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Trong qué trinh hoc toan hinh hoc chiing t6i phat hién cé mét tir gidc khé dic biét va cé nhiéu
tinh chit dep, nhiéu ngwoi thudng goi la “tk giac dep”, tuy nhién vi tix gidc nay cé lién quan nhiéu
dén hang diém diéu hoa nén ciing dwoc goi la “Tik gidc diéu hoa”. Trong bai viét nhé nay ching toi
xin gidi thiéu mot sé tinh chit cda ti gidc diéu hoa va &rng dung cda né trong viéc giai cac bai toan
hinh hoc khac.

1. binh nghia va tinh chit co ban

binh nghia. Tt giac ABCD nédi tiép va thoa AB/AD = CB/CD dworc goi la t giac diéu hoa.

Vidu 1. Cho dwong tron (O) diém M nam ngoai dwong tron. MA va MB la tiép tuyén vé tir
M dén (O), Mot cat tuyén qua M cat (O) tai P va Q. Khi d6 APBQ la tix giac diéu hoa.

Chirng minh
Chung ta chi can chirtng minh AQ =E
AP BP
P Tac6 AMAQ - AMPA(9-9)3%=$
Va AMBQ AMPB(9-9)3¥:$

AQ BQ e s s e g
Suy ra — =——, do doé tir giac AQBP la tx giac
y AP BP 9 Q 9

diéu hoa

Nhin xét. Qua vi du trén ta thiy néu tir giac noi tiép cé giao diém hai tiép tuyén vé tir hai
dinh d8i ndam trén dwong chéo con thi ti giac d6 diéu hoa. Tl day ta c6 thé dat cau hoi
nguwoc lai: Néu tir giac APBQ la t& gidc diéu hoa thi giao diém hai tiép tuyén cua dwong
tron ngoai tiép vé tir A va B c6 thudc dudrng thang PQ khong? Chiing ta sé cé cau tra loi &

phan sau.

2. Tinh chit.



1)

2)

3)

4)

Cho ti giac diéu hoa ABCD ngi tiép (0) cé AB/BC = DA/DC =k, thi (0) truc giao véi

dwong tron Apolloius ti s6 k dung trén doan AC.

Chitng minh

Goi E, F lan lwot 1a chan dwong phén giac trong va
ngoai ctia goc B. Khi d6 dwong tron Apollonius ti s6
kla dwong tron tdm | dwong kinh EF, r6 rang B, D €
(). Ta can chirtng minh IB la tiép tuyén cua (0) ,
Thuc vy, ta c6 (ACEF) = - 1 va I la trung diém EF
nén IE2 = 1A. IC ma tam giac IBE cén tai |, suy ra IE
= IB, do d6 IB2 = IA.IC suy ra IB la tiép tuyén cta
(0) (dccm)

T giac ABCD noi tiép dwong tron (0) la tir giac diéu hoa khi va chi khi AC, tiép tuyén
tai B, tiép tuyén tai D cua (0) dong quy. (AC, BD khac dwong kinh)

Chitng minh

<) bungtheovidul

=) Pung theo tinh chit 1

Cho ABCD la t giac diéu hoa thi AC.BD = 2AB.CD = 2BC.AD

Chitng minh

T giac ABCD diéu hoa nén ta co AB_CB — AB.CD = AD.CB
AD CD

Mat khac ta c6 ABCD ndi tiép nén theo dinh ly Ptolemy thi AC.BD = AB.CD + AD.BC
Do d6 AC.BD=2AB.CD =2AD.BC

Cho t& giac diéu hoa ABCD noi tiép (0), tiép tuyén tai B va D cat nhau tai M, | la giao
diém ctia AC va BD. Khi d6 (MIAC) =- 1

Chitng minh

MC S, CD.sinMDC

Taco = = ——
MA S,  AD.sin MDA

IC S BCsinIBC

Va —= = —
IA- S BAsinIBA




Ma 9=£,sinﬁ3\l =sinm,sin IBC =sin MDC
AD AB

Suy ra %zgz(MICA)z—l
MA 1A

Nh&n xét. Cho mot diém M nam ngoai dwong tron, tir M vé hai tiép tuyén tuyén MA, MB
dén (0). Mot cat tuyén qua M cat (O) tai P, Q va cat AB tai N thi (MNPQ) =-1

5) Cho t& giac diéu hoa ABCD ndi tiép O, goi M la giao cta hai tiép tuyén cia (O) tai B va
D. Goi I 1a giao diém ctia OM va BD. Khi d6 IB la phéan giac ctia goc AIC
Chitng minh
Ta c6 AC cat BD tai K thi (MKAC) = - 1. Tac6 I(MKAC) = - 1 va IM vudng géc IK nén

