Day s6 va cac bai toan vé day so
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0.1 Giéi thiéu

Chon dé tai vé day so, chdng toi da tu truéc minh mot nhiém vu vo cling
khé khan, boi day 1a mot linh vuc rat khé va réat rong, sit dung nhiéu kién thiic
khéc nhau cta todn hoc. Hon thé, truée d6 da cé kha nhi€u cuon sich chuyén
khao vé dé tai nay. Du vay, ching t6i vin muén c6 gang déng gép mot s6 kinh
nghiém va ghi nhan cta minh thu lugm dugc trong qua trinh giang day nhiing
nam qua.

Tap tai liéu nay khong phai 1a mot gido trinh vé day s0, lai cang khong phai
1a mot cdm nang huéng dén gidi céc bai toan ddy s6. Tap tai liéu ndy ding hon
hét 1a nhitng c6p nhat cta tdc gia vé nhitng phuong phdp giai cdc bai todn day
sO cung v6i nhitng nhan dinh do6i khi mang diy tinh chu quan cua tic gia. Vi
vy, hdy coi day 12 mot tai liu mé. Hay tiép tuc trién khai, lién hé va diic két
kinh nghiém, ghi nhan nhitng cai hay va gép y cho nhiing cdi chua hay, tham
chi chua chinh x4c.

Trong tai liéu nay, khong phai tat ca cdc van dé cla diy s6 déu duogc dé cap
t6i. Vi du phan diy s6 va bat dang thic chi duoc néi dén rat so sai, cdc bai
todn day s6 ma thuc chat 1a cdc bai todn vé dong du ciing khong duoc xét téi ...
Hai mang 16n ma tap tai liéu nay chi y dén nhat 1a bai todn tim s6 hang téng
quat cua mot day s6 va bai todn tim gidi han day so.

Trong tap tai liéu nay, cdc van dé va cac bai todn c6 mic do khé dé khac
nhau. C6 nhitng bai co ban, cé nhiing bai khé hon va cé nhiing bai rat khé. Vi
vay, can phai lua chon van dé véi mitc do thich hop (vi du ¢ mot s6 van dé va
bai to4n chi dung phai & miic ky thi chon doi tuyén hoiac qudc t€).

Viét tap tai liéu nay, tic gia da st dung rat nhiéu nguodn tai liéu khic nhau,
tuy nhién chi c6 mot s6 bai ¢6 ghi ngudn goc, mot s6 bai khong thé xdc dinh
duge. Tac gia ciing da st dung cdc bai giang cua cac thay Phan Dac Chinh,
Nguyén Van Mau, Lé Dinh Thinh, Dang Hang Thing, Nguyén Minh Dic ...
trong bai viét clia minh.

Cuoi cung, tap tai liéu nay khong khoi c6 nhiing nham lan va thiéu sét, tac
gid rdt mong nhan dugc su gop ¥ cla tat ¢ cdc thay co gido. Va rdt mong rang,
vGi nd luc chung cua tét ca chiing ta, tap tai liéu s€ ti€p tuc duoc hoan thién va
b6 sung.

0.2 Dinh nghia va cac dinh ly co ban

Pinh nghia 1. Day so¢' la mot ham s tir N vao mot tdp hop s6 (N, Q, R, C) hay
mot tdp con nao dé cua cdc tdp hop trén). Cdc s6 hang cua ddy so thuong duoc
ky hiéu la u,, vy, Tp, yn thay vi u(n),v(n),x(n),v(n). Bdn thdn ddy sé duoc ky
hiéu la {x,}.



Vi day s6 la mot truong hop dac biét cia ham s6 nén né ciing ¢6 cac tinh
chat ciia mot ham s6.

Pinh nghia 2. Ddy s6 {x,} duoc goi la ddy tdng (gidm) néu voi moi n ta co
Tnt1 < Tp(xni1 < x,). DAy $6 tang hodc ddy so” gidm duogc goi chung la dady
dn diéu. Day so {xn} dugc goi la bi chdn trén néu ton tai so thuc M sao cho
vdi moi n ta c6 x, < M. Day s6 {x,} duoc goi la bi chdn dudi néu ton tai so
thuc m sao cho vdi moi n ta cé x, > m. Mot ddy s vika bi chdn trén, vita bi
chdan dudi duoc goi la ddy bi chan. Dady s6 x, dugc goi la tudn hoan vdi chu
ky k néu x, ., = x, véi moi n € N. Ddy s tudan hoan vdi chu ky 1 goi la day
hdng.

Pinh nghia 3. Ta ndi day s {x,} cé gidi han hitu han a khi n dan dén vo
cung néu véi moi € > 0, ton tai so ty nhién Ny (phu thudc vao day so x, va €)
sao cho voi moi n > Ny ta cé |x, — a| nhd hon e.

lim z, =a < e > 03Ny € N :Vn > No|lzn —a| < €
n—oo
Ta néi day s6 {x,} dan dén vo cung khi n ddn dén vo cung néu véi moi s6
thuc dung M Ion tuy y, ton tai sO tu nhién Ny (phu thudc vao day s x,, va M)
sao cho véi moi n > Ny ta co |x,| lon hon M.

lim z, =00 < VM > 03N, € N :Vn > Ny |z| > M.
n—oo
Day s6 c6 gidi han hitu han dugc goi la ddy hoi tu. Day s6 khong cé gidi
han hoac dan dén vo cung khi n dan dén vo cing goi la day phan ky.

Pinh Iy 1 (Tong, hiéu, tich, thung cac day hoi tu). Néu {z,}, {y.} la cdc
day hoi tu va cé gidi han tung ting la a,b thi cdc day so {x, + yn}, {Tn — yn},
{Znyn} va {xn/yn} ciing ho tu va cé gioi han tung ing la a +b,a — b, a.b,a/b.
(Trong truong hop ddy so thung, ta gid st y, va b khdc khong)

Dinh 1y 2. (Chuyén qua gidi han trong bdt déing thiic) Cho day sé {x,} c6 gidi
han hitu han [, néu ANy € N :Vn > Ny ta ¢6 a < x, < b thi a <z, <b.

Pinh ly 3 (Pinh 1y kep). Cho ba day sé'{z,},{yn}, {20} trong dé x, va z, cé
cung gioi han hitu han l, va Ny € N :V¥n > Ny ta ¢6 ©, < Yy, < z,. Khi do y,
ciing co gioi han la .

Dinh ly 4 (Day dn diéu). Mot day tang va bi chdn trén hay mot day giam va
bi chén dudi thi hoi tu. N6éi ngan gon hn hn, mot day sé dn diéu va bi chdn thi
hoi tu.



Pinh ly 5 (Vé day cac doan thang léng nhau). Cho hai day so thuc {a,}, {b,}}}
sao cho

a) Vn € N,a, < by,

b) VmN, [ap 11, bnr1] C [an, by,

¢) b, —a, — 0 khi n— oco.

Khi dé ton tai duy nhdt sé thuc | sao cho N [ay,,b,] = 1.

Pinh 1y 6 (Bolzano Veierstrass). T mot ddy bi chén luon cé thé trich ra mot
day con hoi tu.

Pinh nghia 4. Ddy {z,} duoc goi la day Cauchy néu e > 03Ny € N: Vm,n >
No|xm — x| < e.

Dinh nghia 5 (Tiéu chuan Cauchy). Ddy s6 {x,} cé gidi han hitu han khi va
chi khi né la day Cauchy.

