Tai liéu 6n thi Olympic Pai so tuyén tinh.

Tran Thi Thiy-Bo mén Dai s6 XSTK

Chuwong trinh Olympic Toan Pai sé tuyén tinh bao gém cac phan

Phan 1. Ma tran
+ Cac phép toan vé ma tran
+ Ma tran nghich dao
+ Hang cta ma tran
Phan 2. Binh thirc
Phan 3. Phuong trinh va hé phuong trinh
Phan 4. Vécto riéng va gia tri riéng
Phan 5. Pa thirc

Phan 1.1 Luy thura ma tran.

Bai todn 1: Cho A la ma trdn vuéng cdp s. Hay tinh A".
1. Truong hop s =2.
Phwong phap 1. Dung dinh 1i Hamilton-Cayley.

) a b Lo1s . ) N A .
Moi ma tran A:(C d} a,b,c,deC déu la nghiém cua phuong trinh bac hai

x> —(a+d)x+ad —bc=0.

Vi du ap dung

2006
VDI. Tinh ( 0 1]
10

LG. bat A:[O

1 . o L
O)’ Theo dinh 1i trén ta c6 A*> - (0+0)A+1.E=0 < A’ =-E

Vay A% = (Az )1003 _ (_ E)1003 __E

LR Y, . E néunchan
Co thé suy ra két qua tong quat A" = o
A néu nlé
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VD2. Cho A:G 3 Tinh A",

LG. Theo dinh 1i Hamilton-Cayley ta c6 A> -4A+3E=0 . (*)
Xét phép chia cua da thiic x"cho da thic x* —4x+3., gia sit dugc thuong la da thic
q(x) va du la da thic ax+b.

X" = (x2 —4x+3)q(x)+ax+b

Ta hoan toan c6 thé tim duoc hé s6 a va b bing cich thay x = 1, 3 vao dang thic

trén. Ta dat duoc két qua la 2

Vay A" =(A? —4A+3E)g(A) +aA+bE . Két hop véi (*) ta c6

"n_1(2 1 -3"(1 0
w-ansne =S 2 2SS0

2 (1 2 2 \0 1
1+£ 3
VD3.(OL2002) Cho A=| 2 2 |, Tinh A%,
13
2 2

LG. Lam hoan toan tuwong tu nhu ciac vi du trén ta c6 két qua Ia

1.3 508
A= (A7 —J3A+E)A(A)+ (—3A+2E) = —/3A+2E = | 2 i
NEI 7
B

VD4. Tim tét ca cdc ma tran vuong cap 2 ma binh phuong clia né bang E.
LG. Gia s A:(i EJ Do A?=E=|A" =1=|A ==l

e Neéu |A =1« ad —bc =1khi d6 theo dinh 1i Hamilton-cayley ta c6

A* —(a+d)A+(ad —bc)E =0
< E-(a+d)A+E=0

< A= 2 E
a+d
2 0 b=c=0
a b =L= b=c=0
<:>( dj: a+d 5 Q{a:d: 2 <:>{ _d_+1<:>A=iE
c 0 a+d a=d==

a-+d
e Néu |A=-1< ad —bc =-1khi d6 theo dinh 1i Hamilton-cayley ta c6
2



A? —(a+d)A+(ad —bc)E =0
< E-(a+d)A-E=0
a+d=0

@(a+d)A:0©{A:O(loajdo|A|:—1)

a b
Vay A:( j v6i -a® —bc =-1.
c -a
VD5. Tim tat ca cac ma tran vuong cap hai, thuc A ma A’ =E.
2 o a b
LG. Gia st A:(c dj' Do A’ =E:>|A|3 =1=|A=1<ad—-bc=1.

Theo dinh i Hamilton-cayley ta c6

A? —(a+d)A+(ad —bc)E=0 (1)
= A’ —(a+d)A*+A=0

=E-(a+d)A’+A=0 (2)
Tru (1) cho (2) ta co
(l+a+d)A’—(1+a+d)A=0
{1+a+d =0 )
=
A? = A )
b T S L
Tur (3) suy ra A:(: 1 aJ v6i a-a’ —bc=1. Thir lai két qua nay ta thiy ding.

Tu (4) suyra A>=A*=A=E.
K&t ludn ma tran A can tim la

A=E
A|? b ) véia—a?-bc=1
c -1-a

VD6. Tim tét ca cdc ma tran vuong cap hai ma luy thira 4 bang E.

\AZ—E\=0
\A2+E\=o

a

LG. Giastr A= (c

EJ.DO A4—Ec>(A2E)(A2+E)—O:{

< .2 2 a' b' N
Néu |A* —E|=|A* +E|[=0 , ta gid st A’ :(C, d'j thi suy ra
(@-D(d-D-be=0 _ [ad-bc-a-d+1=0
@+1)(d+)-b'c=0  |a'd—b'cra+d+1=0
Cong hai v€ cua hai phuong trinh trong hé trén ta c6
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2@d-b'c)=—2 < ad-b'c'=-1=|A"(voli do A thyc)

Vay néu |A* —E|=0 thi

A*=E

Vay A*=E <
y L\z:_g

Tré vé bai toan nhu &6 VD2.

