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SU DUNG TOA PO VECTO
BE GIAI MOT SO BAI TOAN BAI SO

PO THANH SON
(GV Khoi chuvén Todn = Tin, DHKHTN - DHOG Ha Noi)

Bai viet nay dé cip mgt phurong phap bm: mét s& dang todn w
dai 6 nher ehu-nb minh bat ding thire, tim gid trj nhd nhat cua hiéu
thirc chira cic cdn thirc bic hai, giai phuong trinh, . Vin dé nay
khong mdai! Ban doe cd thé da biét trong mt 50 1ai |¢u hign hanh
{durcri dang ciac bai tdp). nhung con tin man chira duge hé t]an
Bai viét niy c6 ging hé thong hoa vin dé, giap ban doc ¢6 thé vin
dung phuong phip xdic dinh 1oa dd vecto, hofic wa do diém giai
quyét cdc dang todn ndi rén. Trde hét ching ta nhac lai vai diém
co bin v vecto trong hé toa dd Descartes vudng goc (v,

Cho ba vector o = (¥, i) ¥ = (3, ¥ Livi gidi. Vé trdi cua BDT co thé viet dudi

P = (xa, 13) thoa man dicu kién i +v 4 w=0 dgng,ﬁ_ﬂ TS +J{.T— DE+1. Teén  mat
{11931 w=n+v (") Khidb

phiang toa d6 ey chon i = ((x + 1), 1):

b dai r:é:. vecta i, v, w lan luot 13 F=((1=x).0): 3 =(2,2). Khido =i+ ;
= 3
1!\.[ Pl-l Y- 1HT1+|1 . - '1.-;1*1-] = II.'.'E'FEJ"FE'. |I 1.-.\'.'*’4' W :! 3
Ta biét rdng voi dicu kign (*) thi n + v 2w Tir BET tam gial: w+ vz wtaco diéu can
hay \Iﬁ: : I.II' +J_1.3 il Jr% . l.;‘ _ chirng minh. Dang thirc xay ra khix = 0.

Thidu 2. Viii a. b la cac s6 thire iy ¥

Déng thire xay ra khi va chi khi « 7T+ hay Chibng mink rdng

SL_2V Két qua do goi cho ta thiét 1ap méi

R 2
Y oo -~ o _ J2i? -—6.&-;@1.-\/2!1-: J0ab-_ Ve
quan hé giira cac biéu thire dai so trong bai todn 3 9
dang xét v d§ dai coa cac vecto trong mit 2 Mz
phing toa d. v % !3;' ~-dag+4 = IEF‘H

Phurong phip. Khi gip cdc bhai todn dai so S ca g e Bt e
gt midi hidu thire diedi ddie cdn bde hai Lari giai. Ta bicn d6i cac biéu thire

u'f ;f.-f B... direre bicuw dien i dang tang cua

V2r? 6649 = b7 +(b-3) ;
hai binh phieomg A=A + 4 NB=|B +B ... 5 >
Ta thiét leip cedc vecter co tpa di thich hop trén J 242 —I—-ﬂf-!—? 4 138 = J (b~ ﬂ}z + [b - E)
hé truc toa di Descarres Oxy sao cho dg ddi 3 9 3
cdc vecto di tiremg img bing JAJB.... Sau di

Xét cac diém M‘[a ?] N(b. b)) A0, 3);

nghiém lai Fﬂﬂ,ﬂ' tang cdc vechr ﬁﬂnf veclto :
Hrrmg thoge oo mot vector hﬁng tong ode vecte B (2, 0) va lap cic vecto AN = (b, b=3);
con lai), roi see dung biit dtmg thire (BOT) vé di e 24
dai ba canh ciia tam gide hode BDT vé di dai  MN = [h— ﬂ.h*—“—]; BM = (a -4 —]
dircrmg gap kivic dé di dén két qua bai todn. 3 3

B¢ lam ro cho phuong phap, ching t6i xin Khi dé AN = |||h2 +(h-3)
dura ra mit s6 thi dy minh hnu sau day. E )

L] I' 2
Thi dl‘ITI. Chirng mml:r rdng vdi moi 56 thiee x MN = Jl[h—r.r}l +[ h‘E] . BM = Eii_ dirrd
tach AP+ 2x e 2adnt =25+ 32 23, 3 V9
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Gia sit M, la diém dugc xic djnh boi
BM= -2BM, (2); (d) la dubng thing co
phrong trinh (PT) : 2¢v - 3y = 0 & qua M
() I/ (d) va (d') di qua M. Tir (2) 1a xéac dgnh

duge MM, = %BH vi PT coa (d) la
2¢ 3y~ 9= 0. Goi H l4 giao diém cua (d") voi

AB. ta thiy AB L (d") tai H va AH = 15;;’_

Theo BDT vé dd dai dudng gip khiic 1a ¢6

AN+ NM+ MM, > AM, > AH = '—"’l“]—”.

BDT (1) duge chimg minh. Dﬁng thirc xay ra
khi M la giao diém cia (d) voi 4B, con N la

giao diém cua AB vai diromg v = x. Toa dj cua
M la nghiém cia hé PT :

3"'.'+2l" 6=0 18 12 18
=M licdéa= —.
{ 2x-3y=0 [313] e

Toa dd cua N la nghiém caa hé
Jx+2y-6=0
' = N[E.—ﬁ).iﬁcdf:b= 2

55 5

y=x

Tém lai, ding thirc xay ra khi va chi khi

18 6
a-(29)
{a, b} 1'%

Thi dy 3. Tim gid tri nho nhat cua ham s6
Fix) =
Lii giai. Trén mdt phing tpa d Ur}.
chon diém A(cosx, 0); B(0, cosx) ; Cl=sinx, 0)
va Ig.p céc vecto AB = (—cosx, cosx) ;

BC = (—sinx, —cosx); CA = (cosx + sinx, 0).
Taco AB= 2 [cosx| ; BC = 1;
con C'4 = [sinx + cosy|. Theo BDT tam giac

J2 |cosx|+|sinx + cos x|
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AB + CA = BC, suy ra F(x) = |. Do do gia trj
nhé nhat cia ham so ."'{r] la |, dat duge ki va

chi khicosx=0 x = ;+hwl: € L)

Thi dy 4. Giai phieemg irinh
‘-JII.TI -2x4 S—J:‘] —6x+10 | =] ‘@

Livi gidi. PT da cho co thé viét lai dudi dang

‘J{r-lf rd-Jx-37+1 =B ()

Trén mit phing toa do Oxy, lap céc vecto
H=(x-1,2), v=(x-3, l),suyra w=ii-v=

(2. 1). Hién nhién ring w = J5. Ap dung BDT
tam giac ta co |u - v| = w (2). Tir (1), (2) ta
thay viéc giai PT (1) dugc chuyén ve giai PT

Tl =x -3, PT ndy co nghiém t=5. Viy PT

da cho cb nghu‘:m duy nhit x = 5.

Chung ta tiép tuc sir dung plumng phap trén
viio bai toan chimg minh BDT vai cac bién ring
budc.

Thi du 8. Ching minh
\lffd'-l.‘}: +(b-d) 2 -g[Ju_:+h3 e +d"]
trong di n. h r. d la cdc 56 dwong thoa mdn

diéu ki¢ 3.
iéu wrr +ht =/3

Liri gidgi. Diéu kién rang budc cia bai ra ¢6
b d

thé viét dudi dang | —4—5—[=3 .

EIEHr|=E:'ﬂ;k;= ikﬁhhid&-h=k|a;

(4} i3
d = kyc. Xét céc diém A(a. b) thude nira duimg
lhﬁng v = kyx va B(c. &) thude nura duﬂrngihﬁng
¥ = kax (vai x > 0) trén mt phing toa dj Oxy.
Trong tam gidc O4AB (O la gnc toa dd) ma

AOB = 60" ta c6 BDT : 4B > E{UA +OB),

trong do OA4 = Ja® +b? 0B= Nt +d* ;
con AB = J{u-ef +(b-d)? .

Tir d6 ta co diéu phai chimg minh. Ding thic
xlynl:htﬂj=ﬂﬂma1+bzmcz+ . bé
ket thic bai bdo xin méi cac ban ty thir sic
minh vdi cdc bai todn sau




1. Chirng minh ring :
a) Vil +4+2Vx —4x+5 25

vanmoi x < % v
b) .sz +4 +%~J,:.‘3+lx+2 E%

Vi moix = - E :

(HD: Chon A (0, 2); B(—1, =1): M (x, 0); cd
M 1a diém xic dinh béi MB=28M, ).

e) Ja? —4a+8 + Y1062 —18649 +

106 —2ab+a° > V29

Yo moi st thuc a, b.
(HD: Chon A(0, 3): B(2. -2); M(h, 3h), N(a, 0}

d) VI0x? —24x+16 44137 —18xy +10x2
+ (1392 —6rz 422 4421 —122 440 2 643

v&i moi x, v, =,
(HD: Chon A(-2, 6); 8(4, 0); M(0, =) :
N(2y. 3y); P(3x, x)).

e} V5B —8b+4 + 5h% —8ab + 5a°

+ 2WSa: —da+1z %uffi moi a. b,
2. Giai phuong trinh

lx.l'l.ur2 +4x+13 -J_'I.’z —-2x+ 2|=5.
. Tim gia trj nhd nhat cia céac biéu thic ;
a) P = /2 |sinx| +|sinx-cosx|:

b) 0= sz -4x+13 +x‘|'r.1r2 +Hx+10;

4
C)R=4a® =23 +1 + EJ"'“J =2 ST
(HD: Chon A(0. 1y: B (.f3.00: Mia. JS3an
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TRUNG HOC CO s(r

Ta di biét dinh li Viete: Néu pluweomg trinh bac
hai ax’ + bx + ¢ =0 (a #0) cé hai nghiém

. b c
X, i + X2 — Ky = —,
a a

Nhir dinh 1i niy, ta di gidi dwoc rét nhiéu bai
todn dai s6. Trong bai viét ndy, ching t6i xin
bat ddu tir mot bai todn sau day.

l?ii toan ma dau. Che phuong trink
av + bx +c=0(a #0) cé hai nghiém x;, x.

Ddr§, = x'+x; (n € N*).
Cluitng minh rang aS,_,+bS, +cS,=0(*)
Lan gidi. Ta c6
Sml = _,"*2 "I'X;*-I
= {,rl'"' "*'Hx +X,)-x "1{*" + -:2}
= -vESmI -—.5',,. Tir d6 suy ra hé thire (*).
a a

Dudi day ching t6i xin trinh bay mot sé bai
todn giai duge nho img dung bai 1odn trén.

Bai todn 1. Cho x; vd x, la hai nghiém ciia
phicong trinh x* = 2x =2 = 0.
Hdy tinh x ;? + J.'g?.

Lai gidi. Theo bai 10d4n m& ddu 1a cd
S,.2-25,, -25,=0

véi S, =2, 5, = 8. Tir dé tinh duoc S, = 1136

Bai todan 2. Tim da thitc bde 7 ¢6 hé 58

nguyén va nhdn o = 3]% i dg la nghiém.

i3 3 5
L giai. Pat xlzd-;..rzzﬁg.lanﬁ
X X, =0, X .r:—l
Do db x; vi 15 14 hai nghiém cla phuong trinh
—oax+1=0.

Theo bai todn md déu ta co :
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UNG DUNG CUA MOT
BAI TOAN DAI SO
NHO DINH LI VIETE

HOANG NGOC DAN
(GV THCS Lé Quy Dén, Ha Noi)

: 2
S!.H*E "ﬂsir+-|+s" =U?&!5.=ﬂ.52=u -2
Tir d6 tinh duroc

Si=x+x =a’ -7a’ + 140’ - Ta.
Mat khic

7 [}
-+ (] -2
3 3 15

Suy ra a’ -7a® + 140’ —Tu=%

hay 15a’ - 105a” + 210a’ - 105a— 34 = 0.

Viy da thirc cén tim la

15x" — 105" +210x" - 105x - 34,

Bai todn 3. Gid sif x; vd x; Id hai nghiém ciia
phicomg trinh C-bx+1=0.

Chimg mink rdng S, = x," + x," (n e N' ) la
56 nguyén khong chia hér cho 5.

Léi gidi. a) Trude hét ta chimg minh §, € Z
bing phuong phdp quy nap :

’v’&in-l*.&-ﬁe Z.

Véin=2:5=3ec L,

Gidsir ;e Z va S, e Z (ke N ), tacén
chimg minh Si,, € Z .

Thét vy, theo bii todn mo diu ta e6 ¢

Ste2— 683y +5;=0

tc la sk:,,z = ﬁs;H == 51..

Do §; va Sj4; € & nén tir két qua trén cé
Sh; e L.

ViyS, e Z(vdine N).

b} Tir két qua :
S., =65  —5,=6(65,-5 )-S5,

= 355, -5S,_, -,

n-1 *
Suy ra § ., v —§,, chia cho 5 c6 cing,
s6 du.
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Tacd S, =52 Spise =Sas0 - Chia cho 5 cé
ciing 56 dur.

Ma §, = 6, S; = 34, §; = 198 déu khong chia
hét cho S nén S, (n € N') khong chia hét cho 5.
Bai todn 4. Tim 50 nguyén lém nhdr khong

7
viron qud (41- 15
Lai gidi. Ditx, =4+ V15, ,=24- /5. Ta

co XXy =1, x, +x, =8.

Khi d6 x, vA x, 1a hai nghiém clia phuong
trinh -8x+1=0,

Pats, =x,"+5" (ne N)

Theo bai todn md ddu ta cb: 8. —&‘ilﬂl +5,=0

Ta tinh duge §, = 8, §; = 62, §; = 488,
S, = 3842, §; = 30248, 5 = 238142, 5, = 1874888,
Vay x/ = 1874888 - x;.

Ma 0<x; =(4FJE}T.:1 nén

874887 < | 874888 - .x; < | 874888, Do do

1874887 < + =(4+/T5)’ < 1874888
Viv s6 nguyén |én nhit khong vugt qua

(4+15) 1a 1874887,

Bai todn 5. Ching minh rdng trong biéu dién
thdp phdn ciia s& (T+ 4\/5)" (n e N), ¢é it
nhdt n chit 56 9 ngay sau ddu phdy.

Lai gidi. Dat x, =7+4J3, x =7-4J3. Ta
ch X+ =14, x,.x, =1.

Khi du X va xy la hai nghiém cua phuong
trinh * - 14x 4+ 1 =0

bat 5, =+ = (?+4J.71] +(?-4-ﬁ) (ne N).
Ta chimg minh duoc S, € Z bing phuong
phdp quy nap va vi §,, :r OnénS, e N.

1 1
Vilel- —<— né
o= dirty ?+4J THT e
|
0<|7-4 .
< 10"
Tir dé suy ra

(7+443)" <5, <(7+443)" +
r-ﬁ}-m—-r:(‘}'-wlu.ﬂ"“] <5,

ﬂ” T

ma$, € N nén {‘J' +4~.|"§)" cd it nhat n chit s6 9
ngay sau dau phay.

Xin méi cdc ban hiy ing dung béi todn ma
ddu d¢ gidi cdc bai tap sau day.

Bii 1. Cho phuong trinh
&+ 5(»11 + e+ 1=0

a) Chimg minh ring phuong trinh luon c6 hai
nghiém phan biét (v, va x,).

b) Chimg minh ring S, =x+x3 (n e N)la
50 nguyén.

¢) Tim 56 dur trong phép chia S5 cho 5.

Bai 2. Xé1 phuong trinh

Ctal+br+1=0(a.be Q)

a) Chimg minh rang a = -5, b = 3 la cap s6
hiru ti duy nhat lam cho phwong trinh di cho cé
ba nghié¢m trong d6 c6 mét nghiém la 2445,

b) Ki hiéu t; , x5, xy 12 ba nghiém cia phuong
trinh trén. Dat §, = 5," + 5" + " (0 € N),
hiy tinh S|. S; .3.1 ‘

Chimg minh ring §, € Z.

c) Tim 56 dir cua phép chia Sxys cho 4.

Bai 3. Gia st x;, x5 1A hai nghi¢m cila phuong
trinh *+pr-1=0(véipe Zvaplé).

Ching minh ring vai moi n € N thi

S, =x"+5"VaS,,, =" + 5" lacicsd
nguyén vi nguyén td cing nhau.

Bai 4. Chimg minh ring trong bi¢u dién thap
phin cla s ('.-' 1-4-4"5}" véi n € N c6 it nhit
chir 56 9 ngay sau diu phay.

Bai 5. Chimg minh rang phin thap phan cia
50 (5+J‘E)Hvﬁn e N bit ddu bing n chir s6
giong nhau.

Bai 6. a) Chimg minh rang

ol 3+J5]"+[3-J§]"
I 2

(véi n € N) la 56 nr nhién.

b) Tim 14t ci cic gid tri cua n dé d, la so
chinh phuong.

Bai 7. Tim chit s6 don vj trong biéu dién thap

ph&ncﬁnsﬁ[]5+r]lg+[15 -f_)ﬂ

(Cic ban c6 thé xem thém bai “Ung dung ciia m{t
hé thirc truy héi” cia tic la Nguyén Biic Trirdng.
THTT s6 310, thang 2-2




TRUNG Ill)t COo SO

GIAI PHUONG TRINH VO Ti
BANG CACH DANH GIA

NGUYEN TAT THU
(GV THPT Lé Quy Ddn, Bién Héa, Dong Nai)

Cé nhiéu cich giai phuong trinh vé ti, chﬂng
han phrong pllép giai phuong trinh vo ti bang
cach diing cdc biéu thirc lién hop (xem THTT
s6 333 thang 3-2005). Trong bai viét nay xin
gidi thi¢u phuong phap giai phuong trinh vo ti
bing cich danh gia va thudmg gip hai cach
danh gid sau day.

Cach 1. Tim mql nghi¢m va chimg minh do
Ia nghié¢m duy nhat
Thi dy 1. Giai phuong trinh

[ 6 \(T
—_— — =6 |
3—x+ 2-x (0

Lii giai. Diéu kién x <2.

Vi phuong trinh vo ti dang nay ta lhlm'ng dur
dodn nghié¢m la cdc gid tri ciia x ma biéu thirc
dudi r:an nhan gia tri li mjt s6 chinh phuong.
Nhin thay n;,hwm cua [I}phat Ién hon 1. Bang
ciach thir ta thny ri’mg (1) c6 mt nghiém la

x=§ . Ta chimg minh dé la nghiém duy nhat

cua EI ). That vay

Vi H% ta co /iﬂ i ’i <4,
2-x
Do da J—-— ,||2 < 6. Suy ra (1) khong
-X

co nghiém trong [-m ,%)
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* Vai E < x < 2, chirng minh tuong tu ta co

e
J-x 2-x

Suy ra (1) khong cd nghiém trong [% - EJ.

Viy PT (1) cd nghiém duy nhat x:%

Ta thdy giai phwong trinh bing cach danh gia
nay thi diéu quan trong la phai doan dugc
nghiém cia no. Dé doan nghlém ta nén chi ra
khoang chira nghiém va xét trutrng hgp dic bigt
dé tim ra nghiém trong dé.

Thi dyu 2. Giai phuong trinh

In(2+v922 +3)+ (4x+ 2)(1+ V1 +x+x2)=0 (2)

(2) & (2407 +3) x4 2+ (2x+17 3] -0.
cpax(:ﬂ,iux}! +3} =42x+1)(2+.jm.

Mhin 1h53 néu 3x=—(2x+l)x= i thi cac
biéu thirc trong can & hai vé bang nhau. Viy

X =--:|_; 1§ mdt nghiém cua (2). Hon nira, nghiém

cda (2) nim trong khoang [-—%;D]. Ta chimg
. . . -

minh .1'=—§ la nghiém duy nhat cta (2).

* Vi F%{x-r:—lgtacélx{—zx— <0
= (3x) >(2x+1)2
:2+J{3.ﬂT+3>2+ (2x+1)% +3.
Tir dé suy ra
32+ (37 +3)> (24 (220 +1)243)

32+ (3P +3)+ Qe+ 1)(2+ (20 + 12 +3)>0.
|

Viy (2) khéng cd nghiém trong [- % ' - g]

* Ching minh trong ty ta cing di dén (2)
khing co nghiém trong [— %;ﬂ].
1

Véy PT (2) ¢6 nghiém duy nhat x = - 3
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Ciéch 2. Danh gis hai vé
Xét phurong trinh: f{x) = g{x) xac dinh trén 1,

. [fx)zmix)
Neéu Yxe D thi
glx)=mix)
, S(x)=m(x)
fix) =glx) véi xeD <
g{x)=mx).

Trong céch danh gid nay ta thuong ding cac
bit ding thire quen thude dé danh gia hai vé.
Sau day la mét so thi du minh hoa.

Thi dy 3. lf‘iiii phl.mrnglrinh
JI+ 2x- 1r \III ..x r
=2 -1)*(2x% —dx+1) (3)
Léi gidi, Dicu kién D<x<2.
Datt=(x- 1)’ taco 0<r<l,
PT (3) tré thanh

JII=1 + 4l =JT—r =212(2t -1).

Nhin thiy 2i-120 < :2:_'2—.

Binh phuwong hai vé va riit gon ta duoc

1.{:1:*{2;--1:%:-% =2(2t-1)2.

1
3Jr
|
Vit<) nén— ++??>E
Tirdésuyra r=lesx=2.
Vay nghi¢m cia PT (3) lax =2.

Thi du 4. Giai phuong trinh
JIx2 =1 +4/x2 = x —xx? +1

J._{?.r -x+4) (4)

. prirbinss I
Léi gidi. Dicukiénx> 1 hofie x < —— .

¥ NE]
Goi vé trai va vé phai coa (4) thir tw la A va B,

Ap dung BDT Bunhiacovski cho hai bj so
(1.1, =x) v (v3x2 —1x2 —x. /22 +1) 1aco

A< \J(x? +2)(5x2 - x).
Déu "=" xay ra khi va chi khix = —1.
x>0

I 2
Dox=1 hoficx= —— nén 5x
3

co nghiém trong [—m ; %J

Ap dung BPT Cauchy ta c¢6

= E—:’,—E{le —x+2(x? +2)]
I 2 2 i 2
zz—ﬁ.z.j{s.r —x)2(c2 +2) = {522 - x)(x2 +2) .
Déu "=" xay ra khi va chi khi x=-1 va .r:;.

Vay nghigm cua PT (4) ld x=-1.
Thi du 5. Giai phuong trinh

J1332 =6x+10 rJSx*- —|3r+$

F

+\"rl?.rz—4ﬂ.r+36 :1{361 82 -21) ()

Lai gidi. Goi vé trai va vé phai cua (5) theo
thittwlaCva D, Tacd

Fa 7

- o I_'_ "II_-_ + _E]h [ -.-‘_3]- W
C =J(3x+1) +(2x-3) J[h’ I
+yal +(dx=6)2 E|31+1|+|2x--:2-{+1;|

Gx

[>6x-2.
2

=

2 3x+1+2x ;u:

-

| = g
Déu "=" xay ra khi va chi khi x=3

! :
Mat khic D= —[12x-3-2(4x? -12x+9)] =

=%[|2.~:--3--2{::. < 'm-sj m-?-_

- —

Dau "=" xay ra khi va chi khi .I.':%.
s g mooees m & T
Viy nghiém caa PT (5) 1a IzE
Cubi cling, ching 16i xin dua ra mot s6 bai dé
cac ban luyén tap.
Griai gde pheemg trinh saw:

LAx -1+ m:! :
2.40x+1=x2—5x+4;
x4 2x +2x -1 =322 vdx+1 :
4, (x+ 28 x+1=2x41;
8. Jlx+2)(2x=1)=3Jx+6

= 4= J{x+6)(2x-1)+3Jx+2:

6.32¢" - dx+ | = Jax(8Bx+1).

Viy PT

56 g Bin diey: il = -% |
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MOT SO GO1 Y
KHI GIAI PHUGNG TRINH LUONG GIAC

Méi dé thi tuyén sinh vio Dai hoc thuing 6
mdt cAu vé phuong trinh lvong gidc (PTLG).
Phuong phdp thuimg gap khi giai PTLG la thuc
hién mot s6 phép bién déi luong gide hop Ii dé
dua bai todn vé PT tich, dat 4n s6 phu dé quy vé
PT bic hai, bic ba, tir d6 dua vé PT luong gidc
co bin... Ta néi bién déi hop li vi cdc déng nhit
thire luemg gidc thuong rit da dang.

Vi du, néu cdn bign déi cos? xr—sin? x, thi
tily theo ddu bii cu thé, ching ta sit dung mot
trong cdc déng nhat sau :

cos? x—sin? x = cos? x—sin? x = cos2x
= 2cos’y - 1 = | - 2sin’y.

Trong bai viét, xin duge bo qua cic phép bién
déi don gidn hodc viét nghiém ciia cic PT co
ban.

1/ Bién doi truc tiép vé phuong trinh co bdn
Thi du 1. Giai phuong trinh

cos? x.sin3x+sin? x.cosdx =§ (1)

L gidi. Bién ddi vé trdi cia (12) 1a cd
cos x(3sinc—4sin'x) + sin'x(4cos'xr—3cosy)
= 3cos? r.sinx-3sin® y.cosx

= 3sinx.cos.x(cos? x—sin? x)

=Esin21.cm2:=isin¢x.
2 4

PT (1) trd thanh sindxz-é-.

Luu y. Cic dbng nhit luong gidc thubng gap
khi giai todn :

cos? I..'-:in31+5in-"I.mﬂx:%sin'#x :

cos? x.cos3x+sin® r.sin3x=cos? 2x ;

: I
cos? r4sin? x= 1 —Esmz 2x

_l+cos?2x 3+cosdx
2 4

NGUYEN ANH DOUNG
(Ha Noi)

i £

. 3
cos® x+sinf xr = I—Esmzh

_ 1+3cos?2x  5+3cosdx
4 8

2! Pdt dn 56 phu dé dwa vé phuwong trinh
bdc hai, bdc ba, ...

Thi du 2. Giai phuong trinh
I+5in"x+ms’x=~i—sin1x. (2)

Lot gidi
(2) <> 1+(sinx+cosx)1-sinxcosx)=3sinxcosx.

Pat r=sinx+cosxthi r=ﬁsin[g+x] —

B
I < \E lie d6 sinr.cosy = f—zl . PT d3 cho
trd thinh

F+38=-3=-5=0=(+1)0E +21=-5)=0.

Chii § dén DK : 11l < 2 ta nhan duoc 1= -1.
Vi 1= -1 ta duge .:ir{EHJ:—E.
4 2
Luru y. Néu dat 1= sinx + cosx  thi
sin2r = £~ 1; sin.cosx = Ez_—l :
Néu dat 1 = sinx — cosx thisin2x=1-7;
sin.cosx = ﬂ

2

Trong cA hai phép dat trén, déu c6 DK 1< /2 .
Thi du 3. Giai phwong trinh

sinx.sin2x +sin3x=6¢cos’ x (3)
Loi giai
(3) & 2sin’r.cosx + Isinx - 4sin'x = Geos'x,
Nhan thdy néu cosx = 0, (3) khong théa min.

Chia cé hai vé& ciia (3) cho cos’x, ta dugc
2tg’x + Jtge(l + 1g'0) - dg'x = 6.
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Patr=1tgx thi

=212 =3r+6=0(1-2)(12 -3)=0.

Tir d6, dé dang tim duoc

tgx=2; tg,x=—\l'r§; tg,x=w'r§.

Liru y. Néu trong PT chi ¢6 cdc 56 hang bac
nhat va bic ba d&i vdi sinx va cosx, thi ta co thé

chia hai v& ciia PT cho cos'x hoac sin'y d€ dira
PT da cho vé PT bac ba cla tgx hodc cotgx.

Thi du 4. Giai phuong trinh

tgx + 2sin2x =3 (4)
Lai gidi. DK cosx # 0.
Bt tgx =t ta duge PT

r+i=3¢ﬁ"-—3ﬂ+5r-3=ﬂ
1412

& (1-D2-21+3)=0.
Vi '-24+3>0 nén ta dugc nghiém :
Fe] =brere |,

Licu y. Néu PT c6 cdc s6 hang : tgx, cotgx va
cos2x, sin2x, ... thi ta dat tgx = t khi dé6:

2t 2t
sin2y=—-—; cos2x= plx= ——

L+22' 1412 =R
Sau dd bién ddi vé mot PT bac cao déi véi t.

3/ Bién doi vé phuong irinh tich
Thi du 5. Giai phuong trinh

2sindx - ; =2cos3x+ i (5)
s5in.x COsX
Lot gidi, DK sinx # 0; cosx # 0.

2(cosIx—sin 3x]+,—l—+—L-—={}
sinx cosx

=S ’.1[4(035] x+sin? x)=3(cosx+sin .r‘JI] +

o COSX+8inx
sinx.cosx

Nhan thay céc 58 hang ¢6 thira 56 chung

COSX + SinX.
Dé dang bién déi PT (5) thanh

0.

_} -0
SINX.CO8X
&> (cosx+sinx)(2sin? 2x-sin2x-1)=0.

{cosx+ 5inx}[2(l-4cu& XSInX)+—

Ta duoc:

A ; ; 1
cosx+sinx=0; sin2x=1; sin2x :_E ;

Luu y. Cic s6 hang c6 chia thia s6

(cosr+sin) 1a: cos2x; cos'x + sin’x; cos'x - sin'x;

cosdx — sindx; | + gy, tgx = cotgx,...

Ciing twong tu, cdc ban tu viét cic s6 hang co
chira thira sd (cosx — sinx).

Thi du 6. Giai phuong trinh

ms,r.cusfmsj—x— s,imr.sini.sinE g (6)

2 2 2 2 2

Lii gidi
{(6) = cosx.(cosr+cos2y) + sindcos2y—cosy) = |
&>c0s x.cos2x+5inx.cos 2 x—sinxcos x—sin® x=0
e cos2x.(cosx+sinx)-sinx(cosx+sinc)=0
&s{cosx+sincicos2x—-sinx)=0.

Ta duge :

cosx+sinx=0; cos2x-sinx=0.

Luu y. Néu trong PT cé chita cic s6 hang la
tich cia nhiéu thira s8 d&i v&i sin hoic cosin thi
ndi chung, ta phai sir dung cong thirc bién tich
thanh téng sau dé tim cach dua vé PT tich hoac
dat 4n so phu dé duoc PT bac 2. 3...

4/ Cdch ddnh gid hai vé
Thi du 7. Giai phuong trinh
(cosdx—cos2x)? =5+sin3x (T)

Léi gidi. Ta cé 4sin?3x.sin? x=5+sin3x.

Vi 0<sin?3x<]; 0<sin? x<l; sin3x 2-1;
nén d4sin?3x.sin? x<4<5+sindx

sin?3xsin? x=1 [sin3x=-1
(7)< { e .;:;{F e
sindx=-1 sin® x=1.

Tir phuong trinh sin? x=1=> sinx= I,

¢ sinx = 1 = sin3x = -1 (thda mén).

e sine = -1 = sindx = | (loai).

Luu y. Cic BDT thubing ding dé uéc luong:
kina<l; jcos q<I; |asinx+bcosx| < a2 +b? .

NE&u m, n la céc s6 tu nhién 16n hon 2 thi
sin™ x+cos" x < sin? x+cos? x=1.

Bai tdp. Giai cdc phuong trinh sau:

1. sin?3x=4cosdx+3;

2. cosx + COS’X + €Os'x + cos'x =
= sinx + sin’x + sin’x + sin'x ;
sinx+sin2::__1:

sin3.x

3.

. | 4
sin” X+Co5™ X
4. =cost4x.

ofjeoful3
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TiM THEM DIEU THO V1 TU MOT BAI TOAN LUONG GIAC

Trong cic ki thi dai hoc hang nam, khi dimg
trude cac bai toan tam gidc legng khéng it cac
ban da ling ting! Trong bai vict nay tir mt bai
todn quen thuge chiing 16i mudn tim hiéu thém
céc bai toan "vé tinh"cua nd. Viéc lam nay phén
nao giy dugc nh;eu hirng thi trong hoc tip cua
cdc ban, gop phan giGp cac ban dd ling ting
hon trong céc ki thi.

Hin céc ban da timg biét bai toan (BT) quen
thudc sau day.

Bai toan 1. Cho tam gidc ABC.
it T=sin’A + sin’B + sin’C, chimg minh ring:
|.a) T<2 khi tam giac ABC ti;
T'= 2 khi tam gidc ABC vubng;
T'=> 2 khi tam giac ABC nhon;

T <2,
4

Vigc chimg minh (1.a), (1.b) xin danh cho
ban doc. Bay glcr ching ta di tim mbi quan h¢
cla nd vdi mot so bai todn khac.

Bai todn 2. Cic géc cua tam gidc ABC théa min
sin’d +sin’B + sin’C < 2.
Chirmg minh tg4.tgB < 1.
(Dé thi DHOG Ha Ngi - 1996)

Lai giai Tug&aﬂuﬂmnh&r BT (1.2) ta thiy tam
gide ABC ta. Néu goc 4 hofic B tu thi didu chimg
minh 13 hién nhién, néu gic C t thi
khi do

A+B<l o B<Z-}
2 2

= 0s1gB < lg[-;--:’a) = cotg A.

Viy: tgd.tgB <tgd.cotgd = |,
Bai todn 3. Cdc goc cia tam gidc ABC
thoa mdn cos24 +cos2B +cos2(C 2 -

Chimg minh rdng sind +sinB + sinC < 1+ V2.
(Dé thi DHOG Ha Nji 1999)
Loi giai. Tir gia thiét :
=l £cos2A4 +cos2B + cos2C

TRINH TUAN
(GV Dai hoc Thuy Lyi Ha Ngi)

=3 - 2(sin’A + sin’B + sin’C)
= sin‘A + sin°B + 5in’C <2,

Sir dung BT (1.a) ta thay tam gidc ABC khéng
nhon. Gid sir goc A4 16n nhét, khi d6 A > g lixc
do b’ +c' <d.

Mt khc

sin’B + sin’C 2 -%{sin B+sinC)?  (2)

Tir (1), (2)1aco
sinB + sinC < v2 sind & sind + sinB + sinC

< (1+42)sinA €1+/2.

Ding thirc xdy ra khi tam gidc ABC la tam
gidc vudng can tai 4.

Nhén xét. Lii giai nay con gilp cac ban nhin
durge 1&i gidi cho bai todn sau diy.

Bii todn 4. Tam gidc ABC c6 canh a, b, ¢
thoa man b+’ < a’ va sind +sinB+sinC = 142 .
Tinh céc goc 4, B, C.

(Dé thi DH Ngoai thieomg TP. HCM, khdi A, 1998)

Kétquala: A =90°, B=C =45°,

Bai todn 5. Cho tam gidc ABC nhgn. Chimg
minh riing:

(sin A)4n8 4 (5in B)29C 4 (5inC)3sinA 52

Bit ding thirc trén con ding nira khang khi
tam gidc ABC la tam giac vudng?

(Dé thi DHSP FHa Ngi I, khdi A - 1999)

Co 18 chc ban cam thiy kho khan khi gip phai
dﬂﬂgmén ndy? Song thyc chat chi cin so sanh céc
s0 mil ndy véi 2. Tire la 2sinB < 2, 2sinC < 2,
2sind <2wcrdaytamg:a:dﬂ£‘nh(}n

2

Nhu \ra;gs(mmf ) W smz.d' {-:mB) nC > sin’B
vé (sinC’) > sin {. Cong cac BDT nay theo
vé Vi sir dung BT (1.a) chiing ta nhin dirge diéu
phai chimg minh.

Béy gio gia sir tam gidc ABC vuodng tai C.
Khi dd



(sin A)2sing 4 (sin B)2sinC +[Sin{:}=“"""‘
= (sinA)?*"8 4 5in? B+ 1
> sinz.nf +: siﬂzﬁ‘ +| = 5in1A‘ 2 cnsz,q +1=2

Nghia la BDT trén van ding khi tam gidc
ABC vuong,

Bii toan 6. Tam gidc ABC cb hai géc nhon A,

B va théa man sin’ A +sin? B=sinC . Tinh
st do gée C.

.....

sin? A + sin? B=JsinC 2 sinIC eat+ bz = :1.

Suy ra € 5% Mt khic, gia thidt cho cde goc
A, B nhon. Vi vily tam gidc ABC la tam giac
khdng cé goc ti.
Tir gia thiét sin? A +sin2 B=sinC suyra
sin? A +sin? B + sin? C= sinC +sin? C.
Chiing ta lai tiép tuc sir dung BT (1.a) nhin
duge JsinC +sin2C 22, Viy € =90°,

Nhin xét. Cée ban @é y ring bic cia cén thirc
trong bai toan 6 c6 thé thay dbi ma khéng anh
hwéng dén két qua.

Bai todn 7. Cho tam gidc ABC véi d§ dai céc
trung tuyén 1& m,mps m, va R 13 ban kinh
dudmg tron ngogi ticp. DAt T= m +m? +m?,
Chimg minh ring;

o T'> 6R? khi tam gidc ABC nhon;
o T=6R’ khi tam gidic ABC vuéng;
o T< 6K khi tam gidc 4BC i,

Léi giai. Ap dung céng thire dudmg trung
tuyén va dinh li sin trong tam gidc, ta c6

T =mi+m}+m? = %{ul +h?4¢2)

= 3R’ (sin4 + sin’B + sin’C).

Nhir BT (1.a) ta suy ra diéu phai chimg minh.

Bii toin 8. Cho tam gidc ABC. Chimg
minh ri'ing iy +my, +m, < ?l'ﬁ

Lai giai. Sir dyng BDT Bunhiacovski, céng
thire dvdng trung tuyén, dinh i sin trong tam
gidc va BT (1.b) ta c6
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2
(mg =+ my+ m.)" <3(m2 +m,;;' +m?)=

= %{uz +h? +c?)

2

= E*Rz[sinz A+sin?B+sin2C )< §]—f—
9R
:m”"'mﬁ.*mt 5?-

Diing thirc xay ra khi tam gidc ABC déu,
Cic ban dé y réng khi danh gia vé trai cua
BT 8 qua BDT Cauchy ta nhin durge:

Bai todn 9. Chimg minh ring véi moi tam
gidc ABC tacod

27R?

iy, S —

(D¢ thi DH Ngoai Thuomg, khdi A - 1996)
Bai todn 10. Cho tam gidc ABC. Dt
sin® A+sin? B+sin? C
cos? A+cos? Brcos?C
Tim gid trj 16n nhét caa M.
(D¢ thi DH Thity Lpi Ha Ngi - 1998)
= 3
ey cos? A+cos? B+cos? C
= 2 i
3-(sin? A+sin? B+sin )
Ching ta thiy rﬁng Mdatzgiﬁ tri I?" nhat khi
vachikhi T=sin"4 +sin"B +sin"C dat gi4
tri Ion nhat.
Nhs BT (1.b)coco M< 3.
l‘l."'iy Max(M) = 3 dat duge khi tam gidc ABC

deu.
Xin giri dén cac ban mt sb bi todn kiéu nhi
(1. ), (1.b) dé céc ban tim hiéu,

Chimg minh ring viri moi tam gidc ABC, ta co

M=

1) cotgd = ¢

Sasc

)a= r[cntgg +r:ﬂtg%] 3

3) 1gh = /——-——"”’"bm"*'} :
2 plp-a)

4) S4pc < i;..'!1 (p la nira chu vi A4BC),



Chimg minh cac bt dng thirc (BDT) luén l2
nhitng bai todn hiip din. Vi bai viét nay ching
t6i mudn gidi thiéu voi cac ban mot s bt dén
thirc (thdm chi cé bai toan thi v& dich Quéc té)
duge chimg minh nhé mét bit ding thirc dom
gian cua kien thirc bic Trung hoc co sd.

Bai todn xuat phat. Cho a, b la hai 50 bdt ki
va x, y la hai 56 dwcong. Chieng minh rang
al b _(a+bh) *

——
x ¥ x+y
Chirng minh. Bét ding thirc cin chimg minh
twong duong vai
a'vx +y) + bxix +y) 2 (a + bY'xy
& ay +b'x 2 2abxy
< (ay-bx)'20.
BET sau cing hién nhién ding. Dau (=) xay
ra khi v chi khi 2= 2.
x
Sir dung BDT (*) hai lan ta nhén duge
1 2 2
d_+b RS (a+b+c)? **
x y z X+ y+2
vdri ba s6 bat ki a, b, ¢ va ba s0 dwong x, y, z..
a b ¢

Déu (=) xdy ra khi va chi khi —=—==,
X P X

Bai todn 1. Cho hai 56 a, b bt ki. Chimg minh

'l
a* +b*z{—“f‘ :

ring
Chirng minh. Sir dyng BDT (*) hai lan ta co
a b . (a* +b?)? =l(az +.‘ﬁi)2

at+bt=—+
I 1 2 201 I

> l[twbﬁ]’ _(a+by’
3 g
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Déu (=) xdy ra khi v chi khi a=b=c

Bai todn 2. Cho cdc so duomg x. y, = thoa
|

nidn -+-1—+I— =4, Ching minh rf’}ng

X y z
1 ) 1 . |
2x+y+z ; x+2y+z i x+y+2z

(Céu V trong dé thi khdi A vao
Dai hoc ndm 2005).
Chikng minh. Str dung BDT (*) hai lan ta ¢6

1 1Y (1Y (1Y)
1 22 2) 2
= < +
2x+y+z Qx+y+z  x+y  x+z

5]1-

o)) G

x+y I+z

@800

x ¥ x 4
Tuong ty ta cd

I 1{1 21
S—| =+—+—|,
x+2y+z 16lx y 2

| S
S —|—4=—+=.
x+y+2z 16\x y z

Céng timg vé ba bat dng thirc trén va chi y

Lfd 1
—|=+—+=|.
lﬁ[x ¥ z]

téri gia thiét dan dén

1 1 1 1
+ + S —=|=—t—t—-
2x+y+z x+dy+z x+y+2zr Mx y :

Déu (=) xdy ra khiva chikhix=y= z= %.
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Bai todn 3. Cho ba sd duong a, b, c. Ching
minh rdng

a b ¢ 3
p——2 =,
btc eta a+db 2
(Bét ding thirc Nasobit)
Ching minh. Sir duyng BDT (**) ta c6
a b ¢ a? bl ¢l
g - = + +
b+ec c+a a+bh ab+ac bc+ba ca+ch
(a+b+c)?
2Aab+bc+ca)
Vi thé ta chi cdn chimg minh BPT
(a+b+c)? EE
2Aab+bc+ca) 2
Nhung BET nay tuong duong vai
Aa' + b + %) 2 2ab + be + ca)
o (a- b)Y’ +(b-c)' +(c - a)’ 2 0 (ludn ding).
Tir 46 suy ra BT cin chimg minh. Ddu (=)
xdy ra khi vachikhia=b=c.
Bai ton 4. Cho ba sé dwong a, b, ¢ thoa mdn
abe = 1. Chirg minh réng
I 1 | 3
+ + -
a(b+c) PBc+a)

c*a+b) & 3
(V6 dich Qubc té nam 1995 t8 chirc tai Canada).
Chﬁn@ minh. Sir dyng BDT (**) v&i luu ¥
ringa’b'c’ =1 tach
] - ¥ . 1
a*(b+c) Bc+a) c*(a+b)
_ b @ o
a(b+c) blc+a) cla+b)
{ab+bc+ca]1 1

1 (ab+be
N o )

Vi thé ta cin chimg minh ab + be + ca 2 3,
nhung BDT nay dugc suy ra tr BDT Cauchy va

liru ¥ ring abe = 1.

