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PE THI CHON POI TUYEN QUOC GIA
DU THI IMO 2005

*Ngay thi thir nhdt.
Bai 1. Cho tam giac ABC c¢6 (I) va (0) lan lwot 1a cAc dwong tron noi ti€p, ngoai tiép.
Goi D, E, F lan lwot la ti€p diém cua (I) trén cac canh BC, CA, AB. Goi w,, ®,, @, lanlwotla
cac dwong tron ti€p xuc véi hai dwong tron (I) va (0) 1an lwot tai cac diém D, K (véi dwong
tron @,); tai E, M (v&i duwong tron w,) va tai F, N (véi dwong tron @,.). Chirng minh rang:
1. Cac dwong thang DK, EM, FN dbng quy tai P.
2. Truc tAm cta tam gidc DEF nam trén doan OP.

Bai 2. Trén mot vong tron c6 n chiéc ghé dwoc danh sé tir 1 dén n. Ngwoi ta chon ra
k chiéc ghé. Hai chiéc ghé dwoc chon goi l1a ké nhau néu d6 1a hai chiéc ghé dwgc chon lién
ti€p. Hay tinh s6 cach chon ra k chiéc ghé sao cho giira hai chiéc ghé ké nhau, khong cé it
hon 3 chiéc ghé khac.

Bai 3. Tim tit cad cicham s6 f:Z — Z thda man diéu kién:

f&+y’+2)=(f)) + (SN +(f (@)

*Ngay thi thir hai.
Bai 4. Chrng minh rang:
a’ b’ c’
+ +
(a+b) (b+c) (c+a)

trong dé a,b,c 1a cac s6 thuc dwong.

>

oo | W

Bai 5. Cho s6 nguyén t6 p (p >3). Tinh:

5 [ A2 2
a) S:Z 2k }—2[]{—} néu p=1(mod4).
=1 P p

72

b) S:ZZ: ?} néu p=1(mod8).

Bai 6. Mot s6 nguyén dwong duoc goi la “sé kim cwong 2005” néu trong biéu dién
thap phén ctia né c6 2005 s§ 9 ding canh nhau lién tiép. Day (a,),n=1,2,3,... 1a ddy ting
ngat cac sé nguyén dwong théa man a, < nC (Cla hdng s6 thwc dwong nao do).

Chirng minh rang day s6 (a, ),n=1,2,3,... chtra v han “s¢ kim cwong 2005".



PE THI CHON POI TUYEN QUOC GIA
DU THI IMO 2006

* Ngay thi thiv nhdt.

Bai 1. Cho tam giac ABC ¢4 H 1a truc tAm. Pudng phan gidc ngoai ctia goc BHC cét cac
canh AB, AC Ian lwot tai D va E. Pwong phan gidc trong cta géc BAC cit dwong tron ngoai
tiép tam gidc ADE tai diém K. Chirng minh rang dwong thang HK di qua trung diém ctia BC.

Bai 2. Hay tim tét ca cac cdp s6 tw nhién (n ; k) v6inla s6 nguyén khong 4m vak 1a
s6 nguyén I6n hon 1sao chos6: 4=17""" +4.17"" +7.19"" c¢6 thé phan tich duwgc thanh
tich cua k s6 nguyén dwong lién tiép.

Bai 3. Trong khéng gian cho 2006 diém ma trong d6 khong c6 4 diém nao dong
phang. Ngudi ta ndi tat ca cac diém do lai béi cac doan thing. S6 tw nhién m goi 12 s6 t6t néu
ta c6 thé gan cho mdi doan thang trong cac doan thing da ndi béi mot sd tw nhién khong
virgt qua m sao cho mdi tam giac tao béi ba diém bat ki trong s6 cac diém d6 déu c6 hai
canh dwoc gan béi hai s6 bang nhau va canh con lai gan béi s 1én hon hai sé dé.

Tim s6 t6t c6 gia tri nho nhat.
* Ngay thi thir hai .
Bai 4. Chirng minh rang véi moi s thuc x, y, z €[1;2], ta ludn c6 bat dang thirc sau :
x y z

1 1 1
(x+y+z)(—+—+—)26( + +
X z y+z z4+x x+y

Hoi ddng thirc x4y ra khi va chi khi nao ?

Bai 5. Cho tam giac ABC la tam gidc nhon, khong cin, noi tiép trong dwong tron tim
0 ban kinh R. Mot dwdng thang d thay ddi sao cho d ludn vudng géc véi OA va ludn cit cac
tia AB, AC. Goi M, N Ian lwot 13 giao diém ctia dwdng thang d va cac tia AB, AC. Gia stt cAc
duwong thang BN va CN cat nhau tai K; gid stt dwong thang AK cat dwong thang BC.
1. Goi P 1a giao cua dwong thang AK va dwong thang BC. Chitrng minh rang dwong tron
ngoai tiép cla tam giac MNP luén di qua mot diém c6 dinh khi d thay déi.
2. Goi H 1a trwc tAm ctia tam gidc AMN. Dat BC = a va 1 1a khodng cach tir diém A dén HK.

Chirng minh rang dwdong thing HK ludn di qua tric tAm clia tam giac ABC.
Tir d6 suy ra: / <+4R’ —a’ . Pang thirc xay ra khi va chi khi nao?
Bai 6. Cho day so thuc (a,) dwoc xac dinh béi:

:l(an +L) véimoin=1,2,3, ..
2 3

n

a,=1,a

n+l

Chirng minh rang véi moi s6 nguyén n, s6 4, = la mdt s6 chinh phwong va né cé it

3a’ -1

n

nhit n wéc nguyén té phan biét.



PE THI CHON POI TUYEN QUOC GIA
DU THI IMO 2007

*Ngay thi thir nhdt.

Bai 1. Cho hai tip hop A,B la tip hop cac s6 nguyén dwong théa man |A| = |B| =n
(v&inla s6 nguyén dwong) va c6 téng cac phan tir bing nhau. Xét bdng 6 vudng nxn.

Chirng minh rang ta c6 thé dién vao mdi 6 vudng clia bAng mot s6 nguyén khong am
théa man déng thoi cac diéu kién:

i/ Téng cua cac phan tir & moi hang 1a cac phan ti clia tp A.

ii/ Téng clia cac phan tir & mdi cot 1a cac phan tir ctia tap B.

iii/ C6 it nhat (n—1)* +k s6 0 trong bang v&i k 12 s8 cac phan tir chung cta A va B.

Bai 2. Cho tam giac nhon ABC véi dwong tron ndi tiép L. Goi (k,) la dwong tron cé
tAm ndm trén duwdng cao clia goc A, di qua diém A va tiép xuc trong véi dwdng tron (1) tai 4.
Cac diém B,, C, xac dinh twong tu .

1/ Chitng minh A44,, BB,, CC, dong qui tai P.

2/ Goi (J,),(J,),(J,) lan lwot 1a cdc dwong tron d6i xirng véi dudng tron bang tiép
cac géc A, B, C ciia tam gidc ABC qua trung diém BC, CA, AB.
Chirng minh P 1 tAm ding phwong clia 3 dwdng tron noi trén.

Bai 3. Cho tam gidc ABC. Tim gia tri nhé nhit cda biéu thirc sau:

24 LB B ,C ,C L, A
cos Ecos —  CcoS ECOS > cos Ecos >
S= e + 2A + B .
cos” — cos” — cos” —
2 2

*Ngay thi thir hai.

Bai 4. Tim tit ca cic ham s6 lién tuc f :R — R théa min:
f(x) = f(x +§+é) véimoi xeR.

Bai 5. Cho A la tip con chira 2007 phén t cta tip: {1, 2, 3,..., 4013, 4014} théa min
v&i moi a,b € A thi a khong chia hét cho b. Goi ma la phan tir nhé nhat cta A.

Tim gia tri nhé nhat cia ma véi A théa man cac diéu kién trén.

Bai 6. Cho da giac 9 canh déu (H). Xét ba tam giac v&i cac dinh la cac dinh ctia da giac
(H) da cho sao cho khong c6 hai tam gidc nao c6 chung dinh.
Chirng minh rang c6 thé chon dugc tir moi tam gidc 1 canh sao cho 3 canh nay bang nhau.



PE THI CHON POI TUYEN QUOC GIA
DU THI IMO 2008
*Ngay thi thir nhdt.

Bai 1. Trong mat phang cho goc x0y. Goi M, N Ian lwot 12 hai diém IAn lwot ndm trén
cac tia Ox, Oy. Goi d 1a dworng phan gidc gbc ngoai ciia goc xOy va I 1a giao diém cua trung
trwec MN véi dudng thang d. Goi P, Q 1a hai diém phan biét ndm trén dwong thing d sao
cho IM = IN = IP = IQ, gia st K 1a giao diém cia MQ va NP.

1. Chirng minh rang K nam trén mot dwong thing c6 dinh.

2. Goi di 1a dwong thang vudng goc véi IM tai M va dz 1a dwong thing vudng goc véi IN
tai N. Gia st cidc dwong thang di, dz cit duwdng thing d tai E, F. Chitng minh rang cac dwong
thang EN, FM va OK dong quy.

Bai 2. Hay xac dinh tit ca cac s6 nguyén dwong m sao cho ton tai cac da thirc véi hé
s6 thwe P(x),0(x), R(x, y)thda man diéu kién:

V&imoi s6 thuca, bma a” —b* =0, taludn c6 P(R(a,b))=a va Q(R(a,b))=b.

Bai 3. Cho s6 nguyén n > 3. Ki hiéu T la tap hop gobm n sé nguyén dwong dau tién.
Mot tip con S cia T dwoc goi la tip khuyét trong T néu S c6 tinh chat: Ton tai s6 nguyén

A ., n /. N s N LA T A A ,
dwong c khong verot qua 5 sao cho véi s,,s,1a hai s6 bat ki thudc S ta ludén c6 |s1 —52| #C.

Hoi tip Khuyét trong T c6 thé c6 téi da bao nhiéu phan ti ?
*Ngay thi thit hai.

Bai 4. Cho m, n 1a cic s6 nguyén dwong. Chitng minh rang (2m+3)" +1 chia hét cho
6m khi va chi khi 3" +1 chia hét cho 4m.

Bai 5. Cho tam giac ABC nhon, khong cin c6 O la tdim dwong tron ngoai tiép.
Goi AD, BE, CF 1a cAc dwong phan giac trong ctia tam giac. Trén cac dudong thang AD, BE, CF
AL _BM CN
AD  BE CF
Goi (01), (02), (03) lan lwot la cdc dwong tron di qua L, ti€p xtic véi OA tai A ; di qua M, tiép
xuc véi OB tai B va di qua N, tiép xic véi OC tai C.

=k (k1a mot hang s6 dwong).

lan lwot 14y cac diém L, M, N sao cho

1. Chirng minh rang véi k = %, ba dwong tron (01), (02), (03) c6 dung hai diém chung

va dwong thang ndi hai diém chung d6 di qua trong tAm tam giac ABC.
2. Tim tt ca cac gia tri k sao cho 3 dwong tron (01), (02), (03) c6 ding hai diém chung.
Bai 6. Ki hiéu M la tdp hop gbm 2008 s6 nguyén dwong dau tién. T6 tit ca cac so
thudc M b&i ba mau xanh, vang, dé sao cho méi s6 dwoc td bédi mot mau va moi mau déu
dwoc dung dé to it nhit mot s6. Xét cac tip hop sau:
S, ={(x,y,z) e M°, trong d6 X, y, z c6 cing mau va (x+ y+z) =0 (mod 2008)} ;

S, ={(x,y,z) e M*, trong d6 x, y, z d6i mot khadc mau va(x+y+z) =0 (mod 2008)} .
Chtmg minh rang2|S,|>|S,|. (Ki hidu M 1a tich D& - cdc M xM xM ).



PE THI CHON POI TUYEN QUOC GIA
DU THI IMO 2009

*Ngay thi thir nhdt.

Bai 1. Cho tam giac nhon ABC noi ti€p dwong tron (0). Goi 4,, B,, C, va 4,, B,, C,
lan lwot 1a cac chan dwdng cao cla tam gidc ABC ha tir cac dinh A, B, C va cac diém ddi xirng
voi A, B,, C, quatrung di€ém cua cac canh BC, C4, AB.Goi 4,, B,, C, lan lwgtla cac giao

di€ém cua duong tron ngoai ti€p cac tam giac 4B,C,, BC,4,, CA,B, véi (0).
Ch&ng minh rang: 4 4,, B,B;, C,C, dong quy.
Bai 2. Cho da thitc P(x)=7x’ +¢qx’ + px+1 trong d6 p, ¢, r lacacs6 thucva r > 0.

Xét ddy s§ (a,) xac dinh nhuw sau:

a,=1, a,=-p, a =p’—q
an+3 = _p'anJrZ - q'anJrl - r'an , n > O
Chirng minh rang: néu da thirc P(x) c6 mot nghiém thwe duy nhat va khong cé
nghiém boi thi day s6 (a, ) c6 v6 s§ s6 am.
Bai 3. Cho cac s6 nguyén dwong a, b sao cho a, b va ab déu khéng phai 1a s chinh
phwong. Chirng minh rang trong hai phwong trinh sau:
2 2
ax”—by =1
ax’ —by* =—1
c6 it nhat mot phwong trinh khdng c6 nghiém nguyén dwong.
*Ngay thi thir hai.
Bai 4. Tim t4t ca cac sd thuwc r sao cho bat dang thirc sau ding v&i moi a, b, c dwong:

G G G R )
r+ r+ r+ 2| r+—
b+c c+a a+b 2

Bai 5. Cho dwong tron (0) c6 dwdng kinh AB va M 1a mot diém bat ki nam trong (0),
M khong nam trén AB. Goi N 1a giao diém ctia phan gic trong gdc M ctia tam giac AMB vé&i
duong tron (0). Pudng phan gidc ngoai goc AMB cat cac dwong thang NA, NB lan luwot tai P,
Q. Pudng thang MA cit dwong tron dwong kinh NQ tai R, dwong thang MB cit dudng tron
dwong kinh NP tai S va R, S khac M.

Chirng minh rang: dwdng trung tuyén &ng v&i dinh N cia tam gidc NRS ludn di qua

mot diém c6 dinh khi M di dong phia trong dwong tron.

Bai 6. M6t hoi nghi todn hoc c6 tit ca 6n + 4 nha toan hoc phai hop véi nhau dung

2n + 1 lan (n>1). Mai lan hop, ho ngdi quanh mot cai ban 4 chd va n cai ban 6 chd, cac vi

tri ngdi chia déu khap moi ban. Biét rang hai nha toan hoc da ngdi canh hoic ddi dién nhau
& mot cudc hop nay thi sé khéng dwoc ngdi canh hodc d6i dién nhau & mét cudc hop khac.
a/ Chrng minh rang Ban t6 chitc c6 thé x&p dwoc chd ngdinéu n = 1.
b/ Héi rang Ban t8 chirc c6 thé sip x€p dwoc chd ngdi dwoc hay khéng véi moi n > 17



PE THI CHON POI TUYEN QUOC GIA
DU THI IMO 2010

* Ngay thi thir nhdt.

Bai 1. Cho tam giac ABC khong vuong tai A c6 dwong trung tuyén AM. Goi D 1a mot
diém di dong trén dwong thiang AM. Goi (O,), (O,) 1a cac dwong tron di qua D, tiép xdc véi
BC Ian lwot tai B va C. Goi P, Q 1an lwot 12 giao diém clia dudng thang AB v&i dwong tron
(0,), duwdng thiang AC v6i dwong tron (O,) . Chirtng minh rang:

1. Tiép tuyén tai P cta (O,) va tiép tuyén tai Q ctia (O,) phai cat nhau tai mot diém.

Goi giao diém dd 1a S.

2. Diém S1udn di chuyén trén mot dwong thing c6 dinh khi D di dong trén AM.
Bai 2. V&i moi s6 n nguyén dwong, xét tip hop sau:
T, ={11(k+h)+10(n* +n") [ 1<k, h <10}
Tim tat ca gia tri cia n sao cho khong ton tai a,be T ; a#b sao cho (a - b) chia hét cho 110.

Bai 3. Goi mot hinh chit nhat c6 kich thwéc 1x 2 1a hinh chit nhat don va mot hinh
chit nhat c6 kich thwéc2x3, bo di 2 6 & goéc chéo nhau (tirc 1a cé 4 6 vuong nhd) la hinh chir
nhat kép. Nguwoi ta ghép khit cac hinh chit nhat don va hinh chit nhat kép nay lai véi nhau
dwoc mot bang hinh chir nhat c6 kich thwéc 1a2008%x2010.

Tim s6 bé nhit cac hinh chit nhit don c6 thé dung dé ghép.

* Ngay thi thir hai.
Bai 4. Cho a,b,c 1a cic s6 thyc dwong théa man diéu kién: 16(a+b+c) > l+%+l.
a C

Chirng minh rang:

1 1 1 8
(a+b++2(a+c)) ’ (b+c++2(b+a)) ’ (c+a++/2(c+b))’ 35'

Hoi dang thirc xay ra khi nao?

Bai 5: Trong mot hdi nghi ¢6 n nwéc tham gia, méi nwéc c6 k dai dién (n >k >1).
Ngudi ta chia 7.k ngwdi ndy thanh n nhém, mdi nhém cé k nguwoi sao cho khdng cé hai
nguwoi nao cung nhém dén tlr cing mét nwée.
Chirng minh rang c6 thé chon ra mot nhém gém n ngudi sao cho ho thudc cdc nhém khac
nhau va dén tir cic nwéc khac nhau.

Bai 6: Goi S, 1a tong binh phwong cac hé s6 trong khai trién cta nhi thirc (1+x)",
trong dé n la sé nguyén dwong; x 1a s6 thwc bat ki.
Chéng minh rang: S,, +1 khéng chia hét cho 3 v&i moi n.
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LOI GIAI PE THI
CHON POI TUYEN QUOC GIA DU THI IMO 2005

Bii 1. Cho tam gidc ABC c6 (I) va (0) lin lwot la cic dwong tron ndi tiép, ngoai tiép.
Goi D, E, F lin lwgt la tiép diém ciia (I) trén cic canh BC, CA, AB. Goi ,, 0,, o, lin luot
la cdc dwong tron tiép xiic vdi hai dwong tron (I) va (0) lan lwot tai cdc diém D, K (véi dwong
tron o,); tgi E, M (véi dwong tron w,) va tai F, N (véi dwong tron o). Chitng minh rang:
1. Cdc dwong thing DK, EM, FN‘déng quy tai P.
2. Truc tam cua tam giac DEF nam trén dogn OP. o
1. Trudc hét, ta s€ chirng minh bo dé sau:
Cho ba duong tron (O;), (03), (O3) co ban
kinh d@éi mot khéc nhau; A, B, C lan luot 1d tam vi
tu cua cdc cap duwong tron (O;) va (0O,), (O) va
(03), (03) va (O,).
Chitng minh rang néu trong cdc tam vi tw dé, cé
ba tam vi tw ngoai hodac hai tam vi ty trong, mot
tam vi tw ngodi thi A, B, C thang hang.
*Chung minh:
Goi R, R,, R, 1an luot 12 ban kinh cua cac duong
tron (0,),(0,),(0,), cac gia tri R, R,, R, nay doi

mot khac nhau.

o A R
Theo tinh chat vé tAm vi ty, ta co: G _ (=D —.
40, R,
BO R, C'O
Tuong tu: —= =(-1)" =(-1 , tron
g == (=1)"—= RO =(- ) g

3
d6, mdi sda,b,c nhan gia tri 1a 0 (khi n6 1a tdm vi ty ngoai) hodc 1 (khi né la tam vi tu trong).
Theo gia thiét trong a, b, ¢ c6 ba gia tri 1a 0 hodc hai gia tr1 0, mot gia tri 1. T do:
46 .BOZ .CO3 =1, theo dinh li Menelaus déo cho tam giac 0,0,0;, ta c6: A, B, C thang hang.
AO, BO, CO,
B6 dé duoc ching minh.
*Tré lai bai toan:
Goi P’ 1a tam vi ty trong cta hai duong tron (O) va (I). Dé thay: D 1a diém ti€p xtc ngoai

ctia ,va (I) nén ciling chinh 1a tim vi tu trong ciia hai dudng tron nay; K 1a diém tiép xtc trong
cta hai duong tron @, va (O) nén la tdm vi tu ngoai cua hai duong tron nay. Theo b6 dé trén thi
P'.D,K thing hang hay duong thang DK di qua P’. Tuong tu, cic dudng thing EM va FN ciing
di qua P’; tirc 1a ba duong thang DK, EM, FN ddng quy va diém P’ chinh 1a diém P cua dé bai.
10



2. Ta chirng minh bo dé sau:

Cho tam gidc ABC ¢6 (0), (I) lan lwot la tam dweong tron ngoai tiép, ndi tiép ciia tam gidc
ABC. Puong tron (I) tiép xiic véi cic canh BC, CA, AB lan lwot tai D, E, F. Chitng minh rdang
triee tam H cia tam gidc DEF nam trén dwong thang OI.

* Chung minh:

Goi M, N, P lan luot 1a trung diém cua céac
doan EF, FD, DE. D& thiy Al 1a trung truc cua
doan EF nén M thudc dudng thang Al hay A, M, I
théng hang. Tuong tu: B, N, I va C, P, I cling
thang hang. Xét phép nghich dao ® tam I, phuong
tich »* v&i r 1a ban kinh duong tron (I).

D@ thay: tam giac IEA vudng tai E c6 EM la
dudng cao nén: IM.IA=IE* =7 , suy ra:

O:M —>A. Tuongtu: ®: N > B,P—>C.

