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Bit ddng thifc 12 mot phan quan trong ctia Toan hoc, ¢6 siic hit manh mé dén dong dao céc ban yéu
toan. Hang ngay, c6 rit nhiéu bai todn méi dugc tim toi sing tao va dudc chia sé trén cac dién dan.
C6 nhiéu tiéu chi khac nhau dé danh gia mot bat dang thic hay, tir khia canh sang tao dén phuong
phép giai quyét né, va doi khi 16 giai hay lai ton thém vé dep vbn c6 clia mbi bat déng thiic. . .

V6i mong mudn cap nhit cic bai toan hay, cic y tudng méi, t6i lam mot tuyén tip cac bit dang thiic
c6 kém theo 10i giai, dudc phan chia thanh nhiéu tap, trong dé mdi tap sé& bao gdm 11 dé bai cung 15i
giai tlf cc cudc thi olympic todn, 11 bai 1a do tic gia tu sang tao hodic suu tAm. 11 bai dudc chon tir
cdc ky thi olympic todn 1a nham danh cho nhitng ban nao c¢é dinh hudng thi hoc sinh gidi c6 thé tham
khéo va rén luyén thém, con 11 bai con lai 1a danh cho nhitng ban nao dam mé bét dang thiic, mudn
tim hiéu thém vé no.

Bén canh dé, tdi con thuc hién thém hai muc 1a "Suu tam céc bai viét hay vé bit dang thiic" va "Gitip
ban gidi todn". Muc suu tam céc bai viét hay dudc thuc hién véi muc dich gidp cho nhitng ban khong
c6 du diéu kién c6 thé cap nhat dugc nhitng kién thiic hay va bd ich vé bat dang thiic. DE thé hién su
ton trong d6i v6i tac gia cdc bai viét, toi xin dudc gilt nguyén ban gbc cia ching (vé ngdn ngi, 1ap
luan, ...). Muc "Gitip ban giai toan" 12 ndi d€ cac ban yéu ciu 19i giai cho nhiing bai toan ma céc ban
chua c6 16i giai, toi sé cb gang giai gitip ban (véi diéu kién 12 nhitng bai todn yéu cau khong dudc
xuét hién trong cic ky thi hién thdi), trong trudng hop t6i khong tim dudc 15i giai, toi sé dé trong
tuyén tap dudi dang chua gidi va hy vong nhiing ban khéc sé gidp chiing ta gidi bai.

Hau hét céc 101 gidi trong tuyén tap 1a cla tac gid, nhung dong thdi ciing chon loc cic 19i gii hay
clia c4c tac gia khac. Cac bai toan déu ghi ngudn gbc 16 rang, mot sb bai toan tac gia chua ro tén that
clia ngudi sdng tao, tdi mong rang sé dudc cip nhat d€ bd sung kip thoi. Pidu can lvu y la cac 16i
giai trong tuyén tip c6 thé chua phai hay nhit, nhung hy vong né cung cip dudc cho nhiing ban quan
tam mot cach nhin, mdt y tudng mdi, mot tu duy méi... Va tdi cling mong sé nhén dugc nhiing 16i
gidi mdi tir phia cac ban. Tac gia cling dang chon loc va hoan thanh quyén “Nhiing 15i gidi hay cho
nhiing bai todn dep” hy vong mot ngy gan diy sé xult ban va dén tay cic ban ting ho, quan tam. Téc
gia xin chan thanh cdm on Vasile Cirtoaje, Manlio Marangelli va c4c anh Nguyén Vin Diing, Tran
Quang Hung di c6 nhiéu dong vién va gop ¥ kién cho su ra ddi clia tuyén tap nay. Toi cling mong su
g6p ¥ cia cac ban doc dé€ tuyén tap ngay cang hoan thién hon. Moi y kién déng gép xin gti theo dia
chi email: babylearnmath@yahoo. com.

Can Tho, ngay 30 thang 05 nim 2009
V6 Quéc Ba Cin



Nhirng bai bat dang thirc tir cac cudc thi giai toan

Bai O1. Gid sit a,b,c la cdc s6 thuc khong am théa man a® + b* 4 ¢ + abc = 4. Chitng minh rdng
0<ab+bc+ca—abc <2.

(USAMO 2000)
Lai giai 1 (V. Q. B. Can). Bt ding thic bén trdi 12 hién nhién, bdi vi tir gia thiét, ta suy ra cé it nhit
mot sb trong ba sb a, b, c khong 16n hon 1. Gia st s6 d6 1a ¢, khi d6 ta sé c6

ab+bc+ca—abc=ab(l —c)+c(a+b) > 0.

Bay gid, ta sé chiing minh bit dang thiic bén phai. Thay abc = 4 — (a* + b? 4 ¢?) vao, ta c6 thé viét
lai bit dang thic nay thanh a? + b% 4 ¢ 4 ab + bc + ca < 6. Ta sé dung phuong phap phan chiing dé
ching minh bt déng thiic nay. Gia st ton tai mot bd sb (a,b,c) gdm cic s6 hang khong 4m sao cho
A +b2+E+abec=4vaa*+b*+c2+ab+be+ca> 6. Khi do, ta sé co

6(a>+b>+c*)  6\6abc
6 66
6(a* +b*+c?) 6+/6abc
a2+ +c2+ab+bc+ca  (a*+b2+c?+ab+be+ca)d/?’

4 = P+b+P+abe=

suy ra
3v/6abc

Va2 + b+ +ab+betca
Mt khac, ap dung bit dang thiic Schur bac 4 (3 dang phén thiic), ta thiy

2(ab+bc+ca)— (@ +b*+*) >

6abc(a+b+c)
2(ab+b —(@ b+ <
(ab+bc+ca)—(a” + +")—a2+b2+c2+ab+bc+ca’
nén tu trén ta suy ra

6abc(a+b+c) 3v/6abe

PR+ +c24ab+betca” P2+ +ab+betca

Diéu nay ching t6 rdng abc > 0 va v2(a+b+c) > \/3(a> + b2+ c +ab + bc + ca). Didu nay vo
1i, béi vi ta ludn co

3@+ b+ +ab+betca)—2a+b+ce) =a+b*+F —ab—bc—ca>0.

Nhu viy, khong thé nao ton tai cic s6 a, b, c thda man gia thiét cia d& bai sao cho a® +b? +c* +ab +
bc+ ca > 6, hay néi mot cach khac, v6i moi a, b, c khong am sao cho a? + b% 4 ¢? + abc = 4, ta phai
co

ab+ bc+ca—abc < 2.

Bai toan dudc chiing minh xong. D& thiy bét dang thic bén trai dat dugc diu bing khi (a,b,c) 1a mot
hodn vi ctia bd s6 (2,0,0); va bit diang thiic bén phai dat dugc diu bing khi (a,b,¢) = (1,1, 1) hoic
(a,b,¢) 1a mot hoan vi cita b sb (ﬂ, V2, 0) . n
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Lui giai 2. Day 1a mot chitng minh rit hay va dic sic cho bit dang thiic bén phai. Trong ba s6 a, b, c,
ludn ton tai it nhat 2 s6 sao cho hiéu ctia chiing khi trit cho 1 ¢6 cuing diu v6i nhau. Khong mét tinh
téng quat, gia st hai s6 d6 12 a va b, khi d6 ta c6 c(a—1)(b—1) > 0, suy ra abc > ac + bc — c. Mit
khéc, theo bit dang thiic AM — GM thi 4 = a* + b*> 4 ¢* + abc > 2ab + ¢ + abc, suy ra ab < 2 — c.
Tu day, ta thu dugc

ab+bc+ca—abc < (2—c)+bc+ca—(ac+bc—c) =2.

n
Lai giai 3 (V. Q. B. Can). Xin dugc gi6i thiéu thém cing ban doc mot chiing minh khéc cho bat
déng thic bén phai. Tir gia thiét, ta dé dang ching minh dudc ton tai cac sb khong 4m x,y,z sao cho

b 2% oy Yy 2z . . o N
x+y)v+2)(z+x)>0vaa= (x+y)(x+z),b = oo T oo V6i phép dit thuan

nhéit nay, ta c6 thé dua bai toan vé chiing minh

Xy 4xyz

2; x4/t vtz G+ (z+x) ©

Ap dung bét déng thiic AM — GM, ta c6

Xy

R ATTEY = M) S

A

_ Xy
N Z(x—i—y( Z(y—i—z )(y+x)

cyc cyc
zX

- ;(x+y><x+z)+;(x+y><x+z>

B x(y+z) _ 4xyz
= 2ee T e

Vi thé bét dang thifc trén 12 hién nhién diing, va phép chiing minh ciia ta dugc hoan tét. ]
Bai 02. Cho a,b,c la cdc s6 thuc duong théa méan ab -+ bc + ca+ abc = 4. Chitng minh rdng
a+b+c>ab+be+ca.

(Viét Nam, 1996)
N g < 9 LA . 2 v 2 _ Zy _
Loi g}al 1 (V. Q. B. Can). T,u glqa thiet, suy ra ta c6 thé dat a = sz,b Sy vac= m véi x,y,z la
cac s6 thuc duong. Khi d6, bat dang thiic can chiing minh c6 thé dugc viét lai thanh

X n y n z_o 2xy n 2yz n 2zx
y+z z+x x4y (x+z2)0+z) G+x)(z+x) (+y)(x+y)

Ap dung bét déing thiic AM — GM, ta c6

1 1
(x+z)2+(y+z)2 :Z Z+x Z(y—l—z

cyc
X

Z(y—i—z Z(y—i—z :cycy—l—Z:VT.

cyc cyc

yp < ny

cyc

Phép chitng minh cia ta dudc hoan tat. D& thdy dang thic xay ra khi va chi khi x = y = z, tifc 1a
a=b=c=1. ]
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Loi giai 2 (V. Q. B. Cin). Ta sé ding phuong phap phan chitng. Gia sit ring ton tai cic sb ducng

a,b,c sao cho ab +bc+ca+abc =4 vaa+b+c < ab+ bc+ ca. Khi do, ta c6 al;ljlf)cii’a <1, dan
dén

4 = (ab+bc+ca)-1+abc-1
at+b+c \ atbtc \°
> (ab+bc+ca)- <ab+bc+ca> +abc- <ab—|—bc+ca>

(a+b+c)? abcla+b+c)
ab+bc+ca  (ab+bc+ca)’’

Tu day, ta tim dudc

abc(a+b+c)?

2(ab+b — (@ P+ > ————
(ab+betca)—(a"+b7+c7) > (ab+ bc+ca)?

