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Chan troi sang tao




LOI NOI PAU

Cung vai Sach gigo khoa Todan 11 va Sach gido vién Toan 11 (B0 sach
Chan troi sang tao), nhom tac gia bién soan Bai tap Toan 11 (tap mot, tap hai)
nham gitp hoc sinh rén luyén kién thite va cac ki nang c¢o ban phu hop véi
Chuong trinh Giao duc phé thong mén Toan cia Bo Gido duc va Pao tao
ban hanh nam 2018.
N&i dung sach Bai tap Todn 11 thé hién tinh thin tich hop, phat trién phim chét
va ning lyc ctia hoe sinh.
Céu tric sach tuong tng voi Sdch gido khoa Todn 11 (Bd sach Chén troi
sang tao). Bai tap Toan 11, tap mot bao gom nam chuong:
— Chuong I. Ham 56 lwong giac va phwong trinh leong giac
— Chuong IL Dy s6. Cap s6 cong. Cap s6 nhan
— Chwong I1I. Giéi han. Ham s6 lién tuc
— Chuong IV, Duong thz:mg va mat phf?mg. Quan hé song song trong
khong gian
— Chuong V. Céc s6 dic trung do xu thé trung tim cho mAu s6 liéu ghép nhém
Méi chuong bao gbm nhiéu bai hoe. M&i bai hoc gdm cée phan nhu sau:
~KIEN THUC CAN NHO
~BAITAP MAU
~BAITAP
Cudi mbi chuong 14 phan LOI GIAI - HUONG DAN —DAP SO.
Rét mong nhin duoe s gép v clia quy thiy, ¢b gido va che ban hoe sinh dé
Bo sach ngay cang hoan thién hon.
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Phan DAl SO VA MOT SO YEU TO GIAI TiCH

Chwong . HAM SO LUONG GIAC VA
PHUONG TRINH LUONG GIAC
Bai 1. GOC LUONG GIAC

A.KIEN THUC CANNHO
1. Géc hrong giac
e Khdi niém goc lirong gidc
Cho hai tia Oaq, Ob.
— Néumdét tia Om quay quanh goc O ctia no theo mét chiéu ¢o dinh bat dau tir
vi tri tia O« va ding & vi tri tia Ob thi ta no1 Om quet mot gde hiwpng gide co
tia dau Oa, tia cudi Ob, ki hicu (Oa, O5).
—Khi tia Om quay mdt goe o, ta néi sd do ctia gbe luong gite (Oa, O) bing o,
ki higu sd(Oa, Ob) = u.
Chui 3 Véi hai tia Oa va Ob cho trude, ¢é vo 56 goe lwong gide tia dau Oa va
tia cuoi Ob. Ta dung chung ki higu (Oa, Ob) cho fat ca cac goc luong giac nay.
Nhén xét- S6 do clia cac goe lwong gide ¢ cung ta diu Oa va tia cubi Ob sai
khac nhau mdt bdi nguyén eda 360° nén ¢é ¢ong thire tong quat 1a:
sd(Oa, Ob) = o° + k360° (k € Z), thuong viét 1a (Oa, Ob) = o + k360°
voi o° 1a s6 do clia mét gde luong gide bat ki ¢6 tia dau Oa v tia cubi Ob.
o H¢ thirc Chasles (Sa-lo)
Vi ba tia Oa, Ob va Oc batki, ta ¢6 (Oa, Ob) + (Ob, Oc) = (Oa, Oc) + k360°
(k € 7).
2. Pon vi radian
Trén dudng tron ban kinh R tuy ¥, gée & tm chin mdt cung c6 d6 dai dung
bang R dugce goi la mot gée ¢6 86 do 1 radian (docla 1 ra-di-an, viet tat 1a 1 rad).

na 180a]°

a°= —— rad, o rad = [

180

T



Chui v

e Khi ghi $6 do ctia mdt gde & don vi radian, ngudi ta thuong bd di chit rad sau
56 do.

e Véi don vi radian, cdng thite s6 do tng quat clia gde luong gide (Oa, Ob) 14

(Oa, Ob)y=a+k2n(kec Z),

trong dé o 14 sb do theo radian ctia mot gée luong gie batki ¢é tia diu Oa
va tia cudi Ob.

Luu ¥ khéng duoce viét o + £360° hay @ + k27 (vi khéng cting don vi do).

3. Puong tron lnong giac yA
Trong mit phing toa dd Oxy, cho duong tron tAm O /1- M

ban kinh bang 1. Trén dudng tron nay, chon didm

A(1; 0)1am gbe, chidu dwong 14 chidu nguoce chidu kim = o &
ddng ho va chidu 4m 13 chidu cting chidu kim ddng ho. \/

Pudng tron cling véi gbe va chidu nhu trén duoc goi ~

I

(1_}))
1 "x

pd

la dirong tron lwong gidc. i
o n
Trén dudng tron lugng giae, diem bicu dién cta goc

o 13 didm M ma sb do cia gée luong gidc (Q4, OM) bing o.

B. BAITAP MAU
Bail.
a) Déi s6 do ctia gde 80° va gbe 150° sang don vi radian.

b) Béi 86 do ctia gde 3?“ rad va goc —% rad sang don vi dd.

oo B0m_4m. ol g L30m _ 5
R T 180 6
3m 3w 180 Y . In 7m 180Y
b) 3 rad= [ PR J =108, —Erad—[ 0 m )——63.
Bai 2. Xac dinh s6 do ctia cac gde luong gide duoe bidu didn trong méi hinh
dudi diy:
5 '
e
Z
X
————— Rl j-E
a) x4y=102° b) ZBIZE.

4 Hinh 2



Gidi

S6 do etia goc luong gide (4x, Ay) trong Hinh 2a bang 102° + 360° = 462°.

; g 21m

So do ctia goe lugng giac (Bt, Bz) trong Hinh 2b bang —g -2.2n=— g
Bai 3.

a) Hiy tim sb do o ctia goc lwong gide (Oa, Ob), voi 0 < o, < 27, biét mdt goc
v 5 - A I . — N 25
lrong giac cung tia dau O« va tia cudl Ob ¢o s0 dola Tﬂ
b) Hiy tim 6 do a° ctia gde luong gide (Om, On), voi 0 < a < 360, biét mét gde
luong giac cting tia dau Om va tia cudi On ¢6 sb do 14 —875°.
Gidi
a) S6 do o, clia cac goe luong gide bat ki ¢d cung tia diu Oa v tia cudi Ob sai

khac nhau mot bdi nguyén cua 2z nén co dang la o = 25m +k2xn ke Z).
Taco0<a <2, suyra—ZS—n <km< 271—?“, suyra—% §k<—%.
Vike Znénk=-2. Vay OL:%% +(—2).2n= %

b) S6 do & clia ce goe luong gidc ¢ eling tia dau Om va tia cudi On sai khac

nhau mdt bdi nguyén ctia 360° nén co dang la a® = —875° + k360° (k € Z).

Ta ¢0 0 € ¢ <360, suyra 875 < k360 < 360 + 875, suyra % <k< 2;%

Vik e Znén k=3 Vay a"=-875°+3.360°=205°.

Bai 4. Biéu difn cac goc lwgng giac sau trén dudng tron lugng gidc:

a) 750°, b) —Z?Tﬂ.

Gidi
a) Ta ¢6 750° = 30° + 2 . 360°. Vay diém bidu difn gdéc luong gide ¢b s6 do
750°14 didm M trén phin duong tron luong gide thude goe phan tu thit I sao cho
AOM = 30° (Hinh 3a).

o I 3;+ (—4) . 2n. Vay diém bidu dién gdc luong gide ¢d sb do
_Z?Tn la diém N trén phan duong tron luong gide thude gée phan tw thi 1T sao

cho AON = %’T (Hinh 3b),



\ A

1/ N

L B

) b)
Hinh 3

C. BAITAP
1. Déi b do clia cac gbe sau diy sang radian: .

a) 15° b) 65° ¢1—185% d) [_—SJ ;
2. Béi 86 do clia chc goe sau diy sang do: "

4n 197 5
a) o, b) —: c)— —; d) —.
) ) 15 ) g ) 3

3. Xéc dinh s6 do ctia che gde lwong gide duoe bidu dién trong méi hinh dudi day.
Biét trong c¢ac Hinh 4a, b, ¢ ¢o A0B = E; trong cac Hinh 4d, e, g ¢6 CID=82°

4
B B B
AL
a) b) c)
2\ (& C
d) e) g)
Hinh 4



4. Hiy tim s6 do o olia goe luong g1ac (Om, On) vél —m < o < 7, bidt mdt gde
luong giae cting tia diu Om va tia cudi On ¢6 s6 do 1a:

o g I ) 02023

5. Cho mét gde luwong gide ¢b sd do 14 3750,

a) Tim s 16n nhét trong céc s6 do ¢lia gde luong giae cung tia dau, tia cudi voi
gde dé ma cb 56 do 4m;

b) Tim sb nhd nhét trong ce s6 do clia gde luong gide cung tia dau, tia cudi
véi gbe d6 ma ¢b s do duong.
6. Viét cong thie tdng quét ctia sb do gée luong giac (Om, On) dudi dang &° + k360°
(k € Z),vi 0 < a < 360, biét mét gde luong gide véi tia didu Om, tia cudi On ¢d 56 do:

a) 1935°% b) —450°; ¢) —1440° d) 754,5°.
7. Biéu dién cac gdc luong giac sau trén duong tron luong giac:
a)—1965° b) ﬁ

8. a) Goc lrong giac —245° ¢o eting diém biéu dlen trén dwong tron luong giac
vl goc lrong giac nao sau day?
6050008 F157, 20554988

b) Goc lugng giac 2‘;1—71: 6 cting diém biéu dién trén duong tron luong giac voi

goc Iwong giac nao sau day?
vlem, G 20 538
5" & 8 8" &
9. Trén dudng tron luong gidce, ity bidu didn cac goe luong gide ¢ sb do ¢d
dang la:

I T T
a) — +kn (k € 7); b) —+k— (ke 7).
) 5 (keZ) ) 7 g (ke Z)
y 4
10. Trong hinh bén, cac diém M, 4, N tao thanh ba dinh M
clia mdt tam giac déu. Vi tri cac diemM, 4’, Ntrén duong /‘
tron lrgng gidc ¢é thé duge biéu difn cho gde luong giac = A
nao sau day? & k
& k— (k e 7); n+k— (k € 7, —§+k (k € Z). %
Hinh5




11. Cho ba diém M, N, P 1an luot 14 cée diém bidu dién trén duong tron luong gide
clia cac goe luong gide ¢b s6 do k27 % + k2w, m+ k2x (k € Z). Tam giac MNP
la tam giac gi?
12. Mot 91&@0 quat trén nim céinh quay véi tée do 175 vong trong mdt phit.
Chon chieu quay cua quat 1a chieéu duong.

a) Sau 5 giay, canh quat quay duge mot goc ¢o so do bao nhiéu radian?

b) Sau thoi gian bao 1au canh quat quay duge mot goc ¢d so do 42x?

13. Trong chiang dua nurde rit, banh xe
cia mot van dong vién dua xe dap
quay dwoc 30 vong trong 8 giay.
Chon chidu quay ctia banh xe la
chidu duong. Xét van V ctia banh xe.

a) Sau 1 phut, van V do6 quay duoc
mot goc ¢o s6 do bao nhidu radian?

b) Biét rang ban kinh ctia banh xe 14
35 em. B§ dai quing dudng ma van
dong vien dua xe dap da di duge trong
1 phut 14 bao nhiéu mét?

Bai 2. GIA TRI LUONG GIAC
CUA MOT GOC LUONG GIAC

A. KIEN THUC CAN NHG

1. Gid tri lugng gidc cia g6c lugng gidc

Trén duong tron lugng giac, goi Mix,; v, ) la diém biéu dién goc lugng gidc
¢6 0 do o.. Khi dé:

; S1n oL
sino. =y, tano =
- cos oL

Cos oL

(néua;ngrkﬂ,ke Z),

COSOL =x,, coto, = (mduozkn, ke Z).

sin o,
V&i moi gbe luong gide o va sd nguyén £, ta cd:
sin{a + A2m) = sina, cos{o.+ &2n) = cosa,
tan (o + &n) =tan o, cot{a + &km) = cota.
10



2. Hé thiic co ban gitia cdc gid tri lugng gidc cia mot géc lugng gidc

[#5]

® sin‘o, + costoL = 1;

o] +tan‘a =
cos” o

ol +cotfo=—
sin” o

otan(x.cot()L:lVéi(x;bkg,ke Z.

volotkm ke Z;

Véi(x;ngrkﬂ,ke Z;

. Gid tri lugng gidc ciia cac géc lugng gidc ¢6 lién quan dac biét

e Hai goc do1 nhaw: o va —o
sin{—o) = —sin o

tan(—a) = —tana;

e Hai goc honkémnhaun oo va ot + o

sin{o + ) = —sino;

tan (o + ) = tan o,
e Hai goc bunhaw: oo vaz — o

sin{zw — o) = sin

tan(x— o) =—tana;

e Hai goc phy nhau: o va [g— Ot)

i i
sin| ——a| =c¢oso,;

B. BAITAP MAU

cos(—a) =cos ol

cot(—o) =—cota.

cos(oL + )= —cosaL,
cot(e + 7)) = cotar.

COS(M— @)= —cos oL}

cot{m— o) =—cota.

20
cos | —— @ | =sing,;
¥e

(| 2-a)-t
cOo 7 andc.

Bai 1. Tinh céc gia tri luong giae ctia gde o, néu:

a)sin(;czl . <a<0;
3 2

¢)tang=2vald <o < g;

., T 5 2
V1—5 <o <0nénecosa >0. Dodocosa =

. |
a)Tacocos’o=1—-sinfa=1— [5

bycosa=-07van<a< 3?“;

d) CO’[C(.ZZ vam <o < 3—“
3 2

Gidi

-
e

22
=

11



|b-‘l||—l

sin o 2 1
Suy ra tano = = =— vacota= —22\5-
COS 0L 2ﬁ 4 tan o
’ 51
b)Tacosin‘a=1—cos?a=1—(—0,7)= o

. 3n . . .
Vin<a< — nénsina < 0. Do do sino=—

J51

Sma ___10 =\/5_1 vacoto = ;zﬂ

S
T

Suy ratano =

cosa. —0,7 7 tan o 51
, 1 1 1
¢) Ta co cote = ——=—; —— =T<+fanlo—=1+28=3,
tano. 2 cos" o
Suy ra cos? Z%. ViO<cc<gnéncosa>0.Dodécosa=§.

15

Suy ra sino. = tana cos ot = ——.
5

58
"

3458

. 9 e ST — ) .
Suyras1n2(x=—.'\?1n<0t<?nensma<0.Dodos1not=——.

7 [_3\/5_8J:_?\/5_8_ N

Suy ra coso. = coto, sing, = —-
5 58 58

Bai 2.

2
d) Ta cotano = : :3; ‘12 = i+ cotla=14+ [Z) -
cote 7 sm o 3

-3 - . 2 - = . o B ( A 5 A
a) Biéu dién sin [— %) qua gia tri lwong giac cua goc ¢o s0 do tir 0 deén Z

b) Bidu dién tan973° qua gié tri luong gidc ctia goe ¢b sb do tir 0° dén 45°.

Gidi

‘ [ 2911) ’ [2911) ’ [sn ) ’ [211 ) . 2n
a) S| —=—— | =—8§IN| =—— [=—8IN| =—+ 8% |=—8IN| —+ 7 |=sIn—
3 3 3 3 3
[n ZRJ [n) b
=C08| ——=—— |=CO8| —=— | =CO8 —.
2 3 6 6

b) tan 973° = tan (73° + 5.180°) = tan 73° = tan (90° — 17°) = cot 1 7°.
Bai 3. Ching minh céc ding thire lwong giac sau:
sina +cos’a 5 1+tan0a+1+cotoa

- =1 — sino cosa, )
SINGL+Cosa l-tane l—cota

12

E

=1,



Gidi

s 3 3 . s 3 + 2%
sin"@+cos” o (SiIna+cosa)sin“e—sinacosa+ cos a)

o SinQ + cos @ sin @ + cos o
=gin‘o — sino. cos oL + cos?aL
=1 — sina cosa.

b) I+tan o 1+COt0L_taIlOLCOtOL+taI]0L+1+COt0L

+ —
l-tana l—cota tanacotoa—tana 1—cota
_tanafcota+1) l+cota  cota+l 1l+cota

tanafcota—1) l—cota Ccota—1 cota—1

Bai 4. Rut gon cac bidu thite saw:

: 3 5 i
a) sin?(3w — o) + sin’ [CL-F?TE); b) [1 + tan®(—o. + 117)] .sin’ [a ol

Gidi

a) Ta co: sin(3n— o) =sin(zw— o + 27} = sin{x — o) = sinq;
; 51 ; i ; T
sin| a+— |=8in| a+—+ 2% [=8in| a+— [|=cos(~a) =cosa.
2 2 2
. 5 5t a
Suy ra sin’(3n — o) +81In oa+7 =gin‘a + costaa=1.

b) Ta ¢o: tan(—o + 11m) = tan(—o) = —tano;

; 3n A i3 : T
sin [a——) = sin [a + = 215) = gin (a +—) = cos(—a) = cos oL
2 2 )

3
Suyra [1 + tan?(— ot + 11@)] . sin® [a—%)Z(l + tan’ o) . cos?at

- s—-cos’a=1.
cos o

32 )

Bai 5. Thanh OM quay nguoc chidu kim dong hd quanh 1 l 13“1"1 sang

gbe O clia né trén mét mit phing thing ding v in béng

-----

vudng goc xuong mit dat nhw hinh bén. Vitd bandau /o
!
[ §

cua thanh la OA. Héi d6 dai bong O'Af clia OM khi thanh , &

60 ; - :
quay duge = vong la bao nhiéu, biet d§ dai thanh OM

14 10 em? K&t qua lam tron dén hang phin muoi. MO
béng
Hinh'1

13



Suy ra O'M’ = |OM cos a| = |LOcos

C.BAITAP
1. Tinh cac gia tri luong gidc ctia gée o, néu:
a)sin(;cz—i VéTE<C(.<3—n; b)cosazﬂvé0<cc<£;
5 2 61 2
¢) tanag, = —% va —90° < ¢, < 90°, d) cotov =—2,4va—180° <o < 0°,

2. Bidu dién céc gia tri luong gidc sau qua cée gia tri luong gide ctia goe ¢d sb do

tr 0 dén % (hodic tir 0° dén 45%);

a) sin(—1693°), b) cos : 0237[ . ¢) tan885°; d) cot [— %)
3.Chon<a< 3?“ Xae dinh dau clia ce gia ti lwong gide sau:

a) cos (o + 7); b) sin [%— oaJ, c) tan[ow%);

d) cot[a—%); e) co‘s[2a+g); g) sin(m— 2at).

pbig 3 . . e e . i .
4. Biét sina. = g va 5 < o < 7. Tinh gia tri cta cac bidu thite sau:

% 2 &
2) A= Jsmo b) B cot"o.—sina

2coso—tana tano+ 2cosao

5. Chimg minh cac dang thite luong giac sau:
l+cotx tanx+1

a) sin*x + cos*x =1 — 2sin’x cos?x; b = ’
l—cotx tanx-1
% 4 2 2
sma+cosa l—cot'a tan“a +cos o —1
C —3 = ; d) 7 — =tan®o.
SN l—cota cot“a+sin a—1

14



6. Chiing minh cac déng thiie sau:

e O+ 2ol O+ 2 027;
a) sin®605° + sin® 1645° + cot*25 c0s’65°

sin 530° 3 1
1+s8in640°  sinl0°

+ ¢cot10°,

b)
7. Rt gon cac bidu thite sau:

a) cos{o + ) + SiIl[OH-S?TE)— tan [oa +g) tan(m — o).

b) cos[%— oc) sin{p +xn) — sin(2x — o) cos [ﬁ—g)
8. Tinh gia tr1 ctia cac bidu thite sau:

a) sin17° sin197° + sin73° cos 163%; b) ! !

+ ;
1-tan145” 1+tan55°

9, a) Cho tana. + coto. = 2. Tinh gia tri etia bicu thite tan® o + cot’ct.
b) Cho sino. + coso. = T Tinh gia tri cta bicu thire sino cos .

¢) Cho smot+coscc=5. Tinh gi4 tri ctia biu thire sin’ o + cos® o

10. Cho tanx = 2. Tinh gia tri cta cac bidu thite saw:

3ginx—4cosx b gin’x + 2cos’x

Ssinx+2cosx’ 28inx+3cosx

11. D6 dai ctia ngay tir lae Mat Troi moe dén lae Mt Troi lin & mot thanh phé X
trong ngay thit 7 cia nim duge tinh xap xi béi céng thite

[ .
A= 451n[%(t—80)}+ 12véire Zval<t<365.

Thanh phd X vao ngay 31 thang 1 ¢6 bao nhidu gid ¢6 Mit Troi chifu sang?
Lam tron két qua dén hang phan muoi.

15



Bai 3. CAC CONG THU'C LUONG GIAC

A. KIEN THUC CAN NHO

1. Cong thiic cdng
e cos(o+ B)=cosocos P —sinasinP; ecos{o—p)=cosocosf + sinasinf;
e sin(o+ P) =sinocos P+ cosasinf; e sin(o — )= sin o.cos p— cos o sin f;

tano+tan B tan o — tan B

o tan{o, + )= o tan(o, — ) =

l-tanoitan B’ 1+ tancctanfp
2. Céng thic géc nhan do6i

ecos2o=cos’a—sinfo=2cos?ar— 1 =1 —2sino

® sin2c = 2 SIN0LCOS O

S 2tan o

1-tan® o0
3. Cong thiic bién d6i tich thanh téng
® COSOLCOS Pp= % [cos (o —B) + cos(a + B

e sino.sinf = %[cos((x— B) —cos (ot + Pi];

® singLcos P = %[sin(ot —pB)+sinfo+ B)].

4, Cong thiic bién d6i téng thanh tich
a+p  a—Pp oo+ a—p
2

CosS——; ®CosOL—CcOosp=-28in——sin——;
2 2 2

e cosoL+ cosPp=2cos

. . . o+ . .
e sing, + sinff =2sin —_— e sing, — sinP = 2 cos

a+p . a-p
5 .

sin
2

B. BAITAP MAU
Bai 1. Khong dung may tinh ¢im tay; tinh gia tri cia cac bicu thie sau:

. In St T o W oo W
a) sin—; b) cos—+cos—; ¢) Sin—sin—.
12 12 12° 24 24
Gidi
T [n n) X b1 T . T \E JE 1 \E \/ng\E
a) sin—=sin| —+ sin—cos—+cos—siN—=— —F — — = —————;
12 3 4 3 4 34 2 2 2 2 4

oy B S T
b) coss—n+ cos = 2cos 12 12 cost2 12 _9eqe T T g, £ J_ J_
12 12 2 2 4 6 2 2 2’
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T SiF I[ [TE 51':) [TE 5TE):| I[ [ rc) n}
¢) sin—sin—=— —_—— =—| cos| —— |—cos—
24 24 2 24 24 24 24 2k 6 4
1[ ™ n) [\/_ J_J 3D
=—| CO8S——CO8 —_— ‘
2 6 4 2

2 2 4

.. . 12 . e e .
Bai 2. Chos1n(x=—va%<cc<7t. Tinh gia tr1 clia chc bidu thite saw

a) cos 2at; b) Sin[&—i—%); ¢) tan [ow%).
Gidi
2
V1—<(x<atnencoscc— V1—sin?o =— [—) =—i.
2 18 13
2
a) cos 20, =2 cosia, — 122(—1) _1=_£_
13 169
[ n). n cm 120 ( s) B _12-583
b) sin| o +— |=sinccos—+cosasin—= — —+| —— | —=—T"T"—.
3 3 3 s 2 13) 2 26
12
¢)Tacotana = Sng :LZ_E_
COSEEIE I~ 5
13
tan of + tan — —E-i-l 7
Suyratan[owf): e ,5 =
4/ 1 tanatan I—L—EJ-I "
4 3

: 7
Bai 3. Tinh cac gia tri lrong giac clia goc o, bigt cos 2o = “uE val <o < g

Gidi
7
Tacocos2a=——nén2cos’a—1=1—-2sinfo. =——.
25 25
. . 16
Suy ra cos’o, = — va sin‘o. = —.
25 25
Mé0<c¢<%néncosa>0vésina>0.
4
Do do cosa. = 2 va sino, = i Suy ra tanag, = i :i:i
] 4 cosa. 3 3
5

3
vacoto,= ——=—.
tana 4
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Bai 4. Chung minh céc déng thire lwong giac sau:

a) sin(60° + o) — sin(60° — o) = sin b) sin* o, + cos' o = é+ ! cos 4o,

a cos{a.—P) l+tanotanfd

¢) sina (2cosdo. +2cos 20+ 1) =sinSa, = :
cos{(a+f) l-tanotanfd

Gidi
a) sin(60° + o) — sin(60° — o)
= (s1n60° cos o + cos 60° sina) — (51N 60° cos oL — cos 60° sinat)

. U . .
=2¢0s60%s1ing =2 . — sinoL = sino;

b) sin* o + cos oo = (sin? o + cos?a)? — 2sin’ oL cosion
=1- lsir1220L= 1-—- l(1 —cosda)=1-— l+ lcos40t
2 4 4 4
=3+lcos4cc;
4 4

¢) sino (2cosdor+2cos20+ 1)
=2sina cosda + 2 sino cos 2o + sino

) : ] . !
=2 B [sin (—3a) + sin 5et] + 2 o [sin(—o) + sin3a] + sina,
= (—sin3a + sinSo) + (—sing + sin3a) + sing = sin S,

cos(a—f) cosocesp+sinosmfp  cosccos{l+tancitanf)
cos{at+[3) cosocosf—smasinf cosccosP({l-tanctan[d)

_ l+tanatanp

- 1-tan o tanP

Bai 5. Rut gon cac bidu thite sau:

T T
; : cos| —+a [—cos| — @ .2
sinc +sin 2 b) 4 4 ) 0 sIna
1+cose+cos2a’ e e ’ oL
gin| —+a [—sin| ——a 4—48in” —
4 4 2
Gridi
sin @ +8in 2a. sma+2smacose.  smoa(l+2cose) smo

=tano.;

=l

l+cosa+cos2a  l+cosa+2cos’a—1 cosa(l+2cosa) cosa
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oA

4 i . . 26 . T
COS[—-FOL)—COS[——OL) —28In-=81n— SIN—SIn ¢
4 4 2

b) = £ =i — tan "= 1
. (m . (m T T . 4
sm[—ﬂx)—sm[——a) S 2 COSZSIHOL
4 4 2 cos -2 sin ——
2 2
. 25inLeosE | 4gin? Leo2 E
sin ‘et 2 2 2 7 . Ld
c) — = o —sin 2
4 —4gin® — 4[1 —sin® E) deos®—
2 > 2
C.BAITAP
1. Khéng ding may tinh cAm tay. Tinh gié tri cia cac bidu thite sau: 5
T T
tan —+ tan —
a) sinlg—ncosﬂ; b) cosﬁ—cosm—n; c) 7 n 2?7:'
24 24 12 12 1+tan7tan£

2.Chocosa = % va —g < o < 0, tinh gia trl ¢da cac bidu thirc saw:

a) sin[g—a); b) cot[a+%); ¢) cos[Zqug); d) tan[%—Zoc).

i ; - A 3
3. Rt gon cac bieu thire sau: , .
sin3xcos 2x+smxcosbx

a) SINXCOS° X — COS X $iN° X%

7

sin 4x
coSx—co82x+cos3 1
‘x : x ! x; d 2sin{x+y) — Sty
Sinx —sin 2x+ s 3x cos{x+ y)+cos(x—y)

4. Chiing minh cac dang thiie luong giac sau:

a) 4cosx cos [% = x] cos [% 4 x] = ¢c0s 3x;

sin 2xcosx
= tan —
(1+cosx)(1+cos2x) 2

¢) sinx (1l + 2cos2x + 2cosdx + 2 cos 6x) = sin 7x;,

gin®3x  cos’3x
sin‘x  cos’x

d) = 8cos 2x.
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5. Chitng minh réng gia tri cta cic bidu thite sau khéng phu thude vao gia tri
cla x.

a) Sin2x+cos[E—x)cos - :
3 3
yis yis yis 3n
b) COS[.X——)COS[JC-F—)-F cos[er—Jcos[er—).
3 4 6 4

6. Cho tam gidc ABC, chitng minh ring:
a) cosAcos B — sindsinB + cos C =10,

B.C B C
b) cos—sin—+8sin—cos—=cos—.
2 2 2 2 2

x 3
7. Chosina + coso. = m. Tim m de sin2o e

8. Cho sing. = %, cosp= % va 0° < o, B < 90° Tinh gia tri ctia biéu thiie sin(o + )
va cos{o. — ).

9. Khéng stt dung may tinh cém tay, tinh gié tri cla cée bidu thite sau:
a) sin6°cos 12°cos 24°cos 48°;
b) cos68°¢cos 78°+ ¢os 22°¢os 12° + cos 190°.

10. Phuong trinh dao déng didu hod ctia mot vat tai thoi didm ¢ giay duge cho
bdi cong thire x(f) = Acos(ms+ @), trong do x(#) (em) la 11 dd cia vat tai thot
didm ¢ gidy, 4 14 bidn d6 dao déng (4 > 0) va @ & [-7; 7] 1a pha ban dau cla
dao dong.

Xét hai dao ddng dicu hoa ¢d phuong trinh 1an luot La:

x,(f) = 3cos [%t + g) (em) vax, ()= 3003[%: —g) (cm).

a) Xac dinh phuong trinh ctia dao dong tong hop x(7) = x,(H) +x,(2).
b) Tim bién d6 va pha ban dau ctia dao ddng tng hop trén.
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Bai 4. HAM SO LUONG GIAC VA PO THI

A. KIEN THUC CAN NHO
1. Ham s8 lugng gidc

— Hém 56 sinla quy tic dat tuong tmg mdi sb thire x véi s thue sin x, ki hiéu
la y =sinx.

— Héam s6 césin 1a quy tic dat trong tng mdi s6 thue x véi s thue cos x,
ki hiéula y = cosx.

— Hém s6 tang 13 ham s6 duoe xac dinh bdi ¢dng thire

sin x

T
voi X #—+kn(k € Z), ki hiéu y=tan x.

cos X 2

— Hém sé cotang la ham s0 duoc xac dinh bai cong thiic

COS¥ Vi x ke (ke < Z), ki hiduy = cot x.

sInx
2. Ham s8 chdn, ham s6 1é, ham s6 tudn hoan

Ham sb y = f(x) véi tp xac dinh D duoe gai 1a:

— Hém 56 channéu voi moi x € D ta cd—x € D va f—x) = ().

— Ham 56 16 néfuvéimoix € Dtacod—x eD va f(—x) = — ).

— Him 56 tudn hodnnéu ton tai mbt s6 7'+ 0 sao chovéimoix € Dtacdx+Te D
va flx+ T)=f(x). Sbduong T nhd nhét thod mén cde diu kisn trén (nfu ¢b) duge
goi 18 chu ki ctia ham s6 tuan hoan y = £ (x).

3. D6 thi cia cdc ham s6 lugng gidc

a) Ham S(';y = sinx

— Ham s6 ¢ tip xac dinh 14 R, tip gia trila[-1; 1].

— Ham s6 tuan hoan véi chu ki 27,

— Ham 618, ¢6 6 thi d6i xting qua gbe toa dd O.

— Ham s6 dbéng bién trén cac khoang [‘%* k2w §+ kzﬂ] (k € Z)vanghich bién
trén cac khoang [g+ k2w, %+k2fc) (ke Z).

b) Ham S(';y = COSX

— Ham s6 ¢ tip xac dinh 14 R, tAp gia trila[-1; 1].

— Ham s6 tuan hoan vol chu ki 2z
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— Ham s6 chin, ¢6 d6 thi déi xiing qua truc Oy.

— Ham sb ddng bién trén cac khoang (—x + k2x, k270) (k € Z) va nghich bién
trén cac khoang (27, m+ k2m) (k € 7).

¢) Ham S(’;y = tanx

— Ham sb 6 tap xac dinh1a R \ {%+ kn| ke z}, tap gia tri 1a .

— Ham s6 tuan hoan véi chu ki z.

— Ham sb 1€, co db thi abi XUung qua géo toa dd O.

— Ham sb ddng bién trén cac khoang [—%+ kT §+ kn) (ke Z).

d) Ham si;y = ¢cotx

— Ham 6 ¢o tAp xac dinh 1a R\ {kx | k € Z), tap gia tri 1a R.

— Ham s6 tuan hoan véi chu ki 1a 7.

— Ham sb 1€, co do thi abi Xung qua géo toa dd O.

— Ham s6 nghich bién trén cac khoang (km, n+ kxn) (k € Z).

B. BAITAP MAU
Bai 1. Xét tinh chén, 1 cfia eac ham s6 sau:

a) y =cos2x; b) y=sin’x; 0)y=tan[x+§); d)yzcos[er%).

Gidi

a) Ham séy =cos2xcotipxacdinhla R. Véimoix € R,itaco—x e Rva
cos [2. (—x)] = cos (—2x) = cos 2x. Do d6 ham s6 y = cos 2x 1a ham sb chén.

b) Ham séy =sinx cotapxac dinhla R. Voimoix € R, taco —x € Rva
sin? (—x) = (—sinx)® = —sin®x. Do d6 ham sb y = sin>x 14 ham sb 1&.

¢) Hémséthan[er%) Xéc djrhk]:ﬁvéc]:ﬁk]:ﬁﬁ% 2 gﬂm, ke Z, ticla
xthknkeZ Suyrahémséyztan[ﬁg)cétﬁpxéc dnhlaD=R\{in|kec Z}.
Voimoixe Dtaco—x#—kn ke Z clingconghialda x#km k< Z, hay—x e D.
Mat khac, ta lai ¢o

e e G R G B
tan| x+—|=—tan| x—— |=—tan| x——+mn |=—tan| x+—|.
2 2 2 2

Do d6 ham s6 y = tan[erg) 14 ham sb 12,
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d) Haim sb y = cos[erg) cotapxac dinhla D =R. Batf(x) = COS[H%J'

Xét hai gia tn g : —g e D, ta thiy ring:

7{oos( 242 )mcosZ = [ | oos{ - 2o o[ 2|2,

Vi f[—g)qs f@) va f[—g);é—f[g) nénhémséyZOOS[erg) khong phéi
14 ham s6 chin cfing khéng phai 14 ham s6 18.
Bai 2. Chiing minh rang cac ham s6 sau 13 ¢ac ham s tuin hoan:
i X 1T X It
a) y=>5sin—; b) y=—tan—; c)y=cot| x——|; d)y=cos| —+—|
Jy=ssmzy )y 7" [ 3J 1y [3 4)
Gidi

a) Ham s6 y = 5311% ¢6 thp xdc dinh 14 R.
x+ 81w

Voimoixe R tacox+8n= R va 5sin = 551n[§+ Zn] = 5311’1%.