Do d6: @ : AMNP — AABC . Goi E la tam
duong tron ngoai tiép cia tam giac MNP thi
®:E — O, suyra: E, I, O thang hang.

Hon nita, I 14 tim dudng tron ngoai tiép tam giac DEF, E 13 tim dudng tron ngoai tiép tam
gidc MNP ciing chinh 14 tim dudng tron Euler ctia tam giac DEF nay nén E, I, H thang hang.
Tir d6 suy ra H, I, O thing hang. B6 dé duoc chimg minh.

* Tro lai bai toan:
Goi H 1a tryc tdm tam giac DEF thi theo b6 dé trén:
H, I, O thang hang.
Theo cau 1/, diém P nam trén doan OL.
Suy ra: 4 diém H, I, P, O théng hang.
Tir d6 suy ra tryc tAm H cua tam giac DEF nam trén
duong thing OL
Ta c6 dpem.

11



Bii 2. Trén mgt vong tron cé n chiéc ghé dwgc danh sé tiv 1 dén n. Ngwoi ta chon ra k
chiéc ghé. Hai chiéc ghé dwgc chon goi la ké nhau néu dé la hai chiéc ghé dwoc chon lién tiép.
Hay tinh so cdich chon ra k chiéc ghé sao cho giia hai chiéc ghé ké nhau, khong cé it hon 3
chiéc ghé khdc.

*Trudc hét, ta chimg minh b dé sau:
Cho n diém phdn biét nam trén dwong thang dwoc to mot trong hai mau, xanh hodc do
thoa man cac diéu kién sau:
- Co dung k diem dwoc to mau xanh.
- Giita hai diém mau xanh lién tiep co it nhat p diem dwoc té6 mau do (tinh ti trai sang).
- O bén phai diem mau xanh cuoi cung co it nhat p diém dwoc té mau do.
Khi dé, s6 cach 16 mau la: C,_, .
*Ching minh: Danh s6 cac diém d3 cho 1a 1,2,3,...,n . Dt tuong ng mdi cach t6 mau
v6i mot bo k cac sb nguyén duong (,1y,...,1; ) trong do i,1,,...,i, 1a cac diém dugc t6 mau xanh.
Dé thay twong g noi trén chinh 1a mot song anh tir tap cic cach t6 mau dén tap hop T sau:
T ={(i,,iysriy) i, €{1,2,.con—p},Vs=Lk; i, —i > p,Vi=1k—1}.
Xét anh xa sau:
T = T'= s Josews SO Ly € 12000 n= P}, o > 1, V1 =LK
Ta s& ching minh 4nh xa nay la mot song anh.
That vay:
*Xét mot bd (i, Jy»eens j,) € T'. Khi d0, ta xét tiép bd: (i, j, + Ps Jy + 21w j, + (k=1 p).
Do 1< j, <n—kp nén phan tir 16n nhat cia bo nay la Ji +(k—=1)p co gia tri khong vuot qua
n—kp+(k-)p=n—p.Tuddsuyra: j +(t-Dpe{l,2,.,n—kp},Vt=>1.

Hon nita: [, +p]=[j, +¢-Dp]=G,—j)+pr>p.
Tawdosuyrabd (j,j,+p,j;+2p,....j, +(k=Dp)eT .
Do do, twong tmg nay la mot toan anh.
*Xeétbo (i),1,,...,i,) € T . Khi do, hoan toan tuong tu trén, ta cling chirng minh duoc b
@0, = p,i,=2p,...i, —(k=Dp)eT".
Ta s€ chirng minh ré‘mg néu c6 hai bo khéc nhau (i,i,,...,7,),(",,i',,...,i",) € T thi cac bd tuong
ting thudc T=T"' cua chiing ciing phai khic nhau. Nhung diéu nay 1 hién nhién do hai bo nay 1a
khéc nhau nén ton tai chi sb s sao cho i, #i' ,khido i —(s—D)p=i' —(s—1)p.
Suy ra, tuong ting nay ciing 1a mot don anh.
Vay tuong ung T — T 'la mot song anh.
Nhan xét trén dugc chung minh.
Do dé: |THT'|= Cy,,. B6 d¢ dugc ching minh.
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*Tra¢ lai bai toan:

Ta xét tong quat gia tri 3 trong dé bai boi gia tri p tuong g véi bo dé trén.
Danh sb cac ghé trong dé bai theo chiéu kim ddng ho 1a A4, 4,,...,A (xem nhu la cac diém nam
trén mot vong tron) ; moi ghé duoc chon xem nhu dugc t6 mau xanh va khong dugc chon xem
nhu dugc t6 mau do; goi X 1a tap hop tit ca cac cach t6 mau k diém trong n diém da cho thoa
man dé bai.

Xét phan hoach: X = X'UX"=|X]|=|X|+|X".
trong d6 X' 1a cach t6 mau théa man c6 mat diém dugc t6 mau xanh thudc {4,4,, 4;,...,4,} va
X"=X\X"', khi d6 r0 rang, v6i moi phﬁn tor thuge X" thi khong cé diém nao duoc t6 mau
xanh thudc {4,, 4,, 4;,...,4,} , tirc la moi diém trong tip nay déu duoc to mau do. Ta cit dudng

tron ngay tai diém A4 A thi rd rang s€ tao dugc mot duong thflng théa man tat ca diéu kién

p+l1
ctia bo dé da néu & trén, suy ra: |X "| = Cfﬁkp . Ta chi con can tinh sb phan tir ciia X'
Xét tap hop X', trong d6 mdi phan tir cia X ' ¢6 dung mot diém A. dugc to mau xanh,
J— p
i=1p:;khidordrang X',n X', =@, Vi jva| X, =X".
i=1

Véimdi i = G, theo bo d¢é trén, ta thay:

C,f__ll_p_(k_]) »= C,f__,lp_] , tlic 1a cac tAp X', nay c6 cling s6 phan tir. Suy ra: |X '| = pCf__,:p_] .
o vl — _ ok k-1
Do dé: |X|=|X|+|X"|=CL,, +pCyy, ..

Thay p =3, ta dugc sd cach chon ghé twong tng trong dé bai la C* , +3C*), .

Vay s0 cach chon ghe thoa man tat ca cac dicu kién cta dé bai la: C*, +3C* .
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Bai 3. Tim tit cd cac ham so f :7 — 7 thoa man diéu kién:

[+’ +2) =) +(fON +(f (@)

* Trude hét, ta s& chimg minh bo dé sau:
Véi moi s6 nguyén dwong I6n hon 10, ldp phirong ciia né déu cé thé biéu dién dwoe duéi
dang téng ciia 5 ldp phwong ciia cdc s6 nguyén khdc c6 gid tri tuyét déi nhé hon né.

* That vay:

Ta can tim mdi lién hé d6 v6isé n > 10 trong ting truong hop n chin va n 1é.
- Véinlasd e, dat n=2k+1.

Ta can tim mot ddng thire ding voi moi k ma trong d6 2k +1 13 biéu thire ¢o gid tri tuyét
d6i 16n nhat, cac biéu thirc con lai phai 1a nhi thirc bac nhét c6 hé s6 ciia k 16n nhat 1a 2. Khi d6
dé khur 84° xuat hién & trong (24 + 1)3 , ta chon —(2k — 1)3 ; ta thdy van con s6 hang chira k bac
hai trong d6, ta chon tiép hai biéu thtrc khac c¢6 chira k ciing hai hang s6 bang cach dung tham sb
nhu sau:

Gia str hai biéu thirc can tim ¢6 dang (ak +b),(ak —b); a,b € Z va hai sb can tim 1a
c,d e, ticla:

[k+1) =2k =1) | =] (ak +bY’ —(ak—b)’ |+’ +d’ ]
& (24K7 +2) =(6a’bk> +2b* ) +(c* +d°)
< k(24-6a’h)+(2-2b" - —d*)=0

Ta can chon a,b,c,d saocho a’b=4, 2b> +¢* +d’* =2 trong 46 a<?2.

D& thdy a#2 vinéu a=2 thitr a’b=4= b =1, tring v6i biéu thirc can danh gia; do do,
a=1,b=4,suyra: ¢’ +d’ =-126, tachon dugc c=-5, d =-1.

Do do:

Qk+1° =k =1y +(k+4) +(4—k)’ +(=5)’ +(-1)’ (1)

Thir lai, ta thiy biéu thirc nay ding véi moi k.

- Véinlasd chin, dat n=2k+2.

Lap luan hoan toan twong tu, ta c6 dugc dang thirc sau:

2k +2) =2k -2)’ +(k+8)’ +(8—k)’ +(~10)* +(-2) (2)

B6 dé dugc ching minh.

*Tré lai bai toan:
Trong dang thic d4, thay x =y =z =0, ta dugc:

f(0)=3f(0) = f(0)=0v3f*(0)=1.
Do ham nay chi liy gia tri trén f :7Z — Znén khong thé ¢6 3 f2(0)=1, tic1a £(0)=0.
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Thay y=z=0,taco: f(x’)=(/(x))"+(/(0)) +(f(0))’ =(f(x))".
Lai thay y=-z, ta co:

SV =(SE) +(SO +(fE) (TN +(f(0)' =0 f()=—f(-),VyeZ.
Ta s& ching minh rang: Vk € Z: f(k)=k.f*(1) bang quy nap. (*)

*That vay:

Vi k=1, trong gia thiét, thay x=1, y=z=0,tacoé f()= )= f(-D)=—7>(1)
Véi k=2, trong giéthiét, thay x=y=1,z=0,tacod f(2)=2f3(1):>f(—2)=—2f3(1)
Vi k =3, trong gia thiét, thay x=y=z=1,tacé f(3)=3/>(1)= f(-3)=-37/°()
Thay x=2,y=2z=0,tacéd f(8)=f(2)=2f1) =8 1) = f(-8)=-81°(1).
Thay x=2,y=1,z=0,tacéd f(9)=FQ)+ D=9 D)= f(-9)=-97(1).

Thay x=2,y=z=1,tacé: f(10)= > (2)+2°1)=101>(1) = f(-10)=-107(1).
Thay x=2,y=-1,z=0,tacé: f(7)=1Q) - V=7 D= f(-T)=-T£().

Thay x=2,y=z=—-1,tacod: f(6)=1>(2)-2/ (D=6 ()= f(-6)=-6f(1).
Trong dang thic (1) ctia bo dé trén, ta thay k=2, suy ra:
5=3+6"+2"+(=5)° +(=1) hay f(5’+5 +1’)=f(3 +6’ +2%).

=20+ W)=+ O+ D= f(9)=5/ D= f(-5)=-5/(1).

Trong dang thic (2) ciia bo dé trén, ta thay k =1, suy ra:
£ =0+9"+7 +(=10) +(=2)’ hay f (4’ +10°+2°)= f(9’ +7° +0%).

= L@+ A0+ Q=L O+ D+ 0= f@) =4/ D)= f(-4)=-4/(1).

Nhur thé, ta dé chimg minh duge (*) dang véi moi [k|<10.

V6i [k|>10, xét k > 0thi theo bd dé & trén, 1ap phuong ctia k déu c6 thé biéu dién dugc

dudi dang tong cia 5 1ap phuong khéc c6 gia tri tuyét ddi nho hon no.

Hon nita, dé théy ré‘mg v6i a,b,c,d,e, f €Z théa @’ +b’ +c’ =m’ +n’ + p’ va ta da co:

f@)=b’(), f()=cf V), f(m) =mf* (1), f(n)=nf> V), f(p) = pf(1) thi f(a)=af"(1).

Tirdo, suy ra f(k)=kf>(1), vk >10.
Vé&i k<—10 thi f(k)=—f(=k) =—(=kf* Q) = k*(1).

Do d6, theo nguyén li quy nap (*) dugc chiing minh.
Mit khac, trong gia thiét da cho, thay x=1,y=z=0,taco: f(1)= (1)< fQ)==%lv f(1)=0.

Néu f(1)=-1 thi f(k)=—k,Vk eZ, thi lai thiy thoa.

Néu f(1)=0 thi f(k)=0,Vk e Z, thir lai thay thoa.

Néu f(1)=1thi f(k)=k,Vk €Z, thir lai thiy thoa.

Vay tt ca ham sd can tim 13 f(k)=k,Vk e Z; f(k)=-k,YkeZva f(k)=0,YkeZ.
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Bii 4. Chirng minh ring:

3 3 3
a b c 3
>

+ +
(a+b)y (b+c) (c+a) 8

trong dé a,b,c la cdc sé thwe dwong.

*Trudc hét, ta s& ching minh bd dé sau:
“Néu a,b,c,d la cdc sé thuc dwong co tich bc%ng 1 thi:
1 1 1 1 )
~+ =+ -+ ~2>1.
(I+a) (A+b)” (A+c) (A+4d)
That vay:

1 2
(1+ " 7%
x)” (I+y)y I+xy

Ta thay v6i hai s6 thuc duong tuy v thi: (*)

2 2
(*)c>(x+1) +(y+1)2 > ! <:>[(x+1)2+(y+1)2}(l+xy)2(xy+x+y+1)2
(xy+x+y+1) I+xy

S +Y +2x+2y+2)A+x0) = (xy +x+ )’ +2(xp +x+ ) +1
S (X + Y +2x+2y+2)+ (X y+xp’ +2x°y +2xp° +2xy) >
> (XY + X7+ Y 42Xy +2xp” + 2xp) + (2xy +2x+2y) +1
S 1+xp(x® +3)) 2 2xp+ 37y < xp(x— ) +(1—-xy)* >0
Do do¢:

1 1 1 1 1 1 2+ab+cd 2+ab+cd

7T 7t P 7= + - - =1
(+a) (A+b)” (A+c¢)” (A+d)” 14+ab 1+cd 1+ab+cd+abcd 2+ab+cd
Do d6 b6 d& duoc chimg minh.
Piang thirc xay ra khi va chi khi a=b=c=d =1.

Trong bd dé trén, thay a=x,b=y,c=z,d=1,tacd Kkét qua sau:
Vi x, y, z 1a cac s6 thyc dwong vaxyz =1 thi:
1 1 1
2 + 2 + 2
1+x)° (A+y)y (A+2)

Z%.Déngthircxéyrakhivéchikhi x=y=z=1.

*Tré lai bai toan da cho:

bat x:é,yzg,z:gjx,y,z>0; xyz =1.
a b c

BDT di cho ban dau tuong dwong vi:
1 1 1 3 1 1 1 3
+ > =

+ > >
a+2y @+ Sy e dy
a b c

= + + :
8  (I+x)° (1+y) (1+z) 8
Theo BDT Cauchy cho céc sé duong, ta co:
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1 1 1> 1 3 1 1 >3 1

+ +—>33 ==, = > -——.
(I+x) (1+x)° 8 8.(0+x)° 2 (1+x)*  (1+x) 4 (1+x)* 16

Hoan toan tuong tu:
1 3 1 1 1 3 1 1
> S—— > -
(1+y) 4 (Q+y) 16 (1+z2)° 4 (1+z)* 16
Cong timg vé cac BDT nay lai, ta dugc:

1 1 1 3 1 1 1 3
T+ T+ . ~+ =+ = -
I+x)y dA+y)y (d+z)y 4 |d+x) (Jd+x)° (d+x) 16
Ta cin chirg minh:
3.3 1 1 1

3{ ! + ! + ! }——2—@ + + >
41 (1+x) (+x)° (+x)° | 16 8 (I+x) (I+x)° (1+x)°
Vi X, y, z théa man cac diéu kién da néu.

Theo b6 dé trén thi (**) dung.
Vay ta c6 dpcm.
Dau dang thic xdy rakhi vachikhi x=y=z=1<a=b=c.

1

3

4

(**)
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Bii 5. Cho sé nguyén té p(p >3). Tinh:

L

A1

R 2 2 ,
a. S=) {2" }2["—} néu p=1(mod4).
k=1 p p
p-1
2 k2 i
b. P=) |—|néu p=1(mods).
=1 P

*Trudc hét, ta s€ chung minh hai bo dé sau:

2 \ . ’ r ~, 14 . . _1
(1) B6 dé 1: Voip 1a s6 nguyén t6 thoa p =1 (mod4) thi moi so tw nhién a voi: 1<a < pT

p+lsb£p—1 va: @’ +b° =0(mod p) .

s& tOn tai duy nhét s6 tu nhién b thoa
*Chtimg minh: Theo dinh 1i Wilson: (p—1)!=-1(mod p).

Vi mdi k = 1,2,3,...,p7_1, ta thay: p —k = —k(mod p) = k(p—k) =—k*(mod p) .

: o 1.
Két hop véi gia thiét p =1(mod 4) = pT: 2 , ta duoc:

_1E(p—1)sz(_1)1?.((p7_ljzj E(EPT_IJ!] (mod p) . Dit gz):(pT_lj!:gozz—l(modp).

Véimbi 1<a ST_I’ ta chon p2+1 <b< p-1thoa b* = a’.¢*(mod p), d& thay b ton tai va duy
nhat. Khi d6: a® +b° = a*(1+ ¢*) = 0(mod p). B6 dé dugc chimg minh.
(2) Bb dé 2:
Vi x la s6 thiee bat ki thi [2x]—2[x] bang 1 néu %S {x} <1 va bang 0 néu 0 < {x} <%.

*Chung minh: Ta c6: x = [x] +{x}. Suy ra:
[2x]-2[x]=[2[x]+2{x}] - 2[[x]+ {x}] =[2{x}] - 2[{x}] =[2{x}]. Do do:
-Néu %S {x}<1thi1<2{x}<2= [Z{x}] == [2x]—2[x] =1.
- Néu 0S{x}<% thi 0<2{x} <12 [2{x}] = 0= [2x] - 2[x] =0.
B6 dé duoc chimg minh. *Tré lai bai ton:
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p—

2 2 1 .

1. Ta thay tong da cho 1a: S = Z[{zk }— 2{k—D co ding pTl s0 hang.
=\ P p

Theo bo dé 2 thi mdi s6 hang trong tong d6 nhan hai gia tri 1a 0 hodc 1. (1)

1 A . A A A 5
Theo bd dé 1 thi véi mbi sd tu nhién a théa 1<a<Z— P 5 thi ton tai duy nhat s6 ty nhién b thoa

p;1<b<p 1 sao cho a” +b* =0(mod p) = a* + (p—b)* =0(mod p) ; do d6, ton tai duy nhét

Z - \ -1
s6 tu nhién a' théa 1<a' <2 sao cho a® +a" =0(mod p).

2
. P A . X , , .0 p—-1. , ., .. p—1
Goi x, ylan luot 1a s0 cac s6 du cua phép chia k“chop (1<k < 5 ) c6 gia tri lonhO’nT
C p-1 A s N p-—1 p-1
VanhohornT.Theonhanxettrenthlx:y,hO’nnuax+y:T:>x=y=T. (2)

Tir (1) va (2), ta co: S:x.1+y.O:pT_1.

p-1

Do dd, tong can tim la

2.Do p=1(mod8) nén ton tai a sao cho 4’ =2(mod p).
(ta ciing thiy ring p=1 (mod8) = p =1 (mod4)).

oo p-3 ]S HE) (2L )2 [ THE -+

(L)

-1 . .
P~ cho p trung voi tap hop cac so

=
i

MN\

-
i

Ta can tinh:

H(2HE)-

trong d6 p=1 (mod8).

S

SR

b
Il

Theo nhan xét trén thi tap hop cac s6 du khi chia &>,1< k <

p-1
_ BN 2 2
du khi chia 2k%,1<k <2 L cho p, tc la: ) {2k }—{k—} =0, suy ra:
2 =1 p p

%4 2_](2 B k_2 2 kZ _p2—1
;[{ p} {P}J kl(pj 24
p’-1 p-1_(p-D(p-5)
24 4 24

MN

Vay P=

19



Bii 6. Mt s6 nguyén dwong dwoc goi la “sé kim cwong 2005” néu trong biéu dién
thdp phén ciia né cé 2005 sé 9 dirng canh nhau lién tiép. Day (a,),n=1,2,3,... la day ting
ngdt cdc sé nguyén dwong théa man a, <nC (Cla hang sé thwe dwong nao do).

Chirng minh rang day sé (an ) , n=1,2,3,... chita v6 han “sé kim cwong 2005”.

Trude hét, ta s& ching minh cac b dé sau:
o1
(1) hmZ— =400,
i=1 1

(2) Néu trong hé co s6 m (m e N,m >1): diy sd (a,) tang va trong day do khong co sd

\ , ’ ~ A LA - 1 A . <A & A
hang nao c6 chira chitr s0 m—1 thi tong sau Z—h(_n tu khi n tién t41 vO cuc.

i=1 4;
*Chiig minh bb dé (1):
Ta can ching minh BDT: x > In(x+1), Vx> 0. That viy:
Xét ham sé: £(x) = x—In(x+1), x> 0= f(x)=1———=—¥50,vx>0.
x+1 x+1

Do d6, ham s§ f(x) dong bién trén (0;+00). Suy ra: f(x)> f(0)=0= x> In(x+1), Vx>0.

Trong BDT nay, thay x boi 1 >0, ta cling co:
X

1. 1n(l+ e —> ln(x—+1) ol In(x+1)—Inx, Vx> 0. Ap dung vio tong can ching minh:
X X X X X

il > Zn: [ln(n +1)— ln(n)] =In(n+1)—Inl=In(n+1), ma lim[ln(n + 1)] =400 nén:

i=1 =

limzl = 40 . B6 dé dugc ching minh.
i-1 1

*Chirng minh bo dé (2):
1 N LA , A A r ) ~ A A A A \ A r
bit s, = Z— 1a tong cac sO tu nhién c6 chura k chir s6 viét trong hé co s6 m va khong cé
n

chira chit s6 m—1 nao.