Nhung ma theo bét déng thic Schur bac 3 & dang phan thic thi 2(ab + be + ca) — (@® + b* +¢?) <

9abc A 5 X A
w+h e Picu nay dan dén

9abc - abc(a+b+c)’
a+b+c” (ab+bc+ca)?’

suy ra abc > 0 va 9(ab + bc + ca)? > (a+ b+ c)* (mau thun bdi vi ta ludn ¢ (a+b+c)? >
3(ab+ bc+ ca) theo AM — GM). BSi vy, ta khong thé c6 a+ b+ c < ab+ bc+ ca v6i moi a,b,c > 0
thoa man gia thiét ctia dé bai. Diéu nay ching té ring a + b+ c > ab + bc + ca, day chinh 1a diéu phai
ching minh. ]
Loi giai 3 (V. Q. B. Cin). Ta sé sit dung phuong phap don bién dé chitng minh bt déng thic da
cho. D€ y ring ngoai diém dang thifc 12 ¢ = b = ¢ = 1 thi bét dang thiic da cho con c6 mot diém
"nhay cam" 1a @ = b — 2,¢ — 0 (cung cdc hodn vi). Diéu nay ggi cho ta gia sit ¢ = min{a,b,c} va
dung phép don bién dé dua hai bién @, b vé bang nhau va bang mot s6 ¢ duong nao d6. Mudn viy,
viéc trude tién ta phdi lam d6 12 dam bao gia thiét clia bai todn, tic 1a bd s (¢,¢,¢) phai thda man
t> +2tc+t?c = ab+ bc+ ca+ abc = 4. Vi ta cin don bién ti (a,b,c) vé (¢,t,c) nén ta phai ching
minh

a+b+c—ab—bc—ca>2t+c—t>—2tc,

tuong duong
(a+b—2t)(1—c)+ (1 —ab) > 0. (%)

Mt khéc, tif cach chon clia ¢, ta c6 c(a+b —2t) = (c+ 1)(t> — ab). Ta sé ching minh a + b — 2¢ va
t> — ab 1a nhiing s6 khong am. That vay, gid st a + b — 2t < 0, khi d6 ta cling c6 > — ab < 0. Diéu
nay dan dén ab > 1> > % > ab (vd 1i). Vi vy, ta phéi c6 a +b — 2t > 0 vat*> —ab > 0. Ngoai ra,
tir gia thiét ctia ¢, dé thiy ¢ < 1. Va nhu thé, bit ding thic (x) Ia hién nhién ding. Phép don bién da
dugc hoan tét, cong viéc con lai clia ta chi 1a ching minh 2¢ 4 ¢ — 12 — 2t¢ > 0 véi 1> + 2tc +t>c = 4.
Day 1a mot cong viéc rt don gidn, bdi vi tif £ + 2¢c +t*c = 4, ta im dudc ¢ = £ > 0, din dén

21t (2—1t)(t—1)?

2z+c—t2—2tc:2t+7—t2—2(2—t): > 0.

|
Laui giai 4 (V. Q. B. Cén). Dé& thiy ring trong ba sb a, b, ¢ c6 it nhit hai sé c6 hiéu khi tri cho 1 1a
nhitng s6 cing dAu v6i nhau. Gid st hai s6 d6 1a a, b, khi d6 ta sé ¢6 c(a—1)(b—1) > 0, dan dén
abc > ac+ bc — c. Tu day, ta thu dugc

a+b+c+abc> (a+b)(c+1).
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Mit khac, 4p dung bét dang thiic AM — GM, ta lai c6

(a+b)?

4=abc+c(a+b)+ab< PR

-c+cla+b)+

(a+b)?
4

suy ra
2
4L 4 (atb) 4

2 b)2 - - -
w—i-(a—&-b) a+b a+b

1.

Cong 1 vao hai vé ctia bt ding thic nay rdi nhan cho a+b > 0, ta thu dugc ngay (a+b)(c+1) > 4.
Do d6, két hop véi trén, ta dugc a+ b+ c+abc > (a+b)(c+1) > 4 = ab+ bc + ca + abc, hay néi
mot cach khéc

a+b+c>ab+be+ca.

Bai 03. Véi a,b, ¢ la cdc sé thic duong bdt ki, hdy tim tdt cd cdc sé thic k dé cho bdt ding thitc sau

dung
a b c I
- - > )
<k+b+c) <k+c+a> (k+a+b) - <k+2)
(Viét Nam, 2009)

Li gii (V. Q. B. Cén). Ddu tién, ta cho a=b = 1, bit déing thiic da cho tré thanh (k+ 11-)* (k+ §) >
(k+ %) ’ , tuong duong
(c—1)2(4k*c +4k* +2k— 1)
8(c+1)°
Pén day, cho ¢ — 0, ta thdy bét dang thic chi ding néu 4k> + 2k — 1 > 0. Ta sé chiing minh ring,
nghiém clia bat phuong trinh nay chinh 1a tip hop tit ci cdc gid tri ctia k théa min yéu cau bai toan,
tiic 1a ching minh véi 4k 4+ 2k — 1 > 0 thi

a b c I
> — .
<k+b+c) <k+c—|—a> (k+a+b) - <k+2)

That vay, dit x = 2Ly = 2Lz = 25 thi hién nhién xy + yz + zx + xyz = 4 va bét déng thifc trén
dugc viét lai thanh (2k +x)(2k +)(2k+z) > (2k+1)3. Bay gio, 4p dung bat dang thic AM — GM,

ta dé thiy xyz < 1. Tir do, st dung két qua bai 02, ta thu dugc

> 0.

(2k+x)(2k+y)(2k+2) = 8k +4k*(x+y+z) +2k(xy+yz+2x) +xpz

8Kk + 4k% (xy + yz + 2x) + 2k(xy + yz +2x) + xyz
= 8K+ (4K +2k)(4 —xyz) +xyz

= 8K+ 16k + 8k — (4k* 42k — 1)xyz

81 4 16Kk* + 8k — (4k* +-2k— 1) = (2k+1)°.

v

v

Nhu vay, phép chitng minh ciia ta da dugc hoan tat. Didu nay ciing chiing té rang khing dinh cta ta
& trén 1a ding, tic 13 tip hop tat ca cic gid tri cAn tim cla k chinh 12 nghiém ctia bit phuong trinh
4k* +2k—1> 0. n

Bai 04. Cho a,b,c,d la cdc sé thuc duong théa man

| | | |
_ 1.
Al T A T A
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Chiing minh rdang

abcd > 3.
(Latvia 2002)
Lui giai 1 (V. Q. B. Can). Ap dung bét ding thitc Cauchy Schwarz, ta c6
| = 1 n 1 n 1 N 1
at+1 b*+1 A+1 di+1
2
Yook bk (Geheded

L+l A+ L4 L4
N 2 s
Tudosuyraa%+bi4+ci4+%+42(a%%—b%%—c%—l—%) , tic la

1 1 1 1 1 1
22 a2b? + a?c? + a2d? + b2c2 + b2d? + cd?’

N Ao 12 - s 1 1 1 1 1 6 an 1A A
Ma theo Pat dang thic AM —/G]\{ thi oyl —|— 2ot ozt b2c27+ PE T 2Z 2 ahea NEN ket hgp véi
trén, ta dé dang suy ra dudc bat dang thic can chiing minh. Pang thic xay ra khi va chi khi a = b =
c=d=+3. m

N, e o _ 1 _ 1 _ 1 N — 1 J 3 = 3
Loi giai 2. Ditx = Y T i T ag Vat = g thitacox+y+z+t=1va

a4:1—x:y+z+t, b4:z+t+x7 04:t+x—i—y? d4:x+y+z.
X X y z t

Tit d6, d€ chiing minh bat dang thitc abed > 3, ta thiy ring ta chi can chiing minh dudc

ytz4t z4ttx t+x+y xty+z >
X y z t B

81.

Nhung bit dang thiic nay hién nhién diing bdi vi theo AM — GM, ta c6

y+z+t z4+t+x t+x+y x+y+z>3\3/)?t 3v/ztx  33/txy 313/xyz_81
x ¥ z T x ¥ z t

Phép chiing minh ctia ta dudc hoan tit. n
Bai O5. Cho cdc sé duwong a,b,c théa mdn

1 1 1
> 1.
a+b+1 +b+c—|—1 +c+a+1 -

Chitng minh rang
a+b+c>ab+be+ca.

(Andrei Ciupan, Chon do6i tuyén Romania du thi Junior BMO 2007)
Loi gidi 1 (Andrei Ciupan). Ap dung bat dang thiic Cauchy Schwarz, dé thiy (a+b+1)(a+b+
c?) > (a+b+c)?. T d6 dan dén

1 1 1 at+b+c*  bt+c+a®  cta+b?
1< + + < >+ S+ 5
a+b+1 b+c+1 c+a+1 7~ (a+b+c)* (a+b+c)*> (a+b+c)

suy ra
(a+b+c)* <2(a+b+c)+a*+b*+c,
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tuc la
a+b+c>ab+be+ca.
BAt dang thifc clia ta dugc chiing minh xong. Pang thiic x4y ra khi va chikhia=b=c = 1. ]

Lui gidi 2 (Cezar Lupu). Ti gia thiét, sit dung bit dang thic Cauchy Schwarz, ta cé

1 1 1
2 > (1-—— l— — l— —
- < a+b—|—1>+< b+c+1>+< c+a+1>

a+b b+c c+ta
a+b+1 +b+c+1 +c—|—a+1
- [(a+b)+(b+c)+(c+a)f
— (a+b)la+b+ 1)+ (b+c)(b+c+1)+(c+a)(c+a+1)
2(a* + b+ c?) +4(ab + bc + ca)
(@ +b2+c?)+(ab+bc+ca)+(a+b+c)

Tu day, ta suy ra dudc
(@® 4+ b* 4+ *) + (ab+be+ca) + (a+b+c) > (a® +b* +*) +2(ab+ be +ca),

tic 1a
a+b+c>ab+be+ca.

