SO GIAO DUC VA PAO TAO CHUYEN DPE VAN DUNG, VAN DUNG CAO
BAC NINH KY THI TOT NGHIEP THPT NAM 2023
Mon: Toan
TEN CHUYEN DE: BAI TOAN CHUA THAM SO VE GIA TRI LON NHAT
VA GIA TRI NHO NHAT

Nguoi bién soan: Vii Thi Vui
Pon vi cong tic: Té Toan, Trwong THPT Thuin Thanh sb 1.
I. H¢ thong kién thirc lién quan.

Céc budc tim GTLN-NN cua ham s6 trén doan [asb].

Budc 1: Ham s6 di cho y = f(a:) xac dinh va lién tuc trén doan [ a;b].

Tim céc diém z,,7,,...,z,trén khodng (a;b), tai d6 f'(x) = 0 hodc f'(x) khong xac dinh.

Budc 2: Tinh f(a),f(:rl),f(:p2),...,f(zn),f(b).
Budc 3: Khi do:
Tﬁ(i,]fﬂf(iﬂ) = ma:n{f(xl),f(:n2),...,f(x”),f(a),f(b)}.
T[r(LLzbﬁLf(:E) = mz’n{f(zl),f(:n2),...,f(xn),f(a),f(b)}.
Budc 4. Bién luan m theo gia thuyét dé dé két luan
Luuy:
* Ham s y = f(x) dong bién trén doan [a;b] thi A[/al-‘;f]xf(x)
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* Ham sb y = f(x) nghich bién trén doan [a;b] thi A[/Is’z]xf(x):f(a);Minf(x)zf(b)

II. Cac dang bai/cau thwong gap
Dang 1: Tim m dé r[rl%)](y:|f(x)+m|:a (a>0).
Phuong phap:
Trudc tién tim r[n%gf(x) =K; I[mﬁr]lf(x) =k (K>k).
|m+K|=a
THI1: Max=|m+K|<:>
|m+K|2|m+k|
|m+k|=a
THZ:Max=|m+k|<:>
|m+k|2|m+K|

Vidu 1. Goi S latap tat ca cac gia tri thyc cua tham sb m sao cho gia tri 1on nhét ctia ham sd
f(x)= |x3 —3x+ m| trén doan [0;3] bang 16. Téng tat ca cac phan tit cia S bang
A. —16. B. 16. C. -12. D. 2.

- Loi giai
bat g(x)=x3—3x+m.
x=-1¢[0;3]
"(x)=3x>-3; g'(x)=0 .

g(0)=m;g(1)=-2+m; g(3)=18+m.

Suy ra r%(l)gi(g(x)=18+m; r[r(};izr]lg(x)z—2+m.
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18+m=16 {mz—Z

. . , —2+m>-16 m>—14
Dé gia tri 16n nhat ham so y = f(x)la 16 < =N :
-2+m=-16 m=-14
18+m <16 m< =2
Vay §={-2;-14} néntongla -2-14=-16.
Dang 2: Tim m dé r[niﬂ%y:|f(x)+m|:a (a>0).
Phuong phép:
Trudc tién tim r[naﬁp](f(x) =K; ?u'ﬁr]lf(x) =k (K>k).
. +k= +K=- =a—-k =—-a-K
Péminy=as{ o ovl" T MTOETTTTR Vay mes, s,
[:] m+k>0 |m+K<0 m>—k m<-K

Vi du 2. Goi S 1a tAp hop tit ca cac gia tri ciia tham s6 m dé ham sb y = |x2 +x+ m| thoa man
[n}lrzl] y=2. Tong tit ca cic phan tir ciia S bang

A, 3L B. -8. c. 2. p. 2.
4 = 4

Loi giai
Xét ham s6 u = x* + x+m trén doan [-2;2], cé: Wm0 2x 4120 xm—t.

maxu:max{ (—2),u£—%),u(2)}:m+6; minu:min{u(—2),u(—%j,u(2)}zm—i.

[-2:2] [-3:2]

Néu m—lzo hay mzl thi minyzm—l=2<:>m=2 (thoa man).
4 4 [22) 4 4

Néu m+6<0 hay m<—6 thi [Il%ilzl]y=—m—6=2<:>m=—8 (théa man).
Néu -6 <m <i thi [n%ilzl]y=0 (khong théa man).

Taco: S= {—8;%} . Vay tong cac phan tir cia S bang —?.

Dang 3: Tim m max y = |f(x)+ m| khong vuot qua gia tri M cho trudce.
ap
Phuong phap: Trudec tién tim r[n%(f(x) =K; r[niﬂr]1f(x) =k (K > k).

Pémaxy<M = S-M-k<m<M-K.
[@:8] m+K<M

. 4 4 2 4 1 19 .
Vi du 3. Goi S 1a tap hop tat ca cic so nguyén m dé ham s6 y= ZX4 —?xZ +30x+m| cb gia

tri 16n nhat trén doan [0;2] khong vuot qua 20. Tong cac phan tir cia S bing

A. —195. B. 210. C. 195. D. -210.
Loi giai
x=-5
Xét u:ix4—%x2+30x+m trén doan [0;2] ¢6 v’ =x"-19x+30; u'=0<|x=3 .
x=2

Do do: X u = max {u(0);u(2)} = max {m;m+6} =m + 6,r[1(}12151u =m.
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|m|§|m+6|£20 [—13Sm§—6
& -20<m<-6.

Do d6: max y = max {|m|;|m+ 6|} <20 <
[0:2] |m+6|<|m|<20 | -20<m<-13

20
Ma meZ nén me {~20;-19;..,~6}. VAy S=-> k=-195.
6

Dang 4: Tim m dé m1n y=|f(x)+m| khong vuot qua gié tri a cho trudc.
Phuong phap: Truoc t1en tim r[ngﬁ)](f(x) =K; r[niﬁf(x) =k (K > k).
Dé

_ m+k<a [(m+K2>-a
fglﬂl}y <a&s

m<a-k |[m2
% v(m+K)(m+k)<O<:>{ v{
m+k>0 |m+K<0 m<

m2-k

Vidu 4. Chohamsd y= |2x* 3% + m|. C6 bao nhiéu sd nguyén m dé fnir]lf(x) <37
-1;3

A. 4. B. 8. C.3l. D. 39.
Loi giai

Xét u=2x"-3x>+m,tacd: u'=6x>—6x; u'=0<:>[
?_11i;§]1u:min{u(—l),u(3),u(0),u(1)}=min{m—5,m+27,m,m—l}=m—5
maxu=max{u(—l),u(3),u(0),u(1)}=max{m—5,m+27,m,m—1}=m+27.

[-1:3]

Do do:

THI1: m—520<:>m25:>1[1}li%f(x)=m—533<:>m38:>me{5;6;7;8}.

TH2: m+27<0 & m<-27= min f (x)=~(m+27) <3 & m>-30= m & {~30:-29;~28:-27) .
TH3: (m—5)(m+27)<0c>—27<m<5:>min[fm]f(x)zo(théa man).

Vay me{-30,-29;-28;...;7;8} .

Dang 5: Tim m d max y = |/ (x)+m| dat min.
ab

Trudce tién tim r[naﬁ)](f( x)=K; r[niﬁr]lf(x)zk (K >k).

Tac: max{m+] |m+k|}>|m+K|+|m+k|>|m+K—m—k|=|K—k|.
' ’ N 2 - 2 2

Suy ra max f (x) dat min bang T_k

K+k

Déu bang xay ra khi va chi khi m=—
Vi dy 5. Cho ham s6 y = |x* —3x% +m| (v6i m 1a tham s6 thyc). Hoi max c6 gia tri nhod nhat
bang
A. 2. B. 4. C.1. D. 3.
Loi gii
Xét ham s6 : £ = x* —3x% voi xe[l;2].

=0¢(1;2
g ( ) t(l):—Z, t(2):—4.Nén max{=-2 va mint=-4.
[1:2] [1:2]

Tacd t'=3x"-6x=0< ;
x=2¢(1;2)
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-2

=4+ |2—MI>|m—4) (2-m)| _
o 2 B 2
Dau bang dattai m—4=2-m<m=3.

Do d6 max y = Iﬂézlx|m+t| max {|m -

:max{|m—4|;|2—m|}2

Dang 6: Tim m I[nig]ly=‘f(x)+m‘ dat min.
Phuong phap: Trudce tién tim max f(x)=K; rnm f(x)=k (K >k).

Dé hoi tim m:(m+K)(m+k)S0<:>—K§ms—k. Dé hoi tim min cua r[r%r]ly: gia trinay 1a 0

Vidu6. CoO bao nhiéu sb nguyén m dé& gia tri nho nhit cua ham s
y=f(x —‘—x +8x7 +m‘ trén doan[-1; 3] dat gié tri nho nhat.
A. 23. B. 24. C.25. D. 26.
Loi giai

Tacod y=f(x)= ‘—x“ +8x7 +m‘=‘x4 —8x? —m‘:

(x* ~4) ~16-m.
2

Détt:(x2—4) vi x e[-1; 3], suy ra ¢ €[0; 25].
Khid6 y=g(t)=|—16—m].

b

Néu m-9>0< m=>9, khi d6 r{11i§1f(x)=m—920,khidé min(l[nliﬁf(x)jzo,khi m=9.

Ta co I[{llg]lf( x) = min g ()= min{

[-0;25]

xe 13

Néu m+16>0< m>-16, khi d6 mm f( )=-m~—16>0, khi do min(l[nlig]lf(x))zo,khi

m=-16.
Néu (m—9)(m+16) <0< -16 <m <9, khi d6 min f(x)=0, khi do mil’l(l[‘ng]lf(x))Z

wel-13)
Vay min(l[nlig]lf(x))zo, khi -16<m<9.

Vi meZ,nén cé 26 sé nguyén m théa min yéu cau bai toan.

Dang 7: Cho ham s y=‘f(x)+m‘ Tim m dé IP%UK}; I[mr]ly(h >0)hodc Min+max=a
Phuong phap: Trudce tién tim max f(x)=K; rnm f(x)=k (K >k).

THIL: |K +m|< h|k + m| [ Kok o ,meSl.

K+m cungdau k+m

TH2: |k+m|<h|K +m| ooy e

K+m cungdau k+m

Vay meS§, US,.
Vi dy 7. Cho ham s6 f (x)=|x*—4x*+4x> +a|. Goi M, m lan luot 12 gid tri 16n nhat, gia tri
nho nhit clia ham sb da cho trén doan [0;2]. C6 bao nhiéu s nguyén « thudc doan [-3;3] sao
cho M <2m?
A. 5. B. 7. C.6. D. 3.
Loi gigi

Xétham s g(x)=x*—4x’+4x” +a.
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x=0
g'(x)=4x"-12x"+8x; g'(x)=0 & 4x’ - 12X’ +8x=0 < | x =1 .

x=2
Bang bién thién
¥ 0 | 2
g'(x) + 0 -
a+1
g(x) / \
a a

TH1: a<-1= mz—(a+1);M:—a :>—2(a+1)2—a <:>a§—2:>ae{—3;—2}.
TH2: -1<a<0=>m=0;M >0 = M >2m (loai).
TH3: a>0=>m=a;M =a+1 =2a>a+1 @azl:ae{l;2;3}.
Vay c6 5 gid tri cia « thoa man dé bai.
IV. Hé thong cau héi 6n tap
Cau 1. Cho ham s6 f(x)=x"-3x. Goi S 1a tap hop tat ca cac gié trj thuc cta tham s6 m sao
cho gia tri 16n nhét ciia ham s6 y = |/ (sinx+1)+m| bang 4. Téng cac phan tir cia S bang
A. 4. B. 2. C. 0. D. 6.
-m’ —m
x+2

Céu 2. Goi S 1a tap hop tit ca cac gia tri cia tham s6 m dé ham s y:‘x thoa

IH%]X y=1. Tich cic phan tir cia S bang

A. -16. B. 4. C. 16. D. 4.
Céu 3. Cho ham s6 y = ‘xz +x+m‘. Tong tat ca gia tri thuc cua tham sb m dé [rgnzl]y =2 bang
VLY B. 3. c. -2 p.2.
4 4 4

Cau 4. Cho ham s6 f'(x)= \x‘* —4x* +4x7 + a\. Goi M, m lan lugt 1a gi4 tri 16n nhat, gia tri nho
nhét ciia ham sb da cho trén doan [0;2]. C6 bao nhiéu s6 nguyén a thudc doan [-3;3] sao cho
M<2m?

