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Preface

This book contains 103 highly selected problems used in the training and testing of
the U.S. International Mathematical Olympiad (IMO) team. It is not a collection of
very difficult, impenetrable questions. Instead, the book gradually builds students’
trigonometric skills and techniques. The first chapter provides a comprehensive in-
troduction to trigonometric functions, their relations and functional properties, and
their applications in the Euclidean plane and solid geometry. This chapter can serve
as a textbook for a course in trigonometry. This work aims to broaden students’
view of mathematics and better prepare them for possible participation in various
mathematical competitions. It provides in-depth enrichment in important areas of
trigonometry by reorganizing and enhancing problem-solving tactics and strategies.
The book further stimulates interest for the future study of mathematics.

In the United States of America, the selection process leading to participation in the
International Mathematical Olympiad (IMO) consists of a series of national contests
called the American Mathematics Contest 10 (AMC 10), the American Mathematics
Contest 12 (AMC 12), the American Invitational Mathematics Examination (AIME),
and the United States of America Mathematical Olympiad (USAMO). Participation
in the AIME and the USAMO is by invitation only, based on performance in the
preceding exams of the sequence. The Mathematical Olympiad Summer Program
(MOSP) is a four-week intensive training program for approximately 50 very promis-
ing students who have risen to the top in the American Mathematics Competitions.
The six students representing the United States of America in the IMO are selected on
the basis of their USAMO scores and further testing that takes place during MOSP.



viii Preface

Throughout MOSP, full days of classes and extensive problem sets give students
thorough preparation in several important areas of mathematics. These topics in-
clude combinatorial arguments and identities, generating functions, graph theory,
recursive relations, sums and products, probability, number theory, polynomials,
functional equations, complex numbers in geometry, algorithmic proofs, combina-
torial and advanced geometry, functional equations, and classical inequalities.

Olympiad-style exams consist of several challenging essay problems. Correct
solutions often require deep analysis and careful argument. Olympiad questions can
seem impenetrable to the novice, yet most can be solved with elementary high school
mathematics techniques, cleverly applied.

Here is some advice for students who attempt the problems that follow.

» Take your time! Very few contestants can solve all the given problems.

* Try to make connections between problems. An important theme of this work
is that all important techniques and ideas featured in the book appear more
than once!

* Olympiad problems don’t “crack” immediately. Be patient. Try different ap-
proaches. Experiment with simple cases. In some cases, working backwards
from the desired result is helpful.

* Even if you can solve a problem, do read the solutions. They may contain
some ideas that did not occur in your solutions, and they may discuss strategic
and tactical approaches that can be used elsewhere. The solutions are also
models of elegant presentation that you should emulate, but they often obscure
the tortuous process of investigation, false starts, inspiration, and attention to
detail that led to them. When you read the solutions, try to reconstruct the
thinking that went into them. Ask yourself, “What were the key ideas? How
can I apply these ideas further?”

* Go back to the original problem later, and see whether you can solve it in a
different way. Many of the problems have multiple solutions, but not all are
outlined here.

* Meaningful problem-solving takes practice. Don’t get discouraged if you have
trouble at first. For additional practice, use the books on the reading list.
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Z

[x"](p(x))

the set of integers

the set of integers modulo n

the set of positive integers

the set of nonnegative integers

the set of rational numbers

the set of positive rational numbers

the set of nonnegative rational numbers
the set of n-tuples of rational numbers
the set of real numbers

the set of positive real numbers

the set of nonnegative real numbers

the set of n-tuples of real numbers

the set of complex numbers
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[A|
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ACB
A\ B
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AUB
ac A
a,b,c
A,B,C
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A is a proper subset of B

A is a subset of B

A without B (set difference)

the intersection of sets A and B

the union of sets A and B

the element a belongs to the set A

lengths of sides BC, CA, AB of triangle ABC
angles /CAB, LABC, /BCA of triangle ABC
circumradius and inradius of triangle ABC
area of region F

area of triangle ABC

length of line segment BC

the arc of a circle between points A and B
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1

Trigonometric Fundamentals

Definitions of Trigonometric Functions in Terms of Right
Triangles

Let S and T be two sets. A function (or mapping or map) f from S to 7 (written
as f : § — T) assigns to each s € S exactly one element t € T (written f(s) = t);
t is the image of 5. For §’ C S, let f(S’) (the image of S’) denote the set of images
of s € § under f. The set S is called the domain of f, and f(S) is the range of f.

For an angle 6 (Greek “theta") between 0° and 90°, we define trigonometric
functions to describe the size of the angle. Let rays O A and O B form angle 6 (see
Figure 1.1). Choose point P on ray O A. Let Q be the foot (that is, the bottom) of
the perpendicular line segment from P to the ray O B. Then we define the sine (sin),
cosine (cos), tangent (tan), cotangent (cot), cosecant (csc), and secant (sec) functions
as follows, where | P Q| denotes the length of the line segment P Q:

PO _|oP|
sinf = ——, c¢sc = ——,
|OP| PO
0 OP
os@:ﬂ, sec@=|—|,
|OP| |0Q]
P 0]
tan 6 —l Q| t9——| Q|

= s CO = .
10 Q] |P QI
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First we need to show that these functions are well defined; that is, they only depends
on the size of 6, but not the choice of P. Let P; be another point lying on ray O A,
and let Q1 be the foot of perpendicular from P; to ray O B. (By the way, “P sub
1" is how P; is usually read.) Then it is clear that right triangles O P Q and O P; O
are similar, and hence pairs of corresponding ratios, such as P9I and L2111 are all

[OP] [OP°
equal. Therefore, all the trigonometric functions are indeed well defined. 1
A
P
P
o o o B
Figure 1.1.

By the above definitions, it is not difficult to see that sin 8, cos 8, and tan 6 are
the reciprocals of csc 6, sec 6, and cot 8, respectively. Hence for most purposes, it is
enough to consider sin 8, cos 8, and tan 6. It is also not difficult to see that

sin 6

=tanf and = cotf.

cos 6 sin
By convention, in triangle ABC, we leta, b, ¢ denote the lengths of sides BC, CA,
and AB, and let /A, /B, and ZC denote the angles CAB, ABC, and BCA. Now,
consider a right triangle ABC with ZC = 90° (Figure 1.2).

A
c
b
B« 4 C
Figure 1.2.

For abbreviation, we write sin A for sin ZA. We have

SinA = —, COSA = —, tan A = —;

sin B = —, cosB = —, tan B =

’

QISR

QIS0
ol oS
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and
a=csinA, a=ccosB, a=0btanA;

b=csinB, b=ccosA, b=atanB;
c=acscA, c=asecB, c=bcscB, c=bsecA.

It is then not difficult to see that if A and B are two angles with 0° < A, B < 90° and
A+ B =90°,thensin A = cos B,cos A = sin B,tan A = cot B,and cot A = tan B.
In the right triangle ABC, we have a”® 4+ b> = ¢2. It follows that

2 b2

(sin A+ (cos A = &+ 2 = 1.
C C

It can be confusing to write (sin A)? as sin AZ. (Why?) For abbreviation, we write
(sin A)? as sin? A. We have shown that for 0° < A < 90°,

sin? A +cos> A = 1.
Dividing both sides of the above equation by sin? A gives
1+ cot> A = csc? A, or csc2 A —cot? A = 1.
Similarly, we can obtain
tanZ A +1= sec? A, or sec?A —tan? A = 1.

Now we consider a few special angles.

In triangle ABC, suppose /A = /B = 45°, and hence |AC| = |BC| (Figure 1.3,
left). Then 2 =a?+b% =242 andsosin45° = sin A = % = «/Li = 4 Likewise,
we have cos45° = 4 and tan 45° = cot45° = 1.

B B
4 cC 4 C D
Figure 1.3.

In triangle ABC, suppose /A = 60° and /B = 30° (Figure 1.3, right). We
reflect A across line BC to point D. By symmetry, /D = 60°, so triangle ABD
is equilateral. Hence, |AD| = |AB| and |AC| = |Az—D|. Because ABC is a right
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triangle, |AB|? = |AC|2 + | BC|2. So we have |BC|? = |AB|? — ABE = 3ABE
or |BC| = M. It follows that sin 60° = cos 30° = ‘/73, sin 30° = cos 60° = 55
tan 30° = cot 60° = \/Tg and tan 60° = cot 30° = /3.

We provide one exercise for the reader to practice with right-triangle trigonometric
functions. In triangle ABC (see Figure 1.4), /BCA = 90°, and D is the foot of

the perpendicular line segment from C to segment AB. Given that |[AB| = x and
LA = 0, express all the lengths of the segments in Figure 1.4 in terms of x and 6.

Figure 1.4.

Think Within the Box

For two angles o (Greek “alpha") and 8 (Greek “beta") with 0° < o, B, ¢ + 8 <
90°, it is not difficult to note that the trigonometric functions do not satisfy the
additive distributive law; that is, identities such as sin(a 4+ 8) = sina + sin 8 and
cos(a+ B) = cos o +cos B are not true. For example, setting « = § = 30°, we have
cos(o + ) = cos 60° = %, which is not equal to cos a + cos f = 2 cos 30° = /3.
Naturally, we might ask ourselves questions such as how sin , sin 8, and sin(o + )
relate to one another.

Consider the diagram of Figure 1.5. Let DEF be a right triangle with /DEF =
90°, /ZFDE = B, and |DF| = 1 inscribed in the rectangle ABCD. (This can
always be done in the following way. Construct line €] passing through D outside
of triangle DEF such that lines £; and DE form an acute angle congruent to .
Construct line ¢, passing through D and perpendicular to line £;. Then A is the foot
of the perpendicular from E to line £, and C the foot of the perpendicular from F
to £». Point B is the intersection of lines AE and CF.)
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E
A o B
F
o+p
a B
D C

Figure 1.5.

We compute the lengths of the segments inside this rectangle. In triangle DEF,
we have |DE| = |DF|-cos 8 =cosf and |[EF| = |DF|-sin 8 = sin §. In triangle
ADE,|AD| =|DE|-cosa =cosacosf and |[AE| = |DE]| - sina = sin cos .
Because /DEF = 90°,itfollowsthat /AED+/BEF =90° = /AED+/ADE,
and so /BEF = /ADE = «. (Alternatively, one may observe that right triangles
ADE and BEF are similar to each other.) In triangle BEF, we have |BE| =
|[EF|-cosa =cosasinfand |[BF| = |EF|-sina = sina sin 8. Since AD || BC,
/DFC = LADF = «a + B. Inright triangle CDF, |CD| = |DF| - sin(e + 8) =
sin(e + B) and |[CF| = |[DF| - cos(a + B) = cos(a + B).

From the above, we conclude that

cosacos B =|AD|=|BC|=|BF|+ |FC| =sinasin 8 4 cos(x + 8),

implying that
cos(o + B) = cosa cos B — sin« sin B.

Similarly, we have
sinfe + B) = |CD| = |AB| = |AE| + |EB| = sina cos 8 + cos « sin §;

that is,
sin(a + ) = sina cos B + cos o sin B.

By the definition of the tangent function, we obtain

sin(@ + B) _ sina cos B + cosa sin B

tan(a + p) = = : -
( 2 cos(e + ) coswcosfB —sinasinf
sin o sin B
__ cosa " cosp _ tano +tan B
- sinasin ~ 1 _ '
1— oSao0sd 1 —tanw tan B

We have thus proven the addition formulas for the sine, cosine, and tangent functions
for angles in arestricted interval. In a similar way, we can develop an addition formula
for the cotangent function. We leave it as an exercise.
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By setting « =  in the addition formulas, we obtain the double-angle formulas

sin 2o = 2sina cos o, cos2o = cos® a — sin? o, tan2a = ﬂ,
1 —tan2 «

where for abbreviation, we write sin(2«) as sin 2«e. Setting § = 2« in the addition
formulas then gives us the triple-angle formulas. We encourage the reader to derive
all the various forms of the double-angle and triple-angle formulas listed in the
Glossary of this book.

You’ve Got the Right Angle

Because of the definitions of the trigonometric functions, it is more convenient to
deal with trigonometric functions in the context of right triangles. Here are three
examples.

A B
0
C
E D
Figure 1.6.

Example 1.1. Figure 1.6 shows a long rectangular strip of paper, one corner of which
has been folded over along AC to meet the opposite edge, thereby creating angle
6 (LC AB in Figure 1.6). Given that the width of the strip is w inches, express the
length of the crease AC in terms of w and 6. (We assume that 6 is between 0° and
45°, so the real folding situation is consistent with the configuration shown in Figure
1.6.)

We present two solutions.

First Solution: In the right triangle ABC, we have |BC| = |AC| sin 6. In the right
triangle AEC, we have |CE| = |AC|sin6. (Indeed, by folding, triangles ABC
and AEC are congruent.) Because /BCA = L/ECA = 90° — 0, it follows that
/BCE = 180° — 26 and /DCE = 20 (Figure 1.7). Then, in the right triangle
CDE, |CD| = |CE|cos?26. Putting the above together, we have

w = |BD| = |BC| +|CD| = |AC| sin + |AC| sin 6 cos 26,
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implying that
w
AC| = ———————.
sin 6 (1 4 cos 26)
|
A B
0
0
s C
26|
20 \
F E D
Figure 1.7.

Second Solution: Let F be the foot of the perpendicular line segment from A to
the opposite edge. Then in the right triangle AEF, /AEF = 20 and |AF| = w.
Thus |[AF| = |AE|sin20, or |[AE| = & 5. In the right triangle AEC, /CAE =
/CAB =0 and |AE| = |AC| cos 6. Consequently,

|AE| w
|AC| = = — :
cosf sin 20 cos 0
|
Putting these two approaches together, we have
AC| = —— 2 S —
sin 6 (1 + cos 26) sin 26 cos 8
or sinf(1 4+ cos20) = sin26 cosf. Interested readers can use the formulas we

developed earlier to prove this identity.

Example 1.2. In the trapezoid ABCD (Figure 1.8), AB || CD, |AB| = 4 and
|C D| = 10. Suppose that lines AC and B D intersect at right angles, and that lines
BC and DA, when extended to point Q, form an angle of 45°. Compute [ABC D],
the area of trapezoid ABCD.
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Figure 1.8.

Solution: Let segments AC and BD meet at P. Because AB || CD, triangles
ABP and CDP are similar with a side ratio of % = 2. Set |AP| = 2x and
|[BP| =2y.Then |CP| =5x and |[DP| = 5y. Because LZAPB = 90°, [ABCD] =
%IAC| -|BD| = 49%. (To see this, consider the following calculation: [ABC D] =
[ABD]+[CBD] = |AP|-|BD|+ §|CP|-|BD| = 1|AC|- |BD|.)

Leto = LZADP and 8 = /BCP. Inright triangles AD P and BC P, we have

[BP| 2y
= and tanf = —— = —.
|IDP| Sy |CP| 5x
Note that /CPD = /CQD+ /QCP + LQDP,implying thata + 8 = LQCP +
LQDP = 45°. By the addition formulas, we obtain that

2
ano+anf  HTs  10G24+?)
_ - 2x2y
I —tanao tan 8 1_%5 21xy

1 =tan45° = tan(a + B) =

2 72 .
which establishes that xy = %. Intriangle AB P, we have |AB|*> = |[AP|> +
[BP|%, or 16 = 4(x2 + y?). Hence x2 + y> = 4, and so xy = ‘2‘—?. Consequently,

49xy 49 40 140

[ABCD] = = . =,
2 2 21 3

Example 1.3. [AMC12 2004] In triangle ABC, |AB| = |AC| (Figure 1.9). Points
D and E lie on ray BC such that |BD| = |DC| and |BE| > |CE]|. Suppose
that tan /ZEAC, tan /ZEAD, and tan /E AB form a geometric progression, and that
cot LDAE, cot LZCAE, and cot ZDAB form an arithmetic progression. If |[AE| =
10, compute [A BC], the area of triangle ABC.
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A

B~ D C E
Figure 1.9.

Solution: We consider right triangles ABD, ACD, and ADE. Seta« = LEAD
and 8 = /BAD = /DAC.Then /EAC = a — S and /ZEAB = a + 8. Because
tan /ZEAC,tan LZEAD, and tan ZE A B form a geometric progression, it follows that

tan’o = tan® LZEAD = tan ZEAC tan /ZEAB = tan(a — B) tan(a + B).
By the addition formulas, we obtain

anl o — tan o + tan S . tano —tanf tan? o — tan” 8
l—tanotan B 1+ tanotan B 1 —tan?o tan? g8’

or
tan” o — tan* o tan? B = tan” o — tan’ B.

Hence, tan* o tan? B = tan? B, and so tanae = 1, or @« = 45°. (We used the fact
that both tan« and tan 8 are positive, because 0° < «, 8 < 90°.) Thus ADE
is an isosceles right triangle with [AD| = |DE| = % = 54/2. In the right
triangle ACD, |DC| = |AD|tan 8, and so [ABC] = |AD|-|CD| = |AD|*tan 8 =
50 tan 8.

Becausecot /ZDAE = cot45° = 1,cot ZCAE,andcot /DA B form an arithmetic

progression, it follows that
2cot(45° — B) =2cot LCAE = cot /DAE + cot _LDAB =1+ cot B.

Setting 45° — B = y (Greek “gamma") in the above equation gives 2coty =
1 + cot B. Because 0° < B, y < 45°, applying the addition formulas gives

cotBcoty — 1

1 = cot45° = cot = ,
B+v) cotf + coty
or cot B + coty = cot Bcoty — 1. Solving the system of equations

2coty =1+ cot 8, 2coty =cotf + 1,
cotf +coty =cotBcoty —1 coty(cotp —1)=cotf +1
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for cot B gives (cot B+ 1)(cot B—1) = 2(cot B+ 1). It follows that cot> B —2 cot S —
3 = 0. Factoring the last equation as (cot 8 — 3)(cot 8 + 1) = 0 gives cot § = 3.
Thus [ABC] = 50tan f = 2. n

Of course, the above solution can be simplified by using the subtraction formulas,
which will soon be developed.

Think Along the Unit Circle

Let w denote the unit circle, that is, the circle of radius 1 centered at the origin
O = (0,0). Let A be a point on w in the first quadrant, and let 6 denote the acute
angle formed by line O A and the x axis (Figure 1.10). Let A; be the foot of the
perpendicular line segment from A to the x axis. Then in the right triangle AA; O,
|OA| =1, |AA || =sinf,and |OA;| = cosf. Hence A = (cos 8, sin ).

A

A

Figure 1.10.

In the coordinate plane, we define a standard angle (or polar angle) formed by a
ray £ from the origin and the positive x axis as an angle through which the positive
x axis can be rotated to coincide with ray £. Note that we have written a standard
angle and not the standard angle. That is because there are many ways in which the
positive x axis can be rotated in order to coincide with the ray £. In particular, a
standard angle of 6 = x° is equivalent to a standard angle of 6, = x° + k - 360°,
for all integers k. For example, a standard angle of 180° is equivalent to all of these
standard angles: ..., —900°, —540°, —180°, +540°, 4+900°, . ... Thus a standard
angle is a directed angle. By convention, a positive angle indicates rotation of the
x axis in the counterclockwise direction, while a negative standard angle indicates
that the x axis is turned in the clockwise direction.

We can also define the standard angle formed by two lines in the plane as the
smallest angle needed to rotate one line in the counterclockwise direction to coincide
with the other line. Note that this angle is always greater than or equal to 0° and less
than 180°.
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For a point A in the plane, we can also describe the position of A (relative to the
origin) by the distance r = |0 A| and standard angle 6 formed by the line O A and
the x axis. These coordinates are called polar coordinates, and they are written in
the form A = (r, ). (Note that the polar coordinates of a point are not unique.)

In general, for any angle 6, we define the values of sin 6 and cos 6 as the coordinates
of points on the unit circle. Indeed, for any 6, there is a unique point A = (x¢, yo)
(in rectangular coordinates) on the unit circle w such that A = (1, 6) (in polar
coordinates). We define cos 6§ = xp and sin 8 = yy; thatis, A = (cos 6, sin 9) if and
only if A = (1, 0) in polar coordinates.

From the definition of the sine and cosine functions, it is clear that for all integers
k, sin(® + k - 360°) = sin & and cos(0 + k - 360°) = cos 0; that is, they are periodic
functions with period 360°. For 6 # (2k + 1) - 90°, we define tan6 = 3.2 and

cosf’
for 6 # k - 180°, we define cotd = iﬁfg It is not difficult to see that tan 0 is equal
to the slope of a line that forms a standard angle of 8 with the x axis.
y C y
A D
p
a 4
X X
0] a 0]
B 4 E
Ci
Figure 1.11.

Assume that A = (cos 9, sin ). Let B be the point on w diametrically opposite to
A.Then B = (1,0 + 180°) = (1,0 — 180°). Because A and B are symmetric with
respect to the origin, B = (— cos 8, —sin ). Thus

sin(@ & 180°) = —sinf, cos(d % 180°) = — cos#.

It is then easy to see that both tan 6 and cot 6 are functions with a period of 180°.
Similarly, by rotating point A around the origin 90° in the counterclockwise direction
(to point C7 in Figure 1.11), in the clockwise direction (to C), reflecting across the
x axis (to D), and reflecting across the y axis (to E), we can show that

sin(f + 90°) = cos 0, cos(f +90°) = —sinb,
sin(@ — 90°) = — cos 6, cos(@ —90°) =sinb,
sin(—f) = —sin0, cos(—6) = cos B,

sin(180° — @) = sin 0, cos(180° — 0) = — cos .
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Furthermore, by either reflecting A across the line y = x or using the second and third
formulas above, we can show that sin(90° — 6) = cos @ and cos(90° — ) = sin 6.
This is the reason behind the nomenclature of the “cosine” function: “cosine” is the
complement of sine, because the angles 90° — 6§ and 0 are complementary angles. All
these interesting and important trigonometric identities are based on the geometric
properties of the unit circle.

Earlier, we found addition and subtraction formulas defined for angles « and
B with 0° < o, 8 < 90° and o + B < 90°. Under our general definitions of
trigonometry functions, we can expand these formulas to hold for all angles. For
example, we assume that o and 8 are two angles with 0° < o, 8§ < 90° and @ + 8 >
90°. We set o' = 90° — o and B’ = 90° — B. Then o’ and B’ are angles between
0° and 90° with a sum of less than 90°. By the addition formulas we developed
earlier, we have

cos(a 4+ B) = cos [180° — (a' + B')] = —cos(e’ + B')
= —cosa’cos B’ + sina’ sin B
= —¢c0s(90° — &) cos(90° — B) + sin(90° — &) sin(90° — B')
= —sina sin 8 + cos o cos B
= cosa cos B — sina sin S.

Thus, the addition formula for the cosine function holds for angles o and 8 with
0° < a,B < 90°and @ + B > 90°. Similarly, we can show that all the addition
formulas developed earlier hold for all angles « and 8. Furthermore, we can prove
the subtraction formulas

sin(¢ — B) = sina cos § — cos « sin S,
cos(a — B) = cosa cos B + sin« sin 3,

tan(x — B) =

tano — tan
l+tanotan B

We call these, collectively, the addition and subtraction formulas. Various forms
of the double-angle and triple-angle formulas are special cases of the addition
and subtraction formulas. Double-angle formulas lead to various forms of the half-
angle formulas. It is also not difficult to check the product-to-sum formulas by
the addition and subtraction formulas. We leave this to the reader. For angles « and
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B, by the addition and subtraction formulas, we also have

sinoe+sin,3=sin<a;’3+a_ﬂ>+sin<a+'8 _a—ﬂ)

2 2 2
. a+pB  a—B a+p . a—p
= sin cos —+ cos sin
2 2 2 2
+sina+'3cosa_'8—cosOH—'Bsina_'B
2 2 2 2
.o+ B a—p
= 2sin cos

7
which is one of the sum-to-product formulas. Similarly, we obtain various forms
of the sum-to-product formulas and difference-to-product formulas.

Example 1.4. Let ¢ and b be nonnegative real numbers.

(a) Prove that there is a real number x such that sin x 4+ a cos x = b if and only if
a>—bv>+1>0.

(b) If sinx + acosx = b, express |a sinx — cos x| in terms of a and b.

Solution: To establish (a), we prove a more general result.

(a) Let m, n, and £ be real numbers such that m? + n2 # 0. We will prove that
there is a real number x such that

msinx +ncosx = £ (%)
if and only if m? 4+ n? > ¢2.

Indeed, we can rewrite equation () in the following form:

. n L
SINX + —————=CoS X =

m
Vm? +n? m? + n? VmZ+n?

Poith ( m’2"+nz s ﬁ) lies on the unit circle. There is a unique real number
o with 0 < o < 27 such that

m . n
cos¢ = ——— and sina =

The addition and subtraction formulas yield
14

< 1, that is, if and only if

sin(x + @) = cosa sinx + sinw cos x =

Jé
m24n?

02 <m?+n2. Setting m = a, n = 1, and £ = c gives the desired result.

which is solvable in x if and only if —1 <
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(b) By the relations

a?+1= (sinzx + cos? )c)(a2 + 1)
= (sin2 x + 2a sinx cos x + a? cos® X)

2

+ (a2 sin® x — 2a sin x cos x + cos> X)

=(sinx +a cosx)2 + (asinx — cosx)z,

we conclude that |a sin x — cosx| = v/a? — b2 + 1. n

Graphs of Trigonometric Functions

C B = C/: A A B
e
180 )
w0 150 1o 50 2 pe o y 150 18&
Figure 1.12.

We set the units of the x axis to be degrees. The graph of y = sin x looks like a
wave, as shown in Figure 1.12. (This is only part of the graph. The graph extends
infinitely in both directions along the x axis.) For example, the point A = (1, x°)
corresponds to the point A; = (x,sinx) on the curve y = sinx. If two points
B and C; are 360 from each other in the x direction, then they have the same y
value, and they correspond to the same point B = C on the unit circle. (This is the
correspondence of the identity sin(x°+4-360°) = sin x°.) Also, the graph is symmetric
about line x = 90. (This corresponds to the identity sin(90° — x°) = sin(90° + x°).)
The identity sin(—x°) = — sin x° indicates that the graph y = sin x is symmetric
with respect to the origin; that is, the sine is an odd function.

A function y = f(x) is sinusoidal if it can be written in the form y = f(x) =
asin[b(x + ¢)] + d for real constants a, b, ¢, and d. In particular, because cos x° =
sin(x° +90°), y = cos x is sinusoidal (Figure 1.13). For any integer k, the graph of
y = cosx is a (90 + 360k)-unit shift to the left (or a (270 + 360k)-unit shift to the
right) of the graph of y = sinx. Because cos x® = cos(—x°), the cosine is an even
function, and so its graph is symmetric about the y axis.
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Figure 1.13.

Example 1.5. Let f be an odd function defined on the real numbers such that for
x>0, f(x) =3sinx +4cosx. Find f(x) for x < 0. (See Figure 1.14.)

Figure 1.14.

Solution: Because f is odd, f(x) = —f(—x). Forx < 0, —x > 0 and f(—x) =
3sin(—x)+4cos(—x) = —3sin x +4 cos x by definition. Hence, forx < 0, f(x) =
—(—3sinx +4cosx) = 3sinx —4cosx. (It seems that y = 3 sin x + 4 cos x might
be sinusoidal; can you prove or disprove this?) [ ]

For a sinusoidal function y = asin[b(x + ¢)] + d, it is important to note the
roles played by the constants a, b, ¢ and d in its graph. Generally speaking, a is the
amplitude of the curve, b is related to the period of the curve, c is related to the
horizontal shift of the curve, and d is related to the vertical shift of the curve. To get a
clearer picture, the reader might want to match the functions y = sin 3x, y = 2cos 3,
y =3sindx, y = 4cos(x — 30°),y = %sin% —3,and y = 2sin[3(x +40°)]+ 5
with the curves shown in Figure 1.15.
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Figure 1.15.

We leave it to the reader to show that if a, b, ¢, and d are real constants, then the
functions y = a cos(bx+c)+d,y = asinx+bcosx,y = asin?x,and y = b cos® x
are sinusoidal. Let f(x) and g(x) be two functions. For real constants a and b, the
function af (x)+bg(x) is called alinear combination of f(x) and g(x). Isit true that
if both of f(x) and g(x) are sinusoidal, then their linear combination is sinusoidal?
In fact, it is true if f and g have the same period (or frequency). We leave this proof
to the reader. Figure 1.16 shows the graphs of y; = sinx, y3 = sinx + ; sin 3x,
and y5 = sinx + x g sin3x + = 5 sin 5x. Can you see a pattern? Back in the nineteenth
century, Fourier proved a number of interesting results, related to calculus, about the
graphs of such functions y, as n goes to infinity.

2

Figure 1.16.

The graphs of y = tanx and y = cot x are not continuous, because tan x is not
defined for x = (2k + 1) - 90° and cot x is not defined for x = k - 180°, where k is
an integer. The graph of tan x has vertical asymptotes at x = (2k + 1) - 90°; that is,
as x approaches k - 180°, the values of tan x grow large in absolute value, and so the
graph of the tangent function moves closer and closer to the asymptote, as shown in
Figure 1.17. Similarly, the graph of cot x has vertical asymptotes at x = k - 180°.
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Figure 1.17.

A function f(x) is concave up (down) on an interval [a, b] if the graph of f(x)
lies under (over) the line connecting (ap, f(a1)) and (b1, f(b1)) for all

a<ay <x<b <b.

Functions that are concave up and down are also called convex and concave, re-
spectively. In other words, the graph of a concave up function looks like a bowl that
holds water, while the graph of a concave down function looks like a bowl] that spills
water.

If f is concave up on an interval [a, b] and A1, A2, ..., A, (A — Greek “lambda")
are nonnegative numbers with sum equal to 1, then

M)+ f(x2) + -+ Ay f(xn) = fRxg + A2x2 + - + Apxy)

for any xp, x2, ..., x, in the interval [a, b]. If the function is concave down, the
inequality is reversed. This is Jensen’s inequality. Jensen’s inequality says that the
output of a convex function at the weighted average of a group of inputs is less than
or equal to the same weighted average of the outputs of the function at the group of
inputs.
It is not difficult to see that y = sinx is concave down for 0° < x < 180° and
y = tan x is concave up for 0° < x < 90°. By Jensen’s inequality, for triangle ABC,
we have s
L. 1. L. . A+B+C 3
3smA~|—3s1nB—|—3smC§sm 3 =5
orsinA +sinB +sinC < %5 which is Introductory Problem 28(c). Similarly,
we have tan A + tan B + tan C > 34/3. For those who know calculus, convexity
of a function is closely related to the second derivative of the function. We can also
use the natural logarithm function to change products into sums, and then apply
Jensen’s inequality. This technique will certainly be helpful in solving problems
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such as Introductory Problems 19(b), 20(b), 23(a) and (d), 27(b), and 28(b) and
(c). Because the main goal of this book is to introduce techniques in trigonometric
computation rather than in functional analysis, we will present solutions without
using Jensen’s inequality. On the other hand, we certainly do not want the reader to
miss this important method. In the second solution of Introductory Problem 51 and
the solution of Advanced Problem 39, we illustrate this technique.

The Extended Law of Sines

Let ABC be a triangle. It is not difficult to show that [ABC] = %. (For a proof,
see the next section.) By symmetry, we have

absinC_bcsinA_casinB
2 2 2

[ABC] =

Dividing all sides of the last equation by % gives the law of sines:

sin A sin B sin C a b c
e = or = = .
a b c sin A sin B sin C
A

No

Bw C
Figure 1.18.

The common ratio -~ has a significant geometric meaning. Let w be the cir-

cumcircle of triangle ABC, and let O and R be the center and radius of w, re-
spectively. (See Figure 1.18.) Then /ZBOC = 2/CAB. Let M be the midpoint of
segment BC. Because triangle O BC is isosceles with |OB| = |OC| = R, it fol-
lowsthat OM | BCand /BOM = LCOM = /CAB.Intherighttriangle BM O,
|BM| = |OB|sin A; thatis, oo = 2BM| — 2|0 B| = 2R. Hence, we obtain the
extended law of sines: In a triangle A BC with circumradius equal to R,

a b c
= = _—_=—2R
sin A sin B sin A
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Note that this fact can also be obtained by extending ray O B to meet w at D, and
then working on right triangle ABD.

A direct application of the law of sines is to prove the angle-bisector theorem:
Let ABC be a triangle (Figure 1.19), and let D be a point on segment BC such that
LBAD = LCAD. Then

|AB| _ |BD|
|AC| — |CDI’

Applying the law of sines to triangle AB D gives

|AB| |BD| |AB| sin/ADB
= s or = — .
sin/ADB  sin/BAD |BD| sin/BAD

1AC| _ sinZADC
Similarly, applying the law of sines to triangle AC D gives 1=7¢ [cD] = :EZW Because

sin /ADB = sin /ADC and sin /BAD = sin ZCAD, it follows that Ilgg‘l ‘l—D
as desired.

This theorem can be extended to the situation in which A D is the external bisector
of the triangle (see Figure 1.19). We leave it to the reader to state and prove this version
of the theorem.

B D C B C D1
Figure 1.19.

Area and Ptolemy’s Theorem

Let ABC be atriangle, and let D be the foot of the perpendicular line segment from
Atoline BC (Figure 1.20). Then [ABC] = Z€LIAP] Note that |[AD| = |AB| sin B.

Thus [ABC] = |BC]- ‘AZB|SmB — acssz'
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Figure 1.20.

In general, if P is a point on segment BC, then |AD| = |AP|sin ZAP B. Hence

[ABC] = w. More generally, let ABC D be a quadrilateral (not
necessarily convex), and let P be the intersection of diagonals AC and B D, as shown

in Figure 1.20. Then [ABC] = ACLBPLSnEAPE o[ 4 ) = ACLIDPISInLAPD
Because /APB + /APD = 180°, it follows that sin /APB = sin /AP D and

|AC|sin LAPB
[ABCD]=[ABC]+[ADC] = “——————(BP|+|DP])

_|AC|-|BD|sin LAPB
= 5 ,

Now we introduce Ptolemy’s theorem: In a convex cyclic quadrilateral ABC D
(that is, the vertices of the quadrilateral lie on a circle, and this circle is called the
circumcircle of the quadrilateral),

|AC|-|BD| = |AB|-|CD|+ |AD| - |BC]|.

There are many proofs of this very important theorem. Our proof uses areas. The
product |[AC| - | B D] is closely related to [ABC D]. Indeed,

1
[ABCD]= 3 - |AC| - |BD|sin LAPB,

where P is the intersection of diagonals AC and BD. (See Figure 1.21.)
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Figure 1.21.

B

Hence, we want to express the products |AB| - |[CD| and |BC| - |[DA| in terms of
areas. To do so, we reflect B across the perpendicular bisector of diagonal AC. Let
Bj be the image of B under the reflection. Then ABB;C is an isosceles trapezoid
with BB; || AC, |AB| = |CBy|, and |AB;| = |CB|. Also note that By lies on the
circumcircle of ABC D. Furthermore, AB = C/'E] , and so

BED BC+CD  AB+CD

2 2 2
Because AB|CD is cyclic, /Bi{AD + /BiCD = 180°. Thus sin/BjAD =
sin ZB1CD = sin ZAP B. Because of symmetry, we have

/B1AD =

=/APB.

[ABCD] =[ABC]+[ACD] =[ABC]+[ACD]

AB|CD] =[AB1D]+ [CB; D]

— —

1
"|ABi| - |AD|sin LBiAD + - - |CB)| - |CD] sin LB, CD

.sin LAPB(|BC|-|AD| + |AB| - |CDY)).

| =N =

By calculating [ABC D] in two different ways, we establish
1 1
3 |AC| - |BD|sin LAPB = 3 sin L/APB(|BC|-|AD| + |AB| - |CD)),

or |AC|-|BD| = |BC|-|AD|+ |AB| - |CD]|, completing the proof of the theorem.
In Introductory Problem 52, we discuss many interesting properties of the special

angle &. The following is the first of these properties.

Example 1.6. Prove that

180° 360° 540°
= CSsC + csc 7

CSC
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Solution: Leto = @. We rewrite the above equation as csc @ = csc 2« + csc 3,
or
sin 2« sin 3« = sin @ (sin 2« + sin 3a).

We present two approaches, from which the reader can glean both algebraic compu-
tation and geometric insights.

o First Approach: Note that 3o 4+ 4o = 180°, so we have sin 3o = sin4a. It
suffices to show that

sin 2« sin 3« = sin a(sin 2« + sin 4w).

By the addition and subtraction formulas, we have sin2«a + sinda =
2 sin 3« cos «. Then the desired result reduces to sin 2o = 2 sin « cos «, which
is the double-angle formula for the sine function.

e Second Approach: Consider a regular heptagon AjA; ... A7 inscribed in a

circle of radius R = % (Figure 1.22). Then each arc A; A;;+1 has measure
360°

7 =2a.
As
A>
As
A
As
A7 R
Figure 1.22.
By the extended law of sines, we have |Aj A>| = |A1A7| = 2R sina = sina,

|A2A4] = |A2A7| = sin2a, and |A1A4] = |A4A7| = sin3a. Applying
Ptolemy’s theorem to the cyclic quadrilateral Aj Ay A4A7 gives

|A1As] - [A2A7] = |A1A2] - |A4A7] + |A2A4] - |A7AL];

that is,
sin 2« sin 3o = sin a(sin 2« + sin 3«).
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Existence, Uniqueness, and Trigonometric Substitutions

The fact that sine = sin 8, for « + § = 180°, has already helped us in many
places. It also helped us to explain why either side-side-angle (SSA) or area-side-
side information is not enough to determine the unique structure of a triangle.

Example 1.7. Let ABC be a triangle.

(a) Suppose that [ABC] = 10+/3, |[AB| = 8, and |AC| = 5. Find all possible
values of ZA.

(b) Suppose that |AB| = 5+/2, |BC| = 5+/3, and /C = 45°. Find all possible
values of ZA.

(c) Supposethat |AB| = 542,|BC| = 5,and /C = 45°. Find all possible values
of ZA.