Day chinh la diéu phai chl’mg minh. ]
Loi giai 3 (V. Q. B. Cén). Ta sé ding phu’dng phap phan chu?ng dé chitng minh bét ding thic nay.
Gia st ton tai cac s6 duong a, b, c sao cho >1vaa+b+c<ab+bc+ca.
Khi d6, ta ¢ 1 < 9btbetea  43n dén

+b+l + b+c+1 + c+a+l

a+b+c 7’
1 - ahibetc _ ab+bc+ca
at+b+1 a+b+% (a+b)(a+b+c)+ab+bc+ca

Va ta thu dugc
ab+bc+ca

>1,
cyzc (a+b)(a+b+c)+ab+bc+ca

tuong duong
2(ab+ bc+ca)

(a+b)(a+b+c)+ab+bc+ca)’

1> 1-—
hay la
2
1>Z a’+ab+b
(a+b)(a+b+c)+ab+bc+ca

cyc

Tuy nhién, theo cic bit dang thiic AM — GM va Cauchy Schwarz thi

2
VP > Z (a+b)? > 3(a+b+c)
4cyc (a+b)(a+b+c)+ab+bc+ca ~ Y [(a+b)(a+b+c)+ab+ be+ cal
cyc
2 2
_ 3(a+b+c) N 3(a+b+c) 1 (mau thudn)

2(a+b+c)?+3(ab+bc+ca) ~ 2(a+b+c)*+(a+b+c)

Vi Véy, ta khong thé c6 diéu gia sit trén, tic 1a v6i moi a,b,c duong thda man —— + ;i +
> 1 thi bit budc ta phai c6 a+ b +c > ab + bc + ca. Phép chiing minh dudc hoan tit. |

c+a+1
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Bai 06. Cho n > 2 la mot s6 nguyén bdt ki. Tim hing s6 C nhé nhdt dé'bdt ddng thitc sau

X% (x; +x7) < Cloy x4+ +x,)",

1<i<j<n
uén diing vdi moi s thuc khong dm x1,x,. .., X,.
(IMO 1999)
Lai giai (V. Q. B. Can). V6in=2,chox; =x, =1, tadé thiy C > %. Xét truong hop n > 3, cho
x1=x2=1,x3=---=x, =0, ta clng tim dugc C > % Ta sé chiing minh rﬁng % cling chinh la gia

tri nho nhit ctia C dé bit dang thiic trén ding, tic la

—_—

xixj(xf +x7) < gt +x,)*.
1<i<j<n

That vay, ap dung bt déng thiic AM — GM, ta c6

n

2 2 2 2 2 2

Z x,-xj(xl- —i—xj) S Z X,‘Xj X; +Xj + Z Xp | = z xl-xj lei
1<i<j<n 1<i<j<n kAT RA] 1<i<j<n =

1 n
= 2'<2l<.z f)<22)
<i<j<n i=
n 2
2 Y xixj+ Yyt 4
1 1<i<j<n i=1 1[Z
< = = — Xi .
- 2 2 8 i;

Nhu thé, khang dinh ciia ta da dudc chiing minh xong. Piéu nay cho phép ta di dén két luan hang s6

C nho nhit thda min yéu cau cla dé bai 1a Cyjp = % [

Bai O7. Chiing minh rdang vdi moi sé thuc duong a,b,c,x,y,z, bdt ddng thitc sau luén dugc théa man

a_ by cz <(a+b+c)(x+y+z)
a+x b+y c+z~ atbtctx+ytz’

(KMO Weekend Program 2007)
Lai giai 1 (V. Q. B. Can). Bit déng thiic can chiing minh c6 thé dudc viét lai nhu sau

a+x  ax b+y by ct+z oz >a—|—b—|—c+x—|—y+z (a+b+c)(x+y+z)
4 a+x 4 b+y 4  c+z 4 at+b+c+x+y+z’

hay la
(a—x)*> (b—y)?* (c—z)? S (a+b+c—x—y—z)?
a+x b+y c+z — a+btctx+y+z

Theo bét ding thitc Cauchy Schwarz, ta dé thiy

(a=x)+(b—y)+(c=2)]

VT = (a4+x)+(b+y)+(c+z)

—VP,

va nhu thé, bit dang thiic clia ta da dugdc chiing minh xong. |
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Lui giai 2 (Sanghoon). Ap dung bit bat déng thic Cauchy Schwarz, ta c6

[(a+b+c) >+ (x+y+2)2d(a+x) > [(a+b+c)vrxa+ (x+y+z)vax]’
= ax(at+b+ct+x+y+z)?
tu do suy ra

ax_ _ (a+b+c)’x+ (x+y+2)*a
a+x~ (a+b+c+x+y+z)?

Bing cach thiét 1ap hai bat dang thiic tuong tu cho hai biéu thiic con lai, ta thu dudc

ax_ by L <(a+b+c)2(x+y—|—z)+(x—i—y+z)2(a+b+c)_(a+b+c)(x+y+z)
at+x b+y c+z (a+b+c+x+y+z)? a+b+c+x+y+z’

Bai toan dudc ching minh xong. [

Bai 08. Cho cdc sé thic dwong a,b,c. Chitng minh bdt ddng thiic sau

a b c¢_a+b b+c
424>
b+c+a_b+c+a+b

+1.

(Belarus 1998)
Lai giai 1 (V. Q. B. Can). D¢ y riing bat ding thic da cho tuong duong véi

b+c+a+b

b b b
(a+b+c) <Z+C+Z—3>2(a+b+c) <a+ +c—2>,

va nhu thé, né c6 thé dugdc viét lai thanh

a@ b ab bc ca (a+b+c)(a—c)?
T2 P %Y patbie)>
b * c + a + c + a + b (a+bte)= (a+b)(b+c)

Theo bt déng thiic AM — GM, ta dé thiy “L—{’ + % +% >a+b+c. Vi thé, ta chi can chiing minh dugc

at b (a+b+c)(a—c)
PRV R e s s a
hay 1a
(a=b)* (b—c) (c—a)® _ (a+b+c)(a—c)
b T ¢ 4 = (a+b)(b+c)

Ap dung bét dang thiic Cauchy Schwarz, ta cé (a—bb)2 + (b_cc)z > (abjfc)z . Do dé, ta chi can ching minh
dudgc

1 +l at+b+c
b+c a~ (a+b)(b+c)

1a mot bt dang thiic hién nhién ding béi vi né tuong ducng véi

bla+b+c)
ala+b)(b+c) —

Phép chiing minh ctia ta dudc hoan tit. Pang thiic x4y ra khi va chi khia = b = c. ]
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Loi giai 2. Ditx= ¢ vay= ¢, taco

c y atb x+1 bt+c 14y
“x’ b+c 14y a+b  1+x

Do d6, bit dang thiic can chiing minh c6 thé dudc viét lai thanh

1 y_x+1 y+l1
—4+=> 1
x+y+x_y+1+x+1+ ;

tuong duong
V2 X2+ x40+ > Py + 207 + 2x.

Theo bét dang thiic AM — GM, ta c6

3.2 3,2 3.3
TY X 2y, Y +x;y W oog? v 4>
nén bit ding thiic trén hién nhién ding. Bai toan dugc chiing minh xong. ]

Bai 09. Chiing minh rang vdi moi sé thuc duong a,b,c, ta déu co

2

1 1 1 1 (a—i—b—i—c—i—@abc)
+ + + = >

at+b b+c ct+a 2vabc  (a+b)(b+c)(c+a)

(Titu Andreescu, MOSP 1999)
Loi giai 1 (V. Q. B. Can). Ap dung bit déng thitc Cauchy Schwarz, ta cé

2
2 2 B2 <\3/abc>
Vr = +— + 2 +
c?(a+b) a*(b+c) b (c+a) 2abc
2 2
(a—l—b+c+\3/abc) (a+b+c+\3/abc)
c2(a+b)+a*(b+c)+b*(c+a)+2abc  (a+b)(b+c)(c+a)
Bai todn dudgc chiing minh xong. Pang thiic x4y ra khi va chi khia = b =c. ]

Loi giai 2 (V. Q. B. Can). Nhan ca hai vé clia bt ding thiic da cho véi (a+b)(b+c)(c+a) >0, ta
c6 thé viét lai né dudi dang

Z(a—i-b)(a—i—c)—i- (atb)bto)lcta) > (a—&—b—i—c—i-%y,
cyc

hay la

b)(b
ab+bc+ca+ (a+b)( 3+c)(c+a) > 2v/abc(a+ b+ ¢) + Va2b2c2.
2v/abc

Vi ab+ be + ca > 3v/a2b2c? (theo AM — GM) nén ta chi can chiing minh dugc

b)(b
(a+)( 3+ A)leta) +2Va?b?c? > 2¥/abe(a+b+c),
2vabc

tuong duong
(a+b)(b+c)(c+a)+4abe > 4Va?b22(a+ b +c).
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Dé chiing minh bt déng thiic nay, ta sé gia sit @ > b > ¢, va viét lai né nhu sau

(b+c¢) [(a +b)(a+c)— 4\3/a2bzc2} > 4V a2b2 2 (a - \3/6%) ,

hay 1a
(b+c) (a2 +ab+bc+ca—4V a2b2c2> > Va2 b2 (a —V abc) .

Lai st dung danh gid ab + be +ca > 3v/a2b2c2 mot 1an nita, ta thdy ring bt ding thiic trén dugc suy
ra tu

(b+c) (a2 - m> > aVa?h2? (a - M) , tuong duong (b+c) (a+ %) >4V a2 2.
Theo bét dang thiic AM — GM, ta c6

(b+c) <a+ \3/@) > 2vVbe -2\ av/abe = 4V a2b>c2.
Do d6, bat ding thiic cudi hién nhién diing va phép chiing minh ciia ta dudc hoan tat. ]

Bai 010. Gid sit a,b,c la cdc s6 thic duong bat ki. Chitng minh bdt ddng thitc sau

(2a+b+c)*>  (2b+c+a)* (2c+a+b)?

<8.
282+ (b+¢)? 20>+ (c+a)® 232+ (a+b)? —
(USAMO 2003)
4 2 kS )2 )2 2 £ £ 2
Li gidi 1 (V. Q. B. Cén). D&y riing 3 — (240t 2bte=a) hap ta ¢6 thé viét lai bit déng thic

2a2+(b+c)> T 2a%+(b+c)??

can chitng minh duéi dang

2(b+c—a)*  2(ct+a—b)* 2(a+b—c)? >1
262+ (b+c)? 202+ (c+a)® 22+ (a+b)> —

Ma theo bt ding thiic Cauchy Schwarz thi

2(b+c—a)? < 2(b+c—a)? (b+c—a)?

2a*+ (b+c)? ~ 2a2+2(b2+c2)  a?+b*+c*
Do d6, ta chi can chiing minh dudc
(b+c—a)+(cta—b)*+(at+b—c)*>a*+b*+c%

Bit dang thiic nay dudc suy ra tif bit dang thic sau > ¢? (ding theo Cauchy
Schwarz) va hai bit ding thic tuong tu. Nhu vy, bai todn cla ta da dugc chiing minh xong. D&
thiy dang thifc xay ra khi va chi khia = b = c. n
Loi giai 2. Bit déng thic di cho 1a mot bt dang thiic thuin nhit bac 0. Vi thé, ta c¢6 thé chudn héa
cho a+ b+ c = 1, khi d6, n6 dugc viét lai thanh

(a+1)? (b+1)? (c+1)?
2a+ (1 —a)? 202+ (1—-0)2  2c¢24 (1 —c)?

