Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dfm‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan dén bat dang thure va lwong gidc

Chuong 4 :

Mot so chuyén,dé bai viét hay,
thu vi lien quan dén bat dang thirc va
lwong giac

Pung nhu tén goi ctia minh, chuwong nay s& bao gém cac bai viét chuyén dé vé bat dang
thirc va luong giac. Tac gia cta ching déu 1a cac gido vién, hoc sinh gioi toan ma tac gia
danh gia rat cao. Noi dung ctia cac bai viét chuyén dé déu dé hiéu va mach lac. Ban doc
c6 thé tham khao nhiéu kién thirc bo ich tir chiing. Vi khudn kho chuyén dé nén tac gia
chi tap hop duge mot sb bai viét that sy 1a hay va thi vi :

Muc luc :
Xung quanh bai toan Ecdos trong tam @IAC .....oovvviiiiiiiiiieii e 78
Ung dung cua dai s vao viéc phat hién va chimg minh bat dang thirc trong tam
02T 82
Thir tré v& coi ngudn ctia mon Luong gidc.. TR |
Phuong phép giai mot dang bat dang thic luong glac trong tam glac ceerreenne 94
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

Xung quanh bai toan Ecdos trong tam giac
Nguyén Van Hién
(Thai Binh)

Bt dang thure trong tam giac ludn la dé tai rat ‘hay. Trong bai viét nhé nay, ching ta
cung trao d6i vé mot bat dang thirc quen thudc : Bt dang thire Ecdos.

Bai toan 1 : Cho mot diém M trong AABC. Goi R,,R,,R, la khoang cach tir M dén
A,B,C vad,.d, d, lakhoang cach ttt M dén BC,CA, AB thi:
R,+R, +R >2(d, +d,+d,) (E)

Giai: Taco:
28 apc = 28 puc

a
— 2‘SAMB + 2‘SAMC

a

_cd, +bd,

a
Bang cach ldy ddi ximg M qua phan giac goc A
S bd, +cd,

R,2h —d, =

Tuong ty : R, z2——F—= (1)

= R, +R, +R, 2da(é+%]+db[ﬁ+£j+dc(%+2]2 2(d, +d, +d,)= dpcm.
C a

¢ a
Thuyc ra (E) chi la truong hop riéng ciia tong quat sau :
Bai toan 2 : Chiing minh rang :

R*+R'+R 22 (a} +a,} +d ) ()
voil2k>0
Giﬁi : Truge hét ta chimg minh :
Bodel: Vx,y>0val=k>0 thi:

(e+y) 22 (" +y*) (H)

Ching minh :
k k
(H)(:)(£+1] > 2"-‘(x—k+1j & fla)=(a+1) —2"(a* +1)20 véi T=a>0
y y y
Vi f(a)=kl(a+1)" = (2a)"'|]=0 = a=1hodc k=1.Vé&i k=1 thi (H) la ding thirc
ding.

Doa>0val>k>0 thitaco:
fl@)=0Va>0val>k>0
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac
= (H) duogc chirg minh.
Tro lai bai toan 2 :
Tirhé (1) taco :

k k k
o o) 5 (b4 (e,

¢ a a a a
bd.  cd,

(Ap dungbd @é (H) voi x=—<; y=—1)
a a

Tuong ty :

s G CRCIR ORON DR

>24d *+d,} +d )
= dpcm.
Diang thirc xay ra khi AABC déu va M 1a tdm tam giac. Ap dung (E) ta ching minh
duoc bai toan sau : ‘
Bai toan 3 : Chung minh rang :

LI S 2(L+i+ij (3)

d, d, d, R, R, R,
Giai : Thuc hién phép nghich dao tam M, phuong tich don vi ta duoc :

Mar=L | mar=L

R(l d(l
MB* = 1 va {MB'= 1

Rb db
MC* = 1 MC'"= 1

RC dC

Ap dung (E) trong AA"B"'C" :
MA"+MB"+MC"'> 2(MA*+MB* +MC *)

@L+i+i2 2(L+L+L]

da db dc Ra Rb Rc
=dpem.

Mo rong két qua nay ta c6 bai toan sau :
Bai toan 4 : Chirng minh rang :

2"(da" +d,' +dc")2 R“+R+R" (4)
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac

Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

voi 0>k >-1

Huoéng din cach giai : Ta thiy (4) dé dang dugc ching minh nhd 4p dung (2) trong

phép bién hinh nghich dao tim M, phuong tich don vi. Pang thirc xay ra khi AABC déu

va M 1a tdm tam giac.

