CAC PHUONG PHAP GIAI PHUONG TRINH HAM THUONG DUNG
Phwong phép 1: H¢ s6 bat dinh.

Nguyén tic chung:

+) Duya vao diéu kién bai todn, xdc dinh dugc dang cua f(x), thuong la f(x) = ax + b hoac
f(x) = ax*+ bx + c.

+) Dong nhat hé s6 dé tim f(x).

+) Chirng minh ring moi hé s khac ctia f(x) déu khong thoa man diéu kién bai todn.

Vidu1: Tim f: R — R théamin: f(x f(y)+x)=xy+f(x)Vx,ye R (1).

Loi giai:

x=1 . 3
Thay {ye o Vo (18) ta duge: F(F)+1)=y+£(1) (a).

Thay y=—f(1)-1 vao (a) suy ra: f(f(-f(1)-1)+1)=-1. Pat a=f(-f(1)-1)+1 ta

dugc: f(a)=-1.

Chon {y—; ta duoc: f(xf(a)+x)=xa+f(x)= xa+f(x)=r(0).

XE

bat f(0)=b= f(x)=-ax+b.Thé vao (1) va dong nhét hé s ta dugc:

{azzl _ {Zj_lj{fm:x |

—ab—a=-a
b=0

Vay c6 hai ham s6 can tim 12 f (x)=x va f(x)=—x.

Vidy2: Tim f: R — R théaman: f(f(x)+y)=yf(x—f(y))Vr.ye R(2).

Loi giai:

Cho y=0;xe R:(2)= f(f(x))=0Vxe R(a).

Cho x=f(y):@= f(f(£(»)+¥)=y£(0)(a).

(a)+(a)= f(y)=yf(0). Pat f(0)=a= f(y)=ayVye R. Thir lai (2) ta dugc:
az(x2+y2)+a(y—xy)=0‘v’x,yeR(:)azO:f(x):OVxe R. Vay c6 duy nhat ham s
f(x)=0 thoa man bai todn.

Vidu3: Tim f, g: R > R théa man:

{Zf(X)—g(x)=f(y)—y VeyeR (a)
f(x)g(x) =2 x+1 Vxe R (b) .

Loi giai:
Cho x=ye R khid6 (a)= f(x)=g(x)—x.Thay lai (a) ta dugc:
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g(x)=2x-2y+g(y)Vx,ye R (c).
Cho y=0; xe R: tir (c) ta dugc: g(x)=2x+g(0). bat g(0)=a ta dugc:
g(x)=2x+a, f(x)=x+a.Thé vio (a), (b) ta duoc:

2x+a=2x+a

Vxe R 2x* +(3a—1 2_1>0 Vxe R
(x+a)(2x+a)2x+1 ( xe ) o +( “ )x+a *e

(a), (b) & {

s (Cl—3)2 <0 & a=3.Vay f(x):x+3 ; g(x):2x+3.
Vi du 4: Da thuc f(x) xdc dinh véi Vxe R va thoa man diéu kién:
2f(x)+ fA-x)=x*Vxe R (1). Tim f(x).
Loi giai:
Ta nhan thiy vé trdi cua biéu thirc duéi dau f 12 bac nhét: x, 1 — x vé phai 12 bac hai x°.
Vay f(x) phai c6 dang: f(x) = ax> + bx + c.
Khi d6 (1) tr& thanh: 2(ax” + bx +¢) +a(l —x)> +b(1 - x) +c=x> Vxe R do dé:

3ax’+(b—2a)x +a+b+3c=x>, Vxe R

1

a=—

3a=1 ;

Déngnhétcéohé s, ta thu duge: {h-2a=0 < bzg
a+b+3c=0 1
c=——
3

Vay: f(x)= %(x2 +2x—-1)

Thir lai ta thdy hién nhién f(x) théa man diéu kién bai todn.

Ta phdi chitng minh mei ham sé khdc f(x) sé khong théa man diéu kign bai todn:
That vay gia sit con ham sb g(x) khéc f(x) thoa man diéu kién bai todn.

Do f(x) khong trung v6i g(x) nén Ix, € R: g(x,) # f(x,).

Do g(x) thda mén diéu kién bai todn nén: 2 g(x)+g(-x)=x*VxeR

Thay x boi xo ta dugc: 2g(x,)+ g(1—x,) =x,’

Thay x bdi 1 —xpta duoc: 2g(1—x,)+g(x,) = (1—x0)2
Tur hai hé thic nay ta duge: g(x,) = %(xo2 +2x,-1) = f(x,)
biéu nay mau thuan voi 8(xy) # f(xy)

Vay phuong trinh ¢6 nghiém duy nhat 1a f(x) = %(x2 +2x-1)



Nhdn xét: Néu ta chi di dodn f(x) ¢é dang nao dé thi phai chitng minh sw duy nhat ciia cdc
ham s6 tim dworc.
Vi du 5: Him sb y = f(x) xac dinh, lién tyc véi Vxe R va thoa man diéu kién:
f(f(x)) = f(x) + x, Vxe R
Hay tim hai ham s6 nhu thé.
Loi giai:
Ta viét phuong trinh da cho duéi dang f(f(x)) — f(x) = x (1).
Vé phai cia phwong trinh 12 mot ham sé tuyén tinh vi vay ta nén gia sir ring ham s6 can tim
c6 dang: f(x) =ax + b.
Khi @6 (1) tré thanh: a( ax +b) + b— (ax + b) =x, Vxe R hay (a*>-a)x+ab=x, Vxe R

a’—a=1 a:1+\/§ —i 1++/5

ddng nhét hé s ta duoc: { & Y 4= 7 = f(x)=

b 0 2 X.
av= b=0 b=0

Hién nhién hai ham so trén thoa man diéu kién bai toan (viéc chiing minh sy duy nhat danh
cho nguoi doc).

Vidu 6: Him sd f:7Z — 7 thoéa min dong thoi céc diéu kién sau:

a)f(f(n)=n,VneZ (D
DYF(f(n+2)+2)=nNneZ  (2)
) f0)=1 3)

Tim gid tri £(1995), £(-2007).

Loi giai:

Ciing nhan xét va 1y luan nhu cac vi du trudc, ta dua dén f(n) phai c6 dang: f(n) = an +b.
Khi d6 diéu kién (1) tro thanh: a’n+ab+b=n,Vne 7

X L. .k a’ =1 a=1 |a=-1
Pong nhat céc hé so, ta dugc: 2 Y
ab+b=0 b=0 |b=0

a=1
Véi {b o ta dugc f(n) = n. Truong hop nay loai vi khong thoa man (2).

=-1 \
Voi {a ta dugc f(n) =-n + b. Tir di€u kién (3) chon =0 ta duoc b= 1.

Vay f(n) =-n+ 1.

Hién nhién ham s6 nay thoa méan diu kién bai toan.

Ta phdi chitng minh f(n) = -n +I la ham duy nhdt théa mén diéu kién bai todn:
That vay gia sir ton tai ham g(n) khéc f(n) ciing thoa méan diéu kién bai toan.

Tu (3) suy ra f(0) = g(0) = 1, f(1) = g(1) = 0.

Str dung diéu kién (1) va (2) ta nhan dugc: g(g(n)) = g(g(n+2)+2) Vne Z



do d6 g(g(g(n))) = g(g(g(n+2)+2)) Vne Z Hay g(n) = g(n+2)+2 Vne Z
Gia sir ng la s6 tu nhién bé nhat lam cho f(n,) # g(n,)
Do f(n) cling théda man (4) nén ta c6:
g(ny—=2)=g(ny)+2= f(n)+2=f(n,-2)
g, —2)=f(n,—-2)
Mau thuin véi didu kién ng 12 sb tu nhién bé nhat thoa man (5).
Vay f(n) =g(n), Vne N
Chiing minh tuong tu ta cling dugc f(n) = g(n) v6i moi n nguyén am.
Vay f(n) = 1 — n 12 nghiém duy nhét.
Tir d6 tinh dugc £(1995), £(-2007).
BAI TAP
Bai 1: Tim tat ca cic ham s6 7 :R — R théa mén diéu kién:
S+ fx=y)=2f(x)f(+y)=2xyBy—x"),Vx,ye R
Pap s6: f(x) = x°.
Bai 2: Ham sb f:N— N théa man diéu kién f(f(n)) + f(n) = 2n + 3, Vne N. Tim £(2005).
Pap sb: 2006.
Bai 3: Tim tit ca cic ham f:N — N saocho: f(f(n)+(f(n))* =n*+3n+3, Vne N.
Pap s6: f(n) =n + 1.