Cap so6 cong. Day s6 {z,} dugc goi la mot cap s6 cong khi va chi khi ton
tai d sao cho

Vne N,z =2, +d.

d duoc goi 1a cong sai clia cip s6 cong, o la s6 hang dau, x,, 1a s6 hang thi n.
Ta c6 cac cong thic co ban sau:

Ty, = To +nd
Spn=To+ T+ +Tp
=nxg+n(n—1)d/2

=n(xo+ Tp_1)/2

Cap s6 nhan. Day s6 {z,} dugc goi 1a mot cap s6 nhan khi va chi khi ton
tai ¢ sao cho

Vn € N,z,11 = qu,.

d dugc goi la cong boi clia cap s6 cong, x 1a s6 hang dau, x, 1a s6 hang thi
n. Ta ¢6 cac cong thic co ban sau:

wn:qnl’o
Sp=x0+x1+ -+ Tho1=(¢" —1)zo/(¢ — 1)

Néu |q| < 1 thi {z,,} dugc goi 1 cap s6 nhan 1bi vo han. Téng cla cip s6 nhan
lui vo6 han duoc tinh theo cong thiic

S =zo/(1-q)



Day Fibonacci. Day s6 Fibonacci la day s6 dugc dinh nghia bai

fO :O7f1 = 17vn € N?fnJrZ :fn+1 +fn

Day s6 Fibonacci ¢6 rat nhiéu tinh chat thd vi va xuat hién mot cich tu nhién
trong nhiéu linh vuc khéac nhau. Chiing ta ¢6 cong thic sau day dé tim s6 hang
tong qudt cua ddy s6 Fibonacci:

Cong thitc Binet.

N6i chung, cic day so xdc dinh bdi cong thic truy hoi f,, 0 = frp1 + [ (VO
fo, f1 bat ky) dugc goi 1a day Fibonacci m& rong.
Day Farey. Day Farey F,, v6i mdi s6 nguyén duong n 1a tap hop cdc phan
sO t0i gian dang a/b v6i 0 < a < b < n va (a,b) = 1 xép theo thit tu tang dan.
Vi du

= {0/1,1/5,1/4,1/3,2/5,1/2,3/5,2/3,3/4,4/5,1/1}.

Ngoai trir F, F), ¢6 s0 1é cdc phan tir va 1/2 luon nam & gitta. Goi p/q, p'/q
va p”/q" 1a céc s6 hang lién ti€p trong day Farey thi

pd —qp' =1, vap'/qd = (p+p")/(a+¢").

S6 cac s6 hang N(n) trong day Farey dugc tinh theo cong thiic

—1+Z<p =1+ ¢(n).

0.3 Mot so phuong phap giai bai toan vé day so

Phuong phdp giai cic bai toan diy so rat da dang nhu chinh yéu cau cua
ching. D6 c6 thé 1a mot tinh chat s6 hoc, mot tinh chat dai s6 hay mot tinh
chat giai tich. Duéi day chiing ta s€ xem xét nhitng phuong phap co ban nhat.

Tuy nhién, c6 thé dua ra hai nguyén ly chung dé gii cac bai todn day so la

- Diing ngai viét ra cic s6 hang dau tién cua day s6

- Ding ngai téng quét héa bai todn



0.3.1 Day so thuc: mot s6 dang day so dac biét
Day s6 dang 1 = f(xn)

Day la dang diy s6 thuong gip nhit trong cac bai todn vé gidi han day so.
Day s6 nay s€ hoan toan xac dinh khi biét f va gia tri ban dau xy. Do vay su
hoi tu clia day s6 s€ phu thudc vao tinh chat ctia ham s6 f(z) va zo. Mot dac
diém quan trong khéc cha day s6 dang nay 1a néu a la gii han cta ddy so thi
a phai 1a nghiém cla phuong trinh z = f(x). Ching ta c6 mot s6 két qua co
ban nhu sau:

Pinh nghia 6. Ham s6 [ : D — D duoc goi la mot ham s6 co trén D néu ton
tai s6 thuc q,0 < q < 1 sao cho |f(z) — f(y)| < q|z —y| vdi moi x,y thujc D.

Pinh 1y 7. Néu f(x) la mot ham s6 co trén D thi day so {x,} xdc dinh bdi
xg=a € D, x,1 = f(x,) hoi tu. Gidi han cua ddy s6 la nghiém duy nhdt trén
D ciia phuong trinh © = f(x).

Chiimg minh.
Véi moi n > m thi 4p dung dinh nghia ham s6 co, ta c6

|$n - xm| = ’f(xnfl) - f(xm71)| < q’xnfl - xm71| < te < Qm”rnfm - :170’

)

Tu day |z, — xo| < |z — Tp—1| + - + |21 — 20| < (gu-1+ -+ + 1)|x1 — 20],
suy ra {z,} bi chan. Xét e > 0. Tix (1), do ¢ < 1 va |x,_,, — zo| bi chan nén
ta suy ra ton tai N sao cho ¢"|z,_,, — zo| < €. Suy ra {z,,} 1a ddy Cauchy va
do do6 hoi tu.

Vi du. (Viét Nam, 2000) Cho day s6 {z,} xac dinh nhu sau

2o =0,Tp41 =1/ c— e+ z,.

Tim tat ca cdc gid tri cua ¢ dé véi moi gid tri xy € (0,¢), z,, xac dinh v6i moi
n va ton tai gidi han hitu han lim,, . z,,.

Gidgi. Dé z1 ton tai thi ta thi ¢ — \/c+z, > 0 v6i moi zo € (0,c) hay
c(c—1) = 2o v6i moi zg € (0,¢), suyrac > 2. V6ic>2thi 0 <z < /e
Néu 0 < z, < \/c thi ¢ —\/c+ x, > ¢ — 2+/c, suy ra z,, ton tai va ta ciing
c6 0 < xpi1 <+

bat f(z) =+/c—e+athi f'(z) = -1z +2v/c— Vet w

V6i moi z € (0,4/c) ta ¢6 (¢ + z)(c — Ve+x) > clc — e+ /e) =
2(2—v2+v2) > 1. T dé suy ra |f'(z)| < ¢ < 1 véi moi = € (0,/c), titc
f(z) 1a ham s6 co trén (0,+/c), suy ra ddy s6 da cho hoi tu. Vay tit ca cic gia
tri ¢ cin tim 1a ¢ > 2.



Mot trudng hop nita ciing ¢6 thé xét dugc su hoi tu cuia ddy so {x, } 12 trudng
hop f don diéu. Cu thé 1a

Néu f 1a ham s6 tang trén D thi {x,} s€ 1a day don diéu. Day sO nay tang
hay giam tuy theo vi tri cia xg so véi ;.

Néu f 1a ham giam trén D thi cac day con {zop}, {z2p+1} 12 cdc ddy don
diéu (va nguoc chiéu nhau).

Vi du. (Vo dich sinh vién Moskva, 1982) Cho day s6 {z,} xdc dinh boi
xo = 1982, 2,1 = 1/(4 — 3z,). Hay tim lim,, ., z,

Gidi. Tinh todn tryuc tiép ta thdy 0 < x5 < 1,23 > x9. Vi f(z) = 1/(4 —3x)
12 mot ham s6 tang tix [0, 1] vao [0, 1] nén tir day, {z, },>2 12 mot ddy so tang va
bi chan trén bdi 1 do d6 ¢6 gidi han. Gia su gidi hanla a thitacé a = 1/(4—3a)
hay a = 1 (gid tri @ = 1/3 loai do ddy tang).

Cau hoi: Véi nhiing gia tri nao cua x, thi ddy s6 xac dinh véi moi x va cé
giGi han? Khi nao thi giéi han 1a 1? Khi nao thi giéi han la 1/3?

Trong trudng hop f 1a ham giam, ta c6 thé chitng minh ddy hoi tu bang cich
chitng minh hai day con trén cting hoi tu vé mot gidi han.