A. 5. B. 7. C. 6. D. 3.
. *~(m+1)x+2m+2 , . . o
Cau 5. Cho ham so y:§x ( )); ” % (v6i m 1a tham so thuc). Héi r[nflf]( y ¢b gia tri
X — —1;
nho nhét 14 bao nhiéu?
A.é. B.l. C. 2. D. 3.
2 2

Ciu 6. Tinh tong tit ca cac gia tri nguyén 16n hon 6 cta tham sb m sao cho gia tri nhé nhat
ctia ham 6 y =|x* —(m+1)x+m| trén [2;m~1]nho hon 2020.
A. 2043210. B. 2034201. C. 3421020 D. 3412020.

Céu 7. C6 bao nhiéu s6 nguyén m dé gia tri nho nhit cia ham sb y=|-4cos’ x+2sinx+m+4

trén doan [0;%} nho hon hoac bﬁng 4?

A.12. B. 14. C. 13. D. 15.
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Cau 8. Biét d6 thi ham s6 f(x)=ax*+bx’ +c c6 ding ba diém chung véi truc hoanh va
£(1)==1/(1)=0. Goi S 14 tap hop tit ci cac gia tri nguyén duong clia tham s6 m
dé bat phuong trinh ‘f(x)—m‘ <12 nghiém dang Vx €[0;2]. S6 phan tir ciia S 14
A. 10. B. 16. C.11. D.oO.

Céu 9. Cho ham s6 £ (x) =[x —4x* +4x” +m|. Khi m thudc [-3;3] thi gid tri nh6 nhat cia ham
sb f(x) trén doan [0;2] dat gia tri 16n nhét bing
A. 4. B. 3. C. 2. D. 1.

Cau 10. Cho ham s0 f(x)=x*-2x*+m (m la tham so thyc). Tim tong tat ca cac gia tri cia m
sao cho r%%]x|f(x)|+2r[r(};1]?|f(x)| =10.
A 4. B. 3. C.1. D. 2.

HUONG DAN GIALI:

Caul. Dat t=sinx+1 (Ze [0;2]), khi do6 y:|f(sinx+1)+m|:|f(t)+m|:|t3 —3t+m|.
Xétham sb u(t) =1 —3t+m lién tuc trén doan [0;2] c6 u'(¢)=3¢-3.

5 t=1le [0; 2]
u'(1)=0=3°-3=0= .
t=-1¢[0;2]

Taco u(0)=m;u(l)=m—-2;u(2)=m+2 :rggi(u(x):m+2, r[r(};in]lu(x):m—Z.

Khi d6 maxy:max{|m—2;m+2|}.
m—2|=4 m="6
THI1: Silm=-2m=-2.
|m—2|2|m+2|
m<0
|m—|—2|:4 [m:Z
TH2: Silm=—65m=2.
|m+2|2|m—2|
m>0

Viy Se{-2;2}=-2+2=0.

2 2
Cau 2. Xét u:x_m _m,taCéi u,:M—J’_ZIn>O,VXE[1;2],VmER_
x+2 (x+2)
2 2
Do d6 AzmaX”Zu(2)=—w;a=minu=u(1)=_m +m—1.
[1;2] 4 [1;2] 3
maxy:max{|m2+m_2| |m2+m—1|}=1 @mz_li\/ﬁ
[1:2] | ’ 3 | .

“1+£:17
2

Taco: S z{ } . Vay tich cac phan tir cia S bang —4.

CAu 3. Xét ham s6 u = x*> + x+m trén doan [-2;2], co: u'=0<:>2x+1=0<:>x=—%.

maxu:max{ (—2),u(—%j,u(2)}:m+6; minu:min{u(—Z),u(—%J,u(Z)}zm—%.

[-2:2] [-32]

Néu m—lZO hay mZl thi minyzm—l=2<:>m:2 (thoa man).
4 4 2] 4 4
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Néu m+6<0 hay m<—6 thi min y=—m—6=2 < m=-8 (thoa man).
Néu —6<m <i thi [II%IIZl] ¥ =0 (khong théa man).

Tacod: S= {—8;%} . Vay tdng cac phan tir cia S bang —?.

Céu 4. Xét ham s g(x)=x"-4x’ +4x’ +a.

x=0
g'(x)=4x"-12x" +8x; g'(x)=0 © 4x’ —12x* +8x=0 < | x=1.
x=2
Béng bién thién
¥ 0 | 2
2'(x) + 0 -
a+1

&(x) ////,/” \\\\\\“
a a

TH1: a<-1=> mz—(a+l);M=—a :>—2(a+1)2—a <:>a£—2:>ae{—3;—2}.
TH2: -1<a<0=>m=0;M >0 = M >2m (loai).
TH3: a20=>m=a;M =a+1 :>2a2a+1<:>a21:>ae{1;2;3}.

Vay c6 5 gia tri cia a théa man dé bai.

2 2
Cau 5. Tacd y=|- x2+2—m “Je—n, trong d6 1 =2 <[ 2, 1], vae[-1:1].
X — _
2_ =0e(-1;1
t'=x—4)§:>t'=0c> x=0e( )
(x-2) x=4g(-11)

(1) ==2.1(0) =-Le(1) =2

Do d6 max y = l’[l’_lié;ll)](|t—m|= max{|m+2|,|m+1|} =max{|m+2|,|—m—l|}
S m+2|+|-m—1 N [(m+2)+(-m-1)| 1

2 2 2’

D?iubéng dat tai m+2=—m—l<:>m=—§.

Cau 6. +) Xétham s6 £ (x)=x>—(m+1)x+m lién tuc trén [2;m—1] v6i m>6.

m+1

Taco: f'(x)=2x—(m+1); f'(x)=0<x= e[Z;m—l] )

Khi do: f(2):2—m;f(m2+1j:—(m;1) f(m-1)=2-m.

. (m—l)2 A
+) Vi _Tsz—m<0,Vm>6 nén

[2;m-1] 2

nmxf(ﬂznmx{fﬁﬁf(ﬁii}f{m—U}z2—m;
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v gg]f(x):min{f(z);f(%”j;f(m—l)}=—(’”‘1)2 .
(m;)z }:|2_m|

+) Theo yéu cau bai toan: |2 —m| < 2020 <> -2020 < 2—m < 2020 < —2018 < m < 2022
+) Vi meZva m>6 nénme{7;8;9;---;2021} .

b

Do dé: min y = min {|2—m
[2;m-1]

TS Y o . L (7+2021)2015
+) Vay tong tat ca cac gia tri nguyén cua tham s6 m la: Zn =
n=7

=2043210

Cau 7. Ta cé:y:‘—4cos2x+25inx+m+4‘:‘4(1—c0s2x)+2sinx+m‘:‘4sin2x+2sinx+m‘.
Pit ¢ =sinx, do xe[o;%} nén suy ra 7 €[0;1].

Ta tim gi4 tri nho nhat cua ham sb y:‘4t2 +2t+m‘ trén doan [0;1].
Xétham sd f(t)=4¢ +2¢t+m lién tuc trén doan [0;1], ta co:
f’(t):8t+2;f’(z)=0c>z=—%e[0;1].
£(0)=m; f(1)=m+6.
Truong hop 1: Néu m20:>r[13j1?y:m.Kéthqpvéigiéthiéttacé 0<m<4. (1)
Truong hop 2: Néu m+6<0 < m<—6 = miny=-m-6. Két hop voi gia thiét ta co
-m—-6<4
{ & -10<m<-6. (2)
m<—6
Truong hop 3: Néu m(m+6)<0 < —6<m<0 :>r[13j1€1y:034. Trudng hop nay thoa
man. (3)
Te (1),(2) va (3) ta duge me[-10;4]. Vi m 1a sd nguyén nén
me{-10,-9,-8,...,2,3,4} .

Viy ¢6 15 sd nguyén m théa min yéu cu bai toan.
Ciu 8. D6 thi ham s6 f(x)=ax" +bx* +¢ c6 dung ba diém chung véi truc hoanh nén d6 thi

ham sé tiép xtic voi truc hoanh tai gbe toa do, suy ra £(0)=0=c=0(1).
Tacod f'(x)=4ax’ +2bx.
1)=-1 =—
f() - a+b+c 1(1[).
7(1)=0 " |4a+2b=0
Tu (1) va (II) suyra a=Lb=-2c=0= f(x)=x"-2x".

Xétham sé y=x*—2x" —m trén doan [0;2].

Theo gia thiét {

Dé théy ham sb di cho lién tuc trén doan [O; 2] va cod
x=0¢€[0;2]

YV =04x —4x=0= x=1€[0;2] .
x:—le[O;Z]
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max y =-m+38
Khidé y(0)=-m; y(1)=—m-1; y(2)=—-m+8. = (o2

g ==t

Theo bai ra
(|-m+8<12
|—m +8| > |—m—1|

{|—m—l|£12

|- 1|2 |-m+§

xt—2x? —m‘ <12,vxe[0;2] & max{|—m—1

—m+8[} <12 <

9

—-4<m<20
mSz —4Sm£Z
< = 2<:>—4£m£11.SuyraS c¢6 11 phén ti.
-13<m <11 7
mzz
2

Cau 9. Tap X_éC dinh: D=R.
Xét u(x)=x*—4x" +4x* +m lién tyc trén [0;2].
x=0
Tacd u'(x)=4x"—12x" +8x, u'(x):O<:> x=1.
x=2

m
Taco: Ju(l)=m+1.
m

m|;|m+1]} hodc r[r&i2r]1f(x):0, v6i me[-3;3] (*).

b

)
Trudong hop 1: m(m+1)<0< -1<m<0.

Truong hop 2: m>0 két hop voi (*) tacd: 0<m<3.
mlzr]lf(x)=|m|

[0
Truong hop 3: m+1<0< m<—-1 két hop voi (*) tacd -3<m<—I.
mizr]lf(x):|m+1|.

[o:

|m| ,me(0;3]
Khi d6: r[rouzr]lf(x)z Im+1| ,me[-3;-1).
0 ,me[—l;O]
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y=|m+1]
’

y = |m|

: min f(x)
1 00:2)

1 '
[0} m 3

Dua vao db thi ta thay min f (x) dat gid tri 1n nhat bang 3 khi m=3,

Céu 10. Ta xét f(x)=x*-2x" +m lién tuc trén doan [0;1] , f'(x) = 4x* —6x°.

x:OG[O;l]
1 :0 .
f(x)=0< x:%g[o;l]

SO =m; f()=m—1.