Gia str mot s6 hang c6 k chit s6 nao d6 c6 dang: hb,...b,_b, , chit sb thir 1 phai khac 0 va
khac m—1 nén c6 m—2 cach chon, cac chit s6 con lai phai khac m—1 nén c6 m—1 cach chon.
Do d0, ¢6 dung (m—2).(m—1)*"sb c¢6 k chit s ma trong biéu dién trong hé co sé m khong c6
chta chir s6 m—1, ma mdi sb trong d6 déu 16n hon m* nén téng nghich dao twong g cua
(m—-2).(m-1)*"

k-1
m

chung s€ bé hon
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~ 1 N LA . A J , ~ A A A \ A 7 ’
Hon ntra: s, = Z— la tdng cac s6 hang c6 chira k chit s6 trong h¢ s6 m va khong c6 chira
n

chir s0 m—1 nao nén n6 khong vugt qua tong cua tat ca cac soO ty nhién c6 cung dang d6 ma ta

_ _1\k1
vura danh gia dugc, suy ra: s, < (m 2)'(Z D .
m

Do do:

n n n _ 1)kl n _ _
lim> L= limY s, <lim > DD gy (Ml 2 M2 ).

-1 4 k=1 k=1 m k=1 m 1— L_I

m

Tuc 12 tong nay hoi ty khi n tién t&i vo cuc. BO dé (2) dugc chig minh.

*Tré lai bai toan:
Pit m =10"" = m —11a s6 ty nhién c¢6 chira dung 2005 s6 9 lién tiép khi viét trong hé
thap phan.
Ta can ching minh trong diy di cho, c6 v6 s6 sd hang chira chit sé m—1.
Gia str trong diy nay khong c6 chira s6 hang nao co chit sé6 m—1. Khi @0, theo bd dé (2)
. w1
O trén: hmZ— 1a hiru han.
i=1 a,’
1

S TN R | .ow 1 .
Hon nira, theo gia thiét: a, <nC,Vn nén lim Z— > lim Z_C = E.hmZ— . Theo bo
i=1 1 i=1 1

i=1 “;
dé (1), gi6i han nay tién t&i vo cuc. Hai diéu ndy méau thudn v6i nhau ching to diéu gia st & trén
1a sai, tirc 1a day dé cho c¢ it nhat mot s6 hang chira chir som -1, gia sir do la: a, .

Ta lai xét ddy con cua ddy ban dau: a__,a

ny+1° "ng+2° an0+3 EAA

Diy nay c6 day du tinh chat cia diy di cho nén ciing chira it nhat mot s6 hang c¢6 chta chir sd
m—1 khéc v6isd a, & trén (do dy la ddy ting).

Lap luan twong ty nhu thé, ddy con nay c6 thém mot s6 hang c6 chtra chir s6 m —1.

Tir d6 suy ra diy di cho c6 vo s sb hang chira chir s& m—1.

Vay day s6 (a,),n=1,2,3,... chira vd han “sé kim cwong 2005”. Day chinh 1 dpcm.
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LOI GIAI PE THI CHON POQI TUYEN QUOC GIA
DU THI IMO 2006

Bai 1. Cho tam gidc ABC ¢6 H la truc tdm. Pwong phén gidc ngoai ciia géc BHC cit
cdc canh AB, AC lan lwot tai D va E. Pwong phan gidc trong ciia géc BAC cit dwong tron
ngoai tiép tam gidc ADE tai diém K.

Chitng minh rang dwong thing HK di qua trung diém ciia doan BC.

Trudc hét ta sé chimg minh A4DE can tai A.
That vay: Vi HD la phan gidc goc ngoai cua BHC nén:
1

E(EJQMTC\B) =5[(9o° —ZB\C)+(90—A/&3)} =%ETC.

— 1

DHB =
Do dé: ﬁ=@+@=9m_m+%ngoo_%@.
Tuong tu, ta cling co: AED = 90" —%BA/\C , suy ra: ZZ-D\E = Zﬂ) , tire 1a tam giac ADE cén tai A.

Mat khéac AK 1a phan giac DAE
nén cling 1a trung tryc ctia doan DE, do d6
AK chinh 1a dudng kinh cuia duong tron
ngoai tiép AADE .

T do, tacd: KD L AB, tuong ty ta cling
co: KELAC

Goi P 1a giao diém cua KD va HB, Q 1a
giao diém cua KE va HC.

Taco: KP L AB, QH 1 AB=KP // QH.
Tuong ty, ta cling c6: KQ // PH. Suy ra:
KPHQ 14 hinh binh hanh, tirc 1a HK di qua
trung diém cua PQ.

Goi BB’, CC’ 1a c4c dudng cao cua

tam gidc ABC. Theo dinh li Thales: DP // HC’ = L = DB ,QE//HB’ = s = E—C
PH DC' OH EB'

DB _HB EC _HC

DC' HC'EB' HB'
ViB, C, B, C’ cing thudc duong tron duong kinh BC nén theo tinh chit phwong tich:
" PB
HB.HB'=HCHC'= HB = H—C . Tt cac di€u nay, ta dugc: — = g =PQ //BC.
HC' HB' PH QH
Vi HK di qua trung diém ctia PQ nén ciing di qua trung diém cta BC. Ta c6 dpem.

Theo tinh chat duong phan giac:
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Bai 2. Hay tim tit cd cdc cdp so tw nhién (n ; k) v6i n la sé6 nguyén khéng am va k la sé
nguyén I6n hon 1 sao cho 56 : A=17""""+4.17*" +7.19°" ¢6 thé phaén tich dwoc thanh tich
ciia k 6 nguyén dwong lién tiép.

Trudc hét ta thdy rang tich cta 4 s ty nhién lién tiép phai chia hét cho 8 vi trong 4 s6 d6
c06 1 so chia hét cho 4 va mot so chia 4 du 2.
Tx A=17"""+4.17""+7.19"" /suyra:
- Néunlasochan, tacod:
177" =1 (mod8),4.17*" =4.1 (mod8),7.19”" =7.3*" =7.3" =7 (mod8)
Suyra: A=12=4(mod8), tirc 1a A khong chia hét cho 8.
- Néunlasd ¢, ciing trong tu
177" =1 (mod8),4.17*" =4.1 (mod8),7.19*" =7.3° =7.3 = 5(mod 8)
Suyra: 4=10=2(mod8), tirc 1a A ciing khong chia hét cho 8.
Tic 1a trong moi truong hop luén c¢6 A khong chia hét cho 8.
Suy ra néu k thoa mén dé bai thi k <4 =k e{2,3}.
Xét tung truong hop :
- Neéu k = 2:t0n tai x tu nhién sao cho 4 =x(x+1).
+Néun=0thi A=12,x =3, théa man dé bai.
+Néun > 0 thi rd rang 17" >4.17*" +7.19°" . Ta thdy :
A=x(x+1)=17"""+4.17*" +7.19" >17**"  suyra x >17"""" nhung
x(x+1)>17" +17'" > 4, mau thuan.
Do @6, trong truong hop nay khong c6 n thoa man dé bai.
- Néu k = 3:ton tai x ty nhién sao cho 4 = x(x—1)(x+1),x>1; d& thiy x phai 1a s6 chan (vi
néu nguoc lai thi A chia hét cho 8, mau thuin). Ta thiy :
A=12.(-1)" =2.(-1)"(mod 5) trong khi x(x—1)(x +1) = x(x* —1) = 0,+1(mod 5) , mau thuan.
Do d6, trong truong hop nay khong c6 n thoa man dé bai.
Vay tit ca cac cap sd thoa méin dé bai la (n; k)= (0; 2).
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Bii 3. Trong khéng gian cho 2006 diém ma trong dé khéng c6 4 diém nao dong phing. Ngwoi
ta néi tit cd cdc diém dé lai béi cdc doan thing. S6 tw nhién m goi la sé t0t néu ta cé thé gdn
cho méi doan thing trong cdc doan thing di noi béi mét so tw nhién khéong vwot qud m sao
cho méi tam gidc tao béi ba diém bit ki trong so cdc diém dé déu c6 hai canh dwoc gin béi
hai s6 bang nhau va canh con lgi gdn béi so I6n hon hai sé do.

Tim sé tét c6 gid tri nhé nhit.

Do trong cac diém da cho khong c6 bdn diém nao dong phing nén ba diém bét ki trong
chung ludn tao thanh mot tam giac. Goi S(n) 12 gi tri nho nht cua sé £6¢ ing voi n diém trong
khong gian (n 1a sé ty nhién), ta s& xac dinh gia tri ciia S(2006). Ta chi xét cac gia tri n>4.

- Véin=4 thi thtr truc tiép, ta thay S(4) = 2. Boi vi S(4) = 1 khong
thoa min nén S(4)> 2, ta s& chi ra rang S(4) = 2 thoa mén. Cy thé

2 ta c6 thé gan cac doan thang nhu sau : gan 4 doan bat ki bai s6 1 va
2 doan con lai bai s6 2, r6 rang cic tam giac tao thanh déu thoa
mén dé bai.

- V&imot gia tri n > 4 bat ki, ta s& chimg minh rang :

n+1

Goi a 1a s6 nho nhat dugc gan cho cac doan thang trong trudng hop cé n diém. Trong
truong hop t6i thiéu, khong mat tinh tong quat, ta gia sir rang a = 1, ta goi hai ¢du mut cia doan
thang nao d6 dugc gansd 1 1A X va Y.

Trongn -2 diém con lai, néu c6 mot diém duoc ndi voi X va Y boi mot doan thfmg gan
boi s6 1 thi diém d6 cing véi X va Y s& tao thanh mot tam giac déu khong thoa mén dé bai.

Do d6, néu goi A la tap hop tat ca cac diém ndi voi X boi mot doan thfmg gan s6 1 (c6 tinh luén
diém Y) va B 1a tap hop tat ca cac diém ndi v6i Y boi mot doan thang gan sé 1 (c6 tinh ludn

1

diém X) thi gitra A va B khong c¢6 phan tir ndo chung hay |A| + |B| =n.

*Ta c6 cac nhan xét sau :

- Néu 1ay mot diém bat ki trong tdp A va mot diém bat ki trong B thi hai diém d6 ciing phai
dugc ndi boi doan thang gan s6 1 vi néu khong thi hai diém dé s& cung voi X s& tao thanh mot
tam giac khong thoa man d& bai (tam giac d6 hodc khong ¢ hai sé dwoc gan trén hai canh bang
nhau hodc c¢6 hai canh béng nhau nhung canh con lai gan s6 1 nho hon).

- Hai diém bét ki trong A duogc ndi v6i nhau béi mot doan théng gan s6 16n hon 1 boi néu
khong thi khi chon thém mot diém trong B, ta s& c6 mot tam giac khong thoa man dé bai (tam
gidc d6 déu). Tuong tu véi tap hop B. Tic 14 trong cac tip A va B déu co chira cac sé 16n hon 1.

Tiép theo, ta lai thdy trong mdi tip A, B nhu vay déu can thém S (|A ),S (|B|) sb nira dé

gan cho céc doan thing. Gia sir |A| > |B| thi |A| > [HT_I} +1= [%ﬂ} .
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Ta hoan toan co6 thé gan cac so ¢ tdp A trung vdi cac so ¢ tap B nén céc so can cé thém

nttala S ({HTHD , tinh thém s 1 nho nhat d3 duge gan cho doan XY ban dau, ta dugc:

n+1

T d6, 4p dung lién tiép két qua nay, ta c6: (chii ¥ ring S(4) = 2).
S(2006)>1+S(1003)> 2+ 5(502)>...29+ A(4)=11.
Tiép theo, ta s& chimg minh rang gi4 tri 11 ndy théa man dé bai.
* That vay :
Ta x4y dung cach gan cac diém tir thip dén cao bang cach ghép cac bo diém it hon lai. Cu thé
nhu sau :
- Dau tién ta xay dung cho b 4 diém. Cach gan tuong ty nhu & trén, nhung trong truong hop
nay gan 4 doan bdi s6 11 va 2 doan bai sd 10.
- Ghép 2 b nay lai va tach ra tr mot trong hai bg do6 ra 2 diém, gan cho doan théng ndi 2 diém
d6 boi 56 10, ta da co tat ca 8 diém.
- Tiép tuc ghép twong ty nhu vay theo thw ty nhu sau :
4—-58—>16>32—>63—>126>251—->502—>1003 — 2006
(Céc trudong hop tir 32 dén 63 hodc tuwong tu ta phai bo di 1 diém nao d6 & mot trong hai bo
ra ngoai). Moi lan ghép hai bo diém lai thi sd gan trén doan dugc tach ra lai giam di 1 don vi,
dén khi ghép duoc 2006 diém thi sé d6 chinh 1a 1.
D@ thay cach gan sb cho cac doan thiang nay thoa méin dé bai.
Vay gia tri nho nhit cua sé 16t can tim 1a 11.
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Bii_4. Chitng minh riang véi moi so thuc x,y,z € [1;2], ta ludn cé bit ding thirc sau :

1 1 1
(x+y+2)(—+—+—)26( AN A Y
X y z y+z z4+x x+y
Hoi déing thire xdy ra khi va chi khi nao ?
Trudc hét ta thy rang :
_ 2
(x+y+z)(l+l+l)—9zz(x V) L 6(——+—2 9=y 2 (x=p)°
X y z Xy y+z z+x x+y (y+2)(z+x)

Ta can chimg minh :

(x+y+z)(l+l+l)26( * 2 z @Z(x ) >Z 3=y’
X y z

y+z z+x x+y (y+z2)(z+x)
véi moi s6 thuc x, y, z thudc doan [1 ; 2].
1 1 1 3
Pt S, =t > § =t O g

vz (x+y)(x+2z2) ’
Bét dang thtrc di cho viét dudi dang twong duong la:
Sx(y—z)2 +Sy(z—x)2 +Sz(x—y)2 >0.
Khong mét tinh tong quat, ta gia st 2> x> y>z>1.

Ta s& chimg minh rang S, S, >0. That vy:

S >0 x’+xy+xz-2yz >0, ding.

S, >0 Y +yx+yz—2zx > x(y—z)+z(z+ y—x) > 0(do x,y,ze[l;2]nén y+z—-x20).

-Néu S, >0, ta cé dpcm.
-Néu S_ <0, ta ching minh dugc ring S, +2S. 20,5, +25_>0.
Khi d6 d& dang thdy rang vi: (x—y)’ <2[(y—z)’+(z—x)’ | vd 5. <0nén
S (y-z) +Sy(z—x)2 +8.(x=)* 2(S, +2S.)(y-2) +(S, +285 )(z-x)* =0

Vay trong moi trudng hop, ta luén c6 dpem.
Ping thirc xay ra khi x =y =z hodc y=z= 1, x =2 va cic hoan vi ciia chiing.

o A0+ o EA0E+y)
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Bii 5. Cho tam gidc ABC la tam gidc nhon, khéong cin, ndi tiép trong dwong tron tém O bdn
kinh R. Mt dwong thing d thay déi sao cho d luén vuéng géc véi OA va ludn cit cdc tia AB,
AC. Goi M, N lan lwot la giao diém ciia dwong thing d va cdc tia AB, AC. Gid sir cdc dwong
thing BN va CN cit nhau tai K; gid siv dwong thing AK cit dwong thing BC.

1. Goi P la giao ciia dwong thing AK va dwong thing BC. Chirng minh rang dwong tron
ngogi tiép ciia tam gidic MNP luén di qua mét diém cé dinh khi d thay doi.

2. Goi H la triee tim ciia tam gidgc AMN. Dit BC = a va I la khodng cdch tiv diém A dén dwong
thing HK. Chitng minh rang dwong thing HK luén di qua trwc tém ciia tam gidc ABC.

Tir d6 suy ra: | <\4R* —a’ . Pdng thirc xdy ra khi va chi khi nao?

1. Khong mét tinh tong quat, gia st AB < AC (trudng hop con lai hoan toan tuong tu).
Do tam giac ABC khong can nén AO khong vudng goc véi BC va MN khong song song vdi BC,
do d6 MN phai cat duong thang BC tai mot diém, gia sir 1a Q; goi I 14 trung diém BC.
Theo dinh 1i Menelaus cho ba diém Q, M, N thang hang: ﬂ@% =1.
NC MA QC
Mat khac, theo dinh 1i Céva cho cac doan AP, BN, CM déng quy, ta co: N—A@Q =1.
NC MA PC
< ar PB QB NV . 2 - A \ 2 2
Tur do, suy ra; — =—=— hay Q, B, P, C 1a mdt hang di€ém diéu hoa, suy ra: IP.IQ =IB° = IC
PC QC
Do I 14 trung diém BC nén OI L BC = QI* - BI* = 0Q* - OB?, do d6:
QI.QP=QI* - QI.PI =QI’ - IB* = 0Q* — OB’ = OB.QC
(do theo tinh chat phuong tich cta Q dbi véi (0) thi 0Q* —OB* = 00* —R* = 0B.OC).

Ma tir giac BMNC ciing ndi tiép vi c6 NCB = xAB = AMN (v6i Ax 1a tia tiép tuyén ciia (0)).
Suy ra OM .ON = 0B.OC .
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Tir d6 suy ra OM.ON = OP.QI , suy ra tit giac MNIP ndi tiép hay dudng tron ngoai tiép tam gidc

MNP luén di qua diém I ¢6 dinh. Ta c6 dpem.

2. Goi BD, CE la hai dudng cao cua tam giac ABC, L la tryc tdm cua tam giac ABC; goi MF,
NG 12 hai duong cao clia tam giac AMN, H 1a tryc tAm ciia tam giac AMN. Ta can chiing
minh rang H, K, L thiang hang.

AN

Q B P f

Xét duong tron (O;) duong kinh BN va (O,) duong kinh CM.
Ta thay: KM.KC = KB. KN nén K ¢6 cung phuong tich dén (O)), (0,), ttrc 1a K thudc truc dang
phuong cua hai duong tron nay.

Pong thoi, dé thiy rang cac diém D, G thudc (O;) va M, F thudc (Oy).
Do H, L Ia tryc tam cua tam gidc ABC va AMN nén LB. LD = LC. LE, HN. HG = HE. HM; tac
1a H, L cung thudc truc dang phuong ciia hai dudng tron (01), (0,).
Tir d6 suy ra H, K, L cung thudc truc dang phuong cia (O,), (O2) nén chung thang hang.
Trdosuyra /< AL.

2
Mat khac do tam gidc ABC nhon nén AL =201 =, /Rz - Bf =vV4R’ -a’ .

Do d6 AL=1<+4R*>—a’ . Pay chinh la dpcm.
Dén day, ta s& tim vi tri ctia d sao cho dang thirc xay ra.
AM

Gia sir d cat AB, AC tai M va N thoa mén ﬂ=—=k:>MN=k.Bc.
AB  AC
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Goi R, S 1an luot 1a trung diém ctia BN va CM; suy ra R, S cling chinh la tdm cua hai
duong tron (O)), (03).

Ta thiy khi dang thirc xay ra thi AL vudng goc véi truc dang phuong cta (Oy), (O5), tirc
1a AL song song v&i dudng ndi tAm RS ctia hai dudng tron nay, ma AL vudng goc véi BC nén
RS phai vudng goéc voi BC.

Ta cé: 2RS =BC+NM ,ma RS.BC=0=> (FC+W).%=O . Do gbc tao boi MN va BC

— L — o — — — N

chinh 1a MOB = ANM — ACB = ABC — ACB nén tr dang thic trén suy ra:

—_— 1
BC? =BC.MN = BCkBC.cos(B—C) =k =

cos(B—-C)
Vay dang thuc xay ra khi va chi khi £ =———, tlrc 1a duong thang d cat AB tai M,
cos(B—-C)

AN AM 1
AB  AC cos(B-C)

AC tai N sao cho
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Bai 6. Cho ddy sé thuc (a,) dwoc xdc dinh boi:

a,=la,, =%(an +L) voimoin=1,2,3,...

n

Chirng minh rang voi moi so nguyén n, s6 A, = la mgt s6 chinh phwong va no co it

3a’ -1

nhét n wéc nguyén to phén biét.

Trude hét, ta s& chimg minh rang 34, =44 (A, +3)voi moi n nguyén duong. (*)

That vay:

2 ) 5
Taco: 4,+3= 23 +3= 9261n nén 44 (4 +3)=364 . 92an __108a, _
3a; -1 3a; -1 3a2 -1 (3a2 _1)
Mat khac:
2
34 0 9 1084

n+l: 3 = = -
3a;,, -1 1 1 342 -1
n 3. (a,+—) -1 |34,
22( n 361”) ( )

Do do: (*) dugc chimg minh, tic 1a 34,,, =44, (4, +3) v61 moi n nguyén duong.

Hon nifa, ta tinh dugc: 4, =9 nén dé dang thay rang A4, chia hét cho 3 v6i moi n.

Ti€p theo, ta s€ chiing minh bang quy nap rang: 3” +1 1a s6 chinh phuong vdi moi n (**).
7. A] \ A A ’ A ,
- Véin =1, ?-‘rl =41a mdt so chinh phuong nén (**) ding.

.9 5 r.e ~ /. J N LA s A s A A
- Gia st véi n =k, (**) cling ding, tirc 1a ton tai so tw nhién p sao cho —%-+1= p°.

A 44, (A
Ta co: §+1+1: k(9k+3)

mot s6 chinh phuwong. Suy ra (**) cling ding véi n = k + 1.
Do 46, (**) dugc chiing minh.

Al’l
3
quy nap rang A4, 1a s6 chinh phuong véi moi n.

T 34, =44,(A4, +3)= A4, =44, .(=+1) va (**), ta cling dé dang chirmg minh dugc bang

Cudi cung, ta s& chimg minh ring A, coit nhit n wéc nguyén td déi mot khac nhau ciing bang
phuong phap quy nap. (***)

- Véin=1,10 rang (***) dung.