Tuy nhién, kh6 khan nhat 1a gap cac ham so6 khong don diéu. Trong truong
hop nay, ta phai xét tung khoang don diéu ctia n6 va su hoi tu cua ham so sé
tuy thudc vao gid tri ban dau.

Vi du. Tim tat ¢ cdc gid tri cha a dé€ day s6 {z,} xdc dinh boi 7y =
a,Tpy1 =2 — x2 6 gidi han hitu han.

Giai. Ham s6 f(x) = 2 — 2% tang trén (—o0,0) va giam trén (0, +00).
Phuong trinh f(z) = x ¢6 hai nghiém 1a x = —2 va x = 1. D6 1a nhiing di
kién quan trong trong 16i giai bai toan nay.

Pau tién, ta nhan xét rang néu a < —2 thi do f : (—o0, —2) — (—o00, —2)
va 12 ham tang, x; = 2 —a? < zy nén ddy s6 {z,} gidam. Néu day {z,} bi chan
du6i thi n6 hoi tu vé nghiém clia phuong trinh x = 2 — 22, diéu ndy mau thuin
vi ddy giam va xy < —2. Vay {z,} khong bi chan dudi, tiic khong c6 gidi han
hitu han. Néu a > 2 thi z; < —2 va ta ciing suy {x,} khong c6 gi6i han hitu
han.

Vé6i a = —2,1 thi day s6 c6 gidi han. Xét zg € [—2,2]|. Ta chiing minh day
$0 ¢6 gidi han hitu han khi va chi khi ton tai n sao cho z,, = —2 hoic z,, = 1.
That vay, gia str x,, ¢6 giéi han hitu han 1a b va x,, ¢ {—2,1} v6i moi n. Khi d6
b= —2hoac b= 1. Gia sut b = —2 thi ton tai Ny sao cho z,, ndm trong lan can
—2 v6i moi n > Ny. Nhung néu z,, = —2 + ¢ thi 2,1 = —2 + 4e — €2 > 1z,
suy ra day z, tang ké tir Ny va khong thé dian vé 2. Néu b= 1 ké tr n > N,
nao dé x,, thudc lan can 1. Xét

Tppo —Tn =2—(2—22)? -2, = (2— 2, — 22)(22 — 2, — 1)

Tai lan can 1 thi 22 — z, — 1 < 0. Vinéu z,, < 1 thi z,; > 1 (vd ngugc
lai z,, > 1 thi z,,; < 1 - ching ta dang xét trong lan can diém 1!) nén c6 thé



gia st x,, > 1. Khi d6 2 — z,, — 22 < 0 suy 1a T2 > T,. Ti€p tuc nhu vay,

suyral <z, < Tpio <--- < Tppor < --- mau thuan véi gia thiét b = 1. Vay
diéu gia st 1a 2, tdc 1a ddy s6 chi c6 gidi han khi ton tai n sao cho x, = —2

hoac z, = 1.

Sau khi thu dugc két qu nay, ta sit dung ham ngugc f~1(z) = /2 — z dé
xay dung tat ¢ cdc gid tri a thdéa man diéu kién dau bai.

Trong vi du trén, ta da sit dung gia thiét ton tai gi6i han dé thu gon mién D,
tir d6 mot ham c6 bién thién phiic tap trd thanh mot ham don diéu.

Day so dang x,,.; = 2, + (z,)® va dinh ly trung binh Cesaro

bay la truong hop dac biét cua day s6 dang z,,11 = f(z,). Tuy nhién, v6i
day s6 dang nay van dé hoi tu cta x, thudng khong duoc dat ra (vi qua don
gian va gidi han chi c6 thé 1a 0 hodc co). & day, ta s& c6 mot yéu ciu cao hon
12 tim bac tiém can cla x,, cu thé 1a tim b sao cho x, = O(n”). Véi cdc day
sO c6 dang nay, dinh ly trung binh Cesaro s€ to ra rat hitu hiéu.

Pinh 1y 8 (Trung binh Cesaro). Néu day s6 {x,} cé gidi han hitu han la a
thi day so cdc trung binh {x1 + xo + -+ - + x,)/n} ciing c¢é gidi han la a.

Dinh 1y nay c6 thé phdt biéu dudi dang tuong duong nhuu sau:

Néu limn — oo(zp41 — x,) = a thi lim, o z,/n = a.

Ta ching minh dinh 1y & cdch phét bi€u 2. RS rang chi can chiing minh cho
truong hop @ = 0. Vi lim,, oo (Zp11 — ) = 0 nén véi moi € > 0 ton tai, Ny
sao cho v6i moi n > Ny ta ¢6 |x,41 — z,| < e. Khi d6, v6i moi n > Ny

|0/l < {lon| + (28011 = 2ol + -+ 4 [0 = 20 al/0

< |zn,|/n+ (n — No)e/n.

Giit c6 dinh N, ta c6 thé tim duge N; > N sao cho |zyo|/N; < e. Khi d6 véi
moi n > Nj ta s€ ¢ |z, /n| < 2e. Vay lim,,_,o, x,/n = 0.

Dinh 1y trung binh Cesaro ¢6 nhiéu ting dung quan trong trong viéc tim gidi
han ddy s6 va c6 thé phat bi€u cho cdc trung binh khdc nhu trung binh nhan,
trung binh diéu hoa, trung binh liy thira. Tuy nhién, & day ta chi khai thac céch
phét biéu 2 cua dinh Iy dé ap dung cho cdc day s6 c6 dang z, 1 = z, & (z,)°.
Dé tim s6 8 sao cho z,/n® c6 gi6i han hitu han, theo dinh ly trung binh
Cesaro, ta chi cin tim g sao cho z,,; — «] c6 gi6i han hitu han a. Khi do,
lim,, o0 27 /n = a, suy ra limz,, /n] = af, tic 1a = 1/~.

Vi du. Cho day s6 {z,} dugc xdc dinh boi zy = 1/2,z,41 = x, — 2.
Chiing minh ring lim,,_,., nz, = 1.



Gidi. Trong bai nay, 5 = —1 do d6 ta s€ thir v6i v = —1. Dé dang ching
minh duoc lim,, .., z, = 0. Ta co

1/Tp1 — 1/xy = (T — Tng1)/Tnp12n = xi/(xn — xi)xn =1/(1-=x,) — 1.

Tur d6 4p dung dinh 1y trung binh Cesaro, suy ra lim1/nzx, = 1, suy ta lim nzx, =
1.

Vi du. Cho day s6 {z,} dugc xdc dinh boi zq = 1, 2,1 = sin(x,,). Ching
minh ring lim \/nz, = v/3.

Giai. Day s6 da cho khong ¢6 dang z,,,1 = x, £ (z,)* (?) nhung két luan
ctia bai toan goi cho ching ta dén dinh 1y trung binh Cesaro. Vi § = —1 nén ta
sé thir v6i v = —2. Dé dang ching minh dugc rang lim z,, = 0. Xét

1/22 — 1/22 = [22 — sin®(z,)] /22 sin®(x,) — 1/3

(Dung quy tac L’Hopitale)

Tir d6, theo dinh 1y trung binh Cesaro lim 1/nz? = 1/3, suy ra lim lim \/n.x,, =}
V3.

Nhu vay, ta c6 thé tim v néu biét 4. Trong trudong hop khong biét 3 thi ta
phai du doan.

Vi du. (Chon doi tuyén Viét Nam, 1993) Day s6 {a,} dugc xdc dinh boi
a1 =1va any1 = a,+1//a, . Hiy tim tat ca cdc s6 thuc 3 dé€ day s6 (an)?/n
c6 gi6i han hitu han khac 0.