Do d6 ham sb y= 5511’1% 14 ham 6 tuin hodn.

b) Hémséyz—tan% xac dinh khi va chi %ig tim ke Z,thclax 4 m+ k2n,
keZ. -

Suy ra tip xac dinh ciaham s6 1A D =R\ {n+ k2x | k € Z}.

Voimolixe D tacox+2n#n+2n+ti2n ke Z, suyrax+2n#n+ (k+ 1)2x

ke Z clingconghialax+2ntn+ k2 ke Z, hayx+2n e D.

) +2
Mit khac, ta lai cc')—tanx 5 i =—tan[%+:rc =—tan%.

Do dé ham séyZ—tang 14 ham 6 tuin hoan.

¢) Ham séy = cot[x—g) xac dinh khi va chi khi x —E;E km ke Z, tuc la
x# %Jr km, k € Z. Suy ra tip xac dinh ciaham s61a D =R\ {§+kn|kez}.
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Voimoixe D, tacox+mn# % tat+hkn ke Z,suyrax+m# % + (k+ Dm,
ke Z, cling conghialax+ n# %'i‘kﬂ,ke Z,hayx+me D.
Mat khac, ta lai ¢o cot[(x+fc)—§} = cot[[x—§)+fc} = cot[x—%).
Do d6 ham séy=oot[x—%) 14 ham 6 tudn hoan.
d) Ham séyzoos[§+%] c6 tAp xAc dinh 12 R.

Voimoix € R, taco:
6

xtone Rva oos[er R+E]=005[£+E+2n]=003[£+2}
3 3 4 3 4

4

Do do ham séyzcos[ng%]léhém 50 tuan hoan.

Bai 3. Cho him s6 y = cosx voi x € [0; 3x].
a) V& db thi ctia ham b dé cho.
b) Ham s6 di cho dong bién, nghich bién trén nhitng khoang nao?
¢) Tai cac didm ndo thi gid tri efia him s6 16n nhat, nhé nhit?

d) Tim cac gia tri c¢iax € [0; n] sao cho cos3x < 0.

Gidi
a) Ta ¢6 db thi cia ham s6 y = cosx trén doan [0; 37] nhu sau:
ik
1 y=cosx
) P

Hinh 1

b) Ham s6 dong bién trén khoang (7, 27), nghich bién trén cée khoang (0; 70)
va (27, 3m).
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¢) Gié tri ctia ham s6 16n nhit khi x =0 vax = 2x.
Gia tri cia ham s6 nho nhat khi x = 7t va x = 37,
A Patr=3x Vio<x<anén 0 <¢<3mn.

: 2 n
T1r do thi cua ham s6 & trén, ta ¢o cos ¢ < 0 khi va chi klu E < Is

I o pern e a6 F evel vl o on
7 6 7 6

Bai 4. Cho ham s6 y = cotx véix € (0; @) L (m; 27).

a) V& d6 thi ctia ham sb da cho.

3

b) Tim céc gia tri ctia x sao cho cotx = —.

¢) Tim cac gia tr1 clia x € (0; m) sao chocot2x < g

Gidi
a) Ta ¢6 dd thi cia ham s6 y = cotx trén (0; ) U'(xw; 27) nhu sau:

yu\ Kcotx |
I :n: 3 127
2, | 2 |

Hinh 2

L.
F

X

b) Voix € (0; ) w (m, 27) ta co cotx = ? khi x = g hodc x= 4?“

¢Patr=2x. Vid<x<zmnén0<¢<2m

Ham sb y = cotzxéc dinh khi #+# kx, k € Z. Két hop véi didukién 0 < #< 27,
suyrat < (0, m w (m 2m).
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Hinh 3

; 3 T 4n
T1r do thy trén, ta co cotz < % khi va chi khi 3 < t < 7 hodc ? <f<2m

T m. . 2m
Dodo — <x<=—holc — <x<x
0 2 3

C. BAITAP
1. Tim tap xac dinh cua cae ham SO sa:
2 X n
a)y=- ; B |
)y sin3x )Y [2 6]
is 1
¢)y=cot| 2x—— |; d) y=————r.
)y [ 4] )y 3—cos’x
2. Xét tinh chin, 18 cia cac ham sb sau:
a)yzsm3x; b)y=—5x2+cosg; ¢) y=x+1+cos2x;
x
2 T
d) y=cotx ———; e) y = |x| + tanx; g)yztan[erZ).

sinx’

3. Tim tap gia tri ctia cac ham s0 sau:

a)y=5—2cos[§—x} b) y=|sin3x| —1;
¢) y=2tanx + 3; d) y=fl-sinx+2;
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4. Cho ham 86 y = sinx véi x € [-2m 24].
a) V& d6 thi ham s6 di cho.
T —5 .
b) Tim céc gia tri cla x € [Tn, 73—:? sao cho Sm[g—xJz —1.
T -9 Tn s T
¢) Tim cac giatricliax € T; ? sao cho sin 2x+z > 0.
d) Tim m d& ¢6 bbn gia tri o e[~2m; 2] phan bidt thod méin sino = m.
i _ 3
5. Cho ham s6 y=tanx voi x € [——n; —E) u[—E; E).
Zz" 2 2" 2
a) V& db thi ctia ham sb da cho.

b) Tim céc giA tri clax & [—%“; ﬂ sao cho JS_'tan[er%) +1=0.

R 5
¢) Tim cac giatricliax € [—%; %} sao cho tan[2x+%) > —?.

6. Chiing minh ring cic ham s6 dudi diy 14 ham s6 tuin hoan.
a) y=sinx — 3tan%; b}y =1{cos2x — 1) sinx.

7. Huyét ép 1 4p lue mau can thiét tac dong 18n thanh déng mach nhim diza mau
di nudi c{hrt“mg cac mo trong co the. N:hﬁi luc co bop ctia tim va stic can cia dong mach
ma huyét ap duge tao ra. Gia strhuyét ap clia mot nguoi thay doi theo thoi gian duge
cho béi ¢cong thie:
p(5)=120+ 15co0s 1507,

trong d6 p(#) 1a huyét 4p tinh theo don vi mmHg (milimét thuy ngan) va thoi gian 7
tinh theo don vi phut.

a) Chimg minh p(7) 13 mét ham sb tuan hoan.

b) Huyét ap cao nhét va huyét ap thap nhat 14n luot duge goi 14 huyét ap tAm thu
va huyét ap tam trong. Tim chi s huyét ap ctia nguoi do, biét ring chi s6 huyét
ap duge vidt 14 huyét ap tim thuw/huyét ap tim truong.

8. M6t chit diém dao déng didu hoa theo phuong trinh s = 3sin[gt) véi s tinh
béng cm va ¢ tinh béng gidy. Dira vao db thi ctia ham s6 sin, hily xéc dinh & cac
thoi diém ¢ ndo trong 4 gidy diu thi s < —%.
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Bai 5. PHUONG TRINH LUONG GIAC CO BAN

A. KIEN THUC CAN NHGO
1. Phuong trinh tueng duong

— Hai phuong trinh duoe goi 14 trong duong néu chiing ¢6 cling tip nghiém.

— Bé chi sir twong duwong ctia cac phirong trinh, ngwdi ta dung ki hidu “=”.
2. Phuong trinh sin x = m

a) Néu |m| > 1 thi phuong trinh v6 nghiém.

b) Néu |m| < 1 thi phuong trinh ¢6 nghiédm:

x=ot+k2m ke Zvax=n—o+k2n ke Z,

vai o la goe thude [— E, %} sao cho sino. = m.
Chut y:
a) Mot sb truong hop dic bist:

T
sinx:1<:>x:E+k2n,ke e

sinxz—l@x:—g +i2n. ke Z;
sinx=0cx=in ke Z.
b)sinu=sinve u=v+i2n ke Zhodcu=n-=v+k2n, ke Z.
¢) sinx =sina® < x=¢g°+ k360°, £ € Z hodc x= 180" — a° + £360°, k € Z.

3. Phuong trinh cos x = m
a) Néu |m| > 1 thi phuong trinh v nghiém.
b) Néu |m| < 1 thi phuong trinh ¢6 nghiém:
x=ot+tn ke Zvax=—-o+tkn ke Z,
vai o la goe thude [0; w] sao cho cos o = m.
Chut y:
a) Mot sb trirong hop dic bidt:
cosx=1lox=k2n ke Z;
cosx=—-lox=n+2n ke Z,
cosx:0<:>x:£+kﬂ,ke 7.
b)cosu=cosveou=v+i2n, ke Zhoicu=—~v+k2n ke Z.
c)cosx=cosa"ox=a"+4%360" k€ Z hoicx=—a"+ 4360, k c Z.
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4. Phuong trinh tan x = m

Vi moi sd thire m, phuong trinh tan x =m co nghiémx =o + kn, k € Z voi

. - o~ TE_ T
o. la goc thude e sao cho tano = m.

Chit y: tanx =tan a" < x=a° + k180°, k € Z.
5. Phuong trinh cot x = m
Vi moi s6 thre m, phuong trinh cotx=m conghiémx=o + kn, k € Z vai

o la goc thude (0; 7) sao cho cota=m.
Chiiy: cotx=cota" ©ox=a"+kIB0", k€ Z.

B. BAITAP MAU
Bai 1. Giai cac phuong trinh lugng giac sau:

a) sinx = —72; b) sin3x = sin[2x+%].
Gidi
. 2 S
a) sinx = Y & sinx = sin i

@xz—% +i2m k= Zhoécxzn—[—%] +i2n, ke Z

5
<:>x=—%+k2at,keZhoécx=Tn+k2at,keZ.

Vay phuirong trinh ¢6 cac nghiémléxz—% +k2n ke Zvax= ST“ +k2n k € Z.
b) sin3x = sin[2x+%j
<:>3x=2x+g+k291:,keZhoéc3x=ﬂ—[2x+g]+k2ﬂt,kez
<:>x=£+k2n,keZhoécx=£+k2—n,keZ.

2 10 5
- . . n s T . yis 21
Vayphuongtrmhcocacng]:uemlax:5+k291:,ke ZvaxZEJrk?,ke Z.

Bai 2. Giai cac phirong trinh lugng giac sau:

B

a) cos2x = T b) cos(3x — 5°) = cos (2x + 15°).

7
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Gidi
a)cos2x= % <:>cosxzcos% S x= % +i2m ke Zhodacx= —g +i2n ke Z.

Vay phuong trinh ¢6 cac nghiémla x= L0 kKn ke Zvax= —g +k2n ke Z.
b) cos(3x — 5°) =cos (2x + 15°)
< 3x—5°=2x+15°+£360°, k € Zhodc 3x— 5°=—2x+ 15°) + £k360°,k € Z
< x=20°+£360°, k € Zhodcx=-2°+£k72°, ke Z.
Vay phuong trinh ¢o cac nghiém la x =20+ £k360°, k € Zvax=-2°+k72°, ke Z.
Bai 3. Giai phuong trinh tan3x = tan%.
Gidi

tan?axzta:nE < 3= x +km ke Z<:>‘x=1 +k£,ke Z.
T 21 3
5 ; ; be I8 bl
Vay phurong trinh ¢o nghigm la x = = +k§,k cZ

BAi 4. Giai phuong trinh cat [2x —g) -

Gidi
L T T T )
t| 2x—=|=43 S cot| 2x—Z |=cot= © i ——=—+kim ke Z
co[xsj co[xSJ 006 b km,
exa= AR el
60 2
i ; ; R 11n s
Vay phirong trinh ¢o nghiém la x = T + k5° ke Z
C.BAITAP
1. Giai cac phirong trinh lugng giac saw:
a) sin[3x+g)=§; b) cos(2x— 30 =—1;
¢) 3sin(—2x + 17°) =4, d) cos[Bx—E)zcos[—x+£);
12 4
o x 2m b1
e) Jy3tan| x—— |- 1=10; cot| —+— |=cot—.
)J_ [ 4) 2 [3 5) 5
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2. (141 cac phuong trinh luong giac sau:
a) cos (2x + 10°) =sin(50° — x); b) 8sin*x + 1 =0;
¢) (sinx + 3)(cotx— 1) =0; d) tan(x — 30°) — cot50° = 0.

3. (1a1 cac phuong trinh luwong giac sau:
a) cos[erE)Jr cos[f—x)z 0;
4 4
b) 2cos?x + Ssinx — 4 =0,
c) cos[?;x—%}r 2sin‘x— 1 =0.
sin x— 2cos3x

sin x +sin [Zx — g)

4. Tim tap xac dinh ctia ham s lrong gilacy =

5. Tim cac nghiém ctia mo6i phwrong trinh sau trong khoang (—x, 7).
. T 3 T 4
a) sm[3x—§J=1; b) ZCOS[Z.X—T)=J§; c) tan[x+§J=tan—.

6. Tim hoanh dd céc giao diém ctia dd thi céc ham s6 sau:
a)y= sm[2x——) vay— smL%—x}

b) y= cos [3x——] vay= cos(x J
7. Tim hoanh d6 céc giao diém cta do thi ham sé y = sin3x — 005[3_“ - x) véi
truc hoanh. 4
8. Theo Pinh luit khiic xa anh sang, khi mot N
tia sang duoe chidu toi mit phin cach giita hai

mdi truong trong sudt khdng dong chat thi ti s6
S T Y R ? ;

——,vo1 i la goc to1 va r 1a goc khie xa, la
sinr

maot hing s6 phu thude vao chiét suat cia hai

méi treong. Biét ring khi gde toi 1a 45° thi
gde khue xa bing 30°. Khi gde toi 1a 60° thi
gde khiie xa 13 bao nhidu? Lam tron két qua
dén hang phén tram.
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9. Mot qué bong duge ném xién mét goe o (0° < o, < 90°) tir mit dat voi tde dd
v, (m/s). Khoang cach theo phuong ngang tir vi tri ban déu ctia qui béng dén
visin2o

10
a) Tinh khoang cach dkhi béng dizoe ném di véi the d6 ban dau 10 m/s va gde ném

vi tri bong cham dat dwoc tinh boi cong thirc d=

la 30° so voi phurong ngang.

b) Néu tée dé ban du ctia béng 1a 10 m/s thi cin ném béng véi gée bao nhidu
a6 aé khoang cach dla 5 m?
10. Chiducao / (m) clia mdt cabin trén vong quay vao thoi didm 7 gidy sau khi bit dau
chuyén déng dirge cho béi cong thie A7) =30+ 2051'11[2—1151 +- g)

a) Cabin dat do cao toi da 1a bao nhidu?
b) Sau bao nhidu gidy thi cabin dat d8 cao 40 m 14n dau tién?

BAI TAP CUOI CHUONG I

A. TRAC NGHIEM

: : ol SR A B SR
1. Trén dudng tron hwgng giac, goc lirong giac lTn ¢o cung diem bieéu dien véi
goc lrong giac nao sau day?
s 28 g SR P m, 28
7 7 7 14
2. Biém bidu di®n trén duong tron lwong gide cla gde luong gide ¢d s6 do —830°
thude goe phén tu tht may?

A. Géc phan tu thi 1. B. Gée phin tu thi IL.
C. Gée phan tu thit IIL D. Gée phén tur thi IV,
3. Trong cac khing dinh sau, khéng dinh nao 1 sai?
E T
A. cos(mn— x)=—cosx. B. sin 7 x | = —cosx.
C.tan(m +x) = tanx. D. cos[%—x) = sinx.
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4. Cho coso.= % Trong céc dang thire sau, ding thitc nio khong thé xay ra?

A. sinccz—%. B.cos2a = &
C. cota.= ﬁ D. cosE=—6.
4 3
5. Trong cac ham sd sau, ham s6 nao 14 ham s6 187 ’
A. y=tanx— 2cotx. B.y=sin o
C.y=3sin’x + cos 2x. D.y= cot[2x+§].

6. Trong cac ham s6 sau, ham sb ndo nghich bién trén khoang [0; %] ?

A y=sinx. B.y=—cotx. C.y=tanx. D. y= cosx.

7. Cho sina. = —% Va COs 0L = § Trong cac dang thite sau, déng thirc nao ding?

A, sin[owr J JE B.sin2a=—£.
4 10 25

. tan[2ou ) : b. cos[a+§)=3+4ﬁ.

10

8. Chosina. = £ vacosp= % Gia tri ctia bidu thike sin(o. + P) sin(o. — p) bing
B, o B, o o ¥, i e,
12 12 12 144

9. S6 nghidm ctia phirong trinh sin [2x + %) = % trén doan [0; 8x] la
A 14, B. 15 2. 16 D. 17%.
10. S nghiém ctia phuong trinh tan [%— x) = tan% trén doan [-6, w] la:
AT B. 8. .8, D.10.
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B. TU LUAN

) 3 ..m . e e e .
1. ChOS]IlC(.:—VO‘lE<C(.<TE. Tinh gia tri clia ¢ac bidu thire sau:

a) sin 20, b) cos[a—k%); c) tan[2ou—%).

2. Ching minh ring cac ham s6 dudi day 14 ham sb tuin hoan va xét tinh chin,
18 ctia moi ham s6 do.

a) y=3sinx + 2tan§; b) y=cosx sinTLZx.

3. Chiing minh cac dang thitc luong giac sau:
a) sin’ [x T E)— sin’ [x - E) = ﬂ sin2x;
8 8 2
b) sin’y + 2cosx cosy cos{x —y) = cos’x + cos?(x — y).

4. Giai cac phuong trinh luong giac sau:
a) cos 2x—§ +sinx=0; b) cos x+z = . .

¢) cos [Sx - %) + 251X =1
5. Van tbe v, (cm/s) clia con lic don thit nhét va van te v, (cm/s) cua con lic don
thir hai theo thoi gian ¢ (giay) duge cho bai cac cong thue:

T

v, () = —4cos [% i ZJ vav.() =2 sin£2r+ %j
Xac dinh cac thoi diém 7 ma tai dé:
a) Van tde clia con lic don thit nhét bing 2 cmys;
b) Vén tde ¢lia con lic don thir nhit gap hai 14n van tée ctia con lic don thit hai.
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LOI GIAI - HUONG DAN - PAP SO
Bai 1. GOC LUONG GIAC

mn 13w Tn 1
1.a) —; by —; c)—; d) ——.
)12 ) 36 ) 12 ) 36
2 ay348 77 b) 48°, 27 5% d) 95,49°,
97 71 15w
3.a) —; b) ——; =%
) 4 ) 4 ) 4
d) 82°; e) —442° g) 998°,
4m 9n Tn
4.a) ——; b) —; c) —; d) —=.
) = )14 ) = )
5. a) =345, b) 152

6.a) Ta ¢6 1935°=135°+ 5. 360° nén cbng thite tng quét cia s do gde Iwong gide
(Om, On) 1a (Om, On) = 135"+ k360° (k € 7).

b) Ta ¢6—450°=270°— 2 . 360° nén ¢dng thite ting quat ctia sb do gde luong
giac (Om, On) 1a(Om, On) =270°+ k360° (k € 7).

¢) Ta ¢ —1 440° =—4 . 360° nén ¢dng thic tng quat cta sd do gbe luwong gidc
(Om, On)1a (Om, On)=k360° (k € Z).

d) Ta ¢b 754,5° = 34,5° + 2 . 360° nén cdng thike tdng quat cia s6 do gde luong
giac (Om, On) 1a (Om, On) =34,5° + k360° (k € 7).

A
g

7. a) Ta c6 —1965° =—165° + (—5) . 360°. Vay diem / \
bidu dién gbe luong gidc ¢6 s6 do —1965° 1a didm AL 0 ——
trén dwong tron luong giac thude goe phan tur thi I11 M y

sao cho AOM = 165° nhue Hinh 1.

L A

Hinh 1

C e



b) Ta ¢o ﬁsnz —25—TE + 10z, Vay diém biéu dién

gée luong gide ¢ s6 do % la diém N trén duong

tron luong gide thude gée phén tir thi I sao cho

AON = 2?“ nhu Hinh 2.

L.

AV

(.
-

/on J4
5

N

Hinh 2

8. Hudng dan: Tinh hidu sb do cla goc luong gide can xét vai gde duoe cho.

Néu hiédu sb do 14 mét béi nguyén c¢ia 360° hodc 27 thi chiing ¢o cung diém bidu

dién trén duwdng tron lugng giac.

a)—0605% 115°% 4757

9. a) Trén dudng tron luong gidc, cie gde ¢b s do
ng kn (k € Z) dwoc biéu dién boi hai diem M va N
nhu Hinh 3.

b) Trén dudng tron luong gide, cac goe ¢é sd do
% i k% (k € Z) duoc bidu didn béi bén didm M,

N, P, O nhu Hinh 4.

10. %ki—“(k eZ); —m+ k23—n(k e 7).
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11. D2 thiy M(1; 0), N(0; 1) va P(—1; 0).
Suyra MN=NP = 2, MP =2. > 5
Do do MNP la tam giae vudng can tai N. k

Hinh5

12. a) Sau 1 gidy, canh quat quay dugc % = % (vong) theo chidu duong.

Suy ra sau 1 gidy, canh quat quay duoe mdt gde ¢ s6 do 1a % f i 35_n

Viy sau 5 gidy, canh quat quay duge mét gde ¢ s do 14 % 5= 1?65“_

b) Théi gian d& canh quat quay dwoe mét gée ¢d 56 do 42713
27 i 7,2 giay.
3 30
13. a) Sau 1 gidy, van 'V ¢ua banh xe quay dwoc “?: 3,75 (vong).

Sau 1 phut, van V ctia banh xe quay durgc 3,75 . 60= 225 (vong).
Suy ra sau 1 phit, van V cda banh xe quay duge mdt géc ¢ sb do 1a
225 . 2n=450m.

b) M3i gée & tim v6i 6 do 1 rad chin mét cung 6 d6 dai bang ban kinh banh xe
r=0,35m. Do do dd dai quang dudong ma van dong vién dua xe dap da di dugc
trong 1 phut 1a 4507 . 0,35 = 494.8 (m).

Bai 2. GIA TRI LUONG GIAC CUA MOT GOC

LUONG GIAC
1.a) cosccz—é, tan oy = S :i coto, = é;
5 cosa 3 4
b) sino. = @, tano = @, cotoL= E;
61 11 60
8 15
¢)cot=——, coso = —, sinoL= ——,
17 17

.74



5 . 5 12
d) tano. =——, sino.=——, cosoL = —
12 13

13
2. a) sin(—1693°)=cos 17, b) cos10031T zsing;
53
¢) tan885° =—tan 15°; d) cot[——ng—tanE.
; 10 3
J.a)cos{a+m=——cosa>0vim<a< 7“
b) sin[g—a) =cosa < Qvinm<a< 3?“
3
¢) tan[ow—n) =—cota<Qvim<o< 3—“
2 2
T . 3n
d) cot| g—= [ =—tano < Ovim< o< —.
2 2
e) cos[2a+§] =—sin2a <0 vi 2z <20 < 37
g) sin{n— 2a) =sin2a > 0 vi 2 < 200 < 37
4. Visino = E va g< 0L<Jtnéncoscc=—%, tanccz—% vacoto=—
4
3 473
E 36 :on BV

a)Ad=

e

.a) sin*x + cos’x = (sinf x + cos?x)? — 2sin’x cos?x =1 — 2sin’x cos’x,
1+ L
l+cotx: tanx:tanerl_

Lh

l-—cotx | 1 tanx-1’
tanx
SIN o+ COS o 1 cosar 1
3 =———+————— = (1l +cot’a) + cota (1 + cot’ o)
sin" o sin“ct  sinol sin“o
={1+ cota)(1 + cot?at)
(1 — cot?a)(1 + cot’at) 1—cot'a .
l—cota l—cota’
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tan”o + cos” e — 1 _ tan’q —sin’e _ coso,

cota+sin‘a—1 cot’a—cos’a  cos’e 5

d)

6. Huéng dan: Cac goe duge cho déu ¢6 lidn quan dic bist. St dung cong thite
d2 bidu didn gi4 tri lwong gide cla ce goe vé gia tri lwong gide clia cling mdt gde
va stt dung cac hé thite luong giac co ban dé chiing minh dang thite.
a) sin605° = —sin65°, sin 1645° =—c0s65°, cot25° =tan 65°.
sin?605°+ sin? 1645° + cot? 25° = sin? 65° + c08? 65° + tan?65° = 1 + tan? 65°

pR—
o865
b) sin530° =sin10°; sin640° = —cos 10°.
sin530°  sinl®® sin°10°
1+5sin640°  1—cosl0®  sin10°(1—cosl0%)
I=cos’10° (I +cos10°){1—cosl0)

=sin10°(1—00310°) sin10°({1—cos10”)

1+ cosl0’ 1
=— = =+ cot10°.
sml1Q smlo

T a=l b) 0.
8. Huéng dan: St dung cong thie dé bidu didn gia tri lwong gidc cta cac gbe vé
gia tri lugng giac clla cting mot goc va sit dung cac hé thire lvong giac co ban

dé mt gon.
a)—1; b) 1.

9. a) tan’ o + cot’ o = (tan o + cotar)® — 3tano cota (tan o0 + cotor)
= (tano + cote)’ — 3(tano + cotor) =27 —3.2=2.
b) (sina + cosa)? =sin‘o + cos?on + 2sino cosoL = 1 + 2sinol cos o.
1 (1Y 15
Do do sina, coson =—[(sina + cosa ) — 1] = —H—) - }z——.
2 2.4 32
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¢) sind o + cos’ o = (sin ot + cos o)(s1n? oL — sina, cos oL + cos?aL)

= (sino, + cos o )(1 —sino. cos o).

o 1. . , L1y 3
Masmacosaza[(smaJrcosa) —-1]== 5 —1l|=—=

. 1 3 1
nénsin’e + cos’o==:|1—| —= [ |==r—==—.
2 8 2 8 16

10. Huong dan: Vi tanx xac dinh nén cosx # 0. Chia tt va mau ctia phéan thuc cho
lu§ thira thich hop cta cosx d& bigu dién biéu thie theo tan.x.
sin x
oy 3sinx—dcosx cosx _3tanx—4 32-4 1
Ssinx+2cosx 5 SIX , Stanx+2 5242 6
cosx
sin’x
sin’x+2cos’x cos3x+2 = tan’x + 2
2sinx+3cosx [2 sinx +3).# ~ (2tan x+3)(tan’x +1)
cOS X cos’x

2°+2 2

T @237+ 7
11 d(31)=9.01 gid.

Bai 3. CAC CONG THUC LUONG GIAC

o 37 1 . [191‘: 3?1‘:) _ [191‘: 37nﬂ
1. a) sin — cos —— = —| 8in| ——— |+sin| —+—
24 2 24 24 24 24
I__[Z%rc) _?n} 1 .3 . o=;
=—|sin| —— |+8in— |=—| —sin—+s8in—
20 4 3 2 4 3
L[ A2 B B2
2 2 2 4 ’
41n+13n 4175_1375
b) cosﬂ—cosw—nz—%in 12 12 g4p 12 12 =—2si119—:rcsin?—:rc
12 2 2 4
=28siIn—sin—=2 —21=—2,
2 2 2
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T 3n T 3 T 3
tan— + tan— tan —+ tan —

tan —+tan —
c) 7 28 _ 7 28

1+ tan Ztan 2 1+tan[n—£)tan3—n Ll
7 28 7 28

[1‘: 31‘:) T _
=tan| —+— |=tan— = 1.
7 28 4

2.a) Vi —g <o <0nénsing <0.

2
Do do, sin 0. =—f1—cos’a =— 1_[%) __%0

61
Suy ra
. [1‘: ) x n 1 11 3 ( 60Y 11+6043
S| —— o —Sll’l—COSOﬂ COS—S]I’]()Z——'———' -_—— = E—
6 6 6 2 61 2 61 122
60
b) Ta ¢6 tano = B :ﬂ:—@_
cosge 1l 11
al
60
= 1 I-tanetan— 1_[_ﬁ)1 71
Do do cot[ow—): e = _
¢ tan[ochE) fan o+ tan — [__) 1 49
kS 11
2
¢)Tacocos2a=2cos’c— 1= 2- [11) - :—ﬂ,
1 3721
sin2a = 2sina.coso, = 2. 60 E 1320
61 61 3?21
SUYTa003[2&+E]=0052a005£—sm20¢5m1——ﬂ 1 T 482 £
3 3 3 3721 2 3721) 2
34794132043
7442 '
1320

&) Ta c6 tano, =502 _ 3721 1320
cos2a 3479 3479

AL

41



- 1320
% fan”, —tanZa 3479 4799
Suy ra tan T—2u =

Gt Pt Lo 1320~ 2159
4 3479

3. a) sinx cos’x — cosx sin’ x = sinx cosx (cos'x— sin’ x)

[\JI—‘

—sin2x (cos?x— sin‘x)(cos’x+ sin’x)

[a—

—sin2x cos 2x = l sin 4x;

]

1. . . I, . .
sin3rcos 2t sin ¥ cosbx _5(smx+sm5x)+5[sm(—5x)+sm7x]

sindx sin 4x

b)

sinx+sinSx—sinSx+sin7x  sinx+sih 7x

2sindx © 2sindx
_ 2sin4xcos3x

- = ¢08 3x;
28indx

o) cosx—cos2x+cos3x (cosx+cosdx)—cos2x  20082x008x—C082x

sinx—sin 2x +sin3x (Sinx+ sin 3x)— sinZ2x  2sin2xcosx—sin2x

_ cos 2x(2cosx—1) _ cos2x

7 sin2x(2cosx—1) T sin2x

= cot2x:

2

2sin{x+ y)

i 2(sin xcos y+cos xsin )
cos(x+ y)+cos(x—y) 2cosxcosy
_sinx  siny

— tany

—tany=tanx+tany—tany
COSX COSYy

=tfanx.
T T 21
4. a) 4cosxcos [E—x] cos [§+x] =2 cosx[cos 2x+ cos?J
27
=2c0sxcos2x + 2cosxcos?

=cosx+cos3x+ 2 cosx-[—%j

=c¢osxt c0s83x — cOSX = COSs 3x;
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$1n 2x co8 X (2sin xcosx)cosx _ 2sin xcos x

= B %
{1+ cosx)(1+cos 2x) [1+ Sl E_I)GJF 2cos?x—1) 4cos® Ecoszx

e X% . X
Ty 2s8in—cos— SlnE

X x X
2c08° = 2COSZE CosS—

¢) sinx (1l +2cos2x+ 2cosdx + 2 cos6x)

= sinx + 2 sinx ¢os 2x + 2 sinx cos 4x + 2 sinx cos 6x

=sinx + [sin{—x) + sin3x] + [sin{(—3x) + sin 5x] + [sin(—5x) + sin 7x]
=sinx + (—sinx+ sin3x) + (—sin3x + sin3x) + (—sin5x + sin 7x)

= sin7x;

d)

sin’3x cos’3x sin®3xcos’x —cos 3xsin’x  (sindxcosx)’ —(cos3xsin x)°

sin®x  cos’x sin‘xcos’x gin’x cos’x

_ {sin3xcosx +cos3xsin x)(sin3xcosx — cos 3xsin x)

Lein?x
4
_4sindxsm2x  4(2sin2xcos2x)sm2x
sin”2x sin’2x
8sin”2 2
_ 8sin ‘ jcos L J—
sin“2x

; : 1 2
5. a) Ta co sinfx+ cos [g - x] cos [g + x] = sin’x +5[cos 2x+ cos?n]
= sin’x +l[1 —2si112.vc—l = l
2 2/ 4
Vay gia tri cia bidu thite sin’x + cos [%— x] cos [%4‘ x] khong phu thude vao

gia tri clia x.

. T T T In
b) Ta co cos[x——)cos[ﬁ—}rcos[er—Jcos[er—J
3 4 6 4
1 T T 1 T 11z
=—| cos—+¢0s8| 2x—— | |+—| cos—+ co8 | 2x+—
2 12 12 2 12 12
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1 T 14 7
=—| cO8| 2x—— |+co8| 2x——+ 7 | |+ cos—
2 12 12 12
1 7
:E{COS [2X—EJ—COS[2X—£):|+COST—R:COS—TE.
12 12 12 12

By Bl el ol DA ; pis T 7T In
Vay gia tri cia bicu thufocos[x—chos[erZ}r cos[erchos[erT)
khong phu thude vao gia tri cia x.
6. Vi tong s6 do ba gdc clia mdt tam gide bang 180° nénA + B + C = 180°.

Suy ra i P 90°, hay £+£ =90° — é

2 2 2 2
a) cosdcosB—sindsinB + cosC=cos(4d+ B) + cosC=cos(180°— C) + cosC
=—cosC+cosC=0.

&, 6 B & L fH g . . A A
b)cos—sin—+sin—cos—=sin| —+— [=sin| 90" —— [=cos —.
2 2 2 2 ) 2 2

7. Ta co sine + coso = ﬁ(?sinowgcosaj :ﬁsin[ourg).

Vi—1 < sin[oﬁ%)i 1 nén—ﬁésinowr COS L S\E. Suyra—ﬁiméﬁ.

Ta lai ¢ (sina + cosey)? =sino + 2 sinocos o + cos? ot = 1 + sin 2.
Suy ra sin2o = (sing + cos o) — 1l =m’ — 1.

3 1
Khi do, sin2cc=—z haym?— 1 :_Z° suyra m= % hodc m = —— (thoa man
didu kign). |

Vaym= 5 hodcm=——.

2
8. Vi0° <o <90°néncosa > 0. Do dd, cos o =+f1 —sin’a =1’1—[%) =%.

2
ViQe< B<90°nénsinp > 0. Do do, SiI’IBZJl—cofBz 1—[%) =%.

Khi do, sin{a. + ) =sino.cosp + COSC(.SiI’IBZE'E-Fi = 256,

518 511 &

cos{o.— B)=cosacosp + SiI'lC(..SiI’lB:i'E-‘rE 2 _8

513 513 65

44



9. a) Bit 4 =sin6°cos 12°cos 24°cos 48°. Ta ¢o:
c0s6° .4 =c0s6°sin6°cos 12°¢cos 24°cos 48° = % sinl12°cos 12°cos 24° cos 48°
1

==in24°cos 24° cos 48° :% sin48° cos 48° —i $11 96° :i cos6°.

.p

1
suyrad= —.
3 16

b) cos68°cos 78°+¢0s22°c0s 12°+ ¢0s 190°=sin22°sin 12° + ¢0s 22°cos 12°+ cos 10°
=¢08(22°— 12°)—cos 10°=0.

T T T T
10.a)Tacox(HD=x(H+x(Hh=3cos| —t+— | +3cos| —t——
) S L [4 3] [4 6]

i), o ol

=3.2co8 cos
2 2
TE 7T
=60032 cosl—?:ﬁcos[ t+—)
2 12

Vay phuong trinh ctia dao dong téng hop 14 x(7)= 3-\5 cOs [% t+ %J

b) Dao déng tbng hop trén ¢6 bidn d6 14.4 = 3+/2 cm va pha ban daula ¢ = %

Bai 4. HAM SO LUONG GIAC VA PO THI

l.a)y=— xac dinh khi sin3x# 0, tecla3x#4n &k e Zhayx;bkg, ke Z.

sin3x
Vay tap xéc dinh clia ham s6 1a R \ {k?keZ}.

