N (———C

Tailieumontoan.com

o[l

Tai li€u suru tam

CHUYEN DE HE PHUONG TRINH
BOI DUONG HQC SINH GIOI

Ol10
s

"

e



Website: tailieumontoan.com

CHUYEN PE: HE PHUONG TRINH
A. MOT SO KIEN THU'C CO BAN

Hé phuwong trinh la mét trong C&c Vén dé trong tam Cia chwong trinh dai
s6 THCS. Cac bai toan gidi hé phwong trinh ciing thwong gap trong cac ky thi
hoc sinh gici THCS va thi vao lép 10 THPT, dac biét la cac lop chuyén. Cac bai
toan vé hé phirong trinh rat phong phd. C6 nhiéu cach phan logi hé phuong
trinh:

1) Phan logi theo sé dn cua hé, theo sé cdc phwong trinh hay phdn loai
theo bdc cua hé

2) Phan logi theo cdu triic, déc tinh cia hé nhiwr hé doi ximg loai 1, hé doi
xing logi 2, hé dang cdp, ..

3) Phéan logi theo phwong phap gidi

Dudi day liét ké mét sé6 dang hé phwong trinh thwong gip

. . 2 +by =
» Hé bac nhat hai an: {ax y=¢
a'x+b'y=c'

Ta sir dung phwong phdp céng dai s6 hodc phwong phdp thé dé giai va
bién lugn hé phuong trinh trén.
> Heé i xang loai 1 hai an: 12 hé khi ta thay ddi vai trd caa x va y thi mdi
phuong trinh khong thay doi: Théng thuong ta dit S=x+y,P=xy VOi
S* > 4P
> Heé d6i xting loai 1 hai an: 1a hé khi ta thay d6i vai trd cia x va y thi hé
khong doi: Théng thwong ta gidi hé bang cach tri ting vé
> Hé phuong trinh dang cip: 12 hé ma cac s6 hang cta cac phuong trinh c6
cuing bac: Théng thirong ta kiém tra y =0 va dat x =ky .
> Heé phuong trinh khong mau muc: théng thudng ta giai bang cach nhan
xét, danh gia cac vé cua mdi phuong trinh.
Trong chuyén dé nay, ching ta phan logi hé phuwong trinh theo cach thi
3, titc la theo phwong phdp giai. TUy theo ba tdp cu thé ta gidi bang phuwong
phap thé, phirong phép céng dai s6, phwong phdp dat an phu hodc phwrong phdp
danh gia.
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B. PHUONG PHAP GIAI TOAN QUA CAC Vi DU
I. PHUONG PHAP THE
TUy theo ting hé phuwong trinh ta c6 thé thay thé mét hang so, mét dn
hodc mét biéu thizc ciia dn vao mét phirong trinh cia hé
1. Thay mét hing s6 béi mét biéu thic
Trong rat nhiéu bai todn gidi hé phuwong trinh, ta cé thé thay mét hang sé

bsi mét biéu thire, tir d6 ta dé dang gidi dioc hé da cho. Duéi day la cdc vi du

x> +xy+y’ =3 (1)
x3+3(y—x):1 (2)

(THPT Chuyén Ngoai Ngi# - Bai hoc Quéc gia Ha Ngi, ndm hoc 2010 — 2011)

Vi du 1. Giai hé phuong trinh: {

Huwong dén gidi
Thay 3=x"+xy+y’ vao (2) ta dugc:
x3+(xz+Xy+y2)(y—x):1<:>x3+(y3—x3):1<:>y3:1<:>y:1
Thay y=1 vao (1) ta dugC: x> +x-2=0=>x=-2 hodac x=1

Vay hé cé nghiém (x;y) € {(—2;1),(1;1)}

X’ +4y* =5 (1)

Vi du 2. Giai hé phuong trinh:
(x + 2y)(5+ 4xy) =27 (2)

(THPT Chuyén Ngoai Ngiz - Pai hoc Quéc gia Ha Néi, nam hoc 2011 — 2012)

Huwong dén gidi
Thay 5=x’+4y” vao (2) ta duoc:

(x+2y)(x2+4xy+4y2)=27<:>(x+2y)3 =27 x+2y=3=>x=3-2y

Thay vao (1) ta duoc: 8y> —12y+4=0=y=1 hoac y:%

Vay hé c6 nghiém (x;y)e {(1;1),(2;%}}

x*(x=3y)=-16 (1)

Vi du 3. Giai hé phuong trinh
y’ +16 = 3xy’ (2)
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Huwong dén gidi
Thay (1) vao (2) tadugC: (y—x)'=0=>x=y.
Khi d6 hé c6 nghiém x=y=2 .

X +y —xy’ =1 (D)

Vi du 4.Giai hé phuong trinh :
4x4+y4 =4x+y 2)

(Vong 2, THPT chuyén — Bai hoc Quéc gia Ha Ngi , nam hoc 2005 — 2006)

Huong dan gidi
Thay 1=x’+y’ —xy’ vao (2) ta duoc :
4x* +yt =(@x+ )X +y —xy?) & xy3y’ —4xy +x°)=0
Néu x=0thi y=1.Néu y =0 thi x =1.
Néu 3y’ —4xy+x° =0< By—x)(y—x)=0< x =3y hoic x=y.

Khi d6 hé cé nghiém x = hodc x=y=1

3 1
s s

Vay hé co nghiém (x;y) {(O;1),(1;0),(1;1),(%;%)}

)(7+y7 =1 (1)

Vi du 5. Giai hé phuong trinh:
X +y' =x>+y" (2)

Huong dan gidi
Thay (1) vao (2) ta dugc x° +y’ = (x" +y )(x* +y°) & X’y (x* +y’) =0.
Néu x =0 thi y=1.Néu y=0 thi x=1.
Néu x*+y’=0=x =—y , thay vao (1) ta dugc 0=1 (v Ii) .
Vay hé da cho c6 nghiém (x;y) € {(0;1),(1;0)}.
Chu y: T bai toan trén ta dé dang gidi duwoc bai toan téng qudt hon: Cho m,n
la c&c s tir nhién 1é théa man m < n, gidi hé phuwong trinh:
x"+y" =1

2. Thay mét an so béi mét biéu thic

Ta cd thé rat mét dan tir phwong trinh ndo dé réi thay vao cdc phwong trinh

con lai.Khi dé sé an cia phwong trinh dwoc gidm di , tir d6 ta c6 thé tim dwoc
3
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nghiém cua hé .

x—2y=2 (1)

Vi du 6: Gidi h¢ phuong trinh: §  ~
X' -y =3xy+x+4y-3=0 (2)

Tu (1) : x=2y+2 , thay vao (2) ta dugc 3y> -8y -3=0 .

H¢ da cho c6 nghiém (x;y) e {(8;3),(%;%1}.

' iai 2x* +xy—y’ =5 2=0 (
Vi du 7: Giai hé phuong trinh: XoHXy—y —X+y+ (D
X2+y2+x+y—4:() (2)

(Vong 2,THPT chuyén — Bai hoc Quéc gia Ha Ngi , nam hoc 2003 — 2004)

Huwong dan gidi
(1) & 2x* -i—(y—S)x—y2 +y+2=0
A=9(y -1y

S-y+3y-3 y+l
4

Do d6: x = hoac x=2 -y

Thay vao (2) ta dugc nghiém cua hé 1a (x;y) e {(1;1),(_?4;_?13}

Chuy:
- Ta ciing ¢é thé coi (1) la phwong trinh bac hai an 'y, tir dé ta tim dwoc dn'y
theo x
- Ding phwong phdp bién doi tong thanh tich thi (1) twong dwong voi
(2x —y—1)(x+y—2) =0, tuy nhién néu vé trai cong kénh thi phwong phdp nay

gap nhiéu khé khén .

1 1
] . X——=y-———-1 (D
Vi du 8. Giai hé phuong trinh: X y—1

2y =x"+3 2)

Huwong dan gidi
biéu Kién : x#0 , y£1 .

