Cau 1.

Cau 2.

Cau 3.

Trong khong gian Oxyz , cho ba diém A(2-24), B(-33-1), C(-1-1-1) va mit phang

P):2x- y+22+8=0 : : p ' "
( ) y+2z . Xét diém M thay doi thude , tim gia tri nho nhat cua biéu thic
T =2MA* + MB* - MC*

Loi giai
Traloi:102
Goi I 13 diém thoa 2IA +IB- IC =0
) =2 X Xe g
2
2y, +V,. -
= 1y :% =0= 1(1;0;4)
Z; :—ZZA % % =4
2
Ta co:
oo od oo 0o

2 2 AU 002
T =2MA? + MB* - MC? =2(MI +IA) +(MI +IB) - (MI+1IC)

=2MT> +25@I Dﬁ +Dﬁ - 0 +(21A2 + IB? - IC?) =2MT? + (2IA2 + IB? - IC?)
= | it df =

0

Dé T nhé nhi « 2MT? 2 oA e MI ook A VETER g a T/(P)

¢ 1 nhd nhat thi nho nhat ngan nhat /13 hinh chiéu cta diém
MI =d(1,(P)) =6; 2IA* + IB* - IC* =30= minT =102

. Khi do

(Chuyén Lam Son 2019) Trong hé¢ truc toa do Oxyz cho  diém
A(- 1;3;5); B(2:6;- 1);C(-4;-12;5) (P):x+2y-2z-5 =0 Goi M 13 diém di

[R[H1E] (W[N] oy

MA+ MB+MC

va mat phéng

(P) o s , S =
. Gia tri nhé nhat cua bicu thirc

Loi giai

\

dong trén 1a?

Tra loi: 14

uud (]N]u] ol

MA +MB +MC‘ =3

(N[N}

MG| =3MG

11 S =
Goi G 1a trong tAm tam giac 4BC nén G(- - 13) va

- GE(P) pen GM =GH ygi H l1a chan duong vudng goc tr G dén mp(P)
-1-2-6-5|
=1

4
\/12 +22+(-2)

S =3GH =3d,, =3

02 cho cac diém A(l;_1;3), 3(2;1;0), C(-3;-1;-3)

Trong khong gian va mit phing

(P):x+y- z-4 :0. Goi M(a,b,c) la diém thudc mat phéng (P) sao cho biéu thirc
uuu uuu uuud
T =3MA- 2MB + MC . , —
dat gi4 tri nho nhét. Tinh gia tri ctia bidu thic S =a+b+c
Loi giai
Tra loi: 2



Cau 4.

uu uu

Goi 1Gyiz) 1a diém thoa man 3/4- 21B +1C =0

Tacs M =(1- x;-1- y;3- z)= 314 =(3- 3x;-3- 3y;9- 3z)

1B=(- x;1- y;-2)= 2IB =(4- 2x;2- 2y;-22)
IC =(-3- x;-1- y;-3- z)

Khi do SHA- 2B+IC =(-2x- 4;-2y- 6;-2z+6) =0
-2x-4=0 x=-2
o -2y-6=0e {y=-3

-2z+6=0 z=3 - 1(-2:-3:3)
. Vay

I TR T TR T ST TR UDU LDy LU L _
. :‘3MA— 2MB +MC‘ :‘3(MI+[A)- 2(MI+IB)+(M]+IC)‘ :2‘M1‘
aco
uug
T < |MI , )
Suyra ™" min khi va chi khi M 1a hinh chiéu ctia / 1én mit phing (P)

Puong thang M! di qua 1¢-2;-33) va vudng goc voi mit phiang (P) ¢ phuong trinh tham sb
X =-2+t
MI:{y=-3+t
‘ z=3-1t . M(-2+4-3+43- )EMI
la . Lay
Mt khéic Me@P)= (-2+0)+(¢-3+1)- (3-1)- 4=0= 1 =4
Suy ra M(2;1;- 1)_ Vay a+b+c=2

(Ngé Quyén - Hai Phong 2019) Trong khong gian Oxyz , cho ba diém
AGLD, BG12,0), CG-12) s M huoe mat phing (@): 2x- y+2z+7 =0

uuu uuu uuod

P =3MA+5MB- TMC

. Tinh
gi4 tri nho nhét cua

Loi gidi
Tra loi: 27

Goi I 13 diém théa man: 314 +51B- 7IC =0
uuu

o 3(04- o1)+5(0B- or1)- 71(0C - 01) =0

o OI =304 +50B- 10C

= Toa dd diém 1=(-23;20;-11)
uuu uuuy uuu

1 =3MA +5MB - TMC =3(14- 1) +5(18- 1v1)- 7(1C- 101)

Khi do:
—- 1M +(314+51B- 71C) _ wus
=-IM + =M
uuy uuu ]| (W[N]}
ey, P =PpMA+SMB-TMC| - 1M| _ ) >4 (1.(a))

\2.(- 23)- 20+2(- 11)+7\
=27

Vay: Py =d (1,(@)) ~ V22 +12 +27



Cau 6.

(SGD Hung Yén 2019) Trong khong gian véi hé toa do Oxyz , cho ba diém A(l;4;5),

B(3;4;0) C(2;-1;0) (P):3x+3y-22-29=0 Goi M (a;b;c)

(P) sa0 cho biéu thiac T =MA* + MB* +3MC” dat GTNN. Tinh tdng @ +b+c
Loi gidi

va mit phang 1a diém thuoc

Tra loi: 8
uu o uu —0 (*)

Goi 1 1a diém théa man hé thuec: IA+ 1B+ 31 C

00 00 (000 =000
M) e o1 :lOA+ ! OB+3OC =Q2:1;)e 1(2,1,1)
Khi do, 5 5 5

Mt khéc, ap dung tinh chét tim ti cy cta hé diém = T =5M1 P14 +IB* +31C?

Vi [4* +1B* +3IC” 13 hing sé nén suy ra T dat GTNN < MI dat GTNN

© M 13 hinh chiéu vudng goc cua ! trén (P)
,VL;E(P) 3a+3b- 2c=29 a=>
i ©1a-2 b-1 c-1= {b=4

IMCIngph —Ngne) 3 - 3 :_2 c=-1

vay a+b+c =8

Trong khong gian Oxyz, cho hai diém A(3;1;-3), B(0:- 2;3) va mit cdu

i 2 2 - 2 = 9 I3 \ 7
():(r 1) 407 +(2- 3V =1 v giam M thay déi Tuon thuoe mat ciu (S gia tri 16n nhat

cia MA® +2MB’ bang?
Loi giai

Tra loi: 84

Goi 7 1a diém thoa man hé thie 4278 =0P 1(1:- 11)
uo ol 5 Ui LIULI

T =MA +2MB> = MA +2MB —(MI+IA) +2(MI+IB)
Ta co

=3MI* + 14> +2IB* =3MI* +36

J(- 1;0;3)

Mit cau (5) ¢6 tam _bankinh R=1,

Ta co: &/ >RP I nimngoai mit ciu (S).

