HSG TOAN 9 KHANH HOA 2023-2024
Thot gian 1am bai : 150 phut

P (W3- D3f10+0643

1) Rat gon biéu thuc Jo+2.5- 5

Ciu 1 (4,00 diém):

4 _1': +
2) Cho x v, 1a cac s6 nguyén thoa mén dang thirc

xy +1 —
x4y

Chtng minh rang * *! 1a mét s§ chinh phuong.
Cau 2 (4,00 diém):
1) Cho da thuc J(¥) y6i cac hé sb nguyén théa man JOSH =T Chung
minh rang da thirc fx)-12 khong c6 nghiém nguyén.

2) Tim 3 s6 nguyén tb sao cho tich ctia chung gip 5 1an tong cta ching.

Cau 3 (4,00 diém):

Jotd-2a =4

1) Giai phuong trinh ¥ +4

2) Cho a, b 13 hai sb thuc 16n hon 1 va théa méan diéu kién ¢+5 <4 Tim gia
A= a’ . B _

trj nho nhit cua biéu thae (-1 (a-1)

Ciu 4 (6,00 diém):
1) Cho tam giac 4BC, I 1a mot diém bat ky nam trong tam giac. Qua [ vé&
p (PEAC.EEBC) duong thang /M song song
D BE CM
voi BC M € 4C) Tinh gi4 tri cua biéu thae VAB BC  CA
2) Cho hinh vudéng ABCD c6 tim O. Piém E thay doi trén canh BC (E khac
B va C). Goi F 1a giao diém cua tia AE va dudng thang CD, goi H 1a giao diém cua

OE va BF .

duong thang DE song song voi A

1 1
\ _-‘+—"' 2
a) Chung minh ring 4E”~  AF” khong doi.

b) Tim vi tri cta diém E dé dién tich tam giac HAD dat gia tri 16n nhét.

Céu 5 (2,00 diém):



Mot tr gidc 16i ¢6 dd dai bdn canh déu 13 sb tu nhién sao cho téng ba sb bat
ki trong chung chia hét cho sd con lai. Chirng minh rang tir giac d6 c6 it nhat hai

canh bang nhau.

PAP AN
Cau 1 (4,00 diém):
1) Taco:

Jo+o3(E-1)=( B+ (f5-1)
N+ 245 - 5 =f(\5+1) - 5

_i}mmﬁf_ﬁ- 1) _e/f_ﬁﬂ}*f_ﬁ- D (B+)RB-1)
A= = -
o255 JB+p-5 BHI-S

3-1

— =2

T

Suy ra

Vay 4=2

2) Véi diéu kién **V #0 ta co:

xy+1
x+yp

=7

bl T

o (x+1) - 2(xy +1)+ "’-"*'] =0

x+y

-

ay +1
3 —0

x+y

= l.‘l.'+_1"

xy+l

0

= x+y-
x+y

= xy+l =(r+_1'):
Do x, y 14 cac sd nguyén nén x+y 1a s6 nguyén.
Vay xy +1 12 mét sé chinh phuong.

Céu 2 (4,00 diém):
1) +) Gia st da thirc J()=12 ¢4 nghiém nguyén a .
Khi do / (¥)= 12=(x=a)0(x) y45 O 13 da thire c6 hé sb nguyén.

Suy ra f(3) =G-a)Q3)+12 5 f(4) =(4- a)0(4) +12

+) Ta co: fOIS (A =T



e [(3- a).003) +12][(4- a).0(4) +12] =7

© (3- a)(4- a).0(3).0(4) +12(3- a).0(3) +12.(4 - a).0(4) +144 =7

+)Do 3 —a va 4 — a 1a hai s§ nguyén lién tiép nén 3= - a) 13 g§ chin.
Do d6 VT cta (2) 1a sé chin, nhung VP cua (2) 14 s6 1¢, diéu ndy méu thuan.

Vay gid st trén sai. Suy ra da thirc f(x)-12 khong c6 nghiém nguyén.

2) +)Goi 3 sb nguyén td can tim 14 a, b, ¢. Khi do, ta co:
abec =5a+b+c)= abcs
+) Vi a, b, ¢ ¢0 vai tro binh dang nén khong mat tinh tong quat, gia s 5= @ =5
(Vi aEP)
+) Khi d6: Sbhe=5(5+b+c)e S+b+c=hce be-b-c+] =0

& b(c-1)- (c-1) =6 & (c- 1)(b- 1) =6
{b- 1=l {b- 1 =2 {b =2 {b =3
—
Suy ra c-1=6 hoic c-1=3 ¢ =7 hoic c =4

{b =2 {b =3 {b =2

= =

¢=7 hogic =% (logivi c€P) c=7

+) Do vai tro cua a, b, ¢ 1a binh déng nén ba sb can tim 14 2; 5; 7
Vay ba s6 can tim 1a 2; 5; 7

Cau 3 (4,00 diém):
1) +) PK: -2=<x <2
fr- 4
N2x+4-242- x =——
+) Ta ¢o: e+
_ 2(3x-2)  _2(3x-2)
J2x+4+242- x J_T: +4
.
r==
. 3

