... dtrang 1 cua
mdi t& gidy lam bai. D& nay c6 01 trang .

Caul: (4 diém)
Gidi phuong trinh:  x® +3x? - 333x+5 =1-3x.

Ciu2: 4 diem)
Tim t4t ca cac s6 nguyéntd p sao cho tdn tai cic s nguyén duong n,x, y théa mén:

p=x"+y.

Ciu3: (4 diém)
Cho doan thing AC ¢6 dinh véi K 1 trung diém. Hai diém B va D phén biét, di dong va
luén ddi ximg nhau qua K va dudng thing BD khéng tring véi dudmg thing AC. Pudng
phan gisc cia BCD cit AD va AB 14n luot tai I va J. Dudng tron ngoai tiép tam gidc ABD
va dudmg tron ngoai tiép tam giac Al cit nhau tai diém M khac A. Goi H 12 hinh chiéu clia
M trén trung tryc cia AC va N 1a giao diém cia CH va KM. Chimg minh khi B di ¢6ng nhu
trén thi N di d6ng trén mét dudng cb dinh.

Ciud: (4 diém) ‘
Cho a, b, cla cac sé thuc duong Chimg minh ring;

<3
a+b b+C c+a
Caus: (4 diem)

Cho tam gidc ABC khéng cin c6 hai dinh B, C ¢ dinh va dinh A di dong. Qua B dumg
dudng thing d vudng géc voi BC, d cét trung tuyén Al caa tam giac ABC tai K. Goi H 1a
tryc tAm clia tam giac ABC. Chimg minh ring néu IH song song véi KC thi diém A di dong
trén dudng cb dinh.

HET



PAP AN TOAN 10 Trang 1
Pap an bai 1: (4 diém).
Giai phuong trinh: x* +3x = 33x+5 =1-3x.
Gidgi:
Phuong trinh da cho tuong duong (x +1)’ = 33x+5+2 (1). (0,5)
Pat I3x+5=y+1.suyra3x+5=(y+1)’ va(1) ro thanh (x+1)’=3y+5. (0,5)
Vay ta c6 hé phuong trinh {(x H)' =3y 45 (1,0)
(y+1)Y =3x+5
Trir vé theo vé hai phuong trinh cta hé trén, ta duoc
(x+1 =(y+1)’=-3(x~y)
& - E+D +(x+ D +D+(y+1)7+3]=0 (0,5)
Sx=y. (0,25)
Vi (x+1D)*+(x+D)py+D)+(y+1)*+3>0Vx.yeR). (0,5)
Viy ta c6 phuong trinh:  (x+1)’ =3x+5
S +3x°-4=0

¢ x=1 hoac x=-2. (0,5)

Viéy phuong trinh di cho ¢6 2 nghiém: x=1 va x=-2. (0,25)



PAP AN TOAN 10 Trang 2

Pip 4n ciu 2 (4 diém)
Tim tat ca cac sO nguyén td p sao cho ton tai cac sO nguyén duong »,x, y thoa

man: p” =x"+y’ (*).

Gidi:
> Véoip=2taco2'=1+1°. (0,5)
> Véip=3taco3’=1"+2° (0,5)

» Ta ching minh khi p >3 thi khong ton tai cac s6 n,x, y thoa dé bai.
That vy, gia sit nguoc lai, chon #,x, y thoa (*) sao cho n bé nhét.
Do p#2 nén (x,y) ¢(1,1); khi do:

X oxy+yt=(x-y) +xy>1vax+y>1. (0,5)
Do d6 x* —xy+ y* va x+y déulabsicua p. (0,5)
2 .
:>(x+y) —(xz—xy+y2):3xy:p. (0,5)
Do p >3 nén x:p hodc yip.
Ma x+y:p néntacd x va y déu chia hét cho p. (0,5)

Piéu nay cho ta:

3 3
*) p”"’=(—x—j +(lj © p"=xTey” vel ("',x',y'):(n—ii,lj
r) \rp p'p

ma n' < n (trai gia thiét). 0,5)
Vay chico p=2 va p =3 thda @€ bai. 0,5)



PAP AN TOAN 10 Trang 3

Cauhéi3: (4 diém)

Cho doan thang AC c6 dinh véi K 1 trung diém. Hai diém B va D phén biét, di dong va luén déi
ximg nhau qua K va duong thang BD khong triung voi duong thiang AC. Puong phan giac cla
BCD cit AD va AB lan luot tai [ va J. Dudng tron ngoai tiép tam giac ABD va duong tron ngoai
tiép tam giac AlJ cit nhau tai diém M khac A. Goi H 1a hinh chiéu ctia M trén trung truc cua AC va
N la giao diém cua CH va KM. Chimg minh khi B di dong nhu trén thi N di dong trén mét duong
c6 dinh.