Bay gid véi k >1 thi tir hé (1) ta thu dugc ngay :

Bai toan 5 : Chiing minh rang :

R>+R+R>>2d+d, +d>?)(5)

Xuét phat tir bai toan nay, ta thu duoc nhiing két qua tong quat sau :

Bai toan 6 : Chung minh rang :

R'+R'+R*>2 ' +a,+d*) (6)

voi k >1

Giai : Chiing ta cling chirmg minh mot bo dé :

B6dé2: Vx,y>0 va k>1 thi:

(x+y) 2x" +y* (G)
Ching minh :

y y
Vi g'(a kla+lkl—ak’1J>0 Ya>0:k>1
= gla )>OVa>0,k>1
= (G) duoc ching minh xong.
Str dung b6 dé (G) vao bai toan (6) :

k k
(G)(:)[£+lj > 1o gla)=(a+1) —a“ ~1>0 (@t ~=a>0)
y

T he (1) :
k k k
Rakz(bdurcdb] >(bdcj +(cdbj (datx:bdc ;y:%
a a a a a a
Tuong ty :

w5 [
R"U(

= R, +R +R

-J
L]
-l (2] o(s o] (2) (&) ool () ()

d+d+d)

= dpcm. .

Bai toan 7 : Chirng minh rang :
d+d'+d'>2R*+R*+R*) (7)

voi k< -1
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac
Huwéng din cach giai : Ta thy (7) ciing duoc ching minh d& dang nhd 4p dung (6)
trong phép bién hinh nghich dao tim M, phuong tich don vi. Pang thuc khong thé xay ra
trong (6) va (7)
Xét vé quan hé giita (R, ,R,,R,) véi (d,,d,.d,) ngoai bat ding thirc (E) va nhing mo
rong cia nd, chung ta con gip mot sd bat dang thirc rat hay sau day. Viéc ching minh
chung xin danh cho ban doc :
) R,R,R.28d,d,d,
d,+d, d,+d, d, +d
+ +
R R, R

a

2) b <3

c

3) RaRbRc 2 (da + db )(da + dc )(db + dc)
4) Raszchz 2 (Rada + Rbdb )(Rada + Rcdc )(Rbdb + Rcdc)
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan dén bat dang thure va lwong gidc
Ung dung cia dai so vao viéc phat hién va chimg
minh bat dang thirc trong tam giac
Lé Ngoc Anh
(HS chuyén toan khéa 2005 - 2008
Trwomg THPT chuyén Ly Tw Trong, Can Tho)

1/ Chiing ta di tir bai todn dai s6 sau: Véi Vx € (0%) ta luon co:

x x 2x .
—<Ig—<—<sinx<x.
2 2 =
2 2
Chitng minh: Ta ching minh 2 bat dang thirc: sinx > v 1g ; <2
V4 V4

bit f(x)= —sm x 12 ham sb xdc dinh va lién tyc trong (0 %} .
X

Ta 6 flx)="CBX MY bt e(x)=xcos x-sinx trong (o,ﬂ khi dé
X

g'(x)=-xsinx<0=> g(x) nghich bién trong doan {O,%} nén g(x)<g(0)=0 voi
xe (O,Z}. Do d6 f'(x)<0véi Vxe (O,Z} suy raf()c)>f(£j=z hay sinx > 2=
2 2 2) & V.4
véiVxe (o,fj.
2

Pt h(x)=—rgx xéc dinh va lién tuc trén(O, ﬂ .
X

X—sin x

Ta c6 h'(x)= >0Vxe(0,%j nén ham sb h(x) dong bién, do

2x°cos’ =
doh(x)<h Ll hay tg£<2 vai vxe| 0,2 .
2 2 2 2

Con 2 bét dang thire fg % >§ va sin x < x danh cho ban doc ty chiing minh.

Bady gio- mdi la phéan ddng chii y:

Xét AABC: BC=a, BC=b, AC=b.Goi A, B, Clado lon cic goc bang radian;
r, R, p, S lan luot 13 ban kinh dudng tron ndi tiép, ban kinh dudng tron ngoai tiép, nta
chu vi va dién tich tam gidc; lo, he Ma, rq twong ung la d6 dai duong phén gidc, duong
cao, dudng trung tuyén va ban kinh duong tron bang tiép tmg v4i dinh A...

Bai toan 1: Chirg minh ring trong tam gidc ABC nhon ta lu6n c6:

Z—Z < Acos’x + Bcos> B+ Ccos’C < £
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot so6 chuyén dé bai viet hay,thu vi

lién quan dén bat ddng thirc va lrong gidc
Nhén xét:
Tir dinh 1 ham sb sin quen thudc trong tam gidc ta c6: sin A +sin B+sin B =% va

<o 4 « KA X N < A R A . 4
bai toan dai so ta dé dang dua ra bien d6i sau Acos’A <2tg —cos’A=sin A<— Acos’A, tir
T
d6 dua dén 101 giai nhu sau.
Loi giai:

Ta cé: Acos’A < 2tg %coszA —sinA<X Acos’A = D Acos’A< ) sinA= P
/4

4 .
va — ) Acos’A> sinA= % = ) Acos’A> % . Tr day suy ra dpcm.
/4

A . e A A B B C cC A x
Trong mdt tam gidc ta c6 nhan xét sau:zg 5tg—+tg—tg E+tg—tg—=l két hop

. x 2x ,2A2B 2B2C 2C2A B C C A
vOl tg—<— nén ta cO——+——+——>1g—t1g—+1g—tg—+ig—tg—=1 =

2 T T XX XX 22 22 22

2

A.B+B.C+C.A>% (1). Mit khic tg%>§ nén ta ciing dé ding c6
éé+££+£é t—t—+t—t£+t£té—1tfrdﬁ ta lai c6
22 22 2 2 g2g2 g2g2 g2g2 Y '
AB+B.C+C.A<4 (2). Tu (1) va (2) ta c6 bai toan mdi.