Taco: T 16n nhat /% 16n nhét.

Ma Mo =T +R=3+1=4



Cau 7.

Cau 8.

— 2 —
Do dg: Tex =347 +36=84.

(Hiu Loc 2-Thanh Héa -2019) Trong khong gian P97 cho cac didm A0;0:2) [,

B(3;4;1). Goi (P) la mat phang chira duong tron giao tuyén ctia hai mit ciu
(S]):(x- 1) +(y- 1Y +(z+3) =25 v6i (8,):x*+y* +z7- 2x- 2y- 14 =0 M N 13 hai
diém thudc (P) sao choMN =1_Gia tri nhé nhit caa AM + BN 139
Loi giai
Tra loi: 5
B

0 / )Z

' e ], +——H

i ,’ .f'll r//

($): G- 1Y +(y-1) +(z+3) =25 (1)
T (8,):x*+y* +27-2x-2y-14=0 (2)

Lay ® true (2), ta dugc 02 =0 hay
(P):z=0 ., (P)=(Oxp).

(P)

D@ thiy 4, B nam khéc phia d6i véi (P ), hinh chiéu cua 4 trén ~* 7 14 O, hinh chiéu cia B t

. (P),. H@B;4:0).
rén 1a

L4y 4' sao cho 44 =MN.

Khi do AM +BN =A'N +BN 2A'B v cyc trj chi xdy ra khi MN cing phuong OH.
HITTY: [3 4 ]

MN = =|=;—;0
) ‘OH‘ 5’5
Lay
uuu [N A é,ﬂ,o . , .
Khido vi A4 =MN pap (55 Do d6 AM + BN =A'N + BN >A'B =5.

AG-1;3;5), B(2:6;-1),
(P).

(Chuyén Lam Son Thanh Héa 2019) Trong hé truc Oxyz, cho diém
C(-4;-12;5) (P):x+2y-2z-5=0.

(]N]u] Uy v

. L S =|MA+MB+MC
nhod nhat cua biéu thac la?

Loi giai

va mit phang Goi M 1a diém di dong trén Gia tri

Tra loi: 14



Goi G (x:52) 1a trong tAm tam giac 4BC.

ooy uuuy [N]NINN] [NIN|NN]

Vi G 1a trong tam tam giac 4BC va M 1a diém tiy y nén MA+MB +MG =3MG.

uuu udu uuud uuuud

S =|MA+MB+MC| =3MG| =3MG.
Vay

. _ X X txe - 1+2-4 — 1

3 3
ly =2t e 02 oy (1o 13).

3 3

. _zZatzptze _5- 1+5 -3
3 3

Do G 1a trong tdm tam giac 4BC nén

Vi G ¢6 dinh nén S =3MG dat gia tri nho nhéat khi va chi khi MG nho nhét. Tuc la

MG L (P).
-1.1+2.(-1)-23-5
d(G,(P)) :‘ | 14 e,
. 2+22+(-2) 3

Ta co:

00 000 000, | OO 14

S =|MA+MB + MC| =[3MG| =3MG =3.~ =14.

Vay gia tri nho nhat 3

Cau 9. (Chuyén Son La 2019) Trong khong gian Oxyz’ cho hai diém A4 1;0:0) va B(2;3;4). Goi

. _ 2 2 2 —
(P) 13 mat phang chira duong tron giao tuyén cta hai mat cau (Sl :Ge- )+ (1) 427 =4
I 2 2 _ — ) i )
va (Sz)' XAy Hzi42y-2 0. Xét M | N 13 hai diém bat ky thudc mat phing (P) sao cho
MN =1 Gi trj nh6 nhit cia 4M + BN ping?
Loi gidi

Tra loi: 5

T

-1 +(y+1) +2° =4 X2+ 4222 2x+2y-2=0
(=1
« Xét he X +y +z2+2y-2=0

Vay (P):x =0 ((P) chinh 13 mat phang

X4y +z +2y-2=0= x =0

(Oyz ))



Cau 10.

. C(0;0;0) . D(0:3;4) A(-1;0;0) . B(2:3:4) .
01 va va trén

G
mit phing (P) Suyra A4C =1 BD =2 CD =5,

lan luot 1a hinh chiéu vudng gbc cua

Ja? +b? +c +d? 2\/(a+c)2 +(b+d)

» Ap dung bt dang thic , ta dugc

AM + BN =y AC* + CM? ++/BD? + DN?

2\/(AC +BDY +(CM +DNY

z\/9 +(CM +DNY

Lai c6 CM +MN +ND =CD =5 pg suy ra CM +ND =4 Do do AM +BN =5

sc _mp
Ping thic xay ra khi €, M | N D thing hang theo the tw d6 va CM DN | tic 1a
M O;i;E N[O;Z;é
S15) oy L 05015 )

Vay gié tri nho nhét caa AM +BN 135,

(THPT Yén Khanh - Ninh Binh - 2019) Trong khong gian @97 cho mit ciu

2, 2, 2
XTHy +z =1 : 4 ; i :
(§):x yorz . biém Me(s) c6 toa d§ duong; mit phang (P)tlép xuc voi 5 tai M cat

cic tia Ox: OV, Oz 4 cac diém 4, B, C. Gid tri nho nhdt cia biéu thic

r=(+o4)1+08)1+0C?)
Loi giai

Tra loi: 64

co tam (0) va ban kinh R =1,



A(a,0,0);8(0,5,0);C(0,0,c); (a,b,c>0)

Theo dé bai ta co khi d6 phuong trinh mit phang

X y . z

—+=—+—=]
(P)lél:a b ¢ .

e d(0;(P))=1e — =1

tiép xtic voi (5) taiME(S) a b

< abc =\/c12b2 +b’c’ +c*a’ =\3Ra'bict = abe Z3\/§ (I)Vi (a,b,c>0)

i qo. T =1+02)1+08°)1+0C*) =(1+a )1 +5°)(1 +?)