A’ +E|#0 hoac |A* —E| =0 thi A’ +E|=0.

VD7. Cho A la ma tran vuong cap hai thuc thoa man A" =0(n >3). Chiing minh

rang A’ =0.

LG. Do A" =0=|A/=ad —bc =0. Két hop véi dinh 1i Hamilton-Kelly ta suy ra

A’ —(a+d)A=0<= A’ =(a+d)A

= A" = A"2A2 = (a+d)A" == (a+d)"*A=0

a+d=0=>A*=(a+d)A=0
=
A=0=A>=0

(bPCM)

VD8. (OL 96) Cho A= (i gj , Chiing minh rang néu A =0 thi A*=0.

LG. VD nay la truong hgp dac biét cta vi du 7 trén.

VD9. (OL 99) Cho ma tran A=|1998

limlim a; (N, x).

n—owo x>l

1999

X
2000

. Gia st A" =(a;(n,x)). Hay tinh

LG. Tinh A" bang phuong phdp nhu ciac VD trén. Sau d6 di tinh lim cua ting so

hang.

Phuwong phap 2.

. [cosnx —sinnx
A" = . VneN .
sinnx  cosnx

2003
VDI10. Tinh ( 0 1)
10

2003

T . T
2003 | cos— sin—
0 1] 2 2

LG
-1 0

. T T
—sin— Cos—
2

2003~
0S

2

. 20037
sin

COoS

. 20037
SIn

2
20037

2

St dung két qua sau: néu A:(

1 O

COS X
sin X

o)

—sin X
COS X

j thi



VDI10. Cho A= neN. T1nh|_||m(||m (A" E)j.

x—0 n—o

= P

n

) | x*(cosp sin X
LG.Taco A= 1+X—2( ) ¢ ¢j vGicosp = ! , Sing = A
n“\{—sing Ccosg / X2
7

1 x?2 " cosng  sin nq)
+_
n? | \—sinng cosn(p

Va tggo—§:>ngo—x—¢)—>x khin - o
n tge
1(cosx—1 sinx 0 1
Dodo | = =
|!£'3(|,![Q ( )j I!m{ {—sinx COS X — 1}} ( 1 O]
2Hj . 201j
oS sin
VD11. Cho A, = 2HJ Z?Ij ,hiy tinh S=A” + AP +...+ A",
—sin——= cos—~
n n
Vs 27
or CoS — _—
LG. bat a=— VvaA= n n | Suy ra
n . 27 V4
-s1n7 COST

A" =E vaS=E+A"P + A*P 4+ 4+ ALVDP
Néu p chia hét cho n thi S=nE
Néu p khong chia hét cho n thi nhan cé hai vé clia dang thifc trén v6i Ata c6

SAP = AP + A*" + ..+ E =S < S(A? —E) =0. Nhung do p khong chia hét cho n nén dé

dang ki€m tra dugc |A® —E|#0. Do d6 S =0.

Bai todn 2. Cho A la ma trdn vuéng cdp 3. Hdy tinh luy thira bdc
ncuaA.

Phwong phi’lp 1. Tim da thitc bac hai nhan ma tran A 12 nghiém bing céch :

tinh A® va tim hai sO «, f sao cho A” = oA+ GE.
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Khi d6 phuong trinh bac hai can tim 1a x* —ax— 8 =0.

Cac budc ti€p theo lam giong nhu bai toan 1.

n

2 00
VDI1.Tinh |0 3 0
01 2

Xpsp =X, + Y, + 2,

VD2.(OL97) Giasu < vy,,, =X, -V, +z, . Hay xac dinh x_,y ,z, theo x,,Y,,Z,.
Zig =X, + Yy~ 1,

n

-1 1 1
GY. Bai toan quy ve viéc tinh luy thtamatran | 1 -1 1
1 1 -1

100

2
VD3. Tinh | 0
0

o b k.
N O O

Phuwong phap 2. Dung nhi thiic Newton: Néu A va B 1a hai ma tran giao

hodn thi (A+B)" => CAA“B"*.

k=0

Ta ap dung phuong phap 2 khi phuong phép 1 khong lam dugc.

-1 -2 1
VD4. Tinh A vé6i A={-1 1 0.
-2 0 1
-2 -2 1 00 O
GY.TacoA=E+BvsiB=|-1 0 O0|B*’=|0 2 -1|B*=0
-2 0 0 0 4 -2

100,95 1 -200 100
Khi d6 A" =(E + B)" = E +100B + T BZ=|-100 9901 —4950
~200 19800 —9899

100

VD5. Tinh A =

o o N
o B

0
0
2

110
LG. Tich A=E+Nv6inhan xétla N={0 0 O N°=N,.,N“=N
001
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100 100 100
Tacé A" =(E+N)™ =) C{(,N“=E {chkooN kj -E +(ZC1"OOJN =E+ (2 -1)N.
k=0 k=1 k=1

Phan 1.2 Ma tran nghich dao.

