Chuong 1

Ly thuyét

1.1 Cac dinh 1y vé gia tri trung binh

Dinh 1y 1.1.1 (Fecmat). Cho ham f zdc dinh trén (a,b) va c € (a,b). Néu f dat
cuc tri dia phuong tai ¢ va f'(c) ton tai thi f'(c) = 0.

Dinh 1y 1.1.2 (Rolle). Cho ham f lién tuc trén [a,b] va khd vi trén (a,b). Néu
f(a) = f(b) thi ton tai c € (a,b) sao cho f'(c) = 0.

Dinh 1y 1.1.3 (Lagrange). Cho ham f lién tuc trén [a,b] va khd vi trén (a,b).
Khi dé ton tai ¢ € (a,b) sao cho

f/(C) _ f(aC)L : lJ;(b)

Dinh 1y 1.1.4 (Cauchy). Cho hai ham s6 f va g lién tuc trén [a,b], khd vi trén
(a,b). Khi dé ton tai c € (a,b) sao cho

Dinh 1y 1.1.5 (Darboux). Cho ham f khd vi trén (a,b) va c¢,d € (a,b). Khi doé
f' nhan moi gia tri trung gian gita f'(c) va f'(d).

1.2 Khai trién Taylor va quy tic L’Hospital

Dinh ly 1.2.1. Néu ham s6 f : (a,b) — R ¢6 cdc dgo ham dén cip n — 1 trén
(a,b) va cé dao ham cip n tai diém xo € (a,b) thi vdi h dii nhé ta cé
f'@o), , f"(z0) f" (o)

2 n n

f(wo +h) = flwo) +

Phan du o(h") dugc goi 1a phan du Peano.



Dinh 1y 1.2.2. Cho ham f wdc dinh trén [a,b] va z¢ la mot diém co dinh trén
la,b]. Gid st f c6 dao ham dén cip n lien tuc trén [a,b] va c¢é dao ham cip n+ 1

trén khodng (a,b). Khi dé vdi méi x € [a,b], ton tai ¢ nam gitta x va o sao cho

(o)

f(z) = f(xo) + 1 (x —x0) +...+ o (x — zo)™ + TS (z — o).
Biéu thiic f(n+1)( )
C n+1
Rn = m(l’ — Zlfo) T

dugc goi 1a phan du trong cong thiic khai trién Taylor (dén bac n + 1) clia ham
f tai zp. Phan du nay dudc goi 1a phan du dang Lagrange.
Dat h =2 — zo va goi 6 € (0,1) 1a s6 sao cho ¢ = x¢ + 0h ta co

J”(iUO)hJr f"(iUO)hz R f(”)(xo)hn+ J ) (2o + 6h)

hrtl
1! 2l nl (n+1)!

f(zo+h) = f(xo) +

Néu ham f théa méan cac gia thiét trong dinh 1y trén thi ton tai s6 ¢ nam gitta
T va xgy sao cho
(o)

f(z) = f(wo)+ 1

(x—z0)+...++

Biéu thrc v
o 1)
" (n+1)!

dugc goi 1a phan du dang Cauchy. Hién nhien la

(x — x0)(x — )"

R,=R..

Dat h =2 —x va goi 0’ € (0,1) sao cho z = xg + 6'h ta c6

f' (o) fOwo) U (w0 + 0'h)
e h (n+ 1)

f(wo + 1) = flwo) + (1—6")"hmt,

Dinh 1y 1.2.3. Gid s f va g la hai ham s6 xdc dinh va c¢6 dao ham hitu han
tren (a,b) \ {zo}, o € (a,b). Néu

1. lim f(z) == lim g(x) =0,

f'(z)

=L (L €R hogc L =+0),

Véi nhitng gid thiét thich hgp, quy tac nay ciing ding cho gidi han mot phia,

o e 2 ~ ~ N L P ~ . m
gi6i han ¢ vo tan, va gidi han c¢6 dang vo dinh —.
00
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1.3 MBoéi lién hé gitta nguyén ham va tich phan xac
dinh

Giéa stt f 1a mot ham kha tich trén [a, b]. Khi d6 v6i méi x € [a, b], f kha tich trén

[a,b] v ta xac dinh duge ham s6

F: Jab] — R
o /f(t)dt.