2 2 2 21.2 2 2 2 .2 21.2 2 2 2 2 21.2 2
=> T =l+a " +b " +c " +ab +bc +ca +abc" =1+a"+b"+c " +2a°’bc

Mt khac 1+a> +b> + 2 +2a°0*? =1+ 3 a’b’c® +2a*b°c* =64 ()= T =64

Vay gia tri nho nhat caa T 1a 64 khi (l)va (Z)Xéy ra déu bang < @ =b =c =3
(Plix+y+z-4=0 o (o idm

MA| |6 ohée. Tinh 2a- b+c

Cau 11. (Chuyén Long An - 2021) Cho mit phing
A1), BA;10) . . M(a;b;c)e(P) |MB -
. Goi sao cho

Loi giai

Tra loi: 3

M

P

Thay lan lugt toa d6 diém 4 va diém B vao vé trai ciia phuong trinh mit phiang (P), ta dugc :
{1+1+1- 4=-1<0

=

I+140-4=-2<0 " 1. diém 4 va B nim cung mot phia voi mit phing

oo MB- MA|<4B. o . |MB- MA

T 16n nhat bang 4B khi va chi khi M 1a giao diém ctia
AB va mit phang (P)
2 1
d(B;(P)) =—=;d (4;(P)) =—=;d (8;(P)) =24 (4;(P)) 7
Mat khac, ta co \/5 \/§ nén 4 1a trung diém
BM = M (1;1;2)

ctia doan thang



Cau 12.

Suyra @ =P =Le =2 vy 2a-b+c =3
(THPT huyén My Léc — Vu Ban — Nam DPinh 2023) Trong khong gian Oxyz , cho hai diém
Al-10:6:-2), B(-5:10;-9) (a):2x- 2y- z+12 :CJ. Pidm M (a;b;c) thudc ()

sao cho MA-MB a4 ysi (@) cac gbc bang nhau va biéu thie T =2MA" - MB” dat gi4 tri nho
nhat. Tong @ *+b+¢ bing?

va mit phang

Loi gidi
Tra loi: -6

A, B

Goi H.K 13n luot 14 hinh chiéu vudng goc cua trén mat phang (@) , khi d6:

2.(- 10)- 2.6- (- 2}+12|
AH =d(A: () = =6;
J22 +27+1
8K =B () = 2.(-5)- 2.10- (- 9}+12| 3
JZ‘? +2+1°

4

1

vi M4, MB tao voi (@) cac goc bang nhau nén Uvr =Buk . To AH =2BK suy ra
MA =2MB

Ta co: MA =2MB < MA® =4MB’

= (@a+10) + (b- 6) +(c+2) =4|(a+ 5" +(b- 10) + (c+ 9}2]

= az+bz+t’.2+§a— @b+@c+ 228 =0.
3 3 3

10 34 34
R L
Nhu vay, diém M nam trén mat cau (S) co tam 33 30 va ban kinh R :2‘/m.

Ma M thudc (@)

Do do6, M thudc dudng tron (€) la giao cua mat cau (S) va mat phéng (@) , nén tam J cua

duong tron (€) 13 hinh chiéu vubng goc cua 7 trén mit phang ()
Tim duoe ¥ = 210:-12) U pan kinh (©) 13 # =VR - 17 =6
Goi diém £ théa mén 2EA- EB=0= E(-152:5)

Khi d6 T =2(ME+EA) - (ME+EB) =ME" +2FEA - ER va 2EA* - ER? khong adi.



Cau 13.

Vf;iy Tmm - Jiffmm

. v s A A \ -0 -4:2 =2 A N ..
Goi F 1a hinh chiéu cia £ trén (a)’ tim duoc F(-9-42)= FJ =21> nén £ nam ngoai

)

FM__ =FJi-r=I15
Suy ra min .

. ME_ =[EF°+FM . =334 . e s
Khi do - min J_ khi M 1a giao diém cua YV va (OM p3m gitra
F.J

n 15:[| 5]]
= FM :2—1F_,l' :?Fj = M(-46-8)= a+b+c=-6

(S& Nam Pinh 2023) Trong khong gian @7 | cho ba diém A(- 10:- 5:8), B(2:1:- 1), C(2:3:0) (5
mat phing (F)x*2r-22-9=0 xo M 13 didm thay dbi wen P sao cho
MA™ +2IMB™ +3MC" dat gia tri nho nhat. Khi d6 tinh MA™ +2ZMB~ +3MC" 9

Loi gidi
Tra loi: 282
Cheén didm | =(@:5:€) yao ddng thue MA™ +2MB” +3MC 3 duoc:

MA” +2MB° +3MC° = MA P +;{|jﬁ}j§ B];I-BJ‘JE}JEJ_#T& +IA] +3|jﬁ+jfs P +j|j1}}+}:7|3
A N N O 7 N o i A i R
= MI [F +2M1 1A+ | IAF +2(MIP +20M7 1B+ | 1B )+3(|MI [P +2M1 IC+|ICT)

Comdm omim . md o )
=M1 +2M1 -IA+ 147 +2(M +20m1 1B+ 182 )+ 3 (M +2M1 IC +1C?)
miod o of

:rj.-w%+mﬁ+ zfjejf +3‘_ﬁ:3 +2MI(IA +21IB +3IC)(*)

Cho 14+ 2IB+3I1C =0
-10-a+2(2- a)+3(2-a)=0 [a =0

= 1-5-b+2(l-b)+3(3-b)=0 = {bh=1l= 1=(D:11)
IS—c+2{—|—c}+3[D—c}=D =

erf =(-10:-6:7)  [14° =185
=>1/B=(2:0:-2) = {IB* =8

ﬂe (2:0:-2) ﬂ

1IC=(22%-1) c =9

- - - i - . - - g du uu uu
If*} = MA +2MB +3MC =0MT- +14" 218 +3/C" + EMTUA +2[B+3IC)
=OMI* +185+2.8+3.9 =0M7" +228

= (MA* +2MB* +3MC*)  khiMi_,

Nhan xét: I1€(P)

Ml (P)

min khi M 13 hinh chiéu cua / 1én mit phang

uu
uuy

Khi d6 MI cung phuong véi /'

Goi M =(.r;y;z) thi



Cau 14.

Cau 15.

- (0- x =k.1
MI =kn, = {1- y=k2 VAME(P)nénx+2y-2z-9=0
1- z =k.(-2)

Ta 1ap hé bén phuong trinh:

0- x =k.1 (x =1
1=y =k.2 y =3 o :
- z=k{-2) Tl ™M =(L:3-1)= MI =(- ;- 2:2)= MI" =9

| x+2y-22-9=0 |k=-1

(M +2mB +3MC7)  =6MIT +202 =6.9+228 =282
Vay min ’ .