Bdai todn co bdn 1. Cho A la ma tran vuong cap n thoa man A* =0 (k e N*). Ching
minh ring cdc ma trin E + A va E - A 1a cdc ma tran kha nghich.

CM.

Xét

(E-AE+A+A +. + AN =(E+A+ A+ + A —(A+ A+ .+ A+ A =E-A"=E
Suy ra ma tran E - A 12 ma tran kha nghich va (E—A)" =E+ A+ A% +...+ A*?
Tuong tu E + A cling 12 ma tran kha nghich véi chi y 1a A =0= (-A)*=0 .

Bai tap ap dung .

Bai 1. Cho cdc ma tran vuong A, B thoa man AB = BA, A”* = B** =0. Chtiing minh
rang ma tran E+A+B 12 tran kha nghich.

CM.

Co (A+B)* =D "CyeA'B®**=0 ( Vi néu k=2000 thi A“=0, néu

k <2000 = 3999 —k >1999 = B*%%* =0),

Bai 2. Cho A va B la cic ma tran vuong ciap n thuc thoa man
AB = A+ B vaA"" =B*® =0. Chitng minh rang E +A +B 1a ma tran kha nghich.
CM. Dé cm bai 2 ta chi can chi ra hai ma tran A va B giao hoan.

That vay.

AB = oA+ B = (A— ENA-0E)=affE = (A—aE)A- fE)=affE
= BA=0A+ B =AB

Sau d6 4p dung bai 1 ta c6 dpcm.

Bai 3. Cho 2n s6 théa man diéu kién D> ab =0. Biét
i=1
ab +1 ab, a,b,
ab,  ab,+1 ... a,b,
A=| e, . Hay tim ma tran nghich dao ctia ma tréan.
a,b, ab, ... a,b, +1



LG.
Nhan xét
(A-Ef =(Cab A-E)=0=3 (E+A-E)' =E—(A-E)=2E-A
=A'=2E-A
Bai 4. Cho ABeM,(R) (|A|#0) va B la ma tran luy linh. Chiing minh rang ma

tran E+ A7BA kha nghich.

LG.

Chd y rang B 1a ma tran lu§ linh thi ma tran A™BA ciing 1a ma tran luy linh cuing
cap. Sau d6 ap dung bai toan co ban 1 ta c6 dpcm.

Bai 5. Cho A 1a ma tran luy linh va f(x) la da thic c6 hé so tu do khac 0. Ching
minh rang f(A) 1a ma tran kha nghich.

LG.

f(x)=a,x"+..+a,x+3a, (a, ¢O)<:>if(x)=anx” +...+alx+1:>L f(A)—-E=a,A" +...+a,A
a a

= Ala, A" +...+a,E)=(a, A" +..+a,E)A

Do A la ma tran lu§ linh nén tir dang thic trén ta suy ra ) f(A)—E la ma tran luy
a0

linh. Suy ra ai f (A) 1a ma tran kha nghich. Suy ra f(A) la ma tran kha nghich.

0
Bai 6. Cho A BeM,(R) saocho E - AB kha nghich. Chiing minh rang ma tran
E - BA ciing la ma tran kha nghich.
CM.
Phan ching. Gia st
[E—BA/=0=>3x, #0 saocho (E-BA)x, =0 < X, — BAX, =0=>x, = By, (véiy, = Ax,)
Néu y, =0 thi x, =0 (mau thuan )
Néu y, =0 thi ta xét (E—AB)y, =Y, — A(By,) = Y, — AX, =0. (Mau thuan véi gia thiét
ma tran E - AB kha nghich).
Vay diéu gia st ban diu cua ta la sai. DPCM.
Bai 7. Cho a, 1a céc s6 thuc. Chiing minh rang ma tran A cho dudi day kha nghich

va tinh det (A™)



1+a/ -a, -a, a,

Al 1+a/ a, a,
2

a, a, 1l+a’> -a,

2

-a, -a, a, 1+

LG. Ta co
1
c _ 272 2 2 2 =
AN =[(L+al)? +al+al+alE. = A ~ A Al e el
1 2 3 4
1 1

4 _
‘AAC :[(1+af)2+a22 +a32+a§] :>‘A 1‘:—

A [(1+ a’)’+a’+a’ +a§]2

Phan 1.3 Hang cua ma tran

1.Cac bat dang thirc co ban vé hang cua ma tran.

r(A+B)<r(A)+r(B) v6iA,Blacac ma tran cung cap
r(AB) < min {r(A), r(B)} v6i A la ma tran cAp mx n, Bla ma tran cdp nx p
r(A+B)<r(A)+r(B)<n+r(AB) vé6iA,Blama tran vuong cip n