Bai toan 2: Chung minh rang trong tam gidc ABC nhon ta ludn c6:
2

%<A.B+B.C+C.A<4
Luwu y: Khi ding cdch nay dé sang tao bai todn méi thi dé todn 12 AABC phai 12 nhon

N Ns g 2 Y N T T TR A g oA
vi trong bai toan dai so thi Vxe (O,Ej. Lo1 giai bai todn twong tu nhu nhan xét ¢ trén.

. s (cz+b+c)2
Maiat khiac, 4p dung bat dang thic ab+bc+ca<-——— thi ta cd ngay

2
A.B+B.C+C.ASM—

2

7[ \ A 7z N z 13 =99 N 66 29

R Tu day ta c¢6 bai todn “chdt” hon va “dep” hon:

2 2

V4 T
—(AB+BC+CA<—

4 3
Bay gio ta thur di tir cong thuc 1, hy, my, ry dé tim ra cdc cong thuc méi.

Trong AABC taludn c6:2S = besin A = cl, siné + bl, siné
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Truong THPT chuyén Ly Ty Trong — Can Tho Bit ding thirc lwong giac
Chuwong 4 Mot s6 chuyén dé bai viét hay,thii vi
lién quan dén bat ddng thirc va lrong gidc

1 b+c b+c_1(1 1)

b c

- — = > =
2bc 2

1 1 1_1 1 1_1 ( 1 1 1 j
= +->—| ——+——+—
[, I, I. a b ¢ 2R\sinA sinB sinC
1 1 1_1(1 1 1
=>—4—+—>—|—+—+—|.
I 2R\A B C
Nhu v@y ching ta c6 Bai toan 3.
Bai todn 3: Ching minh rang trong tam gidac ABC nhon ta ludn c6:
1 1 1 _ 1 (1 1 lj
—t—+—>—| —+—+—
[, I, I. 2R\A B C

2R(sinB+sinC
Mt khéc, ta lai o6 26 =—2F¢ _ (si )

Ly 2cosé 2sin T_A
2 2 2

. Ap dung bai toan dai sé ta

duoc:
R2(B+C)
R(B+C) __bc " 5  7aR(B+C)_ bc 4R(B+C) bc 4R
—_—T>—> = >—>—— " S JR>—>—.
T—A l T A B+C I, 7z(B+C) I, =«
2 2

ab 4R ca 4R _. .. . x. 1 4
Hoan toan tuong ty ta ¢6: 7R > — >— vazR >—>—_ Tu day, cdng 3 chudi bat
c T b T
dang thirc ta duoc:
Bai todn 4: Ching minh rang trong tam gidc ABC nhon ta ludn c6:

12R a_bﬁ ca

+—<37R
r L L 1
. : . h, h . h. h . h, h
Trong tam gidc ta c¢6 két qua sinA=—-2=-—- |, sinB=—-=-—% va sinC=-—4%=-1,
c b a c b a

ma tir két qua cua bai toan dai s6 ta dé dang c6 2<sinA+sinB+sinC <7, ma

2(sinA+sin B+sinC)=h, (l+lj +h, (l+lj+hc (l+lj , tr diy ta c6 dugc Bai
b ¢ c a a b
toan S. .
Bai toan 5: Chung minh rang trong tam gidc ABC nhon ta ludn c6:

4<ha(l+lj+hb(l+lj+h{l+lj<27z
b ¢ c a a b

Ta xét tiép bai toan sau:
Bai todn 6: Ching minh rang trong tam gidc nhon ta ludn c6:
4

7.[2

2 2 2
m; +m, +m,
R2

(A2+BZ+C2)< <A*+B*+(C?
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

b +c* a’

Nhan xét:Lién hé v6i m’ trong tam gidc ta c6 m’ = v tu do ta suy ra

3 . . . R ISP
m: +m, +m’ =Z(a2 +b° +c2) =3R’ (sm2 A+sin® B +sin’ C)Va tir dua dén 1061 giai.

Loi giai:

¢ e 4 2 . X 4x° ) 2 A p 4A4° 2 2

Ap dung bai toan dai so ta dugc:—-<sin” x<x" ta lan luot co:?<s1n A<A”,
T

2 2

) . 4c .
—<sin’ B<B® va ——<sin’C<C*.
T T

Cong 3 chudi bat dang thirc trén ta duoc:

4 ) . . N p
—2(A2+BZ+C2)<sm2A+ssz+sm2C<A2+BZ+C2, md ta co:
T

2 2 2
. . . n; +m, +ni . . . \
mj +m§ +mf =3R? (sm2 A+sin® B +sin Cz) (:)%:(smzA+smzB+sm2 C),tu’

