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HOI TOAN HOC VIET NAM BO GIAO DUC & PAO TAO

OLYMPIC TOAN SINH VIEN TOAN QUOC LAN THU XIV NAM 2006

Mén thi: Pai sd
Thei gian lam bai: 180 phut

2006 1 —-2006

Caul: Chomatran A=1|2005 2 —2006
2005 1 -2005

S=1+A+A%+.. +A%006

2005 1 -—-2006 5
Gidi:TacoA=1+BvdiB=(2005 1 —2006|.DédangtinhraB?=0
2005 1 -—-2006

=>AK =]+ kB Yk e N. T désuyraS = 2007/ + 1003.2007B
Do dé cac phan tir trén dudng chéo chinh 1a

a;; = 2007(1 +1003.2005),  a,, = 1004.2007,

). Xac dinh cic phan tl trén dudng chéo chinh cda ma tran

azz = 2007(1 — 1003.2006)

2 4 1
Cau2: Chomatran A = (8 6 8). Chirng minh rang det(I — A2006) = 0
0 4 6
Giai: Tinh todn, ta thdy ma trdn A chéo hdéa duoc. Do do, ton tai ma trdn P kha nghich sao cho
2 0 0
A =PDP Y trongdéD =(0 —2 0 |lamatranchéo.
0 0 14
Suy ra
1 — 22006 0 0
I — D2006 — ( 0 1— (_2)2006 0 >
0 0 1 — 142006

=> det(] — D?2006) = (

Ta cé: det(I — A2006) = det(PP~1 — pD?2006p—1) = det P det(I — A%2996)det P~1 %= 0 do ca 3 dinh thic
nay déu khac 0.

Cau 3: Xac dinh n dé hé phuong trinh sau c6 3 nghiém ddc 1ap tuyén tinh

(1%2x, + 22x,+... +n?x, =0
2 2%x, + 32xy+...+(n+1)%x, =0
(St et 0D =0

tnle + (n+1)%x+...+2n—1)%x,=0
Giai: Goi A la matran hé sé cla phwong trinh
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12 22 n?
22 32 .. (n+1)? \
A= 32 2 . 2)2

n? (+D?2 .. (2n-—1)2 /
Nhan dong k v&i —1 rbi congvaodongk + 1 (k = 2,...,n — 1), taduoc
/ 12 22 ... n? \
3 5 . 2n+1
A=| s 7 . 2m+3|
\Zn—l 2n+1 .. 4n.—3/
Nhan dong k v&i —1 rbi congvaodongk + 1 (k = 2,...,n— 1), taduoc
/12 22 .. n? \
3 5 .. 2n+1
2 |

A=lz 2 .2
\2 2 . 2 /

Dé dang suy ra rang hé phuong trinh cé 3 nghiém doc 1ap tuyén tinh thin > 3.

Cau 4: Cho A 1a ma tran vuéng cap n sao cho mdi dong clia né chira dung 2 phan tir khac 0, trong dé phan ti

nam & duwong chéo chinh 13 2006, phan tir con lai [a 1. Chirng minh ma tran A kha nghich.

Gidi:Dat A = (aif)nxn . Ta chitng minh bang phan chi*ng. Gia s nguoc lai, A suy bién. Ki hiéu c; 1a cot thir i cla
A, khi d6 c6 thé coi céc cbt ¢y, ¢y, ...,y cla A la2 n vector phu thudce tuyén tinh trong R™. Do vay phai cé
mot t8 hop tuyén tinh

/11C1 + 12C2+...+Ancn =0 (1)
trong d6 it nhat mot hé sé khac 0. Gia s |4,,,| = max{|A;],|45], ..., |A,,]} . Puong nhién |1,,] > 0. Gid st
hai phan tir khac khéng clia dong thir m lad,, = 2006, ayp =1, (1 <p<n,p #m).Tr (1) suyra
Alaml + Azam2+. N +/1namn = Am2006 + Ap =0

Suy ra
|2,] = 2006121 > |Am]

mau than véi cach chon |4,,| . Vay A kha nghich.

Cau 5: Cho A |a ma tran vuéng cap n théa man cac didu kién 42006 = A va rankA = 1. Chétng minhrang I — A
I3 ma tran suy bién.
Gidi: Néun = 1 thihién nhién
NEun = 2, xét dnh xa ¢: R™ - R™ dugc xac dinh nhu sau
@:R* - R"
x - @(x) =Ax

Khi d6 @(R"™) la khéng gian con clia R™ c6 sé chiéu la 1 (do rankA = 1). Goi {ey}1a mét vector khéc 0 bat
kicla @(R™). Khi d6 Aey, = aey, a € R*. Bdng quy nap, ta thu dugc dang thirc
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aey = a?%%e, hay (a — a?%%)e, = 0
Suy ra a —a?%% = 0 hay a = 1. Nhuv vy Ae, = aey hay (I — A)ey = 0. Nghia |a hé phuong trinh tuyén
tinh (I — A)X = 0 ¢4 nghiém khéng tdm thuwong. Vay I — A |a ma tran suy bién.

Cau 6: Cho da thirc P(x) bac n cé n nghiém thyc phan biét I&n hon 1. Chirng minh rang da thirc

Q() = (x+ DPG)P' () + P2(x) + x(P'(x))"

¢ it nhat 2n — 1 nghiém thywc phan biét.