Déu (=) xdy rakhi va chikhia=b=c=1,

Bii todn 5. Cho edc 56 dwomg a, b, ¢, p, g.
Chitng minh rdng

b c 3
+ + 2 ;
pb+gc pc+ga pat+gb p+q
(Véip=q = | tatrd vé bai toan 3).

Chirng minh. Sir dung BDT (**) ta c6

a b e
+

pb+gc pc+qa  pa+gb
ad & ¢
pbatgca pcb+gab pac+gbe
(a+b+c)
(p+qNab+be+ca)’

2
Vi thé ta chi chn chimg minh 2224€)
+bc+ca

va BDT nady da dvge chimg minh trong loi giai
bai todn 3.

Déu (=) xay ra khi va chi khia=b=c.

Bai toan 6. Cho ba 50 duong x, y, z. Chimg
minh rdng

z3

2 2 2 9

——————

X+y y+z z+x x+y+z
Chirng minh. Sir dyng BBT (**) ta co

2 2 2

2 2 .2 (2P (22 W)
X+y y+Z z4x Xty y+z Z+x
32 9

Ax+y+z) x+y+z
Déu bing xay ra khi va chi khix= y =2z,

Dé két thuc, xin mdi céc ban tyr gidi cac bai
todn sau day.
1. Cho céc s6 dwong a, b, ¢. Chimg minh ring

14K 2 2
at+b +b +ci L +a’ A,
a+b b+ec c+a .
2. Cho céc sb dwvong x, y, z. Chimg minh ring
a) - + Y + - l—;
x+2y+3z y+2z+3x z+lx+dy 2
X » . 3

) (x+y)x+z2) E (r+a)y+x) i (z+x)(z+y) EE
3. Cho céc sb duong a, b, ¢, d, e. Chimg minh
a b ¢ d e 5

rin + + 2=,
Eb+c+c+d d+£+e+a a+b 2

4, Cho cac sb duong a, b, ¢ thoa min

Iab+be+eca)=1.
Chimg minh ring

& . . b b 1 :
a®-bc+l b -ca+l c¢?-ab+l a+b+c



NHIEU CACH GIAI CHO.MOT BAI TOAN
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NAM LO1 GIAl HAY CHO MOT BAI TOAN DEP

LTS. Cing di 16i dich cé nhiéu con dwdmg khde nhau
Giai m@e bai fodn Mngnﬁiéu cdeh .l‘Mﬂgphu 4 myc d.‘dl
ciia nguwdi ldm todn. Tuy nhién hedt qua ede con dirdmg
ta tim dugc nhimg cdch 161 wu. D6 ciing la mjt phim chat
cd dipre tir vide hpe fodn. Toa sogn THTT mo thém chuyén
Mg Nhiéu cdch gidi cho mdt bai todn. Ching t5i mong
mudn nhdn dwge nhiéu cdch giai hay, phdt trién theo
nhiéu tuyén kién thikc khde nhau va sic dung nhimg cong
thike khde nhau chi thing phai chi thay d5i chit it dé ke
dwge nhiéu cdch. Mang dwpc cdc ban hudmg img viet bai
Wi tim doc chuyén myc mdi, Sau ddy xin gidi thigu mit bai
viét ddu tién.

Nhimg bai todn dep thuémg cd nhimg léni giai
hay, l&i gidi ty nhién. Bicu quan trong hom, vi
tinh tyr nhién cia ching, nhimg l&i gidi d6 sé
khéng don thuan la mét I gidi ma con la khubn
miu ¢é thé ap dung cho nhimg bai todn khéc,

Dudri diy, ching ta sé xem xét mdt vi du nhu
vily: M§t bai todn véi ndm I&i gidi khic nhau.
Chiing ta s& khong don thudn dva ra nam loi giai
ma con binh luén vé con dudmg di dén nhimg 1&i
gidi d6, pham vi dp dyng cia céc phuong phip
twong (mg. Cudi cing, ching ta s& dura ra m{t so
bai toan dp dung cd thé gidi biing nhimg ¥ twéng
d dugc dp dung trong ndm l&ri gidi.

Bai todn 1, Cho a, b, ¢ 1a céc s6 thyc dvong
thée man diéu kién @ + b + ¢ + abe = 4,
Chimgminh ring a+b+c =<3,

Léi gidi 1. Dy la mjt bit ding thirc ¢6 didu
kign. M{t trong nhimg phuong phdp xir li
nhimg béi todn nay I khir didu kién ngay tir
ddu. Coi diéu kién a’ + b + ¢* + abc = 4 nhu
phurong trinh bic hai theo a, ta dwge

_~be+ J@Ya=0)
= 5 ;
M@t céch ty nhién, dp dyng bét ding thic
Cauchy cho cén thirc trong biéu thirc trén, ta c6
diinh gi

4-pP +4-¢
i ~be+ 2 2 8-(b+c)
2 =
§—~(b+cy +4(b+c)

Tiedé a+b+ec=

_12-(bc-2p 12 _
4 4

3

TRAN NAM DONG
(DHKHTN, DHOG Tp. H6 Chi Minh)

Binh lufn. Diy 12 mdt cach pha diéu kién
tryrc tiep.

Léi gidi 2. Ta lai xir i diéu kién theo mét
kiéu khéc d6 Ia hodn ddi vai trd gitra diéu kién
va diéu cdn chimg minh. Digu kién 1a mét biéu
thirc phirc tap, con diéu cin chimg minh lai don
gidn, Néu dao lai, a+b+e =3 thid + b + & + abe
s& thé ndo? Thir vai bé (0, 1, 2) ta c6 du dodn
"Néua+b+c=3thid+b ++abc=4". (%)

Ching ta phdi tra & hai cdu hoi:

1) Dy dodn d6 c6 ding khéng?

2) Néu (*) ding thi c6 thé suy ra bai todn ban
déu khéng?

Pdi vai viéc giai bai todn ban diu cia ching
ta thi ciu héi 2) quan trong hon, vi thé ta s& trd
& trudie cdu hoi ndy.

Ménh dé. Néu (*) ding thi bai todn ban diu
ciing ding.

Thit vy, gia sir (*) da d;gm chirmg minh va
gid sir ring a, b, ¢ la cic s0 duong thoa min
diéu kign a® + b° + ¢’ + abe = 4. Ta s& chimg
minh ring @ + b + ¢ < 3. Gia sir ngwge lai ring
atb+c=3k>3.Pita=ka',b=kb' c=ke'
thi @’ + b" + ¢’ = 3. Vi (*) 84 duge chimg minh
nén tirdiytasuyraa” + b2 + ¢ +a'b'c’ 24,

Nhung do k > 1 nén tir ddy, suy ra
d+bh+d+abe>a’+b +c+abie'2 4,
Miu thudn.

Béy gidr, dé giai quyét bai toin ban diu, chi
cdn chimg minh BDT (*). Bai ndy co thé gidi
bing nhifu céch, vi du bang phuong phap dén
bién quen thugc.

Ditfla, b c)=a +b +c' +abc-4;1= P;—c

Sau ddy ta sé lin lwgt chimg minh
i fla, b, c) = fla, 1, 1);
iyfAa, t,)z0véi a+2t=3.
Thit viy. Xét fla, b, ¢) - fla, t, ) =

= (B+c*-27) +a(be-) = w >0,
tirc i) duge chimg minh.
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Nhir véy, ta chi cén chimg minh fla, . /) = 0
v&i a + 2r = 3, Bing phép thé a = 3 — 2z, diéu
nay turong duong v (1—1)(5-2¢) = 0, ding do
2t = b+c < 3. Bai todn duge giai quyét hoan
todan.

Bink lagn. Cach xir li didu kién bing dao dé
gitp ching ta don gidgn héa didu kién, bién
thanh mét bai todn véi didu kién dE sir dyung
hon. Chi tiét v& phuong phap dén bién cdc ban
co thé tham khao céc bai viét trong cudn "Tai
ligu bdi dudmg gido vién chuyén To&n"”, Heé
2005, PHKHTN, PHQG Ha Ngi.

Léri gidgi 3. Liri giai 3, c6 thé néi, xuit phat tir
¥ twémg dbn bién & l&i giai trén. Nhumg lan nay
khong d6i chd gia thict va két lugn nira, ma
thyre hién don bién ngay & diéu kién. Cy thé la

nbn dut t= ZX% op of Mlak gl

4=a +b+c+abc—4
=a* + 20 + af + (b + & — 277 + a(be—1)

—a +2f +ar + —tz_aib_c? =a’ + (2+a)’

Tir diy suy ra * < 2—a s& ¢ ddnh gid
a+bte=at2isa+2il-a=

=g+2 fi{Z—a)sa+l+2-a=3,
Binhk lugn. Loi giai rat ngén gon va an tugng.
L& giai nay, cd thé noi, duge gai ¥ tir céich
cht’n‘zg minh cda (*). Tuy nhién, ching ta cé the}
di dén ¥y wwdémg nay mot cach ddc ldp va coé thé
ap dung v&i cdc bai todn khdc. Tam 43t tén v
tuémg la dén bién trong didu kign.
L& gidi 4. Tir didu kiéna® + b+ c* + abe = 4
ta suy ra @, b, ¢ € (0; 2). Tir 46, ap dung bét
ding thirc Cauchy chocdcsé 2—a,2—-b,2—¢
ta cH
27(2—aN2—-bN2—) = (2—a + 2—b + 2—¢)’

e 27(8 — Mat+b+c) + 2(ab+bet+ea) — abe)
< (6—a—b—c)’

= 278 — d(atbtc) + 2(ab+bctca) + a + b* +
- =<(6—a—b-c)

= 275 —ds+4) s (6—5)

= (s—3)s'+ 125+ 36) < 0.

Tirdbsuyra s<3.

Bink Iudgr. Day cb6 12 1 I&i giai kém ty nhién
nhidt trong cac 1&i gidi d& trinh bay. Tuy nhién,
vige sir dung cdc BDT hé qua dang (a—ala—5)
=0 vii a €[a; ), hay (a—a)b—alc—a) = 0 vdi
a, b, ¢> a .. la cac thd thudt hiru higu dé
dénh gid céc dai luvong trung binh s=a + b + c,
t = ab + be + ca, p = abe théng qua nhau.

Lai gigi 5. Ciing do diéu kién a, & c e (0; 2)
da goi ching ta di dén phép thé lugng giic. RS
rang cé thé dfit a = 2cosd va b = 2cosB, véi A,
B 14 cac géc nhon. Khi dé, tinh ¢ theo a, b, ta
duge
c_—ab+,j{4—a¢ Wa4—B2)

2

_—4cosAcas B+4sin Asin B

2
=—2cos({A+B)=2cos(m—A—8).

Viy ¢ = 2cosC véri A + B + C = x Nhu thé
diéu kién a® + b + ¢* + abc = 4 @& duge _tham
50 hbéa thanh a = 2cos4d, b = 2cosB, ¢ = 2cosC
Vi A+ B+C=m A, B, C> 0. Yéu céu cia bai
todn trd thanh bat ding thic quen thudc trong
tam gifc:

P =cos4 + cosB + cosC = %.
D6 12 mét 1&i gidi ngdn gon cho bét déng thirc
A+B __ A-B

P=2cos cOs +1-2sin? 5-:—-

z
< 25in£+l—25h’|2£=£—2{5in£—l) 51.
2 2 2 2 2 2

Bink Iuin. Phuong phap lugng gidc hoa dé
pha didu kién gitp chung ta dira dirge nhiéu bat
déng thirc dai s6 cd didu kién v& céc bit ding
thirc trong tam gidc. Nhu vy phuwong phip nay
chi thyre sy hi¢u qua néu ching ta nim vimg céc

déng thirc co bdn trong tam gidc. Ngoai ra,
vigc biet cac hg thirc lugmg trong tam gidc nhu
cos’d + cos’B + cosC = 1 — 2cosdcosBeosC,
tedtgBtgC = tgd + tgB + tgC, ... ciing la diéu
kién quan trong dé “nhin” ra cac phép lugng
gidc hba.

Cubi ciing, dé nhin r& hon tinh hiéu qua chaa
timg phuong phdp, ciing nhu dé nhin thiy
nhimg khdé khin ma chiing ta co thé giip phai, ta
haiy xem xét huémg tdng quét sau ddy.

Biii todn 2. Tim tit cA4 nhimg gid tri k> 0 sao
cho véi a, b, c la cac sb thyc khéng &m théa
man céc didu kién a® + b* + c* + kabc =3 + k
via a+b+e<3.

Két qua ciia bdi todn 2 la k < %.Cic phuong
phép nao trong cac phuwong phap da trinh bay
giai quyét duge bai  todn trén ddy? Tham sd
k=1 c& phai 14 mdt gia trj rit dac bigr d& cé
nhiéu l&i giai hay? Chung t6i xin danh céu tra
I&ri cho ban doc. Ngodi ra, dé kham pha kha
niing dp dyng cia timg phuong phdp, chiing t5i
dira ra céc bai tip d& nghi dudi ddy. Hay gidi lai
cac bai todn khé quen thudc nay bing cic cach
tiép cin khic nhau.

Bai tdp

1. Cho x, . z la cac 56 thyc duong théa min
diéu kién x* +)” + 2 + 2yz = |. Chimg minh rang

3
a)yx+yt+o-o=5 —;
) » >

h}xy+yz+:x$%$x:+yz+::'.

c) xy+y:+zx£—é—+2:y::.

2. (USAMO 2001) Chirng minh ring néu a, b,
c 1a cac sé thyc khong &m thoa méin diéu kign
a + b + ¢ + abe = 4 thi ta cd
O0<ab-+bec+ca—abc<2.

3. (IMO 2005) Cho x, v. z la cac sbé thuc
duong thoa min diéu kign xy= = 1.

Chirng minh réng

R R

e I s = S

4. (VMO 1996) Cho a, b, ¢ 1A cic so thuc
duong thoa méan didu kién

2(ab + ac + ad + bc + bd + cd) + abe + abd +

+ acd + bod = 16.

=0.

Chirmng minh rdng
atbtrct+d= %(a&+a¢+ad+bc+bd+cd}.

5. (VMO 1999) Cho a. b, ¢ la cac s& thyc
diurong thoa man dieu kién abc + a + ¢ = b. Tim
gia trj lén nhit cha

2 2 " 3
a+l B+l 2+1°

6. (VietnamTST 2001) Cho a. b, ¢ la céc sé
thyc duong théa man dieu kién 2Zlab + 2bc +

8ca < 12. Tim gia tri nhé nhét ciia l-l-E + 3 2
a b e
7. (VMO 2002) Cho a. b, ¢ la cic sb thyc thoa
min diéu kién & + b’ + ¢® = 9. Chimg mirh
ring 2(at+b+c)—abc=10.
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PHUONG PHAP DOI BIEN S0 VA TiCH PHAN TUNG PHAY

Trong cic dé thi 6t nghiép Trung hoc dghd
thong va tuyén sinh viao Dai hoc, Cao dg
thuémg c6 cAu vé tich phan. Phuong phdp d
bién 56 va tich phdn timg phdn thugmg dugc sir
dung dé tinh tich phan dé. Trong bai viét nay,
chiing toi gidi thiéu (cé tinh huéng din) mot s6
cdch d8i bién s6 phii hop véi cdc him s& dudi
déu tich phin va phuong phip tich phin timg
phin dé gy tich phan mot s6 dang him s6
thudng gap trong cac Ki thi néi trén. Liru ¥ rdng
chiing t61 danh cho ban doc thuc hién cac phép
bi#n d6i hodc tinh ra ddp sd khi phép todn chi
con don gidn.

1. Phuomg phép ddi bién s6
o Néu ham sd ducn ddu tich phdn ¢é chita
N =B |, ta cé thé tim cdch gidi theo mgr

trong hai hitomg sau

f a T
Hudmg thit nhdt. D@t x=—sinl ;1 € |-—;—
; e [ 2 z]

- Ja& - 2 =acost .

Huimg thii hai. Dat 1=vJ@ - 2
Thi du 1. (D4i bién sd theo sint).

|
Tinh = [ 4-32dx
o

liic d6 dx=§m&.r.dt

e T
Loi gidl. Dt x=—=sinf ;i€ |-——
Y [ ]

22

dx=-g~msr.dt 14-322 =J4—4sin? 1 =2cosl;

V3

|

4sin? 1.co8 1t = _[sm" 2e.dt

W3,

x
2 ° 2 [ T
=—— |{1-cosd!).dt=——| t—sinds
3! W3l 4 i
o Néu ham sd& dui ddu tich phin cé dang
f(x)= cn=1,2, .. thi dé Idy tich

|
(@+BP2y
phdn ham f{x) ta dat x=§.tgr 4 £S5 (—%%]

NGUYEN ANH DOUNG
(Ha Ngi)

Thi du 2. (Déi bién 56 theo 1gt).
1

dx
Tinh I= .
a(14322 ¥

T T
Lot gidi. Dat x= Emfre[~i—ﬂ thi

1
dx=—xo(1+tg2)dt : 1+32=1+tglt.
A g'1)d 3

x=0=1 =ﬂ;x=l=ﬂ=i;-. Tacé

L8
» Néu him 50 dudi ddu tich phan cé dang
Jae' +b, ta cé thé tim cich gidi theo hudng:

bat t=vae* +b.
Ini2
Thidu 3. Tioh [= jJ 3.dx

- L3

| B il ly
=—— |(1+cos2).dt = (1+—sin2¢
zJi! 23 2 ’1

Laoi gidi. Dt t=ve* -3=e"=£+3 ;

edx=2ndt = dx —H—-z—mi:
e £43

x=ld=t=1;x=hl2=r=3.

ek Y. %] S
ij_z,[m ﬁljmm =4-6l,

|
Tiah A:T[_dL
[F+3

Huting ddn. Dat 1=\[3igu ,u € [—-’;- %)

2. Phuong phdp tich phan timg phén
o Néu ham 56 duii ddu hém sé tich phdn cé
dang p{x) fix) trong dé p{x) ld mét da thic, fix) la
mét ham lugng gide thi cdch gidi chung la dét
u = p(x), 2 du = p'(x)dx
dv =f(x).dx |v = [f(x).dx



VNMATH.COM

]

H
Thidu 4. Tinh 1= [xsinxcos2x.dx

3
L gidi. | % I (sin3x-sinx).dx
[}

x
==

Bat ¢ 2
[dv=(sin3x-sin.x).dx

[ dx
du ==
2

¥ :-%ms&nm:

x

(-%m&ncnu} 2

]

][ l 3x+msx]
a\: 3
=5

10+ [ﬁsiﬂx -%sim:) o

I=

3 | =

h.:-;.—

_—

5

o Néu hdam 5o dudi ddu tich phin cé dang
p(x).fie') trong do p(x) la mét da thic thi cdch

gidi chung la ddt
u = p(x), du = p'(x)dx
=
dv=fle)dx  |v=[fle) dx

|
Thidy 5. Tinh = [(2x-1)¢ dx
Lai gid i
Dat u=2x-1 - du=2dx
dv=e* dx lu"=~!"lr

=E+|-1¢'|u =—e+3.

VNIVIATH.COIVI

o Néu ham 58 dudi ddu tich phin ¢é dang
pix)dn(f{x)) trong dé p(x) ld mét da thic hodc
ld hdm s& lugng gide, thi cdch gidi chung ld

[lx
o d -__‘ix
e {u ln{f{-t}}.j u
© |dv = p(x).dx

|
Thidu 6. Tioh 1= [ D8

s (x+2¢

u=In(x+1) du=—
. dx =
(x+2F e

| A dx
== —
r+2 ax+ ]I“ oI} x+2)

=-—ln2+f
3 |

Véi
Ir dx _rdl IdI x+] i

(.l+1)(x+2} [{x+l ax+2  x+2 10
4
= In—.
3
Dé két thic bai bdo mii cdc ban thir sir dung
hai phuong phap trén dé gidi cic bai tap sau day.
Tinh céc tich phan :

L

} l' x.dx ) ]'
Jl4sin2x Jr'+
| 1&
]' dx ; 4] J[ dx
s =141 5+l



Giii ddp bai: DA CHUAN CHUA?
(D¢ ding trén THTT 56 343, thing 1.2006)

o Nhin xét riing: Biéu thirc & vé trai bét ding
thirc d3 cho ¢6 dang hodn vj vong quanh nén
chi duge xem bign bt ki ndo dé la lén nhat
hoic nhé nhit ma théi. Do d6 doan Idp lugn sau
trong liri gidi bai toan: Giasex 2y 22 20..

1+ _ 2

Taco == 1

aco l+y+2t 3 @
14)2 2

Ti fe ¢ > — 2

SRR l+z422 3 @
1+2° 2

z - 3

l+x+)* 3 ©)

la khéng chinh xac! (Khong thé suy ra dugc cic
BDT (2) va (3) bing phép twong tyr vi vai trd
clia x, y, = trong bai la khong binh dang).

Sau ddy la m{t loi giai ding cua bai toan
(theo ban Nguyén Thj Hanh Dung, 11 Toén,
THPT chuyén Ha Tinh, Ha Tinh). Ta co

|42 1432 < 1+

l+y+22  l4z4x l+x+)?

242) |, 2149)
21+2)+(1+3)  2(1+x)+(1+2%)
L2
201+ )+(1+7)
Dit| +¥=a; 1+ =b; | +#=c(a, b, c duomg).
2a 2b 2c
icdo M= + :
L 2e+b - 2a+c  2b+a
¢ a b
+ + -
2c+b 2a+c 2b+a
puid ity N+ w3,
2e4b 2a+c 2b+a
ﬁp dyng BDT Cauchy ta c6
M+ N= 2a+c+2b+a+2c+b
2c+b 2a+c 2b+a

IM+2N26

DitN=

z3,suyra
4
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M 2b+a 2c+b+1a+c

2P+ —= + 23,suyra
MZ 32c+ﬁ 2a+¢ 2b+a

P+ —2= 5
4 2 (5)

Céng theo vé cac BDT (4) va (5) tacé

E:i+(2N+P}a]—;1. Ma 2N+ P =13 nén M22

Tir d6 ta ¢6 BDT cdn chimg minh. Ding thirc
xdy rakhi vachikhix=y=z=1.

Ngodi ban Dung, hai ban sau ciing ¢ dap an
dang: Do Van Dirc, 9A1, THCS Te Tiéu, My
Dirc, Ha Tiy, Hoang Dic ¥, 10T, THPT
chuyén Lam Son, Thanh Héa.

NGOC HIEN

L1 GIAI MOT PHUONG TRINH VO Ti
Vin dyng bit ding thirc dé danh gia hai vé
m{t PT khong mau myc doi khi to ra kha higu
qua. Chéng han d6i vé&i PT vé ti sau
Gidi PT
N2 =23+ +f =6x+13 ++/x2 =2x+2
Lai giai. Chimg minh duge véi cée s6 thyc a,
b, ¢, d tiy ¥ thi
NE B + 3 +d? 2 J(a+eP +(b+dY (1)
Diing thirc xay ra khi va chi khi ad = be.
Goi flx) 14 vé trdi cua PT dd cho, ta cé
fi)= Jx=1¥ +2 + J3-xP +2 + J(I-xP +1 .
Apdung (1) tacé
JOE-IP+2 +JB-xP+2 22 +(x+2F (2)
Péng thirc & (2) xay ra khi va chi khi
2(x-1)=x(3 - x). Laicd
JEF(H2F +J0=xF+] 2
2 JO=xP +(x+3p = J2(F+9)
Ping thirc & (3) xay ra khi va chi khi
2=(x+2)1=-x).
Theo ddi cdc két qua trén ta thay flx) 2
2(x* +9) . Dang thirc xay ra khi va chi khi
2(x-1)=x(3-x)
2=(x+2)1-x)
Viy PT ¢6 nghiém duy nhat x = -1,
Mdi céc ban cho biét ¥ kién coa minh! Léi
gidi cia ban nhur thé nao?
BUI TUAN ANH
(GV THPT Yén Thiy A, Hoa Binh)

3

eax=-1.



PHUONG PHAP

GIAT TOAR

Bit ding thChur

VA UNG DUNG

TRAN XUAN DANG

(GV THPT chuyén Lé Hdng Phong, Nam Binh)

I. BAT PANG THU'C SCHUR

Néu a, b, ¢ v t & cde 56 thyee dwomg bdt ki thi

dl@a-b)a=c)+b'(b-c)b-a)

+c'fe—a)fe -b) 20 (N

Chieng minh.

Khéng mat tinh tong quat, gidsira 2 b > ¢ > 0.

Khi dé

ad2b'=d@-b)a-¢)2b(a-b)Yb-ec)

= a'(a-b)a-c)+b'(b-c)b-a)>0.

Mit khic ¢'(c - a)(c - b) = 0.

Viy d'(a-b)a—e)+b'(b-c)b-a)+
+c'(c-a)c - b)20.

Ding thic & (1) xdy ra khi va chi khi

a=b=¢c.0

IL. HE QUA

1) Néu t =1 ta cé:
ala - b)a—-c)+ b(b-c)b-a)+
+elc-alc-b)20 (2)
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BDT (2) tuong dwong vai cac BET sau:
ea +b +¢ +3abe 2

2d'b+ab’+blc+ b +cla+cd (3)
o (b+tc-ala+ec-b)a+b-c)sabe (4)

* 4(a+b+c)ab+be+ca) s (@a+b+c) +9abe (5)

111 UNG DUNG

O phin tiép theo ching t6i trinh bdy mjt sé dp dung cia
BET Schur duti dang (2), (3), (4), (5) qua mjt s thi dy.

Thi dg 1. Cho ba sd thyc
khong &m x, y, z théa min
r+ytr=],

Chimg minh ring:

ﬂsx}r+yz+zx-2m£%

(Dé thi Todn Qudc té - 1984)

Lai gidi. Taco

o xytyz+zx-2xz
=(x+y+z)(xy+yz+2x) - 2yz
=y+x)l+yetyl + 2+ ol +xz 20

. _xy+yz+z_t~—1ry:£%

Sx+yt)(xytyztm) -2z <
5%[x+y+:]3.

S +y +2) + 15022

> 60y +x) +yztylt + P+ ) (6)

Theo BDT(3) tacd
6(x' +y’ + 2 +3xpz)
2 6(x'y + 0! + Yz 4y + Zx + 2¢).

X4y +7 2z,
Tir 46 va theo BDT Cauchy suy ra (6)
Viy BDT (6) Ia ding.

Déu bing & (6) xdy racs x=y=z= %
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Thi dy 2. Gia sir a, b, ¢ la ba sd thye duong sao
cho abe = 1. Chimg minh ring

[a—l+l](b—l+l](r-l+—!—]5| (7
b c a

(D¢ thi Todn Qude 1 — 2000)

Léigidgl. Djtx=a,y=1, z=—i—r=ac
thia=>,6=2,¢c= 2,
¥y 4 o
(x—y+ZNy—2+xNz—Xx+Y¥)
¥ZX

Tir 46 va BDT (4) thi BDT (8) ding. Suy ra
BDT (7) ding.

Déu bdng & (7) xay ra khi vachikhig=b=c=1.

Thi du 3. Cho ba s thyc duong a, b, ¢. Chimg
minh ring
(@ +20b* + 2Wc* + 2) = Hab + be +ca) (D)

(D¢ thi Olfympic Tadn Chdu A — Thdi Binh Duong — 2004)
L&i gigi. BDT (9) twong duong véi

a*bic? + @bt + B + Faty + M@ b)) + 8
= 9(ab + be + ca).

Tacé:a* +bB +cPzab+ bec +ea;
(@B + 1)+ (B + 1)+ (P + 1)
= 2(ab + bc + ca) ;

b+ 1+1 2 3Ya2p2e? >

= 4(ab + bc + ca) — (a + b + ¢)* (theo BDT (5))
= a'b’c® + 2 2 2(abtbctca) — (@ + B + )

BET (7)< =1 (8)

Sabc
a+b+c

Viy (@b’ +2) + Ua*B + Bl + ' +3) +
+Mat+ b +ch)=

= 2{ab + bc + ca) + 4(ab + be + ca)
+3(a’ + B + &%) 2 9(ab + be + ca).

Viy BPT (9) ding. Diu bing xay ra khi va chi
khia=b=c.

Thi dy 4. Cho ba sé thyc duong a, b ¢, thoa

min ab + bec + ca=3,
Chirng minh ring a’ + & + &* + Gabc 2 9.

(B3¢ thi Qlympic Todn Ba Lan - 2005)

Lo gidi. Theo BET (3) ta cé:
a + b+’ + 6abe = (a+ b+ clab + bc + ca).

Tach(a+b+c)y =3(ab+ bc +ca)=9
=at+b+ecz3,suyraag +b +c'+6abc=9.

Déu bdng xay ra khi va chikhia=b=c=1.

Thi du 5. Tim s& thyc k 16n nhét sao cho vai
moi sg thyc duong a. b, ¢ thda man diéu kién
abe = 1, ta ludn c¢6 bit ding thire
1 1 |
— - + b+
a1+b“ +‘:‘2 +3k 2(k+ 1 a+b+¢) (10)
(53¢ thi chpn HSG Tadn Quic gia THPT
redim 2006 — Bang B)

Léi gidi Gia sir s6 thye k thoéa min dé bai

ye=(m+1¥(ne N*).

Chona=5b=
n+l

T (10) suy ra

n'+2n+l+a—l—— *

(n+1p

.|--1='+2r-r-|-i -1
41

n+l

k<

| 2

Vi lim o1y

n+l
— .,=+zmil_1

P+ 2n+l +

=1,

nénk= 1. Véi k=1 BDT (10) tré thanh

-l—+blL+:L—+3 z22{la+b+c)

P (11}

thi x, . z 14 cic sb

T =

0 |=

PBé#t x = %.y = %
duong va xy=z = 1.
BET (11) wong duong viri

Ay 2+ 3> 2xp + pz +2x)
e (xty+nxt+)y + 272+ 3)

2 2(xy+yz+zx}(x+y+z)

t,x-"-:’f+z’+3{x+y+2}
zxy+xf+ sy + 8%+ =P+ 6 (12)

Mt khdc x + p +z = 3 Yxyz = 3.
Suy ra )
By 2 3x oy + D)
2 P+ +2 432+ 6
2 Fy+f Yz 40+ P+ 6
theo BDT (3).

Vay BDT (12) ding = BDT (11) ding. Diu
bing @ (11)xdyrac—a=b=c=1.

Nhur vy gid tri 1ém nhit coa k la 1.
Cudi cling 14 mdt s bai tap danh cho ban dpc.

Bai 1. Cho ba sb thyc duong a, b, c. Chimg
minh ring

@ +bc B +ca & +ab

>a+b+ec
) b+e o+a a+b e
b) ‘”;*” ~¥abe <

< max|(Va B, (VB—VeY. (V& -a}}.

(Dé chon déi tuyén ciia MF thi Todn Qude 1é - 2000)

c) (xy+yz+zx - + 1 + : ]22 :
(x+y¥P (y+zF (z+x¥ 4
(D¢ thi Olympic Todn cua Iran — 1996)

d) & + b + &' + 3abe 2
> abJI@ + 2B + beJ2B 4 282 +cal2E 124 .

Bai 2. Cho ba s thuc a, b, ¢ thudc khodng
[u, %] Chimg minh ring
sinasin(a-b)sin(a—c¢) _sinbsin(b—c)sin(b—a)
sin(b+c) N sin(c+a)
sinc sinfc—a)sin{c—&) >0
sinf{a+b)

(D€ chon d¢i tuyén ciia My thi Todn Qudc & *- 2003)



HIC U
S AL/
THICM - R

TOAN HOOC SO CAP

Co rat nhidu huémg dé hinh thanh cac bat
déang thirc (BET) néi chung va BDT trong hinh
hoc noi riéng. Trong bai viet nay trinh bay m{t
cach hinh thanh mét s6 BDT trong tam gidc tir
m{t BBT co bin trong hinh hoc lép 10.

Cho tam giac ABC véia=BC, b=CA,c= AB.
Goi § Ia dién tich AABC; r va R 1a bin kinh
dudmg tron ndi tiép va ngoai tiép tam gide; m
my, m, la 8 dii cdc duwdng trung tuyén x
phét tir 4, B, C theo thir ty. Trong hinh hoc 10

ta d4 biét: Vé&i moi vecto a , ta ludn cb |af > 0.
Gia sir M la mot diém bit ki cing céc s6 thyc a

Br.tacd (am+ﬂﬂ_d'§+yﬁ]z 20.

Binh phuong v6 huéng hai vé cla
MA - MB = BA diin t5i
2 MA.MB = MA* + MB® - AB’.

Tir 46 qua phép bién ddi twong dvong ta di dén
bét ding thire sau:

(a+ f+)(aMA’ + MB' + MC') >

2 d'fy+ Vay+claf (*)

Déu bing trong BT (*) xdy ra khi va chi khi
amh&ﬁﬁﬂ'ﬁ-ﬁ.
By siiin ta xét cac vj tri dic bigt cia M vi chon

cic s0 @ B, ythich hgp dé cé cac bit ding thirc
khéc mang ban chéthinh hoc hon.

I. Céc bt ding thirc lién quan dén dwimg
trung tuyén

a) Khi M la trong tdm tam gidc ABC, ta s cb
cic BDT lién quan dén duémg trung tuyén. Lic
d6 BDT (*) trér thanh:

(a+ f+ pam,’ + fmy’+ ym.)

2 % (a’By+ b ay+ c'ap) (1%

VNMATH.COM

THAI VIET THAO
(56 GD-E£T Nghé An)

~Chgn @=a, fi= b, y= c thay vao (1*) dugc:

am,’ +bmy’ + cm’ 2 %ﬂbc (1

Bfit diing thirc (1) c6 che dang twomg duong sau:

2 F) 1

abe
(4028 === =ak, =bly =ck).

® 3(a + b+ ") + 9abe

<2a+b+efd +b'+ )
(diing céng thirc dwémg trung tuyén).
-Chona=p-a,f=p-b, y=p-cvéi
- a+b+c.'|"lmyvin{l').

Ta bién dbi a'(p - b)(p - ¢)

- w_,,xp,bxphc;[_‘_hll
p-a p

- m[i_]-i) = S[ﬂ_-p-m]_
p-a p p-a
Bién dbi tuong ty véi b'(p - a)(p - ¢) va

¢(p - a)(p - b) rbi 4p dung hé thirc
| B 1 | =4R+r

+
p-a p-b p-¢ pr

(Xem THTT s6 337 thing 7.2005 trang 6 hé
thire 17, hodc quyén Phuwong trinh bdc ba va
cdc hé thirc hinh hoc trong tam gide cua Ta
Duy Phugmg, hé thirc (16) ta thu dwgc :

(p-a)ym,t + (p-b) mi? + (p—c)m.! 2 9S(R-7).
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== Chw o= .i.ﬂ= i'r-i tha}ryh
m i, m

(1*) ta duge * s

amym,+bm_m,+c.m,my=> % abe (3)

= Chon a = be, f = ca, ¥y = ab, thay vio (17%)

tacd
2 2 2 3 3
ﬂ..."'_a...ﬁaﬂ(ﬂtc_) @
4\ ab+bc+ca
b) Biy gi¥ ta

a b ¢

goi AK, BN
CP theo thir ty
1a cée dudmg
trung tuyén

"‘ >/ e g

B c hinh binh hanh
APCH, dé thiy

HA = m., NH = %

A

> f;

AK = m.,, KH = my,

NA = -"'23, NK = %(hinh v&).

Ap dung bit ding thirc (*) cho tam gidc AKH
vai M tring N, ta thu duge:

(a+ B+ Maa’ + pb*+ 1)
= d(m,’ By + my ay+ m. af) (@*)

Tir BDT nay bing cch chon & £ y thich hop
ta duge 16p chc BDT méi dudi diy:

— Chon a=m,, f=ms, y= m. thay vio (2%)
ta duge:
a.my+ bmy + & .m.= Ammym, (5)

—~ Chona="2 p- -"-;l,y-ﬂ thay vko
2*)tacé: £
be.m, + ac.my + ab.m = 4dmgmy.m, (6)

~ Chon a = a,p=b, y= ¢’ thay vio (2*)
sau khi bién d6i ta thu duge:
bc.m, + ac.my + ab.m,

5—?{{a1+b’ +c2 ) at +b' +ct) )

Ap dung BDT Ptolémée cho céc tir gifc GNAP,
GKCN, GPBEK va bién dbi 1a dugc:
be.my+ ac.my + abm. > & my + B .my + cz.mc (8)

Két hop (5), (7) va (8) ta duge diy BDT kép sau:
dmgomym, < be.mg + ac.my + ab,m,

< 1?—.}{(:1 +b% +c? Y a® +b* +¢c*) 9

- Chon @ =a, 8= b, y= c thay vio (2*), sau
khi két hgp véi (4) ta cé tiép:
(a+b+cla® +b? +27) 5 fr_é+fi+“mii
dabe a b c

s Na* +b* +c*)
4(ab+bc +ca)
Ap dyng BDT Bunhiacovski ta cd

mi mi  mi (mo+ms+m,)
a b c a+b+c i

(10

Tir ddy két hgp vdi (10) suy ra

a+b+c |a?+b?+?
me+my+m. < 11
5 3 ,F ; (11)

- Chon a = bic?, B= éa, y= bat thay vao
(2%), sau d6 sir dyng BT

3(am.) + (b.m)* + (e.m.)* | =

z (am, + b.my + r:.mg}! , ta duge:

a.mg +b.mytc. a:nu,ﬂ%-.f.ra-z.nf}2 +bic? +ciagr  (12)

<) Goi L |a diém Lemoine cia tam gidc ABC
nghia 1d giao diém cia ba dudmg thdng di
ximg v&i ba trung tuyén qua ba duémg phin

gi nrong img theo rimg dinh clia A4ABC,
Khi 6 d€ thiy :
_ 2mube - __ 2mac
al +b24el’ &5 a’+b? 4+¢?’
2m ba
LC= ————.
a? +h? +c?

Ap dung bit ding thirc (*) cho tam gidc ABC
vai M tring L ta duge |
d(a+tf+p|atbem,)’ + Placmy)’ + Habm,)' |
2@ +b' +c)(@py+bar+cla) (3%

Trong BET nay ta cling chon cac b sb a, 8 »
thich hgp dé duge cic BDT mdi.

- Chon @ =a, f#= b, y=c, thay vao (3%) ta
duge BDT:

4(bem.}? + acm? + abm? )= (@ + B + ) (1)

BDT nay cbn duge vidt & dang sau:

abla — by + belb —c¥ + calc—a) =

2 a'(a—bla—c) + B (b-<c)(b=a) + c(c—a)c—b).
Két hop céc BDT (10) v (13), tacd
(@a+b+e)ad +b +¢Y)

2 d(bem,} + acmy® + abm?) > (a® + B + &%) (14)

—Chon = fi= y=1 thay vio (3%) ta dugc:
(bem, ) +(cam, ) +(abm,)? 2
5 (a® +8* +c*)
12
- Chona=d’, f=F, y=c’ thay vio (3*)
am, + bl +cmiz>
(@® + b +c*)(ab + be + ca)
4{‘.! +b!- ""c!]

(15)

2 (16)

Qunc&.ckétx:hintuﬂﬂy ring dé thu dugc cic
BOT dep ta cdn co sy lya chon bd sé & A 7 thich
hop. Déng théi s chuyén hod vi tri cia M nhur
43 xét & cac phin (b) va (c) cling dua t&i cdc BET
dep khéc. Ta cdn chi ¥ ring, néu didm M thoa man
xMA+yMB+2zMC = 0, thi khéng nén chon céc sb
@ A ¥ ti |8 vaix, v, z vi lic d6 xay ra ddu ding thirc.

(Ki sau ding tiép)



HINH THANH
CACB

TRONG G
TU MOT BAT

(Tiép theo ki trirdc)

THAI VIET THAO
(SS GD-DT Nghé An)

II. Cic bit di..; thirc lién quan dén dwdng
tron ngoai tiep

Khi cho M tring vai tim duéng tron ngoai tiép
tam gidc ABC, BDT (*) tr& thanh

Rifa:i- B+ ﬂj = njﬂyﬂ- b’ay-t- clnp (4%)

B¥én ddy bang mdt sé phép bién déi, ta cd mét

56 trudmg hop dac biét coa no.

— Chon a = = ythay vio (4*) dugc
R at+hb? el

]

— Chon @ =a, =25, y=c thay vao (4*) dugc
R 22r,

— Chon a = = —y thay vio (4") dugc
R+a+b¥>;

— Chgn a = be, ff = ca, ¥ = ab thay vio (4%)
ta dugc

(ab + be + ca)

v

abc

a’ +b? 42}

=45 a7

— Chon a = b+c, § = cta, y = atb, thay viao
(4*) va bién ddi ta duge
BR(R-2r) = (a— b)Y + (b—c) + (c—a)’ (18)

Pé v ring a = 2R.sind, b = 2R.sinB, ¢ = 2R.sinC
thi BDT (4*) cd dang

{at B+ = 4(Br.sin’A+aysin’ B+af.sin’C)(5*)

BET nay goi cho ta nhifu lién tudmg téi tinh
lugng gidc caa nd.