2 2 2
m, +mb +mc

day ta duoc: iz(A2+BZ+C2)< <A*+B*+C* (dpcm).
T

3R
Bay gid ta thir sing tao mot bat dang thirc lién quan téi r, ta ¢6 cong thire tinh ry, 12
A . A X X _2x . - T (A, 2A
r, = ptg —, tur bai toan dai s0 — <7g —<— chac chan ta dé¢ dang tim thdy —<-*+<—
2 2 2 2 p
. .,B r 2B _C r 2C X1 X
, tuong tu ta cling c6 — <-4+ <— va — <-4+ <—, cong 3 chudi bat
2 p 7 2 p 7

+7r + 2(A+B+C
A+B+C<r“ bl o ( )Va‘ltathudu’chﬁitoénI

p V4
Bai toan 7: Chirng minh rang trong tam gidc ABC nhon ta ludn c6:
A+B+C _r+n+r 2(A+B+C)
2 )4 4
Ta tim hiéu bai todn sau: .
Bai todn 8: Ching minh rang trong tam gidc ABC nhon ta ludn c6:
71’(2R—r) <aA+bB+cC< 4(2R—r)

dang thirc ta thu duoc

A p .z £ , A B C A
Nhan xét: Ta c6 ciac két qua: ra:ptgz, rb:Pth’ rc:pth, r:(p—a)th:

B C . A B C
-b)tg—=(p—c)tg— dan dén r,=r+atg—, r,=r+btg—, r.=r+ctg— va

(p=b)ig==(p=c)ig . 85 1 85 . g5
r,+r,+r.=4R+r(cic két qua nay ban doc tg ching minh), tor d6 ta suy ra

A A A . N o,
4R+r=3r+ptg5+ ptg5+ ptg; va nho két qud nay ta dé dang déanh gid tong

aA+bB+cC tir bai toan dai s6 nén ta dé c6 10i giai nhu sau.
Loi giai:
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chuwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

Ta c6: r =pt é v, =pt E r.=pt g r—( —a)t é—( —b)t E—( —c)t E tu
- la pgz’b pg2, c pg2, p 82 p 82 p 82,
e A B C ot 1t o
dé dan dén 1;=r+atg5, rb:r+btg5, rc=r+cth.Matalal co: r,+rn,+r.=4R+r
A A A e ooz . A
suy ra 4R+r=3r+ ptg5+ ptg5+ ptgz. Ap dung bai toan dai so ta dugc:
A A A 2
04R+r=3r+ptg—+ptg—+ptg—<3r+—(aA+bB+cC)
2 2 2 V4
& w(2R-r)<aA+bB+cC

A A A 1
04R+r=3r+ptg5+ptg5+ptg3>3r+§(aA+bB+cC)

& 4(2R—r) >aA+bB+cC

Két hop 2 diéu trén ta c6 diéu phai ching minh. 7

Sau day la cac bai todn dugc hinh thanh tir cic cong thirc quen thudc dé cac ban luyén
tap:

Bai toan: Chung minh rang trong tam gidc ABC nhon ta ludn c6:

a/ 2rp—8(R+r)<aA+bB+cC<2mp-27(R+r).

b/ 22 <(p=a) (p=b)+(p=b)(p=c)+(p=c)(p=a) <25 .

c/abc<a2(p—a)+b2(p—b)+cz(p—c)<§abc.
d/ 4<l, (l+lj+lb[l+lj+lc(l+lj<27[.
b c c a a b

2/Chiing ta xét ham: f (x) =

— v6i Vxe (0,7).
S1nx

Ta c6 f (x) 1a ham sé xdc dinh va lién tuc trong (0,7) v f (x)= ot Pyt

Sin x

g(x)=sinx-xcosx, xe (0,7),tacé g'(x)=xsinx>0 = g(x)dong bién trong doan
(0,7) = g(x)>g(0)=0= f(x)>0 nénham f (x) dong bién .

Chi y 3 bét dang thirc dai so:

1.Bit diang thirce AM-GM:
Cho n s6 thyc duong a,,4,,...,a, , ta ludn cé:

n?’
a+ta,+..+a
1 2 n
. >2laa,..a,
Al a9 2 _ _ _
Dau “=" xayra & a,=a,=...=a,.

2.Bit dang thirc Cauchy-Schwarz:
Cho 2 b 156 (a,,a,,....a,)va (b,b,,...,b,) trong &6 b, >0,i=1,n. Ta ludn cé:
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Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot so6 chuyén dé bai viet hay,thu vi

lién quan dén bat ddng thirc va lrong gidc
2 2 2 2

a+a,+..+ta
—+a—2+...+a—”2( L2 )
b, b, b, b+b,+..+b,

% \ a a
Dau “="xayra & —1=-2=_.=

G
bl b2 bn .