(d) Suppose that |AB]|
values of ZA.

542, |BC| = 10, and /C = 45°. Find all possible

(e) Suppose that |[AB| = 542, |BC| = 15, and /C = 45°. Find all possible
values of ZA.

Solution:

(a) Note that b = |AC| = 5, ¢ = |AB| = 8, and [ABC] = %bc sin A. Thus
sinA = */75, and A = 60° or 120° (A1 and A; in Figure 1.23).

(b) By the law of sines, we have IBC| _ |AB| ,orsin A = V3 Hence A = 60° or
y sin A sin C 2
120°.
(c) By the law of sines, we have % = gﬁfg, orsin A = % Hence A = 30° only

(A3 in Figure 1.23)! (Why?)
(d) By the law of sines, we have sin A = 1, and so A = 90°. (A4 in Figure 1.23)

(e) By the law of sines, we have sin A = % which is impossible. We conclude
that there is no triangle satisfying the conditions of the problem. [ ]
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T

Figure 1.23.

Example 1.8. [AMC122001] In triangle ABC, ZABC = 45°.Point D is on segment
BC such that2|BD| = |CD|and /ZDAB = 15°. Find ZACB.

First Solution: We construct this triangle in the following way: Fix segment BC,
choose point D on segment BC such that 2|BD| = |C D| (Figure 1.24, left), and
construct ray B P such that /P BC = 45°. Let A be a point on ray B P that moves
from B in the direction of the ray. It is not difficult to see that /D A B decreases as A
moves away from B. Hence, there is a unique position for A suchthat /DAB = 15°.
This completes our construction of triangle ABC.

This figure brings to mind the proof of the angle-bisector theorem. We apply the
law of sines to triangles ACD and ABC. Set « = ZCAD. Note that ZCDA =
LCBA+ LDAB = 60°. We have

ICD| _ |CA| |BC| ICA|
= a

sina  sin60° ¢ Sin(a+ 15°)  sind5°

Dividing the first equation by the second equations gives

|CD|sin(a +15°)  sin45°
|BC| sin o "~ sin60°”

N2
Note that (€21 — 2 (S‘“ 45 ) . It follows that

[BC] — 3 = \sin60°
sind45°\*  sina  sind5°
sin60° ) sin(a + 15°) sin60°’

It is clear that « = 45° is a solution of the above equation. By the uniqueness of our
construction, it follows that ZABC = 45°, /CAB = 60°, and /ACB = 75°.
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C

B A B A
Figure 1.24.

Second Solution: Note that /C DA = 60° and that sin 30° = % We construct point
E on segment AD (Figure 1.24, right) such that CE 1 AD. Then in triangle CDE,
/DCE = 30° and |DE| = |CD|sin ZDCE, or |CD| = 2|DE|. Thus triangle
BDE is isosceles with |[DE| = |DB|, implying that /DBE = /DEB = 30°.
Consequently, /CBE = /BCE = 30° and /ZEBA = LEAB = 15°, and so
triangles BCE and BAE are both isosceles with |CE| = |BE| = |EA|. Hence
the right triangle AEC is isosceles; that is, LACE = LEAC = 45°. Therefore,
LACB = LACE + LECB =T75°. ]

For a function f : A — B, if f(A) = B, then f is said to be surjective (or
onto); that is, every b € B is the image under f of some a € A. If every two distinct
elements a1 and a; in A have distinct images, then f is injective (or one-to-one). If
f is both injective and surjective, then f is bijective (or a bijection or a one-to-one
correspondence).

The sine and cosine functions are functions from the set of angles to the real
numbers. The images of the two functions are the real numbers between —1 and 1.
For a point P = (x, y) with polar coordinates (1, #) on the unit circle, it is clear
that the values x = cos6 and y = sin6 vary continuously from —1 to 1, taking
on all intermediate values. Hence the functions are surjective functions from the
set of angles to the interval [—1, 1]. On the other hand, these two functions are not
one-to-one. It is not difficult to see that the sine function is a bijection between the
set of angles o with —90° < o < 90° and the interval [—1, 1], and that the cosine
function is a bijection between the set of angles o with 0° < o« < 180° and the
interval [—1, 1]. For abbreviation, we can write that sin : [—90°, 90°] — [—1, 1] is
abijection. Itis also not difficult to see that the tangent function is a bijection between
the set of angles @ with —90° < o < 90° (0° < o < 90°, or 0° < @ < 90°) and the
set of real numbers (positive real numbers, or nonnegative real numbers).

Two functions f and g are inverses of each other if f(g(x)) = x for all x in the
domain of g and g(f (x)) = x for all x in the domain of f. If the function f is one-to-
one and onto, then it is not difficult to see that f has an inverse. For a pair of functions
f and g that are inverses of each other, if y = f(x), then g(y) = g(f(x)) = x; that
is, if (a, b) lies on the graph of y = f(x), then (b, a) lies on the graph of y = g(x).
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It follows that the graphs of y = f(x) and y = g(x) are reflections of each other
across the line y = x. For real numbers x with —1 < x < 1, there is a unique angle
6 with —90° < 6 < 90° such that sin & = x. Hence we define the inverse of the sine
function, denoted by sin~! or arcsin, in such a way that sin~! x = @ for —1 < )1c <1

and —90° < # < 90°. It is important to note that sin™! x is not (sin x)~! or L

Figure 1.25.

Similarly, we can define the inverse functions of tan x and cot x. They are denoted
by tan~! x (or arctan x) and cot™! x. Both functions have domain R. Their ranges
are {0 | —90° < 6 < 90°} and {6 | —90° < 6 < 90°,6 # 0°}. They are both
one-to-one functions and onto functions. Their graphs are shown below. Note that
y = arctan x has two horizontal asymptotes y = 90 and y = —90. Note also that
y = cot™! x has two pieces, and both of them are asymptotic to the line y = 0. See
Figure 1.26.

Figure 1.26.

Note that y = cos x is one-to-one and onto from {6 | 0° < 6 < 180°} to the
interval [—1, 1]. While the domain of cos~! x (or arccos x) is the same as that of
arcsin x, the range of cos !l xis {61 0° <6 < 180°}. See Figure 1.27.
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Figure 1.27.

The graphs of y = sin~! (sinx), y = cos™! (cosx), y = sin (sin"'x), y =
cos (cos’lx), y = cos™! (sinx), y = sin~! (cosx), y = sin (cos’lx), and
y = cos (sin~! x) are interesting and important. We leave it to the reader to complete
these graphs. We close this section with three examples of trigonometric substitution.

Example 1.9. Let xo = 2003, and let x4+ = }J_r—j‘cz for n > 1. Compute x2004.

Solution: With a little algebraic computation, we can show that this sequence has
a period of 4; that is, x,44 = x, for all n > 1. But why? We reveal the secret with
trigonometric substitution; that is, we define ¢, with —90° < o, < 90° such that
tan®, = x,. It is clear that if x,, is a real number, such an «, is unique, because
tan : (—90°,90°) — Ris abijection. Because 1 = tan 45°, we can rewrite the given

condition as 150
tan + tan o,
tano, ] = ——————— = tan(45° + ),
mt 1 — tan45° tan o, ( ")

by the addition and subtraction formulas. Consequently, ;41 = 45° + «y, or
opt1 = 45° + o — 180° (because tan has a period of 180°). In any case, it is not
difficult to see that o, 44 = o, + k - 180° for some integer k. Therefore, x,4+4 =
tan o, 44 = tana, = Xx,; that is, the sequence {x,},>0 has period 4, implying that
X2004 = xo = 2003. |

Example 1.10. Prove that among any five distinct real numbers there are two, a and
b, such that |ab + 1| > |a — b].

Solution: Write the numbers as tan x;, where —90° < x; < 90°,k =1,2,3,4,5.
We consider the intervals (—90°, —45°], (—45°, 0°], (0°, 45°], and (45°, 90°]. By
the pigeonhole principle, at least two of xy, x2, x3, x4, x5 lie in the same interval,
say x; and x;. Then |x; — x| < 45°, and setting a = tanx; and b = tan x;, we get

tan x; — tan x;

= [tan(x; — x;)| < tan45° =1,

a—>b _
1+ab|

1 + tan x; tan x;

and hence the conclusion follows. [



28 103 Trigonometry Problems

Example 1.11. Let x, y, z be positive real numbers such that x+y-+z = 1. Determine

the minimum value of

14 9
-+ -+
X y Z

Solution: An application of Cauchy-Schwarz inequality makes this is a one-step
problem. Nevertheless, we present a proof which involves only the easier inequality
x2 4+ y? > 2xy for real numbers x and y, by setting first x = tanb and y = 2tan b
and second x = tana and y = cota.

Clearly, z is a real number in the interval [0, 1]. Hence there is an angle a such that

z =sin’a.Thenx +y = 1 —sin’a = cos’ a, or —5— + = 1. For an angle b,
2

_y
cos2a ' cosla
we have cos? b +sin?b = 1. Hence, we can set x = cos? a cos? b, Yy = cos

for some angle b. It suffices to find the minimum value of

asin?b

2

P = sec?asec? b + 4sec*acsc? b +905c2a,

or
P = (tan’ a + 1)(tan®> b + 1) + 4(tan’ a + 1)(cot®> b + 1) + 9(cot’> a + 1).
Expanding the right-hand side gives
P =14+ 5tan’a + 9 cot’ a + (tan® b + 4 cot® b)(1 + tan” a)
> 14 + 5tan%a +9cot2a +2tanb - 2cotb (1 +tan2a>

= 18+9(tan2a+cot2a) > 18+ 9-2tanacota = 36.

Equality holds when tana = cota and tan b = 2 cot b, which implies that cos? a =

sina and 2cos?> b = sin® b. Because sin? 6 + cos># = 1, equality holds when

2. _ 1 27 1. ; 1,1, _1
cos“a = 5 and cos“b = z;thatis,x = ¢,y = 3,2 = 5. ™

Ceva’s Theorem

A cevian of a triangle is any segment joining a vertex to a point on the opposite side.

[Ceva’s Theorem] Let AD, BE, CF be three cevians of triangle ABC. The follow-
ing are equivalent (see Figure 1.28):

(1) AD, BE, CF are concurrent; that is, these lines pass a common point;

sin/ABE sin/BCF sinZCAD_
sin/DAB sin/EBC sin/FCA

)
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IAFIIBDIICEI_1
|FB| |DC| |EA|

3

We will show that (1) implies (2), (2) implies (3), and then (3) implies (1).

A

Figure 1.28.

Assume that part (1) is true. We assume that segments AD, BE, and C F meet at
point P. Applying the law of sines to triangle AB P yields

sin/ABE _ sin/ABP _ |AP|
sin/DAB ~ sin/PAB  |BP|

Similarly, applying law of sines to triangle BC P and CAP gives

sin/BCF |BP| sin/CAD |CP|
= an = .
sin/EBC |CP| sin/FCA |AP|

Multiplying the last three identities gives part (2).
Assume that part (2) is true. Applying the law of sines to triangles ABD and ACD
gives
|AB| sin/ADB IDC|  sin LCAD
IBD| ~ sin/DAB " |CA| ~ sinZADC’

Because ZADC + LADB = 180°, we have sin ZADB = sin ZADC. Multiplying
the above identities gives

|IDC| |AB| _ sin /CAD
|BD| |CA| sin/DAB’

Likewise, we have

|AE| |BC| sin/ABE |BF| |CA| sin/BCF
. = an . = .
|EC| |AB| ~ sin ZEBC |FA| |BC| sin/FCA

Multiplying the last three identities gives part (3).
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B
D, ¢
Figure 1.29.

Assume that part (3) is true. Let segments BE and C F meet at P, and letray AP
meet segment BC at D (Figure 1.29). It suffices to show that D = Dj. Cevians
ADy, BE, and CF are concurrent at P. By our discussions above, we have

|AF| |BDi| |CE| __|AF| |BD| |CE|

=1= i
|[FB| |DiC| [EA| |FB| [DC| |EA|
implying that IngC]} = %.Because both D and D lie on segment BC, we conclude

that D = Dy, establishing part (1).

Using Ceva’s theorem, we can see that the medians, altitudes, and angle bisectors
of a triangle are concurrent. The names of these concurrent points are the centroid
(G), orthocenter (H), and incenter (/), respectively (Figure 1.30). If the incircle
of triangle ABC touches sides AB, BC, and CA at F, D, and E, then by equal
tangents, we have |AE| = |AF|, |[BD| = |BF|, and |CD| = |CE]|. By Ceva’s
theorem, it follows that lines AD, BE, and CF are concurrent, and the point of
concurrency is called the Gergonne point (Ge) of the triangle. All these four points
are shown in Figure 1.30. Given an angle, it is not difficult to see that the points
lying on the bisector of the angle are equidistant from the rays forming the angle.
Thus, the intersection of the three angle bisectors is equidistant from the three sides.
Hence, this intersection point is the center of the unique circle that is inscribed in
the triangle. That is why this point is the incenter of the triangle.

A A

C B ‘ C

Figure 1.30.

B D

Note that Ceva’s theorem can be generalized in a such a way that the point of
concurrency does not necessarily have to be inside the triangle; that is, the cevian
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can be considered as a segment joining a vertex and a point lying on the line of the
opposite side. The reader might want to establish the theorem for the configuration
shown in Figure 1.31.

B C D

Figure 1.31.

With this general form in mind, it is straightforward to see that in a triangle, the
two exterior angle bisectors at two of its vertices and the interior angle bisector at
the third vertex are concurrent, and the point of concurrency is the excenter of the
triangle opposite the third vertex. Figure 1.32 shows the excenter /4 of triangle ABC
opposite A. Following the reasoning of the definition of the incenter, it is not difficult
to see that /4 is the center of the unique circle outside of triangle A BC that is tangent
torays AB and AC and side BC.

14

B
Figure 1.32.

The following example is another good application of Ceva’s theorem.

Example 1.12. [IMO 2001 Short List] Let A be the center of the square inscribed in
acute triangle A BC with two vertices of the square on side BC (Figure 1.33). Thus
one of the two remaining vertices of the square lies on side AB and the other on
segment AC. Points B; and C are defined in a similar way for inscribed squares with
two vertices on sides AC and A B, respectively. Prove that lines AA;, BBy, CC;
are concurrent.
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Solution:

A

C
B D A E
Figure 1.33.

Let line AA; and segment BC intersect at A;. We define B, and C; analogously.
By Ceva’s theorem, it suffices to show that

sin/BAA, sin/CBB» sinZACCz_
sin LAyAC sin /ByBA sin /.CoCB

Let the vertices of the square be DET S, labled as shown in Figure 1.33. Applying
the law of sines to triangles ASA| and AT A; gives

|AAj|  sin LASA sin /ASA; ITAy| sin LAAT __sin LARAC

ISA1| _ sin/SAA;  sin/BAA; O JAA;|  sinATA, sin/ATA;

Because |[A1S| = |A;T|and LASA| = B+45°and LAT A} = C+45°, multiplying
the above identities yields

_|AAy| |TA| _ sin/ASA; sinlAyAC
" |SAy| |AA;| sin/BAA, sin/ZATA;’

implying that
sin/BAA;  sin/ASA; _ sin(B +45°)

sin LAy AC ~ sin ZATA; ~ sin(C +45°)°

In exactly the same way, we can show that

sin/CBB; sin(C + 45°) d sin /ACCy,  sin(A + 45°)
= an = .
sin/ByBA  sin(A + 45°) sin ZCoCB  sin(B + 45°)

Multiplying the last three identities establishes the desired result. [ ]

Naturally, we can ask the following question: Given a triangle ABC, how does
one construct, using only a compass and straightedge, a square D E E1 D1 inscribed
in triangle ABC with D and E on side BC?
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Think Outside the Box

A homothety (or central similarity, or dilation) is a transformation that fixes one
point O (called its center) and maps each point P to a point P’ for which O, P, and
P’ are collinear and the ratio O P : O P’ = k is constant (k can be either positive or
negative). The constant k is called the magnitude of the homothety. The point P’ is
called the image of P, and P the preimage of P’.

We can now answer our previous question. As shown in Figure 1.34, we first con-
struct a square BC E» D, outside of triangle ABC. (With compass and straightedge,
it is possible to construct a line perpendicular to a given line. How?) Let lines A D>
and AE; meet segment BC at D and E, respectively. Then we claim that D and
E are two of the vertices of the square that we are looking for. Why? If line D, E;
intersects lines AB and AC at B, and C3, then triangles ABC and A B>C; are ho-
mothetic (with center A); that is, there is a dilation centered at A that takes triangle
ABC, point by point, to triangle A B,C». It is not difficult to see that the magnitude
of the homothety is lcj‘%ll = ‘C‘CCZ” = |f§gfl . Note that square BC E; D; is inscribed
intriangle AB>C>. Hence D and E, the preimages of D, and E», are the two desired
vertices of the inscribed square of triangle ABC.

A

C
B> D ks 2

Figure 1.34.

Menelaus’s Theorem

While Ceva’s theorem concerns the concurrency of lines, Menelaus’s theorem is
about the collinearity of points.
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[Menelaus’s Theorem] Given a triangle ABC, let ', G, H be points on lines BC,
CA, AB, respectively (Figure 1.35). Then F, G, H are collinear if and only if

|AH| |BF| |CG| _
|HB| |FC| |GA|

This is yet another application of the law of sines. Applying the law of sines to
triangles AGH, BF H, and C FG yields

|AH| _sin/AGH  |BF| _sin/BHF |CG| sin/GFC
|GA| ~ sin/GHA’ |HB| sin/HFB’ |FC| sin/CGF’

Multiplying the last three identities gives the desired result. (Note that sin /AGH =

sin/CGF, sin/BHF = sin/GHA, and sin/GFC =
sin/HFB.)
A G
H
H A
G
B C F B C F
Figure 1.35.

Menelaus’s theorem is very useful in geometric computations and proofs. But
most such examples relate more to synthetic geometry approaches than trigonometric
calculations. We do not discuss such examples in this book.

The Law of Cosines
[The Law of Cosines] In a triangle ABC,
|CA|> = |AB|> + |BC|*> — 2|AB| - |BC|cos LABC
or, using standard notation,
b* = ¢ +a* — 2ca cos B,

and analogous equations hold for |AB|? and |BC|?.
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C C

B l A B l
D A D

Figure 1.36.

Indeed, let D be the foot of the perpendicular line segment from C to the line AB
(Figure 1.36). Then in the right triangle BC D, |BD| = acos B and |CD| = asin B.
Hence, |DA| = |c—a cos B|; here we consider the two configurations 0° < A < 90°
and 90° < A < 180°. Then in the right triangle AC D, we have

b*> =|CA)? = |CD|* + |AD|? = a®sin’® B + (¢ — a cos B)?
= a’sin? B + ¢* + a® cos’> B — 2ac cos B
=% +a® — 2cacos B,
by noting that sin’> B + cos’> B = 1.
From the length of side A B, (including) angle /A BC, and the length of side BC,
by the law of cosines, we can compute the length of the third side BC. This is called

the SAS (side—angle—side) form of the law of cosines. On the other hand, solving
for cos LABC gives

|AB|> + |BC|?> — |CAJ?

cos LABC = ,
2|AB| - |BC|
or
2 2 2
—b
cos B — L,
2ca

and analogous formulas hold for cos C and cos A. This is the SSS (side—side—side)
form of the law of cosines.

The Law of Cosines in Action, Take I: Stewart’s Theorem

[Stewart’s Theorem] Let ABC be a triangle, and let D be a point on BC (Figure
1.37). Then

|BC| (|AD|2 +|BD - |CD|) = |AB>-|CD| + |ACJ*- |BD].
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A

D
Figure 1.37.

We apply the law of cosines to triangles ABD and AC D to obtain

|AD|*> 4+ |BD|* — |AB|?

cos L/ADB =
2|AD| - |BD|

and
|AD|?> + |CD|? — |AC|?

2|AD|-|CD|
Because /ADB + /ADC = 180°, cos L/ADB + cos /ADC = 0; that is,
|AD|* +|BD|* — |AB|*  |AD]>+|CDJ* — |AC|* _
2|AD| - |BD| 2|AD| - |CD| N
Multiplying 2AD - BD - C D on both sides of the last equation gives

cos LADC =

ICD| <|AD|2 +|BDP? — |AB|2) +|BD| <|AD|2 +|CDP - |AC|2) —0,

or
|AB|*> - |CD| + |AC|* - |BD|

—|CD] (|AD|2 + |BD|2) +|BD| (|AD|2 + |CD|2>
= (ICD| + |BD|)|AD|* +|BD| - |CD|(|BD| + |CD|)

= |BC|(|AD|* 4 |BD| - |CD)).

Setting D = M, the midpoint of segment BC, we can compute the length of the
median AM as a special case of Stewart’s theorem. We have

|AB|> - |CM| + |AC|? - |BM| = |BM|(IAM|?> + |BM| - |C M),

or
5 a 5 a ( 5y a a>
=+ b - = AM —-=).
c 2+ 5 all |—+—2 5
It follows that 2¢2 + 2b% = 4|AM|?* + a2, or
2b2 22_ 2
|AM|2=#,

which is the median formula.
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The Law of Cosines in Action, Take II: Heron’s Formula
and Brahmagupta’s Formula

[Brahmagupta’s Formula] Let ABCD be a convex cyclic quadrilateral (Figure

1.38). Let |[AB| =a, |BC|=b,|CD|=c,|DA|=d,ands = (a+ b+ c+d)/2.
Then

[ABCD] = \/(s —a)(s—b)(s —c)(s —d).
A

L

C
Figure 1.38.

Let B=/ZABC and D = LADC. Applying the law of cosines to triangles ABC
and DBC yields

a?+b* —2abcos B = AC? = ¢? + d? — 2cd cos D.
Because ABCD is cyclic, B+ D = 180°, and so cos B = — cos D. Hence

al+b*—c?—4g?
2(ab + cd)

cos B =

It follows that

sinB=1—cos’B = (1 4+ cos B)(1 — cos B)
_ <1+(12+b2—62—d2> (1_ a2~|—b2—cz—d2>
2(ab + cd) 2(ab + cd)
a? 4+ b* +2ab — (> +d*> —2cd) *+d*+2cd — (a*> + b*> — 2ab)
- 2(ab + cd) ' 2(ab + cd)

_ [a+b)?* = (c = d)?l[(c+d)* — (a — b)*]
N 4(ab + cd)? '

Note that

a+b?—(c—d?=@+b+c—d)a+b+d—c)=4(s—d)(s —c).
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Likewise, (¢ + d)? — (a — b)*> = 4(s — a)(s — b). Therefore, by observing that
B+ D =180° and 0° < B, D < 180°, we obtain

2/ (s —a)(s —b)(s —c)(s —d)
ab + cd ’

sinB =sinD =

or

% (ab+cd)sin B = /(s —a)(s — b)(s — c)(s — d).
Now,

1 1
[ABC] = Z|AB|-|BC|sin B = - - absin B.

Likewise, we have [DBC] = % - cd sin B. Thus,

[ABCD] = [ABC]+[DBC] = % - (ab + cd) sin B

=/(s—a)(s —b)(s —c)(s — d).

This completes the proof Brahmagupta’s formula.
Further assume that there is a also circle inscribed in ABC D (Figure 1.39). Then
by equal tangents, we have a + ¢ = b +d = s, and so [ABC D] = +/abcd.

A

D

C
Figure 1.39.

[Heron’s Formula] The area of a triangle ABC with sides a, b, c is equal to

[ABC] = /s(s —a)(s — b)(s — ¢),

where s = (a + b + ¢)/2 is the semiperimeter of the triangle.

Heron’s formula can be viewed as a degenerate version of Brahmagupta’s for-
mula. Because a triangle is always cyclic, we can view triangle ABC as a cyclic
quadrilateral ABCD with C = D (Figure 1.39, right); that is, CD = 0. In this
way, Brahmagupta’s formula becomes Heron’s formula. For the interested reader, it
is a good exercise to prove Heron’s formula independently, following the proof of
Brahmagupta’s formula.
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The Law of Cosines in Action, Take III: Brocard Points

We will show that inside any triangle ABC, there exists a unique point P (Figure
1.40) such that
LPAB =/PBC = /LPCA.

Figure 1.40.

This point is called one of the two Brocard points of triangle ABC; the other
satisfies similar relations with the vertices in reverse order. Indeed, if /PAB =
L PC A, then the circumcircle of triangle AC P is tangent to the line AB at A. If S is
the center of this circle, then S lies on the perpendicular bisector of segments AC,
and the line S A is perpendicular to the line A B. Hence, this center can be constructed
easily. Therefore, point P lies on the circle centered at § with radius |SA| (note that
this circle is not tangent to line BC unless |[BA| = |BC|). We can use the equation
LPBC = /LPCA to construct the circle passing through B and tangent to line AC
at C. The Brocard point P must lie on both circles and be different from C. Such a
point is unique. The third equation /ZPAB = /P BC clearly holds.

Figure 1.41.

We can construct the other Brocard point in a similar fashion, but in reverse order.
We can also reflect lines AP, BP, and CP across the angle bisectors of ZCAB,
LABC,and /BC A, respectively (Figure 1.41). Then by Ceva’s theorem, these three
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new lines are also concurrent, and the point of concurrency is the second Brocard
point. This is the reason we say that the two Brocard points are isogonal conjugates
of each other.

C

Figure 1.42.

Example 1.13. [AIME 1999] Point P is located inside triangle ABC (Figure 1.42)
so that angles PAB, PBC, and PCA are all congruent. The sides of the triangle
have lengths [AB| = 13, |BC| = 14, and |CA| = 15, and the tangent of angle PAB
is m/n, where m and n are relatively prime positive integers. Find m + n.

Solution: Leta = /PAB = /PBC = /PCA and let x, y, and z denote |PA|,
|PB|, and |PC|. Apply the law of cosines to triangles PCA, PAB, and PBC to
obtain

x2 =72+ b* —2bzcos o,

y2 =x2 4% — 2cx cos o,

2= y2 +d?— 2ay cos a.

Sum these three equations to obtain 2(cx +ay + bz) cosa = a> + b*> + ¢>. Because
the combined area of triangles PAB, PBC, and PCA is equal to w
the preceding equation can be rewritten as

4[ABC]

taneg = —————— .
a?+b2+c2

With a = 14, b = 15, and ¢ = 13, use Heron’s formula to find that [ABC] = 84.

It follows that tan ¢ = %, som +n = 463. ]
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In general, because 4[ABC] = 2ab sin C = 2bcsin A = 2ca sin B, we have

1 a? + b+ 2 a? b? c?
cota = = = - + - + -
tan o 4[ABC] 2bcsin A  2casinB  2absinC
sin A sin? B sin? C

- 2sin Bsin C sin A + 2sin C sin A sin B + 2sin Asin B sin C
_ sin? A + sin? B + sin? C
2sin Asin B sin C

by the law of sines.
There is another symmetric identity:

csc?a = csc? A + csc? B +esc? C.
Because /PCA+ /PAC = /PAB+ /PAC = /CAB, it follows that /CPA =

180° — LCAB, and so sin ZCPA = sin A. Applying the law of sines to triangle
CAP gives

X b bsin«
. = - s or x = — .
sina  sin/CPA sin A
Similarly, by working with triangles ABP and BCP, we obtain y = Snp and
7 = ¢ Consequently,
1 . 1 asina bsina
[CAP]= —zxsin/CPA= - — . —— -sinA
2 2 sinC sin A
absinC  sin?« sin? o
2 sin© C sin® C

Likewise, we have [ABP] = [ABC] - 02 and [BCP] = [ABC] - 12 Adding
the last three equations gives ‘ ‘

sinfa sinfa sinfa )
9

+ +
sin2C  sin? A sin? B

[ABC] =[ABC] <

implying that csc? & = csc? A + csc? B + csc? C.

Vectors

In the coordinate plane, let A = (x1, y1) and B = (x2, y2). We define the vector

ﬁ = [x2 — x1, y2 — y1], the displacement from A to B. We use a directed segment
to denote a vector. We call the starting (or the first) point (in this case, point A) the
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tail of the vector, and the ending (or the second) point (B) the head. It makes sense

to write the vector A—)C as the sum of vectors ﬁ and B—C>’, because the composite
displacements from A to B and B to C add up to the displacement from A to C.
For example, as shown in Figure 1.43, left, with A = (10, 45), B = (30, 5), and

— — —
C = (35,20), then AB = [20, —40], BC =[5, 15], and AC = [25, —25].

vt A vt
—
AC
E
14—)
B B
C A C
BC
B .
o X 'b o X
Figure 1.43.

In general (Figure 1.43, right), if u = [a,b] and v = [m,n], thenu + v =
[a+m, b+n]. If we put the tail of u at the origin, then its head is at point A = (a, b).
If we also put the tail of v at the origin, then its head is at point B = (m, n). Then

—  —> — . —
u+v=0A+ OB = OE, and OAEB is a parallelogram. We say that vector O A

is a scalar multiple of O_C)' if there is a constant ¢ such that OC = [ca, cb], and c is
called the scaling factor. For abbreviation, we also write [ca, cb] as cla, b]. If the
vector 5)4 is a scalar multiple of O_C)' it is not difficult to see that O, A, and C are
collinear. If ¢ is positive, then we say that the two vectors point in the same direction;
if ¢ is negative, we say that the vectors point in opposite directions.

We call ~/a? + b? the length or magnitude of vector u, and we denote it by |u].
If a # 0, we also call % the slope of the vector; if @ = 0, we say that u is vertical.
(These terms are naturally adapted from analytic geometry.) We say that vectors are
perpendicular to each other if they form a 90° angle when placed tail to tail. By
properties of slopes, we can derive that u and v are perpendicular if and only if
am + bn = 0. We can also see this fact by checking that |OA|> + |OB|> = |AB|%;
that is, [u|?> 4 |v|?> = |u — v|%. It follows that u and v are perpendicular if and only if
(@* +b%) + (m? +n?) = (a —m)* + (b — n)?, or am + bn = 0 (Figure 1.44, left).
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y A
y y
B A’ c’
A
A
0 ~ o B B »
Figure 1.44.

Note that the diagonals of a rhombus bisect the interior angles (Figure 1.44, right).
— —>
Because vectors OA’ = |V|u and OB’ |u|V have the same length, we note that
—_— —>
1f vectors OA’, OB’, and OC’ = OA’ + OB’ |[v|u + |u|v are placed tail to tail,
—

ocC oc bisects the angle formed by vectors OA’ and O B’, which is the same as the
angle formed by vectors u and v.

A vector contains two major pieces of information: its length and its direction
(slope). Hence vectors are a very powerful tool for dealing with problems in analytic
geometry. Let’s see some examples.

Example 1.14. Alex started to wander in Wonderland at 11:00 a.m. At 12:00 p.m.,
Alex was at A = (5, 26); at 1:00 p.m., Alex was spotted at B = (-7, 6). If Alex
moves along a fixed direction at a constant rate, where was Alex at 12:35 p.m.? 11:45
am.? 1:30 p.m.? At what time and at what location did Alex cross Sesame Street,
the y axis?

Solution: As shown in Figure 1.45, left, let A3, Ay, A4 denote Alex’s positions
at 12:35 p.m., 11:45 p.m., and 1:30 p.m., respectively. It took Alex 60 minutes

to move along the vector ﬁ [—12, —20]. Hence he was dislocated by vector

_ 35—> _ _ _157h _
AA3 = AB = |- ,—— at 12:35 p.m. Similarly, AA1 = —@AB = [3, 5]

nd ;X——) = 60AB = [—18, —30]. Let O = (0, 0) be the origin. Then we find that
> = T2 .4 (L~ 43\ T: . _
OA3 = OA+ AA3 = [-2, %] and A3 = (-2, %). Likewise, A; = (8, 31) and

Ag = (=13, -4).
Let A = (0, b) denote the point at which Alex crosses Sesame Street. Assume

l

£
D>

that it took # minutes after 12:00 p.m. for Alex to cross Sesame Street. Then AA; =
, — = — : ;

50 0A1 and OA; = OA+ AAj; thatis, [0, b] = [5, 26] + sol—12, —20]. It follows

that [0, b] = [5 — £,26 — £]. Solving 0 = 5 — £ gives ¢ = 25, which implies that
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b 6 — = % Therefore, at 12:25 p.m., Alex crossed Sesame Street at point
(0.%) .
» 3 .

P

A1 B
i

0
Figure 1.45.

Example 1.15. Given points A = (7,26) and B = (12, 12), find all points P such
that |[AP| = |BP|and ZAP B = 90° (Figure 1.45, right).

Solution: Note that triangle AB P is an isosceles right triangle with |AP| = |BP|.
Let M be the midpoint of segment AB.Then M = (% 19), IMA| = |MB| =|MP|,

Ya 5 Ve 5 T 5
and MA L MB. Thus MA = [3,=7] and MP =[7. 5] or MP = = [7.3] Let
.. = _ A D 19 5
O = (0, 0) be the origin. It follows that OP = OM + MP = [, 19] £+ [7, 5].
33 43 5 33
Consequently, P = (7, 7) or P = (5, 7). [ ]

For each of the next two examples, we present two solutions. The first solution
applies vector operations. The second solution applies trigonometric computations.

Example 1.16. [ARML 2002] Starting at the origin, a beam of light hits a mirror (in
the form of a line) at point A = (4, 8) and is reflected to point B = (8, 12). Compute
the exact slope of the mirror.

Note: The key fact in this problem is the fact that the angle of incidence is equal
to the angle of reflection; that is, if the mirror lies on line P Q, as shown in Figure
1.46, left, then LOAQ = /PAB.

First Solution: Constructline ¢ suchthat? L P Q.Then line ¢ bisects angle ZO AB.
— —
Note that [AB| = /(8 —4)2 4+ (12 — 8)2 = 4y/2 and |AQ| = V42 + 82 = 4./5.
— — . — —
Thus, vector v/5 - AB 4+ +/2 - AO bisects the angle formed by AO and AB; that
— —
is, this vector and line ¢ have the same slope. Because V5 -AB+V2-A0 =
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and so the

4/5-8V2 _ 522
4/5-42 T 5-V27

[4\/3 — 44/2, 4./5 — 8ﬁ], the slope of line € is
slope of line P Q is

V-2 (f5-VDeV2+V5) V1041

2V2-V5 V2= V3V2Z+V5) 3

Second Solution: Let £ and £, denote two lines, and for i = 1 and 2, let m; and 6;
(with 0° < 6; < 180°) denote the slope and the polar angle of line ¢;, respectively.

Without loss of generality, we assume that 67 > 6,. If 6 is the polar angle formed by

the lines, then 0 = 6; — 6, and
tanf; — tan 6, myp —my
tan6 = =
1 +tan 6,6, 1—mimo

2—m

by the addition and subtraction formulas.
Let m be the slope of line P Q. Because lines O A and A B have slopes 2 and 1,
14+2m’

respectively, by our earlier discussion we have

—1
M tan/PAB =tan/QAO =

1+m
or (m — (1 4+ 2m) = 2 — m)(1 + m). It follows that 3m? —2m — 1 = 0, or
[

%ﬁ. It is not difficult to see that m = %ﬁ is the answer to the problem.

(The other value is the slope of line ¢, the interior bisector of /O AB.)
B

P

o=

0
Figure 1.46.

Example 1.17. [AIME 1994] The points (0, 0), (a, 11), and (b, 37) are the vertices
of an equilateral triangle (Figure 1.46, right). Find ab.

In both solutions, we set O = (0,0), A = (a, 11), and B = (b, 37).

First Solution: Let M be the midpoint of segment AB. Then M = (‘%b, 24),
a-b —13), it follows that

—_—
OM L MA, and |OM| = +/3|MA|. Because AM = (%532
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OM =/3[13, %L H ath 24] = /3[13, %5L]; that i
= V3[13, 437] Hence, [452,24] = V3[13, 43 ]; that s,

b —-b
a—; = 13v/3 and aT:8«/§.

Adding the last two equations gives a = 21+/3, and subtracting the second equation
from the first equation gives b = 54/3. Consequently, ab = 315. [ ]

Second Solution: Let Zo denote the angle formed by ray O A and the positive
direction of the x axis, and set x = |[OA| = |OB| = |AB]|. Then sina = % and
cosa = %. Note that ray O B forms an angle whose measure is & + 60° from the
positive x axis. Then by the addition and subtraction formulas, we have

37 11 3
— =sin(a + 60°) = sin & cos 60° + cos « sin 60° = — + i,
X 2x 2x
b 11/3
— = cos(a + 60°) = cosa cos 60° — sin « sin 60° = a _ f
X 2x 2x

Solving the first equation for a gives a = 21+/3. We then solve the second equation
for b to obtain b = 5+/3. Hence ab = 315. ]

The Dot Product and the Vector Form of the Law of
Cosines

In this section we introduce some basic knowledge of vector operations. Let u =
[a, b] and v = [m, n] be two vectors. Define their dot product u - v = am + bn. It
is easy to check that

(i) v-v = m?+n? = |v|%; that is, the dot product of a vector with itself is
the square of the magnitude of v, and v - v > 0 with equality if and only if
v=1[0,0[;

) a-v=v-u
(iii)) u- (v+w) =u-v+u-w, where w is a vector;
(iv) (cu) - v = c(u - v), where c is a scalar.

If vectors u and v are placed tail to tail at the origin O, let A and B be the heads of u

and v, respectively. Then A_é = v — u. Let 8 denote the angle formed by lines O A
and OB. Then ZAO B = 6. Applying the law of cosines to triangle AO B yields

v—u|>=AB?> = 0A”>+ OB?> —20A - OBcosf

= |u)® + |v]* = 2|u|v| cos 6.
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It follows that
v—uw-(v—u)=u-u+v-v—2u||v|cosb,

orv-v—2u-v+u-u=v-v+u-u—2ul|v|cosf. Hence

u-v

cosf = .
[al|v]

Cauchy—Schwarz Inequality

Let u = [a, b] and v = [m, n], and let 6 be the angle formed by the two vectors
when they are placed tail to tail. Because |cos 8| < 1, by the previous discussions,
we conclude that (u - v)2 < (|u||V|)2; that is,

(am + bn)2 < (a2 + b2> (m2 + n2> .

