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CHU DPE 8. TINH CHAT BA PUONG TRUNG TRUC
CUA TAM GIAC

I. TOM TAT LY THUYET
1. Pinh li 1. Ba duong trung truc cua

mot tam gidc cung di qua mot diém.

Diém nay cich déu ba dinh cta tam
giac do.

Trén hinh bén, diém O 1a giao diém céc
duong trung truc cua AABC. Ta cé A
OA = OB = OC. Piém O la tdm duong

tron ngoai tiép AABC.

2. Pinh li 2. Trong mot tam giac can,

S

duong trung truc cta canh day dong

thoi la duwong trung tuyén g véi canh day.

II. BAI TAP YA CAC DANG TOAN

Dang 1. Xac dinh tam duwong tron ngoai tiép tam giac

Phuong phdp gidi: St dung tinh chéat giao diém céc duong trung truc trong tam
giac thi cach déu ba dinh cta tam gidc do.

1A. Cho A, B, C 1a ba diém phan biét khéng thang hang. Hay x4c dinh duong
tron di qua ba diém A, B, C.

1B. Ong Hung cé ba clra hang A, B, C khong nam trén mot duong thang va
dang mudn tim dia diém O dé lam kho hang. Phai chon vi tri ciia kho hang & dau
dé khoang céch tir kho dén céc ctra hang bang nhau.?

2A. Chuing minh trong tam gidc vuong, tam duwong tron ngoai ti€p tam giac la
trung diém cua canh huyén.

2B. Cho tam gidc ABC vuéng tai A. Chtmg minh O la trung di€ém cua BC thi O la
tdm duong tron ngoai ti€p AABC

Dang 2. Van dung tinh chat ba duong trung truc trong tam giac dé giai
quyét cac bai toan khac

Phuong phdp gidi: T Pinh Ii 2, ta c6 tinh chat trong moét tam gidc, giao diém cla
hai duong trung truc thi thudéc duong trung truc con lai cua tam gidc do.
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Luu y: Trong tam giac can, duwong trung truc Gng voéi canh day cling la duong
trung tuyén, duong phan giac va duong cao.

3A. Cho AABC. M la trung diém ctua BC. Cac duong trung truc cua AB va AC
cat nhau tai O. Tinh s6 do gbc OMB

3B. Cho AMNP. Duong trung truc cuia MN cat duwong trung truc ctia MP tai .
Ha IH 1 NP. Chimmg minh H la trung di€m ctua NP.

4A. Cho AABC c6 géc U =110°. Duong trung truc cta cac canh AB va AC cat
nhau tai I. Chitng minh:

a) ABIC céan;

b) BIC = 2(180° - BAC) va tinh s6do goc BIC .

4B. Cho AABC vuéng tai A. Puong trung truc cta cac canh AB va AC cat nhau
tai I. Chirng minh:

a) OB = OC;

b) BOC = 2(180° - BAC) va O 1a trung diém ctia BC.

5A. Cho AABC (AB = AC). buong trung truc cta BC cat trung tuyén BD tai G.
Chung minh G la trong tam cta AABC.

5B. Cho AABC can tai A. AM la duong trung truc cta canh BC (M € BC). Trén
2

doan thang AM 14y diém G sao cho AG = 3 AM. Chimg minh duong thang BG di
qua trung diém ctia doan thang AC.

6A. Cho tam gidc MNP céan tai M. Trén canh MN lay diém K, trén canh MP lay
diém D sao cho MK = DP. Puong trung truc cia MP cat duong trung truc ciia DK
tai O. Chirtng minh:

a) MK0 =PDO .
b) O thudc duong trung truc cia MN;
c) MO la tia phéan giéc cla NP

6B. Cho AABC can tai A Goi O la diém cich déu ba dinh A, B, C. N&i OA, OB,
OC.

a) Chimg minh 8B4 =84C

b) Trén canh AB lay diém M, trén canh AC 1ay diém N sao cho BM = AN. Chtng
minh O thudc duong trung truc cia MN.
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Dang 3. Chitng minh ba duong thang dong quy, ba diém thang hang

Phuong phdp giadi: Van dung tinh chat dong quy cta ba duong trung truc trong
mot tam giac.