4
Lién hé tai liéu word toan zalo: 039.373.2038




Website: tailieumontoan.com

1 1
| Xm—=y-l-——
Ta co: X y—1
2y-D)=x"+1
1 1
——=t-—- (3
batt=y -1, ta duoc: * X t ():(x—t)(1+ij:0.
2=x’+1 (4 X

Néu x —t =0 < x =t,thay vao (4) ta duoc x’—2x+1=0

—1+45

—>x=1hoac x = .
2

Néu 1+Lt:0:>t=_—1,thay vao (4) ta duogc x*+x+2=0(5)
X X

& —x=x'4+222=>x<2
B) <= x(x*+1)+2=0,do x <-2,x’+1<—7 nén

X(x’ +1)+2>16 nén(5) vo nghiém.

—1+J§,1+\/§J (—1—6,1—@}}

Vayhecénghiem(my)e{(lﬂ){ 5 2 2 2

x+y+z=12 (1)
Vi du 9. Giai hé phuong trinh: {x(y+2z)=20 (2)
y(x+z)=32 (3)

Huwong dén gidi
x=12—-(y+2z)
Tu (1), (2) taco: 20 (do y+z#0)
X——

y+z

:>12—(y+z):ﬂ:>y+z:2 hodc y+z=10.
y+z

¢ . y+Z:2 y:4,Z:—2
Néuy+z=2 tacox=10,do vay =

y(10+2z)=32 y=8,z=-6

. , y+z=10 y=8,z=2
Néu y+z=10 ta cé x =2,do vay =

y(2+2z)=32 y=4,2=6
Vay hé c6 nghiém (x,y,z) € {(10;4;-2),(10;8;-6),(2;8:2),(2:4:6)|
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Xxz=Xx+4 (1)
Vi du 10: Giai hé phuong trinh : 12y* =7xz-3x—-14 (2)
x> +y*=35-7 (3)

(Vong 1,Khéi THPT Chuyén — Bai hoc Su pham Ha Ngi , nam hoc 2006 — 2007)

Huwong ddn gidi
Tur (1) ta cO: x =xz—4, thay vao (2) ta duogc:
2y* =7xz—3(xz—4)—14 < y* =2xz—1 thay vao (3) ta c6
x*+2°=36-2xz< (x+2)’ =36 < x+z=16.

Néux+z=6<z=6-xthay vaio () tacé x> —-5x +4=0=>x=1;x =4.

Néux+z=-6=z=-6-xthay vao (1) tacé x° +7x+4 =0

(1;-3;5),(1;3;5),(4:4/15;2), (4, —/15;2),
Vay (x;y;2) {—7 +2\/§ ;%; -5 —2\/§j{—7 +2\/§ ;_%; -5 —2\/§J

3. Thay mét biéu thirc bai mét hang so
Déi v6i mét sé hé phuwong trinh ta cé thé thay thé mét biéu thirc chira dn

béi mét hang sé vdo cdc phwong trinh da cho.

X" +y’ +xy =61 )]

Vi du 11. Giai hé phuong trinh :
x'+x’y? +y* =1281 (2)

Huwong ddn gidi
2) e X +xy+y)(x* —xy+y°) =1281.
Thay (1) vao (2) ta co: 61(x* —Xy+y2) =1281=x’ —xy+y2 =21.

, *4xy+y’ =61 > =81
Khidotaco: 4 > 7 = (x+y) =8
x> —xy+y> =21 |[xy=20

= (x;y) €{(5:4),(4;5),(-5;—4),(~4;-5)}

X+y+z=6 (1)
Vi du 12. Giai hé¢ phuong trinh : {xy+yz—zx=7 (2)
x2+y2+22:14 3)

(Vong 1,Khéi THPT Chuyén , Bai hoc Sw pham Ha Ngi , ndm hoc 2005 — 2006)

Huwong dén gidi
6
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Tu (D) vaB)tachd: (x> +y* +2°)+2(xy +yz+2zx) =36
& 144+2(xy+yz+2z2x) =36 & xy+yz+zx =11 (4)
Tu (2) va (4) ta cod: xz =2, thay vao (1), (2) ta duoc:

{y+(x+z)=6

=>y=3x+z=3.
y.(x+2z)=9

Tur d6 suy ra hé co nghiém (x;y;z) e {(2;3;1),(1;3;2)} .

x+D(y+1)=42 )]

Vi du 13. Giai h¢ phuong trinh
x=1’+(y=1°>=145 (2)

Huong dan gidi

Hé da cho tuong duong voi :

Xy+x+y=41 Xy+x+y=41 x+y=15 _ [x+y=-15

& & hoac

(X+y) —2(xy +x+y) =143 (x+y)’ —82=143 Xy =26 Xy =56
Vay (x:y) e {(13:2).(2:13).(-7:-8).(-8:-7)}
Il. PHUONG PHAP CONG

Mgt trong cdc phirong phdp thuwong s dung dé gidi hé phwong trinh la

phwrong phdp céng.Dudi ddy ta xét mét s6 Vi du:

x2+y2+2(xy+x+y):O (1

Vi du 14. Giai hé phuong trinh :
X>+y +4x-2y+4=0 (2)

(THPT Chuyén Ngoai ngi - Bai hoc Quéc gia Ha Néi , nam hoc 2009- 2010)

Huwong dén gidi

Trir ting vé cia hai phuong trinh ta duoc :
2xy+2x+2y—-4x+2y-4=0< (y-D(x+2)=0
+)Neuy—-1=0=y=1thay vao (2):x* +4x+3=0=>x=-1,x =-3.
+)Néux+2=0=x=-2 thay vdo (2):y* -2y =0=y =0;y = 2.
Vay hé c6 nghiém :(x;y) € {(—1;1),(—2;2),(—2;0),(—3;1)}
ChU ¥: Ta ciing cé thé gidi nhw sau:

D E+y)Y+2x+y)=0= (x+y)(x+y)+2]=0
Nén x+y=0 hoac x+y=-2.
Tur d6 dé dang tim duoc cac nghiém cua hé
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2 2
Vi du 15. Giai hé phuong trinh: {X TS
4xy +x+2y =17

(Vong 2,THPT Chuyén — Pai hoc Quéc gia Ha Ngi , ndm hoc 2007-2008)

Huwoéng ddn gidi
Cong vé theo vé cac phuong trinh ciia hé ta dugc :

(X+2y) +(x+2y)—12=0=>x+2y =3;x +2y =4

Hé cé nghiém (x;y) e {(1;1),(2;%)}

X+y)(X*+y*)=15
x-y)x’-y")=3
(Vong 2,THPT Chuyén — Pai hoc Quéc gia Ha Ngi , ndm hoc 2004-2005)

Vi du 16.Giai hé phuong trinh: {

Huwoéng ddn gidi
L JxHETHy) =15
Hé da cho twong duong vai: (X+y)x+y")
5(x+y)(x—y)’ =15
Trir vé theo Vé céc phuong trinh cua hé ta ¢6: (x-+y)[x™+y’ ~5(x ~y)*]=0
VI x+y#0 nén 2x* —Sxy +2y* =0 < (2x —y)(x —2y) =0

+) Néu 2x -y =0 =y =2x,ta cd ngiém x =1,y =2.
+) Néu x -2y =0 = x =2y,ta c6 nghiém x =2,y =1.