- Gidsu (***) ding véin =k, tirc la 4, co it nhét k wéc nguyén td khac nhau.

Ta xét hai truong hop:

A A
+1=4.?k.(1+?k)+1:4p2(p2 ~D)+1=(2p*> 1) cling la
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+ Néu k c6 it nhat k + 1 wéc nguyén t6 khac nhau thi 16 rang (¥**) diing.

+ Néu k c6 ding k wéc nguyén t6 d6i mot khac nhau, gid s do 1a p,, p,, p;,... p, -
Khi d6:(4,, p,), i =1,k1a 1 hoic 3.
Gia str 4,,, chi c6 dung k udc nguyén té d6i mot khac nhau 1a cac gia tri & trén thi cAn phai co
A +3=3"me N m=>2.
Nhung khi do6 thi 4, =-3(mod 9) khong phai 1a s6 chinh phwong, mau thun.
Tlr d6 din dén 4, , phai c6 mot udc nguyén to nao khac k wdce da co, tic 1a ¢6 it nhat k + 1 wéc
nguyén t6 d6i mot khac nhau hay (¥**) ding véi n = k + 1.

Do d6 (***) dugc ching minh.

Vay voi moi n nguyén duong, s6 4, = 1a mot s6 chinh phuong va n6 cé it nhat n

2
a, —1

wdc nguyén td phan biét, bai toan dugc giai quyét hoan toan.
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LOI GIAI PE THI CHON PQI TUYEN QUOC GIA
DU THI IMO 2007

Bai l.

Cho hai tip hop A,B la tip hop cdc sé nguyén dwong théa mén |A| = |B| =n (v6in la sé
nguyén dwong) va cé tong cdc phin tir bang nhau. Xét bing 6 vuéng nxn.

Chitng minh rang ta cé thé dién vio moi 6 vuong ciia bang mét sé nguyén khong am
théa man dong thoi cdc diéu kién:

i/ Tap hop tong cdc sé 6 méi hang la tip A.

ii/ Tdp hop tong cdc so ¢ méi cét la tip B.

iii/ C6 it nhit (n—1)* +k s 0 trong bing vdi k la sé cdc phan tiv chung ciia A va B.

1 2 i n Trudc hét, ta thay rang néu mot gié tri k sao
cho ton tai 2 phan tir bing nhau & mdi tap 1a

a, = b, =t thi ta di€n so t vao 6 vuéng nam ¢ hang thir

k va cdt thir k, cac 6 con lai cua hang thir k va cdt thir k
déu dién vao s6 0; nhu thé thi tong cac sé & hang va cot
nay théa man dé bai va khong anh huong dén cac hang
va ¢t khac. Do d6, khong mat tinh tong quat, ta xét

truong hop AN B =D (truong hop cb cac phan tir
chung thi dién thém vao cac hang va cot theo cach
tuong tu nhu trén), tirc 1 s6 phan tr chung cta hai tap
la k=0.

Ta s& ching minh bai toan ndy bang quy nap. Goi T 14 tip hop céac diéu kién i/, ii/, iii/
nhu trén (diéu kién iii/ tvong img voi trudng hop xét s6 nguyén duong n).

Vé&in = 1, bai toan hién nhién diing.

Gia sir bai toan dung v6i moi sé tdp hop ¢6 n — 1 phan tir. Ta s& chimg minh rang voi hai
tap A, B c6 n phan tir, ta ciing c6 thé xdy dung mot bang nxn thoa man didu kién T .

That vay, xét hai tap hop 4 ={qa,,q,,a,,...,a,},B=1b,b,,b,,...,b } trong do:

a,<a,<a,<..<a,, by<b,<b, <...<b, (hai tap nay khong co6 phan tir nao chung).

Gid st a, <b,. Do tong cac phan tir ¢ hai tdp bang nhau nén ton tai mot chi so 1 théa man

a,>b >b —a, = a,— (b —a;)>0. Taxét hai tp hop A*, B* nhu sau:

A*=Aa,,a,,...,a_,,a,—b +a,,..,a,}, B*=1{b,,b,,....0 } .

> i1
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Hai tap hop ndy c6 cung s6 phan tir [a n — 1 nén
theo gia thiét quy nap, ton tai mot bang co kich thudc
(n—1)x(n—1) thoa man diéu kién T (trong bang nay c

it nhat (n—2)*sb 0).

Ta thém vao bén trai bang mot cdt va bén trén bang mot
hang nira nhu hinh v&. O 6 goc bén trai va phia trén, ta

dién sO a,, & hang thtr i cia bang ban dau (hang c6 tong

cac phan tu bang a, —b, +a,), tadién sO b, —q,; con tat

ca cac 6 con lai cia hang va cot vira thém vao, ta dién
vao cac s6 0. Khi d6, bang niy c6 tong cac phan tir & mdi
hang 13 tip A va tong cac phan tir & mdi cot 1a tap B, s6 cac s6 0 & bang vira lap duge khong nho
hon (n—2)* +2(n—1)—1=(n—1)* va do 6 n6 théa man diéu kién T.

Do d6, bai toan ciing dung véi moi tip hop c6 n phan ti.
Theo nguyén li quy tap, bai toan nay ding véi moi sé nguyén dwong n.

Vay ta c6 dpcm.
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Bai 2.
"~ Cho tam gidc nhon ABC véi dwong tron npi tiép 1. Goi (k) la dwong tron cé tim nam
trén dwong cao ciia géc A va tiép xiic trong véi dwong tron (I) tai 4,. Cac diém B, C, xac
dinh twong tw.

1/ Chieng minh AA,, BB,, CC, dong qui tai P.

2/ Goi (J,),(J,),(J.) ldn lwgt la cic dwong tron doi xieng véi dwong tron bang tiép cdc

géc A, B, C ciia tam gidc ABC qua trung diém BC, CA, AB.
Chitng minh P la tam ding phwong ciia 3 dwong tron ndi trén.

1/ Trude hét, ta s& ching minh b d¢é sau:

Cho tam gidc ABC ngoai tiép dwong tron (I) ¢é D la tiép diém cia dwong tron bang tiép
géc A lén BC. Goi M, N la giao diém ciia AD véi (I) (N nam giita A va M). Gia sit IM cdt dwong
cao AH tai K. Chitng minh rang: KA = KM.

* That vay:

Goi E 1a tiép diém cua (1) 1én
BC. Gia st IE cit (I) tai diém thir hai 1a
N’ khac E. Qua N’ v& duong thing
song song voi BC cat AB va AC lan
luot tai B’ va C’. D& thay ton tai mot
phép vi tu bién tam giac AB’C’ thanh
tam giac ABC. Phép vi tu d6 ciling bién
tiép diém N’ ctia duong tron bang tiép
(I) cia A AB’C’ 1én B’C” thanh tiép
diém D cua dudng tron bang tiép (J)
cua AABC Ién BC. Suyra A, N’, D
thang hang hay N’ tring v6i N. Khi dé,
tam giac IMN dong dang véi AKMA
(do IN // AK), ma AIMN can tai [ nén
AKAM can tai K hay KA = KM.

Ta c6 dpem.

Tt day suy ra: duong tron co tam
thudc duong cao goc A, di qua A va
tiép xuc v6i (I) tai M thi M thudc AD.
D@ thay duong tron d6 1a duy nht.

*Tré lai bai toan:
Goi D, E, F lan luot 14 tiép diém cta dudng tron bang tiép cac goc A, B, C ciia tam giac
ABC 1én cac canh BC, CA, AB. Theo b6 dé trén, ta thy: 4 € AD, B, € CF,C, € BE .

Suy ra: A4,, BB,, CC, dong quy khi va chi khi AD, BE, CF dong quy. (1)
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2/ Goi A, B’ lan luot 1a
trung diém cua BC, CA;
A, By, C, lan luot 1a tim
duong tron bang tiép cac
goc A, B, C cua AABC.
Goi D, E’ lan luot 14 tiép
diém cua (I) 1én BC, CA.
Dé thay D d6i xtg véi D’
qua trung diém A’ ciia BC,
A, dbi ximg véi I, qua A’
nén J,D’ // A;D, ma
AD1BC=J,D'lBC.
Do d6: (J,) tiép xtic véi BC
tai D’.
Hoan toan tuong tu:
(Jy) tiép xtic voi CA tai E’.
Ta co:

CD'= CE'nén phuong tich

tir C dén (J,) va (J,) bang
nhau, tuc 1a C thudc truc

dang phuong cua hai duong tron nay.

Mit khac: néu ta dat
BC=a,CA=b,AB =c,
AB+BC+CA
— =
thi c6 thé dé dang tinh duoc:
DB=EC=p-c
DC=AF =p-b
AE=BF =p—-a.
DB EC FA
Suyra: —.—.— =1,
DC EA FB
theo dinh li Ceva dao, ta co
AD, BE, CF dong quy.  (2)
Tu (1) va (2), tacod
A4,, BB,, CC, dong quy.

Ta c6 dpcem.
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Ta s& ching minh rang CP, ciing chinh 1a CF, vudng gbc voi doan ndi tdm J,J, cia hai
duong tron (J,), (Jp).
Theo cach xac dinh cac diém Ja, Jp, ta théy A’ 1a trung diém cua A,J a» B’ 12 trung diém cua ByJ s,
Do d6: 2A'B'= A,B,+J,J, hayJ J, =2A'B'- A,B, = ﬂ—Asz . Ta cling co:

CF=CC, +C,F .

Ta co: J,J,.CF =(BA— A4,B,)(CC, + C,F) = BA.CC, + BA.C,F — A,B,.CC, — 4,B,.C,F =

= Q.CC2 - A4,B,.C,F (do C;F vuong goc véi AB, A;B; vudng goc voi CCy). (1)
Mit khac, ta thdy A, B, C chinh I chan cic duong cao cua tam gidc A,B,C, nén rd rang:
AC,AB ~ AC,B, 4,, ma C,F 1a duong cao cua AC, 4B, C,C la duong cao cia AC,B, 4, nén:

GF_GC = C,F.A,B, = AB.CC, . Ciing tir hai tam gidc AC,4B, AC,B, A, dong dang; ta cé:
AB  A,B,
(BA,CC,)=(4,B,,C,F). Do d6: BA.CC, = A,B,.C,F . )

Tir (1) va (2), suy ra: J,J,.C,F =0hay C,F 1J,J,.
Do d6 C,F chinh 1a truc déng phuong cta hai duong tron (J,), (Ju), tirc 13 P thudc truc
dang phuong cua hai duong tron (J,), (Jp).
Hoan toan twong ty, ta ciing cd P thudc truc dang phuong cua hai duong tron (Jo), (Jp).
Tir @6 suy ra P chinh 1a tim dang phuong cta (J,), (Jp), (Jo).
Day chinh la dpem.
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Bai 3.
Cho tam gidc ABC. Tim gid tri nhé nhdt ciia biéu thirc sau:

ZA ZB 2B ZC ZC ZA
cos Ecos B cos ECOS — €0s” —cos B
S= + +
2C ZA 2
cos” — cos” — cos” —
2 2

* Trude hét, ta s& chimg minh bo dé:

“Véi moi a, b, ¢ khéng dm va khéng dong thoi bang 0, ta c6:
1 1 1 9
3 + 3 + 3 > .
(a+b)” (b+c)” (c+a) 4(ab+bc+ca)

Dau dang thire xdy ra khi a = b = ¢ hodc a = b, ¢ = 0 va cdc hodn vi.”
* Chung minh:
Quy dong va khai trién BDT trén, ta can chirng minh rang:

> (4a’b-a'b* -3a’b’)+ ) (a*bc—2a’b’c+a’b’c*) 2 0

sym sym (*)
Theo BPT Schur cho cac sb khong am a, b, c, ta co:

Z a(a—b)(a—c) =0, nhan vao hai vé cho sb abc khong 4m va khai trién, ta co:

sym

Y (a‘be-2a’b’c+a’h’c?) 2 0. (1)

sym
Hon nira, theo BDT Cauchy, ta co:

D (4a’b-a'b* -3a’b’) =D (a’b-a’b’)+ D 3(a’b—a’b’) 20

sym sym sym _ (2)
Cong timg vé cac BDT (1) va (2) lai, ta c6 BT (*).
Ping thirc xay ra trong (*) khi va chi khi dang thirc xay ra trong (1) va (2), tirc 1a khi
a=b=chodca=b, c=0vacac hoan vi. Bd dé duoc ching minh.
* Tré lai bai toan:
, C

. A 1 .. B
Ta c6: cos’ —=————_ Tuong tu v8i cos’ —,cos’ —.
tan> —+1 2 2



Thay cac bién ddi nay vao biéu thirc da cho, ta dugc:

, A B C
Z ,trong d6 x =tan—,y =tan—,z =tan—;x, y,z>0.
O’ +1)( +1)’ 2 2 2

(O day ki hiéu Zx 1a tong ddi xtng ldy theo cac bién x, y, z).

Mat khéc, trong tam gidc ABC, ta luon co6:

A B B C C, 4
tan—tan—+tan—tan—+tan—tan—=1=>xy+ yz+zx =1.
2 2 2 2 2 2

Do do:

:z X +1 _z (x2+ZXJ’) :z (x+y)(x+2)

(yz D+ ZOTHY D xy) T+ +y)
B2 (x+ y)
1 22X oA 9 9
Ap dung bo dé ¢ trén, ta dugc: § > ——m———=—.
4(xy+yz+zx) 4

Vay gia tri nho nhét cua S 1a % dat dugc khi va chi khi x = y = z hay ABC la tam giac déu.
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Bii 4. Tim tit cd cdc ham sé lién tuc f:R —> R théa man:

f(x) = f(x +§+%) véi moi x e R.

1 1 1 1 1
Taco: ¥ +2+—=(x+—-) +—= = f((x+-)*+—),VxeR.
Aoy =@ Ao )=/ + ) VaE

biat y :x+é©x:y—%. Thay vao gia thiét da cho, ta co: f(y—%) =10’ +%) (%)
. 1
Xét ham s6: g(x):R — R théa man: g(x+g):f(x)<:>f(x—%):g(x),VxeR. (1)

T (*), ta duge: g(x) = g(x* +%),‘v’x e R, 16 rang g(x) cling lién tuc.

Ta sé& xac dinh ham s6 g(x) thoa man diéu kién trén.

Ta thdy: Vx e R, g(x) = g(x* +%) = g((—x)’ +%) = g(-x)nén g(x)1a ham s chan.
Ta chi can xét x> 0. Ta c6 hai trudng hop:

. |
- Vi xo_E:Xetdayso: U, = Xy, U

n+l

1 ) 1
=Z/lj +Z,n21. Khi do: u,,—u, =(un —5)2 >0 nén

. ) 1 .
day (u,) tdng. Mat khac, bang quy nap, ta chimg minh duoc u, < E,Vn , tirc 1a day nay bi chan

trén. Tir 46 suy ra n6 c6 giéi han. Goi t 13 gidi han d6 thi ¢ = ¢ +% St = l .
, 1 1
Do d6: g(x)= g(E), Vx, € 0;5 .

. f e JE < B
- Voi x, > 5: Tuong ty nhu trén, xét day sO v, = x,,V,,, =4[V, 2 >20,n>1.

. / 1 . :
Khido: v, —v, =,|v, 2 v, = —12 < 0nén day da cho la day giam. Cling bang quy
v, ——+Vv,
\ 4

nap, ta ching minh dugc v, > % , tire 1a day da cho bi chan dudi, suy ra n6 cé gidi han.
A o 1 1
Goi k 1a gidi han d6 thi £ = k—ZQk:E.

Do do: g(x)= g(%), Vx, € (%;+oo) . bat g(%) =aelR.

Tu dosuyra: g(x)=a, Vx>0 hay g(x)=a, VxeR. (2)

T (1) va (2), tacd: f(x)=a, Vx e R.Day la tit ca ham s6 can tim.
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Bai 5.
Cho A la tgp con chira 2007 phén tir ciia tdp:{1,2,3,...,4013,4014} théa mén véi mgi
a,b e A thi a khong chia hét cho b. Goi m. la phén ti nhé nhit ciia A.

Tim gid tri nho nhdt cia m4voi A thoa man cdc diéu kién trén.

Chia tap hop {1,2,3,...,4013,4014} thanh 2007 phan P UP,U...UP,,, (mdi tap hop
chtra it nhat mot phan tw cua {1,2,3,...,4013,4014} ) théa mén tap hop P, chira tat ca céc s
nguyén duong c6 dang 2"(2a—1), trong d6 n 1a mot s6 khong am. Khi do, tap hop con A cua
{1, 2,3,...,4013, 4014} khong thé chira hai phan tir ciing thudc mot trong 2007 tap hop d6 vi néu

khong thi 16 rang c6 mat s6 s& chia hét cho s6 con lai, mau thudn. Mat khac, A lai co dang 2007
phan tir nén A chira dang 1 phan tir ciia mdi tp P, noi trén.

Goi e, 1a mot phan tir ciia A v6i «, € P,i=1,2007 . Xét cdc phan tt a,,a,, s, .0, 1an
luot ¢6 cac dang 2",3.2",3%2",....,37.2" ; rd rang mdi phan tir d6 chi c6 hai uéc nguyén t6 13 2 va
3. Ta ciing thay rang lily thira 16n nhat ctia 2 trong ¢, phai 16n hon liiy thira 16n nhat cia 2 trong

«, vi néu ngugc lai thi «,:«,, mau thuan.

Hoan toan twong ty v6i cac phan tir khac trong diy @, a,, as,...0,, , tac ld néu i < j thi
Ity thura cua 2 trong ¢, phai 16n hon liy thira cua 2 trong « ;. Do do, Ity thura cua 2 trong day
a,,a,,0s,..0,, 1amot diy gidm thyc su. Do c6 8 phan tr trong day trén (twong Gng véi lity
thira ctia 3 thay d6i tir 0 dén 7) nén gié tri ciia , it nhat 1a 27 =128. Hon nita, cic phan tir cia
diy c6 gié tri cua lily thira 3 ting dan (néu nguoc lai, gia tri cua lily thira 3 giam ma lily thira 2

cling giam nén ¢6 madt so chia hét cho so6 khac, mau thuan).

Suy ra: ¢, chinh 13 gi4 tri nho nhat trong ddy trén.

Hoan toan twong tu véi cac s6 nguyén t6 khac, ta cling xét s6 co dang a, =2".3"...p/" ,
trong d6 2, 3, ..., px 13 cac udc nguyén t6 khong vuot qua 4014. Tir d6 suy ra o, clng chinh la
phan tir nho nhat trong cic phén tir ctia tap A. Do d6 phan tir nho nhat my cta tip A chinh 1 o, ,

nhu ching minh & trén ¢, 2128 hay m, >128.

Ta s& ching minh rang 128 chinh 13 gia tri nhé nhat ctia m, bang cach chi ra mot tap hop
con A ctia {1,2,3,...,4013,4014} théa man diéu kién dé bai.

Xét tap hop: A ={a, =2""(2i-1)[1338 <3/".(2i—1) <4014}
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RS rang tip hop nay c6 diing 2007 phan tir thudce {1,2,3,...,4013,4014} .
Ta s& ching minh rang a khong chia hét cho a,, Vol x >y (tirc 1a tap hop nay thoa mén dé bai).

That vay, gia sit nguoc lai ton tai x, y théa min e, ‘e, , khi do: 27 (2x-1)i2" 2y -1),
ticla £(x)> f(») va 2x=1):Q2y—1).

Tur cach xéc dinh céac gia tri u, v; ta co: (2x—1):(2y—1) = 2x—1>3(2y —1), dong thoi
302y ~1)> 4014 >3/ D (2x-1) 23" 2y -1)= f(»)> f(x). Mau thuin nay ching to tat

ca cac phén tr cia A déu thda méin véi moi a,he 4 thia khong chia hét cho b.

Vay 128 chinh 14 gi4 tri nhé nhat ctia ma can tim.
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Bai 6.

Cho da gidc 9 canh déu (H). Xét ba tam gidc véi cdc dinh la cdc dinh ciia da gidc (H)
dd cho sao cho khong co hai tam gidc nao cé chung dinh.

Chitng minh rang cé thé chon dwoc tiv méi tam gidc 1 canh sao cho 3 canh nay bing nhau.

Xét cac truong hop sau:

Ki hiéu hinh (H) da cho la da giac
A A, A,...A,A, nhu hinh v&. Trudce hét, ta thdy
rang do dai cac canh va cac duong chéo cua
hinh (H) chi thudc 4 gié tri khac nhau (néu
goi R 1a ban kinh dudng tron ngoai tiép cuia
(H) thi ta dé dang tinh dugc cac gia tri d6 1a

2R.sin£ ,2Rsin2—ﬂ,2Rsin3—”,2Rsin4—ﬂ)
9 9 9 9

ta dat chung la a,,a,,a,,a, theo tht tu tang
dan ctia d6 dai. R3 rang cac tam giac c6 dinh
thudc céc dinh cua (H) s€ c6 canh c6 do dai
thugc 1 trong 6 dang sau:

(al’alﬂaz)ﬂ (02,02,04), (01,03,04),

(a3’a33a3)’(a2’a3’a4)’(a4aa4aa1)

Gia st 3 tam giac dugc layrala A, A, A,.