Bai 4: Tim cdc ham f:R — R néu: 3f x-l -5f l_szi,we 0,—3,1,2
3x+2 x=2 x—1 3

28x+4
S5x

Pap sb: f(x)=

Bai 5: Tim tat ca cdc da thic P(x) € R[x] sao cho: P(x + y) = P(x) + P(y) + 3xy(x + ),
Vx,ye R

Pap s6: P(x) = x* + cx.

Phuong phip 2: phwong phap thé.

2.1. Thé in tgo PTH mdi:

2x+1

xX—

Vidu 1: Tim f: R\{2} — R thoa mén: f( j=x2+2x Vx#1 (1)

2x+1

Loi giai: Dat ¢ :( j :MGITt =R\{2} (tap xdc dinh cua f). Ta dugc:

x—1

3t* -3

2

x:% thé vao (1): f(r)=
l’_

V't # 2. Thir lai thiy ding.



3x*-3

(x-2)

Vay ham s6 can tim ¢6 dang f(x)=

Nhdn xét:
+ Khi dit t, cin kiém tra gia thiét MGT > D. Véi gia thiét d6 méi dam bao tinh chét: “Khi

xeD,

t chay khdp cdc gid tri cuia t thi x = t ciing chay khdp tdp xdc dinh ciia f°.

3x* -3 .
+ Trong vi du 1, néu f: R — R thi ¢6 vo s ham f dang: f(x)=1{(x-2)’ (v6i aeR
a (x:2)
tay y).
Viduy 2: Timham f : (—e0;—1]U(0;1] — R théa man:
Flx=vx* =) =x+x* -1 V]x =1 (2).
x—t20
Loi gidi: Dit 1= x—Vx’ -1 oV’ ~1=x—11 )
X —1=(x—t)
>
X2t * tz He c6 nehi 41 1<—1
o o . Hé c6 nghiém x < >t
X —l=x>=2xt+1 x=t 1 St 2t 0<t<1

2t
= te (—oo;=1]u(0;1]. Vay MGT t = D = (—o0;—1]U(0:1].

‘x‘zl

Véi t=x—+/x"—1 thi x+’\/xz—1=1 = f(z‘):1 thoa man (2).
t t

1 .
Vay f(x)=— la ham s6 can tim.
X

3x_1j=x—+1 Vazlx#-2 (3).
x+2

Vidu3: Timf: R\{%;?»} — R thdéa man: f[ "
X—

Loi gidi: Dit t=3x_1:>MGTz=R\{3;3}:>x=ﬂ thé vao (4) ta duoc: F(r) =2
x+2 (;;12) 3 3—t 3t-2
, ~ A Ts A Ao x+4
thoa man (3). Vay ham so0 can tim la: f(x)z3 5
x—

Vidu4: Timf: (0;+o) — (0;+00) théoa man:

xf(xfN=f(f(y) Vx,ye(0;+0) (4).
Loi giai:

Choy =1, x € (0;+00) ta duge: x f(x f(1)=f(f1).

Cho x=% ta duoc: F(F()=1=x F(x FA) =1 = f(x £(I)) =~ . Pat:
X
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;:x.f(l):f(t):@:f(;):% (v6i a= f(1)). Vi f(1)e (0;400)= MGT 1 =(0;+00).

xe(0;+00)
Vay f(x)=<. Thit lai théy ding (a >0). Ham sé cAn tim Ia: f(x)=2 véi (a >0).
X X

Vi du 5: Tim ham f: (0;+00) — (0;+0) thoa man:

f(1)=%; f(xy>=f<x>.f[%]+f<y>.f@ Vx.ye (0:4e0) (5).
Loi giai:

Cho x = 1; y =3 ta duoc: f(3)=

N | =

Cho x = 1; ye (0;+00) ta dugc: f(y)=f(§]. Thé lai (5) ta duoc:
y

FO)=2f(x)f(y) Vx,ye(0;+e) (5. Thay y boi 3 ta duoc:
X

f(3):2f(x))f(%] = (%T:(f(x))z.Thﬁ?laithéydﬁng.

Vay ham s6 can tim 1a: f(x):% Vx>0.
Vi dy 6: Tim ham f: R — R thoa man:

(x=y) f (x4 y)=(x+y) f(x=y)=4wy (" +)*) Vx.yeR (6).
Loi gidi: Ta c6:
(6) = (x=y) f(x+y)=(x+y) f(x=)
:[(Hy)—(x—y)]+[(x+y)+(x—y)]{

() +(x=0)] 5 [+ 2) (- |

1
4

bat {uzx—y ta dugc: vf(u)—uf(v):i(u+v)(u—v)((u+v)2—(u—v)z)

v=x+y
= vf(u)—uf(v):u3v—v3u & v(f(u)—uS):u(f(v)—v3)
+ V6i uv #0ta co:

f(u)—u’ =f(v)_v vu’veR*:M:a: f(u):al,t+l,t3 Yu#0.
u \% u

+V&iu=0;v=0suyra: f(u)-u’=0& f(u)=u’= £(0)=0.
Ham f(u)=au+u’ théaman f(0)=0.Vay f(u)=au+u’ VueR
Ham sb can tim 1a: f(x)=ax+x" (ae R). Thu lai thiy ding.

2.2. Thé in tao ra h¢ PTH mdi:



Vidu 1: Tim ham f: R — R théa mén: f(x)+x f(—x)=x+1 Vxe R (1).
Loi giai:
bat r=—x tadugc: f(—t)—1 f(t)=—t+1 Vte R (1). Tacé hé:

{f(x)+xf(—x)=x+1

= £(x)=1. Thir lai ham sb can tim 1a: f(x)=1.
—x f(x)+f(=x)=—x+1 /() ' /)

Vi dy 2: Tim ham s6 f: R\{ 0,1} — RThéa mﬁn:f(x)+f(x—_1j=1+x vxe R (2).
X

Loi gidi: Dit x, = >0 (2)o £ (x)+ f () =1+x.

X

Dt &, =" = (2) 5 £ () f (1) =1+ x,
-

X

Pit x, =2y (2) e £ ()4 f(x) =14x,.

X5

f(xl)+f(x):1+x
Ta c6 hé {f(x,)+f(x)=1+x = f(x)=1+x_++xz=%(x+l+%j.Thﬁ lai thy
X —X
fx)+f(x)=1+x,

ding. Vay ham s can tim ¢ dang: f(x)Z%[x+l+le.
x 1-x

Vidu 3: Tim ham sé f: R\{-1;0;1} — R théa man: xf(x)+2f[x—:j:1‘v’x;t—l (3).
x
Loi giai:

Pit x, =x—:,(3):xf(x)+2f(xl)=1.

x
- x, -1 1

bat x, = =——,(3)=x,f(x)+2f(x,)=1.
x, +1 X

Pt v, =2 =P gy () 2f (n) =1
x+l x-1

biat x, = % =x,3)=x, f(x)+2f(x)=1.
x+1 ) )

x)+2f(x,)=1 - A
1) f( 2) — f(x):‘bc—x-l’_l.Thﬁlaithéydﬁng.



. s 4x* —x+1
Véy ham s0 can tim la: f (x) = m .
x(x—

BAI TAP

DTim f: R\{1} > R thoa man: f[1+lj:x2+1 Vxe R.
x

= Vx # _4 (a, bla héng s6 cho
bx+a b

2
2) Tim f: R\{—ﬁ}—m thoa min: f(b “x] x
b x +1

trudc va ab#0).
3)Tim f: R—> R théa man: f(2002x— f(0))=2002x> VxeR.

4)Tim f: R\{0} — R théa man: f(x)+2Lf[1Lj:1 Vxe R\{0;1}.
x” \1-x

5)Tim f: R\{%1;0} - R thoa man: (f(x))f(:—x)=64x Vxe R\{-1}.
X
2x

3x-2

6) Tim f: R\{%}—)R thoa man: 2f(x)+f( j=996x Vx;t%.

7)Tim f: R\{#1} - R théa man: f(x—jj+f[
X

x+3

1—x

j:x Vx#=xl.
8) Tim f: R— R théaman: 2f (x)+ f(I-x)=x" VxeR.
9) Tim f: R—)Rthéamﬁn:f(X)+f(lj=x2°°8 Vxe R .

x

10) Tim f: R\{il}ﬁRthéamﬁn:f(x)+f(x—_1j:x ——
3 1-3x 3

2
a

11) Tim f: R—)Rthéamﬁn:f(x)+f( j:x Vx#a (a>0).

a—x

f(2x+1)+2g(2x+1)=2x
12) Tim f, g: R\{1} > R thoa man: X X Vx#1.
e

x—1 x—1

Phuong phap 3: Phuwong phap chuyén qua gi6i han.