J2r+4 422 x = +4(%)

+) Ta c6: (¥) = W22+ 0)(2- x) +(2- x)(x+4) =0

= 2= x(32(2+x) +J(2- x) (x+4)) =0

J2-x =0
—

4202+ x) +,J(2- x) {x+4) =0(**)

+) Vi V2= ¥ =0 x=2 (thoa PK)



+) V6i =2 =x =2 thi VT ctia (**) luén duong nén (**) vo nghiém.

i
S = {2;1}
Vay tap nghi¢m cua phuong trinh la 3

2) +) Do a>1 b>1ngp a-1>0 5H-1>0
+) Ap dung BDT Cauchy cho hai sé duong, ta cé:

B> 2a’b’
(a= (b= Dyfla- D=1 q)
_ 0<1.(b-4) <2
+) Ta lai co6: )

0<l.(a-4) <
M€
4 2a+b 22ab = ab <4 (4)
Tu (1), (2), (3) va(4) suy ra
2a°h° 4 _128 128

B = — =—— =32
ah’ ab 4

a _ b
(b= I}:\ {a- |}3 &= g =h =2
DAu “=” xéy ra khi va chi khi (97 1=b-La+b=4
Vay gié tri nho nhét cua B 1a 32 va dat dugc khi @ =b =2

Cau 4 (6,00 diém):
1)

+) Goi N 1a giao diém ctia IM va AB .
+) Xét AABC, ta c6: MN // BC
_ CM _BN _IE

¢4 BA AP (vit giac BNIE 1a hinh binh hanh)



D +CH’ IE 1D _DE

DE CE D CH’ _CE

+) Ta lai c6: DE // AB AB T CB . Suy ra 4B CA BC
fD M M  BE BE CE BE _BC _
AB 4 CB BC BC BC

D BE CU
—_——

Vay V4B 5C A
2)
i B
i “ﬁ"h..
gf-—-- o EST—\n
D & Ja
a) + Taco:
AB
cos BAE =——
AFE
AD

sin BAE =sinDF4A =——
AF

+ Ta lai c6: Sin° BAE + cos® BAE =l

Suy ra [ AE

1 1
AE*  AF°

1,1 _ 1
AE®  AF®  AB® (khong d6i vi AB khong dbi)

LIPS 3
Vay AE"  AF" khong dbi
b) +) Goi H' 1 chan dudng vudng goc ha tir C xudng BF
+) Xét ABCF vuéng tai C, ta co: CH' LBF = BC" =BH'BF

= AR".

—




Xét ABCD vudng tai C, ta c6: €O L BD= BC" =BO.BD
BH' _BO
Suy ra BH'.BF =BO.BD hay BD BF
BH' _BO

+) Xét ABHO' va ABDF, ta c6: B chung va BD " BF (cmt)
Suy ra ABHO v» ABDF = B#'0 =BDF =45’

Suy ra HO' 1a tia phan giac cua Brc (1)
+) Ta c6: ABHC v» ABCF' (vi B chung va =g =90"),
_ BH'_CH'_ BH'_BC _AB BE _4B
BC  CF CH' CF CF maCE CF (viAB// CF)
BE _BH'
Suyra CE CH' = H'E13 tia phan gidc cla B c (2)

Tir (1) va (2) suy ra H, O, E ' thang hang .
Do d6o H=H’. Suyra CH 1 BF.
+) Goi M 1a trung diém cuia BC.
Khi d6 2 (vi ABHC vudng tai H)
+) Ta co:
2S5,,, =AD.HP =AD(HQ+ PQ) =AD" + AD.HQ <AD" + AD.HM =%AD:

3 2
= Sy STAD’

HQ =HM = Q=M < 0.0.-H 1315 hang

Dau “=" xay ra khi
& E=M (vi H, O, E thang hang).
Vay dé dién tich tam giac HAD dat gia tri 16n nhat thi E 1a trung diém
cua BC.
Cau 5 (2,00 diém):
+) Goi do dai cac canh cua tir gidc la a,b,c,d (a,b,c,d €N’)
+) Gia str khong c¢6 2 canh nao cia tir giac bang nhau.
+) Khong mat tinh tong quét, gia st @ >b>c>d (¥)
+) Do tr giac 10i nén @ <b+c+d= a<b+c+d <3a
= a<a+b+c+d <4a (**)

+) Tir gia thiét bai toan suy ra @+b+c+d chia hét cho cac s§ 069 .



Két horp voi (**), tacd: atbtc+d =3a (1)
+) bat a+b+c+d =mb y§i meN" (2)
a+b+c+d =nc y§i neN (3)

Do a>b>c = n>m>3=pn =5 m=4.

Cong (1), (2), (3) vé theo vé ta c6: Na+h+c+d)=3a+mb+nc 23a+4b+5¢c
ma Ja+mb+nc 23a+4b+5¢c (vi n=5,m 24)

Suy ra a+b+c+d)zda+4db+5¢c
& (b= d)*2c=d) =0 may thudn (*)

Viy t&r gidc c6 it nhat 2 canh bang nhau.



