CAC CHUYEN DPE BOI DUONG HSG TOAN THCS
Chuyén dé 1: SO CHINH PHUONG
I- DINH NGHIA: S6 chinh phuong 14 sé bang binh phwong dang ctia mot sb nguyén.
II- TINH CHAT:
1- S chinh phuong chi c6 thé ¢6 chit sb tan cung béng 0,1,4,5,6,9; khong thé c6 chit

tan cung béng 2,3,7,8.

2- Khi phan tich ra thira s6 nguyén td, s6 chinh phuong chi chira cac thira s6 nguyén té voi
sO mii chan.

3- S chinh phuong chi c¢6 thé c6 mét trong hai dang 4n hoic 4n+1. Khong ¢6 sb chinh
phuong nao c6 dang 4n + 2 hoac 4n + 3 (n € N).

4- S§ chinh phuong chi ¢6 thé c6 mot trong hai dang 3n hodc 3n +1. Khong c6 s6 chinh
phuong nao c6 dang 3n+2(n € N).

5- S4 chinh phuong tan cung bang 1, 4 hodc 9 thi chir s6 hang chuc 1a chit s6 chan.

S6 chinh phuong tan cung bang 5 thi chit sb hang chyc 14 2.

S6 chinh phuong tan cing bang 6 thi chir sb hang chuc 1a chit s6 16

6- S6 chinh phuong chia hét cho 2 thi chia hét cho 4.

Sb chinh phuong chia hét cho 3 thi chia hét cho 9

S6 chinh phuong chia hét cho 5 thi chia hét cho 25

S6 chinh phuong chia hét cho 8 thi chia hét cho 16.
III- MOT SO DANG BAI TAP VE SO CHiNH PHUONG.
A- Dang 1: CHUNG MINH MOT SO LA SO CHiNH PHUONG.

Bai 1: Chitng minh rang moi s6 nguyén x, y thi:
A= (x + y)(x + 2y)(x + 3y)(x + 4y) + y* 14 s chinh phuong.
Gidi : TacoA=(x +y)(x + 2y)(x + 3y)(x + 4y) + »*

= (X" +5xy+4y")(x* +5xp+6)°)+ »*

bit x> +5xy+5y° =t (teZ) thi

A== y)t+y)+y' = =y +y* =2 =(x* +5xp+5)%)
Vi xX,y,z€Znén x’eZ, S5xyeZ, 5y’eZ =x"+5xy+5)y°eZ
Vay A 1a s6 chinh phuong.
Bai 2: Chting minh tich ctia 4 s6 ty nhién lién tiép cong 1 ludn 1a s6 chinh phuong.
Gidgi : Goi 4 s6 tu nhién, lién tiép dé lan, n+1, n+2, n+3 (n € Z). Ta co:
nn+Hn+2)n+3)+1=n.(n+3)n+1)(n+2)+1

=(n*+3n)(n° +3n+2)+1 (*)
Dat n’+3n=t (teN) thi(*) =t(t+2)+1=2+2t+1=(t+ 1)
= (n%>+3n+ 1)

Vin e Nnénn?+3n+1¢€N. Vayn(n+ 1)(n+2)(+ 3) + 1 1 s6 chinh phuong.



Biai3: ChoS=123+234+345+. +k(k+ 1) k+2)
Chimg minh rang 4S + 1 1a s6 chinh phuong.
Gidi : Taco: k(k+ 1)(k+2)= %k(k+ 1)(k+2). 4= %k(kJr Dk +2). [(k+3)- (kD]

_ %k(k + 1)k + 2)(k +3) - % k(k + 1)(k + 2)(k - 1)

=>4S8=1.234-0.123+2345-1234+...+k(k+ 1)(k+2)k+3)
-k(k+ T)(k+2)(k-1)=k(k+ 1)k + 2)(k + 3)
=4S +1=k(k+ 1)(k+2)k+3)+1
Theo két qua bai 2 => k(k + 1)(k + 2)(k + 3) + 1 1a s6 chinh phuong.
Bai 4: Cho diy s0 49; 4489; 444889; 44448889; . . .
- Diy s6 trén duoc xay dung bang cach thém sb 48 vao giita cac chit s6 dung trudc va
dimg sau nd. Ching minh rang tat ca cac sb ctia ddy trén déu 1a sé chinh phuong.
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Bai 5: Chung minh rang tong cic binh phuong cua 5 sd ti nhién lién tiép khong thé 1a
mot sé chinh phuong.
Goi 5 sétunhiénliéntiépdé12‘1n-2,n- I,n+1,n+2(n e N,n>2).
Taco(n-2+(n-12+n>+(n+1P2+m+2)>=5.(n*>+2)
Vi n? khong thé tan cing boi 3 hodc 8 do d6 n? + 2 khéng thé chia hét cho 5
=> 5. (n? + 2) khong 14 s6 chinh phuong hay A khong 14 s6 chinh phuong.
Bai 6: Chting minh rang s6 c¢6 dang n - n* + 2n* + 2n? trong 46 n e N van >1
khong phai 13 s6 chinh phuong.
n®-n4+2n*+2n?=n (n*-n?+2n+2) =n? [n’(n-1)(n+1) +2(n+1)]
=n’[(n+t])(’ -n*+2)]=n’(n+1). (0’ + 1) - (n*- 1)]
=n’(n+1)>. (n*-2n+2)

VéineN,n>1thin?-2n+2=(n-1)>+1>(n-1)>
Van’-2n+2=n?-2(n-1)<n?
Vay (n- 1) <n?-2n+2 <n?=>n?-2n+ 2 khong phai 1a mot sd chinh phuong.
Bai 7: Cho 5 s6 chinh phuong bat ky ¢ chir s6 hang chuc khac nhau con chit sé hang don
vi déu 1 6. Chtrng minh rang tong céc chit sé hang chuc cua 5 sé chinh phuwong d6 1a mot
s6 chinh phuong.
Ta biét mot s6 chinh phuong co chit s6 hang don vi 13 6 thi chir s6 hang chyc ctia n6 1a s6
1é. Vi vay chir s6 hang chuc cta 5 s chinh phuong d6 1a 1,3,5,7,9 khi d6 tong cia ching
bang 1 +3+5+7+9=25=52 136 chinh phuong.
Bai 8: Chung minh rang tong binh phuong ctia 2 sb 1é bat ky khong phai 1a s6 chinh
phuong.
avablénén a=2k+1, b=2m~+1(Véik, m € N).
=a’+b?=Q2k+ 1)+ (2m+ 1)y =4k>+4k+1+4m>+4m + 1

=4 (k> +k+m?+m)+2

=> a2 + b? khong thé 14 s6 chinh phuong.
Bai 9: Chting minh rang néu p 1a tich ctia n (véi n > 1) sb nguyén t6 dau tién
thip - 1 vap+ 1 khong thé 13 cac sb chinh phuong.
Vi p 1a tich ctia n s6 nguyén t6 dau tién nén p:2 va p khong thé chia hét cho 4 (1)
a- Gia st p + 1 1a sd chinh phuong. Patp + 1 =m?(m e N).

Vipchinnénp+ 118 =>m21é =>mlé.



Patm=2k+1 (ke N).Taco m*>=4k>+4k+1=>p+1=4k*>+4k + 1
=>p =4k? + 4k = 4k (k + 1) } 4 mau thuan voi (1).
=>p + 1 khong phai 14 sé chinh phuong.
b- p=2.3.5...1a 56 chia hét cho 3 =>p - 1 ¢6 dang 3k + 2.
=>p - 1 khong 14 s6 chinh phuong.
Vay néu p 1a tich n (n >1) sd nguyén t6 dau tién thi p - 1 va p + 1 khong 13 sé chinh
phuong.
Bai 10: GiasuN=1.3.5.7...2007.2011
Chimng minh rang trong 3 s6 nguyén lién tiép 2N - 1, 2N va 2N + 1 khong c6 sd nao 1a sb
chinh phuong.
a-2N-1=2.13.5.7...2011-1
Co2N:3=>2N-1=3k+2(k e N)
=> 2N - | khong 14 sé chinh phuong.
b-2N=2.1.3.5.7...2011 =>2N chan.
=> N 1¢ => N khong chia hét cho 2 va 2N : 2 nhung 2N khong chia hét cho 4.
2N chén nén 2N khong chia cho 4 du 1 hodc du 3 => 2N khong 14 s6 chinh phuong.
c-2N+1=2.13.5.7...2011+1
2N + 1 1¢ nén 2N + 1 khong chia hét cho 4
2N khong chia hét cho 4 nén 2N + 1 khong chia cho 4 du 1.
=> 2N + 1 khéng 14 s6 chinh phuong.
Baill: Choa=11...1 ;b =100...05
- — —
2010 chi 56 1 2009 chit 56 0

Chtng minh Vab+1 14 s ty nhién.

Gidgi: b IQO.%.OJS IQO.Y..Q-1+6 9\9_.Y.;9+6 9a+6

2009 chir 56 0 2010 chi 56 0 2010 chir s6 9

—ab+1=a%a+6)+1=9a2+6a+1=3a+1)>
= Jab+1=+Ba+1)? =3a+1e N

B. DANG 2: TIM GIA TRI CUA BIEN PE BIEU THUC LA SO CHINH PHUONG
Bai 1: Tim sd ty nhién n sao cho cac s6 sau 1a s chinh phuong

a)n®+2n+ 12 b) n(n + 3)
¢)13n+3 d)n*>+n+ 1589
Giai:

a) Vin?+ 2n + 12 1a s6 chinh phuong nén datn>+2n+ 12 =k%(k € N)
= M+2n+ ) +11=K sk’ -n+1) =11 (k+n+1)k-n-1)=11
Nhén xét thdy k + n + 1 >k - n - 1 va chang 1a nhitng s6 nguyén duong, nén ta c6 thé viét (k +
+1)(k-n-1)=11.1 k+{+1=11 = kZ%
k-n—-1=1 n=4



b)ditn(n+3)=a’(ne N) = n>+3n=2a’ < 4n’>+ 12n=4a’

< (@n?+12n+9) - 9 = 4a2

< (2n+3)>—4a’>=9

s(@2n+3+2a)(2n+3-2a)=9
Nhén xét thdy 2n + 3 + 2a > 2n + 3 — 2a va ching 1a nhitng s6 nguyén duong, nén ta cé thé viét
(2n+3 +2a)(2n+3 —-2a)=9.1 o 2n+%+2a=9 o n=1{

2n+3-2a=1 a=2
c)biat 13n+3=y?(y € N) = 13(n-1)=y>-16
e DBh-D)=@F+4@y-4
—(y+4) y—-4):13mal13lasdnguyéntdnény+4: 13 hoicy—4: 13
= y=13k + 4 (v6ik € N)
= 13(n-1)=(13k + 4)>-16=13k.(13k + 8)
= 13k?*+ 8k + 1
Vayn=13k? + 8k + 1 (v6i k e N) thi 13n+ 3 1a s chinh phuong
dPatn*+n+1589=m’(m e N) = (4n*+ 1)> + 6355 =4m?
s(2m+2n+1)(2m—2n—1)=6355

Nhan xét thdy 2m + 2n + 1 > 2m — 2n — 1 > 0 va chung 14 nhimng s 1&, nén ta c6 thé viét (2m
2n+1)(2m—-2n-1)=6355.1 =1271.5=205.31 =155.41
Suy ra n c¢6 thé c6 cac gia tri sau : 1588 ;316 ; 43 ; 28
Bai twong tu :

Tim a dé cac sd sau 1a nhirng s6 chinh phuong
a) a’+a+43
b) a’+8l
c) a*+3la+1984
Kétqua: a)  2;42;13
b) 0; 12; 40
c)12;33;48;97;176;332;565; 1728
Bai 2 : Tim s6 ty nhiénn > 1 sao cho tong 1! + 2! + 3! + ... + n! [a mot s6 chinh phuong.
Véin=1thi 1! =1=1%1a sb chinh phuong
Vé&in =2 thi 1! + 2! = 3 khong 1a s6 chinh phuong
Véin=3thi 1! +2!+3!=1+12+1.2.3=9=331as6 chinh phuong
Véin>4dtaco 1! +2!+31+41=1+12+123+1.234=33¢c0n5!";6!; ...;n! déu tin
cung boi 0 do d6 1! + 2! + 3! + ... n! ¢6 tan cung boi chit s6 3 nén n6d khong phai 1a sd
chinh phuong.
Vay ¢6 2 s6 tu nhién n thoaman dé bailan=1;n=3
Bai 3: C6 hay khong sb tu nhién n dé 2010 + n? 13 s6 chinh phuong.
Gia sir 2010 + n? 13 s6 chinh phuong thi 2010 + n? = m? (me N)



Tur d6 suy ram? - 2= 2010 < (m +n) (m—n) =2010
Nhu vy trong 2 sé m va n phai c6 it nhat 1 s chin (1)
Mit khdcm +n+m—n=2m = 2 sé m+n va m—n cing tinh chin 1é (2)
T (1) va (2) = m+nvam—nla2 s chan.
— (m+n) (m—n) : 4 nhung 2006 khéng chia hét cho 4
— Diéu gia su sai.

Vay khong t6n tai sd tu nhién n dé 2006 + n? 1a s6 chinh phuong.

Bai 4: Biét xe N va x > 2. Tim x sa0 cho x(x — )x(x—1) = (x - 2)xx(x — 1)

Déng thire da cho duoc viét lai nhu sau: x(x—1) . (x—=2)xx(x—1)

Do vé trai 1a mot sé chinh phuong nén vé phai ciing 1a mot sb chinh phuong.

Mot sb chinh phuong chi ¢ thé tan cing bdi mot trong cac chit s6 0; 1; 4; 5; 6; 9 nén x chi
c6 thé tan cung boi mot trong cac chirsd 1;2;5;6;7;:0 (1)

Do x 1a chit s6 nén x < 9, két hop véi diéu kién dé baitacoxe N va2<x <9 (2)

Tir (1) va (2) = x chi ¢ thé nhan mot trong céc gia tri 5; 6; 7

Bang phép thir ta thdy chi ¢6 x = 7 thoa man dé bai, khi d6 76 = 5776

Bai 5: Tim s6 tu nhién n c6 2 chit s biét rang 2n + 1 va 3n + 1 déu la cac sé chinh phuong.
Taco 10 <n < 99nén2l < 2n+ 1 < 199. Tim s6 chinh phuong 1¢ trong khoang trén ta duoc
2n+ 1 bang 25; 49; 81; 121; 169 twong tmg v&i s6 n bang 12; 24; 40; 60; 84

S6 3n+ 1 bang 37; 73; 121; 181; 253. Chi ¢6 121 14 s chinh phwong.

Vay n=40

Bai 6: Ching minh rang néu n 13 s tu nhién sao cho n + 1 va 2n + 1 déu 13 cac s6 chinh
phuong thi n 12 boi s6 ciia 24

Vin+1va2n+11acéac s6 chinh phwong nén ditn+1=k% 2n+1=m?(k, m e N)
Tacomlasdlé > m=2a+1=m?>=4a(a+1)+1

2
Mai no ™ 1:4a(a+l)

=2a(a+1)

— nchin > n+116 = klé¢ = ditk=2b+ 1 (véibe N) = k2 = 4b(b+1) + 1
— n=4b(b+1) = n:8 (1)
Taco: k> +m?=3n+2 = 2 (mod3)
Mat khéac k? chia cho 3 du 0 hodc 1, m? chia cho 3 du 0 hodc 1
Nén dé k2 + m?= 2 (mod3) thi k? = 1 (mod3)
m? = 1 (mod3)
>m’-k?>:3hay2n+1)-(n+1):3=n 3 (2)
Ma8:3)=1 (3
Tir (1), 2), (3) = n : 24
Bai 7: Tim tat ca cac s tu nhién n sao cho sb 28 + 2! + 27 13 s6 chinh phuong
Gia sir 28 + 211 + 27 = a2 (a € N) thi



2" =a2 - 48>=(a+48) (a—48)
20, 29=(a+48)(a—48)véip,qe N;ptq=nvap>q
= a+t48=2P = 2P24=96 <29 (2P91—-1)=2%3
{ a—48 =21
=>q=5vap-q=2=p=7
=>n=5+7=12
Thir lai ta co: 28 + 211 + 27 = 807
C.DANG 3 : TIM SO CHiINH PHUONG
Bai 1 : Cho A 1a s6 chinh phuong gom 4 chit s6. Néu ta thém vao mdi chit s cia A mot
don vi thi ta dugc sé chinh phuong B. Hay tim cac s A va B.