Gidi:Taco Q(x) = F(x)G(x) v6iF(x) = P(x) + P'(x), G(x) = P(x) + xP'(x). Goi a;,as,, ..., a,la cac nghiém
cia P(x)val < ay < a,<...< a, Khi dé phuong trinh P = 0 ciing c6 n nghiém nay. Theo dinh Ii
Rolle, phuwong trinh (exP(x))’ = 0 hay da thirc F(x) = P(x) + P'(x) c6 nghiém b; trong mdi khoang
(a;,aj41),i=12,..,n—1:

1<a1<b;<a;<by<...<b,_4<ay,
Mat khac, da thirc xP(x) c6 n+ 1 nghiémla 0 = ay < a; <...< a,. Lai 4p dung dinh li Rolle, phuwong
trinh (xP(x)), = 0 hay da thirc G(x) c6 nghiém trong mdi khoang (a;,a;;1), i = 1,2,...,n — 1 nén
O0<g<ag < <ay<...<cp<ap
NEub; # c;j41 Vi = 1,2,...,n — 1 thida thic Q(x) cé it nhat 2n — 1 nghiémthwcphan biét. Bay gi®, gid st
tén tai i sao cho
bi=ci1=1
Thé thi
P(r)+P'(r)=0=P(r) +rP'(r)

Do d6 (r —1)P'(r) =0 hay P'(r) = 0. Suy ra P(r) =0, véi a; <1 < a;;,, Nhu vdy da thirc P(x) c6
n + 1 nghiém phan biét (!). Vay, da thirc Q(x) c6 2n — 1 nghiém thyc phan biét.
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HOI TOAN HOC VIET NAM BO GIAO DUC & PAO TAO
OLYMPIC TOAN SINH VIEN TOAN QUOC LAN THU XV NAM 2007

Mén thi: Pai sd
Thoi gian lam bai: 180 phut

Cau 1: Cho A = (a;;) la ma trdn vudng cdp n c6 cac tinh chat sau: a;; = 2007 a;; = {4;20}, i #j, i,j =
1,2, ...n. Giai hé phuwong trinh dai sé tuyén tinh Ax = 0

Giadi: Tacéd A =1 (mod 2) v&i I 1a ma tran don vi cdp n, do dé det(4) # 0. Vay hé phuong trinh chicé nghiém
tam thuong.

Cau 2: Gidsir A, B lacic matran vudngcipn = 2 théaman diéukién AB + aA + bB = 0 trong dd a, b 1a haisé
thuc khac 0. Chirng minh rang AB = BA.
Giai: Theo gia thiét ta cé:
0=AB+aB +bB =(A+bI)(B +al) — abl
1 1
Suyra E(A +b)(B+bD) =1 hay — (B+a)(A+bD) =1
DodéBA+aA+bB=0=AB+aA + bB hayAB = BA.

Ciau3: ChoA = (aij)nxn trong d6é phantlra;; =i +j, i,j =1,..,n.Tinh rank(4)
Gidi:Néun = 1thi 4 = [2] nénrank(4) = 1

Néun > 2 thi
1 1 1 1 1 2 n-1 n
2 2 2 2 1 2 - n
A 203 2R T e,
n-1 n-1 .. n-1 n-1 1 2 .. h-1 n
n n n n 1 2 w. h-1 n

Dé thay rankB; = rankB, = 1 => rankA = rank(B,; + B,) < rankB; + rankB, = 2. Ki hiéu C 1a ma

2 3) o oa . _
3 4).Kh|dodetC— 1 nénrankA = 2.

Vay rankA = 1néun = 1varankAd = 2néun > 2.

tran con cap 2 nam bén trai phia tréncta 4, C = (

Cau 4: Tim tat cd cdc dathic P(x) € R[x] théa1l + P(x) = %[P(x -1+ P(x+1)]
Gidi: Ta chirng minh deg P < 2. That vay, gia sirton tai da thirc
P(x) = apx+ ap_1x™ 1+ -+ a;x+ ag, degP =2
théa man gia thiét bai toan. Xét hé s6 clia x™ 2 & hai v& clia dang thirc bai todn, ta thu dwoc: a,_, =
% (2a,C2 + 2a,_,)=> a,, = 0. Diéu nay mau thudnvéideg P > 2.

Truong hop 1: P(x) = ax + b, thay vao hé thirc d3 cho, ta thu dwoc
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1
1+ax+b=E[a(x—1)+b+a(x+1)+b] =ax+b (1)
Trudng hop2: P(x) = ax? + bx + ¢, a # 0. Theo giathiét, ta cé
1
1+ax?+bx+c =§[a(x+ D2+b(x+1)+c+alx—1)2+b(x—1) +]

Suyraa = 1.Vay P(x) = x2 + bx + c. Th lai, moi da thirc bac hai c¢6 dang trén déu thda man bai Toan.

2 —1 0 0
Cdu5: Chomatran A = (()) g _12 _(1) . Tim tat ca cdc ma tran vudng X cdp 4 sao cho AX = XA.
0 0 0 2
Gidi: AX = XA<=>(A-2DX =X -2
0 —1 0 0 0 —1 0 0
0 0 -1 0 _ 0 0 -1 0
o 0o o -1/X=%lo 0o o -1] D
0 0 0 0 0 0 0 0
Kihiéu:
0 -1 0 0
0 0 -1 0

0 o 0 o0
Khi d6 (1) twongdwong C = Dhayc;j = d;j, 1 <1i,j <4 Tathdyc;; = 0Vjvad;; = 0 Vi. Mat khac véi
i< 3Vé]2 2 tacé:cij=di]-. Do dé

z brxyj = z Xixbrj hay xi+1)j = Xi(j-1)

Tom lai, tathuduwocx;j = x41j41, 1 <i,j < 3.Vaymatran X co dang
a b c d
[0 a b c
X = 0 0 a b a,bc,deR
0 0 0 a
Nguoc lai, dé dang kiém tra dwgc moi ma tran X ¢ dang nhu trén déu théda man diéu kién bai Toan.

Ciu 6: Giasir A = (? Z) |a ma tran vudng cap 2 kha nghich. Chirng minh rang néu B 1a ma trn vudng cap 2

kha nghich thi ma tran D cap 4 dugc xac dinh bdi hé thirc

0= da)

cling kha nghich.