(S& Hai Phong 2023) Trong khong gian vé6i hé truc toa do Oxyz v diém ALGLO) e cac tiép
tuyén dén mit cau ) co tam /(- L D) va ban kinh R =1. Goi M(@:03€) 13 met trong cac tiép

diém mg v6i cac tiép tuyén trén. Gia tri 16n nhit cta biéu thic I'=2a+c-1] bang?
Loi giai
Tra loi: 3
(S):(x+1) +(y- 1) +(z- 1) =1
Mit phang chira cac tiép diém: (£):2x-z+2=0
(2a-c+2 =0 (e =2a+2
Me(P)n(S)= ; , , 7 , ,
(a+1y +(b- 1) +(2a+1) =I |Sa” +0a+2+(b-1) =l
Sa” +ba+2 =l = - | =aq =- !
Ta co 3
1
T 32a+c-1|34a+l|ac|- ;- ?‘ =7 =3
Dau dang thirc xay ra khi M(-1;1;0)
(S¢  KonTum  2023) Trong khong gian @2,  cho mit ciu

(S):(x+1)" +(v= 27 +(+5 =12 13 giém AOL-3) Mgt phing P) di qua didm 4., i

(5) theo giao tuyén 13 duong tron c6 ban kinh nho nhit c6 phuwong trinh la
axtby+cz+ld =0,(a,bce) Giy trj ctia biéu thie M =a- b+¢ ping?
Loi gidi

Tra loi: 8

10



Cau 16.

Cau 17.

15y R =2 \ \
I(-L.2:-5).R _“"'E lan lurot 1a tAm va ban kinh ctia mat cau (S).

Ta co:
Goi H 1a hinh chiéu vudng goc cia / 1én mit phing ()
= () &t (5 theo giao tuyén la mot duong tron ban kinh =V R*-IH"

Khl do’ JI‘min = !HI'I’L'.L\. , ma [H 5[;1 R do d(') 'IrHu'.n =ld= H =4 X

L {119 , 2
= LA =(L:-1;2) 1a vecto phap tuyén cia mat phang (P)'
(0 =2
x-y+2z47=0= {b=-12
|L. :_1

Do d6 phuong trinh cua () 1a:

Vay M =a-b+c =8

(Chuyén KHTN 2023) Trong khong gian P97 cho diém 424 mit phing

(P):xty+2243=0 3 matchu (5):0 #0074 (2- 9 =1 ¥etcac didm M thuoe () va

N thudce (S) sao cho AM +MN 1ho nhét. Goi (a:bic) 13 toa do diém M | tong @+b+¢ ping?
Loi gidi

Traloi: 1

Dau tién ta c6 mit cau (S) tam (0:1:4) ,bankinh R =1 Tiép dén thé toa do LA a0 mit phang

~ I N - 1 - - , o
(P) (hi @3 thily ring (F * 7 #2240 40,422, 43)>0 4,1

(P) . Khi d6 ta goi A" 1a diém dbi xtmg voi 4 qua (P), voi A (5"1;'6], ta suy ra
AM + MN =AM + MN =AT- R =5J5-1

cung phia v6i mit phang

Dau bang xay ra khi va chi khi M=AIT(F) 1y ¢ phuong trinh duong thing
x =t
(A47):{y =1

z=4- 1

Thé vao mit phang (©) suy ra: ! =42 M(45-4)= atb+c =l

(S¢ Hai Dwong 2023) Trong khong gian voi hé toa d6 97 cho mit ciu
(S)am+y” 4z 2a- 4y- 4 =0 0y 1o gidm A% 24 BILED). MN 1y day cung cua mit ciu

11



Cau 18.

thoa min MN cing huéng vei ¥ =OLD va MN =4V2  Tinh gig trj 16n nhit cia
AM - BN

Loi giai
Tra loi: 7

LIl

i =(0:1:1) = MN =0k k)

Taco: MN cung hudng voi
My MV =42 = k=4 = MN(0:4:4)

H[H[NN] o
Liy 4 sao cho 4MNA 13 hinh binh hanh & MV =44 = A(4.0:5)

Vi AMNA' 13 hinh binh hanh nén 4M =AN

| AM - BN|=|AN- BN|<4B =1
Xeét

Vay GTLN ciia | 4M = BN ping 7 khi 4,B,N thang hang.
P):2x-2y+=z+14 =0

S)

(Sé Bac Liéu 2023) Trong khong gian Oxyz , cho mit phang ( va mat cau

(S):x"+y +27 - 4x-2y+2z-3=0 M(a;b;c)

. Goi toa d6 diém thudc mat cau ( sao cho

khoang cach tir (M) dén mit phing (©) 1a nho nhét. Gi tri cta bidu thic T =3a +2b- ¢ 139
Loi giai

Tra loi: 8

Mit cau (S) cO tim H(ZL-1) vabankinh B =¥2 +1" +1" +3 =3
22-21-1+14

| .

) 7 d(I1.(P)) = —_—
Khodang céch tir tim / dén mit phang (P) 13 V2P 420+
Do d(l.(P)=R nén {P}I"I{SIZEJ‘
|
|
I.n'lf
/ o /
|_4.|3._8|
37373

Goi H 1a hinh chiéu vudng goc cia / 1én mit phing () Suy ra

] a00 1M
= M=IHN(S)= M R —E='r IM :%IH

Khi d6 4M.(P)) 1ho nhit IH  d(I(P) 3
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Cau 19.

Cau 20.

g—ﬁ:%.‘._ﬂ
35IIE+3. =0
= dh-l=—__ = {h=3
53
. c==2
3 5‘
c+|:—-‘——
51 3

Suyra T =3a +2b-¢=3.0+2.3+2 =8

(S¢ Hau Giang 2023) Trong khong gian véi hé toa do Oxyz , cho hai diém
AL Z-1), BE2354) v mit phang (P)ix=2y=240 =0yt diém M (2 3032,) thudc (P)
sao cho biéu thire | 2MA- MB| dat gia tri nhé nhét. Tinh S=% 4y +2 |

Loi giai
Traloi: 7
a[n} uu uu LI

Ta tim diém ! sao cho 2/A-IB=0% I4+BA=0 gyy ra 4 1a trung diém coua BI
= J(4:1;-6)

|NIE) NN < Sdd Sd |

Khi d6 | 2MA- MB|52MI+214- MI - IB|3 MI |:.-1»H.

uuu [S]E]E)

Dé biéu thue | 2MA~ MB| gt oi4 trj nho nhit thi M 13 hinh chiéu cia ! trén (F)

(v =4 +¢
IM:iy=l-2t= M(4+t:1- 2t:-0-¢)
Ta c6 S
Do M e (P) nén (4+¢)- 2(1-2¢)-(-6-¢t)+0=0= t =-4= M(0:9;-2)= § :?'