Néu f 1a ham s6 lien tuc trén [a,b] thi f kha tich trén [a,b] va khi d6 F 1a mot

nguyén ham cia f trén [a, b], nghia 1a v6i méi = € [a, b,

(if@ﬁyzf@)

Néu f 1a ham lién tuc trén [a, b], o, B 1a nhitng ham kha vi trén [a, b] va nhan gia

tri thuoc doan [a, b]. Khi d6 v6i méi x € [a, b] ta ¢6

a(z) ’
([ 1) = ra@)a’ta) - F(3@) @)
B(x)



Chuong 2

L -~

Bai tap

2.1 CaAac dinh ly gia tri trung binh

Bai 1: Cho f : [-7/2,7/2] — [—1,1] la mot ham kha vi ¢c6 dao ham lién tuc va
khong am. Chitng minh ring ton tai zg € (—m/2,7/2) sao cho
(f(20))* + (f'(z0))* < 1.
Giai:
Xét ham s6 g(x) = arcsin(f(z)). Khi d6 g : [-7/2,7/2] — [-7/2,7/2] 1A mot
ham lién tuc trén [—7/2,7/2] va néu f(x) # £1 thi g kha vi tai z va
P L
V1= (f(2))

Néu ton tai xg € (—7/2,7/2) sao cho f(zg) =1 hay f(xg) = —1 thi g 1a cyc tri
dia phuong ctia ham f nén theo dinh 1y Fermat, f'(z¢) = 0. Do dé ta c¢6

(f ()2 + (f'(z0))? = 1.

Néu f(z) # +1 v6i moi x € (—7/2,7/2) thi g théa man cac diéu kien ctia dinh

Iy Lagrange trén [—m/2,7/2] nén ton tai zg € (—7/2,7/2) sao cho

o0 g1y = LT (T,

2 V1= (f(20))?
Dé ¥ ring vi vé phai la khong am nén vé trai ciing khong am. Ngoai ra vé trai

khong vugt qua 7. Vay ta co bat dang thic sau day

o< _fx0) (r) < .

— V= (f(0))?

Tu doé ta nhan dude

(f(20))* + (f'(x0))* < 1.
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Bai 2: Cho ham f lién tuc trén [a,b] (a > 0), kha vi trén (a, b). Ching minh réng
ton tai xq, 9, 3 € (a.b) sao cho

f'(x2)

4332

/
2 b b2 f(ﬂfg)
+ (a* 4 ab + )—6903

f(@1) = (a+D)

Giai: Ap dung dinh 1y Lagrange cho ham f trén [a,b] ta ¢6 21 € (a,b) sao cho
f(b) = f(a)

e N CAPE

Ap dung dinh ly Cauchy cho ham f va ham x — 22 ta c6 x5 € (a,b) sao cho

f0) = fla) _ ['(x2)

2—a2 21y

hay

f/(xl) = (CL + b)%

Ap dung dinh 1y Cauchy cho ham f v ham = — 2 ta ¢6 23 € (a,b) sao cho

f(b) = fla) _ f'(xs)

b — a? 33

hay
' (xs3)

f'(z1) = (a® + ab + b?) 302

Tu cac két qua trén ta c6 xq, 29, x3 € (a,b) sao cho

f(x2)

4(172

f'(x3)

+ (a* + ab + b?) 622

f'(x1) = (a+b)

Bai 3: Cho ham f : (—o0,+00) — (—00,+00) kh& vi dén cap n + 1 tai mdi
diém ctia (—oo, +00) va (a,b) € R% a < b, sao cho
MELESIOESESION NN
fla)+ f'(a) + ...+ f0(a) '
Khi d6 ton tai ¢ € (a,b) sao cho f"*V(c) = f(c).
Giai: Xét ham

Flz)=(f(x)+ fl(x)+...+ f™(x))e™, x € [a,b].

Ta ¢6 F(a) = F(b) va v6i mdi z € [a,b], F'(x) = e *(f"*' — f(x)). Theo dinh ly
Lagrange, ton tai ¢ € (a,b) sao cho F'(c) = 0, tic 1a f™*Y(c) — f(c) = 0.



Bai 4: Cho ham f € C?([0,400)) (tic f khé vi lien tuc dén cap 2 trén [0, +00)).