— Chon &=¢, = a, y= b thay vio (5*) cb
P> ab.sin®A + be.sin®B + casin’C  (19)

— Chon & = cosd, f = cosB, y = cosC thay
vao (5*) véi chii ¥ cosd+cosB+cosC =1+%,
ta duge BDT

(R+r) = a’.cosB.cosC + b’ cosC.cosd +
+ ¢ .cosd.cosB (200

II1. Céc bit diing thirc vé dwirng tron ndi tiép

Ap dung BDT (*) cho truémg hgp M triing véi
tdim 7 dwémg tron ndi tiép tam giac ABC dugce

(a+ B+ P (aTA* + STB* + yTCY)
zaBy+ Pay+ Caf. (6*)

VNMATH.COM

Tir BDT nay ta chon céc bd sd (e £ ) thich
hop sé di t&i cac BET mdi.

— Chon &= f#= y thay vao (6*) duge BET
TA2+TBJ+TC=ZEJ—+-§—+~§~ (21)

b c
- Ch ==, f=—,y= — thay vio
on il T8 ¥ T ay v
(6*) va bién ddi ta duwge

. | oo o
a.sin—+b.sin—+c.sin—2z2 p (22)
2 2 0.
— Chon a=p —a, f=p—->b. y=p —c thay vao

(6*) ta dugc
TA* TB* TC?
* +

=28B(R-r)
T L F:
| 1 1 _. BR-9r
e L Al 23
o S =

il < . C
— Chon a= smi.ﬁ= smE. y= 51!1-2* thay
vio (6*). Sau khi bién ddi ta ¢6 tiép

1 1 1

.
5["3"‘51“21'5"1 = — =0
sin— SIn— SII‘IE

1 A B )
2z —| a.cos—+b.cos—+c.cO5— (24)
- (ﬂ " 2 2

Nhur vy mdi chi qua nam trudmg hgp dic bigt
cha diém M ma ta da dé xuit duoe 24 BDT.

Dudi diy ching 16i dua ra mjt sé6 BDT khic co
durge bing cach 1dAm nhu trén, ban doc tr giai
xem nhur bai tip.

Bai 1. Cho tam gigc ABC. Chimg minh ring
rl+rl+r226r + 24Rr—p?
trong dé r, , . v l& che ban kinh dudmng tron
bang tiép trong cac goc A, B. C cia tam gidc ABC.
Bai 2. Cho tam gidc ABC va mdt diém P tay ¥
trong tam gidc. Goi 4, B, C; 1a hinh chiéu
vudng gdc cua P trén cac canh BC, CA va AB
theo thir ty. Dit P4 = d,, PB = &y, PC = d,,
PAy=ry, PB)=r;, PCy= ry. Chimng minh ring:
a3+ +n)
= dy’ sin’A + db’.sin’B + dy’.5in’C ;

b) (@® + b + NS + 5 + 5.5
2SR+ RS+ R ;
e 2 2 2
7 %7 i et i s
a+b+e
O day 7 la tim dudng tron ndi tiép tam gidc

ABC, 8. 8,. 8. 8 la dién tich céc tam giac
ABC, PBC, PCA va PAB tuong img.

Bai 3. Cho tam giac ABC va mdt diém M bat ki.
Chirng minh réng:

(et 9 aMB . MO + AMC? MA® + yMA* . MB?)
> @ .MA’ Py + b MB'. ay +c".MC’. ap,

vii a, 0 ¥la céc sd thye tiy ¥



HOANG HAI DUONG

(GV THCS Chu Manh Trinh, Van Giang,
Hung Yén)

Ciic ban hoc sinh THCS duwee lam
quen vai si vé ti tir ldp 7, nleng sie
dung 50 vé ti dé giai todn lgi la mjt
cong vige com mai mé bai cic em rit it
dirge lim cde bai todn dang nay. Vi
kién thirc vé 56 vé ti & THCS, fa c6 thé
gidi dwge mit s bai todn hay, khé vii
i giai npan gon, dep.

e ———

R ———
#
L L L

Trurde hét ta can nhé chi ¥ quan trong sau:
Vi a la so nguyén dwong khing chinh
phieeng thi Ja la sé vé ti.

Sau diy 14 mt s6 bai toan (mg dung.

© Bai todn 1. Cho a, b, e. m, n I cde 56 hitu
ti va a # 0. Chimg minh rang néu x = m +ny2 la
nghi¢m cua pheong trinh ax + bx + ¢ = 0 (1)

thix = m - 2 ciing la nghi¢gm cua phieeng
trinh do.

L gidi

Dox=m+ nf2 la nghi¢m cua (1) nén

VNMATH.COM

alm+nJ2P +b{m+nd2)+e=0

& (am? + 2 +bm+e)+(Qamn+bn)J2 =0 (1")
Neéu 2amn + bn £ 0 thitir (17) suy ra

¥ ]
am® +2an= + bn+ ¢ CRCr WY T L R
Ji=- . Khi d6 vé trai la

2amn + bn

sO v ti, vé phai 1a 50 hiru ti. Di¢u nay vo li.
Viy 2amn + bn= 0. Tir (1") suy ra

am* +2ar + bm + ¢ =0,
Do do

alm-nJy2P +b{m-nJ2) + ¢
= (am® +2ar +bm+c)-(2amn+bn)2
=0-0=0.

Viy x = m-nJ2 ciing la nghiém cia phuong
trinh (1). O

© Bai toan 2. Tim cdc sd hitu 1i x, y thoa mdn
V23-3=r3-3 @
Léi gii
Do J:ﬁ—_s >0 nénx>y20 Taco
@ e 2W3-3= o3+ p3-2x
& (x+y-2N3 =235y -3 (2
= x+y-203=12xy- 123x+9

o -7 i
i Jf_}: (x+y-2) +4:qH3E o)
4
; "..\,J].r{--]
Néux+y -2 # 0 thitir (2) suy ra 3 =—— =
x+y-2

S T ] TN T Y S i LI .
Khi d6 ve trai la 50 vo ti, ve phai la so hitu ti.
Bieu nay vo i

Viyx+y-2=0.

Tir(2') suy ra
x+y-2=0 rhy=2

=
2Jixy-3=0 Xy=

b | sl

Do x> y 20 nén suy ra

)
]

e

(thoa mdn x>y 20).

Pl |

!
2



9 Bai todn 3. Mot bdt gidce 16i ¢6 cdc gdc
bang nhau. di dai cde canh la nhitng 50
nguven n’trcmg Chitng minh rang cic canh dii
cuia hat gidge dé bang nhau.

Lévi giii
Goi bat giac di cho la ABCDEFGH. Duimg
thang AB lan lugt cat cic dudm thiing HG va

CD tai M. N. Duimg thing EF lan lwot cit che
duwimg thing HG va CD tai Q. P (hinh v&).

M A a i} N

i

Do cdc goc cia bat gidc bang nhau nén moi
goc trong cua nd la

(8-2).180"
8

Tir do suy ra mdi goc ngodi cia bit gidc 13
180" = 135" = 45" | do do cac tam gidc MAH,
NBC, PDE, QGF 14 cic tam gide vuong ciin va
tr giae MNPQ la hinh chir nhat,
Goi dj dai cac canh AB, BC, CD, DE EF, G,
GH. HA theo thir ty 1d a. b, c. d, e, [, g, h (vai
a. boe d e f g h lacic songuyén duong).

=135".

h b
Suyra MA=Ml=—: NB=NC=—;
V2 2

d _ e AR _L

PD=PE= TE (= QF 7%

Ta co MN = PQ nén

/ d

r+u+T T+£+—T£

(— {r—uh.c =h+b-f-d.
Néwe —a # 0thi

b—f-d .
vﬁ=ueﬁ, diéu nav vé li,
£=a

VNMATH.COM

Viy e-a=0oe¢=aq.
Chimg minh nromg tw. ta co

c=g b=fd=h

@ Bai toin 4. Cho hai thimg A va B dimg
miecre v dung tich lem tiy ¥ va hai cii gaoe
v dung tich ldn leot la 2 lit va 2-42 it
Hoi ¢o thé dimg hai cdi gdo do dé chuyin 1 it
necre tir thimg nay sang thimg kia dieoc hay
khang? Vi sao!

(1% thi viro I 10, DHSP Ha Noi nan [ 995)

-----

Gid sir c6 thé diing gio I (dung tich v/2 i) va
gao 1l (dung tich 2 - J2 1ty d& chuyén 1 lit
nude tr thung A sang thing B bing cach dong
m gao | va n gao Il (m, n € N*) vai quy wdc:
m > () néu dong tic thing A sang thing B,
m < ( néu dong ur thing B sang thimg A:
liremg N veri n.

Taco
mi2 4 m2-J2)=1 & {nnmlﬁﬂn—].

Néu m # n thi 'Jr_

e G (vo i)
n-m
. Diéu nay mau

£
Meum=nthim=n-=

b | —

= -
thuan, vim, n € N*,

Viy khang thé dimg hai cai gao voi dung tich
li V2 litvi 2-42 lit dé chuyén | lit nude tir
thung nay sang thung kia.

M cde ban hdy lam cde bai rodn sau ddy.

Bai 1. Tim nghiém nguyén coa phuong trinh

I_;_T W T = Iy - ‘fl"l_l’ 142

Bai 2. Chitg minh ring s6 99999 +111111Y3
khéng thé bicu dién duge duéi dang
(A+BJ3) vai A, B 1 hai sé nguyén.

Bai 3. Chimg minh ring sé {10° 42} véi

n=0;1; 2 3; .. mg d6i mot khaL nhau (ki
hi¢u {a} chi phan thip phin ciia so thye a).
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PHUONG PHAP

GIAT TOARN

T

rong bai viét nay, ching ta xem xét vigc si
dung hai hi]l di‘lng 1hu‘i. BOT) sau dé chimg
minh mdt s6 bai toan vé bat dﬁ.ng thire:

(D(1+2) leaz voi z>-1 vi aef0:1]. biing
thirc xay ra khi va chi khi @=0 hoic a=1 (bét
dang thirc Bernoulli).

(ii(1+z) = 1+2* vai z>0 va asl, Dang thire
xay ra khi va chi khi a=1.

Chirng minh (ii)
Do 1>—>0, 1>

+z l+:z

..-l_] 2- —I_- l'l'g'l [_:_] :_a- _;t__
l+: l+z 1+:z 1+z

Cong theo vé hai BDT trén ta duge

[ | ]" ,f z ]" | z
—_— | —] 22—+ =,
l4z) W4z 14z 14z

Tirdo suyra 1+ 2(1+2) . O

=0 via<]|nén

< Nhn xét
1) Trong BT (ii) cho z=> (véi x, v la sb

¥
thyre duong) 1a nhin duge cac BDT (ii) cho hai
s0 thyre duong x, v nhu sau:

(x+y) € x4y voiasl,

2) Bing phuong phip quy nap hofic phwong
phap nhur trén ta chimg minh duge BDT (ii) cho
(m > 2) 56 thye diremg Xy, X5, ..o Yo !

':-1"1 +X L..+.1'H}" S b 5 B v a<l.

VINIVIAA L TT.\UIVI
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~ Ung dung coa
4 L-~; f HAI BAT DANG THUC

TRAN TUAN ANH
(GV khoa Todn - Tn hoc
DHKHIN, - DHQG TR HCM)

Bay gitr chiing ta viin dung chiing dé giai quyét
¢ic bai todn sau day.

@ Bai 1. Cho a 16 mér s6 thre nim frong
doan [0:1]. Chieng minh rangl+a 22 > |+ o
Charng minh. Do uE{{};I] nén ap dung bt
déng thire (i) ta ¢o

2=(1+1) < l+a.l= l+a (1)

Mt khac. do | — @ & [0; 1] nén theo bat ding
thire (1) taco

2u<l+(l-a)=2-a

Trdosuyra 22 (2)

Béy giir ta chirng minh z1+d (3)

=
=

Thit vy, dé thiy BDT (3) tuong duong vdi

BOT ding ala-1) 0.

Tir 46, két hop hai BDT (2) va (3) 1a cb
2zl+d .0

< Nhdn xét. Sir dyng BDT 2'214d’ véi
a € |0; 1] ta s& giai duge cic bii todn sau day.
1) Cho &, @, ....a, (m=1) I3 cic 50 thye
khang am thoa min dicu kién & +& +..+a,=1.
Chirng minh ring 27 422 4.4 2% > m+1.
2) Cho x, %, ... x, (m=1)lacic sothyc.

Chirng minh ring
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2 feosig| _'_zls'nu. COS¥y| P o AISINY SiNvy. SN, cosy,, |
solsinxgsingG..Sinx,  Sinx,| =,

Hudng ddn. Tong binh phuong céc s6 mi & vé
trai bang 1.

© Bai 2. Cho a, b la cde s6 thiee diromg: ndm
trong khoang (0:1) . Chiing minh rdng

1 a"::--;—; 2) g+ >1.
Churng minh
1) Do a>———>0 nén

a+l

}[ a J _ ] . 1 4)

e e

azxatuile 1+
a u

Via e (0; 1) nén ap dung BET (i) ta cd

ﬂ{(l+i) £|+.(.r_i= 7 108
£#] ()

Két hgp BPT nay va BDPT (4) ta nhan duge
BBT cin chimg minh.

2y Do a:--a—:ﬂ Vil b}LPO nén
a+1 b+1

1+~ =

o b
Via, b & (0: 1) nén dp dung BDT (i) ta cd

L

"“b':’[ﬁ] J{%]u_[ 11)”[[ 11]' v

D-r.[l+-!-] = I+b.-|—=a—+b..
a a a
ﬂc[l+l]15 |+tL]—=ﬂ.
b b b
Két hop hai BDT trén va BET (5) ta dugc
| 1 a b
= =1..
ﬂll-'-.':FJ:J.ﬂ:l-i-.i'.' a+b a+b+a+b

a b
< Nhdn xé1. Bang phuong phap trén ta c6 thé
chimg minh bai todn tong quat sau: Cho
o Gy eenn By, (MZ2) la cac sb thyc duong cd
téng bing 5. Chirng minh ring
(5-q) +{5-a)" +..+ S—a, )™ >m-1.

Hieeng ddin. Néu ton tai motchisd & (1sk=m)
sao cho g, =1 thi vai moi i=k va I<i<m tacd
S—-a>a,21. Suy ra (S—a)'>1. Tir d6 cb
duoe BDT can chimg minh.

Trong trudmg hop tit ca cdc sd o (1<i<m ) déu
nim trong khodang (0: 1) thi ta giai tirong te nh
trong cau 2) cua bai todan nay.

D Bai 3. Cho a. a, ... u, (m=2) i cde sd
thuc dwong vd a.  la hai sd thue diromg thoa
mdn diéu kicn a= _ Clhimg minh ring

(g +a vova o <(f vl +. vt}

Cleng  minh., BDT cian chimg minh twrong
duong v
e
(@ +ar+. .+t s o +b +..+al .
g g g s
Hay (x +x, +..+x,) < +x +..+x2 v&i

x=c >0, i=1,m.

Do @z >0 nén 8 =< 1. Lac &6 ap dung BBT
s
(i1} cho cac s thye duong 5. %, ... x, va

E = | ta nhiin duge BET cin chimg minh.
o

& Bai 4. Cho a, b, ¢ i cde 56 thire dwong va
n I mgoe 50 nguyven dweng Idn hom | Chirng

X o 3 \{ '
irtfr réd o +2 + o =2
MRS, Jb-n.' \!t:-t-a a+b

Chirng minh. Vi D:ESI nén ap dung BET
n

2 2 2
(iDtacd O<(b+c) <b" +c".
Két hop BET trén va BPT Cauchy cho hai s6
duong co

2 2 ¥

2 2 E =
a' +(btc)n  a +b
0= glalb = = —.
< c.rt +c 5

-

2
Tir d6 suy ra "i = i
o b+e  gla(b+c)

2 2
a” 2a"
= 2 2 x| 2 2 3
a® +b +cn g +hntcn
2

Pédng thie xay ra khi va chi khi n=2 va
a=b+c.
r

Twong tyr: 1-=r’ B =— Zb*
c+a = = 2z

[c 2"
va 2 =

Na+h 2 2 z

a® +b" +c"

Coéng theo vé ba BDT trén nhén duoc

L]

2 2 2
[ a b < 2a” +2b" +2c"
+ +n > =2,
Nb+c c+a at+b 4 2 2

a’ +b" +e"

Péng thic xay ra khi va chi khi n=2 va
a=b+ec, b=c+a, c=a+h.

Piéu nay khong thé cé vi a, b, ¢ 1a céc s6 thue
duong. Tir 46 suy ra dpem.

< Nhdn xér: Bat ding thirc trén di duge chimg
minh trong THTT s6 341, thang 11/2005 khi
n=3, nhung phuong phap chimg minh trong do
khé mé& rong cho truwong hogp » 1a mot sb
nguyén duwong Ién hon 1 bat ki. Tuy nhién, vai
viée sir dung ¥ tudng trong bai viét dé ciing véi
BET (ii) chang ta ¢é mdt chimg minh kha gon
trong trudmg hop n= 1 nguyén duong tdy ¥.
Ngodai ra, ciing biing cach sir dung BDT (ii) cho
nhiéu sé ching ta cé thé chimg minh bai todn
thng quat sau:

Cho a. @, ... a, {m=3) lacéc s6 thue duong
c6 thng bng S va n la mdt sd nguyén duong
Iém hom 1. Chimg minh rang

Ja' +d% +...+nfﬂ- >2.
S—-q S—a, S—a.
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Tmng tap chi Toan hoc va Tubi tré 4-2006
¢6 bai todn bat ddng thire T10/346 nhir sau.

@ Bai toin 1. Chimg
minh ring véi moi so
thiee khong dm a, b, ¢
thoamina +b+c =1
ta ludn co

ab+be+ea

>Ba’+b +¢?

a’b? +b*e’ +¢'a EfRate -t M
iy khong phai 1a mét bai todn bt ding thirc
khé va thye 1€ ¢ c6 rdt nhiGu l&i gidi cua céc
ban guri dén téa soan. Tuy nhién, bat ding
thire trén kha d¢P mit va tai sao ching ta lai
khong thir tim hiéu sau hon vé nd?

Cb hai hugng tong quat hoa bt dng thirc niy
la xét nhiéu s6 hodc ning bdc cic 50 hang. Y
twdng chinh coa tac gia khi dat ra bai todn la
dya vao nhin xét sau diy.

B a&. Véi hai s6 thue a, b khding dm sao cho
a+b <2 taludn cd abla+ b) 2 a’b'(d@ + b)),
Kiém tra diéu nay dya vao dinh li ::!iu tam
thirc bac hai bing cich dat 1 = ab, va dé y ring
a+b<2 Tirdotaco thé mo rong bai todn |
cho n s6 khang im.

@ Bii todn 2. Chirng minh ring veri cde 5o
thiee khing dm a,, ay. ..., a, ¢o tong bang |, ta

ludn ed
> s[ia,’] (2)
=l

Lo giai bai todn 2 twong ty nha I gidi bii
T10/346 dang trong s6 bio nay.

.

2 4

mlfiwy)

i=ljiw )
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Chiing ta s& quan tam nhiéu hon dén bai tofin
md rong viri n = 3. Mt cau héi ty nhién duge
dit ra la, liéu bt d&ng thirc twong ty sau con
ding hay khong néu a, b, ¢ la cac s thye
khong dm co téng bang 1.

ab+bc+ca

> 8 a’ +b' +¢¥) ?
a'b+b’c 1c'd’

Nhung rat tiéc ciu trd 1oi lai la phu dinh. Ciu
tr 13i s duge chimg minh & phan cm’n cila
bai viét bﬁng mt bt dang thire thay Ihe rit
thu vj. Nhv vy 2 la hing sé . nhién tot nhat
dé bat ding thirc dang ban dau ding (theo

KHAI THAC SAU THEM
MOT BAI TOAN,

PHAM KIM HUNG
(SV k9. hé CNIN ngénh Toén,
DHKHIN - DHQG Ha N6

nghia li c6 ding thite khia = b~

hodc cac hoan vi). Ml;:[ cau Ilm ru]a [ﬂ lidu cé
the cong thém dudi mau a’b” + b'c’ + '’ &
vé trai ciia (1) mdt dai lugng kabe véi k lon
nhét 1a bao nhiéu dé bit dﬁng thic (1) con
diang? Cau tra Im la k = 2 va ban doc hidy v
chimg mlnh két qua nay. Sau diy la mgt md
rong khac rat thi vi.

= {]

o Bai todn 3. Chimg minh r.:.’mg vaia b cla
cde 56 thiee khdng dm c6 16ng bdng 1. ta ludn c6

abtbc+ca

a’ +b* +e' +16abe

> 8(a’b +b e +cta’)(3)

f‘i’gﬂar ra hay r:."umg minh 16 l& hing so tot
nhdt, theo nghia néu thay bang mét s6 lém hon
thi bt déng thire khing con ding nita,

Lai gidi. C6 thé coi diy la mt bat dang thirc
khi khn vir chat vi nd ¢co I|En quan dén hiang
50 tot nhat, Dé chung minh bét dﬂng thire trén,
ta phai sir dung cic da thirc d6i xing. Dji
x = 4(ab + be + ca), y = 8abe, khi d6



'
L ]

ua bai viét ndy ching t6i mubn cung ci
cho ban doc mot ki thudt "nho nho" dé thig:
lp céc bt ding thire tir cac hing déng thirc,
& B a¢ 1. Ching minh ring
(a+b) +(a-b)=2a"+b'+6a’h’) (1)
vari a, b 1& hai s the tity ¥,
Chirng minh. Thit viy

(a+b)' +(a-b)'
= [(a+b) +(a-B)]) - 2(a+b)(a- b)Y
= (2a" +26°) - 2d’ - b)’
= 4(a' + 207K + b') - 2(a' - 28°H° + ")
= 2@ +b'+6a’h). 0
Ap dung hiing ding thire (1) véi ba sé thye
X, ¥, sty y, tacd

(xtp+)+(x+y-2)°

= 2(x+y)' +2'+65(x + 1)) (n
vi(ztx-y)' +(z-x +,F}.
= 2x-y) +:'+67(x - )] (2)

Cong theo vé cia (1) va (2)
(xty+)+p+z-0'+z+x-p
t(xty-2)'=

VNMATH.COM

=2(x +9)' + (x = p)' + 22" + 62(x + y)?
+62°(x — y)')
=4(x* +y' + 2"+ 6y + 6y + 6271,
Mit khac
x:_r’ +y 2 4 22 o 8 +}.' sl

Suy ra
x+y+)+(prz-0)+G+x-p'+
+{x+y-2) < 280" +y' + Y.

Tir d6 ta co bai toan sau diy.

Bii todn 1. Ching minh rang

28(x' +y'+ Y

>(x +y+:,'|" +(y+ =—x)"
Fi+x-y) +x+y-2).
véi x, v, = la ba s6 thie tiy 7,

o Tir bai todn | va
thire ("

(x +y+2)' 2 0 din dén bai
todn 2 sau day.

MAC DANG NGH|
(GV THPT Nguyén Tr&i. H&f Duong)

Bai toan 2, Chimg minh ring
28 +y' + 2
2(y+z-x) +(ztx-y) +(x+y-2)
viri x, . = la ba so thuee tiy y.
Trong bai todn 2, néu ta dit
ot AN i
2 2

thi ta ¢6 bai toan 3 sau day.

Bai toan 3. Chimg minh rdng
(a+b)+b+e)+(c+a)2 ;[u‘ +bt+cty.

vai ba 56 thiee a. b, ¢ tuy v,

@ Bb ¢ 2. Voi hai 50 the a, b tuy ¥, chimg
minh ring
(a+b)'+(a-b)

= 2d" +b" + 154’0 + 15a°h") (1

Chiing minh. Thit vay
(a+b)' +(a-b)

= [(@tb)' +(a-b)'][(a+b) +(a-b)]
—(a-b¥a+b) —(a+b) (a-b)

= (2a' +2b* + 12470724 + 28))
— (@ - B (2d + 2bY)
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= 2{01+ﬁ1:|{a'1+b$+ 14ﬂ:#z}
=2a"+ b" + 15a'h + 154°8").

Ap dung hiing déng thirc (1) vdi ba sb thie x, v,
sty y

(xt+yt '+ (x+y- :]"
=2[(x +3)" +2" + 15+ ) + 15(x + )1 3)
va

Hx=-p)+@-x+y)

=2 )+ 2+ 15 =)' +150e-p) ] (@)

Cong theo vé cia (3) va (4); dong thai dp

dung cac hing ding thire (1) va (I1) dan dén
Cry+at+@rz-0'+@+r-pf
+(x+y- =

= 2[{x+ )" + (x= )] + 22° + 1557 (x + )
HE=-»T 15+ ) + -9

= 2[2(x" +y* + 15x" + 15x%y") + 22°

+152%2" + 20 + 12650 + 15282 + 2]

= 4(x° +)° +2°) + 360x°)° 5"

b ) ]
+60(x"y + ' + 2+ A+ 42N,

Mit khac
L B PO
Xy 4yl cl a8
IS xS
Suy ra
(x+y+2)’+(ptz-x’+(+x-p)f
+(r+y -2 <2440 +° + 29,

Tir d6 ta c6 cac bai todn sau day.

Bai toan 4. Chitng minh rdng véi moi s6 the x,
¥. 2, ludn co

(xty+)’+(ptz-x)+@z+x-y)°
+(x+y=2)=2440° + y* + 2°).
Bai todn 5. Chimg minh rdng vdi moi 36 thiee
x, ¥, = ludn ¢
rz=-x)+(z+tx=-p) " +(x+ty=-2°

< 244(x" + y* + =Y,

Bai toan 6. Chirng minh n’."ng viri moi 50 thiee
a.b.c luonco

(a+b)’+(b+e)" +(c+a) 2 ;—T{a" +b" +¢%).

@ Bo dé 3. Chimg minh ring
@+b)'+(@-b'

= 2a" +b" +28a°F + 28476 + 704'bY) ()

vai hai 56 thee a, b tuy ¥,

Chirng minh. Ta co

(@+b) +(a-b)
= [(a-b)'+(a+b)']" - 2a+b) (a - b)*
(2a* +2b* + 124°°) - Aa® - bY)'
(2a* + 25" + 124°0%) - 2(a* + &' - 2a47BY)
2d" + 26 + 140a*h" + 564’ + 56a4°h°
A" + b* + 2845 + 284°b° + 70a'B").
Tir d6, wrong ty nhu trén ta thiét lip duge cic
béi todn sau day.

o

Bii todn 7. Chitng minh rdng véi moi so x, y,
ze R thi

xty+)f+p+z-x)+z+x-p'
tx+y-2)* <2188 +y!+:l}.

Bii todn 8. Chitng minh rdng véi moi sd x, y,
ze R thi

Gt:-n)'+G@ti-y+E+y-)
< 2188(x* +)* + ).

Bai todn 9. Chirng minh rdng véi moi sé a, b,
ce R thi

(@+bF+(B+ef + (a2 Do+ 5t +ch,
547

Hoan toan tuong ty ta thu duoc cdc bai todn

bat ding thirc sau diy.

Bai todn 10. Cho tam gidc ABC véi ba canh
a. b, ¢ va mea chu vi p. Chirng minh rdng

a+b+etz ;{p" +(p-a)' +(p-b)' +(p-c)*]
Bai todn 11. Chimg minh rdng véi moi 56 a,
b,c e R ludn co

a)(a+bh) +(b+c)" +(c+a)"

> ——(a"0+b0+¢'");

B)(a+ b)Y +(h+c)? +(c+a)"

KA (@ +6" +c'7).
44287

Cic ban h@y ty xét xem trong mdi bai todn
trén khi nao ¢6 déng thirc?
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Tim nhicu cach
chu'ng minh mot he thuc

1ho bicn dos 0 tuohg duong

NGUYEN VIET HAI

(Ha Ngi)
Cho tam giac ABC vai o'

AB=c,BC=a,CA=b,
a+b+ec=12p Goi§,
R, r theo thir ty la

Tir mt hé thirc neu khéo sir dung cac phép bién doi ta co thé
nhin diegee nhiéu hé thire tivong dicong,
sé pyri cho ta tim ra cach chimg

il |rn_': thisre do co

it dang riéng PR furery

dign tich, ban kinh
dwong tron ngoai tiép,
ban kinh dwong tron
ngi  ti€p tam gidc
ABC. Goi ry, ry, . la
ban kinh duong tron
bang tiép tam gide

trmg. New ta chiong minh diege mt trong cde h¢ thire nay thi
suy ra dicoe tar ca cac h¢ thiee twong dirong veri no. Nlur viy,
khing nhing ta tim dwge nhi¢u cich chimg minh h¢ thire ban
diuw mi con ca cach ul‘mr toan dién hon, hé thing hom vé ¢ the
hé r.frm khac nhaw vé hink Jhm nlng n":rm nledr vei mleaw vé

moi guan b toan hoc. Diéu wiy a:."irm minh hoa qua viée xét

cach cliirng minl mgt 50 h¢ thiee trong tam gidac duoi ddy.

ABC wong (mg véi
cic pgéc CAB, ABC,

BCA. Dt CAB =2a, ABC=2p, BCA =2y,

Trong bai nay s& sir dung mét s0 hé thire quen
biét sau.

S=pr= E:Jp{p-a](p bXp-c)y . (I)

Tirdé c6 pr’ = (p —a)p - b)(p - ¢) (1)
Khai trién vé phai cia (I1) rdi thay abe = 4Rrp

viio va rat gon dugc
ab+bc+ca-p =4Rr+ 7 (11
Ta ciing biét:
= _ % L AT,
ga = . E' gf= FT—“F;,
fgys — = % (V)
p-¢ p

@ Bii todn. C hing minh rdng trong tam gidc
ABC co hé thie

| ¥ I i I =4R+r M
p-a p-b p-c pr

Chirng minh. (Cdch 1)

bitT= +—I-*- L
p-a p-b p- ¢
Taco
1 . | _ 2p-a-b _ ¢
p-a p-b (p-a)p-b) (p-alp-b)
Tuong tr co
5 O I _ b )
p-a p-c (p-a)lp-c)
1 1 a
+ = ;
p-b p-c (p-b)Xp-c)
Tirdo
¢ b a
= + +
(p-aXp-b) (p-aXp-c) (p-bXp-c)

_ cp-)tb(p-b)ta(p-a) _2p’-(a’ +b’ +c')
(p-aXp-bXp—c) pr’
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_ 2p*—(a+b+c)’ +2ab+bc+ca) a b ¢ 4R

=22 @)
prt p-a p-b p-c r
. Yabtbe+ca)-2p" Ching minh. (Céich 3)
prt Goi 0), Os, Oy 12 tim duimg tron bang tiép

G idc ARC ‘ i cac goc CARB,
Thay hé thire (111) vao phdn thirc cuoi cing ?EICE; y {xem“]i?:hgv:;g sk

néu trén ta c6 dicu phai chimg minh.
Bién dbi trong dwong hé thire (1) duge,
B B P _4R+r.

p-a p-b p-c

Ap dung hé thire (IV) ta chuyén viéc chimg
minh hé thire (1) dén chirng minh hé thirc sau:
AL S =4R+r (2)
Chirng minh, (Cdch 2)
Sir dung hé thire (I) va (IV) ¢é
pr__ S8 _plp-bXp-c)

s p-a B S(p-a) - S

Tuang ty #, = —P{F—Z}{P-EJ :

. _pp-aXp-b) _ (p-a)p-b)Xp-c)

1 S 1 g

Tir 6

S((r, +n,)+(r,—r)) Tuong ty c6

bS S

= HP-Xp-a+p-B)(p-aXp-Dp=(p=c) =20 Fi; 2
= ¢( p(p-c)+(p-a)p-b)
= E(Epi —-p{u+b+c]+ab} = cab = 4RS. DE thay {ﬁ' +0,4C =I_E.I,ﬂi =00° nén
Gidn uée § & vé dhu va vé cubi cia diy ding 01 L 0. Tuongty c6 014 L OuA vi
thire 1a duge (2). O L 0105, 03B 1 0,05, 05C L 0,0,
Lai bién d6i tuong dwong hé thirc (1) theo THepey - . e e
cich khic duge €O, A=CIO, =CAl + ACI = a+y = CBO,.
ol ST Y B Tir 6 ¢6

r ~a p-b p-c A
il AD:OiDs s NOBE e A=A

) G S
- +1 |+ H|+|—+1]
PRy e Tacé

o
Tir d6 ta chuyén viéc chimg minh hé thirc (1) 28000, = 010, AQ, = -OQ.AO.I =£,¢-10,1
vé chimg minh hé thirc 40, a
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AP P

Cha y riing A0, = = va
cosar cosea
ry = ptga (theo (1V)) nén
ap’ p2Rsin2o
28, = - =4Rp (V
At26s plgacos’a  sina.cosa Bp (V)
Mait khic sir dung (1), (IV)Y cH
Z.T,“,r,t,_,_ = S+S,*,,-+S,,:_4:. + 805 an
= S+E.r‘, +£.r}, +£-’.
2 2 2
a¥ bS 8
= S5+ - .
2(p-a) 2Ap-b) 2Ap-c)
=§[z+ S et ] VD)
2 p—a p—-b p—c

Tir (V). (V1) va 5 = pr suy ra hé thirc (3).

Ta lagi bién dbi hé thirc (1) tvong duong vai

r r r 4R+r
+ + = .

p-a p—-b p-c P

Sir dung (IV) ta chuyén viéc chirng minh hé
thirc (1) vé chimg minh hé thirc
4R+r

tgx +tgd + tgy = (4)

Churng minh. (Cdch +)
Sir dung (IV) ta co

p={p—a)+ta= L+2Rsin2rx.
lgor

Ap dung cong thirc luvgng gidc cia goc chia

r 4 Rr
dbi vai t =ftachp=— -
i v tge acop f+l+r"'

Quy déng miu sb rdi viét trong dang phurong
trinh d&i véi ¢ ta duoc

pr—(AR+r) +pt—r=10 (VI

Nhu viy ¢ = tgea la nghi¢m cia phwong trinh
béc ba (VII). Twong tw nhur thé g0, tgy cing
la nghi¢m cia phuong trinh béc ba (VII). Ap
dyng dinh li Viéte cho tfbng ba nghiém ciha
phuong trinh bic ba (VII) ta co hé thirc (4).

Trong bai tip 1 dudi didy hudng din cach
chimg minh hé thirc (4) (coi la cach (5)) bing
céc phép bién déi lugng giac. V&i mbi hé thic
(1) €2). (3), (4) ta c6 cach chirmg minh twrong
img nhung vi cic hé thirc nay tuong duong
véi nhau nén néu xuit phat tir mot trdng nam
ciach chimg minh d3 néu thi di theo mii tén
trong so d0 dudi ta ching minh duge hé thirc
(1) va ca cac hé thirc (2), (3), (4). Ciing dé
dang thiy néu sir dung (I1V) ¢ thé bién ddi hé
thirc (2) twong duong vii hé thirc (4).

So dd lién hé giiva cdc hi thirc
v cdeh chirng minh

Heé thare (2)a—= Heé thiic (1) 3—= Heé thifc (3)

. it
Cihch 4| ——= Hé thuc (4) Cich 5

Mai cac ban lam cac bai tip sau co lién quan
dén cac hé thic trénm va cach chirng minh
ching.

Bai 1. Sir dung cdc phép bién ddi lugng giac
dé chirng minh céc hé thirc sau:
a) 4R _ R
P 2R(sin2e+sin2 8 +s5in2y)
I

cosa.cos f.cosy

b) -—3 =t1gatgfigy .

Tir d6 suy ra hé thire (4) (cdch (5)).

Bai 2. Chimg minh ring —— , —— , —!
p—a p—b p-c
la ba nghi¢m cia phuong trinh béc ba

.fJ'rJ_l.'q —{4R+r}rx? +px—1=0,

Tir d6 suy ra hé thirc {1).

At SR AE
o " p—(p—-a) ~ a 2Rsin2a
= tga + cotga = +E55,
p—-a r
dit x = b i quy ddng miu sb.
p—a
Bai 3. Chimng minh cdc hé thirc sau:
a) piga =L2=0XP=E)
r

b) p(tge + tgf) = ARcos’y

c) cosla + cos2ff + cos2y= | + dsinasinGsin y

o e
R

d) 2p(tga + teff + 1gn) =
= 6R + 2R{(cos2a + cos2fF + cos2y).

Tir d6 suy ra hé thire (4).

Bai 4. Goi Oy, O:, i}y theo thir wr l& tdm
dudmg tron bang tiép tam giac ABC tuong (mg
viri cac goc CAB, ABC, BCA. Hay dya vao bai
t@p 3b va S, =S +Soxs 9€ chimg minh

Soncnen = 2Rp (V). Tir 46 suy ra h§ thirc (3).

Bai 5. a) Chimg minh riing hé thirc (3) twong
duong viri mdi hé thirc (5), (6) sau:

- ] 2 2
N | T =4p[—R—|] (5)
p—a p=-b p-c ¥
atga + b'gf + gy =4p(R-r) (6)

b) Hiy chimg minh hé thire (5) b:‘?ng cach quy
ding mau 50 va dua vao khai trién cong thie
Heron theo a, b, ¢ thanh
1652 = B + b + Pa’y = (a* + B + ).
2
e P

p—a p—a

Hudng din: a) Bt
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TRUNG HOC CO SO

' Thieimg tdm i cua cde ban hoc sinh khi
. gap nhiing bai todn bat ddng thice (BDT)

hay bai todn cue trei thi cam thay bat an

vt ti hoi: Lidu minh 6 lam dwoe khong? Bai
' viét nay muon trao doi vén cdc ban cich
': giat mot s6° bai todn cang dang ma cé thé
. thin theo hiwang cua mit BOT quen thude
\ trong chicong trinh pho théng.

b &

Trong chuong trinh phd thong ta bi€t cic bat
ding thirc co ban sau:

* Vi hai s6 duong x|, x, ludn ¢

1 1 . 4
e (1
* Vi ba s6 duong x,, x,, 1y taco
1 1 1 9
PRy @)
a'-.l .lll .N',. .‘-1 ‘I .‘-: +.1'1_

* M rong hon, vai x, >0 (i =1, 2...., n) thi

2
-.-I_'...i_I“__{._IE-.-_."_._.__. {3:

X Xy X, Xtryt.tx,

Ca ba BDT trén déu cd dau "=" xay ra khi va
chi khi x, = x, véi moi i, j (i # j). D& ding
chimg minh duoc ching bing cich dp dung
BDT Cauchy hoic Bunhiacovski

Tong quat hon, véi b, > 0 (i =1, 2...., n) thi
ludn co

1 . =
h b, b b +h +...+h

4)
Diu "=" xay ra khi vi chi khi
a_a_ _a,

h, ; b, %

VNMATH.COM

K thivthem

Ban doc co thé chimg minh BDT (4) bing
cich ip dung BDT Bunhiacovski (xem bai Mdi
bdt dang thitc ¢ nhiéu img dung THTT sd
328, thiang 10-2004).

Ta cd thé dp dung cic BDT trén dé giai mot sé
bai todn sau day.

& Bai todn 1. Cho a, b, ¢ la cdc sé dueomng,
Chimng minh rdng
1 1 l
+ +
a+3b b+3c c¢+3a
| l 1

Y + .
a+2b+c  b+2c+a  c+2a+b

Dang thirc xdy ra khi ndgo ?

Léi gidi. Ap dung BPT (1) ta c6

: + I 2 : :
a+3b  b+2c+a a+2b+c
1 | . 2 :

$e3e  raduih bidean
Tl

c+3a

a+2b+c  c+la+h

Cong theo timg vé ba BDT trén, ta nhin duoc
BDT cin chimg minh. Dau "=" xay ra khi va
chi khi

a+3b=b+2c+a

b+3c=c+2a+b < a=b=c.

c+3a=a+2b+rc



VNMATH.COM

€ Bai todn 2. Chitng minh rdng néi a, b, e 1
ciic 56 thue dwong thod mdn abe= ab+bo+ca
1 | 1 k|

thi + + - —
a+2b+3¢ 2a+3b+c 3a+b+2c 16
Lo gidi
Tir abe = ab + be + ca suy ra - . L -I-l=l. i
a & c
1 1 1 3
Patx=—;y=—iz=— thix+y+z=1.
a b c
Ap dung BDT (3) ta cd
a + 2.!:|n+3¢*=l+3 - EEL
x ¥ z x+2y+3:z
1 x+2y+3z
a+2bh+3c 36 i

Twong wr, ta cling oo
1 = T 2z+3x
b+2¢+3a 36 !
1 > Z+2x+3y
c+2a+36 36 ’
Cong theo tirmg vé ba BT trén din dén

1 1 1
+ +
a+2b+3c 2a+3b+c 3a+b+2c

- Blx+v+2) = 1 3

— =
36 6 16
& Bai todan 3. Tim gid tri nho shdr ciia bidi thiic
(] ~ L
B -~ :’J 3 + Ib 3 + if 3
B +c’ o +a a +b

trong dé a, b, ¢ la cdc 56 e dicong thoa mdan
diegn kiena + b+ ¢ =1

Lei gidi. Ap dung BDT (4) 1a cd
(a* +&*+c™) _u-' +b* +?

Bz =
2a’ +5 +c) 2

Theo BT Bunhiacovski
9[a+&+r}|:a" +6 +e ]

2[3(:}3 +b% +r* ]T =(a+b+ c‘T

:,.32_’,_

suy ra T

a® +b" +c? ZL
9
; 2 1 1
Viav gid tri nhd nhar coa B l'nlng-l—us- dat dwroe
1

khi a=b=c=—.
3

& Bai todn 4. Cho a, b, ¢ 1a ba s& dierng thod
men abe=1, Charig minh rdng
1 | 1

a(b+c) e b'(c+a) Pasb)

e
2

Ling thure xday ra khi naoe?

Lén gidi, Bign ddi v& rii cha BET wén vh dp
dung BET (4) 1a cd
1 L L
a’ e bt 3 P
ab+ac be+ba ca+ch

wd

1 1 1 (t 1 IJ
— = ==
= a’ ot I 4 ot > A& b
11 L I T e
— 4~ — - —4 2] —+—+
c b a ¢ b oa [n B r'J
1[1 | 1]
=) — — -]
2\a fi) c

Mt khic. theo BET Cauchy

R R

a b c abe

Tir dé ta suy ra BDT cin chimg minh.

