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LOINOI AU

Trong nhitng nam qua, b6 sdch Bai tip Todn tir 16p 6 dé€n 16p 9 do
chinh céc tic gia sich gido khoa Todn THCS bién soan da duoc st dung
kém theo sidch gido khoa va da mang lai nhitng hiéu qua thi€t thuc. Bo
sdch di 12 mot ti liéu bé ich gitp cdc thdy, c6 gido c6 thém tur liéu
trong viéc soan giang, giip cdc em hoc sinh tu hoc, tu rén luyén ki
nang, qua dé cing c6 duoc kién thic co ban, hinh thanh phuong phap
gidi todn, tang thém kha nang vin dung kién thic va gép phan rén luyén

tu duy toan hoc.

Dé dap ting t6t hon nhu cAu ngdy cing cao clia c4c thdy, c6 gido va
cdc em hoc sinh, chiing t6i ti€n hinh chinh 1i va bé sung b6 sich bai tap
hién c6 theo huéng tao nhiéu co héi hon nita d€ cdc em hoc sinh duoc
cling c6 kién thiic todn hoc co ban, duoc rén luyén ki nang theo Chudn
kién thirc, ki ndng trong Chuong trinh Gido duc phé thong duoc Bo
Gido duc va Dao tao ban hanh ngay 5 thing 5 nam 2006. Néi chung, &
mbi "xoan" (§), cudi mbi chuong s& c6 thém phin Bai tip bo sung.
Trong phin nay, cé thé cb cac cdu hdi trdac nghiém khdach quan dé cic
em hoc sinh tirr kiém tra, ddnh gid mic d6 nam vitng ki€n thifc clia minh.
Mot s6 dang bai tap chua cé trong sich gido khoa ciing duge bé sung
nham 1am phong phii thém céc thé loai bai tap, gitip cdc em hoc sinh tap
duot van dung kién thifc trong nhiéu tinh huéng khic nhau. Bé sich
ciling duge b sung mét s bai tap danh cho cdc em hoc sinh kh4, giodi.
Nhitng bai tip nay dugc dianh didu "*". Bén canh d6, cdc tic gia
cling chi ¥ chinh stra c4ch dién dat & mot s6 ché cho thich hop va dé

hi€u hon.



Ching t6i hi vong rang véi viéc chinh 1i va bé sung nhu trén, b sich
Bai tap Todn tir 16p 6 d€n 16p 9 s€ gbp phén tich cuc hon nita trong viéc
nang cao chat luong day va hoc mén Todn & cdc truong THCS trong ca
nude, dip tng t6t hon nita nhu cidu da dang cta cac d6i twong hoc sinh

khac nhau.

Maic dii da cé nhiéu ¢6 gang song bé sich kho tranh khoi nhitng thi€u
sot. Chiing t6i rdt mong nhan dugc nhiing y ki€n déng gép clia cédc thay,
c6 gido va ban doc gAn xa dé€ trong cdc lan tdi ban sau bé sich duoge

hoan thién hon. Xin chan thanh cam on.

Ha Noi, thang 10 nam 2009
CAC TAC GIA



PHAN DAI SO

Chuong I
CAN BAC HAIL CAN BAC BA

A. DE BAI

§1. Can bac hai

1.

12

Tinh can bac hai s6 hoc cua
a) 0,01 ; b) 0,04 ; c) 0,49 ; d) 0,64 ;
e) 0,25 ; ) 0,81 ; g) 0,09 ; h) 0,16.

Dung may tinh bdé tdi (mdy tinh CASIO fx-220, CASIO fx-500A,
SHARP EL-500M,...) tim x thod mén dang thiic (1am tron dén chit s6
thap phén thit ba).

a)x2=5; b)x2=6;
c)x*=2,5; d) x> = 5.
S6 nao cé can bac hai la

2) V5 ; b) 1.5

)= 0,1; d) /9 2
Tim x khéng am, biét :

a) Ax =3; b) vx =45 ;
) Vx =0; d) Jx =-2.



10.

11.

So sdnh (khéng dung bang s6 hay mdy tinh b tii)
a)2va N2 41 ; b) 1 va ¥3-1;
c) 2431 va 10 ; d) =311 va-12,

Tim nhitng khang dinh ding trong cdc khang dinh sau
a) Can béc haicta 0,36 12 0,6 ;
b) Can bac hai caa 0,36 1a 0,06 ;

c) 40,36=0,6;
d) Can bac hai cta 0,36 12 0,6 va— 0,6 ;

e) \f0,36 el G,
Trong cic s6 \!(—5)2 : \/5_2 : —\/5_2 : —\J(—S)2 , 86 ndo 1a can béc hai s6

hoc caa 25 ?

Chirng minh :

V3423 =142,
NI3423433 214243

VB3 4883 1424344,
Viét tiép mot s6 dang thitc turong tu.

Cho hai s6 a, b khéng Am. Chirng minh :
a)Néua<bthi va < b ;
b) Néu +fa < /b thi a<b.

(Bai tap nay chirng minh dinh 1i & §1, chwong I, phan Dai s6, sdch gido khoa
To4an 9 tap mot).

Cho s6 m duong. Chitng minh :
a)Néum> I thi ¥/m > 1 ;

b) Néum < 1 thi ¥/m < 1.
Cho s6 m duong. Chitng minh :
a) Neum> | thi m > \/IE ;
b)Néum < 1 thi m < vm.



Bai tap b6 sung

1.1.

Gid tri cua 4f0,16 1a
(A) 0,04 ;

(C) 0,04 va-0,04;
Hay chon dap an ding.

(B) 04 ;
(D) 0,4 va-04.

§2. Can thirc bac hai va hing ddng thirc VA2 - |A|

12.

13.

14.

15.

16 .

Tim x dé can thirc sau c6 nghia

a) ¥-2x+3 ;
4

c ;

) x+3

Riat gon réi tinh

a) 54(-2)* ;

c) \N(—T)S

Riit gon c4c biéu thifc sau

a) @A +42)%
o) J@d-17)" ;

Chitng minh

a) 9+44J5 = (W5 +2)% ;

) (A-1)2=23-8J7 ;

2
b) —2;
X
d) 2_5
X“+6
b) ~44/(-3)° ;

d) 2(=35)0 +34(=2)8 .

b) §J(3-+3)% ;

d) 243 +42-+3)2.

b) VO-445 -5=-2 ;
d) Y23+ 87 -7 =4.

.2 5 o i 5 TR o
Biéu thire sau day xac dinh véi gia tri nao cua x ?

a) f(x-D(x-3) ;

Xx—2
c) :
X+3

b) Vx2—4

2+Xx

d
) 5-x




17 . Tim x, biét

a) 9x2:2x+1 : b) x2+6x+9:3x—1 :
o) SL=Hepdin? =5 Dot =1,
18. Phan tich thanh nhAn tir
a) x> -7 b) x2-242x+2; o) x4 9B %13
19. Rat gon cac phan thic
x2—5
) —=
x -5

2
b) L‘E’Hz (véi x £ 2 ).

véix#z —5);

x% -2
20. So sanh (khéng dung bang s6 hay mdy tinh bo tdi)
a) 6+242 va 9; b) V2 ++3 va3;

¢) 9+44/5 va 16; d) J11-43 va 2.

21. Riit gon cdc biéu thite

a) VA— 243 -3 ; b) V11+642 3142 ;
) ¥ox2 —2x véix <0 d) x—4+v16-8x+x2 véix>4,

Véin 1a s6 trr nhién, chitng minh dang thic

\l(11+ 1)2 +\/n_2: (11+1)2 wm®

Viét dang thitc trénkhinla 1, 2, 3, 4, 5, 6, 7.

&)
L

Bai tap b6 sung
2.1. Pang thitc ndo ding néu x 13 s6 Am
2 _ . 2 _ .
(A) ¥9x° =9 ; (B) ¥9x° =3x ;

(© @ =i ¢ (D) \/9:(_2 = —3x.

Hay chon dap an ding.



§3. Lién hé giira phép nhan va phép khai phudng

23. Ap dung quy tic nhan cdc can bac hai, hiy tinh

a) V10 /40 ; b) +/5 /45 :
) ¥52 13 d) ¥2 162 .

24. Ap dung quy tic khai phwong mét tich, hiy tinh
a) ,/45.80 : b) \/75.48 3
c) \f90.6,4 : d) ,/2,5.14,4 ;

25. Rt gon réi tinh

a) 46,82 -3,22 b) v/21,82-18,22 ;

¢) 117,52 - 26,52 ~ 1440 ; d) /146,52 ~100,5% +27.256 .

26. Chtng minh
a) \/9—\/ﬁ.\/9+\/ﬁ:8 >
b) 242(\3-2)+(1+242)2 - 246 = 9.

27. Rit gon

o No 14 by Y23 446 +48 416
W3+428 V243V
28. So sdnh (khéng dung bang s6 hay mdy tinh bo tiii)
a) \/5+J§V€lm; b) J§+2v§1 s/5+s/€;
c) 16 va 15 V17 ; d)8va V15 +4/17.

29. So sanh (khéng dung bang s6 hay may tinh bo tdi)
V2003 +4/2005 va 24/2004.
30 . Cho c4c biéu thitc

A=x+2Ax-3 vaB=J(x+2)(x-3).

a) Tim x d€ A c6 nghia. Tim x dé B c6 nghia.

b) Véi gid tri ndo ciax thi A =B ?



31. Biéu dién «fab & dang tich cdc can bac haivéia<0vab< 0.

Ap dung tinh m

32. Riit gon cic biéu thitc
a) y4a—3)> véia=3; b) J9(b—2)% véib<2;
¢) Val(a+1)? véia>0; d) ¥bZ(b-1)% véib<O.

®  x . » 2 . .2 ., . ~ \ e 7 . 2
33 . Tim diéu kién cua x dé cac biéu thirc sau c6 nghia va bi€n doi ching vé
dang tich

a) Vx2-4+0x-2 ; b) 3Wx+3+vVx2-0.
34. Tim x, biét

a) vXx—=5=3 ; b) ¥x—10=-2 ;
¢) V2x—1=4f5: d) Jf4-5x=12.

35. Véin la s6 tw nhién, chitng minh

(Wn+1-vn)? = J(2n+ 1) —\/(211+ 2.,

Viét deamg thitc trén khi nbang 1, 2, 3, 4.

Bai tap b6 sung

3.1. Giatricna Jl,_6 J2,_5 bang
(A) 0,20; (B) 2,0 ;
(C) 20,0; (D) 0,02.
Hay chon dap an ding.

§4. Lién hé gitra phép chia va phép khai phuong

36. Ap dung quy tic khai phuong mét thwong, hiy tinh

Y LI By .
169 144
9 7

c) Jl— ; d) .{2—.
) 16 ) 31



37

38.

40.

Ap dung quy tac chia hai can bac hai, hay tinh

:‘
N
o)

2) 230 : b)

5

19

C)JE

Cho c4c biéu thite

]

2x+3 . 2x+3
vaB= .
x=3 x—3

A:

a) Tim x d€ A c6 nghia. Tim x dé B c6 nghia.

b) Véi gid tri ndo cia x thi A =B ?

I .5 a P ~ 7 > ] = -
Biéu dién "E vGia < 0va b < 0 o dang thuwong cua hai can thiec.

Ap dung tinh ’__‘;(l)

Riit gon c4c biéu thitc

63y

jak]
—
TI

(y>0);
,I?’y !
3
b Y x>0,
3x°>
\’45111112
¢) ———— m>0van>0);
720m
[ 46
2208l o otz
J12825b°

41. Riit gon c4c bi€u thite

x—2Jx +1

a)
x+2\/;+1

(k2 0)3



43 .

45.

46.

) =2y~ i1,y 1vdy s,
S-1¥ x-n?

Riit gon bi€u thitc véi diéu kién da cho clia x réi tinh gid tri cia né :

2 & 2)2+" 1 (x<3);taix=05;
(B-x)" x-3

Yl
Wx+2

b) 4x (x>-2);taix =—+/2 .

Tim x thoa min diéu kién

2) 2x—3:2 : b) 2x—3:2;
X—1 x—1
0 4x+3 3. d) 4x+3 _3

x+1 Jx+1

Cho hai s6 a, b khéng Am. Chirng minh

+b - ;
2 >afab (Bdt dang thitc Cé-si cho hai s6 khéng dm).

Dau dang thirc xay ra khi nao ?

Véia=0vab =0, ching minh

,a+b>\/;+\/g_
2 2

Vé6i a duwong, chimg minh

a+1—22.
a

Bai tap bo sung

41. Gidtrichia |- bing
' 0,09

12

7 70 7 700
(A) 57 (B) 3 (®) ek (D) =

Hay chon dap an ding.



§5. Bang can bac hai

47.

48.

49.
50.
Sl.

53.

Dung bang can bac hai tim x, biét
a) x>=15: b) x> =228 :
c) x2 =351 ; d) x? = 0,46.

Dung bang binh phuong tim x, bi€t

) Vx =1,5; b) Vx =2,15;
)Vvx =052, d) vx =0,038.

Kiém tra két qua bai 47 va 48 bang m4y tinh bd tii.
Thir lai két qua bai 47 bang bang binh phuong.
Thir lai két qua bai 48 bang bang can bac hai.
Dién vao céc chd tréng (...) trong phép chitng minh sau :
S6 2 1as6 vo ti.
That vay, gia str 2 khoéng phai 14 s6 vo ti thi phai ton tai cdc s6 nguyén

_m

m va n sao cho \/5 , trong d6 n > 0 con hai s6 m va n khéng c6 ude

n

s6 chung nao khic 1 hay —1 (hai s6 m va n nguyén t6 cung nhau).

Khi dé, ta ¢6... hay 2n® = m?. (1)
Ké&t qua (1) ching té s6 nguyén m 1a s6 chan, nghia la m = 2p véi p 1a
s6 nguyén.

Thay m = 2p vao (1) ta dugc..., suy ra n? = 2p2. (2)
K&t qua (2) chitng té n phai la s6 chan.

Hai s6 m va n déu 1a s6 chan, mau thuin véi...

Vay 2 1356 vo ti.

Chitng minh :

a) S6 \E la sOvo ti ;

b) Céc s6 542 ; 3++/2 déu 1a s vé ti.

13



54. Tim tap hop cdc s6 x thoa mén bit dang thirc

Jx >2

va bi€u dién tap hop dé trén truc s6.

55. Tim tap hop cdc s6 x thoa mén bit dang thirc

J;<3

va bi€u dién tap hop dé trén truc s6.
Bai tap bo sung
5.1. Tra bang can béac hai, fim /35,92 dugc 4f35,92 =~ 5,993. Vay suy ra

{J0,3592 c6 gi4 tri gan diing 12 :
(A) 0,5993 ; (B) 5,993 ; (C) 59,93 ; (D) 599,3.

Hay chon dap an ding.

§6. Bién ddi don gian biéu thirc chira cin thirc bac hai

56. Duwra thira s6 ra ngoai ddu can

a)V7x2 véix>0; b) /8y’ véiy<O0;
) ¥25x° véix >0} d) 48yt .

57. Dura thira s6 vao trong diu can

a)ngvéfixzo; b)x\/ﬁvdix<0;

c) x."ﬂ voix >0 d) x1’_—29 vél x < 0.
X X

58. Riit gon c4c biéu thitc

a) V75 +/48 —+f300 : b) 498 — /72 + 0,548 :
c)\/9_a— 16a++49a véia=0;

d) /16b +24/40b — 34/90b véib > 0.
59. Riit gon céc biéu thitc

a) (243 +45)3 60 ; b) (542 + 24545 -250 ;
¢) (W28 12 T WT+ 2421 d) (W99 - 18 - JIDIT +3422 .

14



60.

61.

63.

64.

65.

66 .

67 .

Riit gon cédc biéu thitc

a) WAONI2 = 2JW75 - 3¢5J48 ;. b) 2483 — 24543 = 34/2043 .

Khai tri€n va riit gon c4c biéu thitc (véi x va y khéng am)

a) (1-vx) (1 +4x +x) ; b) Wx +2)(x—2vx +4) ;
0) (Wx =y (x+y+4xy) ; d) (x4 +y—x4fy) .

Khai tri€n va riit gon c4c biéu thite (véi x, y khéng am)
2) (44x = V2x)(Wx - 42x) ; b) (24/x +4/y)3Vx - 2y).

Chirng minh

a) (XJ;JFY‘/;)(J;_\/;) =x—-y voix>0vay>0;
Xy ,
\IxS—l

Jx-1

a) Chirng minh

x+292x—4 = (V2 +x-2)2 véix =2 ;
b) Riit gon biéu thitc
S 0Tt =T, w3,

Tim x, bi€t

a) ¥25x =35 : b) V4x <162 :
o) 3Wx =412 ; d) 24x =10 .

Tim x, bi€t
a) Vx2-9-3Jx-3=0; b) Vx2—4-2vx+2=0.

Ap dung bét dang thite Co-si cho hai s6 khéng am, ching minh :

= x+Vx+1 véix>0vax#1.

b)

a) Trong cac hinh chit nhat c6 cung chu vi thi hinh vuéng cé dién tich

16n nhAat ;

b) Trong cac hinh chit nhéit ¢6 cung dién tich thi hinh vuéng c6 chu vi

bé nhat.



Bai tap b6 sung

6.1. Riit gon biéu thitc 3 xzy + X4Jy vOi x <0,y =0 ta duoc

A)dxyfy B —xfy 1 (O —2xyfy (D) 44y .

Hay chon dap an ding.

§7. Bién ddi don gian biéu thirc chira cin thirc bac hai (ti€p theo)

68. Khir miu clia mbi bi€u thife 14y can va rit gon (néu duroe)

2
a)\/z; b)J"—véixzo;
3 5
) x>
c) —Voux>0 d) K—Tvéix<0.

69. Truc can thirc & méau va rit gon (néu duoc)
a) M - b) _ 26
V2 5-243
WN10-5 9-243

d)

c)
4-J0 3622
70. Riit gon céc biéu thitc
2 2

5 5
= ; b - ;
J3-1 341 )12(2J§+3J5) 120245 - 342)

o 35 545 g3 B
5-45 5445 JB+1-1 Bl

71. Chitng minh dang thirc

1
vn+1-— \/E ——— — v&inlas6 tunhién.
Jn+1+vn '

a)

16



73

74.

73.

76.

i 8

78.

79,

X4c dinh gia tri bi€u thitc sau theo c4ch thich hop

1 1 1
+ + :
V244l B2 Va3
So sdnh (khéng dung bang s6 hay may tinh b tii)
V2005 —+/2004 v6i 42004 —~/2003 .

Rit gon
1 1 1 1
T2 - B b
N 1 B 1 N 1 B 1 _
NV S S Y N - N
Riit gon cé4c biéu thite

o vy
e

) SoEIE S g,

X x+3\/_

Truc can thitc & méau

voix =20, y=>20vax#y;

1 1
—; b ———————

R - ' 52

Tim x, bi€t

a) V2x+3 =1+42 ; b) V10+43x =246 :

o) 3x—2=2-43; d) Jx+1=/5-3.

Tim tap hop cdc gid tri x thod man diéu kién sau va biéu dién tap hop dé
trén truc s6

a) Wx—2>43 ; b) 43— 2x <5 .

Cho céc s6 x va y c6 dang
X = alﬁerl vay= a2\/5+b2,

trong d6 a,, a,, b;, b, 1a cdc s6 hitu ti. Chitng minh

17



a) X + y va x.y ciing c6 dang a\Eer v6ia va bla s6 hitu ti ;

b) 2 véi y # 0 cling c6 dang a\/5+b v6ia va b 12 s6 hitu ti.
y

Bai tap b6 sung

7.1. Véix<0;y<0,biéu thic x ij dwoc bi€n déi thinh
V y

(©) —=xy ;
}’

§8.

80.

81.

18

(&) Sy
¥

(B) 3\/; :

Hay chon dap an ding.

Gid tri cla 0
J7-1

A) T-1;

bang

(B) 1-+7 ;

Hay chon dap an ding.

(C) —+1-1;

Rat gon biéu thire chira cin thic bac hai

Riit gon c4c biéu thitc

a) 2=v2)(=5v2) - 32 -5)2

b) 2432 — V753 + a

135

2a

Riit gon cédc biéu thitc

R R

&

R e s

a-b \/a_3—\/b_3

T

Y~

a) Chirng minh

XX

a—-b

2 300a°

véia> 0.

v6ia=0,b=0vaa#b;

v6ia=0,b=0vaa#bh.

(D) —%JE.

(D) +f7 +1.



83.

8s3.

86.

87.

b) Tim gi4 tri nho nhat clia biéu thite
x2+x3+1.

Gi4 tri d6 dat duoc khi x bang bao nhiéu ?

Chitng to gid tri cdc biéu thitc sau 13 s& hitu ti

2 2 by Y1EN5 NT-A5
Ji-5 J1+5° V-5 145

Tim x, bi€t

a) \/4x+20—3\/5+x+%\/9x+45 =6 ;

b) V25x—2 —% Xgl =6 +xlx—1.

Cho biéu thitc

_dxet 2dx 2+45Vx
x-2 Jx+2 4-x

a) RuitgonPnéux=>0;x#4;

P

b) Tim x dé P = 2.

Cho biéu thitc

\/;-1-1 \/;+2

Q[ﬁlT][fsz

a) RuitgonQ véia>0,a=4vaa=1.

b) Tim gid tri cia a dé Q dwong.

Véi ba s6 a, b, ¢ khéng am, chitng minh bat dang thirc

a+b+c2\/£+ bc+\/a.

Hiy md rong két qua cho tredong hgp bén s6, nam s khéng am.

19



Bai tap b6 sung

8.1. Bit phuong trinh

88.

89.

90.

91.

93.

94.

20

V32x - (B +42)x > 2
twong dwong véi bat phuong trinh
(A) V20x > 2 ; (B) 24/5x > /2 ;
(©) 15¢2x > 2 ; (D) V2x > 2.

Hay chon dap an ding.

. Can bac ba

Tinh (khéng dung bang s6 hay mdy tinh bo tidi)
(=343 ; 30,027 ; 1,331 ; ¥-0512.

Tim x, bi€t

a) Ax =-1,5; b) x5 =0,09.

Chitng minh cdc dang thirc sau

. 1
a) Y2’b = adfb : b)S%:E% (b = 0).

b

Tim gid tri gAn ding cla cin bic ba mbi s6 sau bang bang lap phuong va
ki€ém tra bang may tinh bé tiii (1Am tron dén chit s6 thap phén thit ba).
a) 12 ; b) 25,3
c)—3791 ; d) —-0,08.
So sdnh (khéng dung bang s6 hay may tinh bo tii)

a) 233 va 323 ; b) 33 va 331333 .

Tim tap hop cdc gid tri x thod man diéu kién sau va biéu dién tap hop dé
trén truc s6

a) ¥x =2 ; b) Afx <-15.

Chitng minh

x3+y3+z3—3xyz:%(x+y+z)[(x—y)2 +(y—z)2+(z— x)z]



95",

Tir d6, ching t6 :

a) V&i ba s6 x, y, z khéng 4m thi

x> + y3 47
3

b) Véi ba s6 a, b, ¢ khéng am thi

= XYZ ;

+ b+ 5o h ;
% > fabe (Bdt dang thitc Co-si cho ba s6 khong am).

Diu dang thitc x4y ra khi ba s6 a, b, ¢ bang nhau.

Ap dung bét dang thitc Cé-si cho ba s6 khéng 4m, ching minh

a) Trong cdc hinh hop chit nhat ¢6 cling téng ba kich thuwée thi hinh 1ap

phuong c6 thé tich 16n nhat ;

b) Trong c4c hinh hép chit nhat cé ciing thé tich thi hinh 14p phuong cé

téng ba kich thirée bé nhat.

On tap chuong |

96.

97.

Néu x thoa min diéu kién

V3+4lx =3

thi x nhéan gia tri la
(A)O; (B)6; (€) 95
Hay chon cau tra 101 ding.

Bi€u thitc

Rt

co6 gia trila

(A)3; (B) 6 ; ©) A5 ;

Hay chon cau tra 10i ding.

(D) 36.

(D) - 5.
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98. Chitng minh cdc dang thic

2) V2+3 +42-3 =46 ;

b) I & - I G =8.
Vo-v52 {2+5)?
f 2
99, ChoAzM-

4x—2
Chirng minh [A| = 0,5 véi x # 0,5.
100. Riit gon céc biéu thite
2) J@2-3)2 +4-243
b) V15-6v6 +4/33-1246 :
¢) (154200 - 34/450 +24/50) : /10 .
101. a) Ching minh
x—dfx—4=(x-4-2?;
b) Tim diéu kién x4c dinh va rit gon biéu thitc
A= Yx+4dx—4 +Jx—4adx—-4.

R A - . L] e L -
102. Tim diéu kién xac dinh cua cac biéu thirc sau :

A= x+x+1; B=+/x+4+4x-1.

a) Chirng minh rang A > 1 vaB > \E 2
b) Tim x, biét

‘J;-i- x+1 =1; x+4 +4x=1 =2,

103. Ching minh

b 'Y 3
X—vx+1= —— | +=—v6ix>0.

Tir d6, cho biét biéu thite —1 c6 gia tri 16n nhat 1a bao nhiéu ?
X—WX+

Gi4 tri d6 dat duoc khi x bang bao nhiéu ?
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104.

105.

106.

107.

108.

; v 5 x+1 o
Tim s6 x nguyén dé biéu thirc J_ nhén gia tri nguyén.
, B

Chitng minh céc dang thitc (v6i a, b khéng 4m va a # b)

Vatdb  Wa-db b 24

g Na— 246 2¥a+2db b-a a-—b

2

Cho biéu thitc

_ a+4b)’—44ab avb+bia
Ja—+/b Jab

a) Tim diéu kién dé A c6 nghia.

A

b) Khi A ¢é nghia, chirng t6 gia tri cua A khéng phu thuéc vao a.

Cho biéu thitc

2x +1 Jx el
B[J;§1x+J;+1J 1+J;__J;

a) Rut gon B ;

véix=0vax#1.

b) Tim x dé B = 3.

Cho biéu thitc

oo [afx_ x+9) (3x+1 1
3+4/x  9-x x=3Jx  Wx

a) Rat gon C ;

voix>0vax#09.

b) Tim x sao cho C< —1.

Bai tap bo sung

I.1.

. 1 .
Khéng dung bang s6 hoac méy tinh, hiy so sanh W vGi Jg +1.
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B. L3I GIAI — CHi DAN - BAP $&

§1. Can bac hai

1. a) 0,1 ; b) 0,2 ; c)0,7; d)0,8;
e) 0,5 ; £)0,9; g)0,3; h) 0.4.
2 a) xllegvé xzz—\/g.

Tacéd: xy »2,236 va xy #—-2,236 ;

Cau b) va c) tuwong tu ;

d) x; :Jﬁ va xzz—\/ﬁ.
Tacéd: x; »1,495 va x, »-1,495.
3. a)5; b) 2,25 ; c) 0,01 ; d) 9.
4, a) Gidi : x=32, viyx=9;
b) Pdp s6 : x =5,
c)Pdp sé:x=0;
d) Giai : Can bac hai s6 hoc thi khéng Am nén khong t6n tai x thod min
Jx =-2.
5. a)Gidi :Tacé1<2nén 1< 2. Tirds

1+1<1+J§
hay

2< 1+ ﬁ

b) Huong ddn : Ching t5 2 > 3 , tir d6 suy ra
1>+B3-1.

¢) Bdp 56 : 2431 > 10.

d) Gidi : Vi 11 < 16 nén 11 <16 , tite 1a 11 < 4.

Nhan hai v€ clia bat ding thite 11 < 4 véi -3, ta duge 311 >—12.
6. Cau c) va d) ding.
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7. 5?2 wa \/5_2 .

8. Kiém tra dé thdy mdi dang thitc déu c6 v€ trdi bang v€ phai. Chang han,
vl dfmg thiue thit ba, ta ¢é

Ve trai: N3+ 23 +33 443 = JT48+27+64 = 100 = 10.
VEphai: 1 +2+3+4=10.

Vay dang thitc xay ra.

Ta c6 thé viét ti€p hai dang thitc twong tw nhur :

N3+ B35 = 112134445 ;

JB3+23 B3 253463 = 14243444546,

9. a) Giai : Do a, b khéng am vaa < bnénb > 0, suy ra

Ja 4Jb 5 0 (1)

Mat khac, ta c6

a-b= ()’ -(b)” = (Wa+vb)Wa-+b). )
Via<bnéna-b<O0,tlr(2)suyra

(Va+4b)fa-+b) <0. (3)
Tir (1) va (3),tacd:

\/_—\/E < 0 hay J;<\/E

b) Huéng dan : Chitng minh tuong tu ciu a) hoic dung phwong phip
phan chiing.

10. a) Chuy J1=1 , tir d6 van dung két qua cau a) bai 9 khi thay a bdi 1 va
thay b bdi m ta c¢6 két qua.
b) Twong tu cau a) nhung thaya =m, b= 1.

11. a) Theo bai 10, cidu a) tacd '\/I;> 1.
Nhan ci hai v€ clia bat dang thitc dé véi s6 dwong Jm (m duong nén
\/E xac dinh va duong), ta dwge m > ‘JI; ;
b) Twong tu céu a).

Bai tap b6 sung

1.1. Chon (B).
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§2. Can thirc bac hai va hing ding thirc VA2 - |A|

12. a) +/-2x + 3 c6 nghia khi va chi khi

-2x+320-2x=2-3<=x<1.5.

b) ’% c6 nghia khi va chi khi % > 0.
X

X

Do x2 >0, nén % > 0 khi va chi khi x # 0 (d€ cho % c6 nghia).
X X

> 0.

c6 nghia khi va chi khi
x+3 x+3

Do 4 > 0 nén >0khivachikhix+3>0& x >-3.

Xx+3

d) x>>0nénx’+6>0, Suy ra

< 0 v6i moi x.

x> +6
A A A . 3 _5 - ~
Vay khong ton tai x dé ’ 5 c6 nghia.
X" +06
13. a)20; b) —108 ; c)25; d) 298.

14. a) 4+2 ; b) 3—/3 ; o) 17-4 ; d) V3+2.

15. a) Bi€n déi v€ phai
W5+2)2=5)2+2.45.2422=5+4y5+4=9+45.

Ta c6 v€ phai bang v€ trai.

b) Bién déi

90— 4af5 = (5)2 122 — 45 = (5 -2)2.
szy\/9—4\/§—\/_=\f(\/§—22—\/_=|J§—2|—J§
— a5 =2=f5 =2,

Cau c) va d) twong tu hai cau trén.
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16.

a) Giai : Ta biét tich hai s& ab khoéng Am khi va chi khi: hoaca=0vab =0

hoaca<0Ovab<0.
Theo nhan xét trén thi \/(x —1)(x = 3) xdc dinh néu (x — 1)(x — 3) = 0,
nghia 14 x thoa man mét trong hai tredng hop sau :

Truonghopl : x—12=0 vax— 3=>0. Nghia 1a x déng thdi thoa man
hai bat dang thitc x > 1 va x = 3. Vay x = 3.

Truong hop 2 : x— 1< 0vax— 3 < 0. Nghia 13 x déng thdi thoa man
hai bat dang thirc x <1 vax <3. Vayx < 1.

Nhur vay véi x < 1 hodc x = 3 thi biéu thitc da cho x4c dinh.
Tap hop nhirng gia tri x d6 dwoge ki hiéu la :
{x € R‘ x < 1 hoac x = 3}.

Biéu dién tap hop dé trén truc s6, ta ¢6 hinh 1.

3 A7
I k L o
1 3

Hinh 1

b) Huong dan : ‘\h{2 — 4 hay \f(x — 2)(x +2) x4c dinh khi (x — 2)(x + 2) = 0,

nghia la x thoa man moét trong hai trudng hop sau ;

Truong hop 1 : x—2>0vax+ 2 =0, ta s€ tim duge x > 2.
Truong hop 2 : x —2<0va x+ 2 <0, ta s€ tim dugc x < —2.
Ddp 56 : x <-2 hoac x > 2.

Biéu dién tap hop dé trén truc s6, ta ¢6 hinh 2.

¥
k
2

NS =
L

Hinh 2
c) Huong dan : Ta bi€t thuong % khong 4m khi va chi khi : hoaca = 0 va

b>0hoaca <0vab<0.

217
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= 4 ” i X —
xac dinh néu
x+3 x+3

Theo nhan xét trén thi > 0, nghia 13 x thoa

man mot trong hai trudng hgp sau :

Truong hop 1 : x —2 =0vax + 3> 0. Nghia 13, x dong thdi thoa min hai
bat dang thirc x > 2 va x > -3. Vay x > 2.

Truong hop 2 : x — 2 <0vax + 3 < 0.Nghia 13, x déong thoi thoa man hai
bat dang thirc x <2 va x < =3. Vay x < -3.

Nhur vay v6i x = 2 hodc x < —3 thi biéu thifc di cho x4c dinh.

Biéu dién tap hop dé trén truc s6, ta ¢6 hinh 3.

Y /1 -
F 21 "
-3 2
Hinh 3
d) Huéng dan :
Do L o R . . .
z xac dinh néu : >0, nghia la x thoa man moét trong hai
% =X

treong hgp sau :

Truonghop I : 2+ x=0va 5 — x> 0. Nghia 13, x déng thoi thoa man

hai bat dang thitc x > -2 va x < 5.

Vay-2<x<5.

Truong hop 2 : 2+ x<0va5 - x<0. Nghia la, x dong thoi thod man

hai bat dang thitc x < -2 va x > 5.

Trong trudng hgp ndy ta thdy khong tén tai x thod man déng thoi
x<-2vax>8.

Nhur vay véi —2 < x < 5 thi biéu thite di cho x4c dinh.

Biéu dién tap hop dé trén truc s6, ta c¢6 hinh 4.

A
2

-2

A e

Hinh 4



17.

a) Giai : Vi \/9? = |3x| nén dé tim x thoa min 49x% = 2x + 1 ta dura vé
tim x thoa man |3x| =2x+1 tic 1a tim nghiém cua phuong trinh

3x| = 2x + 1. (1)
Ta xét hai truong hop :
—Khi 3x =2 0 < x =0, ta giai phuong trinh

3x=2x+1.
Tacé3x=2x+1&<x=1.
Gi4 tri x = 1 thoa man x > 0, nén x = 1 1a mo6t nghiém cta phuwong trinh (1).
— Khi 3x < 0 < x <0, ta giai phwong trinh

~3x=2x % 1.
Tacd -3x=2x+1l=-5x=1<=<x=-0,2.
Gid tri x =— 0,2 thoa man x < 0, nén x = — 0,2 12 mét nghiém cta phuong trinh (1).
Téng hop hai trudng hop trén, ta thdy hai gid tri x;, = 1 va x, =—-10,2
la cac nghiém cua phwong trinh (1).
Vay cdc gid tricantim 1a x; = 1 va x, =-0,2.

b) Hudng dan : Tuwong tu cAu a).

Vi \/x2 +6x+9 = \/(x £ 3)2 =|x+3| nén dwa vé tim nghiém cua
phuong trinh

|x +3] =3x-1. (2)
Xét hai truong hop :
—Khix+3>0,giaix+3=3x-1dugc x=2thoAmanx+3>0,nén x =2
la m6t nghiém cua (2).
— Khix +3<0,giai—-x - 3=3x-1duoc x =-0,5. Vi x =-0,5 khéng
thoa man x + 3 < 0 nén gi4 tri x = —0,5 khéng phai 1a nghiém cua (2).

Téng hop hai trudng hop trén ta thiy chi ¢ duy nhat moét gid tri x = 2 14
nghiém cua (2).

Vay gid tri can tim 1a x = 2.
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18.

30

c) Huong dan : Tuong tu ciu a).

Vi \/1 —4x+4x% = \/(1 = 2::()2 =|1-2x| nén dwa vé tim nghiém cna
phuong trinh

[1-2x| =5. 3)
C6 thé giai phwrong trinh (3) bang mot trong hai c4ch sau.
Cach 1 :
Ta giai phwong trinh 1 — 2x = 5 (duge x = —2) va giai phwong trinh
1 — 2x = =5 (duoc x = 3).

Téng hop ta duoc hai nghiém ctia (3) 1a x; =-2; x, = 3.

Cach 2 :

Ta xét hai truong hop :

—Khil-2x >0« x <0,5, ta giai phuong trinh
1-2x=35,

duoc x = -2 1a mét nghiém ctia (3) (vi thoa man x < 0,5).

—Khil-2x<0< x> 0.5, ta giai phuong trinh
2x—1=35,

duoc x = 3 14 mét nghiém cua (3) (vi thoa man x > 0,5).

Téng hop hai trudng hop, ta ¢6 hai nghiém cta (3) 1a x; = -2 va x, = 3.
d) Vi \/x_4 = \/(:JcT)2 = | X2 | nén duwa vé tim x thod man
‘XQ‘ =7hayx2=7.
Suy ra cdc gid tri cAn tim 1a x; = —/7 va x, = \ﬁ
a) x> —=7=(x=(x+7).
b) x> =242 x+2 =x" = 22x + W2)? = (x =2 ).
) x>+ 2413x +13 = (x + /132,



19.

-5 _ G-
x+45 x+v5 |

x2+2s/§x+2: (x+\/§)2 :x+s/§_
x2-2 (x—ﬁ)(ﬁwﬁ) x -2

a) Cach I : Taviét9 = 6+ 3, rdi quy vé so sdnh 2\/5 va 3.
Tacé 242 = J@V2) = V2272 =B

32 =9,
Do V8 <9, titc 12 242 < 3

nén suy ra 6 + 2«/5 <6+ 3,

a)

b)

nghia 13 6+ 242 <o.

Cdch 2 : Twr9=6+2.1,5 quy vé so sdnh N2 véi 1,5 dé tir dé suy ra
6+242 <9.

b)Désosinh:  2+43  véi3,

ta dwa vé so sdnh (\/5 + J§)2 v6i 32

hay so sanh 5+ 2\/5\/5 vol 9.

Vi 9=5+ 2.2 nén ta chi viéc so sdnh \/5\/37 véi 2.

Tacéd (V2432 = (223 =2.3=6va2’=4nen V243 >2.
Tu JE\E >2,tasuyra 5+ 2\/5\/5 >0,

Vaytacé V2++3 >3.

¢) Tir 16 =9 + 7, dé so sdnh 9 +4+/5 vi 16 ta quy vé so sdnh 4/5 va 7.
Tacé (445 =42.(5) =16.5=80

va 7> =49 nen (445 > 7%

Tir (44/5)% > 7%, suy ra 44/5 > 7.

Vay 9 + 445 > 16.
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d) Nhan xét vi Jﬁ>\/§ nén s/ﬁ— \/BT > 0.

Dé sosinh +f11 -3 vi2ta quy vé so sanh :
M1 -BY  véi2?
hay 14- 2113 véi4
hay 14— 21143 véi14-2.5,
Vi WITABY? = W) (W3) =33 va 52 = 25 nén V1143 > 5suy ra
241143 <-2.5.
Vay 14— 241143 <14 -2.5. Tirdé tac6 11 -3 < 2.
a) Bi€n déi: 4-243=(3-1)%.
Ruat gon duoc két qua la —1.
b) Bi€n déi 11+ 642 =(3++2)% ;
Rit gon duogc két qua la W2 .
0) ¥9x% — 2x = J(3x)? — 2x = | 3x]| - 2x.