Gidi:

Ae L
i K E F |©
x'}
¢
/7

Hinh 1 Hinh 2
» (Xem hinh 1)
Goi P, Q la tdm duomg tron (AlJ) va (ADB) = PQ vuéng goc AM (D
Tacd All =BCI=DCJI=AJl ()

— O _ApJ —~

PIA = M =90° - Al 3)

— 180° - API .

PAD = ———— APL_ 900 _ ATI 4)
Tir (2), (3) va (4) suy ra PJA = PAI G)  (05)
Ma PA=PJ (6)
Vi BJC =DCJ = BCJ nén ABCJ cdntai B= AD =BC =BIJ @)
Tir (5), (6) va (7) suy ra APAD = APJB = PB = PD ma QB = QD (0,5)
= PQ la trung truc cia BD = PQ vudng goc BD (8)
T (1) va (8) suy ra AM // BD 9) (0,5)

(9) = AMDB la hinh thang cin (do AMDB ndi tiép)

= MDB=ABD=BDC va DBC =BDA =DBM

Do d6 ADBM = ADBC = BD vuéng géc MC (10)

(9) va (10) = AMC =90" = M thudc duong tron (K) dudng kinh AC ¢b dinh. (0,5)
» (Xem hinh 2) Dung NE L AC va MF L AC.
CE NE NE KN

Ta co6: = = = (0,5)
KC HK MF KM

ma KC=KM = NK =EC / (0,5)

= NK = d(N: (4)) véi A la duong thang vudng goc AC tai C. (0,5)

= N thudc parabol (P) co tiéu diém K va dudng chuin (A). . (0,5)




PAP AN TOAN 10 Trang 4

Dap an caud4: (¢ diém) ‘
Cho a, b, ¢ 1a cac s6 thue duong. Chimg minh ring;

2a 2b 2c
+ + <3.
a+b b+c c+a
Gidi:

b . .
bat xz\/:, y:\/z, z=\/g,tac() X,¥,z>0 va xyz=1.
a b C

BAt ding thire di cho tro thanh

2 2 2
\/ >+ 7+\/ > <3 (1,0)
1+x” I+y~ 1+z

Giasu xy<l = z2>1.

. 2
> Ta chimg minh bt ding thirc sau: + ]73 = ().
1+x* 1+y> l+xy
That viy, (1) < Q+x*+y)A+xy)<2(1+x*)(1+y?)
< (I-xy)(x—-y) =20 (ding) (0,5)
» Taco:
\/ 2 > Y 2 2
=+ = <2 =+ 5
[1+x‘ \/1+y“J (1+x“ 1+y‘]
Y DL SR N PO - (0,5)
1+x° 1+y" ) l+xy 1+z
2 2 2z
Suyra ~ + ~<2 . 0,5)
1+x~ 1+y- 1+z
: 2 2
Mat khac, ta lai cé - < .
1+z° 1+z
2 2 2 2z 2
Suy ra -+ =+ - <2 +—.
I+x° I+y” 1+2z° 1+z 1+z
. 2z 2
Do vy, ta s& chimg minh 2,|—— +—<3. (0,5)
I+z 1+z

That vay, ta co:

2 2
2y < 222z +1) +2<3(1 +2) (0,5)

e 22-2J22(z+1) +(z+1)= 0
o (\/2_2—«/2+1)220. (0,5)

Viy bat dang thire di duoc chimg minh.

|
.
|
‘
0



PAP AN TOAN 10 Trang 5

Piap an ciu 5: (4 diém)

Cho tam giac ABC khéng cin c6 hai dinh B, C c6 dinh va dinh A di déng. Qua B dung duong thang
d vudng goc voi BC, d cit trung tuyén Al cua tam giac ABC tai K. Goi H 1a truc tdm cia tam giac
ABC. Chung minh ring néu IH song song véi KC thi diém A di dong trén duong cb dinh.

Gii:

Chon hé truc toa d6 Oxy v61 O trung I va truc Ox la dudng thang BC.

Chuan héa BC = 2. Khi do, toa dd B(-1; 0) va C(1; 0).