V6i mdi (aq, as, ag) € R?, xét ham sb
) ) )

Fla) = f(z) néu x>0,

arf(—z) + asf(—2z) + az3f(—3z) néu =z <O0.
Chiing minh rang c6 thé chon cac s6 ay, k = 1,2,3 dé F € C*(R).
Hudng dan giai: R6 rang F kha vi lien tuc dén cap 2 trén (—oo,0) va (0, +00).
Dé F € C%*(R) thi chi can F kha vi lién tuc dén cap 2 tai 0 1a xong.

Ta co

F lien tuc tai 0 & lim F(x) = lim F(x) = F(0)

z—0t z—0~

& mlirgl+ f(x) = mlirél_ la1 f(—x) 4+ as f(—2x) + as f(—3z)] = f(0)

& (a1 +az + a3) f(0) = £(0).
Diéu d6 ducc théa man néu ta chon cac so ap, ag, az sao cho

ay +as +az = 1.
Khi doé ta co
FL(0) = f(0) va F.(0) = (—a1 — 2ay — 3a3) f1.(0).
F sé& c6 dao ham tai 0 néu cac sd ay, as, az thoa them dieu kien
—ay; — 2a9 — 3az = 1.

Lic d6 ham F’ dude xac dinh nhu sau
(
f'(x) néu x>0,

F(z) = f1.(0) néu x =0,

—ay f'(—x) — 2as f'(—22) — 3azf'(—3z) néu z <O0.
\
F(0) = f1(0) va F"(0) = (a1 + 4as + 9a3) f7(0).
Do d6 F sé& c6 dao ham cap 2 tai 0 néu cac sé ai, as, as thoa them dicu kien

a1 + 4as + 9a3 = 1.

Khi do
1" (z) néu x>0,
F'(z) = ¢ £7(0) néu x =0,
arf'(—z) + 4dasf' (—2x) + 9as f'(—3x) néu =z <O.
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la mot ham lién tuc.
Tém lai F kha vi lién tuc dén cap 2 tai 0 (va do d6 thuoc C*(R)) néu (ay, as, a3)
la nghiém ctia hé phuong trinh

4

a1+a2+a3:1

—aq —2&2—3@3 =1

ay + 4as + 9a3 =1
\
Giai he nay ta dugc ...

Bai 5: Cho ham f : R — R kha vi 2 1an va théa man f(0) = 2, f/(0) = —2 va
f(1) = 1. Chitng minh rang ton tai mot s6 ¢ € (0,1) sao cho

fle)f'(e) + f(e) = 0.
Giai: Xét ham sb 1
g(z) = S f (@) + f'(2), 2 €R.
Ta c6 g(0) = 0 va véi mai =,
g'(x) = f(@)f'(x) + f"(2).

Theo dinh ly Rolle, ta chi can chitng minh ton tai € (0,1) sao cho g(n) = 0 thi
suy ra ngay su ton tai clia ¢ theo yéu cau ciia bai ra. Ta xét hai truong hop sau:
a) f(x) # 0 v6i moi x € [0, 1].

Khi d6 dat
By =2 - weo]
T)=5 "7 T y 41
2 flz)
ta ¢6 ham h xac dinh trén [0,1] va A’ = % Vi h(0) = k(1) = —3 neén ap

dung dinh 1y Rolle cho ham h, ton tai n € (0,1) sao cho I/(n) = 0. Do d6
g(n) = f*(m)k'(n) = 0.

b) Ton tai z € [0, 1] sao cho f(x) = 0.

Khi d6 ta goi

2z =inf{x € [0,1] : f(x) =0} va 2z, =sup{x €10,1]: f(x) = 0}.

T tinh lién tuc clia ham f va tinh chét cia inf va sup ta c6 f(21) = f(22) = 0. Do
d6 0 < 21 < 23 < 1. Ngoai ra ciing dé thay f(z) > 0 v6i moi x € [0, 21) U (22, 1].
T do6 suy ra

g(z1) = f'(21) <0 va  g(z2) = f'(z2) >0,



do d6 ton tai g € [z1,29) C (0,1) sao cho g(n) = 0. Vay ta ¢6 diéu phai ching

minh.