7A. Cho tam gidc ABC can & A. Goi M la trung di€m ctia BC. Cac duong trung
truc ctia AB va AC cat nhau & E. Chting minh ba diém A, E, M thang hang.

7B. Cho tam gidc MNP can & M, duong cao MH. Céc duong trung truc cia MN
va MP cét nhau & D. Chimg minh ba diém M, D, H thang hang.

8A. Cho tam gidc ABC can tai A. Trén nita mat phang bo BC khéng chira diém
A, dung tam gidc can BCD. Chitng minh cac duwomg trung tryc cia AB va AC dong
quy v6i duong thang AD,

8B. Cho tam gidc ABC can cé A la goc tu. Goi M la trung diém cua BC. Trén ntra
mat phang bo BC c6 chita diém A, dung tam gidc BNC can tai N. Chttng minh
dudng thdng AM va cic duong trung truc ciia NB, NC déng quy.

III. BAI TAP VE NHA

9. Tam giac ABC cé6 U 1a goc tu. Cac duong trung truc cua cac canh AB va AC
cat nhau & O. Céc diém B va C cé thudc duong tron tdm O ban kinh OA hay
khong? Vi sao?

10. AABC nhon, O la giao diém hai duwong trung truc cua AB va AC. Trén tia doéi
cua tia OB 1ay diém D sao cho OB = OD.

a) Chimg minh O thudc duong trung truc cua AD va CD.

b) Chirmng minh cac tam giac ABD, CBD vudng.

c) Biét HBC = 70°. Tinh s6 do géc Hpc

11. Cho AABC c6 O la giao diém céc duong trung truc cua tam gidc. Biét BO la
tia phan giac clia goc Hsc Chimg minh:

a) ABOA = ABOC; b) BO la trung truc cua AC.

12. Cho tam gidc ABC cén tai A. Cac duong trung tryc cia AB va AC cat nhau
tai O. Lay diém D thudc canh AB, diém E thudc canh AC sao cho BD = CE. Ching
minh:

a) ADOB = AEOQOC;
b) AO la duong trung truc cua DE;
c) DE // BC.

13. Cho tam gidc ABC vuéng tai A c6 ¢ = 60°. Lay diém D d6i xtimg véi diém C
qua AB.
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a) C6 nhan xét gi vé tam giac DBC ? Vi sao?
1
b) Chimg minh AC = 2 BC.

2

c) Trén tia BA 1dy diém O sao cho BO = 3 BA. Chting minh O la tdm duong tron
ngoai tiép ADBC.

14. Cho tam gidc ABC c6 4 > 90°. Trén canh BC ldy céc diém D va E sao cho
BD = BA, CE = CA. Goi I 1a giao di€ém céc tia phéan gidc trong cta tam gidc ABC.
Chirng minh:

a) BI, CI la duong trung truc cua AD, AE;

b) IA=1D =IE.

15. Trén ba canh AB, BC va CA cta tam gidc déu ABC 14y céac diém theo thir tu
M, N, P sao cho AM = BN = CP. Goi O la giao diém ba duong trung truc clla tam
gidac ABC.

a) Tinh sé do géc Mo

b) Chimng minh AMAO = AQOPC.

¢) Chimg minh O la giao di€ém ba duong trung truc cua tam gidc MNP.

16. Cho AABC can (AB = AC ). Cac duong trung truc cia AB va AC cat nhau tai
O va cat BC tai M va N (M va N nam ngoai doan thang BC ). Chimg minh:

a) AAMB va AANC can;

b) AAMC = AANB;

c) AO la duong trung truc cia MN
17.

a) OB va OC lan luot la duwong trung truc cua PE va PF;
b) BE + CF = BC.