Véi x < 0, rit gon duge két qua 1a —5x.

d)Véix>4tac V16— 8x+x% = 4f(4-x)? = [4— x| =x— 4.
Ruat gon dugce két qua 1a 2x — 8.

Bién déi v€ trdi ta dirge 2n + 1.

Bién déi vé& phai ta diroc 2n + 1.

Tir d6 ta 6 v€ trdi bang vé€ phai, vay dang thitc diing.

(Thue ra, dang thitc ding véi n 12 s6 thue khong am).
Véin=1cé 4+l =4-1;

Véin=2c6 VO +4 =9-4;

Véin=3c6 16 +49 =16-9:



Véin=4c6 25 +16 =25- 16
Véin=>5cé 36 + 25 =36 - 25:
Véin=6c6 49 + /36 =49 - 36:

Véin=7céd J64 ++J49 = 64 — 49,

Bai tap bo sung
2.1. Chon (D).

§3

. Lién hé giira phép nhan va phép khai phudng
a) Gidi - 10 40 = 1040 = 4200 = 20 ;
b) Pdp 56 : 15 ; c) Pdp s6 : 26, d) Pdp s6 : 18.
a) Gidi : \J45.80 = J9.5.516 =0 42516 =3.5.4=60 ;
b) Pdp s6 : 60 ; c) Pdp s6 : 24 d) Ddp 56 : 6.

a) Gidi : J(6,8+3,2)(6,8-3,2) = /103,6 = /36 = 6 ;

b) Pdp 56 : 12 c) Pdp sé : 108 ; d) Ddp s6 : 128.

a) Bi€n déi v€ trai
V9= 17 N9 +T7 = J(9-VIT)9+17)

= 272 =+B1-17
= J64 =38,

b) Bién d6i v€ trdi duwge 246 — 442 + 1+ 442 + 8- 246 = 9.

a)Viét mau & dang

N 2B+ 214 =22 B +214 =26 +4/14) .
b) Bién déi tir theo cdch :

Téch 16 =4=2+2=AJ4 14 .
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30.

34

Sau d6 nhém céc s6 v&i nhau va bién doi :

W2+ B3 +d1) + (4 +J6++/8) =
(ﬁ+«/§+ﬁ)+(\5.\5+ﬁ~/§+ﬁ.ﬁ)
(1 +2)W2 + 43 +44).

Tir d6, riit gon duoc k&t qua 13 1++/2.

a) Dua vé so sanh (+v2 ++/3)? véi (+/10)? hay so sdnh 5+ 24/2 4f3 véi 10.

K&t qua duoc V2 +43 < V10

b) Twong twr cau a) :

Sosinh (W3 +2)2  véi (¥2 +6)

hay so sdnh 7+ 4+/3 véi 8 + 2412

Do 8+ 2412 =8+ 443 nen 7+ 443 < 8+ 2412 .
Tirdé suyra W3+2 < +2++6 .

c) Bi€n d6i {1517 =16 -1 4f16+ _162 -1,
Do 162-1<162nen V162 -1 < V162 .

Vay 15417 < 16.

d) So sanh hai binh phuong la 8% va (\/G + JE)Q, tir d6 quy vé so sanh

32 =216 v6i 24154017 = 24162 -1 |

K&t qua duoc J15+4/17 < 8.

C6 thé diing cdch twong tir cau d) bai 28.

K&t qua 4/2003 ++/2005 < 24/2004 .

a) ® A cé nghia khi x + 2 = 0 vd x — 3 = 0. Nghia 13, x déng thdi thoa

mén hai bit dang thitc x > -2 va x > 3.

Nhu vay, A c6 nghia véi x = 3.



31.

33

e B c6 nghia khi (x + 2)(x — 3) = 0. Nghia 1a, x thoa man mét trong hai
tredng hop sau :

—Truonghop I : x +2 =0va x— 3 =0. Nghia I3, x déng thdi thod min
hai bat dang thirc x > -2 va x = 3. Vay x = 3.

— Truong hop 2 : x +2 <0 va x— 3 < 0. Nghia 13, x déng thdi thod min
hai bit dang thirc x < -2 va x < 3. Vay x < -2.

Nhu vay, B c6 nghia khi x < -2 hoac x = 3.

b) D€ A va B déng thdi ¢ nghia thi x > 3.
Khi dé, ta ¢cé A = B (theo tinh chat khai phwong mét tich).

Do a va b &m nén —a va —b duong.

Khi d6, ta c6 vJab = \}(—a).(—b) =+-as-b.

Ap dung, ta c6 J(-25).(-64) =25 /64 =5.8=40.

a)2(a—3); b)3(2-Db); c)a(a+1); d) b(b - 1).

a) Biéu thitc dd cho c6 nghia khi x> —4 va /x—2 déng thoi cé nghia.

° Vx2—4 = \f(x—2)(x+2) c6 nghia khi x < -2 hoac x = 2 (céu b) bai
tap 16).

e /x—2 cénghiakhix > 2.

Vay diéu kién dé biéu thitc di cho c¢6 nghia 1a x > 2.

Véi diéu kién trén ta c6

V24 =Jx-2(x+2) =¥x—2+x+2.
Tir d6 ta c6 :
N2 -4 +9x—2 = Jx-240x+2 + 2x -2

= (Wx+2+2)vx-2.

b) Biéu thitc di cho cé nghia khi ¥x +3 va Vx2 -9 déng thdi c6 nghia.
Vay diéu kién dé€ bié€u thitc di cho c6 nghia 1a x phai déng thdi thod man

hai bt ding thitc x + 3> 0 va x>~ 9> 0.
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ex+3>0< x=-3.
ex’-920& (x+3)(x-3)20. (1)
Giai (1) (twong tu cau a) bai 16) ta cé : x <-3 hoac x = 3.

Viy v6i x = 3 hodc x = —3 thi x thod man déng thdi hai bat dang thic
x+320vax’-920.

Véi x = 3 ta bi€n déi duoc két qua 1a 3++/x—-3)vVx+3 .

34. a) Hudngdan : Quy vé giai x—5= 32
Ddp s6: x=14;
b) Pdp s6 : Vénghiém; c¢)Pdp sé:x=3; d) Ddp s6 : x =-28.

35. Khai trién vé€ trdi ta duroc

(\/11+1)2—2\/n+1 .\/EJr(\/E)z = 11+l+11—2-\f11(11+1)

=2n+1-2n(n+1).

Bién d6i v& phai

@n+1)-y4n2 +4n+1-1=2n+1-JFn@+ 1) = 2n+1- & fu(ns D).
Tir d6, suy ra hai vé€ bang nhau. Vay dang thitc diing.

(Thue ra dang thirc ding véin 14 s6 thue khong am).
Véin=1c6 W2 -J17 =40-8 ;

Véin=2c6 (\3-+2) =425 -24 ;
Véin=3cé (V4 —3)? = 49 - /48 ;
Véin=4c6 (W5 - 4)> = 81 - +f80 .

Bai tap bo sung
3.1. Chon (B).

§4. Lién hé gitra phép chia va phép khai phuong

3% a2 3. 3. 43 4B
169 \/169 13 12 4 9
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\/2300 [2300 _ ~J100=10 : b)5; c)4; d)0,2.

J_ N 23

) Bidi thiA oo HEki i 20

x—3

Biéu thitc B ¢6 nghia khi +/2x +3 va vx —3 c6 nghia va ¥x — 3 khéc 0.

Nghia 1a B ¢ nghia khi x thod min déng thdi hai bt dang thic 2x + 3 = 0

> 0, ta s€ tim dugc x <— 1,5 hoac x > 3.

va x — 3 > 0 hay x thoa man x > 3.
b) D€ A va B déng thoi 6 nghia thi x > 3.
Khi dé, ta ¢cé A = B (theo tinh chat khai phwong mét thuong).
Véia<Ovab<0,tacd:
o
b b

Ap dung tinh 1’ ;? duoc két qua 1a %

2) 3y ; By SR, dj —
X

2. 23\5.
a) Vix >0néncd XZ(\/;)Z,th’d(’)C(’)
x—=20x+1=@x -1 vax+20x +1=@x+1)72.

5|
\/;-1-1.

C6 thé bd ddu gi4 tri tuyét ddi tuy theo 0 < x < 1 hayx > 1.

Khai phuong duoc két qua 1a

b) V6iy > 0,tacéy — 24Jy + 1= (yfy — )2. Riit gon dugc két qué 1

N
Wy - Dx-1)

Né€u c6 thém diéu kién y < 1 thi két qua 1a

- X
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Né€u c6 thém diéu kién y > 1 thi két qua 1a :
X p—

a) ® Rit gon :
5-4x

—X

Véi diéu kién x < 3 khi dé |3 - x| =3 - x, it gon ta dwoc két qua

e Gi4 tri biéu thitc khi x = 0,512 1,2.

b) e Rit gon :

+ Vi diéu kién x > 0, dwoe két qua 1a 5x—+8 ;

+ V6i diéu kién x < 0 (nhung vAn thod min diéu kién x > —2), duoc két
qua la 3x—+8 .

e Thay gi4 tri x = —+/2 vao biéu thitc 3x — J§ va riut gon ta duoc gia tri
clia bidu thitc [ —5+/2 .

Néu lam tron dén chir s6 thap phan thir ba thi duge két qua 1a —7,071.

a) Diéu kién xic dinh cia Jz"_f’ B 22 _13 >0.
e X —=

Ta co > 0 nghia 1a x thod man mét trong hai truedng hop sau :

X1
—Truonghop I : 2x —3>0vax—1 >0, ta sé€ tim duoc x = 1,5.

—Truonghop 2 : 2x —3<0vax—1 <0, tasé tim duoc x < 1.

Nhrr vay, vé6i diéu kién x < 1 hoac x = 1,5, ta c6 xac dinh.

X —

T 1’2)( _13 = 2, theo dinh nghia can bac hai s6 hoc, ta cé 2x~3 =22,
X-_

x—1

2x -3

Giai phwong trinh = 4, ta duoc x = 0,5, thoa min diéu kién.

x—1

Vay x = 0,5 12 gia tri phai tim.



A2x-3
Jx-1

2x—-3=0vax-1>0.

la

b) Diéu kién x4c dinh cna

Nghia 1a x déng thdi thod man hai bit dang thic x = 1,5 va x > 1| hay

X thod man x > 1.5.

Nhu vay, ta ¢6 x > 1,5 13 diéu kién dé

c6 nghia.
x—1

Véi diéu kién x > 1,5, theo quy tac chia hai can bac hai, ta ¢6:

\{/2;_—13 _ sz =3

Do vay, v6i x = 1,5, ta quy vé giai bai todn tim x, biét

x—1 .

2x -3

x—1

:2,

va tim duoc x = 0,5.

Tuy nhién gi4 tri ndy khoéng thoa man diéu kién x > 1,5.

J2x-3

x—1

= 2.

Vay khong tén tai gia tri ndo cia x dé

2x-3
Jx—1

2x -3 =2(x—1)—1,n6n ¥2x -3 < 4f2(x - 1).

= 2 nhursau :

Chii ¥ : Cé thé chitng té khéng tén tai x thoa man

V2x -3 <J2(x—l)
Jx—l \/x—l .

Mat khic, Y- 1) \/2("_ D =7
Jx—] x—1

Do dé

suy ra £<ﬁ<2.

Jx-1
N2x -3 V2x -3

Do ———— lu6n nhd hon 2 nén khéng tén tai x dé ——— = 2.

e Vx-1
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c¢) Twong tu cAu a) tim dwge x = — 1,2 thoa min

’4x+3 5 g
X +1

d) Huong dan : Twong tu ciu b) ching t6 khong tén tai x thod min

JA4x+3
Jx+1

44. Do ava b khong 4m nén \E va \/E xac dinh. Ta c6

(Wa—-+b)’> 0.

Khai trién v€ trii, ta c6

=3.

a—2+ab+b>0.
Tir do, suy ra

a+b>24ab .

Chia hai v€&€ ctia bit dang thirc trén cho 2 ta dwoc bit dang thirc phai
chirng minh.

R& rang ddu dang thitc x4y ra khi va chi khia = b.

45. Theo bat dang thitc Co6-si cho hai s& a, b khéng am, ta c6

a+b=24ab . (1)
Cong a + b vao ca hai v€ clia bit dang thire (1) va bién dbi dwoc
2(a+b)= (Va+b). (2)

Chia hai v€& ctia bat dang thitc (2) cho 4 réi khai phurong s& duwroc diéu phai
chitng minh.

2
46. Bién déi biéu thitc dwoc [\G—L] >0 hoac 4p dung bat dang thirc

Ja

. ol 1
C6-si cho hais6ava —-
a

Bai tap bo sung
4.1. Chon (B).
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§5. Bang can bac hai

47.

48.

49.

50.

S1.

Tra bang ta duoc
a) x; # 3,8730 suyra x,~ -3,8730;
b) x; # 4,7749 suyrax,~-4,7749;
c) x; & 18,7350 suy ra x, # —18,7350 ;
d) x; # 0,6782 suy ra x, ~ —0,67/82.
Tra bang ta duoc
a) x & 2,25 (thuc ra 2,25 la gia tri dung) ;
b) x # 4,623 ;¢) x~ 0,2704 ; d) x # 0,001444.
C6 thé kiém tra theo hai cich
— Tim gi4 tri nghiém bang may tinh bo tii.
Vi du, tinh gid tri x| = J15 bang mdy tinh bd tdi duoc két qua
3,872983346 (may hién két qua gan ding véi 10 chir s6).
— Thir lai gid tri tim duoc bang may tinh bo tii.
Vi du, thay gid tri x| = 3,873 vao phuong trinh
x2=15
ta co (3,87’3)2 =15,000129 ~ 15.

Vi du thtr lai cdu a) bai 47. Ta tim cdc 6 c6 gid tri gan véi 15 & trong bang
binh phuong duoc 6 14,98 va 6 15,05. Véi 6 14,98 tra bang duoc 3,87, day
1a két qua gan ding thi€u. Néu chon 6 15,05 tra bang s€ duoc s6 3,88, day 1a
két qua gan ding thira.

Vi du thtr lai cAu b) bai 48. Tra bang can béac hai cho s6 4,623 : Trudc
hét ta tim can béc hai cua 4,62 dwogc 2,149. Tim thém chir s6 & cot s6 3
phan hiéu chinh &ng véi dong 4,6 duge s6 1, vy cong thém 1 vao chir
s6 9 & s6 2,149 ta duoc s6 2,150.

Cén bé sung

2
(\E)zzm—z;
n
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20’ = (2p)° ;
gia thiét m va n nguyén té cung nhau.
53. a) Lap lu4n twong tw bai tap 52, thay dac diém s6 chin béi s6 chia hét cho 3.
b) Lap luan bang phan ching.
Vi du, gia str Sﬁ 12 s6 hitu ti a, nghia 1 ¢6 s6 a hitu ti ma

Sﬁza.

Khi dé \E:%

nén 2 ciing 1a s6 hitu ti.
Diéu niy v6 1f, vi ta di bi€t 42 12 mot s6 vo ti.
54. Diéu kiénx =0.

Dura bat dflﬂg thite da cho vé J; > \/Z suy ra x > 4.
Biéu dién tap hop dé trén truc s6 ta ¢ hinh 5.

o

\

4
Hinh 5
55. Kétqua:0<x<09.

Biéu dién tap hop dé trén truc s6 ta ¢ hinh 6.

=N
Rl
Y

Hinh 6
Bai tap bo sung

5.1. Chon (A).

§6. Bién ddi don gian biéu thirc chira cin thirc bac hai
56. ) xv/7 ; b) 2yv2 ;o) Sxix ; d) 4y*+3..
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5l.

S8.
59.

64.

R LTI S W O y d) —J"20x .

a) 3 ; b) 242 ; ¢) 6v/a ; d) 44b - 5410b .
a) 6-4/15;  b)10; ) 7; d) 22.

2) 0; b) 44243 — 84543 .

l-xvx ;. b) x/x+8; o) xdx—yafly 5 d) vy,
a)(6-5v2)x ; b) 6x—2y—qfxy .

a) Bién d6i v€ trdi ta cé

Yyt +J‘/f—;(‘/;_‘/;) = W7 - (WYY

b) Dat Jx =atacé v x> =a3. Ap dung hing dang thic

=xX-Y.

a’—1=(a—1)(a% +a+1)
va rit gon vé trai.

a) Bi€n déi
x+242x—4 =2+ 2424x- 2 +x -2
= W2 +/x-2)%
b) Twong tr cu a), ta c6 x — 242x — 4 = (\2 — fx - 2)%.
Dods, x+2v2x—4 +4x-22x-4 =
— JO2 + 5= 2 + (2 - 527
=J§+ﬂ+|ﬁ—ﬁ|(ﬁﬁ+ﬁ>0).

Ta thay :

e Néu x < 4 (nhung x > 2) thi x — 2 < 2 ; khi dé \/E—Jx—2>0 va két

qua rit gon la W2

eNéux>4thix-2>2;khidé 2 -+x-2<0 va k&€t qua rat gon la

24dx - 2.
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65.

66.

a) Cdch I : Ta c625x =35.35, suy ra x =49,
Cdch 2 : Bi€n déi vé trai duoe 54/x 16i quy vé tim x, biét
Jx=17.
Tir d6 tim duwoc x =49,

b) 0 < x <6561 ; c x:%; d)x = 2,5

a) Trurée hét, diéu kién dé cdc can thitc x4c dinh 13 x phai thod min déng
thoi hai bit dang thirc

xX’=9=0vax—320.
Ta s& tim duwoe x > 3 14 diéu kién dé€ déng thdi cé
xX’=9=0vax—320.
Véi diéu kién x = 3, ta cb
sz(x—3)(x+3) = v/x = 34x +3.
Vay dé tim x thod min
V@ -9-3Jx-3=0,
ta dura vé€ tim x thoa min
Vx—3dx+3-3Jx—3=0 hay ¥x - 3(Wx+3-3)=0.
e Giai Jx-3=0ta duge x = 3, thod min diéu kién x = 3.

e Gidi vx+3 -3=0,tacé ¥yx+3 =3 hayx +3 =9,

suy ra x = 6, thod man diéu kién x = 3.

Vay tim dwoc hai gid trila x; =3 ; x, = 6.

b) Diéu kién dé cdc can thifc xdc dinh 13 x phai thod min déng thdi hai
bat dang thirc

X>-4>0 vd x+2>0.

£ Xét x> — 420, vix>— 4 =(x - 2)(x +2) nén x> — 4 > 0 khi va chi khi
(x —2)(x+2) =20. Ta tim duoc x = 2 hoac x < -2.



67.

*Xétx+2=20tacéx=-2.

Nhu vay, x phai thoa min mét trong hai truong hop sau :
—Truonghop Il : x=2vax=-2.Tacéx=2.
—Truonghop 2 : x<-2vax=-2.Tacoéx=-2.

Vay diéu kién dé cdc can thitc xdc dinh 14 x > 2 hoac x = -2.

e Véi x = -2 thi ¥x>—-4 - 24/x+2=0. Vay x = -2 la moét gia tri

phai tim.

e Véix=2thix+2>0vix—2>0nén ¥x+2 vi ¥x—2 x4c dinh. Do dé
VX —d —2fx 12 =Jx-)x+2) - 240x+2 =0
hay Vx+2(x=-2-2)=0

Véi nhan xét 4/x +2 > 0 ta tim duoc x = 6.

e Vay tim duoc hai gid tri la x; = -2 va x, = 6.
Ki hiéu a va b 1a kich thuéc cua hinh chir nhét, ta ¢6 a va b duong.

Theo bit dang thitc Co-si cho hai s6 a, b khéng am, ta c6

a;bzﬂ,

ddu bang xay ra khi a = b.
a) Vi cac hinh chit nhat c6 cung chu vi thi

a+b

khoéng déi (bang moét phan tir chu vi).

Tir bat dang thite 2 > Jab P khéng déi suy ra «fab dat gid tri

b khia=Db.

- a+
16n nhat bang

Diéu d6 c6 nghia 13 trong c4c hinh chif nhat cé cliing chu vi thi hinh
vuéng cé dién tich 1én nhat.
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b) Véi cdc hinh chit nhat ¢6 cling dién tich thi tich ab khéng déi nén tir

a+b a+b

>+fab suy ra dat gid tri nhd nhit bang «fab khi a = b.

Diéu d6 c6 nghia 13 trong cdc hinh chit nhat c¢é cung dién tich thi

hinh vuéng cé chu vi bé nhat.
Bai tap bo sung
6.1. Chon (C).

§7. Bién ddi don gian biéu thirc chira cin thirc bac hai (ti€p theo)

68. a) %JE : b) %«/5; ¢) V3x ; d) _T"JE.

X
69. a) M; b) 10+44/3 : c) V10 : d) ﬁ.
9 2 9
70. a)?2; b)—%; c)3; d) 2.

71. Bién déi v€ phai bang cdch nhan ca tir vd miu véi vn+1 ~n hoac
xuét phat tir két qua (\/11+1 + 11)(-Jn+ —JH) = 1.

(Thue chit, dang thitc ding véi n 13 s6 thue khong am).

72. Dung két qua bai tap 71, quy vé tinh
W2 -+ B3-2)+ (4 -3).

Rit gon dugce \/Z—Jl_ =1.
Ddp 56 : 1.
73. 'Theo baitap 71 ta cé

V2005 — +/2004 = 1

2005 + 2004

va V2004 — 42003 = 1

2004 + 2003
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74.
75.

76.

77.

Quy vé so sdnh
l vai l
2005 + 2004 2004 + /2003

Khi dé, thdy ngay mau & bi€u thitc thit nhit 16n hon miu & biéu thite thit
hai, cic s6 nay déu duong nén suy ra

V2005 — /2004 <~+/2004 — /2003 .
Truc can thitc & mau va rut gon, duoc két qua 1a 2.

a) Hirong ddn : Bi€n déi tir :

Wx)3 - (9% = Wx = fy)(x+4fxy +y).

Sau dé rit gon ta duwoc két qua
X+4fXy +y.
b) Pdp 56 : .

1 W )

a) Hudng dan : ——=——— =

241 (WB+1+42)W3+1-42)

V12 (f3+1-42)f3-1)
WB+12 -2  263+D3-1)

Khai tri€n tir vd mau, sau dé rit gon ta dwoc két qua 1a :
2-J6+42

4

i 4+J§—3\/§+2JG_

b) Ddp s6 .
) Bap %)

a) Ta bi€t néu \/; =avdia=0thix= az, nén ta dua vé tim x thoa man
2x+3=(1+42)2.

Giai phuong trinh nay ta c6 x = JE .

b) Lap luan twong tu cAu a), ta dua vé tim x thod min
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78.

48

10+ 3x=2+46)” hay 10+ ¥B3x =10+ 46 .
Tir d6, tim duwoe x = 4+/2 .
c¢) Truée hét, nhan xét 2 — J:‘; > 0, nén dwa vé tim x thoa min
3x—2=(2-+3)%.
43

3
Tir do, tim duwoc x =3 - T
d) Trude hét, nhan xét V5 -3 < 0 (vi V5 <3), do d6 khong c6 gid tri
nio clia x thod man ¥x+1 = Jg — 3 (v€ trai khéng 4m, v€ phai 4m).

a) Véi diéu kién x — 2 = 0 (tifc x = 2), theo dinh 1i so sdnh c4c cin béc hai

s6 hoc, ta c6

Yx-2243ox-223.
Giai bat phwong trinh x — 2 = 3tacéd x = 5.
Két hop diéu kién x = 2, ta ¢6 tap cdc gid tri X cAn tim 1a x = 5.
Biéu dién tap hop dé trén truc sé, ta ¢6 hinh 7.
/ -

t =
5

Hinh 7

b) Truwée hét, diéu kién dé can thite x4dc dinh 14 3 — 2x > 0, tite 1A x < 1,5.

Véi diéu kién x < 1,5, theo dinh i so sdnh c4c can b4c hai s6 hoc, ta c6
V3-2x <45 & 3-2x<5.

Giai bat phwong trinh 3 - 2x < Stacé x >—1.

Két hop diéu kién x < 1,5, ta cé tAp céc gid trix cAntim1a -1 < x < 1,5.

Biéu dién tap hop dé trén truc s6, ta ¢6 hinh 8.

AT

-1 0 1,5




79.

a) Ta co
x+y = (a; +ay)y2+ (b +by)
trong dé a; +a, vd by +b, [a c4c s6 hitu ti (téng hai s6 hitu ti 12 s6 hitu ti).
Khi d6, x.y = (a,2 +b,)(a,2 + b,).
Khai tri€n tich trén vd nhém gop thich hop, ta duoc
Xy = (a;b, + a,b)v/2 + (22,2, + b;by).

Ta thdy a;b, + a,b; va 2a,a, + b;b, déu la céc s6 hitu ti.

> L} i - - 1 ~ ” ” . - ~
b) Ta can chi ra rang néu y # 0, thi — ciing c6 dang a\/EJr bvéiavabla
¥

c4c s6 hitu ti r6i 4p dung két qua cau a).

’12\/_ b2
a2J5+b2 (292 +by)(@ayv2 - by)

Ta cb

a) b,

Dad—bd a2 =b2

Viy # 0néna, va b, khong déng thoi bang 0. Tir d6 suy ra mau 2a% = b% #0

(do a, vd b, khong déng thdi bang 0, néu 2a% —b% =0 thi suy ra

b - . . ,
\E = —2  mAu thuin véi ﬁ 1a s6 v6 t1).
By

1 . . .
Vay — c6 dang a\/5+ b véia va b la so hitu ti.
¥

Bai tap bo sung

7 =
T2

Chon (A).
Chon (D).
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§8. Rut gon biéu thire chira cin thuc bac hai

80.

81.

83.

50

a) (2= V2)(=5v2)— (32 -5)%= —1042 + 52 — (18 - 3042 + 25).
Ddp 56 : —33 + 204/2.

13,5 2

b) 2432 — /752 + a ~Z 300a° =

2a

=932 = 53+ 2a 77z —%.10aJ3_a.

a

Ddp 56 : —(1,5+ 4a)3a .
O R Y O R )
“Va-b Vaidb (Wa-vb)Wa+b)

a+2Jab+b+a-2vab+b  2@a+b)
a-b a—b

b) Hudng dan.
Cdach 1 : Quy déng mau réi rit gon.

Cdch 2 : Truc can thitc cna phéan thice thit nhit va sau dé trir phan thic
thir hai.

g AEED) J
o a—b

Dad , c6 thé dé két qua & dang ————-
Ja++b
i v ,‘/ g 2 3 1 - i o s
a) Khai trién vé phai duge x~ + Jg Xk Z+ T Rut gon s€ duoc vé trai.

b) Gi4 tri nhd nhét 1a id@t duoc khi
2
x+£ =0, tire 13 khi x:—ﬁ-
2 )

. . _10 ~ - - 2
a) Riit gon biéu thite, ta duwge T 14 s6 htru t1 ;

b) Riit gon biéu thitc, ta dirge 12 1 s6 hitu ti.
a) Huéng dan : Dua vé tim x thod man

2NX+5 -3Jx+5+40x+5=6.




8s.

86.

87.

Diéu kién : x = - 5.
Riit gon, ta cé 34/x +5 =6 va tim duge x =— 1.
b) Pdp sé - x =117.

a) Giai : Véix=20vax 4, tacd

(J§+1)(J_+2) WxWx-2) 2+5Jx
T a2+ (D Wx-2) x4

g B e Doy = DGl
Wx - 2)Wx +2)

3x-6vx  3dx(x-2) 3Wx

T Wx-)Wx+2) (x-DAx+2) dx+2

b) Hudng dan : P = 2 khi va chi khi

3Wx
=2hay 3v/x = 2Jx + 4.
J;+2 =

Tir d6 tinh duge x = 16.

Va-(Wa-1) (a+Da-1)-Ga+2)+h-2)

DR=" Tk (Wa —2)(a 1)
I a-9a-1 _+a-2
T Wa—iDnz e-l—{a-4 a3
b) Véia>0,tacé vfa > 0. Vay
_ a2
WA

dwong khi va chi khi ¥a -2 > 0.

Gidi Ja—-2>0 tacéVa>2 < a>4.
Vay Q duong khi a > 4.

Ap dung bét dang thitc Co-si cho hai s6 khéng am ta c6 :

a;b2¢5

(1)
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b+c

> afbc (2)

B8 xlom, 3)

2
Cong tirng v€ ba bat dang thire (1), (2), (3) ta duoc :

a+b+c= JEJMIEJ“/E.

Vay bit dang thitc da duoc chimg minh.

Mé rong cho b6n s6 a, b, ¢, d khéng am, ta cé bat dang thic

a+b+c+d2@+ﬂ+ﬂ+m.

Mé roéng cho nam s6 a, b, ¢, d, e khéng am, ta c6 bit dang thic

a+b+c+d+e= JEJr bc+ﬁ+\/$+\/§.

Bai tap bo sung
8.1. Chon (D).

§9. Can bac ba

88. Tacéd kétqualanlwotla:-7;0,3;1,1;-08.
89. a) Gidi : Tir dinh nghia can bac ba, biet 4/x =—-1,5,ta c¢6 x = (-1,5)°.
Suy ra x =-3,375.
b) Hudng dan : Tuwong tu, tir m =0,9, ta c6
x—5=(09)°
Suyrax=5+ (0,9)3.
Tinh dwoc  x =5,729.

90. a)\/3a3b:%/a_3%/€:a%/€.
3
b)3%:3%:m:l%_
o b el
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91.

93.

94,

935,

a) 2,289 ; b) 2,936 ; ¢) -3,359; d) - 0,431,
a) Gidi : 2%/5:%/2_3.2’/?:%/%:@.

Ta c6 24 > 23, nén 424 > Y23,

Vay 233 > 323 .

b) Hudng dén : Tacé 11 = Y11° = Y1331 . Tir d6 suy ra 33 < 33/1333.

a) Giai : Theo tinh chit can bac ba, ta cé

Ix 20 %/;2%/2_3 ox>2 o x>8.

Biéu dién tap hop dé trén truc s6, ta diroc hinh 9.

i [ g
1 L -
0 8

Hinh 9

b) Hudng dan : Tuong tw c4u a), tacd x <-3,375.
Khai tri€én v&€ phai va rit gon, ta diroc két qua vé€ phai bang vé tréi.

a) Néu x, y, zkhéng am thi x + y + z khéng 4m. Suy ra

x3+y3+z3—3xyz20.

3 3 3
< . ), 2 + 7
T do, ta cd + > Xyz.

b)Détx=%,y:%,z:%.

Ta thay a, b, c khéng am, nén x, y va z khéng am. Duwa vao két qua cau a)

ta co
3 3 3
@) +(%/§) + @) s 3 3 A%,
Suy ra wz%lbc.

3

Lap luéan twong tu bai 67.
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On tap chuong |

96. Chon (D).
(C6 thé nham va loai cdc trudng hop (A) ; (B) va (O)).
97. Chon (A).

98. a) Ta thay \/2+\/§ +\/2— \E xdc dinh va khong am, nén theo dinh

nghia can béc hai s6 hoc, ta s& chitng td binh phuong ctia né bang 6.

Ta c6 (J2+J§+J2—J§)2= 5 B D) BBl JB) Dol

—4+ W22 -3 =4+2=6.
Vay dang thitc duoc chitng minh.
b) Ta bi€n déi v€ trai.

[ 4 4 _Z @

V(2—\/§)2 2 +45)? |2—\/§| |2+~/§|

2 2 a5 n-2a5-2)

J5-2 J5+2 5-4 '

Vay dang thitc ding.
99, RitgonA = 227 Xet hai truom ¢
. u on = —— . Act hal fruong
£¢ 2D g hop

—~Néeux>05tac6A=05;
—~-Néux<05tacé6A=-0,5.

Suy ra diéu phai chirng minh.

100. a) Chii ¥ :4- 23 =3+1- 23 = B -24B3+1 = 3-17.
Ddp 56 : 1.
b) Chii $ :15-63/6 = (3-/6)% va 33-126 = (3- 246 )2.

Ddp 56 : JE

54



¢) Thue hién phép chia cho /10 .
Dap 56 : 2345 .
101. a) Khai trién v€ phaii, so sanh véi vé trdi, suy ra dang thitc diing.

b) Ap dung ciu a) ta cé

2 2

A= J(\/x—4+2) +\/(\/x—4—2) .

Tir d6, nh4n thdy x > 4 14 diéu kién x4c dinh cta A.
Rit gon duge A = \/x—4+2+|\/x—4—2|.

Tathiy Vx -4 - 220 Jx-4 22 x-4>4<x28
Do d6:
e Viix =8, tacd
A=x-4 +2+fx-4 -2=2/x-14.
eVoix<8(vix=4),tacd
Rozedn=A 99w D onfp=d. =,

102. Diéu kién x4c dinh cia A 12 x = 0.

Diéu kién x4c dinh ciaBlax = 1.
a)Vdidiéukiénx20,tacéx+12111&11@ 2\ﬁ.

Tirdésuyra  Jx+4x+1 >1hayA>1.

Véidiéukien x > 1 tacé x+4>1+4dhay x +4>5nén Jx+4 >+/5.
Tir d6 suy ra \/x+4+\/x—12\/§hayB2\/§.

b) Ap dung két qua cau a) ta c6

Jx+4x+1 =21,
Do dé, ddu "=" xay ra khi va chi khi
Yx=0vax+1 =1.
Ta tim dwoc x = 0.

Theo ké€t qua ciu a), ta cb

\/x+4+\/x—1 2\/5,




103.

11151\/§>2 nén \/x+4+\/x—1 B,

Vay, khéng ton tai x thoa man Jx+4+4x-1=2.
1V 3

Khai trién [\/_ - 5] + z ta duoc x — \/; +1.

Vay ta c6 dang thirc

2
X x+1:[\/_—%] +E-

4

2
Ta thay [\/_ - %] > 0 va ddu bang xay ra khi Jx = % hay x = %

ool > 3 3 i
Do vay, ——=| 4+ =>=vadau bang xayra khi x = —.
i [ 2] 1°7 B 1

e o O o . 1
Vay x - \/; + 1 c¢6 gia tri nho nhat 12 Z va gia tri nay dat duoc khi x = i

Suy ra ; c6 gid tri 16n nhét 1a i khi x = l
x—Vx +1 3 4

Jx+1 fx-3+4 4

104. Ta bi€n déi = =1

56

-3 -3 -3

4 4
DE 1+ nhéan gia tri nguyén thi —=—— phai c6 gid tri nguyén.
JVx -3 Jx -3

Do x nguyén nén \/; 12 s6 v6 t1 hodc 1a s6 nguyén.

e Véi Vx 1a 56 vo ti thi vx —3 12 s6 vo ti nén khong thé 1a

4
Vx -3
s6 nguyén. Vay trong trudng hop ndy khoéng cé gia tri ndo cha x dé
biéu thitc da cho nhan gi4 tri nguyén.

4

Jx -3

e Voi \/; la s6 nguyén thi J_ — 3 1a nguyén. Vay dé nguyén ta

phai 6 +fx — 3 phai 13 wéc cta 4.

Mat khac, theo dinh nghia can béac hai thi x > 0 va \/; > 0.



Vay gia tri x nguyén cin tim phai khong 4m va phai thod man diéu kién

Jx = 0va +fx — 312 wée cha 4.

Ta thdy 4 c¢6 cic wéc s61a +4 ; +2 va+1.

Véiude 124, tacéd vx —3 =4, suyrax =49;
Véiuwde la -4, tacd J; — 3 =—4, khéng tén tai x ;
Véiwée 122, tacéd vx —3=2,suyrax =25;
Vdiﬂdc]ﬁ—2,tacé\/;—32—2;811}’['3)(21;
Véiwéelal,tacé vx —3=1;:suyrax=16;
Véiude 1a -1, ta c6 vx — 3=—1,suyrax = 4.

105. a) Chon mau chung clia v€ trdi 1a 2(a — b), bi€n déi v€& trdi ta c6 :

Watb)atryb) a-+b)? b

2(a—Db) 2(a—b) 2(a—b) )

a+2J£JE+b—(a—2JEJE+b)+4b:4J€(J§+JB)_

2(a - b) 2(a —b)
Riit gon, ta suy ra v€ trdi bang v€ phai.

b) Ta bi€n déi v€ trai

WaP + @Y =) (Vasb )
S oaadesy

a—-b
:{(\/;—l-\lg)(a—m—i-b)_mJ{\/;—k\/ET

Va + b a-b
(\rm[‘f—;ﬂ

_[Wa- o)+’ _(a-b) _

= - 1.
(a - b)? (a— by

Vay dang thitc ding.
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106. a) D€ c4c can thifc bac hai xdc dinh thi diéu kién 13 a va b khéng am.
Dé cho cdc mau khic O thi diéu kiénlaa=0,b#0vaa#b.
Vay diéu kién dé A cénghialaa>0,b>0vaa#b.
b) Ta bién d6i A nhu sau :

a+24ab + b—44/ab  ab(va +/b)
Ja—+/b Jab

_a-vb)? Ja+ib
~ Na-b 1

Rut gon ti€p, ta duoc A = N

A:

Vay gid tri cia A khoéng phu thudéc vio a ma chi phu thudc vao b.
107. a) Chii ¥ : 0 =1 = (WP ol=itds = TtewdfrsD
L+ 4% =1+ (R = AV - + ).

Tir d6 bi€n déi duagce :
Cx+1-Ixx -1
N

2
:H—XH_(\/;_DZ:(J;—_I):J;_L
¥ -1 Vx -1

b)B=3khiv€1chikhi\/;—1:3.

Tacofx - 1=3 = Jfx =4 x=16.
108. a) Chii ¥ : Véi x > 0 thi

9-x=G-vx)3+x).

Vay 3+ \/;)(3 - J;) 12 mAu chung cta biéu thite trong ngoac thit nhat.

B (1= 24x +x)

Cing tr x >0, c6
x - 3vx = Px(x - 3).

Vay \/;(\/; = 3) 12 mAu chung ctia biéu thitc trong ngoac thit hai.
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Thure hién bi€n déi trong mdi ngoac va rit gon durge
__3x+3)  x@x-3)
B+V0B-vx) 2/x+2)

2(Jx +2)

“34x 4-x

b)C<-1khi ———+1= c6 gia tri am.
e T S

Do 2(\/;+ 2) dwong nén 4 — J; phai 4&m. Ta tim dugc x > 16.

Ddp sé: C=

Bai tap b6 sung
L1. Huédng dan
— Nhan xét J_—J_ = \/?; + \/_
~Pata=V3+¥2 vab=+5+1.
— Dua vé so sénh a’ véi b’ hay 5+ 2\/6 vai 6+ 2\/3.
— Pura vé so sdnh a2 — 5 v6i b2 -5 hay so sanh 2\/6 vél 1+ 2\/§.
— Dua vé so sénh (a® — 5)% véi (b2 — 5)> hay so sénh 24 véi 21+ 4+/5.

— C6 thé chitng td duge 24 < 21 +44/5 (vi 3 < 445 & 3 <+f80).