(b+c—a)*+(cta—b)*
2

<8

Bay gid, stt dung danh gia sau

(a+1)? 71+ 2(4a+1) 71+ 2(4a+1) _
22+ (1—a)? 3 9a2—6a+3 3 (Ba—1)2+2 "

1, 2(da+1)
3 2
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ta thu ducgc

(a+1)° (b+1)? (c+1)° 1

1 1
<t (dat 1)+ o+ (b4 1)+ -+ (det1)=8.
2@+ (—af T2 (1= T2 (1—cp =3 THatH3+ @+ D434 (c+])

D6 chinh 1a diéu phai chiing minh. ]

Bai 01\1. Cho x1,x2,Y1,V2,21,22 la cdc sé thuc théa man x1,x; > 0,x1y1 > z% va x3y, > z%. Chiing
minh rang

1 1 8
>

_|_ = .
xy1—z7 xoyp—z - (+x) ) = (21 +22)?

(IMO 1968)
Lai giai 1 (V. Q. B. Can). Tir gia thiét, d& thiy y;,y» 1a cic sb duong. Pidu nay cho phép ta st dung
bét dang thiic AM — GM nhu sau

(x1+x2) (1 +22) = x101 + X202 + (X102 +x201) > X1Y1 +X2y2 + 2/ X1V 1X0)73.
Tu dénh gia ndy, dit x;y; —z3 = a > 0 vaxays — 23 = b > 0, ta thu dugc
(X1 +x2) 1 +32) — (21 +22)* > xi1 +x22 +2y/X1y1%2y2 — (21 +2,)°
= (a+z)+(b+25)+2\/(a+2)(b+2) — (21 +2)°
(a+z1)+ (b+23)+2 (\/EJerzz) —(z1+22)?
= (\/5+ x/B)z.

Do d6, dé chiing minh bat dang thifc da cho, ta chi cin ching minh dugc

2011 9
(\/5 + x/l?) <a n b) > 8 (hién nhién ding theo AM — GM),

v

Bai toan dudc chiing minh xong. Péng thiic x4y ra khi va chi khi x; = xp,y; = y» vaz; = 25. ]
Lai giai 2 (V. Q. B. Can). Ap dung bit ding thic Cauchy Schwarz, ta cé

2 2 2
) 1 ) 7
+ = /X1 — + /X —— < -+ — 4=
(z142) < o VX1 2 \/)Tz> < (n4x) <x1 x2> ’

suy ra

> 2
77z
(X1+x2)()/1+y2)—(21+22)2 > (x1+x2) <y1+yz—1—2>

X1 X2
X1y1— Z% X2V2 — Z%
= (x14+x2) +
X1 X2
_ 2 _ 2
2 2m2\/(x1y1 Zl)(x2y2 ZZ)
X1X2

= 4\/(x1y1 —z7) (x22 — 23)-

Miit khac, theo bat dang thiic AM — GM thi

1 1 2
>

+ .
) 2=
A 2T \/(xlyl—Z%)(xzyz—Z%)
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Vi thé | |
[(x1 +22) (1 +32) — (21 +22)7] < 5+ 2> > 8,
X1yr—2z17 X2)Y2—23
tuc la
1 1 8
7+ 7 2 2"
xiy1—zi xp—zz  (x1+x2)(1+32) = (21 +22)
Bai toan cida ta da dugc chiing minh xong. ]

Nhan xét. Hoan toan tucng tu, ta c6 thé chiing minh dudc bat ding thiic tdng quat hon van con ding

NEU X1,X0, -+ s X, V15 V25 - V0 VA 21,22, - -2 (1 > 2) la cdc s6 thuc sao cho x; > 0 va
XiVi >le thi
n 1 l’l3

| — _Zz Z ” n n 2"
l;x;yz i <I,lei> (izlyi> - (izlzi)




Nhirng bai bat dang thirc tu sang tao va sw'u tam

Bai CH1. Gid sit a,b,c la dé dai ba canh ciia mot tam gidc, hdy chitng minh bdt ddng thiic sau

bc . ca n ab < 3
a* 42022 b*42%a% A 42020 T @’ + b2+

(Vo Quéc Ba Cin)
Lai giai (V. Q. B. Can). Nhén ca hai vé ctia bt ding thic di cho v6i @b 4+ b2 + c2a? > 0, ta ¢6
thé viét lai n6 duéi dang

35 a?b?
b 2b2 b2 2 2.2
z be — C(Cl 4+ 02-;00) + cyc . _ZchQ
& a*+2b%c Ya &

cyc
tuong duong
35 a*h? — yab(a* +b*) — 5 a®b
bel@ —P) @ —) LY T Zabla b = 5 athe
>0,
a*+2b%c? S a? -

cyc

>

cyc

hay la

O e
cye a*+2b3c? cécaz >

Bét dang thic cubi nay c6 dang X(a—b)(a—c)+Y(b—c)(b—a)+Z(c—a)(c—b) > 0, trong d6

_ 2bc(a+b)(a+c)(a>+b*+ )
B a*+2b3c?

X +b2 4+ —2a(b+c)+(b—c)?,

va céc biéu thiic Y, Z tuong tu. Pay 1a mot dang ctia bat ding thiic Vornicu Schur nén ta nghi ngay
dén viéc st dung bit dang thiic nay dé giai bai toan da cho. Mubn nhu vy, yéu ciu dau tién ta cin
phai thoa man dé 1a X, Y, Z 1a nhiing dai lugng khong 4m, va may man thay, diéu nay ludn ding. That
viy, bit dang thific X > 0 (cdc bét dang thic Y > 0 va Z > 0 dugc xét tuong tu) tuong duong véi

2bc(a+b)(a+c)(a®>+b*+?)
a* +2b%c?

+b*+c* —2a(b+c)+(b—c)* > 0.

Theo bét ding thiic AM — GM thi

(a+b)(a+c)(a®+b*+2) - (a® 4 be) (a® + 2bc)

> 1.
at+2b%c? a*+2bh2c?

Vi thé, ta c¢6 X > 2bc+b? +c* —2a(b+c) = (b+c)(b+c—2a), din dén két luan cta ta 1a hién
nhién néu b + ¢ > 2a. Xét truong hop a > t = %€, ta s& ching minh ring

(a+b)(a+c)(a®+b*+c*) > 3a* + 6b°C2. (%)



Nhifng bai bat ding thifc tur sang tao va suu tim 17

Khi d6, ta s& c6 X > 6bc+b*+c? —2a(b+c)+ (b—c)? =2(b+c)(b+c—a) > 0, chinh 1a diéu ma
ta dang tim c4ch chiing minh. Pt x = be < ¢? thi bét dang thiic () c6 thé dudc viét lai thanh

(a® +2ta+x)(a* + 46> — 2x) > 3a* + 6x7,

hay la
—8x% + (4t2 —4at — az) X+ (az + 4t2) (az + 2ta) —34* > 0.
Do 41* — 4at — a* < 0 nén
VT > —8t*+ (4% —4dat —a*)i* + (a* +4¢*) (a* +2ta) — 3a*
= (2t—a)(2d® +2d°t+at* —21%) > 0.
Nhu véy, khang dinh trén ctia ta da dugc chiing minh. Bay gid, gid st a > b > ¢, ta c6 X(a — b)(a —
¢)>0vaa—c—"2(a—b)= w > 0 nén

X(a—=b)a—c) > Y(b—c)b—a)+Z(a—c)(b—c)

cyc

(bZ—cY)(a—b)(b—c).

> Y(b—c)(b—a)+Z- b(a b)-(b—c) = -

Vi thé, ta chi can chitng minh 5Z > cY 1a bai toan dudc gidi quyét xong, diéu nay tuong duong véi
viéc chiing minh

b*(a+c)  c*a+b)

22 LA 222 b +2(b—c)(a®+b*+c* —ab—ac) > 0.

2a(a® + b +2)(b+c)

Dé dang danh gia dugc 2a2(;2++6)4 =z 2(;2(:21[’,,)4

chiing minh xong. Pang thiic xay ra khi va chi khi @ = b = ¢ hoéic @ = 2b = 2¢ va cic hodn vi tuong
ung. ]

nén bit diang thiic nay hién nhién ding. Bai todn dugc

Bai CH2. Cho cdc sé thuc khong dm a,b,c théa man khong c6 hai sé nao dong thoi bang 0. Chiing
minh bdt ddng thiic sau

ab n bc . ca S 14 9abc
(a+c)(b+c) (b+a)(c+a) (c+b)(a+b) —  2(a+b+c)(ab+bc+ca)

(Duong biic Lam)
Loi giai (V. Q. B. Can). Sit dung céc bat ding thiic Cauchy Schwarz va AM — GM, ta c6

VT = z\/ab(a+0)(b+c)> M
cye (G+C)(b+c) _Cyc (a+c)(b+c)

_ ab f
N cyzc(a—i—c)(b—k +\/£cyz¢ c)(b+c)

B Ve 2abc
= 1+Mcyzc(a+c)(b+c)_(a—i-b)(b—i—c)(c—i-a)'

Do d6, dé chiing minh bat dang thitc da cho, ta chi cin chiing minh dugc

Ve 2abc 9abc
bc >
\/TWZC a+c)b+c) (a+b)(b+c)(c+a) = 2(a+b+c)(ab+bc+ca)’
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tuong duong

9vVabc(a+b)(b+c)(c+a)
Cyzcﬁ(a—i—b)—Z abe 2 2(a+b+c)(ab+bc+ca)

) NN 2
Dén day, ta hay d€ y rang 5 \/c(a+b) — 6V abc = zﬁ(f—\/l;) va

cyc cyc

\/@Zc(a —b)?

9vabc(a+b)(b+c)(c+a) — 4vahe — &e ’
2(a+b+c)(ab+ bc+ca) 2(a+b+c)(ab+ bc+ca)

suy ra bat dang thic trén 1a hé qua ctia bat dang thic sau

cvabc(a—b)?
(a+b+c)(ab+bc+ca)’

ﬁ(‘[_\/gy =

hay la
2
2(a+b+c)(ab+bc+ca) > cVab <\/5+ \/B> .
o 2
Pay 12 mot bét diing thic ding bdi vi 2(a+b+¢) > 2(a+b) > (\/a n \/15) (theo Cauchy Schwarz)
va ab+ bc+ca > bc+ ca > 2c¢vab (theo AM — GM). Va nhu vay, bai toan da cho da dudc ching
minh xong. D& thiy dang thic xay ra khi va chi khi @ = b = ¢ hoiic a = b,c = 0 ciing cc hodn vi. m
Bai CH3. Cho cdc sé thite duong a,b théa man a+ b = a* + b*. Chitng minh rdng
ab? <1< aasbb3.