IM, IK Ian lwot Ia phan giac trong va phan giac ngoai ctia géc £AKC

Tinh chét 1, 2 cho ta cac y twdng déchirng minh 3 diém thang hang hay 3 dwong thang dong
quy, tinh chét 3 la mét tinh ch4t khd dep va tinh chat 4 l1a cho ta biét ly do tai sao tizgiac goi la

tit gidc diéu hoa. Sau ddy chiing ta xét m¢t vai vi du ting dung cia ti gidc diéu hoa.
3. Ap dung vao giai cac bai toan hinh hoc so cip

Bai 1. Tir diém A nam ngoai (0), ké 2 tiép tuyén AB, AC (B, C la tiép diém) va cat tuyén
ADE. Qua D ké dudng thang vudng goc OB cit BC, BE tai H, K. Chirtng minh : DH = HK.

Chitng minh

Goi | la giao diém cua BC va ED, ta co tir giac
ECDB la tir giac diéu hoa nén B(EDIA) = - 1,
ma DK//AB (cung vudng gbc véi OB)

Do d6 H la trung diém ctia DK. @

Bai 2(TST 2001). Trong mat phang cho hai dwong tron wi va w2 cit nhau tai A va B. Mot
tiép tuyén chung cia hai dwong tron tiép xic véi w1 @ Pvaw2 & T. Cac tiép tuyéntaiPvaT

ctia dwong tron ngoai tiép tam giadc APT cat nhau tai S. Goi H 1a diém déi xirng cta B qua
PT. Chirng minh rang A, H, S thang hang.
Chitng minh



Ta chi can chirng minh APHT Ia tir giac

diéu hoa.

Ta chitng minh APHT noi tiép, that vay ta

co:

£BPT = « PAB va £BTP = £BAT, suy ra
£BPT +4BTP = £PAT hay «PAT =1800° -
£BPT =~ 1800- £PHT

Do d6 tx giac APHT noi tiép.

Goi M la giao diém ciia AB va PT

Tacé MB.MA = MP2va MB.MA = MT2nén

MP = MT

Tac6 AMPB ~ AMAP, suy ra BP/AP = MB/MP
Twong tw thi BT/AT = MB/MT

Suy ra BP/AP = BT/AT, suy ra BP/BT = AP/AT
Hon nira taco BP = HP va BT = HT

Do d6 AP/AT = HP/HT

Tl d6 ta c6 tir gidc APHT la t giac diéu doa, theo tinh chit 2 thi A, H, S thang hang. @

Bai 3. Gia str ABCD la mot tir giac ndi tiép. Goi P, Q, R 1a chén cac dwong vudng goc ha tir D
lAn lwot trén cac dwong thing BC, CA va AB. Chirng té rang PQ = QR khi va chi khi phan

giac cua cac goc £ABC va £ADC cat nhau trén AC.

Chitng minh

Ta biét rang P, Q, R thiang hang (dwong thang
Simson)

Qua B vé dwong thang song song véi PR cat AC tai M
Phan giac ctia géc B va D cat nhau tai mot diém trén
AC khi va chi khi BA/BC = DA/DC va QP = QR khi va
chi khi (MQAC) =-1.

Vay ta chi can chirng minh t& gidc ABCD diéu hoa khi
va chikhi (MQAC) =- 1.




Ta c6 AM/AQ = AB/AR va CM/CQ = CB/CP

Mat khac ADAR ~ ADCP (gg), suy ra AR/CP = DA/DC

Do d6 (MQAC) = - 1 & AM/AQ = CM/CQ < AB/AR = CB/CP < AB/CB = AR/CP &
AB/CD =DA/DC. @

Bai 4. Cho tam gidc ABC. Bwong tron tam | ni tiép tam giac ABC va tiép xac véi BC, AC va
AB lan lwot tai D, E, F. AD cét (1) tai diém thi hai la M, BM, CM cat (1) tai Y va Z. Chitng
minh rang BZ, CY va AD dong quy.