Hé qud 1. Néu A, B 1a cac ma tran vuong cap n thoa man AB = 0 thi
r(A+B)<r(A)+r(B)<n
Hé qud 2. Néu A, B la cac ma tran vuong cap n va A 1a ma tran nghich dao thi
r(B) =r(AB)=r(BA).
CM. Ta c6 r(AB)<r(B)=r(A"AB) <r(AB) = r(B) =r(AB)
2. Cac tinh chat co ban cua hang ma tran.
Tinh chdt 1. r(A) = dim{nghiém ctia pht Ax = 0} .
Tinh chdr 2. Né&u A la ma tran cua anh xa tuyén tinh f:E — F trong mot cap co
s6 nao d6 thi r(A)=dimimf .
3. Baitap
Bai 1. Ching minh ring néu AcM_(R): A’ =E thi r(A+E)+r(E-A)=n.
LG.
Nhan thdy (A+E)E-A)=E*’-A*=0 nén 4p dung hé¢ qua 1 ta cob
r(E+A)+r(E-A)<n
Mat khic ta c6 r(A+E)+r(E—A)>r(A+E+E—A)=r(2E) =n.Suy ra DPCM.
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Bai 2. Cho P, Q 1a hai ma tran vuong cip n thoa man P? =P,Q*=Q va (E-P-Q)
l1a ma tran kha nghich thi r(P) =r(Q).

CM.

Ap dung hé qua 2 ta c6

r(P)=r(P(E-P-Q))=r(P-P?-PQ) =r(-PQ)
rQ)=r((E-P-Q)Q)=r(Q-Q*-PQ)=r(-PQ)
=r(Q)=r(P). bPCM

Bai 3. Cho Be M, (R):r(B)=1. Ching minh rang ton tai duy nhét s6 thuc m sao cho
B*=mB.
CM.

Do BeM, (R):r(B)=1 nén 3I(a,,a,,..a,)=(00,..,0) va cac s6 thuc m,m,,...,m_sao

ma, ma, .. ma,
cho B—|M& M .. ma,
ma ma, .. ma,

Ta thiy B? = (Zn:mij =mB (vérim = Zn:mkj.
= P

Gia str ton tai 6 m' sao cho B’ =m'B=>mB=mB=(m-m)B=0=m=m'
(do r(B)=1nenB=0).
Bai 4. Cho A*® =0 . Chiing minh rang vn: r(A) =r(A+A?+..+A").
CM.
Xét hai phuong trinh

Ax=0 (1)

AX + A*X+....+ A"x =0 (2)
Dé thay néu x la nghiém cta phuong trinh (1) thi x ciing 1a nghiém cta phuong
trinh (2).
Gia st x 1a nghiém cua phuong trinh (2) .
Ta co
AX = —A’X— A’X — . A"X=—A*(E+ A+..+ A"?)x=—A’Bx (V6iB=E+A+..+A"?)
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Nhan xét rang AB = BA nén suy ra

Ax = —A?Bx = —ABAX = —AB(—A?Bx) = A’B°x = A’B?Ax = A’B?(-A?Bx) = A’B*x =... = (-1)* A*B*™;
=0 néuk =2000.
Suy ra x ciling 1a nghiém cta phuong trinh (1).

Vay hai tap nghiém cua (1)(2) trung nhau. Két hop v6i tinh chat
r(A) = dim{nghiém ctia pht Ax = 0} ta suy ra DPCM.

ChU y: Bai nay con c6 cach gidgi khac.Ta thay VP ludn nhé hon hodc bang VT. Ta
chitng minh VT nhé hon hodc bang VP bdng cdch di cm ma trgn (E + A+...+ A™)
la ma tran kha nghich.

Bai 5. Ching minh rang hang clia ma tran phan doi xdng c4p n 1€ luon 12 s6 chan.
CM.

Do A la ma tran phan doi xiing nén A=-A°

=(-D"|A°

hang cua cdc ma tran con chinh ctia A. Suy ra PPCM.

Suy ra |A = ‘— A° =-|A =|A=0. Ma hang clia ma tran phan d6i xting bang

Bai 6. Ching minh ring v6i A 1a ma tran vuong cap 3 bat ki
A*=0<r(A)<1 vaTr(A)=0 .

CM.

(<) Do r(A)<1= A’ =Tr(A)A=0.

(=) Gia st A’=0.4p dung bat dang thic co ban thi hai ta c6

r(A)+r(A) <r(A+A)<3+r(A*)=3=r(A)< g =r(A)<1

= A’ =Tr(A)AMa A*> =0 nén Tr(A)A = 0. Suy ra hoic A = 0 hoac Tr(A) =0

Nhung ca hai diéu trén déu suy ra Tr(A) = 0. Vay bai toan dugc CM.

Bai 7. a. Cho A, B, C 1a cdc ma tran tuong ttng cd mxn, nxp, pxq. Chiing minh
rang. r(AB)+r(BC) < r(B)+r(ABC)

b. Cho A, B, C la cic ma trdn tuong Ung cO mxn, nxp, pxq sao cho
r(B) = r(AB).Chitng minh rang r(BC) = r(ABC).

CM. Cau b 1a hé qua truc tiép cta cau a. Cau a duoc CM nho tinh chat 2 vé hang
ma tran.