Vay (x;y) e{(1:2).(2:1)}

, Y , . Xx+l=y+z
Vidu 17. Cho X, y la cac so thuc thoéa man: 2y D
xy+z —=7z+10=0

a) Chting minh rang: x> +y*> =-z>+12z-19
b) Tim (x;y;z) thoa man hé (1) sao cho x> +y* =17
(Vong 1, THPT Chuyén Pai hoc Su pham , nam hoc 2010 — 2011)

Huwong dén gidi
. |x—y=z-1 x—y)Y =z"-2z+1
a) H¢ da cho tuong duong voi: Y ) = x=y)
2xy =—2z" +14z-20 2xy = 27" +14z—-20
Cong vé véi vé ta duoc x> +y> =—22 +122-19

8
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b) TacO: —z° +12z—-19=x"+y’ =17=2"-122+36=0=2z=6

Thay vao hé ta dugc (x;y;z) € {(4;—1;6),(1;—4;6)}

2x’y—y’x =1

Vi du 18. Giai h¢ phuong trinh
8x’ -y’ =7

(Vong 2, THPT Chuyén — Bai hoc Qudc gia Ha N7 , ndm hoc 2008-2009)

Huwoéng ddn gidi

12Xy —6y’x =6 (1
H¢ da cho tuong duong voi { >3<y X v M
8" —y =7 (2)

Trir tieng Vé caa (2) cho (1) ta duoc: 2x—y) =1=2x-y=1=>y=2x-1

Tur d6 dé dang tim duoc nghiém caa hé la: (x;y) e {(1;1),(%;—2)}

2x° +3x°y =5 (1)

Vi du 19. Giai hé phuong trinh:
V' +6xy° =7 (2)

(Vong 2,THPT Chuyén — Pai hoc Quac gia Ha Ngi , ndm hoc 2003-2004)

Huwoéng ddn gidi
8x’ +12x’y =20

Nhan hai vé cua (1) voi 4 ta dugc hé
y’ +6xy> =7
Cong ting Vé ta dugC 2x+y)’ =27 < 2x+y=3 < y=3-2x

Thay vao (1) ta duoC 4x° —9x° +5=0 < (x —1)(4x* —=5x—5) =0

Hg c6 nghiém: (x:y) e {(1;1){5—\/105 ;7+\/105M5+\/105 74105 J}

2

8 4 8 4
2
3 = X +220 )
Vi du 20. Giai hé phuong trinh zy
+20
=t @

Huwong dén gidi

Piéu kién: x,y #0 tir d6 suy rax >0,y > 0.

9
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[3x°y=y*+20
H¢ tuong duong voi: Y=Y
3xy’ =x" +20
Tru tung vé ta duoc: xy(x—y)=(y—x)(y+x) = (x-y)3xy+x+y)=0
Dox>0,y>0nén 3xy+x+y>0=>x-y=0=>x=y

Thay vao (1) ta duoc 3x° —x> -20=0< (x -2)(3x* +5x +10)=0=>x =y =2

3xy =2(x+Y)
Vi du 21. Giai hé phuong trinh: < 5yz = 6(y + z)
4xz =3(z+X)

(THPT Chuyén Lam Son — Thanh Hoéa , nam hoc 2007-2008)

Huwong dén gidi

Néu xyz=0 thi x =y = z = 0 la mot nghiém cua hé.

x+y_3 (1 1.3

xy 2 Xy 2

Néu xyz#0 , hé tré thanh: ytz_> l+l:§

yz 6 y z 6

z+x 4 1 1 4

= — —_—t —=—

zx 3 z x 3
n \ 4 1 1 1 11
Cong tung veé ta dugC —+—+—=—
X 'y z 6

Tl‘rd(')tasuyra:lzl,lzl,lzl:le,yzz,zz3
X y 2z 3

Hé cd nghiém (x;y;z) e {(0;0;0),(1;2;3)}

X* + Xy +Xxz =48
Vi du 22. Giai hé phuong trinh: {xy+y* +yz=12
Xz+yz+z’ =84

Huwoéng dan gidi
Cong ting Vé cua cac phuong trinh ta dugc

X*+y? +7° +2(xy+yz+2zx) =144 & (x+y+z)’ =144 S x+y+z =*12

10
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X(x+y+2z)=48
Néu x+y+z=12 taco: {y(x+y+z)=12 =>x=4,y=1,z=7
7Z(x+y+2z)=84

Tuong ty néU x+y+z=-12 taduoC x =—4,y=—1,z=-7

Véy h¢ c6 nghiém (x;y:z) e {(41:7).(-4-1:-7)}

Vi du 23. Giai hé phuong trinh:

VXX +Y+HT+X Y +x+y+1+y=18 (1)
X HX Y+ =X +qy  +x+y+1-y=2 (2)

Huwuong dan gidi

Cong va trir tirng vé cua (1) va (2) ta duoc :

X+y=38 y=8-Xx
Ry
VX +94y? +9 =10 |x>+9=100+(y* +9)—20y/y* +9
{41—4){20

= ) ) =>x=4=y=4
25(x" —16x +73)=16x" —328x +1681

Vay hé co nghiém x =y =4,

V2491 = Jy-2+y* (1)

Vi du 24. Giai hé phuong trinh:
Y +91 =vVx-2+x> (2)

Huwuong dan gidi

Diéu kién: x =2,y >2 .Trir ting vé caa (1) va (2) ta duoc:

\/x2+91—\/y2+91 :\/y—2—\/x—2 +y’ —x°

2 2

- -y -
VX491 +4Jy? 491 (Jy-2+

N R RS A

X+y

+ +(x+y)|=0
VX491 +4/y> 491 Vx=2+,y-2

S (X-y)

Do biéu thuc trong dau ngoic vudng twong duong nén ta cd: x—y=0=>x =y,
thay vao (2) ta co:

VX491 =vVx -2 +x> @ Vx*+91-10=(Vx =2 =)+ (x> - 9)

11
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x> =9

Xx—3
<:> =
VxF4+91+10 vx—-2+1

1 1
@ _3 3 —1 _— :O > :3, :3
. {()H_ )(\/)8 +91+10 j \/x—2 +1} * Y

Vay h¢ c6 nghiém (x;y) =(3;3)
I11. PHUONG PHAP PAT AN PHU
Twong tw nhw gidi phwong trinh, phwong phdp dat an phu 1a mét trong

+(x=3)(x+3)

nhitng phwong phdp tét nhdt dé giai hé phirong trinh, dwa hé phwong trinh vé hé

M&i don gian hon. TUy theo ting hé ta chon an cho phi hop.

X*+y  +2(x+y)=23

Vi du 25. Giai hé phuong trinh: {
x+y+xy=11

(Vong 1, THPT Chuyén Dai hoc Vinh ,nam hoc 2009 — 2010)

Huwong dan gidi
a’+2a-2b=23

biat a=x+y,b=xy V4i a’ > 4b ta co:
a+b=11
=a=-9,b=20 hoiac a=5b=6 .

14 ’ + :_9
Néua=-9,b=20 taco ATy
xy =20

=>x=-5,y=-4hoac x=-4,y =-5
Z , |x+y=5
Néu a=5,b=6 taco
Xy =6
—x=2,y=3 hoac x=3,y=2

Vay hé phuong trinh ¢6 nghiém (x; y) e {(—5;—4),(—4;—5),(2;3),(3;2)}

x+D(y+1) =8

Vi du 26. Giai h¢ phuong trinh {
xX+D)+y(y+D)+xy=17

(Vong 1, THPT Chuyén — Bai hoc Qudc Gia Ha Ngi, nim hoc 2002 — 2002)

Huwong dén gidi

e | x+y)+xy =7
H¢ da cho tuong duong voi: )
X+y) +x+y)—xy=17

12
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a+b=7

Pit a=x+y,b=xy (diéu Kién a’>>4b) ta co: ,
a“+a-b=17

= a=-6,b=13 (loai) hoac a=4,b=3

x+y=4

=3 c6 nghigm (x;y) €{(1;3),(3:1)}

Khi a=4,b=3 tacc’){

Vay hé da cho c6 nghiém (x;y) e {(1;3),(3;1)}

x? + y2 = 2)(2y2

Vi du 27. Giai hé phuong trinh:
x+y)d+xy)= 4x2y2

(Vong 2, THPT Chuyén — Pai hoc Quac Gia Ha Néi, ndam hoc 2011 — 2012)

Huwong dén gidi

bat a=x+y,b=xy

2 _ 2 2 _
Hé phuong trinh d cho tré thanh {a 2b=2b" {a 2b(b +1) (1)

a(l+b)=4b’ 4b* =a(b+1) (2)
DE thdy a=b=0 thoa man (1) va (2) nén x=y=0 l1a mot nghiém caa hé
phuong trinh da cho.
Néu a =0 thi tir (1) suy ra b=0,b=—1, khi d6 tir (1) va (2) ta co:
a> 2b

e =—<oa’ =8 =a=2b
a

Thay vao (2) ta dugc 2b° -2b=0=b=0 (loai), b=1=>a=2.
Tur do tim dugc x =y = 1.
Vay hé c6 nghiém (X;y) € {(O;O),(l;l)}