(Sé Ha Tinh 2023) Trong khong gian vdi h¢ truc toa do Oxyz , cho diém A(l;3;4). Xét cac
duong thang A qua 4 va tao voi (Oy2) ot goc 45 . Goi M 1a giao diérurul ctia duong thang
A véi mit phang (97) Khi OM nho nhét, A ¢6 mot vecto chi phuong 1a s =H0) Gig i

2,72 s
cia @ +b” bing?
Loi giai

Tra loi: 1

Goi @ 1a duong thang di qua 4 va vudng goc mat phang (Oyz) .
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i

Suy ra
Goi H =d N(Oyz)= H(0:3:4) y 4H =1

Ta o6 (R(0vz)) =Humr =45

Xét tam giac AHM vuéng tai H co MH =AH cot 45 =1
Suy ra M nam trén duong tron tim # ban kinh R =MH =1
Taco6 OM nho nhat khi 9> -M thing hang va M & gitta -1,

Suy ra OM dat nho nhét khi OM =OH - HM =5-1=4

4
X, =— 0 =0
w =3
oM 4 0 400 4 1
—_— = a"lrf :—GH == _-1'” = .3 e
OH "5 5 A
4 16
2y —= =
Ta lai co 5 5 .
C 1m 1g )
|'a.-w‘ D;I_“_;I_ﬂ
Suy LS 5
1 00d \
u, =MA = I;E;i‘
Vay vecto chi phuong L 5 5]

Cau2l. (S¢ Ha Tinh 2023) Trong khoéng gian véi h¢ toa do Oxyz , cho ba mat phéng
(P)ix-2y+2z+1 ZG’ (Q):x-2y+2z-8=0,(R):x-2y+2z+4 ZD. Mot dudng thing A
thay d6i cit ba mat phing (P).(O).(R) lan luot tai cac diém 4.8.C Gia trj nho nhét cua biéu

AB + 96,_
thirc ACT 132

Loi giai
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Cau 22.

Tra loi: 18

D@ thay cac mit phang (P)(Q) vy (B) song song voi nhau.

(@) /

((R).(P)) =EE =l ;

5 d((P).(Q) =EE

l
(9%

Do gia thiét suy ra d

EE _AC AC _1
- = —=— = AB =34AC
Theo dinh 1y Ta-1ét trong khong giantaco £E AB suyra 4B 3

S=AB+— S =34C+—
Dit AC” suyra ACT

90 90

Khi d6 ap dung bét ddng thirc AM -GM

= 5 =I8.

JAC 3AC 96 JBAC JAC 96
5= + + =3; .

> .
2 2 AC? 2 2 AC?

3AC 96 ;
o =—— = AC =04 = AC =4
Déiu dang thiec xay rakhi 2 AC

vay minS =18 gpj AC =4,

(Mi  120-2021-Ldn  2) Trong khong gian P97  cho mit ciu
(5):(x- 3 +(y-2Y +(z+1)" =1

(s) tai M chttruc O, OY 1an luot tai céc diém
duong va AMB =90°9

. in giR . S A aa
. C6 bao nhiéu diem M thudc () sao cho tiép di¢n cua

A(a;O;O)’ B(0;5;0) ma @, b 1acac s6 nguyén

Loi giai
Traloi: 1
2 2 2
Ta cé: (8):(x-3) +(y-2) +(z+1) =1 Suy ra t4m 1(3:2:-1) vibén kich R =1
= K g;2;0]

Goi K 1a trung diém cta 4B 22

[ 2 2
MK :% :CZT'fb

AIMK vudng tai M = IM* + MK* =IK*
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Cau 23.

a’ +b’
s 1+ =
4

2.3
2

< -3a-2b+13 =0
< 3a+2b =13

a | 01234
b | Loai5loai2loai
A4(1;0;0) B(0;5;0)

Truong heop 1: Khong thoa man.

A(3;0;0)’ B(0;2;0) Thoamin do 4, B nam ngoai.

Trwong hop 2:
4013;-7;-13),B(1;- 1;5) v c(1;1;-3)

(P)‘

(Sé Hoa Binh - 2021) Trong khong gian cho diém . Xét

(pP)

cac mit phang di qua C sao cho 4 va B nim cung phia so véi Khi

d(4,(P))+24(B,(P)) (P) ax+by+cz+3=0 Gis (i cua

dat gia tri 16n nhét thi c6 dang

a+b+c ping?
Loi giai
Traloi: 1

.nlab5¢)
oi

Ge
(P) g
Do 1 qu

= ax+by+cz-a’-b'+3c" =0
AW3:-7:-13),B(;-1;5) . . , . (P) . .
Do nam cung phia so voi nen ta co
(13a-7b"-13¢-a’- b'+3c¢)Na' - b’ +5¢"- a’- b'+3¢)>0
o (12a'- 8- 10c)(-2"+8¢) >0
12a"- 85"~ 10¢] |-2b"+8c¢]
= +2

Na? +b? + 7 Na? +b? +c”
Ta co

_[G2a7- 8b7- 10¢)+(-4b+16¢7) _[124°- 126"+ 6¢]

2 72 2 72 2 2
Na +b" +c Na +b"+c”

Theo bét dang thirc Bunhiacopxki ta c¢6

(12a"- 126" +6¢) <(122 +122 +6* Ja? +b7 +c?)= [12a"- 126"+ 6¢| <\324~a? +b™ +¢?

Suyra T <324 =18
a_b

14 mot véc to phap tuyén ciia mat phang .
. c(1;1;-3) én (P):a'(x-D+b'(y-1)+c'(z+3)=0

7 =d(4,(P))+24 (B,(P))

Déu bang co khi 12 -12 6

Chon ¢ =1 ta duoc ¢ =20 =2 Knids
a=2,b=-2,c=1= a+b+c :1.

o a =-b =2
(P):2x-2y+z+3=0

Suy ra

16



Cau 24.

Cau 25.

. 2:-3:-5 2 () -
(Sé¢ Ha Tinh 2022) Trong khong gian OXVZ, ¢ho hai diém A(2:-3:-5).1(2:0;- 1)

(P):2x- y-2z45=0 M (a;b:c)

va mit phing
" Piém thay d6i thudc mat phiang (P) sao cho ™M =5 va @5
dai doan AM 16n nhét. Khi d6 gi4 tri cta bidu thirc 7 =a +b+2¢ ping?

Loi giai

Tra loi: 11

* CO M thudc mit cau () (tam I , ban kinh R =95),

d(r.(P)) —M _1 <5
Do Va+1+4 3 nén () cat (P) theo giao tuyén la duong tron @) va
Me(C)
8 2x- p-2z- =
+ Goi 0) la mat phang qua 4 va song song voi (P), co (©):2x- y-22-17 =0 va
4-0+2-17] 11
a(r, @)=t 2 71

V4 +1+4 3 Suyra () cat ©) theo giao tuyén 1a dudng tron @) va
AE(CE) (do IA=5 an AE(S))

d(1.(P)) =d(1.(0)) en (€ ()

va M 13, luot thude hai duong tron day cua
M(2:3;3)
va

* Do bang

hinh tru. Do d6 AM 16n nhéat khi M 1a diém dbi xtng véi 4 qua I, suy ra

T =2+3+23=I1.

