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Ki THUAT AP DUNG NGUYEN TAC DIRICLET PE GIAI BAI TOAN CHUNG MINH
BAT PANG THUC VA TiM CUC TRI PAI SO
Nguyén Minh Sang GV THCS Lam Thao- Lam Thao- Phii Tho
Co s0 cua phuwong phéap dwa trén nguyén li DIRICHLET nha toan hoc Ptic P.G.Lejeune
Dirichlet (1805-1859) da néu ra mot dinh 1i ma vé sau nguoi ta goi 1a Nguyén Ii Dirichlet,
nguyén ly duoc phat biéu nhu sau:

“Neéu nhot n con tho vao m long (m,n € N ,n>m) thi ta sé tim dwgc mot chiéc [ong ma trong

d6 khong it hon {1}+1 con thé”
m

Ttr nguyén li Dirichlet c6 mot ménh dé cé y nghia tiing dung hét stic quan trong. D¢ la:
Ménh dé: Trong 3 sd thuc bat ki x,y,z thi phai ¢d 2 s8 ¢6 tich khong am.

Day la mot ménh dé rat quan trong, boi khi ta da chon dwoc “diéim roi” (tac la déng
thirc ctia bai toan) thi ta cé thé ap dung ménh dé trén d€ chirng minh BDT. Chang han
dang thitc xay ra khi @a=h=c =Kk thi ta c6 thé gia st trong 3s6 a—k;b—k;c—k co it
nhat 2 s6 c6 tich khong am.

Giasw2s6 (a—k), (b —k) co tich khong am khi d6 thi (a —k)(b —k) >0

A.Céacvidu:

I. Ap dung nguyén tic DIRICHLET giai bai tip chitng minh bit dang thitc
Vi du 1. Cho cdc s6 thwc dwong a, b, c.

Chitng minh ring:  a° +b? + ¢ + 2abc +1> 2(ab + bc + ca)

Néu a=b=c thi
a’+b? +c¢® 4 2abc+1=2(ab+bc+ca)=3a°+2a*+1=6a’ < 2a°—3a*+1=0
&2a°-2a"—a’+a-a+1=0&(a—1)(2a° —a—1)=0
s(a-1)(2a+1)=0sa=1
Neén du doan diéfmroi a=hb=c=1
Theo nguyén li Dirichlet thi 2 trong 3 s (a — 1) : (b — 1) : (C — 1) c6 tich khong am.
. Khong mat tinh tdng quat, gia st (a—1)(b—1) >0 thi
2c(a—1)(b—1)> 0= 2abc > 2bc + 2ca — 2c.

Ta co

a’+b*+c” +2abc+1>a” +b* +¢* +1+2bc+ 2ac —2c

=(a® +b”)+(c® +1)+ 2bc + 2ac — 2c
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& a’ +b’ ¢ +2abc+1>(a® +b°)+(¢® +1)+ 2bc + 2ac— 2c
& a’ 4+ b® +¢® 4 2abc +1> 2ab + 2¢ + 2bc + 2ac — 2¢ = 2(ab + bc + ca)
(a-1)(b-1)=0
Déng thtic xay ra khi va chikhi <a=b <a=b=c=1
c=1
Vidu2.  Choxy, zdwong thoa min xyz=1
Chitng minh rang: X +y* +2° + X+ Y+ 22 2(Xy + Yz + 2X)
Loi giai.
, X+ Y+ 2+ X+ y+2=2(Xy + yz+ 2x) = 3x” + 3x = 6X*

Néu x=y =12 thi )
= 3x(1-x)=0< x=1(vi x>0)
Du doén diémroi X=y=2=1
Theo nguyén li Dirichlet thi 2 trong 3 s& (X —1),(y —1),(z —1) c6 tich khéng am.
Khong mat tinh tdng quat, gia sa (x—1)(y —1)>0
Nén (x-1)(y-1)20=>xy—-x-y+1>0 =>xyz>xz+yz -z

Theo BDT Cauchy : X+ Yy +2>33xyz =3

BDT (1) dwgc chiing minh néu ta chitng minh dwoc:

XA Y+ X+ y+22 X+ Y + 27 +322(Xy + yz + 2X)

Ta co
X+ Y+ +3=xX"+y + 2 +2xyz+12 X" + Yy + 2" + 2(xz + yz - 2) +1
S (X +Y)+ (P +D)+2(x2+yz—2) 22Xy + 22+ 2(X2 + yz)— 22 =2(Xy + yZ + 2X)
Nén X* +y* +2° + X+ Y+ 22 2(Xy + yz + 2X) Dau “=’ xay ra

(x-1)(y-1)=0
X=y=12 oS x=y=z=1
z=1

Vi du 3. Cho cdc s6'thwc diwong a, b, c. Chieng minh ring
(a® +2)(b* +2)(c* +2) > 9(ab + b + ca)