Chitng minh

T gidc MEYD la ti giac diéu hoa nén taco

MY.DE = 2ME.DY, suy ra MY/YC = 2ME.DY/YC.DE
T gidc MFZD la t giac diéu hoa nén ta co:

MZ.DF = 2MF.DZ, suy ra BZ/MZ = BZ.DF/2MF.DZ
Do dé

DC.YM.ZB/DB.YC.ZM= (DC/DB).(2ME.DY/YC.DE).(BZ.DF/2MF.DZ) (1)

M3t khac t& gisc MEDF diéu hoa nén ME/MF = DE/DF

Do d6 (1) & VT = (DC/DB)(DY/DZ)(BZ/CY)

Ma CY/DY = CD/DMva BZ/BD = DZ/DM

Suy ra (DC/DB)(DY/DZ)(BZ/CY) =1

Véay DC.YM.ZB/DB.YC.ZM = 1 nén theo dinh ly Ceva thi MD, BY va CZ déng quy. @

Tt tinh chat nay ta c6 thé suy ra thém mot tinh chit: EF, YZ va BC déng quy va ZF, YE va
AD dbng quy.. That vay néu EF cat BC tai K thi (KDBC) = - 1 va YZ cit BC tai H thi (HDBC)
=-1vi MD, BY va CZ dong quy.

Do d6 K trung H, ta c6 diéu can chirng minh.

Khi d6 xét hai tam gidc BZF va CYE theo dinh ly Desarge thi ZF va EY cat nhau tai mot
diém nam trén dwong thang AM.

Bai 5. (TST 2001) Trong mit phang cho hai dwdng tron wi tdm O1 va dwdng tron w, tam

02 cat nhau tai hai diém A va B. Cac tiép tuyén tai A va B ctia w; cat nhau tai K. Gia sit M la



b)

mot diém ndm trén wi nhung khong trung véi A va B. Pudong thang AM cét lai w; tai P,

duwdng thang KM cat w; tai C va dwong thang AC cat wp tai Q.
a) Chirng minh trung diém PQ thudc dwong thang MC

b) Pwong thang PQ ludn di qua mot diém c6 dinh khi M di chuyén trén w

Chitng minh

a) Goi N la giao diém cta MK va PQ,
ta chirng minh N la trung diém caa PQ.
Ta c6 t&r gidc AMBC la t& giac diéu hoa
nén AC/AM = CB/MB.
Ta c6 AMBP ~ ACBQ(g.g), suy ra CB/MB
= CQ/MP.
Tl d6 ta c6 AC/AM = CQ/MP
Ap dung dinh Iy Menelaus cho tam giac
APQ véi  cat  tuyén  MKN  thi

| (NP/NQ).(MP/MA).(CA/CQ) =1
Twr dé ta c6 NP = NQ hay N la trung diém

cua PQ.

Goi ] la giao diém cta AK va (w2), suy ralcd dinh. Ta chirng minh ti giac BQJP diéu hoa.

Tac6 2CMB = £BAC =2BPQ va ZMBC = £CAP = £PBQ, suy ra ACBM ~ AQBP (g.g), tir d6
BC/BM = BQ/BP.

Chirng minh twong tw ta cling c6 AC/AM = ]Q/JP

Ma BC/BM = AC/AM nén BQ/BP = JQ/JP, suy ra ti giac BQJP la t giac diéu hoa.

Do d6 PQ di qua giao diém | ctia hai tiép tuyén vé tir B va J cia (w2). @

Bai tap ren luyén

Bai 1. Cho duwong tron (0), mot diém A nam ngoai dwong tron. T A vé hai tiép tuyén AB
va AC dén (0) (B, C la hai tiép diém), va hai cat tuyén AMQ, ANP dén (O) (M nam gitra A, Q
vaN nam gitra A, P). Chirng minh rang BC, PM, QN dong quy.

Bai 2. Cho tam giac ABC can tai A, M la trung diém BC. P 1a diém théa man 2ABP = 2PCB.
Chirng minh rang £BPM + 2CPA = 1800



Bai 3. Cho (O) va mét diém cd dinh nam ngoai (0); ké tiép tuyén MB va mot cat tuyén
MAC bAt ki. Mot duwong thang d song song véi MB cat BA; BC tai N va P. Chirng minh rang

trung diém | caa NP thudc mot dwong co dinh.

Bai 4. Cho hai dwong tron (O1) va (02) ngoai nhau, AB la tiép tuyén chung ngoai (A € (01)
va B € (02)). Goi C la diém déi xirng ctia A qua 0102, D la trung diém cta AC. Goi E la giao
diém cia BD va (02). Chirng minh rang CE tiép xuc véi (02)

Bai 5. Cho tam giac ABC ni tiép dwong tron (0). Mot duwdng thang qua A cat tiép tuyén tai
B; C tai M; N va cat (O) tai E. Goi F 1a giao diém cuia BN va CM. Chirng minh rang EF ludn di

qua mot diém cé dinh khi thang thay déi nhung luén qua A.

Bai 6. Cho ABCD la tix giac néi tiép. Goi L va N Ian lwot 1a trung diém ctia AC va BD, chirng
minh rang DB la phan giac caa géc 2ANC khi va chi khi AC la phan giac cia géc «BLD
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