Diu "=" xay ra khi vaichikhia=b=c= 1.

&7 Bai toan 5. Chimg minh rdng

Zx 2y 2z 1 1 1
o PR S T——atata
X -'pr y +Z F X X 3 -4

vart x, v, 2 ld ode sa diremg.
dang thive xay ra klhi nao?
Lai gidi. Ap dung BDT (4), 1a cé
B et e 1)* L 4

e ol -
3 X N Ayt xay?
Twomg tr, ta ciing cé
1 1 4 1 1 4z
R
¥ z Y +=z z x T -+

Cong theo timg v€ ba BDT trén ta duge BDT
cidn chimg minh.

Déu "=" xay ra khi vichi khix=y=z=1.00

Cé rat nhidu bai todn cé thé gidi bing cdch
nhin theo hudng cdc BDT (3), (4), cdc ban thir
tim va gial nhé. Con bay gid cdc ban hiy thir
luyén tap vdi mot s6 bai sau.

Bai I. Cho har s6 duong x, v thoa min

x+ y=6.Tim gid tri nhd nhit cha A =—+

= |t
 |w

Bai 2.Ching minh rang
i = b—z - i za+b+c
b c a
viti a, b, ¢ 14 cdec s6 thue duong.
FBai 3. Cho cic s6 thuc du!mg x, ¥ z. t thoad
méan xyzs = 1. Chitng minh ring
1 s 1
xMyz+zrwry) ¥ (xz+zivrx)
- . e :
2 (a+iy+yx)  (xy+yzezr)

4
= —
3

Piéng thirc xdy ra khi nao?
Bai 4. Tim gid tri nhd nhat cha biéu thire
a" B c®
2, p23%° ¥ z , 1}? 2 )2
[a +b:| [b +.|:*} {.r +,e1:|

trong dé a, b, ¢ la céc s¢ thuc duong thoa man
diéu kién ab + be + ca=1.

Bai 5. Cho x, ¥, = la cdc 56 duong thoa man
l -+ i + l =uf,
X oy iz
Chirng minh rang
1 x 1 . 1

X+2y+z x+y+2:z

= 1.

2x+y+z



- Trong bai viét nay ching t6i dua ra mat bai !
I toin bdr ding thitc quen thudc va gidi no; |
I déng thoi sir dung céc phép suy ludn nhu |
; ddc biét hod, tdng quat hoa; cdc phuong :
: phiap tu duy phén tich, tov duy téng hop
. dé hinh thanh nén cédc bai todn mdi va néu !
! cach giai ching. Trong bai nay ki hiéu
1 "

e= Iim(l+l] =2 71. :
1 = 1

o0

€ Bai todn 1. Cho hai s6 thwe x, y théa man
x> yze. Chitng minh rdng »* >x*.
Iny

Lii gidgi. Tach y* =x¥ e ——
¥ x

Inx
>—

Xét ham sb f{:}=":—’,re[e;+w], ta b

ro=
I

SL()<0 vdi thi 1>e suy ra f{f) 14 ham s& nghich
bién trén khoang (e; +oo). Vi viy vdi x>yp=e

SO =0=Inr=1+1=¢ va

Inx

WS> e BE X o D
» x

Lvi binh.

Néu dp dung bai todn 1 cho m, » € N v&i
m>n =3 thin™ >m" . Vin d& dat ra la c6 tdn tai
s6 a 16mn nhit @& cho n™zm" +a,vmneM ,
m>n=3 hay khong? Trudc khi gidgi quyét vin
dé nay, ta tim a trong mot 56 trudng hop cha m
va n. Ching han khi cho n = 3 hodc m = n +1,
chang t6i da tim duge gid tri @ 16m nhit trong
céac trudmg hop nay la 17 .

& Bai toan 2. a) Tim a lém nhdr sae cho
3" >md ra,Ymel®, m=4.

by Tim a lém mhdt sao cho "' =(n+1y +a.
YneM, n=3.

Lai gidi.
a) Xét day s6 (M) VOi e =3"— m*, m=4.
 PEL T = lprr1 — U= 2.3 — 3m® — 3m —1,
ta chimg minh T,> 0, ¥m=4.
Vdgim=4 tacd Ty = 17> 0.
Giasir T, > 0, m=4, khi d6
T =231 _3(m+1) =3(m+1)—1

= 3T, +(6m2—-4) > 0.
Do d6 Tm > 0,%m=4. Tir d6 (1) la diy sé
ting. Viy voi Ym=24,tacd u, 2 ug= 17 =
3" =m?+17.
* Gia sir thn tai sb @y sao cho ap > 17 va
3"z mP+ag, Wm 2 4 thi 3 2 4 + g, tréi véi
gia sirapg > 17

Viay a= 17 l1a Iém nhit

VNMATH.COM

Kbai thac mét bai toan

BAT BDANG THUE

TOMN THAT HIEP
(G THPT Phan £dng Luu, Thira Thién - Huég)

b) Xét day sd (v vEiv,=n™' —(n+ 1), n=3.
* Chirng minh {w,) & diy ting v&i moi n=3 .
Tacod vea=>ve
e+ —(n+2)" =t ()"
<> (1) [n+l+—1 )'>[n+2]"‘"+ﬂ"'”
n+l

! I a+l l el

ﬁn+1+———>(l+—) +[I-—] (1)
n+l n+1

Ta chirng minh (1) ding v&i moi n = 3.

EC‘:H ';

k=2

That vay ta cd

1 LEg
[I+—IJ =1+1+
n+

{(n+1)
En+1—-Kk).(n+1)*

2=

[iEa|

2+

A

s l
243 (k—1)k

k=2

= 3—; <3

A

e+l
Mat khac ta cd [I—;) < | suy ra
n

+1
el
1
1+ — -
( n+|] [

el
——j =i} < n+1+i s =3
n+1 n+l

BET (1) da dugc chimg minh. Wiy (v,) la mdt
ch

day tang, do do wdi moi m =2 3 ta

vpzyy= 17 hay n™ >(n+1)" +17.

* Gia sir ton tai s6 ag saocho ag > 17 va
el = (n+ 1) +ap, YR = 3 = 3 = 4 + ap
= 17 = ag, tréi v&i gia sirap > 17,
Vay a= 17 la Ién nhit.

Tir ciach gidi cdu b) caa bai toan 2, ching tdi
tim ra ldni gidi cia bai todan 3.

& Bai todn 3. Tim a Iém

nm"zm"+a ,YmnelN,m>nz3.

Huwdng din. Vii mdi neM ,m >n >3, xét ham
sb flx) = " — x", x € [n: +wo]; chimg minh ham
st f(x) 1a ham sé ting trén khoang (m;+o).
Tir d6 tim dugec a = 17.

Tir i:ﬁi:l':lfl'ii ciia bai todn 3 va bai toanl, ching
toi dé xudit bai todn sau day.

& Bai todn 4. Tim tdr ca cde nghiém nguyén

fm.; n) cua phwong trinh: ™ =m" +17.

BS: Phuong trinh cd ba nghiém nguyén (m; »)
1a (1; 18), va (4; 3), (—16: 1).

mhdr sao cho
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Giai plureme trinh va 1 la dang todn khi
thiecmg gdp trong cic ki thi hoe sinh gioi cdp
THCS vi thi tuyén sinh vao lop 10 THPT. Vi
dang toan nay doi hoi nguwdai giai phai co kha
ming he duy cao va kha ndng sie dung linh hoat
cdc kién thice da hoc. Vige s dung dn phu la
umg cu hitw hidu dé gidi phieemg trinh vo ti. Bai
viét nay xin dwa ra 5 dang cor ban sir dung dn
phu dé giai phwomg trinh vé ti,

& Dang 1. Sir dung in phu dwa vi phwong
trinh béic hai

Thi du 1. Giai phieomg trinh

I 421+ 18+ 22 +Tx+7 =2 (1)

Loi gidi. Dit x* +7x+7 =y, diéu kién (DK):
y20.

PT (1) ¢6 dang 33" + 2y — 5 = 0. Tir d6 tim
= 1 (théa min) va

duge y y = ~§ (loai).

Suyraval+7x47 =l o+ Ix+6=0,
PT nay c6 hai nghigm x = —lva x = 6.
Viy tip nghiém coa PT (1) 1a {-6:-1).

@3 Dang 2. Sir dung dn phu dwa vé phwong
irinh tich

a) St dung mit in piu

Thi du 2. Gidi phiromg trinh x2+Jx+1 =1(2)
Lo gidi. Dit \x+1 =1, DK: 12 0.

PT (2) co dang (£ = 1Y +1= |

St -DE +1-1)= 0. Tir d6 tim dugc

VNMATH.COM

Dung an phu
BE GIAI PHUONG TRINH VO Ti

VU VAN DUNG
(GV THCS Nam Son, Nam True, Nam Binh)

L
val= -
2 2
=1=J5
et

=0 r=1l4¢=

Vi1 20 nén logi gid tri

*Waiir=0thix=-1.
*"Wair=1thi Jyx+l =1 ex=0.

-'l+v'r§ =I+J§_

W= —2 thi Jr+l =

[1+~J'_‘.l

oxtl=

M_lf}n .

Vay tap nghlt;rn ctia PT (2) la

o8]

b) Sie dung hai an phu
Thi du 3. Giai phieemg trinh

A +2)= 5+ (3)

Lot gidgi. Dat v = yx+l; v = fxi-x+l,
PK:xz-l,uz0,v>0.
Khidow =x+ 1, V=X -x+1, V=1 +1,

©+2=u+v.PT(3)codang
20’ +v') = 5uv & (2u - v)(u-2v) =0,
Suy ra u = 2v hojc v = 2u.

* Vi u=2vthi Jx+ 1222 =41

& 4x’ = Sx+3 =0, PT nay vd nghiém.

*Viai v= 2Zu thi J_rl—x+| = 2Jx+l

& x° - 5x- 3=0, PT ndy ¢6 hai nghiém

~ 5+437 J'"
= > vax=

(thda man DK).
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Vay PT (3) o hai nghigm
_ 5+437 . 537
g 2

& Dang 3. Sir dyng in phy dwa vé phuong
trinh dﬁng cﬁp

Thi du 4. Giai phweemg trinh

27 -3+ 2= x\3x-2 (4)

Lo giai DK: x >

1..-l|'!-.1-

PT (4) <> 203 -(3x-2)=x3x-2.
Pity= 3x-2 . DK:y20. Taco
2 -y =xy (5)

PT (5) la phwong trinh diing cip d6i véi x va y.
Djt v =tx thi

Bl -id=ner2-r-n=0

o2-r-t=0 {dn.ré%).

Timdugci=1var=2.
*Véir=1thiy=xdodd Vix-2=x¢>3r-2
=¥ ¢ x' = 3x +2 =0, PT niy cé hai nghiém
x =1 vi x = 2 (thoa min DK).

2
*Véit=2thiy=-2x Do x&?n&n_v-it}

(loai).
Viy tdp nghiém cia PT (4) 1a {1; 2}.

@ Dang 4. Sir dung én phy dira vé phrong
trinh cia dn phu d6, con dn ban diu coi li
tham s6

Thi dy 5. Giai phwong trinh

66"~ 10x + 5 = (4x = 1).J6x7 -6x+5 =0 (6)

Loi gigi.. Dat J6x'-6x+5 =1, DK: 1 2 0,
PT (6) <o dgng = (dx - 1) - 4x =0. Coi day
la PT béc hai an ¢ ( x 1a tham s6)

A=(4x- 17+ 16x =(4x+ 1),

Timduge r=~-1(loaivirz 0)var=4x.

Vi r=A4x thi J6x?—6x+5 = 4x

fx! —6r+5=16x2
x=0.

Timduge x =

-~3+~J'ﬁ
g

Viy PT (6) c¢6 nghi¢m x =

-3++/59
:

@ Dang 5. Sir dung dn phu dwa vé hi
phwrong trinh

Thi dy 6. Giai phicemg trinh

Yo1-x +4x =5 (7

Léi gii Dat Y97-x =a, Yx=5bDK: a>0,
b0,

PT(7) codang a+b=5.
Laicb o+ 5= (§97-3) +(45) = 97.

s
=

4+ =97,

Gaihg¢timdwgca=3,b=2vaa=2,b=3
(théa mdn DK).
Tirdd suy rax =81 va x=16.

Ta b h§ phuong trinh {

Nhdn xét. Qua 6 thi du trén chic han cde ban
dd thay sie linh hoat. da dang va hitu higu cua
vige swr dung dn phu vio giai ;}hlr.rmg trinh vo 1.
Tuy voi moi bai todn khde nhau cé edc heong
giai khde nhau, song néu khéo léo sw dung
dan phu diea vé cde :fang ca ban trén thi vige
gidi phiromg trink vé (i 5é ngdn gon va dom
gign hon.

Mdi cde ban hdy si dung dn phu dé gigi mét so
phueemg trinh v ti sau ddy.

ﬂ] \‘I';'l'l H--.l:-'-‘
b) J.l"-u'l.t?-'f +J_1-+\I3_| .

c:],r+,|’:.+i+.,'1r+l =2
d) /.1——+ ’I—— o 8 i

e)(x=Ix+3)+2(x-1)

"q.!-l

i3y,

\ x-1



TRUNG HOC CO SO

Diéu\kién cin va du
TRONG L1 GIA1 MAT BAI TOAN DAISD

NGUYEN ANH THUAN (S GD-BT Hai Phdng)

PHAM VAN DUONG (SV Idp KSCLC khéa 51 DHBK Ha NGi)
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Cdch 2. Ap dung BDT Bunhiacovski ta co

(Ve +d2-xP 20+2-=4
= ﬁwz-x <2.

Ding thie xay ra khi v chi khix =2 - v &
x=1.Suyra PT (2) cé nghiém duy nhat x = [.

Két lugn. Viy von m =
nghi¢m duy nhat.

2 thi phuong trinh (1) ¢

@ Bai toan 2. Tim a dé he
phiceng trinh sau 6 nghiém
duy nhdt:
lalxt +1)+|d=y
ﬁ

_ (1)
% +y* =1,

Lai giai

o Diéu kién cdn. Gia sir hé (1)
co nghiém duy nhat (x,;: v,). Do

Trong qud trink lam todn, chiing ta M-rl_.r‘lpﬂiﬁ (x,:¥,) la nghiém cua hé (1)
quyét hai vdn dé: b&mmmlﬂﬂmﬂﬁ nén suy ra (-X,:y,) cing I
kién. O bai todn chimg minh thuimg ﬁmﬂiﬂﬂ

Yéu ciu chimg mink diéu B. Véi bai

khing
oA L o m,m»%

duong dé dat dwoe két

nghiém cua hi:' (I). Tir tinh duy
nhat nghiém suy ra x, = —x,
o =AlL

thutimg phai xét diéu kién ﬁ“zlﬂdm#l&-ﬂ [a=y

ﬁmﬁmﬁhﬁﬂum p#.;

@ Bai todn 1, Tim m dé phiweemg trinh (PT) sau

ci nghiém duy nhar: Jr+d2-v=m i)
L giai

 Diéu kién cdn, Trong PT (1) vai trd clia x va
2 - x la nhu nhau. Vi vay néu PT (1) 6 nghiém
lia x, thi 2 - x, cling la nghiém cua nd. Gia sir
PT (1) ¢6 nghiém duy nhdl Ia x, thix, =2 - x,
&5 x, = |. Thay vao (1) ta duge m = 2,

o Diéu kién du. Ta xétm=21hi PT (1) co dang
Jr+f2-r=2 (2)

Cach 1. Didukign0< x< 2(*)

Binh phwong hai v& cua PT (2) roi nit gon duoc
,J.l.‘{l--.r}: le —I}:= Desx=1

(thoa min (*)).

Thay vao hé (1), ta duoc {J_ .I
e

suyra a=-| hoic a =1.
o Diéu kién di.

a) Néu @ = -1 thi hé (I) o6 dang

=14y
xi+yi=]
Ta thay hé (I1) ¢é it nhat hai nghiém (v ; v) =

(l:=)va(x;:¥)=(0;~-1)néna=-I] khong la
gid tri cin tim,

(1)

b) Néu a =1 thi hé (1) c6 dang
s x2=y
g (am

) 7
{4y =l

Tiey- 1=+ Fsuyrav Ltire +y =1

suyrav<l Viylacoy=1.
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X 4lxl=0

Thay y =1 vao hé (I1I) ta duoc { .
x: =0,

Viy (x ; y) = (0 ; 1) 1a nghiém duy nhat cla
hé (111).

Két lugn. He (1) ¢ nghiém duy nhat khi va chi
khia= 1.

& Bai todn 3. Tim a mo cho véi moi gid tri

ciia b hé phiomg trinh sau cé nghiém:
(a-1)x*+y3 =1
14(a+1)bxy* =a’

(V)

Léi gidi

e Diéu kién can. Gia sirhé (IV) co nghiém vai
moi gid tri cua b suy ra vai b = 0 hé (IV)
ciing ¢6 nghiém, tirc 12 hé sau cd nghiém :
‘[ﬂ—i].w’+y’=l

a'=l,

Suyraa= | hodca=-1.

o Dicu kién dil,

5

yre=l

=L

a) Véia= | thi hé (IV) cé dang {

Hé nay it nhat ¢6 (x; ¥) = (0; 1) la nghiém vai
moi gid tri cua b, Suy ra hé (IV) cd nghigm vai
moi gid tri cia b,

-2x} +y8 =1

b) Véi a =~ hé (IV) c6 dang I -

Hé niy nhin it nhat (x; y) = (0; 1) la nghiém vai
moi gid tri cla b.

Két ludn. V&i a =1 hodc a = -1 thi hé (IV) co
nghiém vdi moi gid tri cia b.

@ Bai toan 4. Tim m dé hai phicong trinh sau
teeng diong:

24 (m=3m+6)x=0 (3)

vi x242(m=3)x+m?=Tm+12=0 (4)

Lo gidi

# Diéu kién can. Gia st PT (3) va PT (4) twong
duong véi nhau. Vi PT (3) ludn ¢6 nghi¢ém x =0
nén PT (4) ciing phai c6 nghiém x = 0. Vi vy,
ta phai ¢cé m?—Tm+12=0 <> m=3 hodc m=4.

e Diéu kien du.
a) Néu m = 3 thi PT (3) va (4) déu cd dang

X = 0. Suy ra véi m =3 thi PT (3) wong dvong
vai PT (4).

b) Néu m = 4 thi PT (3) va PT (4) déu co dang
&+ 2c=10. Suy ra véi m =3 thi PT (3) wong
duong vai PT (4).

Két luan. PT (3) wong duong véi PT (4) khi va
chi khi m =3 hodc m = 4.

Qua cic bai todn trén chic cdc ban da thiy duoc
phin ndo tdm quan trong cua viéc dp dung diéu
kién cén vd di dé giai bai todn tim diéu kién,
Dé luyén tip xin mdi cdc ban lam mét 56 bai
tdp dp dung sau diy.

Bai 1. Tim a dé cic phuong trinh va hé phuong
trinh sau ¢6 nghiém duy nhit:

a) VX=5+y9-x =a;

b) V3+x+4/6—x=J(3+x)6-x) =a;

¢) Yaxr+ay +Yf2x-ay +Yaxt +a? =Ya;

0 y+x+y=a+2

y+xyi=a+l,;
a5 Vx+l+yy+2=a

x+y=3a.
Bai 2. Tim a dé v&i moi gié tri cla b hé phrong
trinh sau co nghiém:

a(x* +y?)+x+y=b

y=x=b.
Bai 3. Tim m d¢ hai phuong trinh sau twong
duong:

(14m)x?=2(m? ~)x+m?=3=0

vix'+(m-Dx+m -3Im+1=0.



Gid sit fiA, B, C) la biéu thite chita cde ham 56

lueng gide cua cde pbe trong tam gide ABC.
Gia sit cdc goc A, B, C théa man hai diéu kién:

1)f(A) +f(B) > zf[f—?]

hodc fIA) f(B) = f!(";ﬂj (0

ding thirc xay ra khi va chikhid = B;

" cl
N AC) + f(;]zzf 23

- cil |
hodc £(C). f[;]‘z £ 23 2)

ding thirc xdy ra khi va chi khi C = i;f- :
Khi cdng (hode nhdn) (1), (2) ta sé cé BOT

flA) +fiB) + fiC) > H{%] 3)

hodc f(A). f(B).f(C) 2 f"[%] (4)

Bing thic xday rakhi vichikhiA=8=C.

Tuong 1y ta ciing c6 bit ding thic véi chiéu
nguoc lai.

D& minh hoa cho phwong phdp trén ta xét céc
bai todn sau day.

Thi du 1. Chiimg minh rdng vai moi tam gidc
ABC ra fudn co

VNMATH.COM

7Ihuong phap
GIAI MOT DANG BAT DANG THUC LUONG GIAC

trong tam gidc

NGUYEN LAI

(GV THPT Luang Vdn Chdnh, Pha Yén)

e . W2

l+45ind 1++/sinA I+~.."ninf.'_-.ﬁ+ﬁ'

Léi giagi. Ta co

l+vsind  1++/sinB  2++Jsind+sinB
4 4

= =
2+J2{51n,4 +5in 5) 2+2\/sin A‘;B 08 A;B

2

. A+R
1+ s-mT

2

1 2

1
et — 2 —— ()
l+4/sind 14++/sinEB 1+ Si".a!ﬂ.-ﬂ

[ui dang f(4)+ /(B) azf(%ﬂ)].

Twang ti
]

1 2
+ = (6)
1++/5inC l+35inﬁﬂ° 1+ Linmﬁm
2

Cong theo vé€ (5) va (6) ta co

| 1 1 I

—_— e —— o e —
1++/sind  1+4sinB  1+sinC  1++/sin60°

2

l++/sin60°
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| | |
Suy ra + +
3 I+s-.|'sin,4 I+Jsinﬂ 1+35in£‘
R W2
l+:}sinﬁﬂ" \E-l--‘ﬁ j

Ding thiic xay ra khi va chi khi tam gidc ABC
déu.

Thi du 2. Chitng minh rdng véi moi tam gidc
ABC ta ludn cé

(' : sh:u:]' {' ' sir]m]' [l % sh:ff]a[l h%]l'

() a)

| & 1 I |
sind sinB sindsinB

2
2 1
21+ +
;s'md,sinﬂ [Jsind.sins]

.-rl+ I ]2 i rl: UE 2
. vsindsinB) | \Joos(4-B)-cos(4+B)

f y? 2
2 l+—ﬁ—- =[I+ : ]

| fl-cos(4+B)) . A+B

i
2

| | O

[nﬁdms fu:.fw:-zﬂ(if)].

Tuomg tu

I I 1Y
[lTsin('}[“sinﬁﬂﬂJ g [ET C+ﬁﬂ°] @
2

sin

Nhén theo vé cua (7) va (8) 1a cd

[' 7 ;nlm)‘(] : sirI:H]'(“sirlnC]'(hsinLﬂ“]

Z

1 i w2 I 1
|+ A 14 = (1+ - ] :
[ s.m,-H-BJ[ ﬁnC+ﬁﬂ" J sin6F

2 2

4
Suy ra [l+ ,I ].[H ,I J 1+ _] ]
sin A sinB)\  sinC
3 3
1 2
2|1 =] ;
[+5inﬁﬂ'] ( +7§]

Ding thic xdy ra khi vd chi khi 1am gidc
ABC déu.

Thi du 3. Chitng minh rdng véi mei tam gidc
ABC ta ludn co

sin"i+sin‘£+sinﬁgéi.
2 2 2 64

Léi gidi. Truong hop tam gidc ABC il hodc
vuong.
Gia sir A = max|A, B, C} 2 90", lic d6

ccﬁd—;g—}ﬂ Vi m[c"'w) =0

Taco
sin‘dﬂtin"'g si11|”1t~+sirﬁr£ ;
s—2 2
2 2

I{. cosA+cosBY | A+B  A-BY
= o l-———— | = —{l-cos———cos——
8 2 ] z 2
L
z l[l—-:t:lsj““";;) =5in"*"““B
8 2 4

= sin*%ﬂin“%& Esinﬁd—jﬁ- (9)

[mﬂ:.ms f()+1(B)> Zf[i;—ﬂ]]

(10)

Cong theo v€ ciia (9) va (10) ¢6
600

P G | SR
sin®— +sin®— + sin® — + 5in® —
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R o o - S +60°
z 2[5111‘~——+5tn*c ]
4
2 4sin*w = 4sin*;‘gi

60° 3

= sin‘%ma’n‘%-rsin‘g 2 SSin‘T=-ﬁ—4 (11)

Truémg hop tam gidc ABC nhon, cic BDT (9),
(10) va (11) ludn ding.

Thi du 4. Chung minh rang vai moi tam gidc
ABC ta ludn co

(cosA + sinA).(cosB + sinB).(cosC + sinC)
S "\‘r. r— + —J .

Lot giai. Taco
(cosA + sind).(cosB + sinB).(cosC + sinC)

= z.aﬁccrs[d —%Jmm[ﬂ* %J cm[{‘ - i:-] .

Nén BDT da cho duoc viét lai dudi dang

{2l (25

e Néu max(A; B; C} > T thi v& trii clha biéu
thirc (*) khong duong nén BET dé cho luon ding.

o Neumax|A: B, C) < 434£1h1

{15 o 5 o5
o2l

o aen- et
cfrafan ) ean(52-3

= cof 4 o 8- s 452 %2

[cﬂdam; f(A).f(B) SI‘("'+H ]]

Tuong

o v
{c—] ms[—-—-—]ﬁm&l -7

Do dé nhén theo vé& cua (12) va (13) va wong

I ta co
cns(ﬂ‘ -i] .ms[E-EJ
4 3 4

el

3 4 4 4
Do do
(cosA + sinA).(cosB + sinB).(cosC + sinC)
<22 (J_ J’]

Diéng thic xay ra khi va chi khi tam gidc ABC
déu,

Mai cic ban ti€p tuc giai cdc bai todn sau diy
theo phuong phip trén.

Chimg minh ring v&i moi tam gidc ABC, ta c6

1 tsm‘%-q-lani% +tmn"E 5—|—~

2 3

1 ! | 53 9

) + +

sin” . sin"— sin"—
2 2 2
(n 14 s6 thue duong);

A B 2

3) Acos—+ B.cos—+C. :ns—s —{1
4 4 4

L]

+3);

4) Néu tam gidc ABC nhon thi

oA}l

> _I__“ +3 Y .cosA.cosB.cosC.

W2



MOT SO DANG TOAN

NGUYEN ANH DUNG
(Ha N

I. Mot sb kién thue chung vé cuc tri cua cac
ham si trong chuong trinh phé thong

) Him sd y= ar' + b +cx+d{az0)
Taco v =3ar +2bx+ ¢, A = b - 3ac.

NéuA'<0 thi y' khong déi ddu, HS khong cé
cuc tri.

Néu A'>0 thi PT y' =0 c6 hai nghiém phan
biét va y' déi ddu qua nghiém nén hiam s6 c6
cuc dai (CD) va cue tiéu (CT).

Hai diém CD va CT doi ximg vai nhau qua
diém ubn.

Chia da thic y cho y°, 1a duge y = y". g(x) + rlx),
trong dé g(x), rix) la cdc nhj thic bac nhat va
l&n luot la thuong, s6 dur cua phép chia ndi
(rén.

Gia str dé th c6 diem CD, CT la (x, : v,), (x5 2 w).
Vi y'(x,) = ¥'(x;) = 0 nén toa do cic diém CD,
CT thoa min y = r(x). D6 chinh 1a PT duimg
thing di qua hai diém CB, CT cha dé thi.

D Hamséy=ax'+ b+ ¢ (a#0)

Tacdy' = 2x(2ax + b).

B W s 3 W
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Néu ab = 0, him s6 c6 mot cye trj tai x = 0,

Néu ab < 0, ham s6 ¢6 ba diém cuc tri. Vi dé
thi nhin tryc tung lam truc doi ximg nén ba
diém cuc tri ludn tao thainh mot tam gidc can.

ax? +hr+c

3) Ham 56 y= . :
ax+b

{avaa #0).

. aa'x*+2ab' x+bb'-a'c
Taco y'= .
(a'x+b')

Goi tam thifc trén tr s6 cia y' 1a fx). Him s6
¢é cuc tri khi PT y' = 0 c¢6 hai nghiém phén

biét khac xo=——.

Ta duge diéu kién
g f[.r;.]:l].

Hai diém CD, CT dé1 xing vdi nhau qua giao
diém cia hai dubmg tiém cin.

T o oo wv—va
Vi him s6 cé dang y =— thiy'=
1!

v

i

Khiy'=0tacoé u'v =v'uhay E:E;.
L

Do d6 toa dd cic diém CD, CT théa min

y:z—‘f_ni_. D6 chinh 1a PT dudng thing di
a a

qua hai diém CD, CT cua d6 th.

Trong phin dp dung dudi diy, cic budc tim
diéu kién dé ham s6 co cyc tri cling nhu cdc
tinh todn chi tiét xin danh cho ban doc ty thuc
hién.

I1. Ap dung
1. Ham so da thiie

@Thidul.Cho hamsd y=x' -3¢ —mx+2,
Tim m dé ham s6 ¢é CD va CT ddng thii hai
diéem CD, CT cua dé thi cdch déu duimg
thing (d) cé phiwong trink y=x = 1.

Loi gidi. v'=3x' - 6x-m.
Hiam s6 ¢6 CD, CT khi m > -3.

Chia da thie v cho ', ta duoe
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x 1 i m
=yl E— =z Z+1|ee2-5 .
L [3 3J [3 ]‘ 3
Gia sir dé thi ¢é di€ém CP, CT 12 A(x, : »).
Bix; i v
PT duimg thang di qua hai dié¢m CB, CT la

y=—2[§+l]x+2—-% (dy)

Cic diém CB, CT cich déu dwimg thing (d)
trong hai trudmng hop sau:

Truwcmg hop 1. (d,) I (d)

2[%" ’]= : 9
P=1 om=—<=3 (loai).
i 2

22

3

Trweimg hop 2. Trung diédm cia doan AB nam
trén {d).

T Xy + X3 _I
Toa d6 trung diém AB1a E:4~ 2
¥y==m

ViE(l ; =m) e (d),suy ram=0.
2 Thi du 2. Cho hdm s& y = "= 20 + m — 1.

Tim m dé dd thi ciia ham s& cd ba diém cuc tri
tao thanh ba dinh cia mgr ram gide déu.
Lot gidi. Ta cd y' = da(x’— m)
yYy=0=x=0; " =m.
Ham s6 6 ba cue tri khi m = 0.
Toa do ba di€m cuc tri 1a A0 ; m—1),
B(—Jm :—m?*+m—1y, CJm :—m?>+m—1).
Ta luon cd AB = AC, nén tam gidic ABC déu
khi AB* = BC*. Liic d6
mt +m=ame> m=33 .
Lirw ¥, Cac ban hdy tr dé xudt va giai bai todn

trén trong trudng hop tam giac ABC la vudng
cin hoac co6 goc bing 120°

2) Ham sa phan thice

€3 Thi du 3. Cho hdm 55
v_.rz —(Im+2)x+m+4

: r—1l
Tim m d¢ ham 586 c6 CB va CT va khodng
cich gifta hai diém CD. CT cia dé thi nhd
hon 3.
2 _ L
Lo gl Ta co yraX—2=t2m 2
(x—1)?

Ham s6 cé6 CB, CT khi m-a:%. Gia sir 48 thi

c6 cdc difm CBD, CT la Alx, ; ¥ ). Blx;; v).
Khi dé

Ww=2x; -3m-2; ¥y = 2x; —=3m — 2.
Theo dinh li Vigte x, + x;, =2 : x,x, = 2m—2.

Ta cd &31 ={X'| —X3 ]‘! +|:J"| — ¥z ]2 =5{x| — Xz :I“'
AB2=5 [{x;+x:) —4x1x:]=60—-40m

AB<3ice AB? =ﬁ0—40mq9©m>% 2
Bdp 56 ; i-a-:m -:}— ;
40 2z

XP4mx+3

x+1
Tim m dé ham s6 cé CH va CT ddng thdai i:ai
di¢mn CB, CT cua dd thi ndm vé hai phia cia
dwéng thang (d): 2x + v—1 =0,

€ Thi du 4. Che ham sa y=

2 P
Lol gidi. yr=™ *2"*;' 3
(x+1)

Ham sd c6 CB, CT khi m < 4. Gia s d6 thi ¢é
diém CB, CT 12 A(x, ; ¥,). B(xy; ¥2).

Tacd y, =2, + m ; ¥y = 2y + m.

A, B ndm vé hai phia cia dudmg thing (d) khi:
(22, +w —1}{2.1'2 +_'||'2—|]{ﬂ

= (dxy+m—=I1Ndxy +m—1) <0

= 16xx0; +Hm—1 ) x +x:)+(m—1)* <0.

Theo dinh li Vigte x, +,=-2: xxy=m— 3.

Thay vao BPT trén, ta dugc m* + 6m — 39 <0

= -3-43 <m< —3+43.

Liew % Hai didm A, B nim v& hai phia cia
dudmg fx,y) = 0 khi fTx,, ¥, ) fx.3) < 0.

&Thi du 5. Cho ham s&
x—(m+3x+3m+ 1
x—1 ’

Tim m d€ ham 58 ¢6 CBD va CT va ede gid tri
CB, CT ciua ham sd ciang dm.

o=

23
Léi gidi. y-_x_.'.‘;"__?.;'.'_'_‘fﬁ :
{x—1)*

Ham s6 ¢ CD va CT khi nu}—; . Gia sir d& thi
c6 diém CP va CT la (x; ; ¥,), (&2 5 ¥2).
Tach y,=2x,—-m-—3; Yyy=2x; —m-— 3.
Theo dinh li Viéte x;, + 2, =2 ; xpx; = — 2m + 2.
TEas 40 oA R

ny: =mi—6m+35.
Ta c6 vop <0, ¥y < 0khi

Y+yr=—2Zm-2<0

iy = m2 —6m+5=0,
Giai hé wrén va k&t hop vai didu kién m > -:I.? ;

ta ducc ;‘:m-cl hoac m > 5.

Bai tap lam thém

Bai I. Cho ham s6 ¥ = (x — m)(x — 1).

Tim m dé ham sd cd cuc dai, cuc tifu va tim
qu¥ tich diédm cuc tidu cha 46 thi.

Bai 2. Cho ham s6 yv=x"— x +mx+ L.

Tim m dé& ham s6 co cuc dai, cue tidu thda man

Yeo | Yor 3.

Xop XCT

x? —(2Zm+5)x+m+3
x+1

Tim m dé ham s6 cé cuc tri lai diém x > 1.

Hiy xdc dinh d6 la diém cwe dai hay euc tidu

ciia dd thi.

Bai 3. Cho ham s& y=
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TRUNG HOC CO SO

e g

Ap dung bat dang thiic

md’!; hai sd
dé gidi foan

TRAN TUAN ANH
(Khoa Todn - Tin, DHKHTN
DHQG TP. H6 Chi Minh)

Truée hét ta nhic lai cac dang bit ding thic
(BBT) Cauchy hai s6 thudmg gip:

a? +5?

Dang l. ab< (1)

Diing thirc xdy ra khi khi va chi khi @ = b.
Dang 2. Ja_bs.ifz'ﬁ Viiaz0,620 (2)

Ding thirc xay ra khi va chi khi a = b.
Béy gi¢r 1a img dung BDT Cauchy hai sé dé
gidi cac bai todn sau day.

©Bai todn 1. Cho a, b, ¢ la cde 56 thue
dwemg sao cho azc, bze. Chung minh ring

yela=c)+, [e(b—c)<vab .

Lai gigi. BDT cén chimg minh twong duong véi

¢ b=¢
—— =1,

J-:' a-c
-
b a a b

Ap dung BDT (2) ta ¢6
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’E,f’;‘igl[f.,”_"‘:]:L[Hi_EJ.
b a 2\ b a 2 b a
[£.E51[5+£J=1[1+5_£].
a b 2la b 2 a b

Céng theo vé hai BBT trén ta c6 diéu can
chimg minh. Pang thirc xay ra khi va chi khi
c a-c¢ ¢ b-c

€.97¢ i £.0C Thenn o=
a a b a+b

©OBai todn 2. Cho a, b la cdc 50 thic duong.
. - B N
Chirng minh rdng % +éa- 2 JE{EI +b3) :

Léi gigi. BDT cin chimg minh twong duong
v a1+b32abﬁfl{a1+b1) :

hay (a+b)(a® +b?-ab)2+/ab.,[2ab(a’ +b7) .
Ap dung cdc BDT (1) va (2) taco
Dc@sa—;b vi

2ab+(a? +?)
-:,I|| a (a + } %
< a? +b*<2(a? +b*-ab).

Nhin theo vé hai BBT trén ta ¢6 BDT cin
chimg minh.

Diing thirc xdy ra khi va chi khia=5> 0.

OBai todn 3. Cho a, b |a cdc 56 thue deong.
Chiing minh rdng

1 1
%+b—+?(n+b}z 8,/2(a* +8%).
(¥

Lai gidi. BDT can chimg minh tuong duong véi
a*+b* +7ab(a+b)28ab,[2(a* +?)
hay (a+b)(@® +8? +6ab) 28Vab.[2ab(c +5)) (3)

Ap dung céc BDT (1) va (2) tach

1, k1 !
U{,ﬂ?ab{a1+b1} < 2ab+(§ i ) = (a-i-;r} :

Tir 46 suy ra bit diing thirc (3) ding néu ta c6
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(a+b)(a?+b? +6ab) > 4\Jab(a+h)’
hay (a+b}1+4ub 2 4Ja_b(a+b]‘
Ap dung BDT (2) ta cb

(a+b) +4ab > 2.)(&4-!:)1 Aab = 4ab [a+b).

Tir 46 ta c6 BDT cin chimg minh.

a>0, b>0
Ding thirc xay ra khi va chi khi {2ab=a*+b* .

(a+b)’ =dab
Tirc 12 a=b>0.

@Bii toin 4. Cho a, b, ¢ I cdc 56 thue
dwong. Chirng minh riing
a’ A A a+b+c
al+h? B4l cl+a? 2

Léi gigi. BDT can chimg minh twong duong véi

a- @ +(b B }+c o a+b+c
al+b B4l & +al -

h ah? " be?  ca® _ atb+c
V2 Brc eg 2
Ap dung BDT (1) ta co
ab? . _ab al+b? i
al+b?  @?+b? T 2(a?+b?)
2

# b
al+b? 2 g g

¢ ca® _a
T £— va £-—.
WY P 2 T Peal 2
Cong theo vé cdc bit ding thirc trén ta cb bit
déing thirc cdn chimg minh.

Ding thirc xay ra khi va chi khia=b=¢>0.

@Bii toin 5. Cho a,b,c la cdc 56 thuc

dicomg sao cho abe = |. Chimg minh rdng
a'-a? B -p? oSl

ﬂ'5 +b2 +C'1 +b5 ‘l"i'.'.'2 +ﬂ2 +:'5_+ﬂ'1+bz

(Thi Olympic Todn qudc té ldn thie 46 - ndm 2005)

Léi gidi. BDT cén chimg minh tuomg duong véi

a’ gt bs—p?
|- — ||l - ———— |t
( ﬂ’+b1+c‘) [ b’+cl+n1]

+[I —*if-z—J <3
et +at+b?
I P,
ad+b+c? bicl+al  SA+al+b’
3
al+bl+c?

(4)

Tirabe 2 | va ap dyng BDT (1) ta co

l | |
$ F

kL BFRY e
@'+ +c l:IT-I-.E',Iz-l-(.'I 2 brec?
apc
F | b4
20 o, (047
b4l

Do 4u?+vi zduv & dul+? zai-{uw}: nén

2a* +(br+c?) 2 %{a? +b1+c?),

3B +c?)
e @ +bi4cl T 2at +h 4c? )
24 q2

. 1 2 He?+a?)

b rc2+a? ~ Aa+b 2P
1 2 3(a*+b?)
cS+al+b? T Aal+br+el)

Cong theo vé ba BDT trén, ta dugc BDT(4).
Ping thirc xdy ra khi va chikhia=b=¢= 1.
Cudi cling, mdi cac ban dp dung BPT Cauchy
hai s6 dé giai quyét céc bai todn sau diy.

Cho a,b,c la cdc 6 thuc diwong. Chimg
minh rdng

1) Néu a+b+c=1 thi
[—ab J be J ca 3
+ + =
"fcﬂ:b a+be Ybh+ca 2
2)(ab+c?)be+a® )(ca+b?)zabe(a+b)(b+c)(c+a);
a b c_a+b b+c

3) —+——=—+—+].
}b+c+a b+c+a+b+




cua

dé gia

Bm todn gidi va bign lugn hé cd tham s6
firorg doi p.ht.rc tapr déi vai hoc sinh, dic biét
la h¢ chira Bdt pPhwcong trinh. Tuy nhién, trong
mt 56 béi :ap néu ta sw dung phuwong trinh va
tinh chdr cua dwomng trdn (hinh trdn) trong
mdt phing toa d6 dé khdo sdt sw trong giao
gitta cde hinh thi bai todn ndi trén tro nén dom
gian hon rdt nhiéu. Saw ddy xin néu mor vai
rhi alre.

S Bai 1. Tim a dé hé sau co nghiém duy nhdt:
x4+ 2 _2x=2 (1)

{ )
Léi gigi. Ta co (1) < (x — 1)° + y* < 3. Bé
phurong trinh nay biéu dién hinh trdn tam 7 (1: 0),
bian kinh 8 = +3 trén mat phing toa dd Cxy.
Phurong trinh (2) biéu dién mot dudmng thing.
Dé hé c6 nghiém duy nhét thi dubng thing
Al x — v+ a=0 tigp xiic v dudmg tron cd PT:
(x— 1V +3y' =3 = dl,A)=R

J1—0+a N
= =3
BT ” Wi

x—wy+a=0

esa= —1-+6 hodca= —1+6.