Loi giai

TAI LIEU TOAN HOC
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(a% +2)(b% +2)(c* +2) =9(ab + be +ca) & (a? + 2) = 27a’
Néu a=b=c < a°® 4+ 6a* +12a* +8=27a’
a®+6a’—15a" +8=0< (a’ —1)2(a2 +8)=0=>a=1I(via>0)
Du dodn diémroi a=b=c=1
Theo nguyén i Dirichlet thi 2 trong 3 s§ a® —1;b* —1;¢* —1 c6 it nhat 2 s8 c6 tich khong
am.
st2sd a’—1b*>—1 nén
(@*-1)(b*-1)>0< a’n*-a’-b’+1>0 < a’h’ +2a*+2b* +4>3a* +3b* +3
& (a®+2)(b*+2)23(a’ +b* +1) = (a° +2)(b* +2)(c* +2) 2 3(a +b* +1)(1+1+¢?)
Ap dung BDT Bunhiacopsky cho 2 day
Dayl a,b,1 day2: 1,1 ,ctaco
3(a’+b’ +1)(1+1+c’)>3(a+b+c) >9(ab+bc+ca) nén

(a® +2)(b* +2)(c* +2) > 9(ab + b + ca)

(@’ -1)(b*-1)=0
a=b=c

Dau “=" xay ra khi { <a=b=c=1 a=b=c=1

Vi du 4. Cho a,b,c khong dm . Chirng minh ring
2(a® +b* +¢?)+abc+8>5(a+b+c)
Loi gidi.
Néu a=b=c
2(a®+b*+¢?)+abc+8=5(a+b+c) < 6a’+a’ +8=15a < a’ +6a’~15a+8=0
o (a-1)(a+8)=0=>a=1;(via>0)
Du doan diém roi a=b=c=1
Theo nguyén 1i Dirichlet thi 2 trong 3 s (a —1) , (b —1) , (C —1) c6 tich khéng am..
Khéng mat tinh téng quat, gia sa (a—1)(b—1) >0
=(a—1)(b—1)>0= abc>hc+ac—c.
Nén 2(a’ +b”+¢”)+abc+8>2(a” +b” +¢*)+hc+ac—c+8 (*)

Ta can chting minh
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2(a’ +b* +c*)+bc+ac—c+825(@+b+c)
& 2(a® +b? +¢*)+bc+ac +825(a+h) +6¢(*)

Ta cd

4(612 +b? +cz)+ 2bc +2ac +16

=(b+c) +(a+c) +3(a2 +1)+3(b2 +1)+2(c2 +1)+8: P

=P :[(b+c)2 +4}+[(a+c)2 +4}+3(a2 +1)+3(b2 +1)+2(c2 +l)

= P>4(b+c)+4(a+c)+6a+6b+4c=10a+10b+12c

= 2(a” +b”+¢”)+bc+ac+8>5(a+b)+6c

Vay BDT (*) duoc chimg minh Tir (*) & (*) ta ¢6 2(a’ +b” +¢* )+ abc +8>5(a+b+c)
(a-1)(b-1)=0

D4u “=” xay rakhi sb+c=a+c=2 < a=b=c=1
a=b=c=1

Vidu5. Choa, b, c duong abc=1. Chirng minh rang
1 1 1
—+—=+—+3>2(a+b+c
a’> b* ¢ ( )
Loi gidi.
Néu a=b=c

L +i+ci2+3:2(a+b+c)<:>%+3=6a<:>6a3—3a2—3=O<:>2a3—a2—1:0

a? b’

e (a-1)(2a°+a+1)=0=a=1

Du doan diémroi a=b=c=1

Theo nguyén 1i Dirichlet thi 2 trong 3 s6 (a —1) , (b —1) , (C —1) co tich khong am.
Khéng mat tinh t6ng quat, gia st (a—1)(b—1)>0
=(a—1)(b—1)>0=ab+1>b+a<2ab+2c+2>2(a+b+c).()
Ta can chtérng minh é+b—12+ci2+322ab+2c+2

Ta cd
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2In2 2.2 242
ah” +b°c”+c‘a
= —— +3=a’*+b’c®+c’a’ +3
a‘bh-c

& a’h? +bc? +c’a’ +3=(a’h’ +1)+c*(a’ +b*)+ 2> 2ab + 2c’ab + 2 = 2ab + 2 + 2 (2)

1 1 1
Tt (1) & (2) ta ¢ —2+F+—2+32 2(a+b+c) dau “=" xay ra khi
a C

(a-1)(b-1)=0

ab=1
X sa=b=c=1

abc=1

la=b
Vi du 6 .Cho a,b,c khong dm théa man a+b+c=1. Chitng minh ring

9abc +1>4(ab +bc +ca)
Loi giai.