19. Cho tam gidc ABC can & A, duong phan gidc AK. Cac duong trung truc cta
AB va AC cat nhau tai O.

a) Chimg minh ba diém A, K, O thdng hang.

b) Kéo dai CO cat AB & D, kéo dai BO cat AC & E. Chung minh AK va cac duong
trung truc cua AD va AE dong quy.
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20*. Cho tam gidc ABC vudng tai A. Ké AH vuong géc véi BC, H € BC. Tia phan

giac cua goéc H4B cat BC tai D, tia phén gidc cua goc Hac st BC tai E. Ching
minh diém cich déu ba canh cia AABC chinh 1a diém cédch déu ba dinh cta A
ADE.

21*. Cho AABC c6 ba g6c nhon. Céac diém F, K, I la trung diém, c4dc canh BC,
BA, AC. Goi H la giao diém céac duong trung truc AABC. Trén tia déi cua tia FH
lay diém A' sao cho A'F = FH. Trén tia déi cua tia KH 1ay di€m C' sao cho KH =
KC' . Trén tia doi cua tia IH lay diém B' sao cho IH = IB'

a) Chimg minh hinh sdu canh A'BC'AB'C c6 sdu canh bang nhau va trong sau
canh do c6 tuing d6i mét song song.

b) Cho HBC =80, BaC =00 . Tinh céc gbc cua hinh sdu canh A'BC'AB'C
HUONG DAN

1A. Goi duong tron di qua ba diém A, B, C c6 tdm O. Ta cé
OA = OB = OC.

Ba diém phéan biét A, B, C khéng thang hang tao thanh tam gidc ABC. Vi OA = OB
= OC nén O la giao diém ba duong trung truc ctia tam gidc ABC.

1B. Tuong ty 1A.
2A. Goi O la tam duwong tron ngoai tiép tam giac ABC.
Do do6, OA = OB = OC.

B
Suy ra: B=h.€=4
, .0
B, =180° - 24, 2
_. |8 =180"- 24 ,
= B

_.. Boc =8, +B, =360° - 2% =180°

=> B, O, C thang hang, ma OB = OC
=> O la trung diém cta BC

2B. Tuong tu 2A

3A. Tu gia thiét suy ra O thudc duong

trung truc cua BC
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=> OM la duong trung truc cua BC
—> BMB = gp°

3B. Tuong tu 3A
4A. a) T gia thiét suy ra I thudéc duong
trung truc cua BC
=> IB = IC = ABIC can tai I

b) C6 Br4 =180°"- 2%,;: Hrc =180° - 24
—~ Brc=Bra+lrc
_ 180°- 2H, +180° - 214,

_ 2(180°- BAC)

Tir d6, suy ra BIC = 140°.
4B. Tuong tu 4A.

5A. Vi AABC céan tai A nén duong trung truc cua canh ddy BC dong thoi la

trung tuyén ctia AABC ng v6i canh BC.

Két hop vdi gia thiét suy ra G la trong tam cua AABC.

5B. Tuong ty 5A.
6A. a) Tu gia thiét suy ra OK = OD,
OM = OP.

AMEKO = APDO (c.c.c) => WKO =PDO

b)Tr két qua ¥ a), suy ra BKN =BpM
Mat khdc MN = MP, MK = PD.

=>NK = MD.

Chirng minh duoc

AOKN = AODM (c.g.c) => ON = OM.
=> O thudc duong trung truc cua MN.

c) Xét AMNP c¢6 O la giao diém céc
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duong trung truc cua MN
va MP.
=> MO la duong trung truc cua NP.

Ma AMNP cén tai M nén MO dong

A
thoi la tia phan gidc cua géc NP
6B. a) Tu gia thiét suy ra OA = OB = OC. 9
Suy ra AAOB = AAOC (c.c.c) M
Ma AAOB, AAOC la cac tam giac /
B C

can dinh O nén 8B4 =84C

b) Chirng minh duwgc ABMO = AANO
(c.g.c) => OM = ON.

=> O thudc duong trung truc cua MN.

7A. Chimg minh duwoc: AABM = AACM (c.c.c).
Tl d6, suy ra AM la duong trung truc cua BC.

Theo tinh chat ba duwong trung tryc cua

tam gidc, ta suy ra diém E thudc duong

trung truc cua BC.
Vay ba diém A, E, M thdng hang.