Goi A = abed =k*. Néu thém vao mdi chir s6 ciia A mot don vi thi ta co s6

B=(@+)®+D(c+1)d+1)=m> voik,me Nva32<k<m<100

a,b,c,d =19
= Tacd: (A= abed =k*
{B = abed +1111 =m? . Dling khi cong khong c6 nhé

>m’-k*=1111 & (m-k)(m+k)=1111 (*)
Nhan xét thiy tich (m —k)(m + k) > 0 nén m — k va m + k 14 2 s6 nguyén duong.
Vam—k<m+k<200nén (*) c6 thé viét (m —k) (m + k) =11.101
Do do: m-k=11 & (m=56 < (A=2025

m+k =101 n=45 {B=3136
Bai 2: Tim mot s6 chinh phuong gém 4 chir sb biét rang s6 gdm 2 chir s6 dau 16n hon sb
g6m2 chit s6 sau mot don vi.
Dit abed =k* tacd ab—cd =1 vak e N,32 < k<100
Suyra:10lcd =k*—100=(k — 10)(k + 10) = k+ 10 : 101 hoack—10 : 101
Ma(k—10;101)=1 = k+10: 101
Vi32 <k<100nén42 <k+10<110 = k+10=101 = k=91
= abcd =91 = 8281
Bai 3: Tim s chinh phuong c6 4 chit s6 biét rang 2 chit s6 dau gidng nhau, 2 chit s6 cudi
gidng nhau.
Goi s6 chinh phuong phai tim 13: aabb =n?véia,be N,1<a<9;0<b<9
Ta cé:n2= aabb =11. a0b =11.(100a+b)=11.(99a+a+b) (1)
Nhén xét thdy aabb : 11 = a+b: 11
Mal<a<9,0<b<9nénl <a+tb<18=a+b=11
Thay a+b =11 vao (1) dugc n? = 112(9a + 1) do 6 9a + 1 1a s6 chinh phuong
Bang phép thir véia=1;2;...; 9 ta thdy chi co a=7 thoa min = b=4
S6 can tim 1a: 7744



Bai 4: Tim mot s6 c¢6 4 chir s vira 1a s6 chinh phuong vira 1a mot 1ap phuong.

Goi s6 chinh phuong d6 13 abed . Vi abed vira 1a s6 chinh phuong vira 1a mot 1ap phuong
nén dit abed =x>2=y>véix,y e N

Viy?=x2nény ciing 1a mot s6 chinh phuwong.

Tacod : 1000 < abed < 9999 = 10 < y < 21 va y chinh phuong

= y=16 = abcd = 4096

Bai 5 : Tim mot sd chinh phuong gdm 4 chit s6 sao cho chir s6 cudi 12 s6 nguyén t, cian
bac hai cua s6 d6 c6 tong cac chir s6 1a mot sd chinh phuong.

Goi séphéitimlél abed voia,b,c,dnguyénval <a<9;0<b,c,d<9

abed chinh phuong = d €10,1,4,5,6,9}

dnguyén tb = d=5

Dit abed =k?>< 10000 = 32 < k<100

k 1a mot s6 c6 hai chit s6 ma k2 ¢o tan cing bang 5 = k tan cing bang 5

Téng cac chir s6 cua k 1a mot s chinh phuong = k = 45

= abcd = 2025

Vay s6 phai tim 1a: 2025

Bai 6: Tim sd tu nhién c6 hai chit s6 biét ring hiéu cac binh phuong ctia s6 d6 va viét sb
b hai chir s6 ciia s6 d6 nhung theo thir tu nguoc lai 1 mot sd chinh phuong

Goi s6 tu nhién c6 hai chir sophai tim 12 ab (a,b e N, 1 < a,b < 9)

S6 viét theo thir tu nguoc lai ba

Tacod ab?- ba’=(10a+b)>—(10b+2a)2=99 (a2—b?) : 11 = a2—b%: 11
Hay(a-b)(a+b): 11

Vio<a-b<8 2<atb<l8néna+b:1l =a+b=11

Khi d6: ab? - ba?=32.11%.(a—b)

Dé ab? - ba? 14 s6 chinh phuong thi a — b phai 1 s6 chinh phuwong do d6 a—b =1 hodc
a—b=4

Néua-b=1kéthopvoia+b=11=a=6,b=5, ab=65

Khi d6 65% — 56% = 1089 = 332

Néua—b=4kéthqpvéia+b= 11 = a=7,5loai

Vay s6 phai tim 13 65

Bai 7: Cho mot s6 chinh phuong c6 4 chir s6. Néu thém 3 vao mdi chir sé d6 ta ciing duoc
mot s6 chinh phuong. Tim sb chinh phuong ban dau.

(Két qua: 1156)

Bai 8: Tim s6 ¢6 2 chit s6 ma binh phuong cua sb ay bang lap phuong cua téng cac chir sb
cta no.

Goi s6 phai tim 14 ab véia,be N, 1 <a<9;0<b<9



Theo gia thiét ta c6: ab = (a + b)3

< (10a +b)> = (a +b)?

— ab 1a mot 1ap phuong va a + b 12 mot sd chinh phuong
Pitab =t (te N),a+b=12(1 € N)

Vil0 <ab <99 = ab =27 hodc ab =64

Néu ab =27 = a+ b =914 s6 chinh phuong

Néu ab =64 = a+b=10khong la s6 chinh phuong = loai

Vay sb can tim 14 ab =27

Bai 9 : Tim 3 s6 1¢ lién tiép ma tong binh phuong 1a mot s6 ¢6 4 chir sé giéng nhau.
Goi3sdléliéntiépddla2n- 1;2n+1;2n+3 (n e N)
Taco:A=(2n—-1>+(2n+ 17>+ 2n+3)>=12n>+12n+ 11

Theo dé bai ta ddt 120>+ 12n+ 11 = aaaa = 1111 .avdialéval <a< 9

= 12n(n+1)=11(101a—1)

= 10la-1:3=2a-1:3

Vil<a<9nénl <2a-1<l17va2a—-11énén2a-1 6{3;9;15}

= ae{2;5;8}

Vial¢ > a=5=n=21

3 56 can tim la: 41; 43; 45

Bai 10 : Tim s6 ¢6 2 chit s6 sao cho tich cta sb d6 voi tdng cac chir s6 cia né bang tong
1ap phuong cac chir s6 cua s6 do.

ab (a+b)=a*+b’

< 10a+b=a%>—ab+b>=(a+b)>-3ab

< 3a(3+b)=(a+b)(at+tb-1)

a+bvaa+b—1nguyén t cing nhau do d6

{a+b=3a hoac {a+b—1=3a
atb—-1=3+b atb=3+Db
= a=4,b=8 hoac a=3,b=7

Vay ab =48 hodc ab =37



Chuyén dé 2: PHUONG TRINH NGHIEM NGUYEN

1. Tim nghiém nguyén ciia Phwong trinh va hé phwong trinh bac nhit hai 4n

Tuy timg bai cu thé ma lam cac cach khac nhau.

VDI1: Tim nghiém nguyén cua phuong trinh: 2x + 3y = 11 (1)
Céch 1: Phuong phap tong quat:

Taco:2x +3y =11

Pé phuong trinh c6 nghiém nguyén < — nguyén

Dit yT_lzteZ :{y=2t+1

x=-3t+4
Cach 2 : Dung tinh chét chia hét
Villlé = 2x + 3y ludn 1a sé 1é ma 2x ludn 1a s6 chin = 3y 1é = y1¢
Do do : y=2t+1 Vvoi teZ
x=-3t+4

Céch 3 : Ta nhan thdy phuong trinh c6 mot cap nghiém nguyén dic biét 1a
xo=4,;yo=1
Thatvay:2.4+3.1=11 (2)
Trir (1) cho (2) vé theo vé ta co :
2x-4)+3(y-1)=0
s 2(x-4)=-30-1) (3)
Tw@3)=>30-1):2ma2;3)=1=y-1:2
Sy=2t+1 Vvol teZ
Thayy=2t+1vao(3)tacd:x=-3t+4
Nhan xét : V&i cach giai nay ta phdi mo ra mdt cdp nghiém nguyén (Xo, yo) cia phuong
trinh ax + by = ¢ ; cach nay s& gip kho khin néu hé sé a, b, ¢ qua 16n.
Cac bai tap tuong tu : Tim nghiém nguyén cua phuong trinh.
a) 3x+5y=10
b) 4x + 5y =65
c) Sx+7y=112
VD2 : H¢ phuong trinh.
Tim nghiém nguyén duong cua h¢ phuong trinh sau :

{3x+y+z=]4 (1)

Sx +3y+z=28 (2)
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Gidgi : Touhé¢ dachotaco:2(x +y) =14vayx=7-y (¥
Thay (*) vao (1) tadugcz =14-y-3x =2y -7
Vix>0néen7-y>0=y< 7mdz>0nén2y—7>0:y>%

Vay %<y< 7va yeZ = yel456}

Giai tiép hé da cho c6 3 nghiém (3; 4; 1); (2; 5; 3); (1; 6; 5)
Bai tap twong tu:

a) Tim nghiém nguyén ctua hé
{ 2x -5y =35
2y-3z=1
b) Tram trau an trim bo cd — triu duing dn nim, trdu ndm an ba, trdu gia 3 con 1 bo. Tim
s6 trau moi loai.
¢) Tim sé nguyén duong nho nhit chia cho 1000 du 1 va chia cho 761 du 8.
2. Tim nghiém nguyén ciia phwong trinh, hé¢ phwong trinh béc cao.
Phwong phdp 1 : Dung diu hiéu chia hét dé giai phuong trinh.
VD1: a) Tim cip s6 nguyén (x ; y) thoa man phuong trinh
6x° + 57 =74 (1)
Cach1:Taco:6(x*-4)=5(10-)°) (2)
Te ()= 6(x’-4):5va(6;5)=1=x-4:5
= x> =5t+4vb6i teN
Thay x° - 4 = 5t vao (2) tacd : y> =10 — 6t
Vix’>0vay’> 0= {5t+4>0
10-6t>0

:>—i<t<évc'ri teN
5 3
= t=0hoact=1
Véit=0= y>*=10 (loai)
Voit=1= {x2=9 <:>{x=ir3
y2:4 —

Cach2 : Tu (I)taco x*+1:5

{0<x2§]2 = x’=4 hoacx’ =9
Véix’=4=y’=10 (loai)
Voix*=9 = y>=4 (thoa man)

Cach3:Taco:(1) e »? chan
0<y?’< 14 =)y =4= x’=9
11



VD2 : Chirng minh rang phuong trinh sau khong c6 nghiém nguyén
a)x’ +29%x =103y + 1)

b) 7 =2-3-1

Gidgi : x° - x + 30x = 10(3y+1)

VP#30 con VT : 30 = phuong trinh v6 nghi¢m

Phwong phdp 2: Phan tich mot vé thanh tich, mot vé thanh hang sé nguyén
VDI: Tim nghiém nguyén cua phuong trinh:

a)xy+3x-5y=-3

b)2x°-2xy +x-y+15=10

c) x> +tx=y"-19

Gidi:a)Céach l:x(y +3)-5(y + 3) =-18

sx=-5)@y+3)=-18..

_Sy-3_, 18

Céch2: x =5-
y+3 y+3

b) Tuong tu.

c)4x’ +dx =4°-76

& (2x+1)°-(2y)P =-75...

Phuwong phdp 3 : St dung tinh chan 1¢ (dic biét cta chia hét)
VD2 : Tim nghiém nguyén.

-2y -4 =0

Gidi : <x’ =207+ 27)

VP2 = x*2=x!2datx =2k

8k =207+ 22%) o4k =y’ + 27

= Yy =4k%-27 =202k - )

— ychan. Daty =2t ta c6 :

8 =202k -7°) = 48 =2k -7

= 22 =2-4F = zchin = z=2m

= 8m? =20k - 2) = ...k chan.......

Phwong phdp 4 : Phuong phép str dung tinh chat cia s6 chinh phuong
VD1 : Tim nghiém nguyén cua.

a)x’ - 4xy + 5)° =169

b) x? - 6xy + 13y* = 100

Giai :

a)(x-2y) +y’=169=0+169=25+144...

b) (x —3y)’ + (2y)’=100=0+100=36 + 64 = ...

Phwong phdp 5 : Phuong phéap cong thirc nghi¢m phuong trinh bac 2
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VD1 : Tim nghi€ém nguyén ctia phuong trinh.

Q) 2x° -2xy+x+y+15=0

b) 5(x? + xy + %) = 7(x+2y) (d& thi hoc sinh gi6i tinh 2009 — 2010)
Oxx+ 1) =y +1) (7 +2)

Phwong phdp 6 : Phuong phap dat an phu

x2+2x+1 +x2+2x+2_1

VD: Tim nghiém nguyén cua phuong trinh: = . =
X" +2x+2 x +2x+3 6

(1)

baity=x>+2x+2(y e 2)

MHe? iV T w52 7 6=0
y y+1 6
ylz_% (loai) ; y2=2 (thodman) = x;=0,x2=-2

Cdc bai tdp twong tu:
a) >+ x+1P+x+2)P3=nx+3)
1 1 1

(x+2) (x+1)? 12

* Mt sé phwong phdp khdc.
VD1 : Tim nghi€ém nguyén cia phuong trinh :
2% + 4x = 19 -3y?
Gidi : < 4x° +8x +4=42-6)°
(2x +2)0°=6(7-)°)
Vi2x+2)P>0= 7-)">20= y*<7
MayezZ = y=0; +1,; +2 Tu day ta tim dugc gia tri trong Gng cta x
3. Mt s bai toan lién quan t6i hinh hoc.
a) Cho tam giac c6 do dai ciia 3 dudng cao 1a nhitng sd nguyén duong va dudng tron noi
tiép tam gidc d6 c6 ban kinh bang 1(d.v.d.d). Ching minh tam giac d6 1a tam giac déu
Gidi: Goi d0 dai cac canh va cac duong cao tuong ing theo thir tuy la a; b; cvax;y; z. R1a
ban kinh dudng tron ndi tiép.
TacOR= I= x;y;z>2vagidsox >y >z>2
Taco:ax=by=cz=(a+ b+ ).l (=2S)

atb+c at+tb+c at+tb+c
Suy ra: x= ;Y= : z=
a b c
1 a . 1 b 1 c
- — = ) —_= N —_=
X a+b+c y a+b+c z a+b+c

- l+l+l:1méxzyzz>2
X y z

1

X

~ 1 1 1 3
nén —+—+—<=>

1 1
= —2 —
z y X y z z

!
va —=
z
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1< = 2<3 = z=3 Tuong tu ta c6: x =3; y =3 = tam giac do 1 tam giac déu
z

b) Tim tt ca cac hinh chit nhat voi d6 dai cac canh 1a cac sd nguyén duong co thé cit
thanh 13 hinh vudng bang nhau sao cho mdi canh cua hinh vuéng 1a sb nguyén duong
khong 16n hon 4 (d.v.d.d)
Giai : Goi cac canh hinh chit nhét can tim 14 a va b, canh hinh vuong la c. Tu gia thiét hinh
chir nhat cit thanh 13 hinh vudng nén phai co:
ab=13¢> (1) v6i0<c<4 ()
Tt (1) suy ra a hodc b chia hét cho 13. Vi vai trd a, b nhu nhau ta c6 thé gia gia st a chia
hét cho 13, tirc 1a a = 13d
Thay vao (1) ta dugc : 13db = 13¢?
Hay db=c¢?
Ta hiy xét cac truong hop co thé c6 cua c.
Véi ¢ = 1, chi ¢6 thé: d=1,b=1,suyraa=13
Vi ¢ =2, chi ¢6 thé: d=1,b=4,suyraa=13
d=2,b=2,suyraa=26
d=4,b=1,suyraa=>52

Vi ¢ = 3, chi ¢6 thé: d=1,b=9,suyraa=13
d=3,b=3,suyraa=39
d=9,b=1,suyraa=117

Vi ¢ =4, chi 6 thé: d=1,b=16,suyraa=13
d=2,b=8,suyraa=26
d=4,b=4,suyraa=>52
d=8,b=2,suyraa=104
d=16,b=1,suyraa=208

V61 12 nghiém cua phuong trinh (1) chi c6 4 truong hop thod man bai toan. Bai toan co6 4

nghiém. Ta tim duoc 4 hinh chir nhat thoa man dé bai:

(a=13,b=1);,(a=26b=2);(a=39,b=3);, (a=52,b=4)
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Chuyén dé 3: GIAI PHUONG TRINH VO TY VA HE PHUONG TRINH

(Danh cho boi dudng hoc sinh gidi tinh)
I. GIAI PHUONG TRINH VO TY
* Cdac phwong phap
1. Luy thura khw can
2. Bdt an phu
3. Diing bat dding thirc
4. Xeét khodang
II. AP DUNG CAC PHUONG PHAP
A. Phwong phap luy thira khir cdin
1. Giai cac phwong trinh
a) Jx—1++/2x-3=2(1)