Equality holds if and only if | cos @] = 1, that is, if the two vectors are parallel. In
any case, the equality holds if and only if u = k - v for some nonzero real constant
k;thatis, £ = 2 = .

We can generalize the definitions of vectors for higher dimensions, and define
the dot product and the length of the vectors accordingly. This results in Cauchy—
Schwarz inequality: For any real numbers ay, as, ..., a,, and by, by, ..., by,

(a12+a§+~-~+a,f) (b%+b§+~--+b,§) > (a1by +asby + - - + anby)*.
Equality holds if and only if @¢; and b; are proportional, i = 1,2, ..., n.

Now we revisit Example 1.11. Setting n = 3, (a1, a2,a3) = (vVX, /¥, V/2)
(b1, by, b3) = (\/L; \% \%) in Cauchy—Schwarz inequality, we have

1 4 9 1 4 9 s
—+t-+t-=@+y+)|-+-+-)=A+2+3)" =36
Xy oz x y z

Equality holds if and only if ¥ = § = %, or (x, y,2) = (1, 1, 1).

Radians and an Important Limit

When a point moves along the unit circle from A = (1,0) to B = (0, —1), it has
traveled a distance of 7 and through an angle of 180°. We can use the arc length as
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a way of measuring an angle. We set a conversion between units: 7 = 180°; that
is, 180° is  radians. Hence 1 radian is equal to 171@ degrees, which is about 57.3°.
Therefore, an angle of « = x° has radian measure x - g5, and an angle of 6 =y
radians has a measure of y - %) degrees. To be a good problem solver, the reader is
encouraged to be very familiar with the radian measures of special angles such as
12°, 15°, 30°, 45°, 60°, 120°, 135°, 150°, 210°, and vice versa.

B

Figure 1.47.

Let w be a circle, and let O and R denote its center and radius, respectively.
Suppose points A and B lie on the circle (Figure 1.47). Assume that /AOB = x°
XX _ AR

and LAOB =y (radian measure). Then {35 = y. Let |AB| denote the length of arc
AB. By the symmetry of the circle, we have

|AB| _ «x°

XTT
27R~ 360°’

or |X§| = 830

R =yR.

Hence, if ZAOB is given in radian measure, then the length of arc AB is equal to
the product of this measure and the radius of the circle. Also, by the symmetry of
the circle, the area of this sector (the region enclosed by the circle and the two radii
OA and OB) is equal to

a -mR? = y_R2

360° 2
That is, the area of a sector is equal to half of the product of the radian measure of
its central angle and the square of the radius of the circle.

Because radian measure reveals an important relation between the size of the
central angle of a circle and the arc length that the angle subtends, it is a better unit
by which to (algebraically) quantify a geometric object. From now on in this book,
for a trigonometric function f(x), we assume that x is in radian measure, unless
otherwise specified.

Let 0 be a angle with 0 < 6 < 7. We claim that

sinf < 6 < tané. (%)



1. Trigonometric Fundamentals 49

We consider the unit circle centered at O = (0, 0), and points A = (1,0) and B =
(cos 9, sin 6) (Figure 1.48). Then ZAO B = 6. Let C be the foot of the perpendicular
line segment from B to segment O A. Point D lies onray O B suchthat AD 1 AO.
Then BC = sinf and AD = tanf. (By our earlier discussion, arc AB has length
1-60 = 6. Hence itis equivalent to show that the lengths of segments BC, arc AB, and
segment A D are in increasing order. The reader might also want to find the geometric
interpretation of cot, sec 8, and csc6.) It is clear that the areas of triangle O AB,
sector O AB, and triangle O AD are in increasing order; that is,

IBC|-|0A| 12-6 |AD|-|0A|
< < ,
2 2 2

from which the desired result follows.

Figure 1.48.

As 6 approaches 0, sin 6 approaches 0. We say that the limiting value of sin 6 is 0
as 0 approaches 0, and we denote this fact by limg_, ¢ sin6 = 0. (The reader might
want to explain the identity limy_, o cos & = limg_,¢ secd = 1.) What about the ratio

%? Dividing by sin 6 on all sides of the inequalities in () gives
6
l < — < =secH.
sin 6 cosf
Because lim secd = 1, it is not difficult to see that the value of %, which is

60—
sandwiched in between 1 and sec 6, approaches 1 as well; that is,

lim — =1, or lim — =1.
6—0 sin 6 >0 6

This limit is the foundation of the computations of the derivatives of trigonometric
functions in calculus.

Note: We were rather vague about the meaning of the term approaching. Indeed,
when 6 approaches 0, it can be either a small positive value or a negative value with
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small magnitude. These details can be easily dealt with in calculus, which is not
the focal point of this book. We introduce this important limit only to illustrate the
importance of radian measure.

Constructing Sinusoidal Curves with a Straightedge

Example 1.18. [Phillips Exeter Academy Math Materials] Jackie wraps a sheet of
paper tightly around a wax candle whose diameter is two units, then cuts though them
both with a sharp knife, making a 45° angle with the candle’s axis. After unrolling
the paper and laying it flat, Jackie sees the wavy curve formed by the cut edge,
and wonders whether it can be described mathematically. Show that this curve is
sinusoidal.

Solution: Because we can move the paper around, without loss of generality, we
may assume that the sides of the paper meet at line A P, where A is the lowest point
on the top face of the candle after the cut, as shown in Figure 1.49. To simplify our
work a bit more, we also pretend that the bottom 1 inch of the candle (and paper
wrapping around it) was also cut off by the sharp knife, as shown in Figure 1.49.

P B
Figure 1.49.

Let S denote the curve formed by the cut edge before the paper is unrolled,
and let D be an arbitrary point on S. For a point X on S, let X denote the point
corresponding to F after the paper is unrolled. (When we unroll the paper, point A
will correspond to two points Ay and Aj.) Let O be the point on the base of the
candle that is diametrically opposite to A. Let Q be the point on S such that line
QO is parallel to the axis of the candle. Set the coordinate system (on the unrolled
paper) in such a way that O; = (0,0), @1 = (0,2), and A; = (—m, 0). Then by
symmetry, A2 = (7, 0). Let C be the midpoint of segment A O, and let @ denote the
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circle centered at C with radius C A; that is, w denotes the boundary of the base of
the candle.

Let B be the foot of the perpendicular line segment from D to the circle w, and
assume that /O C B = 6. Because circle w hasradius 1, | OB |, thelength of arc O B, is
6. (This is why we use radian measure for 6.) Then B; = (6, 0) and D| = (0, y) with
y = BD.Let F be the foot of the perpendicular line segment from B to segment AC.
Then CF = cosf,and AF = 14 cos@. Note that A, Q, C, F, and O are coplanar,
and ZOAQ = 45°. Point E is on segment AQ such that EF 1 AO. Consequently,
LAEF = LOAQ = 45° and ZAFE = 90°, implying that the right triangle AE F
is isosceles, with AF = EF. It is not difficult to see that BDEF is a rectangle.
Hence BD = EF = AF = 1+ cosf. We conclude that D; = (6, 1 4+ cos#); that
is, D1 lies on the curve y = 1 4 cos x.

O
R T e B e B N e
A i O
Figure 1.50.

Finally, had we not cut off the bottom of the candle, the equation of the curve
would have been y = 2 + cos x. [ |

Three Dimensional Coordinate Systems

We view Earth as a sphere, with radius 3960 miles. We will set up two kinds of 3-D
coordinate systems to describe the positions of places on Earth.
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z

Figure 1.51.

The first system is the 3-D rectangular coordinate system (or Cartesian system).
This is a simple generalization of the regular rectangular coordinate system in the
plane (or more precisely, the xy plane). We add in the third coordinate z to describe
the directed distance from a point to the xy plane. Figure 1.51 shows a rectangular
box ABCDEFGH.Note that A = (0, 0,0), and B, D, and E are on the coordinate
axes. Given G = (6, 3,2), we have B = (6,0,0), C = (6,3,0), D = (0, 3,0),
E =(0,0,2), F = (6,0,2), and H = (0, 3, 2). It is not difficult to see that the
distance from G to the xy, yz, zx planes, x, y, z axes, and the origin are |GC| = 2,
IGH| =6, |GF| =3, |GB| = +/13,|GD| = 2/10, |GE| = 3/5, and |GA| = 7.

It is not difficult to visualize this coordinate system. Just place yourself in a regular
room, choose a corner on the floor (if you are good at seeing the world upside down,
you might want to try a corner on the ceiling) as the origin, and assign the three edges
going out of the chosen corner as the three axes. In general, for a point P = (x, y, 2),
x denotes the directed distance from P to the yz plane, y denotes the directed distance
from P to the zx plane, and z denotes the directed distance from P to the xy plane.
It is not difficult to see that \/x2 + y2, \/y2 + z2, and +/z2 + x2 are the respective
distances from P to the z axis, x axis, and y axis. It is also not difficult to see
that the distance between two points P; = (xq, y1,z1) and P, = (x2, y2,22) i
V(x1 —x2)2 + (y1 — y2)2 + (z1 — z2)2. Based on this generalization, we can talk
about vectors in 3-D space and their lengths, and the angles formed by them when
they are placed tail to tail. (Note that we cannot talk about the standard angle any
more.) Hence we can easily generalize the definition of the dot product of three-
dimensional vectors u = [a, b, c] and v = [m, n, p] asu - v = am + bn + cp, and
it is routine to check that all the properties of the dot product discussed earlier hold.

Let O be the center of Earth. We set the plane containing the equator as the xy
plane (or equatorial plane), and let the North Pole lie on the positive z axis. However,
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sometimes it is not convenient to use only the rectangular system to describe positions
of places on Earth, simply because Earth is a sphere.

Example 1.19. Describe the points on Earth’s surface that can be seen from a space
station that is 100 miles above the North Pole.

Solution: Let S denote the position of the space station, and let E be a point on
Earth such that line SE is tangent to Earth’s surface. There are many such points E,
and all these points form a circle C lying in a plane P that is parallel to the equatorial
plane. The plane P cuts Earth’s surface into two parts. The part containing the North
Pole contains exactly those points we are looking for. The best way to describe the
points on C is to use the angle formed by ray O E and the equatorial plane. It is not
difficult to see that as E varies along C, the angle does not change.

S

N\

Figure 1.52.

Let N be the point on the equatorial plane that is closest to E. The central angle
EON is called the latitude of E. If E is in the northern hemisphere, then this angle
is positive; otherwise it is negative. Hence the range of latitudes is [—90°, 90°],
with 90° (or 90° north) corresponding to the North Pole and —90° (or 90° south)
corresponding to the South Pole. Points of constant latitude x° form a circle parallel
to the equator. Such a circle is called the latitudinal circle of x°.

To solve our problem, note that cos ZSOE = % = 23%, and so /SOE ~
12.743°, implying that ZNOE = 90° — /SOE =~ 77.254°. Therefore, all the
points with latitude greater than or equal to 77.254° can be seen from the space
station. ]

Example 1.20. The latitude of the town of Exeter, New Hampshire, is about 43
degrees north.
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(a) How far from the equatorial plane is Exeter, assuming that one travels through
Earth’s interior? What if one travels on Earth’s surface?

(b) How far does Earth’s rotation carry the citizens of Exeter during a single day?

Solution: Let N be the foot of the perpendicular line segment from E to the equa-
torial plane. Then ZEON = 43°. In right triangle EON, |[EN| = |[EO|sin43° =
3960sin43° ~ 2700.714; that is, the z coordinate of Exeter is about 2700.714
miles. If one travels on Earth’s surface, we extend segment O N through N to meet

the equator at M. Then |EA\/I| = 13%% -2 - 3960 ~ 2971.947; that is, exeter is

about 2971.947 miles away from the equator, assuming that one travels on Earth’s

surface.
z
ﬁ
(0

Figure 1.53.

Let C denote the latitudinal circle of 43°, and let C be the center of C. During a
single day (and night; that is, a complete day of 24 hours), Earth’s rotation carries
the citizens of Exeter through one revolution along the circle C. (If we fix Earth,
then E travels along C for a complete revolution.) Hence, the distance sought is
2 - |CE| = 2 - |ON| = 79207 cos43° ~ 18197.114 miles. (What a long free
ride!) ]

It is not difficult to see that points E and N have the same x and y coordinates,
and that N lies on a circle centered at O with radius 3960 cos 43°. Now we set up
the x and y axes. The primary meridian is the great semicircle that passes through
Greenwich, England, on its way from the North Pole to the South Pole. The x axis is
set in such a way that the intersection of the primary meridian and the equator is at
(3960, 0, 0). This point is in the South Atlantic Ocean, near the coast of Ghana. The
y axis is set such that the positive x, y, and z axes follow the right-hand rule. When
we turn the primary meridian around the z axis, we obtain all the semicircles with the
segment connecting the North Pole and the South Pole as their common diameter.
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These semicircles are called meridians or longitude lines. We say longitude x° (or
longitude line of x°) if the standard angle of the intersection of the longitude line
and the equator is equal to x°, and all the points on this longitude line have longitude
x°. Every point on the surface of Earth is the intersection of a latitudinal circle and a
longitude line. Hence we can describe the points on the surface by an ordered pair of
angles («, ), where « and g stand for the longitude and latitude angles, respectively.
If we also consider points on any sphere, we can write E = (r, o, ), where r is the
radius of the sphere. These are the spherical coordinates of the point E. For the
special case of considering points on Earth, r is equal to 3960 miles.

z
/%c N
(0]
o

Figure 1.54.

Let E be a point with spherical coordinates (r, «, 8) (Figure 1.54). We com-
pute its rectangular coordinates. As we have done before, let N be the foot of the
perpendicular line segment from E to the equator. Let E = (x, y, z) be the rectan-
gular coordinates of E. Then z = |EN| = rsin8, and N = (x, y, 0). In the xy
plane, N lies on a circle with radius r cos 8, and N has standard angle «. Hence
x =rcosacos B and y = r sin cos §; that is,

E = (rcosacos B, rsina cos 8, r sin B).

Sometimes, we also write E = r(cos« cos B, sin« cos 8, sin ). This is how to
convert spherical coordinates into rectangular coordinates. It is not difficult to reverse
this procedure; that is, to convert rectangular coordinates into spherical coordinates.

Traveling on Earth
It is not possible, at least in the foreseeable future, to build tunnels through Earth’s

interior to connect big cities like New York and Tokyo. Hence, when we travel from
place to place on Earth, we need to travel on its surface. For two places on Earth,



56 103 Trigonometry Problems

how can we compute the length of the shortest path along the surface connecting
the two places? Let C denote this path. Intuitively, it is not difficult to see that the
points on C all lie on a plane. This fact is not that easy to prove, however, so let’s
just accept it. Let P denote the plane that contains C. It is clear that the intersection
of P and Earth’s surface is a circle. Consequently, we conclude that C is an arc. For
two fixed points, we can draw many circles passing through these two points (Figure
1.55). Itis not difficult to see that as the radii of the circles increase, the lengths of the
minor arcs connecting the points decrease. (When the radius of the circle approaches
infinity, the circle becomes a line and the minor arc connecting the points becomes
the segment connecting the points.)

Figure 1.55.

For two points A and B on the surface of Earth, the largest circle passing through
A and B on Earth is the circle that is centered at Earth’s center. Such circles are
called great circles. For example, the equator is a great circle, and all points with
fixed longitudes form great semicircles. We encourage the reader to choose pairs of
arbitrary points on a globe and draw great circles passing through the chosen points.
The reader might then have a better idea why many intercontinental airplanes fly at
high latitudes.

Figure 1.56.
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Example 1.21. Monica and Linda traveled from Shanghai, China (east 121°, north
31°), to Albany, New York (west 73°, north 42°), to visit their friend Hilary. Estimate
the distance of Monica and Linda’s trip.

Solution: In general, let A = (3960, «1, B1) and B = (3960, «», $2). Then
A = 3960(cos 1 cos B, sin ] cos B, sin B1)

and
B = 3960(cos a3 cos Bo, sin &y cos B, sin B7).

Let® = LA O B. Then by the vector form of the law of cosines, we have

cosf = ————
|OA||OB]|

= cos & cos B cosap cos By + sin g cos B1 sin ap cos By + sin By sin B.
For this problem, we have oy = 121°, 81 = 31°, ap = —73°, and B, = 42°.
Plugging these values into the above equation gives cosf ~ —0.273, implying
that & &~ 105.870°. Hence the distance between Shanghai and Albany is about
36% -2m - 3960 ~ 7317.786 miles along Earth’s surface.

Where Are You?

During a long flight, the screens in the plane cabin often show the position of the
plane and the trajectory of the trip. How is it done? Or, how does a GPS (Global
Positioning System) work? Let’s give a baby tour of this subject.

Example 1.22. Monica and Linda traveled from Shanghai, China (east 121°, north
31°), to Albany, New York (west 73°, north 42°), to visit their friend Hilary. Monica’s
hometown, Billrock, is four-fifths of the way along their trip. Find the spherical

coordinates of the town of Billrock.
C

C
A
Bi / : B

Figure 1.57.

A
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Solution: We maintain the same notation as in the solution of Example 1.21. Let C
denote an arbitrary point on A B, and assume that /AOC = k/AOB = k0, where is
k is some real number with 0 < k < 1. (See Figure 1.57.) Then ZCOB = (1 —k)6.
Let D and E be points on lines O A and O B, respectively, such that AO || CE and
BO || CD. Then CDOE is parallelogram. Set u = Ei, V= ﬁ, and w = O_C)
There are real numbers a and b such that |OD| =a - |OA| and |OE| = b - |OB|.
Then w = au + bv. By the distributive property of the dot product, we have

w-u=qgu-u+bu-v and w-v=au-v—+bv-v.

Note that |u| = |v| = |w| = 3960. By the vector form of the law of cosines, these
equations are equivalent to the equations

cosk® =a+bcosf and cos(l —k)0 =acosb + b.

Solving this system of equations for @ and b gives

cosk® — cos(l — k)6 cos O cos(l — k)6 — cos k6 cos 6
a= and b= .

sin% 0 sinZ 0

For our problem, we have k = % and 0 ~ 105.870° (by Example 1.21). Substituting
these values into the above equations gives a &~ 0.376 and b =~ 1.035. It follows that
w = au+ bv ~ 3960[0.059, —0.460, 0.886], which are the rectangular coordinates
of the point C. Let (3960, y, ¢) be the spherical coordinates of C. Then sin¢ =~
0.886, or ¢ ~ 62.383°, and sin y cos ¢ ~ —0.460, or y ~ —82.67°; that is, Billrock
has longitude west 82.67° and latitude 62.383°.

De Moivre’s Formula

Many polynomials with real coefficients do not have real solutions, e.g., x2 + 1 = 0.
The traditional approach is to set i to be a number with the property i> = —1. To
solve an equation such as x2—4x +7=0,we proceed as follows: (x — 2)2 = -3,
or x — 2 = £+/3i, implying that x = 2 & +/3i are the roots of the equations. (One
can also skip the step of completing the square by applying the quadratic formula.)
Thus, we consider numbers in the form a + bi, where a and b are real numbers. Such
numbers are called complex numbers or imaginary numbers. The real numbers
can be viewed as complex numbers by setting a = a + 0i. Strictly speaking, the
number i is called the imaginary unit, and z = bi is called pure imaginary if b is
nonzero.

Whatever these numbers may represent, it is important to be able to visualize
them. Here is how to do it: The number a + bi is matched with the point (a, b),
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or the vector [a, b] that points from the origin to (a, b). Under this convention, the
coordinate plane is called the complex plane. Points (0, b) on the y axis are thereby
matched with pure imaginary numbers bi, so the y axis is called the imaginary axis
in the complex plane. Similarly, the x axis is called the real axis. Let O denote the
origin, and let each lowercase letter denote the complex number assigned to the point
labeled with the corresponding uppercase letter. (For example, if z = 3 + 4i, then
Z = (3,4).) See Figure 1.58.

The definition of the complex plane allows us to talk about operations on complex
numbers. The sum of the complex numbers z; = a; + b1i and zo = ar + boi is
z =21+ 22 = (a1 + a2) + (b1 + b2)i, and their difference is 7 = z; — 22 =
(a1 — az) + (b1 — by)i. Because of the vector interpretation of complex numbers, it
is not difficult to see that O Z1Z Z, forms a parallelogram, and z and 7z’ are matched

N -
with diagonal vectors OZ and Z»Z;.

Z =(-2,6)
7=-246i
A
Z1=(3,4)
z71=3+4i
Zy = (—5,2 i 7 = (8,2
22 =-5+2 7 =8+2i
0=(-55,0 0 Pg
g=-5540i
Pz ._22’_3) S'=(2,-35)
=-2-3i = (2, -3.
P s =2-—23.5i
Figure 1.58.

We can talk about the magnitude or length of a complex number z, denoted
by |z|, by considering the magnitude of the vector it corresponds to. For example,
|3—4i| = 5, and in general, |a +bi| = ~/a* + b?. Hence, all the complex numbers z
with |z| = 5 form a circle centered at the origin with radius 5. We can also talk about
the polar form of complex numbers. If Z = (a, b) has polar coordinates Z = (r, 6),
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then r = ~a?2+b? and a = rcos® and b = rsinf. We write 7 = a + bi =
rcosf + risin@ = rcis 6. For example, z = —1 + V3i = 2cis 120° = 2cis ZT”
We have developed interesting properties of adding vectors with equal magnitudes.
Similar properties can be written in terms of complex numbers. Let z; and z be
complex numbers with |z1] = |z2] = r. Set z; = rcisf; and zp = rcis6,. Set
z = 71 + z2. Then OZ1ZZ; is a thombus, implying that the line O Z bisects the
angle Z,0Z;; that is, z = r’cis # for some real number r’. In particular, if
z1 = l and z» = cisa, then z = r’cis §, where r’ = ‘OZ. Therefore, tan § is equal
to the slope of line O Z; that is,
a sina
tan - = —,
2 1+ cosa
which is one of half-angle formulas. Other versions of the half-angle formulas can
be obtained in a similar fashion. It is also not difficult to see that ' = OZ = 2 cos %

Example 1.23. [AMC12 2002] Let a and b be real numbers such that
sina 4 sinb =

cosa +cosb =

SPSurs

Evaluate sin(a + b).

First Solution: Square both of the given relations and add the results to obtain

.2 2 .2 2 . ) 2 6
sin“ a + cos” a + sin“ b + cos b+2(s1nasmb+cosacosb)=Z+Z,

or cos(a — b) = 2(sinasinb + cosa cos b) = 0 by the addition and subtraction
formulas. Multiplying the two given relations yields

3
sina cosa + sinbcosb + sina cosb + sinbcosa = %

or sin2a + sin2b + 2sin(a + b) = +/3 by the double-angle formulas and the
addition and subtraction formulas. By the sum-to-product formulas, we obtain

sin 2a + sin 2b = 2 sin(a + b) cos(a — b) = 0.

Hence sin(a + b) = ‘/7§

Second Solution:
Set complex numbers z; = cosa+i sina = cisa and z; = cosb+isinb = cisb
(Figure 1.59).



1. Trigonometric Fundamentals 61

Z>
Z

Figure 1.59.

Then by the operation rules for complex numbers and by the given conditions,
we have

..a . .
z=21+22=rcis =cisa +cisb

V6  V2i V3o 4
=7+T=~/§<7+§>=\/§C1sg;

that is, ' = +/2 and “'ZH’ = %.,and sosin(a + b) =sin § = ‘/75 n

One of the most interesting properties of complex numbers is related to the product.
Itis natural to define the product of complex numbers 71 = a1+b1i and zo = a>+bai

as
z=2z122 = (a1 + b1i)(az + bai)

= aias + arbii + a1bai + b1byi?
= (ar1ax — b1b2) + (a1by + axby)i.

This certainly mimics the form of the addition and subtraction formulas. Indeed,
working in the polar form z; = ry cis8; and zo = r» cis 82, we have

z=2122 = (a1 + b1i)(az + b2i) = (r1 cis01)(r2 cis 62)
=ri1(cos B + sinb1i)rr(cos br + sin bri)
= rira(cos 61 + sin61i)(cos O + sin 61i)
= r1ra[cos(61 + 62) + i sin(6; + 6>)]
= rirp cis(6y + 6;),

by noting the addition and subtraction formulas cos(6; + 62) = cos6fcosf, —
sin 6} sin 6, and sin(f] + 6>) = sin 0; cos 6, + cos 01 sin 0. It is then not difficult to
see that 0
cis
ST T 6, — 6).
) rp cis 6y )

We have proved the angle-addition (angle-subtraction) property of complex multi-
plication (division). This is why operations on complex numbers are closely related
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to trigonometry. For example, if 6; = tan™! % and 6, = tan™ 3, then we can show
that 6; + 6, = 45° by the addition and subtraction formulas. On the other hand, this
fact can also be shown by simple complex multiplication: (2 +i)(3 +i) =5 + 5i.
Can the reader tell why?

By the above angle-addition property of complex multiplication, we can see that

(cos@ + i sin 9)2 = (cis 0)2 =cis20,
(cos6 + i sin 9)3 (cis 9) (cis@) = (cis 20)(cis8) = cis 36,

and so on. By this induction process, we can prove de Moivre’s formula: For any
angle 6 and for any integer n,

(cos@ +isinh)" = (cis0)" = cisnd = cosnf + i sinnh.

From this formula, it is not difficult to derive the expansion formulas of sinna
and cos no in terms of sin « and cos @ by expanding the left-hand side of the above
identity and matching the corresponding real and imaginary parts of both sides:

. n -1 n n—3 .3
sinno = cos" tasina — 3 cos" o sin’ o
< ) S"Oasinda — -,

n _ .
cosna = <O) cos” o — < >c0s” Zasin®a
n 4

+ 4 cos" *asinta — .
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Introductory Problems

1. Let x be a real number such that sec x — tan x = 2. Evaluate sec x + tan x.

2. Let 0° < 6 < 45°. Arrange
f = (tan®)®™? 1 = (tan9)*°'?,
3= (cot®)® 1y = (cotd)°t?,

in decreasing order.

3. Compute

(a) sin {5, cos {5, and tan {5;
(b) cos® = - sin? 45
(c) cos36° — cos72°; and
(d) sin 10° sin 50° sin 70°.

4. Simplify the expression

Vsin x + 4 cos? x — vcost x + 4sin? x.
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10.

11.

103 Trigonometry Problems

. Prove that

2

1—cot23° = ———.
1 — cot22°

Find all x in the interval (O, %) such that

ﬁ_1+‘/§+1=4\/§.

sin x COS X

Region R contains all the points (x, y) such that x2 4+ y2 < 100 and sin(x +
y) > 0. Find the area of region R.

In triangle ABC, show that

A a
sin — < .
2 " b+c

Let I denote the interval [—%, %] Determine the function f defined on the
interval [—1, 1] such that f(sin2x) = sinx + cosx and simplify f (tan? x)
for x in the interval 1.

Let
Iy k
fr(x) = E(sm X +cos” x)

fork =1,2,....Prove that

1
Ja(x) — fo(x) = T

for all real numbers x.

A circle of radius 1 is randomly placed in a 15-by-36 rectangle ABC D so that
the circle lies completely within the rectangle. Given that the probability that
the circle will not touch diagonal AC is 7', where m and n are relatively prime
positive integers, find m + n.
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In triangle ABC,
3sinA+4cosB=6 and 4sinB +3cosA =1.

Find the measure of angle C.

Prove that
tan 3a — tan 2a — tana = tan 3a tan 2a tana

forall a # ]%, where k is in Z.

Let a, b, ¢, d be numbers in the interval [0, 7] such that

sina + 7sinb = 4(sinc + 2sind),
cosa + 7cosb =4(cosc +2cosd).

Prove that 2 cos(a — d) = 7 cos(b — ¢).
Express
sin(x — y) + sin(y — z) + sin(z — x)

as a monomial.

Prove that
(4 cos?9° — 3)(4cos?27° — 3) = tan 9°.

Prove that

(1 + sin) (1 + col;x> = (1 +m)2

for all real numbers a, b, x witha, b >0and0 < x < %

In triangle ABC, sin A + sin B + sin C < 1. Prove that

min{A + B, B+ C,C + A} < 30°.

Let ABC be a triangle. Prove that
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20.

21.

22.

23.
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(2)
A B C C A
tan — tan — -+ tan — tan — + tan — tan — = 1;
2 2 2 2 2 2
(b)
B C 3
tan —tan — tan — < —.
2 2 2 9

Let ABC be an acute-angled triangle. Prove that

(a) tan A +tan B +tanC = tan Atan Btan C;
(b) tan Atan Btan C > 3v/3.

Let ABC be a triangle. Prove that
cot Acot B+ cotBcotC +cotCcot A =1.

Conversely, prove that if x, y, z are real numbers with xy 4+ yz + zx = 1, then
there exists a triangle ABC such that cot A = x,cot B =y, and cotC = z.

Let ABC be a triangle. Prove that

A B C A B C
sinZE —i—sinzi —{-sinza ~|—Zsingsinasin5 =1.

Conversely, prove that if x, y, z are positive real numbers such that

Xy 2y =1,

C

then there is a triangle ABC such that x = sin 5 2 ,y =sin% B ,and z = sin 5.

Let ABC be a triangle. Prove that

. A . B 1
(a) sin — sin — sin — < —;
2 2 2 8
(b) sin’ +sn +51 2C .3
in” — 5=
2 2 2 7 4
(c) cos2é+0032§+c02£<2-
2 2 2 4
(d) cosAcosBcosC < 3ﬁ'
2 2 2~ 8°
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@ cscl 4ese ot 26
eCSC2 CSC2 CSCZ_.

24. In triangle ABC, show that
(a) sin2A 4+ sin2B + sin2C = 4sin A sin B sin C;
(b) cos2A 4+ cos2B + cos2C = —1 —4cos Acos Bcos C;
(c) sin? A +sin? B +sin? C =2+ 2cos A cos B cos C;
(d) cos? A +cos? B +cos?C +2cos Acos BcosC = 1.

Conversely, if x, y, z are positive real numbers such that
Xy 2 2xyz =1,

show that there is an acute triangle ABC such that x = cos A, y = cos B,
C =cosC.

25. In triangle ABC, show that
abc
[ABC]
(b) 2R?sin Asin BsinC = [ABC];
(c) 2Rsin Asin BsinC = r(sin A 4 sin B + sin C);

(a) 4R =

s

. A B  C

(d) r = 4R sin — sin — sin —;

2 2 2
(©) acos A +beos B+ coos C = 226
e) acos cos ccosC = —.
2R2

26. Let s be the semiperimeter of triangle ABC. Prove that

A B C
(@) s =4Rcos — cos — cos —;
2 2 2
343
(b) s < %_R.

27. In triangle ABC, show that

A . B . C
(a) cosA~|—cosB+c0sC=1+4s1n§s1n5sm5;
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(b) cosA+cosB +cosC <

N W

28. Let ABC be a triangle. Prove that

1
(a) cos Acos BcosC < g;

3J3

(b) sinAsin BsinC < T;

3J3

(¢c) sinA+sinB+sinC < -
3
(d) cos®> A + cos® B +cos® C > 4_1;
) ) .2 9
(e) sin“ A + sin” B + sin C§Z;
3
(f) cos2A 4+ cos2B + cos2C > —5;

33
(g) sin2A +sin2B + sin2C < Tf

29. Prove that

tan 3x T T
= tan (— - x) tan (— + x)
tan x 3 3

for all x # %”, where k is in Z.

30. Given that

(1 +tan1°)(1 +tan2°) --- (1 + tan45°) = 2",

find n.

31. LetA = (0,0) and B = (b, 2) be points in the coordinate plane. Let ABCDEF
be a convex equilateral hexagon such that /ZFAB = 120°, AB || DE, BC ||
EF,and CD || FA, and the y coordinates of its vertices are distinct elements
of the set {0, 2, 4, 6, 8, 10}. The area of the hexagon can be written in the form
m+/n, where m and n are positive integers and n is not divisible by the square
of any prime. Find m + n.
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Show that one can use a composition of trigonometry buttons, such as sin, cos,
tan, sin~!, cos™!, and tan~!, to replace the broken reciprocal button on a
calculator.

In triangle ABC, A — B = 120° and R = 8r. Find cos C.

Prove that in a triangle ABC,

a—>b A—-—B
= tan tan —.
a+b 2 2

In triangle ABC, ; =2+ V3 and /C = 60°. Find the measure of angles A
and B.

Let a, b, ¢ be real numbers, all different from —1 and 1, suchthata +b+c¢ =
abc. Prove that

a b c dabc

et T T C e T U —da—ma -

Prove that a triangle ABC is isosceles if and only if

a+b+c

acosSB +bcosC +ccos A = >

Evaluate
cosa cos2a cos3a---cos999a,
_ 2m
where a = 1599 -
Determine the minimum value of

sec*a  sec* B
tan2 8 tanZa

over all a, B # X2, where k is in Z.
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40. Find all pairs (x, y) of real numbers with 0 < x < % such that

(sinx)% (cosx)%

(cosx)Y* /2 (sinx)¥*/2

= sin 2x.

41. Prove that cos 1° is an irrational number.

42. Find the maximum value of
S=0—-xpPd=y)+A—-x2)(1—y)

ifx%+x%=yf+y§=cz.

43. Prove that

siffa  cosPa

- > sec(a — b)
sin b cosb

forall0 <a,b < 7.

44, If sinacos 8 = —%, what are the possible values of cos « sin 8?

45. Let a, b, ¢ be real numbers. Prove that

(ab + bc + ca — 1)? < (@® + (B> + D(? + 1).

46. Prove that

. . a+b 2
(sinx +acosx)(sinx +bcosx) <1+ 5 .

47. Prove that

[sinaj| + |sinaz| + - -- + |sina,| + |cos(a; +ax + -+ -+ ap)| > 1.



48.

49.

50.

51.
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Find all angles « for which the three-element set
S = {sin «, sin 2¢, sin 3o}

is equal to the set
T = {cosa, cos 2w, cos 3a}.

Let {T,,(x)};2, be the sequence of polynomials such that Ty (x) = 1, T1(x) =
x, Tiy1 = 2xT;(x) — T;_1 (x) for all positive integers i. The polynomial 7}, (x)
is called the nth Chebyshev polynomial.

(a) Prove that T»,,4+1(x) and T3, (x) are odd and even functions, respectively;

(b) Prove that T,,(cos 8) = cos(n6) for all nonnegative integers #;

(c) Prove that for real numbers x in the interval [—1, 1], —1 < T,(x) < 1;

(d) Prove that 7,11 (x) > T, (x) for real numbers x with x > 1;

(e) Determine all the roots of 7, (x);

(f) Determine all the roots of P,(x) = T,,(x) — 1.

Let ABC be atriangle with ZBAC = 40° and ZABC = 60°. Let D and E be
the points lying on the sides AC and A B, respectively, such that ZC BD = 40°
and /BCE = 70°. Segments BD and CE meet at F. Show that AF | BC.

Let S be an interior point of triangle ABC. Show that at least one of ZSAB,
LSBC, and /SCA is less than or equal to 30°.

52. Leta = 7.

(a) Show that sin? 3a — sin? a = sin 2a sin 3a;
(b) Show that csca = csc2a + csc4a;
(c) Evaluate cosa — cos2a + cos 3a;
(d) Prove that cos a is a root of the equation 8x3+4x2—4x —1=0;
(e) Prove that cosa is irrational;
(f) Evaluate tan a tan 2a tan 3a;
(g) Evaluate tanZ a + tan? 2a + tan? 3a;
(h) Evaluate tan® a tan? 2a + tan® 2a tan® 3a + tan? 3a tan? a.
(i) Evaluate cot® a + cot? 2a + cot? 3a.






3

Advanced Problems

1. Two exercises on sin k° sin(k + 1)°:

(a) Find the smallest positive integer n such that

1 1 1 1

Sind5°sind6e | smd7osnage T Sn133osin134°  sinne

(b) Prove that

1 1 1 cos 1°

sin 1° sin 2° + sin 2° sin 3° oo sin 89° sin 90° - sin? 1°°

2. Let ABC be atriangle, and let x be a nonnegative real number. Prove that

1
a*cos A+ b cosB+c*cosC < E(a" +b° + ).

3. Let x, y, z be positive real numbers.
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(a) Prove that
* Ly L 3
Vitxr  J1+y2 VI422 T 2
ifx+y+z=xyz
(b) Prove that

X n y n Z >3\/§
1—x2 1—y2 1-z27 2

if0<x,y,z<landxy+yz+zx = 1.

. Let x, y, z be real numbers with x > y > z > 1”—2 suchthatx +y +z = %
Find the maximum and the minimum values of the product cos x sin y cos z.

. Let ABC be an acute-angled triangle, and forn = 1, 2, 3, let
xp =2""3(cos" A + cos" B + cos" C) 4 cos A cos B cos C.

Prove that
X1+ x2 +x3 =

| W

. Find the sum of all x in the interval [0, 277 ] such that

3cot2x~|—800tx+3 =0.

. Let ABC be an acute-angled triangle with side lengths a, b, ¢ and area K.
Prove that

a? +b* 4 ¢?

Va2b? —4K2 4+ b2c2 — 4K? +\/c2a? — 4K? = >

. Compute the sums

sina + sin2a +--- + sin na
1 2 n
n n n

cosa + cos2a+---+ cosna.
1 2 n

and
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Find the minimum value of
| sin x + cos x + tan x 4 cot x + sec x -+ csc x|
for real numbers x.
Two real sequences x1, x3, ... and yi, y2, ... are defined in the following
way:

Yn
Y4l = =,
! 1+ 142

for all n > 1. Prove that 2 < x,y, < 3 foralln > 1.

X1 =y1 =3, Xpp1 =X, +4/1 422,

Let a, b, ¢ be real numbers such that

3
sina + sinb + sinc > 3
Prove that
infa =) +sin (b= ) sin(e=5) =0
sinla — — sin(b — — sin{c— —
6 6/~
Consider any four numbers in the interval [\/5?/6’ ﬁ;*f(’] Prove that there

are two of them, say a and b, such that

’a\/4—b2—b 4_a?