- Néu trong cac tam giac d6 c6 mdt tam giac deu, rd rang, tam giac nay phai c6 do dai cac

. 3z A Ay o 2 . ca o a1y . . y
canh la 2R.sm?; khong mat tinh tong quat, gia st do 1a tam giac 4, 4,4, . Do cac tam giac

A, A,,A,khong c6 hai dinh nao trung nhau nén ta s€ lap mot tam giac c6 cac dinh la mot trong

hai dinh cua cac tap hop {4,,4,},{4,,4,},{4,, A} . Ta s€ ching minh rang tam giac d6 phai co it

nhat 1 canh c6 d6 dai 1a 2R.sin3§, tire 14 hai dinh c6 chi s c6 cung sé du khi chia cho 3. Gia st

. . ., X 1A ~ p .y \ . \ . 3 - 3. an
nguoc lai, trong hai tam gidc can 1dp, khong cé tam gidc nao c¢6 canh la 2R.sin—, khi d6 dinh

A phai ndi v6i Ay va A4 phai ndi v6i Ag, nhung khi d6 Ag dugc ndi véi A; 13 hai dinh c6 chi s6
chia cho 3 cung du 1a 2, mau thuan. Do d9, trong hai tam giac 1ap duoc, ludén c6 mdt canh co do

dai la 2R.sin3§. Suy ra truong hop nay ludn co tam giac thoa man dé bai.
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- Néu trong cac tam giac d6, khong co tam gidc nao déu . Khi d6 cac tam giac dugc xét
khong c6 ba dinh cung thuoc mot trong ba tap hop sau: «, ={4,,4,,4,}, a, ={4,, 4, A},

o, ={4,,4,,4,}. Ta théy mot doan théng ndi hai diém bat ki thudc hai tap khac nhau s€ nhan 1
trong 3 gia tri l1a a,,a,,a,. Hon nira, khong c6 tam gidc nao c6 do dai 3 canh la(a,,a,,a,) nén ta
c6 hai nhan xét:

(1) Mot tam giac c6 céac dinh thudc ca ba tap «,,,,a; noi trén thi s€ c¢6 hai canh nao do c6 do

dai bang nhau (cac canh ciia n6 c6 thé 1a (a,,a,,a,), (a,,a,,a,), (a,,a,,a,)) tic 1a n6 phai can.

(2) Mot tam gidc co hai trong ba dinh thudc cung mot tap thi tam giac do cac canh c6 do dai
la(a,,a,,a,)hodcla (a,,a,,a,), tuc 1a tam gidc do khong can.

* Ta xét tiép cac trudng hop (cic tam giac xét dudi dy 1 can nhung khong déu):

+ CO hai tam gidc can va mot tam gidc khong can: khi do theo nhan xét (1), hai tam giac can do

phai c6 dinh thudc cac tp hop khac nhau trong ba tap «,,«,,a;; khi 46, rd rang tam giac con lai

cling phai c6 dinh thudc cac tap hop khac nhau, tirc 1a n6 phai can, mau thuan.

Vay truong hop nay khong ton tai.

+ C6 mot tam gidc can va hai tam giac khong can: khi d6 theo nhan xét (2), hai tam gidc khong
can do6 phai c6 hai dinh thudc cting mot tap hop va dinh con lai thude tap hop khéc, gia st mot
tam gidc c6 hai dinh thudc ¢, va mdt dinh thudc ¢, ; rd rang tam gidc khong can con lai phai co
hai dinh thufc «,, mot dinh thudc «;, suy ra tam gidc con lai c6 hai dinh thu¢c o, mot dinh

thudc o, nén no 1a tam giac can, mau thuan.
Vay tuong ty nhu trén, truong hop nay khong ton tai.

+ Cd ba tam gidc déu khéng cdn: khi @6 theo nhan xét (2), tam gidc d6 thudc mot trong hai dang

(a,,a,,a,) hodcla (a,,a,,a,), thc 1a cac tam gidc nay luoén chtra 1 canh c6 d¢ dai la a;.
Trong truong hop nay, bai toan dugc giai quyét.

+ Ca ba tam gidc déu cdan: khi do, cac tam giac c6 d¢ dai la (a,,q,,a,), (a,,a,,a,), (a,,a,,a,).

RO rang khong tdn tai truong hop c6 do dai cac canh 14n luwot nhén ca ba gia tri nhu ba bd trén
nén phai c6 hai bo tring nhau, tirc 1a c6 it nhat hai tam giac cin bang nhau va mot tam gidc can
nhan mot trong ba gia tri thudc mot trong cac bd trén 1am canh, khi d6 ludn co6 thé chon tir tam
gidc nay mot canh bang vdi canh day hodc canh bén cia hai tam giac can bang nhau kia.

Trong truong hop nay, bai toan ciing dugc gidi quyét.

Vay trong moi trudng hop, ta luén c6 dpem.
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LOI GIAI PE THI CHON POQI TUYEN QUOC GIA
DU THI IMO 2008

Bii 1. Trong mit phing cho géc xOy. Goi M, N lin lwot la hai diém lan lwgt nam trén
cdc tia Ox, Oy. Goi d la dwong phan gidc géc ngodi ciia géc xOy va I la giao diém ciia trung
trwe MN véi dwong thing d. Goi P, Q la hai diém phén biét nam trén dwong thing d sao
choIM = IN = IP = 10, gid sir K la giao diém ciia MQ va NP.

1. Chirng minh ring K nam trén mét dwong thing cé dinh.

2. Goi d; la dwong thing vuéng géc véi IM tai M va d; la dwong thing vuéng géc véi IN tai
N. Gid sir cdc dwong thing d;, d; cit dwong thing d tai E, F. Chirng minh rang cdc dwong
thing EN, FM va OK dong quy.

1. Xét truong hop cac diém M, Q va N, P nam cung phia v6i nhau so véi trung truc ciia MN.
Khi d6 giao diém K cua MP va NQ thudc cac doan nay.:

Goi I’ 1a giao diém cua d voi duong tron ngoai tiep AMON . Do d la phan gidc ngoai cua
MON nén I’ chinh 1 trung diém cta cung MON , do d6: 'M = I’N hay I’ chinh 1a giao diém
ctia trung truc MN véi d. Tir d6, suy ra: I = ['hay tir gisc MION noi tiép.
Ta duoc: NIO = NMO .
Mit khac: do IM = IN = IP = IQ nén tir giac MNPQ ni tiép trong dudng tron tam I, dwdng kinh

PQ = PIN = 2PMN (goc noi tiép va goc & tam cung chin cung PN ).
Tir cac diéu trén, ta co: NMO =2PMN = MP 1a phén giac trong cta OMN .
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Tuong tu, ta cling c6: NQ 1a phan giac trong cua ONM .
Do K 14 giao diém cuia MP va NQ nén K chinh 1a tim dudng tron ndi tiép cia AMON , suy ra K
thudc phan giac trong cua x/O\y , tire 13 K thudc mot duong thang cd dinh (dpem).

- Néu giao diém K nam ngoai cac doan MP va NQ: ta ciing c6 lap luan twong tu va cd

dugc K 1a tim dudng tron bang tiép MON cua tam gidc AMON , tirc 13 K ciing thudc phan giac
trong cua )@ , 1a mot duong thang cb dinh.

Trong moi trudng hop, ta luén cd dpem.

2. Goi J 1a giao diém ctia d; va d,. Ta thay tir gidc MINJ noi tiép trong dudng tron dudong
kinh 1J. Hon nira: MION ciing l1a tir gidc ndi ti€ép nén 5 diém M, N, I, J, O cung thudc mot duong
tron. Do do: phan giac trong goc MON di qua trung diém cta cung MJIN .

R0 rang M, N d6i xtrng nhau qua trung truc cua MN nén JM = JN, tuc la J cling 1a trung
diém cua cung MON .

Tur d6 suy ra: J thudc phan gidc trong cua MON hay O, K, J thang hang.
Ta can ching minh céc doan JO, EN va MF trong AJEF dong quy.
OE _ Syp; _ JOJESinOJE _ JE sinOJE
OF S,.,, JOJF.sinOJF JF sinOJF

Trong AJEF vi AMON , ta c6 : 2L SWJ/FE OM _ sinONM
JF  sinJEF ON sin OMN
sinOJF  sinOMN

OE sinJFE OM sinOFN OM  sinOFN OM

That vay:

Két hop lai, ta dugc : =— . =— . =— .
OF sinJEF ON smOEM ON smmOEM ON
_ sinOFN  OM.sinMOE ME
ON.sin NOF =~ sinOEM NF
Do dé - OE.FN :leE NF MJ_1

FEM OF NJ ME
Theo dinh 1i Ceva dao, ta c6 OI, EN va MF dong quy. Day chinh la dpcm.
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Bii 2. Hay xdc dinh tit cd cdc so nguyén dwong m sao cho ton tai cic da thirc véi hé sé
thwe P(x),0(x),R(x,y) théa man diéu kién:

Vi moi s6 thwe a, bma a" —b* =0, ta luén c6 P(R(a,b))=a va Q(R(a,b))=b.

Vé6im 1a mot sé nguyén duong, ta xét cac trudng hop
- Néu m 1a sb chin, dat m =2k, k e N*. Suyra: a”" -b*=0< b=+a" . Khido can tim k
sao cho céc da thie P(x), O(x), R(x, y) thoa man ca hai diéu kién :
()  P(R(x,x")=x,0R(x,x*))=x",VxeR.
2)  P(R(x,—x"))=x,0(R(x,-x"))=—x",VxeR.

Xét da thirc mot bién T(x) thoa méan : R(x,x*)=T(x),Vx. Theo gia thiét thi
P(T(x)) = P(R(x,x")) = x,Vx. Tlr d6 suy ra : deg P(x).degT(x)=1 hay deg P(x)=degT(x)=1.
Giasu T(x)=ux+v, u,veRu#0, P(x)=u'x+v', u',v'e R,u'#0 thi

X—=V

1 v
u'ux+v)+v'=x,Vx=uu'=lLu'v+v'=0 hay u'=— v'=——= P(x) =
u u

X—Uu

Mit khic : Q(R(x,x")) = O(T(x)) = O(ux +v) = x* = Q(x) = ( j = P*(x),Vx.

Suyra: Q(R(a,b)) = P*(R(a,b)) = b=d", Va,bthéa a" —b* = 0. Nhung theo diéu kién ban
dau thi b ciing c6 thé 1a —a*. Mau thuin nay cho thay céac gia tri m trong trudng hop nay khong
théa man d¢ bai.
- Néumlasdlé. Dat P(x*,x")=S(x).Suyra:

P(S(x))=x*,VxeR = deg P(x).deg S(x)=2.

Néu nhu degS(x) =2 thi degQ(S(x)) 1a s6 chan, trong khi d6 : deg O(S(x)) = degx" =m
v6i m 1a s6 1&, mau thuln. Suy ra : degS(x) = 1, degP(x) = 2.
Mit khac, trong da thie R(x*,x™), bac ctia né co thé dat gia tri nho nhat 13 min(2,m) ma
deg R(x*,x")=degS(x)=1nénm= 1.

Ta s& ching minh rang gia tri m = 1 nay thoa man dé bai bang cach chi ra cac da thic
P(x), Q(x), R(x, y) thoa man dé bai.

That vay :

Xét cac da thiue P(x)=x>,0(x)=x,R(x,y)=y.
Khi d6 v&i m = 1 thi ta c6 quan hé ciaa véi b chinhla: a =5”. Suyra:
R(a,b)=b, P(R(a,b))=P(b)=b>=a, O(R(a,b)) = P(b) = b, thoa man d¢ bai.

Vay tat ca cac gia tri m thoa mén dé bai lam = 1.
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Bii 3. Cho sé6 nguyén n > 3. Ki hi¢u T la tdp hop gom n sé nguyén dwong dau tién.
Mot tip con S ciia T dwoc goi la tdp khuyét trong T néu S c6 tinh chit: Tén tai sé nguyén

~ , n e < N R ~ " ,
duong c khong vuot qua > sao cho voi s, s, la hai so bat ki thugc S ta luon co|s, — s2| £c.

Hoi tap khuyét trong T cé thé cé toi da bao nhiéu phan tir ?
Trude hét ta thiy rang: Néu S 1a tap khuyét trong T thi tdp S'={n—x|x e S} ciing la mot

tap khuyét trong T.
That vay: Gia sir nguoc lai S’ khong phai 1a tap khuyét, khi d6 ton tai hai s6 nguyén

e \ A A A \ . A ., N
duong s',,s', € §'sao cho |s'|—s', |=cv6i c la mot sO nguyén duong nao dé khong vuot qua 5
Khi d6 xét tuong ing hai phan tir s, =n—s',,s, =n—s', third rang s,,s, € S va
|s,—s, |5 (n—s")—(n—s",) |5 s",—s', |=c, thc 12 ton tai hai phan tir s,,s, € S va

n . \ A ,: A X \ A A , .
|s,—s,|=c< Etrong khi S 1a tap khuy€t. Mau thuan nay suy ra nhan xét trén dugc chirng minh.
Hon nita, do | S |=| S '|nén khi S ¢6 s6 cac phan tir 1a 16n nhat thi twong tng ciing c6 tap

S’ ¢6 s6 phan tir 16n nhat bang véi S.

\ 21 A LRt s aA A r A oa A X 4o A , N A
Tur do, ta thay co the xét cac tap khuyé€t S ¢6 so cac sO phan tur khong vuot qua 5 khong
; A . X Ao 1z n . A
it hon s6 céc sO phan tir 16n hon 3 Xét hai tap hop sau:

A:{x|xeS,x£§}, B:{x|xeS,x>§}thi ANB=3,40B =S vitheo cach xac dinh S
nhu trén thi |A| > |B| .
Khi d6 véi ¢ 1a mot sé nguyén duong nao d6 khong vuot qua %, ta xét tap hop:

C={x+c|xed}.Tacod: |A]=|C|. Do 4 Snén A ciing 1a mot tap khuyét va khi d6 rd rang
ANC=3,BNC =2 (vi néu nguoc lai thi tdn tai hai phén tor thudc S ma hi€u cua chung la c,
mau thuan).
Suy ra tat ca cac phan tir thudc tap A hoac B hodc C déu la mdt s6 nguyén duong khong
vuot quan, tcla (AUBUC)cT =|A|+|B|+|CKTl=n.
4|1 A|+2|B] < 2n
3 3

Hon nita: ANB =3, AUB=Sva|S| 1asbnguyén nén |S|=|A|+|B|s[2?”]

Két hop cac diéu nay lai, ta dugc: 2| 4|+|B|<n.Do dé: |A|+|B|<

Do d6 s6 phan tir cia tap khuyét S trong T ludn khong vuot qua [2?”} .
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*Ta s& chi ra mot tap khuyét thoa man dé bai c6 ding [23 } phan t.

That vay, xét hai tap hgp A, B nhu sau:

A :{123[’%1}} Bz{n—[g}tl, n—B}zn} va S=AUB.

Chon c:{nzl}gg. Ta thay:

_ Hiéu hai phan tir bt ki trong A khong vuot qua [”T”} 1< [”T”} .
- Hiéu hai phan tir bat ki trong B khong vuot qua n—(n— [g} +1)= {g} -1< [nTH} .

- Hiéu mot phan tir bat ki thudc B véi mot phan tir bat ki thude A khong nhoé hon:
n+l 1 n n+l n+2 n+l
(n—|=|+1)- >p-—————+1= > .
3 3 3 3 3
+1

Khi 40, 16 rang S = AU B 13 mot tap khuyét trong T tmg véi gia tri ¢ = {nT} <

n
>

Ta sé& chirng minh rang | S |= {23 } Tur cach xéc dinh A, B, ta co: |A|—[n+l},B:{z]

3 3
Ta can c6: {H—H} + {2} {2’1} VneN (*).
3 3 3

*Xét cac truong hop:
- Néu n chia hét cho 3, tirc 1a n ¢6 dang 3m,m € N . Suy ra:

n+1] [n [3m+1 3m 6m 2n
+—|= +|—|=m+m=2m=—= .
3 3 . 3 3 3 3

- Néun chia 3 du 1, tirc 1a n ¢6 dang 3m+1,m € N. Suy ra:

n+1] [n] [3m+2] [3m+1 6m _[ 6m+2 2n
— || T |= + =m+m=2m=— = .
3 3 3 3 3 3

- Néunchia3 du?2,tirclanco dang 3m+2,m e N. Suy ra:

[3m+3] _3m+2} 6m+3 {6m+4} [Zn}
=m+1l+m= .

n
— | = +
3 |3 3 3 3

Tir d6 suy ra (*) dugc ching minh hay tap hop S dé cho 1a tap khuyét co [2?”} .

Vay gia tri 10n nhit ciia s6 phan tir ciia tap khuyét S trong T 1a {2?”} .
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Bii 4. Cho m, n la cdc sé nguyén dwong.
Chirng minh rang (2m+3)" +1 chia hét cho 6m khi va chi khi 3" +1 chia hét cho 4m.

Theo khai trién nhij thitc Newton thi:

n—1
Qm+3)" =(2m)" +3"+ Y C*.2m)"™* 3" = (2m)" +3"(mod 6m).
k=1

Do do, 6m|(2m+3)"+1 < 6m|(2m)" +3"+1 < 2m|(3" +1) va 3| (2m)" +1.
Can chiung minh rang: 2m|(3" +1) va 3|2m)" +1 (1) & 4m|3"+1 (2).
Xét cac truong hop:
* Néu m 12 sd chén:
- Xét diéu kién (2):
3" +1khong chia hét cho 4m vi 3" +1=2(mod8) hodc 3" +1=4(mod8), trong khi 4m:8, tic 1a
khong thé co diéu kién (2).
- Xét diéu kién (1): tir m 12 s6 chn, suy ra 3" +1:4 = n 1a sb 1¢. Ta biét rang: sé c6 dang

3n+ 1 chi c6 wéc nguyén tb 1¢ dong du v6i 1 modun 4. Tir 46, suy ra m thoa man: 2m | (3" +1)
phai cé dang m =23k +1),k € Z. Suyra: 2m)+1=2"2".(3k+1)" +1=2(mod3) = (2m)+1
khong chia hét cho 3, tic 1a diéu kién (1) ciing khong ton tai.

* Néum la so I€:

- Xét diéu kién (1): tir 2m | (3" +1) suy ra m khong chia hét cho 3, tir 3| (2m)" +1 suy ran
phai 14 s6 1é vi néu nguoc lai thi (2m)" +1=2(mod 3), mau thudn. Manlasd 1éthi 3" +1: 4,
két hop v6i (m,4) =1, ta duoc 4m|3" +1, day chinh 1a diéu kién (2). Do d6: (1) = (2).

- Xét diéu kién (2): tr 4m|3" +1= (4]3" +1)A(m|3" +1) suy ran 13 s 1é va m c6 dang
3k+1,keZ.Suyra: 2m)" +1=2"m" +1=-1+1=0(mod3) = 3| (2m)" +1; tir (2) ta cling truc
tiép c6 2m| (3" +1). Do d6: (2)= (1).

Két hop cac diéu trén lai, ta dugc: (1) < (2).
Vay (2m+3)" +1 chia hét cho 6m khi va chi khi 3" +1 chia hét cho 4m.
Day chinh la dpem.
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Bii 5. Cho tam giic ABC nhon, khéng cin cé O la tim dwong tron ngoai tiép.
Goi AD, BE, CF lan liwgt la cdc dwong phén gidc trong ciia tam gidc. Trén cdc dwong thing
AL BM CN
AD BE CF
Goi (0)), (02), (03) lin lwot la cic dwong tron di qua L, tiép xiic véi OA tai A ; di qua M tiép
xiic v6i OB tai B va di qua N tiép xiic véi OC tai C.

AD, BE, CF lin lwot ldy cdc diém L, M, N sao cho = k (k la hang s6 dwong).

1. Chirng minh ring véi k = %, ba dwong tron (0y), (02), (03) cé ding hai diém chung va

dwong thang noi hai diém dé di qua trong tim tam gidc ABC.
2. Tim tdt cd cdac gid tri k sao cho 3 dwong tron (0)), (03), (03) cé dung hai diém chung.

Truée hét, ta néu 4 bd dé sau:
(1) Cho ba dwong thang déi mét phan biét a, b, ¢ va hai dwong thang phdn biét d, d’. Cdc
duong thcfng d, d’ theo thir tu cdt a, b, ¢ tai A,B,,C;4,,B,,C, thoa man diéu kién:

AlBl _ AZB2
AICI AZCZ

AIAZ _ BIBZ _ CICZ
AIA3 BIB3 C1C3 ‘

=k. Cdc diém Az, B;, C;thudc a, b, ¢ sao cho:

, AB
Khi do, A3, B3, Cs thang hang va A3 S—f.

3%73

(2) Cho ba dwong thang phén biét a, b, ¢ va ba dwong thang phén biét khac a’, b’, ¢’ . Cdc
duong thcfng a’ b’ ¢’ theo thir tw cdt a, b, ¢ tai A4,B,,C;4,,B,,C,;4,,B,,C, (cdac diém nay doi

. AB AB A.B AA, BB
mot phan biét). Khi do neu == = =22 === thi hogc == ==2= GG hodc a, b, ¢ doi
Al C] A2C2 A3C3 A] A3 Bl B3 Cl C3

mot song song.

(3)  Cho tam gidc ABC va M bt ki. Céc tia AM, BM, CM lin luot cit BC, CA, AB 6 A, B,
C,. Cdc dwong thang A;B, B;C;, C1A; cdt cdc dwong thang AB, BC, CA lan lwot ¢ A,, B, Co.
Cdc diém As, Bs, C; theo thir tw nam trén cdc dwong thang BC, CA, AB sao cho

A1A3 _ B1B3 _ C1C3
AIAZ B1B2 CICZ

=k,k=0.Khido, Az, Bz, C; thcfng hang khi va chi khi k=1 hodc k =%.

(4) Cho tam gidc ABC khéng cdn ngoaqi tiép dwong tron (I). Puong tron (1) tiép xiic véi cdc
canh BC, CA, AB lan lwot tai D, E, F. Duong thcfng EF cdt BC tai M, dwong thcfng AD cdt (1) tai
N (khéc D). Chitng minh rang: MN tiép xiic véi (I).