Bai 6: Cho f:[0,1] — R théa man

a. f tang trén [0, 1],

b. f khé vi trén (0, 1] va f’ gidm trén (0, 1]. Xét day (z,), dugc xac dinh béi
tn= (D) gl Q)+ 4 o FC)neN.

Chiing minh rang day (z,), hoi tu.

Giai: Vi f tang trén [0, 1] nén f'(x) > 0 v6i moi x € (0,1]. Do d6 v6i méi n € N,

ta co
1 1

/
n+ 1)2f (n +1
Vay day (z,), 1a mot day tang. Dé ching minh (z,), hoi tu ta chi can ching

xn—i—l_xn:( )ZO

minh (z,), bi chan.

Véi mdi k € N, 4p dung dinh 1y Lagrange cho ham f trén [k%rl, =] ta co
1 1 , 1
2Y (Y = () ——

vl 0, € [k%rl, %] Vi f’ khong am va giam trén (0, 1] nén tit day suy ra

1 1 1 1
) f—) > ()
bo do 1 1 E+1 ,1 1 1 1
/ + /
— (=) = - <20f(3) = F(—)].
Lan luot thay k béi 1,2, ...,n 16i cong vé theo vé n bat dang thic do ta ducc

1

Ty < 2 f(1>_f(n—|—1

)| -
Vi f tang trén [0,1] nén f(-5) > f(0). Do d6

£, < 2[f(1) - F(0)].

Ngoai ra dé ¥ rang z,, > 0 v6i méi n € N. Vay (z,,), 1a mot day tang va bi chan
nén hoi tu.

Chu y:

1. Néu thay gia thiét f’ tang bang gia thiét f’ gidm thi két luan & trén c6 con
ding khong?

2. Ham s6 f(z) = x,x € [0,1] 12 mot ham théa man bai toan trén.
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Bai 7: Cho ham f lién tuc trén [0, 1], kha vi trén (0,1) c6 thé trit ra cic diém
thuoc tap {0} U {2 : n € N}. Chiing minh rng ton tai cdc day gidm ngat (ov,)n,
(¢n)n chia trong khoang (0,1) sao cho

Tim 3" f'(e) = £(1) - £(0).

Giai: V6i méi k € N, ap dung dinh 1y Lagrange cho ham f trén doan [k%rl, =],

ton tai ¢x € (515, 1) sao cho
1 1 , 1
f(E)_f(k—H):f( )k:(k+ )
bat o = (k+1 ta dugc
1 1 ,
f(E) - f(k:—+1) I (ex)ou
T do ta nhan dude
n / B 1
> (o) = 1) = fp)

Vi f lien tuc tai 0 nén khi qua gi6i han hai vé ctia déng thic trén ta nhan duge

n—oo

lim > axf'(cx) = f(1) — f(0).

Ngoai ra dé thay cac day s6 (a,)n, (¢a)n chita trong khodng (0,1) va gidm ngat.
Vay ta c6 diéu phai chiing minh.

Chau y:

L.Viy 1ak—1—?nennh_>m Sho o =1

2. Ham f théa man cac tinh chat néu trong bai toan trén mot cach khong tam
thuong co thé duge xac dinh nhu sau:

Lay g 1a mot ham lien tuc tren [0,1]. Vi [0,1] = {0} U U (n_—i—l’ 1] nen ta xéc dinh

dugc ham f bang cach dit

(1 . 1
f<_) neu r=—,
n oy
- n bn ¢ y ]
f(x) anT + néu Ie(n—i—l n)
L /(0) neu xz=>0

trong dé a,, b, dugc chon sao cho



a
- +b,= f(=

—+ FC), 1
an, B

n+1+ n_ﬂn—i—l)’

Bai 8: Cho g la mot ham kha vi lién tuc trén doan [a,b], f 1& mot ham kha vi

tren doan [a, b] va f(a) = 0. Gi& stt ¢6 s6 A > 0 sao cho

9'(2) f(z) + f'(2)] < Alf(2)],
véi moi € [a, b]. Chiing minh réng f = 0 trén doan [a, b].