Néu a=b=c

9abc +1=4(ab+bc+ca) =9a’+1=12a* = 9a’-12a’ +1=0
= (3a-1)(3a —3a—1):0:>a:%;(d0 a+b+c=1)

Duv doan diém roi a:b:c:%

Theo nguyén 1i Dirichlet thi 2 trong 3 s (3a—1),(3b —1),(30 —1) o tich khong am.
Khong mat tinh tong quat, gia st
(3a—1)(3b—1)>0<«9ab—3a—3b+1>0« 9abc+1>3(ac+bc)—c+1
Ta phai ching minh 3(ac +bc) —c+1>4(ab +bc +ca) (1)
Vi l1=a+b+c=1=a%+Db*+c’+2ab+2bc+2ca
Nén
3(ac +bc)—c+1=3(ac+bc)—c+a’+b*+c® +2ab+ 2bc + 2ca
<:>3(ac+bc)—c+1:4(ab+bc+ca)+c(a+b+c)—c+(a—b)2 > 4(ab + bc + ca)
< 3(ac+bc)-c+1>4(ab+bc+ca) (2)
Tt (1) & (2) ta c6 9abc+1> 4(ab +bc +ca) Dau “=" xay ra khi

(3a-1)(3b-1)=0

a+b+c=1 <a=b=c==

a=>b 3
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II. Ap dung nguyén tac DIRICHLET giai bai toan tim cyc tri dai s0
Vidu 1. Cho cic so'thuece x, y,z théa man diéu kién xy +yz + zx = 3. Tim GTNN ctia biéu thirc

A:(x4 +2)(y4 +2)(z4 +2)

Loi gidi

Néu X=y=z thi Xy+Yyz+2x=3=3X’ =3:>Dj1_1

Dy doan diémroi X' =y*=2"=1
Theo nguyén ly Dirichlet thi trong 3 s8 (x*~1); (y*~1) va (z'-1) ludn ton tai 2 s8 c6 tich
khong am.
. Khong mét tinh tng quat gia sit d6 1a (X' —1) va (y* -1).
Suy ra:
(x*=1)(y'-1)20=>x'y* 2 x* +y* 1= x"y" + 2x* + 2y" +423x" +3y* + 3

= (x*+2)(y" +2)23(x" +y' +1)

= (x“ + 2)(y4 + 2)(24 + 2) > 3(x4 +y* +1)(Z4 + 2)
Mit khac theo BDT Bunhiacopxki ta ciing c6:

(x*+y" +1)(1+1+ 2% )2 (X + y2 + zz)2 >(xy+yz+2x) =9
Suy ra: A=(x"+2)(y" +2)(z* +2)2 27

Xy+Yyz+22x=3

Dau “=" xay ra <> { X' =y* =1 Sx=y=z==+1
1
4 4
X'=yt==
§ Z

Vay MinA =27 & x=y=z=1%1.
Vi du 2. Cho ba s6’dwong a, b, c. Tim gid tri nho nhit ciia biéu thirc:

18
ab+bc+ca’

Loi giai

B=a’+b’+c?*+2abc+

Du doan diémroi a=b=c=1
Xétba sd @ —1,0 —1,¢ —1 Theo nguyén tac Dirichlet c6 it nhat 2 s& c6 tich khong am.

Giastt: a—1;b—1 nén
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(@a-1)(b-1)>0=ab>a+b-1=abc>(a+b-1)c= 2abc>2ac+2bc—2c
=a’ +b®+c? +2abc>a’*+b*+c”+2ac+2bc—2c

= a’+b*+c?+2abc>(a-b)* +(c-1)°+2(ab+bc+ca)-1

= a’ +b® +c* +2abc >2(ab+bc +ca) -1

Do dé: B>2(ab+bc+ca)+ 18 —1=2(ab+bc+ca+

ab+bc+ca ab+bc+caj

Véi X,y >0 taludon co x+y22\/@ nén:

ab+bc+ca+L22\/(ab+bc+ca)
ab+bc+ca

Do d6 B >2.6-1=11.Vay Min(B) =11. Khi

ab+bc+ca

(a-1)(b-1)=0
ta=b;c=1 Sa=b=c=1

ab+bc+ca=

ab+bc+ca
Vi du 3. Cho cic s6'thiec dwong a, b,c théa man a+b+cC=3.
Tim gid tri nhé nhat ciia biéu thikc:
C=a’+b’+c’+abc
Neu a=b=cthi a+b+c=3=3a=3=a=1
Du doan diémroi a=b=c=1
Xétbass a—1,b0—1,¢c—1 Theo nguyén tic Dirichlet cé it nhat 2 s& c6 tich khong am.
Giasr2sola
a-1b-1=(a-1)(b-1)>0«<ab-a-b+1>0«abc>ac+bc—-c
Nén
C=a’+b’°+c’+abc>a’+b*+c’+ac+bc—c
2C >2a% +2b% +2¢? +2ac+ 2bc —c = (a+c)’ +(b+c) +a? +b* - 2c