Vidy 1: Tim ham s6 f:R — R lién tuc, thoa man: f(x)+f[2?xj :3_5x Vxe R (1).
Loi giai:

Dit x :% ;(1):>f(x)+f(xl):§x.

Bt =22 (1)= £ (x)+ £ () = 3.



Dit 3, =22 ne N'3(1)= 1 ()41 (5.) =2,

Ta co hé

3

)+ () =25, (o)

Nhan dong phuong trinh thir (i) véi (-1)"" i cong lai ta duoc:

f(x)+(—1>"”f(xn+,)=§{1_§+@f_...+(-§ﬂ ().

(fLtuc)

Xét lim‘[(—l)m flx,., ]_hm\[ Flxa)] = ) (imx,, )=

£ (0).

Mt khdc (1) suy ra f(0) = 0 nén lim(=1)"" £ (x,,,)=0.
3 1 9x
LAy gi6i han hai vé ctia (*) ta duge: f(x)== x—s =7 . Thir lai thay diing.
5 1+2 25
3
9x
Vay ham sb can tim 1a: f (x) = >

Vi du 2: Tim ham s f1lién tyc tai x,= 0 thoa man:
f:R—> Rva2f(2x)=f(x)+x VxeR (2).
Loi giai:

Dt =2 ta duoc: 2f(t):f[é)+é vieR (2).

t,= ,Vne N’
Xét day: | . Thay day {t,} vao (2’) ta duoc:
t,=—t
2
1
t)=—1f(t,)+—t 1
FO=3r )5 )

Fle)=20 )+ n () me v (n—1) > (n—2) -+ ta duoc:

P(02)=30 ()5t (1)
PO =5 £ )50 S 1)+ £ (Ga)+5t (7).



Thay 1, =(%) t vao (*) ta dugc: f(t):%f(tn)+t(%+%+---+Zinj (*)

Vi flién tuc tai X, = 0 nén 1im[2in f (rn)j =0. LAy gi6i han 2 vé (* ) suy ra: f (1) =§. Thu
lai thdy ding.
Nhdan xét:

+) Néu ddy {x,} tuan hoan thi ta giai theo phuwong phép thé rdi quy vé hé pt ham.

+) Néu day {x,} khong tuan hoan nhung f lién tuc tai x, = 0 v {x,} — O thi sir dung
gi6i han nhu VDI.

+ Néu {x,} khong tuan hoan, khong c6 giéi han thi phai d6i bién dé c6 day {t,} c6
gi6i han 0 va lam nhu vi du 1.
BAI TAP
1) Tim f: R — R thoa man:
a) f1lién tuc tai x, =0,

b) nf(nx)=f(x)+nx Vne N,n22;VxeR.

2) Tim f: R — R lién tuc tai X, = 0, thoa man: f(3x)+f[§j =?x.

3) Tim f: R — R lién tuc tai x, = 0, théa man:
m f(mx)—n f(nx)=(m+n)x Vm,ne N, m#n, Vxe R.

Phwong phap 4: Phwong phap xét gia tri.

+) Day la phuong phédp co s& cua moi phuong phép khéc.

+) Khi van dung phuong phdp can chi ¥ sir dung két qua vira c6 dugc.
(a)f(x)20 VxeR

Vidu 1: Tim f:R — R thdéa man: .
() f(x+y)2f(x)+f(y) Vx.yeR

Loi giai:

f(0)= (x)+f(—x):>{f(x)+f(—x)30
f(x)20, f(-x)=20

= f(x)=f(-x)=0Vxe R. Vay f(x)=0. Thir lai thiy ding.

Vidu 2: Tim f:R — R thda man:

SF) 2 (0)=F () F ()25 VewzeR (2),

I

Loi giai:
10



Cho x=z, y=1 ta duoc: f(x)—(f(x))zzi@(f(x)—%j SO(:)f(x):%.Thfxlai thay

ding.
Vidu 3: Tim f: R — R thoa man: f(x)zMa}ex{xy—f(y)} Vxe R (3).
ye

Loi giai: (3) = f (x) 2 xy— f () Vx, ye R.

Cho x=y:teR:>f(t)=%Vte R (a).

Tu (a) suy ra:

2 2 2
x- 1 2 X

= f(y) < -t = (x-y)' <

e T =) =Max {7 ()} < vxe R (b)

2

(a)+(b) = f(x):%.Thfr lai thdy diing.
Vidu4: Tim f: R — R thoa man:

f(x+y)= f(x)f(y) 22008 Vx,ye R (4).
Loi giai:

Cho x=y=0=7(0)>(f(0)) 21=(0)=1.

Cho
xX=—ye€ R:>1=f(0)2f(x)f(—x)21:>f(x)f(—x)=1:>f(x)=f(l_x) Vxe R (a).
0 xe R F(x) > . f(x) 22008 >0
Cho y=0; xe R= f(x) = 2008 {f(—x)22008x>0 (b).
1 1 . IUUTUR
Theo (a)+(b) = f(x) = (=) < 008 =2008" (c). (b)+(c)= f(x)=2008". Thi lai

thdy ding.
Vidu5:Tim f: [a;b] — [a;b] thoa man:
£ (x)=f ()| 2|]x—y| Vx,ye[a:b] (a<bchotruse) (5).
Loi gidi:
Cho x=a; y=b = |f(a)-f(b)|2la=b|=b-a (a).

vi f(a).f(b)e[a:b] nen|f(a)-f(b)<|a—b|=b-a (b).

11



'{f(a)=a
=b—a & f(b):b
(a)+(8) = |£ (@)= (b)| = {f(a):b-
|7 (b)=a
+) Néu {f(a)za thi:
f(6)=b

Chon y=b;xe[a;b]=f(x) < x ().
Chon y=a; xe[a;b]|=f(x)2x (d).
(c)+(d)=f(x)=x.

+) Néu {f(a):b thi:
f(b)=a

Chon y=b; xe[a;b] roi chon y=a; xe [ a; b] nhu trén ta duge: f(x)=a+b—x. Thu
lai thiy ding.
Nhdén xét:

+) Ta VD1 — VDS la cdc BPT ham. Cach giai n6i chung la tim cdac gia tri dac biét — c6
thé tinh dwogc trude. Sau d6 tao ra cdc BDT “nguoc nhau” vé ham s6 cin tim dé dua ra két
luan vé ham sd.

+) Viéc chon céc trudng hop ciia bién phai 6 tinh “ké thira”. Tic 1 cdi chon sau phai
dua vao cdi chon trude né va thir cac kha ning c6 thé sir dung Kkét qua vua c6 dugc.

Vidu 6: Tim f: R — R théa man:

f(0)=a: f(%j:b (a.b cho trude) .
f(x+y)+f(x—y)=2f(x)cosy Vx,yeR

Loi giai:
Cho y:%; x€ R ta duoc: f[x+§j+f[x_fj:0 (a).
Cho x=0; ye R taduoc: f(y)+f(—y)=2acosy (b).

Cho ng; y € R ta duoc: f(%+y]+f(%—y)=2bcosy (c).
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V4
+f[x—5j—0
+f(%—xj=2acos(x—%).

+f[§—xj=2bcosx

—_
2
+
—_
=
+
=
&h
7\
|
NN N N

~
7~ N\

=

+

Giai h¢ ta duge: f (x)=acosx+bsin x. Thir lai thay ding.

Vidu7: Tim f: R — R théaman: f(x)f(y)=f(x+y)+sinxsiny Vx,ye R (7).
Loi gidi: Ta thdy f (x)=cosx 12 mot ham sb thoa man.

7(0)=0

Cho x=y=0&(f(0)) =£(0) & {f(o)zl'

Néu f(0)=0 thi: Cho y=0; xe R = f(x)=—f(0)=0 Vxe R. Thi lai ta dugc:
sinxsiny=0 Vx,ye R =v0 ly. Vay f(x)=0 khong la nghiém (7).

Néu £(0)=1 thi cho

x=-y :f()c)f(—)c):1+(—sin2 x)zcoszx:f(x)f(—x)zcoszx (a).

Néu f(%]=0 thi: Cho ng; ye R thé vao (7) suy ra:
f[y+§j+siny:0 = f(y)=cosy Vye R. Thir lai thiy duing.

Néuf(—%j =0 tuong ty nhu trén ta dugc: f(y)=cosy Vye R.
Vay ham sb can tim 1a: f (x) =cosx.