— Tuwkétqua 3 < V80 suy luan nguoc lai, suy ra ﬁ <541,
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§1

&

60

Chuong I1
HAM SO BAC NHAT

A. PE BAI

- . b ~? - ,ow = n ~ b nt
. Nhac lai va bo sung cac khai niém vé ham so6

Trong céc bang sau ghi cdc gid tri tuong Gng cua x va y. Bang niao xdac
dinh y 132 ham s& cua x ? Vi sao ?

x| 12145 7]s8 x| 3]4|3|5]8
y|[3|5]9f11]15]|17 y|6|8|4]|8]16
a) b)

Cho ham s& y = f(x) = 1,2x. Tinh cdc gia tri tuong ng cua y khi cho x

cdc gia tri sau day, roi lap bang gid tri twvong Gng gitta x vay :

=2z =24, =200 ; —1,733 30y =12y «=1;
=818  —020% ~025 ; 0; 0,257 0,508 003
l; L2355 1,50 % L 43 2,00; 2,255 2,50,

Cho ham s6 y = f(x) = %x . Tinh

f=5); f4);  fl);  f(0); f[l] :
f(1);  f2);  f@);  f@;:  fa+1).
Cho ham s6 y = f(x) = %x +5véix € R.

Chitng minh rang ham s6 déng bién trén R.



5.  Biéu dién cdc di€ém sau day trén ciing hé truc toa d6. N&i theo thit tir cdc
di€ém da cho bang cdc doan thang dé duoge mot dudng gip khic véi diém
diu 13 A, diém cuéi 1a M.

A(l;6); B(6; 11); C(145 12) ; D(12;9);
E(15;8); F(13;4); GO 7); H(12 ;1) ;
I(16 ; 4) ; K(20;1); LE195 By M(22; 6).

Bai tap bo sung

1.1. Cho 4 bang ghi cdc gia tri twong tng cua x va y (h. bs. 1)

Bang 1 Bang 2
x |05 1 [1,5[05]( 2 |25 % |t | =2 1 | 18|58 2
y [25] 3 |45]|35] 5 |65 y (3|53 ]|2]|1 5
Bang 3 Bang 4
x | O |1 (1,52 253 X [=1]12|=-1]13]4]5
y|l O |23 [4]5]6 y|-2]131]2]55]65]8,5

Hinh bs. 1
Trong cac bang trén day, bang xac dinh y 1a ham s6 cua x 1a :

(A)Bang 1 ; (B) Bang 2 ; (C) Bang 3 ; (D) Bang 4.

1.2. Cho hams6y=f(x)= 4 - %x voix € R.

Chitng minh rang him s6& di cho nghich bién trén R.

§2. Ham s& bac nhat

6. Trong cdc ham s6 sau, ham s6 nao 14 ham s bac nhat ? Hiy x4c dinh cdc
hé s6 a, b va xét xem him s6 nao déng bién ? Him s6 nio nghich bi€n ?

a) y=3-0,5x; b) y =-1,5x; c)y:5—2x2;
dy=W2-Dx+1; e y=v3(x-+2); fly+42=x-+3.
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10.

11.

62

Cho ham s6 bac nhat y = (m+ 1)x + 5.
a) Tim gi4 tri ctia m dé ham s6 y 13 hAm s6 déng bién ;
b) Tim gi4 tri cia m dé ham s6 y 12 hAm s6 nghich bién.
Cho hims6 y = (3— \E)x +1.
a) Him s6 132 déng bi€n hay nghich bién trén R ? Vi sao ?
b) Tinh cdc gia tri twong wng cua y khi x nhan cdc gia tri sau :
0; G \/5 : 3+ \E : 3- \/5 )
c¢) Tinh céc gia tri twong wng cua x khi y nhan cdc gia tri sau :
0; 1 8 2+ \/5 : 2 - ﬁ )

Mot hinh chit nhat c¢6 kich thuée 12 25c¢m va 40cm. Ngudi ta ting moi
kich thude ctia hinh chtr nhit thém x cm. Goi S va P thir tw 1a dién tich va

chu vi ctia hinh chir nhat méi tinh theo x.
a) Hoi rang cdc dai lwong S va P ¢6 phai 12 ham s6 bac nhét cia x khong ?
Visao ?

b) Tinh cdc gid tri twong wng cua P khi x nhén cdc gia tri (tinh theo
don vi cm) sau :

0; 1 1,5; 2.5 3,5.

Chitng minh rang him s& bic nhit y = ax + b déng bién khi a > 0 va
nghich bién khi a < 0.

Véi nhirng gid tri ndo cta m thi cdc ham s6 sau day 12 ham s6 bac nhat ?

a) y:\hn—3x+%;

1

m+2

b) S= t—% (t 1a bién s0).

Tim trén mat phang toa d6 tit ca cdc diém :
a) C6 tung do bang 5 ;

b) C6 hoanh do6 bang 2 ;

c) Cé6 tung d6 bang 0 ;

d) C6 hoanh do6 bang 0 ;



e) C6 hoanh do6 va tung do bang nhau ;
f) C6 hoanh d6 va tung dé déi nhau.

13. Tim khoang céch giira hai di€ém trén mat phang toa d6, bi€t rang :

a) A(l; 1), B(5;4);
b) M(—2; 2), N@3:5):
c) P(x; ; yy), Q(x, 5 ¥2).

Bai tap b6 sung

2.1. Trong cdc ham s& dudi day, him s6 bac nhat 1a :

, 4 2
A)y=3-2x+x’; B)y= -z
(A)y X +x7; By |
3 2%+:5
©y=5x+59); (DY~ ==

2.2. Trong cdc ham s6 bac nhat duéi day, ham s6 déng bién 1a :

5-3x 7T+ 2x
(A)y= + 13 (B)y= of- ¥

2 3

1 3+x 3x+1
Qy=—- : D)y=13- :
Oy 5 5 D)y 3

2.3. Trong cdc ham s6 bac nhét duéi day, ham s6 nghich bién 14 :

7T-x 3x -1
(A)y=35- 3T (B)y=15- 5
4x + 5 dx+1 2
C)y = -1 D)y= - =
Oy 3 3 (D) y 3 5

Vm ++/5
Vm -5

a) Véi diéu kién ndo ctia m thi hAim s& di cho 12 him s6 bac nhat ?

2.4. Chohamséy= x + 2010.

b) Tim céc gi4 tri cia m dé ham s6 da cho 12 ham s6& bic nhat déng bién
trén R.
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§3. D6 thi chla ham sy = ax + b (a# 0)

14.

15.

16.

K.

a) V& d6 thi cta cdc ham s6 sau trén ciing mét mat phang toa do :
y=x+43; (1)
y=2x+43. 2)
b) Goi giao diém ctia dudng thang y = x + +/3 véi cdc truc Oy, Ox theo thi
trr 1a A, B va giao diém ctia dudng thing y = 2x + \/5 vdi céac truc Oy, Ox

theo thir tw 1a A, C. Tinh cdc géc ctia tam gidc ABC (dung may tinh bd tii
CASIO fx-220 hoac CASIO fx-500A).

Cho him s6 y = (m — 3)x.

a) V&i gia tri ndo clia m thi hAm s6 déng bi€n ? Nghich bién ?

b) X4c dinh gi4 tri cia m dé€ d6 thi ctia ham s6 di qua di€ém A(l ; 2).

¢) X4c dinh gid tri cia m dé€ d6 thi clia ham s6 di qua di€ém B(1 ; -2).

d) V& d6 thi ctia hai ham s& tng véi gia tri clia m tim dwoc & cdc cau b), c).
Cho hims6 y=(a—1)x+a.

a) Xac dinh gi4 tri clia a d€ d6 thi clia hAm s& cat truc tung tai diém cé
tung do6 bang 2.

b) X4c dinh gi4 tri ctia a dé d6 thi ctia hAm s6 cat truc hoanh tai diém cé
hoanh d6 bang -3.

c) V& d6 thi ctia hai hAm s6 (ing véi gid tri cia a tim duge & cic ciu a), b)
trén cuing hé truc toa d6 Oxy va tim toa d6 giao diém ctia hai dudng thang
vira v€ duoc.

a) V& trén cung hé truc toa dé6 Oxy dé thi cdc ham s6 sau :

y=x (dy); y=2x(dy)); y=-x+3 (dy).

b) Pudng thing (d) cat cdc dudng thang (d;), (d,) theo thir tir tai A, B.

Tim toa d6 ctia cdc di€ém A, B va tinh dién tich tam gidc OAB.

Bai tap bo sung
3.1. Cho ham s6 bac nhaty=(m - 1,5)x + 5 (1)

a) Khi m = 3, d6 thi cha ham s6 (1) di qua diém :

(A)(2:7); B)(25:8); (©)2;8); (D) (=25 3).



%
)

3.4.

b) Khi m = 2, dé thi cia hAm s6 (1) cat truc hoanh tai diém :
(A)(1;0); (B)(2;0); © -1:0; (D)(-10;0).
Cho hai dudng thang d, va d, xdc dinh bdi cdc ham s6 bac nhat sau :
y=0,9x-3(dy); y=-15x+35(d,).

Puong thang (d;) va dudng thang (d,) cat nhau tai diém :
A)2;-2); B ME;-1); O2;-4); (D)@;1).

Cho ba dudng thang sau :

2 1 3 5
= Zx+—=(d)); =v ez (dy) 3 =kx + 3,5 (dj3).
y= x4 (d) y=Ix-2(d);  y=kx+35(dy
Hiy tim gid tri clia k d€ sao cho ba dudng thang déng quy tai mot diém.
Trén mat phang toa d6 Oxy cho ba ¥
diém A, B, C c6 toa d6 nhur sau : A(7 ; 7), 8 7y
B(2;5),C(5;2). ! =
6 ,’
a) Hay viét phwong trinh cua cdc dudng 5 B /
thaamg AB, BCva CA. 4 /
o B y 3
b) Coi d6 dai méi don vi trén cac truc 2
Ox, Oy la lcm, hay tinh chu vi, dién 1 C
tich cua tam gidc ABC (ldy chinh xac -
O 1 234 5678X

dén hai chir s6 thap phan).
Hinh bs. 2

§4. Pudng thing song song va dudng thing cit nhau

18.

19.

Cho him s& y = ax + 3. Hiy x4c dinh hé s6 a trong mdi trudng hop sau :
a) D6 thi clia ham s6 song song véi dudng thang y = —2x ;

b)Khi x=1++2 thi y=2++2.

Biét rang véi x =4 thihAm s6 y = 2x+ b ¢6 gia tri 5.

a) Timb ;

b) V& d6 thi cia ham s6 ing vdi gid tri cua b tim duwoc & cau a).
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3
3

Tim hé s6 a cia hAm s6 y = ax +1, (1)
bi€t rang khi x =1 +\E thi y =3+ Ji

X4c dinh hAm s6 y = ax + b biét dé thi cat truc tung tai di€ém cé tung do6
bang 3 v cat truc hoanh tai diém cé hoanh do6 bang —2.

Xdc dinh him s6 trong modi trudng hop sau, bi€t d6 thi cia ham s 1
dudng thang di qua gbc toa do :

a) Di qua diéfm A3 ; 2) ;

b) C6 hé s6 a bang V3

¢) Song song véi dudng thang y = 3x + 1 .

Trén mat phang toa d6 Oxy cho hai di€ém A(1 ; 2), B(3 ; 4).

a) Tim hé s6 a ctia duong thang di qua A va B ;

b) Xdc dinh ham s6 biét d6 thi ctia né 1a dudng thang di qua A va B.

Cho dudng thang y = (k + Dx + k. (1)

a) Tim gid tri ctia k &€ duong thang (1) di qua gbc toa do ;

b) Tim gi4 tri ctia k d€ dwong thang (1) cat truc tung tai diém cé tung do
bang 1 — \/5 :

¢) Tim gid tri cia k dé dwong thang (1) song song véi dudng thang

y:(J§+l)x+3.

Bai tap b6 sung

4.1.

66

a2 l 2 2 5
Puong thang y = kx + > song song vGi duwong thang y = = TX khi k c6

gia tri la :

2 5 5
A) 3 (B)5: © = D) -=.
Puong thiang y = m. X + s va dudng thing y = e X —— song
5 7 3 2
song v&i nhau khi m c6 gia tri 1a :
19 1 1
(A) 1 ®B) 37 © -15 D) 3.



4.3.

4.4.

Hai dudng thang y = (2m + 1)x — 2 vay = (Sm - 3)x + E cat nhau khi m

3 5
c6 gia tri khac véi gia tri sau :
4 4 2 4
(A) = B) 3 (©) —= (D) -

Cho ham s8 y = :;__ir \/_ J_ (d)

a) Tim gid tri cia k d& dudng thang (d) cat truc tung tai diém c6 tung do

bang 2\/_“; .

b) Tim gi4 tri ctia k d€ dudng thang (d) cat truc hoanh tai diém cé hoanh
do6 bang 1.

¢) Chitng minh rang, véi moi gid tri k > 0, cdc dwong thang (d) luén di
qua mot diém c6 dinh. Hay x4c dinh toa do6 clia diém c6 dinh dé.

§5. Hé s& goc clia dudng thingy =ax + b

25.

a) Tim hé s6 géc cha dudng thing di qua gbc toa d6 va di qua diém

A5 1)
b) Tim hé s6 géc ctia dwdng thang di qua géc toa d6 va di qua diém
B(l;-2);

c) V& d6 thi clia cdc ham s& véi hé s6 goéc tim duoe & cdce c4u a), b) trén
cling mét mat phiang toa d6 va ching to rang hai dudng thang dé vuéng

g6c voi nhau.

Cho hai dwong thang
y=ax+b ; (d)
y=a'x+b'. (d")
Chitng minh rang :

Trén cing mét mdt phdng toa dé, hai duong thdang (d) va (d') vuéng géc

voi nhau khi va chi khi a.a' = —1.
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27. a) Vé trén ciing mot mat phang toa d6 dé thi clia cdc ham s sau :
y=Xx; (1)
yo= [, 3x, (2)

b) Pudng thang (d) song song véi truc Ox va cat truc tung Oy tai di€ém C
c6 tung d6 bang 2, theo thit tir cat cdc dudng thiang (1) va (2) tai D va E.
Tim toa dé ctia cdc diém D, E. Tinh chu vi va dién tich ctia tam gidc ODE.

28. a) V& trén cling moOt mat phang toa do d6 thi ctia cic ham s6
y=-2x ; (1)
y = 0,5x. (2)

b) Qua diém K(0 ; 2) v& dudng thang (d) song song véi truc Ox. Dudng
thang (d) cat cdc dudng thang (1) va (2) l4n lwot tai A va B. Tim toa d6

clia cdc di€m A, B.
c) Hiy ching t6 rang AOB =90° (hai dudong thang y = -2x va y = 0,5x
vubéng gbe voi nhau).

29. Chohams6 y=mx + (2m +1). (D)
Véi mdi gid tri ciam € R, ta c6 mét dudng thang xdc dinh bdi (1). Nhur
vay, ta c6 mot ho duong thang x4c dinh boi (1). Chitng minh ring v6i moi

gid tri ctia m, ho dudng thang xdc dinh bdi (1) luén di qua mot diém c6
dinh. Hiy x4c dinh toa d6 ctia diém dé.

Bai tap bo sung

5.1.a) Hé s6 gbc cha dudng thang y = 3x2— 3 la:
3 5
(A)3; (B) (-5); (@ 5 (s
2 2
b) Hé s6 gbc ctia dudng thang y = # T8
3 V3
(A)3; (B) % : ©—3:  D-F
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52.

3.3.

S.4.

- k) 2 . - 2 3 »
a) Hé s6 goc cua dudng thang di qua goc toa do va diem M (\E s g] la:

A) A3 ; (B) g ; (©) % : (D) %

b) Hé s6 gbéc clia dudng thang di qua hai di€ém P(];‘J§+‘J5) va

QW3:3+42) 1a:
A) =3 ; B) B3-1); © (1-43); (D)3

. . 1 3
a) Géc hop bdi dudng thang y = X + 3 va truc Ox la :

(A) 26°34' ; (B) 30° ; (C) 60°; (D) 30°58'.

. 1+2
b) Géc hop bdi dudng thang y = T X va truc Ox la:

(A) 54°28'; (B) 81°52' ; (C) 21°48'; (D) 63°26'.
(Chu y : Dung may tinh b tii tinh gbe chinh x4dc dén phuit).

Trén mat phang toa d6 Oxy cho bén diém A, B, C, D ¢6 toa d6 nguyén

nhu sau :

A(4;5), B(1;-1), C4 ; -4), D(7;-1).

a) Viét phwong trinh ctia cdc dudng thang AB, BC, CD va DA.

b) Tinh (theo do, phit) cdc géc cna tir gide ABCD bang mdy tinh bd tii.

On tap chuong Il

30.

31.

a) V&i nhitng gid tri ndo cia m thi hAm s6 y = (m+ 6)x — 7 déng bién ?
b) Véi nhitng gié tri nao cta k thi ham s6 y = (-k+9)x + 100 nghich bién ?

Véi nhitng gii tri ndo ctia m thi d6 thi ctia cdc him s6 y = 12x + (5—m)

vd y = 3x + (3 + m) cat nhau tai mo6t diém trén truc tung ?

69



35,

36.

70

Tim gid tri cia a dé hai dudng thang y=(a — Dx + 2 vay = (3 — a)x +1
song song voi nhau.

Véi diéu kién nao clia k va m thi hai dudng thang sau sé triing nhau ?
y=kx+(m-2);
y=(0-k)x+ (4 —m).

Cho dudng thang y = (1 — 4m)x + m — 2. (d)

a) Véi gia tri ndo ctia m thi dudng thang (d) di qua g6c toa do ?

b) Vi gid tri ndo clia m thi dudng thang (d) tao véi truc Ox mot gée nhon ?
Gée tu ?

¢) Tim gia tri cia m d€ duwong thang (d) cét truc tung tai mot diém cé

. 3
tung d6 bang 5"

d) Tim gid tri cia m d€ dudng thang (d) cét truc hoanh tai mot diém c6

hoanh do6 bang % :

Cho dudng thang y = (m - 2)x +n (m # 2). (d)
Tim cdc gi4 tri cia m va n trong moi trudng hop sau :
a) Puong thang (d) di qua hai diém A(-1;2), B3 ;-4) ;

b) Pudng thang (d) cat truc tung tai diém c6 tung d6 bang 1 - V2 va cit
truc hoanh tai diém c6 hoanh dé bang 2 + 2 :

c¢) Pudng thang (d) cat dudng thing y = %x = % :

2 2 3 1
d) Buong thang (d) song song vdi duong thang y = —Ex + 5 i

e) Pudng thang (d) triing véi dudng thang y = 2x — 3.

a) V& d6 thi cta cdc ham s6 sau trén ciing mét mat phang toa do :

y=3x+6; (1) yici2x£.4 ¢ (2)
y=ix2 s (3) y:%erl. (4)



A7

b) Goi giao diém ctia cic dudng thang (1), (2), (3), (4) véi truc hoanh 1a

A va véi truc tung 1an luot [a By, B,, By, By, ta c6 B/Ax = a; ; ByAx= 0, ;

B3;Ax= a3 ; B4jAx= 04. Tinh cic géc o) , oy, L3, OLy.

(Hudng dan : Dung may tinh bd tii CASIO fx-220 hoiac CASIO fx-500A
hoac CASIO fx-500MS... tinh tga,; , tga., , tgous , tgo, roi tinh ra céc géce
twong Ung).

c¢) C6 nhan xét gi vé d6 déc clia cdc dudng thang (1), (2), (3), (4) ?

a) Cho cic diém M(-1 ; -2), N(-2 ; -4) ,P(2; -3) , Q(3 ; —4,5). Tim toa
do cha cdc diém M', N', P', Q' 14n lwot d6i xitng véi cdc diém M, N, P, Q
qua truc Ox.

b) V& d6 thi ctia c4c ham s6 sau trén cling hé truc toa do :

y=Ixl;

y=Ix+ 11
c¢) Tim toa do6 giao diém ctia d6 thi clia cdc hAmsé y = Ixl vay = Ix + 11.
Tir d6, suy ra phwong trinh Ixl = Ix + 1 ¢cé mét nghiém duy nhat.

Cho cdc hAim s6 :

yo=dn— 2z (dy)
4

y=—§x—2; (dy)
1

y:§X+3. (dj)

a) V& d6 thi ctia cdc ham s6 di cho trén cling mot mat phang toa do.

b) Goi giao diém ctia dudng thing (d3) véi (d;) va (d,) theo thir tw 1a A, B,
tim toa d6 ctia A, B.

c¢) Tinh khoang cich AB.
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B. LOI GIAI — CHi DAN — PAP s

& . ~ ~? - - . s ~ ~ n*
§1. Nhac lai va boé sung cac khai niém vé ham so

1.

12

12

Bang a) xdc dinh y 12 ham s6 cta bi€n s6 x vi v6i modi gid tri clia x ta x4c
dinh dwoc mot gia tri twong ng duy nhit cua y.

Bang b) khong x4c dinh y 12 him s6 clia x vi v&i moi gia tri x4c dinh cla
x khéng phai khi nao cling xdc dinh duy nhat mét gi tri twong Gng cua y.
Cu thé, khix = 3, ylay gid tri 1A 6 va 4.

Véi ham s6y = f(x) = 1,2x, dung mdy tinh CASIO fx-220 tinh céc gia tri
ctia y theo x (Iam tron dé€n chit s6 thap phan thit hai) ta diwoc két qua thé
hién & bang sau :

X -2,50 | -2,25 [ -2,00 | -1,75 [ -1,50 | —-1.25 -1

y=12x]-3,00 | -2,70 | -2,40 | -2,10 | -1,80 | —=1,50 | —1,20

X ~0,75|-050| =025 | 0 | 025 | 0,50 | 0,75

y=1,2x[-0,90|-0,60( -0,30 0 0,30 0,60 0,90

X 1 1,25 1,50 1,75 2,00 2,25 | 2,50

y=1,2x | 1,20 1,50 1,80 2,10 2,40 2,70 | 3,00

Hudng dan cdach an phim :

— An | MODE |i| ILI (thuc hién phép tinh cho két qua cé hai chir

s6 & phan thap phén).

~ An Il l:l (dé liru hang s6 1,2 va phép tinh nhén).

— Muén tinh gid tri cta y, chi cAn nhip gid tri ctia x vao m4y r6i 4n phim El ;

* Ghi chii : Chi c4n tinh gid tri cia y twong (ing véi nhimg gid tri cua x
dwong (x > 0) ; Tir d6 suy ra cdc gid tri cua y Gng véi nhitng gid tri Am
ctia x c6 cung gia tri tuyét déi.



Véiy = f(x):%x,tacc’):

15 3 1) 3
f(-5)=——; f(-4)=-3; f1)=-25 #(0)=0; f(i]—g,

3 3 3a 3
f(l)—z, f(2)—5, f(4)=3; f(a)—T, f(a+l)—z(a+l).

Xétham sé y = f(x) = %x +5.
Chitng minh ham s6 déng bi€n trén R :
Véi x,, x, bat ki thuée R, ta cé :
Yi =f(x.)=%x.+5; y2=f(x2)=%x2+5.
Néu x; < x, thi x; — x, <0 vado dé6
YI— Y2 = [%xl +5]_ [%X'z +5] = %(XI —X,) <0.

Viay ham s6 di cho déng bién trén R,

Dung hé truc toa dé Oxy, réi dung cdc diém theo toa dé ctia chiing, néi
theo thit tir cdc di€ém, ta duoc mét dudng gap khiic (h.10).
¥y

=
=

b W B th G -] G0 WO O

12345678 91011121314151617 18 1920 2122 x

o

Hinh 10
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Bai tap b6 sung
1.1. (O).
1.2. Véi x|, x, 1a hai gid tri bt ki clia x thu6e R, ta cé:

2 2
no=fx)=4-%x 5y, = f(xg) =4 - .

Néu x; < x, thix; — x, < 0. Khi d6 ta cé:

2 2
YI—Y) = [4—§x|j—[4—§x2]

2
= —g(xl - Xy) >0.Suyray, >y,

Viay ham s6 di cho 1a ham s6 nghich bién trén R.

§2. Ham sd bac nhat

6. a) y = 3—0,5x 1a him s6 bac nhit, c6 hé s6a=-0,5,b = 3.
Day 1a him s6 nghich biénvia=- 0,5< 0.
b) y = —1,5x 1a ham s6 bac nhat,c6 hé s6 a=-1,5,b=0.
Day 12 ham s6 nghich bién via=-1,5 < 0.
c)y=5- 2% khéng phai 1a ham s6 bac nhit.
d) y= (2 = 1)x + 1 13 ham s6 bac nhit, c6 hé s6 a=+2 - 1,b= 1.
Day 13 ham s6 déng biénvi a=+2 -1 > 0.
e) y= \E(x - ﬁ) =V3x - 342 = Bx-6 1a ham s6 bac nhét, c6 hé
s6 a = \E :b = —Jg.
Day la ham s6 déng biénvi a = +/3 > 0.
f) Tw y+s/5: x—\/?: suy ra y = X—(J§+ﬁ), do d6 y 1a ham s& béc
nhit d6i véix, c6he s6 a =1, b= -3 +2).

Day 12 ham s6 déng biénvia=1>0.
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Ham s6 y = (m+ 1)x + 5 12 ham s6 bac nhat, c6 hé s6 a=m+ 1.
a) Him s6 déng bienkhi a=m+1 >0haym>-1.
b) Ham s6 nghich bién khi a=m+1 <0 haym<-1.

Chii ¥: Khim =-1 thi y = 0x + 5. Gi4 tri ca y khéng thay déi v6i moi
gi4 tri ctia x va luén luén cd gid tri bang 5. Trong trudng hop niy, ta néi y

12 m6t ham hang.
Xéthamso y = (3 —2)x +1.
Day la ham s6 bac nhat, c6 hé s6 a=3-+2,b=1.
a) Him s6 da cho 12 hAm s6 déng bién trén R, vi c6 hé s6 a = 3—\{5 >0.
b) x=0,y=1.
x=1,y=0B-2)1+1=4-2.
x=2,y=03-v2)2+1=32-1.
x=3+42,y=03-42)3+42)+1=38.
x=3-42,y=06-v2)3-V2)+1=12-62.
c)eVéiy=0,tacod:
B-"2)x+1=0=(3-2)x=-1

I R (L /) B L )}
3-402 3-42)3+42) 7

e Vgiy=1,tacod:

—

GodDx+1=12C3-v2)x=0=>x=0 vi3-220).
e Vgiy=28,tacod:

7 713 +2)
T 7 T Y *2

B-V2)x+1=8=x=

H



10.
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e Véiy=2+2,tacé:
BG-V2)x+1=2+2
X:1+\/§:(1+\/§)(3+\/§):5+4\/§_

3-4V2 3-V2)3+2) 7

e Véiy=2-42,tacé:
B-2)x+1=2-+2

_1-42 _a-2)6+42) _1-242
3-42 3-2)3+42) 7

Hinh chir nhit ban dau ABCD c¢é kich thuée 1a AB = 40cm, AD = 25cm.
Sau khi tang méi kich thudce ctia hinh chit nhat thém x cm, ta duoc hinh
chir nhat mai c6 cac kich thude la

AB'=(40+ x)cmva AD'=(25+ x)cm (h.11).

= X

a) Taco:

S=(40+ x)(25 + x) " P i x B
= 1000+ 65x +x*; (1)

P = 2(40 + x) + 2(25 + x) q
= 4x +130. (2)

S khéng phai 1a ham s6 béc D c

nhit d6i véi x vi khéng cé w

dang ax + b. D c

P 1a ham s6 béac nhat déi véi x Hinh 11

véihé s6a=4,b=130.

b) Tinh gid tri twvong @ng cua P theo gia tri cua x, ta c6 bang sau :

X 0 1 1 25 3.5
P=4x+130 130 134 136 140 144

Xét ham s6 bac nhat y = ax + b (a # 0) trén tap hop s6 thuc R.
® Xét truong hop a > 0
Gia str x;, X, 1a hai gia tri bt ki clia x thuoc R va x; < x,. Khi dé ta c6 :

¥t Yo = (axl + b) - (ax2 + b) = a(x| - X'Z)'



Tir gia thiét x; < x5, suy ra x; — X, < 0. Tirdé suyra y, — y, = a(x; — x,) <0.
Vay, v6ia >0, hAims6 y = ax + b 12 hAm s6 déng bién.
e Xét truong hop a <0
Vi hai gié tri x|, x, bét ki thuée R va gia st x; < x,, 1ap luén twong tur
nhu trén ta c6 :

Y — ¥y =a(x; — X,) >0 hay y; > y,.
Viay, véia <0, ham s6 y = ax + b 1a ham s6 nghich bién.

Ta c6

a) Him s6 y = \Im—3x+% la hAim s6 bac nhat khi hé s6 cua x 1a

Nm -3 #0.
vm-3#0 khi m—3 >0 haym > 3.
Viay, khi m > 3 thi ham s6 da cho 1a hAm s6 bac nhat.

1

b) S= t— 2 1A hAm s6 bac nhat d6i véi bi€n s6 t chi khi hé s6
m+ 2
1 0,
m+ 2
l #0 khi m+2#0 hay m# -2.
m+

Viay, khi m # -2 thi S 1a ham s6 bac nhat cua t.

a) Cdc di€ém trén mat phang toa do cé

tung do bang 5 14 cdc diém M(x ; 5). Vi '

hinh chi€u vuéng géc clia cdc diém

M(x ; 5) trén truc Oy 13 diém H cé I';'l y=3
tung d6 bang 5 nén tap hop cidc diém

M(x ; 5) la dudng thang vuéng gbc véi 0 %
truc Oy tai diém H cé tung do6 bang 5.

Néi cach khic, tap hop céc diém M(x ; 5)

la dudng thang song song véi truc Ox Hinh 12

va cat truc tung tai diém H cé tung do
bang 5 (h.12).

1



Phwong trinh ctia dudng thang 1a y = 5 (hay y = 0.x + 5).

b) Twong tu nhu trén, ta c6 :

Tap hop cédc diém cé hoanh d6 biang 2, tung d6 tuy y 1a dudng thang
song song véi truc Oy va cat truc hoanh tai diém c6 hoanh dé bang 2.
Phuwong trinh ctia dudng thang 1a x = 2.

c) Tap hop cdc diém c6 tung dé bang 0 14 truc hoanh Ox, cé phuong trinh
lay=0.

d) Tap hop cic diém c6 hoanh dé bang 0 1a truc tung Oy, c¢é phirong trinh
lax =0.

e) Tap hop céc di€ém trén mat phang

toa dd c¢6 hoanh d6 bang tung dé chinh y=-X y4 y=x

12 tap hop cdc diém M(x ; y) trong dé
X =y. Vi x, y cung ddu nén M(x ; y)

thuéc gée phan tu tha I va tha ITIT. Mat

khdc Ixl = Iyl nén M(x ; y) cdch déu Ox

va Oy. X
Vay tap hgp cac diém c6 hoanh doé ki

bang tung d6 1a dudng thang y = x
chita tia phan gidc clia géc xOy (h.13).
f) Tuong tu nhir cau e), tip hop céc di€ém cé hoanh dé va tung do déi
nhau 1 dudng thang y = —x chita tia phan gidc ctia géc yOx' (géc phin tw

tht I va thét IV) (h.13). va
(h.14) 5
4
a) AB = ¥AC? + BC? M P
|
= J6-1?+@-1? =5. S 5,
! -2 0 ! 5
b) MN = YMD? + ND? | :
= J(3 +2)2 +(5-2) ~583. Pl H yi| i
|
c¢) Téng quat ta c6 : \i
b o RS SRS Q

2 2
PQ = J(X2 - X|) + (Y'z - yl) : Hinh 14



Bai tap b6 sung
2.1. (D). 22, (B). 2.3. (B).
2.4. a) ¥m xdc dinh khim >0 (1)
Jm-5#0khim>0vam=5(2).
Vay diéu kién dé€ him s6 da cho 13 hAm s6 bac nhat A m > 0vAm# 5.
b) Véi diéu kien m > 0 vi m # 5 thi v/m + /5 > 0. Do dé, diéu kien dé
ham s6 di cho 12 him s& bac nh4t dong bién trén R 14 : JE = Jg >0,
suy ra \/1;>\/§<:>m>5.

§3. D6 thi claham sy =ax + b (a# 0)

14. (h.15)

a) ® V& duong thang y = x + \E

Trude hét tim diém trén Oy c6 tung do bang \E va diém trén Ox c6
hoanh do6 bang 3.
— Dung diém M(1 ; 1) dwoe

OM =2 .

— Quay moét cung tam O, ban
kinh OM cat tia Ox tai di€m trén

truc Ox c¢6 hoanh d@ﬁ ;
— Dung diém N(2 ; 1), duoc

ON =3 .

—Vé cung tam O ban kinh y=9%x 4+
ON =3 dé x4c dinh hai diém
A(0;4/3), B(—3:0). b6 I Hinh 15

hai diém c6 toa d6 thod man phwong trinh y = x + \E :
V& duong thang qua A, B ta dwoc d6 thi ctia ham s6

y:x+\/§.
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e V& duong thang y = 2x + \/?:
— Cho x = 0, tinh dugc y = V3, ta c6 di€m A (0 ; 4/3).
— Cho y =0, tinh duogc x = —%, ta co dié’mC{—g : 0} .
Puong thiang qua A, C 1a d6 thi cia ham s6 y = 2x + NEQ
b) Tinh cdc gbéc clia tam gidc ABC.

tg (ABC) = 1 = ABC =45°;

tg(ACO) =2 = ACO » 63°26',

Hudng ddn : Tinh géc ACO trén mdy tinh bd tii CASIO fx-220 (hoac
CASIO fx-500A) nhu sau :

2| | SHIFT| | tan™'| [ SHIFT | | «

dwge ACO ~ 63°26'5,82” ~ 63°26'.
Tinh géc ACB :
ACB = 180°— ACO (hai géc bt nhau),
ACB ~ 116°34'.
Tinh géc BAC:
BAC = ACO - ABC (g6c ngodi bang téng hai gbc trong
khong ké véi nod),
BAC w~ 63°26' - 45°,
BAC »~ 18°26'.
Pip s6: ABC=45°; ACB ~ 116°34' ; BAC w~ 18°26'.
15. a) Hims6é y = (m - 3)x déng bién khim—- 3 >0< m> 3.

Ham s6 y = (m — 3)x nghich bién khim-3<0 < m < 3.
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16.

b) D6 thi clia hAm 86 y = (m — 3)x di qua diém (1 ; 2), nénta cé :

2=(m-3).1=>m=>5. y=—-2x Y4 y=2x
Tra loi : Khim = 5, d6 thi cia him abth
s6 da cho di qua di€m (1 ; 2). i
c) Twong tuw cau b), ta c6 : ! N
o/ i1 x
-2=(m-3).1l >m-=1. |
Trd loi : Khim = 1, d6 thi ctia hAim s6 2B
12 dudng thang di qua diém (1 ; -2).
d) (h.16) Hinh 16
— VE& hé truc toa do Oxy.
— Dung cdc diémA(l ; 2), B(l ; - 2) trén mat phang toa do.
— V& dudng thang qua O, A.
— V& dudng thang qua O, B.
a) Hims6 y = (a—1)x + a cé tung do gbc la a.
D6 thi ctia him s6 cat truc tung tai di€ém cé tung do6 bang 2. Vay a = 2.
Ham s6 trong truong hop nay la y = x + 2.
b) Him s6 y=(a—1l)x+a cat yA
truc hoadnh tai di€ém cé hoanh do
bang -3, do d6 tung d6 chta diém y=x+2
ndy bang 0. Ta cé6 : "l .
O=(a-1)(-3)+a /
3 >
=>a=—=—=13. M 1.5
2
ey 3 oy % # D " & L
Ham s6 trong truong hop nay cé /3},_-2 5 ———
dang : y = 0,5x + 1,5.
c) (h.17)
e Ve dothi y=x+2. (1) Hinh 17

— Cho x = 0, dugc y = 2, ta ¢c6 A(0;2) 1a diém nam trén dudng thing

y =X 2,
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— Cho y = 0, duwge x = -2, ta ¢c6 B(-2;0) 1a diém nim trén dudng
thang y = x + 2.

V& dudng thiang qua hai diém A(O ; 2), B(-2; 0) dwoc d6 thi ciia ham
s6 (1).

e V& d6 thi y = 05x+1,5. (2)

— Cho x = 0, duwoc y 1,5, ta ¢6 C(0;1,5) 1a diém nam trén dudng
thfmg y=05x+1,5.

—~ Cho y = 0, dwge x = -3, ta ¢6 D(-3;0) 13 diém nam trén dudng

thfmg y=0,5x+1,5.
Vé dudng thang qua hai diémC(0;1,5), D(-3; 0) dwoc d6 thi ctia ham s6 (2).

e Tim toa d6 giao diém ctia hai dudng thing vira vé :

Goi toa do cta giao difm M 12 (x;; y; ), ta ¢6 M(x, ; ;).

- Vi M(x, ; y,) thudéc dudng thang (1) nén Y = X +2. (3)
— Vi M(x, ; y,) thuéc dudng thang (2) nén y; = 0,5x; + 1,5. (4)
Tir (3) va (4) suyra:
x; +2= 05% +1,5=> x; =-1. N
d
Véi x; =-1, tinh dwoc y, = 1. 2
Vay, toa d6 giao diém M ctia hai dudng 3\ & @)
thang 1aM(-1;1). 21 _N/B
(h.18) a) V& trén cung hé truc toa do 1"‘15 L/ r ,A
Oxy cdc ham s6 : Lo
-1 L1 N\ND
y=x (dy) ; v A0 1152 3\ x
(d3)
y=2x (dy) 3 H
y=-x+3 (d3) . -=--2
e D6 thi cua ham s6 y = x 12 dudng
Hinh 18

thang (d,), d6 chinh 12 dudng phan gidc
cua géc xOy.

e D6 thi clia hAm s6 y = 2x 13 dudng thang (d,) qua O(0; 0) va diém
M(-1;-2).



e D6 thi cia ham s6 y=-x+3 1a dudng thang (d;) di qua hai diém
C(0;3)va D3;0).
b) Tim toa dé ctia c4c diém A, B va tinh dién tich tam gidc OAB.

e Vi diém A(x ; y) thuoe (d;) vi (d;) nénta c6: x =—x+3 =>x=15.
Thay x =15 vao mét trong hai ham s6 y=x, y=-x+23, tinh dugc
yi=19.

Vay diém A c6 toa do 14 (1,5 ; 1,5).

e Vi diém B(x ; y) thuoc (dy) va(dy) néntacéd: 2x =-x+3=>x=1.
Thay x =1 vao mét trong hai hams6 y = 2x, y = —x + 3, tinh dwocy = 2.

Vay diém B cé toadola (1;2).
e Goi dién tich clia cdc tam gidc OAB, OBD, OAD tht tu 1a Spap, Sopp »

1
SoaDp, Va 4p dung coéng thire S = Ea h, tacé:

SOAB: SOBD_ SOAD:%'3'2 —%31,5 = %3(2— 1,5) = 0,75

Vay s6 do dién tich tam gidc OAB bang 0,75 (don vi dién tich).
Chii y : N€u don vi do trén cic truc Ox, Oy la cm thi dién tich tam gidc
OAB bing 0,75 cm”.