2C 2[ (a+c)' +2° |+| (b+c) +2° |+ (@ +)+ (b +1) - 2c-10=Q

Ap dung bat dang thiic X% + y2 > 2XY d&u “=" xay ra khi x=y
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2C>Q>4(a+c)+4(b+c)+2a+2b—2c-10=6(a+b+c)-10=38

(a—1=b-1

a+c=2
Min(C)=4<{b+c=2 << a=b=c=1

a+b+c=3

la=b=1

Vi du 4. Cho cic s6'khong dm X,Y,Z théa mian X+ Y+ 2z =1. Tim gid tri nho nhit ciia biéu thirc
9
D:x2+y2+22+§xyz
Loi giai
: 1
Néu x =y =z thi x+y+z:1:>3x:1:>x:§
Du dodn diémroi a=b=Cc=—=

Theo nguyén tac Dirichlet trong 3 s8 1—3X;1—3y;1—3z c6 it nhat hai 6 ¢6 tich khong
am gia st 1-3X;1-3y nén
(1-3x)(1-3y) >0 < 9xy —3x -3y +1>0 < 9xyz >3xz +3yz -

Nén
D=X2+y2+22+gxy22x2+y2+22+%+?’£—E
2 2 2 2
2
2 2 2
Ma x+y=1-z
1-7) _ 2 2
:>DZD/=—( Z) +3—Z(1—z)+zz_£:—1 22+1 +£_3L+ZZ_E:1
2 2 2 2 2 2 2
(1-3x=0
1-3y=0
Min@) =2 VT oyoy=z2t
2 X=Yy 3
X+y+z=1

Vidu5. Cho ab,ckhong &m théaman a+b+C =6 . Tim gia tri 16n nhat cta bi€u thiic
E =3(ab+bc+ca)—abc

Loi giai
Dy doan diémroi a=b=c=2
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Theo nguyén I Dirichlet thi 2 trong 3 s§ (a—2),(b—2),(c—2) c6 tich khéng 4m Khong

mat tinh tong quat, gia st
(a—2)(b—2)>0«ab—2a—2b+4>0<« abc>2ac+ 2bc—4c
& E =3(ab-+bc+ca)—abc <3(ab +bc + ca) — 2ac — 2bc 4 4c = 3ab + ac + bc — 4c

2
<:>E:3(ab+bc+ca)—abc§M+c(a+b)+4c

3(6—c) ?
= E:ab+bc+ca—2abc§%+c(6—c)+4c:28—{%—1] <28

(a-2)(b-2)=0
Max(E)=28 khi <a=Db S a=b=c=2
c=2
Vidu 6. Choa,b,cla cic s6'khong dm vaa+b+c =1
Tim gid tri I6n nhdt cia: F =ab+bc +ca—3abc
Loi giai
1
Du doan diém roi a:b:c:a
Theo nguyén tic Dirichlet trong ba s6 2a—1;2b—1;2cC —1 ¢6 it nhat 2 s6 ¢6 tich khong
am.
S . . 1
Giast 0<c<b<a viatb+c=1nén C<—

Gia str 2a-1; 2b-1 cung ddu ta c6

(2a-1)(2b-1)>0<«> 4ab—2a—2b+1>0<«> 4abc > 2ac + 2bc —c

<:>abc2ac+bc—£
4
2
F sab+bc+ca—3(ac+bc—Ej:ab—lc(:ﬁb—l)s(a”bj —ic(a+b—1):P
2 4 2 2 2 2 2

2
F< P:(—l_cj —10(1—0)
2 2 \2

2 2
Do 1>C20; nén (]'_—C) <71 1C(l—CJZO Suy ra P:(l_—cj —EC(E—C]Si
2 2 2 \2 2 2 \2 4
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2a—-1=0
[2a—1=0 1
Max(F):%cwc:O = a= 2
a+b+c=1 (c=0
la=b