Vidu8: Tim f,g: R — R théaman: f(x)— f(y)=cos(x+y)g(x—y) Vx,ye R (8).

Loi giai:
Chon ng—y; yeR (8) = f[%—yj—f(y)=0 At f[%‘)’j:f()’) (a).

Chon x:§+y; yeR (8) = f(%+yj—f(y)=—sin2y-g[§j (b)

13



(@+(0)= 1[4y |- Z-y ] =-sinzg 2 (0

Theo (8): f@wj—f{%—yj:—g(zy) (d).
(c)+(d):g(2y):sin2y.g[§)Vye R =g (2x) = asin2x = g (x) = asinx Vxe R.
i a=g [ | cho e

Cho y=0; xe R:>f(x)—f(0):cosx.g(x):>f(x)=%sin2x+b (b= f(0)), Vxe R.

(x):%sin2x+b

Thir lai 2 ham sé: {f (Véi a, b 12 hang s6 cho truée). Thoa man (8).

g(x)=asinx

Vidu9: Tim f: R — R thoaman: < f (x+1)=f

x
Loi giai:
. X+1 X .,
Ta tinh f (—j dén f(x) theo hai cach:
x
f[x—ﬂj:f[Hlj:Hf[lj:Hf(zx) Va#0 (a).
x x x x

(SO e )
(2 ({2 22 -2

(Hljz(lﬁf(x)} Ve 0, x#1 (5),

X (x+1)2

(a)+(b)= f(x)=xVx#0;x#1.

Véi x=0; (a)= £(0)=0 théa man f(x)=x.

Véi x=1;(a) = f(-1)==f(1):

Cho x=0; (b) = f(1)=1= f(~1)=—1 théa man f (x)=x.
14



Vay f(x)=x Vxe R. Thu lai thiy ding .
Vidu 10: Tim f: R\{0} — R thoa man:
f(1)=1(a)

f(xiy}f@.f@ ¥,y #0 ()

(x+y)f(x+y)=xy f(X)f(y) Vx,y thbamdn xy(x+y)#0 (c)

Loi giai:
Cho x=ye R',(b) ta dugc: f(%):Zf(lj: f(x)=2f(2x) Vx#0 (*)
X X

Cho x=ye R*,(c) ta duoc: 2xf(2x):x2(f(x))2 = 2f(2x):x(f(x))2 Vx#0 (*)

z > 2 "
Thé (*) vao (*) suy ra: f(x)=x(f(x)) (¥).
Gia sir: 3x, #1,x, € R" sao cho: fix,) = 0. Thay x=1-x,; y=x, vao (*) ta dugc: f(1)=0
trdi véi gia thiét (1) = 1. Vay f(x)#0 Vx=1; x#0.
Vi f(1)=1#0 nén tir (* ) suy ra f(x)zl Vx # 0. Thir lai thiy dung.

X

Vidu 11: Tim f: R — R thdéa man:

f(1)=1(a)
flx+y)=f(x)+f(y)+2xy Vx,ye R(b).

f(l): f(f) Vx#0 (c)

X X

Loi giai:
Cho x=y=0,(b) & f(0)=0

Cho x=y=t#0,(b)e f(2t)-2f(t)=2¢(1).

1 1 11,
Cho x:y:Z—t,(b)@ f[;j—2f(ZJ=?( )
‘ N ) (1) ) Cf) Jf(2) 1
Tu (c):f(;j— o ,f(gj— (2t)4 . Thé vao (¥) ta dugc: o 2 (2t)4 =57 (2).

()+(2)= f(t)=1> Vt#0.Tu £(0)=0= f(t)=1> Vte R. Thi lai thiy diing.

Vi dy 12: Cho ham s6 f: (0;+0)—( 0;+) théa man:
1) 01100 v (050) 02)

15



Loi giai: Cho:
x=y=1=f(f)=fFO)£(FM)=,O)=19 F(F1))#0=F(f1))=1.

x=1; ye(0;+00):>f[f—

Miit

hic: £ (£ (5)) = £ f(yJ yf(y)f[f[;Dyf(y)f(yf(y))yf(y)f{f(lyq
y

Vi £(£(3))%0 nén y £ (y) éf(%]ﬂ o f(y)f(l]ﬂ (b).

(a)+(b)= f(») - L Vye(0; +oo). Thit lai thay ding.

e

Vidy 13: Tim f: R — R thoa man:
{f(m—; (a) |
Jae R: f(a=y)f(x)+f(a=x)f(y)=f(x+y) Vx,ye R (D)
Loi giai:

1
2
Cho y=0; xe R taduge: f(x)=f(x).f(a)+f(0).f(a—x)= f(x)=Ff(a—x)(c).
(d).

Cho x=y=0,(b)= f(a)=

2

Cho y=a—x; xe R ta dugc: f(a):(f(x))2+(f(a—x))
1
2

()+(d) =2(7 (x)) =3 &

1
-~ =
—_ —_
= =
N— N—

Il Il

|
| —

_%=f(xo)@f(x—zf’+x—2"j=2f(x—2"].f(a—x—2"]g2[f(x—2")j >0 = Voli.

Vay f(x) =% Vxe R . Thir lai thiy ding.

16



Vi du 14: (VMO.1995)
Tim f: R — R théa man: f((x—y)z):x2 —2yf(x)+(f(y))2 Vx,ye R (14).

Loi giai:
Cho x=y=0= £ (0)=(£(0)) c{

, =0
Néu f(0)=0: Cho {y o (@ duoe: f(F)=x"= f(t)=1 Vt=0
xXe

2

Cho x=yeR ta duoc: f(0)=x>-2xf(x)+(f(x)) &(f(x)-x) =0 f(x)=x.
Thir lai thiy ding.

y=0

taduge: f(x*)=x"+1e f(t)=t+1Vr20.
xXe

Néu f(O):l:Cho{

Cho x=0; ye R ta duoc: f(y2)=—2y+(f(y))2:>(f(y))2=f(y2)+2y

f(y)=y+l1

2 2
=y +1+2y=(y+1) = .
f(y)=-y-1

Giasu 3y, € R saocho: f(y,)=-y,—1.Chon x=y=y, tadugc:

f(y,)=y-1
f(3,)=y,+1

Néu f(y,)=y,-1=-y,—1=y,-1=y, =0va f(0)=-1 (logi) .

1=y 25,7 (3,)+(£(3,)) &

Néu f(y,)=y, +1=> -y, ~1=y,+1=y,=-1= f(-1)=0.

Thoéa man: f(y,)=y,+1.Vay f(y)=y+1Vye R. Tht lai thdy ding.

Vi du 15: (VMO.2005)

Tim f: R — R théaman: f(f (x—y))=f(x) f(y)-f(x)+f(y)—xy Vx,ye R(15).
Loi giai:

Cho x=y=0=f(£(0))=(£(0)).Pit f(0)=a = f(a)=d.

Cho x=ye R=(f (%)) =x*+ f(a)=(f(x)) =¥ +d* (¥).

ey o[ F(R)=7 ()
=) ==y

Néu 3x, € R saocho f(x,)=f(-x,)

) :
+ Chon x=0; y=—xo:>f(f(xo))=af(—x0)—a+f(—x0)(a).

—_
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+ Chon y=0; x:—xo:>f(f(xo)):af(x0)+a—f(x0)(b).

(@)+(B)=a(f(x,)=f(=x,))=(f (x,)+f (=x))+2a=0(c).

)
Vif(x,)=f(-x,) nén f(xo)za:(f(xo))2:x§+a2: a’=x;+a’ =x,=0 trdi véi

gia thiét x e R".
Vay f(x)=-f(-x) Vxe R. Ta thay (c) khéng phu thudc vao x, nén ta cé:

a(f(x)—f(—x))—(f(x)+f(—x))+2a=0(c). Thay f(x)=-f(—x) suy ra:

a(f(x)+1)=0e jv:xo):—l
+Néua=0(:)>(f(x))2:xz{:{ i;iix

Gia str ton tai x,€ R d¢ f(x,)=x,. Khi d6 (b) suy ra:
x,=f(x,)=ax,+a—x, = x,=0 trédi gia thiét x, e R".

Vay f(x)=-x Vxe R. Thir lai thiy ding

+Néu f(x)=-1Vxe R. Thir lai ta dugc (15) & xy=2 Vx,ye R. VO Ii.
Vay ham s6 can tim la: f(x)=—x.