Giai. TruGc hét ta ching minh a, dan t6i vo cung khi n dan téi vo cung.
That vat, ta ¢6 a2, = a2 + 2\/a, + 1/a, > a2 + 2. Suy ra a2, > 1+ 2n suy
ra (dpcm). Trd lai bai toan, xét

ahy = )l = (an + 1/v/an)? = a}f? = (L4 1/a}?)2/(1/a?)

Pat & = 1/a)” thi 2 — 0 khi n — co. Do d6 lim,, o (a2/? — a)/?) =
lim, 0(1+2)*2/z = 3/2 (Quy tic L Hopitale) Tir d6 suy ra lim a3/*/n = 3/2.
V6i 3 > 3/2 suy ra gidi han bang oo, v6i § < 3/2 suy ra gidi han bang 0. Vay
B =3/2 la gid tri duy nhat tho man yéu cdu bai toan.

Cau hoi

1) Lam sao c6 thé du dodn duoc giaa tri 5?2

2) a va  c6 mdi quan hé gi?

0.4 Day so6 nguyén

Day s6 nguyén la mot phan quan trong trong ly thuyét day s6. Ngoai cic
vén dé chung nhu tim s6 hang téng quét cta day s6, tim cong thic tinh téng n



s6 hang dAu tién ... cdc bai todn vé ddy s6 nguyén con quan tam dén tinh chat
s6 hoc cua day s6 nhu chia hét, dong du, nguyén t6, chinh phuong, nguyén to
cing nhau ... Céc bai toan vé ddy s6 nguyén rat da dang. Trong nhiéu trudng
hop, day so6 chi 1a cdi bé ngoai, con bn chét bai todn 1a mot bai todn s6 hoc.
Trong céc phan duéi day, ching ta s€ it d€ cap dén nhiing bai todn nhu vay ma
chuyén chiing vao phan bai tap.

0.4.1 Nguyén ly Dirichlet va day s6 nguyén

Nguyén ly Dirichlet 14 mot nguyén 1y hét sic dn gian nhung lai vo ctiing hitu
hiéu trong cac bai todn chiing minh, diac biét 1a ching minh su ton tai ciia mot
d6i tuong tho min mot diéu kién nao d6. St dung nguyén 1y nay, nguoi ta da
chiing minh dugc nhiéu két qu rat manh, vi du nhu dinh 1y Fermat-Euler vé tong
hai binh phuong, dinh 1y Weil vé phan bo déu ... & day ta néu ra hai két qu lién
quan dén day so:

Pinh 1y 9 (Weil, vé phan bé déu). Néu « la s6'vo tl thi day {na},—1 phdn bo’
déu trén khodng (0, 1).

Pinh 1y 10 (Vé su tuan hoan cua cac s6 duw). Cho day sé nguyén {x,} xdc
dinh boi cong thiic truy hoi x, 1, = @1 Tpip_1+ -+ + apx, va k s hang dau
tién nguyén. Khi dé, voi moi s6 nguyén dung N, ddy so du cua x,, khi chia cho
N sé€ tuan hoan.

Ti€p theo ta xét mot vai vi du vé viéc st dung nguyén 1y Dirichlet trong cac
bai toan day so.

Vi du. Chiing minh rang néu 1 < ay,as, ..., a,41 < 2n thi ton tai 7 < j sao
cho a; | a;.

Gidi. Mdi s6 a; c6 thé viét du6i dang a; = 2%r; v6i r; 1a s6 1&. Céc s6 r;
chi ¢6 thé nhan n gid tri tir 1,3,...,2n — 1. Vi ¢6 n + 1 s6 nén theo nguyén Iy
Dirichlet, ton tai ¢ < j sao cho r; = r; va tuong ung ta c6 a; | a;.

Vi du. (Tap chi AMM) Xét n s6 nguyén duong a; < as < -+- < a, < 2n
sao cho [a;, a;] > 2n v6i moi i # j. Ching minh rang a; > 2n/3.

Giai. Néu a; < 2n/3, ta xét n + 1 s6 2a4,3aq,as, ... ,a,. Cic s6 nay déu
khong 16n hn 2n va khong ¢ s6 nao 1a boi clia s6 nao. Diéu nay mau thuan
v6i két qua bai toan trén.

Vi du. (Canada, 2000) Cho A = (ay, as, ..., a,) 1a ddy cdc s6 nguyén thudc
doan [—1000,1000]. Gia st téng cac s6 hang cia A bang 1. Ching minh rang
ton tai mot diy con (chita it nhat 1 phan tir) chia A c6 téng bing 0.

Gidi. Ta c6 thé gia su trong A khong c6 phan tlir ndo bang 0, vi néu nguoc
lai thi bai todn hién nhién. Ta sap xé€p diy A thanh day B = (by, ..., byygo) bang
céch chon dan tr cdc s6 hang cta diy A theo quy tic sau: by > 0,by < 0. V6i
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moi i > 3 chon b; 12 s6 ¢6 ddu nguoc véi diu cua téng s;_; = by + -+ - + by
(vi sao luon thuc hién duoc?). Bang cdch xay dung nhu thé, ta duoc 2000 s6
S1, 89, ..., So000 NAm trong doan [—999, 1000]. Néu trong s6 s; ¢6 mot s6 bang 0
thi bai todn ding. Trong truong hop ngugc lai, theo nguyén ly Dirichlet ton tai
i < j sao cho s; = s;. Khid6 b1 +---+b; =0.

0.4.2 Hé dém co so va day sO nguyén

Hé dém co so c6 thé dung dé xay dung nhiéu diy s6 c6 tinh chat rat thi
vi. Nhin trén phuong dién clia mot co s6 khéc, ¢6 thé rat khé nhan ra quy luat,
nhung né€u chon diing co so6 thi bai toan trd nén vo cung don gian.

Xin nhac lai 1a v6i b 1a mot s6 nguyén duong 16n hon hay béng 2 thi moi s6
nguyén dung N déu c6 thé bi€u dién mot cadch duy nhat dudi dang

N =aj...ap(b) =a1by_1+--+arvéil<a; <b—1, 0< ay,... ,ak’gb—l.l

D6 1a dinh nghia hé d€m co s6 dang co ban nhét. Tuy nhién, c¢6 thé 1dy mot day
sO nguyén bat ky (c6 tri tuyét doi tang nghiém ngat) lam hé d€m co s6 vi du hé
dém co s6 (—2), hé¢ d€m co s6 Fibonacci (3 =4—-2+1,17=13+3+1..))

Cac h¢ dém thuong st dung nhat 1a hé dém c s6 2 va ¢ s6 3. Du6i day ta
xét mot vai vi du:

Vi du. (IMO 1983) Chiing minh hodac phu dinh ménh dé sau: Tur tap hop
105 s6 nguyén duong dau tién luon cé thé chon ra mot tap con gom 1983 so
sao cho khong c6 ba s6 nao 1ap thanh mot cip so cong.

Gidi. Ta ching minh ménh dé téng quét: Tir 3n s6 tu nhién diu tién luon c6
thé chon ra 2n s sao cho khong c6 ba s6 nao 1ap thanh mot cép s6 cong. That
vay, xét trong hé d€m co s 3 tap hop tat ca cac s6 ¢6 < n chit s6. Chon céac s6
ma trong biéu dién tam phan ctia né chi chita chit s6 2 va chit s6 0. Khi d6 c6
2n s6 nhu vay va khong cé ba s6 nao trong ching 1ap thanh mot cap s6 cong.

Vi du. (Singapore 1995) Cho day s6 {f,} xdc dinh boi f; =1, fo, = f, va
f2n+1 = f2n+1-

(l) Tinh M = max{fl, ceey f1994}

(i1) Tim tat ¢ cac giaa tri n, 1 < n < 1994 sao cho f, = M.