Bai tap bo sung

3.1. a)(C);Db) (D).

2. (B).

|55

0
i

e Trudc hét tim giao di€m ctlia hai dudng thang (d;) va (d,).

— Tim hoanh d6 clia giao diém :
2 1 3 5 1 6

gx-i-i:gx—i(:)g)(:a(:))(:]S.

— Tim tung do clia giao diém :

2 1
y = 3154—5— 6,5.
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¢ Tim k (bang cach thay toa d6 cla giao diém vao phwong trinh (d3)) :
6,5=kl15+35 < 15k=3 < k=0,2.

Trd loi : Khi k = 0,2 thi ba dudng thang déng quy tai di€m (15 ; 6,5).

a) ® Goi phuong trinh dudng thang ABlay = ax + b.

Toa d6 c4c diém A, B phai thod min phirong trinh y = ax + b nén ta ¢6 :

¥
7=a7+b |*7 3
=
5=a2+b 21
b=—.
5
; s L) ~ 2 \. 2 21
Vay phuong trinh cta duong thang ABla y = gx + 5

e Goi phwrong trinh ctia dudng thang BClay=a'x + b

Twong tu nhu trén ta c6 :
5=a'2+Db' a'=-1
=
2=a'5+Db' b'=17.
Vay phuong trinh ctia dudng thang BClay = —x + 7.

e Goi phwong trinh ctia dudng thang AClay =a"x + b".

Twong tw nhu trén ta c6 :

w_ 3
T=a"7+b" |* 77
=
2=2a"5+b" . 21
b" = ——.
2
A ~ = ~ i ~ 5 21
Vay phuong trinh ctia duong thang AClay = >X~ 5

b) ® Ap dung dinh 1i Py-ta-go vao céc tam gidc vuéng lan luot cé céc
canh huyén 14 AB, AC, BC va st dung mdy tinh bd tdi, tinh duoc
AB=~ 539cm ; AC» 5,39cm ; BC ~ 4,24cm.

Do d6 chu vi cua tam gidc ABC1a AB + BC + CA ~ 15,02cm.



e Dién tich tam gidc ABC bang dién tich hinh vuéng canh dai Scm trir di
téng dién tich ba tam gidc vuéng xung quanh (cé cdc canh huyén lan lwot

1a AB, BC, CA). Tinh duogc : Sppc = 10,5(cm2).

§4. Pudng thing song song va dudng thing cit nhau

18. a) Dudng thang y = ax +3 song song v4i dwdng thing y = —2x suy ra
a=-2.

b) Khi x =1+ \/E thi ham s6 y = ax + 3 ¢4 gia tri twong tng la 2 + \/5

véy ta phai cé :

2-1 2-1)2-1)
I+2 zall+ D) +3=a= = =3-2/2.
£ elag) Bem 2+l &2 a2 =1 V2

19. (h.19)

a) Véix =4, hims6 y=2x+b cb Y3
gid tri 14 5. Do dé, ta c6 : y=2x3
5=2.4+b=b=-3.

:1'5 + e
b) Theo trén, tacé y = 2x — 3. O 1/ 2 X
D6 thi cia haim s6 y=2x-3 1a
duwdng thang cét truc tung tai di€ém cé
tung dé bang —3 ; cat truc hoanh tai _7
diém c6 hoanh do6 x = 1,5.

Hinh 19

20. Thay cic gid trictax, yvao (1),tacé:

SoafPall 2ifTY= 1

:>a:2+ﬁ:(ﬁ+2)(ﬁ_l)
Pl Wo+DW2-1

iz B
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Xic dinh hAm s6 y = ax + b thuc chat 14 xdc dinh cdc hé s6 a va b.
e Vi d6 thi cat truc tung tai diém cé tung do6 bang 3 nén b = 3.

e Vi d6 thi cat truc hoanh tai diém c6 hoanh d6 bang —2 nén tung do y
chia giao diém bang 0, ta ¢ :

0=a(-2)+3=>a=1,5.
Vay, ta cé ham s6 y = 1,5x + 3.

a) Dudng thang qua gdc toa do c6 dang y = ax. Vi dudng thang qua diém
A(3; 2) nén toa do ctia diém A phai thod min y = ax, cé nghia la :

2=a3=>a=-—
3

;g 2
Vay ham s6 can tim la y = Ex ;

b) Pudng thang qua géc toa d6 cé dang y = ax. Vi dudng thing cé hé s6 a
bang \E néntacd: a= \E

Vay ham s6 can tim 1a y = Bx.

¢) Pudng thing qua géc toa do 6 dang y = ax. Pudng thing y = ax song
song v6i dudng thang y = 3x +1 néntacé:a = 3.

Vay ham s6 can tim 1a : y = 3x.

Gia str dudng thang di qua A v Bcé dang : y = ax + b. Khi d6 :

— Di€m A(1 ; 2) thuéc dudng thang y = ax + b khi va chi khi

2=a.l+b < b=2-a. (1)
— Di€m B(3 ; 4) thudc dudng thang y = ax + b khi va chi khi
4=a.3+b < b=4-3a. (2)

Tu (1) va(2) tacd
2-a=4-3a <& a=1.
Thaya=1vao(l)tacob=1.
Viy:
a) Hé s6 a clia dudng thang di qua A vaBlal ;

b) Him s6 y = x + 1 ¢6 d6 thi 1a duong thang di qua A va B.



24. a) Duong thang y = ax + b di qua géc toa do khi b = 0, nén dudng thing
y = (k+ 1)x + k qua géc toa d6 khi k = 0, khi d6 hAam s6 1a y = x.

b) Puong thang y = ax + b cat truc tung tai diém c6 tung d6 bang b. Do dé,
duwdng thang
y=(k+Dx+k
cat truc tung tai diém cé tung do 12 1 - \E khi
k=1-42.
Ham s6 trong truong hop nay la

y=Q2-¥Dx+1-+2).

¢) Pudng thang
y=(k+Dx+k

song song v&i dudng thang

y:(s/5+1)x+3
khivichikhi ke+l=«3+1vi k=3

Suy ra k=3 vaihams6lay= (J§+1)x+s/§.
Bai tap bo sung
4.1. (D).
4.2. (C).
4.3. (B).
4.4. a) D€ bi€u thitc & v&€ phai x4c dinh thik > 0.
Puong thang (d) cat truc tung tai diém cé tung d6 bang 2\/?; khi :
Vk+B =23 Jk=43=k=3.

b) Pudng thang (d) cat truc hoanh tai diém c6 hoanh d6 bang 1 khi :

://_Ejll.l—l—\lg—l-\/_:()

oVk+1+@B DAk +B3) =0
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o Jk+1+Bdk+BB-vk-4B3=0

@ﬁJE+4—J':0:>\/_:‘EJ§4<0(von).

Vay dudng thang (d) khéng cat truc hoanh tai di€ém cé hoanh d6 bang 1

v&i moi gia tri cua k = 0.

N6i céch khdc, ho dudng thang y = JJ: \/_ J_ 3 khoéng bao gio
cat truc hoanh tai di€ém c6é hoanh dé bang 1.
¢) Goi diém c6 dinh ma cic dudng thang (d) déu di qua la P(x,, y,).

Tacé:

Ji +1
J—_er\/_J_

& y,(3-1) ="k +x, + (3 - Dk ++3)
oy, WB3-D=x, +B-DJk +x, +3-53
& (x, +B3 - Dk +x, +3 -3+ 1 =By, = 0. (%

Phuong trinh (¥*) nghiém ding véi moi gia tri khéng 4m cta \/E, do doé

ta cé:

x, +¥3-1=0 . x,=1-3
x, +3-V3+1-B)y, =0 |y, =3-1.

Vay, v6i k = 0, cdc dudng thing (d) déu di qua diém c6 dinh

P33T,

§5. Hé s& géc clia dudng thingy =ax + b

25. a) Duong thang di qua géc toa d6 cé dang y = ax.
Vi dudng thang y = ax qua diém A(2; 1) nénta c6 :

1:a.2:>a:l
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A a2 2 . s 7 1
Vay hé s6 goc cua duong thang di qua goc toa do va diem A(2 ;1) la 5

b) Pudng thang qua géc toa do c¢é dang y = ax. Vi dudng thang qua diém
B(l ; — 2) néntoa d6 cta di€ém B phai thod min :
wD=g,l=a =),
Vay hé s6 gbc can tim 1a —2.
c) (h.20)

V& d6 thi ctia hai hAm s6
=—x vay=-2x
¥y > Y

trén cung hé truc toa dé Oxy.

— Dung diém A(2 ;1) va B(l ;- 2).
— K& dudng thang qua O, A ta dwroc d6 thi cia hAm s6 y = %x.

— K& dudng thing qua O, B ta duwroc d6 thi cia hAm s6 y = —2x.

e Goi A' 1a hinh chiéu cua A trén Ox, vk V4
B' 12 hinh chi€u cta B trén Oy. Hai '
tam gidc OBB' vi OAA' bang nhau (vi y Z%x
cé hai cap canh gbéc vudbng bang 11 I 1?
nhau), nén ta c6 cac gbc twong wng 1A' .
bang nhau : O il = X
i
B0B'= AOA" 2N

mi BOB' + BOA' =90° (vi Ox L Oy)
o - Hinh 20
nén BOA' + A'OA =90°.

Vay hai duong thang d6 vuéng gée véi nhau.
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(h.21) ¥
Cho hai duong thang :

(d)

y=ax+b; (d)
y=a'x+Db'. (d")
Ta phai chitng minh o
(dLld)e=a.a =-1.
Qua O k& cdc dudng thiang song
song v&i (d) va (d'). Cac duong
thang ndy twong tmg s& 13 y = ax —re
va y =a'x.
e Tru6c hét, ta chitng minh rang né€u (d) L (d') thi a.a' =-1. Khong 1am

mét tinh téng qudt, gia sira >0, suyraa' < 0 (vi cdc géc tao bdi dudng thing

y = ax va y = a'x véi tia Ox hon kém nhau 90°).

Puong thang y = ax di qua diém A(l ; a).

Purong thang y = a'x di qua diém B(1 ; a").

Dé thdy AB L Ox tai diém H c6 hoanh d6 bang 1.

Vi (d) L (d') (theo gia thiét) = AOB = 90° = HA.HB = OH? hay
alal=1=-a.a'"=1= a.a' =-1 (dpcm).

e Ta ching minh di€éu nguoc lai : Né€u a.a' = -1 thi(d) L (d").

HA OH

That vay, ttaa'=—-1 = ala'l=1 =>HA.HB = OH? > — = —
OH HB

— AHOA e» AHBO = AOH = OBH

ma Oﬁ + IIC;B = 90° = A6H+H& = AGB = 90°, tir d6 suy ra
(d) L (d).

Vay ta c6 dpem.



(h.22)

¥4 6y
a) Dung cdc diém A (1 ; 1) //2)
2 (d 2|C D E
va A,(1 ; 0)5), lan luwot vé Al |
. It~ !
duong thang qua O va A, 0.5 2! i .
dudng thang qua O va A, ol B E x
dwoc hai dudng thang (1) va
(2) 1a d6 thi cta ciac ham s6
Y= (1) ‘
Hinh 22
y = 0,5x. (2)

b) Qua diém C trén truc tung Oy c6 tung d6 bang 2, vé& dudng thang (d)
song song véi truc Ox. Pudng thang (d) theo thit ti cat cdc dudng thing
(I)va(2)taiDvaE.

— Tinh toa d6 ctia D : Di€ém D thudc dudng thang (d) nén cé tung do y = 2.
Thay gia tri y = 2 vao phuong trinh (1), tinh duwoc x = 2.

Vaytaco: D(2;2).

— Tinh toa d6 ctia E : Twong tu, diém E c6 tung do y = 2.

Thay gia tri y = 2 vao (2) tinh duoc x = 4.

Ta c¢6 diém E(4 ; 2).

Goi hinh chi€u cia D trén Ox 1a D', cia E trén Ox 14 E'. Ta ¢6 :

OD'=2;0E =4

OD? = OD2+ DD™? = OD = yOD?+ DD? =422 + 22 = /8

OE2 = OE2+ EE? = OF = JOE2+ EE? = v42 + 22 = 20
DE=OE -OD'=DE=4-2=2.

Chu vi ctia tam gidc ODE bing (/8 + 420 + 2) (don vi dai).

Dién tich tam gidc ODE bang %DE.OC = %.2 .2 =2 (don vi dién tich).
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28. (h.23)
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a) — V& do thi ) @)
y =—2X. (1) |~
(d) K
Chox =1,y = 2.1 =-2 A
dudng thang y = —2x qua goc 0,5\ .
toa d6 O(0 ; 0) va diém -3 -2LDN (|1 2 |3 4 x
5 -2
Al ;-2). h
- V& dé thi o
y = 0,5x. (2)
Hinh 23

Chox=1,y=05.1=0,5.
Duong thang y = 0,5x qua géc toa d6 O(0 ; 0) va diém A,(1 ; 0,5).
b) Goi A(x ; 2) la giao diém ctia dudng thang (1) va dudng thang (d),

ta co :

—2.x:2:>x:£:—1.
2

Vaytacod A(-1 ; 2).
Goi B(x ; 2) 1a giao diém cta dudng thiang (2) va dudng thang (d), ta c6 :

0,5x=2:>x:i:4

E

Vaytacoé B4 ; 2).

¢) Ta dd biét : Néu a.a' = —1 thi hai duong thing y = ax va y = a'x
vuong goc voi nhau (Bai tap 26).

Xét hai dudng thang y = -2x va 'y = 0,5x :
Vi (=2) . (0,5) = —1 nén hai dudng thang nay vudéng géc véi nhau.

Bang phuwong phdp minh hoa hinh hoc, xét hai tam gidc vuéng & K
(OAK va BOK), ta c6 :

AK_OK (1 2
OK BK 2 '

suy ra AOAK «» ABOK.



T do, tacd :
AOK = OBK
ma OBK + KOB =90° nén AOK + KOB = 90°.
Ta phai chitng minh ho duong thang
y=mx +(2m+1) (1)
ludn di qua mot di€ém c6 dinh nao dé.
Gia str diém M(x, ; yo) 12 diém ma ho dudng thang (1) luén luén di qua

véi moi m, thé thi toa do (xq, yo) clia diém M phai thod man (1) véi moi
m. Nghia 12 v&i moi s6 thue m, ta ¢é :

Yo = mxy +(2m+1) & (xg +2)m+ (1 - y,) = 0. (2)

Phirong trinh (2) nghiém diing véi moi gid tri clia 4n m, do dé phai cé cédc
hé s6 déu bang 0, nghia 13 :

Xg+2=0val-y;=0.
Suyrax,=-2vay,=1.

Vay ta ¢6 diém M(=2 ; 1) 1a di€ém c6 dinh ma ho dudng thiang (1) luén
luén di qua véi moi sé thuc m.

Bai tap b6 sung

al.

5.3.

S.4.

a) (C) ;
b) (D).
a) (C) ;
b) (D).
a) (A) ;
b) (C).
a) Phuong trinh clia dudng thang AB c6 dang
y =ax + b.
Do duong thfmg diqua A(4;5)vaB(l ;—-1)néntaco:
5=a4+b (1)
-1=al+b (2)
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Trir tieng vé€ cta (1) va (2), tacd:
6=3a=a=2.

Thay a =2 vao (1) d€ tim b, ta ¢6 :
5=24+b=0b=-3.

Vay phuong trinh cta dudng thang
ABla

y=2%= 3
Lam tuong tu nhrr trén, ta co :
Phuwong trinh ctia dudng thang BC 1a
Yo==x,
Phuwong trinh ctia dudng thang CD 1a

=X,

Phuwong trinh ctia dudng thang DA 1a y = -2x + 13.
b) (h.bs. 3 ) Hai duong chéo AC va BD vubéng gbc véi nhau tai I.

— Puong thang AB c6 hé s6 géc bang 2, do d6 ta ¢

teo. = 2 = o & 63°26' (tinh trén mAy tinh bd tdi).

Suy ra ABD = 63°26'.

Tam giac ABD can, nén cling c6 ADB w 63°26'.

Tir d6 suy ra BAD = 180° — 2. ABD ~ 53°8".

L

Hinh bs. 3

5
4
3
2
1

m o
? 2l 3 4 5 6§ X
-2
j 45 45°

Puong thang BC c¢6 hé s6 géc bang —1 nén BC la phan gidc ctia géc

vuéng phin tu thit tw cia mat phang toa doé Oxy.

Puong thang CD c6 hé s6 géc bang 1, do d6 CD song song véi dudng

phan gidc cua géc phan tu thir nhat.

Tir d6 suy ra: BCD = 180° — 45° — 45°

90°.

Va do d6: ABC = ADC = (360° — BCD - BAD) : 2 ~ 108°26".



On tap chuong Il

30.

31.

a) Him s6 y = (m + 6)x — 7 déng bi€n khi hé s6 ctia x duong, nghia 14 :
m+6>0< m>-06.
Traloi : Véim > —6 thi ham s6 y = (m + 6)x — 7 déng bién.
b) Ham s6 y = (—k + 9)x + 100 nghich bi€n khi hé s6 cia x 4m, nghia 14 :
9-k<0 & k>9.
Traloi : Véik > 9 thi ham sé y = (—k + 9)x + 100 nghich bién.
Hai dudng thang y = 12x + (5 — m) vad y = 3x + (3 + m) cat nhau tai mot
diém trén truc tung, nghia 14 ching c6 cling tung do6 géc vi thé phai cé :
3+m=5-m
S 2m=2 < m=1.
Traloi : Khim=1, haihAmsé da cholay=12x+4va y =3x+4 vadé
thi cfia chiing cat nhau tai mot di€ém trén truc tung c6 tung d6 bang 4.
Hai dudng thang
y=(a—-Dx+2vay=(3-a)x+I]
c6 tung d6 gbc khdc nhau (vib=2vab =1nénb#Db").
Do dé6, ching song song véi nhau khiva chi khi a—1=3-a.Suyraa=2.
Trd loi : Khi a = 2 thi hai dudng thang da cho song song véi nhau.

Hai duong thang y = kx + (m — 2) vay = (5 — k)x + (4 — m) tring nhau
khi va chi khi :

k=5-k vA m-2=4-m.
Suyra k=25 va m=3.

Trd loi : Khi k = 2,5 va m = 3 thi hai dudng thang da cho tring nhau.

a)y=(0-4m)x + m -2 (d)

12 ham s6 béc nhét va ¢ d6 thi 1a dudng thang di qua gbc toa do khi :
1-4m =0 (1)

va m-2=0. (2)
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1
T (l)suyra m# Z ;tr (2) suy ram = 2.
Trd 16i : Vi m = 2 thi dudng thang (d) di qua géc toa do.

A 1 ~ ”. e
b)Néu 1 -4m >0 m < 7 thi (d) tao véi truc Ox mét gée nhon.
Néu 1-4m <0< m > % thi (d) tao véi truc Ox mot goce tu.
1 2 ;
Traloi: Véim < % thi duong thang (d) tao vdi truc Ox mét géc nhon.
e 1 ~ ~ pid #0 - ~
Véim > 7 thi duong thang (d) tao vdi truc Ox mot goéc tu.
~ o s . - 7 - a 3 .
c) Puong thang (d) cat truc tung tai di€ém c6 tung do bang 5 khi :
1 1

=

111—2:i<::>m:2+i:
2 2 2

Traloi : Véim = 3% thi dudng thang (d) cat truc tung tai diém cé tung
. 3
do bang —-
: g >
d) Pudng thang (d) cit truc hoanh tai diém cé hoanh d6 bang % khi :
1
O=(1-4m)—+m -2
2
1 3
©0=—-2m+m-2 m=——.
2 2

Trd loi : m = o thi (d) cat truc hoanh tai diém c6 hoanh dé bang %

a) Puong thang y=(m-2)x+n (d) di qua hai diém A(-1;2) va

B3 ;- 4).Khi dé toa do clia cdc diém A, B thod min (d), nghia Ia :
2=(m-2)-1) +n (1)

va -4=(m-2)3 +n. (2)



Rit gon hai phwong trinh (1) va (2), ta duoc
-m+n=0; (1"
3m+n=2. (2"
Tir (1) suy ran=m. Thay vao (2'),tacé 3m+ m=2 suyra m = %

Traloi : Khi m=n= % thi (d) di qua hai diém A vi B di cho.

b) Pudng thang (d) cit truc tung tai diém cé tung d6 bang 1 - \E nén ta
c6n=1- Ji .

Puong thang (d) cat truc hoanh tai di€ém cé hoanh do bang )
nén ta co :

2 -1
2+~E

2 -1 +2:3.+3~/5:3(1+~/5):3~/5_
Gisiaf O, 2+2 Gz 3 2

0O=m-2)2+y2)+1-2om-2=

<~ m=

Traloi : Khi n=1- \/5 va m= % thi dudng thang (d) cit truc tung

tai diém c6 tung do bang 1 - \/5 va cat truc hoanh tai di€m c6 hoanh do
2+42.

c) Tacd:

yi=D.5% ~1.5. (dy)
Duong thang (d) cat (d;) khi m— 2 # 0,5, con n 14y gid tri tuy y. Suy ra
(d) cat (d) khi m # 2,5 con n tuy y.
Trd loi : (d) cat (d;) khim # 2,5 van tuy y.
d) Ta co

y=-—15x+0,3. (dy)

Puong thang
y=(m-2)x+n (d)
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song song vdi (d,) khi :
m-2=-15van#0,5

haym=0,5van#0,5.
Tra loi : (d) song song véi (dy) khi m= 0,5 va n #0,5.
e) Ta c6: Y 2dx—3, (d3)
Duong thang (d) tring véi (d;) khi: m-2=2 va n=-3

hay m=4 va n=-3.
Trd loi : Khi m =4 va n = -3 thi hai duong thang (d) va (d3) trung nhau.
(h.24)

a) — D6 thi ciia ham s6 V4
y = 3x + 6 la dudng thang
di qua hai diém A(-2; 0)
va B,(0; 6).

y=3x+6
y=2x+4

~D6 thi cha ham s6 y=x+2
y = 2x + 4 1a dudng thang
di qua hai diém A(-2;0)
va B,(0;4).

—-P6 thi cia him s6
y = x + 2 la dudng thang di
qua hai diém A(-2;0) va
B;(0 ; 2).

y=%x+1

My

~D6 thi cha ham s6

y = %x +1 1a dudng thang
di qua hai diém A(-2; 0) Hinh 24

va B,(0;1).

b) Goi B,Ax = &, , B,Ax = a, , B;Ax = a3, B,Ax = 0 . Dilng m4y tinh bd
tii CASIO fx-220 tinh tga,,tga,, tgos, tgo, va suy ra cac goc twong wng.

Tacd:
tga, =3 = o™ 71°33'54,18".
tgo, = 2= Oy~ 63°26'5,82".



37.

tgoy =1 = oy~ 45°,

tgoL, :% = o, ~26°33'54,18"

c) Tir su tang dan cua cic hé s6
1
gbc 5<1<2<3 va su tang

dan cua cdc goc o. :

26°33 <A5"< 63°26' = 71733,
rit ra nhan xét :

Véi a > 0, khi a cang 1én
thi gbéc tao bdi dudng thing
y =ax + b va tia Ox cang 16n,
va do d6 do d6c clia dudng thang
(so v6i truc nam ngang OX)

cang 16n.

a) (h.25) Goi M',N", P', Q' la cac
diém 14an lwot d6i xing véi cdce
diém M, N, P, Q qua truc Ox, ta
thAy rang hoanh d6 ctia cdc di€ém
déi xing nhau qua truc hoanh
bang nhau, con tung do cla céic
diém dé6 thi d6i nhau : M'(~1 ; 2) ;
N'(-2;4);P(2;3);Q(3; 4)5).

b) (h.26)

xkhix=0
ey =Ixl= .
—-x khi x 0.

Tav& dé thi y=x véix =0.

Vé d6 thi y = —x v6ix <0.

Hinh 25

Ya

Hinh 26

R
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4 11 x+1lvoix+120x=2-1
[ ] = |X =
Y —-(x+Dvoix+1<0&= x<-1.

Tav@ dothi y=x+1 véi x = —1.
VEdéthi y=-x-1 véi x<-1.

c) (h.26). D6 thi y =-x cat d6 thi y=x+1 tai diémM(x, ;y,). Vi M

thuéc ca hai dé thi nén toa d6 cia M phai thod man cdc ham s6, nghia 14 :

1 1 1 1
= =g = X lLisng me=, === M| ——;—].
Yo X0 = X X0 > Yo=5 [ > 2]
D6 thi y = Ixl vd d6 thi y = Ix + 1l chi cat nhau tai mét di€m duy nhat
M —l;l :
22
Suy ra phwrong trinh Ixl = Ix + 11 chi ¢6 nghiém duy nhét x = —%-

38. (h.27)

y=2x-2(dy)

b=

y z—%x -2 (dy)

G — e e ———

L 2

Hinh 27
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a) Duong thang (dy): y=2x -2 diqua hai diém (0; -2) va (1 ; 0).

Purong thang (dy) :y= —%x — 2 di qua hai diém (0 ; -2) va (-1,5; 0).

Puong thing (dy) :y= %x + 3 di qua hai diém (0 ; 3) vd (=9 ; 0).
b) Pudng thang (ds) cat cdc duong thang (d,) va (d,) thir tir tai A, B.
e Tim toa do cua A(x, ;y,).
Vi diém A thuoc ca hai dudng thing (dy) va(d;) nén ta c6:

y; = 2x, —22%}(, +3 =% =3 =4 =3 AQC 4.

e Tim toa d6 cuaB(x, ; y,).

Vi diém B thuéc ca hai dudng thang (dy) va(d;) nénta cod:
4 1
¥y :—§x2—2:§x2+3:>x2 =-33y=2 =3B(-3;2):

c¢) Str dung két qua bai 13,

AB=~/(Xz—x.>2+(y2—y.)2 = J(-3-32 +(2- 42 =62 +22,

AB = 440 ~ 6,32 (don vi dai trén truc toa do).
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JPPHAN HINH HOC

Chuong I
HE THUC LUONG TRONG TAM GIAC VUONG

Trong cdc bai tap tinh todan bdang sé ciia chuwong nay,
cdc 56 do do dai d moi bai néu khéng ghi don vi ta quy wéc la cung don vi do.

A. PE BAI

§1. Mdt s6 hé thuc vé canh va dudng cao trong tam giac vudng

Hay tinh x va y trong cac hinh sau :

1. (h.1 a, b)

14
X Yy
___._1_6__..

a) b)

Hinh 1
2 (h.2 a, b)
b {
2 6 2 8
a) b)

Hinh 2
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3. (h3a,b)

X
9
7 " y
5 X
¥
¥
a) b)
Hinh 3
4. (h4da,b)
¥
2 X
a) b)
Hinh 4
5. Cho tam giac ABC vuéng tai A, duong A

cao AH (h.5).

Giai bai to4n trong méi trudng hop sau :

a) Cho AH =16 , BH = 25. Tinh AB, AC,
BC,CH; B H c

b) Cho AB = 12, BH = 6. Tinh AH, AC,
BC, CH.

Hinh 5

6. Cho tam gidc vubng v4i cic canh géc vuong cé do daila 5 va 7, ké dudng
cao tng v6i canh huyén. Hiy tinh dudng cao nay va cdc doan thing ma

né chia ra trén canh huyén.

7.  Pudng cao ctia mot tam gidc vudng chia canh huyén thanh hai doan thing

c6 do daila 3 va 4. Hay tinh cdc canh géc vuéng cua tam gidc nay.

8. Canh huyén ctua mot tam gidc vuéng 16n hon moét canh géc vuéng 1a lem
va téng clia hai canh géc vudéng 16n hon canh huyén 4cm. Hay tinh cédc

canh cla tam gidc vuéng nay.
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10.

11.

13.

14.

15.

16.

17.

104

Mot tam gidc vubéng cé canh huyénla 5 v dudng cao ing v6i canh huyén
la 2. Hay tinh canh nhé nhét cia tam gidc vuéng nay.

Cho mot tam gi4dc vudng. Biét ti s6 hai canh géc vu6ng 1a 3 : 4 vi canh
huyén 12 125cm. Tinh d6 dii cdc canh géc vuéng va hinh chi€u clia cic
canh géc vuodng trén canh huyén.

Cho tam gidc ABC vuéng tai A. Biét ring
AB

—= 2 duong cao AH = 30cm. Tinh HB, HC.
AC ©

Hai vé tinh dang bay & vi tri A va B cung
cdch mat dat 230km c6 nhin thdy nhau hay
khéong néu khoang cich gitta ching theo
duwdng thang 1a 2200km ? Biét rang ban kinh
R cta Trdi Dat gan bang 6370km va hai vé
tinh nhin thdy nhau néu OH > R (h.6).

Cho hai doan thang c¢é do dai 1a a va b. Dung
cdc doan thang c6 d6 dai twong ting bang :

a) ‘\.Ia2 + b’ :
b) va2 - b% (a > b).

Cho hai doan thiang c6 d6 dai 1a a va b.
Dung doan thang +ab nhu thé nio ?

Gitra hai toa nha (kho va phin xuwdng) cia
mot nha may nguoi ta xdy dung mot bang
chuyén AB dé chuyén vat liéu. Khoang
cach gitra hai toa nha 1a 10m, con hai vong

quay cua bang chuyén duoc dat & do cao
8m va 4m so v&i mat dat (h.7). Tim dé dai
AB clia bang chuyén.

Hinh 7

Cho tam gidc c¢6 d6 dai cdc canh 1a 5, 12, 13. Tim gbéc cua tam gidc déi
dién v4i canh c6 do dai 13.

Cho hinh chir nhat ABCD. Dudng phan gidc ctia géc B cat dudng chéo AC

thanh hai doan 4£1n va Sém . Tinh céc kich thuée ctia hinh chir nhat.



18.

19.

20.

Cho tam gidc ABC vuéng tai A, v& duong cao AH. Chu vi caa tam gidc ABH
1a 30cm va chu vi tam gidc ACH 1a 40cm. Tinh chu vi cta tam gidc ABC.

Cho tam giac ABC vuéng tai A c6 canh A
AB = 6cm va AC = 8cm. Cac duong phan
gidc trong va ngoai cia gbéc B cat dudng
thang AC l4n luwot tai M va N. Tinh cdc
doan thang AM va AN.

Cho tam gidc ABC. Tir moét diém M bat ki M
trong tam gidc ké MD, ME, MF lan luot
vuéng gbéc véi cac canh BC, CA, AB
(h.8). Chitng minh rang Hinh 8

BD? + CE? + AF? = DC? + EA? + FB.

B D C

Bai tap bo sung

1.1.

1.2.

1.3.

1.4.
1.5.

Cho tam giac ABC vuéng tai A ¢c6 AB: AC = 3 : 4 va duong cao AH
biang 9cm. Khi d6 d6 dai doan thang HC bang

(A) 6cm ; (B) 9cm ; (C) 12cm ; (D) 15cm.
Hay chon phuong an ding.

Cho tam gidac ABC vuéng tai A ¢c6 AB: AC =4 : 5 va duong cao AH
bang 12cm. Khi d6 d6 dai doan thang HB bing

(A) 6cm ; (B) 9,6cm ; (C) 12¢cm ; (D) 15¢cm.

Hay chon phuong an ding.

e Trong cdc bai (1.3, 1.4, 1.5) ta s& sir dung cdc ki hiéu sau day déi véi
tam gidac ABC vuong tai A c¢6 duong cao AH :
AB=c,AC=b,BC=a,AH=h,BH=c¢,CH=0".

a) Tinh h, b, ¢ n€u bi€t b' = 36, ¢' = 64.

b) Tinh h, b, b', ¢' néu bi€ta =9, c = 6.

Hiy biéu thi b', ¢' qua a, b, c.

Chitng minh rang :

a)hzz;
a

2 1

S
C C
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1.6.

1.7.

1.8.

1.9,

1.10.

Dudng cao cia mot tam gide vudéng ké tir dinh géc vuéng chia canh
huyén thanh hai doan, trong d6 doan 16n bang 9cm. Hay tinh canh huyén
cha tam gidc vudng dé néu hai canh géc vudng c6tile 6: 5.

Trong tam gidc ¢6 cdc canh 1a Sem, 12cm, 13cm, ké dudng cao dén canh

16n nhat. Hay tinh cdc doan thang ma dudng cao nay chia ra trén canh 16n
nhét dé.

Tam gidc ABC vuéng tai A ¢6 dudng cao AH bang 12cm. Hay tinh canh
huyén BC néu biét HB: HC =1 : 3.

Cho tam gidc ABC vuéng cén tai A, dudng trung tuyén BM. Goi D la
chin duwdng vuéng goéc ké tir C dén BM va H 1a chin dudng vuéng géc ké
tir D dén AC. Trong cdc khang dinh sau, khang dinh ndo ding, khing
dinh nao sai ? Tai sao ?

a) AHCD «» AABM.

b) AH = 2HD.

Cho hinh thang ABCD vuéng tai A cé canh diy AB bang 6cm, canh bén
AD bang 4cm va hai dudng chéo vuoéng géc véi nhau. Tinh do dai cic
canh DC, CB va dudng chéo DB.

§2. Ti sd lugng giac cuia géc nhon

21.

-~
3

8

106

V& mot tam gidc vuéng c6 mot géc nhon bang 40° réi viét cic ti s6
lwong gidc clia gbéc 40°.

Cho tam gidc ABC vuoéng tai A. Chitng minh rang

AC _sinB

AB sinC
Cho tam giac ABC vubng tai A, B= 307, £
BC = 8cm. Hay tinh canh AB (lam tron
dén chir s6 thap phan thd ba), biét rang
cos30° ~ 0,866. o
Cho tam giac ABC vubng tai A, AB = 6cm, A Gem B
B=oa (h9). Hinh 9



30.

Biét tgo =%, hay tinh

a) Canh AC ;
b) Canh BC.
Tim gia tri x (1Am tron dé€n chir s6 thap phan thit ba) trong mbi tam gidc
vuéng véi kich thuée duoc chi ra trén hinh 10, bi€t rang :
tgd7°~ 1,072 ; cos38° ~ 0,788.

16
380 |

47°

a) b)
Hinh 10
Cho tam giac ABC vuéng tai A, trong d6 AB = 6em, AC = 8cm. Tinh céc
ti s6 lwong gidce cia gbe B, tir d6 suy ra céc ti s6 luong gidc cna goc C.

Cho tam gidc ABC vuong tai A. Ké duong cao AH. Tinh sinB, sinC trong
moi trudng hop sau (1Am tron dén chit s6 thap phan thit tw), biét rang :

a)AB=13; BH-=5.
b)BH=3; CH=4.
Hiy bi€n déi cdc ti s6 lwong gidc sau day thanh ti s6 lwrong gide cha cdc
géc nhd hon 45° :
sin75°, cos53°, sin47°20', tg62°, ccntg82lJ 45',
Xét quan hé giira hai géc trong mdi biéu thife réi tinh :
sin32°

: b) tg76°- cotg14°.
cos58°

a

Duong cao MQ cua tam gidc vuéng MNP chia canh huyén NP thanh hai
doan NQ = 3, PQ = 6. Hiy so sdnh cotgN va cotgP. Ti s6 nio 16n hon va
16n hon bao nhiéu lan ?
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31.

33.

35,

36.

7.

38.

108

Canh gbéc vuong ké véi gée 60° ctia moét tam gide vudng bang 3. Sir dung
bang luong giidc cua cdc gbéc dac biét, hiy tim canh huyén va canh géc
vuéng con lai (1am tron dén chir s6 thap phén thit tu).
Puong cao BD ciia tam gidc nhon ABC bing 6 ; doan thang AD bang 5.
a) Tinh dién tich tam giac ABD ;
b) Tinh AC, dung céc théng tin dudi diy né€u can :

sinC =E, cosC =i, tgC =E-

5 5 4

Cho cosao. = 0,8. Hay tim sina, tgot, cotgo. (1am tron dén chir s6 thap phan thit tu).
Hiy tim sino., coso. (1am tron dén chir sé thap phan thir tw) néu bi€t
a) tgo = % : b) cotga =%- ¥

101
Dung géc nhon o, bi€t rang
a) sinat = 0,25 ; b)cosa=0,75;
c)tga=1; d) cotga = 2.
Trong mat phang toa do, céc
dinh cta tam gidc ABC c6 toa
dé nhusau : A(l1 ;1) ;B(5;1);
C(7;9) (h.11). Hay tinh

a) Gid tri cua thXC (Iam trén
dén chir s6 thip phan tha tw) ;

b) 6 dai cta canh AC.
Cho hinh 12. g4

Hiy viét mot phuong trinh dé tir d6 6 thé tim dwoe x (khéng phai gidi
phuong trinh nay).

Cho hinh 13.

Hiy tinh sinL (1am tron dén chir s6 thap phan thi ti), biét rang sin 30° = 0,5.
L

70°

30° 80, N
2,8
Hinh 12 Hinh 13




Bai tap b6 sung

Xét hinh bs. 4. Tim dang thitc diing trong cdc bai tir 2.1 d€n 2.11.

A shael ; {1 dhg 2
b c
. b’ h
(C) sina. = F (D) sina = s
2.2. (A) cosa == ; (B) cosa = — ;
b c
(C) cosa = R ; (D) cosa = E
c b'
b
23. (A) tga=—;
a
b
C)tgo.=—;
©) tga = §
b
24. (A) cotgo = =
(C) cotga = =
¢
2.5. (A)sino = sinf ;
(C) sina = tgf ;
2.6. (A) coso = cosp ;
(C) cosa. = cotg3 ;
2.7. (A)tgo=tgp;
(C) tgo = sinf ;
2.8. (A) cotgo =tgp ;
(C) cotgo. = cosP ;
2.9. (A)cos’a+sin’B=1;

(C) sin’oL + cos>a, = | :

2.10. (A) tgo. = sino + cosa ;

(C) tgo. = sinol.cosa ;

L

Hinh bs. 4

(B) tgor = 2 ;
C
h
D t =
(D) tga >
(B) cotga:%

(D) cotga = %1

(B) sinaw = cos ;

(D) sina. = cotg[3.

(B) cosa. =tgP ;

(D) cosa = sinf3.

(B) tgaw = cotgf3 ;

(D) tga. = cosp.

(B) cotga = cotg ;
(D) cotga. = sinf3.

(B) sin’oL + 0052[3 =1;
(D) cos’o + 0032[3 =

(B) tgo. = sino. — cosa ;
sin o
oS

(D) tga. =
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.(A) cotga =1 +tgo. ; (B) cotgo. =1 —tga ;
(C) cotgan = 1.tga. ; (D) cotga = L
tg ol
. 1 - ~ 0 0
. Cho sina = 5 Hay tim cosa., tga, cotgo. (0° < o < 907).
3 ~ s~ . 0 0
. Cho cosa. = T Hay tim sina, tgo, cotgo. (0° <o < 907).

. Cho tam gidac ABC vuoéng tai A, c6 AB = %BC. Hay tinh sinC, cosC, tgC,

cotgC.

. Hay tinh

a) 2sin30° — 2co0s60° + tg45° ;
b) sind5° + ccatg600 . c0s30° :

c) cotgdd® . cotgd5® . cotgd6’.