Nhdn xét: C6 mot suy ludn hay nham 1an dugc sir dung ciac VD:

f(x)=2 .
VD13 (f(x))zzi & f(x):l . VD14 ((f(y))zz(y+1)2 & {;8:;1]
2
VDIS | (f(x) =2 & {f(x)j },déléhiéusai:

f(x)=% VieR

—l Vxe R
2

kﬂ

—_
=

N—
Il

f(y)=y+1 Vxe R '
f(y)z—y—l Vxe R’

) {f(x)zx Vxe R

(f() =0+1) & {

f(x)=—x VxeR

18



. | 1 5
Thuyc té thudng 12 nhu vay nhung vé mit logic thi khong ddng. ( f (x))2 = thi f(x) c6 thé

(xZO) ) f(x)=
| . Nhu vay (f(x)) =
—5 (x<0) f(x)z——

1
s 1s PER 2
12 ham khédc nita nhu f(x)=

. X A , N A A A 5 2 . N A 1 -
ding voi moi x cy thé cht khdng thé két luan chi c¢6 hai ham so6 f (x) ZE Vxe R hoac

f(x)=—% VxeR.

. 4o 1 1 5
bé giai quyét van dé nay ta thuong “thi” f(x)= 5 Vxe R hodc f(x)= -3 Vxe R vao dé
bai dé tim ham s6 khong thoa man (trong VD13 thi f (x) =% khong théa méan) sau do lap

luan phi dinh 1a 3x,: f(x,) = —% dé dan dén vo 11!

Vidu 16: Tim f:(0,1) > R théa man: f(xyz) = xf(x) + yf(y) +zf(z) Vx,y,z€ (0,1).
Loi giai:

Chon x =y = z: f(x°) = 3xf(x).

Thay x, y, zboi x%: f(x%) = 3 x* f(x?).

Mit khéc: f(x%) = f(x. x* .x°) = xf(x) + x* f(x?) + X° {(x°).

= 3 x% f(x?) = xf(x) + x> f(x%) + 3x* f{(x) & 2 x* f(x?) = xf(x) + 3x” {(x)

300 +1
2

= f(x%) = f(x),Vxe R

Thay x boi x” ta duoc :

3x” +1
2

f(x*)= f(x’),vxe R

9
= 3 () = 3x +1

3xf(x),Vxe R

3x° +1 3x” +1

2 fx)=
= f(x)=0,Yx 0

= 3x’

3xf(x),Vxe R

Vay f(x) =0 v&i moi x €(0; 1).
BAI TAP
5

1) Tim f: N — R thoéa man: f(O)iO;f(l)zE;

f(x)f(y)zf(x+y)+f(x—y) Vx,ye N, x2y.

2)Tim f: N — R théaman: f(m+n)+f(n—m)=f(3n) Vmne N,n>2m.
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3)Tim f: R — R théaman: f(xf(y))=yf(x) xyeR.

4)Tim f: R — R théaman: f((x+1)f(y))=y(f(x)+1) x,yeR.
5)Tim f:(0; +00) — (0; +o0) thoa man:
f(x)=yE(MOf1+)§C)[x2y+y2x—f(y)]‘v’xe(O;+0<>).

6) Tim f: R — R théaman: f(xy)—f(x—y)+f(x+y+1])=xy+2x+1 Vx,yeR.

f(xy)=7(x)f(y)
f(f(x)=x

8) Tim f: R — R théaman: f (xy)=f(x)f(y)-f(x+y)+1 Vx,yeR.

7) Tim f:[1;+00) = [1;4+ ) théa man: { Vx,ye[1;+o0).

9) Tim f: R — R théa man:
(F(x)+f)F )+ f(1)=f(xy—zt)+ f(xt+2y) Vx,y,zteR.
10) Tim f: R — R thoa min: f(xz—yz):xf(y)—yf(x) Vx,ye R.

11) Tim f: N = [0;+) thoa man:

fF()=1 f(m+n)+f(m—n):%(f(2m)+f(2n)) Vm,ne Nm=n.

12) Tim f:Z — R thoa man: f(x;yjzf(x);f(y) Vr.ye Z; (x+y)i3.

13) Tim f: N — N théaman: 3f (n)-2f(f(n))=n VneN.
14) Tim f:Z — Z thoéa min:
f()=aez; f(m+n)+f(m-n)=2(f(m)+f(n)) VmneZ.
15) Tim f: R — R théaman: f(x’+2y)=f(x+y)+f(3x+y)+1 Vx,yeR.
16) Tim f: R — R théaman: x°f (x)+ f (1-x)=2x-x" VxeR.

Phuong phip 4: Sir dung tinh chat nghiém ciia mét da thiec.

Vi du 1: Tim P(x) v&i hé s6 thyc, théa mén dang thirc:
(X +3x" +3x+2)P(x—1) = (x’ =3x> +3x—2)P(x),Vx (1)
Loi giai:
D)o x+2)x+x+DP(x—1) = (x=2)(x* —x+1)P(x),Vx
Chon: x=—2=P(-2)=0

x=—1=P(-1)=0

x=0 = P0)=0

x=1 =P1)=0

Vay: P(x) =x(x - D(x + DX + 2)GX).
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Thay P(x) vao (1) ta dugc:
+2)(X +x+D(x=D(x=2)x(x+DG(x =D = (x=2)(x* —x+ Dx(x=D(x + D(x +2)G(x), Vx

= (F +x+1)G(x =1 = (x" —x+1)G(x), Vx
o GG-D _ G

> =— ,Vx
x—x+1 x"+x+1
G(x-1 _ Gx)
x-D*+(x-D+1 x*+x+1°
bat R(x)=2G¢ (x#0,%1,-2)
x +x+1
= R(x)=R(x-1) (x#0,%1,-2)
= R(x)=C

Vay P(x)= C(xX* +x+Dx(x=D(x+D(x+2)

Thir lai thdy P(x) thoa man diéu kién bai todn.

Chii y: Néu ta xét P(x) = (x> + 1)(x — 1) thi P(x + 1) = (x> + 3x” + 3X + 2)x.

Do d6 (x> + 3x” + 3x + 2)xP(x) = (x* = 1)(x* — x + 1)P(x + 1). Tir d6 ta c6 bai todn sau:
Vi du 2: Tim da thiic P(x) véi hé s6 thuc, thoa man dang thirc:

(x> +3x% 4 3x + 2)xP(x) = (x* = D(X* = x + DP(x + 1) véi moi x.

Giai quyét vi du nay hoan toan khong c6 gi khac so véi vi du 1.

Tuong tu nhu trén néu ta xét: P(x) = (x2 + 1)(x2 —3x + 2) thi ta s€ c6 bai toan sau:
Vi du 3: Tim da thirc P(x) v6i hé s6 thyc thoa man dang thirc:

(4x* +4x+2)(4x* =2x)P(x) = (x> + (x> =3x+2)P(2x+1),Vxe R

Céc ban c6 thé theo phuong phdp nay ma ty séng tic ra cdc dé todn cho riéng minh.

Phuong phép 5: St dung phwong phép sai phan dé giai phwong trinh ham.

1. Pinh nghia sai phan:
Xét ham x(n) = X,:

Sai phén cap 1 cua ham x, 1a: ax, = x,,, —x,

n

Sai phan cp 2 cua ham x, la: a’x, =ax 2x . +X

_Axn =X n+l n

n+l n+2

k
Sai phn cap k cia ham x, 1a: a*x, =" (-1)'Cix

n+k—i
i=0

2. Céc tinh chit ciia sai phan:
+) Sai phén céc cap déu dugc biéu thi qua cac gid tri ham sb.
+) Sai phén c6 tinh tuyén tinh: A* (af +bg) = aA* f +bA* g
+) Néu x,da thitc bac m thi A*x :

La da thie bac m —k néu m > k.

La hang sé néum =k.

La0néum<k.
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3. Ngi dung ciia phwong phdp nay la chuyén bai todn phwong trinh ham sang bai todn day
s0 va dung cdc kien thirc ddy so dé tim ra cdc ham so cdn tim.
Vidu 1: Tim f: N - R thoa man: f(1) =1 va
2f(n).f(n+k) = 2f(k-n) + 3f(n).f(k) V k, neN, k>n.
Loi giai:
f0)=0
f0)=-2
+ Néu f(0) = 0 thi chon n = 0, ke N ta dugc: f(k) = 0 trai gia thiét f(1) = 1.
+ Néu f(0) = - 2 thi chonn = 1, ke N ta dugc: 2.f(k+1) - 3.f(k) - 2.f(k-1) = 0.