Glai:Giasirx = (2) y = (332) thda man hé phuongtrinh D (;) = (Zﬁ Zg) (;) =0 (1
Khidé

{an +bBy=0
cAx+dBy=20

Nhan phuwongtrinh dau véi d, phuongtrinh haivai b roi trir vé, ta dwoc (ad — dc)Ax =0
Do A kha nghichnéndet A = ad —dc # 0=>x = 0. Lap ludntuwongtu taclingcéy = 0.
Vay hé (1) chi cé nghiémtamthudng. Do dé D la ma tran kha nghich.
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HOI TOAN HOC VIET NAM BO GIAO DUC & PAO TAO
OLYMPIC TOAN SINH VIEN TOAN QUOC LAN THU XVI NAM 2008

Mén thi: Pai sd
Thei gian lam bai: 180 phut

Céu 1: Cho a,d la cécsé thyce, day {ag, aq, ..., ay } ldp thanh cdp s6 cdng congsai d. Tinh dinh thirc cdia ma tran

(0 4)) a, a, e Ap—q an
aq Ag aq e Ap—2 Ap_q
1 Ay a, (04)) e OAp—3 Qap_2 1
A= | : : : . 8 :
\an—l An-2 Ap-3 .. Qo a, /
a Apn-1 Qap—2 aq (24))
Giai:Ta co
agp aq a, e Apq an
aq ag a, e Ap—p Ap_q
a, aq Ag e Ap—3 QAp_»2
detA=D=| . . . . . .
An-1 Ap-2 QAp-3 .. Qg a,
an aApn—1 Qan—> a, ag

Céng cot dau vao cdt cubi, ta dwoc

(04)) aq a, e Ap_1q 1

aq Ag a, . QAp_> 1

a, a; Qg R P 1

D = (ao + an) 0 . . :n < .
Apn-1 QAp—2 0aup_3 .. Qg 1

a, Qn_1 QAp_z ... Qq 1

Doap+ay,_=a9+kd+a,—kd=a¢g+a,,k=1,..,n—1

Ti€ptuc nhan hang thir n — 1 v&i —1 rdi cdng vao hang cudi cung, nhan hang thir n — 2 véi —1 rdi cong vao
hangthin — 1,... nhan hang1 véi —1 rbi cdng vao hang 2 ta duwoc

Qg a1 Az .. ap,-1 1 d —d —-d .. —-d —d
d -d —-d .. -d 0 d d —-d .. —d —d
N L . B e L
d d d .. —d 0 d d d .. d —d
d d d .. d 0 d d d .. d d
Cénghang cudi vao céc hang con lai, ta dugc:

2d 0 O 0 0

2d 2d 0 0 0

0 O

D= (_1)n(a0 + an) Z;d Z:d Z:d . :
2d 2d 2d .. 2d
d d d .. d

= (—1)"(2ay + nd)2n"1dn

Cau 2: Cho A la ma tran thuc vudng cap 2 thda man diéukiéndet A < 0. Chirng minh rang ton tai hai sé thuc
phanbiétA;, A, va hai matran A, A, sao cho
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A" = ATA; + A4, Vn=1.2,..
Giai:
Céch 1: Da thirc dédc trung cia A
det(4 — AI) = 2% — trace(4)A + det A
Dodet A < 0nénAd > 0 => phuwongtrinh ¢6 hai nghiém thycphan biét A, 4,. Khi dé, dat

__ 1t A-21,0, A, =
T4, 2T -

Suyrad; + A, =1, MAy + 1,4, =4, AjA, =AA =0
Vay A" = ATA; + AT4,, Yn=12,..
Cach 2: Pa thirc d3c trung clia A
det(4 — AI) = 1% — trace(4)A + det A

DodetA < 0nénd > 0 => phuwongtrinh c6 hai nghiém thucphan biétA;,4, hay A cé 2 gidtririéng A4, 4,
nén A chéo hoaduoc

4y

(A-1D

A=PBP-1=P (’11 0 )P-l

0 A,
=> A" = PB"P~1=P (’10? Aon)P‘l =P [(’10111 8) + (8 /31)] p-1
2 2
= P.(’lél 8) P14P, (8 /%).P‘l = ATP. ((1) 8) P14 AP, (8 2).P‘1
PatA, = P.((l) 8).13—1, Ay = P.(g (1’).13—1.

Vay ta da tim duoc hai s6 thycphén biét A, A, |a haigia tririéngclia A va haima trdn A;, A, trénsao cho

A = A?Al + ArzlAz, n = 1,2,

Cau 3: Cho A la ma tran vudng thuc cap 3, v&t1a 8. Téng cac phan tlr trén mdi hangcla A bang4 va detA = 16.
Xac dinh céc gia tririéng chia A.

Gidi:Ta cd det A = 16, traceA = 8, va téng cac phan tlr trén mdi hang cla ma tran A 13 4. Do dé da thirc dic

trung cta A:
@) = 23— (traceA)A? + ar —detA =213 —8A2 +al—16 (1)
Mat khac
—ap;; +4 —aip —aq3
|/11 —Al = —ayq —Q3p +A —Qa33
—as; —az;  —azz+4
A—aj; —agp; —ags V) —dai3
=|A—az —azp—az —az;+Ai —as3
A—az —az;—ass —asz; —azz3—A
1 —aip —ai3
= (A — 4) 1 _a22 + /1 _a23
1 —a3zy —dsz3 + A

Suyra A = 41amoétgidtri riéngcda A. Thay vao (1), ta dwoca = 20
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(p(ﬂ) =|M—-A|=23-82%2+201-16=1—-4)(1—-2)2

Vaymatran A cé 4 lagidtririéngdonva 2 la giatri riéengkép.