Ta xét cac truong hop sau:
- Néu m<0 thi rﬁ)%]x|f(x)|:1—m; 1%3}1?|f(x)|:—

Khi dé: rﬁ%ﬂ fx)|+ 2%11111| f()|=10 < (1-m)+2(-m) =10 < m = -3 ( théa diéu kién).
- Neéu m=>1 thi 1{(1)%?|f(x)| =m; 1[13;1151|f(x)| =m-1.

Khi do: rﬁ)ﬁﬂ fol+ 2%111]1| f(x)|=10 < m+2(m—-1)=10 <> m =4 (thda diéu kién).

1
- Néu —<m<1 thi max|f(x)|=m; min|f(x)[=0
. nax| (0] = min] /()

Khi do: n[(l);ﬁ(|f(x)| + 2r[101i11]1|f(x)| =10 < m =10 ( khong thoa diéu kién).

£ 1. . ~
- Neéu 0<m<§ thi n[(l);aﬁ(|f(x)|—1—m, 1?3;111]1|f(x)|_
Khi do: %ﬁﬁ f(x)|+2r[1(}_ilr]1| f(x)|=101-m =10 < m=-9 (khong thoa diéu kién).

Do d6 c¢6 hai gid tri m=—-3 va m=4 thoa min yéu cau bai toan.
Vay tong tat ca cic gia tri ciia m sao cho rf(l)?ﬁ(|f(x)| + 2r[101ilr]1|f(x)| =10 1a 1.

CHUYEN DE SO 2:
TEN CHUYEN PE: GIA TRI LON NHAT, GIA TRI NHO NHAT CUA HAM HOP.

Ngudi bién soan: Nguyén B4 Cao
Pon vi cong tac:Truong THPT Thuin Thanh so 1.

I. H¢ thong kién thirc lién quan.

* Cong thirc dao ham ciia ham sd hop y =/ (u(x)) : ' =u'(x).f"(u(x)).

* Mot sb quy tic bién doi d thi:

Cho ham so y = f(x) co d6 thi (C) . Khi do, voi s6 a> 0 ta co:
« Ham s6 y = f(x) + a ¢6 d6 thi (C') 14 tinh tién (C) theo phuong ctia Oy 1én trén a don vi.
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« Ham sé y = f(x) - a c¢6 d6 thi (C") 1a tinh tién (C) theo phuong cia Oy xudng duédi a don
Vi.

« Ham s y = f(x + a) ¢6 d0 thi (C') 1a tinh tién (C) theo phuwong cua Ox qua trai a don vi.

« Ham s y = f(x - a) ¢6 d0 thi (C") 14 tinh tién (C) theo phuong cia Ox qua phai a don vi.

« Ham s6 y = -f(x) ¢6 d6 thi (C') 1a d6i xting cua (C) qua truc Ox.

« Ham s6 y = f(-x) c¢6 db thi (C") 1a d6i xtng ctia (C) qua truc Oy.
*Ham s0 y = f(|x|) c6 dd thi (C') bang cach:
- Gilr nguyén phan dd thi (C) nam bén phai truc Oy va bo phan (C) ndm bén trai Oy.
- Lay d01 xung phan db thi (C) nam bén phai truc Oy qua Oy.
* Ham so chén c6 d6 thi nhan tryc tung lam tryc dbi xtmg.
Ham s6 1é ¢6 d0 thi nhan gdc toa d6 lam tam ddi xung.

* Ham s6 y =f(x) ddng bién trén doan [a;b] thi j\[{iz]xf(x):f(b);Minf(x) = f(a)

* Ham s6 y = f(x) nghich bién trén doan [a;b] thi %gfcf(x):f(a);%éﬁzf(x) = f(b)
I1. Cac dang bai/cau thuwong gap
* Bai toan 1. Tim gia tri 16n nhit, gia tri nhé nhat cha ham sé y
f(u(x))£h(x)... khi biét bang bién thién hoiic dd thi ciia ham s y = f(x)
* Phwong phap giai
Thyc hién theo mdt trong hai cach

Cach 1:
Budce 1. Dat t = u(x).
Danh gia gia tri cua t trén khoang K.
Chii y: C6 thé sir dung khao sat ham sd, bat dang thirc dé danh gia gia tri cia t = u(x).
Budc 2. Tu bang bién thién hodc dd thi ctia ham s cho ta gia tri 1on nhét va gia tri nhé nhét
ctia ham sb y = f(t).
Buére 3. Két luan.
Cach 2:
Buée 1. Tinh dao ham y = u'(x) f'(u(x)).
Buéc 2. Tim nghiém y =u'(x) f'(u(x))=0.
Chuy: f'(u(x))=0 ng v6i u(x) la hoanh do cac diém cuc trj ctia dd thi ham s6
y=f(x).

Budre 3. Lap bang bién thién.
Buéc 4. Két luan vé gia tri 16n nhat, gid tri nho nhdt cua ham s& y= f(u(x)),
v = f(u(x))xh(x)..
Vi du 1: Cho ham s6 y = f(x) lién tuc trén tdp R va c6 bang bién thién nhu sau

f(u(x)),y =

+&

b
4
Goi M, m 1an luot 1a gia / / \ / \ tri 1on nhat va
. . 4 2 14

gia tri nho nhat cua ham SO y= f(x*—2x)

trén doan [—% %} Tim khang dinh ding

trong cac khang dinh sau.
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A. M.m>10. B.M>2. C.M-m>3. D.M+m>7.
m
Huwéng din giai
Cach 1: Dat ¢ =x>-2x.
21 21

Tacod xe —é;Z <:>—§£x—1£§@—lﬁ(x—l)z—lﬁ—jte -I,—
2°2 2 2 4 4

Xét ham sb y = f(t),te{—l;%]

Tir bang bién thién suy ra

m=min_f ()= f(1)=2; Mzm%)l(f(t):f(%jzs

[’“ﬂ [ ;4}

:>£>2.
m
Chon B.
Cach 2:
Taco y'=2x-2)f'(x*-2x)=0
[2x-2=0 x=1
5 7
x —2x=-1 xX=—
, 2
y =O<:> x2—2x=1 = 3
xX=—=
362—2x=2 2
- 4 _leix/z

Vé bang bién thién va két luan duoc

M=5;m=2:>£>2.
m

Chon B.
Vi du 2: Cho ham s6 y = f(x) c6 bang bién thién trén doan [-4;4] nhu sau:

z |- -3 -1 0 9 4

f'(x) + o - 0 4+ o0 -

LN\

Gia tri 16n nhat cia ham sd g(x) = f(|)c|3 +3|x|) trén [-1;1] bang
A. 2. B. 4. C. 3. D. 5.
Huoéng dén giai

Taco g(—x)=g(x) nén g(x) chin hay db thi ciia ham s6 y = g(x) ddi xtng qua tryc tung.
= iy ) = s =gl (3| {7 (o030
Xétham s6 y = f(x*+3x) trén [0;1].
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bat r=x’ +3x:te[0;4]:>r%§¥y:rf(1)%(f(t):3.
Chon C ] ] ]
* Bai toan 2. Tim gia tri l6n nhat, gia tri nhé nhat cia ham so y = f(u(x)),y = f(u(x))xh(x)...
khi biét
do thi cia ham so y= f'(x) .
* Phwong phap giai
+) Déi véi ham s6 y = 1 (u(x)).
Buwéc 1. Tinh dao ham y' = u'(x) f'(u(x)).
Bude 2. Tim nghiém y =u'(x) f'(u(x))=0.
Chay: f'(u(x))=0 ng v6i u(x) 1a hoanh do cac giao diém ciia do thi ham s6
y = f'(x) va truc hoanh.
Budre 3. Lap bang bién thién. ) ’ )
Budc 4. K&t luan vé gia tri 1én nhat, gia tri nho nhat cia ham s6 y = f(u(x)).
+) P6i véi ham sé y= f(u (x))irh(x) .
Budc 1. Tinh dao ham y' =u'(x) f"(u(x))+h'(x).
hl
Buwoc 2. Phan tich y' =u'(x) f'(u(x)) ih'(x) = u'(x){f’(u(x))—%} , u'(x)#0.
u'(x
Buée 3. Dat u(x)=¢ va danh gia gid tri cla t trén khoang K 1a khoang K'.
Dua y' védang y' =k(¢)(f'(t)-g(1)) v6i teK" .
Chu y: f'(r)-g(t)=0 Gng vé6i ¢ 1a hoanh dd cac giao diém ctia dd thi ham so
y=/'(t) (1addthi y=f'(x) dd cho) va dd thi ham sd y = g(x).

Buéc 4. Lap bang bién thién.
Buwéc 5. Két luan ve gia tri 1on nhat, gia tri nho nhat cia ham so y = f(u(x))+h(x).

Vidu 3: Cho ham s6 £ (x), dd thi ham sé y = f'(x) 1a dudng cong trong hinh bén.

Gi4 tri nhé nhat cia ham s g(x)=f (gj trén doan[-5;3] bang

A. f(-2). D. /(2) Huéong
din giai
X
A
: 1 (x 2 x=-4
—0e—fZ]=0 .
g'(x) <:>2f(2j = . c{x:z
2

g'(x)<0<:>f'(%)<0<:>§<—2<:>x<—4.
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Bang bién thién
X =
g'( x) = 0 o 0 +

SI.I.' \ /
: g(—4)

Gi4 tri nho nhét ctia ham sé g(x) trén [-5:3] bing g(—4)=f(-2).
Chon A
Vi du 4: Cho ham s6 f(x) x4c dinh trén R va c6 d6 thi f'(x) nhu hinh v& bén duéi.  Gia

Lh
A
b
Lad

. 5 A 5 \ A A 1 M
tri nho nhat cia ham s6 g(x)= f(2x)—2x+1 trén doan {—5;1} bang

A. f(0)-1
Huoéng dén giai

Xét ham s6 g(x)=f(2x)-2x+1 trén doan {—%;1}

D. f(-1)+2

Ta c6 g'(x)=2/"(2x)-2,g'(x)=0< f'(2x)=1e2x=1x=—. S6 nghiém cta phuong

l\)|>—

trinh ¢'(x)=0 chinh la s6 giao diém giita do thi cia ham s6 f'(2x) va duong thiang
y=1.
N
1
y=1 1 I
Lo /i

Dua vao db thi ta c6 bang bién thién
< = ) 72 I

s | g(12)=/f(-1)+2
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Gia tri nho nhét caa ham s g(x)=f(2x)—2x+1 trén doan {—%;1} bing g(l)=71(2)-1.

Chon C
Vi du 5: Cho ham s y= f(x) c6 dao ham trén R va ham sb y = £'(x) c6 dd thi nhu hinh v&.

Trén [-2;4], goi x, la diém ma tai d6 ham sé g(x) :f(gﬂj—ln(xz +8x+16) dat gia tri 16n

nhit. Khi d6 x, thuoc khoang nao?