Cho n =k = 0 ta duoc: (f(0))> + 2£(0) = 0 & {

u, =—-2u, =1

bit uy = f(k) ta duoc day s6: .-
2u,, —3u, —2u,_,=0Vke N

Tu day tim duoc ug = f(k) = —2.(—%)" Vke N . Thu lai théy ding.

Vidu 2 (Dw tuyén IMO 1992): Cho a, b> 0. Tim f: [0; +o0) — [0; +o0) thoa min :
f(f(x))+a.f(x) = b.(a+b).x Vxe [0; +o0) (2)

Loi giai:

C6 dinh xe [0; +o0) va dit up= x, u; = f(X), Uns1 = f(uy,). Tir (2) ta duoc :

Ups2 + A.Uny1 - bo(a + b).uy = 0. Gidi ddy s6 trén ta dugc: u,= c1.b" + co.(-a -b)" (¥).

Viu, =20 VneN nén ta cé: 0< “y =c,.( b )" +¢,.(=1)". Mat khic: 0< <1 nén
(a+b)" +b a+b

lim ( Y' =0. Do d6, néu ¢, > 0 thi khi n 1& va n da 16n thi 0 vo i I; con néu

n>+e g+ b (a+b)"

¢ < 0 thi khi n chin va n da 16n thi ( 4y % <0 vo li I. Vay ¢, = 0. Thay vao (*) ta dugc
a+

Uy = c1.b™ Tirup = x suy ra ¢; = x va f(x) = bx. Do d6 f(x) = bx Vxe [0;+c0). Thir lai thiy diing.
Vi du 3: Tim tit cd cdc ham f:R — R théa mén:
f(f(x)) = 3f(x) -2x , Vxe R
Loi giai :
Thay x boi f(x) ta dugc:
f(f(f(x))) = 3f(f(x)) - 2f(x) , Vxe R

JCf))=3f(.f(x0))=2f(..f(x))

n+2 n+l n
Hay f ., (x)=3f,,,(x)=2f, (x),n=0

bat x, = f,(x),n =0 ta duoc phuong trinh sai phan: x , =3x, , —2x,

Phuong trinh dic trung 1a: 1> -34+2=0= A=1vAi=2
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A _ n
Vay x, =c, +c¢,2

o xy =t =x
Ta cé:
X, =c¢ +2c,=f(x)
Twr d6 ta duoc ¢, =2x— f(x),c, = f(x)—x
Vay f(x)=x+c, hodc f(x)=2x-¢

Phwong phap 6: Phwong phap sir dung anh xa.

Vidu 1: Tim f: N'— N thoa mén:

f(f(n)+m) = n+f(m+2007) ¥V m, ne N" (1).
Loi giai:
Trudc hét ta chimg minh f 1a don 4nh.
That vay: f(n;) = f(ny) = f(f(n))+1) = f(f(nx)+1) = n; + f(1+2007) = n, + f(1+2007) =
n; =n,. Vay f1a don anh.
Mat khac tor (1) suyra: Vm, n e N, f(f(n) + (1)) = n + f(f(1) + 2007) = f(f(n)+f(1)) = n + 1
+ f(2007+2007) = f(f(n+1)+2007). Vi f 1a don anh nén ta cé:  f(n) + f(1) = f(n+1) + 2007 =
f(n+1) - f(n) = f(1) - 2007. bat f(1) - 2007 = a. Khi d6 ta c¢6 f(n) = n.a + 2007. Thay lai (10) ta
duoc a’n=n VneN = a’=1=a=1 = f(n) = n+2007.
Vidu 2: Tim f: R — R thod méan: f(xf(x)+{(y)) = (f(x))2+y Vv X, yeR (2).
Loi giai:
Dé rang chimg minh f 12 don 4nh.
Mit khéc, ¢6 dinh x thi VteR tn tai y =t - (f(x))* dé f(xf(x) + f(y)) = t. Vay f 1a toan dnh,
do d6 f 12 song dnh. Suy ra tn tai duy nhit ac R sao cho f(a) = 0.
Cho x =y = a ta duoc f(0) = a.
Chox:O,y:ataduqcf(0)2a2+a. Véya:a2+ahaya:O:>f(0):O.
Cho x =0, yeR ta dugc {(f(y)) =y (a).
Cho y = 0, xeR ta dugc f(x.f(x)) = f(x))* = {(f(x).f(f(x))) = (f(f(x)))*. Theo (a) ta dugc
f(f(x).x)) = x* = (f(x))’ = x” = f(x) = x hogc f(x) = -x.
Gia str ton tai a, be R" @ f(a) = a, f(b) = -b. Khi d6 thay x = a, y = b thi tu (2) suy ra: f(a2 -b)
=a’+b. Ma (a’+ b)*# (a>- b)> vdi a, be R trdi v6i khing dinh (f(x))* = x*. Vay ¢6 hai ham
s6 1 f(x) = x, VxeR hodc f(x) = -x VxeR. Tht lai théy ding.

Phuong phip 7: phwong phap diém bat dong.

1. Pac trung cia ham:

Nhu ta da biét, phuong trinh ham 1a mot phuong trinh thong thuong ma nghiém cia
né 1a ham. Dé giai quyét tot van dé ndy, can phan biét tinh chat ham véi ddc trung ham.
Nhing tinh chit quan tric duoc tir dai sb sang ham sb, dugc goi 1a nhitng dic trung ham.
+) Ham tuyén tinh f(x) = ax , khi d6 f(x + y) = f(x) + f(y). Vay dac trung ham tuyén tinh la:
f(x +y) =f(x) + f(y) v6i moi x, y.
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+) Ham bac nhat f(x) = ax + b, khi d6 f(x) + f(y) = 2 f(izy). Vay dic trung ham & day 1a

f(x;y): f(x);f(y)Nx’ye -

Dén diy thi ta c6 thé néu ra cAu hoi la: Nhitng ham nio c6 tinh chat

f(x+y)= f(x)+ f(),Vx,ye R. Giai quyét van d& d6 chinh 1a ddn dén phuong trinh ham.
Vay phuong trinh ham 1a phuong trinh sinh béi dac trung ham cho trude.
+) Ham Ifiy thra £ (x) = x*, x >0 Dic trung 12 f(xy) = f(x)f(y).
+) Hom mil f(x) =a"(a>0,a #1) Pac trung ham Ia f(x + y) = f(x)f(y), Vx,ye R
+) Ham Logarit f(x)=log, x (a>0,a#1) Dac trung ham la f(xy) = f(x) + f(y).
+) f(x) = cosx ¢6 dac trung ham la f(x +y) + f(x —y) = 2f(x)f(y).
Hoan toan tuong tu ta c6 thé tim duoc cac dac trung ham cia ciac ham sb f(x) =sinx,
f(x) = tanx va véi cdc ham Hypebolic:

+) Sin hypebolic shx = i

X

e +e

—X

+) cos hypebolic chx =

+) tan hypebolic thx = shx = ex — eix
chx e ' +e

. h e
+) cot hypebolic cothx = ar_ ex eix
shx e —e
+)shxc6 TXPla R tap gida trila R

chx c6 TXD la R tap gid tri la [1,4o0)

thx c6 TXD la R tap gia tri la (-1,1)
cothx c6 TXD la R\ {0} tép gid tri 1a (—oo,—1) U (1,+o0)

Ngoai ra ban doc ¢ thé xem thém cdc cong thirc lién hé giita cidc ham hypebolic, dd thi cta
cdc ham hypebolic.
2. Piém bit dong:

Trong sb hoc, giai tich, cdc khai ni€ém vé diém bat dong, diém cb dinh rét quan trong
va né dugc trinh bay rat chit ché thong qua mot hé thong 1y thuyét. O ddy, tdi chi néu mg
dung ctia né qua mot s6 bai todn vé phuong trinh ham.

Vi du 1: X4ac dinh cac ham f(x) sao cho: f(x+1) =f(x) + 2 Vxe R.

Loi giai:

Ta suy nghi nhu sau: Tir gia thiét ta suy ra ¢ =c +2 do d6 ¢ =oo

Vi vay ta coi 2 nhu 1a f(1) ta duge f(x + 1) = f(x) + f(1) (*)

Nhu vdy ta da chuyén phép cong ra phép cong. Dua vao dic trung ham, ta phai tim a:
f(x) = ax dé khtr s6 2. Ta duoc (*) & ax+)=ax+2 =a=2

Viy ta lam nhu sau: Dat f(x) = 2x + g(x). Thay vao (*) ta dugc:
24



2x+ D +gx+1)=2x+g(x)+2, VxeR

Diéu nay twong duong voi g(x + 1) = g(x), Vxe R Vay g(x) 1a ham tuan hoan véi chu ki 1.