3.Bit ding thirc Chebyshev:
Cho 2 day (a,,a,,...,a,)va (b,b,,...,b,) cung ting hodc cung giam, tic la:

a<a,=..<a, . a2a,2..2a, 3
hoac , thi ta co:
b <b,<..<b, b=2b,2..2b,
ab +ab,+..+apb, chtat..ta, b +b,+...+b,
n n n

a=a,=..=a,
b=b=..=b

Néu 2 ddy don diéu ngugc chiéu thi doi chiéu dau bat dang thirc.
Xét trong tam gidc ABC c¢6 A=B (A,B s0 do hai géc A,B ctua tam gidc theo

Dau “=" xdy ra [

radian).
A B . . A L s X
e A>B = ——>—— theo ching minh trén thi ham f(x)=—)
sinA sinB sinx
ziziz éZﬁ,mé A>B < a>b. Nhu vy ta suy ra néu a>b thi= >4
a b B b B b
2R 2R
@).
e Hoan toan tuong tu : a=2b=2c = ézgzg va nhu vay ta cé
a c
(a—b)(é—ﬁjzo, (b-c)(ﬁ-ﬁjzo va (c—a) E-éjzo Cong 3
a b b ¢ c a
L 42 , A B A
bat dang thirc ta duge Y (a—b) — 20 & 2(A+B+C) 2D (b+c)= (1)
cyc a cyc a
-Cong A+B+C vao 2 vé cua (1) ta thu duoc
3(A+B+C)2(a+b+c)(é+§+£j (2)
a c

-Trr A+B+C vao 2 vé caa (1) ta thu dugc: (A+B+C)222(p—a)é ).
a

cye

. A
Chi y ring A+B+C=x vd a+b+c=2pnén (2) & 3722p) =
a

cyc

Q|

Aoz 1), Va ...
;ZSE (11),Va(3)<:>§(p—a) SE (iii).
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Truong THPT chuyén Ly Ty Trong — Can Tho . Bit dzeln‘g thire }u’gng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi

lién quan dén bat ddng thirc va luong gidc
e Mit khéc ta c6 thé dp dung bét ding thirc Chebyshev cho 2 bd sb

A B C £>£>£
(—,—,—j va (p—a, p—b, p—c). Tacé: a>2b>c =>{a b ¢
a b c
p—a<p-b<p-c
2.(p- a)A 4,5,¢ py A
p-atp-btp-c)la b A_"Ha .
= = =3 —a)—<——— M
3 3 3 ch(p ) y
A 3 A
A _3r A P2y, pzj a Pe=a 2
;;SEta suy ra: ;(p a);<—”y3” S—3p hay;(p—a);S—cyg SE(iV).

e Tachii y dén hai bat dang thuc (ii) va (iii):

-Ap dung bat dang thitc AM-GM cho 3 sb é,ﬁ,g ta dugc: Zé > 3[AB Cj két
a b c a ab.c

cyc

1
3
hop véi bat ding thic (ii) ta suy ra 3(A'B 'Cj SELAIN "'—b'cz(z—pj (v). Mit
ab.c 2p AB.C

AB.C ABC

cyc

1
bc )3 x b. 2
khéc, ta lai C(’)Z£23[ abc j , ma theo (v) ta dé dang suy ra ( abc j Z—p tr do ta
V4

¢6 bt ding thire 34> 2 (yi).
cyc T

-Ap dung bat dang thirc Cauchy-Schwarz , ta c6 :

z _y & A (A+B+C) 7’

e a maA Aa+Bb+Cc "~ Aa+Bb+Cc
2Zp—8(R+r)<Aa+Bb+Cc<2zp-27x(R+r) (bai tip o phﬁn trudc) nén

Z_

““a 2n(p-R-r)

(vil), ma ta da tim  duoc

2
(viii) (chi ding véi tam gidc nhon).

A B

,(p-b)
a

A B C ABC 52 ABC _, [SABC _
(r-a) 2400 24(p-0 C 23 p-alp-1)(p- 22 =3 ,/
a b c ab.c p4SR
2 PZ*
;(p—a)gﬁgf%%(@mé (p—a)%é%<5(theo iv) nén tr (4)

p) — 3 3
3 S_ABC e a Sz@ 7298 .A.B.C <p' Zé - 7298.A.B.C <p' 3r
p 4S.R 3 2 4R o a 4R 2p

& 54S.ABC <7 .p.R (ix).

-Ap dung bét ding thitc AM-GM cho 3 s6 (p—a) (p c) E ta duoc:
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* Xettong T = (bjg;' aJ;xJ (“Z}' Ck} {CVC; bji_}

Tacoé: T=0
y+z 1 z+x 1 x+y 1 [ 1 1 1 j
R . + . + . -2 + + >0.
x d’A y b’B 7z c’C abNAB  beNBC  ca~NCA

y+2z £+Z+XE+x+y ab [ c a_ . b j>0
x aA y bB z N AB \/BC JCA )

y+2z bc z+x ca x+y ab
—= 4+ +

2 e .—22(“+b+0j(5)
x aA y bB 7z ¢ \JBC JcAa JAB

Ap dung bt dang thic AM-GM ta dugc: b ¢ 3( abe j >6_p (6).
/4

\/ BC JCA JAB
yte be ztxca xvy ab,op
x aA y bB z cC =&
Thay (x, y, z) trong (7) bang (p-a, p-b, p-c) ta duoc:

bc ca ab S 12p )

+ + >
A(p-a) B(p-b) C(p-c) =«
b+c c+a a+b>12p

Thay (X, y, z) trong (7) bé‘mg (bc, ca, ab) ta dugc: + + > (xi).
A B C T

Tur (5) va (6) ta dugc: ().