X T
b)yztan[———]xéodinhkhiﬁ—£¢£+k}t,kez,hayx;£4—n+k2n,keZ.
2 6 2 6 2 7

Vay tap xéc dinh cia ham s61a R \

4?“+k2ﬂ|kEZ}.
ot ; n T T
c)yzcot[Zx—Z]Xac dinh khi 2x — — ;bkat, ke Zhayx# §+k5, ke Z.

Vay tap xéc dinh cia ham s61a R \

+k—|keZ}
8
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d) Vi—1 <cosx <1 néncos’x <1 voimolx € R Suyracos’x# 3 vol moi
xe R.

5 1 . o
Do do hamso y= ——— xac dinhvéimoix € R.
3—cos’x

Viy tip xac dinh ctia ham s6 14 R.
.
voimoix € D.

Ta ¢6 sin[3(—x)] _sin (—3x) _ —sin Lo _sin 3x.

1a D=R"\ {0} thoa min diéu kién —x € D

—x —x —x %
Sill 3x s % o
la ham s0 chan.

Vay ham sb y = .

b) Tap xéc dinh ctia ham sb y=—5x + oos%mD:Rmoamﬁn ditukidn—xe D
voimoix € D. Ta ¢d —5(—x)* + cos [_—;JZ — T 005%.

Vay ham sb y=—5x + cos% 14 ham s6 chan.

¢) TAp xac dinh cta ham $& 3 = x4/l + cos 2x 14 D = R thoa min diéu kién
—xe Dvoimoix € D. Taco (—xJMZ—xm.

Vay ham s8 y=x 1+ cos 2 14 ham s6 18,

d) Tap xac dinhcﬁahémséyzootx—i laD=R\{kn |k € Z} thoa min

sinx
didukidn—x e Dvdimoix e D.
. 2 2 2
Ta co cot(—x)—— =—00tx+,—=—(cotx— - J
sin {(—x) sinx sin x

~ - A 2 - - Aqe
Vay ham s6 y = cotx — —— la ham so 1&.
s8in x
e)Tap xéc dinh ciia ham sé y = x| + tanx1a D =R\ {%-l—kﬂ: |k e Z} thoa mén
didukién —x € Dvdimoix e D.

Pat f (x) = |x| + tanx. Xét hai gia tri % va —% thude D, ta co:

(3)- )
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Do f[—%)if[%) va f[—%)i—f[%)nényzuwtanx khong 14 ham sb
chén cling khéng 14 ham s6 18,

g) Téap xac dinh ctia ham séyztan[x+g) laD=RA\ E+kﬂ:|kez} khong
thoa man didu kidn —x € D véimoi x € DVi—% c Dma % ¢ D.

Vay ham sb y=tan[x+%) khéng 14 ham s chin ciing khong 14 ham s6 18.
3.2) [3;7); b) [-1; 0]; o) R; d)[2,2++2].

4. a) Ta ¢6 d6 thi ctia ham sb y = sinx trén doan [-27; 2] nhu sau:
VA

Hinki 7

5 T o =hy Tn
b) Batr= 5 —x. Vi T <x< ? nen—2m< <21

Trr do thi ctia ham so & trén, ta co:

sinz=—1 khi va chi khi :=—g hodc t= 37" Do A= %" hoaox=—7—6".

o) Dat 1= 2x+ %. Vi % <x< %" nén —2m< 1< 2m

Tir do thi ctia ham b & trén, ta ¢o:
sing>0khivachikhi 2n<¢f<—mhodc<r<m

DoC'[a:')—g—’JT <x<—5—’JI hoéc—E <x< 3—“
8 8 8 R
d) C6 bdn gia tri o € [-27; 27] thod mén sin o = m khi va chi khi duong
thing y = m cit dd thi hiam s6 y = sino tai bon diém. Tir d6 thi ham sb & trén,

ta thiy didu nay xay ra khi va chikhi —1 <m <0 hoic 0 <m < 1. i



yl\

Hinh 2

batr=x+ — '\51—E Sxéznén—?j—TI SISE, hay ¢ e —3—TE;E
4 4 2 2 29

Ham s6 y = tan ¢ xc dinh khi ¢ # g+kn, k € Z. Két hop voi didu kién

|: in ® _[ 3 n] [ n n]
te|—""p 2 | suy Tl el Lavs JOPR iyl FER Y
2 2 2 2 % =Y

D4 thi ham sdy =tan #véiz e [—%;—%)u[—%;%) nhr sau:

Ya

¥

(ST}
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Tir d6 thi ham s6 trén, ta co:

tantz—g khi va chi khi tz—%n hoac tz—%

Do do xz—l?—’JT hoéch—S—n.
12 12
5 M oyw OW o ox 3 s
¢gPitr=2x+—-. Vi— <x<—nén—— <¢<— hay te|—; —
6 6 6 2 2

Twong tir cau b, tir dd thi ham sb trén, ta co:

tantz—g khivéchikhi—% <t<—% hodc —% <t<

Do C'[a:')—z—’JT §x<—E hoéc—E <x< E.
3 3 0 6
6.a) Tp xac dinh ciaham s61a D =R\ {n+ k2% | k € Z}.
Voimol x € D, ta co:
x+ 2%

x=+2xn € D vasin(x + 27) — 3tan = §inx — 3tan[§+fc)= Sinx — 3tan%.

Do d6 ham s6 y = sinx — 3tan% 14 ham s6 tuan hodn.

b) Ham s6 y = (cos 2x — 1) sinx ¢6 tap xéac dinh 14 R.

Voomoixe R taco x£2n e R;

[cos2(x + 2m) — 1]sin{x + 2x) = [cos (2x + 4m) — 1]sinx= (cos 2x — 1 )sinx.

Do d6 ham s6 y = (cos 2x — 1)sinzx 1a ham s6 tuan hoan.

ek oM B g n R 5 3 1 ;

7. a) Ham s0 p(f) c¢o tap xac dinh la R. Véi moi £ € R, ta ¢co £ + Fr € Rva

p[r+%] =120+ 15¢c0s (150wt + 2m) = 120 + 15¢c0s 150mz = p(f).

Do d6 p(#) 13 mot ham s6 tuAn hoan.

b) Vi-1<cosl50mr<1véimoife Rnén 105 <p(f)<135vdéimoize R.
Vay chi s6 huyét ap ctia nguoi dé 1a 135/105.

8. Trong 4 gidy dau, ta c6 0 <7< 4, suyra 0 < gti 2

Piatx= %t,khidéx e [0; 271). D6 thi clia him s6 y = sinx trén doan [0; 271] nhu sau:
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YA

1 ¥ =sinx

Hinh4

Dura vao do thi trén doan [0; 27], ta co:
7_11 e i
6

SS_E khi BSjnxS—% haysinxi—%,suyra 6ﬂ

Doda:')Z =fE =,
3 3

Bai 5. PHUONG TRINH LUONG GIAC CO BAN

Laye=T +£2" 1 QB e Ly AL
18 3 6 3

b) x=105°+ k180, k € 7. ¢) Phurong trinh v6 nghiém;
de=2E 148 ke pvie=t vinken

24 2 6

5n 3n
e)xZEJrkﬂ,keZ; g)xz—? +k3m ke Z.

2. a) cos(2x + 10°)=sin(50° — x)
< cos(2x + 10%) = cos(x + 409

< 2x+ 10°=x+ 40°+ k360°, k € Z hoac 2x + 10°=—x— 40°+ k360°, k € Z
S x=30°+%360°k e Zhoécxz—%. 50°+ k120° k € Z.
Vay phirong trinh ¢o6 cac nghiém la

x=30°+k360°, k € Zvéxz—%. 500+ k120°, k€ Z.
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b) 8sin’x+ 1=0& sin3x=—% & sinxz—%

@xz—g +k27 k = Zhoécxzat—[—g}ridn,ke Z
@xz—g + k2%, k € Z hoac x = %ﬂ +i2n, ke Z.

y)s in
Viay phurong trinh ¢o cac nghiémléxz—g +k2m ke Zva x= 5 +k2n ke Z.

¢) (sinx + 3)cotx— 1)=0<sinx + 3 =0 hodccotx—1=0
< sinx =—3 hodc cotx = 1.
Phirong trinh sinx = —3 v6 nghiém.
i

Phurong trinh cotx =1 ¢o nghiém la x = .. +kn ke Z.

Véy phuong trinh c6 che nghidm 1 x = % +knkeZ.

d) tan{x — 30°) — cot 50° =0 <> tan(x — 30°) = cot 50° < tan (x — 30°) = tan 40°
S x—30°=40°+kl180°, k € Z
< x=70°+k180°, k€ Z.

Vay phuong trinh ¢ cac nghiém la x =70° + £180°, k € Z.

3.a) cos[erEJJrcos[E—xJ:O
4 4
i Vi

3% +x+K2n k € Z hoacx+ % :_37“ —-xt+i2m ke Z

T
< xt+—
4

<:>x=—%+kﬂ:,ke Z.

Vay phuong trinh ¢6 cic nghidm 1a x =—g +in ke Z

b) 2cos’x + Ssinx — 4 =0 < 2(1 — sin’x) + Ssinx— 4 =0
< —2sin’x + Ssinx— 2 =10

. . 1 . 1
< sinx = 2 hodc smx:E &S 8inx :E
5
S x= g +i2n, k € Zhodcx = ?ﬂ +i2n, k e Z.
N . .. n T . 5n
Vay phuong trinh ¢o cac nghiém x = B +k2n, ke Zvax= T +k2n k€ Z.
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c) cos[?;x—%] +2sin‘x—1=0

s cos[3x—§] =1 —2sin‘x ©cos [3.?6—%] =c0s82x

e 3x— L =2+ k2w k e 7 hoiie 3x — % N e/

g

S x= 2 + k2%, k € Z hoacx= 2, +k2, ke 7.
4 20 5
F x o s, T . T 2n
Vay phirong trinh ¢6 cac nghiém la x= i +k2m ke Zvax= 50 +k?, ke Z.
4. Ham sb xAc dinh khi va chi khi sin x + sin[2x—%];b 0.

5§ 3 T 2 2 v < 3 T
Tacosinx+ sm[Zx—g) =0 smx:—sm[Zx—gj — s1nx=s1n[—2x+§J
Sx=—2x+ % +i2n, ke Zhodcx=m+ 2x— % +2n ke 7
<:>x=£+kg,ke Zhoéoxz—z—’JT +2n ke Z.

9 3 3
Do dé sinx+sin[2x—§) 40 khi va chi khi
x;bg+k2—;,keZVéx;&—2—;+k2n,keZ.

Viy tip xac dinh ctia ham s61a D =R\ {g+k23_“; —23—“+k2n|kez .

_ { 7 5w 1?11.-}
S5.0)x € i——; —; — 13
18718 18
{ 17 13n 7=x 111:}
by x e{——0; —— —; —1;
24 247 247 24
{ 2 TE}
C)X € {——; —}.
g 7

6.a)x= 7—ﬂ+kg, ke Zvax O + k2m ke Z;
36 3 12

TR PR T L. S
24 8 2

0 = =i B g, e Bl B o
8 16 2
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sin45° sin60° . sin60°sin30° 6

8. V1 — —=— neEn sifp=———"—>"——"=—: DUy Tar=237,70°

gin 30° sin sin 45° 4

9.2) d= 543 =8,66 (m);
10%.sin 20 _ _ 1
b) d=5<:>T=5<:> 1031n2(x=5<:>s1n20t=5
< 20, = 30° hofic 200 = 150° < o, = 15° hodc o. = 75°.

10. a) 50 m; by 12,5 giay.

BAI TAP CUOI CHUONG I
A.TRACNGHIEM
) B 2 € J.B 4. B S.A
6.D T A 8.D 9. ¢ 10. A
B. TU LUAN
o2, o BN GG T

2. a) Tép xac dinh cfia ham $6 y = 3s1nx+2tan3 laD= R\{?+k3n|kez}

Vix+onme Dvoimolx € Dva
x+6m

3sin(x + 67) + 2tan = 3sinx + 2tan[§ T 21’5) = 3sinx + 2tan§
nén ham sb y = 3sinx + 2tan ~ 14 ham sb tun hoan.
VixeDvoimoix e Dva

3sin(—x) + 2tan [— gj =—3sinx — 2tan % = —[3 sinx+ 2 tan %J

nén ham s y = 3sinx + 2tan 14 ham s618.

: : B omw s s s
b) Ham s0 y = cosx sin co tap xac dinh 1a R,
Vix+dne Rvoimolx € Rva

t—{x+4mn)

cos {x + 4m) sin =COSX sm[—— 21 | = cosx sin
2

53




n—X

la ham s6 tuan hoan.

nén ham so y = cosx sin

Vi—xce Rvoimoix € Rva

. it x ; T—X . T—X
cos (—x) sin - =cosxsin | t——— =cosxsmT
2

. . I O o B il
nén ham s0 y = cosx sin 5 14 ham s0 chan.

3.2) Sinz[x—ng— Sn? [x_a
Ll SJranle gl el

= [ZSinxcos%)[Z COs X 8in %) =(2 sinxcosx)[Z cos%sin%)

2

=sin2x sinE = ——gin2x.
4 )

b) Ta co: sin‘y + 2cosx cosy cos(x — y) = cos’x + cos’(x —y)
& 2c08x cOs8 Y Cos{x —y) —cos?(x — y) = coslx —siny.

2¢08x COSy COS (X — y) — Cos*(x — v)
=cos(x — y)[2cosx cosy— cos(x — y)| = cos(x — y)[cosx cosy — sinx siny]

=cos(x—y) cos(x+y) :% (cos2y+ cos2x)

1 . .
= ry (1 —2sin’y+ 2cos’x — 1) = cos’x — sin’y.

4.a)x= 5_11 +i2xn k € Zvéxz—lJrkE, ke Z;
6 18 3
b)xz—g +km, ke Zvéx=2—; +km k€ Z;

ey 405k BT AR pa
6 305

S.a);tzs?’JI +i3n ke Nvétzl?’?n +k3m, ke N,

b)tzlg—ﬂ+k3—ﬂ,keNvét=B—n+k3—ﬂ,ke IN.
16 2 32 4
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~ ' T y. 4 .y
Chwong II. DAY SO. CAP SO CONG.
o~ ' e
Bai 1. DAY SO
A. KIEN THUC CANNHG
1. Khdi niém day s6
o Ham s6 2 xac dinh trén tAp hop cic sd nguyén duong N* duoe goi 1a mot day sé
vé han (hay goi tit14 diy s8), nghia 14
w. N* — R
n = u =un).
Diy s6 trén duoe ki hidula (u).
Dang khai trién cta diy s6 w)la u u, .. u; ..
e Ham s u xac dinh trén tap hop M = {1:2; 3, .... m} thi duoc goi 1a mot
day 6 hitu han.

u:

Dang khai trién ctia diy s6 nay 1a U, i, ..., u trong dou la 0 hang ddu va
u la s6 hang cudi.
2. Céch x4c dinh day s6
Théng thuong mdt diy 86 ¢6 thé duoe cho bang ¢ic cach sau:
Cdch 1: Liét k& céc 50 hang (voi cac dily 56 hitu han).
Cdch 2: Cho c¢ong thike cta 50 hang téng quat # .
Céch 3: Cho hé thive truy héi, nghia 14
e Cho 6 hang thir nhét u, (holc mot vai s6 hang déu tién);
e Cho mot ¢ong thirc tinh # theo u, | (hodc theo vai s0 hang ding ngay
trude no).
Céch 4: Cho bang cach md ta.
3. Diy s0 tang, diy s6 giam
Cho dily s6 ().
Diy s6 (u) drge goi la day $é tang néu o2 8 0 & N
Diy s6 (u ) dugc goi la day $6 gidm nfu u, <u,VneN*
4. Day s6 bi chin
e Diy sb (u,) dugc goi la day sb bi chan trén néu ton tai mot sd M sao cho
u <M, ¥ne N
e Diy 6 (u) dwgc goi la day s6 bi chgn dwrdi néu ton tai mét s6 m sao cho
u zm,Vne N*

+1
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o Diiy 80 (u) duoc goi la diy s bi chdnnéund vira bi chin trén vira bi chin dudi,
nghia la ton tai cac s& M va m sao cho m < u <M, Vne N*,

B. BAITAP MAU
Bai 1. Goiu la témg dién tich cac hinh  Hang tier 1 O
vuéng o6 dhang thitn trong Hinh 1 (m8i  pramg shp2 0] F1

6 vudng nho la 1 don vi dién tich).
: Hang thit 3
a) Tinhu, u,u,, u, e
Kb) Du (doévn cong t}il:u’rc tinh 0 hang Hemg thit 4
tong quat ca day so (u,). Hinh 1
Gidi

a)u =1,u,=8,u, =27, u =64

b) Ta ¢d: u, = 13, u, = 2% 4, = 3% u, = 4. Do do, dwdodn u, = »°.

2
%3 w % o +3n+ S A K .
Bai 2. Cho day s0 (u) v6i u, = %. Viet nam s hang dau tién cia
daiy sb do. -
Gidi
Nim s6 hang déu tién cla diy s6 (u,) la:
_Pe3is7 10 I eadurd] Ndyglis . 2 3 25,
MiT T RN PGS 341 4’
43 447 o SELS SR AT
i = =?J i T —
: 4+1 3 5+1 6

Bai 3. Cho ddy s0 (1) c6 ndm s0 hang dau tién lan luot la: —1; 1; —1; 1; 1.
Hiy du doan céng thiie sb hang tdng quat cla diy sb (u).
Gidi

Nim s6 hang dau tién cla day s6 () 1a:
n, =1L wy=1E a,=D% o,=CD% a~ELr

Do d6, du doan s6 hang tong quat cia diy sb () la u, = (~1)"
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2n+1

Bai 4. Xst tinh bi chin ctia diy s6 (u) v6i u, =

n+2
_— Gidi
+ . .
Tacou = s 5 >0, Vn € N*, suy ra (u ) bi chan dudi.
n+
: 2Zn+l 2n+2)-3 :
Talai cou = i (nt2) = 3 <2,¥Vn e N*, suyra (u) bi
"o+ 2 n+?2 n+?2

chin trén.
Dy s6 (1) vira bi chin trén vira bi chin dudi nén dy s (1) bi chin.

. . ; : el
Bai 5. Xét tinh tang, gidm va bi chan ctia diy sb (u ) véiu_= ”—2
n+
Gidi
2_
Td 685, —i _n+t2 n+l :(n+2) (n+3)n+1)
n+3 n+2 (n+2)(n+3)
(n+2)n+3)
Suyrau , >u,Vne N*. Vay (u ) la day s6 tang.
bl ) .
Mat khac, ta co: u, = n_2 >0, Vn € N* suy ra (u ) bl chan dudi,
n+

1 .
u=1———<1,¥ne N suyra(u ) bi chin trén.
i+ 2

Ta thay dily s6 (u,) vita bi chiin trén vita bi chin dudi, suy ra diy so (1) bi chin.
Vay (u) la diy s6 ting va bi chan.

C.BAITAP
: . +1 ;. 8 : _ ;
1. Cho déy s (u,) voi u, = A 6 —lasb hang thit bao nhiéu cta diy so?
o 2n+1 15 _
u, =—2
2. Dy doan cdng thite s6 hang téng quat ctia dily s6 (u), biet o
T
u =4 U,

3. Cho diy s0 (u ) xac dinh béi
u,,,=u,+n (nzl).

Tim s6 hang tht: ndm cta diy s6 do.
4. Xét tinh bi chin cia diy s6 (u)véiu =(-1y.
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5. Xét tinh ting, giam va bi chin ctia ddly s6 (u,) cho béi s6 hang tong quatu_ sau:

L 2n-18, n*+3n+l 1

a)u ; by = ——M—: Cld = ——.
) % 3?1_2 ) % ?’l-i-l ) % -‘}l_i_n_i_nz

6. Xét tinh ting, giam cta cac diy sb (u,) chobai s6 hang tong quat u_sall:

du=n— -1,  byu="TCU i
2 n 7 n 2n
o . T .. 1 1 1
7. Xét tinh téng, giam va bi chan ctia ddy s0 (u) véiu, =1+ —+ —+..+ — -
# 22 32 nZ

Bai 2. CAP SO CONG

A. KIEN THUC CAN NHG
1. Khdi niém cép s6 cOng
Cép 56 cong 1a mot diy s6 (v6 han hoie hitu han) ma trong d6, k& tir s6 hang
thit hai, méi s6 hang déu bing tong cta $6 hang ding ngay trde nd véi mot s6
d khong doi, nghia la:
u, =utdviine N
SO d duge got la cdng sai cia cap so6 cong.
2. 86 hang téng quét cua cip s6 cOng
Néu mdt cip s6 céng (u ) co s6 hang dau u, va cong sai d thi s6 hang téng quat
u, clia no duge xac dinh boi cong thre:
u=u+n-1)dnz2
3. Tong cta n s6 hang du tién cia cip s6 cong
Gia s (¢ ) [a mot ¢Ap s6 cOng c6 cong sai d. Pat S =u +u,+ .. +u, khdo
 nfu +u,) 1 2u, +(n—1)d]

§ =———*= hay §
i 2 y?’;‘ 2
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B. BAITAP MAU
Bai 1. Tim cép 6 cong trong cac diy sb sau:
13 -7 -11:—15. Bl =3 =5, =9 =12, o e e e e
Gidi
a) Diy s61;—3;—7;—11; —1514 cip sb céng voi cdng sai d=—4.
b) Ta ¢6 (—3) — 1 # (=6) — (=3). Vay diy sd nay khong phai 14 cép s6 cong.
) Ta ¢ (—2) — 1 # (—4) — (=2). Vay diy s6 nay khéng phai 14 cip s6 cong.
Bai 2. Cho ¢ép sb cong (u ) voi s6 hang dau u, =9 vacong sai d=2. Timu,.
Gidi
Tacou,=u +d=9+2=11.
Bai 3. Cho cép s6 cong (u ) voi s6 hang dau u,=—5vacongsal d=3. Timu, .
Gidi
Ta cOmy,=u +9d=-5+9 . 3=2%
Bii 4. Cho cip $6 ¢6 ( bidt wg+3u; —u, = =21
ai 4. Cho cép s0 cong (1), bi¢
P g (1) 3u. —2u, = -34.
a) Tim s6 hang thit 100 c1ia ¢4p 6 cong (u,).
b) Tinh téng ctia 15 86 hang dau tién cfia ¢ip s6 cong (1 ).
) Tinh S =, o, TRS ..
Gidi
a) Tir gia thiét cta bai toan, ta ¢
t +4d + 31, + 2d) = (i + d) ==21 , +3d ==7 #, =2
h=— L=
3(u, +6d)—2(u +3d)=-34 u, +12d =34 d=-3.

86 hang thit 100 ctia cap s6 cong (i) 1a: u,, =u +99d=2+99 . (-3)=-295.

b) Téng cia 15 s6 hang diu tién clia cap s6 cong (u ) la:
_ 15Qu +14d) _

15

285

_ 27(2u, +26d)
2
=27[2+16. (-3)] =-1242.

Chui y: V61 Bai 4c, ta ¢d thé thue hién theo cach sau:

c)Taco: S=u,‘u+. . +u, =27(u, + 16d)

3
§=5,,=8,= 15Qu, +29d) == (Qu, + 2y =-1242,
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Bai 5. Mot ruong béc thang ¢6 thira thip nhét =
(béc th nhét) nam & d6 cao 950 m so voi mue e

nude bign, dd chénh 1éch gifta thita trén va e
thita duai trung binh 14 1,5 m. Héi thiva rudng
A bace thit 12 ¢o do cao la bao nhiéu meét so voi

muc mrdc bien? Hink 1
Gidi
Kihiguu la chidu cao so véi mure nude bién cua thira rudng & béc thit ».
Kt do, déy so (i) la mét cap s6 cong véi u, =950 va d= 1.5.
TacOu,=u +11d=950+11.1,5=966,5.
Vay thira rudng & bac thir 12 ¢6 do cao 966,5 m so vdl mure mroc bién.

C. BAITAP

1. Trong cac diy sd (u) chobdi s6hatg tong quate sau, day s6niola capsb cdng?
Tim s6 hang dau va cong sai ¢lia no.

2
aju, =2ut 3, b)yf==da i+ 1; Ch =aa i ==,
n

2. Trong céc diy sd (u ) choboi séhangténg quate sau, day s6 nao 14 cp s céng?
Tim sb hang dau va cong sai ¢iia no.

2n+3
a)u =3n+ 1, byu =4~ 5n, c)u = nS :
+1
d)u—n—, e)uﬁZ%; gu =n+1
n e

3. Cho cip b cong (u ) cO s6 hang téng quat; u, =Tn—3.
a) Tim b hang dau va céng sai clia cip s cong (u).
b) Tim a, ..
¢) Tinh tdng cia 100 sb hang dau tién cta cip sb cdng (u ).
d) S0 1208 la s0 hang thir bao nhi€u cua cap s6 cong (u,)?
4. Cho cip sb cong (u), biét u =5vad=3.
a) Tim sb hang tong quat clia cp s6 cong (u).
b) Tim #,,.
¢) S0 1502 la s6 hang thir bao nhigu cua cap so cong ( )?
d) Cho biet S, =34275. Tim n.
5. Cho cAp s6 cong () cOu,—u, =75 Tim cong sai 4.
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6. Cho ¢ip b cong (u)cou,+u,=90.TimS, ..
7. Xéc dinh s6 hang diu va cdng sai ctia cap sb céng (1), biét:
u +u, =18 u,—u, =15 u, =8

h+1d, = 22; , . Uy = 184; u; +u, =16.

8. Béc T vio lam cho mdt cdng ty véi hop déng vé tién lwong mdi ndm nhu sau:
Nim thit nhat: 240 tridu;
Tl nidm thit hai tr& di: M6l nam tang thém 12 tridu.
Tinh s6 tién luong mét nim cia bac Tw vio nam thit 11.
9. M6t rap hat ¢ 20 hang ghé. Hang thit nhit ¢6 20 ghé, s6 ghé & cac hang sau
déu hon s6 ghé hang ngay trde d6 mot ghé. Cho biét rap hat d ban hét vé voi
oi4 mdi vé 14 60 nghin dong. Tinh téng sb tién vé thu duge cla rap hat.

Bai 3. CAP SO NHAN

A. KIEN THUC CANNHG
1. Khdi niém cip s6 nhan
Cép 56 nhan 1a mdt diy s6 (hitu han hodc vo han) ma trong d6, k& tir sb hang
thit hai, m&i 6 hang déu bang tich ctia 86 hang ding ngay trude nd voi mot sb
g khong doi, nghia la
u , =u . qvoine N

S0 g dugc goi la cdng bdi cua cap sO nhan.

2. 86 hang téng quét ctia cip s6 nhan
Néu mdt cip s6 nhin (u)co s6 hang dau u, va cong bdi ¢ thi s6 hang tdng quéat
u, clia no dugc xac dinh bdi cong thure:
B =W il D
3. T6ng cua n s6 hang du tién cua cip s6 nhan
Gia st (u ) lamét clp sonhan c6 cong bdi g £ 1. DLS =u, +u, + ...+, khi do
ul-q")

Bo=tie 45

n 1_q
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B. BAITAP MAU
Bai 1. Cho cép sb nhin (u) o s6 hang diu u =5 vacdng bdi ¢ =-2. Tim s0
hang thi¥ sau.
Gidi
Tawe n.=w .or=3.42r=-160.
Bai 2. Cho cap sonhan (u) véiu, =2 vau,= 10. Tim cng bdi clia cap s6 nhan do.
Gidi
Ap dung cdng thite s6 hang téng quat cta cap s6 nhén, ta cd: 0= g,
suyrau, =u, .q,suyral0=2q,suyrag=>3.
Bai 3. Xac dinh s6 hang dau va cong boi clia cap s6 nhan (u) ¢ u, —u, = 54 va
u,—u, = 108.
Gidi
Goi s6 hang dau ctia cap so nthan la w, va cbng béila g.
Theo gia thiét, ta ¢o:
u, —u, =54 w.q" —th.q =54 i.q.(q —1)="54
{ 4 T C){ 16 14 @{ g.{g" —1)

us —u, =108 u.qt—u.q> =108 u.q° (" =1)=108.
1 54 1
suyra —=——=—_suyrag=2.
Yy 7 108 5’ Y 1a g

Voi g =2, ta c6 8u, — 2u, = 54, suy 1a 6u, =54, suyrau, = 9.

Bai 4. Cho mdt cap s6 nhan (1) ¢6 cac s6 hang déu khong am va thoad min u, = 6
vau, = 24. Tinh téng ctia 12 s6 hang dau tién ctia cap s6 nhan do.
Gidi
Goi ¢ong bdi clia cip s6 nhin 14 g.
Tacou,=u,.q* hay24=6.4% suyraq=-2 hoéc g =2. Do cap s6 nhén ¢ cac
$0 hang khong amnén ¢ = 2. ;

Khi @6, cép s nhén (i) c6 u, = “—2=5 =3,
q

u,(1-¢") _301-2%)
1—q -2

= [ 28,

Ta ¢o: 8=
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Bai 5. Mot loai vi khuan duoc nudi cﬁy trong
éng nghidm, ¢tt 20 phut lai phan d6i mot lan.
Néu ban dau c¢é 200 vi khudn, tinh s6 luong
vi khuén ¢6 trong éng nghidm sau 2 gid.
Gidi
Ta ¢6: 2 gig =120 phit = 6. 20 phit. Do do,
sau 2 gid vi khuan phén déi 6 1an.

Goi u, 1a 50 lugng vi khuan o6 trong 6ng nghiém sau lan phan déi thitn — 1.
Khi d6, ddy so (u,) la mot cap sO nhan véi u, = 200 vag = 2.
Ta céu, =u,.q° = 200.2° = 12800.
Vay sau 2 gio, trong 6ng nghiém ¢é 12800 vi khuén.
C.BAITAP
1. Cho cép sd nhan (u)cou =3vag= % Tim cong thire s6 hang tdng quat cia
cap s6 nhan do.

oy 2
2. Cho cap so nhan (1) cOu, =—3 vaqg = = Tim u,.
g 1 . ; :
3. Cho cap sO nhan (i) co u, = = vau, = 16. Tim cong bl ¢ va s0 hang dau u,.

4. Cho cap sb nhan (u ) 0 u, =1, g = 2. 86 1024 1a 56 hang thit bao nhigu cla
cap sb nhan dé?
) ) o | —u, =78
5. Tim s6 hang dau va cong bdi cla cap sO nhan (), biét
o i " {uﬁ —u, =234.
6. Cho cap s0 nhéan (u ), biet s, = 2, u,= 18.
a) Tim cong bdi.
b) Tinh tong 10 s6 hang dau tién ctia cap s6 nhan do.
7. Bac Nam gt tiét kiém vio ngan hang 100 triéu ddng véi hinh thie 131 kép,
ki han mot ndm véi 14 sut 8% /nam. Tinh s6 tién ca gde va 14i bac Nam nhin
duoe sau 10 nam. (Gia st 141 suit khong thay déi trong subt thoi gian g tidn.)
8. Mot ngudi choi nhay bungee trén mdt ¢dy cau voi mot soi day dai 100 m. Sau
mdi 14n roi xudng, nguoi choi duge kéo 18n mdt quing dudng ¢6 db6 dai bing
80% so véi 1an roi trude va lai roi xudng ding bang quing dudng vira duge kéo
18n. Tinh téng quing dudng di 18n ctia ngudi dé sau 10 14n duge kéo 18n.
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BAI TAP CUOI CHUONG I

A. TRAC NGHIEM

1. Cho diy s (u,), biét = l Trong cac khing dinh sau, khang dinh nao dung?
i1

1

=

B. Diy s6 (u ) la day s6 ting.

C. Day s6 (u) la ddy s6 khong ting khéng giam,

A. Diy s (u)cou, =

D. Dy sb (u,) 1a ddly s6 giam.
2. Trong cac diy s6 (u ) cho boi s6 hang téng quéat u, sau, diy s6 nao bi chan?

1
Au = e B u.=9% C.u, =N9n+L D.u=n.
3. Trong cac diy sd (1) cho boi s6 hang thng quat u_ sau, diy s6nio 1a diy s6 tang?
1 1 5 2n—1
A u=——, B.u=-— C.u=n+ : Du= e}
% 5 &y . 3n+1 " on+l
4. Cho cap s0 ¢Ong (1), bietz, =3 vau, =—1. S0 hang thir ba ctia cap so ¢dng do la
A u, =4 B~ Gl D.4.=7.

S: Cép s6 cong (u) co s6 hang dau u, = 3,c0ng said= 5. S6 hang thit tir cla
cap s0 cong dola

Ay, =123 B.u =18 Cou, =8 D.u,=14.
6: Chp cap sb cdng () cou,=-12,u,=18. Téng ctia 16 sb hang dau tién cla
cap s ¢cong dola

Kl =24, B. S, =26 o o D.S, =24
7. Cho cép s6 céng: —2;—5;—8; —11;—14; ... Cong sai d va tdng 20 s6 hang diu
tidn ctia cip s cong d6 lan luot 14

A d=3;8,,=3510. B.d==3,5,,~=0l0.

L= 258,,~ 010 L. =3y, =0l
8. Mot cip sb nhin ¢o su sb hang, sb hang ddula 2 va s6 hang thit su bing 486.
Goi ¢ 14 cong béi ctia cap sb6 nhan d6. Gia tri clia ¢ 14

A3 B. 3. (22 D=2
9. Mt cip s6 nhin ¢6 bon s6 hang, s6 hang dau 14 3 va s6 hang th tu 1a 192.
Goi S 14 tbng céc sb hang ctia cp sb nhin d6. Gia tri ctia S 14

A. 390. B. 255, (1,256, D.—-256.
10. Trong céac diy sd (u) dugc cho bai s6 hang téng quat u_ sau, diy sb ndo 14
cap sb nhan?

A u=T7-3n B & =73 GBS Da# =75

64



B. TU LUAN
1. Xét tinh ting, giam va bi chin cta diy s6 (1), biet
2n+9 1 n!
a)u = : b)u = —; clu = —.

)4, n+3 )4, 2024+n ), s
2. Mot tam gide vudng ¢é chu vi bang 3 va d6 dai cae canh 14p thanh cép sb cong.
Tinh do dai cac canh ctia tam giac do.
3. Chuvi ciamot da giacla 213 em, §5 do cac canh clano (lé_ip thanh cép sb cong
vl ¢cong sal d =7 cm va canh 16n nhat bang 53 e¢m. Tinh s0 canh ctia da giac do.
4. Cho a, b, ¢ theo thit tr 18p thanh cép s ¢ng. Chiing minh: @® — ¢? = 2ab — 2bc.