Diép s6 f(x) = 2x + g(x) v6i g(x) 12 ham tudn hoan voi chu ki 1.

Nhdn xét: Qua vi dy 1, ta c6 thé tdng quat vi du ndy, 13 tim ham f(x) théa mén:
f(x+a)=1f(x)+b, Vxe R,a,btuyy.

Vidu 2: Tim ham f(x) sao cho: f(x + 1) =- f(x) + 2, Vxe R (2).

Loi giai:

tacling duadénc=-c+2 dodéc=1.

vay dat f(x) =1+ g(x), thay vao (2) ta dugc phuong trinh: g(x + 1) =- g(x), Vxe R

__ L o—
Do d6 ta co: {g(x+1)— g(x){:) g(x)—z[g(x) g(x+1)] vxe R (3).

$EFD=ZE g2 =g

Ta chirng minh moi nghiém cda (3) c6 dang: g(x) :%[h(x)—h(x+l)],‘v’xe R ¢ d6 h(x) 1a

ham tuin hoan véi chu ki 2.

Nhdn xét: Qua vi dy nay, ta c¢6 thé tong quat thanh: f(x +a) =- f(x) + b, Vxe R, a, btlyy.
Vidu 3: Tim ham f(x) thoa man: f(x + 1) = 3f(x) + 2, Vxe R (3).

Giai:

Ta di tim ¢ sao cho ¢ =3c +2 dé thﬁy c=-1. bat f(x) = -1 + g(x). Luc d6 (3) c6 dang:
g(x+1)=3g(x) Vxe R

Coi 3 nhu g(1) ta dugc: g(x + 1) = g(1).g(x) Vxe R (¥).

Tir ddc trung ham, chuyén phép cong vé phép nhdn, ta thiy phai st dung ham mii:
at'=3a"=a=3

Vay ta dat: g(x)=3"h(x) thay vao (¥) ta dugc: h(x + 1) =h(x) Vxe R

Vay h(x) 12 ham tudn hoan chu ki 1.

Két luan: f(x)=—1+3"h(x) v6i h(x) 1a ham tudn hoan chu ki 1.

Nhdn xét: O vi du 3 nay, phuong trinh téng quét ciia loai nay 1a: f(x + a) = bf(x) + ¢ Vxe R;
a, b, ctuyy.

+) Vi 0< b # 1: chuyén vé ham tuan hoan.

+) V6i 0< b # 1: chuyén vé ham phan tun hoan.

Vi du 4: Tim ham f(x) thoa man f(2x + 1) = 3f(x) -2 Vxe R (4)

Giai:

Tacé:c=3c—-2suyrac=1.DPatf(x) =1 + g(x). Khi 6 (4) c6 dang:

g(2x + 1) =3g(x) Vxe R (*)

Khi biéu thirc bén trong c6 nghiém # oo thi ta phai xir Iy céch khéc.

Tu2x +1=xsuyrax=1.Vaydat x=-1+ttacod2x + 1 =-1+ 2t. Khi d6 (*) c6 dang:
g(-1 +2t) =3g(-1 +t) Vre R.

bat h(t) = g(-1 + 2t), ta dugc h(2t) = 3h(t) (**). Xét 2t =t < 1t=0, (21)" =3+" ©@m=log,3
Xét ba kha nang sau:

25



+) Néu t=0tacé h(0)=0.

+) Néu t> 0 dat h(r) ="=¢p(t) thay vao (3) ta c6: @(21) = @(t),Vt > 0. Dén day ta dua vé vi
du ham tuan hoan nhén tinh.

o2t)=—@(1),Vt<0

+) Néu t < 0 dat h(r) =111°% g(z) thay vao (3) ta duoc <
) it h(r) @(t) thay vao (3) : {¢(4¢):¢(¢),W<o

1
o o= 5[(;}(:) —p(2n].v1 <0
P(41) = o(1),Vt <0

Nhdn xét: Bai todn téng quét ctua dang ndy nhu sau: f(ax+ fB)= f(ax)+b a#0,+1. Khi
d6 tir phuong trinh arx+ B = x ta chuyén diém bat dong vé 0, thi ta duoc ham tuin hoan nhin
tinh.

+) Néu a = 0 bai todn binh thuong.

+)Néua=1 chfmg han xét bai toan sau: “Tim f(x) sao cho f2x + 1) =f(x) - 2, Vx #-1 (1)”.

Xét: 2x + 1 =x & x =—1 nén dat x = -1 + t thay vao (1) ta dugc: f(-1 + 2t) = f(-1 + t) + 2,
Vi#0.Dat gt) =f( -1 +1t) ta dwoc: g(2t) = g(t) + 2 V£ #0 (2). Tir tich chuyén thanh tong

nén la ham logarit.

Ta c6 1oga(2z)=1ogar—2<:>a=i. Vay ditg(r)=log , [f|+h(t). Thay vao (2) ta c6

V2 7

h(2t) = h(r), ¥t # 0. Dén diy bai todn tré nén don gian.

Phuong phip 8: phwong phap sir dung hé dém.
Ta quy woc ghi m = (b;b..;...b;), nghia la trong hé dém co so k thi m Iuing bb;;...b;.
Vidu 1 (Trich IMO nim 1988):
Tim f: N'— N thoa man: f(1) = 1, f(3) = 3, f(2n) = f(n),
f(4n+1) = 2f(2n+1) - f(n); f(4n+3) = 3f(2n+1) - 2f(n) Vne N" (12).
Loi giai:
Tinh mot s6 gia tri cua ham sb va chuyén sang co s6 2 ta c6 thé du dodn dugc:
““YneN’, n= (bib;.1...by), thi f(n) = (bib, ...b;),” (¥). Ta s& chirng minh (*) béng quy nap.
+Véin=1,2,3,4dé kiém tra (*) 1a ddng.
+ Gia st (*) ding cho k < n, ta s¢€ chitng minh (*) ddng cho n (vdi n > 4). That vay, ta xét cac
kha nang sau:
e Néun chin, n = 2m. Gia st m = (b;bi...b;)2, khi d6 n = 2m = (bb;;...b;0), =
f(n) = f((bibi.1...b10)2) = f(2m) = f(m) = f((bibi.1...b1)2) = (bibz ...bi)2 = (Obibz ...bi)2 = (*)
ding.
e Néunlé van=4m + 1. Gid st m = (b;bi;...b1)s, khi d6 n = (bibi.;...b;01), =
f(n) = f((bibi.1...b;01),) = f(4m+1) = 2.£f2m+1) - f(m) = 2.f((bibi.1...b11)2) - f((bibi.i...b1)2) =
(10)2.(1b1b; ...bi)2 - (biby ...bi), = (1b;b, ...bj0)2 - (biby ...b)2» = (10b;b; ...b;)» = (¥) ding.
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e Néun1é van=4m + 3. Gia st m = (b;bi;...b)),, khi d6 n = (bjby;...by11), =
f(n) = f((bibi.;...b111)2) = f(4m+3) = 3f2m+1) - 2f(m) = 3f((b;bi.;...b11)2) - 2f((bibi.1...b1)2) =
(11)2.(1b1b; ...bi)2 - (10),.(bibs ...b)2 = (11b;b; ...b;)» = (¥) ding.
Vay (*) ding va ham f dugc xac dinh nhu (¥).
Vidu 2 (Trich dé thi cia Trung Qudc):
Tim ham sb f: N* — N théa man:
1) f(1) =1;
2) f(2n) < 6f(n);
3) 3f(n)f(2n+1) = f(2n)(3f(n)+1) Vne N".
Loi giai:
Vi f(n)e N* nén (3f(n), 3f(n)+1) = 1. Tu 3) suy ra 3f(n) | f(2n). Két hgp véi 2) suy ra
f(2n) = 3f(n) va f(2n+1) = 3f(n)+1 VneN",
Thir mot sd gia tri ta théy f(n) duoc xac dinh nhu sau:
“V&in = (bba...by), thi f(n) = (bibs...b); Vne N™ (*). Ta ching minh (¥) bﬁng quy nap.
+ Véin=1,2, 3, 4 thi hién nhién (¥) duing.
+ Gia su (*) dung cho k < n (v6i n > 4). Ta chiing minh (*) ding cho n.
e Néu n chin: n = 2m. Gia st m = (¢;Cs.. .Cj)2 thi n = 2m = (c;¢...¢;0),. Khi do:
f(n) = f(2m) = 3f(m) = 3.f((cic2...¢j)2) = (10)3.(cica...¢j)3 = (ciCa...¢j0)3 = (*) dung cho n
chan.
e Néunlé:n=2m+ 1= n=(cc...cjl), Khidé:
f(n) = f2m+1) = 3f(m) + 1 = 3f((cic2...¢j)2) + 1 = (10)3.(ciCa...¢j)3 + 13 = (cica...cil)3 = (¥)
ding cho n 1&.
Vay (*) ding cho moi ne N” va f(n) dugc xdc dinh nhu (*).