) ..
CcO tam

(5, cd tam J(21:5) ¢6 ban kinh bang 2. Goi (P) la
(s,).Cs,)

(THPT Kinh Mén - Hai Duwong - 2022) Trong khong gian Oxyz , cho mat cau
1L ¢6 ban kinh bang 4 va mit ciu
.Dat MM 1in lugt 1a gia tri 16n nhét, gia

(P). Gia tri M +m bing ?

mit phang thay doi tiép xuc véi hai mit cau

tri nho nhét ciia khoang cach tir diém O dén mat phing
Loi giai

Traloi: 9
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P

)

R 4(S),, . R, =2

¢6 ban kinh ¢0 ban kinh

Nhan xét: Ri- Ry <IT=4<R +R; o hai mit cdu ndy cat nhau.

. R3 ZERI n . , J 13 L2 MI na 1”(2;1;9)
Vi nén theo dinh ly Talet suy ra ¥ 1a trung di€ém doan nén .

M(2:1: . n=(a:bc)la +b + >0
(P) qua M (2:1:9) va co vecto phép tuyén (a6, )( ) nén phuong trinh

0 ¢6 dang: ax+hy+cz-2a-b- 9 =0 .

[ 8] _Pkq

I :

Ta co: d(1.(P)) =4 Nas +b* +¢° '\Jﬂ +h +c° 3c¢® =a’ +b"

Néu ¢ =0 thj @ =b =0 (vo 1y) nén ¢ #0, Khong mat tinh tong quét, chon € =1, suy ra
a’ +b’ =3

Do d6 ton tai fE[O;ZJT] sao cho @ =V3sint.b :“"E':DE{.
_ |'}ﬂ+|ﬁ‘+g£ "} 351|]E+J?:CDSE+Q‘ 2 351n{+£|:05{+q
d d(G(P)) 'Jﬂ +|||'J. +|r_ = 2 ¥

i it

Mat khac:

(vi Eﬁsin; +J§cns; +9 =0, \:’JE[D;EJ])_

Bién ddi ta duoc: 2\3sint +f3cost =2d - 9.
Diéu kién c6 nghiém:

EJJ_, EJ+J_

(2'\'!?_’)- +('\E)- E(Ed' g): = 4_(_‘(3 _ 3ﬂd+t|t| "_‘:-U 2 E = 2
M —9+JG m _'_C,'I- JG
Vay ‘ B 2 .. B 2 nén M+m=9 .

CAu26. (THPT Trin Nhan Téng — Quing Ninh 2022) Trong khong gian €%7, cho mat phing

(P):x+2y-2z-T7=0  didm M(2;- 1:1) va mit chu (S)x " +y +z +4x+2y-4z-7 ZD'
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Cau 27.

Puong thing (@) 4 qua M cit P)(5) 13n luot tai cac didm 4 va B saocho M 14 trung diém
AB  Biét do dai ngin nhét cia doan 4B 1a 2V4~ 26 ,gia tri b bing?
Loi gidi

Tra loi: 232

Ta c6 mat ciu (S) tam (- 2:- 122), ban kinh R =4 va d(I:(F) =5> R =4 nén suy ra mat

phing () khong cat mit cau (5) Tiép dén ta im mat phang Q) 44 xung voi () qua M .
-7

d(M:(P)) =d(M:(Q)) =3 = % —3e D=l

R, T _
Ta cb IIQ},_‘I.‘f‘._._'I. 2z+ D=0 va

(@):x+2py-2z+11=

Suy ra: 0 Tgi day ta tim quy tich diém B nhu sau:

Theo gia thiét, ta c6 MA=MB= B¢< [Q}, do d6 B ludn nam trong hinh tron (©) duoc tao tur

mat phfmg Q) cit mit cau (S) . Goi J 13 hinh chiéu cta / 1én trén Q) , g1a1 hinh chiéu trén ra
58 ‘
33 Tdota suy ra ban kinh cua (©) bang 7 =V& - LS :"’E.

J‘—?

J‘.—E;—
3

58 ‘
Suy ra diém B 1uén thudc duong tron (©) tam 3 3 3) bankinh ¥ :‘/E.

Do AB =2MB ngn AB 16n nhét chi khi MB 16n nhit, khi d6 ta ¢6 hinh v& nhu sau:

o M
/@. ,
B
(Q)
Tu hinh veé trén ta suy ra

AB =2MB <2MB, =2 [ME* + EB} =2\|ME* +(EJ +r) =29 +(J15 +/13)°

=2y37+ 24195 .Déngnhéthé sora @ =37.b=195 te a+b =232

(Chuyén Tran Phi - Hai Phong 2023) Trong khong gian Oxyz , cho hai diém
A(3:5:-2).B(- 1.3:2) va mat phéng (F):2x+y- 2249 =0 . Mit cau (S) di qua hai diém 4B
va tiép xac voi () tai didm C . Goi M>™ 1an lugt 12 gi tri 16n nhat, nho nhat cia do dai OC |
Giatri M*+m’ bang?

Loi giai

Tra loi: 72
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Cau 28.

Cau 29.

AB:{ y=5-1t
Ta co SR . Goi M(3-26;5- £;-2421) giao diém ctia 4B va mit phang ),
23- 20)+(5- )- 2-2+26)+9 =0 t =5 M‘ LI om=y2
Me(P) Lan 3 | 3 3 3|

AM =(—;—; =) B
= 100l 37°3°3°_ \AM=8_ vz _mA MB=16= MC =4
-4 -2 4 BM =2
3'3'3

. . ; S

do MC 13 tiép tuyén cua mat cau cla (s)
10|
3|

M ‘ ST
3 3

©) ‘ va

Khi d6 tap hop diém Cia duong tron giao tuyén (©) nimtren ) cotam 1a

ban kinh 1a 4

Goi C va C 1an luot 14 hai diém trén duong tron (€) sao cho OC va OC 1 luot 1a gi4 tri 16n
nhét, nho nhat cta do dai OC , khido €M va C theo tht tw thing hang.

- - - e = C (__': 2 8:
M +m =0C  +0C - =20M + =222 +— =76
Do do 2 2
Trong khong gian voi hé toa do Oxyz , goi (P) 1a mat phang di qua hai diém AQ-T:- 8),
-5 5 M T P P . ;
B(2:-5:29) (11 cho khoang céch tir diém ™ 737 572) gén P gt gia i 16n nhde, Bige

A . x 1 n=la:b:4 Car i a2 .
c6 mot vécto phap tuyén la ( ),khl do gia tri cua tong a+b 139
Loi giai
Tra loi: 3
x =1+¢
y=-T+2t
z==8-1

Phuong trinh tham s6 ctia dudng thang AB 13 !