(Vasile Cirtoaje)
Lui giai (V. Q. B. Can). Trudc hét, ta sé chiing minh bit déing thiic bén trai. D& thiy ring né tuong
duong véi alna+ blnb < 0. St dung bt dang thic quen thudc Inx < x — 1 Vx > 0, ta cé

3alna— (a* —a) <3a(a—1) - (a* —a) = —a(a+2)(a—1)* <0,

tu do suy ra
3(alna+bInb) < (a* —a)+ (b* —b) = 0.

Va nhu thé, bét dang thic trén trai da dudc chiing minh xong. Biy gid, ta sé ching minh bét dang
thifc bén phai. Ciing tuong tu nhu trén, ta sé 1iy logarith nepe hai vé va viét lai bit dang thic dudi

4—X

dang @® Ina+ b*Inb > 0. Xét ham s6 sau vé6i x € (0,2) : f(x) = 31Inx — 55, taco
3 2 (x—D(2+2x—x?)
f) =212 = ! -
x x x

Suy ra phuong trinh f’(x) = 0 chi c6 mot nghiém duy nht trén khoang (0,2) 1ax = 1. Mt khic, qua
1 thi f’(x) d6i dAu tir Am sang duong nén ta tim dudc f(x) > (1) = 0 véi moi x € (0,2). Dén day,
st dung gia thiét ctia bai toan va bt dang thic trung binh liy thira, ta ¢c6 a+ b = a* + b* > (“8[’)4,
suy ra a+b < 2, ma a,b la cac s6 duong nén a,b € (0,2). Vi thé, ap dung bit dang thiic viia chiing
minh, ta cé

3 a4—a+b3 b*—b

_ 4 4 _
p = =a"+b"—a—-b=0.

3(a’Ina+b*Inb) > a
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BAt dang thifc bén phai dudc chiing minh xong. DE thiy & c4 hai bat dang thiic (bén trai va bén phai)
déng thiic chi xay ra tai mot diém 1a (a,b) = (1,1). ]

Bai CH4. Chiing minh rdng vdi moi sé thuc khong am a,b,c théa mdan khong cé hai sé nao trong
chiing cé thé dong thoi bing 0, bdt ddng thitc sau luén duoc théa man

a b c (a+b+c)
2 T2 T2 < 2
a*>+3bc  b>+3ca c*+3ab ~ 4(ab+ bc+ca)
(Duong biic Lam)
Loi giai (V. Q. B. Cin). Nhan ci hai vé ctia bit ding thiic cho ab + bc + ca > 0, va dé ¥ ring
— a(ajjfzf ;cca) = a(aa§?3(zgc) + az"fgbc, ta c6 thé viét lai né nhu sau
ala—b)(a—c) 1 (a+b+c)
———————~+ab — b >0.
cyzc a*+3bc +a Ccyzcaz—i—3bc 4(ab+ bc+ ca) (a+btc) 2

9

2 TR 3ab 3 Gea Nen bat dang thic

Ap dung bét déng thic Cauchy Schwarz, ta c6 'y — +13 =
cye

trén dudc suy ra ti

ala—b)(a—c) 9abc (a+b+c)
— b >0
cyzc a*+3bc +a2+b2+c2—|—3ab—l—3bc+3ca+4(ab—|—bc+ca) (a+b+e)20,
tuong duong
ala—b)(a—c) (a+b+c)®+9abc B 9abc 9abc

(a+b+c)

>

cyc

> — .
~“4Sab  Sa*+3Sab

cyc cyc cyc

a*+3bc 4(ab+ bc + ca)
Tacé (a+b+c)®+9abc —4(a+b+c)(ab+bc+ca) = Y ala—b)(a—c) va
cyc

@+ b+ — (ab+be+ca) = Z(a—b)(a—c),

cye
nén bit dang thic trén tuong duong véi

a(a B b) (a — C) cgca(a B b) (a B C) 9abcc§c(a B b) (a B C)

> )
Z a*+3bc * 4(ab+bc+ca) — 4<Zab> <za2+32ab>

cyc
cyc cyc cyc

Ta thiy bat déng thic nay c6 dang X(a —b)(a—c) +Y (b —c)(b—a)+Z(c —a)(c—b) > 0, véi

¥ = 4a(ab+bc+ca) 9abc
N a*+3bc a*+b%+ 2 +3(ab+ bc+ ca)
4a(ab+ bc+ ca) 9abc

> —
- a+a2+b2—|—cz—|—3(ab+bc+ca) a*+b*+c?+3(ab+ bc+ ca)

ala®>+7a(b+c)+ (b—c)?]
a’>+b>+c2+3(ab+bc+ca) —
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va cdc biéu thiic Y, Z tuong tu. Bay gio, gia st rang @ > b > c, ta sé chiing minh aX > bY, tudng
duong

2 b 9abc(a—b
(az—b2)+4(ab+bc+ca)( ¢ ) > abe(a—b)

a>+3bc B2 +3ca) = a?+b2+c2+3(ab+bctca)

Mot diéu dé thiy Ia #zbc > P a2+ b+ 3(ab+ bc+ ca) > 12bc, suy ra

b
= b2+3ca

2 2 2

94 ¢ +b°+c*+3(abtbetca) _p .

VT VP> (a* —b*) - ? L a—5) = (a=b)(a+4b) > 0.
a’?+b%+c2 +3(ab+ bc + ca) 4

bén day, v6i d€ y rang Z(c —a)(c—b) > 0 vaa—c > (b —c) > 0, ta thu dugc

ZX(a—b)(a—c) > X(a—b)la—c)+Y(b—c)(b—a)

cye
(aX—bY)(a—b)(b—c) >0
5 > 0.

> X(a—b)-%(b—c)+Y(b—c)(b—a):

Bai toan dudc giai quyét xong. Pang thifc xay ra khi va chi khi @ = b = ¢ hoic (a,b,c) 1a mot hoan
vi ctia bo s6 (¢,2,0) v6i ¢ 1a mot sd duong bat ki. n

Bai CHS. Cho cdc s6 thuc dwong a,b,c théa mdn ab + bc + ca + abc = 4. Tim tdt cd cdc s thic k
sao cho bdt ddng thiic sau luén duoc théa man

(k+be)(k+ca)(k+ab) > (k+1)°.

(Vuonga2khtn* 1
Loi giai (V. Q. B. Can). Choc=1>0vaa=b= % thi ta d& thiy ab+ bc+ ca+abc = 4 va bit
dang thic da cho tr thanh (k+ t%)z [k+ ﬁ} > (k+1)3, tuong duong

(t =124+ k— 1>+ (2k2 — 2k — 6)t + k> — 3k — 1] =0
(t+1)4 -

Va nhu viy, theo yéu ciu clia dé bai, ta can c6 (k> +k — 1)t + (2k> — 2k — 6)t +k* =3k —1 > 0.
Vé trai ctia bat dang thifc nay 1a mot tam thifc bac 2 clia ¢, va chiing ta déu biét rang dé n6 khong
am v6i moi ¢ duong thi mot diéu kién can 1 hai hé sé cao nhit va thip nhit phi khong am, tic 1a
B4+k—1>0vak?—3k—1>0.Tu day, ta tim dudc £ < —”Tﬁ hoac k£ > % Ta s€ ching minh
day chinh 12 tip hop tit ca céc gid tri cAn tim cta k, tic 1a

(k+bc)(k+ca)(k+ab) > (k+1)°.

Dé chiing minh, ching ta sé chia lam 2 trudng hop
+ Xétk > 35@ Khi d6, ap dung két qua bai 02, ta c6

(k+bc)(k+ca)(k+ab) = kK +k*(ab+bc+ca)+kabe(a+b+c)+a*b*c?
> K+ k*(ab+ be+ ca) + kabe(ab + be + ca) 4+ a*b*?
= I+ k(4 —abc) + kabe(4 — abe) + a*b>c?.

INhiing bai ma chiing t6i khong biét tén that clia tic gia va chi biét nickname, chiing t6i sé ghi nickname kém theo diu
* & phia sau. Khi nao biét dudc tén that sy clia tac gia, chiing toi xin sifa lai va ghi ding tén ctia ngudi dit ra bai toan.
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Ma i + k*(4 — abe) + kabe(4 — abe) + a?b*c? — (k+1)3 = (1 —abe)[(k—1)abc + k* —3k—1] >0
(do 1 > abc (d4nh gia nay dudc suy ra truc tiép tir gia thiét), (k— 1)abc > 0 va k> —3k—1 > 0) nén
hi€n nhién

(k+be)(k+ca)(k+ab) > (k+1)3.
+ Xét k < —1+Tﬁ < —1.Pit Vab = x,v/bc = y,\/ca = z thi ta c6 x> + y* + 22 + xyz = 4, va ta phai
chiing minh (k+x2)(k+)?)(k+2z?) > (k+ 1)3. Ap dung bt ding thiic Schur bac 3, ta c6

9x222

A2 1222 4 222 2, .2 2\2
(Y 4y +2x7) < PR 5+ (Y +20)
9¢? 5
= —+(4—-1)". t=xz<1)
4—1¢
Tu do6 suy ra
(k+x")(k+)") (k+2) = (k+1)° = B +y" 42 =3)+k( +)?7 +70 =3) +17 -1
9t
=+
> K(1—t)+k g 3| +12—1
k(1> —20t + 16)
= 1—1t /(2 —_—~ —t—1].
-0 e+ 22
Laico
k(1> —20t +16) , k_z[(k+4)r—16(k+1)}>t[(k+4)t—16(k+1)z]_ 3z2(5k+4)>
4(4—1) B 4(4—1) - 4(4—1) 44— T
nén % )
k(t*—20t+16
Pt 1>k +k—1>0.
4(4—1t) e -
Nhu vay, khang dinh ctia ta da dudc chiing minh xong. Va do do, tap hop tat ca céc gid tri ctia k thoa
man yéu cau ctia dé bai 1a k € <—0°,—1+T‘6} U [%,#—W) . [

Bai CH6. Cho a,b,c,d la cdc s6 thuc khong am théa man a® + b? + ¢* + d* = 1. Chiing minh ring
CHP+E+ B +8(1—a)(1-b)(1—c)(1—d) > 1.