Bai 8. Cho A, B Ia hai ma tran vuodng cung cép 1é, AB = 0. Chiing minh rang mot
trong hai ma tran A+ A',B+B' 1a suy bién.

11



CM. Ta co
F(A)+r(B) <n+r(AB)=n= r(A) < g hoac r(B) < g.Nhng donlénén
r(A) <g hoac r(B) < g Suyra r(A+ AY) < r(A)+r(A') <n hoac r(B+B') <r(B)+ r(B') <n

Vay mot trong hai ma tran A+ A', B+ B' la suy bién.

Bai 9. Cho A, B la hai ma tran vudng cung cap n, A 1a ma tran luy linh, AB = BA,
B = 0. Ching minh rang r(AB) <r(B)-1.

CM.

gia thi€t phan ching r(AB)=r(B). Khi d6 theo bai 7b ta cob

r(BA) = r(ABA) =r(A’B) =...=r(BA*) =0 (Do gt A Ia ma tran lu§ linh)
= 1(B) = r(AB) = 1(BA) =0 (voli doB # 0)

Vay gtpc cla ta sai. Tdc 1a diéu phai chirng minh

10. Ching minh rang r('g g]: r(A)+r(B)

. . 3 A B
11. Chang minh rang r[zA _SBJ_r(A)H(B)

12. Ching minh rang r(A“X” AB J:r(A)+r(B)

B B+B?
. H = Im Amxn
13. Chtng minh rang r o B =m+r(B)

14. Cho A la ma tran cap pxp; B 1a ma tran cap qxp; C 12 ma tran cap gxa.

a. Chitng minh rang r[g g]2r(A)+r(C)

b. Ching minh rang néu ma tran A kha nghich thi r(g gj: r(A)+r(C)

12



15. Chitng minh rang hang cia ma tran ddi xang va phan déi xiing 1a cap cao nhat
cua dinh thitc con chinh khac 0.

16.a. Cho ma tran A cap mxn c6 r(A) = 1. Chtrng minh rang ton tai ma tran B cap
mx1 va ma tran C cap 1xn dé A = BC.

b. Cho ma tran A cip mxn c6 r(A) = r. Chirng minh ring ton tai ma tran B cdp mxr
va ma tran C cip rxn ¢¢ A = BC.

17. Chttng minh rang hang ctiia ma tran phan déi xang khong thé 1a s6 1.
BAI TAP VE HANG MA TRAN.

Bai 1. Cho Ae M(mxn,T);Be(nxm,T).
a) Khi m khéc n, hdy ching to rang ton tai it nhat mot trong hai ma tran A.B; B.A suy bién.
b) Khi m=n, lay vi du chi ra ring khing dinh & cau a khong ding.
Bai 2. Ching minh ring moi ma tran A€ (n,T); A# ©® t6n tai s6 nguyén duong m sao cho r(A")
=r(A""), moik > m.
Bai 3. Day la bai rat quan trong.
Cho Ae M(mxn,T),BeM(n,T),C e M(m,T) théa man |A| = 0;|B| 0. Ching minh ring: r(A)
=1(A.B)=1(C.A)=1( C.A.B).

Bai 4. MOS 2002.

P?=P
Gia st P,Q e M(n,T) thoa {Q 0 va E — (P +Q) kha nghich.

Chidng minh rang r(P) =r(Q).
Bai 5. MOS 2003.
Gia st A 12 ma tran vuong thoa A*** = @. Chiing minh ring:
vneN :r(A)=r(A+ A’ +---+A")
Bai 6. Cho A,B e M(mxn,T). Chitng minh rang:

or(A+B)<r(A)+r(B)
er(AB)<min{r(A),r(B)}

Bai 7. Cho ma tran B c6 hang bang r. Gid st ; ;@ ;...; .1a r hang doc lap tuyén tinh ctia B va
B, B;,i--B; cotdoc 1ap tuyén tinh clha B.

Chiing minh rang: Céc phan tir nam & giao cua cac hang, cdc cot d6 1ap thanh mot ma tran vuong
cap r, ¢6 gia tri dinh thic khac khong.
13



Bai 8. Hang clia ma tran d6i xing hodc phan doi xting bang cap cao nhit ciia dinh thic con chinh
khac 0.
Bai 9. Chitng minh riang hang ctia ma tran phan d6i xing bao gio cting 1a mot s6 chan.
Bai 10. Cho f :V —V la dnh xa tuyén tinh.
1) Ching minh rang dimV =dim(imf ) +dim(ker f).
2) Giastr Alamatran ciia f theo cap co s6 nao do thi:

edim(imf) =r(A).

edim(ker f)=dimV —r(A)
Bai 11. Gia st A, B 1a cdc ma tran ¢6 cung s6 hang, ky hiéu (A,B) 1a ma tran tao thanh bang ma
tran B ti€p sau ma tran A. Chiing minh rang:

r(A,B)<r(A)+r(B).