Piéu kién: %s x
Vi xZ% PT(1) <o x-1+2x-3+2V2x*-5x+3=4

& 242x% —5x+3 =8-3x

4(2x* —=5x+3) =64 +9x” —48x(2)
=

xS§

3

PT (2) & x* -28x+52=0

x = 2(tm)
=

x = 26(Kotm)
Vay PT da cho c6 nghiém x=2
b) 3(x* —x+1)=(x++/x—-1)*(1)
bK: x>1
Voi x>1 PT (1) ©3(x" —x+1)=x" +2xJx—-1+x—1
S 2" —4x+4=2xJx-1 o x*-2x+2=xJx-1
Do x>1nén 2 vé ciia PT nay khong am vi vay PT nay
Sxt—4xT +4-4x —8x+4x* =x" —x°
S xt=5x" +9x* —8x+4=0
S (x-2(x*-x+1)=0

x=2=0
= 2

x"=x+1=0

Sx=2™
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¢) Yx-2-32x-2=-1(1)
Pt(l) o {fx-2-32x-2) =-1
& x—2-2x+2-33/(x-2)2x - 2).G3/(x—2) -3}/ (2x-2) =1

=1-x=3R/2x" —6x+4

& 1-3x+3x> —x° =27(2x" —6x+4)
< X +51x° —159x+107 =0

& (x—1)(x* +52x-107) =0

x=1

= ;:—152“107:0 ad R
x=-26-/783

B. Phwong phdp dat dn phu

(2) Giai cac phuong trinh:

a) Yx—2+Jx+1=3

bK: x>-1

Piatx-2=a;  Jx+1=b(b20)

Ta c6 hé PT {“3‘b2=‘3

a+b=3
Suyra a’ -4’ +6a—-6=0 < (a-1)a*+6)=0

Sa=1=x=3(T/m)

Vay phuong trinh nghiém x =3

b. x* —Jx+5=5()

bK: x>-5

DPit :/x+5=y (y>0) ta coé hé phuong trinh

l_y=5 =
{xz d . =) =0 @{x g

y o —x= X+y+1:0
x=0
T)x=y=>Jx+5=x1 |
x"=x-5=0
x>0
1++/21
TN T +j— (Ko T/m)
X =
2
+) x+y+1=0 =>x+vx+5+1=0

S x+l=—Ax+5 SAx+5=—(x+1)



x+1<0
= 2
X" +2x+1=x+5(*)

PT (*) x> +x-4=0

x_—1+\/ﬁ
2
& ko t/m
i (ko vm)
x:
2
Vay PT v6 nghiém
0) (x+)(x+4)+5x+2). "6 . PK: X s
x+2 x+2

a=1

a=-6

Pit X+

;‘.(x+2):a:>a2 =(x+4)(x+2) ;TacoPT: a*>+5a-6=0 ; @{
X+

t)a=1=x>+6x+8-1=0

=x'+6x+7=0

X = _341_\/5(tm)
x=-3-42
+)a=-6=x"+6x+8-36=0
=-3++37
= x"+6x-28=0 g VF_
x=-3-/37(tm)

Vay pt ¢6 2 nghiém x=-3+2;-3-437
C. ap dung bét ding thirc
(3) Giai cac phuong trinh

a) V2x +4+672x—5 +~2x—4-22x—5 =4(1) PK: ng

Vé'ka:xz%PT(l) <:>‘«/2x—5+3‘+‘«/2x—5—1‘:4
Ta cé: W2x=5+3+N2x-5-1>4
(V2x-5+3)(2x-5-1)<0

Piang thire xay ra < 5 =
xX2—
2

N | i
IA
=
IA
w

Vay nghiém cua PT da cho 1a %s x<3

b) Vx—4 +6—x =x* —10x+27(1)

Giai

PK 4<x<6

Trén TXD Vx—4 +/6—x < JI*+1°)(x—4+6-x) < Jx—4+J6-x<2

Laico x*—10x+27=(x—-5)>+2>2
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= x2—10x+27>Jx -4 +J6—x

Piang thirc xay ra

Vx—4=+46-x
=<x=5 = x=5
4<x<6

Vay PT (1) c6 nghiém la x=5
¢) Giai phuong trinh

\/x +x—1+\/x—x2 +l=x>—x+2
Giai

X' +x-1>0
—x’+x+120

PK: {

ap dung BPT ¢6 si cho cac s6 khong 4m ta co

2
Joo rx—pa < rxotEt

2

[(=x* + x+1).1 SM

2
Tacd x*—x+2>x+1 (Vi(x-1)>20)

= \/x2 +x—1+\/x—x2 +1<x+1

:>\/x2 +)c—1+\/x—x2 +1<x*—x+2

Piang thirc xdy ra < x=1 ; Vay pt c6 nghiém 1a x=1

D. Xét khoang

(4) Giai cac PT

a) Vx? +48 = 4x 3+ /x> +35(1)

Giai

TXD: vx

PT(1) o Vx* +48 —x> +35=4x-3 < 13 = 4x-3

Jx? +48 ++/x> +35
Thiy x =1 la nghiém caa PT (1)

13
<1 n
) x> 1= Vx> +48 +/x* +35>13 = Jx2 +48 +/x*+35 = PT vO nghiém
4x—-3>1
+)3Sx<1
4
13
2 2 >1 A . n
=V’ +48+4x> +35<13 = Jx? +48 ++/x* +35 = PT v0 nghiém
4x-3<1

Vay phuong trinh ¢6 nghiém duy nhat 13 x=1
b) V5-x° —33x* -2 =1(1)




Giai

Ta co:

|x| >1 thi x*;x°>1
|x|<1 thi x*;x° <1

+) Xét [x]>1 = 5-x <43x" -2>1

= 5-x* —33x* -2
PT (1) v6 nghiém
Xet |1 <1 tyung ty ta suy ra phytng trdnh vu nghiém
Thay x= 1 hodc x= -1 13 nghiém cta PT (1)
Bai tap:
Giai cac PT
(1) a) 2(x* +2) = 5vx* +1(B)
() x+417—x> +x417—x> =9(B)
(2) VW3 —x =234 x (A)
(3) Vx?+24 +1=3x+/x* +8 (D)
(4) N6—x +/x+2 = x> —6x+13(C)
(5) V4-3J10—3x = x—2(4)
(6) ¥27.x"° —5x° +3/864 =0 (C)
III. Gidi h¢é phuwong trinh

* Céac phuong phap:

1. Phuong phap thé

2. Cong thue trir, nhan, chia cac vé
3. Pit an phy

4. Dung bat dang thuc.

IV. ap dung cac phuong phap.

A. Phuong phap thé.

1. Giai cac hé pguong trinh

q {3x+y:11
Tx+4y =29
Giai
H¢ da cho tuong duong véi
y=11-3x y=11-3x x=3
{7x+4(11—3x):29 C>{5x:15 {y=2

Vay h¢ da cho c6 nghiém la:  (x;y) = (3;2)



x> =5xp+6>=0
4x> +2xy+6y-27=0

Giai
H¢ da cho twong duong véi
i x=2y
5493
) 20
x=2y _—3-4/549
{(x—Zy)(x—?ay):O 207> +6y-27=0 T 0
2 g =
4x° +2xy+6y—-27=0 x=3y x=3y
42y* +6y-27=0 L 1+ V127
i =
14
_—1-4127
L 14
x_—3+«/549 x_—3—«/549
10 < 10
Hoac
345 35
4 20 4 20
x_—3+3\/127 x_—3—3\/127
14 < 14
Hoac
144127 _—1-4127
4 14 4 14
x4y 4z =xy+yz4ax
C) x2003 +y2003 +ZZOO3 :32004

Giai:
{xz +y* 4+ 27 =xp+ yz+2x(1)

x2003 +y2003 +ZZOO3 — 32004 (2)

Ta co:
PT (1) & 2x7 +2y° +22° —2xy—2yz—22x =0
Sx-y)’+(-27+(z-x)7=0
Sx=y=z
Thé vao (2) ta co: 3x> =32
x200 =32
x=3
Do d6 x=y=z=3
Vay nghiém cua hé da cho la:
(x:y;2) = (3;3;3)
B. Phuong phap cong, trir, nhan, chia cac vé

20



(2) Giai cac h¢ phuong trinh

a>{

5xx/§+y=2\/§
26— yV2 =2

Giai:
H¢ da cho twong duong véi:

|

5xv/6 + yA/2 = 4
xJ6 -2 =2

b) {x3 =2y+1

y =2x+1

Giai:
H¢ da cho tuong duong véi

|

x'=2y+1

P=2y+1
@{x ’

X=Yy

{x3—2x—1=0
=

X=Yy

xX=y

(x+xy+y=1

C)y+yz+z=4

Z4+zx+x=9

Giai
H¢ da cho tuong duong véi

(x+D)(y+1)=2
(y+D(z+1)=5
(z+D(x+1)=10

6/6x = 6
=
Sx\/g+y:2\/§

X =y +2(x—y)=0

X' =2y+1

(do x> +xy+y*+2>0)

@{(x+1)(x2—x—l)=0

X=Yy

trong d6 x,y,z>0

[(x+D(y+D(z+D] =100

- x+D(y+1)=2

(y+D(E+1)=5

(z+D)(x+1)=10

X =

5L & -

(x—y)(x2+xy+y2+2):0
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(x+D(y+1)(z+1)=10
(x+D(y+1)=2
(y+)(z+1)=5
(z+D)(x+1)=10

z+1=5 x=1
S ix+1=2 < y=0

y+1=1 z=4
Vay hé da cho c6 nghiém la
(x;y;2)=(1;0;4)
C. Phuong phap dit an phu
(3). Giai cac h¢ phuong trinh
X +x=5+y"+y
a){f +Y’ =x"y+x°+6
bat:  x-y=a; x+y =b
{w+a=50)

Hé da cho tré thanh )
a’b =6(2)

T PT (2)tasuyra a=0

Do d6: bzi2

a
Thé vao (1) ta dugc: ®ia=s
a
<a’-5a+6=0 (Via#0)

o (a-2)a-3)=0 @{a
a

+)a:2:b:% Hay rry=

+)a:3:b:§ Hay xry=

X-—)y=

3
2o
=2

2
3o
3

(Do x,y,z>0)

Toém lai hé phuong trinh da cho c6 nghiém la:

o =37} e

b) {x3 +x°y +y’ =17
xX+xy+y=5

Giai: bat x+y = a; xy=b

Hé da cho tré thanh



{a3+b3—3ab:17 {61:5—5) {a=5—b
= =

a+b=>5 b*-5b+6=0 b-2)b-3)=0
= Hoac “
b=2 h=3
=3 A . +y=3
+) “ Ta c6 hé phuong trinh Y
b=2 xy=2
{x:?)—y {x=3—y
= ) =
y =3y+2=0 (y-Dy-2)=0
@{x Hoac {x
y=1 y=2
=2 +y=2
+) “ Ta c6 h¢ phuong trinh Dy
b=3 xy=3
xX=2-y R i
=9, (V6 nghiém)
y =2y+3=0

H¢ nay v6 nghiém
Vay nghiém cua h¢ da cho la:
(x;y) = (1;2); (2;1)

o) (x+y)4 =6x’y* —215
xp(x® +y*)=-78
Giai
H¢ da cho tuong duong véi
x*+4x°y +4xy’ + 9t =215 78x* +312x° y+312xy° +78y* =-16770
=
X’y+xy’ =-78 215x° y+215xy° =-16770
78x* +97x’y +97xy° +78y* = 0(1)
=
x’y+xp’ =-78

bit (=2 PT (1) tré thanh 78t* + 976 +97t+78 =0
y

o (Bt +2)(2t+3)(13> =12t +13) = 0 N

) —
) =L x=_2
) 3 3 Y

Thé vao (2) ta duoc i—j yi =78

<yt =81
& y=3 Hoac y=-3



=2 =2
Suy ra: * Hodac g
y=3 y=-3
-3 -3
+) t=—" = x="2
) 5 e

Thé vao (2) ta duoc % y' =178

<yt =16

Sy=2 Hoac y=-2
x=-3 .- x=3

Suyra:{ Hodac {
y=2 y=-2

Tom lai hé da cho c6 nghiém la:
(x;y) = (-2;3); (2:-3); (-3;2) ; (3;-2)
D. ap dung bt dang thirc

(4) Giai cac h¢ phuong trinh

x+y+z=1
xt+yt 4zt =xz

Giat:

Nhan xét: TuBDT (a-b)> +(b-c)* +(c—a)’* =0
Tasuyra: a® +b*> +c’ > ab+bc + ca(*)

ap dung lién tiép BDT (*) ta dugc

xtrytazt ey 4y 42 > z(x+ Y+ 2)

o xt+yt ezt 2 xyz

Drflng thirc xéy rakhi: x=y=z :%

b

Vay hé da cho co nghiém la:  (x;y;2) = [

b){\/;+m= y* -3

{x+32-x =24-6y

Giai:

DK: 0<x<32

H¢ da cho twong duong véi
Wx+\B32=x)+Wx +432-x) =y -6y +21
{x/?#{/ﬂ:ﬁ -3

Theo bat dang thirc BunhiaCdp xki ta c6
Wx+432-x) < (1> +1°)(x +32-x) =64

= Jx+/32-x<38

.1)
'3

W | =
W | —



(W +432=x) </ +32-0)] <256

= 4x+432-x <4

Suyra (Vx +4/32-x)+&x+432-x)<12
Mait khac y> -6y +21=(y-3)" +12>12
Pang thuc xay ra khi x= 16 va y=3 (t/m)
Vay hé da c6 nghiém la (x;y) = (16;3)
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CHUYEN PE 4
BAT PANG THUC VA GIA TRI LON NHAT, GIA TRI NHO NHAT
A - CAC PHUONG PHAP CHUNG MINH BAT PANG THUC
1) Phwong phap ddi twong dwong

Dé chung minh: 4> B
Tabién ddi 4> B < 4, > B, >... 4, > B, (day 1a bat dang thirc dung)
Hoic tir bat dang thirc ding 4, > B, ta bién doi
A >2B <A 2B >2...4 2B < A>2B
Vidul.l
CMR:a) 2(a* +b*) 2 (a+b) (1)
b) a®+b°+c* >ab+bc+ca (1)
Giai
a)(1)<:>2(a2+b2)—(a +b)220
& a’+b>-2ab>0
&(a=b)Y20 (2
Do bat dang thire (2) dung nén bat dang thire (1) duge chimg minh.
b)(1)<:>2(a2+b2+cz)—2(ab+bc+ca)20
b) <:>(a2—2ab+b2)+(b2—2bc+cz)+(cz—2ca+a2)ZO
<:>(a—b)2+(b—c)2+(c—a)220 (2)
Bét dang thtic (2) dng suy ra diéu phai chirng minh.
Vidul.2 CMR

a) 2(a*+b*)2(a+b)(a’+b") (1)
b) 3(a*+b*+c*)2(a+b+c)(a +b’ +c*) (1)
a)(1)<:>2a4+2b4—(a4+a3b+ab3+b4)20

& (a*-a’h)-(ab’ -1 )20

& a*(a-b)-b*(a-b)20

e (a-b)(a*-0")20 (a=b) (@’ +ab+b* )20  (2)

Do bét ding thuc (2) ding suy ra diéu phai chimg minh.
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b)(1)<:>3a4 +3b* +3c* - (a4 +a’b+a’c+b* +ab’ +b’c+ac’ +bc’ +c* )20
<:>(a4+b4—a3b—ab3)+ (194+c4—b3c—bc3 )+ (a“+c4—a3c—ac3 )20

<::>(a—b)z(az+ab+bz)+(b—c)2 (192+bc+c2 )+ (a—c)2 (az+ac+c2 )ZO

Vidul.3
CMR : a) (az+bz)(xz+l)2)2(ax+by)2 (1)

b) Nl +b5” +eP+d> = J(a+e) +(b+d) (1)

Giai
a)(l) Sa’x’+a’y’ +b°x" +b*y? > a’x’ + 2abxy +b*y’
& a’y? —2abxy+b°y* >0
= (ay—bx)2 >0

b)(1)<:>a2+b2+cz+d2+2\/(a2+b2)(cz+d2 )2 (a +c)2+ b+d )2

<:>\/(a2+b2)(cz+d2)2ac+bd (2)
Néu ac + bd < 0 thi (2) dung
Néu ac+bd >0 thi
(2)<:>(a2+b2)(c2+d2)2(ac+bd)2

S att +atd? + b’ +b*d? > a’c? - 2abed + b*d?