Cau 4: Cho cac s6 thyc ay, ay, ..., Agpg. Chirng minh rang ton tai cac ma tran thucvudngcapn > 1

Ay, Ay, ..., Aypog thda mian

2008
detA,=ay,k=1,..,2008 va det(Z Ak> = 2009
K=1
Gidi:Dat s = 2,%‘;%8 ai, b =2008s — 202(?;),19_2 . Xét cdc ma trén cdp n sau
/a1 10 .. 0\ a, 0 0 .. 0\ /ak 00 0
0 10 .. 0 b 1 0 .. 0 0 10 0
A=lo o1 ..ol &44=lo o1 .. 0 4=lo0o 01 0| (k=34,..2008)
\000...1/ \000...1/ \000...1
DodédetA, = ay, k=1,...,2008. Mit khac:
s 1 0 ... 0\
2008 b 2008 0 ... 0
zAk=|o 0 2008 ... 0o |

Khai trién Laplace theo cot thi nhéat, ta duoc:

2008
det (2 Ak> =5.2008"~1 — p. 2008™"2 = 2009
k=1

Cau 5: Cho A 13 ma tran vuéng cap n kha nghich. Moi phan tlr ciia cdc ma tran A, A1 1356 nguyén. Chirng minh
rang néu A cé n gia tri riéng déu |a cac s6 thyc thi|det(4 + A1) > 2™,
Gidi: Do cac phantlr cha A,A~1 déulasd nguyénnéndet 4, det A~1 cling 12 s6 nguyén. Mat khac
|det A||detA~1| = |detAdetA~1| =1
=>|detd| = |detA71 =1
V&imoima tran M, dat Py, (t) 12 da thirc dic trung clia né. Goiay, a,, ..., a, latat ca cac gia tririéng thyc

cta A. Khidé P,(t) = [T}=1(t — a;). Xét da thirc

n

Q) = n(t —(1+a?))

j=1
Taco deg Q(t) =nva

QU+AY) =| |1+42—(1+a?))=| |(42-a?l)=| |A-a)(A+a;])=0
g J g J g J J

T d6 suy rarang Py, 42(t) lawdc cia Q(t). Do deg Q(t) = nnénQ(t) = P42 (t). Vay
|detC| = |detA~1.det D| = |detA~1||detD|
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=1.(1+a?)(1+a3)..(1+a2)

> 2" aqay ...a,| = 2"

Cau 6: Ton tai hay khong da thirc P(x) bac 2008 thda man dieukién P(k) = 2% véik = 0,1, ...2008? Tai sao?
Gidi:V&imdix = 0,1,2 ... xétbiéu thirc
Qx) =CY+ CL+C2+...+C¥ 2+ C¥ 1+ ¥

Biéu thirc nditrén cho ta xac dinh da thire P(x) = Q(x) va da thirc nay thda man yéu cau bai Toan.

Cé6 thé giai theo cach khacnhu sau:

Véimbik = 0,1,2, ... dat

x(x—=1)..(x=(k-=1))(x =k +1))...(x— 2008)
O = T k=D (k= Ge= D) (k= (k + D) ...k — 2007)

Dé dangchirng minh da thirc

2008

P(x) = z wy (x). 2k
k=0

théa man diéu kién bai Toan.
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HOI TOAN HOC VIET NAM BO GIAO DUC & PAO TAO
OLYMPIC TOAN SINH VIEN TOAN QUOC LAN THU XVII NAM 2009

Mén thi: Pai sd
Thei gian lam bai: 180 phut

Cdu 1: Cho x,y, z la cac s6 thuc thda man cac dang thire sau:
x +y+z=0
x> +y2+2z2=0
x3+y3+23=0
Chirng té rang v&i moi s8 tw nhién n, ta cé x2"+1 + y2ntl 4 z2n+l —
Gidi: Tlr céc hé thirc da cho: xy + yz+ zx = —1, xyz = 0. Theo dinh li Viete, chdng |a nghiém cla phuong
trinh t(t2 — 1) = 0. Dé dang thay rangbd basdlal,—1,0

Véyx2"+1 _|_y2n+1 + z2n+l — 0.

Cau 2: Ton tai hay khdng mot ma tran thuc A vudng cap 2 sao cho

—2008 2010
2010 —
4200 = ( 0 —2009)

Giai:
Cach 1: Gia sr ton tai ma tran A thoa man yéu cau dé bai. Ki hiéu P, (t) 1a da thirc ddc trwng cha ma trén A.
Theo dinh li Caley-Hamilton ta c6:
A2 =qA + BE, af €R (1d)
Bang quy nap: 42910 = g4 + bE, a,b € R (1d)
1/ Xéta = 0: A% = bE. Khi dé

(—2008 2010):(b 0) () (14)

0 —2009 0 b
2/ Xéta # 0:
Pit A = (a“ a”) tir gia thiét 0. vayazom0 = (G010 X (1d) =>a2°10 = —2008(!)
dtA=(q g, ) tUeidthi€tsuy raaz = 0. Vay =1 2200 =>a)0 = !
(1d)
K&t luan: khong ton tai ma tran A théa man diéu kién bai Toén.
Céch 2: Gia st ton tai ma tran A thda man yéu cau dé bai. bit 41005 = B = (Ccl Z) (1d). Ta cé:
2 _ (aZ +bc (a+ d)b> _ (—2008 2010) (1d)
(a+d)c d?+bc 0 —2009

Theogid thiét, tacd: (a + d)c = 0 (1d)
1/ Xétc = 0:

,_ (a? (a+d)b) ~2008 2010
B ‘(0 42 #(%0 " _j000) )

2/Xéta+d=0haya=—d:khidéa?+ bc =d?+bc=1
10
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= )*(0" _z000) 1)

K&t luan: khdong ton tai ma tran A théa man diéu kién bai Toén.