Phwong phap 9: phwong phap sir dung dao ham.

Vidu 1: Tim f: R — R thoa man: | f(x)- f(y)* < | x- yP Vx, yeR (14).

Lai giai: C6 dinh y, v6i xeR, x # y tir (14) ta duoc:

2
Fo-folf . F@-f() o .
A <x—y| =0 |——— < Jlx—=y|. Vi im0 =1lim./|x— y| =0 nén suy ra
ey | Skl iy SVl VilimOo=lim ey y
limM=O = f’(y) = 0 = f(y) = ¢ VyeR (vdi ¢ 1a hing s6). Thir lai thdy dung.

Vidu 2: Tim f: R — R ¢6 dao ham trén R va thoa man:
f(x+y) = f{(x) + f(y) + 2xy Vx, yeR (15)

Loi giai:

+ Cho x =y =0 ta dugc f(0) = 0.
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+V6iy %0, cb dinh x ta duge: LN _ f(y)”xy:f(y)_g(o)ﬂx (%). Vi f(x)

y y Y=
c6 dao ham trén R nén tur (*), choy — 0, suy ra f’(x) = °(0) + 2x = 2x + ¢ = f(x) = x*+cx+b

VxeR; b, ¢ 1a cdc hang sb thyc. Thir lai thy ding.

Phwong phap 10: phwong phap dat ham phu.

Muc dich chinh cua viéc dat ham phu la lam giam d¢ phirc tap ciia phwong trinh
ham ban dau va chuyén doi tinh chat ham so nham co lgi hon trong gidi todn.
Vidu 1: Tim f: R — R thod mén: f(x) > 2007x va f(x+y) > f(x)+f(y) Vx, yeR (1).
Loi giai:
D@ thay f(x) = 2007x 1a mot ham sb thoa mén (1). Pat g(x) = f(x) - 2007x va thay vao (1) ta
duoc: g(x) =2 0 (a) va g(x+y) = g(x) + g(y) (b) ¥x, yeR.
+ Chox =y =0, tu (b) ta dugc g(0) <0, Kkét hop véi (a) suy ra g(0) =0.
+ Cho x = -y, xeR, tir (a) va (b) ta dugc g(x) 20, g(-x) 20, 0 > g(x) + g(-x); suy ra :
g(x) = g(-x) = 0 = h(x) = 2007x, VxeR. Thir lai thay diing.
Vidu 2: Tim f: R — R lién tuc trén R thod man:

f(x+y) = f(x) + f(y) + f{(x)f(y) Vx, ye R (2).

Loi giai:
Xét phuong trinh: A = 2\ + A ¢6 nghiém A = -1 khéc 0.
Dit g(x) = f(x) - (-1) = f(x) + 1. Thé vao (18) ta dugc:
g(x+y) = g(x).g(y) VX, yeR (¥).

Chox=y= % ta dugc g(t) > 0 VteR.

Cho x =y =0 ta dugc: g(0) = 0 hoac g(0) = 1.

+ Néu g(0) = 0 thi (¥) suy ra g(x) = 0 VxeR = f(x) = -1 VxeR. Thtr lai thﬁy ding.

+ Néu g(0) = 1: Gia st ton tai a & g(a) = 0 thi (*) suy ra g(x) = 0 VxeR. Trdi voi gia thiét
g(0) = 1. Vay g(x) > 0 YxeR. bit h(x) = Ing(x) ta dugc :

h(x+y) = h(x) + h(y) (**). Tu f(x) lién tyc trén R suy ra h(x) lién tuc trén R. Theo phuong
trinh ham Cosi ta dugc h(x) = cx (voi ¢ la héng s6) = f(x) = e™ - 1 VxeR. Khi ¢ = 0 thi
f(x) = -1. Vay trong moi trudng hop f(x) = ™ - 1 VxeR thir lai thiy ding.

Phuong phap 11: Sir dung tinh lién tuc ciia ham sd.

St dung tinh lién tuc ciia ham sé c6 3 con dwong chinh: Xdy dung bién tir N dén
R, chirng minh ham sé la hang sé, sie dung phwong trinh ham Cosi.
Vi du 1 (xay dung bién tir N dén R):
Tim ham f: R — R théa man:
1) f(x) lién tuc trén R;
2)f(1)=2;
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3) f(xy) = f(x)f(y) - f(x+y) +1 Vx,yeR.
Loi giai:
Cho x =y =0 ta dugc: f(0) = 1.
Cho x =1, yeR ta dugc: f(y+1) = f(y) +1 (a).
Tu £(0) = 1, f(1) =2 va (a) quy nap ta suy ra f(n) = n+1 VneN.
VoineN, (a) = f(-n) = f(-n+1) - I =f(-n+2) -2 =...=f(0) -n=-n+ 1.
Vay f(z) =z +1 Vze Z.

Véi VneN", 2 = f(1) = f(n.1)=f(n)f(1)—f(n+1)+1 (b). Mt khéc tir (a) ta c6:
n n n
1 1 1 1 L
fn+=)=1+ f(n—-1+—)=2+f(n—-2+—)=...=n+ f(—). The vao (b) ta duoc:
n n n n
rh=Lir,
n n
. . 1 1 1
Véi ge Q=2 me Z,ne N tacéd: f(g)=f(Z)= fm=)= f(m) f(=) - fFm+—)+1 =
n n n n n
= (m+1)(l+1)—f(m+l)+1 (c). T (a) ta dé dang chirng minh dugc:
n n

f(m+1) =m+ f(l) . Thé vao (c) ta dugc f(q) = q +1 VqeQ.
n n
VéireR, ton tai day {r,} v6ir,e Q théa man limr, = r. Khi d6, do f lién tyc nén ta cé:

f(r) = f(limr,) = limf(r,) = lim(r,+1) = limr, + 1 =1 + 1. Vay f(x) = x + 1 VxeR. Thu lai théy
ding.

Vi du 2 (ching minh ham s6 13 hing sb):

Tim ham f: [0;%] - [0;%] théa man:

1) f(x) lién tuc trén [0;%]

2) f(x)=f(x2+i) Vxe {o;ﬂ.

Loi giai:

! [X=a

Vi ae [0; — ], xét day so: .
2 Y xn+,:xj+iVneN

Dé chimg minh {x,} khong 4m (a).

1
X, S%:xl Sxé+i£%- Quy nap suy ra X, <= (b).
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X, —X, :(xn—%)2 20=x

n

a2x, VneN (c).

Tu (a), (b), (c) suy ra x,€ [O;%] va {X,} cO gi61 han hitu han 1a limx, = %

Vay véi moi ae [0;% 1, f(a) = f(x;) = f(x7) =...= limf(x,) = f(limx,) = f(%) = ¢ (c 12 hing s6).
Thir lai thiy ding.

Vi du 3 (sir dung phwong trinh ham c6si - VMO niam 2006(bang B)):

Tim f: R — R lién tyc trén R thod man: f(x-y).f(y-z).f(z-x)+8 = 0 VX, y, ze R (3).

Loi giai:

Chox =t ,z=-t,y =0, xe R ta dugc: f(t).f(t).f(-2t) = -8 = f(-2t) = O <0 =1f(t)<0
VteR. Dit g(x) = ln(L;)) = f(x)=—2.e8 ) Ths vao (3) ta duoc:

8BV 2 g 5 p(x-y) + 2(y-2) + 820 =0 (%)

+ Chox=y=2z=0, tir (*) ta duoc g(0) =0 (a).

+ Choy=z=0, xeR, tir (a) ta dugc g(x) = g(-x) (b).

Tur (*) va (b) suy ra g(x-y) + g(y-z) = -g(z-x) = -g(x-z) = g(x-y+y-z) = g(t+t’) = g(t) + g(t’)
Vt, 'eR (*¥*). Vi f lién tuc trén R nén g(x) ciling lién tuc trén R. Tu (**), theo phuong trinh
ham Cosi ta duoc g(x) = ax = f(x) = -2.6™=-2.b" (Vi b =¢* > 0). Thir lai thdy dung.
N — 5 [ —
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