Huoéng dén giai

1 X 2x+8 1 X 2
Taco g'(xX)==f"| =+l |-—————=—=f"| =+1 |- _
g'x) 2f(2 J x> +8x+16 2f(2 J x+4

Cho g'(x)=0<:>f'[£+lj= 4
2 x+4
Détt=§+1:>te[0;3]
Phuong trinh tr¢ thanh f'(r) = 4 =i.
2t+2  t+1

V& db thi y= il 1én cung mot h¢ toa do ta dugc:
X+

/ (0] 1 \/ 3w

Tir d6 thi ta thiy ham sb dat gia tri 16n nhét tai 1=1= x=0.

Chon D ] ] ]
* Bai toan 3. Tim gia tri 16n nhat, gia tri nhé nhat cia ham so y = f(u(x)),y =
f(u(x))zh(x)... khi biét dd thj ciia ham s y=/"(x+a) .
* Phwong phép gidi: Tir d6 thi ham sé y=f'(x+a) suy ra db thi ham sé y=f'(x).Tr 6

dwa vé bai toan 2.
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Vidu 6: Cho ham s6 y = f(x) c6 dao ham cap 2 trén R, ham sé y = f"(x+1) c6 d6 thi
nhu hinh v€ bén dudi..

s 1 A, o 1 £ inx++3 A N
Gia tri 16n nhat cia ham so y = f {MJ trén doan {—%,%} bang

V4 Sz V4
A fl-=1. B. 1(0). C. f|-—=|. D. f|=|.
A 1(-%) 1) (-] (z)
Loi giai
T d6 thi ham s6 y = f'(x+1) ta suy ra do thi ham sé y = f'(x) bang cich tinh tién d6 thi
y=/"(x+1) sang trai 1 don vi. Vay d0 thi y = /"(x) nhu hinh bén dudi.

Ty

&

W

N

Dit 1= smx+23 CcOoS X =sin[x+§}.

Vi xe —S—ﬂ-;z —x+le —Z;z :>te[—1;1].
6 6 3 2°2

Dua vao d6 thi cia ham sé £ '(x), ta co bang bién thién
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£ + i =

NI

inx++/3 .
Ta co: max f[wjzr[nlaﬁ(f(t) <:>t:0<:>s1n(x+%j:0<:>x:—z.

6’6

Vy max f(smx+23cost:f(_%)

Sr.x

66

Chon A.
II1. Hé thong cau héi on tip:
Céu 1. Cho ham s6 f(x), @ thi cia ham sb y = f'(x) la duong cong trong hinh bén.
Ay

Gia tri 16n nhit cia ham s6 g(x)= f(2x)—4x trén doan {—%;2} bang

A. 1(0). B. f(-3)+6. C. f(2)-4. D. f(4)-8.
Cau 2. Cho ham s y = f(x) c6 bang bién thién nhu hinh duéi day. Tim gié tri 16n nhat cua
ham sé g(x)= f(4x—x2)+§x3 -3x’ +8x+§ trén doan [1;3].

& — 0 4 o0

f(x) 0 + 0 -

f(x) H \ 5
=i / \ S

A. 15. B. ? C. ? D. 12.

Ciu 3. Cho ham s6 y = f(x), d6 thi ctia ham s6 y = f’(x) la duong cong trong hinh bén. Gia

trj nho nhét cia ham sb g(x)=f(3x)+3x* —4x+1 trén doan {%,%} bang

Trang 17



A. £(0)+1. B. /(6). C. f(2)—%. D. /(-3)+8.
Céud4. Chohamsé y= f(x). Himsd y = f'(x) c6 bang bién thién nhu hinh v& bén. Gid tri

16n nhét ctia ham s6 g(x) = f(2x) —sin® x trén doan [-1;1] 1a

):| -0 2 -1 0 1 2 tw
0
Mfl['.\"] / \ /

A £(-1). B. 1(0). c. 1(2). D. /(1).

Céu 5. Chohamsb y=f (x) lién tyc trén R va co db thi nhu hinh v&

iR
J

Ham s g(x)=f(x*—1) dat gid tri I6n nhdt trén doan [ ~1;v2 | tai diém nao sau day?
A.x=\/§. B. x=0 C.x=-1. D. x=+1.
Cau 6. Cho ham so f(x) xac dinh trén R va c6 do thi f'(x) nhu hinh v& bén duéi. Gia tri
nho nhat

ciia ham s6 g(x)=f(2x)-2x+1 trén doan [—%;1} bang
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A. f(0)-1. B. 1(1). C. /(2)-1. D. f(-1)+2
Cau 7. Cho ham s f(x), d6 thi cia ham s6 y = f(x) 1a duong cong trong hinh v& bén dudi.

Gid trj 16n nhat ciia ham s6 g (x)=12f(2x)+32x’ +12x* —12x+2021 trén doan [—%ﬂ bing

(77 \
[ (x)
1
| ? xT

- e | —7

A 12f(=1)+2026.  B.12/(=3)+1958. C.12f(1)+2022. D. f(-1)
Cau 8. Cho ham s6 f(x), dd thi cua ham s6 y= f'(x~1) la dwong cong trong hinh bén. Gia
trj 16n nhat ctia ham s6 g(x)=2f(x+1)~(x+1)" trén doan [-3;3] bang
- N

A. £(0)-1. B. f(;é)—;.- | C2f(2)—4 D. £ (3)-16.

Céu 9. Cho ham s6 bac ba y = f(x) c6 bang bién thién ctia ham sé g(x) = f(x—1)+2 nhu sau
x —m 1 3 o
g'(x)

- 0 + 0 -
E(X) +w\ 4 \
0 - |
Gia tri 16n nhét cua ham sd y=f(—‘\/gsinx—cosx‘+2)+2cos2x+4sinx—1 la:

A. 9. B. 2. C.2. D. 4.
Cau 10. Cho ham s0 y = f(x) lién tuc trén doan [-4;4] va c6 bang bién thién nhu hinh vé

bén

8

|
IS
|
w
|
(M
[
M)
w
'

.

e

o S

/

|
M -mmmm———

AN

\

F(=)
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C6 tit ca bao nhiéu gia tri thuc cua tham sé m thudc doan [—4;4] dé ham sb

g(x)=|f (¥ +2x)+3/ (m)| c6 gié tri 16n nht trén doan [-1;1] béng 8

A. 10. B. 11. C. 9. D. 12.
HUONG DAN GIAL
Cau 1.
Chon C
Ay
=3 19) A T
Taco: g'(x)=21"(2x)-4.
2x=x,<-3 X=x <-=
2
’ ’ ! 2x = O
g(x)=0=2f"(2x)-4=0& f'(2x)=2< S | x=0
X =
X =
2x=x,>4 | x>0
Ta ¢6 bang bién thién ctia ham sb y = g(x):
p’ _x x5 —% 0 1 2 x 0
g'(x) = 0 g 0 + 0 & 0 2
g(x) v f(2)-4 s
& 1 - i -
Tir bang bién thién ta cé: trén [—%;2} ham s6 g(x)=f(2x)—4x dat gia tri I6n nhét
tai x=1 va m}axy=f(2)—4.
=
Cau 2.
Chon D
Tacod g'(x)=f'(4x—x").(4=2x)+ X" —6x+8=2(2—x) f/(4x—x2)+4;x
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Cau 3.

Xét thdy vxe[1:3]=3<4xr—x <4= f(4x—x")>0
Mit khéc %>o vre(13]

Suy ra g'(x)=0sx=2

19 17 17 32
g(l)=f03)+ 3 <f(4)+?_5+ 3
g(3)*f(3)—&-—3 <f(4)_|_?75_~_ =5

g)=5+7=12.
=g(l)<e(3)<g(2)
Vay rr{}z;}xg(x)le tai x=2.

Chon C

Ta cé g’(x)=3f'(3x)+6x—4:g’(x)=0<:>f'(3x)=—2x+g<:>f'(3x)=

(1)-

Dat 3x=te x=L vi xe{_—z;g} nén te[-2;2].
3 3°3

Phuong trinh (1) tro thanh f’(t):%zﬂrg.

V& trén cung mot hé truc toa do ta dugc:

..;\\ \ Y [
. |

., " .\\. .L...;\ | " .
| ’T/h‘\\-‘ .

", | ll‘ S . .
\\/” -4 I( .
II\/]I

Xét trén [-2;2], f’(t)=%2t+§<:{i:_l.

=2
o 1
3x=-1 T3
Do do, trén —%;% co g'(x)=0< g & 3
33 3x=2 2
ng

Bang bién thién ham s g(x) trén [_%,%}
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L | b

g'(x) =

glx)

(2)
23)
1, iy . . 2 1
Tu bang bién thién, suy ra [n%l?}g(x) = gigj = f(2)—§.
3%
Cau 4.
Chon B
Tacod xe [—1;1] = 2x¢€ [—2;2] .
Tur bang bién thién cua y = f'(x)thi bang bién thién y = £ (x) nhu sau:
X | - -2 0 2 +o0
Sf(x) -0 + 0 -0 4
, £(2x)<£(0)
Ta thay Vx e[-1;1]| taco ,dodo g(x)<g(0)= f(0).
[-t1] {—sinszOsin(O) (x)<2(0)=/(0)
Dau “=" xay rakhi x=0.
Cau 5.
Chon A
x=0
Taco: g'(x)=2x"(¥-1)=0| ¥ ~1=-1¢c =0
. ) x=iJ§'
x —1=1
Khi dé: g(-1)=0;g(0)=2g(v2)=-2
Cau 6

Chon C
Xétham sé g(x)=f(2x)-2x+1 trén doan {—%;1}

14

Ta co g'(x)=2/"(2x)-2,g'(x)=0< f'(2x)=1<2x=1<x=—. SO nghiém cla

N | =

0
6 f'(2x) va dudng

wn

phuong trinh ¢'(x)=0 chinh la s6 giao diém gitra d6 thi ctia ham

thang y=1.
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Duya véao db thi ta c6 bang bién thién
X -172 12 I

g'(x) - 0 ) 0
(%) g(12)= f(-1)+2

Gia tri nho nhdt cua ham sd g(x)=f(2x)-2x+1 trén doan [—%;l}béng
g()=r(2)-1

Cau 7.
Chon A

Ta ¢ g'(x)=24f"(2x)+96x" +24x—12=12[ 2"(2x)+8x" + 2x—1]
g'(x)=0<12[ 2/"(2x)+8x" +2x—1]= 0> 2f"(2x) +8x* + 2x~1=0(*)
bat r=2x,x¢ [—E,l} =te [—3;1]

2’2
Khi d6 phwong trinh (*) tré thanh phuong trinh sau:
2f’(t)+2t2+t—1:0<:>f'(t)=—t2—%t+%(**)

Ta c6 d6 thi nhu sau:
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t=-3
f'l(t)=0e|t=-1=|x=——
t=1

Ta c6 bang bién thién nhu sau:

-0 3 1
x == —
2 2

S| | =

LN~

Dua vao bang bién thién va dd thi ham sb ta co gia tri lon nhat ciia ham sd g (x) dat

tai x =—% = g(—%} =121 (-1)+2026..