<:>(ad—bc)220 = dpcm
Vidul4
a2 b2 02
Cho a, b, ¢ > 0, chting minh rang: ?4-?;2 a+b+c (1)

Giai
(1) s ac+ba+c’b—a’be—b’ac—c’ab>0
<:>ac(a2—2ab+b2)+ab(b2—2bc+02)+bc(cz—20a+a2)ZO
<:>ac(a—b)2+ab(b—c)2+bc(c—a)220 = dpcm
Vidul.5
Choa,b,¢>0.CMR: @’(b+c—a)+b*(a+c—b)+c* (b+a—c)<3abe (1)

Giai
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G/s ab>c>0

(1) 3abc—a’*(b+c—a)+b’(a+c—b)+c’ (b+a—c)=0
<:>a(a2—ab—ac+bc)+b(b2—bc—ba+ac)+c(cz—ac—bc+ab )20
<:>a(a—b)(a—c)+b(b—c)(b—a)+c(c—a)(c—b)ZO
& (a-b)(a’—ac—b"+bc)+c(a—c)(b—c)20
<:>(a—b)z(a+b—c)+c(a—c)(b—c)ZO

Suy ra DPPCM.

2) Phwong phap bién ddi dong nhit
Pé chimg minh BPT: A > B. Ta bién d6i biéu thitc A — B thanh tong céac biéu thirc ¢ gia
tr1 khong am.
Vidu 2.1
Chung minh rang:

a)a’ +b* +c* +d* >ab+ac+ad (1)
b)a’ +4b”> +4c® > 4ab —4ac + 8bc (l)
Giai

a) Tacoa’+b°+c’+d* —ab—ac—ad

2 2 2 2
S YL R L S I L S L
4 4 4 4
a ? a 2 a ? a2
=|—=b| +|——c| +| =——d | +—=20
2 2 2 4

b) Tacod:a’ +4b> +4c® —4ab +4ac —8bc
=(a* - 4ab+4b” )+ 4c” + (4ac - 8bc )
=(a—2b)2+4cz+4c(a—2b)
=(a—2b+2¢)" 20

Vidu 2.2

Ching minh rang:

a) 4(a’ +b°)2(a+b) véia, b>0
b) 8(a3+b3+c3)2(a+b)3+(b+c)3+(c+a)3 vdia, b,c>0
c) (a+b+c)32a3+b3+c3+24abc voia,b,c >0

Giai
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@) Taco:4(a’+b’)~(a+b) =(a+b)[4(a ~ab+b* )~ (@ +b ) |
=3(a+b)(a—b) >0

b) Tacé:8(a3+b3 +c3)—(a +b)3—(b +c)3—(c+a)3
:[4((13+b3)—(a+b)3}+[4(a3+c3)— (c+a)1+[4 (b3+c3 )— (b+cﬂ
=3(a+b)(a—b) +4(a+c)a—c) +3(b+c)b-c) >0

¢) Taco:(a+b+c) —a’—b*—c* —24abc

=(a+b) +3(a+b) c+3(a+b)c*+c’—a*~b*—c*—24abe

=a’ +3a’b+3ab® + b’ +3a’c + 6abc + 3ac® +3bc* —a’ — b’ — 24abc
=3(a’b+ b 2abc)+3(a’c+b’c—2abc )+ 3 (Ba+ c*a— 2abc )
=3b(a—c) +3c(a—b) +3a(b—c) 20

Vidu 2.3
Véi a, b, ¢ > 0. Chtrng minh rang:
1 1 4
a)—+—2
a b a+b
b)l+l+lz 0
a b ¢ a+b+c
0) a b c 22
b+c c+a a+b 2
Giai
+b) —4ab (a—b)
a)Tacé:l+l— 4 :(a ) ¢ :(a )ZO
a b a+b a+b a+b

b)Tacd:(a+b +c)(l+ 1, lj—9:(§+ 2—2j+(é+ £_2j+(ﬁ+ 0__2J

a b c¢ a

2 2 2
(a—b) +(b—c) +(a—c) >0
ab bc ac

c)Taco: . b + - —é:( a —l)+£ b —1—)+£ ¢ —1—j
b+c c+a a+b 2 \b+c 2 cta 2 a+b 2
(a—b)+(a—c)+(b—a)+(b—c)+(c—a)+(c—b)
2(b+c) 2(c+a) 2(a+b)

:l(a_b)( I j+1—(b—c)( ! jﬂ_(c_a)( L J
2 b+c c+a) 2 a+c a+b) 2 at+b b+c

a+c)(b+c) (a+c)(a+b) (a+b)(b+c) B

:l{((a_by L (bme) | (a=c) }>0
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Céch 2

., a b c 3 a 1 b 1 c
Taco: + + ——= + — |+ + — |+ +1 -3
b+c c+a a+b 2 \b+c 2 ct+a 2 a+b

:l_(a+b)+(a+0)+ (a+b)+(b+c)+ (@a+c)+(p+c) 6}

2| b+c a+c a+b
G2 e e e o
Vidu 2.4
a) Choa,b>0.CMR:a+b >2ub (Bét déng thirc CO — si)

b) Choa,b,c >0.CMR:a+b+c¢ >33ubc  (Bét ding thitc C6 — si)
c)Choa >b >cvax<y<z.CMR
(a+b+c)(x+y+z)>3(ax+by+cz) (Bét dang thirc Tré bu sép)
a) Ta co: a+b—2\/E:(\/a_—\/l;)2ZO
b) a+b+c-3abe = (Wa+ b+ %)[(v;_ W)+ (-3 ) + (V- agﬂz 0

(a+b+c)(x+y+z)—3(ax+by+cz)

:(y—x)(a—b)+(z—x)(b—c)+ (x—z)(c—a)z 0
Vidu 2.5
Cho a, b, ¢ > 0. Chtirng minh:

bc ac ab

a)—+—+—2=a+b+c
a b c

c)

ac

b)— o —>\/3 (a*+07+¢%)

Giai
bc % %_ 1 (a—b)2 l (a—c)zll (b—c)2>
) (a+b+c) —C + —b F—a >0
c 2 ab 2 ac 2 bc
ac ab

b)(; 7 7} —3(a2+b2+02)

1| ¢ 2 4t 2 b’ 2

ZELW (@ -0) e () L (az_cz)}z 0

Vidu 2.6
Chimng minh ring
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1 1
a >+ 22
1+a° 1+b° 1+ab
1 1
2+ 2S
1+a° 1+b° 1+4+ab

néuab > 0

néuaz+b*<?2

c) 12+ 122 2 néu-1<a,b<l
l-a~ 1-b" 1-ab
1 1 1 .
d) >+ =2 néua,b>0
(I+a)” (1+b) l+ab
Giai

1 1 2 1 1 1 1
1+a° 1+b° 1+ab \14+a 1+ab 1+b6~ 1+ab
(a—b)z(ab—l)

(1+a) (1467 )(ab+1)
a*+b* | [ab+120 (a—b) (ab-1)
Dlabl<s— _1:>{ab—1soz> (1+a2)(1+b2)(ab+1)go

C)1+1_2_(1_IJ+(1 1)

1-a* 1-b° l-ab \1-a* 1-ab 1-b> 1-ab
~b) (1-a’?

(a-b) (1-a)

(1-a*)(1-5)(ab-1)

1 1 1
d) ;T 2 - 2 P
(1+a) (1+b) 1+ab (1+a) (1+b) (1+ab)

3) Phwong phép sir dung tinh chit ciia bat ding thic

_ab(a —b)2 +(ab—1)2 -0

Co sd ctia phuong phép ndy 1a cac tinh chit cta bat dang thirc va mot s6 bat dang thirc co

ban nhu:

aa>2b,b>c= a>c

= ac = bd

a>b>0
c>2d >0

e)a,b>0:>L+L2 4
a b a+b

Vidu 3.1

b)aZbVéla.b>0:>LSl
a b

dy(a-b)"20

Cho a+b>1.Chiang minh: a* +b* >%

Giai
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2
(a—b)220:>a2+b22 (a+b)

1
>_
2

(012+192)2 1
=Sat+bt>— L >~
2 8

Vidu 3.2
Véia, b, c>0. CMR

3 3 3
c
a)—+—+—=ab+ac+bc

b ¢ a
3 3 3
a b
b)b_2 C—2+a—22a+b+c
Giai
x2
a) Taco: —>x"+xy—y° (x,y>0)
y
R 2 2 2 2 2 2
:>—+—+—2(a +ab-b )+(b +bc—c )+ (C +ac—a ):ab+ac+bc
c a

3

b) Tacé:x—223x—3y (x,y>0)
Y

> (3a— 2b)+ (3b— 2c)+ (30— 2a): a+b+c

Cho a, b, c> 0. CMR:

bc ac ab
a)—+—+—2=a+b+c

a b c
2 2 2
b) a N b N c 2a+b+c
b+c c+a a+b 2

Giai
a) dé dang chimg minh be + CZ—C > 2¢ = dpcm
a
2

b) dé dang chirng minh ? +bj2a:>dpcm
b+c
Vidu 34
a) cho x, y, z>0. t/m: l+l+l:4.CMR: ! + ! + ! <1
xX y z 2x+y+z x+2p+z x+y+2z

b) Cho a, b, c 1a d0 dai ba canh cia mot tam giac. Chirng minh
1 1 1 1 1 1
+ + > —4 —+ —

a+b-c a+c-b b+c—-a a b c




¢) Cho a, b, ¢ > 0 théa man: abc = ab + bc + ca. Chting minh:
1 1 1 3
+ + < —
a+2b+3c b+2c+3a c+2a+3b 16

Giai

a)Tac():a,b>0:>l+lZ 4
a b a+b

| i

|

1 1 {1 1 1(2 1
= = < — + < — =+ —+
2x+y+z (x+y)+(x+zx) 4\{x+y x+z) 16{x y

Y

N

1 1(1 2 1 1 (1 1
Tuwong ty: —<—| —+—+—|;}————< — —+ —+
x+2y+z 16\x y z)x+y+2z 16\x y

1 1 1 4 (1 1 1
+ + S—|—+—+—|=1
2x+y+z x+2y+z x+y+2z 16\x y z

1 1 4 2
b) + > —=—
a+b—c a-b+c 2a a
1 1 2
+ > —;
a+b—-c b+c—a b
1 1 2
+ >Z
a-b+c b+c—a c

:>1+1+1>1—+

1
a+b-c a-b+c b+c—a a l; c

1 1 1 1 1 1 1 3
c) = <— + < + +
a+2b+3c (a+c)+2(b+c) 4la+c 2(b+c) 16a 32b 32¢
1 3 1 1 1 1 3 1
tt: < + + ; < + +
3a+b+2¢c 32a 16b 32¢ 2a+3b+c 32a 32b 1l6¢

1 1 1 6(1 1 1j 3
= + + <—| —+ —+—|=—
a+2b+3¢ 3a+b+2c 2a+3b+c 32\a b c 16
Vi du 3.5
Cho a, b, ¢ > 0. Chtrng minh rang:
a b c
+ +
a+b b+c c+a

<2

a b c a b c
b) + + > —+ —+ >
b+c c+a a+b 1+a” 1+b° 1+c
Giai
a) 4p dung BDT: x> y>0,¢>0. ta c6: 2< 21
X X+t
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a a+c b b+a c c+b
< ; < ; <
a+b a+b+c b+c b+c+a c+a a+b+c
a b c
+ + <2
a+b b+c c+a

Taco:

1
< —

a+1 2

b) = a + b + ¢ é
a+1 b*+1 +1 2

ma a + b + ¢ 22
b+c c+a a+b 2

Taco:a’+1>2a=

suy ra diéu phai chirng minh.

4)Phwong phap sir dung bat ding thirc Co-si

*) Cho a,,a,,...,a, 20, tacod:a, +a, +...+a, 2nia,.a,..a,
Dau “=" xay rakhi ¢, =a, =..=a, >0

Vidu 4.1

>8

Cho a, b > 0 théa man ab= 1. CMR: (a+b+1)(a2+b2)+
a+b

Giai
Ap dung BDT Cosi ta c6
a’+b*>>2ab=2

a+b>2Jab=2

>2 (a+b)
a+b a+b

a+b+ =4

>2(a+b+1)+ 4

b+1)(a’+b*
= (a+b+ )(a + )+a+b 7

:(a+b+ )+(a+b)+224+2+2:8

a+b
Vidu4.2
Chung minh rang:

a)(a+b) a+b>ax/—+b\/c7 voia, b >0

b)\/ \/ \/ >2 voia,b,c>0
b+c c+a a+

Giai




4

maa+4>x/_b+4>\/_:>(a+b+ j>\/_+\/_

b2
a)Tacé:(aJ; ) +a+b:a;b(a+b+2l)2 \/E(a+b+2lj

2
:>(a+b) +a1—b2a\/g+b\/;

2
b) b+c Sl£b+c+lJ:a+b+c
a 2\ a a
a a

b+c a+b+c

/ c
tt:
a+c a+b+c a+b a+b+c
c

A A /. A b
Cong ve voi ve ta duoc: \/ a +\/ + \/ >2
b+c c+a a+b

a=b+c
Dau “="xayrakhi<sb=a+c=a+b+c=0 voli.
c=a+b

Vay dau “=" khong x4y ra.
Vidu4.3
Cho a, b, ¢ > 0. Chtrng minh rang:

a’ b? c? a +b +¢*
a) 2 2+ 2 2 + 2 2 S
b+c ¢ +a° a +b 2abc
1 1 1 a+b+c
b + + < +3; (a*+b*+c’=1
) a’+b* b+t F+d’ 2abc ( )
Giai
2 2 b2 b2 2 2
a) Tacé: zazga;z - < ;ZC 2SC
b"+c” 2bc a"+c° 2ac a +b° 2ab
a’ b? c? a’ b? 02 _a P +b +C?
= 2 2+ 2 2+ 2 2S +
b*+c a +c¢° a +b 2bc 2ac 2ab 2abc
1 1 1 1 1 1
b) Taco: + + =(a’+b*+c? ( + : j
) a’+b*> b+t I +dl ( ) a’+b*> b+t A +d’
2 2 2 3 3 3
_ 2C 2+2a 2+2b 2+3£a +b” +c 213
a +b” b +c" ¢ +a 2abc
Vidu 4.4
Cho a, b, ¢ > 0. Chirng minh rang
1 1 1 1

3 3 + 3 3 + 3 3 S
a +b’+abc b’ +c+abc ¢ +a +abc abc
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Giai

Taco:a’ +b*22ab=>a’ +b’ 2ab(a+b)>0

abc < abc B c
a3+b3+abc_ab(a+b)+abc a+b+c
it abc < a abc < b

b'+c’+abc a+b+c S +ad’+abc a+b+c
Cong vé vai vé suy ra diéu phai chimg minh
Vidu4.5
Cho a, b, ¢ > 0 théa min a2 +b* + ¢2 = 3. Chimg minh rang
ab bc ca
—+

—+—2>3 (1
c a b M

Gai

a’b® bt fat
(eo—+—+— +2(a2+b2+c2)23(a2+b2+c2)

a’b® bt *a® ab be ab ac be ca
+ + >

2 2 12
¢ a b ¢ a ¢ b a

ma:

Suy ra diéu phai chimg minh.
Vidu 4.6

Cho x, y, z> 0 thoa man xyz = 1. Chlirng minh

3 3 3
x y z

() (1+2) (rz)(1tx) (x)1+y)

py—2 ¥ 2 4

X +xy+y V+yz+z D 4zx+x
Giai

3
>
4

a)

a) Ap dung bat dang thirc c6 si ta co:

3
X 1+y+1+z>3_x

(1+y)(1+z)+ 8 8 4

Tuong tu suy ra

3
yrs Xtytz 3. 3wz 33
2 4 2 4 4

b) Taco:x’+y* 22xy=>x"+y  2x’y* (x+y)>0
xy < xy B 1 .z

X +xy+y° _xy+x2y2(x+y)_ 1+xy(x+y)_x+y+z

— = =ad+ b+
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it vz X zx <Y

< : <
YV 4+yz+z x+y+z 22 +xz+x x+y+z

X 4 zx
- 5 y 5+ 5 y 5+ 5 SSI
X +xy+y Yy +yz+z z4xz+x
Vidu4.7

Cho x, y, z> 0. Chiing minh

3 3 3
y z

—t T+ 2> x+y+z

yz zZX Xy

Giai
Ap dung bat dang thirc Cosi ta co:
3 3 3
x—+z+y23x;y—+z+x23y;z—+x+y23z
vz zx xy

3 y3 Z3
S+ > x+ y+z
yz zZXx Xy

5)Phwong phap sir dung bit ding thirc Bunhiacopski

*) (a +b2)(x +y ) (xa +by) du “=" xay ra khi {b

*) (a2+b2+c2)(x +y +z ) (xa+by+cz) dau “=" xay ra khi {b =ky

Tong quét:

(af+a22+...+ai)(xl+x2+ +x) (apx, +ayx, +..+ax, ) déuc=

Vidu 5.1
Cho a, b > 0. Chung minh

1 1 4
a)—+—2

a b a+b

2

b)n_2+m22(m+n)

a b a+b

Giai
a) Ap dung bét dang thirc Bunhiacopski ta co:

(é+1j(a+b) (\/—\/—+\/—\/_j2 4
I 1 4

= — >
a b a+b

xay ra khi a; =

kxi
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nz m2 n m 2 ;
by | —+—|(a+b)= __\/;Jr__\/bj —(em
) (a b j( ) (J; N (n+m)
2
o (nem)
a b a+b
Téngquét:
I 2 2 5 )
Cho b,>0,i=1n e G, 4 (atat.ta,)
bl bz bn bl +b2 +...+bn

(1)

(a,+a,+..+a,)

. e a
o Véiac, >0 voii=1n thi ++2+..+-22>

¢ c c, ac +a,c,+..+ac,
That vay:
a12+a22+ +ﬁ (b+b,+...+b,)> a—l\/197+ % b, + + 2
bl ) bn 1 2 n)— \/b7] 1 \/g 2 i
2
:>a_f+_§+m+ﬁz(al+a2+ +a,)
b b, b, b +b, +...+b
dat aic; = bi > 0 thay vao (1) duogc (2)
Vidu 5.2
Cho a,b,c 13 cac sb thuc duong. Chirng minh
2 2 2 2 2 2
a)a—+b—+c—2a+b+c. D) - b + < 2a+b+c
b ¢ a b+c c+a a+b 2
3 3 3 3 3 3 2 2 2
C)a_+b_+c_2a2+b2+cz d)-L—+ b, ¢ ,a b+
b ¢ a b+c c+a a+b 2
Giai

2 2

, a
a)Taco:—+—+
b ¢ a

¢ (atbre)

=a+b+c

a+b+c

a’ b’ c? (a+b+c)2 a+b +c
b) + + > =
b+c c+a a+b 2(a+b+c) 2
3 3 3 4 4 4 a’ +b*+c? ?
c)a—+b—+c—:a— b—+c—2( ) >a’+b’+c’
c a ab bc ca ab +bc +ca
3 3 3 4 4 4 2 2 2
d) a N b N ¢ __a N b N c 2a +b° +c
b+c a+c a+b ab+ac ab+bc ac+bc 2
Vidu 5.3
Cho a, b, ¢ > 0. Chung minh: 25a + 165 +—< >3
b+c c+a a+b
Giai
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Tacc'):VT=25( 4 +1j+16( b +1j+ € f1-42-
b+c c+a a+b
5+4+1)
(a+b+c)( 25 + 16 + jz(a+b+c)( ) 42 =8
b+c c+a a+b 2(a+b+c)
Dau “=" xay ra khi b+c:azc+a;rb:>a:OV6 li suy ra diéu phai ching minh.
Vidu 5.4
2
Cho x, y, z> 0. Ching minh: _+y_2+z_22£ Yz
y. zo x* y z x
Giai

Ap dung bét dang thirc Bunhiacopki ta c¢6

2 2 2
1 1
_y2+_222_ £+Z+£ 2_£+Z+Z x+y+__x_+y_+z_
z2 x* 3\y z «x 3\ly z x\y z x) vy z x

B — CAC PHUONG PHAP TiM GIA TRI LON NHAT, GIA TRI NHO NHAT

Cho biéu thirc f(x.y...)

Tan6i M 1a gié tri 16n nhit cua f(x,y...) ki hiéu maxf(x,y...) =M, néu hai diéu kién
sau duoc thoa man:

Véimoi x,y... dé f(x,y...) x4 dinh thi f(x,y...) < M

Tn tai Xo, ¥o... sao cho f(xo,y0...) =M

Ta n6i m 1a gia tri nho nhét cua f(x,y...) ki hiéu minf(x,y...) = m, néu hai diéu kién
sau duoc thoa man:

Véimoi x,y... dé f(x,y...) xa dinh thi f(x,y...) > m

Tn tai Xo, ¥o... sao cho f(xo,y0...) =m

) TIM GTLN, GTNN CUA PA THUC BAC HAI

1) Pa thirc bic hai mét bién

Vidu 1.1
a) Tim GTNN cua A =3x>—4x + 1
b) Tim GTLN cua B =-5x> + 6x — 2
¢) Tim GTNN cta C = (x —2)> + (x — 3)?
d) Cho tam thirc bic hai P =ax?>+bx + ¢

Tim GTNN ctia Pnéua> 0
Tim GTNN cua P néua> 0

2
a) A= 3(x2—gx+ﬁj—l:3(x—%j —1—2—:1)T.VéyminA=—% khixz%

9) 3 3
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2
b) B= —5(x2—§x+i)—l=—5(x—ij —I—S—I—.VaymaXB= 1 khix:i
5 25) 5 5 5 5 5 5

2
c) C= x2—4x+4+x2—6x+9=2(x2—5x+ 27;5)—% %:2(x— %] +

Vay maxC = 1 khixzé
2 2

2 2 2 2
d) Taco: P= a[x2+éx+b—]+c—b—:a(a+£] _|_C_b_

a 4a 4a 2a 4a
X . b’ N b’ : b
Néua>0thiP >c—— . Vay minP = ¢ —— khi x=——
4a 4a 2a

2 2

Néua<0thiP Sc—b—.VéymaxP= c—b— khi x:—i
4q 4a 2a

Vidu 1.2
a) Tim GTNN cua M =x?>-3x + 1 vdi x>2
b) Tim GTLN cia N =x%—-5x + 1 v&i -3<x<8
Giai
a) M = (x—l)(x—Z)—lZ—l.VélyminM=-1 khix =2
b) N = (x+3)(x—8)+25<25. Viy maxN =25 khi x =-3,x =8
2. Pa thirc bic hai hai bién

a) Pa thirc bac hai hai bién ¢ diéu kién

Vidu 2a.1

a) Chox+y=1.Tim GTLN cta P =3xy -4

b) Cho x — 2y =2. Tim GTNN cta Q = x> + 2y? —x + 3y
Gidi

a) x+y:1:>x:1—y:>P:3(1—y)y—4:_3( _

Vay maxP = -3 khile
4 2
b)x-2y=2=x=2y+2=>0=4y>+8y+4+2y°-2y-2+3y
3 9) 11 11

=6)"+9y+2=6| '+ —yp+— |- —>——
yry (y 2’ 16) 8T8

: 11 3
Vay minQ = — khix=——
ay minQ 2 2
Vidu 2a.2
Tim GTLN cua cua P = xy voi X, y théa man

a) x+y=6,y>4



b) x+y=S,y2a>§
a) Pz(6—y)y=8—(y—2)(y—4)£8.VéymaXP=8khix=2,y=4

b) Q=(S—y)y=(S—a)a—(y—a)(y+a—S)S (S—a)a .
VaymaxQ=(S—a)akhix=S—a,y=a

b) Da thtic bac hai hai bién

Cho da thirc: P(x,y) = ax® + bxy + cy? +dx + ey + h (1), vdia,b,c #0

Ta thuong dua P(x, y) vé dang

P(x, y) = mF(x, y) + nGX(y) + k (2)

P(x, y) = mH(x, y) + nG*(x) + k (3)

Trong d6 G(y), H(x) 13 hai biéu thtrc bic nhat mot an, H(x, y) 1 biéu thirc bac nhit hai

an.

Chang han néu ta bién d6i (1) vé (2) vdi a, (4ac — b%) =0

4aP(x,y) =4a’x" +4abxy +dacy” + 4adx + 4aey +4ah

=4a’x* +b*y* +d* + dabxy + 4adx + 2bdy + (4ac —-b’ )+ 2 (Zae —bd )y +4ah—d’

2ae —bd 2ae—bd)’

2
Zj +4ahd? - ( >
dac—-b dac—-b

:(2ax+by+d)2+(4ac—b2)(y+
(Tuong ty nhan hai vé cua (1) voi 4¢ dé chuyén vé (3))
Vidu 3.1
a) TimGTNNciaP=x>+y?>+xy+x+y
b) Tim GTLN cta Q = -5x — 2xy — 2y? + 14x + 10y — 1
Giai
a) 4P =4x" +4y" +4xy+4x+4y =4x"+y’ +1+4dxy +4x+2y+3y° +2y -1
4 4

12
= (2 1) +3| y+=| - ==-2=
(2x+y+1) + (y+3j 3273

4 1
VayminP= —— khix=y=——
ay 3 y 3
b) —50=25x"+10xy+10y” = 70x =50y +5= (Sx—y—-7 )+ By -6 ) -80

:>Q=—%(5x—y—7)2—%(y—2)2+16S16

VaymaxQ=16khix=1,y=2
Vidu 3.2
Tim cip s6 (x, y) v6i y nho nhét thoa méin: x2 + 5y% + 2y — 4xy — 3 =0 (*¥)

Giai
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(e (x-2p) +(y+1) =4= (y+1) 4= (y+3)(y-1)<0
= -3<y<l1
Vay miny = -3 khi x = -6. Vay ccawpj s6 (x, y) = (-6; -3)
Vidu 3.3

Cho x, y lién hé v6i nhau bdi hé thire x2 + 2xy + 7(x +y) + 7y? + 10 = 0 (**).

Hay tim GTLN, GTNN cuaS=x+y+ 1.

Giai
(**) < 4x* +8xy+28x+28y+4)* +40=0
& (2x+2y+7) +4y?=9= 2x+2y+7) <9

x+y+520

<:>(x+y+5)(x+y+2)£0<:>{ (Vix+y+2Sx+y+5)

x+y+2<0
o -4<85<-1

Vay minS = -4 khix = -5,y =0. maxS = -1 khix =-2,y=0.

II. PHUONG PHAP MIEN GIA TRI

Vidul
2
Tim GTLN, GTNN ctia A = = 42*/5’“ +
x +1
Giai
Biéu thirc A nhan gia tri a khi phuong trinh sau day c6 a nghiém
_ X +42x+3
x> +1
& (a—1)x*~d2x+a-3=0 (1)

Néua=1 thi phuong trinh (1) ¢6 nghiém x = —g

Néu a # 1 thi phuong trinh (1) ¢6 nghiém khi a2+ 4a +5 >0 < —-1< a<35.
Vay minA = -1 khi x=—/2

maxA = 5 khi x:g

Vidu2
Tim GTLN, GTNN ciia biéu thie B = 27221
X +y +7
Giai

Biéu thirc B nhan gia tri b khi phuong trinh sau c6 nghiém
x+2y+1

b:
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Sbx’—x+by’=2y+7h-1=0 (2)
Trong d6 x 13 4n, y 1a tham sb va b 1a tham sd c6 diéu kién
Néub=0=x+2y+1=0
Néub = dé (2) c6 nghiém x khi 1 — 4b(by? — 2y + 7b -1)> 0 (3)
Coi (3) 12 bat phuong trinh 4n y. BPT nay xdy ra v6i moi gia tri cta y khi
16b? + 4b*(-28b%> +4b + 1)> 0

<:>—28Z72+4b+520<:>—iﬂ7§l
14 2

5 7 14

VayminB= — khix=-—, y=——
Y 14 5 Y 5

maxB=%khix=1,y=2

IIL. PHUONG PHAP SU DUNG BAT PANG THUC
1) St dung bt ding thirc Co-si

Vidul.l
Tim GTLN, GTNN cua A = \/3x—5 ++/7 —3x Vi gﬁxﬁg
Giai
A =3x—5+7-3x+2,J(3x-5)(7-3x)=2+2,JB3x-5)(7-3x)
5 7

Vay A2 > 2= A>+2. Vay minA = ﬁkhix:g,y:g

A <4= 4<2= maxA=2khix=2
(Biéu thirc dwoc cho dwéi dang tong hai cin thirc. Hai biéu thirc 1dy ciin c6 tong la

hing s)

Vidu 1.2
Cho x, y>0théaman x +y > 6. Hay tim GTNN cua P = 3x+2y+g+%
Ta co: P=%(x+y)+32—x+%+§+ %2 ;—.6+ 2J%+ 2 ;i%: 9+ 6+ 4=19

Vay minP =19 khix=2,y=4.

Vi du 1.3
7 ) _ _
Tim GTLN cta bidu thitc M = £y =2+ yNx -3 Vo x =322
Xy
Giai
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To co: M:\/x—3 +\/y—2
X y

Theo bat dang thirc C6 — si ta co:

=M < maXM——+—kh1x 6;y=4

4

> | &

N
4

Vidu 1.4
1 1

Cho x, y, z> 0 thoa man: ! + + >2 (1). Tim TGLN cta P = xyz

I+x 1+y 1+:z
Giai

z

) PSR U PRL I, I
1+x l1+y l+z) 1+y 14z (1+y

1 Xz 1 Xy
T tu: ——=>2 ; >2
R \/(1+x)(1+z)’1+z \/(l+x)(l+y)

Nhan vé véi vé ciia ba BPT trén :P:xyzﬁé: max P = —
Vidu 1.5
. , 3 4
Cho0<x<1, TimGTNNcuaQ=—+—
I-x x
Giai

Ji+2z)

1
khix=y=z=—
YEETS

Taco: P= % +4(1_x)+722\/ 3x .4(1_x)+7:(2+ ﬁ)z

1—-x X 1—x X

= minP = (2+\/37)2 khi 13x e k) I (\5—1)2

—X X

3ax N 4b(1 -x)
I-x X
Vidu 1.6

Cho x,y, z,t>0. Tim GTNN cua biéu thirc.

PDatP = +c¢ dong nhit hé sd suyraa=b=

xX—t t— -z zZ—X
M = Gy rmey

t+y y+z z+x Xx+t

Ap dung bat dang thirc Co-si ta co: 1 + 1 > voia, b>0.

a b a+b

I;¢=7)
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Tacé:M:M+4—4:(x—_t+lj+(t_y +1j+ (u+lj+ (Z_x+lj—4
r+y y+z Z+Xx X+t

xX+y t+z y+x z+t 1 1 1 1
= + + + —4=(x+y)| —+ +(z41) —+ —
t1+y y+z z4+Xx x+t r+y z+x y+z x+t

4(x+y) N 4(z+t)
_x+y+z+t X+y+z+t

~4=0

= minM=0khix=yvaz=t¢
2. Sir dung BDT Bunhiacopski (BCS)

Vidu 2.1
Cho X, y, z thda min: xy + yz + zx =1. Tim GTNN cua biéu thirc
A= X4 + y4 + Z4

Giai

Ap dung BPT BCS ta co
1z(xy+yz+zx)2£(x2+y2+22)(x2+y2+22): (x2+y2+zz)2
:>1£(x2+y2+22)2£(1+1+1)(x4+y4+z4)

B

:>PZ§:> minPZ%khixzyzzz —

3
Vidu 2.2
Tim GTNN cua P = 4a + % + 16c trong do a, b, c 1a do dai ba canh

b+c—a c+a-b a+b-c
cua mot tam giac.
Giai

P:4(—a +lj+9(—b +lj+16(—c + 1—]— 2—9
b+c—a 2 c+a-b 2 a+b—-c 2 2
a+b+c 4 9 16 29

2 b+c—a c+a-b a+b-c 2
Jatb+c (2+3+4) 29
B 2 '(b+c—a)+(c+a—b)+(a+b—c) 2

:a+b+c &1 —§:§—§=26

2 gq+b+c 2 2 2

— minP =26khi 4=2-¢
7 6 5
Vidu 2.3
a + b + C
I+b-a 1+c-b 1+a-c
trong doa,b,c>0théaman a+b+c=1

Tim gia tri nhé nhét cua Q=
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Giai

2 2
Taco:0= a b c_ o (a+b+c) B (a+b+c)

> Wb* —4dac

= minQ=1khia=b:c=%

Vidu2.4
Choa,b,c>0théamana+b+c=1. Tim GTNN cua

1 1 1 1
P=—— sttt —
a +b"+c ab bc ca

L+L+L> 9

ab bc ca ab+bc+ca
1 9

:>P22 > ~+
a +b"+c~ ab+bc+ca

1 4 7
Sl 2o 2T +
a +b +c 2(ab+bc+ca) ab+bc + ca

2
S (1+2) . 9 29+L2:30
(a+b+c) ab+bc+ca (a+b+c)
:>minP=30khia=b=c=%

Chuyén dé 5: TU GIAC NOI TIEP
I1-CAC DAU HIEU NHAN BIET TU GIAC NOI TIEP
1- Tong hai gbc ddi bang 180°

2- Hai goc lién tiép cung nhin mét canh dudi hai goc bang nhau.
3- Néu hai canh ddi dién cua giac ABCD cit nhau tai M thoa man:
MA.MB =MC.MD ; hodc hai dudng chéo cit nhau tai O thoa man
OA.OC = OB.OD thi ABCD 4 tir gi4c néi tiép
4- Str dung dinh 1y Ptolémé

2b+c+2c+a+2a+b_a(2b+c)+b(2c+a)+c(2a+b)_3(ab+bc+ca )_
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II- cAC VI DU

Vi dul: Cho dudng tron tim O va mot diém C ¢ ngoai dudng tron d6. Tir C ké hai tiép
tuyén CE ; CF ( E va F 1a céc tiép diém) va cat tuyén CMN ( N nam giita C va M ) t6i
duong tron.Pudng thang CO cat duong tron tai hai diém A va B. Goi I 1a giao diém cua
AB véi EF. Chiing minh rang:

a, Bén diém O, L M, N cung thudc mot duong tron

b, AIM = BIN

Gidi 2
N
a, Do CE 1a tiép tuyén ctia (O) nén: /

CEM = CﬁIE (Cung chén ﬁE) c 4' I o °
ACEM ~ ACNE .
CE _CN
CM CE "
CM.CN =CE?