7B. Tuong ty 7A.
8A. T gia thiét, ta c6: AB = AC, DB = DC.

=> AD la duong trung truc cua BC.

Xét AABC, theo tinh chat ba duong

trung truc trong tam gidc ta cé cac

duong trung tryc ctia AB va AC
déng quy véi dudong thdng AD.

8B. Tuong tu 8A.
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9. Tugia thiét suy ra OA = OB = OC.
Vay céc di€m B va C c6 thudc

duwong tron tam O ban kinh OA.

10. a) Tacéd OA = OB = OC nén

OA = OD = OC.
=> O la giao di€ém hai duong trung truc cua AD va DC.
—B, A
b) Tacdé: OA =0OB => ‘%1 _@AO.
D

OA = OD => D1 =10,
Xét ABAD c6: il

B C

B +Bao+Bao+ b, =180°

_. 2(B40+B40) =180" = Bap =90°

Vay tam giac ABD vuong tai A
Tuwong tw, ta ching minh dwoc tam giac BCD vudng tai C
1 1
Ta c6 thé chi ¥ réng AO = 2 BD va OC = 2 BD. Suy ra két qua
A ABD vuong tai A va ABCD vuong tai C.

B +b =908 +b, =90°

c) Ta cbé:

B+B +b +b =180°

Suy ra

—~ H4c+HUpc =180° = Upc =180° - HBe =110°

11. a)Tacé OA = OB = 0OC va B, =5,

B =8 =& =1

nén

—~ HoB =Fos

=> AAOB = ACOB (c.g.c).
b) AAOB = ACOB => BA = BC.
Ma OA = OC => BO la duong trung truc

cua AC.
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12. Tacé OB = OC, AB = AC.

B =€, HUpc=Hcr =B =B

=> ADOB = AEOC (c.g.c).

b) ADOB = AEOC => OD = OE.

Mat khac: AD = AB - BD = AC - CE = AE
=> AO la duong trung tryc cua DE.

c) AO la duong trung truc cua DE

va BC nén AO 1DE, AO L BC => DE // BC.
13. a)Tu gia thiét suy ra AB la duong

trung truc cua CD. Suy ra BD = BC. B
c &' = o _ > .z 2 // \\
Ma € = 60° => ABCD la tam giac déu. r \
// \
b) Ta cé: AC = DA = 2CD. /
T két qua y a), suy ra CD = BC. bt T \C

1
Do d6 AC = 2 BC.
2

c) Xét ADBC déu c6 trung tuyén BA va BO = 3BA=>01a trong tam ADBC.
=> O cling la giao cua ba duong trung truc cia ADBC.
=> OA = OB = OC => O la tam duong tron ngoai tiép 4 DBC.
14. a) ABAC = ABAD nén ABCD
la tam giac déu.

1 1
b) AC =2 DC =2 BC.

c) Do BA la trung tuyén nén
O la trong tam. Suy ra CO, DO
la trung tuyén.
Ma ABCD déu nén DO,CO ciing la trung truc cua BC, BD.
Vay A la tdm duong tron ngoai tiép A. A
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15. a) Vi AABC déu va O la giao diém ba

duong trung truc nén AO la tia phan

gidc cua u

BFAO:BAC =30
=> 2

b) Tuong tuy a), Bcp =30°

Chimg minh duwoc AMAO = APCO (c.g.c).
Ta c6: AMAO = AQPC => OM = OP (1).
Twong tw y b), AMAO = ANBO (c.g.c)

=> OM = ON (2).

Tur (1) va (2) suy ra O la giao diém ba duong trung truc cua tam gidc MNP.
16. a) Tw gia thiét suy ra
NA = NC, MA = MB nén

AAMC céan tai N va
AANB céan tai M

b) Ta co: A =Rac- 4,

Q_—\ :BA.H = %: (1)'
Tlry a) va AABC can tai A, ta co:
Wac =Hce =UBc =Bam ().

g =4,

AAMC = AANB (c.g.c).