Gia su toa do diém A(xo; yo) Vi y, # 0 va x, #0. (0,5)
Khi do, truc tam H(x, y) 1a nghiém cua hé phuong trinh:

AH.BC=0 X=X
o o 0 (0,5)
BH.AC=0 (xo =D(x+D)+y,y=0
1-x2
o H[xo; XOJ. (0,5)
Yo
Goi K la giao diém ctia d va AL khi d6 toa d6 K la nghiém cua hé phuong trinh
x=-1
Yo (x0#20) 0,5)
y=""x
X()
. Yo
= K(-1;-=). (0,5)
XO
Theo gia thiét ta co:
T 1-x>
[H//KC = IH; KC cung phuong <> 22 x, —2=—2 =0
XO yO
Xo Yo _
= —l- + ? =1. (1,0)

[

Viy A di dong trén duong (E): XT +Y —1 ¢b dinh. (0,5)

2




S Gido Duc & Pao Tao TP. HO CHI MINH KY THI OLYMPIC TRUYEN THONG 30/4

FOR LAN XV - NAM 2009
- = FIR
Truomg THPT Chuyén Ménthi: Todn - Khéi:11
Lé Hong Phong Ngay thi : 04/04/2009
i Thoi gian 1am bai : 180 phut
TECHOOGHMBANK
Ghi chit : Thi sinh 1am mdi c4u trén 1 hay nhidu t& gidy riéng va ghi 13 cdu s6 ....... dtrang 1 clia

moi to gidy lam bai. Dé nay cé ...01... trang

Céu 1 (4 diém)
Giai hé phuong trinh:
2x* 4+3x*-18= )y’ +y
2’43y -18=2"+z
222 4322 -18=x"+x

Ciu2: (4 diém)
Cho tir dién ABCD c6 hai mit ABC va ABD la c4c tam giac nhon. Goi E, F 14an luot 12 hinh
chiéu vubng géc ciia A 1én cic dudng thing BD, BC. Chimg minh ring cic diém C, D, E, F
& trén mot duong tron khi va chi khi cc dudng thing AB va CD vudng géc nhau .

Ciu 3 (4 diém)
Xét ddy sb thuc (x,), n € N, xac dinh bai:
x, = 2009
X, =3/6x,, —6sin(x, ;) Vn>1
Chimg minh réng day (x,) c6 gidi han hitu han va tim limx .

Ciu 4: (4 diém)
Tim t4t ca cac ham s6 f(x;y) thoa mén hé didu kién:

fxy)+f(y;D)+f(zx)=x*+y*+2° Vx,y,zeR
f(x* +y—£(0;x);0) =x+f*(y;0)—£(0;y* —£(0;y)) Vx,y€R

Ciu 5: (4 diém) :

Gia sir ham s6 f: N* — N* théa : (f(m) + f(n)) | (m +n)***  Vm, n eN*.
Chimg minh (1), f(2), f(3), .... 12 cip sb cdng c6 cong sai duong.

Hét.
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b e SOR
Truomg THPT Chuyén Ménthi: Todn - Khéi:11
Lé Hong Phong Ngay thi :  04/04/2009
: Thoi gian 1am bai : 180 phut
TECHOCOMBANK
Ghi chit : Thi sinh 1am mdi c4u trén 1 hay nhidu t& gidy riéng va ghi 13 cdu s6 ....... dtrang 1 clia

moi to giay lam bai. Dé ndy c6 ...01... trang

Céu 1 (4 diém)
Giai hé phuong trinh:

2x’ +3x*-18=y*+y
2y’ 43y -18=2"+z
22’ +322-18=x"+x

Ciu 2: (4 diém)
Cho tir dién ABCD c6 hai mit ABC va ABD la cac tam giac nhon. Goi E, F 14n luot 12 hinh
chiéu vubng géc ciia A 1én cac dudmg thing BD, BC. Chimg minh ring cac diém C, D, E, F
& trén mot dudng tron khi va chi khi cc dudong thing AB va CD vudng gbc nhau .

Ciu 3 (4 diém)
Xét diy sb thuc (x,), n € N, xac dinh bai:
x, = 2009
X, =3/6x,, —6sin(x, ;) Vn>1
Ching minh réng day (x,) c6 gidi han hitu han va tim limx .