; y I u, —u, =24
5.Xac dinh s6 hang dau va cong boi ctia cap sO nhan (u ) c6 4 °
u,—u, =3000.

6. Cho chp s6 nhén (), bidtu, = 12, 22 =243 Timu,.

Hy

7. Cho ¢Ap s nhén: —é; a, —%. Tinh gia tri ctia «.

8. Mot cﬁp b nhan cd s hang dau u, =3, cong bbig=2. Biét S =765 Timn.

9. Mot thap 10 tAng ¢o dién tich san ctia ting dudi
cting 13 6 144 m?. Tinh dién tich mit san ting trén
cling, biét ring dién tich mat san méi tang bang
ntra dién tich mit san ting ngay bén duéi.

10. Mot khay mrde ¢6 nhiét do 20°C dwge dit vao
ngén da cua ti lanh. Cho biét sau mdi gi0, nhiét
do ctia mrdc giam di 25%. Tinh nhiét dé khay
mroe do sau 4 gio. e

Hink 2
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LOI GIAI - HUONG DAN - PAP SO
Bai 1. DAY SO

4 i zﬁ, suyra lSn+15=16n+8,suyran=717. Vﬁyﬁléséhangthl'rbéy
2n+l 15 15
ctia diy s6.
.3 4 5 , Rl
2. u, ——2,u2——5, u3__§’ u4——z, Tadl_rdoandlro‘cuﬂ——T-

JTacoru,=u +1=5u=u+2=Tu=u+3=10.
Do d6, s6 hang thir nam clia dily s6la u, =u, + 4= 14,
4. Taco—1 <u <1,suyra(u ) la day bi chan
_Zn-ll 213 35

Sl U = >0,vn € N*,
3n+l  3n-2 (GBu+D)@Bn-2)

Suyrau ,  >u,Vn>1,ne N* Suyra(u )la diy s6 tang.

Mit khac, ta co: uﬂzz Pt suyra—lliuﬂ<§,v’neN*,suyra(um)

Tdysitf dhn: S G2

oy 5 5 5
b) Ta cé: uﬂﬂ_uﬂ:(”Jrl) +3(n+D+1 a"+3nfl n+5n+5 " +3n+1

n+2 1+l n+2 n+l
(@ 45n+5)n+ 1)~ (7 +3n+1)(n+2)
(n+1)Xn+2)
2
¥ Ulbsson &) >0, Vn e N¥.
(n+1)n+2)
Suyrau ,, >u,Vn e N* Suyra (u)ladiy s6 tang.
2
Mit khac, ta cd 1, > ﬁﬁ” =n+1>2,Vn e N* Suyra(u)la diy sb bi
chin dudi. oL
¢) Tacou, >0, Vn e N*.

1

w, G +@D+ P antl ,n2+n+l —
u 1 Jor2+@m+n+1 YA 4343 7
Vit +n+l

 Su, Vn e N* Suyra(u)laddy s6 giam.

Suyrau,

oL,

Mit khac, ta ¢6 0 < u, <L, ¥n e N*. Suy ra (i) la diy s6 bi chin,

J3
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6.2)Tacd u, —u =(n+1—J+1)>—1—(n+ -’ —1)

=1-yJ(n+1)>—1—Jr* -1 <0, Yn e N*,

Suy ra (u ) la day s6 giam.
2 >
b)Taco: u, =0, u,= E; u, = —, suyra s
4 9 U, <U,

Do do, (u ) la day s6 khéng ting, khong giam.

C)Tacéuﬂﬂ—uﬂ:% >0, Vn e N*. Do dé, (i) 1a diy sé ting.
, 1 1 1 1 1 1
& Icon, ~ Lt rorleek Sl g, = 1 i btk 7
2 2 3 n 2> 3 n? (n+l)
Suyrau , —u :ﬁ >0,Vn e N*. Suyra (» ) la day s0 tang.
n+

Dowu <1+ L+L+...+ L =
" 2 23 {(n—Dn

Suy ra (u ) la day sb bi chin.

2—1, suyral <u <2, Vane N*
i1

Bai 2. CAP SO CONG

1.a) (u) 1a cap s cong voi u, =5 vad=2.

b) (1) 14 cap s cdng voi u, = -2 va d= -3,

¢) (1) khong phai la cap s6 cong.

d) (u,) khong phai 14 cap s0 cng.
2.a) (u) la cip s6 cong voiu, =4 vad=3.

b) (u,) 1 cap s6 cong véiu, = —1 va d=-5.

¢) (1)1 cap s6 cong voi u, = 1 va d= %

Cacy d), e), g): (u) khong phai 1a cap so cong.

3.a)u =4,d=1. byu,, = 14081.

c) §,,, = 35050. d) 86 1208 la s6 hang thir 173.
4.a)u =2+ 3n b) u,, = 299.

¢) 86 1502 14 s6 hang thit 500. d)n=150.
5.d=>5.
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17
L d=3 _ (d=3 p—= . |G
7. a) b) hodc c) hoéc 14
ks i =2 n, =—29; d=2 d=—

8. Goi u,_ 14 56 tién luong ctia bac Tw nhan duge vao nam thit .

Khi dé, diy sb (1) tao thanh cAp sb cong ¢b u=240vad=12.

Ta cOu,,=u,+10d=240+10 . 12 = 360.

Vay vao nam thit 11, s0 tién lvong mot ndm cia bac Tu la 360 triéu dong.
9. Goi u, 14 s6 ghé & hang thi 7.

Khi dé, diy sb () tao thanh cap sb cong voi b= 20vdd= 1.
20.[2.20+(20-1).1]

Téng sb ghé c6 trong rap hat 14: Ss5= 5 — 590 (gh?).
Téng s6 tién vé thu duoe 1a: 590 . 60 000 = 35400000 (ddng).
Bai 3. CAP SO NHAN
2 =l 2?;—1
lu=u .g”—1=3-(§) =
T Tl
2.u.= f=_3 | =——.
R [3) 27
u, 16 i
Jou=u .g'=u g, suyrag’===— =64, suyrag=4, u = —.
4

4. 86 102414 s6 hang thit 11.
5. Goi 56 hang dau clia cap s6 nhan la u, va cong bdi 1a g.
Theo gia thiét, ta ¢o:
{us—u2=78 @{ul.q4—ul.q=78 <:;){1,;:1.153.(1533—1)=?'8
U, —u, =234 ul.qs—ul.q2=234 ul.qz.(q3—1)=234.
Suyrag=3,u = 1.
6.a) Tacou,=u, .g*=2.4° =18, suy ra g = 3 hoéic g = -3.
24131

b) Néug=3thi S, = =59048.
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A

Néug=-3thi s, = Ay =-29524.
7. Khoang 215892 500 déng.
10
8.5, L0 357,05 (m).
1-0,8
BAI TAP CUOI CHUONG II

A.TRACNGHIEM
[1.D [2.A |3.D [4C |5B |6D [7.B [8.a [9.B [10.D |

B.TU LUAN
_ 2n49

1.a) Taco:u, = Dt

n+3 n+3
u+1_u:2n+11_2n+9: -3 Ao
" "o on+d  n+3 (n+d(n+3)

,suytal <wu <3, Vne N

Suyrau , <u,Vne N*. Dodo, (u)ladiy s6 giam va bi chin.

b) Tacé: 0 < <l,suyra0<wu <1, Vne N*

1
,/2 024+ »n
H ,f2 024+n

u, J2024+n+1

n

<l,suyrau  , <u,Vne N
Do do, (u ) la day s6 giam va bi chin.

i
¢) Ta cod uﬂ=%> 0, Vn e IN*;

i

n+l

‘ n
:(n+1).12 :n+1 lesuyrauHZu,VneN*.
u ni2m™ 2 * *

n

Do do, (u ) 1a day s6 tang va bi chin dudi.

2. Goi d la ¢dng sai cila cap s0 ¢dng va cac canh co do dai lan luotla e — d, a,
atdvoil<d<a
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Vi tam gide co chuvibang 3néna—d+a+a+ d=3a=3,suyraa=1.
Vi day la tam giac vudng nén theo dinh li Pythagore, ta ¢o:
(1+dy=(1-dy’+14suyrad= i

Do do, ba canh ctia tam giac ¢6 do dai la Z; 1.3 %

{u1+u2+...+un =5, =213 ;(ul +u)=213 {n(ul +53)=426
s e

u, =53 4 (i—T)d =53 u, + 7(n—1)=53.

Suyran[353—T7(n—1)+ 53]=426, suyran(113 —7n) =426, suyran==06.
4.a, b, c theo thir tu 1ap thanh cip sb céng khi va chi khi:
b—a=c-bo(b—af=(c-b)l<a*—c*=2ab—2bc.
5. Goi 56 hang dau clia cap s6 nhin 1a #, va cong bdi 1 ¢.

Theo gia thiét, ta ¢o:

U, — 1, =24 u.q° —u, =24 u (g° —1)=24

3 U 5 1-4 1 P (g )

u, —u, =3000 u.q —u.q =3000 w.q .(g° —1)=3000.
Suyrag=35,u =1.
6. Goi ¢ 1a cdng bdi ctia cap s6 nhan ().

; 1 1
Tacou,=u,. ¢, u, =u,. §',suy Ta —=—="243,5uy 1a g = >

: Hy
Do do f 12(1) L
oddu =u.g=12| = | = ——.
“om -4 81l 813
7. Ta co: & Z[—l)-[—i)zi, suyraa=—i hoic a= i
S 125 625 25 25

8. Ap dung c¢éng thite tinh tdng 7 $6 hang du tién ctia cap s6 nhén, ta cd:
ull—q") 3.41-2"
Szl( il )2765z>n=8.

i

gy 18

S
9.u,=u .q°=6144 [%) =12 (m?).

10. u,=u,.q* =20 . 0,75~ 6,33 °C.
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Chwong I11. GIOI HAN. HAM SO LIEN TUC
Bai 1. GIOTI HAN CUA DAY SO

A. KIEN THUC CANNHG
1. Gi6i han hiiu han ctia day s6

o lim 2 = 0 khi va chi khi |« | nhé hon mdt s6 duong bat ki cho trude, ké tir
mot 86 hang nao d6 trd di.

e lim# = q khi va chi khi lim (%, — @) = 0.

Chit y: Ta dung ki hi¢u lim # thay cho limu, .

2. Mt s6 giéi han co ban
Néu u, = ¢ (¢ 1a hing s6) thi limu_=lim ¢ =c.
1 z 5 , : % TR A
lim—=0 (tong quat: 11m%= 0, k nguyen duong, ¢ la hiang so).
Fi Fi
lim ¢” = 0 (g 14 s6 thue, |g| < 1).
3. Céc phép todn vé giéi han hiiu han ciia ddy s6
Cho limu, = @, lim v, = b vé ¢ la hiing 86. Khi d6;
elim(u +v)=a+b, o lim{u —v)=a—b,
elim(c.u)=c.a olim(u v)=a. b,
i 1) y
OIimv—"Zg(b;tO); ONéuuﬂzo,VneN*t]:ﬁakOVélimJLZZ\/g.
4. Téng cua cip s6 nhan lui v6 han
Cap sd nhan v6 han () ¢6 cong bdi ¢ thoa mén |g| < 1 duge goi la cap s6 nhan
10i v6 han. Cép s6 nhan 10 v6 han nay 6 téng 1a
M

l-q

SEELHIT oo™ T, e B

5. GiGi han v6 cuc

e lim = +o0 khi va chi khi #_16nhon mét s dwong batki, ké tirmét so hang
nao do trg di.

e lim # = —oo khi va chi khi lim (—u ) = +<.

Chut y:

e lim 7" = +oo (k 14 $6 nguyén duong);

o lim g*=+o (g > 1); 1

e Néu lim U, = +oo hodc lim uﬂ=—oottﬁlim — =0
4

n
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- o .1
e Neulimu =0vawu >0 voi moi #thi lim —=+o0;
23

n

e Giasttlimu =+ovalimu = a.
Néu ¢ > 0 thi lim Uy =+,
Néu ¢ < 0 thi lim uy =-—o.

B. BAITAP MAU
Bai 1. Tim cac gidi han sau:

T 2 =
a) lim 27 +1, b) lim 2% %73, Sl il
2-3n #+5
Gidi
2 I g B e |
a)limn2_2n+1:11 1—;+?:hml—hm;ﬂlmn—z:1_0+0:_l
B 2 .2 0-3 Y
- o T ——3
i1 4]
3 5 2 . | . 3
b) - 92 +5—3 :lim;“r?—?: lm;-i- lmn—z— lm§:0+0_0:
B
n+5 i L+ Tim > b+l

n n

f 2 = [2 p) B
C)lim(m—n)ZIim( n +2n—n)Nn +2n+n):hm(n +2n)—n
\fn2+2n+n NP+ 2n+n

s 3 — 22 _ lim 2
Jn2[1+g)+n \,1+—+1 lim["1+2+lJ
7 1 7
2 2 2
B 2 B RN A Ve
\llim1+lim—+lim1 J1+lim—+1 U
3 3

Bai 2. Tim cac gidi han sau:

ntl e+l 5
a) lim 327 B2
Gidi
li M—l' 3'3}1—3]1' én—?a 0=0 ‘§<1
a) m22n—1m4n— m4—.—(v1‘4 ).
R o G 0 T . . (2Y
b) lim 7 =lim 3: =11m[3+[§] }Z?ﬂrhm[g] =3+0=3.
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Bai 3. Tim cac gidi han sau:

2
a) lim (% + 3n—5); b) lim i : ¢) lim (3*—2%).

—2n

Gidi
ayn’+3n->5 =n2[1+2—%}
n on

Ta ¢6 lim 2 =+oova1im[1+3—iz]—hm 1 +Tim>—lim > =1+0-0=1,
in n 1 it

Suy ra lim (n* + 3n — 5) =lim {nz [1+ ———H =+,

5 7
1 A
n2+7_n[ nz) 1+n2

b) = . ;
1-2n n[l—2) l—2

#? )
1+l2 limlJrliml2 140 1
Ta ¢o lim#n =+ va lim 7 B ; = = S
292 lim--km2 9% 2
1 )
P l-l—l

. +
Suy ra fim 2 - 7

1,
P
¢) 3"~ 2%—3% 1—— 3{ }

} }— 1 —11m[2]n= 1-0=1.
3
Suy ra lim (37 —27) lim{?’ {1[?)?}%&

Bai 4. Ki hidu S, =u, +u,+ ... + u_la tong n sO hang dau clia cap s6 nhan (u)
n 1 2 fd

L | 82

Ta colim 3" =+w va 11m{ [

i B SR . 3 3 o
co 06ngb61béngg;t1.B1etrang11m%=Z.T1mg1atn cla q.

n

13



l—q ¢ ) 1-q. 1 _1-g 1 <]
limH—”ZIim( 2, qﬂ}: 9 lim = g,

q [1} i 7 0-1 g
g-1 .3 .

Suy ra 7 =2 — g=4. Viy g =414 gia tri cin tim.

Bai 5. Viét s0 thap phan v han tuan hoan 2,(12) = 2,121212... thanh phén s6.
Gidi
Taco: 2,(12)=2+ 0.(12);

0,(12)=0,12121212...= 0,12 + 0,0012 +0,000012 + 0,00000012...

1 1
012 — ...
100 100 100

Pay 14 tdng clia cAp s6 nhan Iui v6 han véi s6 hang dau bang 0,12 va cdng bdi

1
=018 02l
100

; ] o i
bing — . Téng nay béng 0,12. ===
g 1o Tong nay bang 1

4 70
Viy2(12)=2+4 — = —,
ay 2,(12) = 53

Bai 6. Cho tam giac O4 4, vudng taid,, 4.4, = a
va m = 30°. Ha cac duong vudng goc
AA, 104,44, 1 04,44, 1 OA; ... Tiép tuc
qué trinh nay, ta nhin duoc dudng gip khuc 0
AAAA,... Tinhdo dai dudng gap ke nay theo a.
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Gidi

Cac goc m ; m ; m , ... déubing géc m nén déu cd s6 do 30°.

A2143=Ar‘42.cos30°=a.£;
BB ()
AAd,=A4A. . cos 30 —a.7.-7—a ERE

AA=AA,. cos 30° = a{?} = 7: a{?} s

Vay do dai cac doan thing 4 4, 4.4, A.A,, ... tao thanh cap s6 nhan i v6 han

V3 V3

v6i s6 hang déu bing aT va cbng bdi bing ™

Tir d6, 46 dai duong ghp khiie 4 4 A A, .. 1a

i 1 ol  af3(2+43)

1= = - L =a3+24B).
2 1_£ 2_‘/§ 22—(\/5)
2
C.BAITAP
1. Tim cac gidi han sau:
a) lim[2+£] : b) lim[é—%] ;
n n n
3
. 4 5 L 3
0)11m[3——}[2+—2} dylim—2&
L 4 1+L
n%
2. Tim cac gi61 han sau:
a)]im2n_3; i 3;1—1; c)]jIn(2n_12(2n+3);
6n+1 ne+n 20 +4
; 4n+1 ; ; 1
d) Iim——— e)]JmJ;; \/n—i—l—\/;; ;. olm——.
NP +3n+n ( ) Nnl+n—n

3. Tim cac gidi han sau:

" R i R e+l
otim [, oim 3 Slims % o e
2 O ¥+ Y44

15



4. Cho hai diy s6 (u)va(v)colimu =3, limv =4. Tim cac giol han sau:

a) lim (3u, —4); b) im (2, + 2v ),
o) lim G, — )%, d) lim 2%
V20
- i F: " i 5 G ; 2n+3
5. Cho day s0 (1) thoa man lim »z = 3. Tim gi6i han lim——.
nu,
6. Tim cac gid1 han sau:
3
a) lim (1 + 3n— #2); b) lim ”2+3”-,
n_
¢) lim (¥/n’ —n+n); d) lim (3** 1 — 57,
7. Tuy theo gia tr1 ciia @ > 0, tim gid1 han lim f+1 :
¥}
8. Tinh témg cla cac cﬁp s0 nhan 1td vé han:
¢, & 4 1Y B 2 ¥
1—= 4 ——— AR SR I+ — + .+ s
a’) 5 52 53 [ 5} ) 3 32 3n—1

9. Viét cac s6 thip phan v6 han tuin hodn sau thinh phén s6:
a) 0,(7)=0,777...; by 1,(45) = 1,454545...

10. Tai mét nha may, ngudi ta do duoc rang 80% luwong nude sau khi st dung
duoe xit i va tai st dung. Véi 100 m’ ban dau duge st dung 14n dau tai ntha may,
khi qua trinh xt 1i va tai st dung ldp lai mii mai, nha may st dung duge tong
lrong mrde 1a bao nhiéu?

11. Cho tam giac O4 4, vudng can tai 4,
¢ canh huyén OA, bing a. Bén ngoai
tam giac O4. A4, v& tam giac OAA,
vudng can tai 4,. Tiép theo, bén ngoai

tam giac O4.4., vé tam giac OA A, vudng
can tai 4,. Cti tiép tuc qua trinh nhu trén,
ta v& duwoc mot diy cac hinh tam giac
vudng can (Hinh 2). Tinh d6 dai duong
gapkhic 4 A AA, ...
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12. Cho tam giac OMN vudng cén tai O, N
OM=ON=1. Trong tam giac OMN, v¢& hinh
vudng 04 B C, sao cho cac dinh 4, B, C,
lan lwot nam trén cac canh OM, MN, ON.

Trong tam giac 4 MB,, v& hinh vudng L 5
AABC, sao cho cac dinh 4, B, C,
lan luwot nam trén cac canh AM, MB, (95 &
AB,. Tiép tue qui tinh do, ta duwoe =
23 i i 3 e 4 —l
mot ilay — hinh vuéng (Hinh 3). g A, A A4 M
Tinh tong dién tich cac hinh vudng nay. )
Hinh 3
] Ay
13. Trong mat phang toa do Oxy, dudng \ e 2n+1
théngd:x+y=2céttruchoénhtaidiém INd YT
& LIng 3 z 2n+]. - Pn
A va cat duong thing d @ y = x tai
17
diém P (n e N*). Kihi€us§ ladién tich
0 4 e
clia tam giac O4P,. Tim lim . / 2\, &

Hinh 4
Bai 2. GIOI HAN CUA HAM SO

A. KIEN THUC CANNHO
1. Gi6i han hitu han cia ham s6

Gi6i han hitu han ciia ham s8 tai mét diém

Cho khoang K chira diém x, va ham 6y =f(x) xac dinh trén K hojc trén K\{x,}.

lim f(x) = L khi va chi khi véi ddy s6 (x ) bat ki, x, € K \{x,} valimx, =x,
tacolim f(x )= L.

Gi6i han mot phia

e Cho ham s6 y = f{x) xé4c¢ dinh trén khoang (x,, b).

lim f(x) = L khi va chi khi vi dily s6 (x) bat ki, x, <x, < b valimx =x,
ta colim f{x )= L.

e Cho ham s6 y = f(x) xéac dinh trén khoang (a; x,).

lim f(x) = L khi va chi khi v&i ddy sb (x)) bat ki, @ < x_ <x, valim x, = x,

x =y

tacodlim f(x )= L.
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Gidi han hitu han cia him s6 tai v6 cuc

e Cho ham s6 y = f(x) xé4c dinh trén khoang (a; +o0).

Tim f(x) = L khi va chi khi véi ddy 50 (x) batkd, x > a va limx = +oo, ta c0
lim f(x )= L.

e Cho ham s6 y = f(x) x4c¢ dinh trén khoang (—; a).

Tim f(x) = L khi va chi khi véi ddy s0 (x) bat ki, x, < a valim x, = —», ta ¢6
lim f(x )= L.

2. Mét 6 giGi han hitu han co ban

® limx=x; e limec=c;
x—5¥p X=Xy
i i c
e limc=c¢; ® lim —=0
X—too r—teo

(¢ 14 hing sb, k14 s6 nguyén duong).
3. Céc phép todn vé giéi han hitu han cia ham s6

Cho lim 7(x) =L va lim g(x) = M. Khi dé:

o Tim [ + 2] ~ 108 olim [f) g @ L I,
o lim [/). g (] =L . yg;% . ﬁ (v6i M # 0);

e NéUF(x) >0 va imfAx) =LthiL >0va lim /() = L.
T2y X2
(Déu clia f(x) duoe xét trén khoang tim gidi han, x # Fol

4. Gi6i han v6 cyc cia ham s6
e Cho ham s6 y = f(x) x4c¢ dinh trén khoang G
lim f(x) = +oo khi va chi khi v6i ddy s0 (x,) batki, x, <x, <bvalimx =x,

K=y

ta co lim f(x ) = +o0.

e Cho ham s6 y = f(x) xé4c dinh trén khoang (a; +o0).
lim f(x) = +oo khi va chi khi véi diy s (x) bat ki, x, > a va lim x_ = +oo,

ta ¢6 lim f{x ) = +oo0.
Chui y: Cac gioi han lim f{x) = —0; lim f{x) = +e0; lim f{x) = —0;

lim f(x)=—c0; lim f(x)=+c; lim f{x)=—c0 dugc dinh nghia trong tiz.
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5. Mot s6 giGi han v6 cuc co ban

o lim =+oova lim =—0 (g € R);
i—at ¥ — xod X — (1

e lim x*= +o0 v6i k nguyén duong;
T—+o0

e lim x*= +o0 néu k la s0 nguyén duong chan;
X——cd

e lim x*=—o0 néu k14 s6 nguyén duong 18.
6. Quy tdc tinh giéi han vo cyc
Néu lim f(x)= L #0va lim g (x) = +o0 (hodic limg(x) = —o0) thi

x—=x

lim [f{x) . g(x)] duge tinh theo quy tic cho bdi bang sau:

lim £{x) lim g(x) lim [£{x) . g{x)]
+oo +c0
L=0
—0 —00
+cD —o0
L=0
—o0 +o0

Céc quy tic trén van dang khi thay x; thanh x; (hodc +co, —0).

B. BAITAP MAU
Bai 1. St dung dinh nghia, tim cac gidi han sau:
& B = b) 1im2xj—_5_x
=3 x+1 Aol Xkl
Gidi
a) Gia sit (x ) 1a diy s6 batki thoa mén x_# —1, x_# 3 véimoi n va limx, =3,

2_x  (limx)’-limx, 3-3 3

Tacolim—=2 - = =—.
& &1 limx, +1 3+1 2
2'_
Vay i ® =2
=1 x+1 2
b) Gia st (x ) la diy s6 bat ki thoa mén lim x_= +eo.
5 1
2——  2-5lm—
sl T %, M 2-50 )
d CO 111m ) = 11m = e i— =i
x,+2 1+£2 1+2]imi2 L2k
x n
2_
va ]imZx Sx:2



Bai 2. Tim cac gidi han sau:
2
a) lim [Bx + D2 -] B} Qi
T—23 T2 ’x2 . 6.?6
Gidi
) lim [(3x+ 1)(2 ~29)] = Jim (x+ 1) . lim (2-29)= (3 limax-+1) [2 ~ (lim xﬂ
3 F T~ ——T0

2
(4x+10f  lim(4x+10) (4Jimx-+10)

b) lim

H‘z\/x —6x llm\/x —6x _J(

-2

[4. (-2 +10] _
JE2r —6.(2)

=
1imx) o i

=2 T2

Bai 3. Tim cac gidi han sau:
S N
a) limﬂ; b) llm#.
x——1 x+1 =2 x—72
Gidi
2_ s
2 im0 S s ol 5 15—
x——1 x+1 1 4 xacel! a1
b) hmi"l_l—lim( ESUES) o e
oz g2 E e (JEH) 2y 2)(J_+1)
= lim = lim L =
2 2)(J +1) 2 fx—1+1 1in§(\/x—1+1)
_ 1 _ 1 _ | _ i
limx—1+1 limx—1 +1 V2141 2
Chut y:
R P
e Taco 11m(x+1) Ova hm(x —4x—5)=0néntandigidi han hml—1
-1 x4

¢o dang % . Dé tinh giéi han nay, ta khong thé ap dung phép toan gidéi han ctia
mdt thuong bing thuong clia hai gidi han ma phai bién déi “khit nhan t& dan
t61 07 (& ddy 1a nhén ti x + 1) clia ham s6 dudi ddu gidi han.
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o (kb B Xt
r—=2 x—

& t, ta nhan ca ti va mau véi vx—1 + 1, goi 14 biéu thire lién hop cia t
Jx—1-1.

Bai 4. Cho ham sb /(%) = i’;

va linl1 F(x) (néu co).

SBpetdins % B st ridnni a0

1| vOlx # 1. Tim cac gidi han lim f(x), lim f{x)
= rea r—1"

Gidi
2

Vcnx>1thlf(x)—x—1 W x+1;
X X

Véix< 1 thi f(x) = x__l - (xf(z(fl_)l) — G+ 1),

T do, hmf(x)— 11m(x+1)— Iimx+1=1+1=2;

a1t

lir{} flx)= lir{} [—(x+ 1)] =—(lir{}x+ H=—1+1)=-2.

Do lim f(x) # lim f(x) nén khéng ton tai linll fix).
Xoal™ Tl e
Bai 5. Tim cac gidi han sau:

w2 fi.2
2) Jim 2213 b) limLJlrx' i (V2 + 6x—2).
K=y

=l 2

R 2.?6 +4 Tesieg | a4
Gidi
1_l+i 11m[1——+%]
. 3 x P _rwel XX
a) 11mﬁ— lim TR v
o 2+— lim[2+—2J
X L=+ xX
. .1 .. 3
:x]il}il_xl_]fﬁ;Jr}E? _1-040 1
lim 2+ lim — 2402
X x—)-k:ox

b) Do xét giéi han khi x — —o0 nén ta chi cAn xétx < 0. Khi d6,x* = x| = —

nénta co

s 0 T T T

241 x+1 x+1 [ ) 1+_
X X
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2. . = 4+i = 4+limL
4x" +x — 1= .?C2 _ x—)—oo_x2 A4+ 0
——— = lim = 2.

Do dé, lim 1 = — =
il B gl 1+ lim— IR
x X—)—c\ox
(\fx2+6x—x)(\}x2+6x+x) S8 oo
¢) lim (¥x% + 6x —x)= lim = i ol AR
Ko e 'Jx2 +6x+x e +6x +x
i 6x 5 6 6
zllmz—zhm - =1 123.
AR J1+_+1 +
.2
Bai 6. Tim cac gidi han sau:
2
a) lim (—? + 2x—4); b) lim%.
T—+00 X——a x_

a) —x* + 2x—4=x2[—1+2—i2].
X x

-
Ta ¢0 lim x* =+oova lim L—l+g—i2] = lim.(=1) + limg - limi2
Xon X

= a0 X —too L—shod K=oy Xy

=_1+0-0=-1.

Suyra lim (= +2x—4)= lim {xz[_prg_izﬂ:_oo_

gl o 3, 1 T i
Lp—4— ™Sl
e | - @ [ x sz L ey

b) = =
2 {2-1} g
X X
1+3+L2 liml+limé+limi2 14040 1
Taoo’ llme—OO, hm X 1x s e T3y x—l)—oox _ TN
B gk lim 2— lim — 2-0 2
x I x>0y
3 1
AR | Ly
Suyra lim=——— ~ = lim| x. —*—* | =—o0
o Pxv—1] =30t 2_1
X
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] 3 - - El : A & P " x2+ax+b
Bai 7. Tim gia tri cia cac tham s6 g va b biét Im—— =

pay x _1
Gidi
2
Do lim (x— 1) =0 nén dé ton tai giéi han hiru han 11@%"1”’ =4,
r— X x_

trrde hét ta phai ¢ lim (3 + ax +b)=0hay 1 +a+b=0=b=-a—1

2 2 2 _
Khi d6 lim ™ +ax+b T +ax—a—1 i I+a{x—1)
? il x_]_ x>l x_]_ x>l x_]_
_ lim(x+1)(x—l)+a(x—l) _ lim(x+l+ afx—1)
=1 _x_]_ =1 _x_]_
= linll(x-ir l+a)= linllx-ir l+a=2+a.

Suyra2+ ae=4hay a=2,suyrab=-3.
Vaya=2,b=-3.

Bai 8. Cho didm Mz, V1- 2 ), 0 <7< 1 niim \“y
trén durong tron don vi (C): 22 + % = 1, diém
A(1; 0) 1a mot giao diem ctia (C) voi true M
hoanh. Goi H 1a hinh ¢hiéu vudng goe ctia M

trén trye hoanh, X 14 giao didm cta tiép tuyén 5 Vi il X »
clia (C) tai M véi true hoanh. Khi didm M dan
dén didm 4 thi i s6 % dén dén gié trf nao?
Gidi Hinh 1
Piém M dan dén diém A4 khi  — 1™. Do d6, ta can tim gidi han lim%.
11"

Ta ¢ H(z, 0). Phuong trinh tiép tuyén ctia (C) tai diém M nhén
OM = (t, J1—#*) 1am vecto phap tuyén nén c6 phuong trinh 14
dtx—0+ J1-2 (y—-J1-#)=0.
1 1
Thay y = 0 vao phuong trinh clia 4 ta nhan dwogc x = e Suy ra K[;; 0} ,
- 42
Tacé:HéI:l—t;HK:l—t:I r;HK: I3 =1+t;
t t T HA t(l-1) ¢
L HE o T4+t 1+1
limn = lim == =
= HA4 i ¢ 1

vl SBm nedin dEndibnratialha dhde % b B,
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C. BAITAP
1. 8t dung dinh nghia, tim cac gidi han sau:
a) lim (x* —3x); b) lin%\/2x+5 ; & li %

hsdist] rre0 Dx+ 1

2. Tim cac gidi han sau:

a) 1ir113(8+ 3x —x%); b) lin;[(ix— 1)(2 — 4x)];
2_
o) lim——: d) limV10-247 .
T2 (2x+1) =1
3. Tim cac gi61 han sau:
2 s
sy B S i W
=2 x4 2 =l |—x
2— _1’
= W3 x=-2 % x+2
X . x—d4x+4
e) hm———o-: him—-.
) xli;]g x4+1-1 g) g e x2_4

4. Cho hai ham b £(x) va g(x) ¢& linl fx)=2va lin} g(x)=-3. Tim cac gidi han:

- . 2f(x)g(x)
] —3 : b) 1 :
) lim [ () ~ 3/G): T
5. Cho hai ham s0 f(x) va g(x) ¢o litn £(x) = 3va lim [fx) + 2g(®)] ="7.
Tim Jim 2/ )+ 8&)

s 2 f (%) - g(x)
Jx+4, x<-1

6. Cho ham s6 f(x) =
0 ham 50.f(x) {3—2x2,x>—1.
Tim cac gioi han lim f{x), lim f{x) va liml fx).
s T ] e

) 2xtl, x2l
7. Cho ham séf(x) = m sl

Tim gia tri ctia tham s6 a sao cho tén tai gidi han lim £(x).
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8. Mbi giéi han sau ¢o tén tai khéng? Néu ¢o, hiy tim gidi han do.

2 5
a) lim-—: By s
x—)0|_x| x—>2|x_2|

9. Tim cac gid1 han sau:

2
a) lim ——; B B
x>0 x4 TP 1)
&) Tt d) Tim (x— vxi+2%).
T xz _2x T+
10. Tinh cac gidi han sau:
3 2
a) lim (3 + 242 — 1); b) lim ’; tle -, ¢) lim Vx> —2x+3.
X——o T —to0 x J’— X—»—00
11. Tim gié tri ctia cdc tham s6 @ va b, biét ring:
3 ™Y =5 B+l _ g
=2 x— 7 il oy —

12. Trong mit phiing toa dd Oxy, cho diém Mz, £), £ > 0, nam trén dudng parabol
y=x2. Pudng trung truc ctia doan thing OM cat tmic tung tai N. Biém N dan
dén didém nao khi diém A# dan dén diém O?
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Bai 3. HAM SO LIEN TUC

A. KIEN THUC CAN NHG
1. Ham s6 lién tuc tai mot diém
Cho ham sb y = f(x) xac dinh trén khoang X va ¥.'e K.
Ham s6 y = f(x) lién tuc tai didm x, khi va chi khi P_l)gf(x) =flx).
2. Ham s6 lién tyc trén mot khodng, trén mot doan
e Ham sb y = f(x) lién tuc trén mét khoang néu né lidn tue tai moi didm trong

khoang 4y.
e Ham s6 y = f(x) lién tuc trén doan [a; 5] néu nd lién tuc trén khodng (a; b) va

I A =a)s I =),

x—=at

e Néu ham s6 y = £{x) lién tuc trén doan [a; ] va fla) .£(b) < 0 thi ludn ton tai
it nhét mot d&idm ¢ € (a; b) sao cho £(c) = 0. (N6i cach khac, phuong trinh £(x) =0
¢o it nhat mdt nghiém trong khoang (a; 5).)

3. Tinh lién tyc coa ham s6 so cip

e Ham sd da thite y = P(x), cac hiam s6 luong gide y = sinx, y = cosx lién tuc
trén R.