Do vai tro a,b,c nhu nhau nén Max(F) =% khi c6 2 sO b:?mg % mot sO br?mg 0
B. Bai tap ap dung
I. Ap dung nguyén tac DIRICHLET giai bai toan chitng minh bat ding thitc
Bai tap 1. Cho cdc s0'thwc dwong a, b, c.
Chitng minh ring: @ +b* 4 ¢® +abc + 4> 2(ab + bc + ca)
Hudng dan
Du doan diémroi a=b=c=2
Theo nguyén li Dirichlet thi 2 trong 3 s (a — 2),(b — 2) : (C — 2) c6 tich khong am.
. Khong mét tinh tong quét, gia st (a—2)(b—2)>0 thi
c(a—2)(b—2)>0« abc > 2bc + 2ca — 4c.
Ta co
a’+b?+c®+abc+4>a’+b*+c’+4+2bc+2ac—4c
=(a® +b?)+(c* +4)+ 2bc + 2ac — 4c
& a’ +b’ 4 ¢ 4 2abc +1> (@’ +b? )+ (¢ + 4] + 2bc + 2ac — 4c
& a’ +b* +c? 4 2abc +1> 2ab + 4c¢ + 2bc + 2ac — 4c = 2(ab + bc 4 ca)
Déng thikc xay ra khi va chikhi a=b=c=2.

Bai tap 2. Cho cdc s6thuc duong a, b, c. Chirng minh rang
(a® +4)(b® +4)(c” + 4) > 36(ab + bc -+ ca)
Hudéng dan
Du doan diém roi a=b=c=+2
Theo nguyén li Dirichlet thi 2 trong 3 s& a* —2;b* —2;¢* — 2 ¢4 it nhat 2 s& ¢6 tich khong

am.
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st2sd a’—2;:b*—2 nén
(@’ -2)(b°-2)>0< a’h’ —4a’ - 4b* +16 >0 < a’b* + 4a* + 4b* + 4 > 6a° + 6b* +12
<:>(a2 +4)(b2 +4)26(a2 +b? +2)<:>(a2 +4)(b2 +4)(c2 +4)26(a2 +b? +2)(2+2+cz)

Ap dung BPT Bunhiacopsky cho 2 day
Dayla,b ~2 day2: ~2 , <2 ctaco
6(a’+b”+2)(2+2+c*)=12(a+b+c) >36(ab+bc+ca) nén
(a® +4)(b® + 4)(c’ + 4) > 36(ab + bc + ca)
Dau “=” xay ra khi a=b=c=+/2
Bai tap 3 . Cho cdc o' thuec dwong a, b, c. Chitng minh ring
a’ +b®+c®+2abc+3>(a+D(b+1)(c+1)
Hudng dan
a’ +b*+c*+2abc+3>(a+1)(b+1)(c+1)
&a’+h®4c’+2abc+3>(ab+a+b+1)(c+1)
& a®+b*+c*+2abc+3>abc+ab+bc+cata+b+c+l
& 2(a* +b” +¢*)+ 2abc + 4> 2(ab + be +ca) + 2(a+b +¢) (*)
Du doan diém roi a=b=c=1
Theo nguyén li Dirichlet thi 2 trong 3 s (& —1),(b—1),(c —1) c6 tich khéng am..
Khong mét tinh tong quét, gia st (@ —1)(b—1)>0
=(a—1)(b—1)>0= abc>hc+ac—c.
Nén 2(a’ +b? 4 ¢?)+2abc + 4 > 2(a” +b” +¢*) + 2(bc +ca—c) + 4 (1)

Ta chiing minh 2(a’ +b? 4 ¢*)+2(bc+ca—c)+4>2(ab+hc+ca)+2(a+b+c)
Ta co

2(a* +b* +¢*)+2(bc+ca—c)+4

=(a’+b’)+(a* +1)+ (b* +1)+2(c* +1)+ 2(bc +ca—c)

(@® +b)+(a® +1)+(0* +1)+2(c* +1)+2(bc +ca—c)

> 2ab + 2a + 2b + 4c + 2bc + 2ac — 2c

& 2(a’ +b° +¢?)+2(bc+ca—c)+4>2(ab+bc+ca)+2(a+b+c)(2)
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Tt (1) &(2) suy ra BDT (*) dwgc chitng minh hay
a’+b’+c*+2abc+3>(a+D(b+1D(c+1)
Dau “=” xayrakhi a=b=c=1

Baitap4.  Cho cdc s0'thuc dwong a, b, c. Chitng minh ring
1. [a+1—1][b+£—1]+[b+£—1][c+1—1]+[c+1—1J[a+£—1]23
b C c a a b
Hudéng dan

1 1 1
Dt x:a+E,y:b+—,z:c+— thi BDT duoc viét lai thanh
Cc a

(x=1)(y-1)+(y-1)(z-1)+(z-1)(x-1)>3
SXY—X—y+1+yz—y—z4+1+x2—X—2+4+1>3
SXy+YyZ+2x>2(X+y+2)
Dy doén diémroi X=y=2=2
Theo nguyén i Dirichlet thi 2 trong 3 58 (X —2),(y —2),(z — 2) c6 tich khong am. Khong
mat tinh tong quét, gia skt (X—Z)( )
<2