Nhgn xét: Cac hé phuwong trinh ¢ cac vi du 25, 26, 27 la cac hé phuong
trinh doi xumg logi 1, tic 1& cac hé ma ta thay doi vai tro cua x va y thi méi
phurong trinh cia hé khong doi. Thong thuong ta dit a=x+y,b=xy, Vi diéu
kién a> > 4b, duwoc hé phwong trinh méi don gian hon, ta tim dwoC a, b réi sau

do tim x, y

Vx—-1+,y-4=3

Vi du 28. Giai hé phuong trinh
X+y—y/(x=1)(y—4) =8

13
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Huwong dén gidi

Pita=+x-1,b=\fy- a>0b>0),tacé:{

a+b=3

a’+b’—ab=3
=a=1b=2hoac a=2b=1

Vay heé c6 nghiém (x:y) e {(2:8).(5:5)}

5x* +2y° +2xy =26

Vi du 29. Giai hé phuong trinh: {
3x+(2x+y)x—y)=11

(Vong 2, THPT Chuyén — Bai hoc Quac gia Ha Ngi, ndm hoc 2010 — 2011)

Huwong dén gidi
bat a=2x+y,b=x-y thi a+b=3x, a®+b”> =5x> +2y° +2xy

a’+b* =26

Hé da cho tro thanh:
a+b+ab=11

—a=5b=1hoaca=1,b=5

Vay hé da cho c6 nghiém (x;y) e {(2 1),(2; 3)}

2
Vi du 30. Giai hé phuong trinh: lx

Huwong dén gidi

Piéu kién x,y =0

*~b=12 =-5,b=13
Bé’[a=y+l,b=ztadu’QCZ 4 - J°
X X a+b=8 a=4,b=4

V61 a=-5, b=13 thay vao suy ra hé vé nghiém

Vay hé phuong trinh c6 nghiém (x;y) = (%;2)

, o 2y+xy  +x+y2 +xy =—5
Vi du 31. Giai h¢ phuong trinh: Xy+Xy +X+y +Xy
x> +yt+xy(1+2y)=7

Huwong dén gidi

14
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at+ab+b=-5

Diata=y*+x, b=xy taco
' Y Y {a2+b:7
Giai hé trén ta duoc a=3,b=-2 hodac a=-2,b=3

’ , 2 = :2; :—1
+) Néu a=3,b=-2 tacod {y Tx=3 :{X

Xy =— x=—1ly=2
A Yy +x=-2
+) Néu a=-2,b=23 ta co: =>x=-3y=-1
xy =3

Vay hé c6 nghiém (x:y)e{(2:-1).(-1:2).(-3-1)}

o 3xy+y+1=21x
Vi du 32. Giai hé phuong trinh: }2] 2y )
Ox7y" +3xy+1=117x

Huwong dén gidi

D& thay x = 0 khdng thoa man hé, vay x =0, nén ta co:

1)y
3y+z+l:21 (3)/"';)"‘;:21
X X
1 e ?
9y* +3L 4+ — =117 (3y+lj 3¥ =117
X X X X

Pit a=3y+—, b=> taco -
X X a’-3b=117 a=12,b=9

) {a+b:21 {a:—ls,b:%

Vi a=-15,b=36:hé vd nghiém

3y+l=12 .

Véi a=12,b=9 tacod X hoic x=—,y =1
y 9
2-9
X

Vay h¢ phuong trinh c6 nghiém (x;y) e {(%;3},(%;1}}

l+l+l:2

y 2z

2 1 _y

xy z°

Vi du 33. Giai hé phuong trinh:

(THPT Chuyén Lé Khiét — Qudng Nedi, nim hoc 2006 — 2007
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Huwong dén gidi
biéu kién: x,y,z#0

. 1 a+b+c=2 a+b=2-c
bata=—b= :
X

=
2ab-—c’ =4 2ab=4+c¢’

2
Do d6 a, b la cac nghiém cua phuong trinh: t* —(2—c¢)t+ 4;(: =0

A:—(c+2)2£0:>c=—2:>a=b=2

Do d6 hé c6 nghiém (x:y;z) = G%;j

4x*> —5xy -3y’ =-38

Vi du 34. Giai hé phuong trinh:
3x* +9xy —5y° =—15

Huwong dén gidi

D& thiy x = 0 khéng la nghiém cua hé, dat y = kx.

— D

x* (3K +5k-4) 38
x2(5k2—9k—3)_E

_-18

Ta co: -
145

Thay k = 3 vao ta dugc x =+1,y = +3.
Thay k =—5 h¢ vo nghiém
145" '

IV. PHUONG PHAP DANH GIA

Déi véi mét 16p rdt réng cac bai toan gidi hé phuong trinh, thuong goi 1a
hé phuong trinh khdng mau muc, ta khéng thé gidgi ching bang phwong phdp
bién doi théng thiwong ma phdi nhdn xét, danh gid hai vé cia phiong trinh. Do
Véi ting bai tdp cu thé, ta co thé dung tinh chdr don diéu tang hay giam cua
ham s, dung cac bdr dang thiee da biét hodc diéu kién ton tai nghiém cua

phurong trinh bdc hai... Dudi ddy ta xét mét $6 Vi du.

(X2 + 1)y =2x’
Vi du 35. Giai hé phuong trinh: (y2 +1)z =2y’
(22 + l)x =27°

(Vong 2,THPT Chuyén — TP Ha Ngi, nim hoc 2009 — 2010)
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Huwong dén gidi
Néu mot trong ba sé x, y, z ¢6 mot sé bang 0, chang han x= 0, thi d& dang suy ra
y=z=0
Vay x =y =z = 0 la mot nghiém cua hé.
Néu x,y,z=0 suy rax >0,y >0, z> 0 vanhan vé vdi vé cac phuong trinh cta
hé ta duoc: (x2 +1)(y2 +1)(z2 +1)=8xyz (1)
Mat khac, x> +1>2x,y> +1>2y,z° +1>2z nén (x2 + 1)(y2 +1)(22 + 1) =8xyz
Theo (1) thi ddu bang & bat dang thirc trén phai xay ra. T dé suyra x=y=z=1

Vay hé cd nghiém (x;y;z) € {(O;O;O),(l;l;l)}

Vi du 36. Giai hé phuong trinh:

X2 +y2 :1 (1)
199\9/;_ 199\9/§ _ (200{)/5_200{)/;)(); +y+Xxy+ 2001) 2)

(THPT Chuyén Ngogi Ngii— Pai hoc Quéc gia Ha Néi, ndam hoc 2000 — 2001)

Huwong dén gidi
Piéu kién: x >0,y >0=> x +y+xy+2001>0
Néu x >y thi vé trai cua (2) 16n hon 0, vé phai nho hon 0, vé 1i.
Néu y > x thi vé trai caa (2) nho hon 0, vé phai 16n hon 0, vé Ii.

Vay x =y thi thay vao (1) ta dugc 2x* =1

Vay h¢ c6 nghiem (x;y)= (%%j

4 =2y" +y+1 (1)
Vi du 37. Giai hé phuong trinh: {4y’ =27° +z+1 (2)
4z =2x* +x+1 (3)

(THPT Chuyén — tinh Ha Téy (cii) , nim hoc 2008 — 2009)

Huwong dén gidi
1Y 3
Taco 4X3:(y+5] +y2+z>0:>x>0 tuong tutacdy >0,z >0.
NéuX >y = 4x’ >4y’ hay 2y’ +y+1>22 +z+1 = y >z = 4y* > 47
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hay 2z° +z+1>2x* +x+1=z>x , volis
Tuong tuy >x VO li. Vayx =y
Chtrng minh tuong tytacéy =z, dodox =y =z.