P(x)
Ofx)
lirong giac y =tanx, y= cotx lién tuc trén cac khoang cua tap xac dinh cia ching.

e Ham s6 phan thire 2= ham 6 can thite y = 4 P(¥), cac ham s6

(P(x) va Q(x) la cac da thire.)
4. 'Téng, hiéu, tich, thuong ctia ham 8 lién tuc
Cho hai ham sb y = f(x) va y = g(x) lién tuc tai diém x,. Khi do:
e Cachamso y=f(x) + glx), y=F(x) — g(x) vay =f(x). g (x) 1ién tuc tai x,.

; i S0 ex 5 4
e Ham s0 y = —g(x) lién tuc tai x, néu gix ) £ 0.
B. BAITAP MAU

Bai 1. Dung dinh nghia, x¢t tinh lién tyc cia cac ham s0 sau tai didmx=—1.

3
1
2%% 4 5% Ll |
) y= [ = b)y=g@)={ x+1
0 Khi x=-1.
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Gidi

a) Téap xéac dinh ctia ham s61a D = R\ {1}, chita diém —1.
2.(-D’+5.(-1) 3

U —]_ = :—;
Ta ¢6: f(=1) i 5
252 45¢ lim (2x%° + 5x) 2(11mx) +5 limx
i S m(e-1)  limx-1
A =1

212 +5(-1) 3
= | 2
Suy ra limlf(x) =f{-1).
Vay ham 6 y=f(x) lién tuc tai diémx=—1.

b) Tap xac dinh ctia ham s0 1a R, chita diém —1.
Ta co: g(-1)=0;
F | EED(E*—x+1)

1 =lm—— =lIm
ng(x) > 1x+1 0 w1 x-+1

=1iml(x2 sk 1)

—(hmx)z—hmerl—( 12— (1) +1=3.

=1

Suy ra limlg (x)# g(-1).
Vay ham sb y = g(x) khéng lién tuc tai didmx=-1.

L laed .
. o — == x =3
Bai 2. Xéttinh liéntuc ciahamsoy= flx) =4 x—3
3 khig=3
Gidi
Tép xéc dinh cia ham s614 R, chia diém 3.
Ta co: f(3)=3; ( 3
Khi x >3, f{x)= =xnén lmf(x)=limx=3,
-3 x—3 13"
3—
Khi x < 3, f(x )—x( et Tl Tl d.
3 33 133

Do lim f(x)# lim f(x) nén khong ton tai lim 7(x).
153" 13 13

Do d6, ham s6 y = f(x) khéng lién tuc tai didm x = 3.

tai diemx=3.
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Bai 3. Xét tinh lidn tuc ctia cac ham sb sau:

2x+1 2s8inx
a)ny(x)Zm; b)y= g(x)=V3x+6+m.

Gidi
a)Tacox’ —2x—-3#0x+#-1vax#3.
v = f(x) 1a ham s6 phan thiic ¢6 tip xéc dinh D = R\ {—1; 3} nén né lién tuc
trén cac khoang ctia tap xac dinhla (—eo; —1), (—1; 3) va (3; +w).
4 o |3x+620
b) Biéu kign: o2 <x <3,
3—x>0

Ham sd y = g(x) ¢o tip xéc dinh 14 D =[-2; 3).

Ham s6 luong gide y = 2 sinax va hai ham s can thitc y=3x+6,y =+3—x
déu lidn tue trén [-2; 3) nén ham s6 y = g(x) lién tuc trén [-2; 3).

X tax+? :
.. . e & o 2 ——— khi x=#1 ..
Bai 4. Tim cac s0 thue @ va b de ham so y=f(x) = x—1 lién tuc
trén B. b Khi %=1
Gidi
; P hax+? :
Hé:msé‘)y:f(x)z711!ahéms€)phﬁnth1'rccétéipxécdinhDZ]R\{l}

nén no lién tue trén cac khoang (—oe. 1) va (1, o).
Do d9, ta can tim a va b d&ham s6 da cho lién tue tai x = 1, tirc 12
2z
. . 2
lim f(x) = /(1) hay hrrg# -
X x> X—

2
Do lim (x — 1) = 0 nén dé gi¢i han hiru han lim X" EF 2 30 tai, trede hét ta

x—+l x—-

phai ¢6 li_Izll(szraer 2y=0haya+3=0,suyraa=-3.

2 2_ B _ '
Khi o, lim ™ tax+2 oo -3kl L (D=2
X

mix—2)=-1, su
x_]_ x—l .?C—]. x—l .?C—]. x—)l( ) y
rab=-1.

Vay a=-3, b=-1 la cac sb can tim.
Bai 5. Chimng minh ring phuong trinh:

a) x*+ 3x — 1 =0 ¢6 nghiém trong khoang (0; 1);
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b) x = cosx co nghiém trong khoang [0; ;)
Gidi
a) Xét ham s6 7(x) =° + 3x — 1. Ham s6 nay lién tuc trén R.
Do f(0) . f(-1)=(-1).3 =3 < 0 nén phuong trinh f{x) =0 hay x* + 3x -1 =0
¢6 nghiém trong khoang (0; 1).
b) Xét ham s f(x) = x — cosx. Ham s6 lién tuc trén R.

Ta co f(0)=0—cos0=-1 <0, f(%]zg_g > 0.

Suy ra f(0) f[§]< 0. Do do, phuong trinh f(x) =x — cosx =0 hay x =cos x
¢o nghiém trong khoang [0; %}

Bai 6. Tai mét nha g xe, phi giii xe 6 t6 con duge tinh 20 nghin déng cho 1 gidy
d4uva 10 nghin ddng cho méi gid tiép theo. Goi P(#) (tinh theo chuc nghin déng)
13 s tidn phi g xe & 6 con tai nha gl xe Ay trong 7 gid (vOi 0 < £ < 4). Vit
cbng thite x4c dinh ham 6 3= P (7), v& d6 thi ham 8 va xét tinh lién tue cta nd
trén nira khoang (0; 4].

Gidi
Ham s P (#) trén (0; 4] ¢6 cong thite: yA
2 khi 0<z<1 ST 1 177
» 3 khi 1<r<2 % T
t —
@ 4 khi 2<r<3 b1
5 khi 3<r<4. 2
(P tinh theo chuc nghin ddng, ¢ tinh theo gid). 1
D6 th ctia ham s6 P(#) nhu Hinh 1. a1 5 & 5

Hinh'1
Trén mdi nita khoang (0; 1], (1; 2], (2; 3] va (3; 4], ham s6 déu cé dang P () = ¢
(c 14 hiang $8) nén ham sb lién tuc trén mdi khoang nay.

i1 1t

Ta ¢6 IimP (f) =lim2 = 2, limP () = lim 3=3. Do lim P {#) #lim P () nén
t—>1" 11" -1 t—1"
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ham s6 khéng lién tuc tai didm 7= 1.

Twong tix, chi ra duge ham sb khéng lién tuc tai cac didmr=2var=3.

Vay ham sb lign tue trén cac nita khodng (0; 17, (1; 2], (2; 3] va (3; 4]; gian doan
tai cac diém¢=1,r=2vat=3.

C. BAITAP
1. Dung dinh nghia, xét tinh lién tuc cia ham sb:
a) f(x) =2 —3x+ 2 tai diémx =-2; b) f(x) =+/3x+ 2 tai diem x = 0.
2. Xét tinh lién tuc ctia mdi ham s6 sau tai diémx =2.
2
. —4
6—2x khi x=2 2T M wd
a)f(x)Z]I2 B 5 T e b) fx) =y x-2
* RS 0 khi x=2.
3. Xét tinh lién tuc ctia ham so: lx—1| ..
s ——— khix=l .
) flx)=|x+1|taidiémx=-<1, Dbiglx)=+ x=1 tal diemx=1.
1 khi x=1
. Nx+2-32 hiseses
4. Cho ham s0 f(x) = x—2
a khix =22

Tim gi4 tri clia tham s6 2 d& ham 80 y = f(x) lién tue tai x= 2.
5. Xét tinh 1idn tuc ctia ca¢ ham so sau:

) =5 -+ 2. B) /) —
xo—dx
2x—1

0 fx) = ————; d) fx) =2 —2x.

D o
6. Xét tinh 1idn tuc ctia cac ham sb sau:

tan x 1

)f6) == b) A = ——.

7. Cho hai ham s6 f(x) =x — 1 va g(x) =2 — 3x + 2. Xét tinh lién tuc cla cac

ham so: F(x) 1
X
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2—x khix<l 2x—x* khix<1
va g(x) =
X +xkhix>1 —x*+a khix=1.
Tim gi4 trj etia tham s6 a sao cho ham s6 2(x) = A(x) + g(x) lién tuc tai x = 1.

8. Cho hai ham sb f(x) :{

__ x* +ax+b khi [x[<2
9. Cho ham s6 y= f(x) = .
x(2—x) khi |x=2.
Tim gia tri cia cac tham s6 @ va b sao cho ham s6 y = £(x) lién tuc trén R.

10. Chiing minh rang phwong trinh:

a) x>+ 2x — 1 =0 ¢6 nghiém thudc khoang (—1; 1). 34
2
b) VX +xtat=1¢o nghiém thudc khoang (0; 1). /"\ d
11. Trong mat phing toa do Oxy, cho dudng tron i fn ©

(O): 22+ (y— 17 =1. V&i méi s6 thue m, goi O(m) 14
s giao didm ctia dudng thing & y=m voi duong tron(C). | |
Viét cong thire xac dinh ham $6 y=O(m). Hamséonay =~ 1 O 1
khoéng lién tuc tai cac diém nao?

12. Cho m¥ra duong tron dudng kinh 4B = 2. Puong

thing d thay dbi luén di qua 4, cit mita duong tron tai €
3 T

va tao vai duong thang 48 goc a [{] << E]

Ki hiéu dién tich tam giac ABC la S{o) (phu thudc

vao o). Xét tinh lién tuc cfia ham s S (o) trén khoang
Hinh 3

[0; g] va tinh céo gidi han lim S(o), 1im S (o).

o=
2

BAI TAP CUOI CHUONG III

A.TRACNGHIEM

2
1. et R,

2—n*
3
A, E B =2 C. 3. I =8
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Vart +ann

2. lim ba
dn+1
1
B B. 1. Q. 2. D. +oo,
W L S
N9 +1—n
2 1
g 2 B. 1. .=, D.2.
3 4

4. Cho hai diy s6 () va (v ) thoa méin lima = 4, lim(y_—3)=0.
lim[u, (4, —v,)] bing

A7, B.12. C.4. D. 28,
5.lim———— b
My gnqn P28
|
A B.1. C.4. D. 0.
2
o D
6. im > """ % ping
=2 2x—4
R 1" C. 1 D -1
5 L T g
2x—2 :
7. lim—2_° _ bing
=l e A
A. 0. B0 C.2. D.8.
. X —3x+a . o B e :
8. Biét 1111}71 = b v&l ava b 1a hai s0 thire. Gia tri cia ¢ + b bang
i x_
Al B.2. C. 4. D.5.
2
, . . . L
9. Cho ham s £ (x) =3|C 3T Pt a= lim /() va b= lim £(x). Gié trj cta
. X— X x—
a —2b bang
A0, B.9. C.-3. D.-9.
1B e T A@=2, T () Zp =4 Gioitan him L ) — 280 11
X—ptoo Xy Koo f(x) + Zg(x)
| 1
el B. 0. =l o ]
2 2
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2ax

11. Biét rang lim ————=3. Gid tri cla a1
e T -

A 3 B.6 & 3 3
7 . 6. i : 3
12, Tim 2% by
=27 x4+ Tlg
7
A +oo. B. —ow. .3, D. i
EoNEF] khi x#3
13. Biétring ham s6 f(x)=¢ x—3 lién tue tai didmx = 3. Gia ti
B & 74 khi x=3
clia ¢ bang
A —l, B. l O ~3 D. 3.
4 4

tanx khi 0<x£§
14. Cho ham sb £ (x) = lidn tue trén doan [0; E}.
L 5 k—cotx ].<:hi£<x§E 2
(ia tri cia & bang 2
T
A0 B.1. C.2. B o

15. Biét ring phuong trinh #° — 2x — 3= 0 ohi ¢ m6t nghiém. Phuong trinh nay
¢o nghiém trong khoang nao sau day?

A (—1;0). B.(0;1). G Elzd, D. (2; 3).
B. TU LUAN
1. Tim cac¢ gidi han sau:

. n(2n* 43 _
a) hm(437+1); b) 11m[\/;;(dn+5—\ln+1)].
7
2. Cho cac diy s6 (u) va (v) thoa min limu = 2, im{u, — v) = 4.
Tim lim 2% Y
v, 43
6"+ 4"

(2re DD

3. Tim lim
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H+l +bn
4.Choa>b>0valim— =1, Tim gié trj cfia &
2a’+5b
2 % 5 ||
5. Cho day s0 (u ) thoa man limnu, = 5 Tim im(3n — Hu .
6. Tlr mot tam gigc déu ¢6 dién tich bang 1, ta thue hién 14n luot cae bude nhu sau:
Budc 1: N&i trung didm cée canh ctia tam gide di cho, chia tam gide nay thanh

4 tam giac nhé va bé di tam giac & gitra (bd di 1 tam giac co dién tich %).
Bude 2: Lam twong ti nhw Bude 1 véi mdi tam giac trong 3 tam giac con lai
(bd di 3 tam giac, mdi tam giac co dién tich 4%).
Cir tiép tuc qua trinh nhir vay (& bude thi 7, bd di 37! tam gide, mdi tam giac
dién tich 4%). Tinh téng dién tich cac tam giac da bé di.

ape

Budc 1 Budc 2 Buac 3

Hinh 1
7. Biét rang, tir vi tri 4, mot miii tén bay vai toe d6 10 m/s hudng thing toi bia
muygc tiéu dat & vi tri B cach vi tri 4 mdt khoang b%'mg 10 m (Hinh 2). Mt nha
théng thai 14p ludn nhir sau: “Dé dén duge B, trude hét mili tén phai dén trung
C'[i{émA1 ctia 4B. Tiép theo, né phai dén trung diémA2 ciad B. Tiép nita, nd phai
dén trung diém A, cunadB. Ciy tiép tuc nhu vay, vi khéng bao gid hét cac trung
diém nén miii tén khéng thé bay dén duoc bia muc tidu & B”.

» >e
A

bd"

A A, A

Hinh 2
Lap ludn trén ¢6 ding khéng? Néu khéng, hiy chi ra ¢hd sai lam.
P
8. Cho ham s6 f(x) =< | x +3|
a khi x=-3.

khi x=-3
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a) Tim lirl31+ Flay= lin; Fix).
b) Vi gia tri nao cta « thi ham 50 lién tuc tai x =—3.

; 2x+1
9. Cho ham sb f(x) = = .
x_

a) Xét tinh lién tuc cta ham sb d3 cho.

b) Tim cac gidi han lim f{x), 1]'1}1 flx), 1]'.‘[? Fx); lir? f(x).

10. Cho diém M thay ddi trén parabol y = x%; v A
H la hinh chiéu vudng goc clia M trén truc hoanh. y=x2
Goi x 14 hoanh d6 ctia diém H. v
Tim lim (OM — MH).
o H i
Hinh 3

11. Ching minh ring phuong trinh x° + 3% — 1 = 0 trong méi khoang (-2; —1),

(—1; 0) va (0; 1) déu cd it nhat mét nghidm.

12. Tai mét bé boi cd dang hinh tron ¢6 duong kinh
AB = 10 m, mdt ngwoi xuat phat tir 4 boi thing
theo day cung AC tao vai dudng kinh 48 mdt goc

TY) "
o 0<(1<5 , 101 chay bd theo cung nhdé CB dén 4 &
diém B (Hinh 4). Goi S (o) 1a quing dudng ngudi
do da di chuyén.

Hinh 4

a) Vit cong thire tinh S (o0) theo o [0 <a< gj

s T
b) Xét tinh lién tuc clia ham $6 y = S (o) trén khoang | 0; E]

¢) Tinh cac gidi han 11'1101+ S(o) va lim S (o).
o= aos X
2
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LOI GIAI - HUONG DAN - PAP SO
Bai 1. GIOI HAN CUA DAY SO

1.a)2; B e @3

1
2.a) =3 b0
95 b

1 3
@-1)2n+3) [*;j{“;j o
4

¢) lim . = =l
2n°+4 B
Fl
1 1
Aef— 4+lim—
4
d)limJjL” = lim 3” = n S B
o +3n+n ‘j1+—+1 J1+1im§+1
s Fl
i1 i) (nr1+4/n) Jn
limynivn+1— = lim - =lim
i {1 ntlen Jnt+1l+dn
1 1 1
=lim 1 = . = —
J1+—+1 Jl+]im—+1
7 7
_ 1 _ NH +r+n . AP +n+n
g)lim = =lim =lm ———
i +n—n (\/n2+n—n)(s/n2+n+n) n
1
=lim l+—+l}—2
7
3.a)0; . .
3 )
. ) 4 0
b) im =lim = v =0,
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2y ‘ 0
S 2] 1_[§j l_hm[3) -0 _,
¢) lim =lim =
3 +27 2 2 1+0 7
14| — 1+ Im| —
3 3
d 1 n+l - 4 B 4 B 4 "
Yhm 3V (3y 0+l
= +1 lim|—| +1
4 4
4.a)5; b) 11, c)1; d) 3.
2n+3 1
5.1im 22+ =lim[ 2 —} 2143 i
nu, no N, n nitt,
3 1 1 2
=lim[2+—]‘ =2.— ==
n/ limni, B 3
; : e S
6. ) lim(l +3n—nd)=lim|a"| 5+——1|[=-m;
noon
3
 w+3m . 1+n2
b) lim lim|n - =+40;
2n—1 2_1
Fl

o) lim (Wa? —# + 1) =lim{n[‘/l—%+lﬂz+oo;
d) lim (3*! — 5% =1lim {5” ng _1}} .

. a”
7. Neul < g < 1 thilim ¢ = 0 nén lim

_ lma® 0
a'+1 limg" +1 041 '
. M 1??
M=t dalim— —fim g . sl e
a” +1 | +1 2

Néu g > 1, ta viet
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1 L%
Dog>1nén0< — <1, suyralim [—] =0. T do,
a a

R . I 1 1
lim —— =lim = = =
a +1 1Y ] 1+0
T = I+1lim| —
a a
Vay li f 1 ; & . ba Enéua=1;b§ng1néua>l.
1 5 1
8.a)l . ———=—; b)2. — =6
sl n o8 -
7 )16 :
9. a) —; b —.
)9 )

10. 100 + 100 . 0,8 + 100 . (0,8)2 +100 . (0,8)° + .. = 100.

1
=500 (m?).

b}

11. Ta ¢o cac goc M, @Z, 25:4:, ... déu b%'mg 45°, Ta co:

AA,=04,= OA, .cos 45 = a?;
AAd=04,= OA,. oos45°—agg: \/_1
2 4 3
2 2
A.A4,=04,= OA,. cos 450:&[%} .%Zu[%} U e

Vay do dai cac doan thing 44, 4 4., AA,, ... tao thanh cap s6 nhan I

v han véi s6 hang dau b%'mg i

.2 |
ooy ST HaE = Do d6, 49 dii duomg

gap khiic 4 4.4.A4,... 1
a\E 1 m/_ \/_
.. N N (2+2)=a(1++2).

12. D6 dai canh ctia cac hinh vubng 14n lugt 13
1 1 11 (1Y, 1 1(1} (1}
{,IIZE, {,12: EQIZE-E: E ,a3=§a2=5' 5 = 5 g
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Dién tich ctia cac hinh vudng lan lwot 14

3]G}
(47]-2)-

CacdlentlchS 5.8 ...taothénhcﬁpsénhﬁnlﬁivéhanvé‘iséhangdﬁulé

12722y

R N
S,=a;=

/"_‘H\

I | =

S
L
Il

& = 2 va cdng bdi bing R

X : I 1
Do do, tong dién tich cac hinh vuéng la S = PR s
j =
4
2rn  4dn+2 dn+2
13. A(2; 0), P ; - OETp. = 2, 4P =45,
"3n+]l 3n+l In+l
1 | 4dn+2
S =—0A.AP .SinOAP =— 2+ -J_‘/_ st
"2 " o 3+l 2 3n+1
2
44—
. 4n+2 4
lim S =lim 3n+1 =11m—1=§
n+ sk
H

Bai 2. GIOI HAN CUA HAM SO

1
1. a) 2: b) 3; C) —E.
2. a)~10: b) =54 o) %; d) 22,
3.a) 1jmxz__4: h‘mw = lim(x—2)=—2-2=—4;

2 x4+ 2 a2 x+2 x> 2

3 . 2
x" -1 lim (x—1)x"+x+1)
x—l 1 4 x5l _(x i 1)

b) lim = [~ 1] =
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2
& lim” —4x+3:hm(x—1)(:;—3)

x—3 X — x4

246 (2-xr6)(24x46) o 4-(x+6)

d) im—————=lim =
=2 x+2 =2 (x4 2){2+4x+6) =2 (x+ (2 +4x16)
(x+2) e -1 1.

=lm(x-1)=3-1=2

—lim _
5 ) (2447 16) x—’22+\/x+6 Tid 246 94

e) hm = lim x(qx+1+l) :limx(‘\lx+1+l)
“”«lx+ 1 o0 (el -1)(Var1+1) =0 (x+D])-1

=1in§(\/x+1+l)=2,

—4x+4 -2y - 0
g) 11m27x+=11'mM= lim™ 5 2 =4
=2 x°—4 =2 (x+20(x—-2) 2x+2 4
4.a) -9, b)-12.

1
5. Ta06 gla)= S A Agldalall =)
Suy ra lim g(x) = % { lim [ Aix) + 2g(x)] - l_im fx]) Z%(’;’ -3)=2.

Suy ra 11mM 2}gf(x)+}$g(x): o e —
o) f(H)—g(x) 2Hmf(x)-limg() 23-2

6. lim /()= lim (3-2¥)=1; lim /()= lim (3x+4) = ; im /() = L.

x—=—1* x—=-1*

7. lim £(x) = lim (2x+ 1) =3; lim f(x) = lirp\/xz +a=Al+a.
321" x=l" xol* 1"

D& t6n tai lim £ (x) thi V14 a =3, suyra e =8.
x—l

2

8. a) Tén tai gidi han 11m|x—|—0
=0 | x
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2 2_
b)Khongtontalglmhanlun ek dolimx 2"76—11'11~_Lx' G

= limx=2va

x—>2|x 2| x—2t x—2|_x—>2+ x_z 12t
=5 . )
hmx ~— lim” 2x:llm(—x):—l
52 |)C 2| =2 2 —x x—2"
9. a) i il L LI
a) lim = = = =1,
X K=oy
1 .1
L BB P By Bl 0
B e A T
[2+—) [2+ lim—J ( )
%* x> oy

¢) V6ix <0 thi 4fx* = |x| =—x, nénta cé

x(3+lj 3+i - liml .
limﬂ: lim Al tim e sy

X xz —2y x%—m_xJ _% x—»—m_Jl_E Jl_z hml _J1_20
X X i G

; , Al 2x](x+\/x2+2xJ . X —(x+22%)
lim (x —\/x2+2x = lim (x Jx = =lim ———
d) x—>+oo( ) Xt x+-\/x2+2x B0 g0 L }x2+2x

i iad® |
x+xJ ’ J1+E
X
10.2) lim (»* + 2x* - 1) = lim{ [ —__ﬂ —0

. 1
(¥ lim = —oo; 1im(1+3-i3]=1' |+ lm2— fim— =1+0-0=1).

= «® ] X x F——on =0y i g x

P R *+2x 1
b) lim 7—Iim{x- J oo (vi HmLx = +oo; lim T2 =X~y
Dl e o s e m. 8/

¢)lim x2—2x+3=lim‘,x2(l—2+%] l1m(|x| 1_E+i] e
A ] Xy X X ) x X
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2 3
(vilim |x| = llm (—x)=+ova limfl——+—=1).
X—» @ X— @ X X

ax+b .
11. a) Do hm (x—2) = 0nén d& ton tai giéi han hitu han lim = N 5, trirde hét

2 xX—

ta phai ¢o 11m(ax+ by=0hay2a+b=0,suyrab=—2a
x—2

— alx—2
Khi 46, lim@+ i @28 @2
=2 xy—2  x2 x_ 2 x=2 y¥—2 IR

Suyrae=5vab=-10.

b) Do hm (x—1) =0 nén d& ton tai giéi han hitu han 1 ma\/;-'-b: 3, true hét

x—=l X —

ta phai co lim (m/;er):Ohayaer:O, suyra b =—a.

x—l

Khi d6, 1 a\/_+b —1im? x—a:]jma(\/;—l):lima(x/;—l)(\/)_c+l)
x—)l x— x—l x_]_ xrl | =l (x—l)(\/)_c—Fl)

flgmmai-) = AR

Sla=D(Vx+l) ol 2

Suyra§=3haya=6, suyrab=-06.
Z
12. Trung diém cta doan thang OM la I(%; %]

Pudng trung trire clia OM nhin vecto oM = (¢, £) lam vecto phéap tuyén nén

2
¢o phuong trinh & t[x_%] ok tz[y—%] = 0. Thay x =0 vao phirong trinh cta d,

ta nhan dqucyZ%(l + #). Suy raN(o; %(1“2)]_

Diém M din dén didm O khi ¢ dan dén 0*. Ta ¢ 11m (1+ F)y=—

"

Suy ra khi difm M dén dn didm O thi diém N din dn didm A(o; %]
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Bai 3. HAM SO LIEN TUC

1. ) Tim duge lim £(x) =£(~2) = 0. Tir d6, ham sb lidn tuc tai diém x=— 2.
x— 2

b) Ham s6 lién tuc tai diémx = 0.
2. a) Tim duoe lim Ax) =2, lim f(x) =2, f(2)=2. Suyra ham s6 lién tuc tai didm
==, 127 =27

b) Tim dwge lim f(x) =4, f(2) =0. Suyra ham s6 khong lién tue tai didmx=2.
x—2
3. ) Tim duge lim fx)= lim Ax)=0, AA—1)=0. Suy ra ham s61ién tuc taix=—1.
x=-1" P

b) Tim duge limg(x) =1, lim g(x)=—1. Suy ra ham s6 khéng lién tuc tai x = 1.
21" 217

Nx+2-2 :lhn(\lx+2—2)(\/x+2+2)

4. 1i = lim "
x]lef(x) - =2 (x—2YJx+2+2)

x+2—4 . 1 1
m = lim =_
=2 (x—WYJXF2+2) =2 Jx+242 4

Ham sb lién tuc tai x = 2 khi va chi khi lim /() = A(2) @i —
B ' '

VﬁyQZi 14 gié tri cAn firh,

5.a) Liéntuc trén R, b) Lién tuc trén cac khoang (—o0; 0), (0; 4) va (4, +0);
¢) Lién tuc trén R; d) Lién tuc trén céac khoang (—ow; 0] va [2; +o0).

6.2) Pidukidn: 1 - x>0 e 1 <x< 1. Himsb y =1- ¥ xéc dinh va lién tuc

el 3 13, Dol T [_E;Ej B s lanssd e it T8 R i
22
tanx

(—1; 1). Suy ra, ham sb f(x) = J—lién tuc trén (-1, 1).
1—x

b) Ham s6 lign tue trén cac khoang (kx, (k+ 1)7) voi k14 s6 nguyén,
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7.a) Lién tuc trén R;
b) Ham s6 lidn tuc trén cac khoang (~; 1), (1; 2) va (2; +o0);
¢) Ham s6 lién tuc trén cac khoang (—oo; 1) va (1; +o0).

8. h(x) = () + g(x)— 24x—x° khix<l1
- BN x+a khix=>1.

hmk(x)— 11m(2+x ¥)=Ilm2+ lim x— lim ¥*=2+1-1*=2;

x—1 x—2l x—1

hmk(x)— llm(x+ @)= lim x+ llm a=l+a h(l)=1+a.
x5

Ham s6 A (x) lign tuc tai x= 1 khi va chi khi hmh(x) 1111} hix)=Hh(1)
o2=1+asa=1. >

. lim flx)= hm %2 —x) =811 2}

12

lim fix)= lim (x*+ax+b)=4—2a+ b,
x—2" x—2r

lim f(x)= lim [x(2 —x)|=0=/£(2);

x—2F x—=2

lim f(x) = lim (& + ax + By =4+ 2a + b.
o o [lim f(0)= lim f(r)=7(-2)

=

Hamsol1entucta1x——2vax 2 khivachikhi
hm f(x)— hm f(x) f(2)

4-2a+b=-8 [2a+b=-12 [a=2
= = o=
4+2a+b=0 2a+b=-4 b=-8.
Viy a=2, b =-8la cic gia tri cAn tim.
10. ) Xét ham s6 flx) =x°+ 2x— 1 ¢ f(—=1) =—4; £(1)=2. Do f(-1) . £(1) <0 nén
phirong trinh #{x) = 0 ¢6 nghiém thudc (—1; 1).
by Xét him s6 £ =V x> +x+ 2 — 1 66 £(0)=—1: 71y =~2. Do £(0) . 7(1) <0

nén phuong trinh £ (x) =0 hay\/x2 + x+ = 1 ¢6 nghiém thude (0; 1).
0 khim<0haym =2

11.0(m)=<1 khim=0haym=2
2 khiQ<m=<2.

Ham s6 khong lién tue tai cac didm m =0 vam = 2.
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1 1 T
12. S(o) ZEAC.BCZ 5 2cos0r. 28ino = sin2 o, o € [0; E]

Do céc ham s6 y = sin2 o déu lidn tue trén R, nén ham s y =S (o) lidn tuc trén
T
khoang [0; —].
2
lim S{a) = limsin2 o0 =0,

s w0

im S{o) = lim sin2 o= 0.

kA
e ——
2 s

BAI TAP CUOI CHUONG III

A.TRACNGHIEM

1.D 2. A 3.B 4.C S A 6. A 7.D 8. A
9.B 10. B 11.D 12. B 13.A [14.C 181

B. TU LUAN
i
1.a) 5 b) 2.

2.y =u —(u —v ),suyralimyv =hmu —lim(u ~v)=2-4=-2.

3u,—v, 3limu, —lmy, 32-(2)
uyv, +3 limu limv +3  2(-2)+3

1+ L n
6" +4" 5

(2" +1)3" +1) [1+i][1+l
2 3

6" +4" 1
"+ (3" +1)

a(2]
an+l +bn — . B
4. Tacod = a — (chia ca tr va mau cho a”).

2 # +bn+l
“ 2+b[é)

74

lim

3. Viét ] (chia ca tir va mau cho 67 = 27,37,

Tt do, tim duge lim
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n+l 7
Tt do, 1imﬂ:3. Suy ra 21, suyraag=2.
28"+ 2 2

l\J

1
5.Ta ¢ limu, = lim [—‘nun]—hm— limznu, g =0Q.
7 n

1_

; . ; ; 3
Tir d6, im (3n — 4)u, = lim (3, —4u ) = 3limms — Alimu =3. ——4.0= 5

b3 |

4
3+
el i = e e S B
4 44
~ L LR A A ~ 5 ~ re A A ]- ~ ot 3
Pay la tong cap so nhan Iti vo han véi s6 hang dau #, ZZ, cong bdi g:Z,
1

E:1.

1'161’1S_l
4 1_

L,

7. Thoi gian dé mm tén bay tw.4 denA Iy L g1ay, tird, denA la Z: — giay,

1
tqu dén 4 1a—=—3,....
g 2
1 1 1 1
Téng thoi gian bay ca miii tén 1a E+2—+2 T +§+ ()

Péy 14 thng ctia cép $6 nhan 1 v6 han v s6 hang diu la % Vi cong bi bﬁng% .

S—

Do d6, tng nay bing == 1 (giay).

l\)||—l

=
. 2
Nhu vay, miii tén dén bia muc tiéu sau 1 giay.
Lap luén ctia nha théng thai khéng ding, sai 1am & chd cho ring tdng & (*)
khéng phai 1a mét s6 hitu han.

s.a)Kmx>—3,f(x)="’;39—x 3 Wb d-3. = (12)

Tir dé, lim f(x) = lim (x—3)=-6; lim f(x)= lim (3—x)=6.
=3 E o s A

Suyra lim f{x)— Iim f(x)=6—(—6)=12.
x-3" x——3

b) Do lim f(x) # lim £(x), nén khéng tén tai lim f(x). Do dé, ham s6 khong
13" x5 x— 3

lién tuc tai x = -3 v61 moi gia trl cla a.
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9. a) Ham sb 1ién tuc trén cée khodng (—oo; 3) va (3; +oo).
b) lim f(x) =2; lim f(x) =2; limf{x) =+o0; limf{x)=—0.
X—pen X @ 13" 13

10. M(x, x%), OM = +fx* + x*; MH = x*.

2
X

lim (OM —MH) =lim(+/x* + x* —x*) = lim

PR X—+00 X—3+ea x2+x
. 1 1

=lim —=—.

X0
J%+1+1
X

11. Xét ham s £(x) =x° + 3x* — 1. Ham s nay lién tuc trén R.

4 2
+Xx

Ta co:
J2)=-21,/-1)=1/0)=-1,/1)=3.
Do f(-2).f(—1)=-21 < 0 nén phuong trinh f{x) = 0 ¢6 nghiém thudc (-2; —1).
Do f(—1).f{0) =—1 < 0 nén phuong trinh f{x} =0 ¢6 nghiém thudc (—1; 0).
Do #(0)./(1) =-3 < 0 nén phuong trinh f(x) = 0 ¢o nghiém thude (0; 1).

Vay trong mdi khoang (-2; —1), (—1; 0) va (0; 1), phirong trinh #(x) = 0 hay
*° + 3x2— 1 = 0 ddu cb it nhat mot nghidm.

12. Ki hi¢u O 1a tam hinh tron, c
a) Do tam giac ABC vuong tai € nén N
2
AC=ABcosa = 10¢cosa (m). el 2 k- B

Ta ¢6 BOC = 2B4C =24, Suy ra do dai cung CB la

I=0B BOC=5.20.= 100 (m).

Quiing duong di chuyén (tinh theo m) ctia ngudi d6 1a
S{o)y=AC+{ =10cosa + 1000 =10 (o + cos o) [0< a<g].

b) Do céc ham sb y = o va y = cos o 1ién tue trén R nén ham s y = S(a) lién

tuc trén | O; L !
2
¢) ImS{o)=Im 10 (ot + coset)=10 ( Im oo + Iimcosat) =10 (0 + 1) =10.
w0 s 0" a0

lim (o) = hm 10(c + coso) = 10( im o+ him cosa) = 10(g+ 0)=5m.

s s s s —
o 2 2 2
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PHAN HINH HOCVA PO LUGNG

Chuong IV. PUONG THANG VA MAT PHANG.
QUAN HE SONG SONG TRONG
KHONG GIAN

Bai 1. PIEM, PUONG THANG VA MAT PHANG
TRONG KHONG GIAN

A. KIEN THUC CAN NHGO
1. Mat phéng trong khéng gian

— Mit bang, mét ban, mat san nha, mat ho mrdc yén ldng cho ta hinh anh mot
phén ctia mét mat phing. Mat phing khong ¢6 bé day va khéng ¢d gidi han.