Giai: Gia st rang c6 ¢ € (a,b] sao cho f(c) # 0. Khong mat tinh tong quét ta gia
stt f(c) > 0. Vi f lién tuc trén doan [a,b] nén ton tai d € (a,c) sao cho f(d) =0
va f(x) > 0 véi moi = € (d,c]. V6i z € (d, ] ta co

ORI

f(z)

nén ham s6 F(z) = g(z) + In f(z) — Az khong tang trén (d,c]. Do d6 véi mdi

g'(z) +

x € (d, ],
g(x) +1n f(z) — Az > g(c) +1n f(c) = Ac,
hay la
f(:U) > 6)\x—)\c+g(c)—g(a:)f(c).

Vi f va ¢’ lién tuc tai d nén ta nhan duge

0= f(d) = lim f(z) > M At9@-9dr(c) > 0.

z—dt
Mau thuan trén ching t6 f = 0 trén doan [a, b)].
Cha y
1. Lay g(x) = 1 v6i moi x € [a,b] thi ta dugec mot truong hgp riéng ctia bai toan
tren: Cho f 1a mot ham kha vi trén doan [a,b] va f(a) = 0. Gid st ¢6 s6 A > 0
sao cho

/(@) < Alf ()],

v6i moi x € [a,b]. Chiing minh rang f = 0 trén doan [a, b].

Mot cach chiing minh khac nhu sau: Gié st ¢6 ¢ € (a, b] sao cho f(c) # 0. Khong
mat tinh tong quét ta gid st f(c) > 0. Vi f lien tuc trén doan [a,b] nén ton tai
d € (a,c) sao cho f(d) =0 va f(z) > 0 v6i moi x € (d,c|. Véi x € (d,c) ta c6

f'(0:)
f(6a)
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véi 0, € (c,x). Qua gi6i han hai vé khi z — d* ta nhan dugc mau thuan. Mau
thuan do6 ching t6 f = 0 trén doan [a, b].

2. Mot bai toan tuong tu véi gia thiét nhe hon duge phat biéu nhu sau:
Cho ¢ la mot ham bi chdn trén doan [a,b], f 1& mot ham khé vi trén doan

la,b] va f(a) = 0. Gi& st ¢6 s6 A > 0 sao cho

l9(@) f () + f'(z)] < Alf ()],
véi moi € [a, b]. Chiing minh rang f = 0 trén doan [a, b].

Bai 9: Cho f 1a mot ham kha vi trén [0, 1] sao cho

Chiing minh rang ton tai ¢ € (0,1) sao cho f'(c) = —=.

Hudéng dan giai: Dit

Khi d6 F 1a mot ham lién tuc trén [0, 1], kha vi trén (0, 1]. Néu ¢6 z € (0, 1] sao
cho f(z) = 0 thi F(x) = 0 va tit dinh 1y Rolle ta c6 ngay diéu phai chiing minh.
Do d6 sau day ta coi f(x) # 0 v6i moi x € (0,1]. Hon ntta do f lién tuc nén ko
méat tinh tdng quat ta gia st f(x) > 0 véi moi x € (0,1]. Khi d6

F'(1) = —f(1) = lim Fla) = F)

z—1~ r—1
nén ton tai 6 € (0,1) sao cho F(x) > F(1) v6i moi z € (4,1). Ngoai ra F(1) >
F(0) = 0, ta suy ra F' dat gia tri nh6 nhat tai ¢ € (0,1). Vay F'(c) = 0 va ta
nhan duge diéu phai chiing minh.

Chi y: Bai toan tong quéit clia bai trén la: Cho (a,b) € R? sao cho a < b,
f :[a,b] — R kha vi sao cho f/(a) = f'(b). Chiing minh rdng ton tai ¢ € (a,b)
sao cho f(c) — f(a) = f'(¢)(c — a).

Bai 10: Cho f 1a mot ham kha vi dén cap 2 tren R va f”(x) > f(z) v6i moi
r € R Gidsta<bva f(a) = f(b) = 0. Chiitng minh rang f(z) < 0 véi moi
x € [a,b].
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Hudéng dan giai: Gia st ton tai x € (a,b) sao cho f(x) > 0. Khi d6 ham f dat

gia tri 16n nhat tai zq € (a,b) va

f(ZE()) > 0, f/(af()) =0, f”(l‘o) > 0.

o) — 1 TS 0) )

T—To T — X T—T0 T — X

>0

nén c6 a € (a,xg) sao cho f'(x) < 0 véi moi = € (o, zp). Tt d6 suy ra

fla) > f(xg) = max f(x).

z€Ja,b]

Mau thuan nay ching t6 f”(z) < 0 véi moi x € [a, b].