(pP)

Goi H, K 1an lugt 14 hinh chiéu caa M trén va dudng thing 4B .

K (3:-3:-10) d (. (P)) =MH <MK

Ta tim duoc diém . Ta ludn c6 bét ding thire

S NN

4 \ ] === — M
Déu bing xay ra khi va chi khi H =K . khi do M =(-4-2-8)=-2(2:1:4)

n=(2:1:4)

Mit phang (P) c6 mot vecto phap tuyén 1a .Vaytaco ¢+ b=3

(Chuyén Phan Bdi Chau 2019) Trong khong gian véi hé truc toa do @7, cho hai diém
A:2:3).B(5-4:-1) d(s iy =2d(, y (P)

I(a;b; .
(a;55c) ndm giita 4B . Tinh ¢ +b+c¢

a mat phang qua OX sao cho cat AB tai
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Cau 30.

Loi giai
Tra loi: 4

by +cz =0 (b: +c' > D}

Do mit phing qua Ox nén phuong trinh mit phang c6 dang
“Ab- ¢ 2 : - dp- o = :
diy oy =29, ) < [4b-of zz_Mﬂ b= ¢ =4b+0c
A ERY, Ilh:+£': m -dh- ¢ =-4h- b
8h+7c =0
—
c =0
Trudng hop 1: 86 +7¢ =0 chon b=Tc=-8ypi dé (P):7y-82 =0

et N (_1'._:) =Ty-8z

(7.2- 83)(7.(-4)- 8.(- D) >0 suy ra 4B

Thay toa do 48 viota dugc nam cung phia so voi

(P) (loai)

(P):y=0

Trudng hop 2: € =0 suy ra phuong trinh -

2.(-4)<0 . . (P
Thay toa do 4B Va0 ta duoc (-4) suy ra A8 13m khac phia so vdi ) Do dé duong
, . (P ) . )
thing 4B cit (P) tai / nim gitta 4B
[x =]+ 4¢
y=2-6t(teR)

Phuong trinh tham sb cta duong théng AB . \F =3- 4

Toa d6 diém / 1a nghiém hé phuong trinh

1
t =—
x =1+41 3
y=2-6t |x=- 7 5
= 3=vf|—.:li].'—
z=3- 4 b= 13 3
V= 5
)
5
a+b+c=—+0+-=4
Vay

( Bic Giang 2018) Trong khong gian voi hé toa do O0X)Z cho didm A(2;1:3) va mit phang
x +(2 - m-2= . b .
(P)ixtmy+Qm+1)z- m-2 _U, m 13 tham so0. Goi H (a;bic) 1a hinh chiéu vudng goéc cua
(P)

P ). Tinh @+ khi khoang cach tir diém 4 dén * ” 16n nhét ?

Loi giai

diém 4 trén

Tra loi: 1,5
21



Cau 31.

x+my+2m+1)z-m-2=0= m(y+2z- D+x+z-2 =0

*)
v+2z-1=0
= 0
Phuong trinh (*) ¢6 nghiém véi Vm x+z-2=
d }_v =1- 2t
Suy ra (P) ludn di qua duong thang [z =t

Ked= K(@2-¢t1-2t4) AK(-t:- 28:6- 3)

>

R 12 -
Duong thang d ¢4 VICP u(- - 2:1)

i i -
AKu =0= E+4E+E-3:U¢E:;=‘ K

E.t':lt—‘
2

Taco AH <AK = AH... =4K o [ =K

3
a+b=—
Vay

(HSG Bic Ninh 2019) Trong khong gian véi hé truc toa do @7, cho mit ciu
(S):x +y +z - 2x+4yp+2z-3=0 va mit phing (P):2x- y+2z-14 :D.Diém M thay dbi

trén ( ), diém N thay doi trén (£) . b6 dai nho nhat cua MN bang?
Loi giai

Tra loi: 1

/4 B~

Mt chu ) eo tam 705727 1) pan kinh & =3, ¢ (G(P)=4>R

mit cau (5) va mit phang
(P) khong cé diém chung.

Dung L(PLHEP)) Taco: MN nho nhétkhi M 1a giao diém cua doan IH voi () va
N=H

f.‘l.' =1+2¢
y=-2-t;(teR)

” P — -
Phuong trinh duong thang /H : '~ I +2t
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Cau 32.

Cau 33.

o MU+26-2-6-1+20)e(S) . (G- 1) +(p+2) +(z+1) =9
Diém nén !

= Q) +(-1) +(21) =9 = ¢ == M, G- 3100, (- - 1:-3)

.Khi d6

i dM;; (P =1 d(M,:(P)=7>1IH =4

Thu (loai).
v =a =1, MGEEEN 3 E;E‘
Vé,y KLY min —d —_ khl | 3 3 3 I
- . A . Oxyz < 2 (PJ:}" 1 =0 \ 2
(Sé Thanh Héa 2019) Trong khong gian cho méat phang , duong thang
(x =1
d:{y=2-t

-

—

(1
A 1:-311) Bl_?o’s]

e g I V
va hai diém . Hai diém M | N thudc mat phang (P) sao

d(M.d)=2
(0]

ch va NA=2INB Tim gia tri nho nhét cta doan MN

Loi giai
Tra loi: 1
I=dn(P)= 1(1;2- 1)
Goi

je(P)=2-t-1=0=t=1= 1(1:1:1)

d1l(P)=mMm 1(LD,R =2
Ta co thudc duong tron tam .

nod 0 | 4 '
N(xyz)= NAG-1- x;-3- y:l1- z); .-"»"B| 5 X -y:8- :‘

NA=2NB = (1+x) ++y) +U1- =) =4

|I—— x - +° +(8- :)"
'} I,

= 3x 43y  +32° - 6x- 6y- 4224126 =0
o x +y 47 -2x-2y-14z+42 =0

 NesU@E:Rr =3)  se(P):y =l
Vay i va

N o J(LL7)R, =3
Nén *' thudc duong tron tim :

U=6>R+R = MN_ =IJ- R - R, =I

Ta co

(Chuyén Bic Giang 2019)Trong khéng gian véi hé toa do Oxyz , cho duodng thang
x-1 y+l =

di—==""—== M(2:1;0) . H(a:b: ,
2 I -1° (2:1; ).G()i (a: ’C)lédiémthuéc d sao cho MH ¢4 do dai nho

nhét. Tinh T =a~ +b" +c”
Loi giai

Tra loi: 6
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J_r =1+2t
d

v =-1+t

Phuong trinh tham s6 ciia duong thing .vi HEd pgn toa do diém H co dang

o Toe - . .
H+26- 141 ").D@ dai MH nho nhét khi va chi khi 7 13 hinh chidu coa M 1én @ |

S| N]N]

, :;(2;1;-1) MH(=1+2t:- 24¢t:- 1)
co .