Bai 12. Cho A, B 1a cdc ma tran vudng cap n thi: r(A)+r(B) <r(AB)+n ( bat ding thiic
Sylvester).
Bai 13. Cho A,B e M(n,T); n 1é. Ching minh rang:

Néu AB =@ thi {r(m A)<n

r(B+B")<n
Bai 14. Cho A,B e M(n,T);thoa AB = ®. Chitng minh rang:
a) r(A)+r(B)<n;
b) Véi k tuy y thoa man r(A) <k <n ton tai ma tran C sao cho r(A)+r(C) =K.
Bai 15. MOS’95
Cho A=(a,)eM(n,T),n>1:r(A) =r.dat P, =(A,),., trong d6 A, 1a phan phu dai s6 cua a, .
Tim r(P,).
Bai 16. Cho P,Q,R 1a cdc ma tran vuong ciing cip. Ching minh rang

r(PQ)+r(QR) <r(Q)+r(PQR)

Bai 17. Ching minh rimg diéu kién can va da dé B e M(mxn,T) c6 hang nhé hon hoic bing 1
latontai X eT"Y €T, :B=XY
Bai 18.MOS’99.
Cho AeM(1999x2000,T) B l1a ma tran phu hop cia A'A. Biét

AN =0 va
B” # 0 hay xdc dinh r(B*).
Bai 19. MOS 2000.
Trén dudng chéo clia ma tran thuc vuong A cap n déu 1a s6 0 céc phan tir con lai déu bang 1 hoac
2002. Chiing minh ring hang cta A hoac bang n hodc bang n-1.

2

Bai 20. Cho AeM(n,R):{A A r(a)=2
r(A)=p
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-1 -3 0 -1 -3 -3
Bai 21. Chocaicmatran A=|-3 2 1 [;T=l0 -2 5
o 1 -1 -3 1 1

a) Tim B=T'AT.

b) Tim véc to riéng, gia tri riéng cua A.

Bai 22. Biét A, B 1a nghiém cta phuong trinh f(x) =x*-x, va AB+BA=©. Tinh |A-B|.
Bai 23. Tim ma tran Ae M(n,R): A* = @.
Bai 24. Chiing minh ring néu A 13 ma tran vuong cidp n véi A’ =E thi

r(E+A+r(E-A) =n.

a
Bai 25. Tim A:(b A )e M (2,R) théa man A“:(

1 J3)

Bai 26. V6i Ae M(n,T). Gia st tr(AX)=0 VX e M(nxm,T). Chiing minh ring A=0.

J3 —1}

Bai 27. Cho Ae M(n,T) thoa r(A) <1. Chting minh ring A’ =tr(A).A.

Bai 28. Cho A, B,C la bama tran ¢ mxn;nx p; px(, sao cho r(B) = r(AB). Chiing minh rang
r(BC)=r(ABC).

Bai 29. Gia st A,Be M(n,T); A 1a ma tran luy linh va AB = BA; B # ©. Chiing minh rang
r(AB) <r(B)-1.

. A @O
Bai 30. Gia sut A,B € M(n,T); chitng minh rang: r(@ BJ =r(A)+r(B).

a b b - b
Bai31.Cho A=|b b a .- b|abeC. Tim r(A).
b b b - a

Bai 32. Ky hiéu < , > la tich vo huéng chinh tic cua a, f€R". Cho o;a,;a5;..;, €R".
Chiing minh rang:

L. [G(ay; 050555 4)| 2 0

2. G(ay; a,;05;..; ) 1a ma tran d6i xting va cé cdc gia tri riéng khong am.

15



Bai 32. Chitng minh ring «; ;7 €R” va a,b,c,d, p,q 1a nhitng s6 thuc tuy y, thi ma tran

a bZ <
gy
B=|b% d p.ﬁ c6 cac gia tri riéng thuc.
B y
a
4 4

Bai 33. Chiing minh rang néu A thi E — A kha nghich.

Bai 34. Cho Ae M(n,R) 1a ma tran phan xdng va n 1é, a € R. Ching minh rang aE_ + A khong
kha nghich khi va chi khi a =0.

Bai 35. Gia st n > 2. Tim tit ca cic ma tran A€ M (n,C) sao cho

VM e M(n,C):[A+M|=|A +|M|

Bai 36. Trong tap cdc ma tran do6i xting A= (a;) € M(2,R) 6 cung gid tri riéng 1a k;;k,. Hay
tim maxa,, ; mina,,.

Bai 37. Cho A va B 1a hai ma tran phan doi xding. Chiing minh ring A.B ciling 12 ma tran phan
doi xung (tic la AB=—BA ).

Bai 38. Giastt n,pe N";Ae M(n,T). Chiing minh ring: A" =E = (P,)" =E, .

Bai 39. Cho Ae M(n,R) 1a ma tran thuc, d6i xing. Ching minh rang A c¢6 du n gi4 tri riéng

thuc.

Phan 2.  Pinh thic.