. Cho tam gidc ABC cé A = 60°. Chitng minh rang

BC? = AB>+ AC?> - ABAC.

. Cho tir gidc ABCD c¢6 o 1a géc nhon tao bdi hai dudng chéo chitng minh

rang Sy gep = %AC.BD.SiHC(..

. Cho gbc nhon a

’ g y l-tga coso —sino
a) Chirng minh rang T ti Sl TR

1 . . CcOsO.— sind.
b) Cho tga = —. Tinh —m88 .
3 cOS Ol + Sin o

. Tinh gi4 tri clia biéu thic

3cotg 60 _ b) cos60 & 1

2c0s230° -1 1 +5sin60° tg30°

. Trong hinh thang vuéng ABCD véi cac day la AD, BC c6 A=B = 90°,

ACD = 90°. BC = 4cem, AD = 16cm. Hay tim cac gée C va D ctlia hinh thang.



2.21. Tinh cédc gbéc cna mét hinh thoi, biét hai dudong chéo cua né cé dé dai la

2.22

243 va 2.

. C4c canh ctia mot hinh chit nh4t bang 3cm va \Ecm. Hay tim cac goéc

hgp bdi dudng chéo va cdc canh ctia hinh chir nhat dé.

§3. Bang lugng giac

39,

40.

41.

Vi cdc bai todn trong $3 dudi day, cac két qua tinh géc duoc lam tron
dén phiit va cdc két qud tinh doé dai va tinh cdc ti s6 luong gidc duoc lam
tron dén chit sé thdap phdn thit tu.
Diing bang lwong gidc hoac may tinh bd tii dé tim
sin 39°13' ; cos 52°18': tgl 3°20'; cotglOUI 7" : sin 45° ; cos 45°.
Dung bang lwong gidc hoac may tinh bd tii dé€ tim géc nhon x, biét
a) sinx = 0,5446 ; b) cosx = 0,4444 ; c)tgx =1,1111.
C6 goéc nhon x nao ma
a) sinx = 1,0100 ; b) cosx = 2,3540 ; c)tgx =1,6754 7
Cho hinh 14. Biét : A
AB = 9cm, AC = 6.,4cm,
AN = 36cm, AND= 90°, 9 36
DAN = 34°.
Hay tinh B C N D
a) CN ;
b) ABN;
c) Cﬁ
d) AD.
Cho hinh 15. Biét :

34

Hinh 14

ACE = 90°, AB = BC = CD = DE = 2cm.
Hay tinh

a) AD, BE ;

b) DAC;

c) BXD.

Hinh 15
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45.

46.

47.

48.

49.

50.
Sl.

(7]
o

%
2

112

Poan thang LN vuéng géc véi doan thang AB tai trung di€ém N ctia AB ;

M 12 mot diém clia doan thang LN va khéc véi L, N. Hiy so sdnh cdc géc
Khéng dung bang lugng gidc va mdy tinh bo tii, hdy so sinh

a) sin25° va sin70° ; b) cos40° va cos75° ;

c) sin38° va cos38° ; d) sin50° va cos50°.

Khéng dung bang lugng gidc va mdy tinh bo tii, hdy so sanh

a) tg50°28' va tg 63° ; b) cotg14® va cotg35°12" ;

c) tg27° va cotg27° ; d) tg65° va cotg65°.

Cho x 12 mét géc nhon, biéu thife sau day c¢é gid tri Am hay dirong ? Vi sao ?
a) sinx —1 ; b) 1 — cosx ;

C) sinX — COSX ; d) tgx — cotgx.

Khéng dung bang lugng gidc va mdy tinh bo tii, hdy so sinh
a) tg280 va sin28° : b) cotg42° va cos 42° ;
c) cotg73° vasinl7° ; d) tg32° va cos58°.

Tam giac ABC vuéng tai A, c6 AC = %BC. Tinh :

sinB, cosB, tgB, cotgB.
Tinh cdc gbéc cna tam gidc ABC, biét AB = 3cm, AC = 4cm va BC = Scm.
Dé v& mot tam gide cin b gbée & ddy 12 50° ma khéng c6 thude do gbc, mot
hoc sinh v& mot tam gidc cin c6 canh bén 3cm, canh ddy 4cm. Tinh géc &
ddy ma em hoc sinh d6 di v&. Sai s6 so vdi s6 do phai vé& 1a bao nhiéu ?
Bai tap b6 sung
Hay so sanh
a) sino. va tga, (0° < o < 90°);  b) cosa va cotga (0° < o < 90%).
c) sin35” va tg38° ; d) cos33° va tg61°.

Khoéng tinh gid tri cu thé, hiy sap xé&p céc ti s6 lwong gide sau theo thit tir
tir nhé dén 16n.

a) sin20°, c0s20°, sin55°, cos40°, tg70°.
b) tg70°, cotgb0?, cotg65®, tg50°, sin25°.



3.3.

Trong tam gidc vuéng c6 mdt canh gbe vudng bang b, gbc doi dién véi nd
bang B.

a) Hay bi€u thi canh géc vuéng kia, géc d6i dién véi canh nay va canh
huyén qua b va B.

b) Hiy fim céc gi4 tri cia ching khi b = 10cm, B = 50° (1am tron két qua
dén chir s6 thap phan thi ba).

Trong tam gidc vuéng c6 mot canh gbéc vudng bang b, géc nhon ké véi né
bang o..

a) Hay biéu thi canh géc vuéng kia, géc nhon ké véi canh nay va canh
huyén qua b va .

b) Hay tim céc gid tri ctia ching khi b = 12cm, o = 42° (1am tron két qua
dén chir s6 thap phan thi ba).

§4. Mot s6 hé thirc vé canh va géc trong tam giac vudng

3.

54.

Trong cdc bai todn tir day trd di, cdac két qud tinh dé dai, dién tich, cdc ti
s6 litong gidc duoc lam tron dén chit sé thdp phdn thit ba va cac két qud
tinh géc duoc lam tron dén phiit.

Cédc canh cua mot tam gidc c¢é dé dai 4cm, 6cm va 6cm. Hay tinh gée nhd
nhét cna tam gidc dé.

Tam giac ABC vuéng tai A ¢6 AB = 21cm, O =0E, Hay tinh cac do6 dai
a) AC; b) BC;
c) Phéan giac BD.

A

Cho hinh 16. Biét :
- 0] 42°
AB = AC = 8cm, CD = 6cm, BAC = 34° 8
va CAD = 42°. Hiy tinh g
a) D6 dai canh BC ; . B
S 6

b) ADC ; C
¢) Khoang cach tir diém B dén canh AD. Hinh 16
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55. Cho tam gidc ABC trong d6 AB = 5cm, AC = 8cm, BAC = 20°. Tinh dién
tich tam gidc ABC, c6 thé dung cdc théng tin dudi day néu can
sin20° ~ 0,3420, cos20° » 0,9397, tg20° = 0,3640.

56. Tir dinh mét ngon dén bién
cao 38m so v4i mat nudc
bi€n, ngudi ta nhin thiy

mot hon dio dudi gée 30°
so véi dudng nam ngang
chin deén (h.17). Hbi
khoang cédch tr dao dén
chain d&n (& muc nude
bién) bang bao nhiéu ? Hinh 17

57. Trong tam giac ABC c6 A
AB = llcm, ABC = 38",

ACB = 30°, N Ia chan dudng
vuéng géc ké tir A dé€n BC 30° _ 389
(h.18). Hay tinh AN, AC. c N B

58. (h.19) Hinh 18

Dé nhin thdy dinh A cfia A
mot vach da dung ding,
ngudi ta da ditng tai diém
P cach chan vach da moét
khoang 45m va nhin 1én

wgc

mot géec 25° so véi dudng a -
nam ngang (gbéc nhin lén
nay dugc goi la gbc Hinh 19
"nang"). Hay tinh do6 cao cua vach da.

59. Tim x va y trong cac hinh sau (h.20) :
&

A ] 609 40 A P Q B

a) b) c)
Hinh 20
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60.

61.

63.

64.

65.

66.

67.

Cho hinh 21. Biét : Q
QPT = 18°,

PTQ= 150",
150°

T = 8cm, 18°
Q P T 5 R

TR = 5cm.

Hay tinh

a) PT ;

b) Dién tich tam giac PQR.

(h.22)

Cho BCD la tam gidc déu canh 5cm

va géc DAB bang 40°. Hay tinh

a) AD ; 40°

b) AB. A B ¢

Cho tam giac ABC vuobng tai A, Hinh 22
duwong cao AH. Bi€t HB = 25cm,

HC = 64cm, tinh B, C.

Hinh 21

Cho tam gidc ABC ¢6 BC = 12cm, B=60°, C=40°. Tinh

a) Duong cao CH va canh AC ;

b) Dién tich tam giac ABC.

Tinh dién tich cua hinh binh hanh cé hai canh 12cm va 15cm, géce tao boi
hai canh &y bang 110°.

Tinh dién tich hinh thang cén, biét hai canh ddy 1a 12cm va 18cm, géc &
ddy bang 75°.

Mot c6t cd cao 3,5m cé béng trén mat dat dai 4,8m. Hoi gée gitra tia sang
mat troi va béng cét co la bao nhiéu ?

Tir dinh moét toa nhi cao 60m, ngudi ta nhin thdy mot chi€c 6 t6 dang dé
duéi moét géc 28° so véi dudng nam ngang. Hoi chi€e 6t6 dang db cich

toa nha dé bao nhiéu mét ?
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68.

69.

70.

71.

Bai tap bo sung

4.1.
4.2.

116

Mot em hoc sinh ditng & mit dat cdch thiap dng-ten 150m. Bi€t rang em
nhin thdy dinh thdp & géc 20° so véi dudng nam ngang, khoang céch tir
mat d€n mat dit bang 1,5m. Hay tinh chiéu cao cua thép.

Hai cot thang dimg clia hai trai A va B, ctia 16p 9A va 16p 9B, cdch nhau
8m. Tir mot céi coc & chinh gitra hai c6t, nguoi ta do duwoc géc gitra céc
day cang tir dinh hai c6t clia hai trai A vd B d€n coc tao v6i mat dat 1an
lwot 12 35° va 30°(h.23). Hoi trai nio cao hon va cao hon bao nhiéu mét ?

A
B

33 300“
x}l

Hinh 23

Mot nguoi trinh sat ding cach mot toa
nhia moét khoang 10m. Géc "nang" tir chd

anh ta dimg dén néc toa nha 14 40° (h.24) .
a) Tinh chiéu cao clia toa nha.

b) Néu anh ta dich chuyén sao cho géc

"nang" 13 35° thi anh ta c4ch tod nhi
bao nhiéu mét ? Khi dé anh ta ti€n lai
gan hay ra xa ngéi nha ?

Mot chi€c diéu ABCD c¢é6 AB = BC,
AD = DC. Biét AB = 12cm, ADC = 40°, C

ABC = 90° (h.25). Hiy tinh
a) Chiéu dai canh AD ;

b) Dién tich cua chiéc diéu. A B

Hinh 25

Trong tam gidc vuéng cé hai canh géc vuéng 1a a, b ; géc déi dién véi
canh a 1a o ; géc d6i dién véi canh b 1a B va canh huyén 13 ¢. Hiy tim
khang dinh ding trong cdc bai (tir4.1 dén 4.4).

(A)a=csino; (B)a=ccosa; (C)a=ctga; (D)a=ccotga.
(A)a=csinp; (B)a=ccosp; (C)a=ctgB; (D)a=ccotgp.



4.3.(A)a=bsina; (B)a=bcosa; (C)a=btga;(D)a=bcotga.
44.(A)a=>bsinB; (B)a=bcosp; (C)a=btgp;(D)a=bcotgp.

4.5.

4.6.

4.7.

4.8.

Hay tim dién tich ctia tam gidc cAn cé géc & ddy bang o. n€u biét :

a) Canh bén bang b ; b) Canh ddy bang a.

Trong hinh thang ABCD, téng ctia hai ddy AD va BC bang b, dudng chéo
AC bang a, géc ACB bang o.. Hiy tim dién tich cta hinh thang dé.

Cho tam gidc ABC c¢6 BC = 7, ABC = 42°, ACB = 35°. Goi H la chan
dudng cao cta tam gidc ABC ké tir A. Hay tinh AH (lam tron két qua dén
chtr s6 thip phén thit ba).

Cho tam gidc nhon MNP. Goi D 1a chan dudng cao cua tam gidc dé ké
tir M. Chitng minh rang
1 MN.sin N
S = —MP . NP.sinP ; b) DP = —— ;
a) Synp 5 sin ) g P
c) ADNE v AMNP, trong dé E 1a chian dudng cao cua tam gidc MNP ké
tir P.

L

§5. Ung dung thuc té& céac ti s8 lugng giac clia géc nhon

72.

73

Bai todn cai thang
Thang AB dai 6,7m tira vao twdng 1am thanh géc 63° véi mat dat (h.26). Hoi
chiéu cao clia thang dat duoc so véi mat dat ?

A

5 36°50' O
63 11,6m
B H
Hinh 26 Hinh 27

Bai toadn cot co
Lam diy kéo c& : Tim chiéu dai ctia day kéo cd, biét béng cta codt cd (chiéu

b&i 4nh sdng mat trdi) dai 11,6m va gée nhin mat trdi 12 36°50' (h.27).
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74.

75.

76.

Ti.

78.

118

Bai toan con méo

Mo6t con me&o & trén canh cdy cao 6,5m. DE bat méo xudng cin phai dat
thang sao cho dau thang dat d6 cao dé, khi dé gbc clia thang véi mat dat
14 bao nhiéu, bi€t chiéc thang dai 6,7m ?

Bai todn dai quan sdat

Dai quan sit & Toronto, Ontario, Canada cao 533m. o} mot thdi diém nio

dé vao ban ngay, Mat Troi chi€u tao thanh béng dai 1100m. Hoéi lic dé
gdc tao bdi tia sdng mat troi va mat dat 1a bao nhiéu ?

Bai todn hai ddng

Mot ngudi quan sat & dai hai iz
dang cao 80 feet (don vi do
lwong Anh) so véi mat nudc
bién, nhin moét chi€c thu & xa

Pt Pl Pl Pl Pl gt gt gt gt Pt Pt Pt

P - 0 ' . 9 - Pl Pt Pt Pt Pt gt Fagt Pt Py W Py Py
véi gbe 0742'. Hoi khoang cédch N Pt Pt P P P ot Pt Pt Pt Pt Pt P
tir tau dén chén hai dang tinh

- L 1N o 9
theo don vi hai li 1a bao nhiéu ? Hinh 28

(1 hai 1i = 5280 feet) (h.28).

Bai toan may bay ha canh

Mot may bay dang bay & d6 cao 10km. Khi bay ha cdnh xuéng mat dat,

duong di cia mdy bay tao mét gbe nghiéng so véi mat dat.

a) Néu phi céng muén tao géc nghiéng 3° thi cdch san bay bao nhiéu

kilémét phai bat ddu cho may bay ha c4nh ?

b) Néu c4ch san bay 300km ma4y bay bat ddu ha cdnh thi géc nghiéng 1a

bao nhiéu ?

Bai todn chiéu xa chita bénh % i 8,3cm . da

Mot khéi u cua mét bénh nhan .

cdch mat da 5,7cm, dugce chiéu @@ i

b&i mét chum tia gamma. DE 5 Tein

tranh 1am tén thwong mo, bac J(
khéiu

si dat ngudn tia c4dch khéi u
(trén mat da) 8,3cm (h.29).

a) Hoi gbéce tao boi chum tia véi Hinh 29
mat da ?

b) Chiim tia phai di mot doan dii bao nhiéu dé dén diroe khéi u ?



79.

Bai todn tau ngam
Tau ngdm dang & trén mat bié€n
béng dot ngdt lan xubng theo
phuwong tao véi mat nude bién
mot gée 21° (h.30).

a) Néu tu chuyén déng theo phuong
lan xuéng dwoc 300m thi né & dé
sdu bao nhiéu ? Khi dé khoang
cidch theo phuong nim ngang so
v&i noi xuét phat 1a bao nhiéu ?

b) Tau phai chay bao nhiéu mét
dé dat dén d6 sau 1000m ?

Bai tap bo sung

S.1.

(h.bs.5). Mé ta cédnh cua mot
may bay. Hay tinh cac do dai AC,
BD, AB cua
theo cdc s6 liéu duge cho trong
hinh dé.

cainh may bay

On tap chuong |

80.

81.

Hiy tinh sino. va tgo., néu
a) cosol =— ;
13

Hiy don gian cdc biéu thite
. 2

a) l —sin“o ;

b) (1 — cosa)(1 + cosa) ;
.2 2

c)l +sin"o+ cos™a ;

5 . 2
d) sino. — sino.cos o ;

b) cosal = 1— :
17

P Pt Nl vl P P Pt Pl

Vot Pt it P vl P Sl v P v P P

Hinh 30

Hinh bs.5

c) cosa. = 0,6.

e) sino + cos’o + 2sin’a cos’a :
2 g, 2
g)tg o —sinatg o ;
2 2 2
h) cos"a. + tg oL cos . ;

1) tgza (200520(. + sin’o, — 1).
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8s.

86.

87.

120

Trong mét tam gidc véi cac canh c6 d6 dai 6, 7, 9, ké dudng cao dén canh
16n nhit. Hiy tim d6 dai dudng cao nay va cic doan thang ma né dinh ra
trén canh 16n nhat dé.

Hiy tim d6 dai canh ddy cua mét tam gidc cén, néu dudng cao ké xubng
ddy c6 do dai la 5 va dudng cao ké xuéng canh bén cé do dai 1a 6.

Tam gidc ABC vuéng tai A, AB = a, AC = 3a. Trén canh AC lay cdc di€ém
D, E sao cho AD = DE = EC.

DB

DC

b) Chitng minh ABDE es ACDB.

¢) Tinh téng AEB + BCD bang hai cich

Cdch 1 : St dung két qua & cau b) ;

a) Chirng minh DE..
DB

Cdch 2 : Dung mdy tinh bo tdi hoac bang lwong giac.
(h.31)

Tinh géc o tao bdi hai mai nha, i ]

. S = . . » v Fb
bi€t rang moi mai nha dai 2,34m P> 0.8
va cao 0,8m. -.

Cho hinh 32. Biét :
AD 1 DC, DAC = 74°,

Hinh 31

AXB = 123°, AD = 2.8cm,
AX =5,5¢cm, BX =4,lcm.
a) Tinh AC.

b) Goi Y 14 diém trén AX sao cho
DY // BX. Hay tinh XY.

Hinh 32
c) Tinh dién tich tam giac BCX.
Tam gidc ABCcé A =20°, B=30°, ¢
AB = 60cm. Budng vuéng gbéc ké
tir C dén AB cat AB tai P (h.33). 500 300
Hay tim A P B
a) AP, BP ; Hinh 33
b) CP.



88.

89.

90.

91.

Diém ha c4nh cia mét may bay

trire thang & gitra hai ngudi quan

sat A va B. Biét khoang cich gitra

hai nguoi nay la 300m, géc "nang"

dé nhin thdy may bay tai vi tri A 1a 40° 40°
40° va tai vi tri B1a 30° (h.34). Hiy B 300m A
Hinh 34

tim d6 cao cua may bay.
Cho hinh thang véi ddy nhé 1a 15cm, hai canh bén bang nhau vi bang

25cm, gbe ti bang 120°. Tinh chu vi va dién tich ctia hinh thang dé.

Cho tam gidc ABC vuéng & A, AB = 6cm, AC = 8cm.
a) Tinh BC, B, C.

b) Phan gidc clia géc A cat BC tai D. Tinh BD, CD.

c) Tir D ké DE va DF lan luot vuéng géc véi AB va AC. Tw gide AEDF la
hinh gi ? Tinh chu vi va dién tich cta tit gidc AEDF.

Cho hinh thang ABCD c6 hai canh bén 13 AD va BC bang nhau, dudng
chéo AC vubéng gbéc v6i canh bén BC. Biét AD = 5a, AC = 12a.

2) Tinh 51’11B + cosB _
sinB —cosB

b) Tinh chiéu cao cta hinh thang ABCD.
Cho tam giac can ABC, AB = AC = 10cm, BC = 16cm. Trén dudng cao

AH 14y di€ém I sao cho Al = %AH. Vé tia Cx song song véi AH, Cx cat

tia BI tai D.
a) Tinh cdc gbc cua tam gidc ABC.
b) Tinh dién tich ti giac ABCD.
Cho tam gidc ABC. Biét
AB=2lcm, AC = 28cm, BC = 35cm.
a) Chirng minh tam giac ABC vuéng.
b) Tinh sinB, sinC.
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94.

935,

96.

02,

98.

99.

122

Cho hinh thang ABCD. Biét hai diy AB = a va CD = 2a, canh bén
AD=a, A =90°.

a) Chirng minh tgC = 1.

b) Tinh ti s& dién tich tam gidc DBC va dién tich hinh thang ABCD.

c¢) Tinh ti s6 dién tich tam gidc ABC va dién tich tam gidc DBC.

Cho tam gide ABC c¢6 géc B bang 120°, BC = 12cm, AB = 6cm. Dudng
phan gi4c ctia géc B cat canh AC tai D.

a) Tinh d6é dai duong phan giac BD.

b) Goi M 14 trung diém clia BC. Chitng minh AM 1 BD.

Cho tam gidc ABC vuéng tai A, dudng cao AH chia canh huyén BC thanh
hai doan BH, CH ¢6 d6 dai lan lugt 1a 4cm, 9cm. Goi D va E lan luot 1a
hinh chi€u cta H trén AB va AC.

a) Tinh d6 dai doan thang DE.

b) Céc dudng thang vuéng géc véi DE tai D va tai E 14n lwot cat BC tai M
va N. Chitng minh M 13 trung diém ctia BH va N 13 trung di€m ctia CH.

c) Tinh dién tich tir gidc DENM.
Cho tam gidc ABC vuéng 6 A, Ei = 30°, BC= 10cm.

a) Tinh AB, AC.

b) Tir A ké AM, AN lan luwot vuéng géc véi cic duong phéan gidc trong va
ngoai ciia géc B. Chirng minh

MN // BC va MN = AB.
c¢) Chitng minh hai tam gidc MAB va ABC déng dang. Tim ti s6 déng dang.
Cho tam giac ABC c6 AB = 6cm, AC =4,5cm, BC = 7,5cm.
a) Ching minh tam giac ABC vubng tai A. Tinh cac gbéc ]§ C va duong

cao AH cua tam gidc.
b) Tim tap hop cdc diém M sao cho Spyge =Spypc -
Goi AM, BN, CL Ia ba dudng cao cua tam gidc ABC. Chirng minh

a) AANL e» AABC ;
b) AN.BL.CM = AB.BC.CA .cosAcosBcosC.



Bai tap b6 sung

L1.

L3.

I4.

L.5.

Tam gidc ABC c¢6 A = 105°, B = 45°, BC = 4cm. Tinh d6 dai cc canh
AB, AC.

Cho hinh vuéng ABCD c¢6 canh bang 2a. Goi M, N 14n lwot 12 trung diém
cua BC, CD. Tinh cosMAN.

Cho tam giac ABC can tai A, dwong cao BH. Hay tinh gbéc A va céac canh
AB, BC, néu bi€t BH=hva C = a.

Hinh binh hanh ABCD cé ;& =120°, AB = a, BC = b. C4c dudng phan

gidc cia bén géc A, B, C, D cat nhau tao thanh tif gidc MNPQ. Tinh dién
tich tir giac MNPQ.

Cho tam giac ABC vuéng tai C co B = 37°. Goi I 1a giao diém ctia canh
BC véi duong trung true cuna AB. Hay tinh AB, AC, néu biét BI = 20.
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B. L3I GIAI — CHi DAN - BAP $&

§1. Mdt s6 hé thirc vé canh va dudng cao trong tam giac vudng

Cdc dinh li 1, 2, 3 duoc sit dung dé gidi bai tap trong muc nay thuéc §1
chuwong I, phdn Hinh hoc, SGK Todn 9, tdp mét.

1. a) Hudng ddn : Diung dinh 1i Py-ta-go dé tinh x + y, sau d6 ding
dinh 11 1 dé tinh x va y.

25 g 49

N74 T T4

b) Huong dan : TruGe hét tinh y nhd dinh 17 1, sau d6 tinh x (x =16 — ).

Ddp s6 :y=12,25; x=3,75.

Ddp 56 : x =

2. a) Apdungdinhlil.
xX!=22+6)=16=x=4.
Y =6(2+6) =48 = y =418 = 443
b) Ap dung dinh 1i 2 ta c6 x = 4.
3. a) Ap dung dinh 1i Py-ta-go tinh y, sau dé 4p dung dinh 1{ 3 tinh x.

x:i; y =130

130

b) Trong tam gidc vudng, trung tuyén thudc canh huyén bang nira canh
huyén, do dé x = 5.

Ap dung dinh 1 Py-ta-go, ta cé y = S\E.

4.  a) Huédng dan : Dung dinh 1i 2 d€ tinh x, sau dé tinh y bang dinh 1i Py-ta-go
hay dinh Ii 1.
Ddp 56 : x =45 ; y=4/29,25 .
b) Huong dan : £ = é = i = é = AC=20. Biét AB, AC, dung
AC 4 AC 4
dinh 1i Py-ta-go dé tinh y, sau d6 4p dung dinh 1i 3 dé tinh x.
fhip 56y =255 % =12,
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a) Huéng ddan : Cdch 1 : Truée tién dung dinh 1i Py-ta-go dé tinh AB,
sau dé dung dinh 1i 1 tinh BC. Tir d6 suy ra CH (= BC — HB). Cu6i clng
dung dinh 1i 1 hoac dinh 1i Py-ta-go dé tinh AC.

Cdch 2 : Cing c6 thé tinh truée CH nhd dinh 1i 2, sau dé tinh BC, réi
tinh AB, AC nho dinhli 1.

Pdp s6': AB = /881 ~ 29,68 ; BC=35,24;
CH=10,24; AC~ 18,99.

b) Huéng dan : Cdach 1 : Dung dinh 1i 1 tinh BC, tir d6 suy ra CH (= BC — HB).
Diing dinh 1i 2 dé tinh AH. Cuéi cling diing dinh 1 1 dé tinh AC.

Cdch 2 : Cing c6 thé ding dinh 1i Py-ta-go dé tinh ngay AH. Sau d6 diing
dinh 1i 2 d& tinh CH tir d6 suy ra BC va cu6i ciing tinh AC nhd dinh 1i 1 hoac
dinh 11 Py-ta-go.

Ddpsé: BC=24;CH=18;

AH = 108 » 10,39 ; AC= /432 ~20,78.

(h.35)
7 A
BC = V5% + 77 = \J74;
ABAC 35 5 Y
AH = = §
BE ik
B H C
AB*> 25
=3~ T
74 Hinh 35
2
cgp=AC_ 49 M
BC 74
(h.36)
MN’=NQNP=3.7=21 = MN = 21 :
N 3 Q 4 P
2_ " iy oty
MP>=PQNP=4.7=28 =MP=+28 . S, 55
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10.

126

(h.37) Gia str tam gidc vuébng cé cac <

canh géc vuéng 1a a, b vd canh huyén

la c. Gia str ¢ 16n hon a 1a lcm. Ta cé y .

hé thirc
c—l=a; an A ¢ B
atb-c=4; (2) Hinh 37
a’+b>=c”. (3)

Tw(l)va(2)suyrac—1+b—-c=4hayb=35.
Thaya=c—1vib=5vio (3)tacé(c— 1)>+5%=c2
Suyra -2¢+1+25=0.

Dodd,c=13vaa=12.

Ddp s6:a=12cm ; b=5cm ; ¢ = 13cm.

(h.38)
Ta c6 cac hé thire sau
a+b=35; (1)
a b =27 (2)
Gidsir @ <b. Tr()va(Qsuyraa=1;  "====-- g

b' = 4. Canh nhé nhét cua tam gidc
vuéng da cho 1a canh a (c6 hinh chi€u

trén canh huyén 1i a'), ta cé
32=5a'=5.1,suyraa=\/§.
Huéng dan : Ti s6 gitra hai canh géc vuéng 1a 3 : 4, nghia 13 : Néu mot
canh c6 d6 dai la 3a thi canh kia c6 d6 dai 1a 4a. Tim a tur hé thirc
(32)” + (42)” = 1257 (a = 25).

Tir d6 biét hai canh géc vuéng 1a 75 va 100. Tro lai bai todn : Biét ba
canh cua moét tam gidc vuéng. Tim hinh chi€u ctia hai canh géc vuéng

trén canh huyén. Ap dung dinh 17 1.

Ddp 56 : T5cm ; 100cm ; 45¢m ; 80cm.



11.

13:

14.

(h.39) A
AABH e=» ACAH = & = ﬂ
CH 30
5 30
= —=—— = CH = 36.
6 CH B H C

) Hinh 39
Mat khac, BH.CH = AH

2 2
AR 30
CH 36
Ddp s6 : HB = 25c¢m ; HC = 36¢cm.

= BH =

Vi A, B cung cidch mat dat 230km nén tam gidc OAB cén tai O. Mat
khdc, khoang cidch AB bang 2200km va bin kinh Trai D4t gin bang
6370km, nén ta cd

OH = VOB? - HB? = /42350000 ~ 6508 > 6370.

Vay hai vé tinh d6 nhin thidy nhau.

a) Dung tam gidc vuéng véi hai canh géc vuéng bang a va b. Khi dé,
canh huyén cta tam gidc niy c6 do dai Va2 + b .

b) Dung tam gidc vuéng c6 canh huyén 13 a, mét canh gbc vuoéng 1a b.
Khi dé canh géc vuéng kia c6 do dai vaZ -2 .

(h.40).

Trén dudng thang x 14y ba
diém lién ti€p A, B, C sao
cho AB = a, BC = b. V& nira D
duong tron duong kinh AC.
Twr B ké dudng vuéng gbdc

vEn A:C ;) du’ou\lg vu?ng fgoc . LB

nay cat ntra duong tron tai D. A e ae”B e e C
. 42 2 2 : b

Khi dé, doan thang DB c6 doé .

dai +fab . Hinh 40
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15.
16.

17.

128

Luu ¥ : Vi D nam trén dudng tron dudng kinh AC nén :

OA=OC=OD=£-

Tam gidc ACD c6 dudng trung tuyén OD tng véi canh AC bang mot

ntra canh AC nén 1a tam gidc vuéng tai D.
Ddp s6 : Do dai bang chuyén gin bang 10,8m.
Vi5?+ 127 =169 = 137

nén tam giic da cho la tam giac vuéng va géc déi dién véi canh c6 d6 dai

13 chinh 1a géc vuéng.

(h41) B C
Cach 1 : Trong tam giac ABC, goi
duong phan gidc cua géc B la BE.
Theo tinh chit dudng phan giic trong
ctia mot tam gidc, ta c6 : E
.
E:E hay E:ﬂ (D A D
AB CB CE CB
Hinh 41

Thay gia tri cia AE, CE vao (1) ta cé

A2

Y AR AB 3 -

SE CB CB 4

1

Bién déi (2) bang c4ch binh phirong hai vé, ta ¢6

AB* 9

—=— (3)

CB 16
Tir (3) suy ra

AB’ +CB’  9+16 Ae> 5

5 = ha —2 = —2 (4)
CB 16 CB 4

Tir (4) suy ra

AC 5

s N 5

= (5)

Mat khac, ta c6

AC=AE+EC=4%+S%:10.



18.

Thay gia tri cua AC vao (5) ta tim duoc

BC=8.
Thay gia tri cua BC vao (2) ta tim duoc
AB = —3BC:£:6.
4 4

Vay cdc kich thude ctia hinh chir nhat 1a 6m ; 8m.

Cach 2 : Lam twong tu nhu trong cach 1, tinh duge AB = %CB.

Trong tam giac vuong ABC, ta c6
AR +BC” = AC?

hay %Bc2 + BC? = (AE + EC)? = 100.

Tir d6 suy ra BC’ = 64.
(h.42) &

Goi Py, P,, P; lan lwot 1a chu vi cta tam
gidc AHB, CHA va CAB.

AAHB e» ACHA suy ra

B H
0,55 (1)
P, CA Hinh 42

Tir (1), ta c6 :
AB 3 AB AC

AC 4 3 4

- AB? AC? AB’+AC? BC
32 4 3% 142 52
= %:%:%:AB:AC:B(Zz?):éL:S.

Mat khac AAHB e» ACHAe» ACAB, suy ra
P:P,: P;=AB:AC:BC=3:4:5.
Vay néu P; = 30cm, P, = 40cm thi P; = 50cm.
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19.

130

(h.43) N

Trong tam giac vuéng ABC,
AB =6, AC=8,suyraBC=10
(dinh 11 Py-ta-go).

M
Véi duong phéan giac BM, ta c6
Ay M B C
AB CB
AM AB Hinh 43
hay —_——
CM CB
AM AB
Suy ra =
AM+CM AB+CB
AM 6
hay —_=—
8 16
Suyra AM =ﬂ =
16

Xét tam gidc BMN. Do BM va BN lan luot 1a dudng phan gidc trong va
dudng phan gidc ngoai tai dinh B cua tam gidc ABC nén BM L BN.
Vay tam giac BMN vuoéng tai B.

Véi dudng cao BA itng véi canh huyén MN ta cé
BA”=AM . AN.
Suy ra
AN=BA?: AM =6%:3=12.
Ddp s6 : AM = 3cm ; AN = 12cem.

Hudng ddn : Pat cdc doan thang trong dang thitc cin chitng minh vao cdc
tam gidc vuéng thich hop, réi 4p dung dinh 1i Py-ta-go dé€ chitng minh.
Chang han :

BD’ = BM? - MDQ,... Liru ¥ hodn vi cdc s6 hang clia téng mot cich
thich haop.



Bai tap b6 sung

1.1.

1.4.

L3.

1.6.

. . . 3 AB HA
Huong dan : AABC «» AHAC nén 1-AC - TC
suy ra HC = %HA = 12. Chon (C).

7 s . 4 AB HB
Huong dan : AABC ¢« AHBA nén e o
suy ra HB = %HA = 4—58 = 9,6. Chon (B).

. Huong dan :

a) h2 = b'c' kéo theo h =48 ; a=b' + ¢ = 100 tir b> = ab' suy ra b = 60,
tir ¢ = ac' suy ra ¢ = 80.

2

C

b)c'=-—=4,b=a-c=50b’=ab =45nénb = 35 ; h’ = b'c' = 20,

a
nén h = 2\/5.

5 ) b2 2
Tweb™ =ab', ¢ =ac'suyrab' = - ¢'= —,
a) Hai cach :

Cdach 1. Dung cong thirc tinh dién tich tam giac vuéng ABC :

5= lah: lbc suy ra h = E
2 2 a

. AC BC
Cdch 2. Dung t idc dong d : AABC oo AHBA —_—= =
dch ung tam gidc dong dang w suy ra BA

., .« b _a be

ticla —= —, viy h= —.

h ¢ a

b> b’

b) Tir b2 =ab', (:2 =ac' suyra i =
c

Xét tam gidc ABC vuéng tai A véi AB > AC, goi AH la dudng cao ké tir
A thitacé:

AB 6 .., AB> BH 9 36 25
E_g’HB_'()'TlrdoAC2_CH_BC—_()_%IEHBC_'()_T’

suy ra BC = % = 15% (cm).
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1.7.

1.8.

1.9.

1.10.

132

Xét tam giac ABC c6 AB = 5cm, AC = 12cm, BC = 13cm.

Vi 132 = 52 + 12° nén A ABC 1 tam gidc vuong tai A. Goi AH 12

. e AB®> 25 25 144
duong cao ke tir A thi HB = BC - ﬁ(cm), HC=13- B-13 (cm).
2 2 . ) ) 127
AH” = HBHC =12 = 144 ma HC = 3HB nén HB" = = = 48, suyra

HB = 443, HC = 124/3 vA BC = HB + HC = 163 (cm).

(h. bs. 6). a) Hai tam gidc vuéng HCD vid DCM déng dang (c6 clng gbc
nhon taiC) ma ADCM o AABM (vi la hai tam gidac vubng coé

DMC = AMB), vay AHCD » AABM. Khang dinh a) 13 ding.

b) Theo cau a), tir AB = 2AM, A

suy ra HC=2HD. Ta ¢c6 HC < MC

(H 1a chan duong cao ha tir D D
ctia tam gidc DCM vuéng tai D)
nén HC =2HD < MC = AM < AH
(do M nam giira A va H), vi

4 s B C
th€ 2HD khéng thé bang AH.
Khang dinh b) 14 sai. Hinh bs. 6
(h.bs. 7) Hai duong chéo AC,
BD cat nhau tai H. Trong tam A Ilg B
gidc vuéng ABD, ta cé l
D _AD’ 4 4 i
HB  AB? 6 O :
1
Dé thay AHDC en AHBA nén ]
LIANCICW . p— :
AB mB 90" D c
4 8 i
o = Hinh bs. 7
DC 5 6 3 (cm).
Ké dudng cao CK cilia tam gidc ABC, dé thAiy KB=AB-DC= 6 - % = g
Tir d6 BC® = KB” + KC* = KB® + AD” = %er: %



J244 2461
8 3
Tam gidc vuong ABD c6 DB’ = AB® + AD? = 6 + 4% = 52, tir d6

DB = /52 = 213 (cm).

suy ra BC = (cm).

§2. Ti sd lugng giac clia géc nhon

21. (h.44)
V& tam gidc vudong ABC, cb A= 90° , B = 40°, B
Po cdc canh cha tam gidc, chang han AB = c,
AC=0Db,BC=a. Khidé
¢ a
sin40° = AL E cos40° = AR g
a a
AC b AB A b
c
tgd0° = — = —, cotg4(’ = — = —. ;
g AB o cotg AC b Hinh 44

22. Huwdng dan : V& tam gidc ABC vuodng tai A.

Viét c4c ti s6 sinB, sinC theo c4c canh clia tam gidc ABC.

. " . sinB .. |,
Thue hién phép chia roi rit gon.

sinC
o AB
23. Huwuong dan : cosB = BC = AB =BC cosB.

Ddp 56 : 6,928 (cm).

o A g Ly B D g e B ey
AB 26 12 12

b) BC = yAB? + AC? = 6.5 (cm).

25. Ddp sé: a)x=~ 58,769 ;
b) x » 20,305.
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26. Huong ddn : Tinh canh BC, sau d6 tinh cdc ti s6 luwong giic cua géc B

theo dinh nghia.

Vi B va C 1i hai géc phu nhau nén tir c4c ti s6 luong gidc cua goc B suy

ra cdc ti s6 luong gidc cta goc C.
27. (h45) A

Trude tién, dua vao cac hé thice giira
canh va dudong cao cua tam gidc
vuéng, tinh AH, BC (dé6i véi céu a)) ;
Tinh AB, AC (d6i vé6i clu b)). Sau dé, B H c
viét sinB, sinC theo dinh nghia réi viét

két qua dudi dang s6 thap phén. Himetn
Ddp 56 :
a) sinB = 2 ~ 0,9231 ; sinC = i ~ 0,3846 ;
13 33,8
b) sinB = £ ~0,7559 ; sinC = ﬁ ~ 0,6547.
BC BC

28. Hudng dan : St dung quan hé giirta cdc ti s6 lwong giidc cua hai géc
phu nhau.

29. Papsé: a)l; b) 0.

30. Pdp 56 : cotgP =2 cotgN.

31. Ddp sé:6va 51962,

32. a)bdpsé:15;
b) Huéng dan : Trudc tién tinh CD trong tam gidc vuéng BCD.
Ddp 56 : AC =13,

33. Hudng dan : St dung k€t qua cta bai tip 14 chwong I, phdn Hinh hoc, sdch
gido khoa Todn 9 tap mot.
Ddp 56 : sino. = 0,6 ; tga. = 0,75 ; cotga, ~#1,3333.