<2.

Let a and b be real numbers in the interval [0, %]. Prove that
sin®a + 3sin®acos? b + cos® b = 1

if and only if a = b.

Let x, y, z be real numbers with) < x <y <z < % Prove that

%+25inxcosy~|—25inycosz > sin2x + sin 2y + sin 2z.
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For a triangle XY Z, let rxyz denote its inradius. Given that the convex pen-
tagon ABCDE is inscribed in a circle, prove that if r4pc = ragp and
rABD = rAEC, then triangles ABC and AE D are congruent.

All the angles in triangle ABC are less then 120°. Prove that

coSA +cosB —cosC \/§

sinA +sin B —sinC S

Let ABC be a triangle such that

tA2+2th+3tC2 6S2

cot — cot — cot— | =(=—]) ,

2 2 2 r

where s and r denote its semiperimeter and its inradius, respectively. Prove
that triangle ABC is similar to a triangle T whose side lengths are all positive
integers with no common divisor and determine these integers.

Prove that the average of the numbers

2sin2°, 4sin4°, 6sin6°, ..., 180sin180°

is cot 1°.

Prove that in any acute triangle ABC,

cot3A+cot3B+C0t3C+6cotAcothotC > cotA +cotB +cotC.

Let {a,} be the sequence of real numbers defined by a; = ¢ and a,4+] =
4a, (1—ay,) forn > 1. For how many distinct values of # do we have axpp4 = 07

Triangle ABC has the following property: there is an interior point P such
that /PAB = 10°, ZPBA =20°, /PCA = 30° and ZPAC = 40°. Prove
that triangle ABC is isosceles.
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2_
Let ag = V2+3+ «/6, and let a1 = % for integers n > 0. Prove

that
=3
a, = cot ( ) -2
3

for all n.

Let n be an integer with n > 2. Prove that

n k n k
3 3

I_Itan[z <l+—)i| :l_[cot|:z (l—

il 3 3n—1 i 3 3n—1

)]

Let P,(x) = x2 — 2. Find all sequences of polynomials {Py(x)}72, such
that Px(x) is monic (that is, with leading coefficient 1), has degree k, and
P;(Pj(x)) = Pj(P;(x)) forall i and ;.

Intriangle ABC,a < b < c.Asafunction of angle C, determine the conditions
under which a + b — 2R — 2r is positive, negative, or zero.

Let ABC be atriangle. Points D, E, F areonsides BC, CA, AB, respectively,
such that |DC| 4+ |CE| = |EA| + |AF| = |FB| + |BD|. Prove that

1
|DE|+ |EF| 4+ |FD| > §(|AB| + [BC| + |CA)).

Let a and b be positive real numbers. Prove that

1 n 1 > 2
Vi4+a?2 J1+b2 " J1+ab
ifeither (1) 0 < a,b < 1or (2)ab > 3.

Let ABC be a nonobtuse triangle such that |AB| > |AC| and /B = 45°. Let
O and I denote the circumcenter and incenter of triangle ABC, respectively.
Suppose that V2|01| = |AB| — |AC|. Determine all the possible values of
sin A.
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Let n be a positive integer. Find the real numbers ap and ax ¢, 1 <€ <k <n,

such that

sin? nx

>— =aop+ Z ak¢cos2(k — £)x

Sin=.x l<t<k<n

for all real numbers x not an integer multiple of 7.

Let S be the set of all triangles ABC for which

1 1 1 3 6
5 + + - — =,
|AP| ~ [BQ| |CR|/ min{|AP|,[BO|,[CR]} r

where r is the inradius and P, Q, and R are the points of tangency of the
incircle with sides AB, BC, and C A, respectively. Prove that all triangles in
S are isosceles and similar to one another.

Let a, b, ¢ be real numbers in the interval (O, %). Prove that

sina sin(a — b)sin(a —c¢)  sinbsin(b — ¢) sin(b — a)
sin(b + ¢) sin(c + a)

sin ¢ sin(c — a) sin(c — b)
sin(a + b)

> 0.

Let ABC be a triangle. Prove that

B B
sin7+sin7+sin7§cos > + cos > + cos

Let x1, x2, ..., x4, n > 2, be n distinct real numbers in the interval [—1, 1].
Prove that

1 1 2

-4+ -+ +—=2"""

1 15 I

where 1; = [];4; Ixj — xil.

Let x1, ..., x19 be real numbers in the interval [0, 77 /2] such that sin x| +
sin?xy + - - - + sin® xj9 = 1. Prove that

3(sinx] + - - -+ sinxjg) < cosxy + --- 4+ cosxjg.
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Let x1, x2, ..., x,, be arbitrary real numbers. Prove the inequality
X X X,
12+ 22 7ot 2 - 2<“/E'
I+xi  14+x7+x; IL+xp 4+ +xp
Let ag, ay, ..., a, be numbers in the interval (O, %) such that
T T T
tan(ao— Z> +tan<a1 — Z) +~-+tan<a,, — Z) >n—1.
Prove that
tanaptana - --tana, > n"*!.
Find all triples of real numbers (a, b, ¢) such that a?—2b% =1,20%-3c% =1,

and ab + bc + ca = 1.

Let n be a positive integer, and let 9; be angles with 0 < 8; < 90° such that
c05201 ~|—005202 + -4+ coszen =1.
Prove that

tanf) +tan6y + --- +tanb, > (n — 1)(cotf; +cotb + - -- + cotby).

One of the two inequalities
(sinx)*™* < (cosx)®* and (sinx)*™* > (cosx)°°S*

is always true for all real numbers x such that 0 < x < 7. Identify that
inequality and prove your result.

Let k be a positive integer. Prove that v/k + 1 — +/k is not the real part of the
complex number z with z" = 1 for some positive integer n.

Let A1 A, A3z be an acute-angled triangle. Points By, By, Bz are on sides A Az,
A3Aq, A1 Ay, respectively. Prove that
2(b1cos Ay + bycos Ay + bz cos A3) > ajcos A + ar cos Ar + a3 cos Az,

where a; = |Aj+1Ai42| and b; = |B;j4+1Bit2], fori = 1, 2, 3 (with indices
taken modulo 3; that is, x;43 = x;).
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Let ABC be atriangle. Let x, y, and z be real numbers, and let n be a positive
integer. Prove the following four inequalities.

(@) x>+ y? 4272 >2yzcos A + 2zx cos B + 2xycos C.

(b) x> +y>+ 22> 2(—=1)"(yzcosnA + zx cosnB + xycosnC).
(¢) yza® + zxb®> + xyc? < R (x + y + 2)%.

(d) xa® + yb* + zc? > 4[ABCl/xy + yz + zx.

A circle w is inscribed in a quadrilateral ABCD. Let I be the center of w.
Suppose that

(|AI| +|DI? + (|BI| + |CI)* = (JAB| + |CD])>.

Prove that ABC D is an isosceles trapezoid.

Let a, b, and ¢ be nonnegative real numbers such that
a® + b* + ¢* + abc = 4.

Prove that
0<ab+bc+ca—abc <?2.

Let s, t, u, v be numbers in the interval (O, %) with s +¢ +u +v = 7. Prove
that

ﬁsins—l ﬁsint—l \/Esinu—l ﬁsinv—l
+ + + >0

COS s cost cosu Cosv

Suppose a calculator is broken and the only keys that still work are the sin, cos,
tan, sin~!, cos ™!, and tan~"! buttons. The display initially shows 0. Given any
positive rational number ¢, show that we can get ¢ to appear on the display
panel of the calculator by pressing some finite sequence of buttons. Assume
that the calculator does real-number calculations with infinite precision, and
that all functions are in terms of radians.
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Let n be a fixed positive integer. Determine the smallest positive real number
A such that for any 6y, 63, ..., 0, in the interval (0, %), if

tan §) tan 6 - - - tan 6, = 2""/2,

then
cosf; +cosby +---+cosb, < A.

Let ABC be an acute triangle. Prove that

(sin2B + sin2C)? sin A + (sin2C + sin2A)’ sin B
+ (sin2A + sin ZB)2 sin C < 12sin A sin Bsin C.

On the sides of a nonobtuse triangle ABC are constructed externally a square
P4, a regular m-sided polygon P,,, and a regular n-sided polygon P,. The
centers of the square and the two polygons form an equilateral triangle. Prove
that m = n = 6, and find the angles of triangle ABC.

Let ABC be an acute triangle. Prove that

cos A\ 2 cos B\ cos C\?2
+ + + 8cos Acos Bcos C > 4.
cos B cos C cos A

For any real number x and any positive integer n, prove that

n

sin kx
2

k=1

<2.7.
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Solutions to Introductory Problems

1. [AMCI12 1999] Let x be a real number such that sec x — tan x = 2. Evaluate
sec x + tan x.

Solution: Note that

2

1 =sec’x —tan’x = (secx + tan x)(secx — tanx).

Hence secx +tanx = %

2. Let0° < 6 < 45°. Arrange
f1 = (tan®)®™ 1 = (tan9)*'?,
3 = (cot)® 14 = (cot)°t?,

in decreasing order.

Solution: For a > 1, the function y = «* is an increasing function. For
0° <0 <45°,cotf > 1> tan6 > 0. Thus 13 < t4.

For a < 1, the function y = a* is a decreasing function. Thus #; > 1.
Again, by cotf > 1 > tanf > O, wehavet; < 1 < #3. Hencet4 > 13 > 1] >
1.
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3. Compute
(a) sin {5, cos {5, and tan {5;

4 7 4 T
(b) cos™ 77 — sin” 77,

(c) cos36° — cos72°; and
(d) sin 10° sin 50° sin 70°.
Solution:

(a) By the double-angle and addition and subtraction formulas, we have

T T T T T A 1
COS — =CcOoS|— — — ) = Ccos — coS — + sin — sin —

12 3 4 3 4 3 4
IRV N QN BV ;
2 02 2 2 4
Similarly, we can show that sin {5 = ‘/61‘5. It follows that tan 5 =
V62 _ 5
Vera =23

(b) By the double-angle and addition and subtraction formulas, we obtain

T . T T . T T . T
COS4 — — sm4 — = <0082 — + SlIl2 —) (COS2 — — SlIl2 —)

24 24 24 24 24 24
T J2+46
=1l-cos — = —.
12 4

(c) Note that

2(c0s 36° — cos 72°)(cos 36° + cos 72°)
2(cos 36° + cos 72°)
2 cos? 36° — 2 cos? 72°
- 2(cos 36° + c0s 72°)

c0836° — cos 72° =

By the double-angle formulas, the above equality becomes

cos72° +1 —cos 144° — 1
2(c0s 36° 4 cos 72°)
cos 72° 4+ cos 36° 1

€08 36° — cos 72° =

2(cos36° 4+ cos72°) 2’
This fact can also be seen in an isosceles triangleABC with AB = AC,
BC = 1,and A = 36°. Point D lies on side AC with /ABD = /DBC.

We leave it to the reader to show that BC = BD = AD =1, AB =
2c0s 36, and CD = 2 cos 72, from which the desired result follows.
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(d) Applying the double-angle formulas again gives
8 sin 20° sin 10° sin 50° sin 70° = 8 sin 20° cos 20° cos 40° cos 80°
= 45in 40° cos 40° cos 80°
= 25in 80° cos 80°
= sin 160° = sin 20°.
Consequently,

1
sin 10° sin 50° sin 70° = r

4. [AMCI12P 2002] Simplify the expression

Vsin® x + 4 cos? x — vcost x + 4sin? x.

Solution: The given expression is equal to

\/sin4x +4(1 — sin® x) — v/cos* x + 4(1 — cos? x)

=,/ (2 —sin?x)2 — /(2 — cos2 x)2 = (2 — sin®> x) — (2 — cos® x)

2 2

= cos“ x — sin“ x = cos 2x.

5. Prove that )
1—cot23° = ———.
1 — cot22°

First Solution: We will show that
(1 — cot23°)(1 — cot 22°) = 2.

Indeed, by the addition and subtraction formulas, we obtain

(1 _ cos 230) (1 _ cos 22°>
sin 23° sin 22°
sin 23° — cos23° sin22° — cos 22°
sin 23° ' sin 22°
V/28in(23° — 45°)4/2 sin(22° — 45°)
- sin 23° - sin 22°
2 sin(—22°) sin(—23°)
T sin23°sin22°
_ 2 sin 22° sin 23° _
T sin23°sin22°

(1 —cot23°)(1 — cot 22°)
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Second Solution: Note that by the addition and subtraction formula, we have
cot22°cot23° — 1
cot 22° + cot 23°
Hence cot 22° cot 23° — 1 = cot 22° + cot 23°, and so

= cot(22° 4+ 23°) = cot45° = 1.

1 — cot22° — cot23° + cot 22° cot 23° = 2,
that is, (1 — cot 23°)(1 — cot 22°) = 2, as desired.

. Find all x in the interval (0, %) such that

~/§—1+«/§+1:4\/_

: 2.
sin x cosx
Solution: From Problem 3(a), we have cos {5 = ﬁz—\@ andsin {5 = Vo2
Write the given equation as
V3-1 341
i Y

sin x cos X
or
sin {5 cos {5 _
sin x cosx
Clearing the denominator gives

4 T .
sin Ecosx + cos - sinx = 2sinx cos x,

or sin (5 +x) = sin2x. We obtain &5 +x = 2x and 55 + x = 7 — 2x,

implying that x = {5 and x = 131—g. Both solutions satisfy the given condition.

. Region R contains all the points (x, y) such that x2 4+ y2 < 100 and sin(x +

y) > 0. Find the area of region R.

Solution: Let C denote the disk (x, y) with x> + y? < 100. Because sin(x +
y) = 0if and only if x +y = kx for integers k, disk C has been cut by parallel
lines x+y = ki, and in between those lines there are regions containing points
(x, y) with either sin(x + y) > 0 or sin(x + y) < 0. Since sin(—x — y) =
—sin(x + y), the regions containing points (x, y) with sin(x 4+ y) > 0 are
symmetric with respect to the origin to the regions containing points (x, y)
with sin(x + y) < 0. Thus, as indicated in Figure 4.1, the area of region R is
half the area of disk C, that is, 507.
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Figure 4.1.

8. In triangle ABC, show that

b

a
sin — <
2 " b+c

Solution: By the extended law of sines, we have

a sin A

b+c sinB+sinC’

Applying the double-angle formulas and sum-to-product formulas in the
above relation gives

a 2 8in g cos % sin% )
= > sin —,
b+C 2 sin B“zLC cosB ¢ cos%

by noting that 0 < cos% < 1, because 0 < |B — C| < 180°.

Note: By symmetry, we have analogous formulas

Cc

C
sin — < and sin — < .
2 c+a 2 a+b

. Let I denote the interval [—%, %]. Determine the function f defined on the
interval [—1, 1] such that f(sin2x) = sinx + cosx and simplify f (tan? x)
for x in the interval 1.
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Solution: Note that

[f (sin 2x)]2 = (sinx + cos x)2
= sin%x + cos? x + 2s8inx cos x
=1 + sin 2x.
Note also that sin 2x is a one-to-one and onto function from / to the interval
[—1, 1], thatis, forevery —1 < ¢ < 1,thereisaunique x in / such thatsin 2x =

t. Hence, for —1 <t < 1, [f(1)]> = 1 +¢. For x in I, sinx + cosx > 0.
Therefore, f(t) = /1 +tfor—1 <t <1.

Forf <x<7%,—1 <tanx < l,andso 0 < tan? x < 1. Thus,

f(tan® x) = v/1 + tan? x = secx.

Let

1. k k
fr(x) = %(sm X 4 cos” x)

fork =1,2,....Prove that

1
Jax) — fo(x) = T

for all real numbers x.

Solution: We need to show that
3(s.in4 x + cos? x) — 2(sin6 x + cos® x)=1
for all real numbers x. Indeed, the left-hand side is equal to

3»[(sin2 x + cos? x)2 — 2sin? x cos? x]
— 2(sin2 x + cos? x)(sin4 x — sin® x cos® x + cos* X)
=3 — 6sin®x cos® x — 2[(sin2 x + cos? x)2 — 3sin® x cos? x]
=3-2=1.
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11. [AIME 2004, by Jonathan Kane] A circle of radius 1 is randomly placed in a
15 x 36 rectangle A BC D so that the circle lies completely within the rectangle.
Compute the probability that the circle will not touch diagonal AC.

Note: In order for the circle to lie completely within the rectangle, the center
of the circle must lie in a rectangle that is (15 — 2) x (36 — 2), or 13 x 34.
The requested probability is equal to the probability that the distance from the
circle’s center to the diagonal AC is greater than 1, which equals the probability
that the distance from a randomly selected point in the 13 x 34 rectangle to
each side of triangles ABC and CDA is greater than 1. Let |[AB| = 36 and
|[BC| = 15 (and so |AC| = 39). Draw three segments that are 1 unit away from
each side of triangle A BC and whose endpoints are on the sides. Let E, F, and
G be the three points of intersection nearest to A, B, and C, respectively, of the
three segments. Because the corresponding sides of triangle ABC and EFG
are parallel, the two triangles are similar to each other. The desired probability
is equal to

20EFG] _ (|EF|\*> 2[ABC] _ (|EF|\*> 15-36 _ (|EF|\* 270
13-34 ~ \|AB| 13-34 ~ \|AB| 13-34  \|AB| 221°

Because E is equidistant from sides AB and AC, E lies on the bisector of
/CAB. Similarly, F and G lie on the bisectors of ZABC and ZBC A, respec-
tively. Hence lines AE, BF, and CG meet I, the incenter of triangle ABC.

D C

Figure 4.2.

First Solution: Let £ and F] be the feet of the perpendiculars from £ and
F to segment A B, respectively. Then |E F| = |E F1|. It is not difficult to see
that |BFi| = |FFi| = |EE;| = 1.Set0 = /EAB. Then /CAB = 26,
sin20 = 35, cos20 = 13, and tan20 = ;. By either the double-angle
formulas or the half-angle formulas,

2tan 6 1 —cos 26

tan20 = ———— or tanf = -
1 —tan26 sin 26
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and we obtain tanf = z. It follows that ‘Iigl\l = tanf = %, or |[AE{| = 5.
2
Consequently, |[EF| = |E1F1| = 30. Hence % = (g—o) -% = %, and

m+n = 817.

Second Solution: Set A = (0,0), B =_(>36, 0), and C = (36, 15)._])363)use
E lies on the angle bisector of ZCAB, AE has the same slope as |AB|AC +
|A_C)‘|ﬁ = 36[36, 15] 4+ 39[36, 0] = [75 - 36,36 - 15] = 36 - 15[5, 1]; that
is, the slope of line AE is % Consequently, |[EE|| = 5, and the rest of the
solution proceeds like that of the first solution.

Third Solution: Because the corresponding sides of triangles ABC and EFG
are parallel, it follows that 7 is also the incenter of triangle EFG and that
the triangles are homothetic (with / as the center). If r is the inradius of
triangle ABC, then r — 1 is the inradius of triangle E F G; that is, the ratio
of the similarity between triangles E F G and ABC is . Hence the desired

probability is (== 1)2 0.

Note that(|AB|+|BC|+|CA|) = 2([AI B]+[BIC]+[CIA]) = 2[ABC] =

2
|AB]| - |BC|. Solving the last equation gives r = 6, and so (%) . 210 — 375

[AMCI12 1999] In triangle ABC,
3sinA+4cosB=6 and 4sinB +3cosA =1.

Find the measure of angle C.

Solution: Square the two given equations and add the results to obtain
24(sin Acos B + cos Asin B) = 12,

orsin(A+B) = %.BecauseC = 180°—A—B,wehavesin C = sin(A+B) =
%, implying that either C = 30° or C = 150°. But if C = 150°, A < 30°, so
3sinA+4cosB < % +4 < 6, a contradiction. Hence the answer is C = 30°.

Prove that
tan 3a — tan 2a — tana = tan 3a tan 2a tan a

for all a # ]% where k is in Z.
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Solution: The equality is equivalent to
tan 3a(1 — tan 2a tana) = tan 2a + tana,

or

tan 2a + tana
tan3ga = ——.
1 —tan2atana

That is, tan 3a = tan(2a + a), which is evident.

Note: More generally, if a1, a», a3 are real numbers different from %” where
k is in Z, such that a; + a> + a3 = 0, then the relation

tana; 4 tan ap 4 tanaz = tan a; tanap tan as

holds. The proof of this relation is similar to the proofs of Problems 13 and
20. We leave the proof as an exercise for the reader.

Let a, b, ¢, d be numbers in the interval [0, 7z ] such that

sina + 7sinb = 4(sinc + 2sind),
cosa + 7cosb =4(cosc +2cosd).

Prove that 2 cos(a — d) = 7 cos(b — ¢).

Solution: Rewrite the two given equalities as

sina — 8sind = 4sinc — 7sinb,

cosa — 8cosd = 4cosc —Tcosbh.
By squaring the last two equalities and adding them, we obtain
1464 —16(cosacosd+sinasind) = 16449 —56(cos b cos c+sin b sinc),

and the conclusion follows from the addition formulas.

Express
sin(x — y) 4 sin(y — z) + sin(z — x)

as a monomial.
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Solution: By the sum-to-product formulas, we have

-z —2
sin(x—y)—l—Sin(y—z):Zsinx2Zcosx—i_z2 y.

By the double-angle formulas, we have

Z—x Z—x
cos
2

sin(z — x) = 2sin

Thus,
sin(x — y) + sin(y — z) + sin(z — x)

.X—z[ x+z—2y z—x}
= 2sin 5 cos — cosS

2 2

. X—Z . Z—=Yy . Xx—Yy
= —4sin sin sin
2 2 2
L X—=Yy . y—2 . 2—X
= —4sin sin sin
2 2 2

by the sum-to-product formulas.

Note: In exactly the same way, we can show that if a, b, and c are real numbers
with a + b + ¢ = 0, then

ina 4 sinb + si 4.a.b.c
sin Sin SiIn¢c = —4S1in — Sin — Sin —.
ma 1 mnc 121212

In Problem 15, we havea =x —y,b=y —z,and¢c = 7 — x.

Prove that
(4 cos?9° — 3)(4cos?27° — 3) = tan 9°.

Solution: We have cos3x = 4 cos® x — 3cosx, so4cosx —3 = % for
all x = 2k + 1) - 90°, k € Z. Thus

2 o 2o cos27° cos81°  cos8l°
(4cos“9° —3)(4cos“27° —3) = . =
c0s9° cos27° cos 9°

sin 9°

as desired.
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17. Prove that

(1 ) (1 ) = (1 v22)

for all real numbers a, b, x witha, b > 0and 0 < x < %

Solution: Expanding both sides, the desired inequality becomes

b b
1+ -2 4 + > 1+ 2ab + 2 2ab.
Sin x COS X SIn X COS x

By the arithmetic—geometric means inequality, we obtain

a b 2+4/ab
; + = .
sin x COS X +/sin x cos x
1

By the double-angle formulas, we have sinx cos x = % sin2x < 5, and so

2/ ab
Sk AN NPT
A/sin x cos x

and

ab
sin x cos x

Combining the last three inequalities gives the the desired result.

18. In triangle ABC, sin A + sin B 4 sin C < 1. Prove that

min{A + B, B+ C,C + A} < 30°.

Solution: Without loss of generality, we assume that A > B > C. We
need to prove that B + C < 30°. The law of sines and the triangle inequality
(b+c > a)imply thatsin B+sin C > sin A, sosin A+sin B+sin C > 2sin A.
It follows that sin A < %, and the inequality A > f”gﬂ = 60° gives that
A > 150°; that is, B + C < 30°, as desired.

19. Let ABC be a triangle. Prove that
(a)

A B B C C A
tan — tan — + tan — tan — + tan — tan — = 1;
2 2 2 2 2 2
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(b)
V3
S PR

5

(S1Ne)

A B
tan E tan — tan

Solution: By the addition and subtraction formulas, we have

A B A+ B A B
tan — + tan — = tan 1 —tan —tan — | .
2 2 2 2 2

Because A + B + C = 180°, A%‘g = 90° — %, and so tan AJ“TB

Thus,
A B B C C A
tan — tan — + tan — tan — + tan — tan —
2 2 2 2 2 2
A B C C A B
=tan — tan — + tan — cot — | 1 — tan — tan —
2 2 2 2 2 2
=tan —tan — + 1 —tan —tan — =1,
2 2 2 2
establishing (a).

By the arithmetic—geometric means inequality, we have

A B B C C
1 = tan — tan — + tan — tan — + tan — tan —
2 2 2 2 2 2

s A B C\°
> 3./|tan — tan — tan — | ,
2 2 2

from which (b) follows.

Note: An equivalent form of (a) is

A B C A B C
cot — + cot — 4+ cot — = cot — cot — cot —.
2 2 2 2 2 2

20. Let ABC be an acute-angled triangle. Prove that

(a) tan A + tan B + tan C = tan A tan B tan C;
(b) tan Atan Btan C > 34/3.

C
cot 5
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Solution: Note that because of the condition A, B, C # 90°, all the above
expressions are well defined.

The proof of the identity in part (a) is similar to that of Problem 19(a). By the
arithmetic—geometric means inequality,

tan A +tan B +tan C > 3«/3 tan A tan B tan C.
By (a), we have

tan A tan B tan C > 3+/tan A tan B tan C,

from which (b) follows.

Note: Indeed, the identity in (a) holds for all angles A, B, C with A+B+C =
mm and A, B, C # 1%, where k and m are in Z.

Let ABC be a triangle. Prove that
cotAcot B+ cotBcotC +cotCcotA=1.

Conversely, prove that if x, y, z are real numbers with xy + yz +zx = 1, then
there exists a triangle ABC such thatcot A = x,cot B =y, and cotC = z.

Solution: If ABC is a right triangle, then without loss of generality, assume
that A = 90°. ThencotA = 0and B+ C = 90°, and so cot BcotC =1,
implying the desired result.

If A, B,C # 90°, then tan A tan B tan C is well defined. Multiplying both
sides of the desired identity by tan A tan B tan C reduces the desired result to
Introductory Problem 20(a).

The second claim is true because cot x is a bijective function from the interval
(0°, 180°) to (—o0, 00).

Let ABC be a triangle. Prove that

B C A B C
2—+sin2—+25in—sin—sin—= 1.

sin? A + sin
2 2 2 2 2 2

Conversely, prove that if x, y, z are positive real numbers such that

x2+y2+zz+2xyz= 1,
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C

then there is a triangle ABC such that x = sin %, y = sin g, and z = sin 5.

Solution: Solving the second given equation as a quadratic in x gives

—2yz +4y222 —4(y? + 2 -1
r=— Lo 2 . )z_yZ+\/(1—y2)(1—Z2).

We make the trigonometric substitution y = sinu and z = sinv, where
0° < u,v < 90°. Then

X = —sinusinv + cosu cosv = cos (u + v).

Set u = g, v = %,andA = 180° — B — C. Because 1 > y2+z2 =
sin? g + sin? %, coszg > sin? % Because 0° < %, % < 90°, cos % >
sin § = cos (90° — ), implying that £ < 90° — &, or B+ C < 180°. Then
x = cos(u + v) = sin %, y = sin g, and z = sin %, where A, B, and C are

the angles of a triangle.

If ABC is a triangle, all the above steps can be reversed to obtain the first
given identity.

23. Let ABC be a triangle. Prove that

C 33

A B
(d) cos —cos —cos — < —;
2 2 2 8

) ose & osc A 4
GCSC2 CSC2 CSC

Solution: By Problem 8, we have

. A . B abc
sin — sin — sin — < )
2722 T @+ bbb +olct+a

The arithmetic—geometric means inequality yields

(a+ b)(b+c)(c +a) > 2vab)(2bc)(2+/ca) = 8abe.
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Combining the last two equalities gives part (a).

Part (b) then follows from (a) and Problem 22. Part (c) then follows from part
(b) by noting that 1 — sin? x = cos? x. Finally, by (c) and by the arithmetic—
geometric means inequality, we have

9 A B C A B C
Z > cos? = +cos? — +cos® — > 3\70032 — cos? — cos? —,
4 2 2 2 2 2 2
implying (d).
Again by Problem 8, we have
b+c b ¢
+

csc — > = -4+ -
2 a a a

and analogous formulas for csc g and csc % Then part (e) follows routinely
from the arithmetic—geometric means inequality.

Note: We present another approach to part (a). Note that sin %, sin g, sin %

are all positive. Let t = J/sin % sin % sin % It suffices to show that t < % By

the arithmetic—geometric means inequality, we have
A B C
in2 2 Lsin2 2 £sin2 2 > 32,
sin 5 4+ sin 5 4+ sin 5=
By Problem 22, we have 312 4+ 243 < 1. Thus,

0>22 43— 1=+ D> +1r—1) =@+ 1D*Qt — 1).
Consequently, ¢ < % establishing (a).

In triangle ABC, show that

(a) sin2A 4+ sin2B + sin2C = 4sin A sin B sin C;

(b) cos2A +cos2B +cos2C = —1 —4cos Acos BcosC;
(c) sin® A + sin? B + sin? C = 2 4+ 2cos A cos B cos C;
(d) cos? A +cos? B +cos? C +2cos Acos BcosC = 1.

Conversely, if x, y, z are positive real numbers such that
x2+y2+12~|—2xyz =1,

show that there is an acute triangle ABC such that x = cos A, y = cos B,
C =cosC.
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Solution: Parts (c) and (d) follow immediately from (b) because cos2x =
1 —2sin?x = 2cos? x — 1. Thus we show only (a) and (b).

(a) Applying the sum-to-product formulas and the factthat A4+ B 4+ C =
180°, we find that

sin2A + sin2B + sin2C = 2sin(A + B) cos(A — B) + sin2C
=2sin C cos(A — B) + 2sin C cos C
= 2sin C[cos(A — B) — cos(A + B)]
=2sin C - [—2sin A sin(—B)]
=4sin A sin B sin C,

establishing (a).

(b) By the sum-to-product formulas, we have cos2A +cos2B = 2 cos(A +
B)cos(A — B) = —2cos C cos(A — B), because A + B + C = 180°.
Note that cos 2C + 1 = 2 cos? C. It suffices to show that

—2c0s C(cos(A — B) —cosC) = —4cos Acos Bcos C,

or cos C(cos(A — B) 4+ cos(A + B)) = 2cos A cos B cos C, which is
evident by the sum-to-product formula cos(A — B) + cos(A + B) =
2 cos A cos B.

From the given equality, we have 1 > x2,1 > y2, and thus we may set
x =cosA,y=cos B,where0° < A, B <90°. Becausex2+y2+zz+2xyz
is an increasing function of z, there is at most one nonnegative value ¢ such
that the given equality holds. We know that one solution to this equality is
z = cos C, where C = 180° — A — B. Because cos?2 A +cos? B = x? +y2 <
1, we know that cos?2 B < sinZ A. Because 0° < A, B < 90°, we have
cos B < sin A = cos(90° — A), implying that A + B > 90°. Thus, C < 90°
and cos C > 0. Therefore, we must have z = cos C, as desired.

Note: Nevertheless, we present a cool proof of part (d). Consider the system
of equations
—x + (cos B)y + (cosC)z =0

(cos B)x —y+ (cosA)z =0
(cosC)x + (cos A)y —z=0.

Using the addition and subtraction formulas, one can easily see that
(x,y,z) = (sin A, sin C, sin B) is anontrivial solution. Hence the determinant
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of the system is 0O; that is,

—1 cosB cosC
0=| cosB -1 cos A
cosC cosA -1

= —1+2cos Acos B cos C + cos®> A + cos® B + cos® C,

as desired.

25. In triangle ABC, show that
abc
[ABCT
(b) 2R%sin Asin BsinC = [ABCY;
(¢) 2Rsin Asin BsinC = r(sin A 4 sin B + sin C);

(a) 4R =

A B C

(d) r = 4R sin — sin — sin —;

2 2 2
e) A+ beos B +ccosC = 25
e) acos cos ccosC = —.
2R?

Solution: By the extended law of sines,

_ a _ abc _ abc
" 2sinA 2bcsinA  4[ABC]’

establishing (a). By the same token, we have

2R%sinAsinBsinC = = - (2R sin A)(2R sin B)(sin C)

absinC = [ABC],

| — | —

which is (b).

Note that
2[ABC) =bcsinA = (a+ b+ o)r.

By the extended law of sines, we obtain

4R?sin Asin BsinC = bcsin A = ra+b+c)
= 2rR(sin A + sin B + sin C),

from which (c) follows.

99
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By the law of cosines,

P2+ 2 — 2

Cos A =
2bc

Hence, by the half-angle formulas, we have

g2 A _l—cosA 1 b? +c? — a? _ a* — (b* + c* — 2bc)
2 2 2 4bc 4bc
_a*—(b—-c? (a—-b+c)a+b—0)
4bc N 4bc
_ 2s —2b)(2s — 2¢) _ (s —b)(s —o¢)
o 4bc o bc ’

where 2s = a + b + c is the perimeter of triangle ABC. It follows that

A (s —=b)(s —0¢)
sin — =/ ———,
2 bc

and the analogous formulas for sin g and sin % Hence

. A . B . C (s—a)(s—b)(s—rc)
s1n§ sm; sin — =

2 abc
_ s(s —a)(s —b)(s — ) . [ABC]?
- sabc  sabc

by Heron’s formula. It follows that

. A B  C [ABC] [ABC(C] 1
sin — sin — sin — = . =

P ) s abe | 4R

from which (d) follows.

Now we prove (e). By the extended law of sines, we have a cos A = 2R sin A -
cos A = Rsin2A. Likewise, bcos B = Rsin2B and ccos C = Rsin2C. By
(a) and (b), we have

. . . abc
4Rsin Asin BsinC = —.
2R?2
It suffices to show that

sin2A +sin2B + sin2C = 4sin Asin Bsin C,

which is Problem 24(a).
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26. Let s be the semiperimeter of triangle ABC. Prove that

A B C
(@) s =4Rcos — cos — cos —;
2 2 2
343
() s < %_R.

Solution: It is well known that rs = [ABC], or s = w. By Problem 25
(b) and (d), part (a) follows from

R sin A sin Bsin C A B C
= = 4R cos — cos — cos —

- - A+ B . C
2sin 4 sin 5 sin 5 2 2

by the double-angle formulas.
We conclude part (b) from (a) and Problem 23 (d).

27. In triangle ABC, show that

. A B C
(a) cosA+cosB+cosC=1+4s1nEs1nEs1nE;

3
(b) cosA+cosB +cosC < 7

Solution: By the sum-to-product and the double-angle formulas, we have

A+ B A—B . C A—B
cos A + cos B =2cos cos = 2sin — cos
2 2 2 2

and
., C . C A+ B
1 —cosC = 2sin“ — = 2sin — cos .
2 2 2

It suffices to show that

A—B A+ B . A . B  C
— cos = 45sin — sin — sin —,
2 2 2

C
2sin — [cos
2

or,

A—B A+ B . A . B
— cos = 2sin — sin —,
2 2 2

which follows from the sum-to-product formulas, and hence (a) is established.

COos

Recalling Problem 25 (c), we have

cosA+cosB~|—cosC=1+%. (%)
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Euler’s formula states that |[O1|> = R%Z — 2Rr, where O and I are the
circumcenter and incenter of triangle ABC. Because |O7|*> > 0, we have
R > 2r,or % < %, from which (b) follows.

Note: Relation (x) also has a geometric interpretation.

Figure 4.3.

As shown in the Figure 4.3, let O be the circumcenter, and let A1, By, C; be the
feet of the perpendiculars from O to sides BC, CA, AB, respectively. (Thus
A1, By, Cy are the midpoints of sides BC, CA, AB, respectively.) Because
LAOB = 2C and triangle AOB is isosceles with |OA| = |OB| = R, we
have |OC|| = RcosC. Likewise, |OB{| = Rcos B and |OA|| = Rcos A.
It suffices to show that

|OA(| +|0OBi|+|0Ci|=R+r.
Note that |OA| = |OB| = |OC| = R and |BA1| = |A1C|, |CB;| = |B1A]|,
|AC1| = |C1B|.Hence |AB| = 2|A1 By, |BC| = 2|B1Cq1|, |CA| = 2|C1Aq].
Let s denote the semiperimeter of triangle A BC. Applying Ptolemy’s theorem
to cyclic quadrilaterals OA1C By, OB1AC1, OC1BA yields
|A1B1] - |OC| = |A(C|-|OB1| 4+ |CB1] - |0A4],
|B1Cil| - |OA]| = |B1A]-|OCy| + [ACy| - |OBy],
|C1A1] - |OB| = |C1B| - [OA1]| + |[BA1] - [OCy].
Adding the above gives
Rs =0A;|(s — [A1B]) + [OBil(s — [B1C|) + |OCi|(s — |C1A])
=s(|0A1|+|0B1|+|0Ci]) —[ABC]
=s5(0A1| +|0Bi| +|0Cy]) —rs,
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from which our desired result follows.

28. Let ABC be a triangle. Prove that
1
(a) cos Acos BcosC < §;

33
(b) sinAsin BsinC < %_;

343
(¢c) sinA+sinB+sinC < %_

2 2 2 3
(d) cos® A+ cos”“ B +cos” C > 4_1;
9
(e) sin®> A + sin? B +sin’> C < 7
3
(f) cos2A 4+ cos2B + cos2C > —5;

33
() sin2A +sin2B + sin2C < Tf

Solution: For part (a), if triangle ABC is nonacute, the left-hand side of the
inequality is nonpositive, and so the inequality is clearly true.

If ABC is acute, then cos A, cos B, cos C are all positive. To establish (a) and
(d), we need only note that the relation between (a) and (d) and Problem 24(d)
is similar to that of Problem 23(a) and (b) and Problem 22. (Please see the
note after the solution of Problem 23.)

The two inequalities in parts (d) and (e) are equivalent because cos? x +
2
sin“ x = 1.