O Biai 2. Tim a 46 hé sau cd nghiém duy nhdt:

{.r+y+q|ﬂ2xy+m =1

X+ =1
Lo gidi. HE trén twong duong véi
{JZJ:)-WM 21—(x+y}4=> 2y 2 (1—(x+3))°

x+p=l x+y=1
J[x =12 +(p=102 =m+1 (3)
By =<1 4)

V&im+ 1 <0 hay m < —1, hé vé nghigm.

Vé&im + 1 >0 hay m> —1, BDT (3) bifu dién
hinh trén tém J (1 ; 1), ban kinh R =
trén mat phing toa dé Oxy.

BPT (4) bidu dién nira mat phéng bér 14 dl.n:mg
thing x + » = 1. H¢ c6 nghigm duy nhét khi va
chi khi dwuémng thing x + y = | tigp xac wvdi
dudng tron (x — 1) + (» — 1) = m + 1. Khi 46

L =
-:'2
S Bai 3. Tim a 46 h¢ sau cd nghiém:

4dx—-3y+2<0
X yE =g,

1

+1 <om= ——.
2

Léri gidi. Néu a < 0 thi hg vd nghigm.

MNéu a > 0 thi sé nghiém cioa hé (néu l::u) l1a sb
giao diém cia nira mat phiing biéu dién bdi
4y — 3x + 2 = 0 va dudng tron tam O(0 ; 0),

bén kinh R = fa . Vay hé cé6 nghiém khi va
chi khi Va = OF < a= zis (wdri A 1a chén

dudrng vudéng goc ha tir @ xudng dudng thing
4y — 3x+2=0).

Kldao saf s
DUONG TRO
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vad
ai hé co

HOANG TUA
(G THPT chuy&n Humg Yem

D Bai 4. Cho hé
(x—D24+(p—1)2 =2
x—w+m=0

{3)
(6)

Xac dirh m d8 hé nghiém diing véi mpix € [0 ; 2].

Léri giagi. Ta ]'l{!'l? cac digm (x ; ») théa min
(5) l1a cﬁc diém nadm trong va trén dudng tréon
(x—1¥ + (»— 1 =2 v&i tim 7 (1 ; 1) ban
kinh R=+2. Tﬁp hop cdc diém (x ; ¥) théa min
(6) 1a cac diédm nim trén dudng thﬁng
AcOPT:x—y+m=0.

Gia sir 4 € A sao cho xy = 0 thi A4 (0 ; m);

B e A saocho xg=2 thi B(2; 2 + m).

Pé hé co nghi¢m v&i mei x € [0; 2] thi doan
thing 4B nadm trong dwudmg tréon (F; R). Liac 46

I4=R (0-1¥ +(m—-1* <2 =
< m =0
IB=R (2=1PR +(2+m—1)* <2
S Bai S. Cho hé phuwong trinh
xi4yl—x=0 (7)
x+ay—a =0 (B)

Tim a dé hé cd hai nghiém phdn biét.

2
Léi gidi. PT (7) < [x—%) + 32 =%.

Viay tdp nghiém chaa PT (7) la toa 46 nhirng
diém ndm trén dudng tron tam 7 [l;o) bén kinh

Tép nghiém caa PT (&) la toa 4§ nhimng

diém ndm trén dudng thing x +av —a=0. H
duémg thing nay luén qua diém A (0 ; 1) et
dinh. Ta cd 4 ndm ngodi dudmg ron ([ ; R), tir

A dyng hai tiép tuyén v&i duong tron (1 @ R).
Phuong trinh hai tiép tuyén 46 la: x = 0 va
x+§y—%= 0 ciing ludén &i qua 4 (0 : 1)

Dé hé cb hai nghlqm phén biét thi dudmg thing
x +ay —a = 0 phai cidt dudng tron (f ; R)
tai hai dlem phan bigt. Vay dudm thang
x + ay — a = 0 phai ndm gira hai ugp tuyén

trén. Lacdan<a<%_

R——
2

Théng qua cac thi dy trén nhin thiy ring: Khi
sir dung phuong trinh va tinh chét cia duéng
tron (hinh tron) xét sy tuong giao gilta céc
hinh, ta da dwa céac bai todn bién luin hé vé
mdt dang toan don gian va quen thudc hon v&i
hoc sinh. Sau diy la mdt so6 bai tip tuvong twr
de cdac ban luyén tdp thém : ;
Bai 1. Tim céc s6 duong a dé h sau oS nghiém
x4 yl=]—a?
X+ VO,
Bai 2. Tim a dé m&i hé sau cb nghiém:
- PPl i e | =1
a}{x +yl=1-a S {log,,;,,_z{x*,v}
X+VEa; X+2y=a.
Bai 3. Gia sir (x; ; v ) v (x3 5 w3) 1A hai nghiém  cda hé
x4yl —x=0
x4+ ay—a=I0.
Chirng minh rling (x; — x,)°+ (2 — )" < 1.
Bii 4. Tim a dé h@ sau c5 nghiém duy nhit:
{_t3—+y1+2}-+ 1=a

24y 4 2x+l T
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Tmng cic bit ding thite ndi 1i€ng, c6 mt
bt dang thitc ma da thu hit sw chi ¥ cla
rit nhi¢u nhé todn hoc ling danh trén thé gidi
trong su6t mot thivi gian ntta the ki, D6 la bit
ding thitc Shapiro (6ng di néu bii todn ndy
trén tap chi toin ndi ti€ng American
Mathematical Monthly vio nim 1954) ma
ching ta thudng hay goi Ii bit ding thic
Nesbit (Nasobit) vd dude phat bi€u nhy sau

Vdimei 520 x5+ xa2>0(0=1,., n),
Xesi = X; thi

Sn ':-1'1

i) E

inl Xin] *+ Xjuz 2

(1)

ddu bdng xdy ra néu va chi néu cdc mdu 57
ctla cdc phdn thic bdng nhau, tic ld x, = =
X,

N6 ndi ti€éng dén mifc ma trong nim 1990, tai
héi nghi todn hoc Oberwolfach vé cdc bil
ding thitc, cdc nhi todn hoc di phai nhic lai
todn b lich sit ching minh liu dai ciia né ma
d6i khi duge xem 1 vb vong. Bit ddng thic
Shapiro tuy vdi vé bé ngoai cuc ki don gidn
nhung d€ chig minh n6 1a diéu v6 cing khé,
do chiing ta phdi xét mét s& lugng rdt 1dn cic
trudng hop riéng biét. Piéu niy khong lam
cho chiing ta ngac nhién, bdi vi bdt ddng thite
Shapiro khing ding vdi moi 56 t nhién n. Do
khu6n khd bai bdo ndy, chiing t6i chi ¢f géng
trinh biy tém tdt lai cdc két qud quan trong
cla cdc nhd wdn hoc lién quan dén bit ding
thitc niy ma khéng dé cép chi 1iét dén cic
chitng minh bdi vi trong mét s6 trudng hop
viéc chitng minh d6i héi phdi si dung dén cic
ki€n thic cla todn cao cip vigt ra ngoii
chdng trinh todn phé thong.

MSt cdu choyén doi
UE 10T BAT DAIG THUC
101 TIEHG .

VU BINH HOA
(GV DHSP Ha NOi) suu tam

Ngwge ddng lich st ¢ 1€ 1i nhd todn hoc
Nesbit 1d ngudi diu tién di d¢ cip dén bil
ding thifc ndy cho trudng hdp n = 3. Sau diy
li mdt chitng minh rdt don gidn cho trudng

hdp ndy.
Pt y=xp+x;, pi=n4+n, = +n

Tir bit ddng thifc Cauchy ta cé
1 1 1
(y+w +_',1_-,}(—+—+—] 29

 n »n
hay Jv'z+}'3+}'3+}’|+}'|+}’:r 5 6
h y: »
vi viviy A + ol : ! 21 -
+Xy N+X XN+Xx; 2

Mét diéu thi vi 1d khi n = 3, (1) sé c6 dang
tudng dudng nhi sau:

(m+x+xn)af+xi+x)<Ixf+x3+x)  (2)

Bit ddng thitc trén cé thé chitng minh bing
|

cdch st dung tinh don diéu cia M, =[lix{]'
b

theo t.

Tuy nhién, khi n > 3 viéc ching minh sé
khéng con dé ding nhy trén. Mdi d€n nim
1958, Mordell di dua ra mét chitng minh (1)
cho n < 6, don gidn nhung lai rdt sdng tao nhy
sau; DAL y,=x;, 4 x;,; vdi cdc chi sd dude 1Ay
md! cdch tudn hodn.

oo (8B 8] oo

=l Vi

Jud

nén bit ding thifc sau ding thi bt ding thitc (1)
ciing diing.
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[ix,-]z > %f:xi » 3)

i=l =1

4 1
Néun =4 thi (3) s& trd thinh [Zx.] 2

Z Ay (x+x )+ xp (e 4+ )40 ( g 45 X (0 +03)].

Qua mdt vai tinh todn ddn gidn ta cé
(a-n)+(x-x) 20.

Viviy (3) ding chon= 4.

Trudng hdp n = 5 dude rit ra tir bit ding thic
ol

sau: {n-l}[z,x;] 22n) xy; (4)
=l

i)
va bt ding thitc nay ding cho moi n v moi
x; thu'c, Khin =3, ta cd hé thifc sau:

- 2n
E:.:.yﬁz.x.y; vi ;—-1=g~ Vi vily (4) wong

<] isl

dudng vdi (3).

Sau clng khi n = 6 thi (3) dugc nit ra tif mét
bdt ding thifc ma ching ta di biél

i;ﬁzl ix. (5)
=l LR

L]
Pit §,=Y x , ta xét

i=]

Ix (x4 x) -+ +x5(%+x3)]

= 3(2!41,‘ — X &g — X3 Xy — XXy ]

i)

= E[SE -ix}' -2xx3=2131¢ -Zx;.rﬁ]
2 "

= %{SE—[(J&+.x¢]2+[.t2+15}2+{.!:]+15}2]],
Vi viy (3) widng duong vdi

(x+x P +(x3 + x5 P +{x3+x5)°
2-;'[{.I| +2xy )+ (x4 x5 ) +(x3 4+ x¢)
K&t qud niy ding theo bit ding thic (5) vdi
m=3,

Piy 1d m6t chiing minh rit dep cho trifding
hgp n<6. Tuy nhién, ching ta khéng thé

dp dung cdch chitng minh cia Mordell nhy
thé cho trudng hop n > 6 bdi vi bt ding
thifc (3) khéng con ding nifa. Mordell ciing
di chitng minh cho trvding hdpn 2 7.

[Ex.] 2 EZx.yf,

=l =l

Hing s6 3 1 udc Iwvgng tdt nhit co nghia 1A
ban khéng thé thay nd bing gid tri 1dn hon,
Mordell dd gid dinh ring bdt ddng thic
Shapiro s& khdng diing vdi moi n2 7. Nim
1956, Lighthill lin diu tién 43 fim ra mdt
phdn vi du cho bit ding thic nay vdi n = 20.
Hai nim sau, ngodi Mordell, Zulauf va
Rankine ciing tim ra m{t phin vi du chon= 14.
Zulauf ciing di tim ra két qud sau:

Sn-t] [31 r“rxn .IH.-T.T}=5,{I| r--“I.}"'I [ﬁ]

Tir diy ong nhdn xét ring néu fm dude mot
phin vi du cho (1) v8i n ndo d6, thi ciing s€ cb
cdc phdn vi du khicchon+2,n+4,..

Nim 1959, Zulauf lai cho thém mdt phin vi
du khdc vdi n = 53. Ndm 1963, Diananda tim
duge két qud khdc:

Sz {XipersXnsa)

= Srl{-xl .u..xl.:]-fl_ [x"—xﬂ*l:}{-rn_-ﬁ}
2 21.[1.-{-:']

Do d6, n€u vai mot b gid tr (x;, .., x,) nio d6

ach S,(x,..., 1)< % vi c6 mét gid tri r ndo

6.1 <r<n, 4 mid x._,, £, %, (chi s6 twin
hoin) don diéu (ching ta c6 thé gid s ring
r = n), thi s& din d€n s¢ ding din cia bit

ding thitc 5,,(x .....x.,x,.]snTH . Véinlé b

ring ring ludn luén c6 mot gid trj r nhi thé do
chudi tudn hodn c6 d6 dai 1é khong thé
chuyén giia sy ting va sy gidm & moi vi tri.
Diananda rit ra dugc dinh 1i sau

« Dinh li. Néu (1) sai vdi n = n, & ndo d6, thi
nd sé sai cho moi n 2 ny. Néu (1) diing cho
n = ny chdn ndo dé thi nd ciing sé diing cho
mein <ng
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Cang vdi dinh li ndy 6ng dd dua ra mdt phin
vi du cho (1) v8i n = 27. Bidu ndy c6 nghia la
(1) sai v81 moi n I&é 2 27. Ciing mdt lip luin
nhy di dudc sit dung trong dinh li Diananda
cling cho ta thi'y v8i n chin, ddu bing cia (1)
xiy ra 3 moi di€m

x'= %{]+a,]—a,....l+a.]—a3 0as<l),

trong khi vdi n 1& n6 chi xdy ra vdi "= (1,..,1).

Cing lic ndy Djokovic di chitng minh ring
(1) diing cho n = 8 va Bajsanski chirng minh
(1) ciing ding cho n = 7. Nim 1968, Nowosad
di chiing minh (1) ding cho n = 10 vi vi viy
theo li thuy€t trén bt ddng thitc Shapiro ciing
diing cho n = 9. Do d6 cho d&n lic ndy, chi
con lai ¢6 10 rudng hgp chua dufc xdc dinh
lin=12d8ivdinchfnvin=9,11,., 25cho
n l¢. Nim 1971, Daykin vd Malcoln d3 chifng
minh (1) sai vdi n = 25 vi Kristiansen ciing da
chiing minh (1) ding cho n = 12, va vi viy
diing cho n = 11. Vio ndm niy Drinfeljd di
dita ra mit chirng minh rit ngdn gon, sd cip
mi lai sdng tao. Péng thdi dng chi ra ring bil
ding thitc sau 1a bat ding thic Shapriro ding
v moi n:

n X

il Kisl T Xia2

Viéc chitng minh bit ding thiic trén dva theo
mét dinh 1i ndi ti€ng vi mdt bat ddng thic
hodn vi sau ddy.

* Dinh li. Néu ddr g(x) 1& mét bao 16i dudi

35*0,939133,“

i =1
cda hai ham 18i gidm fix) = 2(ef+ei] va
hix) = e thi inf ES,. (X1 vn s Xn ) 2 (0) diing vdi

n

moin.
Gid tri thue cia g(0) rdt gdn vdi 1: g(0) =
0,989133... vd nd khing phdi ld mjt s& dai s6.
* Bit ding thic hodn vi. Néu ¢ <..<a, va
bz..2b, thi d6i vdi bdt ky hodn vi {k....k,}
ndo cia cde chi $6, ta c¢é bdt ddng thite sau:

2aibi 2 Y ab,

Cé 1& riing nhd bai bdo ndi tiéng ndy mi
Drinfeljd da nhin dudc gidi thudng Fields vao
ndam 1990,

Vigc tim mién ding cia (1) di kéo dii gin
20 nam sau 6. Bdt diu vio nam 1976, Godunova
va Leni di chirng minh (1) ding cho n = 12.
Cing lic nay Bushell cing da dua ra mdt
phin vi du khdc cho n = 25 va éng ciing dua
ra mdt chitng minh sd cip mdi vdi n = 7.
Bushell cling vdi Craven di chitng minh ring
(1) ding v6i moi n lé <23. Nim 1979,
Troesch vi Searcy da x¢t bai todn dai s6 cdc
gid tri riéng tudng (tng va chitng minh mdt két
qui ndi ti€ng ring: Bdt ddng thite (1) khing
diing veti moi n > 14. Bdng cdch ding mdy tinh
sd, dng da chi ra rdng (1) diing vdi mgi n chdn
212 va n [2 < 23. Nim 1985, trong tap chi
Math. Computing, Troesch di thanh cOng
trong viéc dua ra mdt chitng minh (1) ding
cho n =13 vd dén nim 1989 dng mdi ching
minh duge cho n = 23 . Nh viy (1) da duge
chifng minh cho (&1 cd cdc gid tri n con lai 14 15,
17, 19 va 21.

Gan 40 nam sau khi Shapiro dé xudt bai todn,
chinh Troesch dd 14 ngudi két thic md1 giai
doan lich sir kéo dii cho viéc ching minh bil
ding thifc ndi ti€ng niy khi ma 6ng théng qua
viéc gidi bdi todn vdi n = 23 va di hoin thinh
viéc ching minh (1) vdi két qud ndi tiéng
nhir sau:

Biit ddng thic (1) ding vdi moi n chiin <12 va
n Ié <23, Vi moi gis trj khic cia n thi (1) sai.

Sau 6ng mot s6 nha todn khdc nhy Diananda,
Mordell vi Daykin ciing di d& xuit mét s6
bii todn md ring. Nim 1992, Achim Clausing
di d¢ nghi bai todn sau:

o

=] Ir-t: +-T|+'l
vdi [¢] 14 phin nguyén cla «.
Cé 1& diy lai 13 moét thich thie 16n ni¥a cho

cdc nha todn hoc tré trong thé ki XXI nay.

(Theo tap chi rodn International Series of
Numerical Mathematics, [992)
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Bidi mot $0 phurong trinh v &
cO dang dac biét

NGUYEN PHUGC

(GV THCS Lé Hdng Phong.
Thira Thién - Hué)

e EE s sE - R ——
Trong cde ki thi hoe sinh gioi edp THCS‘.
hodic Hl‘IL‘H sinh vio cdc truong THPT m.
thieing gdp cde dang _::-Fnrung trinh vo 1. .
Ngodi mjt s6 cach giai da duge trinh bay | '
¢ sdch gido khoa, chiing 161 xin duge tdp
hop edch giai mgt 50 phieemg trinh vé ti cd E

dang ddc bigt dé gidi thigu ciing ban dpe.

.F---——----n‘
-

1. Phuong trinh dang
@.P(x)+B.Q(x)+7./P(x).0(x) =0 (afy #0)
) Cich giai
* Néu P(x) = 0 thi Q(x) = 0. Din dén giai hé
Plx)=0
{Q[I}=ﬂ,
* Truong hgp P(x)20, ta chia hai vé cia PT

0w, 00

cho P(x) dugc
B py T P

pat 1= [2X)
Fal|

(t z 0). Phuong trinh trd thanh
B+ +a:l?.l . Tir dé tim 1, rdi tim x.
b) Thi du I. Gidi phweong trinh
2(x2-3x+2)=3{x"+8 (1)

VNMATH.COM

Lai giai. Bién déi PT (1) vé dang
2(x* -2x+4)-2(x+2)=3/(x+2)(x? ~2x +4).

Diéu kién: x2-2 (vi x*=2x+4=(x-1)"+350).

Do x = -2 khong phai la nghi¢m coa PT (1)
nén chia hai vé cho x + 2 ta dwroc
2{1‘2-21+4] xt=2x+4
x+2 x+2

¥ =2x+4

-2=0,

Dit 1= (t=0)taco

20-Y-2=0¢1= —% (loai) hofic r=2.

x?=2x+4
x+2
@ x= 3+13 hoic x= 3-/13 (thoa man).

Vai t = 2 thi

=2 exl=fr-4=0

Viy tip nghiém cia PT (1) la {3+13}).
2. Phuong trinh dang
a(P(x)+0(x)+ B({P(x) £/Q(x))
t2a, P(x).Q(x)+7=0 (a*+F*+0)

a) Cich gidi. Dit t=\/P(x) £/0(x) thi

2 =P(x)+0(x)£2,/P(x).0(x) .

Phuong trinh trén trd thanh ar? + fi+y=0.

Do a va f khéng dbng thai bing 0 nén
at?+ ft+y=0trd thanh phueng trinh bac
nhat hodc bic hai cia r. Giai PT tim ¢ rdi thay
r*—J.i'[_xj.tqﬂIj dé tim nghig¢m cua phuong trinh.

b) Thi du 2. Giai phieong trinh

V243402 +1=3x+242x21 +5x43-16  (2)
Léi giai.Bién ddi PT (2) vé dang
V2x4+3 4+l =24 3x+42(2x043)(x+1) -20.

Dt 1=y2x+3+Jx+1 (12 0) thi
P=3x+44202x+3Jx+].

Déndénr’ -1 -20=0 < t=-4 (loai) hodc = 5.
Thay ¢ = 5 vito 1=+2x+3 ++x+ ta dugc



Ung dung $0 phuc ~
OE GIAI MOAN 0 HOP

TRAN VIET ANH
(Hoc vién Quan f GD)

hiing ta da biét ring s6 phitc c6 nhiéu img
dung quan trong trong cdc linh virc todn
hoc nhu hinh hoc, dai s6, ... Trong bai viét
niy, chiing téi gidi thiéu mot s6 k&t qua cua
viéc ng dung s6 phic vé todn t8 hop. Trong

bai viét, ta ki hiéu [:] S(X) va 1X lin luot la

56 t6 hop chap k clia n phin tir, t6ng tdt ca cdc
phén tr cua tip hop hitu han X vi s6 cic phin
tir clia tap hop hitu han X trir nhimg trong hop
khac duage chi rd.

1. Kién thiic chudn bi

Ta ludn gia thiét p 1a mot sé nguyén to [é trir
nhimg trumg hop dirge chi rd.

» Phuong trinh x7 =1 c6 ding p nghiém phiic

phin biét la x, -—-cusﬁﬂsinvu—m- LV k=0,
P P

L, ..., p=1 vd phuong trinh x*14+xr 2+, +x+1=0
¢l ding p —1 nghiém phan biét la

k
X =f:v|:r5&t-+r':r.in-:!—1t viik=1,2,..
p P

-l

* Goi & la mot nghiém bét ki cua phuong trinh
x4 xr?4 4+x+1=0 thi tdp nghiém cia
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phuong trinh x+x7 14, +x+1=0 1a |@, &,
. af ) va {a“ a, ..tr"'””] la mot hodn vi

cia (@, &, ..., @) , trong dé n li s&8 nguyén
durong nguyEn 16 ciing nhau véi p.

e Cho da thitc fix) = Yauxt va s6 nguyén
k=l

duong m. Ta cé

zf{z!} }:zmz!‘ Z“* )_:z**

e k=l

; 2 .. 2z
vl z= cos—+isin— .
m m
==l |m néuk chia h&t chom,
Tix » z#=
2 {u néus k khong chia hét cho m,

f=i
suy ra tong clia cdc s6 ay, vdi £ chia hét cho m
| 7
bing — ¥ f(2/).
m jﬂ

¢ Cho m, k la hai 56 nguyén duong viim > 1,
khi do

md 2= 1 néu k chia hét cho m,
~1  néu k khong chia hét cho m,

2. Mot s0 bai todn

Bai 1. Cho p la mgt s6 nguyén 16 I¢ va sd
nguyén dicong n nguyén o cing nhau véi p.
Tim s6 cdc bé (xy, %3, X,-) g0m p-1 56 te
nhién sao cho tong x+2x3+.+(p=1)xp
chia hét cho p, trong dé méi 56 x,, %y, ..., X,y
déu khong Ién hon n—1.

Lai gidi, Xét da thic fix) = x"'+x 7 +..4+x+]
vi dat F(x) = fLoflad).. fle-1).

Bing cach trién khai da thic F(x), ta c6 thé
In-lﬁE!lu'_—”

viét F(x) = i agx*, trong dé a, 14 s6 cic
i=0

b‘:.-' {-xlt Xay oy p—l}‘ Vil mﬁl X € |D l iy 1= ”'

saocho x, + 26+ .. +(p— 1) x, =k Vﬂysﬁ'cnc

bd (x,, %3« X,) g6m p = I 56 ty nhién thoa

min diéu kle.n bii todn, bing tdng cla céc 56
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a; vai k chia hét cho p. Ta bift ring téng cla
I

céc 56 a, véi k chia hét cho p bing— 5 F(a’),
Pz

\ K ... In
vifi @ = cos— +isin—.
P P
Chii ¥ ring fix) = =1 nfuxz1vh a¥ = |
x—
£ : = ﬂ-'-'.r_]
vaik, j=1,2,...,p—1.Dodd fla¥)=
at—1

vai k, j=1,2, .., p— 1. Nhin cic ding thic &
rénvédik=1,2,..,p—- 1, tadugc

Flai)= fla!) f(a)...flariv)
_ (@ =a?¥ 1) (ar =)
(e —1ia =1 {1 —1)

voij=1,2,..p- L Vi(n,pl=1lnénijp)=
(mi.p)=1lviij=1.2,..p—- 1., dodd

(o, oV, .. clf W) v (of,a?, ... clr ) 14
nhimg hodn vi cia (o, a?,..a”) vaij=1, 2,
wia p—l. Vay véi moi j = 1, 2, ..., p—1 thi
F(ae'y = 1. Chii ¥ ring F(a®)=F(l)=nr, tir
dé s6 cdc bod (x, x5 ...y X,-,) gOm p-1 50 ty
nhién thoa man diéu kién bai todn, bing
nP'+ p—1

P

Bai 2. Cho ba 56 nguyén duong m. n, p trong
ddé n + 2 chia hét cho m va m lon hon p. Tim
56 cic b (x,. x5, ..., x,) gém p 56 nguyén
dicong sao cho tong x, + x, + ... + x, chia hét
cho m, trong dé mdi 56 x,, x, ..., x, déu khéng
Ian hem n.

Ldi gidi. Xét da thitc f(x)=(x"+x™"+..+x)7.
Bing cdch khai trién da thirc fix), 1a cd thé viét

fx)= Ea,x* . trong dé a, la cdc bd (x, x;, ...,
1=0

x.) vai mdix, € |1, 2, ..., n] sao cho x; + x: +
.. + xy = k. Vay s6 cic bd (x, x5, ..., x,) gbm p
50 nguyén duong thoa min diéu kién Bai todn
bing téng cla cic s6 a; vdi k chia hét cho m.
Ta bi€t ring tdng cla cédc sd a, voi k chia h&t

|
cho m béng LEf{af}, v6i @ = cos= +isin=y.
mizg m m

Vim lén hon p nén m lén hon 1, do d6 e’ = 1
vaij=1,2,..,m— 1. Mat khde, vi # + 2 chia
hét chomnén a'™W =] v j=1.2....m- |

el P
Dé § fix) = [I II—I} néu x = 1. Do d6 vai
j=1,2,...m-1th

[ # L]
pan-(En Y fueio f
al—| a'lal —1)

" "
= [_1_—“_’4] = (1) [L_HJ
ad{at=1) ol

= [—i]"{f% +£)F = {—I}Pi[P]e%.

.l:-(]‘:

i=i)
véij=1,2, om— L.

L&y téng céc ding thic & trén véi j= 1, 2, ...,
m — 1, ta dwoc

=] (" =] ﬂ
¥ flat) = {-”"li('u] e +m—l].
=i L=l k =l
Chi ¥ rang k khong chia hét cho m, véi k = 1,
2, up. Vim>pva
"z" = m—1 n€u & chia hét cho m,

e = =
=i -1 n&u k khong chia hét cho m,

ta cé 'f,r(a:1=t—l}r[~ﬁ: (:] +m—1]

=l i=l

= {—U’[‘i [i]-&-m] = (- (m-2r).

k=0

—Imkii
Tirdé flai) = ;—nrf[f]e m

Chi ¥ ring f(a®) = flil) = n?, viy 56 cic bd
b (x,, X3, ..., £,) gom p 56 nguyén duong thoa
min diéu kién cla bai todn, bang

ne+(-1)r(m-27) _nr—(-2)r
i i
Cudii ciing, ching t0i xin gigi thieu mot so

bai todn c6 thé gidi quyét nhiv sir dung cong cu
s0 phiic.

+(—1)e.

Bai 3. Cho p la mér 56 nguyén 16 I€ va 56
nguyén dwong n, Tim 36 cdc b (x, %3, -uy
x,.,) gém p — 1 56 tw nhién sao cho t6ng

x+2x;+..+(p-Dx,y chia hét cho p, trong
di mdi 56X, Xy, ooy Xo-y déw khong lén hemn — 1.

Bai 4. Cho p ld mét 56 nguyén 16 le vd 56
nguyén dieeng n Idn hon 2p. Tim 50 tdp con X
cita tdp {1, 2, ..., n}, biéi rdng X chita diing 2p
phdn ti va téng tdt cd cdc phdn i cia X chia
hét cho p.

Bai 5. Che hai 58 nguyén duomg m va n trong
dé n + 2 chia hét cho m. Hday tinh 56 cdc bo
ndm 56 nguyén dueng (x, y, 2, v, 1) théa mdn
diéu kién téng x + y + 7 + v + t chia hét cho m,
trong dé6 méi sé x, y. z, v. 1 déu khiong lim
hon n.

Bai 6. Cho p ld mdét s& nguyén 16 le. Tim 56
cde tdp con X cia tdp |1, 2, ..., 2p+l], biét
rdng X chiza diing p phdn tf va tong tdt cd cdc
phdn tit ciia X khi chia cho p c6 s6 du bang 1.
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Bdt déiing thitc

£ A\ CAUORYSURYAKOSKISCRYAR

e
KHO TANG
TOAN HOC

C iing véi céc bit ding thic (BDT) giira

trung binh cing vd trung binh nhin,
Schur, Jensen va Hdlder, BDPT Cauchy-
Bunyakovski-Schwarz (CBS) la mt két qua
kinh dién, c6 nhiéu img dyng. Céu héi quan
trong nhat & ddy la lam sao ta nhén biét dugc
mt bat ding thirc co thé gidi bing phirong
phip nay? Rit kho c6 thé néi mit cach rd
ring, nhumg c6 12 la nén nghi dén BDT CBS
khi ta thiy tong ciia céc can thirc, tong clia céc
binh phuong hay dic biét la khi ta c6 cdc biéu
thirc chira cén.

Déu tién, ta s&é xét mot s6 bai todn ma trong
livi gidi ap dung BDT CBS & dang kinh dién:

" 1 " L
(£] 457 82)

=l i=] =l
Khé khan Ién nhit 14 chon a, va 5. Ta sé
thdy rdng trong mdt vai trwrdng hop, diéu nay
la hién nhién, trong vai trudmg hop khéc lai
khéng don gian chit ndo. Sau day ching ta
gidi mot s bai toan.
* Thi dy 1. Ching minh rdng néu x,y.z la cdc
s0 thue thod mdn diéu kign x*+y*+2°=2, thi
bt d&ng thirc sau ddy ding: x+y+zs2+x)z.

(D¢ @& nghj IMO, Ba Lan)

Léi gidi. Tai sao ta lai nghi dén BDT CBS?
Nguyén nhan la BDT can chimg minh c6 dang
x(1-yz)+y+2<2 va ta cén phai dénh gid
théng qua tdng x2+)2+z. Tuy nhién, cb rét
nhiéu céch dé &p dyng BPT CBS. Chon lya

GABRIEL DOSPINESCU - TRAN NAM DUNG

(x(1=yz)+ y+zP <(x?+y + 22 )2+ (1-y2))
khong mdy thanh cong. Vi thé c6 thé sé tot
hon néu coi y + = nhu mét sb hang. Néu
chiing ta dé ¥ ring bét ding thirc c6 diu bing
ching han khix= |,y =1 va z =0, chon lya
x(1=y2)+ y+25J(x +(p+2)2 X1 +(1-pz)?) trér
nén khd tw nhién. Nhy thé cén chimg minh
2(1+y2)2-2yz+ y22?)sde P sy, didu
ndy hién nhién vi 222 +2222yz.

Mot img dung khong tém thuong khdc cia
BDT CBS la bai todn sau.

K Thi dy 2. Cho abcx.y.z la cde s6 thuc
dvong thod mdn diéu kign ax+by+cz=xyz.
Chitng minh ring x+y+z>vatb+lbtc+lcta.

Loi gidi. Ta viét B9 8y phép thé
yr o xy

a = yzu, b= zxv va ¢ = xyw tré nén tyr nhién.
Nhu viiy, cén chimg minh

Jz(yu+xv}+Jx{zv+}w}+Jy{zu +XW) <X+ Y+2
vaiutv+w=l1,

Cé thé théy dang ciia BDT CBS:
(VEGur ) +fzveyw)+fyaus o)

S(x+ y+2) Y+ yw+XV+ W+ ZU+2V)

va biéu thirc cudi ciing nhé hon (x+y+2)! vi
u+tv+w=|,

Ta thiy c6 thé ap dung BDT CBS khi cb cac
l&ng. Thé con véi tich sd thi sao? Thi dy sau
s& chimng o réng trong trudmg hop ndy, ta cdn
c6 m{t chit séng tao.
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X Thi du 3. Cho a,ay.....a, 1d cdc 56 thiec

dwang (vdi n 2 2). Ching minh rdng

(@ +1)(ai +1)...(a3 +1)2(afa; +1)...(ala +1).
{Cudc thi CH Séc-Slovakia-Ba Lan, 2001)

Léi giai. Ta thir ap dung BDT CBS cho méi

thira s c6 mat & vé phai. Mot cach ty nhién,

ta viét (I+afa;)?<(1+aj)1+ada), vi ta cin

1+a}, bieu thirc c6 mat & vé trai. Tuong ty, ta

¢ thé viét

(1+aia ) <(l+a3 N +afa;),...,

ﬂ+a,zat}=5{]:+a,§]{i+alia.,].

Nhin theo vé céc bit ding thirc ndy vdi nhau,

ta duge

((afay +1)...(a2a + 1))’

<(af +1)..(@i+1)(1+aiaq)..(1+ala,) (*)

Nhung diy chwra phai 14 diéu ta can. Nhu thé

BDT CBS khdng c6 hi€u qua cho BDT ndy.

Khing hin thé! Ta lai ap dyung li ludn ndy mdt

lin nira dé cé

((1+aia)..(1+atay))’

2(a} +1)...(ai +1)aj a +1)..(aia +1)

Nhu thé néu

(aPay +1). (@ +1) 2 (1+aia)...(1+afa,),

thi (*) s& cho ching ta két qua, con néu nguge
lai thi (**) s& két thac léri gidi cia ching ta.0]

Bay gid¢ ta sé xem xét nhimg bai toan kho hon.

(**)

® Thi du 4. Cho hai s6 dvong x, y sao cho
P+ 20 +)*. Ching minh rdng x*+y*<2.
(CHLB Nga, 1999)

Loi gidgi. Y tuomg & ddy la chin x*+)* bai
A(x*+p*) véi 4 ndo d6. Pidu ndy la ¢6 li néu

nhin vdo cac luy thira. Ta thir 4p dung vai thu
thuft voi BDT CBS va BDT gilra trung binh
cing va trung binh nhén:

(+ P s +y N2 + )5 (32 + P ) +p2)
{{ X2 +yl4x’+y] ]z
< 5 .

Nhur vy ta da chimg to ring x* +y7< x?+32.
Nhung (x*+1? ) <(x+p)x*+)y') va do do
x2+y*s:+ys,fm, suy ra x?+y?<2
va X'+ €2,

% Thi dy 5. Chimg minh ring néu x.y,z thuge
doan (-1 ; 1] thod man diéu kién x+y+z+xyz=0,
thi ta ¢é

Jrale Jy+l+fz+1<3.

Léri gidi. Diu tién ta sé dp dung BDT CBS ¢
dang hién nhién:

Jxal+Jy+l+vz+1 <3 (x+y+2+3)

Nhung biéu thirc vé phai ¢6 nho hon 37 Cé,
néu nhu x + y + z < 0. By gid ta gia sir ring
x+y+z>0 Khidéxyz <0.Co thé gia sir
z<0.Tirddytacdx,y e (0;1]. Ta sé khéng
tir bo va ¢o ging ap dung BDT CBS mdt lan
nita, nhung lan nay la cho hai cin:

Va4 y+l+yz+1 820+ 2y +d 4241,

Ta cin chirng minh

J2x42y+444241<3

o 2x+y) -z
2+;f]11+2_}'+4 1+Jz+l

—2(xy+1)

—=Z
= =
2+ 2x+2y+4 14z
2y + 21+ xyWl+2€, 2x+2y+4 .

Vi l”:W , nén tit cd quy vé chimg
xy

minh xy+\f{1-x]{1-y}[l+xy]51’l+HTy. Ta

mubn sir dung BDT CBS thé nio do dé lam
mét di | = x & vé trai. Cu thé 1a

o+ J(1=x)1-yX1+xy)

= \G-E+JI -I-Jl+:y—y-x}r1

5.,;‘I+xy-y5l5,fl+?.
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Cé thé thi dy khd nhit trong cic bai loan
dang nay la bai toan sau ddy.

*Thi dy 6. Ching minh rdng véi cdc 56
dieemg a, b, ¢, x, y, = ta c6 bt ding thire

—-il—{y+z]+

¢
(z+x)4
b+c cta a+

ﬁ{x+y}

g M yrtax
X+ y+z

{Crux Mathematicorum)

Lai giai. Kihifjua+ b +c= z.a. Tuong ty
Vi cdc tng co cac bién s6 duge ldy hodn vi
vong quanh. Ta cé

T+ L0+ =(E“)[ZEJ

b+c
A yrz) e L)
_I(Etbﬂj)[zhf]zl(z y z]
Ta s& chimg minh

%[Z(J_-v?z]]: a%fizzx (1)

tir déy suy ra dpem.
Ta c6 (1) twong duong voi
(El-n Jxi+xy+ yz+:x])(z,t]
23 Lye)+ AT )
Bai vi
TV yrzrzn zy(Ta) +9(T)).
Nén chi cdn chimg minh
(SN (T +o(Dom)2( T +3(Ze)

Nhung diéu ndy la hién nhién sau khi binh
phuong hai vé cia BDT. 0

Biy gid ta s& ndi vé mjt thi thut da duge dp
dung kha nhiéu trong nhimg ndm gin diy dé
gidi céc bai todn thi. Pdy chinh 14 mét trong
nhimg phuong an cia BDT CBS:

" a2 'Z:,a. |

k=l
vai mQia, thyc va b dwong, k=1,2, .., n.

Mt dp dung don gian cia thi thudt nay la bai
todn sau, duge dé nghj tai Cudc thi giira cdc
thinh phd (Tournament of The Towns
Competition).

% Thi du 7. Chitng minh rdng vdi ede 6 thuc
dwomg a,b,c ta cé bat ddng thirc sau;
a’ b e
+ +
al+ab+b? B +bo+c? o +ac+a?
a’ +b* +¢?
a+b+c

Loi gidgi. Néu viét lai vé phai dudi dang
(a?+5? +.~.:-1)1

(a+b+e)(a? +h2+c?)’ ta s& biét cin lam gi:

S T
al+ab+b? a(b*+ab+a?)

. (Za)

= Za[a_1+ ab+b?)

Nhur viy, ta s& ¢ diéu phai chimg minh néu
Y ala?+ab+b)<(3 a)- (3 a?), va thyc 1€ thi
& déy xay ra diu bing. O

S& co nhitng trrdmg hop ma gin nhir ta khdng
thé tim dugc a, va b . Ta sé thao luin mot sb
bai todn ma trong d6 thi thufit ndy duge dp
dung m{t cach khong hién nhién chiit nao.

*Thi dy 8. Chimg minh rdng véi ba sé
dwomg a, b, ¢ ta cé bdt ddng thirc

(b+c-a)° ,fcta-b) (a+h-c) 3
a’+(b+e)y B 4(a+c) cl+(a+b) 5
(Nhét Bén, 1997)
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Léi giai. Cach thirc tr nhién nhat 13

5 (bre-a) {[b_zﬁ"] [ij*}

2
Al |+(£’i€]z 3+E('5£J
a

a

vi trong cich ndy ta thu dwgc mot bt ding

thirc ba bién s6 ma da biét kha rd mét s6 tinh

chat. Nhu vdy, cdn chimg minh ring néu
b+e c+a a+h

= . p= L thi
a x b c

{x+y+z-3}z?§{xl +yi+2143),

diéu nay tuong dwong véi
(3x) -15% x43Y xy+1820.

Déng tiéc la khéng thé sir dung tryc tiép dix
kién xy+yz+zx 2 12. Vi viy, cin tim cic bit
ding thirc dang nhu xy+yz+zxzk(x+y+z).
Hing sb tdt nhét 1a k = 2 (vi ta c6 ddu béng
khi x = y = z = 2). Thit thé, sau m{t s6 tinh
todn tryc tiép, BDT ndy co thé viét dudi dang
(Y a')+3abc =Y ab(a+b), vi d6 chinh 13

BBT Schur. Tir d6, ta cé thé viét:
{Zx}z -1 521+32:}-+ 18
2 (Zx}l-gznlﬂa 0.

Va BDT cudi ciing diing vi x+y+226.

Tai ki thi Todn Qudc té 2001, bii todn 2 da
gy dwgc kha nhiéu khé khin cho céc thi sinh.
Ta dua ra m{t cach tiép cin khéc, cho phép
dura ra mét mé rfng dep.

% Thi dy 9. Cho k la 56 thue, k > 8. Chimg
minh rdng véi cde 56 nguyén dwomg a, b, ¢

ta co

g . b o8 5 3
]n=+tbc Jb‘+h‘.‘ﬂ ;c?ﬂab w_ik+l
L gigi. Ta co, theo BPT CBS thi

e

Béy gid, ap dung BDT CBS cho tdng thir hai

[Ea-."az +ih5c]l =(Z\|G~J'a’ +kabc r

S(Sa)(S e +Habe)

Nhu vy chi cdn chimg minh

(k+1)(Xa) 29(3(a" +kabc)).

Nhung diéu ndy tuong dwong vii

(k-8)(a’+b'+c") + 3(k+1)(a+b)(b+c)(c+a)

2 2Tkabc.

Bét ding thirc cudi cing 13 hién nhién theo
BDT trung binh cng - trung binh nhén.

Bai tap ap dung

Bai 1. Cho x, y, z la cc 56 1ém hon | théa mén

didukige 2414125 Chimg mih sing
Xy z

Jx+y+zae-l+y-1+4z-1,

(Iran, 1998)
Bii 2. Chimg minh ring néu céc s6 ay, ay, ..., g
1
thudc doan | —=;+/3 |, thita cé
Ead
&gy —dy 4 ;= %ﬂa-ﬂq ; a4y —ds
h+dy a+dy Gy+ds as+ds
ﬂs iy ﬂb Eﬂ
agra m+m
Bdi 3. Chox € [0; 1]. Chirng minh ring
2(13/1-x2 +041+x7) < 16.