Céac b dé (1), (2) c6 thé chirng minh dé dang bang cac biéu dién theo vecto.
Duéi day trinh bay cac chirng minh cho b dé (3), (4).
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*Chitng minh bb dé (3).
+ Diéu kién du:
- Vi k=1, ta cod As, Bs, C; theo thir ty trung voi
A, B,, C,. Vi AA|, BB, CC, dong quy nén theo dinh li

AB BC CA

Menelaus thi ==.==.===—1. Vi A,, B;, C, thing
AC BA CB
hang nén ZB.E,% =1. Suy ra: ﬁ __AB )
AC BA CB AC A4,C
B B A A
Tuong tuy: BC__BCCA__ G

BA BACB CB

Nhan ting vé cac ding thirc trén,

48 BC CA_( AB|[_BC|( C4)__
A4,C B,A C,B AC )\ B4)\ CB '

Tuc 1 A,, By, C, thang hang hay As, Bs, Cs thing hang.

) 1 2
- Véi k = E , As, B3, Cs3 theo tht tu 14 trung diém cua

AjA;, B1B,, C,C;. Theo chung minh trén, ta da co:

i = _i . Theo tinh chét ti 1¢ thuc thi:

AC A4,C

AB B A,B AB+A,B AB-AB N AB 24B A4
AC AC AC-A4C AC+A4,C AC 44 24C

Suy ra:

AB 24B A4 (AB
AC 4,4 24C | AC

BC (BC) G4 (caAY
i) &1E)
Nhan tung vé cac déng thire trén, ta duogc:
2 2 2
4B .B3C. G4 {AIB] .(BICJ .[CIA] =1.Do d6, A3, Bs, C3 th ang hang.
AC BA CB \AC) (BA) \CB
+ Diéu kién can: Khi k =1, taki hiéu 4,,,,B,,,,C;, thay cho As, B3, Cs. Gia st ton tai sb k

2
J . Tuong tu:

B,

A ot 4 b\ 1 B\ M \ . , , R N
dong thoi khac 1 va Ema Ay 4y Byry» Csiy thang hang. Khi do, céc diém: 4, By, Cy ;) va

A2A3(1/2) _ BZB3(1/2) _ C2C3(1/2) _ 1/2-1

Ay 1125 Bya2y» Cy12) 401 mOt Khac nhau. D€ thay: v =% e PR
243 253k 2%3(k)

(k)

51



Theo chimg minh & diéu kién du thi hai bd diém A,, By, C2 va 4,5, By(,)2,» Cs 12, thing

hang, ma theo diéu gia sir & trén thi Ay 4y Byiy» Gy CUNG thang hang nén theo bo dé (2), hoic

. 2 \ . AB, AyB
duong thang A;B2Cy va A4y, By )5 Cy 1)) SONE SONE hodic ==

. AB A..,.B
+ Néuy 222 _ Danan

A2 CZ

A3(1/2)C3(1/2)

thi cha ¥ rang:

A1, By, G théng hang, mau thuan.

_ ABayPan)

Azcz A3(1/2)C3(1/2)

B1B3(1/2) . Cl C3(1/2)

*Chirng minh bo dé (4).

Goi H 1a giao diém cia
EF va AL Ta thdy: I4 1 EF .
Tam giac AIF vudng tai F c6
duong cao FH nén :

IF? =IH.IA= ID* =IH .IA.
Suy ra: AIDH ~ AIAD(c.g.c).
Do d6: THD = IDA.
Mait khac: tam gidc IDN can tai
Inén IND = IDN = IDA. Tix
do, ta duoc: IND = IHD .

— Tt gidc IDNH néi tiép. Hon nita, tir giac IDMH ciing noi tiép vi ¢6 IDM = IHM =90°

, theo bd dé (1) thi
BIBZ CICZ

+ Néu AxBoCo va 4, B, )5, Cy ) SONE
song voi nhau thi cha ¥ ring
Ay 1/2)> By1/2)» Cs12) theo thir tu 1a trung

diém cta 4,4,,B,B,,C,C, . Ta cé:

1
A3(1/2)Ba(1/2) = E(AlBl + Asz) >

1
A3(1/2)C3(1/2) = E(Alcl +4,C,) . Suy ra:
A;B; song song voi AoBava 4, B; )

A;Cy song song v6i AyCa va 4;,,,Cy ) -

Tir d6 suy ra, A, By, C; ciing thing
hang, mau thuan.

Dodbchico k=1 va k= lth(")a man.

Viy bb dé (3) dugc chimg minh.

D C

Do d6: 5 diém, I, D, M, N, H cing thudc mot duong tron. Suy ra: IMNH ndi tiép hay
INM = THM =90° = MN L IN . Vay MN la tiép tuyén cua (I). B6 dé (4) dugc chirmg minh.
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*Tro lai bai toan.
1. Khi & :% thi L, M, N lan luot 1a trung diém cua cac doan AD, BE, CF.

Goi H 1a tryc tam ctia AABC va S 1a phuong tich cua H d6i v6i duong tron Euler di qua chan 3
duong cao cia AABC . Goi K 1a giao diém cua dudng thang AO, véi duong thang BC.

Ta s& chig minh rang K nam trén (O,).

That vay:

Do AABC la tam giac nhon nén O nam trong tam giac. Ta co:

AOB=24CB = OAB=90"— ACB.

Khong mét tinh tong quat, gia sir tia AD nam giita hai tia AO va AB. Khi dé:
— —  BA — _—— —  BAC
OAD = OAB — DAB =90’ —ACB—TC: KAD =90° —0AD = ACB+TC

—

Mt khac: ﬁ:zﬂuﬁ:%@Jrﬁ nén KAD = KDA.

Ta ciing ¢6 O, A= O,L = AAO,L can tai O; nén O,AL = OLA.
Tur d6 suy ra: O/IL\A = KDA hay O,L // KD, ma L 14 trung diém ctia AD nén O 14 trung diém ctia
AK hay K thudc dudng tron (O,). Do d6 (Oy) cét BC tai chan dudng cao cia A4BC. Tir d6 suy
ra phuong tich ciia H d6i voi dudng tron (O) chinh 1a & .
Hoan toan tuong ty voi cac duong tron (O,), (O3).

53



Do H ¢6 cung phuong tich dén cac duong tron (O,), (O), (O3) nén H chinh 1a tdim dang
phuong cua 3 dudng tron (O)), (O,), (O3) .

Hon nita: do OA 1a tiép tuyén cta (O;) tai A nén phuong tich cua O ddi v6i (O) chinh 1a
0A* . Tuong ty nhu vay, phuong tich cua O ddi v6i dudng tron (O,) va (Os) lan luot 1a
OB*,0C?, ma O 14 tim dudng tron ngoai tiép cia AABCnén OA = OB = OC hay O c6 ciing
phuong tich dén cac dudng tron (O)), (0,), (O3), suy ra: O ciing 1a tim dang phwong cua 3 duong
tron (O)), (0y), (03).

Gia sir ciia 3 duong tron (04), (05), (03) ¢6 3 truc dang phuong khac nhau thi ching phai
dong quy tai tim dang phuong, ma O va H clng 14 tim dang phuong cta ching nén O phai tring
v6i H hay AABC déu, mau thudn véi gia thiét AABC khong can.

Do d6, diéu gia sir trén 1 sai va 3 duong tron da cho phai c6 1 truc dang phuong chung,
truc dang phuong d6 chinh 14 dudng thang di qua O va H. Ta ciing thiy rang O nam ngoai ca 3
duong tron, H thi nam giita cdc dudng cao cia AABC nén né nam trong ca 3 dudng tron.

Suy ra duong thang OH cit ca 3 dudng tron tai 2 diém nao do.

Vay 3 duong tron (O)), (0,), (03) cb diing 2 diém chung, hon nita, duong thang di qua
hai diém chung d6 chinh 1a duong thang OH va do d6, né ciing sé& di qua trong tim clia tam gidc
(duong thang Euler). Ta c6 dpem.

2. Ta s& chitng minh rang ba dudng tron (O;), (0,), (O3) c6 dung hai diém chung khi va chi
khi £=0 hodc k= % That vay:
“Piéu kién di:
-Khi k= % khang dinh da chimg minh & cau 1/.

- Ta s& tiép tuc ching minh rang véi k = 1, ba dudng tron (Oy), (02), (O3) lan luot di qua
L, tiép xtic voi OA tai A ; di qua M tiép xtc véi OB tai B va di qua N tiép xtic voi OC tai C ciing
c6 dung hai diém chung. That vay:

-Khik =1, cac diém L, M, N tuong tng tring véi cac diém D, E, F.

Theo ching minh & cau 1/, duong tron (K, KA) di qua D va tiép xuc v6i OA tai A nén
chinh 13 dudng tron (O) dang dugc xét. Goi d,, da, ds 13 tiép tuyén cua dudng tron (O) lan lugt
tai A, B, C. Goi X, Y, Z theo tht tw 14 giao diém cua d,, d,; d,, d,; d,, d, .

Vi O, thudc duong thing BC va OA tiép xtic voi (O)) tai A nén O, thudc d;, tir d6 suy ra
O, chinh 1a giao diém ctia BC va d,.

Tuong tu: Oy, O3 lan lugt chinh 1a giao diém cua CA va d,, AB va ds.

Qua cic diém Oy, Oy, O3 V& céc tiép tuyén téi dudng tron (O) lan lugt 1a O,T;,0,T,,0,T,
(trong d6 Ty, T,, T3 1a cac tiép diém).

Taco: OTI, =04, O,T, =0,B, O,T, = O,C, tic 1a Ty, Ty, T cling twong g thudc cac duong
tron (O)), (0y), (03).
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Theo bo dé (4) & trén, (xét tam gidc XYZ c6 (O) 1a dudng tron ndi tiép) cac duong thang
AT;, BT,, CT; tuong ung trung vdi cac duong théng AX, BY, CZ.
Hon ntra, XB=XC, YC=YA, ZA = ZA nén:

—— == = ——-1=AX, BY, CZ ddng quy (theo dinh li Ceva d4o trong tam gidc XYZ).
AZ BX CY
Do d6: AT, BT,, CT; dong quy. Pat diém chung cta ba dudng thing d6 13 S, rd rang S
nam trong (O). Do T, T2, T3 ndm trén (O) nén theo tinh chat phuwong tich:

SA.ST, = SB.ST» = SC.ST, = Py, = Py, = P

S/(05)

Tuong tu cau 1/, ta co: B, ) = By 0,) = Fojo,)» tie 12 OS la truc dang phuong chung cia ba
duong tron O)), (03), (O3).

Mit khac, S ndm trong ca ba dudng tron, O ndm ngoai ca ba dudng tron nén dudng thang
OS cit ca ba duong tron tai hai diém, tirc 13 (Oy), (0,), (O3) c6 ding hai diém chung.

Vay trong trudng hop k = 1, ba dudng tron (O)), (0,), (03) ciing c6 dung hai diém chung.
Diéu kién du cua khéng dinh trén dugc ching minh.
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*Diéu Kién cn:

Voimoét giatri k> 0,k =1, 201 O,;),0,,,,0;, lan luot 14 tAm cua céac duong tron di qua
L, tiép xuc véi (O) tai A; di qua M, tiép xtic voi (O) tai B, di qua N, tiép xuc véi (O) tai N.

Gia su cac duong tron
(Ol(k)),(OZ(k)),(OS(k))n(')i trén co
dung hai diém chung, tirc 1a ba
tm cua chung 13 O, 0,05,
thang hang. (1)

Goid;, dy, d; 1a tlép tuyén
ctia dudng tron (O) 1an luot tai A,
B, C. Goi X, Y, Z theo thu ty 1a
giao diém cua dy, ds; ds, dy; dy, do.
Chiing minh tuong tu nhu trén,
AX, BY, CZ ddng quy. )

Dat O], 02, 03 la giao
diém cua BC vé6i YZ, CA véi ZX,
AB véi XY. D@ thay rang:
04y O O30 1an lugt thudc cac

doan thang 40,, BO,,CO,

Vé AOl(k) _ AL BOz(k) _ BM
A0, AD’ BO, BE’

COyyy CN
co, CF’
Suy ra:

A0y, _BOy, _COyy G

40,  BO,  CO,

T (1), (2), (3), ap dung b6 dé 3,tacé k = 1 hodc k =%.
Do d6, néu cac dudng tron (Oy), (0,), (O3) c6 ding hai diém chung thi ¥ = 1 hodc & = %
Diéu kién can cua khfmg dinh dugc chung minh.

Y SO . 1
Vaytatcacacgiatrikcantimla k£ = 1 va k:E.

Bai toan duoc giai quyét hoan toan.
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Bii 6. Ki hiéu M la tip hop gom 2008 so nguyén dwong diu tién. Té tit cd cdc sé
thudc M béi ba mau xanh, ving, dé sao cho méi sé dwoc t6 béi mot mau va méi mau déu
dwoc ding dé té it nhit mét sé. Xét cdc tip hop sau:

S, ={(x,y,z) € M°, trong dé x, y, 7 c6 cing mau va(x+y+z)=0 (mod 2008)} ;
S, ={(x,y,z) € M°, trong dé x, y, z doi m¢t khdc mau va(x+ y +z) =0 (mod 2008)}.

Chiing minh rang2|S,|>|S,|. (Ki higu M*la tich Dé cic M xM xM ) .

*Trudc hét ta s& chimg minh bd dé sau: .
“Voin la so nguyén duong, xét tdp hop M = {1, 2, 3, ..., n}. T6 mau cdc phan tu cua S boi
mau xanh hodc do. Xét cac tdp hop sau:
S, ={(x,y,z) e M*, trong dé x, y, z cung mau va(x+ y+z) =0 (modn)},
S, ={(x,y,z) e M’ trong d6 x, y, z khdc mau va(x+y+z)=0 (modn)}.
Gid sir rang trong M ¢6 a s6 dwoc t6 mau do va b sé dwoc t6 mau xanh (véi a + b = n) thi
|S, |=a* —ab+b*, =3ab.”

That vay:

Ta chon mét sb x duoc t6 mau do, mot sb y dugc t6 mau xanh, x # y . Gia stir z 1a mdt sb
thudc S ma n|(x+ y+z), rd ring z ton tai va duy nhét (z c6 thé tring véi x hod y).
Khong mét tinh tong quat, gia sir z duoc t6 mau do, ciing mau véi x.

Xét hai truong hop:
- Néu z khac ca x va y. Khi d6 ca ba s6 x, y, z 1a phan biét. Khi do, ta c6 tit ca 6 bo ba
thudc tap Sochraca x vayla: (x,y,2); (x,z,»); (,x,2); (,2,%x); (2,%,); (z,¥,X).
Néu khong tinh dén thir tr cia x va y thi chi ¢6 3 bo trong cac bo trén thudce S,. That vay: khi xét
x dung trude z trong cac bo trén, ta ¢6 3 bo ba la: (x,y,z2);(x,z,»);(»,x,2).

Tuong tu, lai xét cac bd khong tinh dén thir ty cta z va y (cha ¥ rang & trém, ta gia sir x

va X cung mau), xét x dirg sau z trong cac bg nay, ta ciing co6 3 b ba nira la:
(z,x,¥);(z,y,x);(y,z,x). Do d6, trong truong hgp nay, ta cd tat ca 3 bo thudc S,.

- Néu z bang x hoic z bang y. Khong mat tinh tong quat, gia str z=x (truong hop z =y
hoan toan tuong ty, khong quan tdm dén mau cua ching nita). Khi o, ta ciing c6 cac bo 3 thude
tap Sy chtraca x vay la: (x,x, y);(x,y,x); ( y,x,x) (chi xét cac bo khong tinh dén thir ty cua x, y).
Do d6, trong c4 hai trudng hop, mdi b khong tinh dén thu tu (x, y) voi x, y khac mau

nhau cho ta ding 3 phan tu trong tap T, va mdi phén tir nhu vay xuat hién ding mot 1an. Suy ra
gia tri ctia |S,| bang 3 1an s6 bo khong tinh dén thi ty (x, y) d néu.

Mait khac: ¢ a s6 duoc td mau do, b sé dugc td mau xanh nén sb bod (X, y) noi trén chinh la
ab, tur do ta duoc: | S, |=3ab. Véix, y cho trude thi s6 z théa mén n | (x + y + z) 1a duy nhat.
Ca x va y dugc chon ding n lan nén | S, U S, |= n*> = (a+b)*, hon nira: S, NS, =D nén
|S, |+, |=(a+b)’ =[S, |=(a+b)’ —3ab=a’—ab+b".

B6 dé duoc ching minh.
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*Tro 1ai bai toan: ‘
Gia sur s0 céac so dugce t6 mau xanh, vang, do lan luotlaa, b, cthi: a+b+c¢=2008; a,b,c e N*.
-Xét tap hop:
A={(x,y,z) e M’| X, y, z duoc td cing mau xanh va x+ y+z =0 (mod2008)} .
Céc tap B, C dinh nghia tvong tu, img v6i cac mau vang va do.
-Xét tap hop:
AB ={(x,y,z) e M’ | X, y, z dugc td boi hai mau xanh, vang va x+ y+z =0 (mod 2008)}
Cac tap BC, CA duogc dinh nghia tuong ty, itng voi cac cap mau vang, do va do, xanh.
- Xét tap hop :
ABC ={(x,y,z) € M’ |x, y, z dugc td bdi cd ba mau xanh, vang, dé va x+ y+z =0 (mod2008)}
Tiép theo, ta s& dung bd dé trén danh gia sb phan tir cua cac tap hop trén:
Goi ¢ la mau dai dién 9h0 hai mau xanh va vang, khi do: s6 bd ba dugc té cung mau chinh la:
AU BUCU AB va so bg ba to khac mau chinh 1a: 4ABCUBCUCA.
Tacod: |A|+|B|+|C|+|AB=(a+b)’ —c(a+b)+c’,| ABC|+|BC|+|CAl=3c(a+b).
Hoan toan tuong tu, ta co:
|A|+|B|+|C|+|BCl=(b+c) —a(b+c)+a’,| ABC|+|CA|+| AB|=3(a(b+c).
|A|+|B|+|C|+|CAl=(c+a) —b(c+a)+b*,| ABC|+| AB|+| BC|=3b(c+a).
Theo cach xac dinh nhu trén thi:
S =AUBUC=|S HA|+|B|+|C]|, S,=ABC =|S, |5 ABC|
Cong timg vé tuong tmg ciia nhom thir nhat roi nhan véi hai, ta dugc:
6(|A|+|B|+|C|)+2(| AB|+|BC|+|CA|) =3(a’ +b* +c*).
Cong timg vé twong tmg ctia nhom tht hai, ta duge:
3/ABC|+2(| AB|+|BC|+|CA|)=6(ab+bc+ca).
Suyra: 6( A|+|B|+|C|)=3|ABC|=3[(a=b)’ +(b—c)’ +(c-a)’ | 20.
Do do: 21S,|-1S, 20.
Dang thirc khong xay ra vi khong ton tai a =b = ¢ nguyén duwong va a+b+c = 2008 .
Vay bét dang thirc & trén 1a thyc sy, tic 1a 2| S, [=|S, [> 0 2[S, >/ S, |.
Day chinh la dpcm.
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LOI GIAI PE THI CHON PQI TUYEN QUOC GIA
DU THI IMO 2009

Bai 1. Cho tam gidc nhon ABC néi tiép dwong tron (0). Goi A, B, C,va 4,, B,, C,
lan lwot la cdc chén dwong cao ciia tam gidc ABC ha tiv cdc dinh A, B, C va cdc diém doi
xtrng véi A, B,, C, qua trung diém ciia cic canh BC, CA, AB. Goi A,, B,, C, lan luot la cdc
giao diém ciia dwong tron ngogi tiép cic tam gidc AB,C,, BC,A,, CA,B, véi (O).

Chirng minh rang: AA,, BB;, C,C, dong quy.

A

Ta s& ching minh cac duong thing
AA,, BB,, C,C, cung di qua trong tdm cua tam giac
ABC. That vay:
Goi M 1a trung tryc ciia BC, A’ 1a diém ddi xing véi A
qua trung tryc ciia BC. Ta s& ching minh ring A’ tring
v6i Az hay dudng tron (AB,C,) cit (O) tai A’.

Ta co: A, A’ dbi xtmg nhau qua trung truc ciia BC
nén: AB = AC, AC = A’B.Do A,BvaC;, C,
cung d6i xtmg v6i nhau qua trung diém ciia AB nén
BC, = AC,. Tuong ty: CB, = AB,. Suy ra:

BC, AC, AC A'B

CB, AB, AB A'C’

Két hop voi @' = @'( cling chin cung AA”)

ta duoc: AC,BA'~ AB,CA' (c.gc)=> BC,A'=CB,A'= AC,A'= AB,A".
Do d6, tir gidac AC,B,A” 1a tir gidc ndi tiép hay A’ tring véi As. Goi G 1a giao diém ciia
. , AA .
trung tuyén AM véi A1As. Do AAz// AiM nén: g—j\i = y Aj[ =2 = G la trong tdm cuia tam gidc
1

ABC hay duong thang A;As di qua trong tim G cua tam giac ABC.

Tuong ty: B,B;, C\C; ciing di qua G.
Vay cac duong thang 4,4,, B,B,, C,C, dong quy. Ta c6 diéu phai chimg minh.
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Bai 2.
Cho da thitc P(x)=rx’ +qx> + px+1 trong dé p, q, r la cdc sé thwe va r > 0.
Xét day sé sau:
{al =1, a,=-p, a,=p° —q
a,.,=-pa,,—qa, —ra, nz0
Chitng minh rang: néu da thivc P(x)cé mét nghiém thwe duy nhit va khéong cé

nghiém bgi thi day so (an ) cO v0 s0 sO am.