Thay vao (1) ta dugc: 4x’ —2x* —x—1=0 < (x—1)(4x” +2x +1) =0

Vay hé co nghiémx =y=z=1

X=y +y +y—12
Vi du 38. Giai hé phuong trinh: {y =2’ +2z> +z-12

z=xX"+x*+x-12

Huwong dén gidi
Xét ham sb f(t) = > +t*> +t—12 ta chitng minh f(t) 12 ham sé dong bién.
Vi t,,t, batkima t, <t, , ta co

f(t)=f(t) =6 -6+ =G+t =, =(t, —t,)(F + 4L, + 6+, +1, +1)

= %(t1 —tz)[(t1 +t,+1) 2+ +1J<0

Do d6 f(t,) < f(t,) nén f(t,) 1a ham sé ddng bién.

Néu x <y thi f(x) < f(y) hay z<x = f(z) < f(x) hayy <z (v Ii)
Tuong ty ty y<zvoli,dodd x=y=f(x)=1(y) hayx =z
Vayx=y=z,trdotaco x’ +x* -12=0< (x-2)(x* +3x+6) =0

Vay hé co nghiémx=y=z=2

10x* +5y° - 2xy-34x-26y+73=0 (1)

Vi du 39. Giai hé phuong trinh:
3x* -2y +5xy-27x + 2y +24 =0 (2)

Huwong dén gidi
Phuong trinh (1) < 10x* —2(y+17)x+5y°~26y+73=0
A'=—49(y—3)* <0=y=3 , thay vao (2) ta duoC 3x> —12x+12=0 <= x =2

Vay h¢ c6 nghiém (x; y) = (2; 3)

x3+y2:6 (1)

Vi du 40. Giai hé phuong trinh:
X +y +xy—z-3y+2=0 (2)
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Huwong dén gidi
(2)<:>x2+(y—1)x+y2—3y+220
7

A:(y—1)2—4(y2—3y+2)20<:>3y2—10y+7£0<:>1£y£§

Mat khac (2) © y* +(x-3)y +x*> —x+2 =0;

A:(x—3)2—4(x2—x+2)20<:>3x2+2x—1£0<:>—1£x£l

3
2 2
Khi d6 x* +y? S(%) +(%) <6

Vay h¢ phuong trinh vo nghiém

X*+y +22+t2=36 (1)

Vi du 41. Giai hé phuong trinh:
x’ +y3 + 72+t =216 (2)

Huwong dén gidi
X +y +7 +t°

Ta co:
X>+y +7° 4+t

=6 X’ +y +2°+t =6x> +6y° +62° +6t°

S x26-X)+y 6-y)+ 22 (6—y)+E6—1) =0
Mat khéac, theo (1) thi x<6,y<6,2<6,t<6
Do do:

X (6-X)+y (6-y)+Z(6-2)+t7(6-1)>0
=x(6-x)=y(6-y)=2"(6-2)=t>(6-t)=0
= (x:y:z:t) € {(0:0:0:6),(0:0:6:0),(0:6:0:0),(6:0:0:0)}

2

2y
y2+1
, s LA \ 3z’
Vi du 42. Gidi hé phuong trinh: { ———=x
z'+z +1

4x*
6 4 2 =Yy
X +X +x"+1

= 7

Huwong dén gidi

D& nhan thay rang néu méttrong ba sé x, y , z bang 0 thi hai s6 con lai ciing

bang 0
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Néu xyz =0, tir d6 suy ra x, y, z 1a cac s6 duong

2

Tacod y(y’+) =y’ +y22y’ =>y> 22y =7z
y +1
4 2 5 3 3Z2
Wz +z2°+)=2"+2+2232=> 22— =X;
z'+z +1
4x*

XX +x '+ X+ D) =x"+xX+x +x24x =

XC+x x>+l
Tir d6 suy ra x = y = z, thay vao phuong trinh dau ra dugc x =y =z = 1.

Vay hé c6 nghiém (X;y;z) € {(O;O;O),(l;l;l)}

X +y +2 =14 )]

Vi du 43. Giai h¢ phuong trinh: {1 1 1 (x y zj
—+—+— || =+t=+=|=1 (2)
2x 3y 6z)\2 3 6

Huwong dén gidi

(2)<:>(i+%+l](3x+2y+z)=36@6(§+Zj+3(§+£j+2(£+zj:22

X 'y y X z X y z

M3t khac so X, y, z > 0, &p dung bat dang thirc C6-si ta co:

6(§+Xj+3(5+5j+2(3+1j26.2+3.2+2.2=22

y X z X y z

Ding thuc xay ra khi x =y = z > 0. Hé ¢6 nghiém (x; y; z) = (2; 2; 2)

. e A . X+y+z =6 (1)
Vi du 44. Giai hé phuong trinh:
x'+y*t+zt =6xyz (2)

Huwong dén gidi
Ap dung bt dang thic a® + b*> > 2ab ta € a’ + b’ +c> >ab+bc+ca
=x"+ y4 +z' > )<2y2 + yzz2 +7°x°
Mat khac x’y* + y’z® + 2°x> > xy’z + yz’X + zxX’y = XyzZ(X + Y + 2)
=>x'+y'+2' 2xyz(x +y+2)=6xyz (do X +y+z=6)
Theo dé bai, dau bang xay ra, néenx =y =z = 2.
V. HE PHUONG TRINH CHUA THAM SO

Poi Voi hé phwong trinh chira tham sé, ta phai tim diéu kién cua tham sé
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dé hé phwong trinh vé nghiém, c6 nghiém, cd nghiém Ia cac sé nguyén hodgc hé

phuong trinh théa mén diéu Kién nao doé.

Vi du 45. Tim m dé hé phuong trinh sau c6 nghiém:

x> —2(m” +2m)x +13(m* +2m)*> =0 (1)
x*=2x +(m+2)*"=0 (2)

Huwong dén gidi
Phuong trinh (1) ¢6 A, = —12(m2 +2m)2 <0 v&i moim
Do d6 (1) c¢6 nghiém khi m* +2m =0 < m =0 hoacm = -2
+) Néu m = 0 thi (2) tré thanh x> —2x+4 =0 (phuong trinh vo nghiém).
+) Néu m = -2 thi hé ¢6 nghiémx =0

Vay m = -2 thi h¢ phuong trinh c6 nghiém.

Vi du 46. Cho hé phuong trinh: {(X +y) +13=0xy 4 m
xy(x* +y” =m
a) Giai h¢ voim =-10
b) Chiing minh rang khong ton tai gia tri m dé hé c6 nghiém duy nhét.
(Vong 2, THPT Chuyén — TP. Ha NG, ndm hoc 2005 — 2006)

Huwoéng dén gidi
(a+2b)* —6b=-23

a)Pit a=x*+y’,b=xy=
) bz y y {ab:—lo

2 2
. - =5
—a=-5b=2 (loai) hoic a=5,b=—2:>{x Ty
Xy =-2

= (x;y) € {(5-2).(-1:2),(2:-1),(-2:1)}
b) DE thay x =y = 0 khdng la nghiém cta h¢. Gia st (x,;y,) 1a mot nghiém ctia
hé thi (—x,;—y,) cing la nghiém cua hé. Do d6 khong tén tai m dé hé cd nghiém

duy nhat.

kx-2y=k-2 (D)

Vi du 47. Cho hé phuong trinh:
k-1’x-y=k>-1 (2

a) Tim k dé hé c6 nghigmx >0,y >0

L1
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b) Tim cac gié tri nguyén cua k dé hé co nghiém 1a cac s nguyén.

Huwong dén gidi
a) Tu hé phuong trinh da cho ta co:
(mﬁ—5k+gx=2k%4p@4k—mak—nx=kak—n (3)

Néu k = 2 thi (3) v6 nghiém nén hé vo nghiém.