Mit Khac , do CE; CF 1a cac tiép tuyén cua (O) nén
ABL EF tai I vi vay trong tam giac vuong CEO duong cao El ta co6:
CE?=CI.CO

Tir (1) va (2) suy ra CM.CN = CL.CO =>M - CO
CI CN

ACMI ~ ACON

CiM = CRO
T giac OIMN noi tiép OI

b Kéo dai NI cat dudng tron tai M’
Do tir giac IONM ndi tiép nén :

IOM = INM =2stﬁ4’
— AM = ARr . Do do:

AMM = ARV’ =BIN O

47



Vi Du 2

Cho tam giac ABC c6 g =45 ; BC =a ndi tiép trong duong tron tdm O; cac dudng cao
BB’ va CC’. Goi O’ 1a diém dbi xtmg cua O qua duong thang B’C’.

a. Chung minh réng A; B’; C’; O’ cung thudc mot duong tron

b. Tinh B’C’ theo a.

Loi gidi
a. Do O 1a tam dudng tron ngoai tiép tam giac ABC nén

BOC =2 BAC =90°

Tir do suy ra cac diém O; B’; C’
Cung thuoc duong tron duong kinh BC.Xét tir

giac noi tiép CC’OB’ ¢6 : ‘»
C'8B” = 180° - C’EB’ 0
B
— 1800 - (90°- A ) =135, c
Ma O’ ddi ximg véi O qua B’C’ nén:
C'O'B’ =C'OB’ = 135°=180° - A
Hay tir giac AC’O’B’ ndi tiép.
b. Do A = 45° nén ABB’A vudng can tai B’
Vi vay B’ nam trén dudng trung truc cia doan AB hay B’O L AB

C’OB’C 1a hinh thang can nén B’C’ =0C
BC\2 _ a2

Mait khac ABOC vuodng can nén: B’C’ =OC = 5 5

U bui tEp p dong

Bai tap 1:

Cho tir gidc ABCD ndi tié duong tron duong kinh AD. Hai duong chéo AC va BD cit
nhau tai E. V€& EF vudng goc véi AD. Ching minh:

a/ Tt giac EBEF, tt giac DCEF noi tiép.

b/ CA 14 phén giac cia BCF

¢/ Goi M 14 trung diém ctia DE. Chirng minh t&r gisc BCMF noi tiép.
Bai tap 2:
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T giac ABCD noi tiép duong tron duong kinh AD. Hai duong chéo AC, BD cat nhau
tai E. Hinh chiéu vudng goc cta E trén AD 1a F. Puong thang CF cat dudng tron tai diém
thir hai 1a M. Giao diém ctia BD va CF 1a N. Chimg minh:
a/ CEFD la tir gic noi tiép
b/ Tia FA 1a phan giac cia goc BFM
¢/ BE.DN = EN.BD.

Bai tap 3:

Cho tam gidc ABC vudng & A va mot diém D nim giita A va B. Puong tron dudng
kinh BD cét BC tai E. Cac duong thang CD, AE lan luot cat duong tron tai cac diém thi
hai F, G. Chtirng minh:

a/ Tam gidc ABC dong dang véi tam giac EBD
b/ Tt giac ADEC va AFBC ndi tiép dugc mot dudng tron
¢/ AC song song voi FG
d/ Cac duong thang AC, DE, BF dong quy.
Bai tap 4:

Cho tam giac ABC c6 4=90"; AB > AC, va mot diém M nam trén doan AC ( M khéng
tring voi A va C ). Goi N va D lan luot 13 giao diém tht hai ctia BC va MB véi duong
tron duong kinh MC; goi S 14 giao diém thw hai giita AD véi dudng tron duong kinh MC;
T 1a giao diém ciia MN va AB. Chiing minh:

a/ Bon diém A, M, N, B cung thuoc mdt duong tron
b/ CM la phan giac ctua géc BCS.
4 TC

[/

D TB
Bai tap 5:

Cho dudng tron (O) va diém A nim ngoai dudng tron. Qua A dung hai tiép tuyén AM
va AN véi duong tron ( M, N 14 céc tiép diém ) va mot cact tuyén bat ky cat dudong tron tai
P, Q. Goi L 1a trung diém cua PQ.

a/ Chung minh 5 diém: O, L, M, A, N cung thudc mot dudng tron

b/ Chting minh LA 1a phan giac cia goc MLN

¢/ Goi I 1a giao diém ciia MN va LA. Chting minh: MA*= Al. AL

d/ Goi K 1a giao diém cua ML véi (O). Chimg minh rang: KN / AQ

e/ Chiing minh tam giac KLN can.
Bai tap 6:
Cho dudng tron (O;R) tiép xuc véi duong thang d tai A. Trén d 1ay diém H khéng trung
v6i diém A va AH < R. Qua H ké dudng thang vudng goc voi d, dudng thing ndy cit
duong tron tai hai diém E va B ( E nam gitta B va H )
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a/ Chtimg minh: goc ABE bang goc EAH va tam giac AHB dong dang voi
tam giac EAH.

b/ Lay diém C trén d sao cho H 14 trung diém cua doan AC, duong thang CE
cit AB tai K. Chirng minh: AHEK 14 tir giac noi tiép

¢/ Xac dinh vi trf cua diém H dé AB=R+3
Bai tap 7:

Tir diém P nam ngoai dudng tron (0), ké hai tiép tuyén PM va PN véi duong tron (O)
(M, N 1a tiép diém ). Puong thang di qua diém P cét dudng tron (O) tai hai diém E va F.
Puong thang qua O song song véi MP cit PN tai Q. Goi H 14 trung diém cta doan EF.
Ching minh:

a/ Tt giac PMON noi tiép duong tron

b/ Cac diém P, N, O, H cung nam trén mot duodng tron
¢/ Tam gidc PQO céan

d/ MP*= PE. PF

¢/ PAM =PHN

Bai tap 8:
Cho tam gidc ABC c6 ba goc nhon ndi tiép dudng tron (O). Cac dudng cao AD, BE, CF
cit nhau tai H va cat duong tron (O) 1an luot tai M, N, P.
Chung minh rang:
a/ Cac tir giac AEHF, BFHD ndi tiép.
b/ Bén diém B, C, E, F ciing ndm trén mot dudng tron.
¢/ AE. AC=AH. AD va AD. BC=BE. AC
d/ H va M d6i xting nhau qua BC
e/ Xéac dinh tim duodng tron ndi tiép tam giac DEF.
Bai tip 9:
Cho tam giac ABC khong can, dudng cao AH, ndi tiép trong dudng tron tim O. Goi E,
F thi ty 13 hinh chiéu cua B, C 1én dudng kinh AD cta dudng tron (O) va M, N thir ty 13
trung diém ctia BC, AB. Ching minh:
a/ Bén diém A, B, H, E cung nam trén mot duong tron tam N va HE // CD.
b/ M 14 tdm duong tron ngoai tiép tam giac HEF.

Bai tap 10:
Cho dudng tron (O) va diém A & bén ngoai dudng tron. V& cac tiép tuyén AB, AC va
cat tuyén ADE véi duong tron ( B va C 1a cac tiép diém ). Goi H 1a trung diém cua DE.
a/ CMR: A, B,H, O, C cung thudc mot duong tron. Xac dinh tam cua duong

tron nay.
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b/ Chirmng minh: HA 1a tia phan giac . DIEIC

¢/ Goi I 1a giao diém cua BC va DE. Ching minh: AB*>= AL.AH
d/ BH cit (O) tai K. Chirmg minh: AE // CK.
Bai tap 11:
Tir mot diém S & ngoai duong tron (O) vé hai tiép tuyén SA, SB va cat tuyén SCD cua
duong tron do.
a/ Goi E 1a trung diém cua day CD. Chung minh 5 diém S, A, E, O, B cung thudc
mot duong tron.
b/ Néu SA = AO thi SAOB 14 hinh gi? Tai sao?.
AB.CD

¢/ CMR: AC.BD =BC.DA = 5

Bai tap 12:

Trén dudng théng d léy 3 diém A, B, C theo tht tu d6. Trén nira mit phéng bo d ké hai
tia Ax, By cling vudng goc véi d. Trén tia Ax 1ay L. Tia vudng goc v6i CI tai C cét By tai
K. Puong tron dudng kinh IC cat IK tai P.

a/ Chimg minh t&r gisc CBPK noi tiép duoc dudng tron

b/ Chting minh: AI. BK = AC. CB

¢/ Gia st A, B, I ¢ dinh hay xac dinh vi tri diém C sao cho dién tich hinh thang
vudng ABKI 16n nhat.
Bai tap 13:

Cho tam gidc déu ABC ndi tiép dudng tron (O). M 1a diém di dong trén cung nhoé BC.

Trén doan thang MA 1y diém D sao cho MD = MC.

a/ Chimg minh: » DMC déu

b/ Chiing minh: MB + MC = MA

¢/ Chimg minh t&r gisc ADOC noi tiép duoc.

d/ Khi M di dong trén cung nhé BC thi D di dong trén duong cb dinh nao?.
Bai tap 14:

Cho duong tron (O;R), tir mot diém A trén O ké tiép tuyén d véi O. Trén duong thang
d lay diém M bat ky ( M khac A ) ké cat tuyén MNP va goi K 13 trung diém cta NP, ké
tiép tuyén MB ( B 1a tiép diém ). K¢ AC L MB, BD L MA, goi H 1a giao diém ctia AC va
BD, I 14 giao diém ctia OM va AB.

a/ Chtrng minh t&r giic AMBO noi tiép

b/ Chirng minh nam diém O, K, A, M, B cung nam trén mot dudng tron.
¢/ Chiing minh OI. OM =R?*; OL. IM =1A*

d/ Ching minh OAHB 1a hinh thoi

e/ chimg minh ba diém O, H, M thang hang
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f/ Tim quy tich cta diém H khi M di chuyén trén dudng thing d.
Bai tap 15:

Cho hinh thang cdn ABCD ( AB > CD; AB // CD ) ndi tiép trong dudng tron (O). Tiép
tuyén voi dudng tron (O) tai A va D cat nhau tai E. Goi I 1a giao diém ctia hai dudng chéo
AC vaBD.

a/ Chtrng minh tir giac AEDI noi tiép.
b/ Chiing minh AB // EI
¢/ Pudng thang EI cit canh bén AD va BC cia hinh thang twong tmg ¢ R va S.
Chtrng minh: *1 1a trung diém cta RS
11 2
"4B CD RS

Bai tap 16:
Cho ba diém M, N, P thiang hang theo thi tu d6. Mot duong tron (O) thay dbi di qua

hai diém M, N. Tir P ké cac tiép tuyén PT, PQ véi dudng tron (O).

a/ Chirng minh: PT? = PM. PN. Tir d6 suy ra khi (O) thay d6i van qua M, N thi T,
Q thudoc mot duong tron ¢6 dinh.

b/ Goi giao diém ctia TQ voi PO, PM 1a I va J. K 1a trung diém ctia MN. Chtng
minh céc t&r giac OKTP, OKIJ ndi tiép.

¢/ CMR: Khi dudng tron (O) thay doi van di qua M, N thi TQ luén di qua diém c6 dinh.

d/ Cho MN = NP = a. Tim vj tri cta tdm O dé TEQ =60"

Bai tap 17:

Cho tam gidc ABC vudng & A. Trén AC iy diém M (M = A va C). V& duong tron
duong kinh MC. Goi T 1a giao diém thir hai caa canh BC véi dudng tron. N6i BM kéo dai
cit duong tron tai diém th hai 1a D. Puong thing AD cat duong tron (O) tai diém th hai
S. Ching minh:

a/ Tt giac ABTM noi tiép.

b/ Khi M chuyén dong trén AC thi A]%M c6 sb do khong doi

c/ AB// ST.
Bai tap 18:

Cho duong tron (O), duong kinh AB ¢b dinh, diém I ndm giita A va O sao cho Al =
2/3A0. Ké day MN vudng goc voi AB tai I, goi C 1a diém tuy y thudc cung 16n MN sao
cho C khong tring vi M, N va B. N6i AC cat MN tai E.

a/ Chtng minh tir giac IECB noi tiép.
b/ Chtrng minh: AAME ~ AACM
¢/ Ching minh AM* = AE. AC
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d/ chirng minh AE. AC — Al IB = AI”*
e/ Hay xac dinh vi tri cia C sao cho khoang cach tir N dén tdm dudng tron ngoai
tiép tam giac CME 13 nho nht.
Bai tap 19:
Cho diém A bén ngoai dudng tron (O; R). Tir A vé& tiép tuyén AB, AC va cat tuyén
ADE dén duong tron (O). Goi H 14 trung diém cta DE.

a/ Chung minh nam diém: A, B, H, O, C cung nam trén mot duodng tron.

b/ Chiing minh AH la tia phan gidc cua DI::‘IC

¢/ DE cit BC tai I. Chirng minh: AB> = Al. AH

R

~ . Tinh HI theo R.

d/ Cho AB=R+3 vaOH = 7

Bai tap 20:

Cho duong tron (O) duong kinh AB = 2R. Pudng thang (d) tiép xtc voi dudng tron (O)
tai A. M va Q 1a hai diém trén (d) sao cho M = A, M=Q, Q = A. Cac dudng thang BM va
BQ lan luot cit dudng tron (O) tai cac diém tha hai 1a N va P. Chtng minh:

a/ Tich BN. BM khong doi
b/ Tt giac MNPQ noi tiép
¢/ B4t dang thuc: BN + BP + BM + BQ > 8R.

Chuyén dé 6: PUONG PI QUA PIEM CO PINH

Trong cac dé thi hoc sinh gioi, thi vao truong chuyén, 16p chon thudng c6 nhing bai toan

lién quan dén tim diém c6 dinh, chimg minh dudng di qua diém cb dinh. Thuc té cho thay
day 1a bai toan kho, hoc sinh thuong khé khan khi gap phai bai toan dang nay.
Bai toan “Puong di qua diém cb dinh” doi hoi HS phai c6 ki nang nhat dinh cong véi su
dau tu suy nghi, tim toi nhung dic biét phai c6 phuong phap 1am bai.

Tim hiéu ndi dung bai toan

Du doan diém cb dinh

Tim to1 hudng giai

Trinh bay 101 giai

Tim hiéu bai toan:

«  Yéutd cb dinh.( diém, duong ... )
*  Yéu td chuyén dong.( diém, duong ...)
Yéu tb khong d6i.( d6 dai doan, d6 16n goc ... )
«  Quan hé khong ddi ( Song song, vudng goc, thang hang ... )
Khau tim hiéu nodi dung bai toan 1a rit quan trong. N6 dinh huéng cho céc thao tac tiép
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theo. Trong khau nay doi héi hoc sinh phai cé trinh d§ phén tich bai todn, kha nang phéan
doan tot. Tuy thudc vao kha ning cia timg ddi twong hoc sinh ma gido vién ¢ thé dua ra
hé théng cau hoi dan dat thich hop nham giup hoc sinh tim hiéu t5t ndi dung bai toan. Can
xac dinh o yéu t6 cb dinh, khéng doi, cac quan hé khong d6i va cac yéu té thay doi, im
moi quan hé giita cac yéu td do.

Duw doan diem co dinh:

Dua vao nhiing vi tri dic biét ctua yéu t6 chuyén dong dé du doan diém cb dinh. Thong
thuong ta tim mdt hodc hai vi tri dac bi€t cong thém véi cac dac diém bat bién khac nhu
tinh chat dbi xtmg, song song, thang hang ... dé du doan diém cd dinh

Tim toi hudng gidi

Tt viée du doan diém cb dinh tim mdi quan hé gitta diém d6 voi cac yéu t6 chuyén dong,
yéu t6 cb dinh va yéu t6 khong doi. Thong thudng dé chimg té mot diém 1 ¢b dinh ta chi
ra diém d6 thudc hai dudng ¢ dinh, thudc mot duodng ¢ dinh va thoa man mdot diéu kién
(thuoc mat tia va cach géc mot doan khong ddi, thudc mot duodng tron va 1a mut cia mot
cung khong doi ...) thong thuong 101 giai cia mot bai toan thuong duge cit bé nhing suy
nghi bén trong nod chinh vi vay ta thuong cd cam

giac 101 giai co cai gi d6 thiéu tu nhién, khong c6

tinh thuyét phuc chinh vi vay khi trinh bay ta c6

gang lam cho 101 giai mang tinh ty nhién hon, c6

gia tri vé viéc rén luyén tu duy cho hoc sinh.