By (e) and by the arithmetic—geometric means inequality, we have

9 ;
1 > sin® A + sin® B + sin®> C > 3\75in2 A sin? B sin? C,

from which (b) follows.

From (a—b)*+(b—c¢)?+(c—a)? > Oor by application of Cauchy-Schwarz
inequality, we can show that 3 (a + b? + ¢?) > (a + b + ¢)*. By (e) and by
setting a = sin A, b = sin B, ¢ = sin C, we obtain (c).

Part (f) follows from (e) and cos 2x = 2cos?x — 1. Finally, (g) follows from
(b) and the identity

sin2A +sin2B + sin2C = 4sin Asin Bsin C
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proved in Problem 25(e).

29. Prove that

tan 3x T T
= tan (— - x) tan (— + x)
tan x 3 3

for all x # %”, where k is in Z.

Solution: From the triple-angle formulas, we have
3tanx — tan’ x
1 —3tan?x
(ﬁ — tan x)(\/g + tan x)
(11— /3 tan x)(1+ V3 tan x)
«/§ —tanx \/5 + tan x
= ——tanx - —
1+ +/3tanx 1 —+/3tanx
= tan (z — x) tan x tan (z + x)
3 3

for all x # %”, where k is in Z.

tan 3x =

=tanx -

30. [AMCI2P 2002] Given that
(I +tan1°)(1 +tan2°)--- (1 4+ tan45°) = 2",
find n.

First Solution: Note that
sin k° cos k® 4 sin k°

I+tank® =1+ =
cos k° cos k°
_ V2sin(@5+k)°  v/2cos(45 — k)°
B cos k° B cos k° :
Hence
(1 + tan k°)(1 + tan(45 — k)°) = V2cos(d5 —k)°  V2costk _

cos k° . cos(45 — k)°
It follows that
(1 +tan1°)(1 +tan2°)--- (1 4+ tan45°)
= (1 4+ tan 1°)(1 4 tan 44°)(1 4 tan 2°)(1 + tan 43°)

<o+ (1 +tan22°)(1 + tan 23°)(1 + tan 45°)
_ 23

)
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implying that n = 23.

Second Solution: Note that

(1 +tank®)(1 + tan(45 — k)°)
=1+ [tank® + tan(45 — k)°] + tan k° tan(45 — k)°
= 1+ tan45°[1 — tan k° tan(45 — k)°] + tan k° tan(45 — k)°
=2.

Hence

(1 +tan1°)(1 +tan2°) --- (1 + tan45°)
= (1 +tan 1°)(1 + tan44°)(1 + tan 2°)(1 + tan 43°)

-+ (1 4 tan 22°)(1 + tan 23°)(1 + tan 45°)
— 923

9

implying that n = 23.

[AIME 2003] Let A = (0, 0) and B = (b, 2) be points in the coordinate plane.
Let ABCDEF be a convex equilateral hexagon such that ZFAB = 120°,
AB || DE,BC || EF,and CD | FA, and the y coordinates of its vertices
are distinct elements of the set {0, 2, 4, 6, 8, 10}. The area of the hexagon can
be written in the form m./n, where m and n are positive integers and n is not
divisible by the square of any prime. Find m + n.

Note: Without loss of generality, we assume that b > 0. (Otherwise, we can
reflect the hexagon across the y axis.) Let the x coordinates of C, D, E, and F
be ¢, d, e, and f, respectively. Note that the y coordinate of C is not 4, since
if it were, the fact |[AB| = |BC| would imply that A, B, and C are collinear or
that ¢ = 0, implying that ABC DE F is concave. Therefore, F' = (f, 4). Since
ﬁ’ = C_l)), C = (c,6)and D = (d, 10), and so E = (e, 8). Because the y
coordinates of B, C, and D are 2, 6, and 10, respectively, and |BC| = |CD|,
we conclude that b = d. Since AB = E—D), e = 0. Let a denote the side length
of the hexagon. Then f < 0. We need to compute

[ABCDEF] = [ABDE] + [AEF]+ [BCD] = [ABDE] + 2[AEF]
=b-AE+ (—f) - AE =8(b— f).
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Solution:

A
Figure 4.4.

First Solution: Note that f> + 16 = |[AF|*> = a’> = |AB|> = b> + 4. Apply
the law of cosines in triangle ABF to obtain 3a®> = |BF|*> = (b — f)* + 4.
We have three independent equations in three variables. Hence we can solve
this system of equations. The quickest way is to note that

PP+ f2—2bf+4=(b-f)>+4=3a>=a>+b*+4+ f2+16,
implying that a® 4+ 16 = —2bf. Squaring both sides gives
a* 4 32a% +16% = 4b> f* = 4(a® — 4)(a® — 16) = 4a* — 80a” + 167,

4 2 _ 2 _ 112 — 10 = 8
or 3a 112a* = 0. Hence a* = 3,andsob_«@amdf_ 7
Therefore, [ ABCDEF]=8(b— f) = 48./3, and the answer to the problem
is 51.

Second Solution: Let o denote the measure (in degrees) of the standard angle
formed by the line AB and and the x axis. Then the standard angle formed by
the line AF and the x axis is 8 = 120° 4+ «. By considering the y coordinates
of B and F, we have a sina = 2 and
3 cos sin 3 cos
4= asin(120° + @) = ¢ _ame 1 o,
2 2 2

by the addition and subtraction formulas. Hence a cosa = 1—03. Thus, by

considering the x coordinates of B and F, we have b = acosa = 10 and

V3

¥ (120° + @) acosa  a+/3sina 8
= acos =— - =——.
* 2 2 3
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It follows that [ABCDEF] = 48+/3.

Note: The vertices of the hexagon are A = (0,0), B = (

(6J§, 6), D= (% 10), E=(0,8),and F = (—%,4).

Show that one can use a composition of trigonometry buttons such as, sin, cos,
tan, sin_l, cos_l, and tan_l, to replace the broken reciprocal button on a
calculator.

Solution: Because cos™!sinf = 7/2 — 6, and tan(r/2 — ) = 1/ tan 6 for
0 <6 < /2, we have for any x > 0,

1 1

-1 . _ b4 1 1
tan cos™ " sintan” x = tan (E—tan x):—,

X

as desired. It is not difficult to check that tan sin~! cos tan™! will also do the
trick.

In triangle ABC, A — B = 120° and R = 8r. Find cos C.

Solution: From Problem 25(d), it follows that

. . B C 1
2s8in — sin — sin — = —,
2 2

2 16

or

A—B A+B\ . C 1
cos — cos sin — = —,
2 2 16

by the product-to-sum formulas. Taking into account that A — B = 120°,

we obtain
1 . C\ . C 1
— —sin— | sin — = —,
2 2 2 16

1 c\’
(Z—sin5> =0,

<
2

or

yielding sin % = 4—1‘. Hence cos C = 1 — 2sin?

7
g
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34. Prove that in a triangle ABC,

35.

36.

a—>b A—B
a+b 2 2"

Solution: From the law of sines and the sum-to-product formulas, we have

a—b sinA—sinB ZSin#cos#
a+b  sinA+sinB  2sin —AJZFB cos —AEB
A—B A+B_ A—B C

= tan cot = tan tan —,
2 2 2 2

as desired.

In triangle ABC, ; =2+ V3 and /C = 60°. Find the measure of angles A
and B.

Solution: From the previous problem we deduce that

%—1 A—B C
= tan tan —.
%—i—] 2 2
It follows that
1+v3 ~ A-B 1

= tan C—_—,
V3+3 2 3

andsotan# = 1.Thus A— B = 90°,and since A+ B = 180°—C = 120°,
we obtain A = 105° and B = 15°.

Let a, b, ¢ be real numbers, all different from —1 and 1, suchthata +b+c¢ =
abc. Prove that
a n b n c dabc
1—a?2 1-02 1—-¢2 (1—-a>1-0)1-c2)

Solution: Leta = tanx, b = tany, ¢ = tanz, where x, y,z # /%, for all
integers k. The condition a + b 4+ ¢ = abc translates to tan(x + y + z) = 0,
as indicated in notes after Problem 20(a). From the double-angle formulas,
it follows that

2tan(x + y + 2)

tan(2x + 2y + 27) = =
(2x +2y +22) 1 —tan?(x + y +2)




37.

38.

4. Solutions to Introductory Problems 109

Hence
tan 2x + tan 2y + tan 2z = tan 2x tan 2y tan 2z,

using a similar argument to the one in Problem 20(a). This implies that

2tan x 2tany 2tanz

l—tan?x 1—tan?y 1 —tan?z
2 tan x 2tany 2tanz

T 1—tan®x I —tan?y 1|—tan2z’

and the conclusion follows.

Prove that a triangle ABC is isosceles if and only if

a+b+c

acoSB +bcosC +ccos A = 5

Solution: By the extended law of sines, a = 2R sin A, b = 2R sin B, and
¢ = 2R sin C. The desired identity is equivalent to

2sinAcosB+2sinBcosC +2sinCcosA =sinA +sinB +sinC,

o sin(A + B) 4+ sin(A — B) +sin(B + C)
+ sin(B — C) 4+ sin(C 4+ A) 4+ sin(C — A)
=sin A + sin B 4 sin C.
Because A + B + C = 180°, sin(A 4+ B) = sinC, sin(B + C) = sin A,
sin(C + A) = sin B. The last equality simplifies to

sin(A — B) +sin(B — C) +sin(C — A) =0,
which in turn is equivalent to

. A—-B . B—-C . C—-A
4 sin sin sin =0,
2 2 2

by Problem 15. The conclusion now follows.

Evaluate
cosa cos2acos3a---cos999a,

_ 2
where a = 1595 -
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Solution: Let P denote the desired product, and let
Q = sinasin2a sin3a - - - sin 999a.
Then

229 PQ = (2sinacosa)(2sin2a cos2a) - - - (2 sin 999a cos 999a)
=sin2asin4a - - - sin 1998a
= (sin2a sin4a - - - sin 998a)[— sin(27r — 1000a)]
-[—sin(2r — 1002a)] - - - [— sin(27r — 1998a)]

= sin2a sin4a - - - sin 998a sin 999a sin997a - - - sina = Q.

It is easy to see that O # 0. Hence the desired product is P = 29%

39. Determine the minimum value of

sec*a  sec* B

tan2 8 tan?o

overall o, B # ]% where k is in Z.

Solution: Seta = tan? o and b = tan? B. It suffices to determine the minimum
value of
a+1D?  (b+1)?
( ) n ( ) ’
b a

with a, b > 0. We have

(a@a+1> b+1D> a*>+2a+1 b2+2b+1
+ +
b a b a

daz 1 b2 1 a b
>4/ — = — .= +4,/—-— =8,
b b a a b a

by the arithmetic—geometric means inequality. Equality holds when a =
b = 1;thatis, ¢ = £45° + k - 180° and B = £45° + k - 180°, for integers k.

|

P
SIRS
+

S| o=
+

|
+

Q| =
S~
+

[\®]
A~
S|

+

Q|
~—



4. Solutions to Introductory Problems 111

40. Find all pairs (x, y) of real numbers with 0 < x < Z such that

41.

2

(sinx)?” (cos x)%

(cosx)¥* /2 (sinx)¥*/2

= sin2x.

Solution: The arithmetic—geometric means inequality gives

(sinx)% (cos x)%

2
> 2(sinx cos x)Y /4,
(cosx)*/2  (sinx)¥*/2

It follows that

2sinx cosx = sin 2x > 2(sin x cos x)y_yz/4,
and because sinx cosx < 1, it follows that 1 < y — y2/4, or (1 — y/2)> < 0.
It follows that all the equalities hold; that is, y = 2 and sin x = cos x, and so
there is a unique solution: (x, y) = (% 2).

Prove that cos 1° is an irrational number.

Solution: Assume, for the sake of contradiction, that cos 1° is rational. Then
50 is cos 2° = 2 cos? 1° — 1. Using the identity

cos(n® + 1°) + cos(n® — 1°) = 2cosn’cos 1°, (%)

we obtain by strong induction that cos n° is rational for all integers n > 1. But
this is clearly false, because, for example, cos 30° is not rational, yielding a
contradiction.

Note: For the reader not familiar with the idea of induction. We can reason
in the following way. Under the assumption that both cos 1° and cos 2° are
rational, relation (x) implies that cos 3° is rational, by setting n = 2 in the
relation (). Similarly, by the assumption that both cos 2° and cos 3° are ratio-
nal, relation () implies that cos 4° is rational, by setting n = 4 in the relation
(*). And so on. We conclude that cos n° is rational, for all positive integers n,
under the assumption that cos 1° is rational.

42. [USAMO 2002 proposal, by Cecil Rousseau] Find the maximum value of

S=0-xD=y)+ A —=x2)(1—=y2)



112 103 Trigonometry Problems
ifx? +x3 =y +y3 =2

Solution: If we interpret x| and x, are the coordinates of a point; that is,
assume that P = (x, x2), then P lies on a circle centered at the origin with
radius ¢. We can describe the circle parametrically; that is, write x; = c cos 9,
X3 = c¢sin6, and similarly, y; = ccos ¢, y» = csin¢. Then
S =2—c(cosb +sin6 + cos ¢ + singp) + c?(cos cos ¢ + sin 6 sin @)
=2 — V2c[sin(0 + 7/4) + sin(¢p + 7/4)] + ¢* cos(6 — $)
<242V2c+* = W2+ 0

with equality at 6 = ¢ = 5m/4, thatis, x; = x2 =y =y = _Cfﬁ-

43. Prove that

3

siffa  cos?

: a > sec(a — b)
sin b cosb

forall0 <a,b < 7.

Solution: Multiplying the two sides of the inequality by sin a sin b+cos a cos b =
cos(a — b), we obtain the equivalent form

<sin3 a cosla

. (sinasinb + cosacosb) > 1.
sinb cosb

But this follows from Cauchy-Schwarz inequality because according to this
inequality, the left-hand side is greater than or equal to (sin® @ +cos? a)? = 1.

44, If sinacos B = —%, what are the possible values of cos « sin 8?7

Solution: Note that
1
sin(e + ) = sina cos B+ cosa sin 8 = 5 + cosa sin B.

Because —1 < sin(e + 8) < 1, it follows that —% < cosasinf < %

Similarly, because sin(e — ) = sin« cos 8 — cos« sin 8, we conclude that

—% <cosasinf < % Combining the above results shows that

N =

1 .
—5 <cosasinf <
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But we have not shown that indeed, cos « sin 8 can obtain all values in the
interval [—%, %] To do this, we consider

(cos a sin ,3)2 =(1- sin’ a)(1 — cos® B)

=1 — (sin® & + cos’ B) + sin’ & cos? B

5
= - —(sinzoz—i-cos2 B)
4
5
= Z—(sina+cos,3)2+2sinacos,3
1 i 5
=7 (sina + cos B)~.
Letx =sinaeand y = cos . Then —1 < x,y,<land xy = —%. Consider
therangeofthesums=sina+cosﬂ=x+y.lfxy=—% andx +y=s,

then x and y are the roots of the quadratic equation

uz—su—l—O (%)
5 =0

Thus, {x’ y} _ { 5“|’\/£‘2+27 S*«/2¥2+2 }

H‘/ﬁ < 1, weobtains < % By checking similar boundary conditions, we
conclude that the equation (x) has a pair of solutions x and y with —1 < x, y <
1 forall —% <s < % Because both the sine and cosine functions are surjective
functions from R to the interval [—1, 1], the range of s = sin« + cos 8 is
[—%, %] for sin o cos B = —%. Thus, the range of 52 is [0, %] Thus the range

of (cosa sin B)? is [0, }T], and so the range of cos « sin 8 is [—%, %]

. By checking the boundary condition

Let a, b, ¢ be real numbers. Prove that

(ab+bc +ca — 1)? < (@® + (B> + D + 1).

Solution: Let a = tanx, b = tany, ¢ = tanz with -3 < x,y,z < 7.

Then a® 4+ 1 = sec? x, b*> + 1 = sec? y, and ¢? + 1 = sec? z. Multiplying by

cos? x cos? y cos? z on both sides of the desired inequality gives

[(ab+ bc+ ca —1)cosx cosycosz]2 <1.

Note that

(ab + bc) cos x cos y cos z = sinx sin y cos z + sin y sinz cos x

= siny sin(x + z)



114

46.

103 Trigonometry Problems

and

(ca — 1) cosx cos y cosz = sinzsin x cOS y — COS X COS ¥ COS Z

= —Cos y cos(x + 7).
Consequently, we obtain

[(ab + bc + ca — 1) cosx cos y cos z]2
= [sin y sin(x + z) — cos y cos(x + 2)]°

=c0s2(x+y+z) <1,

as desired.

Prove that

. . a+b\>
(sinx +acosx)(sinx +bcosx) <1+ > .

Solution: If cos x = 0, the desired inequality reduces to sin” x < 1+ (#)2,

which is clearly true. We assume that cos x # 0. Dividing both sides of the
desired inequality by cos® x gives

a+b\* 2
(tanx +a)(tanx +b) < [ 1+ 2 sec” x.

2

Set r = tan x. Then sec? x = 1 + ¢2. The above inequality reduces to

b\? b\>
z2+(a+b)t+ab§<%> t2+t2+<%> +1,

or

b\? b\?
(“42“ > t2+1—(a+b)t+<%> —ab > 0.

The last inequality is equivalent to

(a+ b)t 2 a—b\?
(3 () o

which is evident.
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Prove that

Isinar| + |sinaz| +--- + [sina,| + |cos(ar +az +--- +ap)| = 1.

Solution: We proceed by induction on n. The base case holds, because
|sinai| + |cosay| > sin2a1 + cosza1 =1.
For the inductive step, in order to prove that
|sinap| + |sinaz| + - - - 4 | sinay41| 4+ |cos(a; +az + - -+ + an+1)| > 1,
it suffices to show that
|sina,+1| + |cos(a; +az + - - -+ apy1)| = |cos(ay +ax + -+ -+ ay)|

for all real numbers ay, az, ..., a,4+1. Let sy = a1 +ax + --- + ag, fork =
1,2, ..., n+1.Thelastinequality becomes | sin a,t1|4]| cos s,+1| > | coss,]|.
Indeed, by the addition and subtraction formulas, we have
| cos syl = | cos(Sp+1 — @n+1)]
= | COS Sp+1 COSAp41 + SinS,41 sina, 41|
= | COS §y+1 COS Ap+1| + | SIN $;41 SIN @41

< |cossut1| + |sina,41],

as desired.

[Russia 2003, by Nazar Agakhanov] Find all angles o for which the three-
element set
S = {sin«, sin 2«, sin 3o}

is equal to the set
T = {cosa, cos 2w, cos 3u}.

Solution: The answers are & = § + ]% for all integers k.

Because S = T, the sums of the elements in S and T are equal to each other;
that is,
sin & + sin 2 + sin 3o = cos « + cos 2« + cos 3.

Applying the sum-to-product formulas to the first and the third summands
on each side of the last equation gives

2sin 2 cos a + sin 2« = 2 cos 2« cos o + cos 2«
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or
sin2a(2cosa + 1) = cos2a(2cosa + 1).

If2cosa+1 =0, thencosa = —%, and soa = :l:%” + 2k for all integers

k. It is then not difficult to check that § # T and both of S and T are not
three-element sets.

It follows that 2 cos o 41 # 0, implying that sin 2o = cos 2«; that s, tan 2o =

1. The possible answers are &« = § + ’% for all integers k. Because g + %” =

7, cos g = sin %’ It not difficult to check that all such angles satisfy the
conditions of the problem.

Let {T,,(x)};2, be the sequence of polynomials such that Ty (x) = 1, T (x) =
x, Tiy1 = 2xT;(x) — T;_1 (x) for all positive integers i. The polynomial 7}, (x)
is called the nth Chebyshev polynomial.

(a) Prove that 73,41 (x) and T», (x) are odd and even functions, respectively;

(b) Prove that 7,1 (x) > T,,(x) > 1 for real numbers x with x > 1;

(c) Prove that T,,(cos #) = cos(n0) for all nonnegative integers n;

(d) Determine all the roots of T;,(x);

(e) Determine all the roots of P,(x) = T,,(x) — 1.

Solution: Parts (a) and (b) are simple facts that will be useful in establishing
(e). We present them together.

(a) We apply strong induction on n. Note that Tp = 1 and 77 = x are
even and odd, respectively. Assume that 73,1 and 7>, are odd and even,
respectively. Then 2x 75, is odd, and so T»,4+1 = 2xT>, — T2,—1 is odd.
Thus 2x75,41 is even, and so Thr,42 = 2xT5,4+1 — T», is even. This
completes our induction.

(b) We apply strong induction on n. Forn = 0, T1(x) = x > 1 = Tp(x) for
x > 1. Assume that 7,1 (x) > T,(x) > 1 forx > 1 and n < k, where
k is some nonnegative integer. For n = k + 1, the induction hypothesis
yields

Tiyo(x) = 2xTiq1(x) — Ti(x) > 2741 (x) — Tie(x)
= Ti1(x) + Ter1(x) = Ti(x) > Ty 1 (%),

completing our induction.
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(c) We again apply strong induction on n. The base cases for n = 0 and
n = 1 are trivial. Assume that 7;,(cos @) = cos(n6) for n < k, where k
is some positive integer. The induction hypothesis gives

Ti+1(cos0) =2cosOTy(cosO) — Ty_1(cosb)
= 2cos6 coskf — cos[(k — 1)0].

By the product-to-sum formulas, we have
2 cos B cos kO = cos[(k + 1)0] + cos[(k — 1)0].

It follows that Ty41(cos0) = cos[(k + 1)8], completing our induction.

(d) Itis clear that 7, is a polynomial of degree n, and so it has at most n real
roots. Note that y = cosx is a one-to-one and onto mapping from the
interval [0, Z]. By (c), we conclude that 7, has exactly n distinct real
roots, and they form the set

km
S:{cos—, k=1,3,...,2n—1}.
2n

(e) By (a), T, is either even or odd, and so by (b), |7,,(x)| > 1 forx < —1.
Thus, all the roots of P, lie in the interval [—1, 1]. We consider two cases.

Assume first that n is even. A real number is a root of P, if and only if
it is in the set

k
Sez{cos—n, k=0,2,...,n}.

n

Assume next that z is odd. A real number is a root of P, if and only if it
is in the set

km
Sez{cos—, k=0,2,...,n—1}.
n

50. [Canada 1998] Let ABC be a triangle with /BAC = 40° and ZABC = 60°.
Let D and E be the points lying on the sides AC and A B, respectively, such
that ZCBD = 40° and /BCE = 70°. Segments BD and CE meet at F.
Show that AF 1 BC.
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Solution:

A° ) ‘C

Figure 4.5.

Note that ZABD = 20°, /BCA = 80°, and ZACE = 10°. Let G be the
foot of the altitude from A to BC. Then /BAG = 90° — /ABC = 30° and
[CAG =90° — /BCA = 10°. Now,

sin /BAG sin L/ACE sin /CBD  sin30° sin 10° sin 40°
sin /CAGsin /BCEsin L/ABD  sin 10° sin 70° sin 20°
1(sin 10°)(2 sin 20° cos 20°)
sin 10° cos 20° sin 20°

=1.

Then by the trigonometric form of Ceva’s theorem, lines AG, BD, and CE are
concurrent. Therefore, F' lies on segment AG, and so line A F is perpendicular
to the line BC, as desired.

[IMO 1991] Let S be an interior point of triangle A BC. Show that at least one
of /SAB, /SBC, and /SC A is less than or equal to 30°.

First Solution: The given conditions in the problem motivate us to consider
the Brocard point P of triangle ABC withe = /ZPAB = /PBC = LPCA.
Because S (see Figure 4.6) lies inside or on the boundary of at least one of the

triangles PAB, PBC, and PCA, at least one of /ZSAB, /SBC, and /SCA

is less than or equal to «. It suffices to show that @ < 30°; that is, sina < %

or csc” a > 4, by considering the range of «.

‘We have shown that

csc?a =csc? A + csc? B + csc? C.
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By Problem 28(e) and Cauchy-Schwarz inequality, we have
Z csc o > (sin2 A + sin® B + sin? C) (csc2 A + csc? B + csc? C) > 9,
implying that csc? o > 4, as desired.

C

Figure 4.6.

Second Solution: We use radian measure in this solution; that is, we want
to show that one of ZSAB, /SBC, and Z/SCA is less than or equal to %.
Setx = /SAB,y = /SBC, and z = /SCA. Let d,, dj, and d,. denote the
distance from S to sides BC, CA, and AB. Then

d. = SAsinx = SBsin(B — y),

d, = SBsiny = SCsin(C — z),

dp = SCsinz = SAsin(A — x).
Multiplying the last three equations together gives

sin x sin y sin z = sin(A — x) sin(B — y) sin(C — z). (%)

If x + y +z < Z, then the conclusion of the problem is clearly true. Now we
assume that x + y +z > 7; thatis, (A —x) + (B — y) + (C —2) < 7.

Now we consider the function f(x) = In(sinx), where 0 < x < 7. Then
the first derivative of f(x) is f/(x) = £ = cotx, and the second deriva-

sin x
tive is f”(x) = —csc>x < 0. Hence f(x) is concave down. By Jensen’s
inequality, we have

1
g(]n sin(A — x) + In sin(B — y) + In sin(C — z))

A-x)+B—-y)+(C—-2)

< In sin
- 3
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implying that

6 1
In (sin(A — x) sin(B — y) sin(C — z))% <Insin— =In X

T
or sin(A — x) sin(B — y) sin(C —z) < %. Thus sin x sin y sinz < 1 implying
that at least one of sin x, sin y, and sin z is less than or equal to %, as desired.

Third Solution: We also have a clever way to apply equation (x) without
using Jensen’s inequality. From equation (x) we have

(sin x sin y sin z)2 = sinx sin(A — x) sin y sin(B — y) sin z sin(C — z).

Applying the product-to-sum formulas and the double-angle formulas gives

2sinxsin(A — x) = cos(A — 2x) —cosA < 1 —cosA = 2sin? %, or

sinx sin(A — x) < sin? % and its analogous forms. (This step can also be
carried by applying Jensen’s inequality. The reader might want to do so as an

exercise.) It follows, by Problem 23(a), that

. . e A. B . C _ 1
sin x sin y sin sin — sin — sin — < —,
e T R Nl

from which our desired result follows.

52. Leta = Z.

(a) Show that sin? 3a — sin? a = sin 2a sin 3a;

(b) Show that csca = csc2a + csc4a;

(c) Evaluate cosa — cos2a + cos 3a;

(d) Prove that cosa is a root of the equation 8x3 +4x2—4x —1=0;
(e) Prove that cosa is irrational;

(f) Evaluate tan a tan 2a tan 3a;

(g) Evaluate tan® a + tan” 2a + tan? 3a;

(h) Evaluate tan? a tan® 2a + tan® 2qa tan? 3a + tan® 3a tan® a.

(i) Evaluate cot? a + cot? 2a + cot? 3a.

Solution: Many of the desired results are closely related. Parts (d) and (e)
will be presented together, as will (f), (g), (h), and (i).
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By the sum-to-product, the difference-to-product and the double-
angle formulas, we have

sin?3a — sin’a = (sin3a + sina)(sin3a — sina)

= (2sin2a cosa)(2sina cos 2a)

= (2sin2a cos2a)(2sina cosa)

= sin4a sin 2a = sin 2a sin 3a,
as desired. The last identity is evident by noting that 4a 4+ 3a = 7 (and
so sin 3a = sin4a).
It suffices to show that

sin 2a sin 4a = sin a(sin 2a + sin4a),
or
2sina cosa sinda = sina(2sin3a cosa),

by the sum-to-product formulas.

The answer is % It suffices to show that cos 2a + cos 4a + cos 6a = —%.
This is a special case (n = 3) of a more general result:

1
t = cos2x +cosdx + -+ cos2nx = —,

where x = 5.7 Indeed, applying the product-to-sum formulas gives

2sinx cos kx = sin(k + 1)x — sin(k — 1)x, and so
2t sinx = 2sin x(cos 2x + cos4x + - - - + cos 2nx)
= [sin3x — sinx] + [sin 5x — sin 3x]
+ .-+ [sin(2n 4+ 1)x — sin(2n — 1)x]

=sin(2n + 1)x — sinx = —sinx,
from which the desired equality follows.
Because 3a + 4a = m, it follows that sin 3a = sin 4a. The double-angle
and triple-angle formulas yield

sina(3 — 4 sin® a) = 2sin2acos2a = 4sinacosa cos2a,

or3 —4(1 — cos?a) = 4cosa(2cos?a — 1). It follows that

3a—4cos’a —4cosa + 1 =0,

8 cos
establishing (c). Thus u = 2 cos a is the root of the cubic equation

W - —2u+1=0. (%)
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By Gauss’s lemma, the only possible rational roots of the above cubic
equation are 1 and —1. It is easy to see that neither is a root. Hence the
above equation has no rational root, implying that 2 cos a is not rational.
Therefore, cos a is not rational.

Note: Although converting to equation () is not necessary, it is a very
effective technique. Instead of checking of eight possible rational roots
from the set { :I:%, :l:}‘, :l:%, +1 } of the equation

8x° —4x? —4x+1=0,

we need to check only two possibilities for equation ().
Because 3a + 4a = m, it follows that tan 3a + tan 4a = 0. The double-
angle and the addition and subtraction formulas yield

tana + tan 2a 2tan 2a

)

] —tanatan2a 1 —tan22a
or
tana + 3tan2a — 3tan a tan® 2a — tan> 2a = 0.

2tana  __ _2x
1—tanZa 1—x2

Set tana = x. Then tan 2a = . Hence

6x 1243 8x3

_ _ =0,
L R R g A T B

or
3 2
(1-x2) +6(1-27) =126 (1-42) - 8% =0,
Expanding the left-hand side of the above equation gives

X0 —21x* +35x2 -7 =0. &)

Thus tan a is a root of the above equation. Note that 6a + 8a = 2w and
9a + 12a = 37, and so tan[3(2a)] + tan[4(2a)] = 0 and tan[3(3a)] +
tan[4(3a)] = 0. Hence tan 2a and tan 3a are the also the roots of equation
(1). Therefore, tan? ka, k = 1,2, 3, are the distinct roots of the cubic
equation

x}—21x2 4+35x =7 =0.

By Viete’s theorem, we have
tan® a + tan’ 2a + tan” 3a = 21;
2 2 2 2 2 2 as.
tan“ a tan” 2a + tan” 2a tan” 3a + tan“ 3a tan“ a = 35;

tan? a tan? 2a tan® 3a = 7.
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Thus the answers for (f), (g), (h), and (i) are «/7, 21, 35, and 5, respec-
tively.

Note: It is not difficult to check that the roots of the equation () are tan %,
tan 27” ,...,tan 67” .Onthe other hand, itis interesting to note that 1, —21, 35, —7,

the coefficients of equation (1) are (g), — (;), (Z), — (g) In general, we have the
following result: For positive integers n, let a,, = Jﬁ Then sin(2n + 1)a, =
0. The expansion formulas give

0 =sin(2n + 1)a,

2 1 2 1
= ( n1+ ) cos? a, sin a, — < n3+ ) cos?" 2 a, sin’ a,

2 1
+ ( n;_ )coszn4an sin’a, — - - -

2 1 2 1
= cos?t g, |:< n1+ )tanan — ( n3—|— )tan3an
2n +1 5
+ 5 tan"a, —---|.

Because cos a,, # 0, it follows that

2n +1 2n +1 3 2n +1 5
! tana, — 3 tan” a, + 5 tan” a, —--- =0;

that is, tan a, is a root of the equation

2n+1 2n+ 1\ 3 2n+1\ ,
_ _1n n+1=0,
G S G S e Sy

2n + 1Y\ ,, 2n+1\ 4,9 2n +1
_ cee (=] =0.
( . )x ( . ) A

It is not difficult to see that the roots of the above equation are tan

or

T
2n+1°
27 Tt is also not difficult to see that the roots of the

2n+1"

21
tanm, ..., tan
equation

2n+ 1Y\ , 2n+1\ ,_4 nf2n+1
_ ce 4 (—1 =0
( ; ) ( ; >x A

2 _w 2 27 2
are tan” 577, tan” 575, ..., tan

more general results, such as

nw
2n+1"

By Viete’s theorem, we can obtain

Seop K _ Gitd) _nen—b
2n+1 (2’§+1) 3 ’
n
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Solutions to Advanced Problems

1. Two exercises on sin k° sin(k + 1)°:

(a) [AIME2 2000] Find the smallest positive integer n such that

1 1 1
sind5°sind6e | sind7osindge T in 1330 sin 134°
1
" sinn®’
(b) Prove that
! + ! + -4 !
sin 1° sin 2° sin 2° sin 3° sin 89° sin 90°
_cos 1°
sin? 1°

Solution: Note that
sin 1° = sin[(x + 1)° — x°]
=sin(x + 1)° cos x° — cos(x + 1)° sin x°.
Thus
sin 1° _cosx’sin(x +1)° —sinx° cos(x + 1)°

sinx°sin(x + 1)° sinx° sin(x + 1)°
= cotx° — cot(x + 1)°.
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(a) Multiplying both sides of the given equation by sin 1°, we have

sin 1°

—— = (cot45° — cot46°) + (cot47° — cot 48°)
sinn
+ .-+ 4+ (cot 133° — cot 134°)
= cot45° — (cot46° + cot 134°) + (cot 47° + cot 133°)
— «+++ (cot 89° + cot 91°) — cot 90°

=1.

Therefore, sin n°® = sin 1°, and the least possible integer value for n is 1.

(b) The left-hand side of the desired equation is equal to

89 1 1 89
= tk° — cot(k + 1)°
Z sink®sin(k +1)°  sin1° Z [co cot(k + 1)°]
k=1 =1
o cos 1°
= - -cotl° = ,
sin 1° sin2 1°

thus completing the proof.

2. [China 2001, by Xiaoyang Su] Let ABC be a triangle, and let x be a nonneg-
ative real number. Prove that

1
a*cosA+b cosB+c*cosC < E(ax +b* 4+ N).

Solution: By symmetry, we may assume thata > b > c¢.Hence A > B > C,
and so cos A < cos B < cos C. Thus

(a* — b*)(cos A — cos B) <0,

or
a*cosA+b*cosB <a“cosB+b*cosA.

Adding the last inequality with its analogous cyclic symmetric forms and then
adding a* cos A+ b* cos B + ¢* cos C to both sides of the resulting inequality
gives
3(a* cos A + b* cos B+ c* cos C)
< (a* +b* + c*)(cos A+ cos B+ cos C),
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from which the desired result follows as a consequence of Introductory Prob-
lem 27(b).

Note: The above solution is similar to the proof of Chebyshev’s inequal-
ity. We can also apply the rearrangement inequality to simplify our work.
Because a > b > c and cos A < cos B < cos C, we have

a*cosA+b*cos B+ c*cosC <a*cosB +b*cosC + ¢ cos A
and
a*cosA+b*cosB+c cosC <a*cosC + b cos A+ c*cosB.

Hence
3(a* cos A+ b* cos B+ c* cosC)

< (@ +b* +c")(cos A 4 cos B + cos C).

3. Let x, y, z be positive real numbers.
(a) Prove that
X n y n Z - 33
Vi+x2 o 14y V14227 2

ifx+y+z=xyz
(b) Prove that

by Z 3J3
7+ y2+ 7 =
1—x 1—y 1—-z 2

if0<x,y,z<landxy+yz+zx =1.

Solution: Both problems can be solved by trigonometric substitutions.

(a) By Introductory Problem 20(a), there is an acute triangle ABC with
tan A = x, tan B = y, and tan C = z. Note that

tan A tan A A
= = sin
~/1+tan2A secA
The desired inequality becomes
3V3

sinA +sin B +sinC < -

which is Introductory Problem 28(c).
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(b) Fromthe given condition and Introductory Problem 19(a), we can assume
that there is an acute triangle A BC such that

tan —=x, tan— =y, tan— =2zZ.
mo=x tam_=y ftam_=z
By the double-angle formulas, it suffices to prove that

tan A + tan B + tan C > 3+/3,

which is Introductory Problem 20(b).

4. [China 1997] Let x, y, z be real numbers with x > y > z > f—z such that

x +y+z = 5. Find the maximum and the minimum values of the product
COS X Sin y oS z.

Solution: Let p = cosx sin y cos z. Because % >y > z,sin(y —z) > 0. By
the product-to-sum formulas, we have

1 1 1
p= 3 cosx[sin(y + z) 4+ sin(y — 2)] > > cosx sin(y +z) = 3 cos? x.

B

Notethatx =5 —(y+2) < F —2- 1

pis %cos2 % = %, obtained when x =

= % Hence the minimum value of

— = T
andy =z = .

[SSTERN

On the other hand, we also have

1 1
p= 3 cos z[sin(x + y) — sin(x — y)] < 3 cos? z,

by noting that sin(x — y) > 0 and sin(x + y) = cos z. By the double-angle
formulas, we deduce that

1 1 Ty 2443
pr(I—FCOSZZ)fZ(l—i—COSg): g

This maximum value is obtained if and only if x = y = 52—Z and z =

E8

. Let ABC be an acute-angled triangle, and forn = 1, 2, 3, let

xn = 2" 3 (cos™ A + cos” B + cos” C) + cos A cos B cos C.

Prove that
X1+ x2 +x3 >

N W
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Solution: By the arithmetic—geometric means inequality,

3 CoS x 2
cos x+T > Ccos” x

for x such that cos x > 0. Because triangle ABC is acute, cos A, cos B, and
cos C are nonnegative. Setting x = A, x = B, x = C and adding the resulting
inequalities yields

X1 +x3 > cos® A + cos® B + cos> C + 2 cos A cos B cos C = 2x7.

Consequently,
3
X1+ x24+x3>3x = 7

by Introductory Problem 24(d).

. Find the sum of all x in the interval [0, 277 ] such that

3c0t2x+800tx+3 =0.

Solution: Consider the quadratic equation
3u +8u+3 =0.