=Xy +4>2X+2y=2(X+y+2)<22+xy+4=22+xy+4>2(x+y+2) (1)

Ta phai chiing minh Xy + Yz + 72X > 2z 4 Xy + 4

1 1 1 1 1
xyz—[a+ ][b+ ][ +—]:abc+—+a+b+c+—+—+—
b a abc a b c

<:>xyz:abc+$+x+y+222+x+y+222+2\/@+z
<:>z(xy—l)zz(\/xiy—l)éz(\/ﬁ—l)EZ(:)z Xy >2+1

Xy + YZ+ X=Xy + z(X + y)zxy+22J7y:xy+2(z+2):22+xy+4
SXY+YZ+2X>22+Xy+4

Tt (1) va (2) tasuy ra

Xy +yz+2x>2(x+y+2z) hay (x —1)(y —1)+(y—1)(z—1)+(z—1)(x —1)>3

suy ra
a+1—1][b+i—l]+[b+E—1][c+1—1] [c+——1]
b C C a

Déng thtic xay ra khivachikhi Xx=y=2z=2,haya=b=c=1.

a+i-1)>3

Bai tp 5 . Cho cic s0'thuwc khong dm bét ki a, b, c. Chitng minh rang:
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abc+2+%[(a—1)2+(b—1)2 +(c-1*]1>a+b+c

Hudng dan
Du doan diéfmroi a=b=c=1

Theo nguyén li Dirichlet thi 2 trong 3 55 (@ —1),(b—1),(c —1) 6 tich khong am.

. Khong mat tinh tong quat, gia st
(a—1)(b—-1)>0<ab>a+b—-1«<abc>ac+hc—c.

abc+2+-——=[(a—1%+ (b—-1)° + (c—1?]

|
J2

1 2 C1\2 1\2
>0 +be o+ 2+ f(@-1" + (01 + (1]

Za+b+c<:>%[(a—1)2 (-1 +(c—1)]>(a+b—2)1—c)

Ap dung BDT Cauchy ta cé:

(a+b—2)
2

(a—1)°+(b-1°+(C—1>> +(c—-1)*>+2|(a+b-2)1—c)

>2(a+b-2)1—c)
Dau “=" xayrakhi a=b=c=1
Bai tap 6. Cho 3 56 thuec a,b,c . Chitng minh ring
a’ +b® +c® +a’h’c® +2>2(ab+bc +ca)
Hudng dan
Du doén diémroi a* =b* =c* =1
Theo nguyén i Dirichlet thi 2 trong 3 s§ a® —1;b* —1;¢* —1 c6 it nhat 2 s8 c6 tich khong
am.
giast2ss a’—Lb?—1nén c? (a2 —1)(b2 —1) >0=>a’h’c? + ¢ >b?c? + c2a>
Thay vao ta co
a’+b*+c?+a’hc®+2>a’+b*+2+b%?+c%a’
sa?+b?+c?+ah’ic?+2> (a2 +b2)+(1+ b202)+(1+ azcz) > 2(ab + bc + ca)
Dau “=" xayrakhi a=b=c=+1
Bai tap 7. Cho cic s6'thwe dwong a, b, ¢ théa man a+b+c=3. Chirng minh ring
(a+b+ab)(b+c+ch)(a+c+ca)>27abc
Huéng dan
Du doan diémroi a=b=c=1
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Theo nguyén li Dirichlet thi 2 trong 3 s& (bc—a),(ac —b),(ab—c) ¢ tich khong am.

. Khong mét tinh téng quét, gia st (ac —b)(cb —a) >0« ab—a’c —bc® +abc?
(b+c+cb)(a+c+ca)=(3—-a+ch)(3—b+ca)
=9-3b—-3ca—3a+ab—a’c+3bc—b’c+abc’=P
P=3(3-b-a+ac+ch)+(ab—a’*c—b’c+abc?)
P>3(3-b-a+ab+ac)=3(c+ch+ac)

Ta chttng minh

Ap dung Bunhicopsky ta ¢ (c+ac+bc)(ab+b+a)> (\/abc ++/abc ++/abc )2 =9abc nén
(a+b+ab)(b+c+ch)(a+c+ca)>27abc

) a+b+c=3
Dau “=" xay ra khi —a=b=c=1
ab=bc=ca=a=b=c

Bai tp 8. Cho cic s6'thwe dwong a,b,c .Chitng minh ring
16(a’ +1)(b* +1)(c* +1)=5(a+b+c+1)’
Huéng dan