Cau 8.
Chon C

Taco g'(x)=2f"(x)-2(x+1)

Duya vao hinh v& ta c6 bang bién thién
% -3 1 3

g'ix) [ 0 + 0 - 0

g(x) /'5(1) \

g(-3)

2(3)

Suy ra gi4 tri 16n nhat ctia ham s6 g(x)=2f(x)-(x +1)2 trén doan [-3;3] la

g(1)=2f(1)-4.
Cau 9.
Chon D
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Cau 10.

y=f(—|\/§sinx—cosx|+2)+2c052x+4sinx—1
f( |\/§smx cosx|+2) +2- (2sinx—1)2
Sf( |\/§sinx—cosx|+2)+2
o x=2ikor
Dau bang xay ra khi va chi khi 2sinx-1=0<«<

=5—7T+k27r
6

Dat t—l=—‘\/§Sinx—cosx‘+2<:>‘\/§sinx—cosx‘=3—t
Ma 0£‘J§sinx—cosx‘£2 nén 0<3—-r<2<1<¢<3
g(t)=f(t-1)+2<4

g(t)=4<:>t=3®\/§sinx—cosx=0<:>x=%+k7r

Vay . =4<:>x=%+k27r

Chon A
Pitt=x+2x=¢=3x"+2>0 VxeR.

Ham s6 7= x* +2x ludén dong bién trén R.
Do do

e[-L1]=re[-3;3]

f(x +2x)=f(z) véi 1 e[-3;3].

Ta co n%axg |f +3f(m)|:8
mine(1)=5+3/(m)=8 [ /(m)=1
min g (x)=-6+3f (m) =8 | f(m)=-2

Dua vao bang bien thién véi m e [-4;4] ta co:

Véi f(m)=1 phuong trinh c6 4 nghiém.

Voéi f(m)= —% phuong trinh c6 6 nghiém.

Vay c6 tat ca 10 gia tri cia m thoa man.
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o CHUYENDPESO3: '
TEN CHUYEN DE: TIM GTLN, GTNN TRONG BAI TOAN THY'C TE

Ngudi bién soan: Ha Thi San
DPon vi cong tac:Truong THPT Thudn Thanh so 1
I. H¢ thong kién thirc lién quan.
1. Pinh nghia: Cho hamsb y = f (x) xac dinh trén mién D.
£ Sax g1y Ar oo 1s £ n £ f(x)SM,VxED
o SO M goila gia tri 16n nhat ciia ham s0 y = f'(x) trén D néu: .
Ix,eD, f(x,)=M

Ki hiéu: M =max f(x) hodc M =m[e)1xf(x).

xeD
. i L . . . f(x)Zm,‘v’xeD
o SO m goi la gia tri nho nhat ciia ham s0 y = f(x) trén D néu: .
Ax,eD, f(x,)=m
Ki hiéu: m= nxljlglf(x)hoac m= mDinf(x)

2. Dinh ly:
Moi ham s6 lién tuc trén mot doan déu co gia tri 1on nhét, gia tri nho nhét trén doan
do.

Quy tac tim gid tri lon nhat, gia tri nho nhdt cia ham lién tuc trén mot doan
Gia stir ham s0 y = f'(x) lién tuc trén doan [a;b]. Khi do, dé tim gid tri 16n nhat, gia tri
nho nhét ciia ham f trén doan [a;b] ta 1am nhu sau:
« Tim cac diém X5 X,;...; x, thudc (a;b) sao cho tai d6 ham s6 f c6 dao ham béng 0
hodc khong xéc dinh.
« Tinh f(x,); £(%,)55 £ (x,); f(a); £(b).
* So sanh céc gia tri tim duogc.
SO 16n nhat trong cac gia tri d6 1a gia tri 1on nhat cua ham f trén doan [a;b], s6 nho
nhat trong cac gid tri d6 1a gia tri nho nhat cia ham f trén doan [a;b].

* Néu:

1) y'>0,Vxe[a;b]:>

2) y'<0,‘v’xe[a;b]:>

Chuy
+ Quy tic trén chi dugc sir dung trong cic bai toan tim gi tri 10n nhat, gia tri nho nhit
ctia ham sd trén mot doan.

+ D1 v6i bai toan tim gia tri 16n nhét, gia tri nho nhét cua ham sd trén mot khoang
(nira khoang) thi ta phai tinh dao ham, 1ap bang bién thién cua ham £ rdi dua vao
noi dung cta bang bién thién dé suy ra gia tri 16n nhat, gia tri nho nhit cia ham /1 trén
khoang (nira khoang) do.

+ Gia tri 16n nhat, gia tri nho nhat ctia ham s6 trén mot khoang (nira khoang) co thé
khong ton tai.
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* V6i bai toan dit 4n phu ta phai tim diéu kién cia in phu.
3. Phwong phap:
Dua yéu cau bai toan vé& mdi quan hé ham sb, 14p bang bién thién dé tim gia trj 16n nhit , gia tri
nho nhit cua ham sd véi diéu kién rang budc cho trudc.
Chu y:
Ta ciing c6 thé sir dung cac bat dang thirc dé tim gia tri 1on nhat , gia tri nho nhat cta biéu
thirc. Mot s6 bat dang thirc thuong dung.
1. Bét dang thirc AM —GM :

e Cho hai sb thuc a,b>0 taco: & b >+Jab hay a+b=>2-Jab .

Déu "=" x3y ra khi va chi khi a=5.

e Cho basb thuc a,b,c>0 taco: a+l;+c >3/abc hay a+b+c >33/abc .

o Déu "=" xdy ra khi va chi khi a=b=c.
2. Bat dang thuc Bunhiacopxki :
e Cho hai b6 sb thuc (a;b),(x;y) taco: |ax+by|< \/(az +b2)(x2 +y2) )
Dau "=" xdy ra khi va chi khi ay =bx.
e Cho hai b6 sb thuc (a;b5¢),(x;y;2) taco:

|ax+by+cz| < \/(a2 +b° +c2)(x2 +y° +zz)
Dau "=" xdy ra khi vachikhi a:b:c=x:y:z.
II. Cac dang pﬁi/cﬁu thwong gap 3 ) )
DANG 1: TIM GTLN, GTNN TRONG LINH VUC VAT LI, HOA HQC, SINH
HOC
Vi.dl.l 1. Mot chat diém chuyén dong theo quy ludt S(¢) =3¢ —¢. Tim thoi diém ¢ (gidy) tai d6
van toc v(m/s) cla chuyén dong dat gia tri 16n nhat?
Loi gidai
Taco v==S(t)=6t-3t" ==3(¢—1) +3<3, V¢ >0. Déu "=" xay ra khi r=1
Vay van toc ciia chuyén dong dat gia tri 16n nhit bang 3 tai thoi diém 7 =1 (s).
Vi du 2. Hang ngay muyc nudc cua ho thuy dién 6 mién Trung Ién va xudng theo luong nudce

mua va cac sudi nudc do vé hd. Tu lac 8 gio sang, do sdu ciia muc nude trong hd
tinh theo mét va 1én xudng theo thoi gian ¢ (gid) trong ngay cho boi cong thic:

h(1) =—%t3 +5¢2+24t (1>0)

Biét rang phai thong bao cho cac h¢ dén phai di doi trude khi xa nude theo quy dinh
trude 5gio. Hoi can thong bao cho ho dan di doi trwde khi xa nude may gio. Biét
rang muc nudc trong hd phai 1én cao nhat méi xa nude.

Loi giai
Xét : h(t)z—%t3+5t2+24t (t>0)
Taco: i'(1)=—1* +10¢+24
t=12
h'(1)=0=—*+101+24=0 <
t=-2¢e(0;+x)

Bang bién thién:
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'+
hit) / \

DPé muc nudc 1én cao nhét thi phai mat 12 gid. Vay phai théng bao cho dan di doi
vao 15gid chiéu cung ngay.

Vi du 3. D6 giam huyét ap ctia mot bénh nhan dugc cho boi cong thire 7 (x)= sz (30-x),
trong d6 X 1a licu luong thudc tiém cho bénh nhan (X duogc tinh bang mlhgam) Tinh

lidu lugng thude can tiém cho bénh nhan dé huyét 4p giam nhiéu nhat.
Loi giai

Xét ham s6 : F(x):%xz(%—x) (0<x<30).

= F’(x) = %(—3)62 + 60x)

F'(x)=0& — ( —3x” +60x)=0 < x=0<(0:30)
40 x=20
BBT.
X 0 20 400
F'(x) + 0 -
100

F(x)

Ta ¢6 huyét 4p gidm nhiéu nhdt < F(x)16n nhit trén (0;+). Dua vao BBT ta thiy
1(\4121)3 F(x)=F(20) =100 nén liéu lwvong thude can tiém cho bénh nhan 1a x=20.

Vi du 4. Mét loai thube duoc dung cho mot bénh nhan va nf‘mg do thude trong mau cua bénh
nhan dugc giam sat bdi bac si. Biét rang nong d6 thuoc trong mau cia bénh nhan sau khi tiém

\ 2 . v A , t A A
vao co thé trong ¢ gio' dugc cho bai cong thic ¢(r) = o (mg/L). Sau khi tiém thudc bao
+

lau thi ndng d6 thude trong mau cia bénh nhan cao nhat?
A. 4 gio. B. 1 gio. C. 3 gio. D. 2 gio.
Loi giai
£ t
Xétham so c¢(t)=——, (¢1>0).
(?) £ +1 >0
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c'(t) + 0 _

1
c(t) / s \
0 2 0

Véi =1 gid thi ndong do thude trong méau ctia bénh nhan cao nhét.
Vi du 5. Mot con ca hoi boi nguge dong dé vugt mdt khoang cach 1a300km . Van toc cua
dong nude 1a 6km/h. Néu van toc boi cua ca khi nude dung yén 1a v(km/ k) thi ning

lwong tiéu hao cua cé trong t gio dugc cho boi cong thuc E(v)=cv’t. Trong d6 cla
mot hing sd, E duoc tinh bang jun . Tim van tc boi cua ca khi nude ding yén dé
ning luong tiéu hao 14 it nhat.

A. 12km/h. B. 6km/h. C. 15km/h. D. %m/h.
Loi gidi

Chon D

Van toc cua ca boi khi nguoc dong la: v—6 (km/h).

Thoi gian dé c4 boi vuot khoang cach 300km 14 ¢ = 3006 .
V-

Ning luong tiéu hao cia ca dé vuot khoang cach do la:

3
E(v)=o. 3006 = 3000.‘}‘)_6 (jun),v>6.
: - , =0(loai
E(v)=6OOcv2 Y 92<:>E(v)=0<:> ’ (oaz).
(v - 6) v=9
v 6 9 +o

E'(v)
E(v
(v} \ E(g}/

=>E. <v=9

DANG 2: TIM GTLN, GTNN TRONG LiNH VU'C SAN XUAT, KINH DOANH.
Vi du 1. Nha xe khoan cho hai ta1 xé An va Binh mdi ngum lan luot nhan 32 lit va 72 lit xdng
trong mot thang. Biét rang trong mot ngay tong s0 xang ca hai nguo1 sir dung la 10
lit. Tong s6 ngay it nhat dé hai tai xé sir dung hét s6 xang duoc khoan 13 bao nhiéu.
Loi giai
Goi x(lit) (0<x<10) la sd xing An sir dung trong 1 ngay.

Khi d6: 10—x (lit) 1a s6 xang Binh sir dung trong 1 ngay.

Suyra f(x)= 2, 1072 <(0;10) 1a tong sb ngay An va Binh sir dung hét s6 xing
x a—
duoc khoan.
Xétham s6 f(x) tacod: f'(x) :_%+L2_
X (10—x)
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32 72 x=4

S x)=0 Q_x_+(1o_x)2 =02 = 20¢(0:10)
Bang bién thién ctia ham sb f(x) 2%4- 1072x , x€(0;10)
X 0 4 10
f'(x) = 0 i
J(x) +::: iy + o
i W e =

Dua vao BBT ta c6 sau it nhit 20 ngay thi An va Binh st dung hét luong xing duogc
khoan.