Gidi. Kinh nghiém mot chiit ta thdy ngay f,, chinh 1a tdng cdc chit s6 clia n
trong hé¢ dém nhi phan. T day do 1994 < 2048 = 211 suy ra M = 10.

Vi du. Day s6 {f,} dugc xdc dinh bdi f1 = 1, fo, = 3fn, font1 = fons1-
Hay tinh f100-

Gidi. f, dugc xdc dinh nhu sau: Xét bi€u dién nhi phan cta n roi tinh
gia tri ctia s6 nhi phan nay trong hé tam phan. Vi 100 = 26 + 25 + 22 nén
fro0 = 36 + 35 + 32 = 981.

Vi du. Day s6 {a,} dugc xdc dinh bdi 0 < ap < 1, a, = 2a,-;
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néu 2a,_ 1 <1 va a, = 2a,_1 — 1 néu 2a,_, > 1. Hoi ¢6 bao nhiéu gia tri
Qg dé as = Qagp.

Gidi. Phan tich: Khi tinh a,, theo a,,_; ta ¢ thé lua chon mot trong hai cong
thic. Tat nhién, v6i ay da chon r6i thi tat ca cdc budc ti€p theo déu xdc dinh
mot cdch duy nhat. Tuy nhién, ta ¢6 thé chon ay nhu thé ndo dé dé sau d6 cic
cong thic tinh theo ding kich ban da cho. C6 2° = 32 kich ban nhu vay. Vi
du véi kich ban (1,1,2,1,2) ta c6 x; = 2z, o = 221 = 4z, T3 = 209 — 1 =
8115()—1, 1’4:21‘3:161'0—2, 1‘5:21’4—1:321'0—3.

Giai phuong trinh zy = x5 ta dugc xo = 3/31. Tat nhién, dé c6 dugc mot
10i gidi hoan chinh, ta can phai lap luan chit ché dé thay ring céc x, thu duogc
1a khdc nhau va v6i moéi zq thu duge, diy s sé “di” ding nhu kich ban da dinh.
Tuy nhién, phan tich nay goi ching ta huéng dén hé nhi phan. Va ta c6 16i giai
dep mét sau:

Néu apg = 0, dldzdg... 1a bléu dién nh1 phéln cua ap thi ay = 0, d2d3d4.... Thﬁt
vay, néu 2ag < 1 thi d; = 0 va a; = 2a9 = 0, dadsdy... con néu 2a9 > 1 thi
di =1vaa; =2a9—1=0,dydsdy...

Hoan toan tuong tu, a2 = 0, d3dyds..., ...,a5 = 0, dgd7dg... Nhu vay a5 = ag
khi va chi khi ag 12 phan s6 nhi phan tuan hoan chu ky 5. C6 2° = 32 chu k¥ tuan
hoan nhu vay, trong d6 chu ky 11111 cho ching ta ap = 1 (loai). Vay tat c c6 31
gid tri ag thda méan yéu céu dé bai. D6 1a 0, (00000), 0, (00001), ..., (0,11110).
Tinh sang hé thap phan dé6 la céc gia tri 0,1/31,2/31, ...,30/31.

0.4.3 So phitc va day sé nguyén

S6 phtic ¢6 nhiing tng dung rit quan trong trong todn hoc ndi chung va trong
ly thuyét day s6 néi chung. Nho s6 phic, ching ta c¢é thé thay dugc méi quan
hé giita ham luong gidc va ham mil. Nho s6 phic, moi da thic bac n déu c6 du
n nghiém va vi vay dinh ly Viét méi phat huy dugc tdc dung. Duéi day ta xét
mot s6 vi du vé tng dung clia s6 phiic trong cdc bai todn tinh téng va day truy
hoi.

Vi du. Véi s6 nguyén duong n, hay tinh

An) =C% +C3 4 ... + 03073,

Giai. C6 thé dat B(n) =Cr+Ct+---+C(n) = C2+ C> + - -+ 16i sl dung
céc cong thuc

A(n) + B(n) = B(n+1), B(n) +C(n) =C(n+1), C(n)+ An)=An+ 1)}

dé€ tim cong thic tinh A(n). Tuy nhién dua theo céch tinh C2+C2+- - -+C2[n/2]
bang cdch thay z = 1,y =1 va z = 1,y = —1 vao cong thiic nhi thic Newton,
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ta ¢ cach giai khac kha dep nhu sau: Goi € la s6 théoa man phuong trinh
e +e+1=0.Do e =1neéntacé

(1+1)" = A(n)+ B(n) + C(n)
(1+¢)" = A(n)+ eB(n) + e2C(n)
(14 €)™ = A(n) + €2B(n) + eC(n)

Tix day suy ra 3A(n) = 2n + (1 + €)n + (1 + €)n. Tix day, ding cong thic
Moivre ta tim duogc

A(n) = [2n + 2 cos(np/3)]/3.

Vi du. Tinh tong S, (z) = C + C}cosz + - - - + CI cosnz.

Gidgi. bat Tn(z) = 0+ Clsinz + -+ 4+ CPsinnx thi S,(z) + i1, (z) =
C% + Cl(cosx +isinz) + -+ C(cosx +isinz)n = (1 + cosx + isinx)n =
2[cos(x/2)[cos(x/2) + isin(z/2)]]n = 2n cosn(z/2)[cos(nxz/2) + isin(nx/2)].

T d6 suy ra S, (z) = 2n cosn(z/2) cos(nz/2).

Vi du. (AMM) Cho day s6 {u,} xdc dinh boi ug = 3, u1 = 0,uy = 2, Uy 3 =
Upy1 + Uy,. Ching minh rang u? Iuon chia hét cho p néu p 1a s6 nguyén to.

Gidi. Phuong trinh dic trung cua diy s6 c¢6 dang 2 — x — 1 = 0. Néu
phuong trinh déic trung nay c6 nghiém nguyén thi ta c6 thé sir dung dinh 1y nho
Fermat dé chiing minh két luan ctia bai todn. Tuy nhién, cdc nghiém nay khong
nguyén, tham chi phuong trinh chi ¢6 1 nghiém thuc. Ta phai cau ctu dén su
tro giatp cua so phic.

Goi u, v, w 1a ba nghiém cta phuong trinh thi u4+v+w = 0, uv +vw+wu =
—1, suy ra u? + v2 + w? = (u+v +w)? — 2(uv + vw + wu) = 2. T d6 ta c6
thé két luan

Uy = Uy + Uy + Wy

1 oK A A 12 S 1 i p—i
V6i p 1a s6 nguyén t6 1& thi v” = —(v+w)P = —vP —wP — Y 2~ Cyu'wP™.
Tuong tu

_ _ - . p—l . . i _ _ _ pil . . i
WP = —wP —uP — Y= 1P ClwuP T, 1wp = —uP — P — Y ClulvP ™,
Tur d6 suy ra 3(u? + P +wP) = — > 77 Ch(v'wP™ + wuP~" 4 u'vP™)

Bay gid, chd y rang C} chia hét cho p v6i 1 < < p— 1 (vi p la s6 nguyeén
t0) va (V'wP™t + wiuP~ 4+ u'vP™?) 1a s6 nguyén (biéu thic doi xing doi véi
u,v,w) nén v& phai la mdt s6 nguyén chia hét cho p. Vay véi p nguyén to,
p > 3 bai todn da duoc ching minh. Cudi cung chi y uy = 2,u3 = 3 ta cé bai
todn ding v6i moi p.
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0.4.4 Day so dang [nq]

Day s6 dang x, = [na] cé nhiéu tinh chat s6 hoc thid vi. Néu a ¢ 1 thi
{[na]}n>1 12 ddy cdc s6 nguyén dung phan biét, c6 su bién thién gin giadng
mot cap sO cong nhung lai khong phai 1a mot cap s6 cong. Day s6 nay dac biét
thd vi khi @ 1a s6 vo ti bac hai. Ta c6 mot két qua quen thudc sau day

Pinh Iy 11. Néu a,b la cdc so' vo ty dung tho mdan diéu kién 1/a+1/b =1 thi
hai day s6 x, = [nal,y, = [nf],n = 1,2,3,... Idp thanh mét phdn hoach cua
tap hop cdc s6 nguyén duong.