Dy doan diémroi a=b=c= 5

Theo nguyén li Dirichlet thi 2 trong 3 s6 [az — %];[b2 — %];[Cz — %J o tich khong am.
Gia s
az—1 , bz—l 20@a2b2—1a2—1b2+i20
4 4 4 4 16
S} 15

sah’+a’+b*+1>=>(a’ +b* )+ =

SRR

2 2 S22y, 1o 16/ 5 2 2

(a7 +2)(b* +1)> (" +b%) + oo (" +1)(b° +1)(c" +1)

> (4a* +4b* 4 3)(c* +1)
Ta ching minh (4a° +4b” +3)(c* +1) > (a+b+c +1)".
Ap dung BDT Bunhiacopsky ta c6

(48 +4b% +3)(c® +1) = (4a” + 4b% +1+ 2)[%+%+c2 +%] >(a+b+c+1)

Lién hé tai liéu word toan zalo: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

vay 16(a’ +1)(b* +1)(c* +1)>5(a+b +c+1)" Dau"=" xay rakhi a=b=c =%

IL. Ap dung nguyén tic DIRICHLET giai bai toan tim cyc tri dai sé.
Bai tap 1. Cho cdc s6'thuc dwong a, b,c théa mian a+b+C=3.

Tim gid tri 16n nhat cia bicu thiee: G = 2(@b +bc + ca) —abc

Hudng dan

Du doan diémroi a=b=c=1
Xétbasd @ —1,0—1,¢c —1 Theo nguyén tac Dirichlet cé it nhat 2 s8 c6 tich khong am.
Giasr2s0la
a-1b-1=(a-1)(b-1)>0«<ab-a-b+1>0«< —-abc<c—c(a+b)
Neén
G =2(ab+bc+ca)—abc<2ab+2bc+2ca+c—c(a+b)=2ab+c(b+a)+c=Q

GsQSM+c(a+b)+c:M+c(3—c)+c: ~C"+20+9 :10_(0_1)2 <5
2 2 2 2
(a—-1=b-1
a=b
Max(G):5<::><C 1 <a=b=c=1
la+b+c=3

Bai tap 2. Cho cic s6” a,b,c >0sao cho a’+b*+c*+abc=4.
Tim gid tri 16n nhit cia biéu thire H = ab +bc + ca —abc
Huéng dan
Du doan diéfmroi a=b=c=1
Theo nguyén li Dirichlet thi 2 trong 3 s (& —1),(b—1),(c —1) 6 tich khong am.
Khong mét tinh tdng quat, gia st (@ —1)(b—1)>0
=c(a—1)(b—1)>0= abc>bc+ca—2c.
Nén ab +bc+ca—abc<ab+c
Ma
4=a’+b’+c*+abc>2ab+c*+abc=4—c’>ab(c+2)
=2-c>ab=ab+c<2
Tt hai BDT trén ta suy ra Max(H)=2 khi a=b=c=1.
Bai tap 3. Cho cdc s6 thwc dwong a,b,c sao choabc =1.
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a+3 n b+3 n c+3
(a+1)"  (b+1)] (c+1)

Hudng dan
Truwdec tién ta chitng minh 2 bo dé sau:
1 1 1 2
>
1+a 1+b 1+c l4+a+b+c
1 1 1 1
>+ >+ >+ >1
(1+a) (1+b) (14+c) a+b+c+l
Chiing minh B6 dé 1. BDT tuong duong véi
3+ab+bc+ca+2(a+b+c) > 3+a+b+c eal b ici>1
2+ab+bc+cat+a+b+c T 1+a+b+c
Ma theo BDT AM —GM thi a’ +b? +¢? >33a’h’c* =3
Vay Bo dé 1 dwoc chtrng minh.
Chitng minh B6' dé 2. Theo nguyén li Dirichlet thi 2 trong 3 s§ (a—1),(b—1),(c—1) c6

Tim gid tri nho nhdt ciua biéu thive K =

+1

Bo dé 1.

Bo dé 2.

tich khong am , khong mat tinh tong quat gia st

(a—1)(b—1)zo;»CT“:ab+1za+b.

1 1 1 2 2
Ta cd + > & (ab—1) +(a—b) >0 (d¢
Na 1 n 1 > 1 c
n p—
(1+a)® (b+1° 1+ab c+1
Do do
1 1 1 1 N C n 1 1 1

>+

+ - > -
N R A

Vay Bo dé 2 dwoc chirng minh.
Tr6 lai bai todn.
1 n 1 n 1 n 2 n 2 n 2
l1+a 1+b 1+b (a+1) (b+1) (b+1)
S 2 n 2 n 2 L+ 2
“(a+1)]  (b+1)° (b+1)] a+btc+l
Vay Min (K)=3 khi a=b=c=1
Bai tap 4 .Cho cdc s6 thuc dwong a,b,c thoa man a+b+c=3.