(Olympic 30/4, 1996)

Bai 4. Chimg minh ring vé&i 2n s6 thye aj, a3,
cvy gy XYy Xy 505 Xg 1R 00

o (BT 28018

Déng thirc xdy ra khi nao?
(Kvant, 1989)

Bai 5. Cho g, b, ¢, x, y, z |a céc sb thyc sao
cho (a+b+c)x+y+z)=1 vd
(a* +b 4 ) (x2 + y2 +2%)=4.
Chirmg minh ring ax+by+cz 20.
(Cufyc thi Mathlinks, 20035)
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Mt 56 lwu ¥ chung

1) Phuong trinh f{x) = m c6 nghiém khi va chi
khi m thude tp gid trj cia ham s6 y = flx) va
s6 nghiém cia phuong trinh (PT) Ia sé giao
diém cia db thj ham sb (HS) y = flx) véi
duimg thing y = m.

f=fy) ()

2} Khi hé PT
e i {gu.y:n:u @

Ta cé thé tim I&i giai theo mét trong hai
hudng sau:

Huidmg 1. PT(1) & f(x)-f(y)=0 3)
Tim cach dwa (3) vé mét PT tich.

Hudng 2. Xét HS y = flr). Ta thuing ghp
tririmg hop HS lién tuc trong tip xac dijnh cua
no.

Néu HS y = f{r) don diéu, thi tir (1), suy ra
x = y. Khi 46 bai todn dwra v& giai hofic bién
ludn PT (2) theo in x.

Néu HSy={[t]cﬁm¢t cwre trj tai £ = a thi n6
thay 46i chiéu bién thién mft lin khi qua a.
Tir (1) suy ra x = y hodc x, y ndm vé hai phia
cua a (xem thi du 2).
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3) Néu hé PT ba én x, y, = khong thay d6i khi
hodn vi vong quanh d6i véi x, y, = thi khéng mét
tinh tong quét c6 thé gia thiét x = max (x, y, 2).
Nghia la x>y, x22z (xem thi dy 3).

Viéc sir dung khdo sét bién thién cia HS dé
gidi hodic bién lufin mt sb hé PT tao nén sy
phong phii v the logi vi phuong phip gidi
todn, phi hop v&i cde ki thi tuyén sinh véo
Pai hoc. Sau diy la mét s6 thi dy minh hga.

Giii hé phwong trinh

O Thi dy 1. Gidi hé phuong trinh
e -er=x-y ()
log: —;—+ log 5 4y* =10 (2)

Lai gidi. DK x> 0, y > 0.

PT (1) dwgc viét lai dudi dang
Ft-gpughey (3)

X&HS f(1) = ¢ —t,c0f ()= & -1>0, Vt>0.
Do d6 HS f{r) ddng bién khi ¢ > 0.

fx)=1(»)
x>0,y>0 =

Tir(3) suyra {

Thay vio (2) duge log; %+ log 5 4x° =10
logz x-1+2(2+3logy x) =10, haylog; x=1.
Hé c6 nghiém duy nhét (x ;) =(2:2).
OThi dy 2. Gidi hé phuong trinh

In(l+x)-In(l+y)=x-y (N
2l —Sxy+y2 =0 (2)

L& gidi. DK x> -1,y > —1. PT(1) ciia hé duge
viét lgi dudi dang

In(l+x)=x=In(l+ y)-y (3)
XétHS f(D=In(l+0)=r, vdit e (=1; +x0) co
T SR )
f{ﬂhlﬂ : 1+t
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Tathidy f(1)=0st=0.
HS #Mry ddng bién trong (—1; 0) va nghijch
bién trong (0 ; +o0).

Ta ebd (3)e= filx)= f(y). Lic 46 x = y hodc
xy <0 (néu x, ¥ thudc cing mdt khoang don
digu thi x = y, trong truémg hgp nguge lai thi
xy < Q).

Néu xy < 0 thi vé trdi cia (2) luén duong. PT
khéng théa min.

Néu x = y, thay vao PT (2), ta dugc nghiém
ciahé la x=y=0.
€3 Thi du 3. Giai hé phwong trinh
x? —3x2+S5x+1=4y
¥} —3y2 4 S5y+1 =4z
2} =322+ 5z41 =4x
Loi gidgi. Xét HS f(1) = t* =32 +51+1, c6
F ) =3 —6r+5>0,%r.
Do 46 HS fir) luén déng bién.
fix)=4y
Hé¢ PT cé dang § f(»¥) =4z
filz)=4x

Wi hé khéng thay d8i khi hodn vi véng quanh
dbi vé&i x, v, z nén cé thé gia thiét x=2 y, x>z,

Néu x > y thi fix) > ) =y >z = ) > Az2)
= z > x. Mau thun.

Tuong tw néu x > z ta ciing di dén méu thuin,
suyrax=jy=z.

Tir mt PT trong h§, tacd x* —3x? + x+1=0
e (x—1}x2 —2x—1)=0

Ta dugc nghiém cia hé: x=y=2z=1;
x=y=z=1xJ2.

Fix)=g(y)
Nhgn xér. Xét hé PT cd dang « f(y) = g(z)
¥(z) = g(x).

MNéu cac HS fir), g(r) cang déng bién (hodc
cing nghich bién) thi li ludn nhu trén, ta suy
rax=y=z.

Bién luin hé phwong trinh

O'Thi du 4. Tim m dé hé phwong trinh sau

cd nghiém
\I'.t+!+-.,|l|3—y=m (1)
-.,,|'y+l+w.|’3-x=m (2}

Loigidgl. BK —1<x,y=<3.

Trir theo vé cia (1) cho (2) va chuyén vé, ta
duge:

Jrx+l—3—x=fy+1-f3—» 3)

D& thdéy HS f(H=-Jr+1—/3_r déng bién
trén(—1 ;3)néntr(3)suyra r=y_

Khidotir (1)co Vx+1+J3I—x=m.

Xét HS gix)=+x+1++/3—x, ta cd g(x) lién
tuc wén[—1 ;3] va

1 1
2Jx+1 23—-=x

g'(x)= y BUx)=0e>x=1.

Tacé g-1=2, g(1)=2J2, g(3)=2.

Tirdé 2= gx)<22.

Wiy hé cé nghiém khi 2<m <22

€& Thi du 5. Chirng minh rdng véi mei m > 0,
hé phuwong trinh sau cé nghigm duy nhdl

3xly—2y2 —m=0 (1)
Iyix—2xT—m=0 (2)

Léi gidi. Néu y<0 thi vé trai cua (1) &m,
PT khéng thod man, suy ra ¥ > 0. Tuong tyr cd

x>0.

Trir theo vé ciia (1) cho (2), ta durge
3x?y—3y'x+2x2—2y2 =0
= (x—¥)3xy+2x+2y)=0

Vix, »> 0 nén 3xy+2x+2y>0. Ta dugc
x—y=0hayx=y.

Khi &6, tr PT(1) ¢& 3x* —2x? =m.
Xét HS fix)=3x —2x?, cd f(x)=9x2 —4dx.

Tathly f'(x)=0¢> x=0 hosc x=§.

HS déng bién trong (—oo ; 0) va (-;—.-l-m)

nghich bién trong (n;g), Jfea =0)=10,

YO

Vay véi moi m > 0, PT f{x) = 0 cdé mdt nghig¢m
x>0.

Do 46 véi m > 0, hécﬁnghiémduynhéjx=y}{}
(ban dpc tyw vé dé thj hodic lip bang bién thién
ctia HS dé kiém tra két qua trén).

Bai luyén tap
1. Giai cac h§ phuong trinh
-.P.i

cos x=]—=— x =siny
a) 122 b) 4 v-=sinz
cnsy=!—? z =sinx

el

Inx—Iny=x—y
c) el
2453 ¥ =36

2. Tim m dé céc hé PT sau ¢6 nghiém

E X —y=COS8X—COSYy
2sinx—3cosy=m
cos x +cos y=—1

)]

cos3x +cos3y = m.

3. Gia sir x, ¥ la nghiém c.::lfla hé phuong trinh
x+y=m
x %y =m.

Hay tim gida tri lém nhdt vA nhd nhit caa
13+J.r],
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A, CE L LT
LY

Viéc ting dung hinh hoc dé gidi bai rodn
dai sé o chuweng trinh THCS qud la con
khi méi mé va la ldm ddi véi hoc sinh.
Nhung viéc umg dung ndy nhiéu khi mang
lai cho ngieei hoc két qud kha thi vi véi loi
gidi ngan gon va déc ddo. Xin mai cdc ban
doc va tham khao vai vi du sau ddy:

-

@'Thi du 1. Cho hai s¢ duong a va b. Chitng
minh rdng Na +b>Ja+b.

Lai gidi. Nhan thdy (V&) =a; (VB) =5
nén ta nghi dén viéc tao ra tam gidc ABC

vudng tai A c6 canh AB = vJa ; AC = Jb . Khi
do theo dinh li Pythagore 1a cé BC = Ja+b.

T .
R T T T pe—————

-

Do AB+AC>BCnén Ja+Jb>Ja+b.

©Thi du 2. Cho cdc 56 thuc diomg a, b, ¢ véi
b > ¢. Ching minh ring

Jad +b2 =vJal +¢t <b-c.

Lai gidi. Tit cdc biéu thic va® + b , Ja* +¢*
vi cic 0 duong a, b, ¢ ta nghi dén viée tao ra
cic tam gidc vudng HAB va HBC c¢6 hai canh
goc vudng twong

A ing I @, c via, b
(h. 1). Khi dé ta

; c6 AB = Va? +¢?,
BC = \a® +b? . Do

b>c¢> (0 nén BC >
AB, HC > AH. Bai
/N todn dua vé chimg
( minh ring BC - AB
Hinh | < HC - HA.
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UNG DUNG HINH HOC
v, de giai |
* mét sé bai toan dai s6

LE BA HOANG
(Phong GD-DT Tx.Héng Linh, HA Tinh)

Trén HC, BC lin luot 14y cic diém M, N sao
cho HM = AH, BN = AB. Dé thdy AB = MB =

BN suy ra ABMN cén 1ai B nén My =Ni. Mat
khic Ni+N» = My+Ma2+M; (= 180°) nén
N:>M; & BC - AB < HC - HA.

@ Thi du 3. Cho cdc sd thue diceng a, b, c.

Chitng minh rdng Na® +lF NJbB +c2 > bla+c).
Ddng thite xdy ra khi ndo?

Lai gidi. V& tam giic A
AHB wvubng tai H véi
AH = a, BH = b. Trén
tia ddi cia tia HA ldy
difm Csaocho HC=¢.

NSiBvsiC (h.2). Ha | K
AK vubdng goéc vai BC. '
Khi d6 ta co €

28 =BH.AC Hinh 2
= AK.BC < AB.BC

hay bla+c)< Jal +b2 Jb? 4l .

Dau "=" xdy ra khi v chi khi AK=AB&> K= R
<> AABC vuong 1ai B < b’ = ac.

&Thi du 4. Cho cdc s6 thuc duong a, b, ¢
thuge khodng (0 ; 1). Chiing mink rang
all=b)+Kl-¢c)+c(l -a)<].

Léi gidi. Mbi s6 hang &
vé trdiall = b), b(1 - ¢),
c(l = a) co thé xem la
tich d6 dii hai canh cua
mit tam gidc nén goi ¥
dén v& am giic déu
ABC c¢6 canh bing 1.
Trén cic canh AB, BC
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v CA lay cdc difm M, N va P sao cho AM = a,
BM=5b,CP=c.
Ta chd 28y, + 285un + 2ops <2880
hay a(l — b)sint0" + B(]l — ¢)sin60"
+ (1l — a)sin6” < 1.1.51n60"
Suyraal(l =)+l —c)+c(l —a) < 1.

&Thi du 5. Che ba 56 dwong x, y, z, thda
mdn hé thitc xyz(x + v+ z) = 4. Tim gid tri nho
nhdt cua bidu thite P = (x + y){(x + z).

Lai gidi. Tir tich xyvz(x + v + z) ta nghi d€n
cong thirc Héron tinh dién tich tam gidc.

Sune =] plp—alp—bNp—c) Vi a, b, c 1a
dd dai cac canh cia tam gidc ABC, p la nima
chu wvi.

Vdai x, v. z 1a
cdc 6 duong
nén ldy cédc
doan thing
cé d9 dai ldn
luot la x + v,
¥+ 2 24+ x
ludn 1a do dai
ba canh cha
mét tam gidc
ABC (h.4) va
x=AM = AN, y=CN = CP, z = BM = BP véi
M, N, P la cic ti€p diém cia AB, AC va BC
vl dudng tron ndi ti€p tam giac ABC,

4 Hinh 4

Khidétacdp=x+y+=z

= pp—ap-blp-—c)=lx+y+zixyzr=4.
Suy ra

28unc =2 plp—aXp—bXp—c)d= AB.AC.sinA
hay 4 = (x+ yMx + z).sin A .

MaOD<sinA=<1lnétn P=(x+yMx+2)=4.

(x+ yHx+z) =4 < sind = 1 < A=90°
e+ ¥ e lx+2¥=(y+2)
S x(x+ y+2z)= yz.

Két hop xyz{x + y + z) = 4 ¢6 yz = 2. Chon
y=z2= 2 thix=2~ /2. Vay P dat gis tij
nhd nhat bang 4, ching han khi x =2 — 2 ;
y=z= V2.

DThi du 6. Cho cdc s& duong a, b, ¢ va
JE-I—JE-!-J{_'z?, Chumg minh rdng hé
phucong trinh sau cd nghiém duy nhdr:

Wy—a+z—a=I1
Vz—b+x—b=1
14".1—-c+q,l|'y—c =1.

Loni gidi. Xét tam gidc déu ABC o6 canh bang 1.
Ap dung két qua sau: "Néu M la mor diém bdi
ki ndm trong tam gidc dfu, thi 1dng cdc
khodng cdch tic M xudng ba canh bdng chifu
cao ciia né”.

V& dudmg thing
song song voi BC
cdch BC moL
khoang Ja va
dutmg thidng song
song voi AC cach
AC mdHt  khoang
Jb chiing cit nhau
tai M (h. 5). Tir ké&t

nhet cua bifu thice M=

qud trén va gia thiél suy ra khodng cach wor M

xudng AB 1 ¢ . Tir dinh 1i Pythagore ta nhan
thiy x = MA*, y = MBE*, z = MC* 1A mot
nghiém cla hé¢ di cho. Bang phan chimg ta cé
thé dé ding chitng minh dugc hé di cho cd
nghiém duy nhit trén.

& Thidu 7. Cho a, b, ¢ la cdc & duong thuse
3

khodng (0 1) vd a® + B+ & = =, Tim gid tri nhd

5°
1 1 1

e

i TobE Tt

Loi gidi. Dhmg nira duirng tron tam O, duidng
kinh AB= 1. Do 0 < a < 1 nén trén nia dudmg
tron doé liy diém
M sao cho AM = a
ta c5 AMB = 90°
= AMLBM nén
285m0 = AM .BM

=afl—a? .

Hinh 6

DE thdy 2S.aq = 2S.m. (VOiM, 12 diém
chinh giira ctia nira dudng wron da cho)d Ch. 6).
asl—a* sOM._AB :-l--'l=l€=> az{'l—a!)S—l
2 2 4

1
1-a®
M=M, <a = -14
2
Hoan toan tuwong o ta ciing co

hay z4a® Péng thitc xdy ra khi va chi khi

=4b*;
1— &2
" 1 1 1
Zz4c? dodé M = + +
1—¢2 l—a? 1-5&*
M+ B+ M= 4.% = 5.
Vay M dat gid tri nho nhat bang 6 khi a® = &°

, 1 J2

=t — s g=h=p= ——
2

I1—c?

Pé két thiic bai viet chiing toi xin mdéi cdc ban
lam quen v&i phuwong phip da trinh bay & trén
qua cic bii tap sau:

Bai I.Choa > b > ¢ > 0. Cming minh rang

\-";—Jt_; < ~Ja—b .

Bai 2. Cho a > c; b > ¢ > 0. Chimng minh ring
J;.'(a -c) + J{r(b —c) <+JJab .
Bdai 3. Cho x, y, z, r la cidc 38 thuc duong thudc
khoang (0 ; 1). Chimg minh ring
Al =W+l —2)+z(l =)+l —x)<2.

Bai 4. Chimg minh rang v&i moi s6 thuc
duong a, b, ¢, d 1a ludén céd

Ja + 2 UB? + )+ Jla? +dNBE +d?)
= fa+ bl + ).
Bai 5. Chimg minh rdng v&i moi s6 thuc duong
a, b, c 1a ludbn cé
| @ + B2 —Ja? +c2|<tb—cl.

Bdi 6. Cho a, b, c 14 cic s8 duong thudc khoing

3.2

©:vaa+b+e= ——-zi-cmmgmi:m ring

=62 .

1 1 1
a{1—a2}+b{1-b?]+c(l—r"1




FHﬂNﬂ PHAP

GIAT TOAR

LY nghia hinh hoc cia sb C s

Trong mit ph.ﬁng toa 46 Oxy, cho diém A(k;n)
(h. 1). Ta goi duémg di ngén nhét tir O(0;0)dén
A(k;n) 1a dutmg di thoa man quy tic: chi theo
hwéng dwong cia céc truc tpa 4§ va chi duge
phép dbi hudmg di (d6i tir hudng duong cila tryc
toa d) nay sang huéng dwong ciia truc toa d¢ kia)
tai cée diem ¢ toa d6 nguyén.

H

L

(] ; K A
Hinh |

Ménh dé. Si duemg di ngdn nhat tir O(0:0)
dén A(k;n)la Ck,..

Chiig minh. M&i duimg di ngin nhét tr
((0;0) dén A(k;n) déu gbm k + n doan
thing, trong dé k doan ngang va n doan doc
(h.1) (mdi doan dai 1 don vj). Céc duimg do
chi khac nhau bai thir ty ké tip cia cdc doan
ngang va doan doc. Vi viy: 50 cac duimg di
ngin nhit tir (0:0) dén A(k:n) bing sé
cich chon k doan ngang tir k + n doan doc
ngang, tirc li bing C},,, (dpem).
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{ iR Hine HOE €A 56 C*
vajungldung

p® THANH HAN
(GV THPT chuyén Bac Liéu)

hinh hoc, loi gidi dd tra nén gon va dep hon. Bai viet
ndy gidi thiéu ¥ nghia hinh hoc cia s6 CEva mét sé

bai todn dp dung, hi vong qua dé giip cdc ban thém mgt cong
cu khi gidi mgt 50 bai todn vé so 16 hgp.

K héng it cde bai todn dai sé, khi giai bang phuomg pba'{:

Chik y: Vitacd thé xét n doan doc thay cho k
doan ngang v khi d6 sé duong di ngn nhit
tr O(0;0) dén A(k:n) s&la Ct,, . nhu vy ta

da chimg minh duge Cj,, =

.h-n‘

H{ qud 1. S6 cuomg i ngdn nhdt tr 1(p;q)
dén A(k;n)sé la ij’_‘",,,..{,.-.” =C;;fﬂm..-;}-
(Veiosp<k O0sg<mp,q kne N).

H¢ qui 2. S6 dwemg di ngdn nhdt tic 0(0;0) dén
A(k;m) di qua 1(p3q) bing Chy Cilpuiog-

I1. Mt sé bai todn ap dung

&Thi du 1. Ching minh ring néu kneN,
| Sk<nthi Ct=Ctl+CE . (Quy tic Pascal).
Loi gidgi. S6 dwomg di ngin nhit tr 0(0;0)
dén A(k;n-k) 14 G, =C. Ta chia céc

dudng di d6 thanh hai 16p khong giao nhau
(h.2):

o Lop thir nhit gom cac dudmg di tir O dén A4
phai qua A(k;n-k-1), so dudng di cia lép
ndy 12 C}, 4y =Chy.

i

| S —
Rl

n—k—=1{—— : A

i} k-1 k A
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» Lop thir hai gbm cac dudmg di tir O dén A
phai qua A (k—1;n—k), sé duimg di cia lop
nay la c(*l--!lh:n‘-l: =Ca.

Theo quy tic cing, ta suy ra Ck =Ck| + Ck_,
{(dpcm).

S Thi du 2. Chitng minh ring
Ci=Crl+CL+..+CH]

(véi 1 <k < n).

Léi gidgi. 86 duimg di ngin nhit tir O(0:0)
dén A(k:n—k) la Ci, sy =Ct.

Ta chia cdc dudmg di do thanh (n — k + 1) lép
khing giao nhaw: 16pthé i (i=0,1,2, .., n—k)
gom cic dudmg di tir O dén A phai cit duomg

thing » = -% tai didm (%;f] (h. 3).

n—k

-
n
L1

Hinh3

$6 dudmg di cia 16p nay bing sé dudng di tir
diém (1:7) dén diém (k;n—k) va bing

-1 k-1
Citnetnia ™ Caiy-

=k
Theo quy tic céng suy ra Cf =3 C:!, (dpem).
i)

O'Thi du 3. Chiimg minh rdng
(c2) +(ch) +.+(C3) =c3..
Lai gidgi. S6 dudmg di ngin nhét tr O(0;0)
dén B(n;n) la C3,,=C1,.
Ta chia cac duimg di d6 thanh (n + 1) l&p

khéng giao nhau: Iop thir i (i = 0, 1, 2, ..., 0)
gdm cic dudng di tir O dén B phai qua diém

A(i;n—i) (h. 4).
S6 dudmg di cia lép nay la
C Ci.;:l}*lh—{ﬂ—lll =CLCq' = {Ci }2 !

]
g r=il

I 1
=y — [ } !
el 8 = = =1

o f n X

Theo quy tic cdng, ta suy ra
€z, =3(Ch)" (dpem).

L]

@) Thi dy 4. (BAi thi chon Ddi tuyén Vist Nam —2003)
Cha cde 56 nguyén dicong m, n, p, g viri p < m,
q < n. Trén mdt phing toa d¢ ldy bon diém
A(0:0), B(pi0), C(m:q), D(m;n). Xét cdc
diecmg di f ngdn nhdt tie A dén D va cde dwomg
di g ngdn nhdr tie B dén C. Goi § la 56 cdp
dweng di (f | g) ma J va g khéng co diém
chung. Chirng minh rang

S 1 C:cnncila-'-p _C:rnq -{::r-nl—p-
Leévi gigi. S6 cap dudng di (f; g) tiy v la

M= C:#H'C:-Fﬂ-‘p — Ca-n'citq-rp {I}

Goi U la sb ciip dwomg di (/' ; g) voi f' la
duirng di ngin nhit tir 4 dén C, g’ la dudng di
ngin nhét tir B dén D (h. 5).

')

_ i D
EE SRS
| . | :
¢ Tl L0 0
| E'
) J 1
—
| 1 ==
A 8BF i m A

Hinh 5
Sé clip dudng di (/" g ) thy ¥ la
o =Cg--—c:su—p - Cz-q 'C;H-P (2}
Vif'va g'ludn co it nhét mot diém chung K(i; j)
viipsi=mvaO=j=g(ije N). Nén
S6 dudng di /" phai qua K1a C',,, o ety
S& dudmg di g’ phai qua X A, i 5 Cor st

VY U= C 8 im0y Chatiepy Cimepystm=iy (3}

Vi K ciing 1 diém chung cac cip dudmg di (/; g
ma f va g ¢6 diém chung, nén néu goi T las
cip dubng 4i (f; g) ma fva g ¢ diém chung
K thi tvong ty ta co:

A C:H ‘Cr;j}lﬂn-x]‘cjo{l-p]‘ |;-;,r)ﬂn-|j (4)
Tr(2), (N va(Ntaco T=1.
Viy § = M-U = C..l-ﬂ-C:ﬂ—p _C;+1-C=+n—p
{dpem).

Pé két thic bai bdo, mdi cac ban thir sir dung
phuvong phap trén v&i hai bai tip nhd sau:

Chieng minh rdng
I ] C:CE + CELCL'; +ot CE--C:'+H o C:'Arid
2) CICL + CLCH! +...+ CRCL = Chuan.



A
v
TRUNG HOC CO SO

hiéu dang todn da cé dudng 16i gidi rd

rang, nhung véi timg bai toan cu thé van
¢o nhimg cach giai riéng phu hop voi dic
diém cua timg bai,

Ta hdy xét nhimg bai toan sau day.

W Bai todn 1. Giai phiromg trinh
e+ 1+ + 2= 3x,

Cach giai théng thueong. Theo dinh nghia vé
aid tr1 tuvét doi ta co bang sau:

X -2 =1
e+H | -x-1 -x=1 0 x+]
e+ |-x-2 0 x+2 R )

Voix<-2taco(-—x—1)+({-x-2)=3x

3
Jesx= 1
g

e

o . (khéng thoa mian x < -2).

"uf'di—?:;rs;—iHcd(--r—l]+h‘ +2)=3%

Sh=loyr= (I-.hnm_thoa min -2 < x<-1).

1
Vomx>-ltaco(x+ 1)+ {x+D=xexr=3,
(thoa man x > -1).

Viy phuong trinh da cho cd nghiém duy nhat
¥=1]

Cich gidi sing tgo. V¢ trii cia phuong trinh
da cho khéng dm nén 3x = 0. suyra x = 0. Do
déojr+1] =x+1,Ix+2|= v+ 2. Déan dén
x+D+x+2D) 3 (thoa man x 2 0),

Phuong trinh da cho cé nghiém duy nhat
=3

Jresx=
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v HUU BINH
(H& N6

@ Bai todn 2. Giai hé phrong trink
[3244dy+4=0 (1)
|y 4dx+4=0 (2)

Cich gidi thong thuwomg. O hé phuong trinh
trén khi thay x béi vy, thay y bai x thi phuong
trinh nay tro' thanh phuong trinh kia. Vi hé
phuong trinh nhur vy, ta thuong trir theo vé
hai phuong trinh:

oy tdy—dr=00 (x-p)x ty-4)=0
[x—_l»‘fﬂ

=
L+ y—4=0.

Xet truong hop x -y =0, PT (1) tro thanh
X tdrtd= Uha\,{‘c+") = (). Ta duoc
r=~2,suyra y=-2,

Xettruong hop x + v -4 =0, PT (1) tro thanh
A -x)+4=0ox —4x+20=0
e (x=2Y+16=0,PT nay vo nghiém.

Viy hé da cho ¢o nghiém duy nhit
(x, v) =(=2: -2).

Cich giai sdng tgo. Cong theo vé hai phurong
trinh, lddum; 4y +4+y +4x+4=10nén

(x+2) +(v+2°=0 Dodbr =y =-2, thoa
man he phuong trinh.

Viy h¢ phuong trinh da cho ¢6 nghiém duy nhat
(x5 =(-2;-2).

W Bai toan 3. Tim m dé phitang trinh
my’ +(3mt I+ 2m+1)=0 (3)

co hai nghiém dm.



VNMATH.COM

Cdch giai thong thuwong. Ki hig¢u P va S thir ty
la tich va tong hai nghiém cua PT (3). Dicu kién

m=0

: : i |Az0
dé PT (3) cé hai nghiém am la

P>0

[S«::[)

Nhian thay

2w e 2
A =0Bm+ 1y —4mm + 1) =m +2m+ ]
= {1 1Y =0 Y.
[ 1
2m+ M =
P20 —=0 & 2
m
| w1 >0
. Im+1 3m+1
§5<0 o - T——<0 ¢ ——>10
1 m
. 1
s ——
s
L m =0,

Viy dicu kién dé PT (3) ¢6 hai nghiém am la

|
S hodc m = 0.
Cich gidi sang tgo. Voi m = 0, PT (3) tro
thanh x + 1 = 0, ¢ mot nghi¢m x = 1.
Vai m # 0. PT (3) 14 phuong trinh bic hai. Ta
thay m — (3m+ 1)+ (2m+1)=10 nén PT (3)

N
P 5 : 2m=+1
co hai nghiégm x; = -1 vax, = ————
m
i i 2m+]
Hién nhiénx, <0. Conx, <0 < >0
m
]
m < =
< 2
tm 0.

Vay diéu kién dé PT (3) o hai nghigm am la

1
m < —— hodcm >0,

I Bai todn 4. Tim m dé phieong trinh
v
r+mx+2=10 (4)
co hai nghiém nguvén dwong phdn biét.
Cicl gigi thing thuwong. Diéu kién dé

phuong trinh (4) cd hai nghi¢m duong phan
biét la

P>0 & 42 =0
IS::-[} !Lm = ()
bm? =8

»:'::-1 e me =242
=)

Béy giv ta tim diéu kién dé hai nghiém duang
phan biét cua (4) la 56 nguyén. Do § la 5
nguyén nén m la 50 nguyén. Diéu kién can dé
(4) ¢6 nghiém nguyén la A phai la so chinh
phuong. tire 1a m™ — 8 la 50 chinh phuong.

Pat m” - 8 = & voi k nguyén duong, ta co
: 7
m -k =8¢>(m-km-k)=8
Ta thAy m + k va m — k |3 udce so cua 8, trong
dom+k=m-k

Ngodi ra (m + k) + (m — k) = 2m, la s6 chan
nén m + k va m — k cang tinh chan le.

Dodd |m+k 4 -2

m—k 2 4

Suy ra n 3 -3
k 1 ]

Két hop v dicu kign m < ~232 tachonm = -3,
Khi do PT (4) la x°  3x + 2 = 0, ¢o hai
nghiém nguyén duong phan bict 1 va 2.

Cich giai sang tgo. Gia sir phuong trinh

¥* + mx + 2= 0 ¢é hai nghiém nguyén duong
phan bigt 1a x,. vy thixx, = 2.

Do x). x; nguyén duong va gia sir v < x thi
x;= 1.5 =2.Khi do m=—(x, + v;) = 3.

Phuong trinh (4) 1& x* — 3x + 2 = 0 co hai
nghiém nguyén duong phan biét la 1 va 2.
Viym=-3.

& -
Ket luan

Qua bén bai todn trén. ta thay trong giai toan
can van dung cac phuong ph“lﬂ giai mdt cach
linh hoat va sang tao. Dimg vira long vai cach
gial chung da biét, hav tim ra cich giai quyet
hop li cho timg truéng hop cu thé.

Linh hoat va sang tao lé cde phdm chei cua

con ngwoi ning dong, cing la nhitng phan
char ma nguedi hoc toan can rén luyén.



Chuan bi
X cho ki thi
161 nghiép THPT
\ va thi vao

Dai hoc

i t0dn (BT) vé sur tiép xic, dlén hinh

la BT tiep tuyén (TT) lubn 1a vin dé

thoi su trong chuong trinh todn phé
thong. Pac biét, ndé thudong xuyén xudt hién
trong cac dé thi tuyén sinh vao Dai hec - Cao
ddng. va ciing da nhidu ldn dwge ban t6i trén
tap chi THTT. Dé giip cac ban hoc sinh ¢o
thé 6n tép t6t hon va cé cach nhin don gian
hon vé loai toan nay, toi xin gidi thiéu voi ban
doc mot vai ki thudt nhé ma téi hoc hoi dugc
ngdy con |4 hoe sinh pho théng.

Trude day, dé giai BT tiép xic cua hai d6 thi
(C) 1y = fix) va (C: ¥ = g(x) ta thuong s
dung phwong phap nghi¢m bdi, nghi¢p kep.
Theo quan diém méi, dé tim diéu kién tiép
xiic cha hai do thi (C) va (C‘) ta sir dung
phuong phép dao ham do la giai hé phuong

trinh (HPT) {f( (N
f'x=g (—1)

Tuy nhién, rat nhiéu BT ma viéc giai hé (I)

gap khéng it khé khan. Hi vong théng qua mot

s6 thi du dudi ddy, ban doc s& rut ra duge

nhimg kinh nghiém cho minh.

-x+at

& Thi du 1. Cho ham 56 y=2"""C (a 2 0).

|
Tiy theo a hdy viét cac phweng trinh tiép
tuyén cua dd thi ham so ke tir goc toa do.

Lai gidi. Duimg thiing (d) vi hé s0 goe k di
qua goc toa d§ O(0, 0) c6 PT y = kx. (d) la tiép
tuyén clia db thi ham s6 khi va chi khi hé sau

=hx (D

a
X b ——
x—1

. a
(x—1)

Hé nay tuong duong vdi

c6 nghiém:

—k (2)
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Ko thutt gidi
MOT S0 BAI TOAN TIEP WY[N
coa dd thi ham sé

DUONG BUC LAM
(SV 16p K51 XD9, DHXD Ha Néi)

J!__H

I——--T—k{r )

X

=kx—1 (3)

Trir theo vé (3) cho (4) ta duge

2 -
_:_.n':l' =k-] <> __.]. G _k__ i ;
x-1 x— 2a

Két hop voi (2) ta cd i

1_____.

4a

=k

k+1
= o k=1 -4da
(k=-Dk-1+4a)=0

Suy ra PTTT cén tim la y = (1 — da)x.

Mum xét. Vi cac phép bién df)i linh hoat ta

Ihong qua x.

s B s ; Xt -2x+2
@ Thi du 2. Cho dieong cong (C): == -
Tim cde diém trén mdt phang 1oa d:;? ma tir do
ke duwge hai tiép tuyén tdi (C) va hai tiép tuyén
ndy vuéng goc voi nhau.

Loi gidgi. Dudng thing voi hé sb goc k di qua
Mia;b)cOPTy=kix-a)+b.

Pudmg thing nay 1a TT ctia (C) khi va chi khi
HPT sau c6 nghigm

x-¥+]—=k(z
x=1
- : ek (2)
(x—1)

~a)+h (1)
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Hé nay tuong duong véi

5 -l+—]-:k(x—u) i h (3)

X -1

x—]——_l—l:k(x 1) (4)

-
Lay (3) triy (4) theo vé. ta cé
1 _Mi-a):b

x-1 7

Két hop véi (2) duge
33

1]&(4&“ a)+hY

2 J

- &

{ﬁc#l
e
(=12 +2((1-a)b+ 2}k + b2 -4 =0

L

Tir M ké duge hai TT vudng géc véi nhau t6i
(C) khi va chi khi hé trén c6 hai nghiém phén
blé[ ki. .‘rfz va Jffi.k;g =~1.

a-1=0

| b4

=
(a—1)

(@17 +2((1-a)b+2)+h -420

azl
& d(a=-1Y+bh' =4

—a+b+1=0,

Suy ra tap hop cic didm M cin tim la duong
tron tam { (1; 0), ban kinh bing 2, b6 di bén
didm 13 giao cia céc duimg thing x = [ vi
=X+ y+ 1 =0 v6i dudng tron, d6 13 A(1 ; 2),

B(1:=2), C1+2:42), DI—2:2).

IThi du 3. Tim TT c6 dinh cua ho dudng
cong co phiong trinh v = fm- UI-'_E, m z{.
X-m

Léi gidi, Puong thing y = ax + b 13 TT ¢6
dinh cia dudng cong khi va chi khi HPT sau
¢6 nghiém v&i moim # 0

:
. e

=ax+b (1)

= 2
e (2)

Ta cé (2) twong duong vai
2
-—"—=a(x~m) ()
X—Mm
Trir theo vé (1) cho (3). va bién dbi ta duge
1 m{a-1)+b+1
el @
2m?

X—m
Két hgp (2) va (4) ta duge
l (m(a-1)+h+1)

4m .
< (a+1Pm +2(a- Db+ ym+ (h+1)? =0,

a=-—

PT ndy dugc théa man voi moi m # 0. Suy ra

J(a+1)3 =0 e
' 2a-1)b+1) =0 qﬁ’: ]
b+1)? =0 B

Viy ho d6 thj c6 mot tidp tuyén ¢b dinh la
jppe

Dé ket thiic bai bio mai cée ban ciing gidi mpt
56 bai tdp sau:
Bai 1. Tim tit ca cdc diém trén dwemg thing
¥ =7 ma tur do ké duge hai TT hgp véi nhau
T 2x2~x+1
mat goc 45° tai do thi him so y :t—T
» ; x2-4
Bai 2, Cho dudng cong (C): y = peat Tim
X+

trén truc hoanh cac diém ma tir do vé duge
ding mt TT t&i ().

12— x+1

Bai 3. Cho dwdng cong (C): y=

x—1
Tim trén tryc tung cdc diém ma tiy do vé duoc
it nhat mgt TT tai (C).
Bai 4. Chimg minh ring ho duong cong
(m-2x—m?+2m -4

y:

X—M
luén tiép xdc véi hai dutng thing ¢b dinh.



cd chua céin thuc

BUI VAN CO
(GV trudng THCS Ly Vinh, Ly Son,
Quang Ngai)

6i véi bai todn rit gon b1éu thire va
D giai phuong trinh c6 chira déu can, ta
thuomg ding cac hing ding thirc déng
nh& dé phén tich thanh nhan tir. Bai viét na}r Xin
gidi thigu phuong phap ding "an phy" dé rit

gon biéu thirc hojc giai phuong trinh co chua
déu cin. Sau ddy 12 mét s6 bai toan minh hea,

3 Bai toan 1. Rif gon bicu thire
= |

\/ ____

5

=8
L
-"1-."'___

ot

L gidl. Dala“‘\f_::: ‘=Tvaa =T tacod

|
1
I
= Eu"
= -
o 1I

gl
-

)

E‘JI-—‘
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_1-2¢* 13a’+7
a a(a’ +1)
—2a% - 2a* +134* + ¢
a'(a? +1)
_ 2°(7-a*) _
a‘(a® +1)

at +a?

@ Bai todn 2. Riit gon biéu thitc

2
125

J4-345 12425 4

Loi gigi. Dat b= 5 = b= $25,6* = 25,
b= 5, B% = Sh*, b* = Sb,

g
Taco B= =

Vi -3b+2b2 - b3
. I 1
ma = — :
B -2 +3b-4 (B +3h)-(2b°+4)

(B +3b)+ (207 +4) b1 +3b+42b7 14
(B3R (262 +4) 216
(B2 4 3b+ B -3
i 2b* -9)
B +2b' =252 -9
B 8
L ebaghed (b+|}"‘
4 2 )
. 2 Y 4 4
Viys=2 (b+]] _b+l_i/§+ll|j

@Bai toan 3. Chimg minh ring, néu ax’ =

by’ = ¢z v&l+i+l—=l. xz0. y=0:20
X

thi Yfax? +by? +cz? = Ya + Yo+ Ye .

Lai gidi. Dat ]

ax? + by +¢z* =C thi

il )
C=13 m bJ S Jc{t”[h—lﬂ-l}x%.
r ¥ iz \J EA

Trong tw C = y¥b: C=zVc , do dé

€ a4 £

{4
x y

Yc suyra

Yarlb+3e,
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I £ 1 =
Do —+—+—=1 nén ¢ = Va +%"E+~3dr~;+
x ¥

Z
Hay C = Ya + 3o+ e = Jax? +by? + 2

@ Bai todn 4. Giai phwang trinh
f1 1
H—+x 4+, j——x=1.
2 g

Lai gidi, Pat
this' +vi =1,

o [usv =1
Tacohé: < |
v =1 fu! =1-v

Tir do. ta duoc
(1-vwW=1-vov-r-3)=0

Tim dugec v=0; v=1; v=3 (thoa midn v = 0).
*)Voiv =0thix= -iz——vz = é
)Vaiv=0thix=-—

*) Vai v‘—‘lth‘lx=——]§.

Viy tap nghi¢m cia PT da cho la
| E._l.l]
3 272)

@IBai todn 5. Gidi h¢ phiromg trinh
f
| f o2
y Yx 2
xty-3 =

Loi gidi. Dit \JF =t thi : (r=0).
y

.
Vi
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1 = 1 f-r-'-.—vh}(})*

Khi do PT (1) co dang

= Z =

9
r+'1=§ S -5+2=0 1
E.
x=4 x=4

« Véi 1= 2 thi E=2Jacé =
\y Xty= y=I.

s Vit =
Vay hé phuong trinh da cho ¢ hai nghiém
(x:0)1a(4;1)va(l;4).

Sau ddy ching toi xin gi&i thigu mot sO bai
toan tuong ty dé cac ban luyén tép.

Bai 1. Rit gon biéu thirc

Ys-as Yea-12V20 —F
) lfﬁ ; 3+3\E ¥
G 9(}

B3
Gt -V

b]%J'HﬁﬂgH@#le,

Bai 2. Giai phuong trinh

a)#x—v‘x’—l +\[Jr+ml;':2 =2
b) Y(x +1)? +4%}(x.—l)2 =6Uxl-1.

Bdi 3. Giai hé phuong trinh

{x+v
v+ 1+ v+ =4,



M

Pi-luomc; PHAP

GIAT TOAR

Cho tam giac ABC, BC = a, AC = b, AB = ¢.
Goi p. r. R tuong dng la nia chu vi, ban kinh
dudng tron ndi tn:p* ngoai tlep tam giac do. Ki

= . A - ¢ W
higu x = sin—, y = sin—, 2 = sin— s& duoc
2 2 2

sit dung cho dén cubi bai viét.

Ta c6 cac hé thire co ban sau:
]}JcJ +_V2 +2 4 2xyz = 1.

2) JI-x21-p)=z+xy va cac hé thic

tuong ty.

3) 20-x)(1-y)l-2) =

Sau ddy la cac bai toan minh hoa.

+z- L

Bai toin 1. Cho tam gidc ABC khing nhon.
Chitng minh rdng

R= (\E +yr f bt dang thire Emmirich).

PR .A. B C
Loi gidi. St dung hé thirc — =4sin—sin—sin— .
R 2 2 2
st b i as i ; '\."E -]
ta quy bai toan [ vé chirng minh xpz <

Thit vay, 1a ¢co
l—x2=)? +~3+"\‘1 z22yz(l+x).
(*)

Suy ra

Suyral-x22y:
Khéng giam tong quat, gia sir 4 > 90",

]
Xz J’_T >y Viy
xll —x)
2

A s

|| Lz-\fz ! V2-1

P W E W ES W oE E BN s s =W
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DAl S0 HOA LUDNG GliC

HUYNH LAM LINH
(S§V Idp Toan 1A, DHSP TP. HSE Chi Minh)

Gt trong nhiing phuong phdp hi¢u qua trong ching minh
cdc bdt ddng thirc trong tam gide la chuyén sang bai todn
dai s6 ma ta tam goi la phm;mg phap dat 56 héa. Thing thudng
nhitng loi giai do d‘eu gon dep va sang sua. C6 nhiéu phuong phap
.:hz.*yen sang dai 56, va méi phuong phdp ds déu mang mét vé dep
va tinh hiéu qua rreng Rseng trong bai nay xin gici thiéu véi ban
doc mot cdch dai 56 héa ma theo 16i la mdi.

v
E\E l(luuv“ N
4 2

Bai toan 2. (Bai toan Jack Garfulkel)

-x <),

Cho tam gide ABC thoa man A < g <B=sC.