Vi du 2. Mot cong ty bat dong san c6 50 cin hd cho thué. Biét ring néu cho thué mdi cin hod
v6i gia 2.000.000 dong mot thang thi moi can hd déu co ngudi thué va cir mdi lan
tang gia cho thué, mdi can ho thém 50.000 d@)ng mot thang thi c6 thém mdt can ho bi
b6 trong. Cong ty da tim ra phuong an cho thué dat loi nhuén 16n nhat. Hoi thu nhap
cao nhit cong ty c6 thé dat dugc trong mot thang 1a bao nhiéu?

A. 115.250.000 . B. 101.250.000 . C. 100.000.000 . D. 100.250.000.
Loi giai

Chon B

O thang thu nhap ctia cong ty cao nhat, goi sb can ho bi bo trong 1a x thi s6 tién thué

mdi phong 1 2.000.000 +50.000x, khi d6 sé tién thu duoc 1a

f(x)=(2.000.000+50.000x)(50 — x) = —50.000x> + 500.000x +100.000.000.

Ta can tim xe (0;50) dé f(x) l6n nhat.
Taco f'(x)=-100.000x+500.000, f'(x)=0«> x=5

Bang bién thién
x |0 5 50
Y + 0 -
/ \
101.250.000

Y | van ann anna "

Vay mdi thang loi nhuan cao nhat thu dugc cua cong ty 1a 101.250.000
Vi du 3. Mot xudng in c6 15 may in duge cai dit ty dong va gidm sat béi mot ki sw, mdi may
in c6 thé in dugc 30 4n pham trong 1 gio, chi phi cai dat va bao dudng cho moi may in cho 1
dot hang 1a 48.000 dong, chi ph1 tra cho ky su giam sat 1a 24.000 dong/glo Dot hang nay
xudng in nhan 6000 an pham thi s6 may in can st dung dé chi phi in it nhat 1a

A. 10 may. B. 11 may. C. 12 may. D. 9 may.

Loi giai

Chon A

Goi x (0<x<15) Ia s6 may in can st dung dé in 16 hang.

Chi phi cai dat va bao dudng la 48000x .

S6 gicrin hét s6 an pham 1a X2 chi phi giam sat 1a S 24000+ 2200
30x Ox ¥
Téng chi phi in 1a P(x)=48000x+ 4800000 )
X
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x=10
P'(x)=48000— 2200900 pr( 1) 0 52 =100 :
x x=-10(L)
Bang bién thién:
X 0 10 15
P'(x - 0 +

P(x) \ P(/

Vay chi phi in nhé nhat 1a 10 may.

Vi du 4. Mot cira hang ca phé sap khai trrong dang nghién ctru thi truong dé dinh gia ban cho

dong.

mdi coc ca phé. Sa khi nghién ciru, ngudi quan 1y thay rang néu ban véi gia 20.000
ddng mot cde thi mdi thang trung binh s& ban dugc 2000 cde, con tir mic gia 20.000
doéng ma cr ting gia thém 1000 d6ng thi s& ban it di 100 cdc. Biét chi phi nguyén vat
heu de pha mét coc ca phé khong thay ddi 1a 18.000 dong Hoi ctra hang phai ban
mdi coe ca phé vdi gia bao nhiéu dé dat loi nhuén 16n nhat?

A. 22.000 dong. B. 25.000 dong. C. 31.000 ddng. D. 29.000

Loi giai

Chon D ) o
Cach 1: + Goi x(x>20.000) la gia mot coc ca phé, (0< y<2.000) la s coc ca phé
ban trong mét thang. . ’ N
+Vinéu ban vai gia 20.000 Q6ng mdt coc thi moi thang trung binh s& ban dugce 2000
coc, con tur mue gia 20.000 dong ma cir tang gia thém 1000 dong thi s€ ban it di 100
cbe nén ta co 200 21000220000 x= 20090 __ 4 oy = 4000010y

y—=2000  1900-2000 y—2000
+ Ta lai c6 loi nhuan la: L = xy —18000y = (40000 —10y)y—18000y =22000y-10y°
L=22000—20y L=0<> y=1100(tm)=> x = 29.000(tm).
Cach 2: Goi s tién tang 1a x (nghin dong).
Loi nhuan thu dugc tinh theo ham s6 sau:
£(x)=(20+x)(2-0,1x)—18(2—-0,1x) = (2—0,1x)(2+x) =—0,1x* +1,8x +4.
f'(x)=-0,2x+1,8.
f'(x)=0<=x=9.
Lap BBT ta théy duoc tai x=9 thi f (x) dat gia tri lon nhat, hay lgi nhuén cao nhéat.
Vay s6 tién ban dé dat lgi nhun cao nhat 1a: 20+9=29 nghin.

Vi du 5. Khi nuo6i ca thi nghiém trong hd, mot nha sinh vat hoc théy réng : Néu trén mdi don vi

dién tich ctia mat hd c¢6 n con cé thi trung binh mdi con c4 sau mdt vu cn ning
P(n)=480-20n (gam). S6 con c4 phai tha trén mot don vi dién tich cia mat ho dé
sau mot vu thu hoach dugc nhiéu gam cé nhat 1a
A. 15. B. 12. C. 13. D. 14.
Loi giai
Chon B
Canngngcia n concala: f(n)=n.P(n)=480n—-20n".
Xétham s0 f (n)=-20n" +480n trén (0;+0).
f'(n)=—40n+480=0 = n=12.
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Lap bang bién thién :

n 0 12 +o0
f’(n) + 0 =
2880

—

Vay thu hoach san lugng ca nhiéu nhét thi phai tha trén mat hd 12 con ca.

DANG 3: TIM GTLN, GTNN LIEN QUAN DEN HINH HQC PHANG

Vi du 1. M6t cai ao hinh ABCDE (nhu: hinh v¢), & guIa ao ¢6 mot manh vuon hinh tron c6 ban
kinh 10m. Nguoi ta mu6n bac mot cau cau tu bo 4B cua ao dén vuon. Tinh gan
dung d6 dai tdi thiéu / ciia cay cau biét :
- Hai bd AE va BC nam trén hai duong thang vudng goéc voi nhau, hai duong thang
nay cit nhau tai diém O ;
- Bo 4B la mét ph?m cua mot parabol c6 dinh la diém 4 va co truc ddi xtng la
duong thing 04 ;
- Do dai doan 04 va OB lan luot 12 40m va 20 m;
- Tam / cua manh vuon lan luot cach dudng thing AE va BC lan lugt 40m va 30

m.
# _ D
1L 20m .- !
B C
A. [~17,7m. B. /~25,7m. C.[=27,7m. D. /~15,7m.
Loi giai :
Chon A
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20m X
0 B C
A0 .
Gén tryc toa d0 Oxy sao cho { © Oy cho don vila 10m.
e UX

Khi ¢6 manh vuon hinh tron c6 phuong trinh (C):(x—4)2 +(y—3)2 =1 c6 tam /(4;3)
Bo 4B 1a mot phén ciia Parabol (P):y=4-x* tmg véi xe[0;2]

M e(P)

NE(C) '

bat truong hop khi da xac dinh dugc diém N thi MN+MI > IM , vy MN nho nhét
khi MN+MI =IM < N ; M; I thang hang.

Bay gio, ta s€ xac dinh diém N dé IN nho nhat

Ne(P)e N(x4-x) IN:\/(4—x)2+(1—x2)2 & IN* =(4-x)" +(1-x)
& IN? =x* —x* —8x+17

Xét f(x)=x"—x*-8x+17trén [0;2] < f'(x)=4x"-2x-8

f'(x)=0 < x=~1,3917 la nghiém duy nhat va 1,3917 €[0;2]

Taco f(1,3917)=7,68 ; £(0)=17 ; £(2)=13.

Vay gi4 tri nhé nhat cua £ (x) trén [0;2] gan bang 7,68 khi x~1,3917
Vay minIN =4/7,68 2,77 < IN=27,7m < MN =IN—-IM =27,7-10=17,7m.

Vay bai toan trg thanh tim MN nho nhat véi {

2

Vi du 2. Mot ngudi ndng dan c6 15.000.000 dong mudn 1am mot cai hang rao hinh chit E doc
theo mot con song (nhu hinh v&) dé lam mot khu dit c6 hai phan chir nhat dé trong rau. Doi
v6i mat hang rao song song véi bd song thi chi phi nguyén vat liéu 1a 60.000 dong mot mét,
con ddi voi ba miat hang rao song song nhau thi chi phi nguyén vat liéu 1a 50.000 dong mot
mét. Tim dién tich 16n nhat ctia dat rao thu dugc

A. 3125m”. B. 50m”. C. 1250m". D. 6250m*.
Loi giai

Chon D
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Goi x1a chidu dai 1 mat hang rao hinh chir E ( trong ba mit song song, x >0 ).
Goi yla chiéu dai mat hang rao hinh chit E song song v&i bo song (> 0).

S tién phai lam 1a: x.3.50000 + y.60000 =15.000.000 < y = > 002_ 2

Dién tich dat: S=x.y=x. S00=5x 250x—§x2
Taco: S'=250-5x.
S'=0<250-5x & x=50.
Bang bién thién:
z 0 50 + o0
s + 0 -
S /'625\
0 -0

Vay: n(loa_lx§ =6250 (m”) khi x=50.

Vi du 3. Mot nguoi dan 6ng mudn chéo thuyén ¢ vi tri 4 téi diém B vé phia ha luu bo dbi
dién, cang nhanh cang t6t, trén mot bo song thang rong 3 km (nhu hinh v&). Anh c6 thé chéo
thuyén ctia minh truc tiép qua song dé dén C va sau d6 chay dén B, hay c6 thé cheo truc tiép
dén B, hodc anh ta c6 thé chéo thuyén dén mot diém D gitta C va B va sau d6 chay dén B.
Biét anh 4y c6 thé chéo thuyén 6 km/h, chay 8 km/h va quing duong BC =8 km . Biét toc do
cia dong nudc 1a khong dang ké so véi toc do chéo thuyén ctia ngudi dan ong. Tinh khoang
thoi gian ngdn nhat (don vi: gid) dé nguoi dan ong dén B.

A2 B. . c. 1B p. 1+
2 J7 6 B 8
| Lo gl .
O Cach 1: Anh chéo thuyén ctia minh tryc tiép qua song d¢ dén C va sau do chay
dén B

Thoi gian chéo thuyén trén quéing duong AC : %z 0,5 (gio)

Thoi gian chay trén quang duong CB: 2:1 (gi0)
Tong thoi gian di chuyén tir 4 dén B 1a 1,5 (gio).
J73

O Céch 2: chéo tryc tiép trén quing duong AB =+/3> +8> =/73 mat —~ ° 1"26'.
O Céch 3:

Trang 34



Goi x (km) 1a d9 dai quang duong BD; 8—x (km) la d6 dai quang duong CD.