MOT VAI Vi DU:

Bai 1: Cho ba diém A, C, B thang hanh theo thu

tur d6. V& tia Cx vudng goc v6i AB.Trén tia Cx ldy

hai diém D, E sao cho @:%:\@_ Duong

CB CD b C a
tron ngoai tiép tam giac ADC cat duong tron
ngoai tiép tam giac BEC tai H khac C. Chimng D

minh rang: Puong thang HC ludn di qua mot diém
c¢b dinh khi C di chuyén trén doan thang AB.

Tim hiéu dé bai:

* Yéu t6 ¢d dinh: Poan AB

* Yéu t6 khong doi: E
+ Goc BEC = 30°, Géc ADB = 60° do d6 sd cung BC, cung CA khong doi
+B,D, H théng hang; E, H, A théng hang

Duw doan diem co dinh:
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bai%201.gsp

khi C tring B thi (d) tao véi BA mdt goc 60° => diém cb dinh thudc tia By tao voi tia BA
mot goc 60°

khi C tring A thi (d) tao véi AB mot goc 30° => diém c6 dinh thudc tia Az tao voi tia AB
mot goc 30°

By va Az cit nhau tai M thi M 13 diém c¢6 dinh? Nhan thdy M nhin AB ¢d dinh duéi 90°
=> M thudc duong tron duong kinh AB.

Tim huwong chirng minh:

M thudc duong tron dudng kinh AB ¢ dinh do d6 can chirg minh sd cung AM khéng doi
that vay:

P
sd cung AM = 2sdGoc MCA=2sdGoc CHA =2sdGoc CDA = 120°

N e

Loi gidi:
J4 CA J4
Ta ¢6 tgD =——=+/3 => Géc D=60"
CD

¢6 Gée CHA = Goc CDA = 60°

G/s dudng tron dudng kinh AB cét CH tai M

ta c6 Goc KTHA= 600 = sd cung MA khong d6i

lai c6 duong tron duong kinh AB ¢6 dinh vay:

M cb dinh do d6 CH ludn qua M c6 dinh.

Bai 2: Cho duong tron (O) va dudng thang (d) nim ngoai dudng tron. I 1a diém di dong
trén (d). Pudng tron dudng kinh OI cit (O) tai M, N. Chimg minh dudng tron dudng kinh
OI ludn di qua mdt diém cd dinh khac O va dudng thing MN luén di qua mét diém cb dinh.

Huéng din:

do tinh chat d61 xtig nén diém c6 dinh nam trén tryc doi

xung hay duong thang qua O va vudng goc voéi (d)

(0]
Giai: F
Ké OH vudng goc voi (d) cit MN tai E. E
ta c6 H ¢d dinh va H thudc duong tron duong kinh
OI vay duong tron duong kinh OI ludén di qua K | H

c¢d dinh.

Xét tam giac OEF va tam giac OIH ¢6 goc O chung, goc OFE = goc OHI = 90°

Nén tam gidc OEF ddng dang vé&i tam giac OIH do d6: OF/ OE = OH/ Ol => OE. OH =
OF. Ol

Lai c6 goc IMO = 90° ( ndi tiép chin nira dudng tron dudng kinh OI )

Xét tam giac vudong OMI c6 dudng cao tng vSi canh huyén MF nén:

OF. O = OM?
55



2

Do do: OE = oM
OH

= hang s6 vay E c¢b dinh do d6 MN

di qua E ¢6 dinh.

Bai 3: Cho dudng tron (O; R) va day AB cb dinh. C 1a
mot diém chuyén dong trén duong tron va M 14 trung
diém cua AC. Ching minh rang dudng thang ké tir M
vudng goc voi BC ludn di qua mot diém cb dinh.

Giai:

V& duong kinh BD => D ¢6 dinh.

Gia str duong thang qua M va vudng goc voi BC cit
BC cét AD tai 1.

D@ thay goc BCD = 90° hay MI // CD.

Xét tam giac ACD c6 MC = MA; MI // CD =>1 1a
trung diém ctia DA c¢b dinh hay duong thang qua M
vudng goc voi BC di qua I ¢b dinh.

Bai 4: Cho tam giac ABC va hai diém M, N thtr tu chuyén dong trén hai tia BA, CA sao
cho BM= CN. Chiirng minh rang duong trung truc cia MN ludn di qua mét diém cb dinh.

Huéng din:

Khi M =B thi N =C khi d6 duong trung truc ciia MN 1a trung truc ctia BC. Vay diém cb

dinh nam trén dudng trung truc ctia BC

Giii: Gia st trung truc cia BC cit trung truc ciia MN tai I

D@ thdy tam giac IMB = tam giac INC (c-c-c) viy
gdc MBI = goc NCI

Xét tir gidc ABCI c6 goc MBI = goc NCI vay tu giac
ABCI néi tiép hay I thudc dudng tron Ngoai tiép tam
giac ABC ¢d dinh, ma Trung truc cua BC cb dinh
Vay I ¢6 dinh hay trung truc ctia MN di qua I ¢
dinh.

Bai 5: Cho duong tron (O; R) va day cung AB =
R+/3. Piém P khic A va B. Goi (C; R)) 1a duong
tron di qua P tiép xtc v6i duong tron (O; R) tai
A.Goi (D; R2) 1a duong tron di qua P tiép xuc véi
duong tron (O; R) tai B. Cac duong tron (C; Ri) va
(D; R») cat nhau tai M khac P. Chting minh rang khi
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P di dong trén AB thi dudng thang PM ludn di qua mét diém co dinh.

Tim hiéu dé bai:

* Yéu t6 ¢b dinh: (O; R), day AB

* Yéu t6 khong d6i: DPCO 1a hinh binh hanh. Sd cung BP cua (D), sd cung AP cua (C),
Goc BMA khong d6i

Du doan

Khi P = A thi PM la tiép tuyén cua (O; R) => diém c6 dinh nam trén tiép tuyén cua (O; R)
talr A

Khi P = B thi PM 14 tiép tuyén cua (O; R)=> diém cb dinh nam trén tiép tuyén cua (O; R)
tai B

Do tinh chat dbi xtmg cta hinh => Piém cb dinh nam trén duong thang qua O va vudng

gbc voi AB
=> Piém cd dinh nam trén dudng tron ngoai tiép tam giac OAB
Loi giai:

V& dudng tron ngoai tiép tam giac OAB cit PM tai I .

vi AB =R+3 =>sd cung AB ctia (O) bang
120°

tam giac BDP can do d6 géc OBA = gbc
DPB

tam gidc OAB can do d6 goc OBA = goc
OAB => goc BDP = g6c BOA => sdcung
BP cua (D) = sd cung BA cua (O) = 120° .
tuong tu sd cung PA cuia (C) = 120° .

1
ta c6 goc BMP = 5 sd cung BP cua (D) =

60°
ta co goc AMP = %sd cung AP cua (C) = 60°

Vay goc BMA = goc BMP + goc AMP = 120° = gdéc BOA
xét tr gidc BMOA c6 goc BMA = goc BOA do d6 tir gidc BMOA noi tiép hay M thudc
dudng tron ngoai tiép tam gidc BOA.

Vay %sd cung IA = goc IMA = géc PMA = %sd cung PA cua (C) = 120° .Vay I thudc
dudng tron ngoai tiép tam gidc AOB va sd cung IA = 120° => [ ¢b dinh hay MP di qua I ¢6
dinh.
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Bai 6: Cho doan AB cb dinh, M di dong trén AB. Trén ciing mot nira mit phang by AB vé&
hai hinh vudng MADE va MBHG. Hai dudng tron ngoai tiép hai hinh vudng cit nhau tai
N. Chtng minh dudng thang MN luén di qua mot diém cb dinh khi M di chuyén trén AB.
Huéng din:

Tuong tu bai 1

Gidi:

Gia st MN cit dudng tron duong kinh AB tai 1 y \
Ta, c6 Goc ANM = Goc ADM = 459 géc’ nodi tiép clng g 1

chan cung AM cua duong tron ngoai ti€ép hinh vudng

AMDE)

Ta c6 Goc BNM = Géc BGM = 45°( gbc ndi tiép cung A .

chin cung BM cua dudng tron ngoai tiép hinh vudng
MBGH)
=> g6cANB = Goc ANM + Goéc BNM = 90° => N thudc
duong tron duong duong kinh AB vay sd cung Al = |
2sdGoc ANI
=25dGoc ANM = 90°
Vay I thudc duong tron dudng kinh AB va sb do cung Al bang 90°
=> | ¢b dinh hay MN di qua I ¢6 dinh

Dé c6 duge mot gio luyén tap tdt can luu ¥y mot sb van dé sau

- Chon hé théng bai tap nhu thé nao cho mot gi0 luyén tap;

- Phai sdp xép hé thong cac cau hoi tir d& dén kho (c6 goi mo);

- Phai t6 chire ot va thé hién vai tro chu dao ciia ngudi thay;

- Sau mdi bai can tap duot cho hoc sinh nghién ctru siu 10i giai (néu co).

Noi dung chinh cta bai viét t6i bat dau tir mot s6 bai toan don gian trong chuong
trinh 16p 9 bac THCS rdi phat trién nd rong ra & mic do twong dwong, phirc tap hon rdi
cao hon nhung van phu hop véi tu duy 16gic clia cic em dé tao cho cic em niém say mé
hoc tdp modn toan dac biét [a mon hinh hoc.

Tir bai tap sd 7 trang 134 (SGK hinh hoc 16p 9-NXB Gido duc 2005), sau khi hoc
sinh duoc 1am, t6i di thay d6i thanh bai toan c6 nodi dung nhu sau:

Bai todn 1: Cho AABC déu canh a, goi O 1a trung diém ctia BC. Trén canh AB, AC theo
tht tu 14y M, N sao cho goc MON = 60°.
2

a .

a) Ching minh gy .cN = R

b) Goi I 1a giao diém caa BN va OM. Chting minh BM.IN = BLMN;

¢) Chirng minh MN 1uén tiép xtic voi mot dudng tron c¢b dinh.
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Phan tich bai toan:

a) O phan a 13 mot dang toan chting minh A
hé thirc, chinh vi vay viéc huéng dan hoc

sinh tim 101 gidi bai toan hét stc quan

trong nham phat trién tu duy hinh hoc ¢ \
hoc sinh.
Chung ta c6 thé dung phuong phép phan
tich di 1én dé tim 101 giai bai toan. Véi so
d6 nhu sau: B O C
BM.CN = a Can ctr vao so do ta co 101 giai sau:
A * Ta c6 ABMO: gocB+gdecM+gocO = 180°
4 a g6cBMO+gdcMON+gocNOC = 180° (g6cBOC = 180°)
BRI — g6cBMO = g6cCON; lai c6 B =€ = 60° (VIAABCdéu)
BM.SN _ BOCO — ABMO ddng dang ACON (g.g), tir d6 suy ra % = %
f hay BM.CN = BO.CO; ma BO=C0O=2%-% do do
BM _ CO 2 2
BO CN ,
0 BM.CN = % (dpcm)
ABMO dong dang ACON
)
B=C=60°
g6cBMO = g6cCON
N

g0cB+g6cBMO+g6cBOM = g6cBMO+gdcMON+g6cNOC (= 1800).

b) Ciing twong tu nhu viy & phan b) thay gido ciing giup hoc sinh phat trién tu duy

16gic, thao tac tu duy phan tich, téng hop, dac biét 1a tu duy phan tich di 1én- mot thao tac
tu duy dic trung ciia mon hinh hoc. Véi sy phan tich nhu vay hoc sinh s& thiy d6 chinh 1a
str dung tinh chit duong phan giac cta tam giac BMN. Nghia 1 hoc sinh can chi ra MI 1a
tia phan giac cia gocBMN. Tur do ta c6 1o1 gidi sau:
BM _ MOhay BM _ MO
CO ON BO ON
g6cMON (=60°) = ABMO dong dang AOMN (c.g.c). Tir d6 suy ra gocBMO = gocOMN
do do MO Ia tia phan gidc ciia goc BMN hay MI 1a tia phan giac gocBMN.

Theo phan a) ABMO dong dang ACON suy ra lai c6 gocB =
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Xét ABMN c6 MI 14 tia phan giac caa gocBMN, ap dung tinh chat dudong phan giac trong

.y ., MB IB
tam giactaco——=-— hay BM.IN = BL.MN (dpcm).
MN IN

¢) Pay 12 mot dang toan lién quan gitra tinh bat bién (c6 dinh) va tinh thay dbi: Ung
v6i mdi diém M, N thi ta c6 vi tri ctia doan thang MN thay d6i theo (chuyén dong) nhung
lai ludn tiép xtc v6i mot duong tron c¢b dinh (bat bién). Vay trude khi tim 101 giai cua bai

toan giao vién can cho hoc sinh chi ra yéu t6 c6 dinh, yéu to nao thay doi.

A

B O C

Ta c6 101 giai sau: Tur O ké OH, OK theo tr ty vudng géc véi AB va MN. Do O, AB cb
dinh nén OH cb dinh Vay duong tron (O;0H) 1 dudng tron cb dinh.
Vi MO Ia tia phan giac cia goc BMN nén OK = OH (t/c dudng phén giac)
— Ke(O;0H) (1) lai c6 OK L MN ( cach dung) (2)
tir (1) va (2) suy ra MN 14 tiép tuyén cua dudng tron (O;OH). Vay MN ludn tiép xac véi
mot dudng tron (O;0H) ¢b dinh.
Khai thac bai toan:

O phan a) cua bai toan ta thdy tich BM.CN khong ddi, néu sir dung BDT Cési ta co
thém céau héi sau:

1.1: Tim vj tri ctia M, N trén AB, AC dé BM + CN dat gia tri nho nht.
Loi giai: Ap dung BDT Cosi cho hai s khong 4m 1a BM, CN ta ¢c6 BM + CN > 2JBM.CN

2
a

ddu "=" x4y ra & BM = CN. Theo phan a) BM.CN = "
2 2
do d6 BM +CN > 2\/§ =a (khong do1).

Vay GTNN cua BM+CN =a « BM =CN =% < M, N theo thu tu 1a trung diém cta AB

va AC.
1.2: Ta thtr suy nghi néu tam gidc ABC 1a tam giac can thi bai toan con dung khong?

va gia thiét nhu thé nao? tir d6 ta c6 bai toan sau:
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Bai todn 1.2: Cho tam giac ABC can ¢ A, O 1a trung diém BC. Trén canh AB, AC
theo thir tr 1ay cac diém M, N sao cho go6cBMO = g6cCON. A
Chung minh rang:

2
a) BM.CN = B f ; N
b) BNAMO = {7}, Chung minh M
BIL.MN = IN.BM;
c¢) Khi M, N thay doi tréen AB, AC thi

MN 1luén tiép xuc véi mot duong tron cb R 0 C
dinh.

Bai toan 1.3: Cho tam giac ABC can ¢ A, O thudc canh BC dudng tron tam O tiép
xuc voi cac canh AB, AC cua tam giac. Trén AB, AC theo thir tu léy hai diém M, N.
BC?

Chimng minh rang MN 1a tiép tuyén cua d wong tron (O) < BM.CN =

Giii: Vi (0) tiép xtc voi cac canh AB, AC
AC nén O cach déu AB, AC do d6 O tia
thudc tia phan giac cua goc A. Lai cO gp
A ABC can nén phan giac goc A dong na
thot la trung tuyén ma O e BC nén O 1a
trung diém canh BC.

(=): Gia su MN la tiép tuyén (O).

N6i OM, ON.