— Ta thudng dung hinh binh hanh hay mét mién géc dé bidu didn mit phing va
dimng chit cai in hoa hode chit ¢4i Hy Lap trong dau ngofic d& ki hidu mit phing.

Al =~

a) Mt phéing (P) b) Mt phiing ()
Hink 7
Chai 3 Mit phing (P) con diroe viét tat 1a mp(P) hodc (P).
Diém thudc mit phing

Cho hai diém 4, B va mit phang (P) nhw Hinh 2.
—Néu diém 4 thude mit phing (P) thi ta néi4 nim / 2 /

trén (P) hay (P) chita 4, hay (P) di qua 4 va ki hiéu
lad e (P).
— Néu diém B khéng thude mit phiing (P) thi ta néi Hinh 2
B nam ngodi (P) hay (P) khong chira B va ki hidu 14
B¢ (P).
2. Céc tinh chit dugc thita nhin cua hinh hoc khéng gian
— C6 mdt va chi mdt duong théng di qua hai diém phan biét cho trirde (Hinh 3a).
— C6 mét va chi mot mit phang di qua ba diém khéng thing hang cho trude
(Hinh 3b).
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— Néumbt duong ﬂ]fm,g ¢6 hai diém phéan bigt thude mot mit phfzm,g thi moi diém
ctia duong thing déu thude mit phing dé (Hinh 3c).

—Tén tai bén diém khéng cting nim trén mdt mit phing.

—Néu hai mat phéng phin biét cé mét didm chung thi chiing ¢é mét dudng thing
chung duy nhét chia tat ¢a ce diém chung ctia hai mit phing dé (Hinh 3d).

— Trong mdi mat phing, cac két qua dd biét ctia hinh hoe phing déu ding.

4 ¢
ﬁl/B’/d /di B -C / /A/BA
e
a) b) c) d)

Hinh 3
Chu v: Puong thing d chung ¢fia hai mit phang (P) va (Q) duge goi la
giao tuyén cta (P) va (0), ki hidud=(P) ~ (0).
3. Céch xdc dinh mét mat phing

— Mét mit phing duoc xac dinh néu biét né chira ba didm khéng thing hang
(Hinh 4a).

— M6t mit phing duoe xac dinh néu biét né chita mét dudng thing va
mét diém khong thude duong thing do (Hinh 4b).

— M6t mit phing duoe xée dinh néu biét nd chira hai dudng thing cit nhau
(Hinh 4c).

[ o) [ [T

a) mp(4BC) hay (4BC)  b) mp(4, a) hay (4, a) ¢) mp(a, b)

Hinh 4
4. Hinh chép va hinh tii dién
Hinh chop
Cho da giac ISiAlAZ.. > nam trong mit phing (o) va didm S khéng thude (o).
NGi S véi cac dinh 4, A,, ..., A, ta duoc » tam giae S4,4,, 84,4, ..., S4_4,. Hinh

73

tao bdi # tam glac do va da giac 4. 4,.. 4 duoc goi la kink chdp, kiliguSA A, 4
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Hink 5

Hinh tir dién A
Cho bén diém A4, B, C, D khéng ddng phing.
Hinh tao béi bén tam gidc ABC, ACD, ADB va BCD
duogc goila hinh tivdién (hay e dién), ki hiSuA4BCD. B D

c

; Hinh 6
B. BAITAP MAU

Bai 1. Cho hinh chép SABCD, day ABCD la ti gidc ¢b céc cip canh dbi khéng
song song, didm M thude canh S4. Tim giao tuyén elia cae cip mit phing sau:

a) (SAC) va (SBD); b) (S4C) va (MBD);
o) (MBC) va (S4D); d).(S4B) va (SCD).
Gidi

a) Trong mit phang (4BCD), goi O la giao diem
citadCvaBD.

Ta co: O € AC vaAC c (S4C),

O € BD va BD — (SBD).

Suy ra O € (S4C) m (SBD). 44

Talai ¢o S € (S4C) m (SBD).

Viy SO la giao tuyén cla hai mit phing (S4C)
va (SBD).

b) Ta co: O € AC va AC — (SAC), O € BD va BD — (MBD).

Suy ra O € (S4C) ~ (MBD).

Tuong tir, ta cO M € (S4AC) ~ (MBD).

Vay OM 14 giao tuyén ctia hai mit phing (S4C) va (MBD).
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¢) Trong mit phing (4BCD), goi F 1a giao diem ctia BC va AD.
Taco: Fe BCvaBCc (MBC),F € ADvaAD c (S4D).
Suyra F € (MBC) m (S4D).

Tuong tix, ta co M € (MBC) m (S4D).

Vay FM 14 giao tuyén cta hai mat phing (MBC) va (SAD).

d) Trong mit phang (4BCD), goi E 1a giao diém ctia AB va CD.
Taco: E e ABvaAB c (SAB), E € CDva CD c (SCD).

Suyra £ € (S4B) m (SCD).

Mit khac, S € (S4B) ~ (SCD).

Vay SE 14 giao tuyén ctia hai mit phing (S4B) va (SCD).

Bai 2. Cho tit dién 4BCD ¢6 I, J14n luot 14 trung didm ctia AC, BC. K 14 didm
thude BD sao cho KD < KB. Tim giao tuyén ctia cac cip mit phing sau:

a) (LK) va (ACD); b) (IJK) va (4BD).
Gidi
a) Trong mét phing (BCD), goi F 1a giao diém ctia JK va CD.
Taco: E € JK vaJK c (IJK),
E € CDva CD c (ACD).

Suyra £ € (IJK) m (4CD). (1)
Mit khac, I € ACvaAC & (4CDY,

Ie (UK).
Suyra l e (LK) m (4CD). (2)

Hinh 8

Tix (1) va (2) suy ra IE 1a giao tuyén ctia hai mit phing (LK) va (4CD).
b) T cdu a ta suy ra: IE < (ACD). Goi F 1a giao diém ctia 4D va IE.
Taco: Fe IEvalE c (IJK),F e ADvaAD c (4BD) .

Suyra ¥ € (IJK) m (4BD). (3)
Mit khac, ta co: K € BD va BD c (4BD), K € (IJK).
Suy ra K € (IJK) m (4BD). (4

Tix (3) va (4) suy ra KF 1a giao tuyén ctia hai mit phing (IJK) va (4BD).
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Bai 3. Cho hinh chép SABC. Goi M, N lan luot 14 hai diém trén hai canh 5450
sao cho MN khéng song song véi AC. Goi O la diém nam trong tam giac ABC.
Tim giao diém ctia cac dudng thing 4C, BC va 4B voi mit phing (OMN).

Gidi

e Trong mit phang (S4C), goi D la giao
diem ctia MN va AC.

Ta co0 D € MN va MN — (OMN), suy ra
D e (OMN).

Vay D la giao diém ctia duong thing AC A
va mat phing (OMN).

e Trong mit phang (4BC), goi E la giao
diem cta OD va BC. Ta ¢0 E € OD va
OD c (OMN), suyra E € (OMN). Hinh 9

Vay E la giao diém ctia dudng thing BC va
mit phing (OMN).
e Trong mit phing (4BC), goi F la giao diém ciia OD va 4B.
Taco F € OD va OD c (OMN), suy ta F € (OMN).
Vay F 1a giao diém ctia duong thing 4B va mit phing (OMN).

C. BAITAP

1. Cho hinh c¢hép SABCD ¢6 ABCD 14 hinh thang day 16n 4D. Goi E, F lan luot
14 hai diém trén hai canh SB, SD.

a) Tim giao diem cta EF véi (S4C).

b) Tim giao diém ctia BC véi (4EF).
2. Cho hinh ¢chép S4ABC. Goi D, E, F 1an luot 14 ba diém trén ba canh S4, SB, SC
sao cho DE cit 4B tai I, EF cit BC tai J, FD cit CA tai K. Chimg minh ba didm
I, J, K thang hang.

3. Cho tir dien ABCD. Gai E, F, G 1an luot 14 cac didm thude ba canh AB, AC,
BD sao cho EF cat BC tai I, AD cat EG tai H. Chig minh ba duong thing CD,
IG, HF cling di qua mot diém.

4. Cho tir didn ABCD. Trén cac canh AB, AC, BD lan luot lay cac diém E, F, G
sao cho EB > AE, AF > FC, BG > GD. Tim giao tuyén ctia cic cip mit phing
(EFG) va (ACD), (EFG) va (BCD), (EFG) va (4BD).
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Bai 2. HAI PUONG THANG SONG SONG

A. KIEN THUC CANNHG
1. Vi tri tuong d6i clia hai dudng thing trong khéng gian

Cho hai duong thang @ va b trong khéng gian. Khi dé ¢ the xay ra mot trong
hai trirong hop saw:

— Truomng hop 1: Cé mdt mit phang chita @ va b. Khi do ta néi a va b
déng phiing. Theo két quéi ctia hinh hoe phiing, ¢é ba kha ning sau diy xay ra:

« Néu @ va b ¢6 hai diém chung thi ta néi a tring b, ki hidu e = 4.

« Néu g va b c6 mot didm chung duy nhéat A thi ta néi @ va b cit nhau tai M,
kihiéug~b=M

*« Néu ¢ va b khdng ¢ didm chung thi tanéi @ va b song song véi nhau, ki hidu
allb.

— Truomg hop 2: Khéng ¢6 mit phang nao chiva ¢i ¢ va ». Khi do ta néi hai
duong thing e va b chéonhau hay a chéo voi b.

= == e

a)a=h bla b =M c)asb d) @ va b chéo nhau
Hinh 1

Hai duodng thing duoc goi 1a seng seng néu ching nim trong cling mét
mit phang va khéng ¢é diém chung.

Chui v

a) Hai durong thing goi 1a chéo nhau néu chiing khong ddng phéng.

b) Cho hai dudng thing song song @ va b. Cé duy nhit mot mat phing chira
hai drdng thing do, ki hidu mp(a, b).
2. Tinh chét co ban vé hai dudng thing song song

Dinh li 1

Trong khéng gian, qua mét didm nam ngoai mét dudng thing, ¢d mot va
chi mét duong thing song song voi dudng thing do.
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Dinh 1i 2
Néu ba mit phiing d6i mét cit nhau theo giao tuyén phan biét thi ba giao tuyén ay
hoic déng quy hodc déi mét song song.

M |
- i J ic b
| R a !
o i 4
el (g
P D/._f——-—-—-—-"""'""’
a) b)

Hinh 2
Hé qud
Néu hai mit phiing phin biét 14n luot di qua hai dwong thing song song thi
giao tuyén clia chiing (néu ¢d) song song vai hai dudng thing dé hodce tring véi
mét trong hai dudng thing dé.

T 1T T
d g,
dl d2 dQ d dz
a) b) c)
Hinh 3
Pinh li 3

Hai duong thing phan biét cting song song voi mdt dirdng thang thi ba thi
song song vdi nhau.

e ™
\ a
/I\a) ? / — /

Hinh 4
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Cui y: Khi hai duong thing phan biét a, b cting song song voi duong théng ¢
thi ta co thé ki hidula a // b // ¢ va goi la ba diréng song song.

B. BAITAP MAU

Bai 1. Cho hinh ¢hép S.ABCD ¢6 day ABCD 14 hinh binh hanh. Goi Z J14n wot 14
trung didm ctia che canh 4 va SB. Chimg minh ring L7 // AB, tir 36 suy ra L7 // CD.
Gidi
Vi I Jlan luot 14 trung didm cta S4, SB nén IJ
la duong trung binh cia tam giac S4B.
Do do, IJ// AB.

MaA4B // CD nén IJ // CD (vi cung song song
voi dudng thing 4AB).

Hinh 5
Bai 2. Cho hinh chdp S ABCD ¢6 day ABCD la mot hinh thang v day 1on 4B.
Goi M, N 1an luot 13 trung didm cta cac canh S4, SB.

a) Chiing minh MN song song véi CD.

b) Goi P la giao diém ctia duong thang SC va méat phiang (4DN), I1a giao diém
cla AN va DP. Chirng munh Sf song song voi CD.

Gidi

a) Ta ¢co MN la duong trung binh c¢ia tam gide S I
S4B nén MN // AB. Ma ABCD la hinh thangnén
AB /I CD.

Suy ra MN // AB [/ CD. Vay MN // CD.

b) Trong mit phing (4BCD), goi E 1a giao
diém ctia. 4D va BC. Trong mét phang (SBC), goi P
1a giao diém ctia SC va EN.

Ta ¢co:

E € ADvaAD c (ADN), suy ra EN c (ADN);,

P € ENva EN c (ADN), suyraP € (4DN).

Vay P=S8C m (4DN).

Dol=ANDP,suyrale AN.

Ta co: I € ANvaAN < (S4B), I € DP va DP c (SCD).

Suy ra I € (S4B) m (SCD).

Hinh 6
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Do do SI=(S4B) m (SCD).

Ta co 4B — (SAB), CD — (SCD); (S4B) m (SCD)=SI. Ma 4B // CD.

Suy ra SI// CD.
Bai 3. Cho hinh chép S ABCD ¢6 day ABCD 1a hinh binh hanh. Tim giao tuyén
ctia hai mit phéng (S4B) va (SCD).

Gidi

Ta coAB C (S4B), CD — (SCD), AB // CD,

S € (S4B) m (SCD).

Viy d 1a giao tuyén clia hai mit phing (S4B)
va(SCIYvoid//AB//I CD,S e d.

Hinh 7

Bai 4. Cho hinh chdp SABCD ¢6 day ABCD la hinh thang, day lon 4B. Gai I, J
1an luot 13 trung difm cta che canh 4D va BC va G 14 trong tm clia tam giac S4B.

a) Tim giao tuyén ctia hai mat phing (S4B) va (IJG).

b) Tim didu kign ctia 4B va CD d8 céc giao tuyén etia mit phing (IJG) voi cae mit
cla hinh choép tao thanh mét hinh binh hanh.

Gidi

a) Ta ¢ L7 1a dudng trung binh ctia hinh thang
ABCD nén AB // 1J.

Taco G € (S4B) ~ (LG, AB < (S4B, I = (LG,
AB/ L.

Viy giao tuyén ctia hai mat phing (S4B) va
(G la MN vo1L MIN /1T /1 AB, sao cho M € S4,
N e SB.

Hinh 8
b) Dé thay giao tuyen ctia mit phing (IJG) véi cac mit ctia hinh chop 1 tir gide MNJT.
MN SG 2

Do G la trong tam cta tam giac S4B va MN // AB nén e =§(E1é

SE
£ 2
trung diem ctia AB) suy ra MN = gAB.
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T Tafl o L7 %(AB + CD). Vi MN // I/ nén MNJI 1a hinh thang, do d6 MAJT
. 2
1a hirh binh hinh khi MN = I/ & 4B = %(AB + CD) < AB =3CD.

Viy giao tuyén ctia mit phing (IJG) vdi cae mit etia hinh chép tao thinh mét
hinh binh hanh ki 4B = 3CD.
C.BAITAP

1. Cho hinh chop SABCD ¢o day ABCD 1a hinh thang, day lon 4D. Goi Iva J
14n luot 14 trong tAm ctia cac tam gide SAD va SBC. Mit phing (4DJ) cit SB, SC
1an luot tai M, N. Mit phing (BCI) cit S4, SD tai P, O.

a) Chiing minh MN song song vai1 PQ.

b) Goi E 1 giao diém clia AM va BP, F 14 giao diém ctia CQ va DN. Chiing minh
EF song song vo1 MN va PQ.

2. Cho tit dién ABCD. Goi M, N 1an Iuot 1a cac didm thude cac canh 4B, AC sao cho
A ﬂ; I, J1an luot la trung didém eta BD, CD.
AB  AC
a) Chimg minh ring AN // BC.
b) Tir giac MNJI la hinh gi. Tim didu kién dé tz giac MNJI 1a hinh binh hanh.

3. Cho hinh c¢hép SABCD ¢6 day ABCD 14 hinh binh hanh. Tim giao tuyén cla
céc mit phing:

a) (S4D) va (SBC),
b) (S4B) va (MDC), v6i M 1a mdt diém bét ki thude canh SA4.

4. Cho hinh chop SABCD ¢6 day ABCD la hinh thang, day lén 4B. Goi M la
diém bt ki thude doan thing SD.

a) Tim c4c giao tuyén: d, = (SAB) ™ (SCD), d, = (SCD) m (MAB).

b) Chung minh d. // d,
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Bai 3. PUONG THANG VA MAT PHANG
SONG SONG
A. KIEN THUC CAN NHG
1. Vi tri tuong d6i gilta dudng thing va mit phing
X O%h;)agubng thezmg avamit phezmg (P).Khidoco thé xay ra mdt trong ba truong

~ Tmo’ng ho’p 1: a va (P) co tir hai diém chu:ng phén biét trd 1én (Hinh 1a),
suy ra moi diém thude a déu thube (P), ta néi @ nam trong (P), ki hidu a ¢ (P).

- Truwong hop 2: a va (P) c¢6 mot diém chung duy nhéat 4 (Hinh 1b), ta néi
acit (P) taid, K hidua n (P)=A.

— Truwong hop 3: a va (P) khéng ¢6 diém chung nio (Hinh 1¢), ta ndi « song song
voi (P), K hiéu a // (P).

pa= //< s —

Hmh 1
Dudng thing a song song véi mit phiang (P) néu chiing khéng ¢6 didm chung.
2. Didu kién d€ mot dudng thing song song v6i mot mit phang
Dinh li 1
Néu dudng thing ¢ khéng nim trong
mit phing (P) va song song voi mot
duodng thing b ndo dé niam trong (P) thi @

song song voi (P). N ¥
Hinh 2
3. Tinh chdt co ban ctia dudng thang va mit phing song song
Dinh i 2 ——
Cho duwong thing « song song véi v[' """" |
mit phing (P). Néumit phing (0) chita a, g b X
cit (P) theo giao tuyén b thi @ song song \\}\ \
Vol b.
Hinh 3
Héqudl
Cho duong thing « song song voi mit a
phing (P). Néu qua didm M thude (P) ta >
Ve dlré‘mg thdng b song song voi a thi b /_ﬁ;f—/p/
phéi nim trong (P).
Hinh 4
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Hé gqud 2

Néu hai mat phéng phan biét cling song song
véi mét duong thing thi giao tuyén cla ching
(néu cd) cling song song véi dudng thing do.

Dinh li 3
Néu @ va b 14 hai duong thing chéo nhau b

thi qua @, ¢6 mot va chi mdt mét phing song
song vai b. / \ /
Z

Hinh 6

B. BAITAP MAU
Bai 1. Cho tt dién 4ABCD. Gai M, N lan luot
14 trung diém ctia 4B va 4D. Chimg minh ring
MN // (BCD).
Gidi

Vi M, N lan luot 14 trung diém ctia 4B, AD
nén MN 1a duong trung binh ctia tam giac ABD .

Suy ra MN // BD.

Ma BD < (BCD) nén MN // (BCD). Hinh 7
Bai 2. Cho tit dién 4BCD. Gai 1, Jlan lwot 14 trong tam cda hai tam giac 4BC,
ACD. Chiing minh rang IJ // (BCD).

Gidi

Goi M, N1an luot 14 trung didm cta BC, CD.
Suy ra MN la duong trung binh cta tam giac
BCD. SuyraMN // BD. (1)

Mit khac, I, J 1an luot 1a trong tAm clia tam
giac ABC va ACD nén Al = . = 2

AM AN 3

Theo dinh li Thalés dao trong tam giac AMN,
tacod L/ // MN. (2)

T (1) va(2)suyra lJ// BD.

Ma BD c (BCD) nén LJ// (BCD).
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Bai 3. Cho hinh chép S ABCD ¢6 day la hinh thang, day nhd 4B = a, day lon
CD = 2a. Goi E 14 trung diém cta SC. Ching minh rang BE // (S4D).
Gidi
Ceach 1:
Goi F la trung didm cia SD.
EF la duong trung binh cuia tam giac SCD.

SuyraEF // CDva EF = %CD.

MaA4B // CD vaAdB= % CD. Do do, EF [l ABva

EF =AB hay ABEF 1a hinh binh hanh.
Suy ra BE // AF. MaAF c (S4D).
Vay BE // (S4D).

Cach 2:
Goi F la glao diém ctia BC va.AD.

Ta ¢6 AB // CD va AB Z%CD, suy ra AB la

duong trung binh cuia tam giac CDF.

Do d6 B 14 trung diém ctia FC.

Suy ra BE la duong trung binh clia tam giac
SCF hay BE // SF.

Ma SF c (S4D) nén BE [/ (S4D).

Hinh 10

Bai 4. Cho hinh chop S4ABCD ¢o day la hinh binh hanh. Goi G la trong tam
cuia tam giac SAD, Mla diém trén doan DC sao cho DC =3DM.
Ching minh ring MG // (SBC).
Gidi
Goi N la trung diém cta 4D,
Ta ¢co MG < (SMN).
Trong mit phing (4BCD),
gol E=MN BC.
Taco S € (SNM) m (SBC),
E € MNva MN c (SMN),
E € BCvaBCc (SBC). Hinh 11
Suy ra (SMN) m (SBC) = SE.
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Dé thiy AMND o AMEC, suy 1a %:ﬁ L suy ra @21 (1)

MC~ 2 NE 3
v, GN 1 . a .,
Mit khac, ﬁ=E (G la trong tam clia tam giac SAD). (2)
; : GN MN
Tu(l)va(2) suy ra — = ——.
(1) va (2) suy e

Theo dinh li Thalés dao trong tam giac SNE, ta ¢co MG // SE.
Ma SE < (SBC) nen MG // (SBC).

Bai 5. Cho tt dien4ABCD. G M, N lan luot 14 hai diém thude hai canh AB va CD.
Dit (o) 1a mat phing qua MN va song song voi BC. Tim giao tuyén ctia (o) voi
cac mit cua tr dien 4BCD.
Gidi

Ta ¢o: BC < (BCD), N € (o) m (BCD);
(@ )R,

Suy ra (o) ™ (BCD) = Nx, vo1 Nx [/ BC.

Trong mit phing (BCD), goi P 1a giao
diém ctia Nx va BD.

Suy ra NP = (o) ™ (BCD).

Ta ¢0 BC < (ABC), M € (o) m (ABC);
(@ )R,

Suy ra (o) M (ABC) =My vor My // BC. Hinh 12

Trong mit phang (4BC), goi O 14 giao di¢m ctia My va AC.

Suy ra MQ = (o) ™ (4BC).

Tir d6, d& thay: (o) ~ (4BD)=MP; (o) m (ACD) = ON.

C.BAITAP

1. Cho tir dien ABCD. Goi G, va G, lan luwrot 1a trong tam cda hai tam giac 4BD
vaACD. Chung minh G, G, song song voi cac mat phing (4BC) va (BCD).

2. Cho hai hinh binh hinh 4BCD va ABEF khong cling nim trong mdt mit phing
c6 tAm lan lugt 1a O va O,

a) Ching minh OO’ song song véi cac mit phang (4DF) va (BCE).

b) Goi M, Nlan luot 14 hai diém thude hai canh AF, AD sao cho AV = %AF,

AN = %AD Chitng minh MN // (DCEF),
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3. Cho hinh chop SABCD co day 4ABCD la mét hinh binh hanh. Goi G la
trong tam cua tam giac S4B, Fla trung diém ctia 4B va M 14 diém thudc canh 4D
sao cho AM = 14D, Puong thing di qua M va song song véi AB cit CTtai N.
Chimg minh:

a) NG /f (SCDy;, b) MG // (SCD).
4. Cho hinh c¢hép SABCD ¢6 day ABCD 14 hinh binh hanh. Goi M, N lan luot 14
trung diém ctia hai canh 4B va CD, P la trung diém ctia S4. Chiing minh:

a) MN song song véi cac mit phiang (SBC) va (S4D);

b) SB song song voi (MNP);

¢) SC song song vo1 (MNP).

d) Go1 G, va G, theo thir tir la trong tam ctia hai tam giac 4BC va SBC. Ching minh
G,G, song song voi (S4D).
5. Cho hinh ¢hép SABCD ¢6 déy 1a hinh binh hanh. Goi (o) 14 mit phéng di qua
trung diém M ctia canh 4B, song song voi BD va S4. Tim giao tuyén clia mit
phéng (o) voi cac mit ctia hinh chdp.

Bai 4. HAI MAT PHANG SONG SONG

A. KIEN THUC CAN NHG
1. Vi tri tuong d6i giita hai mat phang
Cho hai mit phang (P) va (Q), c6 thé xay ra mdt trong ba truong hop:

— Trwong hop 1 @) va (Q) c6 ba diém
chung khéng théng hang, ta néi hai méit phing /4 B C/
(P) va (Q) trimg nhau, K higu (P) = (0). =

—Truong hop 2: (P) va (Q) phan bigt va co
mét diém chung, ta néi (P) va (Q) cit nhau
theo giao tuyén 4 di qua didm chung, ki hidu
Py (@) =d.
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— Trudng hop 3: (P) va (©) khong ¢ bat

ki didm chung nio, nghia 1a () ~ () = @, A

ta ndi (P) va (Q) song song vdi nhau, ki higu

() // (©) hoic (Q) // (P). A
<)
Hinh 1
Hai mit phiing duge goi 14 seng song voi nhau néu ching khéng ¢6 diém chung.
2. Diéu kién d€ hai mat phing song song
Dinh li 1
Néu mit phing (P) chira hai dudng thing

&, b cit nhau va hai duong thing d6 clng /){ /W/

song song voi mit phing (O) thi (P) song song

vl (Q). el 5

Hinh 2

3. Tinh chdt cta hai mit phing song song

Dinh li 2 //)4{ /7/
Qua mét didm nidm ngoai mét mit phing 7

cho trde ¢o mot va chi mot mit phezmg song =

song voi mit phing do. /><r/’ @/

Dinh li 3
Cho hai mit phing (P) va (Q) song song
véi nhau. Néu (R) cit (P) thi cét (Q) va hai

; @&
giao tuyen ctia chiing song song voi nhau. ’
4 |

4. Pinh li Thalés trong khéng gian
Dinh li 4 Pinhli Thales)
Ba mit phing d6i mét song song chin trén hai cat tuyén bat ki cac doan thing

furong tmg t 12
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5. Hinh lang tru va hinh hép

Hinh lang tru

Cho hai mit phing (P) va (P') song song voi nhau. Trén (P) cho da giac 181
AA,...A . Qua cac dinh clia da giac nay, ta v& cac duong thing song song voi
nhau va cit (P*) 14n luot tai 4, 4,5 ..., 4, Hinh tao bdi cac hinh binh hanh
A4 A, AL A, ..., A A4 A va hai da gibce AA..A, 4 4 .4 goila
hinh ling tru, ki hidud A .. A A A A4

Hinh hop

Hinh hép 1a hinh lang tru ¢6 day la hinh binh hanh.

Trong hinh hop ta ¢o:

— S4u mit 14 sau hinh binh hanh, Mdi mat déu cd mot mat song song vol no.
Hai mat nhw thé goi 14 hai mdt déi dién,

— Hai dinh khéng cting nam trén mot mit go1 1a hai dinh dbi dién;,

— Poan thing néi hai dinh dbi dién goi 14 duwdng chéo;

— Bén durdng chéo cit nhau tai trung didm ctia mdi duong.
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B. BAI TAP MAU
Bai 1. Cho hinh chép SABCD ¢6 day ABCD 14 hinh binh hanh tim O, goi M, N
14n lugt 14 trung didm ctia S4, SD. Chig minh (OMN) // (SBC).

Gidi
Ta ¢6 MO la dudng trung binh cia tam giac S
SAC, suy raMO /I SC. A
Do dé MO // (SBC). (1)
Ta co NOla dudng trung binh cia tam giac SDB,
suy ra NO // SB.
Do do NO // (SBC). (2)

Mit khac, NO m MO = O va NO, MO — (OMN). (3)
Tw (1), (2) va (3) suy ra (OMN) // (SBC).

Hinh 7

Bai 2. Cho hai hinh vuéng 4BCD va ABEF & trong hai mit phing phan biét.
Trén chc dudng chéo AC va BF lan luot 14y cic diém M, N sao cho 4M = BN.
Céc dudng thing song song voi 4B v& tir M va N 1an luot cit 4D va AF tai M’
va N'. Chitng minh:

a) (4DF) I/ (BCE), b) (DEF) /f (MM'N'N).

Gidi
a) Ta ¢0: AD // BC = AD//{ (BCE),
AF /| BE = AF [{ (BCE).
Ta cO0AD N AF = Ava AD, AF © (ADF)
nén (4DF) // (BCE).

b) Tronig tartiatic DO, tacb ML 11 CD; theo Gl I Thelbs suy ‘iﬁg =%. )

r

Trong tam giac 4FB, ta ¢c6 NN’ // AB, theo dinh li Thalés suyra f;, = % (2)

Ta ¢b: AM = BN (gia thiét) va.4C = BF (vi ABCD va ABEF 14 céc hinh vudng). (3)

Ty, () v B)suy ‘iﬁg - AJ; , Hhieo dohl Thalsediorong tampifcADE.

suy ra M'N'// DF. Do do, DF !/ (MM'N'N). (4
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Lai c6 NN // AB (gia thiét), suy ra NN' // EF, suy ta EF // (MM'N'N). (5)

Matkhac, DF n EF =Fva DF, EF c (DEF). (6)

T (4), (5) va (6) suy ra (DEF) // (MM'N'N).
Bai 3. Cho hinh chop SABCD ¢6 day ABCD la hinh thang ¢c6 4D // BC,
AD = 2BC. Goi E 14 trung diém ctia AD, O 1 giao diém ctia AC va BE, I'la
diém nim trén doan OC. Mit phing (P) qua I va song song v6i (SBE). Tim céc giao
tuyén clia che mit cta hinh chép véi mat phing (P).

Gidi

» Ta ¢co (P) // (SBE), (4BCD) m (SBE)=BE.

Maf e (P) m{4BCD)nén (P) m (ABCDY=dvai
d// BE.

Trong mat phing (4BCD), goi M 14 giao diém
ctia d va BC;, N'la giao diém ctia d va 4D.

Suy ra (P) m (dBCD)= MN.

» Ta co (P) // (SBE), (SBE) m (S4D) = SE.

Ma N € (P) m (S4D) nén (P) m (84D} = Nx vol
Nx /I SE.

Trong mit phing (S4D), goi P 1a giao diém clia Hinh 9
NxvaSD.

Suy ra (P) m (S4D) =NP.

*» Ta cOMN c (P), CD c (SCD), P € (P) m(SCD), MN // CD.

Suy ra (P) m (SCD) =Py v61 Py /i MN /i CD.

Trong mit phang (SCD), goi O 1a giao diém cta Py va SC.

Suyra (P) m (SCD)=PQ.

*TacoQ € SC, suyra O € (SCB).

Ma Q € (P),suyraQ € (SCB) m(P).

Twong tir, ta cO M € (SCB) m (P).

Suy ra (P) m (SBC) = OM.
Bai 4. Cho hinh lang tru tam giac ABC A'B'C’. Goi M, N, P lan luot1a trung diém
clia BB', A'B’, B'C". H1a diém batki thudc canh .44’ va (P) la mat phing di qua H
va song song véi mat phing (MNP). Ching minh cic doan giao tuyén ¢tia hinh
ling tru véi mit phing (P) tao thanh mét hinh thang.
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Gidi

* Ta co (P) // (MNP), (MNP) m (4A'B'BA) = MIN.

Suy ra (P) m (4’'B'B4) = Hx // MN.

Trong mit phang (4'B'BA), goi K 14 giao diem ctia Hx
va4B.

Suy ra (P) m (4’'B'B4) = HK.

« Vi(P) // (MNP) nén NP // (P). Honnita NP // A'C’. 4

Suyra (P) // A'C".

Trong mit phing (4CC'4"), v& HI// A'C", I € CC". Hinh 10

Ta ¢o (P) m (ACC'4"y=HI.

Twong tix, ta ¢6 (P) n(BCC'BY=IJvdéiJ € BCvall i/ MP.

VikK,Je P)mnABC)nén (P) » (4BC)=JK.

Do dé cc doan giao tuyén clia mit phing (P) vdi cac mit clia hinh ling tru
ABCD A'B'C'D’ tao thanh tiz giac HIJK,

Mit khae, KJ // HI (do cung song song voi 4'CY).

Vay tir giac HIJK 1a hinh thang.

C. BAITAP

1. Cho hinh chop SABCD ¢o day la hinh thang ABCD, AD // BC,AD =2BC. Goi
E, F, I'lan luot 1a trung diém cia ¢ic canh S4, 4D, SD.

a) Chimg minh: (BEF) // (SCD) va CI// (BEF).
b) Tim giao tuyén cta hai mit phing (SBC) va (S4D).

¢) Tim giao diém K cfia FIvéi giao tuyén vira tim duoe & ciu b, tir d6 ching minh
(SBF) I/ (KCD).

2. Cho hinh c¢hép S.ABCD ¢ day 14 hinh binh hanh tim ©. Goi M, N 1an luot
14 trung diém cta S4 va CD.

a) Ching minh (OMN) // (SBC).

b) Gia st hai tam gide S4D va S4B 14 cae tam gide can tai 4. Goi AE va AF lan
luegt 1a duwong phan giac trong ctia hai tam giac S4D va S4B. Chirng minh
EF /I (SBD).
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3. Cho hinh hép ABCD.4'B'C’'D’. Chitng minh:
a) (BDANY /1 (B'D'C).
b) Puong chéo AC" di qua trong tam G va G’ cua hai tam giac BDA' va B’'D'C.
¢) G va G chia doan4C’ thanh ba phén bang nhau.

4. Cho hinh chép SABCD ¢é day ABCD 14 hinh binh hanh va M, N lan luot
la trung diém ctia 4B, CD. (P) 1a mat phéng di qua MN va song song voi
mit phing (S4D). Tim giao tuyén cla cac mit clia hinh ¢chép véi mit phing (P).

Bai 5. PHEP CHIEU SONG SONG

A. KIEN THUC CAN NHGO
1. Khdi niém phép chiéu song song
Trong khéng gian, cho mit phang (P) va
dudng thing 7 ¢t (P). Vi mi'j)i diém M trong ! Phuong chiéu
khéng gian, v& mot dudng thang di qua A va M
song song hodc tring véi /. Puong thing nay

¢t (P) tai M. Phép cho twong ting méi didm \ \
M trong khéng gian vdéi diem M trong (P) M

duoc goi 1a phép chiéu song song lén mit \
phéng (P) theo phirong 1. Myt phing chléu

Hinh 1

2. Céc tinh chét co ban cia phép chiéu song song

Tinh chét 1

Hinh chiéu song song c¢ia mot dudng thing 14 mét dudng thing. Hinh chidu
song song ctia mét doan thing 14 mdt doan thing. Hinh chifu song song cla
mot tia 1la mot tia.