Cau 3: Cho 4,B, C 13 cac ma trn vudng cip n sao cho C giao hoan véi Ava B, C? = E (ma tran don vi) va
AB=2(A+ B)C

a) Chingminhrang AB = BA

b) NéucéthémdiéukiénA + B+ C = 0 hdy chitngtdrank(A —C) +rank(B—C) =n
Giai:

a) Theo gia thiét, ta co:

AB = 2(A+ B)C <=> AB — 2AC — 2CB + 4C* = 4C* = 4E <=> E (A— zc)] E(B _ zc)] —F

Suyra [% A4- ZC)] va E (B — ZC)] Ia nghich dao cGa nhau nén ching giao hoan

1 1
fu-20][56-20]=[;6 -20][;@-20] =k
Nhan phan phéi lai, ta dugc AB = BA.
b) NEucéthémdiédukién A + B + C = 0 thi
AC+BC+C?=0
=>(A+B)C+C?=2(A+B)C—-(A+B)C+C*=AB—AC—-CB+C?=A-C)(B—-C)=0
Ta cé:
n =rank(=3C) =rank(A+ B —2C) = rank[(A—C) + (B — ()]
<rank(A—C)+ rank(B—C) <n+rankl[(A—-C)(B—C)]=n

Cau 4: Tinh 42999, trong d6

/0 0 0 0 —1
0 =7 5 3 0
A=lo -5 4 2 o]

0 -9 6 4 0

1 0 0 O 0

Giai: D6i chd cac dong, cot, ta thady ma tran A dong dang véi ma tran
/4 -5 2 0 0

5 =7 3 0 0
B=|l6 -9 4 0 o]

0 0O 0 0 -1

0 0 0 1 0

Ma tran P cta phép bién d6i tuyén tinh (khéng suy bién) Ia:

/0 0 00 1

01 0 0 o

P=]10 0 0 ol

0O 01 0 O

0O 0 01 O

11
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Khi dd matran P~1 = PT. Tac6 A = P.diag(C,D).P~1

4 -5 2
TrongdéC=(5 -7 3> va D=(_(i é)
6 -9 4
Tacd C3 = C?vaA?%% = P.diag(C?°%9,D?099) p~1 Do dé
0 0 0 0 —\
0 -3 3 1 0
A2 =g —3 3 1 o]
0 -3 3 1 0
1 0 0 O 0

Cau 5: Tim tat cd cac ma trdn vudng A cdp n = 2 sao cho v&i moi ma tran vuéng B cap n, ta déu co det(4 +
B) =detA + detB
Giai:
Chonmatrdn B = A, tacé 2" detA =det(24) =2detA=> (2" —2)detA = 0=>det A= 0do (n = 2).
{bll = O
bij =0 (l >])
bij=—a; (<))
bij=1-ay; (i>1)

Khi d6 ta thu dugc a;; = 0. Bang cach d6i vi tri hang hay c6t dé dua phan tir bat kia;; clia A vé vj trigdc

Giasv A = (aif)nxn' ta chon matran tam giactrén B = (bif)nxn = {
trai trén cung va lap lai phép chirng minh trén ta duoca;; = 0.
Vay ma tran can tim la ma tran O.

Cau 6: Thi sinh chon mot trong hai cau sau:

a) Giai hé phuong trinh:

2%, + X, — X, + 2X, + Xs — Xg = 1
—-X + 2X, + 2%,  + X, + Xs — X = 1

X, — 2X, + 2%, + X, + Xs — X = 1
—2X, — X, — X, + 2X, + Xs — X = 1
2%, + X, + Xy — X, — Xs + 2%, = 1
-% + 2X, + Xy — X, + 2%+ Xs = 1

b) Ung véi mdi da thire P(x) vdi hé s6 thuc va ¢d nhiéu hon mot nghiém thue, goi d(P) 1a khoang cach
nho nhat gilta hai nghiém thuc bat ki ciia nd. Gid s cac da thirc vdi hé s6 thue P(x) va P(x) + P'(x)
déu cé back > 1vacé k nghiém thuc phan biét. Chitng minh rang d(P + P') > d(P)

Giai:

a) T hai phwong trinh dau: 3x; — x, = 3x3 — x4 T phuwongtrinh 3, 4: 3x; — x, = x4, — 3x3
=> 3x1 — Xy = 0
T&r phuong trinh 1, 3: x4 + 3x, = 3x3 — x4. T phuongtrinh 2, 4: x4 + 3x, = x4 — 3x3
=>x1+3x,=0

A . 1
Vaytacox; =x,=0=>x,=x¢=1, X3=X5=3

12



dmT

b) Goi nghiém cla P(x) 13 x1,X5,..., X} sao cho x; < X, <...< X . Ta chirtng minh bang phuong phap
phan ching. Gia st d(P + P') = b —a < d(P), trong dé B, a la hai nghiém gan nhau nhat trong sé cac
nghiém cta P(x) + P'(x). Khi doé b, a khéng la nghiém cha P(x) nén

P'(a) P'(b)
P(a)  P(b)
Pat P(x) = ag(x —x1)(x —x5) ... (x — x4). Suy ra

k
P’(x)_ 1
P(x) ;x — X ()

x . P g R - S ”
Dé dang nhan thay ham so 1) nghich bién trén tirng khoang xac dinh cia né. Két hgp vai (1) suy ra
X

=-1 (@

ton tai duy nhat j, sao cho xjo € (a,b). Khidéx;y —x;>b—aVi=1,..,n.Haya —x; > b —xyq .
D& dang kiém tra duoc (a — x)(b — x;) > 0 va do d6
1 1

< Vi=1 ..k—1vaa—x,<0<b—x4
a—x; b—xiyy

k
p(a) Za—xj a—xy Z b—x, _xk——l(!)