Do MB, MP 14 hai tiép tuyén cat nhau
cua (O), NP, NC ciing la hai tiép tuyen lau
cat nhau cua (O), sir dung tinh chét hai cat
tiép tuyén cat nhau ta suy ra dugc

géc MON = gocB; gocBOM = gdcONC; g6cNOC = gbcBMO; tir d6 suy ra ABMO dong

dang ACON (g.g) = BM gff — sm.cN =B

co

2
(<) Gia st ¢6 BM.cn =2C

Cach 1: Ching minh tuong tu bai toan 1;
Ciach 2: Tir M dung tiép tuyén vé6i (O) cat AC & N'. Ta chirng minh N'=N

Theo phan thuén ta c6 BM.CN'= =BM.CN <

CN'=CN. Ma N', N cung thudc canh AC do d6 N' = N (dpcm).
Chi y: - Néu M nam trong doan AB thi N nam trong doan AC.
- Néu M nim ngoai doan AB thi N ciing nam ngoai doan AC.
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Bai todn 1.4: Cho tam gidc ABC cén & B ¢6 gocB = 40°, O 1a trung diém cach AC,
K 1a chan duong vudng goc ké tir O xudng AB, (O) 1a dudng tron tdm O ban kinh OK.
1) Chitng minh (O) tiép xuc v6i BC;
2) Gia sir E 1a mot diém thay doi trén canh AC sao cho

goc AOE = & (20° < o <90°), ké tiép tuyén EF voi dudng tron (O) tiép stc voi (O) tai P.
a) Tinh theo « céc goc cua tir giac AEFC;

b) AAEO ddng dang v6i ACOF;

¢) Tinh « dé AE + CF nho nhét. (Pé thi chuyén toin PHSP HN nédm 2005)

HD Giai:

1) Ké OH vudng goc voir BC. do tam

gidc ABC can & B nén OH = OK do d6 B

H nam trén (O), lai c6 OH L BC tai H

nén BC 14 tiép tuyén cta (O). E

2) a) Ta c6 4=C=70", twong tu bai toan

trén ta suy ra goc AEF =2(110%«), 0

goc CFE=2a . A C
b) A AEO dong dang voi A COF

(c.g.c)

c) Tuong ty 101 gidi bai y 1.1 ta suy ra

Bai todn 1.5: Cho duong tron (I) tiép xtc véi hai canh ciia goc xOy tai A va B. Tur

C trén cung nhé AB ké tiép tuyén voi duong tron (1) cat Ox, Oy theo thur tu tai M, N. Xac
dinh vi tri cua C trén cung nho AB dé MN ¢o do dai nho nhat.
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Giai: Vi (0) tiép xuc véi cac canh AB,
AC nén O cach déu AB, AC do d6 O 0
thudc tia phan giac cia goc A. Lai co
A ABC can nén phan giac goc A dong

thoi 13 trung tuyén ma O e BC nén O 1a M

trung diém canh BC. , , A B
(=): Gia st MN 1a tiép tuyén (O). / \
N6i OM, ON. p !

Do MB, MP 14 hai tiép tuyén cit nhau Q

cta (O), NP, NC ciing 1a hai tiép tuyén
cat nhau cua (O), st dung tinh chat hai
tiép tuyeén cat nhau ta suy ra duoc

Taco MN =AM + BN =MP + NQ - AP - BQ=MP + NQ - 2AP.
Do d6 MN nho nhit < MP + NQ nho nhat (Ap dung két qua bai toan 1.1) ta c6 dugc C 1a
diém chinh gitta cung nho AB.
Néu van tiép tuc khai thac bai toan ban dau ta c6 thé dua ra mot s6 bai toan cho hoc sinh tu
1am, coi nhu bai tap vé nha dé hoc sinh tyu giai quyét.
Bai toan 1.6: Cho A ABC can ¢ A. Léy M, N trén canh AB, AC sao cho
BC*

BM.CN = . Tim vi tri ctia M, N sao cho A AMN c¢6 dién tich 16n nht.

Bai todn 1.7: Cho M, M' trén tia AB va tia d6i cta tia BA; N, N' thudc tia CA va tia
d6i cua tia CA. Ching minh rang:

BC?

1) Néu MB.NC = M'BN'C = thi t&r giac MM'N'N ngoai tiép dugc mot duong

tron;
2)Phan giac tao bai MN va MM' di qua mét diém cb dinh.
Bai toan 1.8:
1) Cho A ABC. Dyng hai diém P, Q tht ty trén AB va AC sao cho AP = AQ va

BP.CQ = P49 ;

2) Cho hinh vuéng ABCD, ldy diém F thudc CD, G thuéc BC sao cho EG//AF (véi

E 1a trung diém cua AB). Chitng minh rang FG 12 tiép tuyén ctia duong tron ndi tiép

hinh vuoéng.

Bai todn 1.9: Cho tam giac ABC can ¢ A. Pudng tron ¢6 tam O 13 trung diém cia
BC tiép xtic voi AB, AC thir tw & H va K. Lay P thudc doan AB, Q thudc doan AC sao cho
PQ 1 tiép tuyén cua (O). Tim qui tich tAm O' ctia dudng tron ngoai tiép tam giac OPQ.

Véi cach lam tuong tu trén, bang phuong phap dic biét hoa, khai quat hoa, tuong
tu va thao tac tu duy thuan ddo ta cling hinh thanh cho hoc sinh tu duy logic, tu duy sang
tao, tinh dgc dao trong toan hoc. Chéng han ta co bai toan sau:

Bai todn 2: Cho duong tron (O) duong kinh CD. Tir C va D ké hai tiép tuyén Cx, Dy
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v61 duong tron. Ta mot diém E nam trén duong tron, ke ti€p tuyen véi duong tiy 6 cat

Cx tai A va Dy tai B. Chirng minh géc AOB = 90°,
Phan tich bai toan: X B
E
A
K J
C D
O

Dé chimg minh goc AOB = 90°, ta ¢ thé 1am bang nhiéu cach khac nhau. Chang
han:

- Ta chimg minh OA, OB 13 hai tia phan gi4c ctia cip goc ké bu;

- Ta chirng minh goc AOB = goc CED, ma goc CED = 90°

nén g6cAOB = 90°.
Do +) A4OB ddng dang véi ACED (g.g) nén géc AOB = goc CED,
ma goc CED = 90° vay gbc AOB = 90°.

+) T gidc OKEJ 1a hinh chit nhat ( ¢ ba goc vudng) nén goc AOB = 90°.

Tiép tuc tu duy ching ta con tim dugc thém mot vai cach giai khac nita. Sau day ta
xét mat trong cac cach giai do:

Ta c6 gbc ACO = gécAEO = 90° (tinh chat hai tiép tuyén cit nhau)

suy ra gocACO + goc AEO = 180° suy ra tir giac ACOE ndi tiép
Do d6 ta c6 g6cEAO = gocECO (hai goc cting chin mot cung OE)

Tuong tu ta cling c6 gocEBO = g6cEDO, ma gocECO + go6cEDO = 90° (vi gocCEO =
90°-gdc ndi tiép chian nira duong tron). Nén gocEAO + gocEBO = 90°. Tir d6 suy ra
gocAOB = 90°. (Dpcm).

Khai thac bai toan:

- Néu ta thay ddi mot vai diéu kién cua bai toan, chéing han vi tri cta diém O thay
bang diém M bat ki trén CD. Khi d6 duong thang vuong goc v6i ME tai E khong con 1a
tiép tuyén nita ma tro thanh cat tuyén voi (O). Thé thi yéu ciu cua bai toan ching minh
g0cAMB = 90° con dung nita hay khong?. Didu ndy van con ding, tir d6 ta c6 bai toan
khéac nhu sau:

Bai todn 2.1: Cho duong tron (O) duong kinh CD. Tur C, D ké hai tiép tuyén Cx,
Dy. Mot diém E bat ky ndm trén duong tron, diém M bat ky nam trén CD (M khong tring

v6i C, D, O). Qua E ké dudng thing vudng goc voi ME cit Cx, Dy theo thi ty tai A va B.
Chimng minh ring gocAMB = 90°.
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-)Tai sao ta lai dat van dé M khac
C,D,O. AN y
- VinéuM = O thi trd lai bai toan trén. E
- Con néu M = C thi duong thing L ME
cit Cx tai A, cat Dy tai B = D. Khi d6 ta
c6 gbc AMB = 90°.

Néu M = D thi twong ty trén. 9)
M=C

Ta trd lai bai toan: Nhu vay tuong tu bai todn trén ta cling co:

g0cMAB = g6cECM (do tir giac ACME noi tiép)

g6cEBM = g6cEDM (do tir giac BDME noi tiép)
ma g6cECM + goc EDM = 90° (do gécCED = 90°). Nén gocAMB = 90°.

-) Ta tiép tuc khai thac va mé rong bai toan, chang han diém M khéng nam trong
doan CD ma nim trén dudng thang CD va gilt nguyén cac diéu kién cta bai toan 2.1 thi
sao? tir do ta c6 bai toan sau:

Bai todn 2.2: Cho dudng tron (O) dudng kinh CD. Tir C, D ké hai tiép tuyén Cx,
Dy. Mot diém E bat ky nam trén dudng tron, diém M bat ky nim trén duong thang CD (M

khong trung véi C, D, O). Qua E ké duong thang vudng goc véi ME ci’ ¢, Dy theo tht
N AY
tu tai A va B. Ching minh rang gocAMB = 90{ x

- D
M\O\
B
- Mudn ching minh goc AMB = 90° ta dwa vao cach chimg minh bai toan trén. Ta
chirng minh gocMAB + gocMBA = 90°.
Mudng chtrng minh gocMAB + goc MBA = 90° ta chtrng minh
gocMAB + g6cMBA = g6cCDE + gocDCE = 90°
Pé chimg minh diéu ndy ta cin chimg minh gocMAB = g6cECD,
g0cMBA = g6cMDE. Nhu vy ta can phai chimg minh cac t& giac AMCE, MEDB

noi tiep.

Tir do ta co 101 giai sau:
Chitng minh: Ta c6 gocACM = gocAEM = 90°, do d6 tir gidc AMCE ndi tiép
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= gocMAB = goc ECD (cung bu gocMCE)

Tuong tu t giac MEDB ndi tiép = g6cMAB = go6cMDE (cting chin mét cung).
Ma g6cECD + gécEDC = 90°. Do d6 gocMBA + g6cMAB = 90°.

Suy ra gocAMB = 90°.

Nhu vay nhin lai bai toan trén ta c6 thé dua thanh bai toan tong quat hon nhu sau:

Bai todn 2.3: (Bai todn tong qudt)

Cho duong tron (O) duong kinh CD. Mot diém E thudc dudng tron (O). M 1a diém
bat ki thudc duong thang CD. Ké dudng thang vudng goc véi ME tai E cit cac tiép tuyén
Cx, Dy cta duong tron tai A va B. Chirng minh goc AMB = 90°,

Van tiép tuc bai toan 2 ta khai thac theo khia canh khac, ta c6 bai toan sau:

Bai todn 2.4: Cho dudng tron (O; % ), qua A va B ké hai tiép tuyén Ax, By cula

duong tron. Mot diém M thudc duong tron, qua M ké tiép tuyén cit Ax, By theo thir tu &
CvaD.

1) Chtrng minh CD = AC + BD;

2) Pudng tron ngoai tiép tam giac COD ludn tiép xtic véi mot duong thang c¢b dinh
khi M thay d6i trén duong tron.

3) AD cit BC ¢ H ching minh MH // AC.

y

X 1D

A B
K 0

Phan tich bai toan:

1) Vi phan nay rat pht hop véi hoc sinh trung binh khi hoc xong bai tinh chat hai
tiép tuyén cat nhau, Ta thidy ngay CM = CA; DM = DB
tir d6 suy ra CM + DM = CA + DB ma M nam giita C va D nén CD = CA + DB.

2) Cling tuong tu bai todn trén ta c6 A COD vuong & O. Mat khéac goi I 1a trung

diém ciia CD thi O « [1;%) ().
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Lai c6 to gidc ABDC la hinh thang, OI 1a duong trung binh nén OI // CA, ma CA L
ABdod6é1O L AB (2)

Tir (1) va (2) suy ra AB 1a tiép tuyén cua dudng tron ngoai tiép tam gidc COD. Ma
AB 13 duong thing cb dinh nén duong tron ngoai tiép tam giac COD ludn tiép xtc voi
duong thang AB ¢ dinh khi M thay d6i trén dudng tron.

3) Vi phan nay 1a mot bai toan rat hay vi no doi hoi hoc sinh phai ding phuong
phap phan tich di 1én dé tim 10i giai cua bai toan. Hon nita dé tim ra 10i giai hoc sinh con
phai huy dong kién thic vé dinh 1i Talét dao.

Gi4o vién hudéng dan hoc sinh tim 101 giai ctia bai toan bang so dd phén tich di 1én,

nhu sau:
MH //AC Tir d6 yéu cau hoc sinh 1én bang cin ct vao so dd
) trinh bay 161 giai ctia bai toan:
DM _ DH Ta c¢6 AC, BD 1a hai tiép tuyén cua (O) duong kinh
MC - HA AB nén AC 1L AB, BD 1 AB do d6 AC // BD.
l Xét A ACH ¢6 AC // BD ép dung hé qué dinh i
DB DH , .\, o
e g (VPPM=DB; aie ta 6 28 - P ma DB = DM; AC = MC nén
AC HA
MC=CA)
taco 2M _DH ap dung dinh 1i Talét ddo trong tam
i MC HA
AC// DB (L AB) giac DAC suy ra MH // AC.

Khai thac bai toan:
-) Gido vién dat van dé cho hoc sinh suy nghi. Goi giao diém cua MH va AB 1a K,
c6 nhan xét gi vé vi tri cua H ddi véi MK? T d6 ta co bai toan:

Bai todn 2..5: Vi gia thiét cta bai toan trén. Chimg minh H 12 trung diém ctiia MK.

-) Néu goi P 1a giao diém cia BM va Ax. Thi ta ciing ¢6 két qua C 1a trung diém cta
AP.

-) Néu gido vién cho thém diéu kién AC = R+3 (AB = 2R) thi ching ta lai c6 bai
toan lién quan dén tinh toan. Tir d6 ta c6 bai toan sau:

Bai todn 2.6: Cho (o;%j tir A, B ké céc tiép tuyén Ax, By ctia dudng tron. Mot

diém C trén tia Ax sao cho AC = R+/3. Tir C ké tiép tuyén CM t6i dudng tron céit By & D.
AD cit BC ¢ H.
1) Tinh s6 do g6cAOM;
2) Chirng minh trie tim ctia tam gidc ACM nam trén (O);
3) Tinh MH theo R.
-) Bay chiing ta lai xét bai toan khong tinh nhu trén nita, ma cho diém C thay d6i
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trén tia Ax sao cho AC >R+/3 thi khi d6 truc tim ctia A ACM ciing thay doi theo. Tir d6 ta
c6 bai toan sau:

Bai todn 2.7: Cho (O;%} , tir A, B ké céc tiép tuyén Ax, By ctia duong tron. Mot

diém C trén tia Ax sao cho AC > R+/3. Tir C ké tiép tuyén CM t6i dudng tron cit By &
D.Goi H 1 truc tim cuia tam giac ACM. Tim qui tich diém H.
-) Lai nhin bai toan dudi goc dd bai toan cuc tri hinh hoc, ta c6 bai todn sau:

Bii todn 2.8: Cho (o;?] tir A, B ké cac tiép tuyén Ax, By cia duong tron. Mot

diém M trén dudng tron, tir M ké tiép tuyén cua (O) cit Ax, By thi ty & C va D. Tim vj tri
cta diem M dé:

1) CD c6 d¢ dai nho nhat;

2) Dién tich tam giac COD nho nhat.

Nhu vdy xuét phat tir bai toan trong SGK, bang nhitng thao tac tu duy lat nguoc van
dé, tuong tu, khai quat hod, tuong tu ho4,... chung ta da sang tao ra duoc rat nhiéu bai
toan xuat phat tir bai toan gbc trong qua trinh tim 101 giai, nghién ciru sau 101 giai: nhu bai
toan tinh todn, bai toan qui tich, bai toan cuc tri,.... Viéc lam nhu thé & nguoi thay dugc
lap di, 1ap lai va thudng xuyén trong qua trinh 1én 16p s& dan dan hinh thanh cho hoc sinh
c6 phuong phap, thoi quen dao sau suy nghi, khai thac bai toan & nhiéu goc do khac nhau.
Pic biét 1a rén cho hoc sinh c6 phuong phap tim 151 giai bai toan bang phuong phap phan
tich di 1én-mot phuong phap tu duy rat dic trung va cuc ki hi¢u qua khi hoc mén hinh hoc.
Thong qua dé hoc sinh dugc phat trién nang luc sang tao toan hoc, nhéat 1a nhirng hoc sinh
kha gioi. Qua mdi gio day nguoi thay can giup hoc sinh 1am quen va sau d6 tao co hdi cho
hoc sinh luyén tap, thé hién mot cach thuong xuyén thong qua hé théng cau héi goi mo, hé
thong bai tap tir dé dén kho.

Trén day la mot vai y tuong cta toi da dua ra trong qua trinh 1én 16p trong giod luyén
tap hinh hoc. Theo t61 n6 cé tac dung:

- Gilp cac em cung ¢6 kién thire d3 hoc;

- Gitp cac em biét van dung kién thirc d3 hoc vao bai tap;

- Rén ki nang trinh bay cho hoc sinh;

- Phat trién tu duy toan hoc théng qua céc thao tic tu duy khai quat hoa, dic biét
hoa, twong tu hod, tu duy thuan dao,...

- Dan dan hinh thanh phuong phap tim 10i giai bai toan hinh hoc, tu duy linh hoat,

phuong phap hoc toan, hoc sang tao toan hoc.
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