Ciu 4: (4 diém)
Tim t4t ca cac ham s6 f(x;y) thoa mén hé didu kién:

fxy)+(y;)+f(zx)=x*+y’+2° Vx,y,zeR
f(x*+y—f(0;x);0) =x+f(y;0)—f(0;y* —£(0;y)) Vx,y€R
Ciu 5: (4 diém) :

Gia sir ham s6 £: N* — N* théa : (f(m) + f(n)) | (m +n)***  Vm, n eN*.
Chimg minh f(1), f(2), f(3), .... 12 cip s6 cong c6 cong sai duong.

Hét.



Pap 4n Toan 11

Trang 1

KY THI OLYMPIC TRUYEN THONG 30/4
Ménthi: Todn - Khéi: 11
Céu 1 : (4 diém)
Giai hé phuong trinh:

2x* +3x? —18=y>+y

2y’ +3y* —18=2"+z

22° +322-18=x>+x
Giai:

Pt f(t) =2t + 3t -18 vag(t) = + t thi hé phuong trinh dugc viét lai:

f(x)=g(y)
f(y)=g(2)
f(z) =g(x)

g(x) >f(x)

Gia st x = max(x, y, z) thi {XZy@{g(x)Zg(y)

(do ham sb g ddng bién ) =
x>z |g(x)=g(2)
x3+x22x3+3x2—18¢:> (x—2)(x2+5x+9)~<_0®{x§2
2’ 4+z2<22°+32°-18 z—-20(Z*+52+9)>0

Tudésuyra 2<z<x<2=>x=z=2.Thé vao hé phuong trinh ta dugcy =2.....................

Thur lai tathéy: x=y=z=2thoahéphuongtrinh. ............cccc..cceeiriiiiiiiiiiii e,

Két luan: Hé phuong trinh c6 nghiém duynhitx=y=z=2.

g2 <f(m

(1,54

...(0,5 @)



Pap an Toén 11 Trang 2
Cau2: (4 diém)

Cho tir dién ABCD c6 hai mit ABC va ABD la cac tam giac nhon .Go1 E , F 14n Iwot 13 hinh chiéu vudng goc
ciia A 1én cac dudng thing BD, BC. Chimg minh rang cac diém C,D,E,F ¢ trén m¢t dudng tron khi va chi khi
cac duong thing AB va CD vudng géc nhau .

Giai :

+ Keé dudng cao CH cta tam giac nhon ABC (H thudc doan AB va khac A,B).
Taco AB L CH (1), A, C, F, H & trén dudmg tron dudng kinh AC va BHBA=BF.BC (2)......... (14d)
+ Néu C,D,E,F & trén mot dudng tron thi BE. BD=BF.BC (3) .

Tu (2) va (3) : BE.BD=BH.BA Do dél A,H,E,D & trén dudng trdn véi duong kinh 14 AD .

Suyra AB.LDH (4). Ti(1) va(4)tacé ABL(CHD) .Vivay ABLCD ... 1,59
+ Néu AB_LCD thi AB L (CHD). Suy ra AB L DH .Do d6 A,H,E,D ¢ trén dudng tron voi dudng kinh la AD.
Ta ¢6 : BE.BD=BH.BA (5).

Tu (5) va (2) : BEBD=BF.BC.SuyraC, D, E, F ¢ trén mot qudng tron . ..., 1,5 d)




Pap an Toan 11 Trang 3

Ciu 3 (4 diém)

Xét ddy sb thyc (x,), n € N, xac dinh boi:

X, = 2009
{xn = \3/ 6x,, —6sin(x,,),Vn>1
Chimg minh ring dy (x,) c6 giéi han hiru han, va tim limx_.
Taco x—x—63§sinx < x,Vx >0, ddu = xay ra khi va chi khi x=0 (phai chimg minh bdt trai)......(1 d)
SINX KX, VX220 S Xp 20, VN EN (1) o 0,5 d)

3 3
X . . X .
x—?§smx,\/x20 = sm(xn_,)_>_xn_‘1————'§‘i,Vn_>_1 = 6x_,—6sin(x, ) <x> ,Vn>1

= x, =36x,_, —6sin(x, ) <x,_,,¥n>1 (2)
Tu(1),2) = Xp)cogidihan hftuhan. ... 1,5d)
Goi limx_ =a,tacd a=Y6a—65INa ¢ =0 ........ccooiiieiriiicee e (1d
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Céu 4. (4 didm)
Tim tdt ca cac ham s6 f(x;y) thda man h¢ diu kién:

f(x;y)+f(y;z)+f(zx)=x>+y* +2* Vx,y,z€R
f'(x2 +y——f(0;x);0)=x+f2 (y;O)—f(O;y2 —f(O;y)) Vx,y €R

Gidi.