Nhu vay, tacd

=

13
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HOI TOAN HOC VIET NAM BO GIAO DUC & PAO TAO
OLYMPIC TOAN SINH VIEN TOAN QUOC LAN THU XVIII NAM 2010

Mén thi: Pai sd
Thei gian lam bai: 180 phut

Cau 1: Cho A,B la cdc ma tran vudng cap 2010 véi hé so thuyc sao cho
det A = det(4A+ B) = det(4 + 2B) =...= det(4 + 2010B) = 0.
a) Ch&ng minh rang det(xA + yB) = 0 Vx,y € R.
b) Tim vidu chirng to két ludn trén khdng con ding néu chicéd
det A = det(4A + B) = det(4 + 2B) =...= det(4 + 2009B) = 0.
Giai:
a) Nhan xét rang dinh thic P(t) = det(4 + tB) 1a mot da thirc bac 2010 cla t ¢6 2011 nghiém nén
P(t) = 0. Binh thitc Q(t) = det(tA + B) cling |3 da thirc bac 2010 cda t. Ma Q(t) = t2010p(t~1),t #
0. Do déta clingcd Q(t) = 0.
-Véix =y =0thidet(xA +yB) =det0 =0
-Véix =0,y # 0thidet(xA + yB) = det(yB) = y?°10det B = y2010Q(0) = 0
-V&ix # 0,y = 0thidet(xA + yB) = det(xA) = x?°1%det A = y20190P(0) = 0
-VGix # 0,y # 0thitacé det(xA + yB) = x2910 det (A + 3—:8) =P G) =0
Vay det(xA+yB) =0 Vx,y € R.

/0 0 0 0 \
01 0 0
b) Chon A = diag(0,1,2,..,2009)=| 0 0 2 0o |vaB=-I
0 0 0 .. 2009
Khi d6 det A = det(4 + B) = det(4 + 2B) =... = det(A + 2009B) = 0 nhung det(4 + 2010B) # 0

Cau 2: Cho {uy}, {v,},{w, } 1a cdc ddy s6 thuc dugcxdc dinh bdiuy = v =wyg=1vavn €N

Upp1=—U, — 7v, + 5wy,
Uptr = —2u, — 8y, + 6w,
Wne1 = —4u, — 16u, + 12w,

Chirng minh rang v,, — 2 13 s6 nguyén chia hét cho 2.
Giai:
-1 -7 5 Un
DitA=(-2 -8 6|, Xp,=|" |neN).TacdVneN:X,,; =A4X, =>X, = A"X,

—4 —-16 12 Wn
Da thirc dactrung cta A 1a: Py(x) = —x(x — 1)(x — 2). Do d6 A chéo héa duwgcva

1 3 1\/0 0 O 0o 2 -1
A=PBP1=|2 2 1/|]l0 1 0 1 1 -1
3 4 27\0 0 2/\-2 -5 4

SuyraVn € N: X, = A"X, = PB"P~1X,

Tinh toan ta duocv, = —3.2™ + 2.

14



Cau 3:

a)

b)

Giai:

b)

dmT

Chirng minh rang (rng v&i moi s6 n nguyén dwong, biéu thirc x™ + y™ + z™ cé thé biéu dién dudi dang
dathic P,(s,p, @) backhéngquancliacicbiéns=x+y+z p =xy+ yz+ zx, q = xyz.
Hay tim tong cac hé sé cta da thirc Pyg10(s,p, q).

Ta chitng minh déng thic Py (s,p,q) = sPp_1(s,p, Q) — PPn-2(s,p,q) + qPn_3(s,p,q) 1a da thirc bac
khong qudnclacachiéns=x+y+z p=xy+yz+2zx, q=xyz
-Véin=1:P(s,p,q) =s
-V&in = 2: Py(s,p,q) =s?>—2p
-Véin =3:P3(s,p,q) =s3—3s?p+ 3p
- Gid sr dang thirc ding véi n > 4, ta chirng minh né cling ding véin + 1, tic la
Prs1(s,0,9) = sB(s,p,@) —pPn-1(s,0,9) + qPn_2(s,p, @)

That vay, tlr giad thi€t quy nap, ta cé cac da thic B,(s,p,q), Pr—1(s,p, @), Ph—2(s,p,q) bac khdng
qua n cla cac bién s, p,q. Suy ra P,,1(s,p,q) 1a cdc da thirc bac khéng qua n + 1 cta cac bién s,p,q.
Ta ¢d Pyp19(s,p,q) = x2010 4 2010 4 72010 T3 tim téng cidc hé s8 cla P,p19(s,p,q) tirc 1a tim
P,010(1,1,1). T&r dinh li Viete, x, y, z 1a nghiém cla phuong trinh t3 —t2 +t — 1 = 0. T&r d6 chi viéc
chonx =1,y =1,z = —i, tadwoc Pyy0(1,1,1) = —1.

Cau 4: Xac dinh cac da thirc thue P(x) thoa man diéu kién

P(x)P(x?) = P(x3+2x),Vx € R

Giai: Ta nhan thay da thic hang P(x) = 0 va P(x) = 1 théa man bai Toan. Ta chirng minh cac da thirc bac
duong khong thda. Chu y ring dangthrc trong bai Toan cling ding v&i gia tri phic.

Gia st xyla mot nghiém (thuc hodc phirc) cha P(x). Néu xo = 0 thi P(x) = x5Q(x), trongdés = 1,Q(0) # 0

Thé vao diéu kién d3 cho, ta thu duoc:

x250(x)0Q(x?) = (x%2 + 2)5Q(x3 + 2x),Vx € R

Diédu nay mau thuan Q(0) # 0

Vay x # 0. Ta cd thé gia thi&t modulo | x| cé gid tri 1&n nhat trong cac nghiém cda P (x). Khi d6 x3 + 2x,
3 3
va/(xgy) + 24/x,cling la nghiém. Do d6 |x3 + 2x0| < |xolva |w/(x0) + 21/x0| <0

batxy=a + bi:

|3 + 2x| < Ix0l
<=>(a® —b?)? + 4a?b* + 4(a’>—-b?)+3 <0
<=>3 + 4a? < 4b?