Chiing minh. Xét hai day s6 «,2q,3aq,...va 3,203,303, ... Khong mot s6
hang nao trong cic s6 hang trén l1a s6 nguyén. V&6i mdi s6 nguyén duong N,
c6 [N/a] s6 hang cta day thit nhat nam bén trdi N va [N/f] s6 hang cua day
thit hai. Nhung N/a+ N/ = N, vi «, 3 1a cac s6 vo ti, phan 1é cla cic s6
N/a va N/f3 1a céc s6 duong c6 téng bang 1 (do déng thiic trén). Suy ra cé
[N/a] + [N/B] = N — 1 s6 hang cua ca hai ddy nam bén trdi N. Vi bén trdi
N +1 ¢6 N s6 hang cua ca hai day nén gitta N va N + 1 c6 diing mot s6 hang
ctia mot trong hai day, tir d6 suy ra diéu phai chiing minh.

Cau hoi: C6 thé phét biéu va chiing minh dinh 1y ddo nhu thé nao?

Hai ddy s6 trén vét hét tap hop céc s6 nguyén dung. Diéu nay cho ching
ta mot huéng suy nghi: néu hai day so vét hét tap hop cac s6 nguyén dung thi
c6 kh nang ching s€ c¢6 dang trén. Va nhi€u bai todn da duoc xay dung theo
huéng nay. Ching ta xét mot vi du

Vi du. (AMM) Gia str {f,} va {g,} 1a hai day s6 nguyén dung dugc xdc
dinh nhu sau

DfA=1

2) g, = na—1— f,, trong d6 a l1a s6 nguyén 16n hon 4,

3) fni1 la s6 nguyén duong nho nhat khac cac s6 fi1, fa, ..., fn, 91,92, -+s In-

Chiing minh rong ton tai cdc hang s6 «, 8 sao cho f, = [nal, g, = [ng] v6i
moin=1,223,...

Gidi. Theo céch xay dung {f,} va {g,} lap thanh mot phan hoach cla
N*. Gia st ta da tim dugc a, b thoa man di€u kién diu bai, khi do, ta phai c¢6
1/a+1/8 = 1. Ngoai ra, khi n du 16n thi na — 1 = f,, + g, ~ na + nf, suy
ra a + (3 = a. Vay «, 8 phai la nghiém ctia phuong trinh 22 — az + a = 0.

Xét phoung trinh 2> — ax + a = 0 ¢6 hai nghiém a < 5. Via >4, o, 3 1a
cdc s6 vo ti. Day s6 {f,} va {g,} dugc xdc dinh mot cdch duy nhat, do d6 dé
chiing minh khéng dinh clia bai todn, ta chi can ching minh {[na]} va {[ng]}
théa man cédc diéu kién 1), 2), 3).

RG rang [a] = 1, [nf] = [n(a — )] = na+ [-na)] = na — [na] — 1 (do na
VO ti).
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Gid st [na] = [mf] =k, datna=k+r,mf=k+sv6i 0 <r,s <1 thi
n+m=k(l/a+1/8)+r/a+s/B=k+r/a+s/s,

diéu nay khong thé xdy ra vi 0 < r/a + s/3 < 1. Nhu vay v6i moi m, n ta c6

[na] # [mp.
Tiép theo,

[(n+1)a] = [na] +1, [(n+1)5] = [nf] +2 > [na] + 1.

Cu6i cung gia su k 1a mot so nguyén bat ky van = [(k+ 1)/a]. Néun > k/«
thi k < na<alk+1)/a=k+1va[nal =k Néun < k/a thi (k—n)3 >
kB —Bk/a=Pk(1—-1/a)=Fk, (k—n)B<kB—-0B(k+1)/a—1)=Fk+1,
suy ra [(k —n)g] = k.

Tir cdc nhan xét trén ta suy ra moi s6 nguyén duong k£ ¢6 mat trong day so
ding mot 1an va hai day s6 {[na]} va {[ng]} théa man diéu kién 3) (dpcm)

Ghi chu: Trong 10i giai trén, ta da khong dung dén két qu cua dinh ly & trén
va do6 ciing chinh 12 mot cdch ching minh khac cho dinh ly.

Céc bai todn ve day so dang {[na|} thuong lién quan dé€n phan hoach va cic
day s6 gan tuyén tinh (z,,1n ~ Tp + T,). Xin xem thém mot s6 vi du trong
phén bai tap.

0.4.5 Day so va phuong trinh

Diy s6 ¢6 méi quan hé rat chat ché v6i phuong trinh. Diéu nay c6 thé thay
rit rd qua hai vi du co ban: phuong trinh sai phan tuyén tinh duoc giai bang
viéc xét nghiém cua phuong trinh dac trung, giéi han cla day so ciing thuong
duoc giai ra tir mot phuong trinh. V€ van dé nay, xin doc thém & cdc muc tuong
ung trong bai nay. Pay 1a mot trong nhitng ndi dung quan trong nhét trong phan
day so.

0.4.6 Mot vai thu thuat khac
Sap xép lai thi tu

Sap x€p lai thit tu 14 mot thh thuat thuong duoc dp dung trong cdc bai toan
liéen quan dén bat dang thic trong day s6. Viéc sap xép lai thit tu cdc s6 trén
duong thang din dén cic tinh chat dac biét ma mot diy so bat ky khong c6,
chéng han néu a < b < ¢ thi |c—a| = |¢—b| + |b— a|. Ciing nhu céc nguyén ly
co ban khéc, nguyén 1y dn gian nay td ra kha hitu hiéu trong nhiéu truong hop.

Vi du. (Viét Nam 1998) Ton tai hay khong mot day s6 thuc {z,,} thoa mén
diéu kién
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1) |z, < 0,666 v6i moi n =1,2,3, ...

2) |Tm — xp] = 1/n(n+ 1) + 1/m(m + 1) v6i moi s6 nguyén duong m .

Gidi. Gia st ton tai ddy s6 nhu vay. V6i moi s6 nguyén duong N, ta sap
x€p lai cac sO x1, ...,z theo thit tu tang dan

Tl S Tip & - S IN

Khi d6 |$iN — l’i1| = |$iN — xiN—1| —+ o+ |£L‘i2 — $11|1/’ZN(’ZN + 1) +
iy 1(inog + 1) + -+ 1ig(ia + 1) + 1/iy(ip + 1) = 23 1/ig(ip + 1) —
1in(in +1) — 1/iy (i + 1) = A(N).

Vi iy, 19, ...,4x chi 1a mot hoan vi cta 1,2, ..., N nén ta c6

AN) =2 1/k(k+1) = 1/in(iy +1) — 1/ir(iy + 1)
=2(1-1/(N+1)) —1/in(in + 1) — 1/i1(i1 + 1)
>2(1-1/(N+1))—1/12-1/23=4/3—-2/(N +1)

Bay gid chd y rang |z;xv — xi1| < 220,666 < 4/3. Chon N du 16n sao cho
4/3 —2/(N + 1) > 220,666, ta suy ra mau thudn. Vay khong ton tai day s6
thoa man yéu cau dé bai.