Tw (1) va (2) suy ra . Ta chtrng minh duoc

c¢) O la giao diém ctua céc trung truc cia AABC => OB = OC.
Twy b), suy ra AN = AM.

T AOBN = AOCM suy ra OM = ON.

Vay OA la trung truc cia MN.

17. a) €=30" =B=60" .

10.Puong tuy gan khong di sé khong dén-Viéc tuy nhé khéng la ng nén
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Ta c6: DA = DC => PAC =& =30°

=> B4D = 60° => AABD déu.

b) AABD déu => BK la duong trung

truc cua AD => [A = ID,

Mal €DH =>IA = IC.Vay IA = IC = ID.
=> I la tdm duong tron di qua ba dinh cua

tam giac ADC.
c) I thudc phan gidc cua géc% => IE = IF.
DH la duong trung truc cia AC => DH la phéan giac cua 4pc
=> IK = [E. Vay IE = IF = IK.
d) IK = IF => Al la tia phan giac cta Buar
BAD =60° = Buar =120°
Bar _bar =60°
=> 2
18. a) Goi H la giao dié cta PE
v6i OB va I 1a giao diém cua
PF vo6i OC

Chting minh duoc:

ABEH = ABPH (cgv- gn)

=>BE = BP, HE = HP.

=> OB la duong trung tryc cua PE.

Twong tw, AFOC = APOC => CF = CP, IF = IP.
=> OC la duong trung truc cua PF.

b) Tiry a), ta c6: BE + CF = PB + PC = BC.

19. a)Tacé: AABE = AACD (c.g.c). Tir dé A
suy ra AO la duong trung tryc cua

doan DE.

Xét AABC, theo tinh chat ba duong
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trung truc cua tam gidc nén O thudc
duong trung tryc cua BC.

Vay ba diém A, D, O thang hang.

b) Ta Cé QBC :QCB._%: :E":

_> B =

Chting minh AADC = AAEB (g.c.g), suy ra AD = AE (1).
Mat khac, c6 OB = OC, BE = CD (vi AADC = AAEB) nén
OD = OE (2).

Twr (1) va (2) suy ra AK la duong trung truc cua DE.

Xét AADE, theo tinh chat ba duwong trung truc ctia tam gidc, ta ¢ AK va céc
duong trung tryc cta AD va AE dong quy.

20*. Vé cdc tia phan giac trong tai B va C ctia AABC, chung cat nhau tai O. Suy
ra O cach déu ba canh ciia AABC.

Yep =+, Bap =Hup+4 c

Ta co:
vi € =H4B (4o cung phu véi géc B)

va g14 :QS , nén YEB =Bas .

Suy ra AABE can tai B. S \D

Vay duong phan giac BO cua goc B 1a g
duwong trung truc ctia canh AE

Twong tw, ta cling c6 duwong phan giac

CO cua géc ¢ cling la duong trung truc
cua canh AD.

T d6, suy ra O cach déu

ba dinh ctia AADE.

21*. a) Twr gia thiét suy ra

AAKH = ABKC' (c.g.c)

=> AH = BC". C
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Ma =B s an // BC'
Twong tw, AAHI = ACB'J]

=>AH = CB', AH // CB".

Vay ta c6 BC' = CB' (= AH)

va BC' // CB'( //AH).

Tuwong ty, ta co:

AC'=CA'(=BH)vaAC'// CA'(// BH);

AB' = BA' (= CH ) va AB' // BA' (//CH).

Ma H la giao diém cic duong trung truc AABC

nén AH = BH = CH.

Vay hinh sdu canh A'BC'AB'C c6 sau canh bang nhau va trong sdu canh do cé
tung doi mot song song.

b) Tinh duoc ACB = 40°

B =5

2va

Do AC'BH, AHBA' can nén ES :%4

Suy ra E'B4'=2HBC =160°
Tuong tu, E'48' =24BC =120" 3 B'ca' =2Hcp =s80°

" AB' /BA'
Do | CRY/BC'

= Up'c =W pc =160

Tuong ty, 4C'B =8'C4'=80°" vy Ba'c =28 45" =120°

...............................
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