3/ Chiing ta xét bt ding thirc sau: sinx > 2 voi Vx e { 2} (phan chiing minh bat
V1

ddng thirc nay danh cho ban doc).
Theo dinh 1i ham sd sin ta c6 sin A = % va két hop voi bat dang thic trén ta duoc

2A 4R 12R
i2—<:>—>— tu’dotadedangsuyraz >—
2R & A A T

o 2 2
4/ Bét déng thire: 2% > n2 a —~ véi Vx € (0,7] (bit ding thirc nay xem nhu bai
X TH+x

tap danh cho ban doc).

X, 42 . A sin x 2x° . 2x°
Bat dang thuc trén twong duong 2l-——— & sinx2x———— ().
X T +x T +x

Trong tam gidc ta c4: sin A+sin B+sinC < % (2) (ban doc tu chung minh).Tur (1)

T+ A* T+B 1 +C
N (A B ), A P ¢ 7 33
T+A T+B r+C PAA PAB 2+C 2 4

A B 3
va (2) ta thu duoc ¥ZZsinA>A+B+C—2[ + + ¢ J

cyc
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sin A 7[ - A®
T A

Mit khdc, 4p dung bt dang thic cho 3 géc A, B, C ta thu duoc

sinB 7°—B* . sinC #n*-C?
> 2 va > 2
B 7°+B C ' +C
sinA sinB sinC #*-A*> n*-B* n*-C?
+ + > 2 2+ 2 2+ 2 2
A B C T°+A° m°+B° m+C
a b <

. . 2R 2R 2R - A 7[2 B 7[2 C
s1nA— ta cOo=~ ha >2R .
2R B C PR 1B 7iC y; Zﬂ' +A2

cong cdc bat dang thuc ta duoc:

tir ddy 4p dung dinh 1f ham s6 sin
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Thir tré vé ¢oi nguon cia mon lwong giac
Lé Qudc Han
Pai hoc Sw pham Vinh

“Luong gidc hoc” ¢6 ngudn gdc tir Hinh hoc. Tuy nhién phan 16n hoc sinh khi hoc
mon Luong gidc hoc (giai phuong trinh luong gidc, ham 5O luong gidc ...), lai thdy né
nhu 12 mot bd phan ciia mon Pai s6 hoc, hodc nhu mot cong cu dé giai cic bai todn hinh
hoc (phan tam gidc lugng) ma khong thay mdi lién hé hai chiéu giita cic bd mén Ay.

Trong bai viét ndy, téi hy vong phin ndo c6 thé cho cdc ban mot cich nhin “méi”
ding hinh hoc dé giai cdc bai todn luong gidc.

Trudc hét, ta 14y mot két qua quen thudc trong hinh hoc so cap : “Néu G 1a trong tim
tam gidc ABC va M 14 mot diém tiy ¥ trong mat phang chira tam gidc d6 thi” :

MG* = %(MAZ +MB® + MC )—é(a +b>+c?) (Dinh Iy Lép-nit)
Néu M =0 la tdm dudng tron ngoai tiép AABC thi MA® + MB* + MB* =3R” nén 4p
dung dinh 1y ham s sin, ta suy ra: OG* = R* —gRZ(sin2 A+sin® B +sin’ C)

= 0G” = ng[%— (sin® A+sin’ B +sin’ c)j (1)

Tir dang thirc (1), suy ra :

sin® A+sin’ B+sin” C < % (2)
Dau dang thirc xay ra khi va chi khi G = O, tic 1a khi va chi khi AABC déu.
Nhu vay, véi mot kién thire hinh hoc 16p 10 ta da phat hién va chirng minh dugc bat dang
thirc (2). Ngoai ra, hé thirc (1) con cho ta mot “ngudn gdc hinh hoc” cuia bat dang thirc
(2), diéu ma it nguoi nghi dén. Bang cdch twong tu, ta hiy tinh khoang cich gitta O va
tryc tim H cia AABC . Xét trudng hop AABC c6 3 géc nhon. Goi E 1a giao diém cua
AH vé6i duong tron ngoai tiép AABC . The thi :
©110)=OH* —R* = HE.HA
Dodé: OH®> =R> - AH.HE (*)
(U

AF cos A cos A

= AB. =2RsinC
sinC sinC sinC

va HE =2HK =2BK cotC =2ABcosBcotC

B K C
=2.2RsinCcos B C?SC =4Rcos BcosC \:‘\—/
sinC

Thay vao (*) tacé :

AH = =2Rcos A

OH’ =8R2(é—cosAcosBcost 3)
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Néu ZBAC =90° chang han, thi (3) 1a hién nhien. Gia sit AABC c6 géc A tir. Khi d6
@110y =R>—OH® = HA.HE trong 46 AH =—-2Rcos A nén ta ciing suy ra (3).
Tir cong thirc (3), ta suy ra : H

cos AcosBcosC < é (4)