Thay vao tiép, talai c6 4b? > 4a?b? + 4a? +3 >a?%.3+4b*+3 =7a?+3 (x)

3
V@) +2yx| <0
<=>[(a+2)?%+b?]? < a? + b2
<=>(a?+b?)(a?+b?+8a+7)+ (4a+4)? <0 (x*)

15



Theo (%), ta cé:

1 16
a?+b%+8a+7 ZZ[<3a+?>

Mau thuan vdi (xx).

Cau 5: Chon mo6t trong hai cau sau:

2

23
+—2a24-?;]>>0

dmT

5a) Cho A la ma tran thuc, vudng cdpn > 2, cé vét la 10 va rankA = 1. Tim da thirc dac trwng va da thire

toi tiéu clia A.

5b) Cho A, B, C 14 cidc ma tran thuc, vudng cap n, trong dé A kha nghich va déng thi giao hodn B, C. Gia st

C(A + B) = B.Ch&rng minh B, C giao hoan v&i nhau
Giai:

5a) Cach 1: Tinh tructiép

Vi rankA = 1 nén ton tai vector khéac 0 sao cho cic vector dong con lai déu biéu dién tuyé&n tinh dugc qua né.

Do dé matran A cé dang sau:

/11x1 Ale
Axxy Az,
..
A= | ﬂ.ix]_ Aixz
nX1  AnXxy
/11 x1
/12\ /xz\
o N I
pat U—|Ai|¢0,V—|xi/|¢0
YA

Khidé A=UTV va

N |
I
Anxn/

Axp

Aﬂ%

VUT = Lixq + Ay xp+.. . +Aix+.. . +A,x, = traceA = 10

eTacd A%2 = UTV)(UTV) = UT(WUT)V = UT (traceAd)V = (traceA)UTV = (traced)A = 104

Vay da thirc tdi tiéu cia Ala P(t) = t? — 10¢t.
e Tinh dinh thire D,, () = det(A + tI)

Alxl +t A]_XZ

/‘12x1 AzXz +t
Dn = Aixq Aix,
Anxy Anx,
/11x1 +t 11.76‘2

Ale Azxz +t
~ | Ay Aix,
AnXq Anxy

Alxn

AnXn

Aixn
AnXp+t
Alxn Alxl
AnXn Ayxq
Aixn Alxl
AnXxn 0

Alxn
Anxn

ﬂixn

16
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/11x1 +t Ale 11
ﬂ.le /12x2 +t /171
L PR N L
X1 X2 Xn
t 0 0
0 t 0
=atag ¢ 7 G| tDne1 = Apxat™ Dy
X1 X .. 1

D& dang chirng minh bang quy nap rang: D,, = t" 1 (A%, + 44— 1Xp_1+... +4,X, + D;)
=t" (traceA+t) = t"1(t + 10)
Vay da thirc dic trung cha A 13 (—1) "1 (t — 10).

Cach 2: VirankA = 1 hay (dimker A =n — 1) nén A cé dung n — 1 vector riéng &ng véi 0. Do vay ma gia tri
riéng con lai 1a moét sé thuc. Tir d6 A chéo hda dwoc va trén dudng chéo chicd mot phan rir khac 013 10.Suy ra
ngay da thirc dac trung va da thirc téi tiéu.

5b) Tir gidthiét,suyraA+C(A+B)=A+BhayA=({U—-C)(A+B)
Do A kha nghich va déng thdi giaohodncd B,Cnénl = (I —C)(A+ B)A™1= (I - C)A"1(A+ B)
Suyra (I — C) va A~1(A + B) la nghich dao cla nhau nén
I=I-C)A"Y(A+B)=A"1(4+B)(I - )
<=>A=(A+B)(U-C)
<=>B =(A+B)C
Vay (A+ B)C = C(A + B) t&¢c BC = CB.

17
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HOI TOAN HOC VIET NAM BO GIAO DUC & PAO TAO

OLYMPIC TOAN SINH VIEN TOAN QUOC LAN THU XIX NAM 2011

Mén thi: Pai sd
Thei gian lam bai: 180 phut

Bai 1: Xétkhonggian trén tredngsé thuc R, chirtng minh rang tap hop {ex,exz, e exn} déc lap tuyéntinh trong
khéng gian cdc ham lién tuc C(0, + ).

Giai: Gia sl ta ¢ hé thirc tuyén tinh: a;e* + -+ a,e*” = 0(2d)
Chia 2 vé& cho e*" va |3y gi¢i han x — cosuy ra a,=0

Quy nap dugca; = 0. (3d)

Xn+1 = 4Xpn— Yn — 52p
Bai 2: Cho 3 day so {x,,}, {yn}, {zn}xacdinh nhu sau: xg = yy = zg va {¥nt+1 = 2Xp — 22 . Tinh x5011.
Zn41 = Xn— 22y

Xn 4 -1 -5
Gidi:DstX, = |, A={(2 0 =2 KhidéX,=A"X,(1d)
Zn 1 0 =2

Da thcddctrungciaAlag(t) = —(t — 1D + 1)(t —2) nén Acé 3gtr +1, 2 (1d)

Céch 1: t2011 = g(t)h(t) + at? + bt + ¢ suy ra A2911 = qaA? + bA + cI (1d)

Lap hpt cho q, b, ¢ bang cach thay céc gid tri dic biét cha t va gidi ta tim dwgc b = 1,a = —¢c = (22011 —

2)/3 (1d)

Suy ra X011 = %(1 — 22013)x, (1d)