Bai 11: Cho ham f lién tuc trén [a, +00), khé vi trén (a,+00) sao cho f(a) <0,
f'(x) > k > 0 v6i moi x > a (k 1a hing s6 duong). Chitng ming rang ton tai

ce€ (a,a— @) sao cho f(c) = 0.

Goi y: St dung dinh 1y Lagrange v6i chu y f tang ngat.

Bai 12: Gia st f : R — R la mot ham s6 tang va f(0) = 0, f’(z) < 0 v6i moi
r € R. Chitng minh réng néu a, b, ¢ 1a do dai 3 canh cia mot tam giac thi f(a),

f(b), f(c) cing la do dai ctia 3 canh clia mot tam giac nao do.

Bai 13: Cho ham f kha vi trén (a,b) (ké ci trudng hop a thay bsi —oo, b thay
bdi +00) sao cho

lim f(z)= lim f(x).

z—at T—b—

Chitng minh rang ton tai ¢ € (a, b) sao cho f'(c) = 0.

Bai 14: Cho ham f kha vi trén [a, b] sao cho

(i) fla)=f(b) =0,

(i) f'(a) = fia) >0, f'(b) = f.(b) > 0.

Chitng minh rang ton tai ¢ € (a,b) sao cho f(c) =0 va f'(c) <O0.

2.2 Khai trién Taylor va quy tic L’Hospital
Bai 1: Cho f : [-1,1] — R 1a mot ham kha vi dén cap 3 va thoa man diéu kien

f(=1) = f(0) =0, f(1) =1 va f(0) = 0. Chiitng minh rang ton tai ¢ € (—1,1)
sao cho f"(c) > 3.
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Tim mot ham f théa cac diéu kién néu trén sao cho f”(x) = 3 véi moi
xr e [—1,1].
Giai: V6i mdi z € [—1,1], theo cong thiic khai trién Taylor (Maclaurin) ton tai

¢(x) nam gitta 0 va x sao cho

£10) 2, £lelw)

f(z) = f(0) + f(0)x + > T
Tt d6 suy ra c6 ¢; € (—1,0), ¢z € (0,1) sao cho
"m C 1 " c

Ta nhan duge f"(c1) + f"(c2) = 6, do d6 f"(¢1) > 3 hodc f"'(c2) > 0. Vay luon
ton tai ¢ € (—1,1) sao cho f”(c) > 3.
Néu f”(x) = 3 v6i moi x € [—1, 1] thi ta phai c6

_f7(0) 3

f(x) = 5 + 61: .

Két hop v6i cac dieu kien khéc cia f ta duge ham
1

f(z) = 5(1’3 +2?), x € [-1,1]
14 ham thoa méan diéu kién bai ra.
Bai 2: Cho ham f kha vi dén cip n trong lan can ctia 0 va f™+9(0) ton tai va
khac khong. Véi mdi h (dt bé dé f xac dinh tai h) goi (h) € (0,1) 1a s6 dugc
xac dinh béi khai trién
hn—l
(n—1)!

FB) = FO) + FIO) o+ e FD(0) + 0

1
n+1

Chitng minh rang }llin(l) O(h) =

Giai: Ap dung khai trién Taylor véi phan du Peano tai z = 0 ta c6

f(h) = fO)+hf'(0)+...+ %ﬂ")(o) +

hn—|—1

(n " 1)!f(n+1)(0> + O(hn+1).

Trit vé theo vé clia déng thitc da cho va ding thic trén ta co

S (O()R) = F™©) _ ["(0) o)
h n+l b

bodo Fm(0)  ofh)
+}0
SO (6(h)R) — FI(0)
o(h)h

13



Qua gi6i han khi h — 0 v6i luu ¥ ring fF1(0) ton tai v khac khong ta dugce
1

}11111%9(}1) Tt

Cha y: Két luan ctia bai toan van con dang khi thay 0 bdi mot s6 thuc x bat ky
v6i cac gia thiét f kha vi dén cip n trong lan can ciia z va f™+1)(x) ton tai va
khac khong.