The roots of the above equation are | = %ﬁ and up; = %ﬁ. Both
roots are real, and their product uu; is equal to —1 (by Viete’s theorem).

Because y = cot x is a bijection from the interval (0, 7r) to the real numbers,
there is a unique pair of numbers x1,; and x; with 0 < x11,x21 < &
such that cotx;,1 = u; and cotx2 | = up. Because u1, us are negative, % <
X11,X2,1 < mw,and so w < x1,1 + x2,1 < 27. Because cotx tanx = 1 and
both tan x and cot x have period 7, it follows that

T 3
1=cotxtanx=cotxc0t(5—x):cotxcot 7—)6
=cotxy,cotxnq.

Therefore, x1,1 +x2,1 = 37” Likewise, in the interval (;r, 27), there is a unique
pair of numbers x1 2 and x;» satisfying the conditions of the problem with
X12+x22 = 77" Thus the answer to the problemis xj 1 +x2,1 +x12+x22 =
Sm.
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7. Let ABC be an acute-angled triangle with area K. Prove that

222
Va2b? — 4K2 + /b2c2 — 4K2 +/c2a? — 4K2 = %_

Solution: We have 2K = absin C = bcsin A = ca sin B. The expression on
the left-hand side of the desired equation is equal to

Va2b? — a2p2 sin? C + vVb2c2 — b2c2 sin? A + v c2a? — c2a? sin B
=abcosC + bccos A + cacos B

b
= g(bcosC 4+ ccos B) + E(ccosA—i—acosC)

+ %(acosB + bcos A)
_a + b b+ c
2797 2@
and the conclusion follows.

Note: We encourage the reader to explain why this problem is the equality
case of Advanced Problem 42(a).

8. Compute the sums

sina + sin2a +---+ sin na
1 2 n
n n n

cosa + cos2a—+---+ cosna.
1 2 n

Solution: Let S, and 7,, denote the first and second sums, respectively. Set
the complex number z = cosa + i sina. Then, by de Moivre’s formula, we
have z" = cosna + i sinna. By the binomial theorem, we obtain

and

1+T,+iS, =1+ (Y)(cosa +isina) + (Z)(cosZa + i sin2a)
n .
4+ 4 ( )(cosna + i sinna)
n

(e (e

={1+2)".
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Because

1+z:1+cosa+isina:2cos2g+2isin%cos%

a a . a
:2cos—(cos—+ism—),
2 2 2

it follows that

(14 2)" =2"cos" % (cos % + i sin %) ,

again by de Moivre’s formula. Therefore,

I+Ty)+iS, = (2" cos” %cos %) +i (2" cos” %sin %) ,

and so

S, = 2" cos” gsinE and 7, = —1+4 2" cos" c—lcos %.
2 2 2 2

. [Putnam 2003] Find the minimum value of
| sin x + cos x + tan x 4 cot x + sec x -+ csc x|

for real numbers x.

Solution: Set a = sinx and b = cos x. We want to minimize

P=la+b -4 -4
atbt ot -+-+o

ab(a+b)+a2+b2+a+b’
ab ’

a b 1 1 ‘

Note that a2 4+ b% = sin? x +cos?x = 1.Setc = a+b.Thenc? = (a+b)? =
1 +2ab, and so 2ab = ¢* — 1. Note also that by the addition and subtraction
formulas, we have

2 2
c=sinx +cosx = «/5(% sinx + %cosx) = /2sin (% +x),
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and so the range of c is the interval [—+/2, /2]. Consequently, it suffices to
find the minimum of

2ab(a +b) +2+2(a+b)

P = 2ab
c(@=D+2c+1) 2
= :C+
2—-1 c—1
2
=|c—1+ —|—1‘.
c—1

for cinthe interval [—~/2, v/2].If c—1 > 0, then by the arithmetic-geometric
means inequality, (c— 1)+ %, > 2+/2,andso P(c) > 1+2+/2.1fc—1 < 0,
then by the same token,

(c—l)-}-iz—((l—c)—i—L)f—Zﬁ,
c—1 1—c

with equality if and only if | — ¢ = %, or ¢ = 1 — +/2. It follows that the
minimum value sought is ‘—2«/5 +1 ‘ =22— 1, obtained when ¢ = 1—+/2.

Note: Taking the derivative of the function
f(x) =sinx + cosx + tanx 4 cotx + secx + cscx

and considering only its critical points is a troublesome approach to this prob-
lem, because it is difficult to show that f (x) does not cross the x axis smoothly.
Indeed, with a little bit more work, we can show that f(x) # 0 with the pre-
sented solution.

[Belarus 1999] Two real sequences x1, x2, ... and yi, y2, ... are defined in
the following way:

Yn
y +1 =
" 1+ /14 y2

for all n > 1. Prove that 2 < x,y, <3 foralln > 1.

X1 =1 =3, Xup1 =X+ )1+ 22,

Solution: Writing x,, = tan a, for 0° < a,, < 90°, by the half-angle formula
we have
Xng1 = tana, + /1 +tan? a, = tana, + seca,
1 +sina, (90°+an)
=— =tan| —— | .
cos ay 2
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Because a; = 60°, we have ap = 75°, a3 = 82.5°, and in general g, =
90° — 3% Thus

 n—1-

o 30° 30°
x, = tan | 90° — T = cot T = cotG,,

30°
on—1-

where 6, =

A similar calculation shows that

2tan 6,
=tan20, = ————,
n "7 1 —tan20,
implying that
2
XpVp = ————.
= T an? 0,

Because 0° < 6, < 45°, we have 0 < tan? 0, < land x,y, > 2. Forn > 1,
we have 6, < 30°, implying that tan? 6, < % and x,,y, < 3.

. Let a, b, ¢ be real numbers such that

N W

sina + sinb + sinc >

Prove that
sin(a— %) +sin<b— %) +sin(c— %) > 0.

Solution: Assume for contradiction that
b4 b4 b4
e 5) s o) (=) <o
s1n<a 6)+sm( 6 +sin|{c 6 <
Then by the addition and subtraction formulas, we have

3J3

1 V3. . .
E(cosa 4+ cosb +cosc) > 7(sma+s1nb+smc) > e

It follows that

343
cosa + cosb + cosc > Tf’
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which implies that

sin( —i—ﬂ)—l—sin(b—l-n)—i—sin( —{—n)
T3 3 €T3

1 3
= E(Sina + sinb + sinc) + 7(cosa + cosb + cosc)

1 f3f

=3,
22+2 2

which is impossible, because sinx < 1.

Consider any four numbers in the interval [ﬁ; , ﬁ;\/g] Prove that there

S

are two of them, say a and b, such that

’a\/4 — 2 —bJa— a2’ <2

Solution: Dividing both sides of the inequality by 4 yields

/ z
1— é,/l— - 5—
2 2

We substitute § = sin x and % = sin y. The last inequality reduces to
. . . LT
| sin(x — y)| = |sinx cosy — sin y cos x| gsmg. ()

We want to find #; and #, such that

: V2 -4/6 . V2+4/6
sinff = ——— and sinfp = ———.
4 4
By the double-angle formulas, we conclude that cos2#; = 1 — 2sin?
=1- # = “/7§ = oS (:l:%) and cos2t, = _\/Tg = cos 2Z. Because
y = sinx is a one-to-one and onto map between the intervals [—% Z]and
[—1, 1], it follows that t; = —{5 and 1 = 51—75

We divide the interval [—% 51—’;] into three disjoint intervals of length %:

L=[-5.%)L=[5%)ad ;= [”, 5]72’] The function y = 2sinx

takes the intervals I, I, I3 injectively and surjectively to the intervals /| =
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I:\fzg\/g, Zsin 17t_2)’ 12 = [2 SiIl 171—2, «/E), I?/’ = [ﬁ’ M]’ respectively.
By the pigeonhole principle, one of the intervals /], I}, or I; contains two of

the four given numbers, say a and b. It follows that one of the intervals Iy, I,

or I3 contains x and y such that @ = 2sinx and b = 2siny. Because the

intervals I1, I, and I3 have equal lengths of Z, it follows that |x — y| < %

We have obtained the desired the inequality ().

13. Let a and b be real numbers in the interval [0, %]. Prove that
sin®a + 3sin® acos® b + cos® b = 1

if and only if a = b.

Solution: The first equality can be rewritten as
(sin® @)’ + (cos’> b) + (=1)® = 3(sin® a)(cos’ b)(—1) = 0. (%)

We will use the identity

1
Xty + = 3xyz = SOty + ol -2+ -2+ -0

Let x = sin?a, y = cos? b, and z = —1. According to equation (%) we have
x3+y3+z3—3xyz = 0.Hencex+y+z =0or (x—y)z—i—(y—z)zjt(z—x)2 =
0. The latter would imply x = y = z, or sina = cos*b = —1, which

is impossible. Thus x + y + z = 0, so that sin?a 4+ cos?b — 1 = 0, or
sin2a = 1 — cos? b. It follows that sin?a = sin? b, and taking into account
that 0 < a,b < 7, we obtain a = b.

Even though all the steps above are reversible, we will show explicitly that if
a = b, then
sin®a + cos®a + 3sin*acos? b = 1.

Indeed, the expression on the left-hand side could be written as

(sin2 a + cos? a)(sin4 a — sin?a cos® a + cos* a)+3 sin?a cos® a

= (sin2 a + cos? a)2 —3sin’acos’a + 3sin®acos’a = 1.

14. Let x, y, z be real numbers with) < x <y <z < % Prove that

T
E+251nxcosy+2sinycosz > sin 2x + sin 2y + sin 2z.
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Solution: By the double-angle formulas, the above inequalities reduce to

7
5> 2 sinx(cosx — cos y) + 2sin y(cos y — cos z) + 2sinz cos z,

or
b4 . . .
7 > sinx(cosx — cos y) + sin y(cos y — cos z) + sin z coS z.

As shown in Figure 5.1, in the rectangular coordinate plane, we consider points
0O = (0,0), A = (cosx,sinx), A; = (cosx,0), B = (cosy,siny), B =
(cosy,0), By = (cosy,sinx), C = (cosz,sinz), C; = (cosz,0), Co =
(cosz,siny), and D = (0, sin z). Points A, B, and C are in the first quadrant
of the coordinate plane, and they lie on the unit circle in counterclockwise
order.

C

C:

Ol ¢ B 4

Figure 5.1.

Let D denote the region enclosed by the unit circle in the first quadrant (in-
cluding the boundary). It is not difficult to see that quadrilaterals AA| By B3,
BB{C1C3, and CC1 0O D are nonoverlapping rectangles inside region D. It is
also not difficult to see that [D] = %, [AA1B1 B3] = sinx(cosx — cosy),
[BB1C1C3] = siny(cosy — cos z), and [CC; O D] = sin z cos z, from which
our desired result follows.

For a triangle XY Z, let rxyz denote its inradius. Given that the convex pen-
tagon ABCDE is inscribed in a circle, prove that if r4pc = ragp and
rABD = rAEcC, then triangles ABC and AE D are congruent.

Solution: Let R be the radius of the circle in which ABC DE is inscribed.
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2b
C
B
2a
A . 2¢
2
E
2d D
Figure 5.2.

As shown in the proof of Problem 27(a), if ABC is a triangle with inradius
and circumradius R, then

1+%:cosA+cosB+cosC:cosA—cos(A+C)+cosC.

L/,q 2a, 2b, 2c¢, 2d, and 2e be the measures of arcs XE, §E‘, C/‘l\), 1375, and
E A, respectively. Thena + b + ¢ + d + e = 180°. Because rapc = rAED
and ragpp = ragc, we have

cosa — cos(a + b) +cosb = cosd + cose — cos(d + e) (%)
and
cosa + cos(b + ¢) + cos(d + e) = cose + cos(c + d) + cos(a + b).

Subtracting the two equations, we obtain cos b+cos(c+d) = cosd +cos(b+
c), or

b+c+d b—c—d b+c+d d—b—c
2 cos cos = 2cos cos
2 2 2 2

by sum-to-product formulas. It follows that

b—c—d d—b—c
COS = COS s
2 2

and so b = d. Plugging this result into equation (x) yields

cosa — cos(a + b) + cosb = cosb + cose — cos(b + e),
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or cosa + cos(b + e) = cose + cos(a + b). Applying the sum-to-product
formulas again gives

a+b+e a—b—e a+b+e e—a—>b
2 cos cos = 2cos cos ,
2 2 2 2
and so cos “*é’*e = cos efgfb. It follows that @ = e. Because a = e and

b = d, triangles ABC and AE D are congruent.

All the angles in triangle ABC are less then 120°. Prove that

cos A+ cosB —cosC V3

> .
sin A 4+ sin B — sin C 3

Solution: Consider the triangle A B1C1, as shown in Figure 5.3, where /A =
120° — LA, /B; = 120° — /B, and ZC; = 120° — ZC. The given condition
guarantees the existence of such a triangle.

C A

Ci

A B B
Figure 5.3.

Applying the triangle inequality in triangle A B{C; gives B{C| + C1A| >
A1 Bj; thatis
sin A; 4+ sin By > sinC}

by applying the law of sines to triangle A; B;Cj. It follows that
sin(120° — A) + sin(120° — B) > sin(120° — C),
or
J3 1 . . .
T(COSA +cos B —cosC) + E(sm A—+sinB —sinC) > 0.

Taking into account that a + b > ¢ implies sin A + sin B — sinC > 0, the
above inequality can be rewritten as

V3 cos A+ cos B —cosC 1
.= _ - + = >0,
2 sinA +sinB —sinC 2

from which the conclusion follows.
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17. [USAMO 2002] Let ABC be a triangle such that

tA 2+ 2 tB 2+ 3 tC ’ bs ’
cot — cot — cot— | =(—) ,
2 2 2 Tr

where s and r denote its semiperimeter and its inradius, respectively. Prove
that triangle ABC is similar to a triangle T whose side lengths are all positive
integers with no common divisor and determine these integers.

Solution: Define

C
u=cot—, v=cot—, w=cot—.
2 2 2

As shown in Figure 5.4, denote the incenter of triangle ABC by I, and let
D, E, and F be the points of tangency of the incircle with sides BC, C A, and
AB, respectively. Then |EI| = r, and by the standard formula, |[AE| = s —a.

A
F,
E
1
B D C
Figure 5.4.
We have
A |AE| s—a
U=cot — = —— = ,
2 |ET| r
s—b

and similarly v = ,w = <. Because

r

s _(-a)+(-b+(s—0c)
o r

=u-+v+w,
we can rewrite the given relation as

49 [uz + 407 + 9w2] =36(u+v+ w)z.



140

18.

103 Trigonometry Problems

Expanding the last equality and canceling like terms, we obtain
13u? 4 16002 + 405w? — 72(uv + vw + wu) = 0,

or
Gu — 12v)> + (4v — 9w)? + (18w — 2u)> = 0.

Therefore, u : v:w =1: JT : (];. This can also be realized by recognizing that
the given relation corresponds to equality in Cauchy-Schwarz inequality

(6% + 3% +22) [u2 + v+ (3w)2] > (6-u+3-20+2- 3w’

After multiplying by r, we see that

s—a_s—b_s—c_2s—b—c_2s—c—a_2s—a—b

36 9 4 944 4436 3649
a b ¢

3740 45

that is, triangle A BC is similar to a triangle with side lengths 13, 40, 45.

Note: The technique of using

a c a—+c

b d b+d

is rather tricky. However, by Introductory Problem 19(a), we can have

u—+v—+w=uvw.

Sinceu:v:w=1: % : %,itfollowsthatu =7, v= 47'1’ and w = %. Hence
by the double-angle formulas, sin A = %, sin B = %, andsinC = %, or
A 13 B i 45
sSin = z, S = @, S = @

7 7 7

By the extended law of sines, triangle A BC is similar to triangle 7 with side

lengths 13, 40, and 45. (The circumcircle of T has diameter %.)

[USAMO 1996] Prove that the average of the numbers
2sin2°, 4sin4°, 6sin6°, ..., 180sin180°,

is cot 1°.
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First Solution: We need to prove that
2sin2° +4sin4° + --- + 178sin 178° = 90 cot 1°,
which is equivalent to

2sin2° -sin1° +2(2sin4° - sin 1°) + - - - + 89(2sin 178° - sin 1°)
=90cos 1°.

Note that
2sin2k°sin 1° = cos(2k — 1)° — cos(2k + 1)°.

We have
2sin2° -sin1° +2(2sin4° - sin1°) + - - - + 89(2sin 178° - sin 1°)

= (cos 1° — cos 3°) + 2(cos 3° — cos 5°)
+ -4+ 89(cos 177° — cos 179°)

=co0s1° 4+ cos3° +---+cos 177° — 89 cos 179°

=08 1° + (cos3° +cos 177°) + - - - + (cos 89° + cos 91°)
+ 89cos 1°

=cos1° 4+ 89cos1° =90cos 1°,

as desired.

Note: The techniques of telescoping sum and pairing of summands involved
in the first solution is rather tricky. The second solution involves complex
numbers. It is slightly longer than the first solution. But for the reader who is

familiar with the rules of operation for complex numbers and geometric
series, every step is natural.

Second Solution: Set the complex number z = cos 2° 4 i sin 2°. Then, by
de Moivre’s formula, we have 7" = cos2n° + i sin2n°. Let a and b be real
numbers such that

24222+ +892% = a + bi.
Because sin 180° = 0,
1
b= 5(2 sin2° +4sin4° + - -- 4+ 178 sin 178° + 180 sin 180°),

and it suffices to show that b = 45 cot 1°.
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Set
Pu(x) =x 4+ 2x2 + -+ nx".
Then
(1 = X)pp(x) = pu(x) — xpu(x) = x +x% + - +x" —nx"T.
Set

gn(x) = (1 =) pa(x) + nx" T = x 4 x>+ 41"
Then (1 — x)g,(x) = gn(x) — xgn(x) = x — xtL Consequently, we have
gn(x) nx"t! X - xtL o et
l—x 1—x (1-=x2 1-—x

pn(x) =

It follows that

a4bi =742+ +897% = pgo(2)
_ z—2% 89790 _ z+1 89
T (1=-2% 1-z (z-1)?2 z-1

’

because 779 = cos 180° +i sin 180° = —1. Note that 7+ 1 = cis 2° +c¢is 0° =
2cos1°cis1®°andz — 1 = cis2° — cis0° = 2sin 1°cis 91°, and so

2cos 1°cis 1° 89
(2sin1°cis91°)2  2sin1°cis91°

2cos 1°cis 1° 89 cis(—91°)

a—+bi =

- 48in? 1° cis 182° 2sin 1°
_cos 1°cis(—181°)  89cis(—-91°)
- 2sin? 1° 2sin 1°
Therefore,
b cos 1°sin(—181°)  89sin(—91°) _cos 1°sin 1° n 89 cos 1°
N 2in? 1° 2sinl°e 2sin?1° 2sin 1°
cos1®  89cosl1® o
= — + - =45cot 1°,
2sin 1° 2sin1°
as desired.

19. Prove that in any acute triangle ABC,

cot®> A + cot® B + cot> C + 6 cot A cot B cot C > cotA +cotB +cotC.
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Solution: Letcot A = x,cot B = y,andcot C = z.Becausexy+yz+zx =1
(Introductory Problem 21), it suffices to prove the homogeneous inequality

By 2 bxyz > (0 y 4+ )y + yz +zx).
But this is equivalent to
xx =X -2+ yy -y —x) +z2iz—x)z—-y) =0,

which is Schur’s inequality.

[Turkey 1998] Let {a,} be the sequence of real numbers defined by a; = ¢
and a,+1 = 4a,(1 — ay) for n > 1. For how many distinct values of r do we
have aj99g — 0?

Solution: Let f(x) =4x(1—x) =1—2x— 1)2. Observe thatif 0 < fx) <
1,then 0 < x < 1. Hence if aj99g = 0, then we must have 0 < r < 1. Now

choose 0 <0 < % such that sin @ = /7. Observe that for any ¢ € R,

f(sin2 ¢)=4 sin’ ¢ (1 — sin’ ¢) =4 sin? 0] cos? ¢ = sin? 2¢;
since a; = sin @, it follows that
a, = sin’ 20, a3 = sin® 40, ..., ajg9g = sin?21%%7g.
Therefore, ajg9g = 0 if and only if sin 219979 = (. Thatis, 8 = zlfT”W for some

integers k, and so the values of  for which ajg9g = 0 are sin? (km/ 21997), where
k € Z. Therefore we get 219 4 1 such values of 7, namely, sin?(kz/2!%°7)
fork=0,1,2,--,219,

Triangle ABC has the following property: there is an interior point P such
that /PAB = 10°, ZPBA = 20°, /PCA = 30°, and ZPAC = 40°. Prove
that triangle ABC is isosceles.

Solution: Consider Figure 5.5, in which all angles are in degrees.

B

Figure 5.5.
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Letx = ZPCB (in degrees). Then /P BC = 80° — x. By the law of sines or
by Ceva’s theorem,

PA PB PC_sinZPBA sin/PCB sin/PAC

1= .- ..~ _ . .
PB PC PA sin/PAB sin/PBC sin/PCA
. sin 20° sin x sin 40° . 4 sin x sin 40° cos 10°
" sin 10° sin(80° — x) sin 30° sin(80° — x)

The product-to-sum formulas yield

1= 2sinx(sin30° +sin50°)  sinx(1 + 2 cos40°)
B sin(80° — x) ~ sin(80° —x)

and so
2 sin x cos 40° = sin(80° — x) — sin x = 2sin(40° — x) cos 40°,

by the difference-to-product formulas. We conclude that x = 40° — x, or
x = 20°. It follows that ZACB = 50° = /BAC, and so triangle ABC is
isosceles.

2_
22. Letag = V2 + /3 + /6, and let apy1 = 2?;}1—32) for integers n > 0. Prove

that
m=3g
a, = cot ( ) -2
3

Solution: By either the double-angle or the half-angle formulas, we obtain

for all n.

T cos% 200s2§—4 1~|—coslﬂ—2
Cot — = — T T T T
24 sin 37 2s1nﬁcosﬂ sin {5
:l+cos(%—%):1+c0s%cos%+sin%sin%
sin (% -7) sin & cos - —cos % sin
1424l 4 6442
R ISR CRN
AN+ VD) + (V6+V2)? A6+ V2)+8+4V3
(V6 —V2)(V6 +V2) 4

=24+ V2+V3+V6=ay+2.

_3 .
Hence a,, = cot (2n3 ”) — 21is true forn = 0.
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It suffices to show that b,, = cot (2”?”>, where b, = a, +2,n > 1. The

recursive relation becomes

(bn - 2)2 - 5
b -2 ="
n+1 2bn
or
b b} —1
T o,
Assuming, inductively, that by = cot cg, where ¢ = 2/{33” , yields
2
cot“cp — 1
bi+1 = il cot 2¢, = cot Cr41,
2cotcy

and we are done.

[APMC 1982] Let n be an integer with n > 2. Prove that
n k n k
b4 3 b4 3
[on[5 (4 575)) =M [5 (- 55)]

Solution: Let

T 3k T 3k
Up = tan g 1+3n—_1 and vy = tan g 1_3}1_1 .

The desired equality becomes

n
Hukvk =1. ()
k=1

Set

3k=lx
fy = tan .
3n—1

Applying the addition and and subtraction formulas yields

@ <n+3kIJT) NEESA and V3 -1
up =tan | — = nd vy = —-.
1—«/§tk 1+\/§tk

30 3 -1

The triple-angle formulas give

3
3t — ¢

1 = ——,
1 — 3]
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implying that

o 38w Viow
o 1-312  1-33n 1431

Consequently,

establishing equation ().

[China 1999, by Yuming Huang] Let P>(x) = x? — 2. Find all sequences of
polynomials { Py (x)}72, such that Py (x) is monic (that is, with leading coef-
ficient 1), has degree k, and P; (P;(x)) = P;(P;(x)) for all positive integers i
and j.

Solution: First, we show that the sequence, if it exists, is unique. In fact, for
each n, there can be only one P, that satisfies P,(P2(x)) = P>(P,(x)). Let

1

P(x)=x"+a,_1x" +---+a1x +ap.

By assumption,

=2+ (T =" a3 —2) +ag
="+ ap X"Vt aix +ap)? - 2.

Consider the coefficients on both sides. On the left side, 2 is the highest power
of x in which a; appears. On the right side, the highest power is x**/, and there
it appears as 2a;x". Thus, we see that the maximal power of a; always is
higher on the right side. It follows that we can solve for each g; in turn, from
n — 1 to 0, by equating coefficients. Furthermore, we are guaranteed that the
polynomial is unique, since the equation we need to solve to find each q; is
linear.

Second, we define P, explicitly. We claim that P, (x) = 2T, (%) (where T, is
the nth Chebyshev polynomial defined in Introductory Problem 49). That is,
P, is defined by the recursive relation Pj(x) = x, P2(x) = x2—2, and

Puy1(x) = xPy(x) — Py (x).
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Because T, (cos6) = cosnf, P,(2cosf) = 2 cosnb. It follows that for all 6,

P, (P,(2cos0)) = P, (2cosnf) =2 cosmnb
= P,(2cosmB) = P,(P,(2cosb)).

Thus, P, (P, (x)) and P, (P, (x)) agree at all values of x in the interval [-2, 2].
Because both are polynomials, it follows that they are equal for all x, which
completes the proof.

25. [China 2000, by Xuanguo Huang] In triangle ABC, a < b < c. As a function
of angle C, determine the conditions under which a +b — 2R — 2r is positive,
negative, or zero.

Solution: In Figure 5.6, set /A = 2x, /B =2y, /C = 2z. Then 0 < x <
y <zand x +y +z = 7. Let s denote the given quantity a + b — 2R — 2r.
Using the extended law of sines and by Introductory Problem 25(d), we have

s =2R(sin2x +sin2y — 1 — 4sinx sin y sin z).

.. |

Figure 5.6.

Note that in a right triangle ABC with /C = 7, we have 2R = ¢ and
2r = a 4+ b — c, implying that s = 0. Hence, we factor cos 2z from our

expression for s. By the sum-to-product, product-to-sum, and double-angle
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formulas, we have
% =2sin(x +y)cos (x —y) — 1+ 2(cos(x + y) —cos(x — y))sinz
=2coszcos(x —y) — 1 4+ 2(sinz —cos (x — y))sinz
=2cos (x — y)(cosz — sinz) — cos 2z
cos? z — sin’ z

=2cos(y —x)- ———————— — 082z
COSZ +sInzg

2cos(y — x)
=|— —1]|cos2z,
COszZ +sinzg

where we may safely introduce the quantity cos z + sin z because it is positive

when0 < z < %

Observe that 0 < y —x < min{y,x + y} < min{z,%—z . Because
1<% and%—z < 7. we have cos (y — x) > ma.x{cosz,cos(% —z)} =
max{ cos z, sin z }. Hence 2 cos(y — x) > cosz + sinz, or
2cos (x —
2eose =y 4
CcoSZ +SsIinz

Thus, s = pcos2z for some p > 0. It follows that s = a + b — 2R — 2r
is positive, zero, or negative if and only if angle C is acute, right, or obtuse,
respectively.

Let ABC be atriangle. Points D, E, F areonsides BC, CA, AB,respectively,
such that |[DC| + |CE| = |EA| + |AF| = |FB| + |BD|. Prove that

1
|DE|+ |EF|+ |FD| > §(|AB| + [BC| + |CA)).

Solution: As shown in Figure 5.7, Let E| and Fj be the feet of the perpen-
dicular line segments from E and F to line BC.

A

B F. D EC B F\D C E
Figure 5.7.
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We have
|EF| > |E1Fi| =a— (|BF|cos B+ |CE]|cosC).
Likewise, we have
|IDE| > c¢— (|JAE|cos A + |BD|cos B)

and

|FD|>b — (|CD|cosC + |AF|cos A).
Note that |[DC| + |CE| = |EA| + |AF| = |FB| + |[BD| = $(a + b + ).
Adding the last three inequalities gives

|IDE|+|EF|+ |FD|

1
za—i—b—i—c—§(a+b+c)(cosA+cosB+cosC)

1
> §(a~|—b+c),

by Introductory Problem 27(b). Equality holds if and only if the length of
segment EF (F D and DE) is equal to the length of the projection of segment
EF online BC (FD on CA and DE on AB),and A = B = C = 60°, that
is, if and only if D, E, and F are the midpoints of an equilateral triangle.

Let a and b be positive real numbers. Prove that
1 1 2
+ =
Vita® V14027 JT+ab
if either (1)0 < a,b <1or(2)ab > 3.

Note: Part (1) appeared in the Russian Mathematics Olympiad in 2001.

Solution: Because a and b are positive real numbers, there are angles x and
y, with 0 < x,y < 90°, such that tanx = a and tany = b. The desired
inequality is clearly true when a = b. Hence we assume that a # b, or

equivalently, x # y. Then 1 4+ a? = sec? x and ﬁ = cos x. Note that
a

COS X COS y + sin x sin cos(x —
|+ ab = y y _ cos(x —y)

COS X COS y COS X COS y

by the addition and subtraction formulas. The desired inequality reduces to

COS X COS y
cosx +cosy >2 [ ————. (%)
cos(x —y)
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To establish part (1), we rewrite inequality (x) as

5 5 4.cosx cosy
cos“x +cos“y +2cosxcosy < ——.
cos(x —y)

Because 0 < |x — y| < 90°, it follows that 0 < cos(x — y) < 1. Hence

2cos x cos y
2cosxcosy < sy It suffices to show that

cos(x —y) [coszx + cos? y] <2cosxcosy,
or
cos(x — y)[cos2x +cos2y + 2] < 4cosxcosy
by the double-angle formulas. By the sum-to-product formulas, the last
inequality is equivalent to

cos(x — y)[2cos(x — y)cos(x + y) + 2] < 2[cos(x — y) + cos(x + y)],

or cos?(x — y) cos(x + y) < cos(x + y), which is clearly true, because for
0 <a,b<1,wehave 0° < x,y < 45°, andso 0° < x + y < 90° and
cos(x 4+ y) > 0. This completes the proof of part (1).

To prove part (2), we rewrite inequality (x) as

2 cos

x+y x-—y Zlcos(x + y) + cos(x — y)]
CcoS >2
2 2 cos(x —y)

by the sum-to-product and product-to-sum formulas. Squaring both sides of
the inequality and clearing denominators gives

X+ X —
4 cos? Yy cos? Y

cos(x —y) = 2[cos(x + y) + cos(x — y)],
or
[1+ cos(x + y)][1 + cos(x — y)]cos(x — y) > 2[cos(x + y) + cos(x — y)]

by the double-angle formulas. Setting s = cos(x + y) and # = cos(x — y), it
suffices to prove that

(A +s)A+0)1 =2(s +1),

or,
0<q —}—s)t2 + G —Dt—2s =0 — D[+ s)t + 25].

Because ¢t < 1, it suffices to show that

(1+s)t+2s <0.
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Because ab > 3, tanx tany > 3, or equivalently, sinx siny > 3 cos x cos y.
By the product-to-sum formulas, we have

1
E[COS(x —y) —cos(x +y)] > %[COS(x —y) +cos(x + y)I,

ort < —2s.Because 1 +s5 > 0, (1 + s)t < —(1 + 5)2s. Consequently,
(14 5)t+25 < —(145)2s + 25 = =252 < 0, as desired.

[China 1998, by Xuanguo Huang] Let A BC be a nonobtuse triangle such that
AB > AC and /B = 45°.Let O and I denote the circumcenter and incenter of
triangle A BC, respectively. Suppose that V2|01| = |AB|—|AC)|. Determine
all the possible values of sin A.

First Solution: Applying the extended law of sines to triangle ABC yields
a =2Rsin A, b = 2R sin B, and ¢ = 2R sin C. If incircle is tangent to side
AB at D (Figure 5.8). Then |BD| = #, and sor = |ID| = |BD]|tan %
The half-angle formulas give

B 1 —cosB 1—‘/7E
tan — = = =21,
an2 sin B 4

and so
r= R(ﬂ— 1) (sin A 4 sin C — sin B).

By Euler’s formula, |O1|> = R(R — 2r), so we have
|011> = R> = 2Rr = R? [1 — 2(sin A 4 sin C — sin B) («/5- 1)] .

Squaring both sides of the given equation V2|01 = |AB| — |AC| gives

= 2R*(sin C — sin B)?.

(c — b)?
or?=—">""_
|01 5

Therefore
2(sin C — sin B)2 = 1 — 2(sin A + sin C — sin B) (ﬁ _ 1)

or

2
1—2(sinC—“/7§) zz(sinA+sinC—“/7§> (fz—l). ()
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The addition and subtraction formulas give

sin C = sin(180° — B — A) = sin(135° — A)

2(sin A A
— §in 135° cos A — cos 135° sin A — V2(sin 2+ cos )’
and so
2 2
sinC — % = %(sinA +cos A —1).

Plugging the last equation into equation (x) yields
2
1—(sinA+cosA—1)2 =2 (\/_— 1) |:sinA + %—(sinA 4+ cos A — 1):| .

Expanding both sides of the last equation gives

1— (sinA+cosA)2+2(sinA+cosA) —1
- (ﬁ—l) (2+ﬁ)sinA+(2—J§) (cos A — 1)

or
sin? A+cos®? A+2sin Acos A = (2 — «/5) sin A ++/2cos A + (2 — ﬁ) .
Consequently, we have

2sin Acos A — (2—«/5) sin A — /2 cos A + («/_— 1) =0;

that is,

(\/EsinA — 1) (x/zcosA —V2+ 1) =0.
This implies that sin A = 4 orcosA =1-— g Therefore, the answer to the
problem is

2 Va2 =2
sinA:%_ or sinA =+/1— cos? :fT'
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Figure 5.8.

Second Solution: As shown in Figure 5.8, the incircle touches the sides
AB, BC, and CA at D, E, and F, respectively. Let M be the foot of the
perpendicular line segments from O to side BC. Then the line OM is the
perpendicular bisector of BC, and |BM| = |C M|. From equal tangents, we
have |[AF| = |AE|,|BD| = |BF|,and |CD| = |CE|. Because ¢ > b, M lies
on segment B D. We find that

V2|01l =c—b = (|AF| +|FB|) — (|AE| + |EC))
— |FB| - |EC| = |BD| — |DC|.

We deduce that |[BD| = |[BM| + |[M D] and |DC| = |CM| — |DM]|. Hence
V2|01| =2|DM]|,or |01| = /2|DM|. Thus lines OI and DM form a 45°
angle, which implies that either O L AB or Ol || AB. We consider these
two cases separately.

o First Case: In this case, we assume that O 1 AB. Then OI is the
perpendicular bisector of side A B; that is, the incenter lies on the per-
pendicular bisector of side AB. Thus triangle ABC must be isosceles,

with |[AC| = |BC|,and so A = B =45° andsin A = */Tj

o Second Case: In this case, we assume that O || AB. Let N be the
midpoint of side AB. Then OIF N is a rectangle. Note that L/AON =
/C, and thus

Rcos/AON = RcosC =|ON| = |IF|=.

By the solution to Introductory Problem 27, we have

R
cosC = — =cosA+cosB+cosC — 1,
r
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implying that cos A = 1 — cos B = 1 — +/2/2. It follows that

sinA:x/l—coszAzﬁ.

29. [Dorin Andrica] Let n be a positive integer. Find the real numbers ap and ay ¢,

1 < ¢ < k < n, such that

sin? nx

>— =ao+ Z ag cos2(k — £)x

S x 1<t<k<n

for all real numbers x with x not an integer multiple of .

Solution: In this solution, we apply a similar technique to that shown in the
first solution of Advanced Problem 18. Note that

28in 2kx sinx = cos(2k — 1)x — cos(2k + 1)x.

We have
2sinx(sin2x + sin4x + - - - 4 sin 2nx)

= [cosx — cos 3x] + [cos 3x — cos 5x]
4+ -4 [cos(2n — 1)x — cos(2n + 1)x]
=cosx —cos(2n + 1)x = 2sinnx sin(n + 1)x,
or

. . . sinnx sin(n + 1)x
s =sin2x + sin4x + --- + sin2nx = .

sin x
Similarly, by noting that

2 cos 2kx sinx = sin(2k + 1)x — sin(2k — 1)x,

we have
2sinx(cos2x + cos4x + - - - + cos2nx)
= [sin 3x — sinx] 4 [sin 5x — sin 3x]
4+ -4 [sin(2n + 1)x — sin(2n — 1)x]
=sin(2n + 1)x — sinx = 2sinnx cos(n + 1)x,
or

i 1
¢ =cos2x +cosdx +---+cos2nx = sinnx cos(n + )x.

sin x
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It follows that
sin? nx 2 _(sinnxsin(n + D)x 2 n sinnx cos(n + 1)x 2
sin?x ) sin x sinx
= s2 + c2.

On the other hand,

s2 + ¢? = (sin2x + sin4x + - - - + sin 2nx)?
+ (cos2x +cosdx + - - -+ cos an)2
=n+ Y (2sin2fxsin2kx + 2 cos 2€x cos 2kx)

1<l<k=<n
=n+2 Z cos2(k — £)x

1<l<k=<n

by the product-to-sum formulas. Setting ap = n and a;x = 2 solves the
problem.

30. [USAMO 2000] Let S be the set of all triangles ABC for which

1 1 3 6
5( + + )_ . =
|AP| ~ |BQ| [CR]| min{ |AP|, [BQI,|CR|} r

where r is the inradius and P, Q, and R are the points of tangency of the
incircle with sides AB, BC, and C A, respectively. Prove that all triangles in
S are isosceles and similar to one another.

Solution: Let / be the incenter of triangle ABC. Then [IP| = |IQ| =
[IR| = r. By symmetry, we may assume that min{|AP|, |BQ|, |CR|} =
|AP], as shown in Figure 5.9. Let x = tan %, y = tan %, and z = tan % By
Introductory Problem 19(a), we also have

xy+yz+zx=1. (%)

B 0 c
Figure 5.9.
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Note that [AP| = £, |[BQ| = ;, and |CR| = g Then the equation given in
the problem statement becomes

2x + 5y +5z=6. (x%)
Eliminating x from equations () and (xx) yields
5y 4+522 +8yz—6y —62+2=0.
Completing the squares, we obtain

By—1)24+Gz— 1) =4y -2

Setting 3y — 1 = uand 3z — 1 = v gives y = “T“andzz ”3i1,andso

y — z = “5~. The above equation becomes

5u® + 8uv + 50> = 0.