Bai 1. Gia sir A=

«Q 9O o

b ¢
e f|eM(3R).
h k

1) Ching minh rang khong thé ¢6: Tich cac phan tir trong moéi hang < 0 va tich
cdc phan tir trong moi cot > 0.
2) Chitng minh riang khong thé ¢ ca sau s6 hang trong dinh nghia cta det(A)

déu > 0.

Bai 2. Cho A=(a;) e M(n,R),a; € Z,Vij. thoa man a; v6iikhéc jlasochinva a; la
s6 1é. Chiing minh rang det A = 0.
16



Bai 3. Cho A=(a;) e M(n,R),a; €Z,Vij. thba man a;, v6iikhdc j,laso1é va a; la

s6 chian. Ching minh rang det A= 0.

Bai 4. Cho A BeM(n,T) va

. . A B
A+ B|#0;|A-B|=0. Chiing minh rang det(B Aj’

Céc phuong phap tinh dinh thuc.

1. Pua vé ma tran tam giac.

N

Téach nhan tir tuyén tinh.

b

Str dung quan hé hoi quy.

&

Thay d6i céc phan tir cia dinh thifc.
5. Biéu dién thanh téng céc dinh thifc.
1. Pua vé ma tran tam giac.

Tinh cac dinh thic.

a X X X
X a, X X
D, = D,=[x x a X
111 .- 0 X X X --a,
2. Phuong phap tach nhan tir tuyén tinh.
1 2 3 - 1ox X o X
1 x+1 3 - n 1 X, X5 - X
D,=1 2 x+1 -+ n D,=1 %, x{ - xj*| (Dinh thic
1 2 3 - x+1 1 x, X2 - X

vandermonde)
3. Phuong phap su dung ciac quan hé hoi quy.
Ky hiéu D, la dinh thitc cdp i. Quan hé héi quy: D, =p.D,,+0qD, ,(1) 6d6 n>2va
p, q la cac hang so.
Chu y: Thuong dung khai trién Laplace dé c6 dugc quan hé (1).
a) Truong hop q =0.
(I)la D, =pD, ,=p°D, ,=--=p"'D, =D, =p"'D,.

b) Trudong hop q=0.
17



Goi a, B 1a hai nghiém cua phuong trinh x* — px+q=0= {

Nén (1): D,=(ae+p)D,, +afD,, c{

p=a+p
q=af

Dn - ﬁDn—l = a[Dn—l B ﬂ Dn—l ](2)
Dn - aDn—l = ﬁ[Dn—l - a'Dn—l ](3)

Dung (2) va (3) dé thu dugc két qua.

Bai tapl. Cho «,feR:a = f , tinh:

1
0

a+pf

af 0

a+p af
1 a+pf
0 0

0
0
0

a+pf

Bai tap 2. Ching minh rang:

a,, + X
a, + X
g + X

a,, +X

a, +X a;3+X

A, + X Ay + X

Qg + X By +X

a,+X a,+X

a,, +X
a,, + X o

8y, + X =D, + XD DA

=1 =1

a. +X

nn

; A, 12 phan bu dai s6 ctia phan tr nam & hang i, cot j

4. Phuong phap thay d6i cac phan ti ctia dinh thic.

18



a X X X
X a, X X
Vidu. Tinh D=|x x a, X
. : y
X X X a,

6. Phuong phép biéu dién dinh thic thanh tong cdc dinh thic.

a,+b, a +b, a +b; - a +b,
a,+b, a,+b, a,+b, -+ a,+b,
Vidu. Tinh D, =|a, +b, a,+b, a,+b, -~ a,+b,
a,+b, a,+b, a,+b, - a, +b,
Bai tap.
0 x vy z
N . Al oo v s < Xx 0 z vy
Dung phuong phédp nhan tu tuyén tinh, tim D= y oz 0 «
z y x 0
1. Cho 2n so
a,;8,;8,;.. 4,
by;b,;bssib, D A =0.
i=1
1+ albl a1b2 a1b3 e albn
ab l+ab, ab, - ab,
Tinh D=| a,b, ab, 1+ab, -+ ab,
a.b, a,b, ab, - l+ab,
2. MOS 2003.
1+x 1 1 1
1 1+x 1 . ) .
Cho A= ? . Trong d6 x,;x,;x;;%, 1a nghiém cua da thic

1 1+Xx
1 1 1 1+x,

f (x)=x" —x+1. Tim det(A).
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3. Gia str da biét két qua ctia dinh thitc Vandermonde, hay tinh dinh thic sau:

(A x"tox? Xt
1 x, X Xt ox? oxgt
1 X, X: X7t Xt xg
1 x, X ;7 oxg? o oxt
1 X, X Xt ox?ox
L Xoo Xoa o0 X Xin X

4. Ching minh rang, néu A BeM(n,R): AB =BA thi

A2+|32\zo.

6. (Dinh 1y dudng chéo troi): Cho A= (a,) e M(n,C):|a;|> > Ja; | vi = n. Chiing
i1

i#]

minh rang det(A)=0.

Phén 4 Vécto riéng- gia tri riéng.