Vi du. (Lién X6 1986) Gia su aq, as, ..., a, la cac s6 duong tuy y. Ching
minh bit dang thiic

Lay+2/(a1 +a2) +---+n/(ar+ - +an) <4(1/a1 +1/az + - + 1/ap)
Gidi. V€& phai khong thay ddi néu ta thay déi thd tu cta a; do d6 ta chi
can (va phai) chitng minh bat dang thitc ding cho truong hop téng bén trai 16n
nhat. Diéu nay xay ra khi a; dugc sip theo thit tu ting dan. That vay, gia st
0 < by <by<...< by, lacic s6 a; duge sap xép lai. Khi d6 rd rang véi moi k
tacOby+---+b,<ar+---+a,va
l/ai +2/(a1 +az)+---+n/(ar+---+ay)

SL/by4+2/(by4bg) + - +n/(by + -+ by)

V6i moi k, ghép cdc s6 hang clia tdng bén phai thanh cap ta c6 danh gid sau

(2k—1)/(by + -+ bog_1) +2k/(by + - -+ + bog_1)

< (2]€ - 1)/k’bk + 2]6'/(]{3 + 1)bk < 4/bk

Tur d6 suy ra bat dang thiic can ching minh.
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Phép thé luong giac

Nhiéu day so dai s6 v6i cong thiic phic tap ¢6 thé trg thanh cac day s6 don
gian nho phép th€ luong gidc. Thu thuat nay dac biét hiéu quan trong cac bai
todn chitng minh mot ddy s6 1a tudn hoan hay khong tudn hoan. Dé 4p dung
duoc tha thuat nay, di€u can thiét 1a biét cdc cong thic luong gidc va mot chit
nhay cam toan hoc.

Vi du. (Viét Nam, 1990). Cho {xz,} 1a day s6 thoa man diéu kién |z;| < 1,
Tpi1 = (—Tn ++/3—322)/2 (n > 1)

a) 71 phai thda man diéu kién gi dé tat ca cdc s6 hang cta diy s6 déu duong?

b) Day s6 trén c6 tuan hoan khong?

Diéu kién |z1| < 1 va dang cta ham s6 goi ngay cho ching ta phép dat
x1 = cos ¢ Vbi ¢ thudc (0, 7) khi d6 xo = (— cos p+3siny)/2 = cos(p—271/3).
T d6 suy ra z,,,1 = cos(p — 2nm/3). T day c6 thé dé dang tra 16i cac cau
hoi ctia dé bai.

Vi du. (KVANT) Cho day s6 u,, xdc dinh bdi: u; = 2, u,11 = (2+u,)/(1—
2uy,).

a) Ching minh rang u,, # 0 v6i moi n nguyén duong

b) Chitng minh day khong tuan hoan

Giai. Pat ¢ = arctan 2, tan = 2. Khi d6 néu u,, = tan z thi u,,; = tan(p+
), suy ra u, = tan(nep). St dung cong thic tan 2z = 2tanx/(1 — tan® z) suy
ra u? = 2u,/(1 —u?). T day néu u2 = 0 thi u,, = 0. Néu ton tai n sao cho
u, = 0 thi st dung tinh chat nay, ta suy ra ton tai s sao cho uss + 1 = 0 hay
(2 + ugs) /(1 — 2uss) = 0 hay ugs = —2, 2us/(1 — ug) = —2. Suy ra ug vo ti.
Diéu nay vo ly. Phan b) 1a hé qua cua cau a).

Vi du. Tim cong thic téng quat tinh s6 hang cla diy s6 zg = a, Tpi1 =
2 — 22,

Gidi. Néu |a| < 2 thi dit a = —2cos ¢, ta dugc x,, = —2cos(2ny). Néu
la] > 2, dat a = —(a + 1/a) thi ta duoc z,, = —(a®" + 1/a?").

Vi du. (Thé Nhi Ky 1997) Hai day {a,},{b,} duoc xdc dinh bdi a; =
a,by = 0, an41 = aa, — Bby, b1 = Ba, + ab,. C6 bao nhiéu cap (a,b) thoa
man aigg7 = by, biger = a1?

Gidi. Ta ¢6 a2, + b2, = (a® + b?)(a? + b2) nén yéu cdu bai toan xay ra
chi khi o? + 8% = 1. Dat a = cos ¢, 3 = sin ¢ thi a,, = cos(ny), b, = sin(ny).
Tir d6 suy ra 1oi giai cua bai toan.

Phép thé lugng gidc thuong duoc dp dung trong cac bai toan c6 cong thiic
0goi nhGo dén cac cong thic lugng giaac hoac c6 két qu giaong tinh chat ham
lugng giddc (chang han tinh tuan hoan hoac tinh bi chan). Tuy nhién, phép thé
luong gidc c6 thé xuat hién & nhitng trudng hop ma tudng ching khong dinh
dang gi dén véi luong giac.
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Vi du. Véi méi s6 tu nhién n > 1 va n s6 thuc duong z1, 2o, ..., x, dit
f=max{zy,1/z1 + z9,...,1 /21 + x,,1/x,}. Hiy tim min f.

Gidi. Tudng chimg nhu bai toan nay khong lién quan gi dén luong giac. Va
hon thé, cling chang lién quan gi dén diy s6. Tuy nhién, diéu kién dat gid tri
nho nhat cua f

s€ tao ra moOt ddy s6! Ta ching minh ring néu zq, s, ..., T, 12 n s6 thuc ma
tai d6 f dat min thi ta phai ¢6 1 = 1/21 + 20 = ... = 1/x, 1 + 2, = 1/x,,.
Va bai todn diay s6 da xudt hién: V6i méi s6 nguyén dung n, xét diy so
{zx}7_; xdc dinh boi 1 = a va o, = xy — 1/xp_q, V6i k = 2,...,n. Hay
tim a sao cho 1/x, = x;. Va bai todn cudi cing nay c6 thé giai nhu sau.
Dat 71 = 2cosp thi 9 = 2cosp — 1/2cosp = (4dcos? p — 1)/2cosp =
sin® ¢/ sin? , 13 = 2 cos p—sin 2/ sin 3p = sin 4¢/ sin 3¢ ... Tiép tuc nhu vay
suy ra z,, = sin(n + 1)@/ sinnp. T d6 dang thic 1/z, = z; sinnp/ sin(n +
1) = 2cospsin(n + 2)p = 0. Dén day, tir di€u kién x;, duong ta suy ra
¢ =m/(n+2) vamin f = 2cos(n/(n + 2)).

Cau hdi: 1) Tai sao c6 thé khang dinh khi f dat min thi cdc gid tri trén day
phéi bang nhau?

2) Tai sao c6 thé dat z; = 2 cos ©?

3) Lam sao c¢6 thé du doén ra cach dat trén?

4) Phép gidi trén con chua chat ché & diém nao?

5) Moi s6 thuc = déu c6 thé biéu dién du6i dang x = 2cos ¢ hoic, v =
a+ 1/a. Diéu d6 c6 y nghia gi?

Day so6 phu

Khi khao sat su hoi tu cia mot day s6 ta thudong dinh 1y vé day dn diéu va bi
chin. Néu diy khong don diéu thi c6 thé thir xét ddy véi chi s6 chin va diy véi
chi s6 1é. Tuy nhién, c6 nhitng day s6 c¢é “hanh vi” phiic tap hon nhiéu. Chiing
tang giam rat bat thuong. Trong mot s6 truong hop nhu the, ta ¢6 thé xay dung
mot (hoac 2) day so phu dn diéu, chiing minh cic diy s6 phu c6 giéi han va sau
d6 ching minh diy s6 ban diu c6 cung gidi han. Tat nhién, ddy s6 phu phai
dugc xay dung tur day so6 chinh.