34. a) (h46) tga = % nén o la moét gbc

nhon cua tam gidc vuéng c6 hai canh
g6c vubng la 1 va 3, tir do6 ta tinh dugce 3
canh huyén khoang 3,1623.

Hinh 46
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35,

36.

Vay sino =
3,1623

b) Twong tu céu a) ta c6

sino. = 0,8 ; cosa. = 0,6.

Dura céc ti s6 lwong gidc vé dang phan s6.

~ 0,3162, cosa =

~ 0,9487.

— Dung tam gidc vudéng biét canh huyén v canh géc vuéng (hoac hai

canh géc vudng) 14n lwot bang tir vA mau cia cdc ti s6 luong giic.

— Trong mdi tam gidc vudéng dé, xic dinh géc o twong iing.

Vidu:

sina. = 0,25 = sina. = %

Dung tam giac vuéng c6 canh
huyén bang 4 va canh gbéc vuobng
bang 1. Trong tam gidc d6, o 1i
gbc d6i dién véi canh bang 1.
(h.47)

== EH Bl 8
a) tgBAC= — = —— = — ;

AH 7-1 6

toBAC ~ 1,3333.

b) AC = \/AHZ P =

—JT-12+©-17 =10.

(h48) Ké dudng cao xuét phat tir
dinh géc 70°. Chang han ta cé
phuong trinh sau

x.sin30° = 4sin80°.
Lam tuong tu bai 37 ta co

sinl, = m ~ 0,3333.

L]

¥
101

Hinh 48
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Bai tap b6 sung

21.
22.
2.3.
2.4.
2.3.
2.6.
2.
2.8.
2.9.

2.10.
2.11.

2.12.

!_0
[
»

136

.Do AB = %BC nén sinC = — =

(D).
(©).
(D).
(A).
(B).
(D).
(B).
(A).
(©).
(D).
(D).

2 5 3 3 . 3
CcOS O = 1 — 8in o = I nen cosol = 7

sino,  1/2 1 3
tgo, = = =T bl

cosoL J§/2 ,J:’: 3
1
cotgol = tg_C(. = \/?_)

.sinoz.lel—(:ut;ns2 = —2:§.

f—

6

sin o, \ﬁ 1 3\ﬁ

tgo = =3 cotga——a:T_—

L g 1242
B E.Tu’docosC— 1—6—7,

A

ov}

sinC | \E 4 2\6-

= =——=—, cotgC= —4—= =

cosC 22 4 0

.a) 2sin30° — 2c0s60° + tg45° = tg45° = 1 (do sin30° = cos60°).

b) sin45° + cotg60°.cos30° =

m|ﬁ

B_1+42
2 2

T



.16.

A7,

c) cotgd4d® . cotgd5® . cotgd6’ = cotgd5® = 1
(vicotg44® = tg46° (do 44° + 46° = 90°)
ma tgd6° . cotgd6’ = 1).

Ké dudng cao BH cta tam gidc ABC thi H
nim trén tia AC (d€ BAC = 60° 1a gbc
nhon), do d6 HC? = (AC— AH)?

(xem h. bs. 8a, 8b).

Céng thirc Py-ta-go cho ta A

BC? = BH? + HC?
= BH? + (AC- AH)?
- BH? + AH® + AC* - 2AC.AH
= AB%+ AC?- 2AC AH.

Do BAC = 60° nén AH = AB cos60° = %,

suy ra BC> = AB” + AC’ - AB.AC.
Gia str hai dudng chéo AC, BD cat

nhau tai I, AIB = a 1A g6c nhon (xem
h. bs. 9).

Ké duong cao AH cua tam gidc ABD va
dudng cao CK ctia tam giac CBD.

Ta c6 : AH = Alsina, CK = CIsina, dién

; 1
tich tam gidc ABD la Sppp = EBD.AH,

dién tich tam giac CBD la
1
SCBD = EBDCK
Tir d6 dién tich S cua tir gidc ABCD la

S = SABD + SCBD = %BD (AH + CK)

1
~BD.(AI+CDsina,

%BD.AC sinot.

B
o
H C
Hinh bs . 8a
B
60°
A C H

Hinh bs. 8b

Hinh bs. 9
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sin o,
l-teo - CcoSO. — sina,
2.18. 2) go cosOL _

a-iv

l+tga { sino.  coso. + sino.

cos oL

coso. —sino. I —tgo
coso. + sina. 1 +tga

3cotg 60° \./3T \E

2.19. a) - - = 2\3.

2c0s?30° - 1 2[‘5]2 B 3 4

b)

b) cos60° N Ll . 3 g 1 J3= 2(2+J_)

+43=——+
L +sin60°  1g30° 3 y P

= 2

&
P
(=]

. (h.bs. 10). Ké duwdng cao CH cua tam gidc ACD vuéng tai C. Khi dé
AH=BC=4, HD=AD-AH=12.
Tir d6
HC? = HA HD =48, viy HC = 44/3.

12

Trong tam giac vuéng HCD, ta c6

_HC_43_\3_

nén D = 30°, Suy ra
BCD = 180° - 30° = 150°. Hinh bs. 10
. (h.bs.11). Coi dudng chéo

AC = 243, dudng chéo BD = 2
thi dé ¥ rang AC va BD vuoéng
g6c, ta co

e

=]
~
(@)

!_0
2
o

V3
LD — tg30° A 2
OA J_
nén DAC = 30° tir dé gbe A ciia B
hinh thoi 12 60°. Suy ra C = 60°
con B = D = 120°.

tg DAC =

Hinh bs. 11
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222

. (h.bs.12). Hinh chit nhat ABCD c6 D

AB=3cm,BC = \ﬁcm nén

—  BC ,J:’:

te BAC = — = — = tg30°.
B AB 3 b

Vay BAC = 30°,

DAC = 90° — 30° = 60°.

§3. Bang lugng giac

39.
40.
41.

42.

43.

45.

3cm

Hinh bs. 12

Pap sé6 : 0,6323;0,6115;0,2370;5,5118;0,7071 ; 0,7071.

c) 48°.

c) x~ 59°10'".

Pdp s6:  a)33°; b) 63°37";

Ddp sé6: a) Khéng cé ; b) Khoéng c6 ;

Pdp s6: a) CNw~ 52915 ; b) ABN » 23°35':
¢) CAN» 55°46';  d) AD ~ 4,3426.

Ddp 56 :

a) AD =BE ~4,4721 (cm) ;

b) DAC = 26°34' ;

¢) BXD = 360° - 90° - XDC - XBC
trong doé XBC = XDC.

Tir d6 ta tinh dwge BXD = 143°8'.

(h.49)

Hudng dan : So sanh tg LAN va tgm :
Ddp 56 : LAN > MBN .

Huéng dan : Dua vao nhian xét vé tinh

déng bién clia ham s& sin va tinh nghich
bi€n cua ham s6 cosin.

a) sin25° < sin70° ;

b) cos40° > cos75° ;

Hinh 49

139



c) sin 38° = c0s52° < co0s38°;

d) sin50° = cos40° > cos50°.
46. Hudng dan : Lam tuong tu bai 45.
47. a)Ddpsé:sinx—1<0; b) Pdp s6: 1 —cosx >0
¢) Ddp 56 : sinx — cosx > 0 khi x > 45° va sinx — cosx < 0 khi x < 45°;
d) Huéng dan : LAm tuong tu ciu c).
48. Huwéng ddn : Biéu thi tga va cotgo qua sina va cosa, réi chd ¥ rang
O<sinaa<1,0<cosa<]l.
Ddp s6 :
a) tg28° > sin28° ;
b) cotgd2® > cosd2® ;
c) cotg73° > sinl7°;

d) tg32° > co0s58°.

49. (h.50) }3
Tam gidc ABC la "mét nira" tam gidc ',"
déu BCC'. Do dé B = 30°.

?
o 3 /
Viy sinB=—; cosB=—; /
2 2 /
3
tgB = =3 cotgB =3 o e C
, Hinh 50
50. Ddap s6 :
A =90°; B~ 53°8' ; C~36°52".

51. Pdp so :48°11'; 1°49'.

Bai tap bo sung

3.1. a) Do 0 < cosa < 1 vasino > 0 nén tgo. = L > sind.

CoS O
b) Do 0 < sina. < 1 va coso. > 0 nén cotgal = C?SOL > COSQL.

simmo
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73]
]

c¢) Theo a) sin35° < tg35°, ma khi géc 16n 1én thi tang ciing 16n 1én nén
tg35° < tg38°. Vay sin35° < tg38°.

d) Theo b) cos33° < cotg33° ma khi géc 16n 1én thi cotang nhd di nén
cotg33° < cotg29° = tg61°. Suy ra cos33° < tg61°.

- A s I rd 2 rd #, A e k) -~ #, A b1 P R
a) Beé y rang v4i cac gée nhon, khi géc 16n 1én thi sin cia né 16n 1én va cha y rang

c0s20° = sin70°, cos40° = sin50° vi do sina < tga, nén tir
sin20° < sin50° (= cos40”) < sin55° < sin70° (= cos20°) < tg70°
suy ra sin20° < cos40° < sin55° < c0s20° < tg70°.

b) D€ ¥ rang véi cic géc nhon, khi géc 16n 1én thi tang ctia gbc dé 16n 1én

va chi ¥ rang cotg60” = tg30°, cotgb5® = tg25° va do sina. < tgo, nén tir
sin25° < tg25° (= cotgh65°) < tg30° (= cotgb0’) < tg50° < tg70°

suy ra sin25° < cotg65° < cotgb0’ < tg50° < tg70°.

Trong tam giac ABC vuéng tai A, canh AC = b, ABC = B thi:

b

sinf

a)AB=c=%:bcoth, ACB=90°-B,BC=a=
g

b) Khi b =10 (cm), B = 50° thi
10
tg 50

~ 8,391(cm), ACB = 40°, a =

~ 13,054(cm).

= 0 . 0
sin 50

Trong tam giac ABC vuéng tai A, canh AC = b, ACB = o. thi:

2) AB = ¢  btgo,, ABC = 90° — 0, BC—a = ——
cosOL
b) Khi b = 12 (cm), o = 42° thi
0 T 0 12
¢ = 12tg42° ~ 10,805(cm), ABC = 48°, a = ~ 16,148(cm).
cos42°
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§4. Mdt s6 hé thirc vé canh va géc trong tam giac vudng

52.

a3

54.

142

(h.51)

Hudng dan :

Géc nhd nhat cia tam gidc 1a gée & dinh
déi dién véi canh 4cm, (gbéc o trén
hinh 51).

Tam giac da cho la tam giac can c6 canh bén
la 6cm, diy l1a 4cm. Ké duong cao tng véi
canh 4cm.

Cach 1 : Tinh cosp, tir d6 tinh B va suy ra o. boi :
o= 180° - 2B.

- - - K , G C(- i P 3
Cach 2 : Cing c6 thé tinh sm;, tr dé Hinh 51

suy ra % réi tinh o,
Ddp 56 : 0.~ 38°57".
(h.52) ¢
Ddp sé6: a) ACx~ 25,027cm ;
b) BC~ 32,670cm ; D
c) BD= 23,171cm.

(h.53) A 21 B
Hinh 52

a) Huong dan : BC= 2 .8 .sin17° ~ 4,678(cm) ;

b) Huéng dan : Ké CE vubéng gbc véi AD
(E € AD).

Tinh CE, sau d6 tinh ADC . 8
Ddp 56 : ADC = 63°9' ;

c) Huong dan : Ké BK vuoéng gbéc véi B
AD (K € AD).

Ddp sé : BK~ 7,762(cm).

Hinh 53



S5.

56.
a1

58.
59.

60.

(h.54)

Hudng dan : Ké BH vubéng gbéc véi
AC. Dua vao tam giac vuéng ABH,
bi€t canh huyén AB, biét géc A, theo
ti s6 sin ciia géc A ta tinh duwgec BH.
Tir d6 tinh dwoc dién tich tam giac
ABC theo coéng thirc

SABC = %ACBH

Ddp 56 :
Sapc ~ 6,840(cm®).
Ddp sé6 : Xap x1 65,818m.
Papsé: AN=6,772cm;
AC=» 13.544cm.
Ddp sé : Xap xi20,984m.
Ddpsé: a)x=4;y~6,223;
b)x~4,5;y~ 2,598 ;
c) x~ 6,223 ; y=~ 10,223.

A

B
/{\

50° b

H

Qg
[+]

C

(h.55)
a) Huong dan : Ké QS vuéng géc véi PR (S € PR). Tinh QS, PS, TS, tir
dé tinh PT.
a 150°
18
5 T
Hinh 55

Ddp 56 : PT ~ 5,383cm.

Hinh 54
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61.

63.

144

b) Huong dan :
SpoRi= %QS . PR » 20,766(cm?).

(h.56) Huong dan : Ké DE vuoéng
g6c véi BC (E € BO).

Dua vio tam gidc déu BDC, tinh
duwge DE. Dwa vao tam giac vuoéng
ADE biét gbéc A, canh gbc vubng
DE, theo ti s6 sin cha géc A ta
tinh duge AD, theo ti s6 tang cua
g6c A ta tinh duge AE tir dé tinh
duoc AB.

Ddp sé6: a) AD= 6,736cm ;
b) AB =~ 2,660cm.
(h.57)

AH = JHB. HC = 40(cm) ;
i 16 = B 570,
BH

C=90° - B~ 32°l".
(h.58)

Hudng ddan : Tinh géc A, tinh HC,
tir d6 tinh AC.

Ké AK vuéng géc véi BC. Ta cé

Dua vao tam giac vuéng AKC. Khi
biét géc C va bi€t canh huyén AC,
theo ti s sin ciia géc C ta tinh dwoc
AK. Tir dé suyra

SaBC = %BC.AC.SIHC.

Hinh 56
64
H
25
B
Hinh 57

Hinh 58



64.

65.

66.
67.
68.

69.

70.

71.

Ddp s6 :a) CH~ 10,392cm ;
AC=~ 10,552cm.
b) Sppc~ 40,696¢m”.

Huéng dan (h.59) A 15 D
A= 110° suy ra B = 70°. Tir d6 iuon
tinh duge AH = AB.sinB. ! :
|
Sapcp = AH.BC. [ h /
Dap s6 : Xap xi 169,146cm”, Hinh 59

Hudng dan : Tinh dudng cao cua hinh thang dwa vao moét tam gidc vuoéng
da biét mét gée nhon va mét canh gbéec vudbng, canh gée vubng con lai la
dudng cao phai tim. Dudng cao clia hinh thang x4p xi 11,196cm.
Ddp 56 : S~ 167,940cm?.

Pdp 56 : 36°6'.

Pdp 56 : 112,86m.

(h.60)

in sdf s 3°
Ddp 5o : 56,1m. g el 5o 11.5m
Tra loi : Trai A cao hon trai B

12 0,491 m.
Ddp sé6: a)8,391m;

b) 11,984m. Anh ta lui ra xa ng6i nha hon.
a) Huéng dan : Tinh AC.

Hinh 60

Luu ¥ rang tam gidc DAC can tai D nén biét D , biét AC thi tinh duwgc AD.
Ddp s6 : AD~ 24 81 1cm.
b) Htfé'”g dcfn d Sdiéll = SDAC + SABC i

Ddp 56 : Sgiey ® 269,849cm” .

Bai tap bo sung

4.1.

4.2.

(A).
(B).
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4.3.
4.4.
4.5.

4.6.

4.7.

146

(C).

(D).

Xét tam giac can ABC c6 AB = AC,
ABC = a, dudng cao AH (h.bs.13)
a) AB=AC = Db thi AH = bsina,

BH = bcoso nén dién tich tam giac

ABCIlaS= %AHBC = AHBH

= bZsino.cosa.

b) BC = a thi AH = %tg o nén
2

2AH=2 tga.

Sty 4

Ké duong cao AH cua tam gidc ABC
(h.bs.14). Ta ¢6 AD + BC = b,

AC=a,§é§za, suy ra

AH = asina va dién tich hinh thang la

= A';;ch.AH = %sino&.

(h.bs.15). Bat AH = h thi ro rang

S

BH = hcotgz_ﬁrﬁﬁ = hcotg42°,

CH = hcotg ACH = hcotg35° (dé ¥

rang H thuoc doan BC vi 35°, 42°
déu 1a géc nhon). Do dé

7=BC=BH +CH
= h (cotgd2® + cotg35°), suy ra
7 1

h= =

:
H

Hinh bs. 13

cotg42° + cotg35®  tg48° + tg55°

A D

1

1

1

I

1

1

1

1

1

1

1

[H|

H

Hinh bs. 14
A
42° 359
B H
Hinh bs. 15
~ 2,757.



4.8.

(h. bs. 16) a) Ta c6 MD = MPsin P, suy ra

SMNP = %NP.MD = %NPMPsin P.
b) Ta ¢6 MD = MNsinN va MD = DPtgP
nén tir dé6 suy ra DP = M
tg P

c) Hai tam gidc vuéng DMN va EPN déng

dang vi c6 gb6c nhon N chung nén

DN EN ! 53 .

MN - PN Hai tam giac DNE va MNP
DN EN

déng d: 1c6 gbce N cl d — = —.
ng dang vi c6 gée N chung va e = o

Hinh bs. 16

§5. Ung dung thuc té& cac ti s& luong giac cla géc nhon

74.

73.

76.
77.

78.

79,

Dadp sé6 : Xap x1 6m.
Dap s6 : Xap xi 17,38m.

Chii y : D6 dai cia day kéo cd phai gdp doéi chiéu cao clia cot cd.

Ddp s6 : Xap xi 75°58".
Pdp s6 : Xap x125°51".
Dadp s6 : Xap xi 1,24 hai li .
Pdp s6 :  a) Xap xi 191km ;
b) Xap xi 1°54".
Ddp 56 :
a) Xép xi34° 28';
b) X4p xi 10,lcm.
Ddp 56 :
a) Xap xi 108m ; X4p xi280m ;
b) X4p xi 2790m.
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Bai tap b6 sung

51.

Puong thang AC cat dudng thang vuéng géc
v6i CD tai D & di€ém H thi tam gisc CDH
la tam giac vudéng can, DH = CD = 3,4m.
Puong thang AB cat DH tai K thi DK = 5m
nén H nam & gitta D, K (xem h. bs. 17).

Dung hinh chtr nhat AKDI thi AIC la
tam giac vuéng can, Al = KD = 5m va

AC = AIW2 = 5{2(m).

Trong tam giac vuoéng BKD, c6
DK 5 10 1043

cos30° _E_ﬁ_
2

Hinh bs. 17

DB =

~ 5,77(m).

Ta c6 HKA la tam giac vuéong can, AK = HK = DK - DH = DK — DC

=5-34=1,6.
Ta c¢6 KB = DKtg30° = i = S\E, nén suy ra
J3 3
AB=KB - KA—i—l 6 ~ 1,29 (m).

On tap chuong |

80.

81.

148

. . 12
Dap so : a) sino = ey ; tgow =

12
5
8 8
b) sintt = — ; teq, =—
) sin = g T
c) sinat = 0,8 ; tga—%

Ddp 56 :
a) coszct. : b) 311120(. :
e) 22 d) sin’a ;



83.

84.

e)l; g) sin’o. Z
hy1; i) sin’a..
(h.61)
Hudng dan :
Diing dinh 1f Py-ta-go dé dira vé cdc hé thifc
R
xpy =9,
Pdp 56 : xx 3,778 ; y~ 5222 ;2% 4,661.
(h.62)
Huong dan : AB=AC; AH=5;BK=06.

Tinh BC tir hai cach tinh dién tich tam
giac ABC:

5.BC=6.AC (=2S,p0)

trong dé tinh AC qua B—2C nho ap dung
dinh li Py-ta-go vao tam giac vuéong AHC.
Dap so.:BC= 1.5,

(h.63)

DE a B B

DB a2 2 2 DC 2a
b) Str dung két qua céu a) chirng B
minh ABDE«» ACDB (c.g.c) ;

a)

c) Cdach 1 : Tur két qua cau b)

suyraﬁhzé]gf). =

Hinh 61

A

-

Hinh 62

| _¥2 DB_aV2 42 DE_DB

2 DB DC '

Do dé

AEB + BCD = E; + BCD =

— CBD + BCD = ADB =45°.

Hinh 63
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8s.

86.

87.

150

cich2: 158, =221 o Buoeasr

AE 2
o= A8 _ 1 G si18%6

AC

do dé E; + C~ 26°34'+ 18°26' = 45° .

e e o B e o TR

9 9.3 D)
(h.64)

a) Huong dan : Dua vio tam
gidc vuoéng ADC. Khi biét
g6c A, canh géc vudéng AD,
theo ti s6 cosin ctua géc A ta
tinh dwoc AC.

Bdp 56 : AC ~10,160(cm) ;

b) Huong dan : Ké DZ 1 AC
(Z € AC). Tinh DZ.

Hinh 64

Tir DY // BX, tinh DYZ . Tir d6 tinh duoc ;
DY~ 3210;AZ=~0,772;ZY ~ 1,748 ; AY ~ 2,520.
Ddp 56 : XY ~ 2,980(cm) ;
c) Hudng ddn : K& BT L XC (T € XC), CX = AC - AX » 4,660 ; BXC = 57°.

Dua vao tam gidc vudng BXT. Khi bi€t canh huyén BX va biét géc BXT,
theo ti s6 sin cia gée BXT ta tinh duoc BT :

BT = BX.sin BXC.

Ddp 56 : Spex ~ 8,012(cm?).

Hudng dan : Dat AP = x suy ra BP = 60 — x. Ta c6 phuong trinh
xtg20° = (60-x)tg30°.

Ddp s6 : AP~ 36,801cm ; BP~ 23,119cm ; CP~ 13,396cm.



88.
89.

90.

91.

93.

94.

Ddap s6 : 102,61 1m.

BPdp 56 : Chu vi bang 105cm, dién tich x4p xi 595cm”.
a) Ddp 56 : BC = 10cm, B~ 53°8', C ~ 36°52";
b) Huéng dan : St dung tinh chit dudng phin giic trong tam gidc
ABC, tacéd:
DB _AB
DC AC
Ddp 56 : BD % 4,286cm ; CD ~ 5,714cm.
c) Ddp sé : Hinh vuéng canh 3,429cm. Chu vi :
11,758cm’,

13,716cm. Dién tich :

Pdp sé :  a) Xap xi1 2,429 ;

b) Pudng cao x4p xi 4,615a.

(h.65) X
Ddp 56 : D
R L A
a) A » 106°16' ; B= C » 36°52".
1
b) SaBd = Sagu + Sap = 80(cn). 10
a) Huoéng dan : Dung dinh i 8 8
Py-ta-go dao. B H c
b) Pdp 56 : sinB = 0,8 ; sinC = 0,6.
Hinh 65
(h.66)
a) Huéng dan : Goi H 1a trung A 4 B
diém DC. Chitng minh tt gidc Dy
ABHD la hinh vuéng. Khi dé ; N I
tam giac BHC vuéng can tai H, M
suy ra tgC=1. \‘\ _
. 8 2 D a H a €
b) Pdp s6 : —2BC = Z. :
ABCD 3 Hinh 66
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935.

96.

152

c) Huong dan :

Cach 1 : Tt giac ABCH la hinh binh hanh, suy ra ABIC = AHIA, do doé
1

SaBc = Sapn :ESBCD :

Cdch 2 : Ta ciing c6 thé nhan xét hai tam gide ABC va BDC c6 c4c canh
ddy DC = 2AB, dudng cao tng véi canh AB cua tam gidc ABC va dudng
cao ting véi canh DC cna tam gidc BCD bang nhau.

;. 3
Dap 50 : LB = l
SDBC 2

(h.67)

a) Hudng dan : Tir A ké
dudong thang song song
v6i DB, dudng thiang nay
cat dudng thang BC tai B'.
Khi dé ta c6 tam gidc déu
ABB' canh 6¢cm.

Tinh DB nhd bi€n déi ti 1é
BD CD

B'A CA

Ddp s6 : BD = 4cm.

b) Huoéng dan : Tam gidc ABM cén tai B nén suy ra duge AM 1 BD.
(h.68)

a) Huong dan : T giic A
ADHE la hinh chir nhat ‘
nén DE = AH. Tinh AH

nho hé thie trong tam giac
vubéng ABC.

Ddp 56 : DE = 6¢cm.

Hinh 67

thue

i B M H N C
b) Huwong dan : Ching

minh ADOM = AHOM Hinh 68

(Lvu y ching la hai tam

giac vuoéng) suy ra DM = HM.



97,

98.

99,

Mat khac, chitng minh tam giac MBD can tai M, suy ra MB = MD. Do dé

BM = HM hay M Ia trung diém BH.
Chitng minh twong tir dé ¢6 N 1a trung diém ctia HC.

c) Huong dan : Ti¢ gidc EDMN 14 hinh thang véi duong cao DE, c4c diy

DM va EN déu biét duge do dai.

Ddp 56 : Sgpyn = 19,5c1112.

(h.69)

a) Pdp s6 : AB = 5cm, AC~ 8,66cm ;

b) Huéng dan : Tinh géc BMN. B

Suy ra BMN = MBC . Do dé MN // BC,
Chtrng minh t& giac AMBN Ila
hinh chtr nhat, suy ra MN = AB.

30°

c) Huéng dan : Tam gidc MAB va A
ABC la nhitng tam giac vuéng. Hay
chi ra cdc cap géc nhon twong tng

bang nhau, chang han MAB = ABC. Ti 6 dong dang 1a % -

a) Huéng dan : Chimg minh AB? + AC? = BC?,
Pdpsé: Bw36°52"; Cwn 538" ;
AH = 3,6cm.

Hinh 69

1
2

b) Trd loi : Tap hop cdc diém M Ia hai dudng thang song song véi BC va

cdch BC moét khoang bang AH.

(h.70)
a) Hai tam giac vuéng ANB va ALC c6

A

g6c nhon A chung nén AANB e» AALC. N

AN AL y
Suyra — = —.

AB AC
Do dé AANL e~ AABC (c.g.c).
b) Ta c6 AN = AB.cosA ; BL =BC.cosB ; 3 M-I ¢
CM =AC. cosC.

Hinh 70

Tir d6 suy ra dpem.
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Bai tap b6 sung

L1.

L3.

154

Vé duwong cao AH. bat BH= x, A
CH = y thi do H nam giita B va C

(hai gbc ]§ C la g6c nhon) suy ra
X+ y=4 (xem h. bs. 18).
Ta c6 BH = AH = HCtg30° nén i 3

B H C
Vay ta dugce

J:’: Hinh bs. 18

4
~ 1,46 (cm).
1+ ﬁ

x = ytg30° =

x+\/§x =4, suyrax=

Viy AB = ~H = deth] ~ 2,06 (cm).
sin45° \E
AC=2AH ~ 1,46 .2 = 2,92 (cm).
(h.bs.19). Ké duong cao MH cta tam gidc can AMN. Ta c6 sin NAM = %
va dién tich tam gidc AMN 1a S\ = %AN.MH A 2a B
= %AN.AMsinm - %ANZ sin NAM 8
M
—— 2 ——
= %(ADQ + DN?)sinNAM = %sinNAM. a
Mat khéc, Symn = SaBep — Sam — SapN — Smnc D N C
2 23
a 3a
=4 _2 e B e Hinh bs. 19
a a’ 5 >

Suy ra sinNAM = % tir d6 cos NAM = V1 = sin? D NAM = 1’1 - —

(h.bs.20). A =180° - 20.. Tam
h

gidc vuoéng HBC ¢6 BC = ——. Ké
sin o
dudng cao Al ctia tam gidc ABC
thi duoc
BC
AC = i - h

cosO. cosO.  2sino.cosd.

h
2sind.coso.

Vay AB=AC =

Hinh bs. 20



I4.

L.5.

(h.bs.21). Pudng phan giic cua

gbéc A cat dudng phan gidc cha
g6c D tai M thi tam giac ADM
c6 hai géc bang 60° va 30° nén

cac duong phan gidac d6 vuodng

g6c voi nhau. Lap luan dé ching
t6 hinh MNPQ cé 4 gbc vubng
nén MNPQ 1a hinh chit nhat. Hinh bs. 21

Trong tam giac vuébng ADM c6 DM = ADsinDAM = bsin60° =

b3
==

Trong tam gidc vuéng DCN (N 14 giao cua dudng phan gidc gbe D va dudng
phan giac géc C) c6 DN = DC sin DCN = asin60° = 2

V3

Vay MN = DN - DM = (a - b) >~

3
7

Trong tam gidc vuéng DCN c¢6 CN = CDcos60° = %. Trong tam giac

vuéng BCP (P la giao cua duong phan giic géc C véi duong phan gidc
a—-b

g6c B) c6 CP = CBcos60° = % Vay NP=CN -CP =

Suy ra dién tich hinh chit nhat MNPQ la

243

MN x NP = (a - b) FiL

(h.bs.22). Goi H 1i trung diém c
cia AB thi trong tam gidc
vuéng HBI, ta c6 HB = IB cosB I

nén AB =2HB = 2IB cosB =
40co0s37° ~ 31,95.

Trong tam giac vuéng ABC, - 370
tacé: AC= ABsinB A H B

= 31,958111370 ~ 19,23. Hinh bs. 22
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Chuong I1
PUONG TRON

A. PE BAI

§1. Su xac dinh dudng trén. Tinh chat ddi xing cua dudng trén

1.  Cho hinh chit nh4t ABCD c¢6 AD = 12cm, CD = 16cm. Chitng minh rang
bon diém A, B, C, D ciung thuéc mot dudng tron. Tinh ban kinh cha
duong tron doé.

&

Trén mat phang toa d6 Oxy, hdy xdc dinh vi tri tuong d8i cia mbi diém
A(l;-1), B(—\E : JE) va C(1 ; 2) d6i véi dudng tron (O ; 2).

3.  Hiy n6i méi 6 & cot trai véi mot 6 & cot phii d€ duge khang dinh diing :

(1) Tap hop cédc diém c6 khoang céch | (4) cé khoang cich dén diém O
dén diém O c6 dinh bang 3cm nhé hon hoac bang 3cm.

(2) Dudng tron tim O ban kinh 3cm | (5) cdch di€ém O moét khoang bang
g6m tit ca nhiing diém 3cm.

(3) Hinh tron tim O bdn kinh 3cm gém | (6) la dudng tron tim O ban kinh
tit ca nhiing diém 3cm.

(7) c6 khoang cich dén diém O
16n hon 3cm.

4.  Cho géc nhon xOy va hai diém D, E thuéc tia Oy. Dung dudng tron tAm
M di qua D va E sao cho tAm M nam trén tia Ox.

5.  Trong cac cau sau, cau nao dung ? Cau nao sai ?
a) Hai dudng tron phan biét c6 thé c6 hai di€ém chung.
b) Hai dudng tron phan biét ¢6 thé cé ba di€ém chung phan biét.
c) TAm cna dudng tron ngoai ti€p mot tam gidc bao gid cling nam trong

tam gidc ay.
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10.

a) Quan sit hinh lo hoa trén gidy ké 6 vuéng (h.71) r6i vé& lai hinh dé vao vé.

b) Quan st dudng xoan &c trén hinh 72 r6i v& lai hinh dé vdo v4. Tinh
ban kinh cta cdc cung tron tAim B, C, D, A, bi€t canh hinh vuéng ABCD

bang 1 don vi dai.
A/m
D

Hinh 71 Hinh 72

(h.73)

Cé mot chi ti€t miy (md dudng vién

ngoai la dudng tron) bi gdy. Lam thé

Cho hinh vuéng ABCD, O 13 giao diém Hinh 73
ctia hai dudng chéo, OA = \5 cm. V€ duong tron tam A ban kinh 2cm.

o -2 L4 ~ X A ~ N = ~
Trong nam diém A, B, C, D, O, diém nao nam trén duong tron ? Di€ém nao

nao dé xdc dinh duge bdn kinh cha
dudng vién ?

Pt ~ - -7 . X » . ~ ~
nam trong duong tron ? Diém nao nam ngoai duong tron ?

Cho tam gi4dc nhon ABC. V& dudng tron (O) ¢ dudng kinh BC, né cat
cdc canh AB, AC theo thitu & D, E.

a) Chitng minh rang CD | AB, BE L AC.

b) Goi K 12 giao diém cfia BE va CD. Chifng minh rang AK vuéng géc
véi BC.

Cho tam gidc déu ABC canh bang 3cm. Bdn kinh clia dudng tron
ngoai ti€p tam gidc ABC bang :

(A) 243 cm ; (B) 2cm ; (C) WBem: (D)2 cm.

Hay chon cau tra 101 ding.
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11.

Cho hinh vuéng ABCD.

a) Ching minh rang bén dinh clia hinh vuéng ciing nam trén moét dudng
tron. Hiy chi ra vi tri clia tAim dudng tron dé.

b) Tinh bdn kinh ctia dudng tron dé, biét canh cta hinh vuéng bang 2dm.
Cho tam gidc ABC can tai A, noi ti€p dudng tron (O). Dudng cao AH cat
duong tron & D.

a) Visao AD la dudng kinh cua dudng tron (O) ?

b) Tinh s6 do géc ACD.

c) Cho BC = 24cm, AC = 20cm. Tinh duong cao AH va ban kinh
duong tron (O).

13*. Tam giac ABC can tai A, BC = 12cm, duong cao AH = 4cm. Tinh ban

14"

kinh cua dudng tron ngoai tiép tam gidc ABC.

Cho dudng tron (O) va hai di€ém A, B nam bén ngoai dudng tron. Dung
duong kinh COD sao cho AC = BD.

Bai tap bo sung

1.1.

1.3.

Xét tinh diing — sai cia méi khang dinh sau :
Cho tam gidc ABC ndi ti€p dudng tron (O).

a) Néu BC 12 dudng kinh ciia dudng tron thi BAC = 90°.
b) Néu AB = AC thi AO vuéng géc véi BC.
¢) Néu tam gidc ABC khéng vuéng thi di€ém O nam bén trong tam gidc dé.

Cho tam gisc ABC vuéng tai A, diém D thudc canh AB, diém E thuéc
canh AC. Goi M, N, P, Q theo thif tu 13 trung diém cta DE, DC, BC, BE.
Chitng minh rang bén di€ém M, N, P, Q thuéc cling mét dudng tron.

Cho hinh thoi ABCD c6 A = 60°. Goi O 12 giao di€ém cflia hai dudng chéo ;
E, F, G, H theo thit tr 13 trung diém ctia AB, BC, CD, DA. Chitng minh
rang sdu diém E, B, F, G, D, H thudc ciing mét dudng tron.

§2. Budng kinh va day cta dudng tron

15.
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Cho tam gidc ABC, c4c dudng cao BH va CK. Ching minh rang :
a) Bon diém B, C, H, K cling thuéc mot dudng trodn ;
b) HK < BC.



16.

17.

18.

19.

Tt gide ABCD c6 B =D = 90°.

a) Chitng minh rang bén diém A, B, C, D ciing thuéc mét dudng tron.

b) So sdnh d6 dai AC va BD. Néu AC = BD thi tit gidc ABCD 1a hinh gi ?
Cho ntra dudng tron tam O, dudng kinh AB va day EF khong cat dudng

kinh. Goi I va K lan luot 1a chan cdc dudong vuéng géc ké tir A va B dén
EF. Ching minh rang IE = KF.

Cho duong tron (O) cé ban kinh OA = 3cm. Day BC clia dudng tron
vuong géc véi OA tai trung di€ém ctia OA. Tinh dé dai BC.

Cho duong tron (O), duong kinh AD = 2R. V& cung tam D ban kinh R,
cung ndy cat dudng tron (O) & B va C.

a) Ta giac OBDC la hinh gi ? Vi sao ?

b) Tinh s6 do cdc géc CBD, CBO, OBA.

¢) Chitng minh rang tam gidc ABC 1a tam gidc déu.

a) Cho ntra dudng tron tdm O, dudng kinh AB, diy CD. Cic dudng
vuong géc véi CD tai C va D tuong ting cat AB & M va N. Chitng minh
rang AM = BN.

b) Cho nita dudng tron tam O, dudng kinh AB. Trén AB 14y cdc diém M,
N sao cho AM = BN. Qua M va qua N, k& cdc dudng thang song song v&i

nhau, ching cat nira dudng tron 14n luct & C va D. Chitng minh rang MC
va ND vuoéng goc véi CD.

21". Cho dudng tron tam O, dudng kinh AB. Day CD cat dudng kinh AB tai I.

Goi H va K theo thi tu 1a chidn cdc dudng vuéng gbéc ké tr A va B dén
CD. Chiing minh rang CH = DK.

Cho dudng tron (O ; R) va diém M nam bén trong dudng tron.

a) Hay néu c4ch dung day AB nhin M lam trung diém.

b) Tinh d6 dai AB & cAu a) biét rang R = 5cm ; OM = 1 4cm.

Cho dudng tron (O), diém A nam bén trong dudng tron, diém B nam bén

ngoai dudng tron sao cho trung di€ém I ctia AB nim bén trong dudng tron.
V& day CD vuéng géc véi OI tai I. Hay cho biét ACBD la hinh gi ? Vi sao ?

Bai tap bo sung

2.1. D¢ dii canh cta tam gidc déu noi ti€p dudng tron (O ; R) bang

RV3
2 L
Hay chon phuong an ding.

(A) % : (B) (©) RJB_‘ ; (D) Mot dap s6 khéc.

139



12
2

12
i

Cho duong tron (O ; 2cm). V& hai day AB va CD vuéng gbéc véi nhau.
Tinh dién tich 16n nhét cta t¢ giadc ABCD.

Cho dudng tron (O ; R), day AB khic dudng kinh. V& vé hai phia cia AB
cdc day AC, AD. Goi H va K theo thi tu 14 chan cidc dudng vuéng gbc ké
tir B dén AC va AD. Chitng minh rang :

a) Bon diém A, H, B, K thuéc cling mot dudng tron ;
b) HK < 2R.

§3. Lién hé giira day va khoang cach tir tam dén day

24.

160

Cho hinh 74, trong d6 MN = PQ. Ching minh rang :

a) AE = AF; b) AN = AQ.
E
A
s 0O
C ! D
F
Hinh 74 Hinh 75

Cho hinh 75, trong dé hai day CD, EF bang nhau va vuéng géc véi nhau
tai I, IC = 2cm, ID = 14cm. Tinh khoang cdch tir O d€n méi day.

Cho dudng tron (O), day AB va day CD, AB < CD. Giao diém K cfia céc
dudng thang AB, CD nam ngoai dudng tron. Pudng tron (O ; OK) cit KA
va KC tai M va N.

Chitng minh rang KM < KN.