N&k;%wmhémmgdmmgwﬁX—Qﬁh&cémmanx>ay>0

N&U k # 2,k % - thi hé ¢6 nghiem (x,y) =| ——:2K=2|
2 k-2 k-2
k >0
Pé x>0,y>0 thi {72 k<0 hoic k>2.
2k -2
>0
k-2

Vay k<0;k:%;k> 2.thi hé c6 nghiém x >0,y >0

b) k;2(keZ%déxyeZtmZKk—D.Vﬁlkemﬂﬁﬂ}

Vi du 48. Tim k ¢é hé phuong trinh sau c6 it nhat mot nghiém x >0,y >0:

X+xy+y=k+3
X’y +xy’ =k +2

Huwong dén gidi
a+b=k+3

bat a =x+y,b=xy, hé phuong trinh tr¢ thanh:
ab=k+2

Giai hé trén ta duoc a=1b=k+2 thi X,y la nghiém cta phuong trinh
t* —t+k +2 =0, phuong trinh nay c6 hai nghiém duong khi -2 <k < _77

Néu a=k+2,b=1 thi X, y 1& nghiém cia phuong trinh: > —(k+2)t+1=0,

phuong trinh nay c6 hai nghiém duong khi k > 0.
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Vay -2<k< _77 hoac k >0.Thi hé phuong trinh ¢6 nghiém x >0,y >0.

Vi du 49. Tim tham s6 k & mdi hé phuong trinh sau c6 nghiém duy nhat:

2) x> +xy=(k+2)(y-1)
y2+xy:(k+2)(x—1)

b) (x+1)* =y+k-5
(y+1)’ =x+k-5

Huwong dén gidi
a) Ta nhan thiy néu (x,;y,) 1a nghiém cuaa hé thi (y,;x,) cling 1a nghiém cua hé.
Do d6 dé hé c6 nghiém duy nhét thi x, =y, .
Khi d6 phuong trinh 2x? — (k—2)x + k+2 =0 phai c6 nghiém duy nhat
oS A=(k+2)(k—-6)=0< k=-2 hoic k=6

. . +xy=0 Y .
Néu k = -2 hé tro thanh R , hé c6 v0 so nghiém y=—x.
y>+xy=0

. . P rxy=8(y-1 , ) .
Néu k =6h¢ tro thanh XXy =80y ),héconghlémduynhﬁtx=y=2.

Y +xy=8(x—1)

Vay k =6 thi hé c6 nghiém duy nhat.

b) Tuong tu cau a).

Vi du 50. Tim a, b dé hé phuong trinh sau c¢6 nghiém:

(2a+b+1)x+(a—2b—-2)y =5a
(3a” +4b” +2)x +(2a> —8b”> —4)y =8a’

Huwong dén gidi
D& thay, véi moi gia tri ciaava b thi x =2,y =1 lubn 1a mot nghiém cua hé. Do

do6 hé ludn cd nghiém vaéi moi gia tri caa a,b .

2 2 _
Vi du 51. Cho h¢ phuong trinh {X Ty H2x+2y =1l
xy(X+2)(y+2)=m

a) Giai h¢ khi m = 24,

b) Tim m dé hé cé nghiém
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(THPT Chuyén — TP. Hé Chi Minh, nam hoc 2007 — 2008)

Huwong dén gidi

. b=13

bat a=xz+2x+1:(x+1)2 >0,b=y’ +2y+1>0, hé tro thanh: ar
(a—1)(b-1)=m
a) Khi m=24 déthdy a=4,b=9 hoic a=9,b=4 .
Do d6 hé ¢ nghiém (x,y) € {(1;2),(1,-4),(=3;—4),(2;1),(-4;1),(~4;-3)}.
{a+b:13 {a+b:13
=

ab—(a+b)+1=m ab=m+12

a,b la nghiém khéng am cta phuong trinh t* —13t+m+12=0< -12<m s%

x+y=k-1

Vidu52. Gia st (x,y) la nghiém cua hé phuong trinh:

Tim gia tri 16n nhat va nho nhat caa biéu thic: A =xy +8(x +y)—25

Huwong dén gidi

bat a =x+y,b=xy, hé tro thanh {a;k_l )
a>—2b=5+2k -k
Dé hé c6 nghiém thi a® > 4b < k*> -2k +1> 4k*> -8k -8
& kP-2k-3<0s -1<k<3.

Véia=k-1Lb=k>—2k-2 thi A=k*+6k-35=(k+3) —44.
Vay Max A =-8 khi k=3; MinA =-40 khi k=-1 .
Chu y: Mgt sé hoc sinh mdc sai lam nhw sau: “Tir A =(k+3)> —44 > —44 Két
lugn Min A =—44 khi k =-3"". Tuy nhién, khi k = -3 thi hé phuong trinh da cho

v nghiém.

ax+by=c
Vi du 53. Gia sy hé phuong trinh sau ¢6 nghiém: {bx +cy =a.
cx+ay=>b

Chuang minh rang a* +b* +¢* = 3abc.

Huwong dén gidi
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Goi (x,,Y,,2,) 1a mot nghiém cua hé phuong trinh.
Khi d6 a’+b’ +c’ =a’(bx, +cy,) + b’ (cx, +ay,) +c’(ax, + by,).
=a’bx, +a’cy, + b’cx, + b’ay, +c’ax, +c’by,.

=ab(ax, + by, ) + bc(bx, +cy,) +ac(ay, +cx,) = 3abc.

BAI TAP
.. . X’ +y’ =2x
Bai 1. Giai h¢é phuong trinh: 5
(x - 1) +y’ =1
(Vong 1, THPT Chuyén — Pai hoc Quéc gia Ha Néi, ndm hoc 2008 — 2009)

Huwoéng dén gidi
Hé tuong duong vai: {(

2 2

a +vy =1
Pit a=x—1 ta dugc y

a3+y3:1

Trirtung vé a*(1-a)+y’(1-y)=0. Mat khac do a*+y* =1 nén
-1<a<l;-1<y<l1,suyraa=0,y=1, hoac a=1,y=0.
Hé cd nghiém: (x;y) = {(1;1);(2;0)}.
x+y=+dz-1 (1)
Bai 2. Giai hé phuong trinh: {y+z=+4x—-1 (2)

z+Xx=4/4y—-1 (3)

(Vong 1, H¢ THPT Chuyén Toan — Tin, Truong Pai hoc suw pham Ha Ngi, nam
hoc 2002 — 2003)
Huwong dén gidi

biéu kién: le,yzl,zzl
477"

Néu x >y = x+z>y+z hay Jdy—1>VJ4x-1<y>x voly

Tuong tu: Néu y >x vo 1y, do dd x=y
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TuongtutacO y=z .
Vay x=y=zthayvao (1): 2x=V4x -1 & 4x’ —4x+1=0= (2x-1) =0

Vay h¢ phuong trinh c6 nghiém (x;y;z) = (%%%)

Ux+103 +4y-22 =5
Bai 3. Giai h¢ phuong trinh: %/y+103 +z2-22=5
Yz+103 +/x-22=5

Huwoéng dén gidi
biéu kién: x >22;y >22;7>22
Véi x >22 hoac y>22 hoac z>22: Khéng thoa man.
V61 x =y =z=22 thoa man hé phuong trinh.
Vay hé co nghiém x=y=z=22.
Bai 4. Giai hé phuong trinh: {X AR g
xy+yz+zx=75 (2)

Huwong dédn gidi

(1)<::>x2 +y +7° +2(xy+yz+zx):225:>x2 +y +2°=225-275=175

:>X2+y2+Z2 :Xy+yZ+ZX:>(X—y)2+(y—Z)2+(Z—X)2 =0=>x=y=z=5

\ - c,s LA . 2 2 2,42 =
Bai 5. Giai h¢ phuong trinh: { " ty Hz =36
Xy +yz+zt + tx = 36

Huwong dédn gidi
Tu hé da chota co: x> +y* +z2° +t* =xy +yz+zt + tx
<:>(X—y)2Jr(y—z)er(z—ty+(t—x)2 =0=>x=y=z=t

Hg c6 nghiem (x:y:z:t) e {(-3:-3:-3-3).(3:3:3:3)}
12
=+ [3-2=2
Jx y
1 [, 2
=+ [3-2=2
Jy X

Huwong dén gidi

Bai 6. Giai h¢ phuong trinh:
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a,L =) ta co:

Jy
— 2:
{““3 20 = V320 b3 22

b++3-2a’ =2

Pidu kign: x > %,y z% Pit

-

Dé dang chimg minh duoc a =b, thay vao ta duoC a=b=1 hoic a=b= %
Hé cé nghiém: (x;y) € {(1;1),(9;9)}

. . X +12x =y +12y (1)
Bai 7. Giai hé phuong trinh:
x'+y* =16 (2)
Huwong dédn gidi

Tur (1) cé: (x—y)(x2+xy+y2+12):0:>x:y
Thay vao (2) ta dugc: x* =8 nén h¢ c6 nghiém (x,y) e {(%,%);(—%,—%)}
s 2997

A =0 A b X +y -
Bai 8. Giai hé phuong trinh: 81
X +y +xy—-3x—4y+4=0 (2)

(1)

Huwong dédn gidi

(2) < x> +(y-3)x+y*> —4y +4 =0 la phuong trinh bac hai an x

\1

Pé phuong trinh c6 nghiém thi A =3y +10y-7>20<1<y< 3

(2) <y +(x—4)y+x>—3x+4 =0 phai c6 nghiém ddi véi y:

Suyra A, =—3x2+4XZO:>OSXS%
4 (7Y 697 4 7
Tu do suyra x* +y’ S(—j +(—j =——=X=—,y=—
3 3 81 3 3
Céc gia tri d6 khong thoa man (2). Vay hé vé nghiém
. . 4x* +4y* +7° +8xy —2xz—2yz =12 )]
Bai 9. Giai h¢ phuong trinh:
4x* +4y* +2yz—2xz—8xy = —4 2)
Huwoéng dén gidi

(1)<::>4(X—|-y)2 —2(x+y) z+72°—-12=0
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bat t=x+y tacd 4> -2zt+z*-12=0
A 20 -322+4820< -4<z<4
(2)<:>4(X—y)2 —22(x—y)+4:0
bat x—y=k taco 4k’ -2zk+4=0
A, >0 72 -16>0« z<—4 hoic z>4
Vay z=-4 hoac z=4
Hg c6 nghiém (x:y;z) e {(1:0;4),(-1:0;—4)}
2(x+y)= 7’
Bai 10. Tim cé4c sd x >0,y >0,z >0 thoa man hé phwong trinh: {2(y +z) = x°
2z+x)=Yy’
Huwong dén gidi
Truéc hét ta chang minh x =y =2z>0
Thay vao ta dugC x> =4x = x=0hoidc x =4
Vay hé cé nghiém: (x;y;z) € {(O;O;O),(4;4;4)}
Bai 11. Chang minh rang khdng ton tai cac sd nguyén x,y,z thoa man hé

phuong trinh: {Xz ~3xy+3y" -z =31
x* +xy +8z> =100
(THPT Chuyén — TP. Ho Chi Minh, nam hoc 2009 — 2010)
Huwoéng dén gidi
Nhan hai vé cia (1) véi 8 rdi cong vai (2) ta dugc:
Ox* —23xy +24y” =348 < 5(2x” — 5xy + 5y’ ) =(x —y) +348  (3)

D& thay hai vé trai chia hét cho 5 (x —y)*chia cho 5 du 0 hodc du 1 hoic du 4,
do d6 vé phai chia cho 5 du 2 hodc du 3 hoic du 4
Tur d6 suy ra hé phuong trinh khong c6 nghiém nguyén
. L X’ +2y* —4y+3=0 (1)
Bai 12. Giai hé phuong trinh:
x> +x’y* =2y =0 (2)
(Thi hoc sinh gigi 16p 9 — TP. H6 Chi Minh, niam hoc 1995-1996)
Huwong dén gidi
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(1) ex=-1-2(y-1) <-1=x<-1
(2)<::>x2y2—2y+x2 =0
Néu x =0 thi y=0 khéng thoa man (1)
Néux #0,A =1-x*>0=-1<x<1
Tu do6 suy ra x =—1 thay vao (2) ta dugC y =1
Hé co nghiém (x;y)=(-11)
: . X +y’ =1 (1)
Bai 13. Giai h¢ phuong trinh:
{x“) +y'=1 (2)
Huwong dan gidi
Tr(2)taco: x°<1,y’<1=-1<x<1;-1<y<1
Do x<Inén x’<1=y’>0=y>0 tuong tu x>0
Dodo 0<x<1;,0<y<1
Taco: x”—x"+y —y"=0=x"(1-x)+y’(1-y)=0
{Xg(l—x)=0
=

Py 0" Hg c6 nghiém (x:y) e{(0:1).(1;0)}
xX*+yt=1 (1)

Bai 14. Giai hé phuong trinh:
X'+y' =1 (2)

Huwong dén gidi
, Y <1=2-1<y<1=y <1=x"20=x20.

Tir (1) Taco: 47 Y y X X

xX*<1=>-1<x<1

Turdotacd 0<x<1

Tuongtytacd 0<y<1

Trir vé véi veé ctia (1),(2) taduge x*(1-x)+y*(1-y)=0

*(1-x) =0
Tur do suy ra: {X h . Hé ¢6 nghiém (x;y) € {(1;0),(0;1)}

y'(1-y)=0
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l+l+l:2 (D
N A . X y z
Bai 15. Giai hé phuong trinh:
2 1 4
———=4 (2
Xy z

Huwong dén gidi

biéu kién: x,y,z#0

2
(1)©[i+1+1j 42 11,1, 1,2,2,2 2.1,
Xy z Xy z X° y  z° Xy XzZ yzZ Xy Z
2 2
I 2 1 I 2 1 1 1 I 1
S|l t—+—5 |+ 5+—+=5 =0 | —+—| +|—+—| =0
X" Xz z Yy yz z X Z y z
14_1:0
= x :>X_y_lZ__—1
l+_:0 2 2
y %
x+y=4
Bai 16. Tim x,y duong théa mén h¢:
Y & ' X4+y4+£:35
Xy

Huwong dén gidi

Ap dung bat d¢ang thirc Bunhiacopxki ta co: x* +y* >32

\/gsﬂ:2:>xy£4:>£23
2 Xy

Do d6 x4+y4+£235. DAu bang xay ra khi x =y =2
Xy

Vay hé phuong trinh ¢6 nghiém duong la x =y =2
Bai 17. TIm x,y 1a c4c s6 nguyén thoa man hé diéu kién sau:
2y’ — x> —xy+2y-2x=7 (1)
{x3+y3+x—y:8 (2)
(Vong 1, THPT Chuyén — Pai hoc Quac gia Ha Ngi, nam hoc 2004 — 2005)
Huwoéng dén gidi
(1) = (y-x)(2y+x+2)=7, c6 nghiém duy nguyén la x =1,y =2 hoac

Xx=-5,y=2
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Két hop voi (2) tacd x=1,y=2
5.64.(2):c=a—-b+3, thay vao (3): a>=b’+(a—b+3) +1< (a—b)(b-3)=5.
Tir d6 két hop voi (1) ta duoc: (a.b.c) e {(-3:2-2).(-%-2:2)}
a<b

Bai 18. Tim cac sé nguyén a,b,c thoa man hé diéu kién sau: <a+3=b+c
a’=b*+c’ +1
Huwong dén gidi
(x+1)2(x—2):y+2(1)
Hé da cho tuong duong voi: < (y— ) (y+2)=2-4(2)
(z+2) (z—4)=2-x(3)
Néu x >2, tir (3) tacod z<4. Tir (2) tacd y<—2 . Tur (1) tacod x<2 (VO 1Y)
Tuong tu néu x <2 ciing vo 1y.
Vay (X;y;z) = (2;—2;4)
X’ =3x+ y+4
Bai 19. Giai hé phuong trinh: {1y’ =3y+z-6
2’ =12z-x+18
Huwong dédn gidi
Tur (1) tacd: y =-mx -1, thay vao (2) ta dugc (1-m)x =1-m (3)
Hé c6 nghiém duy nhat néu (3) c6 nghiém duy nhat < m =1

Khi d6 x:l,yz—m—l,yz:X<::>(—m—1)2 =1<m=0 hoac m=-2

BAI TAP TU LUYEN
.\ . X+y=3 ey
Bai 1. Giai hé phuong trinh:
X +y =3(x*+y%) 2)
X*+y +xy=1 (D)