Vi du. Day s6 {a,} dugc xdc dinh boi a; > 0,as > 0 va a, 11 = 2/(a, +
a,_1). Ching minh rang day s6 {a,} hoi tu va tim gidi han cta day s6 do.

Gidi. Xét hai day

Mn = max{a'na Ap+1y An4-2, a'n+3}
My, = MiN{ Gy, Q15 Gnt2,s Gnis)

Ta chiing minh M, 1a day s6 giam va m,, la ddy so tang. That vay, ta s€ ching
minh a,.4 < max{a,.1,a,.3}. T day suy ra M, 1 = a,,1 hodc a, o hoac
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an+3 va 1o rang khi d6 M,, = max{a,, ani1,ani2,ani3} = M,yq. That vat
néu Ant4 = An+3 thi 2/(an+3 + an+2) = an43 SUY Ta 2> (an+3 + an+2)an+3.
Khi d6 ani1 = 2/ni3 — anyo = 2/Ani3 — 2/(Gni2 + Gni3) — Qnyo + Gnyg =
20512/ (Ans3 + Ani2)Ani3 — Anio + Gnyq = Anyq suy ra dpem. Vay ta da ching
minh dugc M,, giam. Tung tu m,, tang. Hai day s6 nay déu bi chan nén hoi tu.
Cudi cung, ta chi con cin chiing minh hai giéi han bang nhau.

Vi du. Day s6 {a,} duogc x4c dinh boi a; > 0,a2 > 0 va ap1 = /@, +
V/@n—1. Chiing minh ring day s6 {a,} hoi tu va tim giéi han cta day s6 do.

Giai. Xét day s6 M,, = max{a,, a, 1,4}

Néu M, =4 thi a,,a,,1 < 4, suy ra a,o < 4, tu d6 M, = 4.

Néu M, = anq1 thi anp1 > an, 4. Khi d6 \/a,"1 = any1 — /a1
VOni1s SUY T8 Qpy2 = \/Un + \/Ani1 < \/On + \/An_1 = Qpy1 SUY Ta My
max{a, 1, ani2,4} = apy1.

Néu M, = a, thi a,, > an11,4. Khi d6 a,12 = \/an + \/Gni1 < 2y/a,. Suy
ra My < a, = M,.

Vay trong moi truong hop thi M, 1 < M, tic la day {M,,} 1a day s6 giam.
Do M, bi chan duéi bdi 4 nén day nay c6 gidi han. Ta ching minh giGi han
nay bang 4. Thuc vay, gia st gi6i han 1a M > 4. Khi d6 v6i moi € > 0, ton tai
N sao cho v6imoin > N thi M —e < M,, < M +e€. Chon n € N sao cho
M, 12 = a2 (theo cac 1ap luan & trén va do M > 4 thi ton tai chi s6 n nhu
vay). Ta c6

M—e< Mn+2:an+2:\/an+,xan_1 <2VM +e

hay M(M —4) —e(2M +4—¢€) <0
Mau thudn vi M > 4 va € c6 thé chon nho tuy y.

WV

0.4.7 Phuong phap sai phan

Dé tinh téng n s6 hang diu tién clia mot ddy s6, mot trong nhitng phuong
phdp hiéu qua nhat 1a phuong phdp sai phan: DE tinh téng n s6 hang ddu tién
cua ddy s6 {a,}, ta tim ham s6 f(n) sao cho a, = f(n+ 1) — f(n). Khi d6
Qo+ -+ ap_1 = f(n) — f(O)

Mot trong nhitng vi du kinh dién chinh 12 phuong phdp ma Bernoulli va
cac nha todn hoc thé ky 18 da dua ra dé tim cong thic tinh téng S(k,n) =
1% + 2% +... + n*. Dung phuong phap hé s6 bat dinh, ho tim da thic f;,(n) sao
cho n* = fi(n +1) — fy(n) va tr d6 tim duge S(k,n) = fi(n + 1) — fu(n).
Phuong phdp nay hiéu qia hon phuong phdp x4y dung cong thic truy hoi, vi dé
tinh Sy, ta khong cin phai dung dén cac cong thic tinh Sy_1, Sk_2

Khi du dodn cac ham f, ta ¢6 thé sir dung tich phan réi tuong tu hda qua.
Vi du tich phan cua da thiic bac k la da thic bac k£ + 1. Vay thi Af, = ny suy
ra fj phai c6 bac k + 1.
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Tuy nhién, khic véi tich phan, doi khi cdc ham roi rac khong c6 “nguyén
ham”. Trong trudng hop d6 ta khong tinh duoc téng ma chi c¢6 thé danh gia
tong béng céc bat dang thic.

Vi du. Tim phan nguyén cta téng S = 1/1 +1/v/2 4+ --- + 1/4/100.

Gidi. Ta can tim mot dédnh gid cho S. Nhan xét rang ham 1/4/x c6 nguyén
ham 1a 24/, ta xét ham s6 f(n) = 2y/n. Khidé f(n+1)— f(n) =2v/n+1—
2y/n =2/(vVn+1+/n).

Suy ra, 1/v/n+1< f(n+1) — f(n) <1/y/n. T ds, 2(v/101 —1) < S <
2(1/100 — 1) + 1, suy ra [S] = 18.

Vi du. (Bé d¢é nghi Toan quoc t€ 2001) Cho xy, x, ..., x,, 12 cdc s6 thuc bat
ky. Chiing minh rang

/(L4 a)) +ao/(L+ 23 +23) + 4z, /(L + 2l 4+ +22) < Vn.

Gidi. Dat vé trdi clia bat dang 12 A. ~p dung bat ding thic Bunhiacopsky ta
co

A L<nd/ 1+ + a5/ + 22 +25)? +- 22 /(422 - 22

n

Dé chitng minh bat dang thifc ddu bai, ta chi cin chitng minh
g /(L+ a4+ a3 /(L4 af+23)°+- +ao/(L+af+ - +2)° < 1.
Nhung diéu nay Ia hién nhién do bat dang thic
/(14 af+ o +ap)? </ +ai+- - +ai,) =1/ (L+a +- +a3).

Vi du. Xét day s6 {z,},=1 cho bdi: x,o = [(n — 1)x,.1 + x,]/n. Ching
minh rong véi moi gia tri ban dau x1, x9, day s6 da cho hoi tu. Tim gidi han
ctia day nhu mot ham so theo x1, 5.

Giai. Ta c6 tir cong thic cua day s6 Z,i2 — Tpi1 = —(Tpy1 — Tn)/n =
(xp — Tp_1)/nn —1) = -+ = (=1)"(xg — x1)/n!. Tu d6 suy ra z, o =
(Tpt2 = Tpg1) + (Tpg1 — ) + - + (2 — 1) + 21 = 21 + (22 — 1) K, trong
d6 K, =1-1/11+1/21 — ...+ (—=1)n/n!. Ti day suy ra ddy so c6 giGi han va
gi6i han d6 bang =7 + (z2 — z1)/e. Cau hoi:

1) C6 thé téng quit héa bai toan trén nhu thé nao?

2) Hay tim sai phan ctia cdc ham s6 arctan(n). Tur d6 dat ra bai toan tinh
tong tung tng.

3) Tim sai phan ctia ham s6 In(n). Tt d6 tim ddnh gid cho téng 1 + 1/2 +
cee 4 1/n_

4) Tur cong thic sin 3z = 3sinz — 4 sin 3z ¢6 thé 1ap ra cong thiic tinh téng
nao?