Tinh chét 2

Hinh chiéu song song cta hai dudng thing song song la hai dudng thing
song song hodc trung nhau.
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Tinh chét 3

« Phép chifu song song bién ba diém thing hang thanh ba diém thing hing
va khéng lam thay doi thir tir ba diem do.

« Phép chidu song song khong lam thay dbi ti s& d6 dai ctia hai doan thing
nam trén hai duong thing song song hodc trung nhau.
3. Hinh biéu dién ciia mo6t hinh khéng gian

b)
Hinh 2

Hinh biéu dién ctia mét hinh 4 trone khéng gian 14 hinh chidu song song ctia
S trén mét mit phing theo mot phuong chidu nae dé hodc hinh ddng dang voi
hinh chiéu do.
B. BAITAP MAU
Bai 1. Cho mit phiing (P), doan thing 4B va duong thing / cit mit phing (P).
Cho biét 4B khéng song song voi /. Néu each xac dinh hinh chiéu song song cla
doan thing 4B trén mit phing (P) theo phwong /.

Gidi

V& hai duong thing 14n lwot qua.4, B va B I
song song voi /, ¢it (P) tai 4’ va B'. Ta ¢d
doan thing 4'B' 13 hinh chiéu song song
cta doan thing 4B trén mit phing (P)
theo phuong /.

Bai 2. Cho hinh hop ABCD A'B'/C'D'. Xac
dinh anh ctia tam giac 4'C'B qua phép
chidu song song 1&n mit phing (4BCD)
theo phwrong DD
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Gidi
Ta ¢c6 44" // CC' [/ DD' nén tam giac ACB 1a anh cia tam giac 4'C'B qua phép
chiéu song song 1én mit phing (4BCD) theo phuong DD
Bai 3. Trong Hinh 5, hily cho biét hinh nio 14 hinh bidu dién cta ti dién?

a) b) c)
Hinh 5
Gidi
C4 ba hinh trén du 14 hinh biéu dién ctia tt dign véi cae phuong chidu va
mit phing chiéu khac nhau.
Bai 4. V3 hinh bidu dién cia cac vat sau.

Hinh 6
Gidi

Hinh 7a 14 hinh biéu dién ctia Hinh 6a; Hinh 7b 1a hinh biéu dién ctia Hinh 6b.

Hinh 7
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C.BAITAP
1. Cho mit phéing (P), tam gidc.4BC va duong thing / cit mit phing (P) sao cho
cac duwong thing 4B, BC, C4 déukhong song song hodc tring véi dudng thang /.
X4c dinth hirth chi®u song song ctia tam gide 4BC trén mit phiing (P) theo phuong /
trong méi trudng hop sau:

a) Mit phing (4BC) khéng song song véi /;

b) Mit phing (4BC) song song hodc chira /.
2. Trong Hinh 8, hiy cho biét hinh nio 14 hinh bidu dién cta hinh tru?

&

12

a) b) c)
Hinh 8
3. Trong céc hinh sau, hinh nao 14 hinh biéu dién eta hinh ling tru dimg ¢ day
14 Tuc gitc déu?

|

a) b) c) d)
Hinh 9

P - - R Lt = - ~
4. V& hinh biéu dién cia cac vit sau.

Hinh 10
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BAI TAP CUOI CHUONG IV

A. TRAC NGHIEM
1. Céc yéu t6 ndo sau day xac dinh mot mit phing duy nhét?

A. Ba diém. B. M6t didm va mét dwong théng.

C. Hai duodng thing cit nhau. D. Bén diém.
2. Cho hinh chop SABCD co day ABCD la hinh thang, day 1on 4B va E la trung
diém cta doan thing 4B. Hinh v& nao sau diy la hinh biéu dién ctia hinh chép
SABCD?
A, B. C. D.

S S S S
A /
& D C D C D C D

3. Cho hinh chép SABCD ¢ AC cat BD tai M, 4B cit CD tai N. Trong céc
duong thing sau day, dudng thing nao la giao tuyen ctia (S4C) va (SBD)?

A SM. B.SN. FSE. .86
4. Cho hinh chép SABCD, day 14 hinh binh hanh ¢o O 1a giao diém cta AC
va BD. Goi M, Nlan lugt 14 cac dism nam trén canh SC va SD. Budng thang SO
cat duong thing 40 va BN 1an luot tai P va Q. Giao diém cta duong thing AM
voi mit phing (SBD) la diém nao sau day?

A. DiémP. B. Biém Q. C. Biém O. D. Biém M.
5. Trong khong gian, hai duong thing khéng c¢o diém chung thi

S

A. cit nhau. B. chéo nhau hodc song song.
C. chéo nhau. D. song song.

6. Cho hai dirdng thing song song a, b va mit phing (P). Ménh d nio dudi day ding?
A Néua//(P)thid /(P B. Néu ¢ cit (P) thi b cit (P).

C.Néu g nam trén (P) thi & // (P). D. Néu @ nim trén (P) thi b ndm trén (P).
7. Cho it di€n ABCD ¢O P, Q lan luot 1a trong tam cta tam giac ABC va BCD.
Giao tuyén ctia mit phiing (4BO) va mit phing (DCP) 1a dudng thing 4 Khing
dinh nao dudi day dung?

A. d di qua trung diém hai canh 4B va CD.

B. d di qua trung diém hai canh 4B va AD.

C. d 1a duong thing PO.

D. d1a duong thing OA.
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8. Cho hinh chép tir gide SABCD. Goi M va N lan luot 13 trung diém cta S4
va SC. Khing dinh nao sau diy ding?

A . MN /| (ABCD). B. MN // (S4B).

C. MN /! (S4D). D. MN [/ (SCD).

9. Cho dudng thing @ nim trong mit phing (o) va dudng thing b nam trong mit
phing (B). Biét () // (B). Trong cc khing dinh sau, khing dinh nao sai?

A all (P). B.& /(o).

G.b it b, D. Néu ¢6 mdt mit phing (v) chita a va b thi a / b.
10. Cho hinh chép SABCD ¢ day ABCD 1a hinh binh hanh. Giao tuyén cia hai mat
phang (S4B) va (SCD) la duodng thing song song vai duong thing nao sau day?

A.BD. B.SC. C.AC. D. 4B.

B. TU LUAN
1. Cho hinh binh hanh ABCD. Tir cac dinh 4, B, C va D lan luot ké cac tia Ax,
By, Cz va Dt song song voi nhau va khong nam trong mit phéng (4BCD). Chiing
minh mét phing (4x, By) song song voi mit phing (Cz, Df).
2. Cho hinh chép SABCD ¢6 day 4BCD 1a hinh binh hanh va O 1a giao diém
ctia AC va BD. Goi M, N, P lan luot 14 ba diém nim trén cac canh 4B, BC, SO.
X4c dinh giao tuyén clia mit phing (MNP) voi cae mit etia hinh chép SABCD
(neu ¢o).
3. Cho hinh chép S4BCD ¢6 day ABCD la hinh binh hanh va M la trung diém
ctia S4. Tim giao tuyen cia mit phang (P) v6i cae mat ctia hinh chdp SABCD,
biet ring (P) di qua M, song song voi SC vaAD.
4. Cho hinh chop S ABCD c6 day ABCD la hinh vudng canh a va tam giac S4B
déu. Goi M 1a diém thude canh BC sao cho BM =x (0 < x < &), mit phing (o) di
qua M, song song voi hai durong thing S4 va 4B.

a) Xac dinh giao tuyén ctia mit phing (o) véi cac mit ctia hinh chép.

b) Tinh dién tich cua hinh tao bdi cac doan giao tuyén 4 cau a theo a va x.
5. Cho hinh chép S.4BCD, day ABCD 14 hinh binh hanh ¢é O 1a giao diém ctia
ACvaBD, AC=2a, BD = 2b; tam giac SBD la tam giac déu. Goi 714 diém nim
trén doan thing 4C sao cho 47=x (0 < x < @), (P) 12 mit phing di qua diém I
va song song voi mit phing (SBD).

a) Xac dinh giao tuyén clia mit phing (P) véi cac mit ctia hinh chép SABCD.
b) Tinh dién tich cta hinh tao bdi cac doan giao tuyén g cau a theo @, b va x.
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6. Cho hinh chép SABCD, day ABCD la hinh thang co day 1on AB va 4D = a.
Mit bén S4B 1a tam gidc can tai S, S4 = ; mit phang (R) song song véi (S4B)
vé cit cac canh AD, BC, SC, SD theo thit tu tai M, N, P, O.

a) Ching minh MNPQ la hinh thang can.
b) Pat x=4M v61 0 < x < ¢. Tinh MQ theo a va x.

LOI GIAI - HUONG DAN — DAP SO

Bai 1. PIEM, PUONG THANG
VA MAT PHANG TRONG KHONG GIAN

1. a) Trong mit phang (4BCD), S
g0l O =.A4C n BD.
Suy ra SO = (S4C) m (SBD).

Trong mit phang (SBD),
gol I=EF m SO. Vay EF ~ (S4C) =1

H

Hink 1

b) Trong mit phing (SBD), goi K = EF m BD. Suyra 4K = (4BCD) m (4EF).
Trong mit phing (4BCD), goi H =BC ~ AK. Viy BC n (4EF) =H.

2. Taco I=DE " A4B, suyra:
Ie DE suyrale (DEF),
IeAB,suyrale (4BC).
Twong i, ta ¢o J, K ¢ling thude
hai mit phing (DEF), (4BC).
Vay I, J, K thing hang.
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3.Goi ©O=HF m IG. Taco:
O € HF ma HF c (ACD)
suyra Q € (4ACD),
O e IGmalGc (BCD)suyra O € (BCD).

Do do O € (ACD) ~ (BCD). (1)
Mat khac, ta co
(ACD)Y ~ (BCD)Y=CD. (2)

T (l)va(2),suyra O € CD.
Vay ba duong thang CD, IG, HF cung di
qua mot diém.

4. Ta ¢6 (EFG) ~ (4BC) =EF.

Trong mét phang (4BC), goi I=EF ~ BC. £
Trong mit phing (BCD), goi H=IG ~ CD.
Vay (EFG) m (ACD) = FH,
(EFG) ~ (BCD) = HG, & #
(EFG) ~ (4BD) = GE. ‘? -
&
I
Hinh 4

Bai 2. HAI PUONG THANG SONG SONG

1.a) Taco 4D // BC, AD — (4DJ), BC < (SBC),
ADJ) ~ (SBC)=MN.
Suy ra MN // AD !/ BC.

Chitng minh tirong tir, ta ¢ PQ // AD // BC.
Suy ra MN // PQ.

b) Ta co: AD /! BC, (4DJ) N (IBC) = EF, AD — (4D.J), BC — (IBC).
Suy ra EF // AD [/ BC, suy ra EF // MN [/ PQ.
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2.a) Taco ﬂ: ﬂj suyra MN // BC.
AB  AC

b)Ta co L/1a dudng trung binh ciia tam giac

DBC, suyral7// BC. Suyra LJ// BC// MN,

do do MNJI 1a hinh thang.

MNJI 1a hinh binh hanh khi va chi khi
M1 NT I AD, suy ra MT1a dudng trung binh
clia tam giac ADB. Vay M la trung diém 4B.

3.a)Tacod S € (S4D) » (SBC), AD — ($4D),
BCc (SBCyvaAD // BC.

Suy ra (S4D) n (SBC) =dvoi S € d,
d 1 AD Il BC.

b)TacoM € (S4B) ~ (MDC), AB < (S4B),
DC c(MDC)yvaAdB /| DC.

Suy ra (S4B) m (MDC) = Mx vai
Mx [/ AB Il DC.

Goi N=SB m Mx.

Khi do (S4B) m (MDC) = MN.

4. a) Ta co.A4B // CD va S 1a diém chung cia
hai mit phéng (S4B) va (SCD), suy ra giao
tuyén clia (SAB) va (SCD) 1a dudng thing d,
thod mén: d di qua Sva d //AB// CD.

Ta ¢6 4B // CD va M la diém chung ctia
hai mit phing (SCD) va (MA4B), suy ra giao
tuyén clia (SCD) va (M4B) la duong thing d,
thod man: d, di qua M va d // AB// CD.

b) Ta co 4, // d,vi chung cung song song
vOi4B.
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Bai 3. PUONG THANG VA MAT PHANG

SONG SONG

1. Goi M, N'lan luot 14 trung diém ctia DB, DC.
Ta ¢6 MN la dudng trung binh cta tam giac
DBC, suy ra MN // BC.
Trong tam giac AMN, ta ¢o ﬁzﬁz 2
AM AN 3

Theo dinh 1i Thales dao trong tam giac AMN,
ta ¢0 G,G, // MN. Suy ra GG, // MN /{ BC,
suy ra G G, song song vii cac mét phéng
(4BC) va (BCD).

2, a) Ta ¢6 OO // DF // CE, suy ra OO’ song
song voi cac mit phang (4DF) va (BCE).

b) Ta ¢o ﬂ= ﬂ, suy ra MN // DF |

AF  AD

suy ra MN // (DCEF).

3. a) Goi F 1a giao diém cua MN va BC.

Ta ¢cO MN // AB, suy ta NF /{ BL(vi F € MN,
Ie A4B).

Trong tam giac CIB c¢o6 NF // BI, nén theo

dinh 1i Thalés ta c6: 20— B _ 1
CcI BC 3

Trong tam giac S4B, ta co G la trong tam

nén LC -
7 3 Hinh 3
5 . GI NI 1 & 5 A b
Trong tam giac SIC, ta¢cd —="—=—, suyra NG // SC (dinh li Thales dao).
ST Ccl o3
Do do NG // (SDC).
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b) Trong mit phing (4BCD), goi O la giao diém ctia MTva DC.

. MOIN 1 .
Trong tam giac OCI co MN // OC, suy ra — = — = — (theo dinh 1i Thalés).
ol IC 3
L IG 1 . o .,
Ma - = 5 (G la trong tam ctia tam giac S4B).

Do d6, trong tam gide SOI ¢ % = g - % suy ra MG // SO (dnh1i Thalés dao).

Do do MG /! (SDC).
4. a) Ta ¢6 BC < (SBC) va MN // BC,
suy ra MN // (SBC), AD < (S4D) va
MN /l AD, suy ta MN // (SAD).

b) Trong tam giac S4B, ¢d6 PM la
dwong trung binh, suy ra SB // MP, suy ra
SB I/ (MNP).

Hink 4

¢) Trong mit phing (S4B) vé duong thing & di qua Sva d// AB. Goi E 1a giao
diém ctia MP va d, ta ¢6 MBSE 1a hinh binh hanh, suyta SE // MB va SE =MB,
suy ra SE // CN va SE = CN, suy ra SC // NE. Ta lai ¢6 NE  (MNP), suy ra
SC I/ (MNP).
d) Trong mit phing (SBC), goi I1a giao diem ctia SG, va BC.
G, 1G,

Trong tam giac SI4, ta ¢o —=—=l, theo dinh 1i Thalés dao suy ra
i I8 3

G,G, /I 84, suyra G, G, // (S4D).

5. Goi N, P, R lan luot 14 trung diém cta
AD, SD, SB. Trong mit phéng (S4B) v&
duong théng d di qua S va d // AB // CD.
MR cit dtai I, PI ¢t SC tai O.

Suy ra: (o) m (4BCD) = MN,

(P) M (S4D) =NP, (o) m (SCD) = PO,
(o) » (SBCY=0R, (o) ™ (S4B)=MR.
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Bai 4. HAI MAT PHANG SONG SONG

1. a) Ta ¢co EF // SD (dwong trung binh cia
tam gidac S4D). d

Suy ra EF // (SCD) (vi SD < (SCD)).
Ta co BF // CD (BFD(C la hinh binh hanh),
suy ra BF // (SCD) (vi CD c (SCD)).
Mat khac EF, BF — (BEF), EF n BF =F.
Vay (BEF) // (SCD).
Ta ¢6 EI// BC (vi cung song song voi4D) Hinh 1
vaEI=BC= %AD (vi £71a duong trung binh ctia tam giac S4D va 4D = 2B(C).

Ta ¢o EICRB 1a hinh binh hanh nén CI// BE.

Mit khac BE  (BEF) suy ra CI// (BEF).

b) Ta ¢6 BC // AD, suy ra giao tuyen ctia (SBC) vi (S4D) 1a dudmg thing d di qua S
vad// BC//AD.

¢) Xét tam giac SAD c6 Ila trung diem ctia SD, F la trung diém ctia AD.

Suy ra IF la duong trung binh ctia tam giac SA4D, suy ra fF // S4 suyra KF // 84. (1)

Mit khac, SK // AF. (2)

Tie (1) va (2) suy ra SKE4 14 hinh binh hanh. Suyta SK =AF.

Suyra SK=FD (vidAF =FD). Tt giac SKDF ¢0 SK = FD va SK // FD, nén SKDF
1a hinh binh hanh. Suy ra SF // KD

TacoSF // KD, BF {{ DC: FF=8SF ~wBF, D=KD i~ CD.

Suy ra (SBF) // (KCD).

2. a) Ta co MO // SC (MO1a dudng trung binh
cua tam giac SAC), suy ra MO // (SCB);
NO /! BC (NO la duong trung binh ctia tam
giac DCB), suy ra NO // (SCB).

Ma MO, NO — (OMN), MO n NO= O.

Vay (OMN) /1 (SBC).

b) Ta c¢o hai tam giac S4D va S4B la cac
tam giac can tai 4, suy ra AF va AF vira la
dudng phin gide vira 1a duong trung tuyén
14n luot ctia hai tam gide S4D va S4B, suy ra
E va Flanluot 14 trung diém ctia SD va SB.

Suy ra EF /f BD (EF 1a duong trung binh ctia tam giac SDB).

Suy ra EF // (SBD).

139



3.a)Taco DD // BB'vaDD'=BB' (ABCD A'B'C'D' 1a hinh hop), suyra DD'B'B

la hinh binh hanh, suyra BD // B'D' ma B'D' — (B'D'C), suyra BD // (B'D'C). (1)
Chirng minh twrong tiy ta co D4' // B'C,ma B'C — (B'D'C),

suyraDA" // (B'D'C). (2)
Mit khac, ta co BD m DA'=Dva BD, DA < (BDA"). (3)
Tw (1), (2)va(3)suyra (BDAY // (BD'C).

b) Goi O, O 1an luot 14 tm ctia hai day 4BCD va
A'B'C'DY . Trong hinh binh hanh 44'C'C g1 71a giao
didm ctia AC' va 4'C, ¢it 40, CO lan luot tai G
va (.

A -

Trong tam giac 44'C, ta ¢6 G 1a giao diém ctia
hai trung tuyén 47 va 4’0 nén G 14 trong tam cta
tam giac A4'C, suy ra G ciing la trong tam tam giac
A'BD, tuwong tr G’ 1a trong tam tam giac B'D'C.

Vay AC' di qua trong tAm cua hai tam giac B4’ Ly
vaB'D'C. -

Hinh 3

)

2 1 2 ;
¢)TacoAG = EAIZ gAC_’; (UG'= 3 = %AC’, suy ra G va G’ chia doan 4C’
tharth ba phén bang nhau.

4. (P) ~ (ABCD) = MN v6i MN {/ BC /f AD.
(P)  (S4B) = MF v6i MF [/ S4 (F < SB).
(P) ~ (SDC)=NE v&i NE /| 8D (E € SO).
(P) ~ (SBC)=EF v&i EF I/ BC If MN,
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Bai 5. PHEP CHIEU SONG SONG

1. a) Hinh chiéu song song clia tam giac ~ b) Hinh chidu song song cta tam

ABC trén mjt phang (P) theo phuong /  gidc 4BC trén mit phing (P) theo

la tam giac 4'B'C". phuong / 1a doan thiang 4'C' hoic
A’'B’hoéc B'C', /

Hinh 1 Hinh 2
2. C4 ba hinh di cho d8u 1a hinh bidu difn ctia hinh try véi che phuong chidu va
mit phing chidu khac nhau.

3. C4 bbn hinh d4 cho déu 1a hinh bidu dién cta hinh ling tru dimg cé day 14
luc giac déu véi cac phuong chiu va mét phing chiéu khac nhau.

4.
b)
Hinh 3

BAI TAP CUOI CHUONG IV

A. TRAC NGHIEM

[1.C [2.A [3.A [4A [5B [6.B [7.A [8A [9.C [10.D |
B. TU LUAN

1.Taco Cz// Bynén Cz // (Ax, By).

X i
Do tir giac ABCD 1a hinh binh hanh nén o
CD /! AB do 46 CD // (4x, By). Mit phing 7 D
(Cz, Df) chita hai duong thing cit nhau
Cz, CD clung song song voi (4x, By) nén
B (&

(Cz, Di) I/ (4x, By).

a)

Hinh 1
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2. Ta thay: (MNP) ~ (4BCD) = MN.
Trongmitphéng (4BCD), g0i H=MNDC,
K=MNADvaI=NO " AD.
Trong mit phing (SIO), goi G=NP ~ SI.
Trong mat phang (S4D), goi 7=KG ~ S4
vaR=KG  SD.
Trong mit phing (SDC), goi Q =RH n SC.

Hinh 2

Khi do, (MNP)  (SBC) = NQ, (MNP) ~ (SDC) = QR, (MNP) m (SAD)=RT,
(MNP) m (S4B) =TM.
3. Goi O=AC n BD, E 14 trung diém ctia CD.

Ta co: SC // MO, suy ra SC /! (MOE), AD /! OE,

suy ra 4D // (MOE).

Khi d6, mat phing (P) da cho la (MOE).

Trong mit phing (4BCD), goi F = OF ~ A4B,
suyra (MOE) ~(ABCD)=EF ,(MOE) ~ (S4B)=FM.

Hinh 3

ViM € (MOE) m (SAD) va OF /{ AD nen (MOE) rm (S4D) =Mx // AD // OF.

Trong mit phiing (S4D), Mx ¢it SD tai N. Do d6, (MOE) ~ (S4D) = MN va
(MOE) m (SDC) = NE.

4. a) Trong mit phang (4BCD), ké MN // AB /f CD,
Ne 4D.

Trong mit phéng (S4D), ké duong thiang d di qua
Svad/l AD. Qua N v& duong thing song song voi
SA4 va cit d tai O. N6i MO cit SC tai O va néi NO
cit SD tai P.

Khi do (o) m (4BCD) =MN, (o) ™ (SBC)=MOQ;

(o) ™ (SCD) = QP (o) m (SAD) = NF.

b) Céc doan giao tuyén ctia mat phing (o) véi cac
mat ctia hinh chop tao thanh tir gidc MNPO.

Ta co CD // MN // PQ, suy ra tit gitac MNPQ la hinh thang voi MN =A4B =a,

MO =a—x, PO =x, OMN = SBA= 60",

:(az_xz)‘/g
—4 .

Khido, S

sMumpg

l.i(a—x)\/g (a+x)
2 2

%MQ.sm60°.(MN+PQ)=
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5. a) Trong mat phang (4BCD), ké MN di qua I
vaMN // BD (M € AB,N € AD).

Trong mit phang (S4D), ké JN // SD (J € S4).

Trong mit phing (S4B), néi Ji.

Khi do, (P) m (S4B)=JM, (P) m (S4D)=JN,
(P) m (ABCD) = MN.

b) Cac doan giao tuyén cta mit phing (P)
vol cac mat ctia hinh chép S ABCD tao thanh

tam giac JMN.
Ta ¢ AJMN v ASBD nén AJMN 14 tam gic déu.
MN Al 2b B’x*3
TacéMN;’;’BD,suyra:—=—=£:> =—x:>Sm= xz :
BD A0 a a a

6. a) Cac mit phing (4BCD), (S4D), (SCB),

(SDC) cit hai mat phing song song (R) va

(S4B) theo cac cip giao tuyén song song, suy ra

MN I AB, MQ /{ S4, NP {{ 8B, OP /{ CD /{ AB.
Vi QP // MN nén MNPQ 1a hinh thang.

MO DM CN NP

S4 D4 CB SB

-

Ta co

va S4 =SB,

suy ra MQ = NP. Vay MNP 1a hinh thang céan.

Bilagh e DY MO
5S4 D4 o] a

w >MO=a—x.
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Phan THONG KE VA XAC SUAT

Chuwong V. CAC SO PACTRUNG
PO XUTHE TRUNG TAM
CHO MAU SO LIEU GHEP NHOM

BAI 1. SO TRUNG BINH VA MOT
CUA MAU SO LIEU GHEP NHOM

A. KIEN THUC CAN NHG
1. 86 liéu ghép nhém
Mau sb lidu ghép nhém thuong duoe trinh bay dudi dang bang thong ké
¢O dang nhir sau:
Bdng I: Béng tdn 56 ghép nhom

Nhom [0 [0, 0, [o,, 14, )
Tan s0 7, n, n n,
Chu y:

o Bang trén gom & nhom [u; %, Jvéi 1 < < k mdi nhom gom mét s6 gid trj
dugc ghép theo maét tiéu chi xac dinh.

® Cﬁ‘mgunznl P S

e Gi4 trj chinh gitta mdi nhém dwoe ding lam gid #i dai dién cho nhém Ay,
Vi du nhém [u,; 1) ¢6 gia tri dai diénla %(ul )

e Hidu U, —U dugce goi la dé dai cia nhom [uj; U, 1).

Mot 50 quy tic ghép nhém cita méu 56 lidu

M&i méu s6 lidu ¢é thé duge ghép nhém theo nhidu cach khic nhau nhung
thudng tuin theo mét sé quy tac sau:

— St dung tir k= 5 dén & = 20 nhém. C§ miu cang 16n thi can cing nhidu
nhém s6 lidu. Cae nhém co cung d6 dii bing L thod man R < k . L, trong dé
R 14 khoang bién thién, 14 s6 nhém.

— Gia tri nhé nhat cia mau thude vao nhém [u; u,) va cang gan u, cing tot,
Gia trj 16n nhat ctia mau thuée nhém [u,; u,, ) v cing ganu,,  cing tot.
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2.86 trung binh

Gia st mau sb lidu duoe cho dudi dang bang tin s6 ghép nhém:

Nhom Nhom 1 Nhom 2 Nhom &
(Gia tri dal dién € e, e,
Tan s0 n, n, . n,

S6 trung binh ctia mau s6 lidu ghép nhém, ki hidu ¥, duge tinh nhw sau:

o e W B

xX=
i

trong don=n+n,+..+n,

3. M6t

Nhom chira mdt ciia mau s6 liéu ghép nhém 1a nhém cé tin s6 16n nhit.

Gia stt nhom chwa mot 1a [u ;| ), khi do mot ciia mdu 50 liéu ghép nhom,
ki hiéula M, duge xac¢ dinh béi cong thiie

n —an
M =u, + S T S—u ).
(nm _nm—l)+ (nm _an)
Chu y: Néu khéng co nhom ke trirde cta nhom chita mét thi n. = 0.

Neéu khong co nhom ke sau ctia nhom chira motthiz | = 0.

o

B. BAITAP MAU

Bai 1. Mot buu ta thong ké lai 6 burru pham giii dén mdt co quan mdi ngay trong

thang 6/2022 & bang sau:
30 32 28 34 37 26 44 24 22 38
34 20 30 27 28 34 38 32 42 39
43 42 32 26 36 a2 37 24 29 32

a) Tinh 6 trung binh va mét ctia mau sb lidu trén.

b) Téng hop lai $6 lidu trén vio bang tin s6 ghép nhém theo miu sau:

Sébuuphdm | [20;24] | [25.29] | [30:34] | [35.39] | [40;44]

S6 ngay ? 9 2 ? 9

¢) Hiy udc luong sb trung binh va mét ctia mau sé lidu ghép nhém trén.
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Gidi

a) S6 trung binh ctia mau s6 lidu 14 32,4. M6t cia mau s6 lidu 1a 32.

b) Bang tn s6 ghép nhém.
S6 buru phim [20; 24] [25;29] [30; 34] [35,39] | [40;44]
S6 ngay 4 6 10 6 4
¢) Do s6 buu phém 14 s nguyén nén ta hidu chinh lai bang tan sb ghép nhém
nhr sau:
86 . . . . .
b gl [19,5; 24,5) | [24.5; 29,5) | [29,5; 34,5) | [34.5; 39.,5) | [39.5; 44.5)
Gia tri
Gaidion 22 27 32 37 42
S6 ngay 4 6 10 6 4

S6 trung binh ctia mau sb lidu ghép nhém la

TE=

4.22+6.27+10.32+6.37+4.42

30

32,

Nhém chita mét ctia mau $6 lidu trén 14 nhém [29.5: 34,5).

Do do:u, =295, n

Mot clia mau s6 liéu ghép nhém la AL = 29,5 +

S

=o;n =10.n
TE bl

+1:6;um+1

10-6

) 8— 345 — )9 5=,

10-6)+ (10—6)

Bai 2. Két qua khao st cin ning ctia 20 qua cam Canh & mdi 16 hang 1 va
16 hang 2 duge cho & bang sau:

Céan ning (g) [100; 110) | [110; 120) | [120; 130) | [130; 140) [ [140; 150)
S6 qué cam Canh

316 himg 1 1 4 5 4 6

S6 qué cam Canh

316 Heire 2 2 3 6 4 5

a) Hiy udc lugng can niang trung binh ctia méi qua cam Canh §16 hang 1 va

16 hang 2.

b) Néu so sanh theo sb trung binh thi cam Canh 16 hang nao ning hon?
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Gidi
Ta ¢o bang théng ké sb lirong cam Canh theo gia tri dai dién:

Cén ning dai dién (g) 105 115 125 135 145
S6 quéa cam Canh §16 hing 1 1 4 5 4 6
S6 qua cam Canh §16 hing 2 2 3 6 4 5

a) CAn ning trung binh ctia moi qua cam Canh & 16 hang 1 1a
(1.105+4.115+5.125+4.135+6.145): 20=130 (g).
Cén nang trung binh ctia moi qua cam Canh &16 hang 2 1a
(2.105+3.115+6.125+4.135+ 5.145) : 20=128,5 (g).
b) Néu so sanh theo sb trung binh thi s6 cam Canh & 16 hang 1 ning hon
s6 cam Canh 616 hang 2.

Bél 3. Thio théng k& lai $6 budc chan di moi ngay trong 3 thang
s6 bude chan ban di mdi

ngay trong 3 thing, Két © w529
qua duoe bidu dién & bidu o =
d6 & bén.

e

20 b 18

a) Hiy lap bang tan sb
gheép nhom, kém theo gia o[ 4 1
tri dai dién bidu dién di :

liéu thong ke trén. B0 e e & o @eatk

b) Hay wéc (hrc_mg 0 j:rung §§§s‘3 §§§5i° b@s? (\@g% [ &

binh vad mét clla mau so ™ b o i .

liéu ghép nhém trén.

Gidi
a) Bang tan s6 ghép nhém:

So bude chan Gia tri dai dign SO ngay
[4000; 5000) 4500 12
[5000; 6 000) 5500 24
[6000; 7000) 6500 29
[7000; 8000) 7500 18
[8000; 9000) 8500 9

b) S6 trung binh etia mau s6 lidu ghép nhém 14

o 12.4500+24.5500+29.6500+18.7500+9.8500 % 636057,

92

147



Nhém chita mét ctia mau s6 lidu trén 14 nhém [6 000; 7000).

Do dé:u, =6000,n__ =24,n =29,n__ =18,u_  —u_ =7000—6000=1000.
Mbt clia mAu s6 lidu ghép nhém 14
M =6000+ S 1000 =6312.5.
g (29-24)+(29-18)
Bai 4. Dién tich céc tinh va thanh phé khu vire Nam Bd duge thong ké &
bang sau:
Tinh/ thanh phé | Dién tich (km?) | Tinl/ thanh phé | Dién tich (km?)
Binh Phuée 6877 Vinh Long 1526
Téy Ninh 4041 Déng Thap 3384
Binh Durong 2695 An Giang 3537
Déng Nai 5864 Kién Giang 6349
Ba Ria - Viing Tau 1981 Can Tho 1439
TP.H6 Chi Minh 2061 Hau Giang 1622
Long An 4495 Soc Trang F3l2
Tién Giang 2511 Bac Ligu 2669
Bén Tre 2395 Ca Mau 5221
Tra Vinh 2358

(Nguon: Tong cuc Thong k&)
a) Hiy tinh dién tich trung binh ctia méi tinty/thanh phd khu vire Nam B6.
b) Dua vao s6 lidu trén, hiy hoan thién bang tin sb ghép nhém vé dién tich céc
tinh khu vue Nam B6 theo mau sau:

Dién tich (km?) | [1000;2500) | [2500; 4000) | [4000; 5500) | [5500; 7000)

S6 tinbvthanh phd ? ? ;) ?

¢) Hiy udc luong sd trung binh va mét ctia mau s6 lidu ghép nhom trén.

Gidi
a) Dién tich trung binh ctia mdi tinh/thanh phé khu vire Nam Bo la
(6877+4041+2695+5 864+1981+2 061 +4 495+2 511 +2 395+ 2358+ 1526+
+3384+3537+6349+ 1439 +1622+3312+ 2 669+ 5221): 19 ~ 3386,16 (k).
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b) Bang tan s ghép nhém:

Dién tich (km?)

[1000; 2 500)

[2500; 4000)

[4000; 5500)

[5500; 7000)

S6 tinh/thénh phé

7

6

3

3

¢) Bang tan s6 ghép nhém bao gbm gia tri dai dién ctia cac nhém nhu sau:

Dién tich (km?)

[1000; 2 500)

[2500; 4000)

[4000; 5500)

[5500; 7000)

(ia tr1 dai dién

1750

3250

4750

6250

S6 tinh/ thanh phé

7

6

3

3

Khi d6, sb trung binh ctia mau s6 lidu ghép nhém 1a
7.1750+6.3250+3.4750+3. 6250
19

Nhém chita mét cia mau s6 lidu trén 14 nhém [1000; 2 500).

~ 3407,89.

=

Dodé:u =1000,n,_ =0n =Tn =6,u, . —u =2500-1000=1500.
Mbt clia mAu s6 lidu ghép nhém 14
M =1000+ ?_0 150052312.5.
4 (7—0)+ (7—6)

C.BAITAP

1. Nhan ngay héi doc sach, céc hoce sinh ctia mét trudng trung hoc phod théng
mang sach cli dén ting thur vién truong va trao dbi vai cac ban hoe sinh khéc.
Béng sau thong ké so sach ¢l ma cac ban hoc sinh 16p 11B mang dén trirdng.

[4: 6] [ 9] | [10;12] | [13:15]
14 10 8 3

S0 sach |y
So hoe sinh 5

Hiy ude lugng s6 trung binh va mot eiia mau sb lidu ghép nhém trén.