Bai 2. Giai h¢ phuong trinh:
X +y =3x*+y") (2)
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X +y’ =1 (1)
Bai 3. Giai h¢ phuong trinh:

2y’ +x*y+3xy° =3 (2)

2x° +Xy —6x -2y +4=0 )]

Bai 4. Giai hé phuong trinh:
2y* —xy-3x+3y+1=0 (2)

- e LA . +2y* = 2xy +6x—10y +18 =0
Bai 5. Giai hé phuong trinh: Yoy mORT Y
2x° +xy° =3=0

Bai 6. Giai h¢ phuong trinh:
X*+2y" —2xy+4x-4y-1=0 (2)
X" =0y+4(4-y) (1)

Bai 7. Giai h¢ phuong trinh:
x> =5y’ —4xy +16y-8x+16=0 (2)

x> =3xy+2y° =0 )]

Bai 8. Giai hé phuong trinh:
2x> =3xy+5=0 2)

&
|
-
#
8

(THPT Chuyén Ngoai ngi - Pai hoc Quac gia Ha Ngi, nidm hoc 2006 — 2007)

X -y =3x-y) (D)

Bai 9. Giai h¢ phuong trinh: {
x+y=-1 (2)

. . X*+Xy+2=3x+y )]
Bai 10. Giai hé phuong trinh:
X>+y =2 2)
(Vong 1, THPT Chuyén — Pai hoc Quéc gia Ha Néi, ndm hoc 2001 — 2002)
. o 6x>—3xy+x=1-y (1)
Bai 11. Giai h¢ phuong trinh:
X +y’ =1 (2)
(THPT Chuyén Ngoai ngi# - Bai hoc Quéc gia Ha Néi, niam hoc 2004-2006)
X" —xy -6y’ —2x+11y-3=0 )]

Bai 12. Giai h¢ phuong trinh:
X’ +y’ =5 (2)

X’ -y’ =4x-2y-3 1

Bai 13. Giai h¢ phuong trinh:
X’ +y’ =5 2)

(Vong 2, THPT Chuyén — Bai hoc Qudc gia Ha Néi, ndm hoc 2006 — 2007)
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X" +Xx—xy—-2y —2y=0 1)

Bai 14. Giai h¢ phuong trinh:
X" +y =1 (2)

(THPT Chuyén Ngoai Ngit — Pai hoc Quéc gia Ha Ngi, nam hoc 2003 — 2004)

Xy+X+y=x" -2y’ )]

X2y —yVx—1=2x-2y  (2)
Jx+2y +/x=2y =22y ()

Bai 15. Giai hé phuong trinh:

Bai 16. Giai hé phuong trinh:

Jx +4/10y =3 )
x+y+z=0 (1)
Bai 17. Giai h¢ phuong trinh: <2x +3y+z=0 (2)

(x+1)2+(y+2)2+(z+3)2:26 3)

Bai 18. Giai hé phuong trinh:

x+y+z=21 Ay+z)=yz
a) X’ +y’ +z° =189 b) <xy+yz+zx =108
y2:xz XYZZISO

X’ +2xy’ =24

Bai 19. Giai h¢ phuong trinh:
y3 + 2X2y =24

(THPT Chuyén Ngogi Ngiz — Pai hoc Quéc gia Ha Ngi, ndm hoc 2007 — 2008)

3 _
Bai 20. Giai h¢ phuong trinh: 3x" =35y +66
3y’ =5x +66
x—3y= ﬂ (1
Bai 21. Giai hé phuong trinh: X
4x
y=-3x=— (2
y

X*+Xy+x+y=4 e))
x+y)d+xy)=4 (2

(Vong 1, THPT Chuyén — Bai hoc Qudc gia Ha Néi, ndm hoc 2006 — 2007)

Bai 22 Giai h¢ phuong trinh: {

X" -y +xy=1 )]

Bai 23. Giai hé phuong trinh:
3Xx+y= y2 +3 2)

(Vong 2, THPT Chuyén — Pai hoc Qudc gia Ha Ngi, ndm hoc 20096 — 2010)
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X +y —2(x+y)=0 (D)
Bai 24. Giai hé phuong trinh: {1y’ +z° - 2(y+z)=0 )
22 +x°—-2(z+x)=0 3)
(THPT Chuyén — tinh Ha Tay (cii). Nam hoc 2003 — 2004)
X(X+y+z)=12-yz (D)

Bai 25. Giai h¢ phuong trinh: {y(x+y+z)=15-xz (2)
zZ(x+y+2z)=20—xy 3)

Bai 26. Cho x,y,z la nghiém cua hé phuong trinh:

Tinhgidtricta A=x+y+z
(Vong 2, THPT Chuyén Dai hoc Su pham, nam hoc 2009 — 2010)

(X—l)y2+x+y:3 (1)

Bai 27. Giai hé phuong trinh:
(y-2)x*+y=x+1 (2)

(Vong 1, THPT Chuyén — Pai hoc Quéc gia Ha Néi, ndm hoc 2011 — 2012)

2 2x=2y+1=0
Bai 28. Gii hé phuong trinh: 1* T2 =X =2y

3 +xy+4x-y-7=0

.- e A . +y +3x+3y+2 4=0
Bai 29. Giai h¢ phuong trinh: Xy 433y 2xy -

.. A . X(X+2)3x+y)=64
Bai 30. Giai hé phuong trinh:
X’ +5x+y=16

Bai 31. Giai hé phuong trinh: {2" 2y -xy =8+12:2
(x—y) +2xy =24

Bai 32. Giai h¢ phuong trinh:

—3xy=-11

Bai 33. Giai hé phuong trinh:
x'+x’y’ +y* =931
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X4y +42 =22
X

Bai 34. Giai hé phuong trinh: 3
———+22=1
x +y -1 y

x—y—yxy=15 (1)
Vx+1+4y+1=8 (2)
y'—xy +x’y’ =16

y> —xy’ —xy =4

Bai 35. Giai hé phuong trinh:

Bai 36. Giai h¢ phuong trinh: {

(x2 +1)(y2 +1)+8xy =0 (1)
Bai 37. Giai hé phuong trinh: X y 1
¥ — )

Crl yirl 4

(THPT Chuyén Nguyén Tréi — Hdi Duwong, nam hoc 2007 — 2008)
Vx—-1+,y-1=4

\/x+4+\/y+4=6

Bai 38. Giai hé phuong trinh: a) {

b) {\/E+ y+1=4

Jx+4 +\/y+6 =6

Xy® +2X +y = 4xy
Bai 39. Giai hé phuong trinh: 1 1 1 y

—+—+==3

Xy 'y X

Xy(x+y)=2

X+y +x+y=4

Bai 40. Giai h¢ phuong trinh: {
(Vong 1, THPT Chuyén — Pai hoc Quéc gia Ha Néi, ndm hoc 2007 — 2008)

X’ —2xy+3y’ =9
2x> —13xy +15y° =0

3 3
b) {x +y =1

6x° —3xy’ +y’ =2

Bai 41. Giai hé phuong trinh: a) {

3x* +8y” +12xy =23

Bai 42. Giai hé phuong trinh:
X>+y =2

(Vong 1, THPT Chuyén — Pai hoc Quéc gia Ha Néi, ndm hoc 2010 — 2011)
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.. . 2x> +2xy+3y° =7
Bai 43. Giai hé phuong trinh: |~ 0 Y
4xy —x*-2y* =1

.. - 2x> —xy +3y’ =13
Bai 44. Giai h¢ phuong trinh: A
x* +4xy—2y> =-6

\/X+4+\/y—5 =9
Jx =5 +\/y+4 =9

\/xz +y2 +4/2Xxy = 8\/5 (1)
Vx+.y =4 2)

(Vong 2, THPT Chuyén Toan — Tin, Lam Son — Thanh Héa, nam hoc 2005 —
2006)

Bai 45. Giai h¢ phuong trinh:

Bai 46. Giai hé phuong trinh:
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