(DAu déng thirc xay ra khi va chi khi AABC géu). Ciing
nhu bat dang thuc (2), bat dang thie (4) da dwoc phat
hién va ching minh chi véi kién thic 16p 10 va c6 mot
“ngudn gdc hinh hoc” khd dep. Can nhd ring, “xua L

s 2o 24 “n e 1tA s e A , B
nay” chua néi dén viéc phét hién, chi riéng viéc chirng C
minh cdc bat dang thirc d6, nguoi ta thuong phai dung
cac cong thuc lugng gidc (chuong trinh lugng gidc 16p

11) va dinh 1y vé ddu tam thirc bac hai.
C6 dugce (1) va (3), ta tiép tuc tién téi. Ta thir sir dung “duong thang Ole”.
Néu O, G, H 1a tdim dudng tron ngoai tiép, trong tim va truc tim AABC thi O, G, H

thang hang va : OG:%OH.TL‘J: 0G’ :éOHZ.

T (1)(3) tacé :
%—(Sin2 A+sin® B +sin’ C)=i(1—SCosAcosBcosC)

hay sin® A+sin’ B+sin” C =2+ 2cos Acos BcosC
Thay sin® & bang 1—cos” & vao dang thirc cubi cling, ta duoc két qua quen thudc

cos> A+cos? B+cos? C+2cosAcosBcosC =1 (5)
Chua néi dén viéc phat hién ra (5), chi riéng viéc ching minh di lam “nhtc 6¢” khong
biét bao nhiu ban tr¢ moi lam quen voi lugng gidc. Qua mot vai vi du trén day, han cac
ban da thay vai trd cta hinh hoc trong viéc phét hién va chirng minh cic h¢ thic “thuan
tay lugng giac”. Mat khac, n6 ciing néu 1én cho chung ta mot cau hoi : Phai chang cédc h¢
thirc luong gidc trong mot tam gidc khi nao ciing ¢6 mot * nguon gdc hinh hoc” 1am ban
duong ? Moi cdc ban giai vai bai tap sau day dé cung c6 niém tin ctia minh.

1. Chig minh rang, trong mot tam gidc ta c6 d* = Rz(l - 8sin§sin§sin %) trong d6

d 1a khoang cach gitra duong tron tdm ngoai tiép va noi tiép tam gidc do.

Tur d6 hay suy ra bat dang thirc quen thudc tuong tng.

e 2. Cho AABC . Dung trong mit phang ABC cic diém O, va O, sao cho céc tam
gidc O,AB va O,AC lanhiing tam gidc can dinh O,,0, vé6i géc ¢ ddy bang 30° va
sao cho O, va C ¢ cuing mot ntra mat phing bo AB, O, va B ¢ cuing mot nira mat
phang by AC.

a) Chung minh :

1
0,0,” = g(a2 157 +¢? —4435)

b) Suy ra bat dang thiic twong Ung :
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sin®> A+sin® B +sin> C > 2+/3sin Asin Bsin C
3. Chung minh rang néu AABC ¢ 3 g6c nhon, thi :
sin A+sin B+sinC
cos A+cos B+cosC
4, Cho tl'}’ dién OABC c6 goc tam di¢n dinh O ba mat vuong, OA=O0B+OC.
Ching minh rang :
sin(ZOAB + ZOAC) = cos ZBAC
(Hay dung phuong phap ghép hinh)
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Phwong phap gidai mét dang bat dang thirc lwong
giac trong tam giac
Nguyén Lai
GV THPT Luwong Van Chanh — Phi Yén
Gia st f(A, B,C) 1a biéu thirc chtra cdc ham s6 luong gidc cua cic géc trong AABC

Gia str cac goéc A, B,C thdéa man hai dicu kién :

D s )22 222 ) e 1))z 2(422) )
dang thirc xay ra khi va chikhi A= B

c+”

hoiic f(C)f[%jZfz s (2)

2) f(c)+f@ >2f

dang thic xay ra khi va chi khi C :% Khi cong hodc nhan (1)(2) ta s& c6 bat
dang thirc :
/4 - T
Fa)+ 1(8)+ (€)237( %) hote (4 (B (€)z 177

Diang thire xay ra khi va chi khi A= B =C . Tuong tu ta cling c6 bat dang thirc v6i chiéu
nguoc lai. b€ minh hoa cho phuong phédp trén ta xét c4c bai toan sau day :
Thi du 1. Chtirng minh rang véi moi AABC ta ludn ¢6 :

R SR B 32
1+\/sinA 1+\/sinB 1+\/sinC_\/§+4\/§

Loi gidi. Taco :

4 S 2

1 1 4
+ > 2 2
I++/sinA 1++/sinB 2++/sinA++/sinB 2+\/2(sinA+sinB) . A+B

1+ ./sin

1

=
1++/sin A 1+\/smB /
1+\/s1nC
1/s1n—

Cong theo vé (3) va (4) tacé:

Tuong ty ta c6 :
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1 1 1 1 >9 1 + 1 > 4

+ + +
1++/sinA 1++/sinB 1+\/sinC . T . A+B V.4 . T
1+ ,/sin — 1+ ,/sin C+— 1+ ,/sin —
3 1+1/sin 3