/.2
Thoi gian chéo thuyén trén quang duong 4D =+/x* +9 la: x6+ 2 (g10)

Thoi gian chay trén quang duong DB la: STTx (gi0)

2
Tong thoi gian di chuyén tir 4 dén B 1a f(x)= x6+9 +8;x
e 1o £ X’ +9 8—x , . 2
Xétham so f(x)= . + . trén khoang (0; 8)
by 1 9
Tacd f'(x)=——=—; (x)=03/x’+9=d4x > x=——
(%) 6Jx2+9 8 &) V7

Bang bién thién

Dua vao BBT ta thdy thoi gian ngén nhat dé di chuyén tir 4 d&én B 1a 1+% ~1"20'.
~ 5 . z A, 2A T £ \ \/7 hAnt
Vay khoang thoi gian ngan nhat d€ nguoi dan 6ng dén Bla 1+? ~1"20".

Vi du 4. Mot duong diy dién duoc ndi tir mot nha may dién & A dén mot hon dao & C nhu
hinh v&. Khoang cach tir C dén B 1a 1 km. B bién chay thang tir A dén B voi khoang cach 1a
4km. Tong chi phi lip dit cho 1km day dién trén bién 1a 40 triéu ddng, con trén dat lién 1a 20
triéu dong. Tinh tong chi phi nhoé nhit dé hoan thanh cong viéc trén (Iam tron dén hai chit sb
sau ddu phay)

A. 120 tridu dong ~ B. 164,92 triéu dong  C. 114,64 tridu dong  D. 106,25 tri¢u dong

Hwéng din giai
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B 4-x M X A
Goi M 1a diém trén doan thang AB dé lap dat duong day dién ra bién ndi véi diém C
Dit AM =x= BM =4-x=CM =1 +(4-x)’ =17-8x+x*,x €[0;4]

Khi d6 tong chi phi ldp dat1a y = x.20+40vx> —8x+17 (don vi: tridu ddng)

x—4 VX' —8x+17 +2(x—4)

3’ =20+ 40. = 20.
Jx? —8x+17 Jx? —8x+17

y'=0oVx’—8x+17=2(4-x) = x= 12_3\/5
2-3
3

Ta c6 y(l ]=80+20\/§z114,64;y(0) = 40V17 ~164,92; y(4) =120

Do d6 chi phi nhé nhét dé hoan thanh cong viéc 1a 114,64 triéu ddng. Chon C
Vi du 5. Mot ngudi nong dan ¢6 3 tAm ludi thép B40, mbi tdm dai 12(m) va mudn rao mot
manh vuon doc bo song ¢6 dang hinh thang can 4BCD nhu hinh v& (bo song l1a duong thang
DC khong phai rao, moi tam 1a mgt canh cua hinh thang). Hoi 6ng ta c6 thé rao dugc manh
vuon c6 dién tich 16n nhét 1a bao nhiéu m?>?

D C

A. 10043 . B. 10643 . C. 1083 . D. 12043 .
Loi giai

Chon C

' C

H

Ké dudng cao BH , goi sd do 2 gbc & day CD cua hinh thang 13 x,x e (0°,90°).
Dién tich manh vuon la:

S = %BH(AB +CD) = %BC.sinx(Z.AB +2BC.cosx) = %AB2 (2sinx+sin 2x)

Xét ham s6 f(x)=2sinx+sin2x v6i x 6(00;900) cod f'(x)=2cosx+2cos2x.
COS X _1

Tacod: f'(x)=0< 2cosx+2cos2x=0< 2cos’ x+cosx—1=0<
cosx=—1
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1 . x .
Do xe (00;900) nén ta nhan cosx = Sex= 60°. Ta c6 bang bién thién:

x 0° 60° 90°
f’(x) + 0 -

x 3-\/3_
b //2\-

ENER
2

TUr bang bién thién ta thdy: max f(x)< at dugc tai x =60°.

(o“;go‘))

= max § =108/3(m’) khi géc ¢ ddy CD cua hinh thang bang 60° (6 =D= 600) .

DANG 4: TIM GTLN, GTNN LIEN QUAN PEN HINH HQC KHONG GIAN.
Vi du 1. Cho mét tam nh6ém hinh chir nhat c6 chiéu dai bang 10cm va chiéu rong bang 8cm .
Nguoi ta cat bo ¢ bon goc cua tdm nhdém d6 bon hinh vudng bang nhau, moi hinh vuéng c6
canh bang x(cm), roi gap tam nhom lai (nhu hinh v&) dé dugc mot cai hop khong nap. Tim x
dé hop nhan duogc co thé tich 16n nhat.

A. x=—8_2\/i B. x=—10_2\/7

3 3

Loi giai
Chon D
Tacé: h=x (cm) la duong cao hinh hop
Vi tim nhom duge gép lai tao thanh hinh hop nén canh ddy cua hinh hop la:
10-2x (ecm)va 8—2x (cm)
Vay dién tich ddy hinh hop S =(10-2x)(8—2x)(cm’). Ta c6:
x>0
x>0
10—2x>0©{ @xe(0;4)
x<4
8-2x>0
Thé tich cua hinh hop 1a: ¥ = S.h = x.(10 - 2x).(8 - 2x)
Xét ham s6: y = x.(10-2x).(8-2x) Vx €(0;4)
Taco: y'=12x"-72x+80 ;

9+\/ﬁ

>4 (1)
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Suy ra voi x = thi thé tich hop 13 16n nhét va gia tri 16n nhat.

9-+/21
3

Vi du 2. Nguoi ta can ché tao mot ly dang hinh clu tim O, duong kinh2R . Trong hinh clu ¢o
mot hinh tru tron xoay ndi ti€p trong hinh cau. Nudc chi chira dugc trong hinh truy.
Hay tim ban kinh day » cua hinh tru dé ly chira dugc nhiéu nudce nhat.

A =R B. - RO L D. =R
B 3 3 NG
Loi giai
Chon B

Goi h va r 1a chidu cao va ban kinh day ctia hinh try. Bai todn quy vé viéc tinh 4 va
r phu thudc theo R khi hinh chir nhat ABCD ndi tiép trong hinh tron (O,R) thay doi
vé V = zr*h dat gia tri 16n nhét.

Tacld: AC*> = AB* + BC* < 4R* =4r* + h*.

Vzﬁ[Rz—ihzjhzz(—lﬁ +R2hj (0<h<2R).

V’=7z(—ih2+R J < h= +£
4 3
X 2R
0 — 2R
i
¥ + 0
5
4 2R
VayV =V, =—zR\3 <o h="=.
g 5

Luc do r _Rz—l 4R’ _2R2 :>r=R\/g
4 3 3 3

Vi du 3. Bac Hoang c6 mot tam thép mong hinh tron, tim O, ban kinh 4 dm. Bac dinh cét ra
mot hinh quat tron tdm O, quéan rdi han ghép hai mép cuia hinh quat tron lai dé tao thanh mot
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dd vat dang mit non tron xoay (tham khao hinh v&). Dung tich 16n nhét c6 thé cua dd vt ma
bac Hoang tao ra bang bao nhiéu? (bé qua phan mdi han va dg day cua tam thép)

p, 8473
- 27

Huéng din R giai

Khi han hai B mép cua hinh quat tron,
do dai duong A sinh cua hinh non bang
ban kinh cua o hinh quat tron, tuc la
0A=4dm

Thé tich cia hinh nén ¥ =—r.r%h = L. (16-4 ). V61 0< <4

Ta c6 V'(h)z%ﬂ.(16—3h2):> V'(h)=0©h=$

h 0 ﬂ 4
3
V'(h) - 0 -
12873

Duya 27 vao
bang bién Vv (h) thién,
suy ra thé tich 16n
nhat cua 0 0 hinh
nén la
1282”‘/_61 *. Chon A

Vi du 4. Nguoi ta lam chiéc thing phi dang hinh try, kin hai d4y, v6i thé tich theo yéu cau la
27zm’ . Hoi ban kinh day R va chiéu cao h cua thung phi bang bao nhiéu dé khi lam thi tiét
kiém vat liéu nhat

A.R=%m;h=8m B. R=1m;h=2m C.R=2m;h=%m D.R=4m;h=%m

Hwéng din giai

Tir gia thiét ta ¢ N

V=7rR2h=277:>h=i2 \\—___—/
R

Dién tich toan phan cua thung phi 1a

Stp =27Rh+27R* = 27Z(R2 +2) _______
R

,
Xét ham sd f(R)=R +% vOi R € (0;+0) \—/)

2(R -1
Ta co f’(R):2R—%:—(R2 )
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f'(R)=0=R=1

Bang bién thién
R 0 1 + 0o
f'(R) = 0 +
+ o0 -+ 00
F(R)
3
Suy ra dién tich

toan phan dat gi4 tri nho nhatkhi R=1=h=2
Vay dé tiét kiém vat liéu nhat khi lam thung phi thi R=1m;h=2m.Chon B
Vi du 5. Bé lam mot chiéc coc bang thuy tinh dang hinh try voi day coc day 1,5 cm, thanh
xung quanh cc day 0,2 cm va c6 thé tich that (thé tich né dung duoc) 13 4807 cm’
thi ngudi ta can it nhat bao nhiéu cm’ thuy tinh ?

\, """ """~

A. 75,667 cm’. B. 80,167 cm’. C. 85,667 cm®. D.
70,167 cm’.
Loi giai
Chon A
Goi ban kinh va chiéu cao hinh tru bén trong lan luot 13 =, 4 ta co: y=>h= 4820 .
r

X ., \ A vy 2 > (480

Thé tich hinh try bén ngoai 1a: V =7 (r+0,2) .(h+1,5) =7 (r+0,2) .| —+15|.
r

X ., . \ 2 (480

Thé tich thuy tinh la: 7 (r+0,2) .| ——+1,5 |-4807.
r

Xét f(r):ﬂ(r+0,2)2.(4—820+1,5j, r>0.
r

= f'(r) :ZH(VJF0’2)(4_5?+1’5j+”(r+0’2)2 (_9;630)
r r

f'(r)=0 <:>2(4—820+1,5j=(r+0,2).@© 3:¥ sSr=4.

r r r
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r 0 4 +a
() - ; +
fi) | o= +
—
50 |

27783

Vay thé tich thily tinh nguoi ta can it nhat 1a 7 —4807 ~ 75,667 (cm3) .

IIL. Nhiing 16i hoc sinh thwong mic.

Dit 4n phy khong danh gia ding diéu kién cua an phu.
Lap ham so0 sai.
Khong dit diéu kién cho bién s6

IV. Hé thong cau héi 6n tap:

Cau 1.

Cau 2.

Cau 3.

Chi phi xuét ban x cudn tap chi (bao gdm: luong can bd, cong nhan vién, gidy in...)
duge cho boi C(x)=0,0001x*-0,2x+10000, C(x) duoc tinh theo don vi la van

\ x . \ T
dong. Chi phi phat hanh cho moi cuon 1a 4 nghin dong. Ti 2018 M (x) =ﬁ voi
X

T(x) la tong chi phi (xuét ban va phat hanh) cho x cudn tap chi, dwgc goi 1a chi phi
trung binh cho mot cudn tap chi khi xuat ban x cudn. Khi chi phi trung binh cho mdi
cudn tap chi M (x) thap nhat, tinh chi phi cho mdi cudn tap chi do.

A. 20.0004. B. 15.0004. C. 10.000d. D. 22.000d.

C6 hai chiéc coc cao 10m va 30m lan luot dit tai hai vi tri A4, B. Biét khoang cach
gitra hai coc béng 24'm. Nguoi ta chon mot cai chdt & vi tri M trén mat dit nam

giita hai chan cot dé giang day nbi dén hai dinh C' va D cua coc (nhu hinh v&). Hoi
ta phai dat chot o vi tri nao dé tong do dai cua hai soi day do 1a ngan nhat?
A. AM = 4m, BM = 20m. B. AM =12m, BM =12m.