Bai 3: Cho f 1a mot ham s6 khé vi vo han lan trén (—3,2) sao cho phuong

trinh f(z) = 0 ¢6 vo sO nghiem tren [1,1] va su:)p | f™(2)| = O(n!) khi n — oo.
2€(0,1

Chiing minh réang f(z) =0 véi moi z € (—1, %).( |

Hudéng dan giai: Theo dinh ly Bolzano - Weierstrass ton tai day (z,), cac

nghiém phan biét ctia phuong trinh f(z) = 0 hoi tu vé =y € [1,3]. Vi f lien tuc

nén f(zg) = 0. Theo dinh ly Rolle, gitta hai nghiém ciia f ¢6 it nhat 1 nghiem

ctia f’. Do f’ lien tuc nén f'(z9) = 0. Bing quy nap ta duge f*)(zy) = 0 véi

moi k € N. Theo cong thiic Taylor, v6i méi n € N va = € (—

0 =0(n,x) e (0,1)dé

5\ 1A :
,7), ton tai

(") (a2 T — Xo
f(ﬂi):f (0 + 6 ))(3:—:130)”.

n!

Bay gio vi sup |f™(z)| = O(n!) khi n — oo nén ton tai M > 0 sao cho
2€(0,1)

[f(@)] < Mz — ol

Vi zg € [§, 3] nén véi moi z € (—3,2) ta c6 |z — xo| < 1, tir d6 ta dugc f(z) = 0.

Chi §: Bai toan tong quat: Cho f 13 mot ham s6 kha vi vo han lan trén (a, b) sao

cho phuong trinh f(x) = 0 ¢6 vo s6 nghiém trén [c,d] C (c,d) va sup |f)(z)| =

z€(a,b)
O(n!) khi n — oco. Chitng minh rang f = 0 trén mot khodng con mé cua (a, b).

Bai 4: Cho s6 thiyc a > 0 v s6 nguyén m > 0. Chitng minh bat dang thic sau
ding véi bat ky x > 0:

VT Tzt g Lome

mam—l 2m2a2m—1 ’

Huéng dan gidi: Khai trién Taylor ham s6 f(z) = {/a™ +x, x € [0, +00) tai 0
dén cap 2.
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Bai 5: Cho ham f thdéa man

(i) f khé vi vo han trén R,

(ii) ~ Ton tai L > 0 sao cho |f™(z)| < L v6i moi € R va moi n € N,
(iii)  f(+) =0 v6i moi n € N.

Chiing minh rang f = 0 trén R.

Ggi y: Ching minh f®(0) = 0 véi moi k& € N 16i sau dé sit dung khai trién
Taylor ciia ham f tai 0.

Bai 6: Cho f la mot ham kha vi trén R sao cho v6i méi k£ = 0,1, 2,

M;, = sup{|f®(z) : z € R} < 0.
Chting minh rang M, < /2MyM,.

Hudéng dan gidi: V6i h > 0 va z € R, ¢6 01,05 € (0,1) sao cho

Fla+ ) = £() + @+ 1+ o)

va
2

Fa@—h) = f(@) = F@)h+ f'(z — Qgh)%.

T do ta nhan dude
1 h
f/(f) = %(f(x +h) — f(r — h)) - Z(f”(if + 01h) — f”(x - 92h))'
Do doé

My h
7)< S0+ oMy

v6i h > 0. Diing bat dang thitc Cauchy ta cé diéu phai chiing minh. Dang thiic
. .o oM
nhan duge khi h = 2%2'

Bai 7: Cho f 1a ham kha vi dén cap 2 trén (0, +00) va f” bi chan. Chiing minh

rang néu lirJlrrl f(z) =0 thi liIJP f'(z)=0.

Huéng dan giai: Vi f” bi chin nén ton tai M > 0 dé
€ (0,+00). V6i z,h € (0,+00) ta c6 0 € (0,1) sao cho

f(x)] < M v6i moi

Fla+ ) = f(@) + Fho+ £+ om)

T do suy ra

ot b~ f(a)| | Mh
h 2
15
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Vi lim f(x) = 0 nén véi € > 0 cho trudc ton tai xy > 0 sao cho véi moéi x > g
T—T00

va h >0,

, 2¢2 Mh
< — 4+ —.
o< M

Lay h = ta dugc |f'(x)] < e v6i moi x > xg. Do d6 lim f'(z) =0.
Bai 8: Cho f 1a ham kha vi lien tuc dén cap 2 tréen (0, +00) sao cho

lim zf(x)=0 va  lim zf"(z) =0.

r—+00 r—+00

Chiing minh rang lim zf’(z) = 0.

r——+00

Gdi y: Khai trién Taylor f(x + 1) tai x.