Chiing minh rang h, + by + b = 7r + R,
trong do h, hy, h teong wng la dé dai cdce
duong cao cua tam gide ke tir cac dinh A, B, C.
Lai gidi. Trude het ta chimg minh

V301 + dxpz) <4 (1= x2)(1 - p2x1 - 27)
That vay tir h¢ thire 2 ta thﬁy

(1)

(e 3(1+4xpz)? <16(x+ yz)(y+zx)z+xy)

& dat + T +27)+ 64(xyz)?

< 16(.1'2‘1'1 + l_.J:.E + ,.Er.".)_,h;
Piig) =
o4
s
3

Bét dang thirc hién nhién ding do A <

3
@64[:3—1?!"L
s\

<B=<C(.

! h h:'
Taco het b i

= 8(apI-x)1-y2) +p2 (-7 N1-22) +

+zx\[(.1'j;)(l—x3.})

= H(.rr(z +xy)+ yz(x+ o)+

B((1-x")(1-y2)(1-

zx(y + zx))
22 )+ (xyz) +xpz)

s
2 & —(l+dxpz) +(n0yz -’+xvz}
\16 yz)”+(xyz) +x



VNMATH.COM

= %+ 20xpz + 32(xp2)?

7

I
= 28xyz+1+ 2[ dxyz —;J

Tr+ R

= 28xyz+1= . (dpem)

Bai todn 3. (Bat dang thirc Walker).
Cho tam gide ABC nhon. Chitng minh bt
dang thite  n* 22R* +8Rr+3r°.

Lovi giai, Su dung

2ab+ac+bcy=a® + b 4 ¢ +4r(r +4R)

(xem THTT s6 337, thang 7/2005. trang 6) va
hé thue cosd + cosB + cosC = ¥+!—}_;, ta quy
bai toan vé dang

(cosd +cosB + cosC)’ < sin’A + sin’B + sin’C.

'y
z Jl

f ) Ar F Br
~ | 811 — + 51N
2

X,

+5in

] r T

7 5 3 ( .
< cos° 5 +C08° — +¢08° —, trong do

r

L BR LT a
2 2 2 2 g 1

Cung dat x', ', 2' trong ty nhu x, v, z nhung
xét doi vai tam gidc A'B'C". Khi do bat dang
thirc trén tuong duong voi

(x+yp+zP <1-x"+1-p"+1-2"
Hay I +4x'y'z'2 2(x'y'+ p'2+ 2'x")  (2)
Trong ba sé x', ', =’ phai ¢6 hai s6 clng khéng
16n hon % hodc cing khdng bé hon —}; gia sur
la 3, = Khi do x'(2y' — 1)(2z' - 1) 2 0.

Ma | -x'-2y'z"' 20 (Theo (*)).

Suyra x'(2Qy'-12z"-D+1-x"-2y'z"' 20.
Hay (2) dwoc chirng minh.

Bai toan 4. (Bat ding thirc Jack Garfulkel)

Cho tam gide ABC. Chirng minh ring

A-B B-C C-A4
+ COS + COS

2 (sin A +sin B +sinC).

2
V3

Lavi gidgi. St dung hé thirc 2, dua BT trén vé
\.@(2.‘(_1‘ +2vz+2zx 4+ x b v+ 2)

> 81— x2)(1-y})(1-22).

Theo (2) thi 1+ 4xvz = 2(xy + yz +2x).

Suyra 2(xy+ )z +2x)22(x+ y+2) -3,
Dodd 2xy+yz+ax)+x+y+z

2 (x+yp+z-12x+2y+2z+3).
Dua vio hé thirc 3 ta chi cin chimg minh
V32x+2y+ 22432 421+ x)1+pX1+2) (3)

Tir (*) ta c6 x(1 - x)> 20z . Tuong tu ddi véi y, =,
roi cong lai taduge x+ y+ 2> 1+4xz2 (4)

Déy xyz< :—; .Dodo 4x+y+z)=1+40x0z.

Taco 12(x+ v +z) -32(xv+yz+2x)
2 4(x*+y?+2')=4-8xz. Suyra
3(2x+2y+2z+43)

= 12(x+y+zP +36(x+ v+2)+27

I

32 xy+yz+zx)+4-8Bxyz + 32(xy+ vz +zx)

+ 1+40xpz+27 = 32(1+ x )1+ ¥)(1+2).

Viy (3) duge ching minh.

Vé bai toan nay ban doc ¢ thé tham khao
thém & THTT sé 291, thang 9 nam 2001.

Bai todn 5. (Bat dang thirc Jack Garfulkel)
Cho tam gide ABC. Chieng minh rang

iy A B B
tan1£+tan3£+ran9(—+Bsin—sm-a-sm(—22 ;
2 2 2 Pt

Léi gidi. Quy bai toan vé dang sau:

] : i : >5-8xz (5)

+
1-x* 1=y 1-2z2
, 3 (1+ xyz)?
VT(5) bang 1 =l
Ta cod VT(5) biang +{I—x2}[1—_1f2]{1—33)
. (14 x32)?
Vay (5 z 41-29z)(6
iy(Q) = IR 41 -29z)(6)
Tacd 4(1-x2)(1-y2)1-2z%)

= l+dxyz—xt—pd -zt +2(x2y?2 + P22 +22x2)
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Viy (6) tuong duong vdi
(I+xpz)t 2 (1-2gz)(1+dxyz—x' -yt -2
+2xlyr+yisi+2ixt))
& Oxlyzl 2 (1-2xp2)2(x2y + P2t 4 20x2)
q

& One) 2 (P +2 )27y + 72 420

~xt-yt-zt) (7)
5 3
g Xt (i
Da{az_?._....? ﬁ'-‘h-: e 1 32
x4yt X2yt
z.'-!
0% —
X+ yr4ze

Thé thia, b, c>0vaa+h+e=1. Khidd
BBT (7) tuong duong voi

Quahcz2ab+be+ca)-a® b —¢*

.9 |
& {.!b+ht:'+c'u—£uhc £ -

(3)

Tt BDT {(h+c-alc+a-bXath—-c)<abe,
suy ra (1 - 2a)(1- 2b)(1 - 2¢) < abe (do arthbe = 1),
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Hay | - 2(a+b+c)+4(ub + be + ca) - 8ab < abe.
Suy ra BDT (8) dugce chimg minh,

Cudi ciing xin néu ra mdt so bai tép dé ban doc
rén luyén.

Bai tép 6. [Blél ding thirc Jack Garfulkel)
Cho tam gidc ABC nhon. Chimg minh ring
A B O A el
a) sm—+sin—+ sm—,-‘:'—LHsm—sm—sm— :
2 233 z 2 2

I I B 2 (R R
b) 005008 — + COS = 2—=| ]+sm—~sm—sm—J.
3 2 T B 2

Bai tdp 7. (TST USA 2003),
Cho tam gide ABC. Chimg minh bt diing thirc

5 34 . 3F o TE
Sin == + Sin —— + 101 —
2 2 2
B-C (-4
|COS___ g
-

- i -

A-B
£ COF~——+00§—
., )

Bai tip 8. Cho tam giac ABC khong nhon,
Chirng minh bat dang thire

ﬂ;*—cg(xivnm



Chuan bi

cho ki thi

1ot nohiép THPT
va thi vao

Dai hoc

rong bai viét "Phuong phép giai cac bai
T todn vé tao s6" (TH&TT sb 324, thang

6/2004) téc gia di dé cdp tdi cac bai
todn tinh s6 cac s6 tu nhién tao thanh, thoa
man mot dieu kién nao do. Trong bai bao nay
ching 16i xin gidi thiéu mot sO loai toan vé
dai 50 10 hop.

t S6
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Bai toan tong quat. Cho rdp hop A o n phan
ti, tap hop B co m ph{fn tie. Tinh 56 cdch chon
p phan tie tir hai tdp hop rén (p < m + ny va
thoa mén mdt dicu kién nao do.

Cich giai chung

1) Tinh triec rf'c?'p_ Gia su ta chon & phﬁn tr cua
tap hop A va (p-k) phin t cua B (trudng hop
gia thiét cho nhidu tap hop hon. Ta lam tuong
tr). Sb =Ck.CI™ . Cho & thay
d(!i phi hqp Vol gia ﬂ‘I.IL'r clia bai toan va Im.
tong coa tt ca cdc so hang S; twong (mg, ta
duee két qua can tim.

cach chon la §;

2) Tinh gian tiép. SO cach chon k phan tr tir
A, B mot cach bin ki la C4,, . Két qua phai

LOAI 1. Chon phin tir tir cic tip hop

WThi du 1. 76 mot ¢6 10 nguoi, 10 hai o
9 ngudi. Co bao nhiéu cdch chon mot nhom
&;‘Um 8 nguoi sao cho méi 16 trén ¢d it nhdr la
2 nguoi?

Lai gidi. Gia sir ta chon k ngudi cia to mot va
(8 — k) nguot coa to hai. Vi moi to ¢d it nhat
2ngudinén 2<k<6.
» SO cach chon & trong s6 10 nguai cua 16 m{pt
la Ct,. Ung véi mot cach chen trén, ta co sb
cach chon (8 - k) trong 9 ngudi cla td hai la
C3+*. Theo quy tac nhéin, ta dugc so cach
chon nhém 8 ngudi nhur trén 1a S, =Cf,.CE* .
e Cho k lan lugt bing 2, 3, .., 6 va ap dung
quy tic cong, ta duge sO cach chon nhom 8
ngudi thoa man bai toan 13
5= Sg £ Sl o e
= C,C8 + CJ,C8 +...+ C§,C3 =74088 .

+ S{,

NGUYEN ANH DUNG
(Ha Noi)

tim la hiéu coaC¥,, vai tong cac so hang S; .
tuong (ng vai moi gia tri k khong thoa man
gia thiet caa bai toan.

@IThi du 2. Newdi ta sit dung ba loai sdch
gdm: 8 cudén sach vé Todn hoc, 6 cudn sdch vé
Vit If va 5 cuén sdach vé Hoa hoc. Moi loai
déu gom cdc cuon sdach doi mét khdac loai
nhaw. Cé bao nhiéu cdach chon 7 cuon sach
trong s0 sdch trén dé lam giai thwong sao cho
moi loai co {t nhat mot cuon?

Loi gigi. Sir dung cach tinh gian tiép. SU cach
chon 7 trong sé 19 cudn sach mét cach bat ki
4 Cl;.

Céc cich chon khong da ca ba loai sach la:

* 56 cach chon 7 trong s6 11 cudn sach Li va
Héa la C], (khdng cé sich Toan).

* 86 cach chon 7 trong 56 13 cudn sach Hoa
va Toan la C/; (khdng c6 sach Li).
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» S& cach chon 7 trong sé 14 cudn sach Toan
vi Lila C|, (khdng c6 sich Hoa).

# S cach chon 7 trong so 8 cuon sich Todn la
C; (khong co sach Li va Hoa).

Vi mdi each chon khdng co sach Li va Hoa
thudc ca hai phép chon: khdng c6 sach Li va
khéng cé sach Hoa, nén sd cich chon phai
tim la

Cly - Cjy - Cly ~Cjy +Cf = 44918.
Liww ¥. Khi tinh theo phuong phap gién tiép,
méi so hang img vai trudmg hop khong thoa
min bai toan duoc dat sau dau trir. S6 hang
dong thai thude hai treomg hop khong thoa
man bai toan duoc dat sau dau cong (ban doc
ty suy ludn cho s6 hang dfmg, th&ri thude ba
trudmg hop khong thoa man bai toan..).

LOAI 2. Sip xép thir ty edc vat tir mot
ho cac vit

WThi du 3. (6 5 vién bi xanh giong nhau,
4 vién bi trdng giong nhau va 3 vién bi do doi
mot khic nhau. Cé bao nhiéu cdach xép so bi
trén vao 12 é theo mdt hang ngang sao cho
maéi 6 co mot vién bi?

Léi gigi. Néu tat ca 12 vién bi déu khac nhau
thi ¢hiing tao thanh P> =12! hodn vi. Nhung
cac hodn vi coa 5 bi xanh va cac hoan vi cla
4 bi tring cho cing mot cach xép doi voi
2 vién bi nén sé cach xép phai tim la
P 12!

= =166320. 0
PPy 514!

Bai todn tong quat. Co tat ca n vét, trong d6

¢6 m vat gibng nhau tir hop 4; k vt giéng

nhau tir hép B.... (m + k+ ... < n). Cac vt con

lai d6i mot khac nhau thi s6 cach xép ching
n!

mik!.

thanh mgt hang ngang la

IThi du 4. Cé bao nhiéu cdch xép vi tri cho
5§ hoe sinh nam va 3 hoc sinh nit quanh mot
ban tron sao cho khong co hai hoc sinh nii
nao canh phau’? (hai cdch .1‘5;:4 khdc nhau vé vi

tri nlneng ¢ ciing thir e doi vor cdae hoe sinh
tren, dirge col la mot).

Loi gidi. Gia sir da xép chd cho 5 hoc sinh
nam. Vi 3 hoc sinh ntr khéng ngai canh nhau
nén ho duge chon 3 trong 5 vi tri xen k& giira
cac hoc sinh nam, s6 cach chon laAl. Vi hai
cach xép vi tri cho 8 ngudi voi ciing mét thir
tr quanh ban tron duge coi la mot nén ta ¢o
thé chon trude vi tri cho mét hoc sinh nam
nao do. sd hoan vi cia 4 hoc sinh nam con lai
vao cac vitri la 4L

Theo quy tic nhan, s6 kha ning phai tim la
Al.41=1440 (cach).

Lzt v Khi xép n_d6i wrong theo mot vong
tron vai hai cach xép khac nhau boi mot phép
quay duge coi la mot, thi ta co the dinh trude
mot vi tri cho mét doi trgng bat ki trong
ching. Sau do tinh sb cach xép vitricho (- 1)
déi tugng con lai.

LOAI 3. Phin chia cac vat tir mot ho
cac vat

&I Thi du 5. Cd bao nhicu cdch chia 100 do
vat giong nhau cho 4 ngudi sao cho mdi
ngueeri dwge it nhdt mot do var?

Léi gidi. Gia sir 100 db vat duge xép thanh
mot hang ngang, gitra ching co 99 khoang
trélwg. Dit mét cach bat ki 3 vach vio 3 trong
56 99 khoang trong do, ta duge mot cach chia
100 db vat ra thanh 4 phan dé lan lugt gan cho
4 ngudi. Khi do mdi ngudi duge it nhat mot
d6 vat va tong sd dd vat coa 4 ngudi bing
100, thoa man yéu cau cua bai toan.

Viy s6 cdch chia la CJ, = 156849 (cach).

Lurw v. Bang cach giai twong ty nhu trén, ta
¢d thé ching minh rang, phuong trinh
m (1} co tinh chat .

N+x+..+x =

o Véi 1<n<m:m, neNthi PT(1) co s6 nghiém

trong tip hop cic sd nguyén duong 1a C7-

m-1"

o V&i n2limneN thi PT(1) ¢6 s& nghiém

trong tap hop céc so tu nhién la Ci7} .
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WThi du 6. C6 hao nhiéu cdch chia 8 do vdt
doi mét khde nhau cho ba nguoi sao cho cd
mot nguol dirge 2 dé vt va hai ngwci con lai,
moi ngiedi diege 3 do vir?

Léi gidi. Co 3 cach chon d6 vit. Voi moi cich
chon trén, ta co:

o Sé cach chon 2 trong 8 do vit cho ngudi
duge 2 do vat la C}: sau de, sO cach chon 3
trong 6 do vat con lai cho ngudi thir nhat dugc
3 d6 vat 1a C3: 3 d6 vat con lai danh cho
ngudi thir hai duge 3 d6 vat.

e Theo quy tic nhin, so cach chia phai tim la
3.C3C) = 1680 (cach).

Lien ¥. Khi giai bai todn trén, nhicu ban cho
dap s sai 1a C;C} hodc 3!C3C}.

Trudng hop thir nhit, ban da coi vai tro cia
ngudi duwge 2 do vt va ngudi duge 3 do vat
nhu nhau(!) Truong hgp tha hai. ban da coi
vai trd cha hai ngudi cung dugce 3 do vit khéic
nhau(!)
BAI TAP LAM THEM
(triic nghiém)

Hay khoanh trén vao cdc cdu tra l6i ding véi
cdc bai tdp sau:
1. Phuong trinh x + 3 + = = 100 ¢6 bao nhiéu
nghiém trong tdp hop cdc s6 tur nhién?

A. Cl, =4851

C. Clu=515]

B. C,, =5050
D. C}, =5253.

2, Dem chia hét 10 d0 vat doi mét khac nhau
cho hai ngudni. sao cho moi ngudi duge it nhét
I dé vit. Hoi s cach chia?

A G, B. 2!%-

i 1 D. 2°—

T 5 B cunn sach Toan glunb nhau, 7 cuon
sach Li giong nhau va 8 cudn sach Hoa gidng
nhau. Dem lam gidi thuong cho 10 hoe sinh,
mm ngudi duge 2 cuon sach khac loai. Tinh
s0 cach nhin giai thudng cia 10 hoc trén.

A. 1310
C. 417

B. 2520
D. 2085

4. Co 5 cubn séch giao khoa gidng nhau va
3 cudn sach tham khao ddi mét khac nhau.
Dem lam giai thuong cho 7 hoc sinh, moi
ngum duge 1 cuon sach. Tinh s6 cach nhén
giai thuong cia cua cac hoc sinh trén.

A. 336 B. 274
C. 246 D. 546.

5. Co bao nhiéu cach chia 6 ngudi ra thanh 3
nhom, méi nhom 2 nguoi, trong cdc truong
hop sau:

a) Phan biét thir ty cac nhom la: nhom 1.
nhom 2, nhéom 3.

A CIC2=90  B.3!CIC] =540
c. S _is  poscaci=2m0.
31

b) Khdng biét thir ty cua cac nhom,

A. C2C2=90  B. 3!CiC}=540
Cﬁfﬂs D. 3.C2C3=2707

6. Co bao nhiéu cdch chia 6 do vat doi mot
khac nhau cho 3 nguoi sao cho moi ngudi
duge it nhat mot do vit?

A. 360
C. 540

B. 495
D. 600.




TRUNG HOC CO SO

i g HNG DANG THUC

(A £BY
dé giai phuong trinh

VU VAN DUNG
(GV THCS Nam Son. Nam Truc, Nam Dinh)

rong chuong trinh toan THCS, giai
phuong trinh l1a dang toan co ban va

kho, thudmg gap trong cac ki thi hoc
sinh gidi va thi vao lép 10. Co rit nhteu
phuong phap giai phuong trinh nhw ding an
phu, dua vé phuong trinh tich, dung bat ding
thirc, quy vé phuong trinh béc hai... trong do
c6 kha nhiéu phirong trinh néu biét str dung
cic hang dang thirc

(AtBY=A*124B+ B

thi viéc giai phuong trinh s€ trd nén don gian,
ngin gon va rat hiéu qua. Bai viét nay gioi
thiéu mdt s6 dang co bin ctia nhitng phuong
trinh thugc loai nay.

DANG 1. PT quy vé dang
A+B'=0A+B=0

IThi du 1. Gidi phirong trinh

Pt -Dx+2)+1=0 (1)

Loi gidi.
PT(1) & xX (x> + (x>~ x> +2)+1=0
S+ 42 -D+1 =

0
e (xt+x8)P =23 +x)+1 =0
0
0

H

o (x4 x2-1)?

& oxtxi—]

:A2i 2143"‘82
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Giai phuong trinh tring phuong trén ta dugc

g
tap nghiém ciia PT (1) Ia H‘E" {\LEZ-_'}

@Thi du 2. Gidi phirong trinh

Loi gi.rh' Piéu kién: x # +1.
-2 x+2

Bat —_—=y, =z, PT (2) co dﬂ"ﬂ
x+1 x-1
20p2 +521=20yz=0
& 52y-zP =0 2y=1=.
w i -2 x+2
Din dén 2.2 =2
X+l x-1
& 2Ax-D(x-1) =(x+2)(x+)
2t -6x+4  =x+3x+2
ey -0y +2 ={
Q+m Q—Jﬁ & ,_
- va x = (théa man
7] 2
diéu kién).

Viy tap nghiém cua PT (2) la

{J_.\fﬁs 9-V73 }

2 2

i s

W Thi du 3. Gidi phirong trinh

X 42=24yx +1 (3)
Léi gidi. Didu kién :x > 1.
Thém va bot x & vé tréi (3) dé xudt hign hing
dang thirc
& x+l+xt-x+1 —2\{[x+ Dx—x+1y=0
& [an Xl -x+1 ] =21

& JJH—] :sz —x+1

Sx+l=x—x+1

or-2x=0¢&x=0vax=2 (théa min

dicu kién),
Vay tdp nghiém cua PT(3) 1a {0: 2}.

DANG 2. PT quy vé dang
A+B=C+D

(A+BY =(C+D) o [AiB s
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WThi du 4. Giai phicong trinh
X' =24x+32 (4)
Léi gidgi. Thém 4x° + 4 vio hai vé clia phuong
trinh (4) ta duoc
v+ ax? 4 =dx’ +24x 436

& (o +2) = (2 +6)°

¥ -2x—4=0 (i)

2+ 2x+8=0 (i)

PT (i) ¢d hai nghigm x = 1+5; PT (1)

vO nghiém. Vay tdp nghiém cia PT (4) la

{|+\E;1—J§}.

DANG 3. PT quy vé dang
A+BY +(C+DY+(E+FY =0

AxB=1
< CxD=0
ExF=10

WIThi du 5. Giai phirong irinh
xtpizrd=2x—2+4Jy-3+6J2-5 (5)
Loi gidi, Dicukiénx22,y23,225.
PT(5) o x—-2-2Jx—2+1+y-3-4y-3
14+ 2 - 5—6\f:+9=0

(q‘ﬁ—lf +(Jy-3 2)I -+-[\J;—3]2 =0.

V¢ trai cua PT la tong coa ba bicu thirc khong
am nén sé biang 0 khi va chi khi

rw“-\'—2=! [.r—E:I =3
[-3=2 o dy-=d & |y
\\!:—':3 1:-5=9 z=14

(thoa man dicu kién),

Vay nghiém cua phuong trinh la
(x:y:2)=(3:7;14).

DANG 4. PT nghiém nguyén quy vé dang
{A £ B < pvii A, B nguyén va p nguyén
duong
@ Thi du 6. Tim nghiém nguyén cia PT

237 42y = 2xy+x+y—-10=0 (6)

Lei giai. Dat §,
co dang

- x + y. 5 = xp thi PT (6)

21’;'2 _6JSE + S] = ] 0 ok D Lo ‘{""2 = é(zsﬁ '|‘>5‘| - HU}.
DoS e ZnénS; @ 2.
Mit khac (x-1)?20 & (x + ¥ —dxy 20

S?
o S‘_1 < I i
4

| 2
Do do — (28} + 8, —m)gS—M
6 4
& SP+285,-20<0 <> (S + 1) <21,

Vi 5, I sé nguyén chin nén (5, + 1) € {1:9}.
Do dé S, € {-4:-2;0;2}.

; 1 :
Muon cho §; = E(ZSE + 8§, —10) la s6 nguyén

S5=—4 |§=2
ta chi chon duge { ' : 3[ !

Se=3 7 |5 =0
Clx+y=—4 |x+y=2
Do dé : 2
xy=3 xy={0.

Giai hai hé ndy ta tim duge cdc nghiém
nguyén (x ; yycoa PT (6) la (-1 : -3), (-3 : 1),
(0;2).(2:0).

Nhdn xéi. Viéc sir dung hﬁng d5ng thire (4 B]z
= A>+2AB+ B? dé giai phuong trinh mang
lai mét 1vi gidi ngfin gon, hiéu qua. Tuy nhién
cén linh hoat sang tao dé tim cach giai hgp li
cho timg trudng hop cu thé. :

Cudi cling cac ban hdy van dung phuong phap
néu trén dé giai mot s6 bai toan sau day.

Bii 1. Giai cac phuong trinh:

a) xf +/x +1995=1995 ;

b) (x4 5 x+O)x+10)(x+12)+x7 =0;

1
c) .r-f,{.r+]—+'/.h'+—=22
2 4

Bii 2. Tim nghiém nguyén cua phuong trinh

f1 1 4
FrE IR ] =y

Bai 3. Giai hé phuong trinh

4zl =xp4yz4y
I]I]ﬂ? + }.Eﬂﬂ? o :3"”‘? s 3?.{!'“3



Giai dap ban:

DE RA c6 vdn dé

(Dé ding trén THTT 50 364, thing 19 ndam 2007)

(Dua theo ban Mai Hién Cudmg, 12A5, THPT
C Binh Luc, Ha Nam).

« Cho lap luan sau cia ban hoc sinh no:

PT x*—x* ~ 1 =0 cé nghiem x > 0.

Két hop v6i PT x* - x* ~ 2x = 1 = 0 (1) duoec

—=2x =0, hay x = 0 la khéng diing!

Nguyén nhian chinh dan dén sai 1am la hai PT

(1) vd PT x* — ¥ — 1 = 0 khong ¢6 cilng mot

tip hgp nghiém, nén khong thé két hop hai PT

dé dé ldy nghiém diing ctia PT (1) dugc.

» Giai lai bai todn: PT (1) tvong dwong vdi
x'=(x+ 1y (2)

Do(x+1Y20nénx*>0,suyraxz0.

Vai 0 < x < 1, thi v€ trdi nho hon v& phai, nén
PT (2) v6 nghiém. Do dd chi cdn xét x = 1.
Xéthimsd flr)=x" - =2 -1 (x2 1)
Ham s6 fix) lién tuc trén [1; +o0). Mat khac
=5 -2x-2

=20 - D420 - D+ x>0, V> L.
Suy ra ham f{x) déng bién trén [1; +o0) va
A.f2) < 0. Vay PT da cho cé nghiém duy
nhat trong (1; 2).
® Ngoai ban Cudng, cac ban sau ciing cé dap
an ding: Pham Thi Minh Thu, K47 Li, THPT
chuyén Lwong Vin Tuy, Ninh Binh; Lé Mink
Hiéu, 10A, THPT Thiéu Héa, Nguyén Thi Yén,
11BT2, THPT Triéu Son II, Thanh Héa; Lang
Vdn Thanh, x6m 11, Tién K¥, Tan Ky, Vuong
Dinh Ngo. 12A2, THPT Nghi Loc 111, Nghé An.

NGOC HIEN
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Mét tiep tuyen
di dau ?

Ti: Teo oi! Hai dudmg tron cat nhau thi c¢é bao
nhiéu ti€p tuyén chung?

Teo: C6 hai tiép tuyén chung.
Ti: Nhung 19 chi tim duoc mot tiép tuyén
chung v&i bai toén:
Trén mait phing toa do Cxy, tim tiép tuyén
chung cla hai dudng tron ¢6 PT

(Chxt+y —dx-8y+11=0;

(CixX +yV -2x—2y—z=0.
Lin gidi cia 16 nhu sau:
Pudmg tron (C,) cé tim f(2 ; 4), bdn Kkinh
R =3(C))cétam [}, (1 ; 1) vibin kinh R, = 2.
VilR, - R < I, < R, + R, nén (C,) va (C,) ciil
nhau. Gia sir tié€p tuyén chung cua {C,) va (C,)
codang Aravr—y+ b=0.Tacoé hé¢

{d(f..(m} =R _ [12a-4+b1=3a’ 41

d(1;,(4)) = R, la-1+b1 =2va’ +1

2M2a—d+bl=3la-1+bl (h
&
la-1+b1 =2da* +1 (2)

Tir (1) c6 b= a— 5 hodc b= — 211

Véi b =a - 5, thay vao (2) tim duoc

4 11
by=|—;——1|.
(a:b) [3 3]

Vi b:—?a+ll

, thay viio (2) PT béc hai an

a vo nghiém. Do d6 PT ti€p tuyén chung cla

hai dubng tron 1a v = %x—ls—] (1)

Teo: La that, ddu mét mét ti€p tuyén?

Xin mdi ban doc cho ¥ kién giai thich gidp Ti
va Teo nhé!
TRIEU VAN HUNG
(GV THPT Duong Quang Ham,
Vdn Giang. Hung Yén)



TRU \(. lmt‘ CO SO

& tim gia tri nho nhat (GTNN), gia tri
'D l6n nhat (GTLN) cla mét bidu thivc

chira nhiéu hon mét bién s6 ta c6 thé
biéu dién cac bién sé cla biéu thirc d6 theo
mét bién sé moi, khi @6 viéc tim GTNN,
GTLN cta b|eu thirc theo bién sé moi nay
(cha y dén diéu kién cua no) cling chinh I3
vigc tim GTNN, GTLN cla biéu thirc ban
dau. Dudi day la mét sé thi dy minh hoa cho
phwong phap tim GTNN, GTLN bang cach
quy vé mét bién néi trén,

WThi du 1. Cho a, b, ¢, d la cdc SO thie
dwong. Tim GTNN cua biéu thirc

Yabed
a+b+c+d

_atb+c+c
Yabed
d+b+c+dd

Vabed

Cauchy cho hai s6 duong ta ¢

a-‘-h+-:'~'-d22@+2@_24$abcd,

Suy ra t > 4. Pang thirc xay ra khi va chi khi
¢ =d.

Khi dé bai todn quy vé tim GTNN cua

Loi gigi. Dat ¢ = , ap dung BDT

u=fT

I,
Aly=it+ - vhit 24,
!

Xéth>n24tacd
(12 =) 11> 1)

{3

Vay khi { 2 4 thi ham A(r) déng bién. Do dé

A{J’g}—.—‘](fl): > 0.

.17 , :
GTNN cia 4 bing ?dal duoc tai { = 4 khi

vachikhia=b=c=4d
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TIM CUCTRI

cun BIEU THUC NIIIGU BIEN
BANG CACH QUY VE MOT BIEN

BUI TUAN ANH
(GV THPT Yén Thly, Haa Binh)

@Thi du 2. T'm GTNN v GTLN cua bicu
thic P = xX* + 2y° — 3x%)° biét ring x, y
thoa mdn

Y -4 -5+ 3+ =0 (1)

Laigidi. Ta cé

(1)@(f+f;. 3{x +y2)+2— -2 -3 (2)
Dé thay - x* ~ 3% < 0 vai moi x. v. Diing
thire xay ra khi va chi khix = 0

Pit 1 =x"+ 7, tir (2) ta ¢
F-3t+2<0e ] St<2valPcddang
P(y="r-1+2.
Bai toan quy vé tim GTNN va GTLN cta
P()=F-1+2v6i1<1<2.
Xétl<stHh<t<2tacd
Pit)=Plt)=(t-1)n tn-1)=0.

Suy ra vdi | £ ¢ < 2 thi ham P(/) déng bién,
do do:

P dat GTNN béng 2 tai ¢ = | khi va chi khi

x=0
x?+y?=]

P dat GTLN biing 4 tai 1 = 2 khi va chi khi

Jx:(l

| X2+ y2=2

ox=0vay==+1;

cx = Dvip= £2.

@ Thi du 3. Cho hai 56 thic a, b thudc doan
[2007 ; 2008]. Tim GTNN cua biéu thire

a+h
ab?

B=

(@® + 7).



TN Y
sSAL

i HEMN e
TOAN HOC SO CAP

T rong loin hoc, cé nhiéu trudng hop
khong xac dinh duge gia trj cu thé doi
_tugng ma chiing ta dang xét (thi dy 50,
ham s6) nhumg yin ¢o the thyc hién cic phép
toan trén cdc doi tugng do. Thi du ta co thé
khong biét gia trj cac nghiém cua mt phuong
trinh (PT), nhung vén biét duge téng cua ching:

"Tim tong cic nghiém cua phuong trinh cos’x
— Scos’x + 3cosr - 1 = 0 trén doan [0; 27]."
hay la tinh tich phin cia mdt ham ma ta
khéng c¢6 biéu thirc tudmg minh:

"Chimg minh ring véi moi 1> 0, PT x* + -8
= ludn c6 mdt nghiém duwong duy nhat, ki

:
higu 12 x(7). Tinh [[x()]*de.”
0

Trong bai vit nay. ching ta s& dé cip dén
mot tinh hu-:‘:-ng can ban khac, dé la khao st
nhimg ddy sé xdc dinh boi day cac PT:

Cho diy cdc ham so f,(x) xdc dinh bdi cbng
thirc twomg minh hodc truy héi thoa man diéu
kién: cdc PT f(x) = O cé nghiém duy nhdt
X, € D. Cin khao sat céc tinh chit cua day
(x») nhu khao sat sir hoi tu, tim gidi han ...

Chiing ta bt ddu tir mot bai thi tuyén sinh
vao khoa Toan truong Dai hoc Ddc lap
Matxcova nam 2000,

@Bai todn 1. Gig sir x, thuic khodng (0 ; 1)
la nghi¢m cua phwong trinh

l: ! bt ! =(),
xr x—l x—n

Chitng minh day (x,) hoi tu. Tim gioi han do.

Binh lugn. x, duge xic dinh duy nhét, vi ham

. . g .
s6  f,(x)=—+—+...4—— lién tuc va don
x x-l X=n

VNMATH.COM

Vé uhitng déy so
XAC PINH BOI DAY
CAC PHUONG TRINH

TRAN NAM DUNG
(GV DHKHIN TP. HS Chi Minh)
digu trén (0 ; 1). Tuy nhién, ta khong thé xac
dinh dugc gia tri cu thé cti x,. Rit may mén,
dé chimg minh tinh hdi tu cia (x,), ta khong
can dén diéu d6. Chi can chimg minh tinh
don digu va bj chan la di. Ve tinh bj chin,
moi thir déu 6n vi 0 < x, < 1. V& tinh don
diéu, ta chi y mét chit dén mdi lién hé giira
Jalx) va fir (x):
I

fos1(X)=f,(x)+ :

x-n-|
Day chinh 13 chia khod dé chimg minh tinh
don diéu cua x,,.

Lévi gidi, Ta thay 0 <x, < | nén
| |
fml!{xn} 2d fn{xn)"' -

x,—n-1 x,—n-=|

trong khi dd £,+(07) > 0. Theo tinh chit cia
ham lién tuc. trén khoang (0 ; x,) co it nhét
mot nghiém caa f,.,(x). Nghiém dé chinh la
Xns1. Suy ra x,.; < x,. Tic la ddy sd (x,) giam.
Do day nay bi chan dudi bai 0 nén diy sb co
gidi han.

Ta chimg minh gidi han néi trén bing 0. Dé
chimg minh diéu ny, ta cin dén két qua sau:

! ]

l+—+—+..+—>Inn.
2 3 n

(Co thé chimg minh bing cich dénh gia
In[l-l-l]f:l}.
n) n

Thét viy, gid st lim x,=a > 0. Khi dé. do

<0,

day (x,) giam nén ta co x, 2 a véi moi n.

| 1 ] , ,
Do I+E+—+m +— =+ khin — +=, nén
: - ¥
ton tai N sao cho vai moi n 2 Ntacod
1 1 1 1
5 s o T
£ 3 n a



i | n"it nghiép THPT
4 va thi vao
Pai hoc

UNG DUNG DAO HAM
va khao sat ham so

THANH LOAN
(Ha Noi)

Vé ham s0 va db thi hoc sinh cdn ndm duwoc céc
kién thire co bdn va cac dang todn sau diy.

I. CAC KIEN THUC CO BAN

1. Him sé tinh d{m diéu cua ham so Méi
lign hé ulﬁa Sur dunL bién. nghich bién cua
mot ham sé va diu dao ham cap mot cia no.

2. Diém cye dai. diém cuc tidu, diém cuc tri
coa ham so. C‘ac diéu kién do dé ¢é diém cuc
tri cua ham so.

3. Gid i lon nhit (GTLN). gid tri nho nhét
(GTNN) ctia ham s6 trén mét tip hop sd.

4. Céc pheép blt:n dbi don gian dd thi cua ham
5o (phép tinh tién song song véi cdc true toa
do. phép dbi ximg qua truc toa do).

5. Pudng tiém can ding, tiém cdn ngang.
tiém can xién cua do thi.

6. So do tong quat de khao sit cac ham 56 (tim
tdp xac dinh, xét chiéu bicn thién, tim cwe tri,
tim tiém can, lap bang bién thién, vé db thi):

y=a’+hctoctd yEad i+ e (a0

e b (c#0; ad~-bc#0);

'|_'=
T ooex +d
axs +bhx+c

y=——— (ad'z 0).
a'x+b'
1L CAC DANG TOAN
1. Sie ding bién, nghich bién ciia him s6
Thi du 1. Tim a dé ham sé
y = (a+ 207 =3 = 3x + 2 ludn nghich bién.
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Loi giai. Tinh y' = 3(a + 2) x> = 6x — 3. Ham
s& ludn nghich bién khi * < 0 véi moi x, tirc

. a+2<0
la
A'=94+27<()

haya <= 3.

Thi du 2. Xde dinh m dé ham so

2= =3x+m

e
x=1

dong bién trén khoang (3 1+=).

Huéng dan. Bidu kién

2x7-4x+3-m o 3
y'= j 0. véimolx >3
(x-1)%
& fix) =2 —4x+3-m= 0. vdi moix > 3.
DS:m<9.

Luww 3 1. Khi tim 'dé ham sb v = fix) dong
bién (hofic nghich bién) trén («; b), ta lam nhu
sau

¢ Tinh dao ham cap mot /'(x).

o Xic dinh m dé f'(x) 2 0 (hodc f'(x) £ 0) véi
m_{_:ri x € (a: b) bang cﬁch' vin dung dinh Ii ve
diu cta nhi thie bdc nhat hode diau cua tam
thirc bac hai.

2. Tim cuc tri cua ham 1‘:'}; tim GTLN,
GTNN cua ham s6 trén mpt dogn, mir
khodang

Thi du 3. 7im GTLN va GINN cia ham so
y=fx)=2cosx - %COSJ.\:‘ trén doan |0 x).

Lai gidi. y' = 2sin xcos 2x. Trén [0: ).y’ =0 tai

.\’“%L.‘c=1‘t.Ta cod _ﬂ{])=%. f(ﬁ}ﬂ}:

x=0;
2 3 2

j(n:}-—% Viay trén [0 : n]. maxfix) =

:.Jltu

i
min f{x) 5

Thi du 4. Trong cde hinh tru noi tiep hinh
cau ban kinh dcm, hay tim hinh tru c6 the tich
lom nhat,

Léi giai. Goi dudng cao va ban kinh day cua
hinh tru thi tur la Aem va rem (0 < A < 8.



4

4 ; #!.' o v
0<r<4).Khidor=16- IT nén thé tich cla

3

hinh tru la = nr3h=n[l 6?:—2—]. Nhén thiy ¥

la ham sb cua & xac dinh trén khoa'mg (0; 8).

s P
V= n 620 ) --mg.sh=i.mca
\ 4 ) V3
fr l ] }f -1—‘
e LI
o+ 0 - |
| ¥
167

lﬂi h = e—
W3 NE

hinh tru ndi tiép hinh cau ban kinh 4em, hinh

Viy max V = . Trong céc

3
—=cm s& ¢o thé tich
\;J

try ¢6 dudng cao bang

I nhAt.

Luu § 2. Dé tim GTLN, GTNN ciia him so
v = fix) trén (a; b) { hodic [a ; h]) ta co the lam
nhu sau;

e Tinh dao ham cf'tp mat / '(x)

* Giai phuong trinh f(x) = 0 tim nghiém x, ...,
X, teén (@ ; B). roi tinh fix,), .... fix,). Khi do

r{rﬁl.ab}]{f{x)= max {f (a). £ (x; ) f(x,), f(B)} :
?fiﬁ} fxy=min{f(a), f(x))..... f(x,). f (D)}

* Ta ciing c6 thé 13p bang bién thién dé tim
GTLN. GTNN cua ham so trén (a ; b

3. Badi todn lién quan tfen cdc duong tigm
cin, diém cue tri, diém ubn cia db thi

. Timm n

-. . £ mx
. Cho him s¢ y=
X+H

dé d@d thi ham s6 nhdn dwing thang y = 2 lam
tiém cdn ngang va nhdn dwomg thing x = 2
lam tiém can ding,

(DS: m=2;n=-2)

Thi dy 5
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Thi du 6. Tim a dé do thi ham so
4 1 : g z
y=x —ax + 3 ¢d hai diem von.
L gigi. Tinh y"=12¢-2a,
D& thi ham s ¢6 hai diém udn khi y" =0 ¢0
hai nghiém phén biét, tre 1a  a > 0.

¥ y
Thi du 7. Cho h(}m ] 1_!:c:x'+3ax+ b ].
ki

Chiimg mink rang tiém cdn xién cua do thi
ham s luon di qua mot diem co dinh.Tim
nhimg diém ma tiém cdn xién cuia do thi ham
56 khéng bao gio di qua voi moi a.

Loi giai. Viét y = ax+a +----I-— . dd thi ham sd

x-2
¢h tiém cén xién (d): y = ax + a. Got I(x.; yo)
la diém ma (&) ludn di qua v&éi moi «. thi
Vo= axy +avoimoia. Suyraa (1 +x0) -y =0
1+.,'l'::, =0
Vay l(-1:0)

v mol ¢. Dan dén
Vo= 0

Goi K(x,; v) la diém ma (d) khong bao gi&
di qua v&i moi @, khi 46 PT ) = ax) + @ in a
v0 nghiém < afx; + 1) =y =0 v0 nghié¢m &
xp+t 1 =0vay 0. Viy K(= 11 k) voi k0.

Lieu § 3. Cén nho

lim f(x)=v < x=alatiém cin ding.