C. AM =6m, BM =18m. D. AM =7m, BM = 17m.

Trong linh vyc thuy loi, cAn phai xdy dung nhiéu mwong dan nuéc dang "Thuy dong
hoc" (Ky hiéu dién tich tiét dién ngang ctia muong 13 S, ¢ 1a d6 dai duong bién gidi
han cua tiét dién nay, ¢ - dac trung cho kha nang tham nudc cua muong; muong duoc
goi 1a c6 dang thuy dong hoc néu véi S xac dinh, ¢ 1a nho nhét). Can xac dinh céc
kich thudc ctia muong dan nuéce nhu thé nao dé co dang thuy dong hoc? (néu muong
dan nuée co tiét dién ngang 1a hinh chit nhat)

PN e B.o iy 2
S S
C.o =25y N T

4

Céu 4. Mot con thuyén dang & ngoai khoi cach dat 1ién 120km va cach hon dao 450km. Hon

dao cach dat lién 270km . Con thuyén can cap bén dé tiép nhién liéu rdi mang qua Tét
ra ddo. Tim quang duong ngdn nhat ma con thuyén do di (lam tron dén hang don vi).
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Cau 6.

Cau 8.

Cau 9.

Cau 10.

Thuyén
T
120 km

)

T

A. 623 km . B. 584 km . C. 711 km. D. 576 km .
Nguoi ta mudn ma vang cho mot cai hop co day hinh vudng khéng nip co thé tich 1a
4 1it. Tim kich thudc ctia hop dé dé luong vang dung ma 14 it nhat. Gia str d6 day cia
16p ma tai moi noi trén mat ngoai hop 1a nhu nhau.

A. Canh day bang 3, chiéu cao bang 4. B. Canh day bang 1, chiéu cao bang 2.

C. Canh day bang 4, chiéu cao bang 3. D. Canh ddy bang 2, chiéu cao bang 1.

Mot soi day kim loai dai 60cm dugc cit thanh hai doan. Poan day thu nhét udn
thanh hinh vudng canh a, doan ddy thtr hai u6n thanh duong tron duong kinh ». Dé

tong dién tich ctia hinh vudng va hinh tron 1a nho nhat thi ti s6 2 nao sau day dung?
r

A. 2. B. 3. C. 4. D. 1.

Mot trang chir cia mot tap ch‘i can dién tich ‘12‘1 38407,712. Lé trén, 18 duﬁ’i }él 3cm; 18
phai, 1€ trai 1a 2cm. Khi d6 chiéu ngang va chiéu doc to1 uwu cua trang giay lan luot la:
A. 24cm, 25¢m. B. 15¢m, 40cm.

C. 20cm, 30cm. D. 22.2cm, 27cm.

Mot man anh hinh chit nhat cao 1,4 m dugc dit & d cao 1,8 m so v6i tim mat (tinh
dau mép dudi ciia man anh). Dé nhin 1o nhé‘g phai x4c dinh vi tri dimg sao cho goc
nhin 16n nhat. Tinh khoang céch tir vi tri d6 dén man anh.

A.24m. 8—4111
193
C.1,8m. D.14m.

Nguoi ta xdy mot bé chira nudc voi dang khdi hop chir nhat khong nap co thé tich
bang %nﬁ . D4y bé 1a hinh chit nhat c6 chiéu dai gip doi chiéu rong. Gia thué nhan
cong dé xdy bé 13 600.000 dong/m?. Hiy xac dinh kich thude cta bé sao cho chi phi
thué nhan cong thap nhat. Chi phi do 1a.

A. 75 triéu dong. B. 85 tridu dong.

C. 90 triéu dong. D. 86 triéu dong.

Mot ngudi ban buén Thanh Long P6 & Cho Po- Biéc Ninh nhéan théy réng: Néu ban
vGi gia 20000 nghin /kg thi mdi tuan co6 90 khach dén mua va mdi khach mua trung
binh 60 kg. Ctr ting gid 2000 nghin /kg thi khach mua hang tuan giam di 1 va khi d6
khach lai mua it hon murc trung binh 5 kg, va nhu vay cir giam gid 2000 nghin /kg
thi s6 khach mua hang tuan tang thém 1 va khi d6 khach lai mua nhiéu honmirc trung
binh 5 kg. Hoi ngudi d6 phai ban véi gia mdi kg 1a bao nhiéu dé loi nhuan thu dugc
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hang tuan 1a 16n nhit, biét ring ngudi d6 phai ndp tong cac loai thué 1a 2200 nghin
/kg . (Két qua lam tron dén hang nghin)

A. 16000 nghin /kg . B. 24000 nghin /kg .

C. 22000 nghin /kg . D. 12000 nghin /kg .
HUONG DAN GIALI:
Cau 1.

Chon D

Theo gia thiét, ta cd T(x)=C(x)+0,4x=0,0001x" +0,2x+10000.

T . .
M (x) Tk 0,0001x+-2%%0 6 95240,2-2,2 van dong =22.000 dong.
X X
10000

Ding thirc xay ra < 0,0001x =

Cau 2.

Cau 3.

Cau 4.

< x=10000.

X

Chon C
bit AM =2(0 <z <24)= BM =24 —x.Tacb

COM = JCA® + AM? = 2% +100

MD =\ MB* + BD* = \/(24 — x>2 + 900 .Suy ra tong do6 dai hai soi day la:

CM + MD = \/<24—:c)2 +900 + /2> +100 = f(z),(0 < 7 < 24)
Khao sat ham ta duoc: z — 6(m) => BM:18(m>.

Chon A ‘ ‘
Goi x, y lan luot 1a chi€u rong, chiéu cao cuia muong. Theo bai ra ta co: S = xy;
=2y +z :§ + z. Xét ham sb z) = ﬁ—}—:):_Ta(;(’) [(;5): —25 +1=
T T -
¥ — 28
@

((z)=0 < 2° —25':0@:5:\/%,khidéy=§= %
T

D@ thay véi x, y nhu trén thi muong c6 dang thuy dong hoc, vy cac kich thude cua

muong la z = \/% , Y= \/g thi muong c6 dang thuy dong hoc.

Chon D

Chon h¢ truc toa do nhu hinh vé.

Goi vi tri thuyén va dao lan lugt 1a 7; D..

Goi T’ 1a diém dbi xtmg voi T qua truc O..

Khi d6 quing duong thuyén phai di 1a: 77+ ID =T+ ID ngan nhat 1a T'D.
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Cau 6.

Ta co: T’(O;—lZO);D( 4502—1502;270):>T'D=576.

Chon D

Goi x la canh cua day hop.

h 1 chiéu cao cta hop.

S(x) 1a dién tich phan hop cin ma.

Khi do, khdi lugng vang dung ma ti 1€ thuan voi S(x).

Ta co: S(x) =y’ +4xh(1) V=x’h=4=>h =4/x2(2)..
16

Tu (1) va (2),tacd S(x)= x> +—.
X

Dua vao BBT, ta c6 S(x) dat GTNN khix=2.

Chon A
Do dai doan day bang 60cm, canh hinh vudng bang a, ban kinh dudng tron bang r
30-2a
(1)-
T

Goi S 1a tong dién tich ciia hinh vudng va hinh tron, suy ra S =a’+7r°(2).

néntaco:4a+2zr=60 <r=

30-2a)’
Thay (1) vao (2) ta dugc S =a’ +Q.
7
. 4(30-2 27 +8)a—120
Khidé ' = 24— +3020) (27 +8)a-120
V1 7
Cho §'=0=a=—0.
T+4
Béang bién thién.
x |0 60 60
T+4
S — 0 +
N N L v A 4 ” 4 . 60 30 A~ a
Dua vao bang bién thién ta thay S nho nhat khi a = =>r= . Vay —=2
T+4 T+4 r

Cau 7.

Chon C
Goi a,b(cm)(a > 0,b > 0) la d¢ dai chiu doc va chiu ngang cua trang chir suy ra kich

thudc trang gidy 13 a + 6,b + 4

Taco: ab =384 = b= ﬁ(l)
a

2304
a

+ 408

Dién tich trang sach la: S = (a + 6)(1) + 4) =S =4a+

(s 2304
Theo bat dang thirc CAUCHY ta c6: < S > 2,/4a. 30 + 408 = 600
a
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Cau 9.

2304
a

Suy ra MinS = 600 < 4a = & q = 24, suy ra chiéu doc va chiéu ngang ti uu

1a: 30em,20cm

M Pat 4B = x 1a khoang cach can tim (hinh v&) ta c6:
BC=BD+DC=1,8m+1,4m =3,2m.

AD=4x* +(1,8)", AC=4/x*+(3,2)".
Ap dung hé qua cta dinh Iy Co6-Sin cho tam gidc ACD ta c6:
AD* + AC*—CD* _ x*+(L8) +x*+(3,2)" —(L4)
24p.4C o [ (187 [ +(3,2)
x*+(2,4)

J¥ +(L8) ¥ +(3,2)°

Str dung chirc nang CALC trén may tinh cAm tay bam SHIFT — cos

CcCoSx =

2 2
cosl( x 24 J 1an luot thir cac phuong 4n ta thay khi x =2,4m thi goc
V2 +1.8 % +3.2°
o 16n nhat.
Chon A
Goi x(m) 1a chiéu rong clia ddy bé, khi d6 chiéu dai ctia day bé 1a 2x(m) va h(m) la
chidu cao bé. Bé c6 thé tich bang %nﬁ < 2x°h= % Sh= ii?
X
Dién tich can xy 1a: S = 2(xh+2xh)+2x" = 6x%+ 2x* = @+ 2x°..
X X
Xét ham S(x) =ﬂ+2x2,(x > 0) = S'(x) = _5?0 +4x=0<=x=5.

X X
Lap bang bién thién suy ra S, =S(5)=150..
Chi phi thué nhan cong thip nhit khi dién tich xay dung 13 nho nhit va bang
S . =150..
Vay gia thué nhan cong thip nhét la: 150.500000 = 75000000 dong.
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Cau 10.

Chon C

Goi 2000x nghin /kg 1a mirc gia thay ddi ting hodc giam so véi gia ban binh quan.

Gia ban sau khi thay doi 1a 20000+2000x nghin /kg .

86 luong ngudi mua sau khi thay i gid 1a 90-x.

Khoi lugng khach mua trung binh sau khi giam gia 1a 60—5x kg.

S6 tién thué phai nop sau khi thay doi gid: 2200(90—x)(60—5x).

S6 tién thu duoc sau khi thay doi gia 1a

T (x) = (90—x)(60—5x) (20000 +2000x) —2200(90 — x) (60— 5x)

= (17800+2000x)(90 - x) (60— 5x) = (10x* 931> +1722x+96120).1000.
x<90

Diéu kién {x<12 <89<x<12.
x>8,9

Ta co T'(x)=(30x* ~1862x+1722).1000.

x~0,94(N)

T'(x)=0<15x" -931x+861=0 = .
x~6113(L)

T(%) = T(12)=0, T(0,94) =96924000

Do d6 x ~1 thi lgi nhuén cao nht.
Do d6 gia ban tot nhat 1a 22000 nghin /kg .
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