Bai 9: Cho f 1a mot ham kha vi trén (0, +00). Ching minh rang
(i) Néu lirll (f(x)+ f'(x)) = L thi lirll f(z) = L.
(ii) Néu lirf (f(x)+2yzf (z)) = L thi liril f(z)=1L.

Goi y:
0 Jimfo) = tim 10—y SIS

Bai 10: Chitng minh réng néu f”(z) ton tai thi

y fx+3h = 3f(x+2h) +3f(x+h)— f(x)
B0 h3 = /7).

2.3 DPao ham va tich phan

b
Bai 1: Cho f lién tuc trén [a,b] va thoa man diéu kien [ f(z)dr = 0. Chiing
minh rang

f(c)

a) Néu a > 0 thi ton tai ¢ € (a,b) sao cho [ f(z)dz = —=.
2 c
b) Néu a > 0 thi ton tai ¢ € (a,b) sao cho 2007 [ f(z)dx = cf(c).

¢) V6i mdi o # 0 cho trude, ton tai ¢ € (a,b) sao cho [ f(z)dr = af(c).
Giai:

a) Xét ham s6 F(z) =e 2 [ f(t)dt, x € [a,b]. RO rang f lién tuc trén [a, b], kha

vi trén (a,b) va v6i moéi = € [a, b,



Mat khéc, theo gia thiét F(a) = F(b) = 0 nén theo dinh 1y Rolle, ton tai ¢ € (a, b)
sao cho F'(c) = 0, tic la

—Z . —c?

—ce 2 /f(t)dHeTf(c):o.
-
Vie>a>0vae 2 >0 neén tix do ta co
/f(x)dx:m.

c
b) Lap luan tuong ty a) bang cach xét ham s6

J £ty

F(z) = , x € [a,b].

2007

c¢) Lap luan tuong ty a) bang cach xét ham

—T =z

F(z) = e?/f(:c)da:, x € [a,b)].

Bai 2: Cho f va g la cac ham s6 lién tuc va duong trén [a,b]. Chiing minh réng

v6i moi s6 thyc o ton tai ¢ € (a, b) sao cho

Qe
J f(z)dz fbg(x)dx
Hudéng dan giai:
Cach 1: Xét ham s6
Flz) = xf(f”’) . bg(‘g) , 7 € (a,b).
Jf@dt [ f)dt

Dé thay rang f lien tuc trén (a,b), lim F(x) = o0, 111})17 F(z) = —o0. Stt dung
tinh chat nhan gia tri trung gian ctia ham lién tuc ta c6 diéu phai chiing minh.
Cach 2: Xét ham s6

g(x)dz, x € [a,b]

=
—~

8
SN—

I

ml

Q

8
—
~~
—~

8
S~—
S8

8

B — .

va st dung dinh 1y Rolle.
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Bai 3: Cho ham s6 f lien tuc trén [a, b]. Chiing minh ring ton tai g € (a, b) sao

cho

/bf(flf)d@" = o f(20).

b
Hudng dan gidi: Xét ham s6 F(x) = z [ f(t)dt, € [a,b], va st dung dinh 1y
Rolle. '

Bai 4: Cho ham s6 f lién tuc trén [a,b]. Ching minh rang v6i moi « € [0, 1], ton

tai ¢ € [a,b] sao cho

c b
/f(:c)d:p:oz/f(x)dx.
b x
Giai: Dat [ = [ f(x)dx va xét ham s6 F(z) = [ f(x)dz, x € [a,b]. Ta thay F
lién tuc trén [a,b] va F(a) =0, F(b) = I. Do al la mot gia tri trung gian gita 0

va I nén ton tai ¢ € [a,b] sao cho F(c) = al, tic la

/cf(x)dx:a/bf(:r)dac.
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