X—ril

lim f(x)=b < y=blatiém cdn ngang.

lim( f(x)~

tiém ¢én xién.

(ax+b)) =0 y = ax +h (@ #0) la

o D¢ tim diém I(xo; y) ma ho dé thi
y = fix. m) ludn di qua voi moi m can dicu
kién vy = flxp, m) = 0 véi moi m. })a thirc
yo — fxo. m) bién m phai co cdc hé sb déu
bing 0. din dén HPT hai an x; va y. Sé
nghiém cua hé chinh la sé diém cd dinh cia
ho db thi y = fix, m).

o Dé tim diém K(x;:) ma ho do thi y = F(x, m)
luon khong di qua vai moi m can dicu kién PT
(an m) : v — F(x;, m) = 0 v6 nghiém. Chi y ring

Am+ B=0vinghiém e A=0va B=0;



Anr FBm+ C =0 vinghiém & 4=B=0vi
C #0: hojic A= 0 va B - 44C <0.

4. Viét phwong trink 1iép tuyén (PTTT)ciia
a6 thi ham 56 y = fix) (C)
Luwuy 4.
i) PTTT cua (C) 120 diém ¢6 hoanh do x, 14
¥ =1 G — xa) + fxe). (1)

1) PTTT cua (C) di qua diem Ala ; b):

Cdch [. Goi hoanh d tiép diém 1a x,. theo (1)
tacod b= f"txp)la—xp) + f(x0).

Tim xg. troy vé trurdmg hep 1).

Cdch 2. PT duong thang di qua A(a @ b) véi
hé so goc k 14 y = k(x = a) + b s€ tiép xic véi

[ f(x)=k(x—a)+b
() khi HPT T-”_f” U o,
)=k
dan dén PT flx) = f'(xo)(x — a)
Gial PT tim duge nghiém x,.
trwong hop i).

h ¢ nghiém.
e Xp TrQr ve

iii) PTTT cua (C) ¢ hé sé goc &:
(Jml phuong trinh f'(x) = k tim nghi¢m xI.

» . day chinh la hoanh do tiép diém. rdi lm
vé mrcmg hop 1)

Thi du 8. Cho ham sé v = x + 3x = 1 (C).

a) Viét PTTT ena (C) tai diém ¢6 hoanh do x = 1.
b) Viét PTTT ciia (C) di qua grfr tog do.

15
PS:a)y=9%-4b)y==3xvay= -Ix :
Thi du 9.a) Viét PTTT cuia do thi ham so
¥ =5x+4 f o —— 2 .
y:—z—. biet rang cac tiep tuyén do
x-

song song vi dieomg thing y = 3x + 2008,

DS:y=3x=3vay=3x-11.

ylex-1

b) Viét PTTT cua do thi him 56 y=
x+2

hiét rang tiep tuyén do vudng goc voi tiem
can xién.

PS.y=-x+242 -5 vy = -x -242-5.
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5. Cic phép bién doi don giin cTrJ thi cna
ham s6. Dimg db thi cda ham so dé bién
luin sé nghiém ciia phiwong trinh

Luew § 5. Lay do thi ham sb y = fix) lam goc,
ta ¢d so do bicn doi do thi nhu sau:

|'|—,fll.1|!|

Ia U I]J'II

¥ = fiv :
Ll Satlng i -

7 (o \]

BRI (ii l£::]i:‘.

i

o Nhir db thi ndy, ta co thé bién ludn s
nghiém cua phucrnﬂ tr:nh fix. m) = 0 theo m
bing cach bién doi vé g(x) = Alm). 16 vé do
thi hai ham s6 v = glx) va y = g(m) trén clng
hé truc, 6 giao diém (tuy theo m) cua ching
chinh 13 s6 nghiém ctia phuong trinh.

Thi du 10. Cho ham 56 y = 20 -9+ 124,

a) Khao sat va vé do thi ham so trén,

b) Bién lugn theo m s0 nghiém cia phirong
trinh 2 - 9% ¢ 12| = m

Loi gidi. a) Hoc sinh ty lam.
b) Ta c6 2 - 9° + 12jxl = 4=m - 4.

y =20 - 9 + 12Jx| - 4 1a him s6 chin. do
thi clia n duoc suy ra tir cau a) bang céch gilr
nguyén phan dé thi ndm bén phai truc Oy va
lay ddi xing phan dé qua truc tung (h.1). S
nghiém coa PT da chn bang s giao diém cia
do thj y=2xI’ - 9% + 12lx| — 4 véi dudmg thing
y=m-4. Do do

m < 0: PT vé nghiém

m = 0: ¢6] nghiém; 0< m <4: ¢6 2 nghi¢m

m = 4: ¢6 4 nghiém; 4< m <5: ¢0 6 nghiém

m = 5: c6 4 nghiém; m > 5: ¢ 2 nghiém.



Ay

.
A b
=2 -1\ |

L

Hinh |

. . —— —x* +3x+m-1

Thidu 11. Cho ham s6 y=———.
X+m-—1

a) Khao seit va v6 do thi cua hoam so khim = -1,

b) Béng do thi bién lugn theo k so nghiém i

| 2
phicomg trinh x+—=3=k,
| %

thirang déin

aym= -1 thi J‘:f(l'}:—_\'—z+3_
X

b)VE dd thi ham s6 y = [f(x)| hinu cach giir
[‘l”u\tn phdﬂ do thi ham 56 v = fix) khong
nam dudi truc hoanh ‘\d Id\ déi xing phan do
thi ham s6 y = flx) ndm dudi true hoanh qua
truc hoanh (h.2).

Hinh 2
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6. Bai todn lién quan dén khoang cdach

Thi du 12. Cho ham sfi

P= —*+ 3’ '-_u[m - 1)x - 3 -1 (1)
Tim m dé him so (] ) ¢o cree dai, cue ticu va
hai diém cuee 1ri nay cach déu grjc' toa do (),

Hudng dan . Him s6 (1) ¢6 hai cuc tri khiy' -~ 0
¢ hai nghiém phan biét <> m # 0. Tim dugce
toa do hai diém cuc tri A(1- m: =2-2m);
Bll+ m: =2 +201),

N ]
()4 = 8 = 8m’

=2m e m = +?

Thi du 13. Cho ham so
X +(m+Dx+m+1
i ' (2)
i x+l1 )
Chirng minh ring vai moi m, ham so (2) luon
co cuc dai, cwe tiéw va khoang cach gifta
ching khong phu thuge vao m

PS: Khoang céch [a 25 .

=gl g I %
I'hi du 14. Cho ham 56 y=mx+— (3)
X
Tim m dé ham s6 (3) ¢6 cuee 17 va khoang cdch
tir diém ctee dai dén tiém can xién bang =
i |
Wi

Hheang dan.m = ().

) : lf I = ik 5
Diém cuc dai ;1l’k_7:_2\“” | tiem can

i 7
Xién (A): mx -y =0,
;‘ 2 ml 1
dM A )= M:—c—b m o 1.
Nt J2
BAI TAP

1. Tim GTLN, GTNN cua ham s
a) y =x— 3x= 9x + 35 trén doan |-4:4].
b) ¥ =x"- 3% trén khoang (-2 : 4).

3 i |
cos’x + —.
2

c)y=sinx-

B

2.Chohamsd y =
a) Khao sit va vé da thj (C).
b) Viét phuong trinh tiép tuyén cua (C) . biét
nd di qua diem [(0; 10),

¢) Bién luan theo m bang dd thi so nghiém

cua phuong trinh -J‘—x‘ =9x=12y/3m.



TRUNG HQC CO SO

Tmng cac dé thi chon hoc sinh gidi va céc
dé thi vao lop 10 THPT chuyén, la thudng
thdy xudt hién cac bai toan chimg minh bt
déng thirc ¢6 diéu kién. D&y & mot dang foan
kho bGi I n6 con rat "méi mé" véi hoc sinh
THCS va thudng khéng cod phuong phép
chung dé giai cac bai todn dang nay.

Tuy nhién, trong nhiéu bai toan chung minh
bét ding thic co diéu kién, chung ta co thé
duta vao diéu kign cla bién g8 dit an phu, dua
béi todn vé dang don gidn hon co thé danh gia
dudc tnse tiép ma khéng can si dung céc kién
thirc cao. Dudi day 1a mot s6 thi du.

QOThi du 1. Cho x + y = 2. Chiing minh rdng
£+ 22,

Nhdn xét. Dy dodn ding thic xay rakhix=y=1,
din déncichditx=1+a,y=1-g,ae R
gitip cho 15i giai bai todn don gian hon.
Lot gicdi. Dat x = l+a v6i a € R. Tirgia thiét
suyray=1-a.
Taco L' +y' =(1+a) +(1 —a)°

=2+ 204" + 10a* 2 2.
Ding thic xay ra khi va chi khi @ = 0, hay
x=y=1L

Thi du 2. Cho x + y + z = 3. Chiing minh
bt ding thirc sau

A+ rxy+yz+za 26,
Loi gigi. Dy doin ding thic xay ra khi
xr=y=z=1],
batx=l+a, y=1+b,(a, be R) Trgi
thiétsuyraz=1-a—b.
Taco XX +y + 2 +xy+yz+zx
=(l+al + (1 +bP+ {1 —a—bF + (1 +aX1+b)
+{l+b)(l-a-b)+(l—a-b)l +a)

=[a+£]_ +3b" +6 26.
2) 4
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MQT HUGNG CHUNG MINH
bat dang théc cé diéa kién

HOANG HAI DUONG
(GV THCS Chu Manh Trinh, Vian Giang.
Hung Yén) '

Diing thic xdy ra khi va chi khi

b=10
Iﬂ:n{_;, |
(:> - X = - 2 =1.
a+§-=(] |6=0 d

OThidu3. Choa+b=c+d. Chitng minh
bdt ddng thitc ¢ + & + cd 2 3ab.

Loi giai. Dy doan ding thic xay ra khi
a=b=c=d

Datc = a+x,vdi x e R. Tir gia thiét suy ra
d=b-xTaco

A +d+cd
={@a+x +(b-xP+(a+xXb-x)

X z 3x?
=[a—b+—J +—+3ab > 3ab.
2 4

Ding thiic xay ra khi va chi khi

x={) {ﬂ': B

y o a=b=c=d.
a+b~i—é={l x=0)

&3Thi du 4. Cho x < 4. Tim gid tri nho nhat
ctia bidu thitc A = X2 - x).

Lot gidi. Dy dodn gid tri nho nhat dat duge
khix=4.

Dit x =4 —¢, tirgia thiét suy ra 1 > 0.

Ta coé
A=(@-2-4+D=r-10+32-32
=Ht-5P+T71-32>-32

Diing thic xay ra khi va chi khi /= 0 hay x = 4.
Viy A dat gi4 tri nho nhit bing —32Kkhi v=4.

@ Thi du 5. Cho x + y =3, x <1 Chimg
minhrang y' —x' -6y - ¥ + 9y > 0.



Loi gidi. Dt x =1 —a, a 2 0. T gia thiét suy
ra y = 2 + . Lic nay bit ding thic cin ching
minh tuong duong vdi

(24a)' - (1-a)- 6(2+a)= (1-a¥+ 9(2+a) 2 0
ea-20+a20
< ala— 1Y 20 (ding via 2 0).
Piing thic xdy ra khi vl chikhia =0hodca =1,
ticlakhix=1,y=2hoacx=0,y=3.

WThidu 6. Cho x < 1; x+y2 3. Tim gid tri

nhé nhét cita bidu tinic B = 32 + y* + 3xy.

Loigigi Ditx=1-avix+y=3+b, tigid

thiétsuyraa, b2 0.

Tacoy=2+a+b. Tudo

B =3+ v+ 3xy
=3l-al+2+a+blP+31-a)2+a+b)
=+ b —5a+Tb-ab+13

=[a-£—£} +1b3+2b+22§

2 2) 4 2 4 4
Dang thic x4y ra khi vi chi khi
=% tic I 3 y=2
e la x=-—va y=—,
h=10 2 2

Vay B dat gid tri nhé nhdt bing -251 khi
r=-2 v y=o
2Ty

WThi du 7. Cho a + b 2 2. Chimg minh bdt
ddng thitc sau
a'+ b Lat+ b

Loi gigi. Dy dodn dang thic xdy ra khi
a=b=1.
Pita=1+xb=1+y trgiathiét suyrax+y
> 0. Ta ¢6 bil ding thic cin ching minh
tuong duong vdi

(T+xP+ 1+ <+ +(1+y)*
S0<x(l+0) + ¥l +y)
Sx+y+Ia+ -+ Y+ + )+
(2t +y) 20 (ding vix+ y 2 0). -
Déng thic xay ra khi va chi khi x = y = 0 hay
a=b=1.
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@Thi du 8. Cho ab = 1. Chimg minh rdng

b za+b.

Loi gidi. Dy dodn dang thic xay ra khi
a=b=1.

Data=1+x,b=1+y.Taco
abzle(l+dl+y)z2lex+y+xy20Q.

Tacd

a+bh>a+h
S+ +{(1+yP22+x+y
X +yV+x+y20.

Lai ¢ .2 + y* > 2xy, vdi moi x, y nén c6

CH+y+r+y2 %(xz+y2)+xy+x+y 20

(ding vix+y+xy 2 0).

Ding thitc xay ra khi va chi khi x = y = 0 hay
a=hb=1.

Bai tap

1. Cho 2 + b + ¢ 2 3. Chiilng minh ring
ad+b+ctza +b+c

2. Cho x, y > 0 thod méin x + y = L. Chimg

N 2 3
minh ring — +———
xy x-+y°

>14.

3.Choa+ b+ c+d=1. Chimg minh ring
(a+c)(b+d)+2ac+2bd:~'%_

4. Choa + b > 8 va b 2> 3. Chiing rinh ring
27a* + 106" > 945.

Nhin tin

Tap chl THTT vifa ra mt cuén Tuyén chon theo
chuyén dé Toan hoc va Tudi tré - Quyén 3,
trong A6 thang tin v& mat sd tac gia da ci:

Nguy8n Phi Chién (Ha Noi), Nguyén Minh
Théng (Vinh Phuc), Phan Nam Hing {Quang
Ngai), Nguydn Ngoc Huong (Tién Giang),
Huynh Van Trong (Binh Binh), Tran Vén Minh,
Nguyén Ngoc Bink Phuong (TP. HE Chi Minh),

Cac tac gia hay gli dia chi méi @& Toa soan gl
sach bi€u. Xin ¢cam on.
THTT



[:mlﬁ'n bi
\ cho ki thi .
tnl nghiép THPT

1 va thivao
ﬂai hoc

Mot s6 dang toan

SU DUNG CONG THUC TO HOP

NGUYEN ANH DUNG
(Ha Néi)

Cdc dang todn sty dung céng thirc t6 hop,
chinh hop, hodn vi va _nhi thie Newton kha
phong phd, thwdmg xuat hién trong cdc ki thi
tt nghiép trung hoc phé théng va tuyén sinh
véo Dai hoclva Cao ding. Sau ddy Ia mot sé
kién c?@n va dang todn thudng gép.

ﬁu THUYET
Trong bai ndy 1a quy udc n, k 13 cdc sb

tu nhién vé1 n=i; k<.

Cho mét tap hop 4 gbm # phan tir.

» Mdi cach sép xép thir tr » phin tir 46 tao
thanh m{t hodn vi. S6 hodn vj cta » phan tir
laP,=n.

* phﬁmt&k thir ty cia 4 tao thainh m@t
chinh hgphchap & cia » phan tir d6. $6 chi

) n—k}!.

* k phén tr khong phén bigt thir ty cua 4 tao
thanh m#t t6 hgp chép & cia » phén tir d6. 86

: Ak n!
to hgp la Cf = —"%—
o i: k\(n - k)!
haY, trién ;1hi thirc Newton
ZC-&'HH kpk ’

hop L&

e Cong th

(a+5)"

G+ G =Cil (2)
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2” (3)

8~k
=CL+C} +.. +CJ,[ ]H:wn (4)

St dung (2), ta chimg minh dugc hai cdng thirc
Cl+2C5+ + Chr2 = Ct12
Ck +3ck+; +3cfc+2 +CI.-+3 =(k+3

n+l -

Co+CL+Ci+..4Ci=

{1
CO+CE4C vt r:.;[zj

IL MOT SO m% TOAN THUONG GAP

1. Bai toan fish tong

* ThiduT. Riit ‘g};i‘r’!ﬂéu thicc
S =Cl—ChL+Cl=C} +...+(=1)Ck,
voi k<n n>l. -

Loi gidi. V&i k<n, ap dung cdng thirc (2)
valuuy C=CP  =1,tacd 'Tf""%

=C)—(Cl, +CL ) +(C +c,_;i_-(%+ci,]

Néu k =
5, =C-C) +an: Fo+(=1PCr =11y =0,

. H=TR(CE I+c*
Viy S, :ﬁil} .

Luru . Nhidu ban da méc sai ldm khi viét

S =G -C+C-C+.+{-IFC=(-1y =0 (1)

Phaj xét hai truong hop ddi véi k nhu trong
. i%i trén.
i du 2. Tinh tong
FE Cl,+Cj, +Cj, +..+C .
Loi gidgi. Ap dung cong thire (1), ta c6
Cl4u :Cj:_l5 1.‘? -C'hl " Cﬁ" l =

.ln]
:h:' *

Do do S=Cin' +Cin-d 4.+ Cinn,
Taduge 25=C,, +Cj, +Cj, +...+ Cir1 == 24w
(xem cong thuc (4)). Vay S22
X Thi du 3. (Str dung phép tikh dapyhim).
Tinh tong §=C—2C, +3C2 - ..+ (<)) (n+Cr.

k=i
» Cic cong thire thuong ding: Cf = Ci* P}’}/Ld’: gidi. Xét dathle p(x)=x(1+x)", tacd

p(x)=Clx+Clx? + Clx* + ..+ Cix™_ nén



p(x)=C8 + 2CLx +3Cix? +...+ (n+1).CIx"

pi=1)=C8-2C, +3C; —..+ (- (n+1Cr =S

Mit khic p(x)=x(l+x) = p'E)=( + 0"+

nx(1 +x)" . Vay §=p(-1)=0.

Lieu y. Dé tinh cac tong

5, =C? +2aCl +3a*.Ch +...+ (n+1)a"C]

S, =C8, +3a2.C}, +35a*C4,...+ 2n+1a?"Cy;

Sy =2aCY, +4a° C}, +6a° G3,,...+ 2na® 1G5

ta xét da thic p(x)=x(l+x)" va ching to

rﬁng S = pla).

Xét da thirc g{x)=x(1+x)* va ching to ring
25 =q(a)+q(-a); 2%=4(a)-4(-a).

X Thi du 4. (Sir dung phép tinh tich phdn ).
CJ’I

; ]
Tinh tong §=C% +-C), +-1-CE, T
2 3 n+l1
Léi giai. Xét da thic p(x)=(1+x)",taco
p(xy=Cl +Chx+Cix* +...+Cix" . Suyra

|
jp{x)dx=CE+]C‘+ ~C2 4. +—Lc n= S
¥]

n+l
n+l L
Do do S=J-|(1+x}|"d.>c:2 l.
h r+l
Lieu . Dé tinh téng
2 33
S=(b-a)Ch+ 2 oy d 3“ Cl+..

b#—H - um-%

b
+ Cr. Hﬁy chimg to ringS= Ip(x)dx

n+l
vai p(x)=(1+x)".

Ta thuéng glip bai toan véi mét trong hai cén
ctia tich phdn la 0 hodc 1.

Trong mdt & trudmg hop, ta phai xét da thic
plxy=xt(l+xy véi k=12, ..

2. Chirng minh hé thire to hop

* Thi du 5. Chimg minh ring

(CO) +(CLY +(C2) +..+ (C3) =C3,.

L gigi. Ta c6 (x+1y(1+x)" =(x + 12", Vé
trai ciia hé thirc trén chinh I3

(Chx" +Chx +...+ C2)(C8 +Chx +..+Cox").
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D& thiy hé sb cia x? trong vé trai 1A

(CO) +(Chy +(C3) +.+(Ca)s

hé sb ctia x? trong vé phai ((x+1)*") 1a C3,.

Do 48(CH) 4G HCE 4G = dpom).

Loeu §. Xét ding thirc (r+17 (L) =(x+ ).
Sir dung céng thirc khai trin nhj thirc
Newton dé viét ca hai vé thanh da thirc dbi
véi x, dong nhét h¢ s cia céc sd ha.ng cling
béc trong hai ve ban co thé viét ra duge
nhidu hé thirc vé td hop.

3. Phwong trinh t6 hep
Phuong trinh td hop 1a PT c6 chira an sb
trong cong thirc 16 hop, chinh hop, hoin vi.

* Thi du 6. Gidi phuang trink
A 42051 -3CH] =3x + F, +139.

:+l

Leéi gigi. PK x23,xe N.PT di cho ¢6 dang

2 2Dt XD s 6iiso
(-3 201y 2(x—3)

= x(x-l)(x—2)+x{x+])—%(x—l)(x—2}

=3x* +879
t)[x—lZ)(sz +1 1x+147]:ﬂ.

PT co nghiém x=12.

Lueu y. Khi giai PT to hop ta lam nhu sau: dit
diéu kién cho &n sd; sir dung cdc cong thire vé
hoan vi, chinh hu*p, td hop dé bién ddi, rut
gon va giai PT; ddi chiéu nghiém tim duge
v&i didu kién cua bai todn dé két luan.

*Thi dy 7. (Bar toan lap phtrowg trinh 16 hop).
Hay .*.rm ba 56 hang lién tidp ldap thanh mot
cdp 6 cong trong day 56 sauCl, Cly, G, C3.

Loi gidi. Ba s6Cly, Cg', Cpi? theo thir tyr d6
ap thanh mot cép s6 cong khi va chi khi
ZCn;I = C.n- Cu-rl
40 =Co + O +C' + O
=405 =C
423 25!
< — = .
(r+DI22 - (n+ 223 = n)!




Suyra (n+2)(23-n)=150 o n=8 n=13.
Ta duge + C§,,C3,.CY va + C}!:;,C!-,_‘?‘,C”'

Leeu j. Mt s6 tinh huéng thuréng gap khi lap
PT t6 hop la:

Ba séra. b, ¢ lap thanh mét cdp s6 cong (hoiic
cdp s6 nhén) khi va chi khi 2b=a+c (hoiic
br=ac).

Chotdp hgp A co n phan tr, so tdp con cua 4

gam x phén tir bing k lin sb tip con cia 4
gbm y phan tir, twong ing voi PT

Cr=kC] ...
4. Tinh h¢ sb ciia da thire
X Thi du 8. Tinh so hang khéng chita x, khi

khai trién P{x)=[i/; +72_-] biét ring n

thoa mdn C8 +3C] +3C8 +C) =2(8

n+d "
Lei giai. ﬁ'sp dung cdng thirc (2), ta cé
CS+3C, +3CE+C)
=C+Cl+2(Ch+C8)+CE +C)

:CEH»I + 2C +1 +Cn+1 CEEHE +C3+2 Cn-}—'-l-

Gia thiét tvong duong véi

€, =2Ct,, ’%3:2@;::15.

13
. 2
Khi 6 P(x)=[i/E + =
v(—
15 sk 2 Y 30-5k
S]] B

k=0
S6 hang khong chira x twong Ung véi
0-5k o0 og

ALY, PN
Sb hang phai tim 1a C5,.2¢ = 320320,

Liru §. Tinh hé s6 cia s0 hang x= (a 13 mdt
s0 hifu ti cho truéc) trong khai trién nhj thirc

Newton clia p(x)=(f(x))", 1a lim nhu sau:

Viét P(x)= Y axeit)

k=0
turong Ung vai g(k) =« ; giai PT ta tim dugc

sO hang chira x*
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k.Néu keN, k<n, hé sb phai tim 13 a, ; néu
k&N hodic k> n, thi trong khai trién khéng
¢6 56 hang chira x# , hé sb phai tim bﬁng 0.

% Thi du 9. Hay tim hé 56 c6 gid tri Ion nhdt
cua da thirc

P(x)=(2x+1)" =apx +ax2 + ..+ ay.
Loi giai. Taco

P(xy=(2x+1)" = Zc (2x)"".
Viya, = (215 ::»a,,_. C,”g‘ M- (n=1,2,...,13).

Xét BPT (véi 4n sb n):

Ap-) L@y &> Ciy1 217 < Cny 2050
_ 2.13t 13!
= <
(=Dl —n) nl(13-n)!
2 1 14
f—oni—gN.
l4-n n 3
Do d6 BBT a,. <a, ding vai ne{1,2,3,4}
va déu diing thirc khong xay ra.
Ta duoe ay<a < <@y <ay Vi a3 >as >...>a;.
Vay max(a,) = ay = Cj4.2° =366080.

=

Luu y. Dé tim hé s6 ¢6 gia trj 16n nhit khi

* khai trién(ax +5)" thanh mdt da thi, ta lam

nhu sau:
Tinh hé sb clia sé: hang ti'irng quét; giai BPT
ay-1 <@, vOi 8n 50 n; hé s6 1on nhat phai tim
tuong (ng voi s& ty nhién # on nhét thoa
min BPT trén.
BAI TAP LAM THEM

1.Tinh céc tdng: S =12C, +22C2 + ...+ n2C1;

]
2n+2

2.Tim hé sb cd gia tri 1on nhit trong khai

1 1 ]
P==C} +-C} +-Ci +..+ Cin.
St T TN :

¥ 2 14
trién da thire p(x)=[=+2] .
p(x) (2 :J

3.Gidi bt phuong trinh é-ﬁ-%x _a<bain

4. Tim s6 hang khong chira x trong ihai trién

B
pﬂjx):[]—i—xi1 +-]-{] i



Chuan bi
—o=we=—\ cho ki thi

tot nghiép THPT
1 va thivao

PHUONG TRINH
VA BAT PHUONG TRINH

SIEY VIET

PHAM GIA LINH
(Ha NP

Dé giai phuong trinh (PT) va bat phiang trinh
(BPT) siéu vigt (md, I6garit, rgng gidc) ta cin
ndm viing cdc kién thic co ban va cdc phuong
phip gidi cua ngd.

A. PT VA BPT MU, LOGARIT

I CAC KIEN THUC CO BAN

1. Dinh nghia va cdc tinh chét cua lu§ thira
(v6i s6 mii nguyén, s6 mil hitu ti, sb mil thue)
va logarit.
2. Tinh chét ctia ham s6 mii va ham s6 1ogarit.
3.. Cac PT va BPT co ban
¢ Vi moi so duong m thi
dg=mex=logm(0<azl);
x>log,m khia>1,
a>me Pkl .
x < log,m khiO<a<l.
* Vi moi s6 thuc m thi
logx=mox=d",
| S x>a"khia>l
0 m <
B x<a™ khi O<a<l.
Trudmg hop a* < m, logax< m xét tuong tu.

Il MOT SO PHUONG PHAP GIAl

1) Phuong phap dwa vé ciing co 56
*Thi du 1.Gigi PT 2", 5 = 2. 107 " (1)
(N 10°=10" o x=2+5.

Viyx=-13.

|||||
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* Thi du 2. Gigi PT

logs(2x + 1) = log) 3-x)=0
3

(2)

Léi gidi. Bién doi (2) < logs(2x+1) = logs ; ‘

-x
2x? -5x-2=0
l >Dc:>{ X
-X x<3.

54441
-

PS.x=

% Thi du 3. Gidgi BPT
logs(4* + 144) — 4log;2 < 1+ logs(27 2+ 1) (3)
Léi gidii, (3) < logs(4" + 144) < logs80(2" *+1)
4+ 144< 802 *+1) > 4°-20.2°+64 <0
&4<¥cloe2cx<d
% Thi du 4. Giai BPT
x-1

(5 -2 (V5 +2) @)

Léi gidi. Do/5 +2=(5-2)" va J5-2<1

nén -:\E—z)% < (W5 -2 PO Sl P
PS.x>21hogc2<x<-1. x

Luwu § 1. Cin nhé

dV= e fix) = glx) ;

log, fix) = log.g(x) & fix) = g(x)> 0 ;
a5 20 o fx)>g(x)khia>l,
f(x)<g(x)khi0<a<l.

. f(x)>g(x)>0khia>],
|
loga /(x) > e (x)@[(m f)<g(x)khi0<a<l,
2) Phuong phdp dt in phu
* Thi du 5. Gigi PT
(4 +J15 ) +(4=15 =62

. Nhn xét (4—15)4+15)=1.
Pat 1= (4+15)% (¢ > 0) thi PT (5) ¢6 dang

r+1=62 o - 62+ 1 =0, PT co hai
{

2
nghigm ¢= 312815 =(4£15) .
Véi 1 = (4+J15)2 thi (4+ 15y =(4+/15)
e x=2; Véit= (4-15) thix=-2.

(5)

] a7



Viy PT (5) co tap nghiém la |- 2; 2},

*Thi du 6. Gidi BPT
LA (6)

log:2x  log,a?

Loi gigi. Datt=logyx (1= 0) thi (6) co dang
6 2 =317 +5t+2 1
S R v | L= g -
1+1 ¢ {1+ )t 3

4 | .
hodc 0 <7 <2, Khi do -1< logax < ug hodc
0 < logox <2.

¢
oY)
Vay tdp nghiém cua (6) |2 b ﬁ] (1:4).
% Thi du 7. Gidi PT
3.49°+2. 14 -4"=0 (7)
Huedng diin. Chia hai vé cia PT cho 47 rdi dat

7Y
{= (—| . DS.x= -log;3.
2,.' 7

Luru y 2. Muc dich cua phuong phap dat an
phu la chuyén cic bai todn di cho vé PT
(hodc BPT) hiru ti d3 biét cach giai.

Dang (a+ B Y™ £ (a =6 Y= ¢ (hodc > ¢)
vai (a+v’5){a—\-@]=] nén datr= (ﬁ{g)ﬂx’.

Dang av®™+ b(uvy™'+ v = 0, thi nén chia
\"Fl:r} ¥ 3
M i dat 1= | = ; Khi bién dbi PT
v/
vé dang aflx)™+ bfix) + ¢ = 0 (hoac >0) vdi
fix) = w2 hodic fix)= log,g(x). ta dit 1 = fix)
dé dwa vé PT (hogc BPT) béc hai 4n 1.

cho v

3) Phuwong phdp logarit hod

*Thidu8. Giagi PT 382 =6 (8)
Léi gidgi, DK x » -2 Ldgarit co 6 3 hai vé 6

3. 2log; 2
x+£lﬂg;2=l+lug32<.'>(x—lj(1+ & J:o
x+2 \oX+2

4»x =1 hodc x ==2(1 + log;2).

*Thidu 9. Gigi PT 27+ =32 (9)
Hudng dén. Logarit co s6 2 hai vé.
DS. Tép nghiém cia PT (9) 14 {2 ; log;3-2}.
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Liru y 3. Phucmg phap Ioh.lm hoa rat ¢6 hiéu
luc khi hai ve cua PT co dang tich cac luy
thira nham chuyén an 56 khoi s mii. Can nhé

d"=b < fix) = logh (0<a=1,b>0);
dP=p log ™ =log H* o fx) = g(x)log,b
hodic log, @™=log,h*™e fix)logya = a(x).

4) Phuwong phdp sir dung tinh chiit ciia
ham so

% Thi du 10. Giagi PT 3= 3-logsx  (10)
Léi gidi. DE thiy x =1 2 nghiém cua (10).
V&ix> | thi 3> 3'= 3-logs1> 3- logsy
Véi x < 1 thi 3*< 3' = 3-logsl < 3— logsx.
Viy x = | l1a nghiém duy nhdt cua (10).

% Thi dy 11. Gigi PT 2'= 3?+1 (11)
s - ﬁ T 1 T
ngm:.(l])@lv-[-; +[2] .

Dé thay x = 2 |a mot nghiém cia (11).

\II_,- P 2 . ‘12
Véi x> 2 thi ﬁ +[1J S +Lii -1
2.)0x2 2 2)

Vi x <2 thi |{’£J [E} {"E—EFEJ:L

Vay x = 2 1a nghiém duy nhét cia PT (11).

% Thi du 12. Gigi PT logs(x+1) - 4 (12)

X+ 2
Huéng din. Vé,tréi la HS ddng bién, vé phai
1a HS nghich bién. DS. x = 2.
Luru § 4. Néu PT ¢6 nghigm x,, mot vécia PT

la HS ddng bién, vé kia 13 HS nghich bién
(hodc la HS hang) thi nghiém x, la duy nhét.

5) Hé phuwong trinh mi va logarit
e L. ] 2

253
% Thi du 13. Giai HPT | |
Hf.z.' - 18,

-----

; | 3=24] 3 . - k!
v+ ylogs3 0827 ddy 1a HPT bdc nhit
mg 3+ y=1+2log;3

hai an. Giai tim dwoe (x ;1) =(2: 1).



% Thi du 14. Gigi HPT
{\;ﬁﬂfry:. (0
13logo(9x2) ~ log; 3* =3 (11)
Loigiai, DK x 21,0 <y <2
(ii) < 3(1 + logax)- 3log;y = 3 <logsx=log;y
e x=y. Thay y=x véo (i) dan dén
(x-1)2—x)=0 ¢ x=1 hodcx=2.
Viy HPT ¢6 hai nghiém (x ;) la(l; 1);(2; 2).
* Thi du 15. Gidii HPT {Iog" (x+2y)=2
log,(3y+2x)=2.

Hiedng ddn. Bua vé HPT doi ximg loai 1, tir
do tim duge nghiém (x ; ¥)=(5; 5).
Slog; x—3log, y=-8
*Thi dy 16. Gigi HPT {0~ oet)
|0log, x* —logy y=-9.
Hudng din. Pt 1= logax, v=logsy.
Liru y 5. Ta cling ding céc phwong phép thé,
phuong phap cong dai so, phuong phap dat
an phy,.. nhur HPT hiru ti da biét.

B. PHUONG TRINH LUQNG GIAC

1. CAC KIEN THUC CO' BAN

1. Céc cdng thire lugng gic.

2. Cac phuong trinh lugng giac co ban
sinx=m,cosx=m, lanx =m, col x =m.

3. Phuong trinh dang asin x + bcos x =,
asin’x + bsinxcosx +ecos’x = d.

4. PT dwa vé PT da thic cia mét ham sb

lwgng gide.

I, MOT SO THI DY/

% Thi du 17. Giai PT
cot x + sin x[l + tanxtan%] =4

F

(13)

Bién ddi vé trai cua (13) ta co

X ¥ . X
COS XCos—+5inxsin—
CO3 X 2

—— +8inx
sin x X
COS YCOS —
cosxy  sinx 2 . ) ]
=—4 =— .Suyrasin2x = —.
sinx cosx sin2x 2
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Viyx= i-—fﬂt; x:S—nH:n (keZ).
12 12

% Thi du 18. Gigi PT
cos4x+sin4x+cos[x —EJsin[Bx—EJ 2 =0(14)
4 4) 2

L¢i gidgi. Ding bién dbi tich thanh tong, ta co
¢

1- 2sin’xcos’x + L sinL4xJ£J-+-s'mlr 3 =0

2 2 2
& 2 —sin*2x - cos 4x +sin 2x =3 =0
& sinf2x +sin2x—2=0< sin 2x =1 (do

isin?.x|£1)<:>x=%+k1z(ke%).

* Thi du 19. Giai PT

tanx-+an’x+an’x +cotx +cot’x +cot’x =6 (15)

tan’x + cot* x = (tan x + cot x)* — 2

tan’ x + cot’ x = (tan x + cot x)°~3(tan x+cot x).
Pat ¢ = tan x + cot x (jt|z 2) thi PT (15) ¢o
dangf +F -2t —8=01=2.Do dd
tanxtcotx =2 tanx =1l x = Eﬂm

% Thi du 20. Gigi PT

sin’x-cos’x = cos 2x tan [x +-E]tan[x—ﬂ (16)

Huong din. PK: x # E+kg;k e Z.

Do tan[;r + gjtan[ﬁc - —ﬂ =-1

4)
nén (16) bién doi thanh
(sin x~cosx)(1-sin x)(1- cosx) = 0.

2
ps: x=%+hﬂ:;x=2.ht(kez).

BAI TAP
Giai cac PT, BPT sau :
1. 3sin’x—cos 2x — sin 2x + cos"x= | ;

2. tan 2x + cot x = 8 cos’x ;
3. 2x3u _4(2.:3 SR BE S e 0;

4. (V2-1) +(V2+1) -2v2=0;
1
5. logs(4* +15.2° + 27) - 2 log| ———=0;
2l i YT
6.1+ 82 =37,



TRUNG IHHOQC CO SO

rong cac dé thi hoc sinh gidi THCS

cing nhu dé thi vao lap 10 THPT,

thutng cé bai vé phuong trinh vi hé
phuong trinh vo ti. Viéc sir dung biéu thire
lién hgp cho cdc bai todn nay nhiéu khi cho ta
két qua nhanh chéng.

Trude hél ta nhiic lai mot s6 cong thiic sau:

TT | Biéu thire | Biéu thic lién hop| Tich
[[/arss_[Wasds A-8
2 ¥a+¥B Jar - YaB+¥B A+B
YA T [Walasde | A6

Duat day 1a mot s6 thi du minh hea.
* Thidu 1. Gidi PT J2x-3-Jx=2x-6.
Lot gigi. Diéu kién xz—; Khi do PT da cho

twong duong vol

(V2xr-3-Vx)(V2x—3+Vx)
V2x=-3+x

P ot N YRS

N2x-3+x

< hoac x = 3 (thoa mian) hoac

|
T —— | | 1
\#2x—3+\|{; ()

3 1
TeDKrz—>1suyra 2-————==0.
2 V2x-3+x

=2(x—-3)

Do dé PT (1) vé nghiém.

Vay PT di cho cé nghiém duy nhat x = 3.

X Thidu 2. Gidi PT £ + 9x + 20 =2y3x+10.
Lot giai. Diéu kién x?_—?v Khi dé PT da

cho twong duong véi

VNMATH.COM
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2(VIx+10-1)(3x+10+1)

+3x+6)=
(x3)x+6) _ V3x+10+1
= (x +3)(x+6)=—w
N3x+10+1

<> hodc x = -3 (thoa man} hoic

6
Sx+10+1

6
¢ Vd x> -3 thl ——=———<3 vix+6>3,
N3x+H104+1

nén PT (1) vo nghiém.

x+6— 0 (1)

.. 10
o Vi —§£x<-~3, tuong 1 co >3

6
A3x+10+1

va x + 0 < 3 nén PT (1) vo nghiém.

Viy PT di cho ¢6 nghiém duy nhat x = -3,
K Thi du 3. Gidi PT X2 +1245=3x-+x2+5 (¥)
Léi giai, Ta co

(Y ox2+12-d=3(x-2)+(¥? $5-3)

(V2 124l {x2 +12 +4)

< Vxi+l2+4
Y (Vr2+5-3)({x?+5+3)

Vxi+543

xi-4 x? -4

& ==X 2
Vil +12+4 Vx? 4543

¢» hodc x = 2 (thoa mén) hoic
x+2 x+2

xfx3+12+4“ \jx2+5+3=

Do -\fxz +12 }Jx3+5, tir (*) suy ra 3x > 3,
dandén x+ 2> 0, tir dé suy ra

3

0 (1}




1 x+72 <0

Jxi+543

nén PT (1) vo nghiém. Viy x = 2 la nghiém
duy nhit ctia phuong trinh (*).

x+2
Vx2+12+4

Je Thi du 4. Gidi PT 2x?~11x+21=3/4x—4.
Loi gidi. PT da cho tomg duong vai

(x-3)(2x—5) =

3 ax—4-2)(Y(dx-4)? +2¥dx-4+4)
Yax—ay +234x-4+4

12(x-3
& (x-3)(2x—5)= 20x=9)
Y(dx-ay +234x—4 +4
_ . 12
& hodc x = 3 hoc 2x-5— =0 (1)
tr+2+4
vii 1 =4x—4.
. Véix> 3 Zr - 5> 1 vh ——e—< 1,
242t +4
suy ra PT (1) vo nghiém.
eVaix< 3 thizx—-5<]va 12 > 1,
17 +2t+4

suy ra PT (1) v6 nghiém.
Vay PT di cho ¢6 nghiém duy nhdt x = 3.

[p— 6x—4

* Thi du 5. Gidi PT J2x+4-22-x=

¥ +4

Lot gigi. Diéu kien -2 € x £ 2. Khi do PT da
cho tueng duang vai

(V2x+d-2/2-x)(V2x+4+242-x) 206x-2)

N2x+4+242~x xI+4
. 2(3x-2) _ =2(,31_2)¢>ho@cx:—
e +2-x P44
hodc V2x+4+242—x=vx’+4 (1}

Binh phuong hai vé cta (1) ta duoc

4./202+x)2-x) +(2-x)(x+4)=0

<‘.:>vrﬁ_—w;(4ﬁf2(2+xj+(x+4'}wfﬂ]:ﬂ (2}

VNMATH.COM

Dé thdy 4/2(2+x)+(x+4W2-x>0 vai

2 < x <2, do dé tir (2) suy ra x = 2 {thoa

min). Vay PT di cho c6 hai nghiém x=§- hoic
x=2.

JeHl+y=-2=3 (1)
JrHlelx-2=3 ()

Loi gidi. Didukién x 2 2 va y 2 2. Ty HPT da
chotasuyra’
\r’x+l-v{x—2:\fy+1—\/y—-2
o (Vx+1 = -2 x+1+yx-2)
Jrtl+Jx-2

Wy D=2

y++y2

* Thi du 6. Gidi HPT

T dé 6 Va1 +vx=2=Jy+1+p-2.

Néwx >y 2 2 thi Jerladx=25p+14y=2;
Neu2<x<ythi vx+l ""*{-_2":\%4'\,} -2,

Do dé x=yv. Thay vao PT {1} ta duoc

St 4+vx-2=3 o Jx+)(x=2)=5-x (3

Binh phuong hai v€ cta (3), giai ra dugc x = 3
(thoa man).

Vay hé da cho cd nghiém (x; v)=(3:3).

T;-;-+ J2+i=2 (n
1 I
$+ 2+;=2 (2)

Lot gidi. Digu kién x> 0, y > 0. Ti h¢ di cho

* Thidu 7. Gidi HPT