Céch 2: Chéo héa A kém ma tran bién d6i co s& (2d)

Tinh 42011 => X011 (16)

Bai 3: Cho cac ma tran thuc A,B vudng cung cap n. Pat C = AB — BA. Chitng minh rang néu ma tran C giao
hoan v&i ca hai matran A va B thiton tai s6 nguyén dwong m sao cho C™ = 0,, (v&i 0,, 1a ma trén khong cap n)

Giai:

* Chirng minh quy nap AB¥ — BKA = kB¥~1C, vk € N (x) (2d)

Véik = 1: 0ok
Giadstrtaco AB¥ — BKA = kB¥~1C, vk € N, ta chithg minh AB¥+1 — Bk+14 = (k + 1)B*C, Yk €N
That vay ABk+1 — Bk+14 = ABk+1 _ BABkK + BABkK — Bk+14

= (AB— BA)B* + B(AB* — BXA) = CB* + B(kB¥~1()
= B*C + kB*C = (k + 1)B¥C

* L3y f(x) = apx™+ a;x™ 1+ - + ap_1x + a, la dathirc bac n bat ki

Tacd f'(x) =agnx™ 14+ a,(n—Dx" 2+ 4+ a,_,2x+ an,_

T (x) suyraAf(B) — f(B)A = f'(B)C (x*) (1d)
18



dmT

Xét da thirc ddc trwng cia B: p(x) = det(B — xI,,)

Tacé p(B) = 0, (2d)

Theo (xx) tacd Ap(B) — p(B)A = p'(B)C hay 0,, = p'(B)C

Lai chon g(x) = p’(x) va nh& vao tinh giao hodn cla C, tacé Ap'(B)C —p'(B)CA=p"(B)C? =0,
Tiép tuc qud trinh nay ta duoc: 0,, = (—1)™n! C™.

Bai 4: Tim diéu kién can va dd ddi v&i cac tham s6 u,v € R sao cho néu da thirc P(x) bacn = 2 cd n nghiém
thue (k& ca boi) thida thire P(x) + uP’(x) + vP'" (x) cling c6 n nghiém thuc.
Giai:

* pidu kién can: 18y P(x) = x™suyrav <0 hoécu2/4v >n— 1/n (1d)

Qua gidi han suy rau? — 4v > 0 (1d)

* Piéu kién da: bé dé Q(x) = P(x) # P'(x) c6 dd n nghiém thyc (1d)

X
DE chirng minh, xét R(x) = eaP(x) cling c6 n nghiém thuc, nén R’ (x) cé n — 1 nghiém thycnén Q (x) cé
n nghiém thuec. (1d)

Ap dung lan nita, Q(x) + bQ' (x) cé n nghiém thuc tir d6 chon a, b thich hgp dé a? — 4v > 0 |a diéu kién
da. (1d)

Bai 5: Hai sinh vién A va B choi tro choi nhuw sau: Cho mot bang vuéng n xn 6, n = 2. Mdi luvot, A chon mot s
nguyén dién vao vi tri (i,j) nao dé (tuy chon nhung khéng ldp lai). Sau dé B dwgc quyén chinh sira gia tri d6
bang cach git* nguyén hodc thém bét 1 don vi. Tro choi két thic sau khi dién xong bang dé nhan dwoc ma tran
X. B khdng dinh luon cé cach dé nhan dwoc ma tran X kha nghich va khong cé diém bat dong (ttrc 1a khdng cé
vector v = 0 dé Xv = v).
Khang dinh clia B diing hay sai? Hay chirng minh nhan dinh cla ban.
Giai: B chon x;; = —1 (mod 3); x;; = 0 (mod 3)véii # j. (2d)

|X| = (—1)" (mod 3) # 0(1d)

NEu X cb vector riéng v twong rng v@i 1 thi cd thé chon v € Z", nén vector dong du ¥ € Zs (tirc 1a cac

phan tlr déu |dy mod 3) la vector riéng (1d)

Nhung |X| = —I chicé gid tri riéng la —1. (1d)

Bai 6: Thi sinh chon moét trong hai cau sau:
6a. Tim diéu kién cGa cdctham s6 a, b, ¢, d dé hé phuong trinh sau cé nghiém duy nhat

I{(l +a)x;+ (1 +a?)x,+ (1 +a3)xs+ (1 +a*)x, =0
4 A+b)x;+ A +bDx,+ A+ bDxs+ (1 +b*)x, =0
[ A+x+ A+ D+ A+ D+ (A +cxy =0
1+ Dx;+ A +dDx+ A +dDxs+ 1+ dHx, =0

6b. Chomatran 4 = (1

S04 2012
1 1 ) Hay tinh A .
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Giai:
6a) Dinh thirc twong &ng bang
1 1 1 1 1 2 0 0 0 0 -1 1 1 1 1
p=(0 lta 14a® 14a® 14a" |1 a a? o o)y (-1 a o @ )19
0 1+d 14+d? 1+4d3 1+d* ~1 d d? d3 d* ~1 d d? d3 d*

=P(a—b)..(c—d) (3d)
Trong d6 P = [2abcd — (a —1)(b —1)(c —1)(d —1)] =>P # 0, a, b,c,d d6i mot phan biét (1d)

s . TIT nm . Nnm
COS— —SsIn-— nf{COS— —SIn—
6b) Cach1: A = \/E( - ,‘;) (2d) => A" =+/2 ( . ng) (2d)

sin— COS—
4

=> 42012 — _»1006 (1d)
Cach 2:

Déth(lai 131.):P=(i _i1)=>P"1:%G _ll)
Khidé: A = PBP~1

o o Lo .1 y .
Am=PBP = (] —11)((1 ol) (1fi)")ﬂ(i )=V 5(; l)(l )=—V2

=> A2012 — _ 910067
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