(Pham Van Thuén)
Lai giai (V. Q. B. Can). Chung t6i xin dugc gidi thi€u cung ban doc chiing minh sau. Mac du la mot
chiing minh khong dep nhung né lai 1a mot y tudng méi vé bat dang thiic (chuyén tir bat dang thiic
thuan nhét sang dang khong thuan nhét). Tu gid thiét, ta dé dang suy ra dugc a,b,c,d € [0,1] va ta
ciing c6 thé viét lai bat dang thic can chl’l’ng minh duéi dang P(a,b,c,d) > 0, trong d6

5
P(a,b,c,d) = CZa +— Za +8(1—a)( l—b)(l—c)(l—d)—z.
ye cyc
Bay gio, ta sé chiing minh bét dang thic P(a,b,c,d) > 0 ding v6i moi a, b, c,d € [0, 1] ma khong can
thiét phai théa man a® + b* +c* +d? = 1. That vy, ta c6

a a a— 2 a — —C —
P(a,b,c,d)—P( ;Lb, ;me?d) (a—b)2[6( +b)+:g 16(1—c)(1-d)]

P(a,b,c,d)—P(a+b,0,c,d) = _“b[6(“+b)+1—216(1—6)(1—d)]7
_(1=a@)(1=b)[6(a+b)+1-16(1—c)(1-d)]

2

P(a,b,c,d)—Pla+b—1,1,c,d) =



22 Let the solutions say your method - Vo Quéc B4 Can

T day, ta thdy néu 6(a+b)+1—16(1 —c)(1 —d) > 0 thi P(a,b,c,d) > P (%, %42 ¢ d). Néu
6(a+b)+1—16(1—c)(1—d)<0vaa+b<1thiPa,b,c,d)>Pla+b,0,c,d). Néu 6(a+b)+
1-16(1—c)(1—d)<0vaa+b>1thi P(a,b,c,d) > Pla+b—1,1,c,d). Nhitng 1ap ludn nay
ching t6 ring, d€ chiing minh bit dang thic di cho, ta chi cin chiing minh né ding trong ba trudng
hop sau la di @ = b,ab = 0 va (1 —a)(1 —b) = 0. Hoan toan tuong tu, ta ciing thdy ring chi can
chiing minh bét ddng thifc diing trong ba trusng hop ¢ = d,cd = 0 va (1 —c)(1 —d) = 0 thi bai toan
ciing dudc giai quyét xong. Két hop hai 1ap luan nay lai va loai bét nhiing trudng hop tring nhau, ta
c6 thé dua bai toan vé xét trong 4 trudng hop sau

+ Xét a = b va ¢ = d. Khi d6, bt dang thiic cAn chiing minh tré thanh

a’ +c?

5
2a° +263 + +8(1—a)2(1—c)2—120.

o N 2 . FIETA [
bitt=a+cvax=ac <O§x§ %),tacothe viét lai n6 nhu sau

2 —2x

5
26 (1> — 3x) + +8(1—t+x)2—120,

tuong duong
f(x) =32x* +4(15—22¢) x+ 8> + 341> — 64t +27 > 0.

Néu 4> —22t+15<0thitacd f'(x) = 64x+4(15—22¢) < 1662 +4(15—22t) = 4(4t> — 22t +15) <
0, din dén f(x) 1a ham gidm véi moi x < %, va ta thu dudc

f(x) 2f<j> = (262 =10t +27)(t—1)* > 0.

Néu 15 —22¢ > 0 thi bat dang thiic 1a hién nhién diing bdi vi ta ludn c6 813 + 3412 — 641 427 > 0 véi
moiz > 0.
Néu 15—227 <0 va 42 — 22t + 15> 0 thi tac6 13 < ¢ < U=Vl khj d6 d& thiy

Ny =4(15—221)* = 32(8 +341% — 641 +27) = —4(64° — 2121* + 148 — 9) < 0,

nén f(x) ludn dat gia tri khong am véi moi a,c € [0, 1]. Trudng hgp thd nhit duge gidi quyét xong.
+ Xét a = b vad = 0. Khi d6, bt dang thiic can chiing minh tré thanh

2a* +¢* 5
28+ 3+ a:c +8(1—a)(1—c)= 3 20,
tuong duong
2 1—¢)(27 — 5¢ —4c?
2a3—i—az—8a(2—a)(1—c)+< 2l ) < 0)20.
Do1—cZOVé127—50—4cz227—9cnéntachicﬁnchlingminhdu’(_ic
2 9(1—c)(3—
2a3+(12—8a(2—a)(1—c)+(cé)‘(c)20,

hay la
fle) =9c* —4(8a° — 16a +9)c + 8a° 4 34a* — 64a+27 > 0.

Néu 164> —32a+9>0thitaco f'(c) = 18c—4(8a*> —16a+9) < 18 —4(8a> — 16a+9) = —2(16a> —
32a+9) < 0nén f(c) 1a ham gidm v6i moi ¢ < 1, va ta thu duge f(c) > f(1) = 2a*(4a+1) > 0.
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S

Néu 16a® —32a+9 < 0 thi 7 < a < 1, khi d6 bing cach tinh biét thic ctia f(c), ta dé thdy

N =4(8a> — 16a+9)* — 9(8a’ + 34a” — 64a+27) = 256a" — 1096a° + 1294a” — 5764+ 81 < 0,

din dén f(c) > 0 va truong hop thi hai ciing dudc giai quyét xong.

+ Xét b = 1. Khi d6, bat ding thiic can ching minh trd thanh &’ + 3 +d° + M > 0, 1a mot bat
déang thitc hién nhién diing do a, ¢,d 1a nhiing s6 khong am.

+ Xét b =0 vad = 0. Khi d6, ta phai ching minh

az—f—c2

5
@+t +8(1—a)(1—¢) =7 >0.

bitt=a+cvax=ac (0 <x< %) , bat ddng thiic nay tré thanh

2 —2x

5
t(* —3x) + +8(1—1+x) =3 >0,

hay la
6(5—2t)x+ (1 —1)(27 — 5t —4¢*) > 0.

Néu ¢ < 1 thi bt ding thdc cudi 12 hién nhién bdi vi ta c6 6(5 —2¢)x > 0 va (1 —¢)(27 — 5t —4t%) > 0.
Trong trudng hop ngudc lai, st dung danh gid (1 —a)(1 —c¢) > 0, ta suy ra dudc x > ¢ — 1, din dén

6(5—20)x+(1—1)(27—5t—41*) > 6(5—-21)(t — 1)+ (1 —1)(27 — 5t —4¢*) = (4 = 3)(t — 1)* > 0.
Trudng hop thi tu ciing dugc gidi quyét xong. Va nhu thé, phép chiing minh ciia ta ciing dudc hoan
tat. D& thiy dang thifc xay rakhi vachikhia=b=c=d = % hoaca=1,b =c=d =0 vacéac hoan
vi tuong ung. |
Bai CH7. Cho cdc sé thuc duong a,b,c théa man a+b+c = a® + b+ 3. Ching minh bdt ddng
thitc sau 5
a c\2 b a\? c b a+b+c
R - (= 2] 22T
a*+1 (b) +b2+1 (c) ta (a) -2

(Gabriel Dospinescu)

Loi giai (V. Q. B. Céin). Ap dung bat déng thiic Cauchy Schwarz, ta dé thiy

201 P41 A41 h\?
pr (S T CE ) S (C 8L D)
a b c b ¢ a

Do d6, ta chi can chiing minh dudc

h\? 1 1 1
2(S4242) >(atb+e)(atbret—+,+-).
b ¢ a a b c

Ta thay riang bét dang thiic nay chinh 1a tong ctia hai bat ding thiic sau

c,a.b 2>(a+b+c) LI
b ¢ a) ~ a b c)’

va
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BAt dang thifc thi nhit tuong duong véi

ma %—i—%—l—‘% > 1 ( +5+4 ) > %+§+% va %+%+§ > 3 nén bét dang thic nay hién nhién
ding.
Xét bit dang thic thit hai, liy cin bac hai hai vé, ta thiy rang bt dang thiic nay tuong duong véi

b ¢ a
—+-+-2>a+b+c.
a b ¢

Tt gia thiét, 4p dung cdc bat dang thiic Chebyshev va AM — GM, ta c6
3atb+c)=3(+b+) > (a+b+c)(a®+b*+*) > 3Va2h 2 (a+b+c),

suy ra 1 > abc, va ta thu dudc

b e a _ l %ﬂ +1 2a e\ 1 (2 b
a b ¢ c c b 3\ b a
b? b
> = M H a+ +c>a+b+a
ac
Bai toan dudc chiing minh xong. Dé thiy dang thic xay ra khi vachikhia=b=c=1. ]

Bai CHS. Cho cdc sé thuc khong dm a, b, c théa mdn

1 1 1 1

2147 T raar T arar T 4

147

b > 104/ —.

at+b+c> 3
(Yongyao*)

Loi gidi (V. Q. B. Cn). D&y ring 5z, jrig7: 57 < 77 Nén t gid thiét, ta co thé ddt duge
1 I—x 1 _ 1y 1

ol s Bty S e 47Z Véi x,y,z 12 cac s thu’c khf)ng am nam trong doan [0, 1]. Tix
phép dit nay, chiing ta c6 thé dé dang suy ra dugc x +y +z = 2 4, va ta phai chiing minh

x n y n z_ 10

l1—x l—y 1—z = 23

Khong mét tinh t5ng quat, ta c6 thé gid st z = min{x,y,z}. Khi d6, d& thiy x+y > 3 (x+y+2z) > 3,
din dén

Chiing minh bdt ddng thiic sau

2 3 ) )2
x2+y2(x3+y3)(x‘;J’) +(xzy) _ Bx+y 4)(x ») <0,

Tir day, 4p dung bit dang thitc Holder, ta thu dudgc

x+y (x+y)3 /25 —24z
> 2 T =2\ 5 T
1 — 2(1— (1—y) (x+2y) _ (xt‘y) 23 +24z
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Vi thé, d€ chiing minh bét ddng thiic trén, ta chi can ching minh dugdc

/25 — 242 z 10
23 +24Z V23

Viéc chiing minh bét dang thiic nay kha don gian, xin dugc danh cho ban doc. ]

Nhan xét. V6i cing mot cach 1am nhu trén, chiing ta c6 thé chitng minh dudc mot két qua dep hon
rit nhiéu Ia

1 1 _ 1
b>+47 + 2+47 T 24

V6i moi s6 thuc khong ém a, b, c théa man min{a,b,c} > 1va az}r“ +
thi
a+b+c>15.