* Gia st k 1a mot nghiém (thue hodc phtic) cua da thuc:
O(x)=x"+px*+gx+r,dor>0nén k0= Kk’ + pk> + gk +r =0 (*)

Theo gia thiét, da thirc P(x) = rx* + gx* + px +1 c6 ding mot nghiém thyc nén nd con cd thém

hai nghiém phtrc lién hop nira, dong thoi % chinh la nghiém cta P(x) do:

1 1y (1Y 1 r+ gk + pk* +k°
P(=)=r|—| +q|—| +p|—|+]1= =0.
%)'{kj 4}j p@J K

Xét day s (u,) xac dinh boi cong thic:

un+1 = an+3

Hp+ R~ (**)
Mt khéc, theo gia thiét: a,,, = -pa,., —qa,, —ra,, n=0,1,2,..
Ta co:

3 kq+r

k A Ja
u,,=—-ra,.,—4qq,,—-ra, + (p + )an+2 _Zanﬂ =ka,,, ra

'+l n

kq+r r
n+2 k2 'an+l _Ean)

=k(a

Tl‘,r(*)z—(kq+r):pk2+k3:—qu+r—p—i—k,dod();

5 =

u,, =k(a,,+(p+k)a

n+2 n+l

Lan) =ku,, n=0,12,..
k
Trong (**), chon = -1, ta co:

_pk2+qk+r _k_3_

r r
uo=a2+(p+k)a,—zaozpz—q—(p+k)p—;: X . K’
Suyra: u, =k"? = a,,+(p+ka,, —%an =k"?, n=0,1,2,... (F*%)
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Gia sir z 12 nghiém phirc ctia phwong trinh P(x) =0 va p,8 lan luot 1a modun va argument
cua z trong do: p,0 e R, p>0.
Taco: z= pe”’ = p(cos@+isinf)va P(x) e R[x] nén: P(z)=0= P(z)=0= P(E) =0 do do:

z= pe? = p(cos@—isin@) ciing 1a nghiém ctia P(x).

TI‘I (***)’ ta duQC: an+2 + (p + Z)anJrl - n+2 + (p +;)an+l

r r -
_an — (Z)n+2 , a _=an — (Z)n+2 .
z z

Theo cong thirc Moavre, ta c6: z = p(cos@+isind) = z" = p"(cosnf +isin nd) nén:

z"? - (;)M = p"?[cos(n+2)0 +isin(n+2)0]- p"** [cos(n+2)0 —isin(n+2)0] =

—\n+2
Zn+2_ z 2 n+2 - +29 . +20
=2i.p"sin[(n+2)0] = () _2p"sin[(n42)0] L sin|(n+2)0]
z—z 2i.psinf sin @
T¥&tﬁngvéhaid§ngthﬁc:(z—;)aﬂl—rcl—lﬂan=(zY”2—(;Y+2
z Z

- z—z - r
S (z-2)a, ~r(—=)a, =" -(2)'"? ©a, +—a,=
z.z Yo,

n+l

sin[(n + 2)9]

+La =
a =p -
sin @

n+l 2 n

~=a

Do p > 0nén xét ng la mot gia tri nguyén duong sao cho:

Sil’l[(l’.lo +2)0] <0= ph sin[(r'z0 +2)0]
sin @ sin@

r
+—a <0.

ny+1 2 n

<0=>a

a, trai dau v6i nhau. Do do, trong hai gia tri nay c6 mot s6 am.

ny+12n

Vi —>0nén a
yo,
sin [(n0 + 2)9]
sin @
mdi gia tri no nhu thé ta lai tim dwogc mot s6 hang Am cuia diy da cho, tirc 12 diy (a,) ¢ vO s6 s6
am. Pay chinh 1a diéu phai chirg minh.

Ta thay khi n tién t&1 vO cuc, ton tai vo so gia tri ng sao cho <0, ma ung véi
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Bai 3.
- Cho cdc 56 nguyén dwong a, b sao cho a, b va ab déu khong la sé chinh phwong.
Chitng minh rang trong hai phwong trinh sau:
ax’ —by* =1
ax’ —by* =-1
c6 it nhit mét phwong trinh khéng cé nghiém nguyén dwong.

* Trude hét ta s& ching minh b dé sau:
Cho A, B la cdc sé nguyén dwong va A, B, AB déu khéng la cdc sé chinh phwong.
Khi d6: néu goi (a, b) la nghiém nguyén dwong nhé nhdt ciia phwong trinh Pell x* — ABy* =1
(do AB khéng la sé chinh phwong nén phwong trinh Pell nay luén c6 nghiém nguyén dicong,
nghia la (a, b) ton tai) va (x, vo) la nghiém nguyén dicong nhé nhdt cia phwong trinh
= Ax; + By,
Ax> = By* =1 thi ta luén cé hé thirc lién hé sau: 4 o T BV
b=2x,y,
*Chtrng minh:
Do (x0,Yo0) 12 nghiém cua Ax*> — By’ =1 nén Ax, — By; =1.
bt u = Ax; + By;,v=2x,y, ; khi do, ta co:
u? — ABV =(Ax} + By} ) — AB.(2x,0,) =(Ax} - By ) =1.
Do d6, (u; v) 1a mot nghiém cta x> — ABy* =1.
Ma (a, b) 1 nghiém nguyén duwong nho nhat ctia phuong trinh Pell x> — ABy> =1nén u>a,v>b.
Ta s& chiing minh raing u =a, v ="b.
That vy, gid st ngugc lai, u>a, v>b. Ta co:

a-b\AB <(a—bJAB)(a+bVAB)=a’ - 4Bb =1
:(a—bm)(ﬂxo +\/§y0)<\/2x0+\/§yo
= (axo —Bbyo)x/g+(ayo —Abxo)\/§<\/2xo +\/§y0

Mait khac: a+bm<u+vm:Ax§ + By, +2x0y0m:(\/2xo +\/§yo)2

Do do:

(ax, —Bbyo)\/Z—(ay0 —Abxo)\/E = (a+bm)(x0\/2—yox/§) <
(xo\/z—yo\/ﬁ)(xo\/z+yo\/ﬁ)2 = (4 - By; ) (x4 + B ) = (x4 + y,B)

s\A+tNB <xNA+yNB (1)
sNA-tB <x A+ y,NB  (2)

Dat s = ax, - Bby,,t = ay, — Abx, , ta dugc: {
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Hon nita: As” - Bt* = A(ax, — Bby,)’ - B(ay, - Abx,) =(a’ - ABb* )(Ax; - By; ) =1.1=1

Tathdy s >0 vi: s>0< ax, — Bby, >0 < ax, > Bby, < a’x? > B*b*y} <> a’x} > Bb*(Ax. —1)

< (a® — ABb*)x; > -Bb* < x; >—Bb*, dling do B > 0.
Ta ciing thdy 7 # 0 boi vi néu t = 0 thi:
ay, — Abx, =0 < ay, = Abx, <> a’y; = A’b’x] < ys(ABb* +1)= Ab*(By; +1) < y; = Ab°
Diéu nay mau thuin do A khéng 14 s6 chinh phuong.
-Néu t > 0 thi (s; t) 1d mot nghiém duong cta phuong trinh Ax” — By® =1, tir d6:
s>a,t>b,suyra: svA+tB > xox/z+y0\/§, diéu nay mau thuan véi (1).
-Tuong tu, néu t < 0 thi (s; -t) 1d mot nghiém duong ctia phuong trinh Ax” — By® =1, tir do:
s>a,—t>b,suyra: s\JA-tB > xO\/Z+y0\/§ , diéu nay mau thuan voi (2).

Do d6, dicu gia st 1a sai, nghia la u =a, v =b. B6 d¢€ dugc chung minh.

* Tro lai bai toan:
Gia su nguoc lai, cd hai phuong trinh:
ax* —by* =1 (*)
ax’ —by* =—1  (*¥)
déu c6 nghiém nguyén duong. Goi (m, n) la nghiém nguyén duong nho nhét ctia phuong trinh
x* —aby® =1; (x1; y1) 1a nghiém nguyén duong nhé nhit cta (*); (x2; y2) 12 nghiém nguyén
duong nho nhat ciia (**). Theo bd dé trén, ta co cac hé thic sau:

m=ax; +by; . m=bx; +ay;
va
n=2xy,

n=2x,y,

TU (¥)= ax? =by +1, tir (¥*)= ay? = bx? —1, so sanh cac dang thirc & trén, ta cling co:

ax] +by, =bx; +ay; = 2by; +1=2bx; —1©b(y12 —xzz):l.

Nhung do b 12 s6 nguyén duong, khong phai 1a s6 chinh phuong nén b > 1, nghia 1a ding thirc
trén khong thé xay ra. Suy ra diéu gia sur ¢ trén 13 sai.

Vay trong hai phuong trinh (*) va (**) di cho c6 it nhat mot phuong trinh khong c6 nghiém
nguyén duong. Day chinh 1a diéu phai ching minh.
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Bai 4.

Tim tit cd cdc sé thue r sao cho bit ding thirc sau ditng véi moi sé a,b,c dwong:
3
r+ r+ r+ 2l r+—
b+c c+a a+b 2

Ta s€ xét dieu kién can va du de tim cac gia tri r thda dé bai.

<A A A . \ < c .
* Pieu Kkién can: Xét truong hop a=b>0.Dat t=—>0. Taco:

a
3
S ) N e
r+ r+ r+ Z|r+—
b+c c+a a+b 2
2
(s ) | o (es)o3)
S| rt+ Jr+—|2|r+=-| S| r+ Jr+— 12| r+—=
a+c 2a 2 c 2a 2
(i) {regelra) o e ) )
S|lr+— | |r+=—|2|rt= | S| rt+—+F|—| ||+t |2 Fr+=
1+¢ 2 2 t+1 \r+1 2 2

2t 3), 1 2t 3 t 1
S| ——+——=|r + st————|r+| ———120
t+1 2 2 t+1)" t+1 4 t+1 8

Cho ¢ — 0, tir bat dang thic trén, suy ra: 47> +2r-1>0 <

* Pidu kién di:

Ta s& chimg minh rang véi gia tri r thda man (*) thi bat dang thirc da cho ding véi moi sé duong

a, b, c. That vay: bat:x = 4 , V= b ,Z = ¢ , X,¥,z>0.Taco:
b+c c+a a+b
a b b c c a a b c
Xy+yz+zx+2xyz =

. + . + . + . . =
b+c c+a c+a a+b a+b b+c b+c c+a a+b
ab(a+b)+bc(b+c)+ca(c+a)+2abc _(a+b)b+c)c+a)

(a+b)b+c)c+a) (a+b)b+c)c+a)
Ta sé& chirng minh céc bat dang thirc sau:
) X+y+z22(xy+yz+2zx)
a b c ab bc ca
+ + 22 + +
b+c c+a a+b (a+c)b+c) (b+a)c+a) (c+b)a+b)

- a(a+b)a+c)+b(b+c)b+a)+c(c+a)c+b) S 2ab(a+b)+2bc(b+c)+2ca(c+a)
(a+b)b+c)c+a) - (a+b)b+c)c+a)
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& a’+b’+c +ab(a+b)+be(b+c)+ca(c+a)+3abc > 2ab(a+b)+2bc(b+c)+2ca(c+a)
< a’+b +¢ +3abe > ab(a+b)+be(b+c)+ca(c+a)

& a(a® +bc—ab—ac)+b(b* +ca—ba—bc)+c(c’ +ab—ca—cb)>0

< ala-b)a-c)+b(b—a)b—c)+c(c—a)c—b)=0

Bét dang thirc nay chinh 1a bat dang thirc Schur véi cac s6 duong a, b, c.

(2) xy+yz+zx2%

ab bc ca
< + +
(a+c)b+c) (b+a)c+a) (c+b)a+b)

>3
4

< ab(a+b)+bc(b+c)+ca(c+a)=> %(a +b)(b+c)c+a)

<4 [ab(a +b)+bc(b+c)+ca(c+ a)] >3 [ab(a +b)+bc(b+c)+ca(c+ a)] + 6abc
< ab(a+b)+bc(b+c)+ca(c+a) > 6abc
< alb-c) +b(c—a)’ +c(a-b)* >0

Bat dang thtrc cudi diing nén (2) diing v6i moi s6 duong a, b, c.

Ditt=xy+yz+zx= t> % . Bat dang thirc da cho chinh la:

(r+x)(r+y)r+z)=(r+ %)3

Sr+(x+y+o)r’ +(xy+yz+zx)r+xyz>r +%r2+%r+é

<:>(x+y+z—%)r2+(xy+yz+zx—%)r+xyz—%20

1 ;
Do x+y+z22(xy+yz+zx)va xy+yz+zx+2xz=1& xyz:E(l—xy—yz—zx) nén dé chimg
minh bét dang thirc trén, ta chimg minh bat dang thirc sau:

<:>|:2(xy+yz+zx)—%}r2 +(xy+yz+zx—%)r+%(l—xy—yz—zx)—é20

3 3 1 1
S Q-+ (- +=(1-1)-=>0
( 2)V ( 4)F 2( ) 2

<:>z‘(2r2+r—l)2§r2Jrir—E
27 2 4 8
2 2
il +22r Ly ;2’" 1)<:>(4rz+2r—1)(t—%j20

Bét dang thtrc cudi ding do (*) va (2) nén bat ding thire di cho 1a dung.

§ ~J5-1

hoac r <
4

Vay dicu kién cua r can tim la » >
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Bai 5.

Cho dwong tron (0) c6 dwong kinh AB va M la mot diém bét ki nam trong (0), M
khéong nam trén AB. Goi N la giao diém ciia phin gidc trong goc M ciia tam gidc AMB voi
duong tron (0). Duong phan giac ngoai goc AMB ciit cdc duong thang NA, NB lan lwot tai
P, Q. Puong thing MA cit dwong tron dwong kinh NQ tai R, dwong thing MB cit dwong
tron dwong kinh NP tai S va R, S khac M.

Chitng minh rang: dwong trung tuyén irng véi dinh N ciia tam gidc NRS luén di qua
mot diém cé dinh khi M di dong phia trong dwong tron.

* Qua R ké duong thang song song voi PQ cit NA tai C, qua S ké duong thang song song voi
PQ cit NB tai D. Goi I 1a trung diém ctia CD .
Ta s& ching minh rang CD // AB.
Thét vay, do N ndm trén dudng tron duong kinh AB nén: ANB=90° = AN 1 BN , suy
ra BN 12 tiép tuyén cua dudng tron dudng kinh PN.
Do d6: ABMN ~ ABNS(g.g)
Vi PQ 1a duong phan gidc goc ngoai cia AMN nén: SMP = AMP = @\ZQ = l@ .
Mat khac: SMP = SNP (gbc ndi tiép cung chan cung PS cua duong tron dudng kinh PN),
@\-4\12 = é]ﬁ{ ( goc ndi tiép cung chin cung QR cua duong tron dudng kinh QN).
Do d6: SNP = ONR = SNP+SNR = ONR + SNR = CNR = SNB.

—

Xét hai tam gidc ABNS va ARNC co: CNR = SNB va RCN = MPN = NSM = NSB
nén: ABNS ~ ARNC(g.g).

Suy ra cac tam giac dong dang: ABMN ~ ABNS ~ ARNC .
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Tuong tu, ta cling c6: ADSN ~ ARAN ~ ANAM .

* Ta thay, tir: ABNS ~ ARNC = NB _ NS = NB.NC = NR.NS
NR NC
ADSN ~ ARAN = NS _ND = NA.ND = NR.NS .
NA NR
Suy ra: NA.ND = NB.NC = NA _NC = AB//CD
NB  ND
= Trung diém ctia AB, trung diém ctia CD va N 1a ba diém thang hang.
Tuac 1a N, O, I thang hang. (1)
* Hon nitta: ABMN ~ ARNC = MN _ BN = RC = NB.NC .
'NC  RC MN
ADSN ~ ANAM = DN DS = DS = NAND .
MN  NA MN

Két hop cac diéu trén, ta dugc: RC = DS, ma RC // DS (cung song song v&i PQ) nén tir giac
RCSD 14 hinh binh hanh.

Do d6, hai duong chéo CD va RS cua tr gidc cdt nhau tai trung diém ctua mdi dudng.
Suy ra I 14 trung diém ctia CD ciing la trung diém cua RS.
Khi d6: NI chinh 1a duong trung tuyén ctia tam giac NRS. (2)

Tir (1) va (2), suy ra: trung tuyén NI cia tam giac NRS ludn di qua O.

Vay trung tuyén Gmg v6i dinh N ctia tam giac NRS ludn di qua I 1a diém cd dinh khi M di dong
khip phia trong dudng tron (O).
Pay chinh 1a diéu phai chimg minh.
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Bai 6.

M@t héi nghi todn hoc c6 tit ci 6n + 4 nha todn hoc phidi hop véi nhau ding 2n + 1
lin (n > 1) . Méi lan hop, ho ngoi quanh mét cdi ban 4 ché va n cdi ban 6 ché, cdc vi tri ngéi
chia déu khdp méi cdi ban. Biét rang hai nha todn hoc da ngéi canh hodc déi dién nhau é
mot cudc hop nay thi sé khong dwoc ngoi canh hodc doi dién nhau & mot cuge hop khdc.

a/ Chitkng minh rang Ban t6 chivc c6 thé xép dwoc ché ngoi néu n=1.

b/ Héi rang Ban t6 chirc cé thé sdp xép dwgc ché ngoi dwoe hay khong véi moi n>17?

a.V&i n =1, ta cd bai toan nhu sau: mot hdi nghi toan hoc cé 10 nha toan hoc, ho phai hop
v6i nhau dung 3 1an va trong mdi lan hop nhu thé, ho phai ngdi quanh mdt cai ban 4 chd va mot
cai ban 6 chd, cac vi tri ngdi chia déu khap ban; ddng thoi, hai nguoi da ngdi ké nhau hoic dbi
dién nhau trong cudc hop nay thi khong dugc ngéi ké nhau hodc d6i dién nhau trong mot cudc
hop khac.

Panh s6 thir tw cho 10 nha toan hoc dang xét 13 (1), (2), (3), ...(10).
Ta sé& chi ra mot cach sip xép thoa mén dé bai trong truong hop nay. Ta cé cac so dd sau:
-Budi hop thit 1:

-Buéi hop thir 2:

_Budi hop thir 3:
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b. Ta s& chitng minh rang trong trudng hop téng quat, Ban t6 chirc ludn c6 thé xép chd ngoi
cho cac nha toan hoc trong cac cudc hop.

Ta chia 6n + 4 nha toan hoc thanh 2n + 2 “nhém”. Mot “nhém” chi gdm 1 nguoi ludn
ngéi & mot vi tri ¢d dinh tai ban 4 chd, dat nguoi nay 1a Xo; 27 + 1 “nhém” con lai chia ra tr
6n + 3 nha toan hoc, mdi “nhém” cd 3 nha toan hoc.

Dit cac “nhom” do la X, X,, X;,.... X,
ctia ban 4 chd cung véi Xo, mdi “nhém” ngdi diing mot 1an.

* Vi cc ban 6 chd, ta c6 cach sap xép nhu sau:

O budc thir k, 1<k <2n+1, voi hai “nhém” batki X,, X, trongdé: i+ j=k (mod 2n+1),

Céc “nhom” nay s€ lan lugt ngoi vao céac vi tri con lai

n+l *

1<i,j<2n+1, i# j thi cic nha toan hoc thudc hai “nhém” X, Xj s& ngéi vao hop cung nhau ¢
mdt ban 6 chd nao do; d@)ng thoi, nhitng nha todn hoc thudc cung mdt “nhém” thi ng@)i O cac vi
tri tao thanh mot tam giac déu trén cac ban 6 chd, nghia 1a ho s& khong roi vao trudng hop ngdi
ddi dién nhau hodc ngéi canh nhau.

* Vi ban 4 chd, ta ¢d cach sip xép nhu sau:

b

r
A

- Néu k 1a s6 chan thi & budc nay, chi c6 mot “nhdém” c6 chi s6 5 la khong dugc ngoi

chung ban 6 ch6 v&i nhom nao, nhu thé “nhdém” nay s€ ngodi vao ban 4 cho cung véi Xo.
A A1 oy A s A , © g Aqs K+2n+1
- Néu k 1a s0 1€, & budc nay; tuong tu trén, chi cé mot “nhém” ¢o6 chi so 1a B
khong duoc chung ban 6 chd v6i “nhém” nao, “nhdém” ndy s& ngdi vao ban 4 chd cung voi X.
Dé dang thay rang cach sap xép nhu thé théa man moi yéu cau cua bai toan.
Vay Ban t0 chtrc c6 thé sdp xép dugc cho ngéi moi n >1.
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LOI GIAI PE THI CHON POQI TUYEN QUOC GIA
DU THI IMO 2010

Bai 1.

Cho tam gidc ABC khong vuéng tai A cé dwong trung tuyén AM. Goi D la mt diém di

djpng trén dwong thang AM. Goi (0,),(0,) la cic dwong tron di qua D, tiép xiic véi BC lin

Iwot tai B va C. Goi P, Q lin lwot la giao diém ciia dwong thang AB véi dwong tron (0)),

dwong thing AC véi dwong tron (03). Chirng minh rang:

1 Tiép tuyén tgi P ciia (O,) va tiép tuyén tai Q ciia(O,) phdi cit nhau tai mét diém.
Goi giao diém dé la S.

2. Diém S luén di chuyén trén mét dwong thing cé dinh khi D di dong trén AM.

B \ M C
1. ViM la trung diém ctia BC nén MA> = MB?, suy ra M c6 ciing phuong tich dén hai
dudng tron (O,), (0,) hay M thudc truc ddng phuong cua .
Hon nita, hai duong tron cét nhau tai D nén D ciing ndm trén truc dang phuong ctia chung.