2. M6t ki thuét vién ghi lai ¢in ning ciia 20 chi tiét may & bang sau (don vi: gam):

5,63
5,46

5,58
5,51

5,42
5,58

5,58
5,48

5,56
5,61

5,54
5,50

S
5,54

5,40
5,64

5,60
5,43

5,56
5,63

a) Tinh cin ning trung binh ctia mdi chi tiét may.

b) Lap bang tin s6 ghép nhém cla mau sb6 lidu trén véi nhom ddu tidn 14
[5,40; 5,45) v udc luong s6 trung binh ctia mau s6 lidu ghép nhém trén.
3. Bang sau thong k& s6 luot ché khach mdi ngay cfia mét 141 xe taxi trong 30 ngay.

11
13

9
6

10
8

8
17

14
13

11
6

16
18

10
12

9
13

15
13

13
i

7
12

5
13

18
15

13
12
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a) Hiy tinh 6 trung binh va mét ctia mAu sb lidu trén.

b) Hiy 1ap bang tin sé ghép nhém ctia mAu s6 lidu trén voi nhom dau tidn 14
[4:; T.5)

¢) Hiy udc luong sb trung binh va mét ctia mau sb lidu ghép nhém do.
4. Bang sau théng k& cin ning (don vi: kg) ctia mét s6 con ngan dire 88 ngay tudi
0 mot trang trai.

4,60 | 4,062 | 4,64 | 4,65 | 4,67 | 467 | 4,68 | 4,68 | 4,70 [ 4,70
470 | 470 | 471 | 4,71 | 472 | 4T3 | 474 | 4776 | 477 | 4,77
A77 | 478 | 4,78 | 480 | 4,82 | 484 | 484 | 485 | 487 [ 489
4,80 | 490 | 492 | 492 | 493 | 494 | 494 | 495 | 497 | 497
4,97 1 499 | 499 | 5,01 | 5,02 | 503 | 5,04 [ 5,05 | 5,06 | 507

a) Hiy 14p bang tin sb ghép nhém ctia mau s6 lidu trén véi nhém dau tién 14
[4,6; 4,7).

b) Hay udc lwong sb trung binh va mét cia méu s6 lidu ghép nhém trén.
5. ‘Béng sau thépg k8 chidu cao (don vi: om) clia mot s6 ¢y gidng sau khi nay
mam duge 2 tuan.

Chiéu cao (emp| [0,28600)-L [0 2L [L877, =18l &7, 8.2) | [8,2;8,7)
S0 cay 10 Z] 28 12 9

Hiy woe luong chidu cao trung binh va mét clia méu s6 lidu ghép nhém trén.
6. Thér}g ké lai thu nhap trong mét thang ctia nhén vién hai ¢bng ty.4 va B (don vi:
tridu déng) duge thé hidn trong bidu dé dudi diy.

6 A Thu nhap trong mét thang ctia nhan vién
AR haicongty AvaB
50

40

] congtya
[] congtys

3o

20

e

o B s 05D 25,29 (ues dong)

Hiy so sanh thu nhap trung binh cfia nhén vidn hai eéng ty theo s trung binh
va mét ctia mau sb lidu ghép nhém.

150



BAI 2. TRUNG VI VA TU PHAN VI
CUA MAU SO LIEU GHEP NHOM

A. KIEN THUC CAN NHG
1. Trung vi

Céng thire xdc dinh trung vi ciia mdu 506 liéu ghép nhom

e Goi 713 ¢cd mau.

e (Gia su nhc?m [ u_ ., ) chia tnmg.vl;

en_latan so cua nhom chira trung vi;

G =8 FE et R
. 1 2 i

Khi do

o i

fngkfa cfia trung vi ciia miu 50 litu ghép nhom

T dit lidu ghép nhém néi chung khéng thé xae dinh chinh xac trung vi cia
mau s6 lidu gde. Trung vi elia mau s6 lidu ghép nhém 14 gia tri xép xi cho mAu
s6 lidu gbe va o thé 14y lam gia tri dai dién cho mau 86 lidu.

2. T phan vi

Céng thire xdc dinh tie phén vi ciia man 50 Liéu ghép nhom

Tt phén vi th hai cia mau s6 lidu ghép nhém, ki hidu @,, cling chinh la trung
vi clia mAu s6 lidu ghép nhém.

PE tim tir phan vi thit nhat cia mau s6 lidu ghép nhém, ki hiéu Q, ta thue hién
nhw sau:

* Gia st nhém [# ; u , ) chira fir phan vy thu nhét;

* n_la tan s6 clia nhém chua t: phin vi thir nhat;

*C=a 40t A

Khi do

g

.
4
il

m

O =u,+ -(um+1—um).

Tuong ti, d& tim ti phin vi thi ba cla mau sb lidu ghép nhém, ki hidu Q..
ta thue hién nhu sau:
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* Gia Slj]f nha{:')m [“;5 u, ) chira tir phan vi thit ba;
1, la tan s0 cia nhom chira it phan vi thar ba;
i ot T tn_
Khi do

&

Q3 =+ i -(u}.ﬂ —u}.).

, thudc hai

i B [uj; ujﬂ) thi ta 14y kauj.

e

F T | . .
Chuai y: Néu tir phan vi thit £ 1a 5 (x +x_ , ) trongdox vax
nhém lidn tidp, vi dunhux € [u ;uj) vax
il i—1 mt

B. BAITAP MAU

Bai 1. Mot edng ty cung cip nudc sach théng k& lwong nudc cac hd gia dinh
trong mét khu vige tiéu thu trong moét thang & bang sau:

Luong mrdce ticu thu (m?) [3:.6) [6:9) | [9:12) | [12:15)|[15;18)

$6 ho gia dinh 24 57 42 29 8
a) Hiy udc luong b trung binh, mot va trung vi clia mau sd lidu ghép

nhom trén.

b) Cong ty mubn giri mét théng bao khuyén nghi tiét kidm mrde dén 25% céc
hé gia dinh ¢6 luong muede tidu thu cao nhét. HAl cong ty nén g dén céc ho tidu
thu tir bao nhidu mét khoi nude trd 1én?

Gidi
a) Cd mauzn = 160.
Béng tin s6 ghép nhom clia mau s6 lidu trén nhu sau:

Luong mrée tigu thu (m?) [3.6) [6:9) | [9:12) | [12:15)|[15;18)

Gia tri dai dien 4,5 T 10,5 13,5 16,5

$6 ho gia dinh 24 57 42 29 8

S6 trung binh ctia mAu s6 lidu ghép nhém di cho 1a

_ 1

X =ﬁ(z4.4,5 +57.7,5+42.10,5+29.13,5+8.16,5) =9,375.
Nhém chita mét ctia mau s6 lidu ghép nhém trén 14 nhém [6; 9).

Dodo:u =6,n =57,n _=24,n , =42,u =9.

?m—1 +1 2 mtl
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(57-24)
(57— 24) +(57-42)
14 méu s6 lidu duge xép theo thi ty khéng giam.

Mot ctia mau s6 lidula M, = 6 + (9 —6)=8,0625.

GOL I, e By

Taco: x,...,x, € [3;6);x x. € [0 € [9:12);

252 7T gar trre 123

e [12;15); x e [15; 18).

X

1 A 152 g s 160

C& maun =160 la s6 chinnén trung vi laM = %(x tx. )-Dox, vax,

e, V|
thude nhém [6; 9) nén trung vi clia mau s6 liduladl = 6 +2? (9-6)~8,95.

b) 25% cac hd gia dinh ¢6 luong nude tigu thy cao nhét ¢6 lirgng nurde tidu thu
khong nho hon Q,, voi Q, la tir phan vi thir ba cia mau s6 lidu.

).Dox  vax,

£2 2’ = Al

Ttk phén vi thit ba clia diy s6lidux ;x; ...;x, 14 %(merxm

thudc nhém [9; 12) nén tik phén vi thit ba ctia mau sO1idu 1a
160.3

== (24+57)

Qe it = (12-9)~ 11,79

Viy ¢dng ty nén g thong bio tiét kiem nude dén cac ho gia dinh ¢6 luong mrde
tiéu thu tir 11,79 m® nuwde tré 1én.

Bai 2. Bang sau ﬂ'léﬂg ké khdi lrong mot s qua mang cut duge Iwa chon
ngau nhién trong mot thung hang.

Khéi lwong (gam) [80; 82) | [82:84) | [84.86) | [86.88) | [88; 90)
S6 qué 18 20 24 15 13

a) Hiy ude luong sb trung binh, mbt va trung vi cia mau sd lidu
ghép nhom trén.

b) Ngudi ta muén chia ming cut trong thing ra 1am ba loai theo ¢én ning, bao
gom: loai nhé, loai vita va loai to. Cac loai nay lan lwot chiém khoang 25%, 50%
va 25% s6 ming cut trong thimg. Hiy x4c dinh ngudng cin ning dé phan loai qua.
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Gidi
a) C& mau z = 90.
Bang tan so ghép nhém ctia mau so liu trén nhw sau:

Khéi lwong (gam) [80;82) | [82:84) | [84.86) | [86;88) | [88;90)

Khéi lwong dai dién 81 83 85 87 89

S6 qua 18 20 24 15 13

S6 trung binh ¢fia mau s6 lidu ghép nhém trén 1a

_ 1 254

X =9—0(18.81 +20.83+24.85+15.87+13.89) = =" 84,67.
Nhém chita mét ctia mau 6 lidu 14 nhém [84; 86).

DO dé um: 84’ nm = 24’ nm—lz 20’ nm+1: 159 um+1: 86
(24—20)
(24-20)+(24-15)

Goix,; x,; ...; x,, la mau s0 ligu duge xep theo thur tu khéng giam.

Mot clia mau so liéu la M =84 +

(86 —84) % 84.62.

Taco:x;, ... % € [SOERZE 0. @ 'S 82 6dh i 0., x.. & [84; 86);

HEESS (38 25

Kepr --n X € [86;88) 0. ., X, € [88; 90).

= - A = ~ B 1 5 ~
C& mau »= 90 la s0 chan nén trung vi la A :E(x45 +x,.). Dox,, vax,, thudc

nhém [84; 86) nén trung vi clia mau s6 lidula
20 _18+20)

M, =84 +-2 (86 — 84) ~ 84,58,

24
b) Goi Q,, O, lan luot la tir phan vi thw nhat va thi ba clia miu s6 liéu.
Theo d& bai, ta co:

Miing cut loai nhé ¢6 ¢én niing nhé hon Q..
Mang cut loai vira ¢6 cénnéng trong [Q; Q).
Ming cut loai to ¢ can nang khong nho hon (2

Ti phan vi the nhat cla diy s lifux;x; ... x, lax , € [82;84). Tt phan vi
thit ba ctia ddy sdlifux; x5 ..., %, lax,, € [86; 88).
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@—18

Do d6, tir phan vi thirnhét1a O, = 82 + 420 (84— 82) = 82.45;

%—(18+20+24)

tir phan vi thit ba la O, = 86 +—2 = (88 —86) ~ 86,73,

Véy méng out loai nhé ¢ khoi lwgng (tinh theo gam) thude [80; 82,45).

Ming cut loai vira ¢6 khdi luong (tinh theo gam) thude [82,45; 86,73).
Ming cut loai to ¢ khéi Iwong (tinh theo gam) thude [86,73; 90).

Bai 3. Thoi gian stt dung dién thoai trong mot ngay ctia 30 sinh vién duge ghi lai
& bang sau (don vi: phut).

85 [ 195 | 187 | 198 | 43 | 223 | 280 | 71 | 205 | 277
208 [ 142 | 162 | 89 [ 167 | 122 |'175 | 168 | 148 | 253
234 [ 187 | 85 | 1823 | 224 | 233 | 117 81 | 39 | 85

a) Tim cac t phan vi cta diy s lidu trén.
b) Téng hop lai diy s6 lidu trén viao bang tin s6 ghép nhém voi nhém dau tién
14 [0; 60). Hay wdc luong c4¢ t phan vi cia mau 56 lidu ghép nhom.
Gidi
a) Sap xép mau sb lidu theo thir ty khéng giam ta duoo:

39; 43; 71, 81, 85, 85; 85, 89; 117, 122, 142; 148; 162; 167, 168;
I'75. 187187 193..195.198: 205, 223224 '233: 234: 253 277 280 208,

C8 mau 7 = 30 1a s chin nén trung vi clia mAu s6 lidu 14
1 1
0,= —(x,+x,)= —(168+ 175) = 171,5.
2 2
Tt phén vi thitrnhat1a Q, = x, = 89.

Tit phén vi thit ba 1a Q, =x,, =223

b) Bang tan s ghép nhém ctia mau s6 lidu nhw sau:

Thoi gian (phut) | [0; 60) | [60; 120) | [120; 180) | [180; 240) | [240; 300)
S6 sinh vién 2 7 7 10 4
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Goi x,; x,; ... x,, lamau 0 ligu duge xep theo thwr tu khéng giam.

Tacorx, & & [0, 6005, ¥ & [00,120); 2, .8 [120; 180);

X o0 Xy € [180;240); x, ..., x, € [240; 300).

; y - 1
T phan vi thir hai ctia mau s6 li¢u ghép nhom la E(x15 +x.). Dox, vax,
thude nhém [120; 180) nén t% phan vi thit hai cia mAu s6 lidu ghép nhém 14

@—(2#}’)

0.=120 +2f.(180— ]

~171,43.

Tt phin vi thi nhat cia maula x, € [60; 120). Do dé, t phin vi thi nhat cla
30,
g 750

(120 - 60) = —— ~107,14.

mau s6 lidu ghép nhém 1a Q, = 60 +

Tt phén vi thit ba ctia mau s6 lidula x,, € [180:240). Do do, tit phan vi thirba

—3'30—(2+ 7+7)

cia méu s6 1idu ghép nhém 1a O, = 180 +—2 = (240 - 180) = 219.

Bai 4. Mot nhom gém 45 hoc sinh lam mot bai kiém tra tric nghiém gém
40 cau héi. S6 ciu tra 161 ding ctia mdi ban durge ghi lai & bang sau:

24 (3513724130123 |21|39(28120(32(37|17]40]|34
2734130121 126263837 (163519202225 38
34 (2913914013618 |31 |24 (36|33 |24(24 362637

a) Tim cac tit phén vi ctia diy s lidu trén.
b) Téng hop lai diy s6 lidu trén vio bang tin s6 ghép nhém theo mau sau:

S6 cau tra 161 ding | [16;20] | [21;25] | [26; 30] | [31;35] | [36; 40]

S6 hoce sinh 2 ? ? 2 2

¢) Hiy udc luong ce it phin vi ctia mau s6 lidu ghép nhom trén.
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Gidi
a) Mau s6 lidu di cho duge sip xép theo thir ty: khéng giam nhw sau:
16;17; 18; 19; 20; 20, 21; 21; 22; 23; 24; 24; 24; 24, 24,
25.26;26; 26,27, 28;29; 30; 30; 31; 32; 33; 34; 34; 34,
35; 35, 36; 30, 36, 37, 37,37, 37, 38; 38; 39; 39; 40; 40.
C&maula n= 45 la s6 1& nén trung vi clia mau so lidula Q, =x,, =30.

Tir phén vi thir nhét1a O, = %(x“ +x.)= %(24 +24)=24,

. 1 1
Tt phan vi thitba 1a Q, = E(.x34 Fop )= 5(36 +36) = 36.

b) Bang tan s ghép nhém ctia mau s6 lidu trén nhu sau:
S6 céu tra loi dang | [16;20] | [21; 25] | [26; 30] | [31; 35] | [36; 40]
S6 hoc sinh 6 10 8 8 13

¢) Do sb cdu tra 101 ding ¢tia hoe sinh 14 $6 nguyén nén ta hisu chinh lai bang
sb lidu nhur sau:

SO cAu tra
: 15,5, 20,5) 1 [20.5; 25.5) | [25.5; 30,51 | [30,5;35,5) | [35.,5; 40,5
lbidl'mg[°°°)[°°°)[°' I I )
Sb
: 0 10 8 8 13
hoe sinh

Got e R 14 86 cau tra 1oi ding cua 45 hoc sinh dugc Xép theo tha tu
khong giam.
Taco:x,...,x, €[155,20,5), x, ....x,, € [20,5,25,5), x ., ..., x,, € [25,5; 30,5),
Hy oW & [3005,355) % ¥ € [35,5,405).
T phén vi thit hai clia mau s6 lidu .l lan e 255 300). Dodo,
fir phéan v1 thit hai cia mau s6 liéu gheép nhom la
E—(6+10)

Q,=255 +2T'(30’5 —25,5)=29,5625.

330 0c

. b A o = A g 5 1 h
Tu phan vi thir nhat cua mau s6 idux; x,; ...; x,, laa(x11 ). Doiey ek,
thude nhém [20,5; 25,5) nén ti phin vi thi: nhét ciia mau s6 lidu ghép nhém 1a

RN

0,=20,5+ 410 (25,5 —20,5)=23,125.
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. ~ . . - = A qrn . 1 .
T phén vi thie ba cia méau s6 lisux ; x; ..., x,. la E(x34 + w Do, vaa,

thude nhém [35,5; 40,5) nén ti: phin vi thi ba ctia mau s6 lidu ghép nhom 14
ﬁ—(6+10+8+8)

0,=355+4 = (40,5 — 35,5)~ 36,173,

C.BAITAP
1. M&t trang 13210‘ dién ti thong k& thoi gian ngudi st dung doc théng tin trén
trang trong moi lan truy ¢dp & bang sau:
Thoi gian doc (phit) [0;2) [2: 4D [4;6) [6:8) [8;10)
$6 luot truy cip 45 34 23 18 5

Hay wdc lugng cac tir phan vi clia mau s6 ligu ghep nhém trén.

2. Nguoi ta théng ké toc dd ctia mot s6 xe &t di chuyén qua mot tram kidm soat
trén dudng cao toc trong mot khoang thoi gian ¢ bang sau:

Toc do (kin/h) [75.80) | [80.85) | [85.90) | [90;95) | [95, 100)
SO xe 5 12 18 24 19

Hiy ude luong cac t phin vi clia mau s6 lidu ghép nhém trén.

3. Tham mén ¢ong tac ctia cac ¢ong nhan hai nha may .4 va B.

Thém nién cong tac(nam) | [0.5) | [5;10) [[10:15)][15;20)][20;25)
So ¢ong nhan nha may .4 35 13 'y, 12 8
S0 ¢ong nhan nha may B 14 26 24 11 5

a) Hily so sanh thim nién cdng tac cia nhan vién hai nha may theo sb trung binh
va trung vi.

b) Hay udc luong firphan vi thir nhat va thit ba ctia hai mau so liéu ghép nhém trén.

4. Thiy gido thong k& lai s6 14n kéo xa don ctia cac hoc sinh nam khéi 11 &
bang sau:

S&1an [6:10] [ [11; 15] [ [16; 20] | [21; 25] [ [26; 30]
Séhocsinh | 35 54 3 17 5

a) Hiy ude luong s trung binh, mét va trung vi c¢ia mau sb lidu ghép
nhom trén. o ( ( ‘

b) Thay giao dy dinh chon 25% hoc sinh ¢6 s0 lan kéo thap nhat dé boi dudng
thé lue thém. Thay gido nén chon hoc sinh ¢6 thanh tich kéo xa don dudi bao
nhidu 14n d bdi dudng thé le?
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5. Két qua kiém tra can ning cia mot sb qua triing chim cut duge Iira chon ngau
nhién & hai trang trai chin nuéiA4 va B duge bidu dién & biéu do sau (don vi: g).

C4an nang cGia moét s6 triing chim cat
& haitrang traiAva B

r

(afi quél)JI

40

37

. Tring clatrang tra A

30

|:| Trimg clatrang tra B
20

Y

[B4.5.6) [B.5.0.0)

(5,2, 5.4) [5.6; 5,8) [3,0; 5,2) ()

a) Hay so sanh can ning cua tring chim cit cta hai trang trai 4 va B theo
$6 trung binh va trung vi.

b) Hiy wde luong tir phin vi thit nhat va ti phan vi thir ba clia cdn ning
trirng chim cut cia trang trai 4.

BAI TAP CUOI CHUONG V

A.TRACNGHIEM
Tralol caccauhdi 1 — 5 dua trén do thi thé hién diém thi danh gia niang luc cla
maot trirong dai hoe vao nam 2020 dudi day.
Piém thi danh gia nang luc cila mét trudng dai hoc nam 2020
(s M
hoc sinh)
140 )
120

100
a0}
a0 §-
40
20

=
=
=
=
=
=
=
=
=
=
r

i

(Bifem)
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1. Téng s6 hoe sinh tham gia ki thi danh gi4 ning lue trén 14
A. 780. B8 C. 696. 135097,

2. Gi4 tri dai dién cho nhém chira mét ctia mau sé lidu ghép nhém trén 14

A. 6255, B 6755. C. 7253, . 7755
3. Gia trj dai dién cho nhém chira trung vi clia mau sb lidu ghép nhom trén la
X625.5. B.675.5. & 7235 B 77355

4. Gia tri dai dién cho nhém chira tif phan vi thie nhét clia mau sb lidu ghép nhom
trén la

A. 625,5. B.675.5. O 7255, 0. 7755
5. Gia tri dai dién cho nhom chita tit phén vi thit ba ctia mau s0 lidu ghép nhom
trén la

X625.5. B.675.5. & 7235 B 77355

Tra 101 cac cau hdi 6 — 10 dya trén bang 56 lidu vé chiéu cao ctia 100 hoc sinh

mét truong trung hoc phd théng dudi day.

Nhom Chieu cao (cm) So hoc sinh
1 [150; 153) 7
2 [153; 156) 13
3 [156;159) 40
4 [159; 162) 21
S5 [162; 165) 13
6 [165; 168) 6
6. 160,5 1a gia tri dai di€én cho nhom
A 2. B.3. C. 4. 5
7. Mbt ctia méu s6 lidu ghép nhém trén (1am tron két qua dén hang phin trim) 14
A. 157.76. B..155.25. L 1675 D. 160,28.
8. Trung vi ctia mau 6 lidu ghép nhém trén 13
A. 157.76. B. 157,25. C. 158,25. D. 160,45.

9. T1t phin vi tht nhét ctia méu s6 lidu ghép nhém tén (lam tron két qua dén
hang phan tram) 14

A. 156,25 B. 157.5. C. 156,38. D. 157,54.
10. Ttz phan vi thit ba ctia mau s lidu ghép nhém trén (lam tron két qua dén hang
phén tram) 14:

A. 160,52. B. 161,52. C. 161,14. D. 162.25.
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B. TU LUAN
1. Mot cdng ty bao hidm théng ké lai d6 tudi cac khach hang mua bio hidm
xe 0 t0 & bang sau:

Do tudi [25;30) | [30;35) | [35; 40) | [40; 45) | [45; 50) | [50; 55)
$6 khach hang 25 38 62 42 37 29

Hiy wde luong sb trung binh, mét va cdc t& phin vi clia mau sb lidu
ghép nhom trén.
2. Cée ban hoe sinh mét 16p théng k& sb tii nhwa ma gia dinh ban dé st dung
trong mét tudn. Két qua duoe tdng hop lai § bang sau:

S6 i [5,91 | [10;14] | [15;19] | [20;24] | [25;29]
S6 gia dinh 8 15 12 7 2

a) Hiy ude luong sb trung binh va mét ctia mau s6 lidu trén.

b) Cb gido dur dinh trao danh hi¢u “Gia dinh xanh™ cho 25% gia dinh cac ban
stt dung it tii nhua nhit. C6 gido nén trao danh hiéu c¢ho céc gia dinh ding khéng
qua bao nhiéu ttu nhira?

3. Bang sau thong k& doanh s6 ban hang clia cac nhin vién mét trung tim thuong mai
trong mét ngay.

Doarh sb

A 20;30) | [30; 40) | [40;350) | [50;60) | [60;70
(tridu ddng) [20,30) | [30;40) [ [40:50) | [50;60) | [60;70)
S0 nhén vién 4 8 12 7 5

a) Hiy udc luong sb trung binh, mét va trung vi cia mau sb lidu
ghép nhom trén.

b) Trung tim thwong mai di dinh s8 thudng cho 25% sb nhin vién ¢é
doanh s6 ban hing cao nhat. Theo mau s6 lidu trén, trung tim thwong mai nén
Kkhen thudng céc nhin vién ¢é doanh sb ban hang it nhat 14 bao nhidu?

4. Mot ctra hang sach thong k& s6 truyén thiéu nhi ban duoc trong hai thang &
bang sau:

S6sach | [14;20] | [21,27] | [28:34] | [35:41] | [42; 48]
S6 ngay 5 7 25 15 9

Hiy uéc luong sb trung binh, mébt va cac tit phin vi clia mau s6 lidu ghép
nhoém trén.
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5. Két qua diéu tra vé sb gio lam thém
trong mot tuan cda 100 sinh vién duge

cho & bigu do bén. G5 A
. . sinh wién)
Hay wdc lugng s6 trung binh, mot va 45
cac tir phan vi cua s0 liéu do. 40l

3I5)
3a

251

56 gid'1am thém trong moét tuan
cua sinh vién

Bai 1. SO TRUNG BINH VA MOT
CUA MAU SO LIEU GHEP NHOM

1. Bang s6 lidu ghép nhém hidu chinh nh sau:

$6 sach [0,5; 38y (300, ) (6.5 85 1 [2.5712.5) | [12,5;15,5)
S6 hoc sinh 5 14 10 8 3

S6 trung binh clia mau s6 lidu ghép nhém 14 7,25.

I S, . . 1. 145
Mot cua mau s6 ligu ghép nhom 1a £} ~5,58.
2. a) Cén nang trung binh ctia méi chi tiét may 14 5,54 g.

b) Bang s6 lidu ghép nhém clia mau s6 lidu di cho nhu sau:
Can nang | [5,40; 5,45) | [5,45; 5,50) [ [5,50; 5,55) | [5,55; 5,60) | [5,60; 5,65)
S6 chi tiét 3 2 4 6 5

S6 trung binh cfia mau s6 lidu ghép nthém 1a 5,545.
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3. a) S6 trung binh mau s6 lidu 1a 11,7. Mbt ctia mau s6 lidu 14 13.

b) Bang tan s ghép nhém cia méu s6 lidu dd cho nhu sau:

S6 luot khach | [4.5; 7.5) | [7.5; 10,5) | [10.5; 13,5) | [13,5 16,5) | [16.5; 19.,5)

S6 ngay 4 6 13 4 3

¢) S6 trung binh ctia mAu s6 lidu ghép nhém 1a 11,6.
, - 189
Mot cua mau 06 liéu ghép nhom la Te ~11,8.

4. a) Bang tin s6 ghép nhém ctia mau s6 lidu di cho nhu sau:

Céan nang (kg) | [4.6,4,7) | [47,4.8) | [4.8,4,9) | [49:50) | [5,0;5,1)
S con ngan 8 15 8 12 7

b) S6 trung binh ctia mau sb lidu ghép nhém 1a 4,84. Mébt ctia mau sd lidu
ghép nhom la 4,75.
5. S6 trung binh ctia mau 6 lidu ghép nhém 14 khoang 7,38. Mt ctia mau s6 lidu
ghép nhom la khoang 7,35.

6. Ta lap bang théng k& thu nhép c¢tia nhin vién hai ¢dng ty nhu sau:

(don ziumiljliiéng) TR Siggg@wjn S?:Sr?gan tyvaleén
[5: 9) 7 12 16
[9: 13) 11 45 40
[13;17) 15 16 29
[17;21) 19 14 15
[21;25) 23 7 12

S trung binh thu thap trong mét thang ctia nhén vién cong ty 4 14
_  12.7+4511+16.15+14.19+7.23
T 94
S6 trung binh thu thp trong mét thang clia nhén vién ¢ong ty B 14
o 16.7+40.11+29.15+15.19+12.23
112
Viy néu so sanh theo s6 trung binh ctia mau s6 lidu ghép nhém thi thu nhip cta
nthén vién ¢dng ty 4 thap hon thu nhip ctia nhin vién ¢dng ty B.

~ 13,26 (tridu dong).

~ 13,82 (tridu ddng).
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e Ta wde luong mot cla thu nhép clia nhin vién cong ty 4:

Nhém médt clia mau s6 lidu 14 nhém [9;13).

Dodoiu =9n  =12;n =45n =164 ,,—u =13-9=4.
Mbt ctia mau s6 lidu ghép nhém 1a
M =9+ 12 4 345%11,13.

¢ (45-12)+(45-16) 31
e Ta wréc lugng mot ciia thu nhap ctia nhan vién cong ty B:

Nhém mdt cia mau s6 lidu 1a nhém [9; 13).

Dodoia, =%a =168 =408 =204 W =13-0=4

-1 2]

Mbt ctia mau s6 lidu ghép nhém 1a
40-16 411
=0 =
? (40—16) +(40-29) 35
Vay néu so sanh theo mot ctia mau so ligu ghép nhém, thu nhép clia nhan vién
cbng ty 4 thip hon thu nhip cia nhén vién cbng ty B.

~ 11,74

BAI 2. TRUNG VI VA TU PHAN VI
CUA MAU SO LIEU GHEP NHOM

25 103 243
3085 545 4555
2'Q1: 36 ! sz 6 ! Q3: 48 -

3.4a) So sanh theo s6 trung binkh: %, =90025:%, = 104375, suyta X, < %,.

So sanh theo trung vi: M. (4) = % M (B)=10, M (4) < M, (B).

20 20 35
b) Q,(4) = Eh 0.A)=150,B) = o 0.(B)= -
4.a) fzw-M:@.M:@

3

1437 ° 82 ¢ 108

797 N ;
b) O, ="y ~ 11,07. Thay giao nén chon cac ban ¢6 thanh tich keo xa duai

12 14n d2 bdi dudng thé luc thém.
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5. a) Tir bidu db da cho, ta 1ap duoe bang sb lidu ghép nhém sau:

Can ngng (gam) [8,2:8.4) | [8,4;8.6) | [8,6; 8.8) | [8.8;9,0) | [9,0;9,2)
S6 qua tring ctia trai 4 ¢/ 18 34 21 9
Sé quatring ctatraiB| 15 37 12 7 2

Tix d6, ta ¢6 bang thong k& s6 qua trimg chim et ctia hai trang trai theo gid tri

dai dién nhu sau:

Cén ning dai dién (gam) 8.3 8,5 8,7 8,9 9,1
S6 qué tring clia trang traid | 7 18 34 21 9
S6 qua tring cta trang trai B | 15 37 12 : 2

e DI voi trang trai A4:
Comaun, =89.

CAn ning trung binh cia mdi qua tring etia mau s6 lidu ghép nhém 14
_  8,3.7+8,518+8,734+89.21+9.1.9
Xy =
89
Trung vi ctia diy sb lidu 13 s6 lidu thi 45 theo thi tuw khéng giam cta diy va
thude nhom [8,6; 8,8).
Trung vi etia mau sd 1idu ghép nhom 14
89

L
2

34

~ 8,72 (2).

MA)=8,6+ (R.88,6)~871.

e DI vai trang trai B:
CO maun,=73.
Can ning trung binh cia mdi qua tring ca mau s6 lidu ghép nhém 14
_  8,315+8,537+8,7.12+8,9.7+9,1.2
XB =
T3

Trung vi cta diy 6 lidu 1a s6 lidu thit 37 theo thit tw khéng giam cta diy va

thude nhom [8,4; 8,6).

~ 8,55,

Trung vi ctia mau so liéu ghép nhém la

E—15

M(B)=8.4+2

(8,6 —8,4) » 8,52.
37 (3 3) E
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TathiyX, > %, vaM (A) =M (B). Vay khi so sanh theo s6 trung binh hay theo
trung vi, ¢in ning cta tring chim et ctia trang trai 4 déu 16n hon ¢An ning ctia
triing chim cut cta trang trai B.

b) Béi voi trang trai 4:

Tt phan vi thi: nhat ctia mau s6 1idu 14 trung binh ¢dng ctia s6 lidu thik 22 va
23 theo thit tir khéng giam cta day va thudc nhom [8,4; 8,6), nén fif phan vi
thit nhét cta mau 6 lidu ghép nhom 14

1.89

i B,
4

Q. )=84+ (8,6 —8,4)~ 8,57.
Tt phan vi thi ba ctia mau s6 lidu ghép nhém 1a trung binh céng cta 6 lidu
thit 67 va 68 theo thir tir khong giam ctia day va thude nhom [8,8; 9,0), nén tix phan vi

389 o

thit ba clia mau s6 lidu ghépnhém la O (4) =88 +47. 9.0 -8.8)~ 8,87.
: 21

BAI TAP CUOI CHUONG V

A. TRAC NGHIEM

l1.B |2B|3B|4Aa]|5D |6c]|7a]|8C]|9cC|10C]|
B.TU LUAN

4875 6815
1. T~ 3997, M = = —M = e
( ¥ Q 5 %M 124 - 9= 148
2. a) $6 trung binh ctia mAu s6 heu gheép nhom la khoang14,73.
MOt clia mau sb lidu 1a 13. .
b) Tt phén vi thi nhat cia mau s6 liéu ghép nhém la Q, = - =105,
Do dd, ¢6 giao nén trao danh higu cho gia dinh c¢ac ban dung khéng qua 10 tii nhiza.
_ 815
J.a)x=—-:M :@;M:%.
18 a 9 2
Ty . , o 380
b) T phén vi thir ba cta mau s6 ligu ghép nhom la Q, = B 54,29.
Do d6, trung tAm thirong mai nén khen thudng cac nhin vién ¢é doanh s6 ban
hang mot ngay it nhat 14 54,29 tridu dong.
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4.;7:%11/1 32,0,=28,41,0,= Me:32,68;Q3:%.

5. Tir mau s6 lidu ghép nhém, ta ¢6 bang thong k& s6 gid lam thém trong mot
tuan cua 100 sinh vién nhu sau;

S6 gio lamthém | [2;4) [4;6) [6; 8) [8;10) | [10;12)
S6 gio lam thém
dai dién

S$6 sinh vién 12 20 37 21 10

3 < 7 2 11

Cdmaun=100.
S trung binh ctia mAu s6 lidu ghép nhém trén 14
_ 3124520+737+921+11.10

o 100 ’

Nhoém chita mét ctia méu s6 lidu trén 14 nhém [6; 8).
Dodo:u =6,n =370 _,=200n =2l u , =8

1 T g 1

Vay mbt ctia mau sb lidu ghép nhom 1a

37—20
M =6+ (8—6)~ 7,03.
A (37200 +:(37 21}
GOl X a5 vne 5.5 BN mau $6 lidu duge x8p theo thi tir khong giam.

Ttk phén vi thit hai cia diy s6 lidu x ;

2100 .,

thude nhém [6; 8) nén O, = 6 +4T' (8 —6) 697.

1
R o P 1 E(xsn +x,,). Doxg vax,

1
Tt phén vi th nhét cta diy b lidu x: la — (x x,.). Dox, vax,

1100

thube nhém [4; 6) nén Q, = 4 +4T.(6 —§H=53,

15 2’ - IDD

)
o A 5 Bt ). Do va sk,

3100 o

thude nhém [8; 10) nén O, =8 +4T.(10 _8)~8.57.

Ttk phan vi thi ba ctia diy s6 lidu x;
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