Bai 1. Gia sit A 1a ma tran ¢6 gid tri riéng 1a k. Chiing minh rang A" c6 gia tri

riéng l1a k™.

Bai 2. Gia so¢ A la ma tran c6 gia tri rieng la k va
f(x)=a,x" +a,x"* +a,x"? +---+a_,x" +a,. Ching minh rang f(A) c6 gia tri riéng 1a
f(k)=a,k" +a k" +a,k"? +---+a, k' +a,.

Bai 3. MOS 1995.

Cho BeM(nR) va «aeR:B-oE|=0. Ching minh rang véi moi

ay;a,;..;a, eR;neN tacd [> aB -> aa“E[=0.
k=0 k=0

n

Bai 4.Cho 4 la gi4 tri riéng khac 0 cua ma tran khéng suy bién A. Chiing minh
rang % la gia tri riéng cia ma tran A™.

Bai 5. Chttng minh rang hai ma tran dong dang thi tap gia tri riéng caa chdng tring
nhau.
Bai 6. Chung minh rang ma tran A khdng suy bién khi va chi khi moi gia trj riéng
ctia A déu khéc 0.
Bai 7. Chiing minh rang moi gia tri riéng ctia ma tran A déu bang 0 khi va chi khi
ton tai sb tu nhién k sao cho A* =0
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Bai 8. Chirng minh rang |A=2,.4,..4,, VoI 4 la cac gia tri riéng cua ma tran vuong

capn A.

Bai 9. MOS 1999.
4 3 0 O

Cho f(x)=x"*+x*-1vaC= 2300 . Tim det f (C)..
4 9 -1 0
1 2 5 2

Bai 10. Cho A BeM(n,T) sao cho hoac A hoac Bla ma tran kha nghich. Ching
minh ring AB dong dang véi BA.

Bai 11. Cho A BeM(n,T). Chitng minh rdng AB va BA. ¢ cling tap gid tri riéng.
Bai 12. Cho A BeM(n,T) sao cho AB—BA=A Chtng minh rang |A=0.

Bai 13. MOS 2001.

Gia st Ae M(n,R) ¢6 phan tlr 1a cdc s6 nguyén chan. Ching minh ring A khong
thé c6 gia tri riéng 12 s6 1€.

Bai 14. Cho X =(a;;a,;.-;a,); A= X°X. Tim cédc gi4 tri riéng clia A.

Bai 15. Gia st Ae M(n,R), khong ¢6 gi4 tri riéng 1a s6 thuc. Ching minh rang n la
sO chan.

Bai 16. Cho Ae M(n,C),rank(A) <1. Ching minh rang:

1)A2 =tr(A).A
2)det(E + A) =1+1tr (A)

1

A _ N -1 — _
3)Néu tr(A) =-1thi (E+A) " =E 1+tr(A)'A'

4) Cho BeM(n,C) khong suy bién sao cho 1+tr(AB?)#0. Chiing minh rang

1

-~ ___BlAB.
1+tr(AB ™)

(B+ A) kha nghich va (B+A)*=B™

Bai 17. Cho Ae M(n,T),F = {E, + B| BA = ©} ching minh ring:
1) F dong kin doi v6i phép nhan ma tran.
2) C e F, khong suy bién thi C* eF.
Bai 18. Cho Ae M(n,R). Chiing minh ring: tr(AA°)=0< A=0.
Bai 19. Khong ding da thitc dac trung, hay ching minh rang
tr(SAS) =tr(A).
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Bai 20. Gia st Ae(n,R): A’™ +E, =0, chiing minh ring A khong c6 gid tri riéng 1a
sO thuc.
Bai 21. Chang minh rang tap cac gia tri riéng caa ma tran AB tring Vi tap cac gia
tri riéng cua ma tran BA.
Bai 22.
a. Chang minh rang moi ma tran déi xang thuc thi cac gia tri riéng caa no déu
1a s6 thuec.

b. Chung minh rang néu «; 8;y #0; a,b,c,d,p,q < Rthi ma tran

a b2 &
By
B= bﬁ d pﬁ
a /4
A iAo g
¢, F’E 9 ] cling c6 moi gia tri riéng la s6 thuc

Bai 23. Cho p > 0 la bdi cua gié tri riéng 4, cia ma tran thuc A var(A-A4,E)=r.
Chting minh rang 1<n-r<p.
Bai 24. Cho matran A=(a, a, a,..a,). Timgiatri riéng cia ma tran A°A

Bai 25. Tim gia tri riéng cta ma tran

a b ¢ d
-b a -d c
A=

-c d a -b

-d -c b a
a @ a,
an al an—l

Bai 26. Cho ma tranA=|.. .. ... |Chtng  minh  rang

a2 a3 al

(A= f(e)f(s,)..T(e,) VOI f(X)=a,+a,x+..+a,Xx" ;¢ la cac can bac n cua 1.
Bai 27. Tim gia tri riéng ctia ma tran sau

0 -1 0.. 0 O
1 0 -1. 0 O
A=0 1 0. 0 O
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