Twr d6, suy ra DM chinh 1a truc déng phuong cua (O] ),(02) , ma A thudc duong théng
DM nén A c¢6 cling phuong tich dén hai duong tron (O1 ) , (02) .
Suy ra: AP.AB = Eﬁ hay tir giac BPQC ndi tiép.

Tir hé thirc trén ta cling thiy rang néu P tring voi A thi Q ciing tring véi A, néu P thudc doan
AB thi Q ciing thudc doan AC va nguoc lai.
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Khong mat tinh téng quét, gia sir goc ABC nhon, goi Px 14 tia tiép tuyén ctia dudng tron
(O1) sao cho goc xPB nhon.
Theo tinh chét tiép tuyén, ta c6: xPB = ﬁ‘, ma PBC = A/Q\Pnén xPB = A/QTB .
= Px ciing 14 tiép tuyén cua duong tron (APQ).
Do d6: (O)) tiép xuc v6i duong tron (APQ).
Hoan toan tuong ty: ta ciing c¢6 (O5) ciing tiép xtc véi dudng tron (APQ).
Suy ra: tiép tuyén tai P ciia (O,) va tiép tuyén tai Q ctia(O,) ciing chinh 14 hai tiép tuyén ciia
(APQ) tai cac diém P, Q.

Hon nita, theo gia thiét: @ #90° nén hai tiép tuyén d6 khong song song va do d6
ching phai cit nhau (dpcm).

2. Theo chimg minh & trén, ta c6: S thudc tiép tuyén cia (O;) va (O,), SP = SO nén S c6
cung phuong tich dén hai duong tron (0, ),(0,) nén S thudc truc ddng phuong ciia hai dudng
tron nay, nghia 1 S nim trén AM.

Vay khi D thay d6i trén AM thi S ciing di chuyén trén AM 1a dudng thing c6 dinh.
Ta c6 dpem.
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Bai 2.
Vé6i méi s6 n nguyén dwong, xét tip hop sau :
T, = {11k + h)+10(n* +n") |1 <k, h <10}.
Tim tdt cd gid tri ciia n sao cho khong ton tai a,b e T ; a#bsao cho (a—b)chia hét cho 110.

Dt f(k,h,n) =11k + h)+10(n* +n"), k,h,neN.
Tacod: f(k,h,n)= f(h,k,n) nén khong mat tinh tong quat, ta gia sot h>k .
Néu m=n (modl11) thi:
S hm)= [k, hym) = 11k +h)+10(m* +m") |=[ 11(k + h) +10(n* +n") | =
=10[ (m* =n*)+(m" —n") 110 = £ (k,h,m) = f (k,h,n) (mod110)
Tir d6, ta chi can xét cac gia tri n thoa 1<n<11.

Xét hiu: 1(6,6,n)— f(1,1,n)=110+20n.(n" —1) . Néu 20n.(n’ —1) chia hét cho 110 thi
gia tri n tuong Ung s& khong thoa. Tur do, ta loai di cac gid tri n=1,3,4,5,9,11.

Tacling co f(8,2,n)— f(6,4,n)=10(n* +n* —n® —n*)=10n>(n* —1)°(n* +1), véi n =10
thi 10n”(n” —1)*(n*> +1):110nén gia tri ndy ciing khong thoa.

Ta s& ching minh rang cac gia tri n =2,6,7,8 thoa man. That vay:
Tinh toan truc tiép, ta théy réng voi n=2,6,7,8 thi n* #n"(mod11) véi k #h (mod11).

Gia st nguoc lai, v6i cac gid tri n néu trén, ton tai hai b (k, k) = (k',h") (gia sit k > k") sao cho:
fk,h,n)# f(k' h',n).Khid6: 11(k+h—k'-h")+10(n* +n" —n* —n")=0 (mod110).

Suy ra:
k—k'=h—h' (mod10), n* +n" =n" +n" (mod11) & n"' (" -1)=n"@"" -1) (mod11).

Do 11 1a s6 nguyén t6 nén theo dinh 1i Fermat nho thi: n*™* =»"™" (mod11).

D@ thay: n** —1=n""-1%0 (mod11) nén tir ding thirc trén, suy ra: n* =n"(mod11)=k'=h.
Do dé: k=h' hay (k,h)=(k',h"), mau thuan.

Suy ra cac giad tri n=2,6,7,8 déu théa mén yéu cau cia dé bai.

Vay tat ca cac gia tri n can tim 1: n=2,6,7,8 (mod11).
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Bai 3.

Goi mgt hinh chit nhdt co kich thuoc 1x2 la hinh chii nhat don va mgt hinh chii nhdt
co kich thuwoc?2 %3, bo di 2 6 6 goc chéo nhau (tirc co co 4 6 vuong con) la hinh chii nhat kép.
Nguwoi ta ghép khit cac hinh chir nhdt don va hinh chii nhat kép nay lai voi nhau dwgc mot
bdang hinh chii nhat co kich thwoce la2008x2010.

Tim s6 nhé nhit cdc hinh chiv nhit don c6 thé diing dé ghép.

Ta s& chtng minh rang s hinh chit nhat don nhé nhat thoa méan dé bai 1a 1006. That vy:

“Piéu kién cin:

Ta xét mot cach phu hinh chit nhat 2008x2010 théa man dé bai (cha ¥ rang 2008 chi sd
hang va 2010 chi s6 cot). Goi x, ,z,¢ 1a s6 cac hinh chit nhat 1x2, 2x1, 2x3, 3x2 trong cach
phu d6 (& day thyc ra cc hinh chit nhat 1x2, 2x1 déu 13 cic hinh chir nhat don cua dé bai, chi
phan bi¢t & cach phu doc hay ngang, trong dé 1x 2 dugc dat ngang, 2x1 dugc dat doc; tuong tu
v6i cach phan biét 2x3, 3x2).

T6 mau tring cho cac hang 1¢, t6 mau den cho cac hang chén. O tét ca cac 6 clia hang thir
i,1<i <2010, ta danh sb twong tng céac sd ty nhién i.

Ta s€ chirng minh céc nhan xét sau:
- Nhan xét 1: ta ludn c6 dang thirc: 2(x + y)+4(z+1) =2008.2010.

MBbi hinh chit nhat 1x2hodc 2x1 cé chira hai 6 vuong, mdi hinh chit nhat 2x3 hodc
3x2 ¢6 chira bdn 6 vudng. Tong cic 6 vudng ndy bang sd 6 vudng cua ca hinh chit nhat 16n nén
2(x+y)+4(z+1)=2008.2010.

- Nhan xét 2: Gia tri x, y 1a chan.

Ta théy trén toan bang, cac hinh chir nhat 2x3, 3x2 déu c6s6 6 tréng b?lng sb 0 den; cac
hinh chit nhat 2x 1 dugc dat doc nén ciing c6 s6 6 trang bang s6 6 den. Suy ra, s6 hinh chit nhat
1x2 & cac hang dugc td mau trang bang sd hinh chit nhat ¢ cac hang dugc t6 den. Hon nita, tong
s0 céc hang 12 2010 14 chin nén gid tri x phai la chan. Tir nhan xét 1, ta thdy y ciing phai chin.

Tro lai bai toan, ta xét twong ing @ di tir tap hop cac hinh chir nhat dang xét dén cac sd
nguyén 1a hi¢u giira tong cac sé & 6 vudng dugc td den véi tong cac s6 & 6 vudng dugc 6 tring
ghi trén no.

D@ dang thdy rang: ®(3x2)=0; ®(2x3)=+2; P(2x1)=+1.

T dosuyra: » ®(3x2)=0; Y O(2x3)<2z; > OPR2x1)<y.
(ki hiéu Z ®(3x2) la tong tinh trén tat ca cac hinh chit nhat 3x 2 dugc dung, dinh nghia twong
tu voi cac hinh chit nhat khac).

Ta cling théy réng, téng céc s6 ghi trén x hinh chir nhat 1x2 1a mot s6 chén thudc [2; 2.2008] ,

ma x 13 s6 chin (nhan xét 2), ta c6 danh gia sau: ZCD(IX 2)< %(2.2008— 2) .
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1004 1004

Ta c6: ®(2008x2010) =Y 2010.[2i —(2i—1)]= D> 2010.i = 2010.1004.
i=1 i=1
Mit khac: ©(2008x2010) =Y ®(2x1)+ Y ®(1x2)+ Y ®B3x2)+ Y D(2x3).
Tir cac diéu trén, suy ra: 2010.1004 < %.(2.2008 —2)+ y+2z < 2010.1004 <2007x + y +2z.

Tiép theo, ta xét hinh chit nhat 2010x 2008 (twong tw nhur trén nhung c¢6 2010 hang va
2008 cot), bt dau lai cac 1ap luan vé s6 cac hinh chit nhat 1x2, 2x1, 2x3, 3x2 duoc dung.
Ta x4y dung duoc bat dang thirc sau: 2008.1005 <2009y + x + 21 .
Cong hai bat dang thirc nay lai, ta co:
2008.1005+2010.1004 < (2009y +x+2t)+ (2007x + y +22) =2008x + 2010y + 2(z +1) .
Hon nira, theo nhéan xét 1 thi: 2010.1004 = (x+ y)+2(z+¢).
Tur d6 ta duge: 2008.1005 <2007x 42009y < 2009(x + y) .

2008

Suyra: x+y> IOOS'M >1004, ma x+y la sd chinnén x+ y>1006.

Do d6, tong cac hinh chir nhat don cin dung it nhat 1a 1006. Diéu kién can dugc ching minh.
*“Piéu kién du:

Ta s€ chi ra mot cach ghép hinh chir nhat dung ding 1006 hinh chit nhat don.
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Hinh trén m6 ta cach ghép mot hinh chit nhat 10x16, trong d6: cc hinh chit nhat khuyét dugc t6
bang 5 mau khac nhau (d6, hong, xanh lam, xanh 14 cdy, xanh dam) dé dé dang phan biét; trén
hinh cac khdi duge té mau xanh 14 ma 13 cac hinh chit nhat don chéic chan phai dung, cac khdi
mau vang thi tily trudng hop, c6 thé 14 hinh chit nhat don ma ciing ¢6 thé 1a hinh chit nhat khuyét.

* Hinh chit nhat 2010x 2008 c¢6 thé duogc tao thanh tir hinh trén bang quy tic sau:
- Thém cac dong bang cach chén vao gitra mdi khdi & trén cac hinh c6 dang:

MB&i lan ghép nhu thé thi ta c6 thém dugc hai hang méi, do 2010 chia hét cho 2 nén khi thyuc hién
viéc nay lién tiép mot cach thich hop thi khoi nay sé tang vé chidu dai, tao thanh cac khbi méi co
kich thuéc 2010x4 va & mdi khdi nhu vay, ta chi dung dung 2 hinh chir nhat mau xanh 14 ma.

- Thém cot bang cach 1ap lai cac khéi 1, 2, 3, 4 & trén hinh (cha ¥ tinh tuan hoan giita cac
khéi: (1) twong Gng véi (3), (2) twong Gng véi (4)).

Nhur thé thi ta can phai c6 tt ca 502 khdi danh cho 2008 cot. Dong thoi, & khéi dau tién va khoi
cudi clng, ta can ding thém mot hinh chit nhat don mau vang, cac khoi ¢ giira thi ding cac hinh
chir nhat khuyét mau vang. Ttc 1a: & hai khdi dau tién va cudi ciing, ta can dung 3 hinh chir nhat
don, cac khdi & giita chi can dung 2 hinh chit nhat don thoi.

Khi d6, tong s6 hinh chir nhat don can dung 1a: 500.2+2.3 =1006.

Xoay hinh chir nhat 2010x 2008 lai, ta dugc hinh chir nhat 2008 x2010 can phai ghép, hinh chir
nhat d6 c6 diing 1006 hinh chir nhat don thoa méan dé bai.

Do d6, diéu kién dii dugce ching minh.

Vay gia tri nho nhit cac hinh chit nhat don can dung 1a 1006.
Bai toan duoc giai quyét hoan toan.
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Bai 4.
1

Cho a,b,c la cic so thue dwong théa man diéu kign: 16(a+b+c)> l+Z+_’
a

c
Chirng minh rang:

1 1 1
(a+b++2(a+c))’ ’ (b+c++2(b+a))’ +(c+a+«/2(c+b))3

Hoi ding thirc xdy ra khi nao?

<5,
9

Theo bat ding thirc Cauchy, ta co:

a+b+«/2(a+c):(a+b)+‘/a;rc+ /a;c>3i/(a+b)'( /aT“J :33/(a+b)2(a+c)
2

1
< .
- (a+ b+ 2(a+c) +C))3 27(a+b)a+c)

Tuong tu v6i hai biéu thirc con lai. Do do:

¥ 1 <y 2 _ Aa+tb+o)
p” (a b mf C S 27(a+b)a+c) 27(a+b)(b+c)c+a)

Hon nita, ta théy vo1 moi a, b, ¢ duong:
9a+b)b+c)c+a)-8(a+b+c)ab+bc+ca)= Z:a(b—c)2 >0

sym
:>(a+b)(b+c)(c+a)2§(a+b+c)(ab+bc+ca)
z 1 < 1
cye (a+b+ [2(a+c))3 6(ab+bc+ca)

Mit khac, ta ciing c6: (ab + ca+ ca)® > 3abc(a+ b+ c) nén theo gia thiét:

Do do: (1).

l6(a+b+c)zl+l+l=ab+bc+ca > 3(a+b+c)
a b c abc ab+bc+ca

:>ab+bc+ca2%. (2)

Tu (1) va (2), suy ra:

1 1 1
(a+b++2(a+c)) ’ (b+c++2(b+a)) ’ (c+a++/2(c+b))
Ta c6 dpcm.

Ding thirc xay ra khi du bang & tat ca cac bat dang thuc trén xay ra hay:

a,b,c>0 .
a=b=c =a=b=c=—.
4

16(a+b+c)=l+l+l
a b c

<3
9
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Bai 5.

Trong mot héi nghi cé n nwdc tham gia, méi nwéc cé k dai dién (n >k >1). Ngwoi ta
chia n.k nguwoi nay thanh n nhém, méi nhém cé k ngwoi sao cho khéong cé hai nguwoi nao
cing nhom dén tiv ciing mét nwéc.

Chikng minh rang cé thé chon ra mét nhém goém n ngwoi sao cho ho thudc cic nhém khdc
nhau va dén tiv cdc nwéc khéc nhau.

Ta goi mot nudc X va mot nhém Y ndo do6 co6 1ién hé véi nhau néu trong nhém Y co
nguoi cua nude X. Khi d6, mdt nude X bat ki co k nguoi dai dién nén c6 lién h¢ véi k nudce va
mot nhom Y bat ki ¢6 chira k nguoi dai dién khéc nhau cua cac nude khac nhau nén c6 lién hé
v6i diing k nude. Do d6, mot tap hop bat ki m nude nao d6 trong n nudc da cho sé co lién hé véi

it nht mTk — m nhém khac nhau.

Goia,;,i=1,n 1a n nhém da cho va X,,1,n 1a tdp hop cadc nhom c6 lién h¢ v6i nude thir i.
Theo dicu vira ching minh & trén, ta thay v&i moi:

k
Ux,

j=

iyyiysiyseniy €41,2,3,..,n}, 1<k <n thi: >k. (%)

Ta s& chimg minh rang ton tai (a,,d,,d;,....a,) € X, x X, x X, x..x X, vd a, # a;,i#j.

That vay, ta bt dau bo di phﬁn ttr thudc mdi tap X; sao cho (*) van duoc thoa man. Cudi
cung thu dwoc cac tip hop méi X', X', X ',,..., X' (v6i X' < X,)van thoa diéu kién (*) co sb
phan tir nho nht ma néu bé di thém bét ¢t phin tir thude tap hop X', 1,7 thi diéu kién (¥) s&
khong con duogc thoa.

Ta chung minh réng|X 'l.| =lLi=Ln.

That vay, khong mat tinh tong quét gia st X ' co chtra phan tir khac nhau lae, B . Do néu bo
thém mot trong hai phan tir & hodc Athi diéu kién (*) khong con thoa man nén s& co hai tap chi
s6 P, Q sao cho:

Véi M =(X"\Mab)ul X', N=(X"\{B})u| J X khong théa man diéu kién (*), tirc 1a:

ieP i€eQ
N|<|o|+1=|M|<|P|,|N|<|g|.

b

|M|<|P|+1,

Ta co:

MUN=(X'\ehux \pyuvlJx vJx)=xv | x|

ieP ieQ iePLQ

U x.ecMmnnN

iePNQ
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Tir hai diéu nay suy ra: |MUN|2|PUQ|+1,

M NN|=|PNQ|

Theo nguyén li bu tri, ta co:

|P|+|0| 2 [M|+|N|=|M UN|+|M "N|2|PNQ|+|PUQ|+1=|P|+|0|+1
Diéu v6 li nay din dén khing dinh | X '|=1i=1n.

R rang céac tip hop nay khong giao nhau vi néu ton tai
i#j.(X'\NX')#@=|X"'NX"|=1<2 , mau thudn véi didu kién (*).

Gia sir m&i phan tir cia X', chinh 1a a', thi tap hop sau: (a',a',,a';,...,a')) théa min
a,eX''cX vaa #a,i#]j.

Vay ta d chi ra rang ton tai n nhém khac nhau tuong tmg lién hé v6i n nue khac nhau,
mdi nhom d6 lién hé véi ding mdt nude va mdi nude lién hé ding mdt nhom nén n nguodi dai
dién ma mdi nude lién hé voi mdi nhém twong tmg rd rang thoa mén dé bai.
Ta c6 dpem.
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Bai 6.

Goi S, la tong binh phwong cdc hé so trong khai trién ciia nhj thirc (1+x)", trong dé
n la s6 nguyén dwong; x la so thuc bit ki.
Chiing minh rang: S, +1 khéong chia hét cho 3 véi moi n.

Ta s& chimg minh b d& sau (dinh li Lucas):
“Cho m, n la hai sé tir nhién va p la mét s6 nguyén t6. Gid sir:

k k-1 2
m=m,.p"+m,_.p"~ +..+m,.p"+mp+m,

n= nk.pk +n,H.pk_1 +..+n,p’+n.p+n,
k N
Khi dé: C' =] [C(mod p) (quy udc rang C; =0, a>b).
i=0
*Chirng minh:

Khong mat tinh tong quét, gia st m >n (néu m = n thi bd d& hién nhién ding).

p!  _ (p-D!

Trudce hét, ta thiy rang: (p,i)=1, i=1, p—1 nén C* = = p. :p, tire la:
y rang: (p,i) P = =0 pk!(p_k)! P
ko _
C,=0(modp), k=1,p-1.
Ta co: (x+1)p=x”+l+ZC;.x”" =x” +1(mod p). (*)

)
Ta s& chimg minh nhan xét: (x+1)”" =x” +1(mod p),Vj € N bang quy nap. That vay:

- V61 j =1, nhan xét dung theo (*).

- Gia str nhan xét nay dang véi j=h>1. Ta s& ching minh rang né ciing dng v6i j=h+1.

Ta co: (x+1)ph =x" +1 (mod p) .

Suy ra: ((x +1)” )h = (xf’” )h +1 (mod p) = (x+ 1" =x*" +1 (mod p).

Do d6 nhan xét ding vé1 j = h+1. Theo nguyén li quy nap, nhan xét dugc chimg minh.

Ta xét khai trién sau:
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k

(1+x)" —(1+x)-°m

;e

C=[J0e =[] 2 modp)

Jj=0
Hé sé cua x" o vé (1+x)" 1a C';do biéu dién n=n.p" +n_.p"" +..+np’ +n.p+n, laduy
k m;

nhatnenhesocuax & vé HZC’ 713 HC'”

i=0 j=0 =

k
Tu d6 ta duge: C" = H "(mod p).Bé dé duoc ching minh.
i=0

2nn n n
*Tré lai bai toan: Ta co: (1+x)” =(1+x)".(n+1)" < > C;, x™" =(Z c;.x”-fj.[z C,’f_".x"j.
' i=0

i=l
Dong nhat hé sb cua x™ & hai vé, taco: C;, =Y C.CI7 =D (CL)’
Do d6, véi moi n ty nhién thi S, =C;, .
Nhur thé ta can chimg minh rang: C " +1khong chia hét cho 3 v6i moi n.

k R
Gia st 2n=2ai.3i, a, € N,i =1,k . Xét hai truong hop:

i=0

- Néu a, €{0;1},Vi=1,k thi 2a, € {0;2},Vi=1k vaténg a, €{0;1},Vi=1k lasd chan, dit

k

k a;
Za, 2t,teN=27 =2% =4" =1(mod3); ta cing co: 4n—z2a 3,aeNi=Lk.

i=0

k
. ‘ ‘ >a
Theo bo de trén thi C; +1=[ [ C;, +1=]]2" +1=2" +1=2(mod3).

i=0 i=0
- Néu t6n tai mot gia tri a; =2; khong mat tinh tong quat, gia sir day 13 s6 nho nhat trong

tap hop a,,i = 0,k . Khi d6: hé sb twong tng tai vi tri j & khai trién theo lily thira 3 ctia 4n 13 1.

k
Ma C} =0nén Cj, =[] Cy, =0 (mod3) = Cj, +1=1 (mod3).
i=0

Vay trong moi trudng hop, ta déu co S,, +1 khong chia hét cho 3. Pay chinh 1a dpem.
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