Because the discriminant of this quadratic equation is 82 —4-25 < 0, the only
real solution to the equation is # = v = 0. Thus there is only one possible
set of values for the tangents of half-angles of ABC (namely, x = % and
y=z= %). Thus all triangles in S are isosceles and similar to one another.

—_r__4 -y = _r __r _1_ 4
Indeed, we have x = AP = 3 andy =z = B0l = [Co] = 3 = 13> S0 We

cansetr =4, |AP| = |AR| =3,and |BP| = |BQ| =|CQ| = |CR| = 12.
This leads to |AB| = |AC| = 15 and | BC| = 24. By scaling, all triangles in
S are similar to the triangle with side lengths 5, 5, 8.

We can also use the half-angle formulas to calculate

. . 2tan% 3
sinB =sinC = ——+ = .
l+tan?%5 5

From this it follows that [AQ| : |QOB| : |[BA| =3 :4:5and |AB| : |AC| :
|[BC|=5:5:8.

31. [TST 2003] Let a, b, ¢ be real numbers in the interval (0, %). Prove that

sina sin(a — b) sin(a —¢)  sinbsin(b — ¢) sin(b — a)
sin(b + ¢) sin(c + a)

sin ¢ sin(¢c — a) sin(c — b)
sin(a + b)

> 0.
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Solution: By the product-to-sum and the double-angle formulas, we have

sin(a — B) sin(a + B) = %[cos 28 — cos 2«

2o — sinz,B.

= sin
Hence, we obtain
sina sin(a — b) sin(a — ¢) sin(a + b) sin(a + ¢)

= sina(sin® a — sin® b)(sin” a — sin’ ¢)

and its analogous cyclic symmetric forms. Therefore, it suffices to prove that

) () (2 2) (2o () (2 ) 20

where x = sina, y = sinb, and z = sinc (hence x, y, z > 0). Since the
last inequality is symmetric with respect to x, y, and z, we may assume that
0 < x <y < z. It suffices to prove that

() () (B ) () 2 () (2.

which is evident, because

() ) 2o
and

() () 2 (2 () ()

Note: The key step of the proof is an instance of Schur’s inequality with
1
r = 3-

[TST 2002] Let ABC be a triangle. Prove that

in 22 4 sin 22 4 sin S < 4 4 —_
—_— mn — m — COS COS
Sin 2 S 2 S 2 =< COs 2 2 2

First Solution: Let o = %, B = g, y = % Then 0° < «, B, ¥y < 90° and
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a + B+ y = 90°. By the difference-to-product formulas, we have

. 3A B-C
s1n7—cos

= sin3a — cos(B — y)
= sin 3« — sin(o + 2y)

2cosQa + y) sin(a — y)
= —2sin(a — B) sin(e — y).

In exactly the same way, we can show that

3B C—-A . .
sin 7 — COoS 5 =2 Sln(ﬂ - a) SIH(IB - J/)

and

. 3C A—B . .
sin — — cos = —2sin(y — o) sin(y — B).
2 2
Hence it suffices to prove that

sin(a — B) sin(a — y) + sin(B — ) sin(B — y) + sin(y — «) sin(y — B)
> 0.

Note that this inequality is symmetric with respect to «, 8, and y, so we
can assume without loss of generality that 0° < o < 8 < y < 90°. Then
regrouping the terms on the left-hand side gives

sin(a — B) sin(er — y) +sin(y — B)[sin(y — ) —sin(f — )],

which is positive because the function y = sin x is increasing for 0° < x <
90°.

Note: Again the proof is similar to that of Schur’s inequality.

Second Solution: We maintain the same notation as in the first solution. By
the addition and subtraction formulas, we have

sin 3o = sin & cos 2« + sin 2« cos a;
cos(B — o) = sin(2e + y) = sin2« cos y + sin y cos 2¢;
cos(B — y) = sin(2y + «) = sin 2y cos o + sin« cos 2y;
sin3y = siny cos2y + sin2y cos y.
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By the difference-to-product formulas, it follows that

sin 3 + sin3y — cos(B — o) — cos(B — y)
= (sino — sin y)(cos 2oc — cos2y)
+ (cosa — cos y)(sin 2« — sin 2y)
= (sina — sin y)(cos 2o — cos2y)
+ 2(cosa — cos y) cos(a + ) sin(a — y).
Note that sin x is increasing, and cos x and cos 2x are decreasing for 0° < x <

90°. Since 0° < «, y, @ + ¥y < 90°, each of the two products in the last sum
is less than or equal to 0. Hence

sin3¢ + sin3y — cos(B — ) —cos(B —y) < 0.
In exactly the same way, we can show that

sin38 4+ sin3a — cos(y — B) —cos(y —a) <0
and

sin3y +sin38 — cos(o — y) — cos(o — B) < 0.

Adding the last three inequalities gives the desired result.

Let x1, x2, ..., x;, n > 2, be n distinct real numbers in the interval [—1, 1].
Prove that

where 1; = ]_[j#l- lxj — xil.

Solution: Let 7, denote the nth Chebyshev polynomial. Recall that (Intro-
ductory Problem 49) T, (cos x) = cosnx and T, is defined by the recursion
Th+1(x) = 2xT,(x) — Tp—1(x), To(x) = 1, and T1(x) = x. Therefore, the
leading coefficient of 7}, is 27~ forn > 1.

Now we apply the above information to the problem at hand. We can ap-
ply Lagrange’s interpolation formula to the points x1, x3, ..., x, and the
polynomial 7, (x) to obtain
n
Th—1(x)(x —xp) -+ (0 — k= 1) (X — Xpg1) -+ (X — Xp)
L) =)~ . =
(g —x1) - (k= Xp—1) (X — Xp1) -+ - (X — Xp)

k=1



160 103 Trigonometry Problems

Equating leading coefficients, we have

2,1_2 _ Z Ty—1(xk)

= (e = x1) o (o = X)) (O = K1) <+ (X — %)

Set 6 such that cos 6y = xi. Then |T,,_ 1 (x)| = | cos(n —1)6| < 1.1t follows

that
n
=2 < Z | T —1(xx) |
= Gk = x1) - (o = Xp—1) (0 = Xge1) - -+ (o — X))
“ 1
i
as desired.
34. [St. Petersburg 2001] Let x1, . . ., x10 be real numbers in the interval [0, 7 /2]

such that sin? x; + sin? x + - - - + sin? x19 = 1. Prove that

3(sinxj + - - -+ sinxjg) < cosx| + --- 4+ cosxjg.

Solution: Because sin” x| 4 sin®xy + - - - + sin® x9 = 1,

Cosx; = Esinzxj.
J#

By the power mean inequality, for each 1 <i < 10,

Y. sinx;

. J

cosx; = Es1n2sz”é+.
J#

Summing over all the terms cos x; gives

10 10 sin x: 10 sin x- 10

d “cosx; =y > L=%"9. 22 =3 sinx;,
“ 3 4 3 ‘

i=1 i=1 i=1

i=1 j£i

as desired.
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35. [IMO 2001 shortlist] Let x1, x2, ..., x, be arbitrary real numbers. Prove the
inequality
X1 X2 Xn

+ ot < J/n.
1+x?  1+x7+x3 L+x2 4+ +x2 v

Solution: (By Ricky Liu) We make the following substitutions: x; = tan 1,
Xp = sec «j tan orp, and

Xp = Sec o] secay - - - SeC g1 tan oy,

with —7/2 < o < /2,1 < k < n. Note that this is always possible because
the range of tan « is (—oo, 00) and sec « is always nonzero. Then the kth term
on the left-hand side of our inequality becomes

Sec oy - - - SeCc o —1 tan otk

1 +tan?aq + -+ - +sec?ay - - - sec? o, tan? ay,
= COS ] COS 2 - COS QY Sin o.
Hence the given inequality reduces to
cos oy sina] + cosa cosap sinay + - -+ + COSa] COSy - - - COS &y, Sin o,
< /n;
that is,
cisi+cicasy+ -+ cicr sy < A/,

where ¢; = cosa; and s; = sing; for1 < i < n.For2 < i < n, because
ci2 + si2 = cos? o + sin®@; = 1, we note that

2.2 2 2., .22 2 222 2
C1€y - Ciys; FCjey G 6 = C1¢y Gy
Therefore,
2, 2.2 2:2...c2 2
Sy +cCysy s ejey e 2s 1+c102 ;=1 (%)
By (%) and Cauchy-Schwarz inequality, we obtain

c181 + 1682 + -+ c1c2 - - Sy

2 2
<\/51+0152 G S F G e

~\/cf+c§+ 2+ cs?

Z\/C%+C%+-~-+Cz_l+c%s,%

= \/cos2 o1 +cos2an + -+ -+ cos2 a1 + cos? oy, sin? a,

<+/n.
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Equality in the last step can hold only when
COS(| =COSQp = -+ = COSUy—] = COS Yy Sina, = 1,

which is impossible, because cos o, sina,, = % sin 2a,, < 1. Therefore, we
always have strict inequality, and we are done.

[USAMO 1998] Let ag, aq, . . ., a, be numbers in the interval (O, %) such that

T b4 T
tan(ao—Z)—i—tan(al—z)—i—u-—i—tan(an—Z) >n—1.

Prove that
tanagtanay - --tana, > n" L.
Solution: Let by = tan (ax — %), k = 0,1,..., n. It follows from the hy-
pothesis that for each k, —1 < by < 1, and
L+be= Y (1=bo. (%)
0<l#k<n

Applying the arithmetic—geometric means inequality to the positive real
numbers 1 — by, £ =0,1,...,k—1,k+1,...,n, we obtain

1/n

> a-boyz=n| J] a-bo] . )

0<l+#k<n 0<l#k<n
From inequalities (*) and () it follows that
n n 1/n
[ ] +50) = n"*! <H(1 - w) :
£=0

k=0

and hence that

Because

1+ by _ l—i—tan(ak—%
1— by o l—tan(ak—%)

the conclusion follows.
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Note: Using a similar method, one can show that

1 1 1
+ e
n—14+a n—14+a n—1+a,

S 11
where ay, az, ..., a, are positive real numbers such that ajay---a, = 1.
An interesting exercise is to provide a trigonometry interpretation for the last
inequality.

[MOSP 2001] Find all triples of real numbers (a, b, ¢) such that a> —2b* = 1,
2b* —3¢* =1,and ab + bc + ca = 1.

Solution: Since a®> — 2b> = 1, a # 0. Since 2b* —3¢* = 1, b # 0. If
¢c =0, then b = 1/ﬁ and a = ﬁ It is easy to check that (a, b, c) =

V2.1 / V2, 0) is a solution of the system. We claim that there are no other
valid triples.

We approach the problem indirectly by assuming that there exists a triple of
real numbers (a, b, c), with abc # 0, such that the equations hold. Without
loss of generality, we assume that two of the numbers are positive; otherwise,
we can consider the triple (—a, —b, —c). Without loss of generality, we assume
that @ and b are positive. (The first two equations are independent of the signs
of a, b, ¢, and the last equation is symmetric with respect to a, b, and c.) By
Introductory Problem 21, we may assume that a = cot A, b = cot B, and
c=cotC,with0 < A, B < 90°, where A, B, C are angles of a triangle. We
have
a2+1=2<b2+1>:3(62+1).
The last equation reduces to
csc? A = 2csc? B = 3 csc? C,

. I Vi

sinA  sinB  sinC’

By the law of sines, we conclude that the sides opposite angles A, B, C have
lengths k, ~/2k, ~/3k, respectively, for some positive real number k. But then
triangle ABC is aright triangle with ZC = 90°, implying that ¢ = cot C = 0,
a contradiction to the assumption that ¢ # 0. Hence our assumption was

wrong, and (a, b, c) = («/5, 1/«/5, O) is the only valid triple sought.
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38. Let n be a positive integer, and let 6; be angles with 0 < 8; < 90° such that
cos? 0] + cos? 0y + - - - + cos> 6, = 1.
Prove that

tan6; +tanbr + --- +tanb, > (n — 1)(cot Oy +cotbr + - -- 4+ cotH,).

Solution: (By Tiankai Liu) By the power mean inequality, for positive

numbers x1, x2, ..., X,, we have M_; < M| < M>; thatis,
2 2 2
n Mttt XAt
1 1 . = = :

For1 <i <n,letcosf; = a;. Then
sin; /1 —cos?
cos 6; - a;

Ja+a+otad +ad, o+ al

tan 6; =

a;
aita+---+ai-1+aiy1+---+a
- ai/n—1 '

Summing the above inequalities for i from 1 to n gives

n 1 n . 1 i
i;taneiz ZZZ_JZW 3 Z—j (%)

n—14% —
i=1j#i 1<i,j<n

i#]j

because each ratio ;’—’ appears exactly once.
J

On the other hand, we have

cos 6; a;
coth; = — L = !
sinty /1 — cos?6;

ai

Ja+ad 4t +ad, o+ al
ai(a%+cf—2+“'+*+ 1 +...+L)

ai—1 aj+1 An

= (n—1/n—1 ’
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by the power mean inequality. Summing the above identities from 1 to n yields

n n
1 a; 1 a;
;cote, < TR ZZ P o) Z a (%)

i=1 j#i 1<i,j<n
i#]
again, because each ratio Z—’ appears once. Combining inequalities (x) and
J

(xx) gives

n a; ai n

V=1 tang = Y L= Y —>@m-17?) coth,
; aj aj :
i=1 1<i,j<n 1<i,j<n - i=1
i#] i#]

from which the desired result follows.

[Weichao Wu] One of the two inequalities
(sinx)*™* < (cosx)®* and (sinx)*™* > (cosx)°*s*

is always true for all real numbers x such that 0 < x < Z. Identify that
inequality and prove your result.

Solution: The first inequality is true. Observe that the logarithm function is
concave down. We apply Jensen’s inequality to the points sinx < cosx <
sin x 4 cos x with weights A1 = tanx and A, = 1 — tanx (because 0 < x <
/4, A1 and A; are positive) to obtain

log(cos x) = log[tan x sinx + (1 — tan x)(sinx + cos x)]

> tan x log(sin x) + (1 — tan x) log(sin x + cos x).

Since sinx + cosx = +/2sin(x +Z%) > 1 and tanx < 1 in the specified
interval, the second term is positive and we may drop it to obtain

log(cos x) > tan x log(sin x).
Multiplying by cos x and exponentiating gives the required inequality.

Let k be a positive integer. Prove that +/k + 1 — +/k is not the real part of the
complex number z with z* = 1 for some positive integer n.

Note: In June 2003, this problem was first given in the training of the Chinese
IMO team, and then in the MOSP. The following solution was due to Anders
Kaseorg, gold medalist in the 44th IMO in July 2003 in Tokyo, Japan.
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Solution: Assume to the contrary that @ = /k + 1 — +/k is the real part of

some complex number z with z" = 1 for some positive integer n. Because z
2 2

is an nth root of unity, it can be written as cos == + i sin %L for some integer

jwith0 < j <n — 1. Thus, oz_cos27”

Let 7, (x) be the nth Chebyshev polynomial; that is, To(x) = 1, T1(x) = x,
and T; 41 = 2xT;(x) —T;—1(x) fori > 1.Then T, (cos ) = cos(nf),implying
that 7, (@) = cos(2mj) = 1.

Letﬂ = Vk+ 1+ k. Note that o = 1 and o + 8 = 2k + 1, and so

o + B2 = (a + B)? — 2ap = 4k + 2. Thus +« and +8 are the roots of the
polynomial

P(x)=(x—a)x +a)x — B)(x + ) = (x —a2><x—ﬁ2)
=x*— (4k +2)x + 1.

Let Q(x) be the minimal polynomial for «. If neither 8 nor — g is a root of
Q(x), then Q(x) must divide

(x —a)(x +a) = x> — 2k + 1 — 2/k(k + 1)],

and so k(k + 1) must be a perfect square, which is impossible because k> <
k(k+1) < (k+ 1)2. Therefore, either Q(8) or Q(—p) = 0 or both. We say
that Q(B’) = 0, with either ' = B or B/ = — 8.

Because « is a root of T,,(x) — 1, Q(x) divides T,,(x) — 1 and B’ is a root of
T, (x)—1.However, by Introductory Problem 49(f), the roots of 7;, (x) —1 are all
in the interval [—1, 1] and |8'| = vk + 1+ Vk > 1, which is a contradiction.
Therefore, our original assumption was wrong, and v/k + 1 — +/k is not the
real part of any nth root of unity.

Let A1 A, A3z be an acute-angled triangle. Points By, By, Bz are on sides A Az,
A3A1, A1 Ay, respectively. Prove that
2(b1cos Ay + bycos Ay + bz cos A3) > ajcos A1 + ar cos Ay + a3 cos Az,

where a; = |Aj+1Ai42| and b; = |Bj11Biy2| fori = 1,2, 3 (with indices
taken modulo 3; that is, x;+3 = x;).

Solution: As shown in Figure 5.10, let |B;A; 11| = s; and |B; Aj4+2| = t;,
i =1,2,3.Thena; = s; +1;. Our approach here is similar to that of Advanced
Problem 26. Let A = LA, Ap = LAy, and Ay = LAj.
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A
B3
B>
13
2
s | |
4> E B F A
Figure 5.10.

Note that segment E F, the projection of segment B, B3 onto the line A A3,
has length a; — #3 cos A — 57 cos A3z, and so

by > ay —t3c0s Ay — spcos As.
Because 0 < A; < 90°, we know that
bicosAy > ajcos Ay —13c0s Apcos A — s cos A3 cos Aj.
Likewise, we find that
by cos Ay > apcos Ap — 11 cos Az cos Ar — s3c0S Ajcos Ay
and
b3 cos A3 > a3 cos Az — tp cos Ay cos Az — 51 cos Ap cos As.

Adding the last three inequalities, we observe that

3 3
Zbi COS A; > Zai (cosA; —cos Ajyr14i4+2).

i=1 i=1
It suffices to show that

3 3
ZZa,-(cos Aj —cos Aj1Ai) > Zai cos Aj,

i=1 i=1
or

3
Za,- (cosA; —2cos Aj11Ai12) > 0.

i=1
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Applying the law of sines to triangle A A A3, the last inequality reduces to

3
Z sin Aj(cos A; —2cos Aj11Ai42) > 0,

i=1

which follows directly from the next Lemma.

Lemma Let ABC be a triangle. Then the Cyclic Sum

ZsinA(cosA —2cosBcosC) =0.

cyc
Proof: By the double-angle formulas, it suffices to show that

Zsin2A = ZZSinAcosA :4ZsinAcosBcosC.
cyc cyc cyc

Applying the addition and subtraction formulas gives

sin A cos B cos C + sin B cos C cos A
cos C(sin A cos B + sin Bcos A)
= cosCsin(A + B) =cosCsinC.

Hence
4ZsinAcosBcosC
cyc
= 2 Z(sin A cos Bcos C + sin B cos C cos A)
cyc
= ZZcosCsinC = ZsinZC,
cyc cyc
as desired. [

42. Let ABC be a triangle. Let x, y, and z be real numbers, and let n be a positive

integer. Prove the following four inequalities.

(a) [D.Barrow] x% + y2 4+ z2 > 2yzcos A + 2zx cos B + 2xy cos C.
(b) [J. Wolstenholme]

X2+ y2 + 72 > 2(—1)"+1(yz cosnA + zxcosnB + xycosnC).
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(¢) [O.Bottema] yza® + zxb?> + xyc> < R*(x + y + 2)%.
(d) [A.Oppenheim] xa? + yb* + z¢? > 4{[ABC1/xy + yz + zx.

Note: These are very powerful inequalities, because x, y, z can be arbitrary
real numbers. By the same token, however, they are not easy to apply.

Solution: It is clear that part (a) is a special case of part (b) by setting n = 1.

Parts (c) and (d) are two applications of part (b). Hence we prove only parts
(b), (c), and (d).

(b) Rewrite the desired inequality as
x24+2x(=1)*(zcosnB + ycosnC)+ y2 +224 2(—=1)"yzcosnA > 0.

Completing the square for x> + 2x(—1)"(z cosnB + y cos C) gives

2
[x2 4 (=1)"(zcosnB + y coan)] 32 4+ 22 4+ 2(=1)"yzcosnA
> (zcosnB + ycoan)2

=z?cos’nB + y2 cos’ nC + 2yzcosnBcosnC.
It suffices to show that

y2 + 22+ 2(—1)"yzcosnA > 2 cos?nB + y2 cos2nC
+ 2yzcosnBcosnC,

or

y2sin® nC + z>sin® nB + 2yz [(—1)” cosnA — cosnB cos nC] > 0.
()
If n = 2k is even, then nA + nB + nC = 2km, and so cosnA =
cos(nB+nC) = cosnB cosnC —sinn B sin nC. The desired inequality
(*) reduces to

y?sin> nC + z? sin> nB — 2yzsinnB sinnC
= (ysinnC — zsinnB)? > 0,

which is evident.

If n = 2k + 1 is even, then nA + nB + nC = (2k + 1)7, and so
cosnA = —cos(nB +nC) = —cosnBcosnC + sinnBsinnC. The
desired inequality (x) reduces to
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y2 sin> nC + z2sin> nB — 2yzsinnB sinnC
= (ysinnC — zsinnB)2 >0,

which is evident.

From the above proof, we note that the equality case of the desired
inequality holds only if (y sinnC —z sinnB)? > 0, that is, if y sinnC =

;sin nB, or ﬁ = Gnoc- By symmetry, the equality case holds only
if N y z

sinnA ~ sinnB  sinnC’
It is also easy to check that the above condition is sufficient for the
equality case to hold.

The extended law of sines gives that % = 2sin A and its analogous
forms for % and . Dividing both sides of the desired inequalities by R?
and expanding the resulting right-hand side yields

4(yz sin? A 4 zx sin® B + Xy sin? C)
<xP 4y + 22+ 20y + yz + 20),
or, by the double-angle formulas,
x4 y2 + 22
>2 [yz(Z sin2 A — 1) + zx(2sin B — 1) + xy(2sin> C — 1]
= —2(yzcos2A + zxcos2B + xy cos 2C),

which is part (b) by setting n = 2.
By the argument at the end of the proof of (b), we conclude that the
equality case of the desired inequality holds if and only if
x .y oz
sin2A  sin2B  sin2C’

Setting x = xa?, y = yb?, and z = zc? in part (c) gives
2
azbzcz(xy +yz+4+zx) < R? (xa2 + yb2 + zc2> ;
or
2
16R2[ABC](xy + yz + zx) < R (xa2 +yb? + zcz) :

by Introductory Problem 25(a). Dividing both sides of the last inequality
by R? and taking square roots yields the desired result.
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By the argument at the end of the proof of (b), we conclude that the
equality case of the desired inequality holds if and only if

xa? yb? zc

sin2A _ sin2B _ sin2C’

2

or
xa vb zc

cosA  cosB _ sinC’
by the double-angle formulas and the law of sines. By the law of cosines,

we have
a 2abc

CosA b2 + 2 —qa?

and its analogous forms for = B and —=—~. Therefore, the equality case

holds if and only if

cos C

X . y . Z
Rr2—a? 24a2—p 2t p_c2

Note: The approach of completing the squares, shown in the proof of (b),
is rather tricky. We can see this approach from another angle. Consider the
quadratic function

fx) = x2 - 2x(zcos B+ ycosC) + y2 +z2 — 2yzcos A.
Its discriminant is
A =4(zcos B + ycos C)2 — 4(y2 +72 - 2yzcos A)
=4 [z2 cos> B — 2% + 2yz(cos A +cos BcosC) + y2 cos? C — yz]
=4 [—z2 sin®> B + 2yz(—cos(B + C) +cos BcosC) — y2 sin? C]
4[ z%sin? B + 2yzsin B sin C — y?sin C]
= —4(zsin B — ysinC)2 <0.

For fixed y and z and large x, f(x) is certainly positive. Hence f(x) > 0 for
all x, establishing (a). This method can be easily generalized to prove (b). We
leave the generalization to the reader as an exercise.

[USAMO 2004] A circle w is inscribed in a quadrilateral ABC D. Let I be the
center of . Suppose that
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(|AI| +|DIN? + (|BI| +|CI)* = (JAB| + |CD])>.

Prove that ABC D is an isosceles trapezoid.

Note: We introduce two trigonometric solutions and a synthetic-geometric
solution. The first solution, by Oleg Golberg, is very technical. The second so-
lution, by Tiankai Liu and Tony Zhang, reveals more geometrical background
in their computations. This is by far the most challenging problem in the US-
AMO 2004. There were only four complete solutions. The fourth student is
Jacob Tsimerman, from Canada. Evidently, these four students placed top four
in the contest. There were nine IMO gold medals won by these four students,
with each of Oleg and Tiankai winning three, Jacob two, and Tony one. Oleg
won his first two representing Russia, and the third representing the United
States. Jacob is one of only four students who achieved a perfect score at the
IMO 2004 in Athens, Greece.

The key is to recognize that the given identity is a combination of equality
cases of certain inequalities. By equal tangents, we have [AB| 4+ |CD| =
|AD| + |BC| if and only if ABC D has an incenter. We will prove that for a
convex quadrilateral ABC D with incenter I, then

(AII+IDI*+(BI|+|CI)* < (IAB|+|CD))* = (JAD|+|BC|)>. (%)

Equality holds if and only if AD || BC and |AB| = |C D|. Without loss of
generality, we may assume that the inradius of ABCD is 1.

A
D:
D
A
C
Yz
B > C
B
Figure 5.11.

First Solution: As shown in Figure 5.11, let A1, B1, C1, and D be the points
of tangency. Because circle w is inscribed in ABCD, we can set /D{IA =
LAIAy = x, LA1IB = /BIB) = y, /B|IC = /CIC| = z, LC{ID =
/DID; = w,and x + y+z+w = 180°, or x + w = 180° — (y + 2),
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with 0° < x, y,z, w < 90°. Then |AI| = secx, |BI| =secy, |CI| = secz,
|IDI| = secw, |AD| = |AD1| + |D1D| = tanx + tanw, and |BC| =
|BB1| + |B1C| = tan y + tan z. Inequality (*) becomes

(secx + sec w)” + (secy + sec 7)? < (tanx + tan y + tan z 4 tan w)?.

Expanding both sides of the above inequality and applying the identity sec® x =
1 + tan® x gives
4 4 2(sec x sec w + sec y sec z)
< 2tanxtany + 2tanx tanz + 2 tan x tan w
+ 2tan ytanz + 2 tan y tan w + 2 tan z tan w,
or
2 4+ secx secw + secy secz

< tan x tan w + tan y tan z 4 (tan x + tan w)(tan y + tan z).
Note that by the addition and subtraction formulas,

cosxcosw —sinxsinw  cos(x + w)
1 —tanxtanw = = .
COS X COS W COS X COS W

Hence,
1 + cos(x + w)
l—tanxtanw +secxsecw = ———,
COS X COS W
Similarly,

1+ cos(y + z)
cosycosz

1 —tanytanz + secysecz =
Adding the last two equations gives

2+secxsecw +secysecz —tanxtanw — tanytanz
_ 1+ cos(x + w) n 1 4 cos(y + z)
© CcOSXCOSw cosycosz

It suffices to show that

1+ cos(x + w) n 1+ cos(y +2)
COS X COS W COS y COSZ

< (tanx + tan w)(tan y + tan z),

or
s+t < (tanx + tan w)(tan y + tan z),

. _ 1+4cos(x+w) _ 1+cos(y+z)
after setting s = =% and 1 = — ===

tion formulas, we have

. By the addition and subtrac-

sin x cos w + cos x sin w sin(x + w)
tanx +tanw = = .
COS X COS W COS X COS W
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Similarly,
sin(y +z) _ sin(x + w)
COS y COS Z N COSyCOSZ

because x + w = 180° — (y + z). It follows that

tany +tanz =

(tan x + tan w)(tan y + tan z)
sin?(x 4+ w) 1 — cos?(x + w)
- COS X COS y COS Z COS W = cosx COS Yy COS Z COS W
[1 —cos(x +w)][1 + cos(x + w)]
- COS X COS y COS Z COS W
_ [1+ cos(y + 2)][1 + cos(x + w)] _
COS X COS y COS Z COS W

The desired inequality becomes s+t < st,or (1—s)(1—¢t) = 1 —s—rt+st > 1.
It suffices to show that 1 —s > 1 and 1 — ¢ > 1. By symmetry, we have only
to show that 1 — s > 1; that is,

14 cos(x + w) —
cosxcosw

Multiplying both sides of the inequality by cos x cos w and applying the addi-
tion and subtraction formulas gives

1+ cosxcosw — sinx sinw > 2CoSx COSw,

or I > cosxcosw + sinx sinw = cos(x — w), which is evident. Equality
holds if and only if x = w. Therefore, inequality (x) is true, with equality if
and only if x = w and y = z, which happens precisely when AD || BC and
|AB| = |C D], as was to be shown.

Second Solution: We maintain the same notation as in the first solution.
Applying the law of cosines to triangles ADI and BC1I gives

|AI|? + |DI*> = 2cos(x + w)|Al| - |DI| + |AD|?

and
|BI|> 4+ |CI|> =2cos(y +2z)|BI|-|CI|+ |BC|*.
Adding the last two equations and completing squares gives
(|AIl+|DI*+ (|BI| + |CI|)* +2|AD| - |BC]|
=2cos(x + w)|AI| - |DI|+2cos(y +2)|BI|-|CI|
+2|AI|-|DI|+2|BI|-|CI|+ (JAD| + |BC|)2.
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Hence, establishing inequality (x) is equivalent to establishing the inequality

[1 + cos(x + w)]|AI| - |DI| + [1 + cos(y + 2)]|BI| - |CI| < |AD| - | BC|.

Since2[ADI] = |AD|-|ID| = |Al|-|DI|sin(x+w), |Al|-|DI| = Sin‘éﬁ’r'w).
Similarly, |BI| - |CI| = —125L_ Because x + w = 180° — (y + z), we have

sin(y+z)
sin(x + w) = sin(y + z) and cos(x + w) = — cos(x + w). Plugging all the

above information back into the last inequality yields
1+ cos(x + w) 1 —cos(x + w)

. |AD| + ———— - |BC| = |AD| - |BC],
sin(x + w) sin(x + w)

or
I +cos(x+w) 1—cos(x+ w)

|BC| |AD]|
Note that by the addition and subtraction, the product-to-sum, and the double-
angle formulas, we have

< sin(x + w). (%)

sin x sin w
|AD| = |AD{|+ |D1D| =tanx + tanw =

COsSXx  COsw
sin x cos w + cos x sin w sin(x + w) 2sin(x + w)

COS X COS W T CosxCcosw  2COSX COSW
4 sin Y cog XLW 4 sin L cog LW
_ 2 2 . 2 p)
cos(x + w) +cos(x —w) — cos(x +w)+ 1
4 sin X5 cos X2 x+w
= = 2tan
2cos? 42

Equality holds if and only if cos(x — w) = 1, that is, if x = w. (This step can
be done easily by applying Jensen’s inequality, using the fact y = tanx is
convex for 0° < x < 90°.) Consequently, by the double-angle formulas,

1 —cos(x 4+ w) - 2sin2x+Tw _Sinx+wcosx+w
|AD| T 2tan LY 2 2
_ sin(x + w)
==

In exactly the same way, we can show that

l+cos(x+w) 1 —sin(y+2) - sin(y +z) _ sin(x + w)
|BC| N |BC| - 2 N 2 ’

Adding the last two inequalities gives the desired inequality (xx). Equality
holdsif and only if x = w and y = z, which happens precisely when AD || BC
and |AB| = |CD|, as was to be shown.
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Third Solution: Because the circle w is inscribed in ABC D, as shown in
Figure 5.12, wecanset /DAl = /IAB =a,/ABI = /IBC =b,/BCI =
LICD =c¢, /CDI = /IDA =d,anda + b + ¢ + d = 180°. Our proof is
based on the following key Lemma.

Lemma: [fa circle w, centered at 1, is inscribed in a quadrilateral ABC D,
then
), AT
|BI|” + —— - |BI|-|CI| =|AB|-|BC]. ()
|DI|
A
a\b p
d D
c 1
b c
b c
B C
Figure 5.12.

Proof: Construct a point P outside of the quadrilateral such that triangle
ABP is similar to triangle DCI. We obtain

LPAI + /[PBI =/PAB+ /BAI + /PBA+ LABI
=/IDC+a+/ICD+b
=a+b+c+d=180°

implying that the quadrilateral P AI B is cyclic. By Ptolemy’s theorem, we
have |Al|-|BP|+|BI|-|AP|=|AB|-|IP|,or
|AT |AP|
|[BP|- — + |Bl|- —— = |AB|.
|1P] |[1P|

Because PAIB is cyclic, it is not difficult to see that, as indicated in the
figure, /IPB = /IAB = a, /APl = LABI = b, L/AIP = LABP = c,
and /PIB = /PAB = d. Note that triangles Al P and /CB are similar,
implying that

(1)

|[AIl  |IC] |AP|  |IB]
[IP|  |CB] 1P| |CB|’
Substituting the above equalities into the identity (1), we arrive at
ICI| |BI|?
|BP| - —— + = |AB|,
|[BC|  |BC|
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or
|BP|-|CI|+|BI|* = |AB| - |BC|. (H11)

Note also that triangle B P and triangle / D A are similar, implying that llgfll

[TA|

7o) Of
1AT]
|BP| = - |IB].
|1D|
Substituting the above identity back into (7171) gives the desired relation (7),
establishing the Lemma. [ ]

Now we prove our main result. By the Lemma and symmetry, we have

|DI|
1 BI|-|CI|=|CD|-|BC|.
IC |+|AI|| |-ICI| =|CD]|-|BC| (€3]

Adding the two identities (7) and (%) gives

2 2 |AIl |DI| _
|BI|” +|CI|” + |DI|+m |BI|-|CI|=|BC|(|AB| + |CDJ).

By the arithmetic—geometric means inequality, we have ||g§|‘ + “D—Illl > 2.
Thus,

|IBC|(IAB| +|CD|) > [IB* + |ICI* +2|IB| - |IC| = (|BI| + |CI|)?,
where equality holds if and only if |[AI| = | DI|. Likewise, we have
|AD|(JAB| + |CD|) > (|AI| + |DI|)?,

where equality holds if and only if | BI| = |CI|. Adding the last two identities
gives the desired inequality ().

By the given condition in the problem, all the equalities in the above discussion
must hold; that is, |AI| = |DI| and |BI| = |CI|. Consequently, we have
a =d,b = c,and so LDAB + LABC = 2a + 2b = 180°, implying
that AD || BC. It is not difficult to see that triangle A/ B and triangle DIC
are congruent, implying that |[AB| = |CD]|. Thus, ABCD is an isosceles
trapezoid.

[USAMO 2001] Let a, b, and ¢ be nonnegative real numbers such that

a® + b* + ¢* + abc = 4.

Prove that
0<ab+bc+ca—abc <?2.
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The proof of the lower bound is rather simple. From the given condition, at
least one of a, b, and ¢ does not exceed 1, say a < 1. Then

ab + bc + ca —abc = a(b+ c¢) + bc(l —a) > 0.

To obtain equality, we have a(b+c¢) = bec(l —a) = 0.1fa = 1,thenb+c =0
or b = ¢ = 0, which contradicts the fact that a? + b2 + ¢? + abc = 4. Hence
1 —a # 0, and only one of b and c is 0. Without loss of generality, say b = 0.
Therefore b 4+ ¢ > 0 and a = 0. Plugging a = b = 0 back into the given
condition, we get ¢ = 2. By permutation, the lower bound holds if and only if
(a, b, c) is one of the triples (2, 0, 0), (0, 2, 0), and (0, 0, 2). We next present
three proofs of the upper bound.

First Solution: Based on Introductory Problem 22, we set a = 2sin%

s

b = 2sin %, and ¢ = 2sin %, where ABC is a triangle. We have

. A . B . A . B
ab = 4sin — sin — = 2,/sin A tan — sin B tan —
2 2 2 2

. B . A
= 2./sin A tan — sin B tan —.
2 2

By the arithmetic—geometric means inequality, this is at most

. B . A
sin A tan — + sin B tan —
2 2

+C

. C . B
= sin A cot + sin B cot

Likewise,

bc < sin B cot

A C+A
+ sin C cot >

+ B

. B . A
ca < sin C cot ~+ sin A cot

Therefore, by the sum-to-product, product-to-sum, and the double-angle
formulas, we have
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ab + bc + ca

B B+C
+ + (sin B 4+ sin C) cot +

C+A
2

A
< (sin A + sin B) cot

+ (sin C + sin A) cot

A—B A+ B B-C B+C
= 2cos cos + 2 cos cos
2 2 2 2

C—-A C+A
+ 2cos cos
2 2

= 2(cos A+ cos B + cosC)

A B C
=6—-4 <sin2 E —l—sin2 E —l—sin2 5)

=6— (a2+b2+c2).
Using the given equality, this last quantity equals 2 + abc. It follows that
ab +bc+ca <2+ abc,

as desired.

Second Solution: Clearly, 0 < a,b,c < 2. In the light of Introductory
Problem 24(d), we can seta = 2cos A, b = 2cos B, and ¢ = 2 cos C, where
ABC is an acute triangle. Either two of A, B, and C are at least 60°, or two
of A, B, and C are at most 60°. Without loss of generality, assume that A and
B have this property.

With these trigonometric substitutions, we find that the desired inequality is
equivalent to

2(cos Acos B+ cos BcosC 4+ cosCcosA) <14 4cosAcosBcosC,

or,
2(cos Acos B + cos BcosC + cosC cos A)

<3-— 2(cos2 A + cos® B + cos® C).