2 3

1 1 1 32
= + + >
1++/sinA 1++sinB 1++sinC V2 +43

Dang thirc xay ra khi va chi khi AABC déu.
Thi du 2. Ching minh rang véi moi tam gidc ABC ta ludn ¢6 :

3
1+ ! 1+ ! 1+ ! > 1+i
sin A sin B sin C \/5

Loi gidi. Taco :

2
(1+ .1 ](H '1 j=1+ '1 + .1 +— 1' =1+ 2 + !
sin A sin B sinA sinB sinAsinB \/sin Asin B \/sin Asin B

(i) Fren) ) |k
=1+ ——=| =|1+ 2|1+ =l 1+——
sin Asin B \/cos(A —B)—cos(A+B) 1—cos(A + B) sin A+B

2
2
SN PRSIV N [N U (5)
sin A sin B . A+B
sin
2
2
Tuong tu [1+ ‘1 j1+ LN PN P S (6)
sinC . T T
sin — C+—
3 sin 3
2
Nhan theo vé cia (5) va (6) tacé:
2
2 4
1+ .1 1+ '1 1+ .1 1+ ! > 1+; 1+; > 1+ !
sin A sin B sinC /4 . A+B T . T
sin — sin C+— sin —
3 2 sin 3 3
2
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3
=1+ ! 1+ ! 1+ ! > 1+i
sin A sin B sin C ﬁ

Ding thire xdy ra khi va chi khi AABC déu.
Thi du 3. Ching minh rang véi moi tam gidac ABC ta c6 :
sin® é+sin6 E+sin6 < > 3
2 2 2 64
Loi gidi. Truong hop tam gidc ABC tu hoac vudng.

V4
7 _ C+—
Gia st A=max{A,B,C}> PX lic d6 cos >0 va cos >0.
Taco:
sin6é+sin65 sin2é+sin2§ 3 3
2 2 5 2 2 =l 1_cosA+cosB =l 1—cosA+BcosA_B
2 2 8 2 2 2
3
1 A+B A+B A B A+B
Zg(l—cos =sin® = sin® —+ sin6522sin6 (7)
C z C+£
Tuong tu ta 6 : sin63+sin6722sin6 (8)
Cong theo vé cua (7) va (8) ta duoc :
A B C i A+ C+z A+B+C+z
sin® 2 +sin® 2 +sin® = +sin® > >2 sin6T+sin6 > 4sin® 3

= sin® é+ sin® E+ sin® < >3sin® z_ 3 (9)
2 2 6 64
Trudng hop tam gidgc ABC nhon, céc bat dang thirc (7),(8),(9) ludn diing.
Thi du 4. Chimg minh rang v6i moi tam gidc ABC ta lu6n ¢ :

3
(cos A +sin A)(cos B + sin B)(cos C +sin C) < 2&(? + ?J
Loi giai. Taco :
(cos A+ sin A)(cos B +sin B)(cos C +sin C) = 22 COS(A - %) cos(B - %) COS(C - %)

nén bat dang thirc dd cho twong duong véi :
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oo ol oo 25 ¢

- Néu max{A,B,C}> 377[ thi vé trdi ctia (*) khong dwong nén bat dang thirc da cho

ludn dang.

- Néu max{A,B,C}<3—ﬂ thi: cos A—£ >0,cos B—z >0, cos C—£ >0
4 4 4 4
nén cos A—£ cos B—Z =l cos A+B—£ +cos(A—B)
4 4) 2 2
<M ivcod A+B-F)|<cos?(ATB_Z
2 2 2 4
= cos| A= |cos| B—Z | <cos?[ ATB_Z (10)
4 4 2 4

Tuong ty :
T T T C+£ T
cos| C—= |cos| =——= | < cos’ 37 (1)
4 3 4 2 4
Do d6 nhan theo vé cua (10) va (1 1) taséco:
T T T T A+B =« C+£ T T
COS(A—jcos(B—]cos(C—jcos(—chosz( —]cos2 3_Z Scos“(—
4 4 4 3 4 2 4 2 4 3 4

-l ofo-SJo{e-ren (-5 5]

Do d6:

3
(cos A+ sin A)(cos B +sin B)(cos C +sin C) < 2\5(% + ﬁ]

Ding thirc xay ra khi va chi khi tam gidc ABC déu.
Moi céc ban tiép tuc gidi cac bai todn sau day theo phuong phép trén.

Chtng minh rang véi moi tam gidc ABC, ta c6 :

) tan3§+tan3£+tan3géL

23

2) 1A+ L. lczs.z" (ne N)

sin” E sin” — sin" —

The Inequalities Trigonometry 97



Truong THPT chuyén Ly Ty Trong — Can Tho ) Bit dzeln‘g thirc lugng giac
Chwong 4 Mot 56 chuyén dé bai viét hay,thi vi
lién quan den bat dang thirc va luong giac

3) Acos%+ Bcos§+Ccos%Sﬂf1/E(l+\/§)

4) cos Z_Alcos) Z-B|cos| Z-c ZL(I+\/§)3cosAcosBcosC
4 4 4 232

voi AABC nhon.
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