Va mot diéu thi vi hon nita 1a bit dang thiic nay tuong ducng véi két qua sau (rit dep va kho) ciia tac
gia Vasile Cirtoaje trén tap chi Crux Mathematicorum

Vdi moi s6 thuc khong am x,y,z théa mdan khong cé hai sé nao dong thoi bing 0 thi
48 48 48
I+ —— 1+ 1+ 2> 18
y+z z+x xX+y
)

Bai CHY. Cho cdc sé thuc khéng dm a,b,c théa man khong co hai sé nao dong thoi bang 0 va tong
ciia chiing la 1. Tim gid tri I6n nhdt va gid tri nhé nhdt ciia biéu thiic sau
a—>b b—c c—a

= + + .
Va+b b+c +cta

(Pham Kim Hung)
Lui giai (V. Q. B. Can). Ditx=a+b,y=+/b+cvaz=/c+a, tadudc
a:Zz+x2—y2’ b:x2+y2_227 c:yz—i-zz—xz.
2 2 2
Tu do suy ra
cyc a+ cyc 2x
_ zﬁ—ﬁ )00ty )| |20 —P)E ) (xty+2)|
VA vz Xz 9+ 2) ()

(a—B)(b—c)(e—a)| (VaT b+ VBT e+ eTa)
V(a+b)(b+c)(c+a) (Va+tb++atc)(Vbt+c+eta) (Vbt+e+vVbta)

Khong mét tinh téng quét, gia si rang ¢ = min {a,b,c}, ta c6 thé dé& dang kiém tra dugc cic danh gia
sau

[(@a=b)(b—c)(c—a)] < labla—Db)|,

1 1
<

V(a+b)(b+c)(c+a) ~ ab(a+b)’
1 1

(Va+b+a+c) (Vb+c+Vb+a) = (Va++va+b) <\/5+\/m)’




26 Let the solutions say your method - Vo Quéc B4 Can

va
Va+b+vVb+c++/c+a 14 Va+b \/a+b
Vb+c++y/c+a \/a+c+\/b+c \/&Jr\/g'

Nhitng danh gid nay gitip ta thu dudc bt dang thiic sau

labla )| (Va+Vb+a+b)

|P
| Vab(a+0b) (va+a+b) (W+W) (\f+f)
1
" | Va+b ~ Vatbte \/ +b
< 1 a—>b \[ f
= Va+b \/T atb ' ath

St x = -2 thi 50 —1—x. v
Datx—a+bth1tacoa+b—l X, va

a—b Vb—\/a o 1=
a+b+ 7 =x—(1-x)+VI—-x—vx=2x—vx+V1—-x—1= f(x).

Tinh dao ham f’(x), ta dugc f'(x) = 2_ﬁ_ 2\/1?'

Giai phuong trinh f ! ( ) =0, ta tim dugc hai

nghiém cta noé trong khoéng (0, 1) lax, = Vo2Vl V“f’gz‘ﬁ Vi x, = STHVA62vIT 46 217 do6, bang cach lap

flx) </ 1= 17‘F . Vi|P| <|f(x)| nén ta cling suy ra dugc

1—17 < 71—17/17
- 32 :
ﬁ) 46—2+/17

Mat khac, cho a = AR 46 217 T b= 466 V17 ,c =0 thi ta dé thiy P = (s 3 ; va cho

87\/416672 - 8+\/4fgz\ﬁ’c: 0thi P — _(S—ﬁ) 46—2y/17

a— , nén ta di dén két luan
71 —-17v17 . 71—17
maxP=4/ —— va
32
Bai toan dudc gidi quyét xong. n

Bai CH10. Chitng minh rdng véi moi sé thuc duong a,b,c, bdt ddng thitc sau ddy luén duoc théa
man
a n b . c < 3
262 4+3b+2  2b2+3c+2 22+3a+2 77

(Phan Thanh Nam)
Lai giai (V. Q. B. Can). Do tinh hoan vi vong quanh nén ta c6 thé gia st b 1a s6 hang niim gitta a va
c. Khi d6, c6 2 trudng hop dé€ xétlac>b>avaa>b > c.
+ Xét truong hop ¢ > b > a. Ap dung bit ding thiic AM — GM, ta c6

a < a b < b c < c
2a243b+2 ~ 4a+3b7 2b2+3c+2 ~ 4b+3c’ 2c243a+2 " 4c+3a’
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Vi thé, d€ chiing minh bét dang thiic da cho, ta chi cin chiing minh dudc

a . b n c
da+3b 4b+3c  4c+3a

3
<77
-7

tic 1a
15(ab® + b 4 ca®) > 8(a*b + b*c +c?a) + 2labc.

Nhung bit dang thiic nay hién nhién ding bdi vi ta c6 8(ab? + bc? + ca®) > 8(a’b + b*c + c?a) (do
¢ >b>a)vaT(ab®+ bc* +ca*) > 2labc (theo AM — GM).
+ Xeét truong hop a > b > c. Liic nay, c¢6 2 kha nang xay ra nhu sau

o Khd ndng thii nhdt a < b+ 3c. Véi gia thiét nay, thuc hién tuong tu nhu trudng hgp thd nhét &
trén, ta thiy rang bat dang thic cia ta sé dudc chiing minh néu ta c6

15(ab® + bc? 4 ca®) > 8(a’b + b*c +ca) + 21abc,
hay la
f(a) = (15¢ — 8b)d® + (156> —21bc — 8¢*)a+ 15bc* — 8b%c > 0.

Néu 8b > 15¢ thi f(a) 1a mdt tam thic bac 2 theo a véi hé s6 cao nhat am, vi thé f(a) >
min{f(b), f(b+3c)}.Ma f(b) =Tb(b—c)> >0, f(b+3c) = 7h> — 17h*c —38bhc> + 1113 >
0 nén hién nhién f(a) > 0.

Trong trudng hgp 15¢ > 8b, tinh dao ham f'(a), ta c6

f'(a) = 2a(15¢—8b)+15h* —21bc —8c?
> 2b(15¢—8b) +15b* —21bc — 8¢* = (8¢ —b)(b—c) > 0,
tir d6 suy ra f(a) la ham dong bién, va ta suy ra f(a) > f(b) > 0.

o Khd ndng thit hai a > b+ 3c. Trong kha ning nay, sit dung bét dang thiic AM — GM, ta thu
dudc cac danh gia

a < 1 W c < c < c '
2a>+3b+2 ~ 2,/2(3b+2) 2¢2+3a+2 ~ 4c+3a = 3b+13¢

Do d6, ta chi cAn chitng minh bit dang thiic sau ding v6i moi 0 < ¢ < b thi bai toan dugc giai
quyét xong

1 N b . c
(3b+2) 2b*+3c+2 3b+13c

3
c)= < —.
g(c) 7 <5

Ta sé chiing minh bét déng thiic nay ding v6i moi ¢ > 0 ma khong can phai théa man ¢ < b.
That vay, ta cd
1 1

/ =3p — .
g(e) [(3b+ 13¢)2 (207 +3c+2)2

Phuong trinh g’(c) = 0 chi c6 mot nghiém duong duy nhét 1a ¢y = 21’2*1# > 0. Qua ¢ thi
£ (c) ddi diu tir duong sang Am nén véi moi ¢ > 0, ta ¢6

2% —3bh+2 1 26> +7b+2
gle)<g = +53 :
10 2./2(3b+2) 26b% —9bh+ 26
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Miit khéc, dé dang kiém tra dudc ring

1 N 202 +7b+2 <§
2,/23b+2) 26b>—9b+26 T’

L 1A fr oA 3
do d6, ket hgp véi trén, ta duge g(c) < 5.
Bai toan dudc chiing minh xong. Péng thiic x4y rakhi vachikhia =b=c=1. ]

Bai CH11. Gid sit a,b,c la cdc sé thic khong dm théa mdn khong c6 hai sé nao dong thoi bang 0 va
tong ciia chiing la 2. Chiing minh rdng khi do, bdt ddng thitc sau luén duoc théa man

a+b b+c c+a \/5
>2 —.
\/a2+ab+b2+\/b2+bc+c2+\/cz+ca—l—a2_ + 3

(Vo Qubc B4 Cén)
Lai giai (V. Q. B. Can, T. Q. Anh). Xét céc sb thuc x,y,z sao cho x,y >z > 0, dé thiy

X+z X+z X+z 1
= z 1 z z - z’
xz+z2 (x43)(x4z)—3z(x—z) ~ (x+3)(x+z) x+3

Ngoai ra, ta cling c6 danh gia sau
x+y > x+y+z
2 2 = N2 2 B N2
VAW (x+5)"+ (x4 3) 0+ 3) + 0+ 3)

That vay, bat déng thiic nay tuong duong véi

(43 @3 0+ 0+3) L xrtz
x2 +xy+)? T x+y

L,

:tuong duong

32(2x 42 »
Z(ZH y+§) > —~ (hién nhién ding).
4(x* +xy+y%) T x+y

Bay gid, trd lai bai todn clia ta. Do tinh dbi xting nén ta c6 thé gia st rang a > b > ¢, khi d6 tir hai
danh gia trén, ta dugc

b+c 1 c+a S
B>+bc+c* ~ b+5 AHcatat T a+§’

va
a+b a+b+c

>
CHATL T (a4 5) + (a4 g) (b4+5)+ (b+5)
Nhu vdy, ta chi can chiing minh dugc

1 1 2 2
T N S, | It
\/ﬁ+ﬁ+ w+uv+v: +\/;’

trongdou=a+5vav=>hb+3.

Pay 12 mot bai tap rét t6t cho phép can bing hé sb trong viéc st dung bét dang thic AM — GM. Xin
dugc danh cho ban doc d€ hoan thién ndt chiing minh nay. Chi y ring & bét ding thic di cho, ding
thic x4y ra khi va chi khi @ = b = 1,c¢ = 0 va cac hoan vi tuong ung. ]

5"

Nhan xét. Hoan toan tuong tu, ta ciing c6 thé chiing minh dudgc két qua téng quéat hon vén con diing



Nhifng bai bat ding thifc tur sang tao va suu tim

Gid sit a,b,c la cdc sé thuc khong dm théa man a+b+c =2 va k la mot s6 thuc khong

dm bat ki, khi do

a+b k+ b+c k+ c+a k>2+ 2 k
a?+ab+ b? b? +bc+c? cc4ca+a?) ~ 3/

29



Suu tam cac bai viét hay vé bat dang thirc

1. Cauchy — Bunyakovski — Schwarz Inequality?

TRAN NAM DUNG, GABRIEL DOSPINESCU

Together with Arthimetic mean — Geometric mean (AM — GM), Schur, Jensen and Holder inequality,
Cauchy — Bunyakovski — Schwarz inequality® (CBS) is a fundamental result, with remarkable applica-
tions. The main question is how do we recognise an inequality that can be solved using this method?
It is very hard to say this clearly, but it is definitely good to think of CBS inequality whenever we have
sums of radicals or sums of squares and especially when we have expressions involving radicals.