Cho dudng tron (O) va diém I nam bén trong dudng tron. Chifng minh

rang diy AB vuong géc véi OI tai I ngan hon moi day khéic di qua I.

Tam gidc ABC noi ti€p dudng tron (O) 6 A > B > C. Goi OH, OI, OK
theo tha tu 1a khoang cdch tr O dén BC, AC, AB. So sdnh cdc d6 dai
OH, OI, OK.



30.

31.

33.

Cho dudng tron (O), hai day AB, CD bang nhau va cat nhau tai diém I
nam bén trong dudng tron. Chitng minh rang :

a) IO 1a tia phan gidc cua moét trong hai géc tao bdi hai day AB va CD.

b) Piém I chia AB, CD thanh cdc doan thang bing nhau d6i mét.

Cho duwong tron tAim O ban kinh 25cm. Hai day AB, CD song song vd&i

nhau va c6 d6 dai theo thi tu bang 40cm, 48cm. Tinh khoang c4ch gitia
hai day 4y.

Cho dudng tron (O), cdc ban kinh OA va OB. Trén cung nhd AB 14y céc
diém M va N sao cho AM = BN. Goi C la giao diém ctia cdc dudng thang
AM va BN. Chitng minh rang :

a) OC la tia phén gidc ctia goc AOB.
b) OC vuéng goc véi AB.

. Cho dudng tron tam O badn kinh 5dm, diém M c4ch O 1a 3dm.

a) Tinh do dai day ngan nhat di qua M.
b) Tinh d6 dai day dai nhat di qua M.

Cho dudng tron (O), hai day AB va CD cat nhau tai diém M nam bén

trong dudng tron. Goi H va K theo thit tu 13 trung diém ctia AB va CD.
Cho biét AB > CD, chitng minh raing MH > MK.

. Cho dudng tron (O) va hai diém A, B ndm bén trong dudng trdon v khéng

cung thuéc mo6t dudng kinh. Dung hai diay song song va bang nhau sao
cho diém A nam trén moét day, diém B nam trén day con lai.

Bai tap b6 sung

3.1.

Cho dudng tron (O) dudng kinh 6em, diy AB bang 2em. Khoang cdch tir
O dén AB bang

(A) Ecm ; (B) \/gcm : (&) 4\/5 cm; (D) 2J§ cm.
Hay chon phuong an ding.

Cho dudng tron (O), di€ém I nam bén trong dudng tron (I khic O). Dung
day AB di qua I va c6 do dai ngan nhat.

. Cho dudng tron (O ; 25cm), diém C cdch O 12 7em. C6 bao nhiéu day di

qua C cé do6 dai la moét s6 nguyén xentimét ?
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§4. Vi tri tuong déi cGa dudng thing va dudng trén

35,

36.

7.

38.

39,

40.

41",
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Trén mat phang toa do cho diém I c6 toa d6 (-3 ; 2). Néu vé dudng tron
tAm I bdn kinh bang 2 thi dudng tron dé cé vi tri tuong d6i nhu thé nao

déi véi cdc truc toa do ?

Cho dudng thang a. TAm I clia tit ca cdc dudng tron c¢é ban kinh Scm va

ti€p xiic v6i dudng thing a nim trén dudng nao ?

Cho diém A cdch dudng thang xy 1a 12cm. V& dudng tron (A ; 13cm).

a) Chitng minh riang dudng tron (A) cé hai giao di€ém véi dudng thang xy.
b) Goi hai giao di€ém néi trén 1a B va C. Tinh d6 dai BC.

Cho dudng tron (O) ban kinh bang 2cm. Mot dudng thang di qua di€ém A
nim bén ngodi dudng tron va cat dudng tron tai B va C, trong d6 AB = BC.
Ké duong kinh COD. Tinh dé dai AD.

Cho hinh thang vuéng ABCD (zi = f) =90°), AB = 4cm, BC = 13cm,
CD = 9cm.

a) Tinh d6 dai AD.

b) Chitng minh rang dudng thang AD ti€p xiic véi dudng tron cé dudng
kinh 1a BC.

Cho duong tron (O), ban kinh OA, diay CD la dudng trung truc cua OA.
a) Ta giac OCAD la hinh gi ? Visao ?

b) Ké ti€p tuyén véi dudng tron tai C, ti€p tuyén nay cat dudng thang OA
tai I. Tinh d6 dai CI bi€t OA = R.

Cho nira dudng tron taim O, dudng kinh AB. Qua diém C thuéc nira dudng
tron, ké ti€p tuyén d cta dudng tron. Goi E va F lan lugt 1a chan céc
dudng vuong géc ké tir A va B dén d. Goi H 1a chan dudng vuéng géc ké
tir C dén AB. Chiing minh rang :

a) CE=CF;

b) AC la tia phan gidc cua géc BAE ;

¢) CH® = AE BF.



Bai tap b6 sung

4.1.

Cho doan thang AB. Pudng tron (O) dudng kinh 2cm tiép xiic véi dudng
thang AB. TaAm O nam trén

(A) Duong vuong géc véi AB tai A ;

(B) Buong vuéng géc véi AB tai B ;

(C) Hai dudng thang song song véi AB va cach AB mét khoang lcm ;

(D) Hai dudng thang song song véi AB va cich AB mot khoang 2cm.

Hay chon phuong an ding.

Cho dudng tron (O ; 2cm), diém A di chuyén trén dudng tron. Trén ti€p
tuyén tai A, 14y diém M sao cho AM = OA. Diém M chuyén déng trén
dudng nao ?

Cho dudng tron (O ; 15cm), diy AB = 24cm. Mot ti€p tuyén song song
v6i AB cat cdc tia OA, OB theo thit tu & E, F. Tinh dé dai EF.

§5. Dau hiéu nhan biét tiép tuyén cua dudng tréon

42.

43.

45",

46.

47.

Cho dudng tron (O), diém A nam bén ngodi dudng tron. Ding thude va
compa, hiy dung cdc diém B va C thuéc dudng tron (O) sao cho AB va
AC 12 cdc ti€p tuyén cua dudng tron (O).

Cho di€ém A nim trén dudng thang d, diém B nam ngoai dudng thang d.
Dung dudng tron (O) di qua A va B, nhan dudng thang d 1am tiép tuyén.

Cho tam giac ABC vuoéng tai A. V& duong tron (B ; BA) va duong tron
(C ; CA), ching cat nhau tai diém D (khdc A). Chitng minh rang CD la
ti€p tuyén cua dudng tron (B).

Cho tam gidc ABC can tai A, c4c dudng cao AD va BE cat nhau tai H.
V& duong tron (O) c6é dudng kinh AH. Chitng minh rang :

a) Diém E nam trén dudng tron (O) ;

b) DE 1a tiép tuyén ctua dudng tron (O).

Cho géc nhon xOy, di€m A thuéc tia Ox.

Dung dudng tron tAm I ti€p xiic véi Ox tai A va ¢6 tAm I nam trén tia Oy.
Cho dudng tron (O) va dudng thang d khéng giao nhau. Dung ti€p tuyén

ctia dudng tron (O) sao cho ti€p tuyén dé song song véi d.
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Bai tap b6 sung

-

Xét tinh diing — sai ctia méi khang dinh sau :

a) Néu dudng thang d ti€p xiic véi dudng tron (O) tai A thi d vuéng géc
véi OA.

b) Néu dudng thing d vuéng géc véi ban kinh OA ciia dudng tron (O) thi
d 14 tiép tuyén cta dudng tron.

Cho duong tron (O) duong kinh AB, diay CD vudéng géc véi OA tai trung
diém cta OA. Goi M 1a diém déi xitng v6i O qua A. Chitng minh rang
MC la ti€p tuyén ctia dudng tron.

§6. Tinh chat cla hai tiép tuyén cat nhau

48.

49.

50.

S1.
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Cho dudng tron (O), diém A nam bén ngodi dudng tron. Ké cic ti€p tuyén
AM, AN véi dudng tron (M, N 14 c4c tiép di€ém).

a) Chitng minh rang OA 1 MN.

b) V& dudng kinh NOC. Chiing minh ring MC // AO.

c) Tinh d6 dai cdc canh ctia tam gidc AMN biét OM = 3cm, OA = Scm.
Cho dudng tron (O), diém M nam bén ngoai dudng tron. Ké ti€p tuyén
MD, ME véi dudng trdn (D, E 13 c4c ti€p di€ém). Qua diém I thudc cung
nho DE, ké ti€p tuyén véi dudng tron, cat MD va ME theo thit tw & P va Q.
Bi€t MD = 4cm, tinh chu vi tam gidc MPQ.

Cho géc xOy khéc géc bet, diém A nam trén tia Ox. Dung dudng tron (I)
di qua A va tiép xtdc véi hai canh ctia géc xOy.

Cho ntra duong tron tim O duodng kinh AB. Goi Ax, By 1a cdc tia vuéng
gbéc v6i AB (Ax, By va nita dudng tron thude cling mét nira mat phang bd
AB). Goi M 14 diém bat ki thuoc tia Ax. Qua M ké ti€p tuyén véi nira
dudng tron, cat By & N.

a) Tinh s6 do g6c MON.

b) Chitng minh rang MN = AM + BN.

¢) Chitng minh rang AM BN = R’ (R 1a ban kinh cua ntra dudng tron).



3.
54.

55.

56.

5.

S8.

59.

Cho dudng tron (I) noi ti€p tam gide ABC. Cic ti€p diém trén AC, AB
theo thu tu la D, E. Cho BC = a, AC = b, AB = c. Tinh d6 dai cac doan
ti€p tuyén AD, AE theo a, b, c.

Tinh dién tich tam gidc déu ABC ngoai ti€p dudng tron (I ; r).

Cho dudng tron (O ; 3cm) va di€m A c¢6 AO = 5em. K@ cdc ti€p tuyén
AB, AC véi dudng tron (B, C 12 céc ti€p di€ém). Goi H 12 giao diém cna
AO va BC.

a) Tinh d6 dai OH.

b) Qua di€m M bat ki thuéc cung nhé BC, ké tié€p tuyén véi dudng tron,
cat AB va AC theo thif tu tai D va E. Tinh chu vi tam gidc ADE.

Cho dudng tron (O ; 2cm), céc ti€p tuyén AB va AC ké tir A dén dudng
trdn vuong géc véi nhau tai A (B va C 14 céc ti€p di€ém).

a) Tu giac ABOC 1a hinh gi ? Vi sao ?

b) Goi M 14 di€ém bat ki thuéc cung nhd BC. Qua M ké ti€p tuyén véi dudng
tron, cat AB va AC theo thi tu tai D va E. Tinh chu vi tam gidc ADE.

c¢) Tinh s6 do géc DOE.
Cho tam giac ABC vuoéng tai A, duong cao AH. V& duong tron (A ; AH).
Ké céc ti€p tuyén BD, CE vé6i dudng tron (D, E 14 cé4c ti€p di€ém khic H).
Chitng minh rang :
a) Badiém D, A, E thaamg hang ;
b) DE ti€p xuc véi dudng tron cé dudng kinh BC.
Chitng minh rang né€u tam gidc ABC c¢6 chu vi 2p, bdn kinh dudng tron
ndi ti€p bang r thi dién tich S clia tam gidc c6 cong thic :

S=pr
Cho tam gidc ABC vuéng tai A. Puong tron (O) noéi tiép tam gidc ABC
tiép xdc véi AB, AC lan luot tai D, E.
a) Ta giac ADOE la hinh gi ? Vi sao ?
b) Tinh ban kinh ctia dudng tron (O) bi€t AB = 3cm, AC = 4cm.
Cho tam gidc ABC vuéng tai A. Goi R 12 ban kinh clia dudng tron ngoai
ti€p, r 12 ban kinh cta dudng tron ndi ti€p tam gidc ABC. Chiing minh rang :

AB+AC=2(R +71).
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60.

61 .

Cho tam gidc ABC, dudng tron (K) bang ti€p trong géc A ti€p xuc vdi
cac tia AB va AC theo thu tu tai E va F. Cho BC = a, AC=b, AB =c.
Chitng minh rang :

oAl = Al AFOFE
2
b) BE = m :
2
C)cpzm.

Cho nira duwdng tron tAm O c6 dudng kinh AB. V& céc ti€ép tuyén Ax, By
(Ax, By va nira dudng tron thudc ciing mét nira mat phang bd AB). Goi M
12 mot diém bat ki thu6e nira dudng tron. Ti€p tuyén tai M cat Ax, By
theo thit tw 6 C, D.

a) Chitng minh rang dudng tron cé dudng kinh CD ti€p xiic véi AB.

b) Tim vi tri ctia diém M dé€ hinh thang ABDC cé chu vi nhd nhat.

¢) Tim vi tri cfia C, D dé hinh thang ABDC c¢6 chu vi bang 14cm, biét
AB =4cm.

. Cho nira duong tron tAm O c6 dudng kinh AB. V& céc ti€p tuy€n Ax, By

(Ax, By va nira dudng tron thude ciing mot nira mat phang bd AB). Qua
mot diém M thudc nira dudng tron, ké ti€p tuyén thit ba cat Ax, By theo
thit tr & C, D. Goi N 14 giao di€ém cta AD va BC, H 1i giao diém ctia MN
va AB. Chirng minh rang :

a) MN | AB;

b) MN = NH.

63". Cho tam gidc ABC vuéng tai A. Duong tron noéi ti€p tam gidc ABC ti€p

xic véi BC tai D. Chitng minh rang

Bai tap bo sung

6.1.
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D6 dai méi canh cta tam gidc déu ngoai ti€p dudng tron (O ; r) bang

A) 13 ; (B) 213 ; (C) 4r ; (D) 2r.

Hay chon phuong an ding.



6.2. Tir di€ém A nam ngodi dudng tron (O), ké cdc ti€p tuyén AB, AC véi
dudng tron. Pudng thing di qua O va song song véi AB cit AC & D.
Puong thang di qua O va song song v6i AC cat AB & E. Tit gidc ADOE la
hinh g1 ?

6.3. Tir diém A nam ngoai dudng tron (O), ké cdc ti€p tuyén AB, AC véi
duodng tron. Ké day CD song song v6éi AB. Chitng minh rang BC = BD.

§7. Vi tri tuong ddi clia hai dudng trén

64. Cho hinh 76, trong dé hai duong tron (O) va (O") ti€p xdc nhau tai A.
Chitng minh rang céc ti€p tuyén Bx va Cy song song vdi nhau.

Hinh 76 Hinh 77

65. Cho hai duwdng tron (O) va (O') cat
nhau tai A va B nhu trén hinh 77. Biét
OA = 15¢cm, O'A = 13cm, AB = 24cem.
Tinh do6 dai OO'.

66. Cho hai duwong tron (O), (O') ti€p xuc
nhau tai A nhu trén hinh 78. Chimg
minh ring cic bdn kinh OB va O'C song Hinh 78

song v4&i nhau.

67. Cho hai dudng tron (O) va (O') cat nhau tai A vd B. Ké cdc dudng kinh AOC,
AO'D. Chiing minh rang ba diém C, B, D thang hang va AB | CD.

167



68. Cho hai dudng tron (O) va (O') cat nhau tai A va B. Goi I 13 trung di€ém
ctia OO'. Qua A vé dudng thang vuéng gbc véi IA, cit cdc dudng tron (O)
va (O") tai C va D (khdc A). Chitng minh rang AC = AD.

69. Cho hai dudng tron (O) va (O") cat nhau tai A va B, trong d6 O' nam trén
duong tron (O). Ké dudng kinh O'OC cta dudng tron (O).
a) Chitng minh rang CA, CB la céc ti€p tuyén ctuia dudng tron (O').

b) Pudng vuéng géc véi AO' tai O' cat CB & 1. Pudng vudng gée véi AC
tai C cat dudng thang O'B & K. Chitng minh rang ba diém O, I, K thang hang.

70 . Cho hai dudng tron (O) va (O') cat nhau tai A va B. Day AC clia dudng
tron (O) ti€p xic véi duong tron (O') tai A. Day AD cua dudng tron
(O') ti€p xtic véi durdng tron (O) tai A. Goi K 13 diém d6i xitng véi A
qua trung di€m I cia OO', E 12 diém d6i xing véi A qua B. Chitng
minh rang :

a) ABL KB;
b) Bén di€ém A, C, E, D nam trén ciing mot dudng tron.
Bai tap bo sung

7.1. Cho h. bs. 23, trong d6 OA =3,0'A =2,
AB =5. D6 dai AC bang

(A) % ; (B35 (©3; (D)4

Hay chon phuong an ding. Hinh bs. 23

7.2. Cho hai dwdng tron (O) va (O') cat nhau tai A vi B. M6t dudng thing
vuong gdéc véi AB tai B cat cdc dudng tron (O) va (O') theo thit tu tai Cva D

(kh4c B). Chitng minh rang OO' = %CD.

§8. Vi tri tuong ddi cla hai dudng tron (ti€p theo)

71. Chol la trung diém clia doan thang AB. V& céc dudng tron (I ; IA) va (B ; BA).

a) Hai dudng tron (I) va (B) ndi trén cé vi tri twong d6i nhu thé nao déi
v6i nhau ? Visao ?
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73

74.

75.

76.

77",

b) Ké mét dudng thang di qua A, cat cdc dudng tron (I) va (B) theo thit tir
tai M va N. So sanh cac dé dai AM va MN.

Cho hai dudng tron déng tam O. Goi AB 1a diy bAt ki cua dudng tron
nho. Pudng thang AB cat duong tron 16n & C va D (A nam gitta B va C).
So sanh cac do dai AC va BD.

Cho hai dudng tron (O) va (O') ti€p xic ngoai tai A. Goi CD 1a tiép tuyén
chung ngoai cua hai duong tron (C € (O), D € (O")).

a) Tinh s6 do géc CAD.

b) Tinh d6 dai CD biét OA = 4,5cm, O'A = 2cm.

Cho hai dudng tron déng tam O. Mot dudng tron (O') cat mot dudng tron
tam O tai A, B va cat dudng tron tam O con lai tai C, D. Chitng minh rang
AB // CD.

Cho duong tron (O ; 3cm) va dudng tron (O ; lem) ti€p xidc ngoai tai A.
V& hai ban kinh OB, O'C song song véi nhau thu6éc cung mét nira mat
phang c6 bd 00",

a) Tinh s6 do géc BAC.

b) Goi I 14 giao di€ém cfia BC va OO'. Tinh d6 dai OI.

Cho hai duwong tron (O) va (O') ti€p xic ngoai tai A. Ké cdc dudng kinh
AOB, AO'C. Goi DE la ti€p tuyén chung cua hai dudng tron, D € (O),
E € (0"). Goi M la giao diém ctia BD va CE.

a) Tinh s6 do géc DAE.

b) T giac ADME la hinh gi ? Vi sao ?

¢) Chitng minh rang MA 1 ti€p tuyén chung cta hai dudng tron.

Cho hai dudng tron (O) va (O') tiép xidc ngoai tai A. Ké ti€p tuyén chung
ngoai MN véi M thuéce (O) va N thuoe (O"). Goi P 13 diém d6i xting véi M
qua OO', Q 1 diém déi xing véi N qua OO'. Chitng minh rang :

a) MNQP la hinh thang can.

b) PQ 1a ti€p tuy€n chung cta hai duwdng tron (O) va (O').

c) MN + PQ = MP + NQ.
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78. Cho hai duong tron (O ; 2cm) va (O' ; 3cm), OO' = 6¢cm.
a) Hai dudng tron (O),(O') ¢é vi tri twvong déi nhu thé ndo déi véi nhau ?
b) V& dudng tron (O' ; lcm) réi ké ti€p tuyén OA véi dudng tron dé (A 1a
ti€p di€ém). Tia O'A cat duwdng tron (O' ; 3cm) & B. Ké ban kinh OC ciia
dudng tron (O) song song véi O'B, B va C thudc ciing mot nira mat phang
c6 bd OO'. Chitng minh rang BC 1a ti€p tuyén chung clia hai dudng tron
(O ; 2cm) va (O'; 3cm).
c¢) Tinh d6 dai BC.
d) GoiI Ia giao diém ctia BC va OO'. Tinh d6 dai IO.

79. Cho dudng tron (O ; R), diém A nam bén ngodi dudng tron (R < OA < 3R).
V& duong tron (A ; 2R).

a) Hai duong tron (O) va (A) c6 vi tri twong d6i nhu thé nao déi véi nhau ?

b) Goi B 1a mot giao di€ém cilia hai dudng tron trén. V& dudng kinh BOC chia
dwdng tron (O). Goi D 1a giao diém (khic C) ctia AC va dudng tron (O).
Chitng minh rang AD = DC.
80. Cho dudng tron (O ; 2cm) ti€p xic véi dudng thang d. Dung dudng tron
(O'; lcm) ti€p xtic véi dudng thiang d va ti€p xiic ngoai véi dudng tron (O).
Bai tap b6 sung

8.1. Cho hai dudng tron (O ; R) va (O’ ; r). Dién vio ché tréng ctia bang sau :

Hé thice gitra | Vi tri twong déi
R ' 00 00 Rr | cia (0) vég(O')
3 1 O0'=R-r
3 1 Tié€p xiic ngoai
3 1 35
3 1 5
3 1 1

8.2. Cho hai duong tron (O ; 3cm) va (O' ; 4em) c¢6 OO' = Scm.
a) Hai dudng tron (O) va (O") ¢6 vi tri twong d6i nao ?

b) Tinh dé dai day chung cua hai dudng tron.
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8.3. Cho dudng tron (O) v diém A c6 dinh trén dudng tron. Diém B chuyén

dong trén duong tron.

a) Chitng minh rang trung diém M clia AB chuyén déng trén moét dudng
tron (O").

b) Pudng tron (O') ¢é vi tri twong d6i nao déi véi dudng tron (O) ?

On tap chuong Il

81.

83 .

Cho doan thang AB, diém C nam giita A va B. V& vé mét phia clia AB céc
ntra dudng tron cé dudng kinh theo thir tw 14 AB, AC, CB. Duwong vuéng
gbc véi AB tai C cat nira dudng tron 16n tai D. DA, DB cat cdc nira dudng
tron c6 duwong kinh AC, CB theo thi tu tai M, N.

a) T giac DMCN Ia hinh gi ? Vi sao ?
b) Chitng minh hé thite DM.DA = DN .DB.

¢) Chirng minh rang MN 1a ti€p tuyén chung cta c4c nira dudng tron cé
duwong kinh AC va CB.

d*) Di€m C & vi tri nao trén AB thi MN c¢6 d6 dii 16n nhat ?

Cho hai dudng tron (O) va (O') tiép xic ngoai tai A. Ké ti€p tuyén chung
ngoai DE, D € (0), E € (0"). K& ti€p tuyén chung trong tai A, cat DE & 1.
Goi M 13 giao di€ém ctia OI va AD, N 1 giao diém clia O'T va AE.

a) T giac AMIN la hinh gi ? Vi sao ?

b) Chitng minh hé thie IM.IO = IN IO".

¢) Chitng minh rang OO' 12 ti€p tuyén cta dudng tron cé dudng kinh 1a DE.
d) Tinh d6 dai DE biét rang OA = Scm, O'A = 3,2cm.

Cho hai dudng tron (O) va (O') cat nhau tai A va B, OO' = 3cm. Qua A
ké mot dudng thang cat ciac dudng tron (O) va (O') theo thit tur tai E va F

(A nam giita E va F). Tinh xem doan thang EF c6 dé dai 16n nhat bang
bao nhiéu ?

Cho tam gidc ABC vuéng tai A (AB < AC) noi ti€p duwdng tron (O) cé
dudng kinh BC. Ké day AD vuéng géc véi BC. Goi E 1a giao diém cta
DB va CA. Qua E ké dudng thang vuéng géc véi BC, cat BC & H, cat AB
& F. Ching minh rang :

a) Tam giac EBF la tam giac can ;
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8s.

86.

87.

88.
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b) Tam giac HAF la tam giac cén ;

c) HA 1a ti€p tuyén cua dudng tron (O).

Cho dudng tron (O), dudng kinh AB, diém M thuoce dudng tron. V& diém
N déi xttng v6i A qua M. BN cat dudng tron & C. Goi E 14 giao di€ém cna
AC va BM.

a) Chitng minh rang NE | AB.

b) Goi F 1a diém d6i xing véi E qua M. Chitng minh rang FA i ti€p
tuyén cua dudng tron (O).

c¢) Chitng minh rang FN 1a ti€p tuy€n cua dudng tron (B ; BA).

Cho dudng tron (O), dudng kinh AB, diém C nam gifta A vd O. V& dudng
tron (O') c¢6 duwong kinh CB.

a) Hai dudng tron (O) va (O') ¢é vi tri twong d6i nhw th€ nao d6i véi nhau ?
b) Ké day DE ciia dudng tron (O) vuéng géc véi AC tai trung di€ém H clia
AC. Tt giac ADCE la hinh gi ? Vi sao ?

¢) Goi K 1a giao diém ctia DB va dudng tron (O'). Chimg minh rang ba
diéfm E, C, K theamg hang.

d) Chitng minh rang HK 13 ti€p tuyén cta dudng tron (O').

Cho hai duong tron (O ; R) va (O' ; R') ti€p xiic ngoai tai A (R > R').
V& cdc dudng kinh AOB, AO'C. Day DE cua dudng tron (O) vuéng gbc
v6i BC tai trung diém K cia BC.

a) Chitng minh rang tir gidc BDCE la hinh thoi.

b) Goi I 1a giao diém cfia EC vi dudng tron (O'). Chimg minh rang ba
diém D, A, 1 thaamg hang.

¢) Chitng minh rang KI 13 ti€p tuyén clia dudng tron (O").

Cho nfra dudng tron taAm O cé dudng kinh AB. Goi M 14 diém bat ki thude
ntra dudng tron, H 1a chan dudng vuéng gbéc ké tir M dén AB. VEé dudng tron
(M ; MH). Ké céc ti€p tuyén AC, BD véi dudng tron tam M (C va D 1a
céc ti€p diém khac H).

a) Chirng minh rang ba diém C, M, D thang hang va CD 1a ti€p tuyén clia
duong tron (O).



b) Chitng minh rang khi diém M di chuyén trén ntra dudng tron (O) thi
téng AC + BD khoéng déi.

c) Gia str CD vd AB cat nhau tai I. Chitng minh rang tich OH.OI
khéng déi.
Bai tap b6 sung

IL.1. Ti s6 ban kinh dudng tron noi ti€p va dudng tron ngoai ti€p mot tam gidc

déu bang
1 1 1
(A) 3 (B) 30 (© ﬁ 3 (D) 2.

Hay chon phuong an ding.

I1.2. Cho nira dudng tron (O) dudng kinh AB. Trén nira mat phang bd AB chia
ntra dudng tron, vé céc tia ti€p tuyén Ax va By véi ntra dudng tron. Goi M
12 diém thuéc nira dudng tron, D 14 giao di€ém ctia AM va By, C 14 giao
diém ctia BM va Ax, E 13 trung di€ém ctia BD. Chitng minh rang :
a) ACBD = AB’;
b) ME la ti€p tuyén ctia nira dudng tron.

I1.3. Cho dudng tron (O) va diém A c6 dinh trén dudng tron. Goi xy 1A ti€p
tuyén véi dudng tron tai A. Tir mot diém M nam trén xy, v& ti€p tuyén
MB véi dudng tron. Goi H 1a trre tAm cta tam gidc MAB.

a) Chitng minh ring ba diém M, H, O thang hang.
b) Tir giac AOBH 1a hinh gi ?

c¢) Khi M di chuyén trén xy thi H di chuyén trén dudng nio ?
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B. LOI GIAI - CHi DAN - PAP SO

§1. Sy xac dinh dudng trén. Tinh chat ddi xing cua dudng trén

1.

12

%

174

(h.79)
Goi O 14 giao di€m clia hai dudng chéo AC va BD.

Ta c6 OA = OB = OC = OD nén bén diém A,
B, C, D thuéc cung moét duong tron (tam O,

ban kinh OA).
AC? = AD? + DC? = 12 + 16° = 144 + 256
= 400 = 20°,
AC = 20cm.

Bén kinh clia duwong tron bang 10cm.
(h.80)

Goi R 1a ban kinh cua dudng tron.

OA’ =1 +1’=2=0A=42<2=R.
Vay A nam trong (O).

OB? :(ﬁ)2+(ﬁ)2 - 4=>0B=2=R.
Vay B nam trén (O).

0C?=12+22=5=0C=+5>2=R.
Vay C nam ngoai (O).

Néi céc 6 :
(1) va (6) ;
(2) va(5);
(3) va (4).
(h.81)

Cach dung :

— Dung dudng trung truc cua DE, cat Ox
6 M.

— Dung duong tron tAm M, ban kinh MD.

Hoc sinh tuw chirng minh.

Hinh 79

Hinh 80

O p~_ E ¥

Hinh 81



Cau a) ding.

Cau b) sai : Néu hai dudng tron cé ba di€ém chung phan biét thi chiing
trung nhau.

Cau c) sai : TAm cua dudng tron ngoai ti€p tam gidc ti nam ngodi tam
gidc. TAm chia dudng trdn ngoai ti€p tam gidc vudng 1a trung diém chia
canh huyén.

a) Hoc sinh tu vé.

b) Hoc sinh tu vé&. Cac cung tron tam B, C, D, A c¢6 ban kinh theo thi tu
bang 1, 2, 3, 4 don vi dai.

L4y ba di€ém A, B, C bat ki trén dudng vién. K& cdc dudng trung truc clia
AB va cta BC, chiing cat nhau tai O (h.82). D6 dai OA cho ta bdn kinh
cna dudng vién.

Hinh 82 Hinh 83
(h.83)
OA = 2 <2 = O va A nim trong dudng tron.
AB=AD =2 = Bva D nam trén dudng tron.
AC=2+/2 > 2 = Cnim ngoai dudng tron.
(h.84)

a) Cic tam gidc DBC, EBC néi ti€p dudng
tron duong kinh BC nén la cdc tam giac
vuoéng. Do doé

CD 1 AB,BE | AC.

b) K 1a trwc tAm cta tam gidc ABC nén
AK | BC. Hinh 84
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10.

11.
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(h.85) Goi O 1a tam dudng tron ngoai tié€p
tam gidc ABC. Tam O 1i giao di€m cha cédc
dwong phan gidc, trung tuyén, dudng cao,
trung true nén O nam trén dudng cao AH,

HC =% = %(cm), OA = 20H, OCH = 30°.

Xét tam giac OHC vuéng tai H :

OH = HC . tg30° = . £(cm).
2«3 2
OA = 20H = 43 cm.
Vay déap s6 (C) 1a ding.
(h.86)
a) Goi O 14 giao di€ém ctia hai dudng chéo AC
va BD.

Ta c6 OA = OB = OC = OD nén céc dinh clia
hinh vuéng ABCD ciling nam trén dudng tron
(O; 0A).

b) Pdp s6 : Ban kinh ctia dudng tron bang V2 dm.
(h.87)

a) Tam giac ABC cén tai A nén AH la duong
trung true cua BC. Do d6 AD la dudng trung
trure ctia BC. Vi O nam trén dudng trung truc

cia BC nén O nam trén AD. Vay AD Il
duong kinh ctia duong tron (O).

b) Tam gidc ACD néi ti€p dudng tron dudng
kinh AD nén ACD = 90° .

c) Tacé BH=HC= B—2C =12 (cm).

Tam giac AHC vuéng tai H nén

Hinh 85
A B
0
D C
Hinh 86

Hinh 87

AH?Z = AC? - HC? =20% - 122 = 400 - 144 = 256 = AH = 16 (cm).

AC? = AD.AH
2
AD -AC _ 2020 _ 55 e
AH 16

B4n kinh dudng tron (O) bang 12,5cm.



13. (h.88)

AH cat duong tron (O) ngoai ti€p tam A
giac ABC tai D. Tam giac ACD noéi 4
ti€p dudng tron dudong kinh AD nén @ _ &
ACD = 90° , do d6 (I;I 6
CH? = HA HD
2
HA 4
Do d6 AD = 13cm. P
Bén kinh ciia dudng tron (O) bang 6,5cm. Hinh 88
14, (h.89)

Phan tich
Gia str da dung duoc dudong kinh COD sao cho AC = BD.

Goi A' 14 di€ém d6i xttng véi A qua O. Ta ¢6 ACA'D 14 hinh binh hanh
nén A'D = AC, do d6 A'D = BD. Di€m D thoa man hai diéu kién :

— D thuéc dudng trung true d cua A'B.
— D thuéc duodng tron (O).

Cach dung

— Dung A' d6i xting véi A qua O.

— Dung dudng trung true d cia A'B.

— Goi D 1a giao diém cta d va
duwong tron (O).

— Dung duong kinh COD.

Hinh 89

Chiing minh

D thuéc dudng trung truc cua A'B nén DA' = DB.
ACA'D la hinh binh hanh nén DA' = CA.

Vay CA = DB.

(*) Trong mét 6 bai todan dung hinh & cuén sach nay, ching téicé gidi thiéu thém bude Phdn tich va
Bién ludn d€ hoc sinh tham khao.
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Bién ludan

Tuy theo s6 giao di€m ctia d va dudng tron (O) 12 2, 1, 0 ma bai todn cb
2,1, 0 nghiém hinh.

(Trén hinh 89, bai toan c6 hai nghiém hinh).

Bai tap bo sung A
1.1. a)Dung ; b) Bung ; c) Sai.
1.2. (h.bs.24). Hiy chitng minh rang D
MNPQ 1a hinh chir nhat.
Q
B P C
Hinh bs. 24

1.3. (h.bs.25). bat OB = OD = a.
Hay ching minh OE = a.
Titong i, OF = 0G = OH = a, /'/E<D'F\_\
Tir d6 suy ra sdu diém E, B, A C
F, G, D, H cung thuéc dudng W
tron (O ; a).

Hinh bs. 25

§2. Budng kinh va day cta dudng tron

15. (h.90)
a) Goi I 1a trung diém ctia BC.
Ap dung tinh chdt dudng trung tuyén tng

v6i canh huyén déi véi tam gidc vudng
BKC, BHC ta dugc :

KI =lBC, HI =lBC.
2 2

Suy ra IB = IK = IH = IC. Viy bén
diém B, K, H, C cling thuéec dudng tron
tam I ban kinh IB.

b) Trong duodng tron (I) ndéi trén, HK la day, BC la duong kinh nén
HK < BC (chi y : khéng xay ra HK = BC).

Hinh 90
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16.

17.

18.

19.

(h.91)

a) Goi I 12 trung diém cta AC. Ta cé BI,
DI lan lwot 14 dudng trung tuyén ng
v6i canh huyén cta tam gidc vuoéng
ABC, ADC nén BI = AT = CI = DI,
chitng t6 rang bén diém A, B, C, D cling
thudc duong tron (I ; TA).

b) BD la day cua dudng tron (I), con AC
la duwong kinh nén AC > BD.

AC = BD khi va chi khi BD ciing 13 dudng
kinh, khi d6 ABCD la hinh chir nhét.

(h.92)

Ké OH L EF. Hinh thang AIKB c6 AO = OB
va OH // Al // BK nén

HI = HK. (1)
OH 14 phan duwdng kinh vuéng gbc véi day
EF nén

HE = HF. (2)
T (1) va (2) suy ra IE = KF.
(h.93)

Goi trung diém ctia OA 1a H. Vi OH = HA
va BH | OA nén AB = 0OB. Ta c6

AB = OB = OA nén tam giac AOB la
tam gidc déu.

Vay O = 60°.

BH = BO. sin60° = 3.%,
BC = 2BH = 3+/3 (cm).
(h.94)

a) Tt gise OBDC cé bén canh déu bang R
nén la hinh thoi.

b) Tam gidc OBD c6 ba canh bang nhau

nén 12 tam gidc déu, suy ra OBD = 60°.

Hinh 92

Hinh 94

g
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BC la dudng chéo cua hinh thoi nén 1a dudng phéin gidc cua géec OBD,
suy ra

CBD = CBO = 30°.
Tam gidc ABD néi tié€p dudng tron duong kinh AD nén ABD = 90°,
suy ra

OBA = 30°.
c¢) Tam gidc ABC c6 ABC = 60°, tuwong tw ACB = 60° nén [2 tam gijc déu.
a) (h.95a)
Ké OI L CD. Ta ¢6 IC =1D.

Hinh thang CDNM cé6 CI = ID, IO // CM // DN nén OM = ON. Suy ra
AM = BN.

b) (h.95b) Goi I 14 trung diém cta CD.
Hinh thang MCDN c¢6 OI la duwong trung binh nén OI // MC // ND.
Ta laic6 OI L CD nén MC L CD, ND 1L CD.

D

Ceti C

A M O N B A M O N B

Hinh 95
(h.96)
Ké OM L CD, OM cat AK tai N. Theo tinh
chét dudng kinh vuéng gbéc véi day, ta cb
MC = MD. (1)

Tam giac AKB c6 AO = OB, ON // BK nén
AN = NK.

Tam gidc AHK c6 AN = NK, NM // AH nén

MH = MK. (2)
Tur (1) va (2) suy ra Hinh 96
MC - MH = MD - MK, tirc 1a CH = DK.




(h.97)

a) Dung day AB vubng géc véi OM
tai M.

b) Trong tam giac OMB vuoéng tai M :
MB’ = OB’ - OM” = 5" — 1,4° = 23,04
= MB = 4,8 (cm).

Do d6 AB = 9,6cm.

(h.98)

Tt gide ACBD c6 cdc dudng chéo cat
nhau tai trung di€ém cfia mdi dudng nén
la hinh binh hanh.

Bai tap bo sung

2.1.

2.2.

Chon (C).
(h.bs.26). Ta c6 AB < 4cm,
CD <4 cm. Do AB 1L CD nén

! !
Sacep = yABCD <44 =38 (cm?).

Gid tri 16n nhit cla S,e-gp bang
8 cm” khi AB va CD déu 1a duong
kinh cna dudng tron.

(h.bs.27)

a) Bon diém A, H, B, K cung thuoe
duwong tron duong kinh AB.

b) Ta c6 HK < AB < 2R.

Hinh 97

@]
W

Hinh 98

Hinh bs. 26

Hinh bs. 27
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§3. Lién hé giira day va khodng cach tir tam dén day

24. (h.99)
a) MN = PQ = OE = OF.

AOEA = AOFA (canh huyén — canh
g6c vuobng) suy ra AE = AF. (1)

b) MN = PQ = EN = FQ. (2)
Tw (1) va(2) suyra

AE - EN= AF - FQ,

inh 99
tife 13 AN = AQ. e
25. (h.100)
Ké OH..L.CD, OK.... EF.
CD=CI+ID=2+14=16 (cm). E
CH = lCD = 8(cm).
2 K 0
= -Cl=8-2= n K
IH=CH-CI=8-2 =6 (cm). C\I 5 D
Do CD = EF nén OH = OK. F
T giac OHIK la hinh chit nhéat, lai
Hinh 100

c6 OH = OK nén la hinh vuéng.

Do d6 OH = OK =1H = 6(cm).
26. (h.101)

Ké OI L AB, OE 1 CD.

Trong dudng tron nho :

AB<CD = OI > OE.

Trong duong tron 16n :

OI > OE = KM < KN.

Hinh 101
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(h.102)

Goi CD la day bat ki (khac AB) di qua I.
Ké QK-.LCD:

Tam giac OKI vuéng tai K nén OI > OK.