Hence, by the double-angle formulas, it suffices to prove that

cos2A 4 cos2B + cos2C
+ 2(cos Acos B+2cosBcosC +cosCcosA) <O0.
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By the sum-to-product and double-angle formulas, the sum of the first three
terms in this inequality is

cos2A 4 cos2B + cos2C
=2cos(A+ B)cos(A — B)+2cos’ (A+ B) — 1
=2cos(A+ B)[cos(A—B)+cos(A+ B)]—1
=4cos(A+ B)cosAcosB — 1,

while the remaining terms equal

2cos Acos B+ 2cos C(cos A + cos B)
=cos(A+ B)+cos(A— B) —2cos(A+ B)(cos A+ cos B),

by the product-to-sum formulas. Hence, it suffices to prove that
cos(A+ B)[4cosAcosB+1—2cosA—2cosB]+cos(A—B) <1,

or
—cosC(l —2cosA)(1 —2cosB) +cos(A—B) <1. (%)

We consider the following cases:

(1) At least one angle is 60°. If A or B equals 60°, then we may assume,
without loss of generality, that A = 60°. If C = 60°, then because either
A, B > 60° or A, B < 60°, we must actually have A = B = 60°, in
which case equality holds. In either case, we may assume A = 60°. Then
() becomes cos (A — B) < 1, which is always true, and equality holds
ifand onlyif A = B = C = 60°, thatis,ifandonlyifa =b=c = 1.

(i) Noangle equals 60°. Because either A, B > 60° or A, B < 60°, we have
(I =2cos A)(1 —2cosB) > 0. Since cosC > 0and cos (A — B) <1,
() is always true. Equality holds when cos C = 0 andcos (A — B) = 1.
This holds exactly when A = B = 45° and C = 90°; that is, when
a=b=+2andc=0.

Third Solution: The problem also admits the following clever purely alge-
braic method, which is due to Oaz Nir and Richard Stong, independently.

Either two of a, b, c are less than or equal to 1, or two are greater than or equal
to 1. Assume that b and ¢ have this property. Then

b+c—bc=1—-(1-b)(1-c)<l. ()
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Viewing the given equality as a quadratic equation in a and solving for a yields

—be &\ [b2c2 — 4 (b2 +c2) + 16
. .

a =

Note that
b*c? — 4% + ) + 16 < b*c? — 8bc + 16 = (4 — bc)>.

For the given equality to hold, we must have b, ¢ < 2, so that 4 — bc > 0.
Hence,

- —bc+14—bc|  —bc+4—bc
- 2 B 2

a =2 —bc,

or
2 —bc > a. (€3]

Combining the inequalities (f) and (f) gives
2—bc=Q—=bc)-1>alb+c—bc)=ab+ac— abc,

orab + ac + bc — abc < 2, as desired.

[Gabriel Dospinescu and Dung Tran Nam] Let s, 7, u, v be numbers in the

interval (0, 3) with s + 7 + u + v = 7. Prove that

ﬁsins—l ﬁsint—l «/Esinu—l ﬁsinv—l
+ + +

COS s cost cosu Cosv

> 0.

Solution: Seta =tans,b =tant, c =tanu, and d = tanv. Thena, b, ¢, d
are positive real numbers. Because s + ¢ + u + v = 7, it follows that tan(s +
t) + tan(u + v) = 0; that is,

a—+b n c+d _
l—ab 1—cd

by the addition and subtraction formulas. Multiplying both sides of the last
equation by (1 — ab)(1 — cd) yields

(@a+b)(1 —cd)+ (c+d)(1 —ab) =0,

or
a+b+c+d=abc+ bed+ cda + dab.
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Consequently, we obtain

(a+b)(a+c)(a+d)=a2(a+b+c+d)+abc+bcd+cda+dab
=@+ Da+b+c+d),

or
a’+1 _(a+o)a+d)

a+b a+b+c+d

and its analogous forms. Hence

a?+1 bp2+1 A+1 d>+1
a+b+b+c+c+d+d+a
_atoa@+d)+b+d)b+a)+(c+a)c+b)+(d+b)d+c)
N a+b+c+d

_a’+b*+c*+d* +2(ab+ac+ad + be + bd 4 cd)

N a+b+c+d

=a+b+c+d.
By Cauchy-Schwarz inequality, we have

2a+b+c+d)?

:2(a+b+c+d)<a2+1+b2+1 62+1+d2+1>
a+b b+c c+d d+a
=[@a+b)+bB+c)+(c+d)+(d+a)l

a?+1 b*+1 A+1 d*+1
X<a+b b+c c+d d+a)

2
> (Ve + 14+ VR + T +V@ 114V +1)

or

Va2 + 1+ VP2 + 14V +1+Vd2 +1<V2a+b+c+d).

The least inequality is equivalent to

1 1 1 1 sin § sin ¢ sin u sinv
+ <2 < + - + )

COoS s cost cosu cosv COS § cost cosu COoSv

from which the desired inequality follows.
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46. [USAMO 1995] Suppose a calculator is broken and the only keys that still work
are the sin, cos, tan, sin"!, cos™!, and tan—! buttons. The display initially
shows 0. Given any positive rational number g, show that we can get g to
appear on the display panel of the calculator by pressing some finite sequence
of buttons. Assume that the calculator does real-number calculations with

infinite precision, and that all functions are in terms of radians.

Solution: Because cos™'sinf = % —6 and tan (3 — 6) = m for0 <6 <
7, we have for any x > 0,

1 -1

. T _ 1
tancos™ ' sintan” " x = tan (5 — tan 1x> = —. (%)
X

Also, for x > 0,
1

i+ 1

costan” ! /x =

so by (%),
tan cos~ ! sintan~! cos tan~! Jx=+/x + 1. (%)

By induction on the denominator of r, we now prove that /r, for every non-
negative rational number r, can be obtained by using the operations

1
Jxe AVx+1 and x> —.

X

If the denominator is 1, we can obtain +/7, for every nonnegative integer r, by
repeated application of \/x — +/x + 1. Now assume that we can get /7 for
all rational numbers r with denominator up to . In particular, we can get any

of
n+1 n—+1 n—+1
1’ 2 7Y n
Vn+ Vn+ Vn+

and +/r, for any positive r of exact denominator n + 1, can be obtained by
repeatedly applying /x = +/x + 1.

Thus for any positive rational number r, we can obtain /7. In particular, we

can obtain /g2 = ¢.

so we can also get
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47. [China 2003, by Yumin Huang] Let n be a fixed positive integer. Determine the
smallest positive real number A such that for any 61, 6, ..., 8, in the interval
(0,%),if

tan 6 tan, - - - tan 6, = 2""/2,

then
cosf; +cosby +---+cosb, < A.

Solution: The answer is

The case n = 1 is trivial. If n = 2, we claim that

24/3
cosf) +cosbr < %—,

with equality if and only if 6] = 6, = tan~! /2. It suffices to show that

2 2 4
cos” 61 4+ cos“ 0y + 2cos b cosbhr < 3

or

1 1 1 4
+ +2 =3
1+tan?6; 1+ tan’6, \/(1 +tan?6;) (1 +tan6,) ~ 3
Because tan 0 tan 6, = 2,
(1 + tan? 91) (1 + tan® 02) =5+ tan® ) + tan® 6.

By setting tan” 61 + tan 922 = x, the last inequality becomes

24+ x 1 4
+2,/ <z
5+x 5+x
1 144+ x
2,/ < .
54x  35+x)

Squaring both sides and clearing denominators, we get 36(5 4+ x) < 196 +
28x + x2, thatis, 0 < x2 — 8x + 16 = (x — 4)2. This establishes our claim.

or
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Now assume that n > 3. We claim that A = n — 1. Note that A > n — 1; by

setting @ = 03 = --- = 0, = 0 and letting & — 0, we find that §; — Z, and

so the left-hand side of the desired inequality approaches n — 1. It suffices to
show that
cosfy +cosfy+---+cosb, <n—1.

Without loss of generality, assume that 8; > 6, > --- > 6,,. Then
tan 0; tan 0, tan 93 > 2V2.
It suffices to show that

cosf] + cosfy + cosbz < 2. (%)

Because vV1 —x2 <1 — %xz, cosf; =+/1— sin? 6 <1— %sin2 6;. Conse-

quently, by the arithmetic—geometric means inequality,

1
cosfy +cosb3 <2 — > (sin2 6 + sin? 93) < 2 —sin#; sin 63.

Because g
tan? 0, > — s,

tan- 6, tan“ 63

we have ) )
8 + tan~ 6, tan~ 63
sec? 0, > 5 5

tan- 6 tan“ 03

or
tan 0, tan 63 sin 0 sin 63
cosf) <

/8 + tan? 6, tan? 63 B /8082 0, cos2 05 + sin? 6, sin® 63 '
It follows that

cos 01 + cos 6 + cos b3

1
<2 —sinbrsinf3 |1 — .
2 3 |: 8 cos2 0, cos? B3 + sin® 6, sin” 63 :|

It is clear that the equality
8 cos® 6 cos® 03 + sin? 6> sin? 03 > 1, (%)
establishes the desired inequality (). Inequality (xx) is equivalent to

8 + tan® 6, tan? 03 > (1 + tan® 6>)(1 + tan” 63),
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or
7> tan> 6, + tan> 03.

Thus if tan? 6, + tan? 63 < 7, then inequality (%) holds, and we are done.
Assume that tan? 6, + tan? @3 > 7. Then tan?6; > tan? 6, > % Then

1 V2
e — S [
V1 +tan? 6, 3

cosf) < cosbr, =

implying that

22
cos ) 4+ cosBy + cos b3 < 5 +1 <2,

establishing () again.

Therefore, inequality () is true, as desired.

Let ABC be an acute triangle. Prove that

(sin2B + sin2C)% sin A + (sin 2C + sin 2A)? sin B
+ (sin2A + sin 2B)2 sin C < 12sin A sin B sin C.

First Solution: Applying the addition and subtraction formulas gives
(sin2B + sin2C)?sin A = 4 sin®>(B + C) cos’(B — C) sin A
= 4sin® Acos’(B — C),
because A + B + C = 180°. Hence it suffices to show that the cyclic sum
Z sin® A cos?(B — C)
cyc
is less than or equal to 3 sin A sin B sin C, which follows from
Z4sin3 Acos(B—C)=12sin Asin BsinC.
cyc
Indeed, we have
4sin® A cos(B — C)
=4sin’ A sin(B 4+ C) cos(B — C)
= 2sin® A(sin2B + sin 2C)
= (1 —cos2A)(sin2B + sin2C)
= (sin2B 4+ sin2C) — sin2B cos2A — sin 2C cos 2A.
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It follows that

2451113 Acos(B —C)

cyc

= Z(sin 2B 4+ sin2C) — Z sin2B cos2A — Z sin2C cos 2A

cyc cyc cyc
= ZZSin2A — ZsinZBcos2A — ZsinZAcosZB
cyc cyc cyc
=2 Z sin2A — Z(sin 2B cos2A + sin2A cos 2B)
cyc cyc
=2 sin2A — ) sin(2B +24)
cyc cyc
=2) sin2A+ ) sin2C
cyc cyc
= 3(sin2A 4 sin 2B + sin 2C)
= 12sin A sin B sin C,

by Introductory Problem 24(a). Equality holds if and only if cos(A — B) =
cos(B — C) = cos(C — A) = 1, that is, if and only if triangle ABC is
equilateral.

Note: Enlarging sin® A cos2(B—C) to sin® A cos(B — C) is a very clever but
somewhat tricky idea. The following more geometric approach reveals more
of the motivation behind the problem. Please note the last step in the proof of
the Lemma below.

Second Solution: We can rewrite the desired inequality as

Z(sin 2B + sin 2C)2 sinA < 12sin Asin Bsin C.

cyc

By the extended law of sines, we have ¢ = 2RsinC, a = 2Rsin A, and
b = 2R sin B. Hence

12R? sin A sin B sin C = 3ab sin C = 6[ABC].
It suffices to show that

R? Z(sin 2B +sin2C)%sin A < 6[ABC]. (%)

cyc
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We establish the following Lemma.

Lemma Let AD, BE, CF be the altitudes of acute triangle ABC, with
D, E, F on sides BC, CA, AB, respectively. Then

IDE| +|DF| < [BC].

Equality holds if and only if |AB| = |AC|.

Proof:  We consider Figure 5.13. Because /CFA = /CDA = 90°, quadri-
lateral AFDC is cyclic, and so /ZFDB = /BAC = /CAB and /BFD =
/BCA = /BCA. Hence triangles BDF and BAC are similar, so

|IDF| |BF|
——— = —— =cos B,
|AC| |BC|

or (by the double-angle formula)
|[DF| =bcos B=2Rsin Bcos B = Rsin2B.
Likewise, |[DE| = ccos C = Rsin2C. Thus,
|IDE| + |DF| = R(sin2B + sin 2C). 1)
Since 0° < A, B, C < 90°, by the sum-to-product formula,

|BC| — (|DE|+ |DF]) = R[2sin A — (sin2B + sin 2C]
= R[2sin A — 2sin (B + C) cos (B — C)]
=2Rsin A[l —cos(B—C)] >0,

as desired. (This can also be proven by the law of cosines.) [ ]
A
F
E
B D C

Figure 5.13.
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Because both ABDE and ACDF are cyclic, /BDF = /CDE = LCAB.
Thus, by the Lemma, we have

2([BFC]+[BEC))
= |DF|-|BC|-sin LBDF + |DE| -|BC| - sin LEDC
= |BC|(|DE| + |DF))sin A > (|DE| + |DF|)%sin A.

By equation (7), the last inequality is equivalent to

R?(sin2B +sin2C)%sin A < 2[BFC] + 2[BEC].
Likewise, we have

R?(sin2C + sin2A)’ sin B < 2[CDA] + 2[CFA]

and
R%(sin2A + sin2B)*sin C < 2[AEB] + 2[ADB].

Adding the last three inequalities yields the desired result. In view of the
Lemma, it is also clear that equality holds if and only if triangle ABC is
equilateral.

[Bulgaria 1998] On the sides of a nonobtuse triangle ABC are constructed
externally a square P4, a regular m-sided polygon P,,, and a regular n-sided
polygon P,. The centers of the square and the two polygons form an equilateral
triangle. Prove that m = n = 6, and find the angles of triangle ABC.

Solution: The angles are 90°, 45°, and 45°. We prove the following lemma.

Lemma Let O be a point inside equilateral triangle XY Z. If
LYOZ =x, [ZOX =y, LXOY =z.

then
|OX]| |OY| . |OZ]

sin(x —60°)  sin(y — 60°) ~ sin(z — 60°)

Proof: As shown in Figure 5.14, let R denote clockwise rotation of 60°
around the point Z, and let R(X) = X; and R(O) = 0.
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X

Figure 5.14.

Then R(Y) = X, and so triangle Z O O is equilateral. Consequently, triangles
Z01X and ZOY are congruent, and so |01 X| = |OY|.Notethatx +y+z =
360°. We have
L010X =.Z0X —LZ0OO; =.LZ0OX —60° =y —60°,
[X010=/XO0Z—-/.001Z=/.YOZ—60°=x—60°,
LO0X01=180°—-L010X — /X010 =7 —60°.

Applying the law of sines to triangle X O O establishes the desired result. m

Now we prove our main result. Without loss of generality, suppose that Py, P,
and P, are on sides AB, BC, and C A, respectively (Figure 5.15). Let O be
the circumcenter of triangle A BC. Without loss of generality, we assume that
the circumradius of triangle ABC is 1,50 |OA| = |OB| =|0C| =1.Let X,
Y, and Z be the centers of P4, P, and P,, respectively.

7 Y
C
A W B
X
Figure 5.15.

Because |OB| = |OC| and |YB| = |YC|, BOCY is a kite with OY as its
axis of symmetry. Thus, ZBOY = % =/A,and ZOYB = 180°/m. Let
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o= “fnﬁ. Applying the law of sines to triangle O BY, we obtain

sin (A + «)

|0Y| = -
sina

. . . _180° __
Likewise, by setting /ZOC = = =B, we have

j0x| = SMETD G +45°) and |0z| = SMBTA)
sin 45° sin 8
Note that O is inside triangle XY Z, because it is on the respective per-
pendicular rays from X, Y, and Z toward sides AB, BC, and C A. Because
/BOY =/Aand /BOX = /C,wefindthat /ZXOY = /C + /A. Likewise,
/YOZ=/A+/Band /ZOX = /B + /C. Applying the Lemma gives

joy| oz |0X]|
sin(B+ C — 60°) _ sin(C + A — 60°) _ sin(A + B — 60°)

or
loy| |0zl _  |OX]

sin(A + 60°)  sin(B + 60°)  sin(C + 60°)
It follows that

sin(A +a)csca sin(B + B)escf V2 sin(C + 45°)
sin(A +60°)  sin(B+60°)  sin(C +60°)

Because y = cot x is decreasing for x with 0° < x < 180°, by the addition
and subtraction formulas, the function

f(x) = ——= =cos 15° — cot x sin 15°

is increasing for x with 0° < x < 90°. Consequently, because 0° < C+60° <
150° (LC < 90°), it follows that

V2 sin(C + 45°) - V2sin(90° + 45°)
sin(C 4+ 60°)  ~  sin(90° + 60°)

’

with equality if and only if C = 90°. Therefore,

sin(A +60°) ~ sin(B +60°) —

sin(A +a)csca  sin(B + B)csc B - )

Because triangle A BC is nonobtuse, at least two of its angles are between 45°
and 90°. Without loss of generality, we may assume that 45° < B (< 90°),
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so sin(B + 60°) > 0 and cot B < 1. Then from the second inequality in the
relation (x), we have

sin(B + B) csc B < 2sin(B + 60°),

or
sin Bcot 8 + cos B < sinB+\/§cosB,

by the addition and subtraction formulas. Dividing both sides of the above
inequality by sin B yields

cot,Bfl—l—(x@—])cothl—i—\/g—] =«/§,
implying that 8 > 30°. But since n > 6, § = 180°/n < 30°. Thus all the
equalities hold, and so ZC = 90° and LA = /B = 45°, as claimed.

[MOSP 2000] Let ABC be an acute triangle. Prove that

cos A\ 2 cos B\ 2 cos C\?2
+ + + 8cosAcos BcosC > 4.

cos B COos A

Note: It is easier to rewrite the above inequality in terms of cos? A, cos? B,
and cos” C. By Introductory Problem 24(d), we have

4—SCOSACOSBCOSC24(COSZA+C0523+C082C>.

It suffices to prove

A\? B\’ c\*
(cos ) +<cos ) +<cos > 24<c052A+coszB+COSZC)- )

cos B cos C Cos A

We present three approaches.
First Solution: By the weighted arithmetic—geometric means inequality,

we have
cos A\? cos B\? 4 A
5 N - 30 cos
cos B cos C cos2 Bcos2 C

_ 3cos? A
Vcos? A cos? B cos2 C
> 12cos® A,
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by Introductory Problem 28(a). Adding the above inequality with its analogous
forms and dividing both sides of the resulting inequality by 3, we obtain
inequality (7).

Second Solution: Setting x = 2° g, y = ggzg, z = EZZQ in Advanced
Problem 42(a) yields
cos A 2+ cos B 2+ cos C\?
cos B cos C cos A
— 24 yz 422

> 2(yzcos A+ zxcos B+ xycosC)
_5 |:cochosA cos A cos B cosBcosC]

cos B cos C Cos A

However, setting

{cos B cos C /cos A cos B /cos C cos A
X = _—, = _—, = E——
cos A Y cos C ¢ cos B

in Advanced Problem 42(a) again, we find that

cosCcosA cosAcosB cosBcosC
2 + +
cos B cosC cos A

=2(x2+y? + 7%
> 4(yzcos A+ zxcos B+ xycosC)

=4 (0052 A+ cos’ B + cos? C) ,

by noting that

cosAcos B cosCcosA 2
yzcos A =cos A . =cos” A
cos C cos B

and its analogous forms for zx cos B and xy cos C.

Third Solution: The result follows from the following Lemma.

Lemma For positive real numbers a, b, ¢ such that abc < 1,

a b ¢

—+-+->a+b+c

b ¢ a

Proof- Replacing a, b, ¢ by ta, th, tc witht = 1/~/abc leaves the left-hand
side of the inequality unchanged and increases the value of the right-hand
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side and results in the equality arbtct = abet® = 1. Hence we may assume
without loss of generality that abc = 1. Then there exist positive real numbers
x,y,zsuchthata = x/y, b = z/x, c = y/z. The rearrangement inequality
gives

x4+ y3 +7° = X%z + yzx +zzy.

Thus
a b ¢ x* y* 22 B+y+7
b ca yz o zx xy  xyz
>x21+y2x+22y=£ v,z
Xyz y z X
=a+b+ec,
as desired. [ ]

Now we prove our main result. Note that
(4 cos? A) (4 cos? B) (4 cos’ C) = (8 cos A cos B cos C)2 <1

by Introductory Problem 28(a). Setting a = 4cos®> A, b = 4cos’ B, ¢ =
4cos? C in the Lemma yields

cos A 2+ cos B 2+ cos C\ > a+b+c> b4
=—+—-—4+->a c
cos B cosC cos A b ¢ a”

= 4(cos2 A + cos® B + cos? C),

establishing inequality (7).

For any real number x and any positive integer n, prove that

n

sin kx
2

k=1

<2J7.

Solution: The solution is based on the following three Lemmas.

Lemmal Letnbeapositive integer, andleta, az, . ..,a,andby, by, ..., by
be two sequences of real numbers. Then

n—1

n
> abi = Subn + ) Se(br — bit),
k=1 k=1



5. Solutions to Advanced Problems 195

where Sy =a;+ax+---+ag, fork=1,2,...,n.
Proof: Set So =0.Then ay = S — Sg—1 fork =1,2,...,n,and so

n n n n
Dabi =) (Sk—Si-Dbk =) Sibe— Y Si-1bi
k=1 k=1 k=1 k=1

n—1 n

= Subn + Y Stk — Y Sk—1bx — Sobi
k=1 k=2
n—1 n—1

= Subu + ) Stbx = ) Skbisi
k=1 k=1
n—1

= Subn + Y _ Sk(bx — bry1),
k=1

as desired. u

Lemma2 [Abel’sinequality] Letn be apositive integer, andletay, as, . . ., a
and by, by, ..., b, be two sequences of real numbers with by > by > --- >
b, > 0. Then
n
mb; < Zakbk < Mb;y,
k=1
where Sy = a1 +ay +---+ag, fork =1,2,...,n, and M and m are the
maximum and minimum, respectively, of { S1, S2, ..., Sy }.

Proof: Notethatb, > 0and by —byy+1 > 0fork =1,2,...,n— 1. Lemma
1 gives

n n—1
Zakbk = Spby + Z Sk (br — bry1)
k=1 k=1
n—1
< Mby+ MY (b — bey1) = Mb.
k=1

establishing the second desired inequality. In exactly the same way, we can
prove the first desired inequality. [ ]

Lemma 3 Let x be a real number that is not an even multiple of wt, then

" sinkx
2

k=m+1

- 1
T (m+1)sing]’
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where m and n are positive integers with m < n.

Proof: Fork=1,2,...,n—m,letay = sin[(k+m)x]sin % and by =
Then by Lemma 2, we have

1
k+m -~

s ", sinkxsiny X S

= b < —2 = b <Sb = —,

m+ 1 sl—kZ k D abi < Sby m+ 1
=m-+1 k=1

where Sy = a; +ax + -+ + ar, and § = max{S;, S2,...S,} and s =
min{Sy, S, ..., S,}. The product-to-sum formulas give

2a; = 2sin[(i + m)x]sin %

1 1
=cos<i+m—E)x—cos(i+m+§>x,

1 1
2Sk=2a1+2a2+~-~+2ak:cos<m+§)x—c0s<k+m+§>x.

and so

It follows that —2 < 28, <2fork =1,2,...,n,andso -1 <s < S < 1.
Consequently,

1 " sinkx sin % 1
R D Lok N
m+1 k m—+1
k=m+1
implying that
", sinkxsin% 1
) s
Pt k m—+1

from which the desired result follows. [ |

Now we are ready to prove our main result. Because y = | sin x| is a periodic
function with period 7, we may assume that x is in the interval (0, 7). (Note
that the desired result is trivial for x = 0.) For a fixed x with 0 < x < 7, let
m be the nonnegative integer such that

T
m<-—<m+1.
X

n

sin kx
2

k=1

" sinkx
Z k ’

k=m+1

" sinkx
5‘2 |t




5. Solutions to Advanced Problems 197

Here we set the first summation on the right-hand side to be 0 if m = 0, and
the first summation taken from 1 to n and the second to be 0 if m > n. It
suffices to show that

" sinkx
2

<Jr (%)
k=1
and
n . kx
> B2 < ()
k=m+1 k

Because | sin x| < x and by the definition of m, it follows that
m

Z sin kx

k=1 k

m

=

m
% Zx:mxfﬁ,
k=1 =1

establishing inequality (). On the other hand, by Lemma 3, we have

", sinkx 1
Z k S(m+1)|sin£|‘
k=m+1 2
Note that y = sin x is concave for 0 < x <

> - Thus, the graph of y = sin x is
above the line connecting the points (0, 0) and (

Z.1) on the interval (0, 3);
that is, sin x > ;x Hence for 0 < x < 7, we have

2.x
sin — < 2 _ %
T
It follows that
n .
ZsmkxS l.xi 1 -ffﬁ-i—ﬁ,
Sk (m+1[siny| “m+1 7~ x =x

establishing inequality (sx). Our proof is thus complete
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Arithmetic—Geometric Means Inequality

If n is a positive integer and ay, az, . . ., a, are nonnegative real numbers, then
l n
= ai = (@ay--a)'",
n =
1=

with equality if and only if a; = ap = - - - = a,,. This inequality is a special case of
the power mean inequality.

Arithmetic—-Harmonic Means Inequality

If ay, ay, ..., a, are n positive numbers, then
1 1
" Zai =1~Nwn 1°
e n Zz-l ai
with equality if and only if a1 = a» = - - - = a,. This inequality is a special case of

the power mean inequality.
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n\ n!
(k) Tkl n—k)

the coefficient of x¥ in the expansion of (x + 1)".

Binomial Coefficient

Cauchy-Schwarz Inequality
For any real numbers ay, az, ..., a,, and by, b, ..., by,
(@i +a;+-+a)®i +b3+ - +by)
> (a1b1 + axby + -+ + anby)?,

with equality if and only if a; and b; are proportional,i = 1,2, ..., n.

Ceva’s Theorem and Its Trigonometric Form
Let AD, BE, CF be three cevians of triangle ABC. The following are equivalent:
(i) AD, BE, CF are concurrent;

|AF| |BD| |CE| _

(ii) =
|FB| |DC| |EA|

b}

sin /ABE sin/BCF sinZCAD_

() S 7EBC smZFCA sniDAB

Cevian

A cevian of a triangle is any segment joining a vertex to a point on the opposite side.

Chebyshev’s Inequality

1. Let x1, x2, ..., x, and y1, y2, ..., ¥, be two sequences of real numbers such
thatx; <xp <---<xyandy; <y <--- <y,.Then

1
;(x1+xz+-~+xn)(y1+y2+~~+yn)§x1y1+xzyz+~-+xnyn.
2. Letxy, x2,...,x, and yq, y2, ..., ¥, be two sequences of real numbers such
thatx; > xp > --- > x5 and y; > y2 > --- > y,. Then

1
;(X1+xz+-~-+xn)(y1+yz+~--+yn)zx1y1+xzy2+-~-+xnyn.
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Chebyshev Polynomials

Let {T}, (x)}fl"=0 be the sequence of polynomials such that Tp(x) = 1, T1(x) = x,
and T;4+1 = 2xT;(x) — T;—1(x) for all positive integers i. The polynomial 7;,(x) is
called the nth Chebyshev polynomial.

Circumcenter

The center of the circumscribed circle or sphere.

Circumcircle

A circumscribed circle.

Convexity

A function f(x) is concave up (down) on [a, b] € R if f(x) lies under (over) the
line connecting (a1, f(a1)) and (b1, f(b1)) for all

a<a <x<b <b.

Concave up and down functions are also called convex and concave, respectively.
If f is concave up on an interval [a, b] and Ay, A3, . . ., A, are nonnegative numbers
with sum equal to 1, then

MG+ f () + -+ A () = fFaxr +Aaxz + -+ Ayxy)

for any xp, x2, ..., x, in the interval [a, b]. If the function is concave down, the
inequality is reversed. This is Jensen’s inequality.

Cyclic Sum

Let n be a positive integer. Given a function f of n variables, define the cyclic sum
of variables (x, x2, ..., Xx,) as

Zf(xl,xz,---,xn)=f(xl,xz,---,xn)+f(X2,x3,-.-,xn,xl)

cyc

4o (X, X1 X2y e X 1)

De Moivre’s Formula

For any angle « and for any integer n,

(cosa +isina)” = cosna + i sinna.
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From this formula, we can easily derive the expansion formulas of sin n« and cos no
in terms of sin @ and cos «.

Euler’s Formula (in Plane Geometry)

Let O and I be the circumcenter and incenter, respectively, of a triangle with cir-
cumradius R and inradius . Then

|0I1> = R*> — 2rR.

Excircles, or Escribed Circles

Given atriangle A BC, there are four circles tangent to the lines AB, BC, CA. One is
the inscribed circle, which lies in the interior of the triangle. One lies on the opposite
side of line BC from A, and is called the excircle (escribed circle) opposite A, and
similarly for the other two sides. The excenter opposite A is the center of the excircle
opposite A; it lies on the internal angle bisector of A and the external angle bisectors
of B and C.

Excenters

See Excircles.

Extended Law of Sines

In a triangle A BC with circumradius equal to R,
|BC| |CA| |AB|
sinA  sinB  sinC

2R.

Gauss’s Lemma

Let

P(x) = anx" + ap_1 X"+ agx +ag
be a polynomial with integer coefficients. All the rational roots (if there are any) of
p(x) can be written in the reduced form %, where m and n are divisors of ag and a,,,
respectively.

Gergonne Point

If the incircle of triangle A BC touches sides AB, BC,and CA at F, D, and E, then
lines AD, BE, and CF are concurrent, and the point of concurrency is called the
Gergonne point of the triangle.
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Heron’s Formula

The area of a triangle A BC with sides a, b, c is equal to

[ABC] = /s(s —a)(s — b)(s — ¢),

where s = (a + b 4 ¢)/2 is the semiperimeter of the triangle.

Homothety

A homothety (central similarity) is a transformation that fixes one point O (its center)
and maps each point P to a point P’ for which O, P, P’ are collinear and the ratio
|OP|: |OP’'| =k is constant (k can be either positive or negative); k is called the
magnitude of the homothety.

Homothetic Triangles

Two triangles ABC and D EF are homothetic if they have parallel sides. Suppose
that AB || DE, BC | EF,and CA || FD. Then lines AD, BE, and CF concur
at a point X, as given by a special case of Desargues’s theorem. Furthermore, some
homothety centered at X maps triangle ABC onto triangle DEF.

Incenter

The center of an inscribed circle.

Incircle

An inscribed circle.

Jensen’s Inequality

See Convexity.

Kite

A quadrilateral with its sides forming two pairs of congruent adjacent sides. A kite
is symmetric with one of its diagonals. (If it is symmetric with both diagonals, it
becomes a thombus.) The two diagonals of a kite are perpendicular to each other.
For example, if ABCD is a quadrilateral with |AB| = |AD| and |CB| = |CD|,
then ABC D is a kite, and it is symmetric with respect to the diagonal AC.
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Lagrange’s Interpolation Formula

Let xo, x1, ..., X, be distinct real numbers, and let yg, y1, ..., ¥, be arbitrary real
numbers. Then there exists a unique polynomial P (x) of degree at most n such that
P(x;) =y;,i =0,1,...,n. This polynomial is given by

2L yi(x = x0) - (= Xim1)(X = Xip1) - (X — Xp)

Px) = .
= (i = x0) - (6 = xi—1) (= Xi1) - (X — Xn)

Law of Cosines

In a triangle ABC,
|CA|> = |AB|> + |BC|*> — 2|AB| - |BC| cos LABC,

and analogous equations hold for |AB|? and |BC|2.

Median formula

This is also called the length of the median formula. Let AM be a median in triangle
ABC. Then

2|AB|* +2|AC|? — |BC|?

AM|* =
4

Minimal Polynomial

We call a polynomial p(x) with integer coefficients irreducible if p(x) cannot be
written as a product of two polynomials with integer coefficients neither of which
is a constant. Suppose that the number « is a root of a polynomial g (x) with integer
coefficients. Among all polynomials with integer coefficients with leading coefficient
1 (i.e., monic polynomials with integer coefficients) that have « as a root, there is
one of smallest degree. This polynomial is the minimal polynomial of «. Let p(x)
denote this polynomial. Then p(x) is irreducible, and for any other polynomial g (x)
with integer coefficients such that g («) = 0, the polynomial p(x) divides g (x); that
is, g(x) = p(x)h(x) for some polynomial /(x) with integer coefficients.

Orthocenter of a Triangle

The point of intersection of the altitudes.
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Periodic Function

A function f(x) is periodic with period T > 0 if T is the smallest positive real
number for which

fax+T)=f)

for all x.

Pigeonhole Principle

If n objects are distributed among k < n boxes, some box contains at least two
objects.

Power Mean Inequality
Letaj, as, ..., a, be any positive numbers for which a; +a + --- + a, = 1. For
positive numbers x1, x3, ..., X, we define
M_o = min{xy, x2, ..., X¢},
My = max{xy, x2, ..., Xk},

an
)

)
My =x; x;"---x
1/t
M; = (ale +a2x§ +-.-- +akx,’<) / ,
where ¢ is a nonzero real number. Then
M_oo = My = M; < M

fors <t.

Rearrangement Inequality

Leta; <ay <---<au; by <by <---< b, bereal numbers, andletcy, ca, ..., c,
be any permutations of by < by < --- < b,. Then

arby +axby_1 + - +ayby < ajcy +axer + - +apey
<aiby +aby + -+ apb,,

with equality if and only if a| = a, = --- =a, orby = by = --- = b,.

Root Mean Square—Arithmetic Mean Inequality

For positive numbers x1, x3, ..., X,

\/xlz—i—x%—i-m—i-x,f >X1+X2+"'+xk
n n '
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The inequality is a special case of the power mean inequality.

Schur’s Inequality

Let x, y, z be nonnegative real numbers. Then for any r > 0,
K= - +Y - -0+ @—x)(z—y) =0.

Equality holds if and only if x = y = z or if two of x, y, z are equal and the third is
equal to 0.

The proof of the inequality is rather simple. Because the inequality is symmetric
in the three variables, we may assume without loss of generality that x > y > z.
Then the given inequality may be rewritten as

=[x -—2=y -]+ @x—-2(—2 >0,

and every term on the left-hand side is clearly nonnegative. The first term is positive
if x > y, so equality requires x = y, as well as 7" (x — z)(y — z) = 0, which gives
eitherx = y=zorz =0.

Sector

The region enclosed by a circle and two radii of the circle.

Stewart’s Theorem
In a triangle ABC with cevian AD, write a = |BC|, b = |CA|,c = |AB|,m =
|BD|,n = |DC|,and d = |AD|. Then

d’a + man = *n + b*m.

This formula can be used to express the lengths of the altitudes and angle bisectors
of a triangle in terms of its side lengths.

Trigonometric Ildentities

sina + cos?a = 1,
1 +cot’a = cscza,

tan? x +1= sec? x.
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Addition and Subtraction Formulas:

sin(a £ b) = sina cosb & cosasinb,
cos(a £ b) = cosacosb Fsinasinb,
tana & tan b

tan(a £ b) = ————,
1 Ftanatanb
cotacoth F 1
cot(a + by = XA F 2
cota = coth
Double-Angle Formulas:
. . 2tana
sin2a = 2sinacosa = ———,
1 +tanZa
5 .2 1 —tan?a
cos2a=2cos“a—1=1—-2sin“a = ————,
1 +tan2a
2tana
tan 2a =
1 —tan?a
cot?a — 1
cot2a = a
2cota
Triple-Angle Formulas:
sin3a = 3sina — 4sin> a,
cos3a = 4cos> a — 3cosa,
3tana — tan’ a
tan3ga = ————
1 —3tanZa
Half-Angle Formulas:
.o d 1 —cosa
sin — = —,
2 2
,a 1+cosa
Cos* — = ———,
2 2
a 1 —cosa sina
tan — = A = )
2 sina 1+ cosa
a 1+ cosa sina
Cot - = =

2 sina 1 —cosa’
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Sum-to-Product Formulas:

—-b
sina+sinb:2sina cosa2 ,
a+b a—>b
cosa + cosb = 2cos cos 7
sin b
tana + tanb = M.
cosacosbh
Difference-to-Product Formulas:
. . . a—>b a-+b
sina — sinb = 2sin cos >
o a—b . a+b
cosa —cosbh = —2sin sin >
sin(a — b)

tana —tanb = —.
cosacosb

Product-to-Sum Formulas:
2sina cosb = sin(a + b) + sin(a — b),
2cosacosb = cos(a + b) + cos(a — b),
2sinasinb = — cos(a + b) + cos(a — b).

Expansion Formulas

n _ . n _ .
) cos" lasina — <3) cos" 3 asin’ o

n _ .
<5)cos” Sasinda — -+,

_l’_
n n .
cosno = < ) cos" a — <2> cos" 2 asin?a
+ ! =

Viete’s Theorem

Let x1, x2, ..., x, be the roots of polynomial
P(x) = anx" + ay_1x" "' + -+ ar1x + ap,

where a, # 0 and ag, ay, ..., a, € C. Let s; be the sum of the products of the x;

taken k at a time. Then an i
i
sk = (=D ==
an
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that is,
An—1
x1tx+ ot x=— ;
an
apn—2
X1X2 + -+ XiXj + Xp—1Xp = a_;
n

ao
X1x2 - Xy = (—1)"—.
dap
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