Ma theo b6 dé trén ta co

+1>2=1=3

TAI LIEU TOAN HQOC
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a’ b? c?
+ —-
a®—2a+4 b*—2b+4 c*—2c+4

Tim gid tri nho nhdt cia biéu thite M =

4

Hudéng dan
Du doan diéfmroi a=b=c=1
Theo nguyén li Dirichlet thi 2 trong 3 s8 (a—1),(b—1),(c—1) 6 tich khong am.
Khong mét tinh tong quat, gia st (b —1)(c—1)>0
Neén b? +¢?<b? +¢? +(b-1)(c-1)=1+(b+c-1) =1-(2-a)
Ta c6
b? c’ (b+c)
b2—2b+4+cz—20+4Z b’ 4+c*—2(b+c)+8
(3-a) . (3-a)
T1+(2-a)-2(3-a)+8 a —2a+7

Ta chttng minh
2
3—a a’
M > 2< - : >1(a—1)’(a’ —4a+8)>0 dung véimoia
a“—2a+7 a"—2a+4
Vay Min(M)=1khi a=b=c=1
Bai tap 5. Cho cdc s6 thuc dwong @,b,C théa man a+b+c=3.

Tim gid tri 16n nhat ciia biéu thire N =a°+b°+c®+8(ab+bc+ca)

Hudng dan
Dy doan diémroi a=b=c=1

Theo nguyén li Dirichlet thi 2 trong 3 s (a—1),(b—1),(c —1) 6 tich khong am.
Khong mét tinh tong quat, giast (a—1)(b—1)>0<ab>2—c
N =a’+b®+c®+8(ab+bc+ca)=(a+b) +c®—3ab(a+b)+8(ab+bc+ca)

N =(a+b)[(a+ b)’ —3ab]+c3 +8[c(a+b)+ab|

N s(a+b)[(a+b)2—3(2—c)]+c’°‘+8{c(a+b)+(a+b)2]

<N S(3—C)|:(3—C)2 —3(2—c)}+c3+8{c(3—c)+
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(a-1)(b-1)=0
Max(N)=27<ja+b+c=3 <<a=b=c=1
a=b
Bai tip 6 . Cho a,b,c khong dm théa min a+b+c=1.
Tim gid tri [6n nhit cia biéu thire Q =ab+bc + ca—2abc
Huéng dan
Du doan difmroi a=b=Cc==
Theo nguyén li Dirichlet thi 2 trong 3 s (33. — 1) : (3b — 1) : (3C — 1) c6 tich khong am.

Khong mat tinh tong quat, gia st
(3a—1)(3b—1)>0« 9ab—3a—3b+1>0« 9abc >3ac+3bc—c

<:>2abc2@+2—bc—£:>ab+bc+ca—2abc§ab+bc+ca—@—2—bc+£
3 3 9 3 9
1 2c _(a+b) 1 2c
< ab+bc+ca—2abc<ab+Zc(a+b)+=—=< +=c(a+b)+=
3 9 4 3 9
(1-c) 1 2c
<:>ab+bc+ca—2abc§T+—c(1—c)+?

1 1 1 1 1 1 7
s ab+bct+ca—2abc<——c*+—c+—=——|c?—2c=+=|+—
+be+ <—5¢ T E¢t 12[ 3+9]+

2
27 12 3) — 27
Max(Q)zé khia=b=c=£

Bai tap 7. Cho a,b,c duwong ,abc =1 . Tim gid tri nhd nhat ciia
1 1 1

P= =+ =+ >
(1+a) (1+b) (1+c)
Huéng dan
P= L + 1 + t . 1 + 2 __1 2

(1+a)” (1+b)" (1+c)° (1+a) (1+b)(1+c) (1+a)2+bc+b+c+1

Theo nguyén tac Dirihlet trong ba s8 a—1b—1c—1 c6 it nhat 2 s6 c6 tich khong am . Gia
st

(b-1)(c-1)>0<=bc-b-c+1>0<b+c<bc+1
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1 2 1 2 1 abc
PZ 2+ > 2+ = 2-|-
(1+a)” bc+b+c+l (1+a) 2(bc+1) (1+a) bc+abe
_ 1 .. a =a2+a+1
(1+a) 1+a (a+1)

a’+a+l a’+2a+l-(a+1)+1 1 1

Ta co = — +
(a+1)? (a+1)? a+l (a+1)?
2
bt ! =Xx=1- 1 + ! 2:xz—x+1:(x—£j +§2§
a+l a+l (a+l) 2 4 4

deYu”=”khiX:%:>a=1

(1 1

b+l c+1

Neén Min(P):%<:><(b—l)(C—1)=0<:>a:b:c:1
abc=1

la=1

TAI LIEU TOAN HOC
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