Ta c6 OI > OK nén AB < CD (lién hé
gitta day va khoang céch tir tim dén day). Hinh 102

Tacé A >B >C nénBC>AC > AB. Do dé OH < OI < OK.
(h.103)

a) KEOH | AB,OK L CD.Tac6 AB=CD
nén OH = OK. Do d6 IO la tia phan giac
ctia gbéc BID.

b) AIOH = AIOK (canh huyén - gbc
nhon hoidc canh huyén — canh géc vuéng)
suy ra [H = IK.

Tirdé IB = ID va IA = IC.
(h.104)

Hinh 103

Ké OH L AB, OK 1L CD. Rérang H, O, K thzamg hang. Ta c6:
OH? = OB? - HB? = 25% - 20? = 225 = OH = 15cm.
OK? = OD? - KD? = 25> — 24% = 49 = OK = 7em.

05 0,
1l C - D
K
A\E/\‘é
b)

Hinh 104
C6 hai truong hop :
— Néu O nam trong dai song song tao bdi AB va CD (h.104a) thi
HK =0OH+ OK=15+7 =22 (cm).
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— Néu O nam ngoai dai song song tao bdi AB va CD (h.104b) thi
HK=0H-OK=15-7=8 (cm).
31. (h.105)

a) b)

Hinh 105
a) Ké OH | AC, OK L CB. Tac6 AM = BN nén OH = OK. Do d6:
AOHC = AOKC (canh huyén — canh géc vuéng) = 6| = 62 ;
AOHA = AOKB (canh huyén — canh géc vuéng) = 63 = 64 .
Suy ra €)| + 63 = 62 + 64 ,nén OC 1a tia phan gidc cua géc AOB.

b) Tam gidc AOB cén tai O c6 OC la tia phan gidc cta géc O nén OC | AB.

%
[

a) Day ngan nhat di qua M 1a day vuéng géc véi OM tai M (xem bai 27).
Ta tinh dwoc do6 dai ctia day d6 1a 8dm.

b) Day dai nhit di qua M la duwdng kinh, d6 dai 10dm.
33. (h.106) MOH va MOK Ia céc tam giac vuéng.

Ta cé :
B
MH? + OH” = MK” + OK? (= OM?). C
‘.

Tacé : A v
AB > CD = OH < OK = OH? < OK?

— MH? > MK? = MH > MK. D

Hinh 106
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(h.107)
Cach dung
— Dung trung diém I ctia AB.

— Qua A, dung day CD song song véi 1O,

— Qua B, dung day EF song song véi 10.
Chiing minh

Hoc sinh tr giai.

Bién ludan

Bai toan c6 mét nghiém hinh.

Bai tap bo sung

Sl
3:2.

Chon (D).

(h.bs.28). Day AB phai dung vuéng
g6c vai OI tai L

(h.bs.29)

Day 16n nhat di qua C 1a dudng kinh
EF = 50cm. Day nhdé nhit di qua C
laday AB vubng géc véi OC tai C,
AB = 48cm.

C6 hai day di qua C c6 d6 dai 49cm (1a
day GH va IK d6i xing nhau qua EF).
Co tat ca 4 day di qua C cé d6 dai la

mot s6 nguyén xentimét.

=

.
EX R K F

Hinh 107

()
N

Hinh bs. 28

Hinh bs. 29

§4. Vi tri tuong déi cGa dudng thing va dudng trén

35,

(h.108)

Ké IA 1 Ox. Do IA =2 = R nén dudng tron (I) ti€p xdc véi truc hoanh.

Ké IB L Oy. Do IB = 3 > R nén dudng tron (I) va truc tung khoéng giao nhau.
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36.

37

38.

39,

186

™y

Hinh 108

(h.109)

Tam I cua cdc dudng tron cé ban kinh
Scm va tiép xiic véi dudng thang a
nam trén hai dudng thang d va d' song
song vdi a va cach a la Scm.

(h.110)

a) Ké AH 1 xy. Ta c¢6 AH < AC, titc
la d < R nén duodng tron (A) va
dudng thang xy cat nhau. Do d6 (A)
c6 hai giao diém véi xy.

b) Ta tinh duoc HC = 5cm nén
BC = 10cm.

(h.111)

BO Ia duong trung binh cta tam gidc

ACD nén BO = %AD.

Do BO = 2cm nén AD = 4cm.

(h.112)

a) AD = 12cm.

b) Goi I 1a trung diém ctia BC.
Puong tron (I) dwong kinh BC co

ban kinh R = B—2C = 6,5cm.

H
s/
a
5
d
d T
Hinh 109
@
H
X B0 ¥
Hinh 110

= ———————

H-------

9
Hinh 112



40.

41.

Ké IH 1| AD. Khoang cich d tir I d¢n AD bang IH, ta c6

_AB+CD _4+9
2 2

d=IH = 6,5(cm) .

Do d = R nén duwong tron (I) ti€p xic véi AD.
(h.113)

a) Goi H 12 giao di€ém ctia CD vd OA. Ta
c6 OA | CD nén CH = HD.

T gidc OCAD c¢6 OH = HA, CH = HD
nén la hinh binh hanh, lai c6 OA 1 CD

nén 1a hinh thoi.

b) Tam gidc AOC déu nén AOC = 60° . Hinh 113
Trong tam giac OCI vubng tai C:

Cl= OC.tg60° = R.4/3 .

(h.114) d
a) Hinh thang ABFE c6 p
OA = OB, OC// AE /] BF nén CE = CF. C
b) Tam giac OAC cantai O nén .
A1 =0OCA . 1
A H 0] B

AE // OC nén 32 = Oa (so le trong).

Suy ra A; = Ay, do dé AC Ia tia phan Hinh 114
gidc cua géc BAE.

c) ACAE = ACAH (canh huyén — géc nhon) = AE = AH.
Twong tw BF = BH.

Tam gidc ABC noi ti€p duwdng tron dudong kinh AB nén ABC la tam gidc
vuodng tai C.

Theo hé thirc lwvong trong tam giac vuoéng ABC, ta c6 :
CH” - HA. HB.
Suyra  CH”= AEBF.
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Bai tap b6 sung
4.1. Chon (C).
4.2. (h.bs.30) OM = 24/2.

Diém M chuyén dong trén dudng
tron (O ; 2\/5 cm).

4.3. (h.bs.31). Goi C Ia ti€p diém ciia EF LA M

v6i dudng tron (O), H 13 giao diém
cua OC va AB. Ta ¢6 OC 1 EF va
AB//EFnén OC | AB.

Hinh bs. 30

Ta tinh dwoc HB = 12 cm nén

OH =9 cm.
O
. OH AB
AOAB » AOEF nén oc - R A »
Lo 9 24 E . F
ture lﬂ E = ﬁ
Ta tinh duwoc EF = 40 cm. Hinh bs. 31

§5. Dau hiéu nhan biét tiép tuyén cua dudng tréon

42. (h.115)
Cach dung
— Dung I 14 trung diém ctia AO.

— Dung duong tron (I ; 1I0), duong tron (1)
cat dudng tron (O) tai B va C.

— K& céc doan thang AB, AC.

Chiing minh
Tam gidc ABO néi ti€p dudng tron
dudng kinh AO nén ABO = 90° . Hinh 115
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43.

45.

AB vuéng géc véi OB tai B nén AB 14 tiép tuyén ctua dudng tron (O).

Twong tr, AC 1a ti€p tuyén cua dudng tron (O).

(h.116)

Phdn tich. Gia st da dung dwoc
duong tron (O) di qua A, B va tiép
xtc véi d. Khi d6 (O) phai ti€p xic
vGidtai A.

(O) di qua A vd B nén O nam trén
dudng trung truc ciia AB.

(O) ti€p xiic vé6i d tai A nén O nam
trén duong vuéng goc vai d tai A.

Hoc sinh tu trinh bay phan Cdch
dung va Chitng minh.

(h.117)
AABC = ADBC (c.cc) A = D.

Do A = 90° nén D = 90°.

CD vuéng gbc véi ban kinh BD tai
D nén CD 1la ti€p tuyén cua dudng
tron (B).

(h.118)

a) OE = OA = OH nén E nam trén
duong tron (O) c6 duong kinh AH.

b) Tam giac BEC vuéng c6 ED la
duong trung tuyén tng v4&i canh
huyén, nén ED = DB, suy ra

Ei = Bi. (1)
Talaicé Ep = H = Hy. (2)
Tir (1) va (2) suy ra

Ei + By = By + Hy = 90°.

DE vuéng goéc véi ban kinh OE tai E

nén DE 1a ti€p tuyén cua dudng tron (O).

Hinh 116

Hinh 117

Hinh 118
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46.

47.

(h.119)

Cach dung

— Dung duong vuéng gbéc véi Ox tai
A, cat tia Oy & 1.

— Dung duong tron (I ; IA).

Hoc sinh tur chirng minh.

(h.120)

Cach dung

— Dung OH L d, cat (O) tai A va B.

— Dung d,; di qua A va vudng gbéc véi OA.
Dung d, di qua B va vuéng géc véi OB.

Ta c6d; va d, la cac ti€p tuyén phai dung.
Hoc sinh tw chirng minh.

Bai tap bo sung

S.1.

5.2,

§6. Tinh chat cla hai tiép tuyén cat nhau

48.

190

a) Ding ; b) Sai.

(h.bs.32) CD la duong trung truc
cia OA nén CA = CO.

Suy ra CA = CO = AO = AM.
Do dé MCO = 90°.

Vay MC la ti€p tuyén cua dudng
tron (O).

(h.121)
a) AM = AN, AO la tia phan gidc ctia géc A
(tinh chat hai ti€p tuyén cat nhau tai A).

Tam giac AMN can tai A, AO la tia
phan gidc cua géc A nén AO 1. MN.

pd :/:t‘_‘/.: |
A X

(0]
Hinh 119
B d,
0
d,
A
- d
H
Hinh 120

M ;‘? %“0 )
D

Hinh bs. 32

Hinh 121



49.

50.

b) Goi H 12 giao di€ém clia MN vd AO. Ta ¢c6 MH = HN, CO = ON nén HO
la duong trung binh caa tam gidc MNC. Suy ra HO // MC, do d6
MC /[ AO.

¢) AN’ = AO” - ON” = 5” - 3° = 16 = AN = 4(cm).

Ta c6 : AOHN = ANNO

= 5HN =43 = HN =24 (cm).

Do d6 MN = 4,8cm.

Vay AM = AN =4cm ; MN =4 8cm.

(h.122)
Theo tinh chét hai ti€p tuyén cat nhau,
PI =PDva QI =QE.
Chu vi tam gidc MPQ bang :
MP + PQ+ MQ =MP + PI + IQ + MQ
=MP+PD+ QE+MQ
=MD + ME = 8(cm).

Hinh 122
(h.123)
Phdn tich. Gia st da dung duoc y
duong tron (I) di qua A va ti€p xic
vai Ox, Oy.
Duong tron (I) ti€p xic véi Ox, Oy
nén I nim trén tia phan gidc cua goéc
xOy.
~ ~ .t - .t N O A X
Duong tron (I) ti€p xic véi Ox tai A
nén I nim trén dudng thang vudng
Hinh 123

g6c vai Ox tai A.
Giao diém ctlia hai dudng trén cho ta di€ém 1.

Hoc sinh tu trinh bay phan Cdch dung va Chitng minh.
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S1.

53,

192

(h.124)

a) Goi H la ti€p diém ctia MN véi nlra y
duwong tron. Theo tinh chét hai ti€p tuyén N
cat nhau : H

OM la tia phan gidc cua géc AOH, ON 1a M
tia phan gidc cia goc BOH, hai gbéc dé ké

bl nén MFN =90°.

. e e . O B
b) Cing theo tinh chat hai ti€p tuyén 2
cat nhau : Hinh 124
AM = HM, BN = HN (1)

nén MN =HM + HN = AM + BN.
c) T (1) suy ra AM.BN = HM .HN.

Ta lai c6 HM.HN = OH’ = R’ (hé thirc lugng trong tam giac MON vuéng
tai 0). Do d6 AM.BN = R,

(h.125)

Goi F 12 ti€p diém ctia dudng tron (I) véi BC. Theo tinh chat hai ti€p
tuyén cat nhau : AD = AE, BE = BF, CF = CD.

Tacé:
AD+ AE=AC+ AB- (BE + CD)
=AC+ AB - (BF + CF)

=AC+ AB- BC
= b+c-—a.

b+c—a a
Suy ra AD = AE :T. Hinh 125
(h.126)

Goi H 14 ti€p diém clia dudng tron (I) véi BC. Dudng phan gidc Al ciing
la duwong cao nén A, I, H theamg hang, HB = HC,

HAC=30" AH=3TH =35

HC = AH. tg30° = 3r.—— — .3

V3



Sapc = %BC.AH = HCAH = r/33r = 34312,

A

Hinh 126
54. (h.127)

Hinh 127

a) Tam gidc ABC cén tai A c¢6 AO 1a tia phan gidc clia géc A nén

AO 1 BC.

Theo hé thitc lwvong trong tam giac vuéng ABO :

OB? = OA OH

3= S5
= OH =1,8(cm).

b) Ddp s6 : Chu vi tam gidc ADE bang 2AB = 8(cm).

55. (h.128)

a) T giac ABOC c6 ba géc vudng nén
12 hinh chir nhat, lai ¢é hai canh ké
bang nhau nén 13 hinh vuéng.

b) Chu vi tam gidc ADE bang
AB + AC=4cm.
Chii ¥ : C6 thé sir dung két qua cha
céu b) bai 54.
c) Theo tinh chét hai ti€p tuyén cat nhau :

] ——

O = O3 = —MOB,
2
62 = 64 = %MHC‘)_C nén 6| + 62

Vay DOE = 45°.

Hinh 128

_1Boc s
D)
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56.

a1

58.

194

(h.129)
a) Theo tinh chat hai ti€p tuyén cat nhau :
11| = 32, 1&3 = :&4 nén
DAH + HAE = 2(A, + A;) = 180°.
Vay D, A, E thang hang.
b) Goi M 14 trung diém ctia BC.

B H M C
MA la dudng trung binh cua hinh thang

BDEC nén MA // BD. Do d6 MA L DE. Hinh 129

Ta lai c6 MA = MB = MC nén MA Ia ban kinh cta dudng tron cé dudng
kinh BC (tim M). Vay DE la ti€p tuy&€n cua dudng tron cé duong kinh BC.

(h.130)

Goi I 1a tAm cua dudng tron ndi ti€p
tam giac ABC. Ta c6

ABr BCr CAr
+ +
2 2 2
[ AB BC CA] Hinh 130
= —+—+— |1

2 2 2
= pr.
(h.131)
a) T giac ADOE la hinh vuéng.
b) Theo bai 52 ta cd B

AD - AE — AB+AC—BC.

Goi r la ban kinh duong tron (O). Do
ADOE la hinh vuéng nén AD = AE =r.
Ta tinh duge BC = Scm. Do dé Hinh 131

3+44-5
2

r =1(cm).



59. (Van dung hinh 131)
Tacé BC=2R, AD = AE =r, nén
2R + 2r=BC+ (AE + AD)
= (BF + FC) + (AE + AD)
= (DB + EC) + (AE + AD)
=(AD+ DB) + (AE + EC)
= AB + AC.
60. (h.132)

a) Goi D 1A ti€p diém clia dudng tron (K)
trén BC. Ta ¢6 BD = BE, CD = CF nén

AE=AB+BE=c+ BD
AF=AC+CF=b+CD.
Suy ra
AE+AF=b+c+ (BD+CD)
=a+b+ec.
Ta lai ¢c6 AE = AF (tinh chét hai ti€p tuyén
cat nhau tai A) nén

AE—AF—a+b+C
D
b) BE—AE- AB- 2Fb¥e _@¥b-e
2 2
¢) CF = AF— AC =“—t2’+°—b=a+;_b

61. (h.133)
a) Ta c6 OC, OD la céc tia phan giic ctua
hai géc ké bi nén COD = 90°. Goi I Ia
trung di€ém ctia CD thi
IC=1ID =10
nén I 1a tim va IO 14 ban kinh cua dudng
tron c¢6 duwong kinh CD.

Hay chirng minh ti€p AB vuéng gbéc vdi
10O tai O.

Hinh 132
X Yy
D
1
1
L]
1
i
1
L
¥
A O B
Hinh 133
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b) Chu vi hinh thang ABDC bang :
AB+AC+BD + CD.
Dé dang chitng minh dugc
AC+BD=CM+MD =CD
nén chu vi ABDC bang AB + 2CD.
Ta c6 AB khoéng déi nén chu vi ABDC nhé nhat khi va chi khi CD nhé nhat.
CD nhé nhit < CD =AB< CD// AB< OM | AB.

Vay khi OM L AB thi chu vi hinh thang ABDC nhd nhat va bang 3AB.
c) bat AC = x, BD = y. Chu vi ABDC bang

AB+2CD=4+2(x +y).
Do chu vi ABDC bing 14 nén

44+2(x+y)=14

hay
X+ y=23. (1)
Talai co
xy = MC.MD
- OM? (hé thire lwong trong tam giac vuéng COD)
nén Xy = 22 =4, (2)

T (1) va (2) suyra:
it d = Ses Pod=Bres &2 _Sxed=0
X
< (x-1D)(x-4)=0¢< x=1hoac x =4.

Nhu vay, néu diém C (thudc tia Ax) cdch diém A 13 lcm hoac 4cm thi
chu vi hinh thang ABDC bang 14cm.

(h.134)
a) Ta c6 Ax // By nén theo dinh 1i Ta-1ét :
X hJ
ND_ DB " d
NA AC
Talaic6 DB=MD,AC=MC. (2) c
Tir (1) va (2) tacd
E = @ ,suy ra MN // AC (dinh 1i Ta-1ét dao). ,
NA MC A H O B
Do ACL ABnén MN 1 AB.
Hinh 134



b) Theo dinh Ii Ta-lét :

MN CN AN NH

BD CB AD BD

Suy ra MN = NH.
63. (h.135)

bat BC=a, AC=b,AB=c.Tacé6:

BD - a+c-b

DC = a+b-c

Do dé6 (gia st b = c) :

’
Y
1
1
1
D

(xem bai 52).

Hinh 135

ate~b a*b=¢c a—{b—e) a%(b=g)

BD.DC=
7 2 7 2
_az—(b—c)z_a — b2 + 2bc - ¢?
4 4
a2 — (b% + %) + 2be
1 :
2 2 2 2bc  be
Doa " =b"+¢ nén BDDC=——=—=38§ .
4 7 ABC B
. ;
Bai tap bo sung (
6.1. Chon (B). A

6.2. (h.bs.33) ADOE la hinh binh
hanh, lai c6 AO la dudng
phan gidc cua géc A nén la
hinh thoi.

6.3. (h.bs.34). Ta c¢6 OB 1 AB va
AB//CD nén OB L CD. Goi H
14 giao diém ctia BO va CD thi

BH | CD, suy ra HC = HD.
Do d6 BC = BD.

DC

Hinh bs. 33

Hinh bs. 34
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§7. Vi tri tuong ddi cla hai dudng tron

64. (h.136)
Tac6 O, A, O thfmg hang va B, A, C
thang hang nén A1 = Ay (d6i dinh).
Do zi| = ]§|, ziz = é| nén ]§| = é|.
Do d6 By = Ca .
Hai gbéc so le trong ]§2, 62 bang

nhau nén Bx // Cy.

65. (h.137)
Goi H 13 giao diém ctia OO' vd AB.
Ta c6 OO' 1a dudng trung truc cla
AB nén cac tam giac AHO, AHO'
vuong va

AH=HB= 2—24 =12 (cm).

Theo dinh 11 Py-ta-go :
5 5 5 5 5 Hinh 137
OH =0OA"-AH =15"-12" =81

= OH = 9(cm).
O'H’= 'A% - AH? = 13% - 127 = 25 = O'H = 5(cm).
Vay 0O0'=9+5 =14 (cm).

66. (h.138) Hay chitng minh rang OBA = O'CA .

Hinh 138 Hinh 139

67. (h.139)
Tam gidc ABC néi ti€p dudng tron dudng kinh AC nén ABC =90°,
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68.

69.

Tam gidc ABD néi ti€p duong tron duong kinh AD nén ABD = 90°.

Suy ra C va D cung thudc duong vuéng gbéec véi AB tai B.

Do d6 C, B, D thé“ing hang va AB 1 CD.

(h.140)

Ké OH va OK vuéng gbc véi CD.
Hinh thang OO'’KH c6

OI=10",IA//OH//OK
nén AH = AK.

Talaic6 AH= %,AKz %

nén suy ra AC = AD.
(h.141)
a) Tam gidc CAQO' noi ti€p dudng
tron dwong kinh CO' nén
CAO' = 90°.
Do d6 CA 1a ti€p tuyén cna
duong tron (O').
Twong tu CB la ti€p tuyén cua
duong tron (O').
b) Theo tinh chét hai tiép tuyén
cat nhau :

Cr=Ca.
Ta c6 CA // IO' (cung vubng goéc
v6i AQ') nén é| = 6'|.

-~ ——

Suy ra Co = 0.
Do dé
IC=10"

Theo tinh chAit hai ti€p tuyén cat nhau :

Hinh 140

Q)

K

Hinh 141

(1)
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70.

Ta c6 CK // AO' (cung vuéng goc véi AC) nén 6’2 = OJ-(?K

Suy ra CO'B=0'CK.

Do dé KC =KO'. (2)
Talaic6 OC =00 (3)
Tir (1), (2), (3) suy ra O, I, K thang hang (cliing nam trén dudng trung trurc
cua CO").

(h.142)

a) Goi H 14 giao di€ém ctia AB va 0O'.
Tacé Al = IK, AH = HB nén IH 14

dwong trung binh cta tam gidc AKB,
do d6

IH // KB.
Talaic6 OO' L ABnénIH | AB.
Suy ra KB | AB.
b) KB L AB, AB = BE nén Hinh 142

KA =KE. (1)

T gide OAO'K cé cdc dudng chéo cat nhau tai trung di€ém ctia mbi
dwong nén la hinh binh hanh, suy ra OK // O'A. Ta lai c6 CA L O'A (vi
CA 1a ti€p tuyén cua (O')). Suy ra OK L CA.

Puong kinh chira OK vuéng géc véi day CA nén OK la duong trung truc
cua AC, do dé

KA =KC. (2)
Chirng minh twong tvr KA = KD. (3)
Tir (1), (2), (3) suyra
KE = KA = KC =KD,

titc 12 bon diém E, A, C, D ciing thudéc mét dudng tron c¢é tam K.

Bai tap bo sung

71

200

Chon (A).



7.2. (h.bs.35)

2) Hinh bs. 35 b)
ABC = 90° nén A, O, C thang hang.
ABD = 90° nén A, O, D thang hang.
0O’ 1a dwong trung binh cia AACD nén OO' = %CD.

§8. Vi tri tuong ddi cla hai dudng tron (ti€p theo)

71. (h.143)
a) IB = BA - IA nén duong tron (I) ti€p xidc trong véi dudng tron (B).
b) Tam gidc AMB c¢6 dudng trung tuyén MI {tng véi canh AB bang nira
canh AB nén AMB = 90°.

Tam gidc ABN cén tai B, c6 BM 1a dudng cao nén ciling 1a dudng trung tuyén.
Vay AM = MN.

>

Hinh 143 Hinh 144

72. (h.144)
Ké OI L AB. Theo tinh chit vé dudng kinh vuéng géc véi day ta cd
IC=1ID,IA =1IB.
Suy ra IC-TA =1ID - IB titc 1a AC = BD.
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74.

75.

202

(h.145)

a) Ké ti€p tuyén chung tai A, cat
CD & M. Theo tinh chit hai ti€p
tuyén cat nhau :

MA = MC, MA = MD.
Tam giac ACD c6 duong trung

tuyén AM iing véi canh CD bang
ntra canh CD nén CAD =90°,

b) MO va MO' la cac tia phan
gidc cua hai géc ké bu AMC,

AMD nén OMO' = 90°. Hinh 145
Tam giac OMO' vuéng tai M, MA 1a duong cao nén
MA%=0AOA = 45.2=9,dodé MA =3cm,

CD = 2MA = 6(cm).

(h.146) <
Duong tron (O') cat dudng tron

(O;0A)taiAvaBrenOO' | AB. e‘; i
Duong tron (O') cat dudng tron

(O ;0C)taiCvaDnén OO' L CD. ” D
Suy ra AB // CD. Hinh 146
(h.147)

a) OB // O'C = AOB + AO'C = 180°.

Mat khac, tam giac AOB cén tai O, tam giac AO'C cén tai O' nén

~ ~  180°- AOB 180° - AO'C 360° — (AOB+ AO'C)
Al +A2 = + =
5 )
_180° o0
Vay BAC = 90°.



76.

Hinh 147

b) Xét tam giac IOB v6i O'C // OB. Theo dinh 1i Ta-1ét :

Q'L _0'¢C 1  OI=01 23—l
o)1 OB 3 Ol 3
00" 2 4 2
T e— - — T —
o 3 or 3
Vay OI = 6¢cm.
(h.148)
a) ViOD //EO' = Oy + Oy = 180°. M
Tam giac AOD can tai O, tam giac D
AQO'E can tai O' nén 1
~ ~  180°-0O;  180° - O' 1 1
Aj+A) = 3 Lo 3 ' B ) o /€

~360° — (01 + O')
2

_ 180° _op° Hinh 148

Suy ra DAE = 90°

b) Tam gidc ABD noi ti€p dudng tron dudng kinh AB nén ADB = 90°,
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i 88

78.

204

Tuong tu AEC = 90° .

Tt gisdc ADME c6 DAE = 90°, ADM =90°, AEM = 90° nén la hinh
chir nhat.

c) Tam giac AOD cén tai O nén zi| = f)| .

Goi 114 giao di€ém c4c dudng chéo clia hinh chit nhat ADME, ta cé 113 = f)z ;

Suy ra A1+ A3 = Dy + Dy =90°.
MA vuéng géc v6i AB tai A nén MA 1a tiép tuyén cua dudng tron (O), va
cling 1a ti€p tuyén cua duwdng tron (O').
(h.149)

a) Hoc sinh tir chitng minh.

b) OO’ 1a dudng trung truc cia MP nén
OP = OM, do dé P thuéc duong tron (O).

Ta c6 OMP = OPM. (1)
Ta c6 MNQP la hinh thang can nén
NMP = QPM. (2)

Tir (1) va (2) suy ra OMN = OPQ.

Do OMN =90° nén Cﬁb =00°. Vay Hinh 149
PQ 1a ti€p tuyén cua dudng tron (O). Twong tw, PQ 1a ti€p tuyén cta dudng
tron (O").

c) Ké ti€p tuyén chung tai A, cat MN va PQ theo thi tw & E vad F. Ta ¢6
EM = EA = EN, FP = FA = FQ.

Do dé MN + PQ = 2EF. (3)
EF 1a dudng trung binh cua hinh thang MNQP nén

MP + NQ = 2EF. (4)
Tir (3) va (4) suy ra MN + PQ = MP + NQ.
(h.150) B

C

Hinh 150



79.

a) OO' = 6 > 2 + 3 nén hai duong tron (O) va (O') & ngoai nhau.
b) T giac ABCO c6 AB // CO, AB = CO nén la hinh binh hanh, lai c6
A = 90° nén 1a hinh chit nhét.

Suy ra B=C=90°. Do dé BC Ia ti€p tuy€n chung cna hai dudng tron
(O ; 2cm) va (O' ; 3cm).

c) Tinh OA trong tam giac OO'A vuoéng tai A, duoc OA = Jf, do do

BC = /35 (cm).
d) OC // O'B nén theo dinh 1i Ta-1ét :

IO 0OC 2 0 2
IO OB 3 I10-10 3-2
=5 19 2 10 900" —T9em),
00" 1
(h.151)

a) Vi dudng tron tAm O c6 ban kinh bang R, dudng tron tAm A c¢é bin
kinh bang 2R va theo gia thi€t ta ¢6 2R — R < OA < 2R + R, nén hai
dudng tron (A) va (O) cat nhau.

b) Tam giac ABC c6 AB = BC nén la tam giac can. Ta lai chimg minh dwoc
BD 1 ACnén AD = DC.

o

- -
- -
- -
- ~
- ~
- -
- -~

%

-

(=N
v
4
’,
4
L4
I
I
¥
T
L
1
L
A
\
b
Ay
-

&
&

Hinh 151 Hinh 152
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80.

(h.152)

Phdn tich. Gia str da dung duoc dudng tron (O' ; 1em) ti€p xiic véi dudng
thang d va ti€p xic ngoai véi dudng tron (O ; 2cm).

(O') ti€p xiic v6i d nén O' thude hai dudng thing d, va d, song song véi d
va cachdla lem.

(O") tiép xic ngoai véi (O) nén O' thude dwdong tron tAm O ban kinh
2+ 1=3(cm).

Bai toan c6 ba nghiém hinh (xem hinh 152).

Hoc sinh tu trinh bay phan Cdch dung va Chitng minh.

Bai tap b6 sung

8.1.

8.2.

206

R . 00" Hé thILII’C gitra Vi tri tu’ou}g d(?'i cua
OO, R,r (©) va (O)

3 1 2 O0'=R-r Tiép xtc trong

3 1 4 O00'=R +r Ti€p xtdc ngoai

3 1 25 R_r<OO <R 4+t Cat nhau

3 1 5 OO0'>R+r o) ngoai nhau

2 1 : 00'<R-r (O) dung (O)

(h.bs.36)

a) (O) va (O") cat nhau.

b) Goi A va B 1a giao diém clia hai
dudng tron (O) va (0'), H 12 giao diém
cia AB va OO'.

Tam giac AOO' vuoéng tai A, AH 1 OO
va AB = 2AH.

Ta tinh duwoc AH =2.4cm nén AB = 4.8cm. Hinh bs. 36




8.3. (h.bs.37) B
a) AMO = 90°. Diém M chuyén déng

trén duong tron (O') duong kinh AO. A ,m
b) Puwong tron (O) ti€p xic trong vdi '

duong tron (O).

Hinh bs. 37

On tap chuong Il

81. (h.153)
a) Goi P, Q, O theo tht tr 1a trung
diém ctia AC, CB, AB : d6 1a tAm
ctia cdc dudng tron cé duong kinh 1a
AL, CB, AB.
Tam gidc AMC néi ti€p dudng tron
duong kinh AC nén

AMC =90°. Hinh 153
Tuong tur, CNB = 90°, ADB = 90°. Tt gidc DMCN c6 ba géc vudéng nén
la hinh chir nhat.
b) Theo hé thirc lwong trong tam giac vuéng ACD :
DM.DA = DC”. (1)
Twong tu DN.DB = DC”. 2)

T (1) va (2) suyra
DM.DA = DN.DB.
c) Tam giac QCN cén tai Q nén

G = N
Tam giac ICN can tai [ nén
C,=N,.
Suy ra 6| +62 = I:ﬂ +ﬁ2, tire 13 IEEQ:I;I;T"Q
Do IEQ = 90° nén I&b =90°, do 46 MN Ia ti€p tuyén cia duwdng tron (Q).
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83.

208

Twong tw, MN 1a ti€p tuyén cua dudng tron (P).

d) Ta c6 MN = DC (dudng chéo cua hinh chir nhat DMCN)
ma DC < OD nén MN < OD (OD khéng déi).

MN = OD khi va chi khi C trung O.

Vay khi C 14 trung diém ctia AB thi MN c6 do dii 16n nhat.
(h.154)

a) 10, IO' 12 tia phan gi4c cua hai géc ké
b AID va AIE nén OIO'=90°.

Tam giac AID cén tai I, IM la tia phan
gidc cua géc AID nénIM | AD. i
Tuong tw IN | AE.

T giac AMIN c6 ba géc vubng nén la
hinh chir nhat. Hinh 154

b) Chitng minh rang IM.IO va IN.IO' cling bang 1A%
c) IA 1a ban kinh cua duong tron tim I c¢6é dudng kinh DE. Do OO' vuéng
gbc v6i IA tai A nén OO' 1a ti€p tuyén ciua dudng tron (I).
d) Theo hé thirc lwong trong tam giac vuéng OIO" :

1A= 0A.0A =5. 32=16=1A =4(cm).
Do d6 DE = 2.1IA = 8(cm).
(h.155)

Ké OI va O'K vuéng géc véi
EF.Tacé6

Al=1E= E,
2
AK =KF= ﬂ,
2
nén Hinh 155
EF = AE + AF = 2(Al + AK) = 2IK. (1)



Ké O'H L OI, ta cé

IK =O'H<0O0'=3cm.

Tir (1) va (2) suy ra EF < 6cm.

EF = 6¢cm khi va chi khi H trung O, titc 12 EF // OO'.

Vay EF c6 d6 dai 16n nhit bang 6¢cm khi va chi khi EF // OO'.

(h.156)
a) OB L AD (taiI) nén Al = ID.

Suy ra tam giac BAD cén, ]§| = ]§2,
do do6 ]§3 = ]§4.
Tam giac EBF c6 duong cao ciling la
dwong phan gidc nén la tam giac céan.
b) Tam gidac EBF can nén

EH = HF.
Tam giac AEF vuoéng tai A c6 AH

la dudng trung tuyén nén
AH = HE = HF.
Do d6 tam giac HAF cén tai H.

c) Tam giac HAF céan tai H nén

-~

11| = B,
Tam giac OAB can tai O nén

OAB = B = Ba.
T (1) va(2) suyra

OAH = A; + OAB = F + Bg = 90°.

Suy ra HA 1a ti€p tuyén cua dudng tron (O).

(2)
A
3 ul
4/W2 |1 0 C
D
Hinh 156
(1)
(2)
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(h.157)

a) Chirng minh rang AMB = 90° , ACB = 90°
nén E 12 truec tAm cua tam gidc NAB, do dé
NE 1 AB.

b) Tir gidc AFNE c6 cic dudng chéo cat nhau tai
trung di€ém ctia méi dudng nén 12 hinh binh hanh
(tir giac nay con la hinh thoi). Do d6 FA // NE.
Do NE | ABnénFA | AB .

Suy ra FA 1a ti€p tuyén cua dudng tron (O). Hinh 157

c) Tam gidc ABN c6 dudng cao BM cing la dudng trung tuyén nén 1a tam
gidc can. Suy ra BN = BA. Do d6 BN 1a ban kinh ctia dudng tron (B ; BA).
Tam giac ABN can tai B nén BNA = BAN. (1)

Tam gidc AFN c6 dudong cao FM 1a duong trung tuyén nén 1a tam gidc
cén, suy ra

NI = A, (2)
Tir (1) va (2) suy ra BNA + Nj = BAN + A, tirc 12 FNB = FAB.

Talai ¢6 FAB = 90° (cau b)), nén FNB = 90°,
Do d6 FN la ti€p tuyén cua dudng tron (B).
(h.158)

a) Pudng tron (O') ti€p xudc trong véi dudng
tron (O) vi OO' = OB - O'B.

b) Tit gisc ADCE c6 cic dudng chéo cat nhau
tai trung di€ém clia méi dudng nén 1a hinh binh

hanh, lai c6 AC | DE nén la hinh thoi.

¢) Ching minh CK va AD cung vubéng gbéc
vai BD, tir d6 suy ra CK // AD.

Mait khéc, ta ¢6 CE // AD vi la c4c canh d6i Hinh 158
ctia hinh thoi.

Qua Cta c6 CK // AD va CE // AD nén cac dudng thfmg CK, CE trung nhau
(theo tién dé O-clit). Do d6 ba diém E, C, K thang hang.



87.

d) Tam gidc DKE vuéng c6 KH 12 dudng trung tuyén tng véi canh huyén
nén KH = HE = HD, do d6 tam giac KHE cén tai H, suy ra

HKC = HEC. (1)
Tam giac O'KC can tai O' nén

0'KC = OCK = ECH. (2)
T (1) va (2) suy ra

HKC + O'KC = HEC + ECH = 90°.
Vay HKO' = HKC + O'KC = 90°. Do dé HK Ia ti€p tuyén cua dudng
tron (O").
(h.159)
a) Tir gide BDCE c6 D

BK = KC, DK = KE

nén la hinh binh hanh, lai c6

BC 1L DE nén 1a hinh thoi.

b) Chitng minh AD | BD, AT 1 IC
(tire 12 AI L EC). Hinh 159

Mat khac, ta ¢ BD // EC vi la cdc canh d6i cta hinh thoi.

Cic dwong thang AD, Al cung di qua A va vuéng géc véi hai dudng
thang song song (BD, EC) nén A, D va I thang hang.

¢) Tam gidc DIE vuéng c6 IK 14 dudng trung tuyén tng véi canh huyén nén

IK =KD =KE,
do dé KIA = KDA. (1)
Tam giac O'TA cén tai O' nén O'IA = O'Al = DAK. (2)

T (1) va (2) suyra

KIA + O'IA = KDA + DAK = 90°.

Do dé KIO' = KIA + O'IA = 90° . Vay KI 12 tiép tuyén ciia dudng tron (O).
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(h.160)

a) Theo tinh chAit hai ti€p tuyén cat nhau, ta c6 :

HMD = 2HMB, .

HMC = 2HMA .
Suy ra D
HMD + HMC = 2(HMB + HMA) . e 1

~2AMB =2.90° = 180°.
Hinh 160
Dod6 C, M, D thaamg hang.

Hinh thang ABDC c¢6 O 1a trung diém ctia AB, M 12 trung di€m cta CD
nén OM la duong trung binh, suy ra OM // AC.

Ta lai c6 AC L CD nén OM L CD. Vay CD la ti€p tuyén cta dudng tron (O).
b) AC + BD = AH + BH = AB khong déi.

c) OM la dudng trung binh cua hinh thang ACDB nén OM // BD, suy ra
OM 1 CD.

Theo hé thirc lwvong trong tam giac MOI vuéng tai M :

OH.OI = OM” khong déi (vi OM bang ban kinh cfia durdng tron taim O).

Bai tap bo sung

IL.1.

IL.2.

212

Chon (B).
(h. bs. 38)

. s y
a) B; = D, (cung phu véi A,). D

i
AABC ¢« ABDA (g.g) suy ra A N
C
AB AC , s
E—E, do d6 ACBD = AB". M E
ot e ;)

b) Tam gidc EBM cén nén M, = B,. 1 il
Suyra M, +M, =B, +B, =90°, tic { \
la ME | OM tai M. Vay ME 1a ti€p A o B
tuy€n cua nira dudng tron. Hinh bs. 38



IL.3. (h.bs.39)
a) Goi BD, AE la cac duwong cao B
cua AMAB. Ta ¢c6 AMAE = AMBD
(canh huyén — géc nhon) nén H\U

ME=MD, AMHE = AMHD

-
-
-
-
-
-
-
-

(canh huyén — canh géc vuoéng) M D A y
nén EMH = DMH. MH va MO U

déu 12 tia phan gidc clia gbéc
AMBnén M, H, O thaamg hang.

Hinh bs. 39

b) Tir gidc AOBH ¢6 BH // OA, AH // OB va OA = OB nén la hinh thoi.

c) H cich A ¢8 dinh mét khodng bang OA khéng déi nén H di chuyén
trén duong tron (A ; AO).
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