Ta xét diéu kién dau tién f(x;y)+f(y;z)+f(zx)=x*+y’ +2* Vx,y,z€R

Cho x=y=z=0=f(0,0)=0

Cho y=2z=0=f(0;x)+f(x,0)=x> VX €ER  (Ducceruccriirmireciimnineerie e (0,5 &)
Cho z=0=f(x;y)=x"+y*—f(;0)—£(0;x) =F(x;0) + £ (0;y) Vx,y €ER  (2).cercienirrce. (0,5 d)
Xét diéu kién thir hai cta gia thiét:

f(x2+y—f(0;x);0)=x+f2(y;0)—f(0;y2—f(O;y)) Vx,y€R

Theo (1) ta thu dugc:

f(y-+—f(x;0);0)=x+f2 (y;O)—f(O;f(y;O))=x+f(f(y;0);0) VXY ER oo N 149
Pt g(x)=f(x;0) khi d6 ta viét lai didu kién: g(y+g(x))=x+g(g(y)) Vx,y €R

Khi d6 do g(0)=f(0,0)=0

Cho y =0=>g(g(x))=x VxeR

Cho x=0=>g(y) =g(E(Y)) =¥ ¥ €R oo (1)
Taco £(0;x)=x*—f(x;0)=x"—x Vx€R

Do d6 theo (2) ta co: f(x;y)=Ff(x;0)+f(0y)=%x+y =y VKYER i, 0,5 d)

Thir lai ham s6 f(x;y)=x+y’ —y théaman didu kién bai ra........cc.ccooovmriiiniiinin 0,5 &
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Cau5: (4 didm)

Gia sir ham s6 £ N* » N* théa : (f(m) + f(n)) | (m + n)*® Vm, n eN*
Chimg minh f(1), f(2), f(3), .... 14 cép s6 cOng c6 cong sai duong.

Dap 4n:

e Truéc hét ta chimg minh £13 don 4nh (1).
Thét vy , gia sit f khong la don anh

= J a, b eN*, a<b sao cho f(a) = f(b)

Khi d6 c6

(f(a) + f(n))j(a + 0)***® V n eN* va (f(a) + f(n)) = (f(b) + fn))i(b + n)**” V n eN*

= f(a) + f{n) 14 mot wéc chung cua (a + n)* va (b + n)2°°9 ma fa) + fm)>2 .

= ((a+n)®, (b +n)*) =1V n eN*

=(a+nb+n)21VneN*

=(a+n,b-2a)#1VneN* (o)

Léy p 1a mt s6 nguyén t5 16n honb valdyn=p — atacé (a+ n, b—a) = (p, b — a) =1 méu thuln véi ().

VAY FAOM AN, ..o e e ettt 1) .
e Lay t thy y thudc N*, taxét f(t +1) — f(t)

¥ n eN* ta c6 (f(n) + f(H)|(n + )% va (f(n) + f(t + 1))|(a + t+ 1)**®
mi(+tn+t+D=1=(@+)*®m+t+1)?*)=1

= (f)+ f(1), fn)+ £t + 1)) =1

SEO) L), fE+ 1) =) =1 V0 N (B )i e 148
T @)= ft+1)- fi)=+1 Vt eN* (2)

That vay, néu ton tai t sao cho f(t + 1) — f(t) # + 1 thi tdn tai sb nguyén t6 q 1a wéc cha f(t+ 1) —f(1) .

Liy k € N*sao cho ¢“ > tvaldyn=q“- tta c6
(fn) + fR)|(n + £y°°® = ¢* = q|(f(n) + (L)
ma ta d3 co qj(f(t +1) - f(t))

= q 14 mét udc chung cha (f(n) + f(t)) va (ft+ 1) - f(t)) : mauthudn voi (B )...ooooevveeeieeee ad

Vay tacéd (2).

Ta(D)va@R)=>ft+1)-f(t)=1 Vt eN* hodc f(t+ 1)~ f(t)=-1 Vt eN*

Mt khac do f(n) eN* ¥n eN* nén khong thé c6 fit + 1) — f(t) =-1 Vt eN*

Viy ta co flt+1) - f(t) =1 Vt eN* tiacladay f(1), f(2), f(3), f(4),.... 1a mdt clp sb cong cong sai 1. (1 d)