Let us first consider some problems in which it is better to apply the direct form of CBS inequality

(50) =(84) (37)

The main difficulty is to choose a; and b;. We will see that in some cases this is trivial, while in the
other cases it is very difficult. Let us solve some problems now:

Example 1. Prove that if x,y,z are real numbers such that x> +y* +z> = 2, then the following in-
equality holds
x+y+z<24+xyz

(IMO Shorlist, proposed by Poland)
Solution. Why do we shoud think of CBS inequality? The reason: the relation we are asked to prove
can be written as x(1 —yz) +y +2z < 2 and we are bound to consider the sum x? +3? +z>. However,
there are lots of ways to apply CBS. The choice

x(1—yz)+y+2* <[ +y* + 22+ (1 —y2)°]

does not help. So, maybe it is better to look at y +z as a single number. Observe that we have the
equality whenx = 1,y =1 and z = 1 (for example), the choice

x(1—y2) +y+z< /2 + 5+ 21+ (1—y2)?]

becomes natural. So, we must prove that 2(1 +yz)(2 — 2yz 4 ?z%) < 4 or 32> < )?z?, which is easy,
since 2 > y? +2z2 > 2yz. =

Another non-trivial application of CBS inequality is the following problem.

Example 2. Let a, b, c,x,y,z be positive real numbers such that ax + by + cz = xyz. Prove that

x+y+z>Va+b+vVb+c+c+a.

2Bai viét ndy dugc trich i tap chi To4n hoc va tudi tré.
3Trong quyén sich nay, chiing ta goi 14 bt déng thitc Cauchy Schwarz.
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Solution. We write y% + % + xiy = 1 and now the substitution a = yzu, b = zxv and ¢ = xyw becomes

natural. So, we must prove that

Vzu4xv) + /x(zv+yw) 4+ /y(zu+xw) < x+y+zforut+v+w=1.

One can see the form of the CBS inequality

[\/Z(yu+xv) +V/x(zv+yw) + \/y(zu+xw)} < (x4+y+z)(yu+xv+zv+yw—+zu+xw),
and the latter is of course smaller than (x +y +z)?, since u +v+w = 1. ]

We have seen that CBS inequality can be applied when we have sums. What about products? The
following example will show that we need some imagination in this case:

Example 3. Let n (n > 2) be an integer and let ay,a;,...,a, be positive real numbers. Prove the
inequality
(@+1)(@+1)---(@+1)> (Bay+1)--(dPa; +1).

(Czech - Slovak — Polish Match, 2001)
Solution. We try to apply CBS inequality for each factor of the product in the RHS. It is natural to
write (1+a}az)? < (1+a3)(1+aja3), since we need 1+ a3, which appears in the LHS. Similarly,
we can write

(I+a3a3) < (14 @)1+ aa3), ..., (I+aa)* <(1+a)(1+amai).
Multiplying we obtain
[(@far+1) - (ggar + D> < [(@ + 1) (@ + DI[(1 +a1a3) - (1 +ana})]. (%)

Well, it seems that CBS inequality does not work for this one. False! We use again the same argument
to find that

[(1+a1a3) - (1+awa)]* < [(@) + 1)+ (ap+ D][(ajaz + 1) (aya; + 1)]. (%)

Thus, if (a2az + 1)+ (a2a; + 1) > (14+a1a3) - - (1 +a,a?), then (x) will give the answer, otherwise
() will. ]

It is now time to solve some harder problems.

Example 4. Given x > 0,y > 0 such that x*> +y> > x> +y*. Prove that
P y3 <2.

(Russia, 1999)
Solution. The idea is to majorize x> + ) with 4(x* 4 )*) for a certain 4, which seems reasonable,
looking at the exponents. We can try some tricks with CBS and AM — GM:

2 2 3 3\ 2
(ﬁ+fyﬁﬁtﬂﬁaﬁw5§@%uﬂﬁﬂwﬁﬁ<x+y;x+y>.
Thus we have established that x> +1° < x? +)?. However (x> +)?)? < (x+y)(x* +)?) and so x> +)? <
x+y é 2()62 —|—y2) Hence x2 +y2 é 2 and Consequently x3 +y3 é 2 .
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Example 5. Prove that if x,y,z € [—1,1] satisfying x+y+z+xyz = 0, then

Vx+14+y+1+vVz+1<3.

Solution. We first try CBS inequality in the obvious form:

VaF T4y +14+Vz4+ 1 <\/Bx+y+z+3).

But is the RHS smaller than 3? Well, if x+y+2z <0, it is. Let us suppose it is not the case. Thus
xyz < 0. Letz < 0. It follows that x,y € (0, 1]. We will not give up and try to use again CBS inequality,
but for the first two radicals:

VIF Ty 14V 4+ 1</ 20+ 2y +44+Vz+ 1.

We have to prove that

V2x+2y+4+Vz+1<3,

which is equivalent to

2(x+y) < —z or —2z(14xy) < —z
24Vt 2 +4 14zt 1 24V + 2 +4 T 14z T
that is
2y +2(14+xy)Vz+1 < \/2x+ 2y + 4.
Since 1 +z= w, everything comes down to proving that

+xy

/=TT 0) < /1+ 22

We would like to use CBS inequality such that 1 —x vanishes from the LHS. Specifically:

T 0+0) = Vi Var+vVi—xVite—y—o?

Ml—kxy—yélﬁy/l%—?.

Maybe the hardest example of them all is the following problem:

IN

Example 6. Prove that for all positive real numbers a,b,c,x,y,z, we have

xXy+yz+zx
>3 —.
PR ARV

a b
T_H(,V+Z)+H_7a(z+x)+

(Walther Janous, Crux Mathematicorum)

y+z
(;b%—c)

Solution. We have

S+ Y0+ = (z)(z;ﬁii):

cyc cyc cyc

> EZW)

cyc

S (b+0)

cyc
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We will show that

2 33yz
(Z\/y—i—z) ——+25x (1)
cyc Zx cyc

cyc

from which our result will follow.
(1) is equivalent to

(y) 23Cyzcyz+2<cyzcx>2.

2
Z\/xz—i—(xy—i—yz—{—zx)z (Zx) —|—9Zyz.

cyc cyc

z <x+ \/x2+xy+yz+zx>

cyc

Since

Hence, it is enough to show that

<§x> (Cyzcx>2 +9Cyzcyz > 3cyzcyz+2 (Cyzcx>2

which becomes obvious when we square both sides. ]

We will now take a look at most used trick in past year constest problems. It is a direct variant of

CBS inequality:
2
n 2 < Z ak>
Yhza
= bk~ z by

for all real numbers @ and positive numbers by (k=1,2,...,n).

An easy application of this trick is the following problem given at the Tournament of The Towns
competition.

Example 7. Prove that for all positive real numbers a,b,c, we have the following inequality

a? N b N A a*+b* + 2
a+ab+b?> bP24+bc+c? 24ca+a? T a+b+c

2 2 2\2
Solution. If we write the RHS as %, we will know what we have to do
2
2
a
Qo @ (27)

Cyzcaz—l—ab—l-bz _cyzca(a2+ab+b2) = gca(az—i-ab—kbz)'

So, we will be able to prove the inequality if ¥ a(a® +ab+b?) < (a+b+c)(a® +b* +c?), which is
cye
in fact verified with equality occur. |
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There are cases when it is impossible to find a; and b;. Let us discuss some problems in which it is
not easy at all to use the trick.

Example 8. Prove that for all positive real numbers a,b,c, we have the inequality

(b+c—a)? (c+a—b)? (a+b—c)? >§
@+ (b+c)? b+ (c+a)? A+(a+b)? 5

(Japan, 1997)
Solution. The most natural way would be:

. 2
+c

(b+C—a)2 . (%—1)2 > (cyca_3>
2GR & (e g (5

cyc ae (=,

cyc

because this way we obtain a nice inequality in three variables, whose properties are well-known.
Thus, we have to show that if x = 25¢ y = ¢4 7 — abb then

3
(x+y+2-3)" 2 S(@ )7 +2+3),

which is equivalent to

(Zx>2—152x+32xy+1820.

cyc cyc cyc

Unfortunately, we cannot use directly the fact that xy 4 yz+zx > 12. So, we should look for some
thing like xy + yz +zx > k(x +y +z). The best would be £ = 2 (so as to have an equality when
x =y =z =2). Indeed, after some computations this can be written as

Za3 +3abc > Zab(a—i-b),

cyc cyc

which is Schur inequality. Hence, we can write:

2 2
1S5S X434 18> 9V x+18>0,
(Cyzcx> Cyzcx (;ny (Cyzcx> Cyzcx

the last one being obvious since x+y+z > 6. [

At IMO 2001, problem 2 was a challenge for the contestants. Here we suggest an approach, which
leads to a nice generalization.
Example 9. Given positive real number k > 8. Show that for positive real numbers a,b,c, we have

a n b n c > 3 .
Va2 +kbe Vb:+kca cE+kab ~ Vk+1
(Generalization of IMO 2001)

Solution. We have, by CBS inequality

(3 (37 7m) = ()
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Now, apply CBS inequality again for the second sum, we have
2
Yavar+kbe| =3 Va Vatkabe| < (S a Z(a3—|—kabc) :
cyc cyc cyc cyc
All we have to do now is to show that

3
(k+1) (Za) Z @ + kabc).

cyc

But it is equivalent to

(k—8)(a® +b* + )+ 3(k+1)(a+b)(b+c)(c+a) > 2Tkabe,
which is obvious by AM — GM inequality. ]
Practice problems

1. Given x,y,z > 1 such that % + % + % = 2. Prove that

VIty+z>Va—14+y—1+Vz—1.

(Iran, 1998)
2. Prove thatif ay,ay,...,a¢ € [%, \/ﬂ , then we have

ai—a a—as ai3—a4 as—das ds—dg dg—dp
+ + + + > 0.
ar+as3 az+as as+as as+ag agt+a; ay+ap

(Vasile Cirtoaje)
3. Given x € [0,1]. Show that
(13VI=2+9v1+42) <16,
(Olympiad of 30 April of Vietnam, 1996)

4. Prove that for 2n arbitrary real numbers a;,a;,...,a, and x1,x2,...,x,, we have

By (89) (87) =380 (1)

When does equality hold?

(Kvant 1989)

5. Given real numbers a,b,c,x,y,z such that (a+b+c)(x +y+z) = 3 and (a® + b* +?) (x> +
y? +z?) = 4. Prove that
ax+by—+cz>0.

(Mathlinks contest 2005)



Giup ban giai toan

Hién tai chua c6 bai 6 muc nay.
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