Ta la vecto chi phuong cua d,

[NINIHYE)

H 1a hinh chidu cia M len d = MHu=0 20 1+20+024040=0 o 64 =

7
a=—
3
1
Ip=-_
3
; - >
@{:E i H|3;—l;—: == —
3.Toad©diém 333 suy ra 3.
i y 2 i y 2 ..}.2
5'121?:+|"r:+n'::‘E +‘—l +|Z| =6
3 3 | 3

Vay A
(5):(x+2) +)7 +(z+5) =24 ok

Chu 34. (Sé Phui The 2022) Trong khong gian @7 | cho mit cu at
)

x4y +d = , . C) .
g (@)ix+y+4=0 theo giao tuyén la duong tron ( ) biém M thude sao cho

A(4:-12:1)

mit phin

nho nhat. Tung d¢ ctia diém M bang
Loi gidi

khoang cach tir M dén

Tra loi: -4

\ -2:0:-5 —
Mait cau (5) coO tam 1(-2:0, ﬂ,bén kinh R _2\/6.

Az A =(-0) +12° +(-0) =646 = 4

Taco (S).

nam ngoai mat cau
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_ _|—2+CI+4|_ =
(o) N d —a:?'(f._(ﬂ)) —T —'\Jlr:.

©), r=Jr-d =|(26) - (V2] =32

Khoang cach tir tim / dén

Suy ra ban kinh duong tron

Goi K 1a hinh chiéu cua / trén ((x).
7 n, =(1;1;0
Taco K+ (c) nén dudng thing IK nhan vecto '@ (:1:0) lam vecto chi phuong.
(x =-2 +¢
IK |y =t = K(-2+1:4:-5)
Phuong trinh 2=
Ke(a) . -2+t+t+4=0=t=-1= K(-3:-1:-5)
Vi nén: .
Goi H 14 hinh chiéu cua 4 trén (oz).
Ta co 4H 1 (@) nén duong thang AH nhan vecto M =(1:0) lam vecto chi phuong.
(x =4 +¢
AH iy =-12+t= H{4+6:-12+4¢:1)
Phuong trinh ==

v
(C)_

= KH =N9 49" +0° =N22>r=H némngoéi dudng tron

Khi d6 ta co: AM :V':AH: +HM® ZJH.-W: +8

AMrnjn khl HMmin = H.;"J.K

Suy ra thang hang ( theo thtr tu do).
g 5 U
HM =—HK
Khi do: 3.
-
v-6==(-9)
3 v =0
2
y+10==9 o {y=-4
’ z=-3
5 z ==
. z-1==.(-06)
Goi M(ﬂ,b,c)- Tu (*) ta co: 3
Vay, M (0;-4;-3) nén tung do cia M bang -4.

CHe()  4+r-12+4144=0= =22 H(6-10:1)= 4H =2 2 =22
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Cau 35.

Cau 36.

(Chuyén Lé Héng Phong - Nam Dinh 2022) Trong khong gain @7 cho hai diém

x =5
d:ly=-1
Ara I = Ty s D i 2 2
A@:-2:4). B 2:04) s quono thing  © ' . Goi M 1a diém di dong thude mit phing

(Oxy) sao cho UnB =90° va N 1a diém di dong thudce d . Tim gi4 tri nho nhét cua MN

Loi giai
Tra loi: 2

Vi Me(on)= M(a:b:0),MA=(4- a:-2- b:4),MB =(- 2 a:6- b:4)

Uiy uag

. QB =90" = MAMB =0 = (a-1) +(h-2) =9= me(c) .. 1(1:2:0)
Ma tam ,

R=3

ban kinh
., :.'J, =(0:0:1)= d L(Oxy)
Laicod - .

Giao diém cua ¢ va (Ox) la H(5:- 1:0) va [H Ld i H (s:- 1:'0).

N 13 diém di dong thugc @ nén MN nho nhét khi ¥ =M =1H 0(C) =M,

 IH =5= MN__ =M H =IH - IM, =5- 3 =2.

Ta co
(Chuyén Quang Trung - Binh Phwée 2022) Trong khong gian Oxyz , cho hai diém
x =5
d:iy=-1

A(4:-2:4), B(- 2:6:4)
(Oxy)

va duong thing ' . Goi M 1a diém di dong thudc mit phing
sao cho QMB =90° va N 1a diém di dong thudc d. Tim gia tri nho nhét cia MN.
Loi giai

Tra loi: 2

(Oxy)

k :(0;0;1)_

¢6 1 vecto phap tuyén

d ¢6 1 vecto chi phuong " :(0;0;1). Nén d J_(O'U:).
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Cau 37.

. P =d n(oxy)= P(5:- 1:0)
Goi

: ;25
Goi ! 1a trung diém 4B =10 '4).

AmB =90° = M thuoc mat cau () duong kinh 4B, ban  kinh

R _AB _\ﬂ(—ﬁ)' +8°+ 0 s

2 2

(s)

. MelOxy) n . . (C),. . s o A
a’ (Oxy) nén M thudc duong tron (©) la giao cua mat cau

(Oxy) .

M va mit phang

. , -7
Goi H 1a hinh chiéu cua / 1én mat phing (Oxy) = H(l‘“‘ﬂ).

-2 I|I 2 2 Y PET
Suyra M thugc dudng tron ©) tAm H(l’“’o),bén kinh " =VR - JH® =425-10 =3

Ta co: MN 2MP =HP- r =J1649-3=2

MN

Véy min :2 X

Dau “=" xay rakhi v = va H.M,P thang hang (M nam giira H’P).

x+2 y-1 =z+2

+
'”I'I = —
(Sé Hoa Binh 2022) Trong khong gian Oxyz , cho duong than 4 -4 3 vamit
g g8 g g

(P):2x- y+2z+1 =0 (P)

. Puong thang A song song véi dong thoi tao voi d goc bé

u :(m:_ngl)

phing
nhat. Biét rang A c6 mot véc to chi phuong . Gia trj biéu thaec T =m” + 1" pang ?
Loi gii

Tra loi: 4

u

u, :(4;-4;.7)’ duong thing A co mot VICP 1a :(HJ‘LHLI),

=(2:-1:2)

Puong thing d ¢6 mot VTCP la

mat phang (P) c6 mot VIPT la p

Ll g

D All(P) npn, =0 2m-n+2=0< n=2m+2
0 nén

B |u.|..u\| 1 |4m— dn+ 3| 1 |— Sm- 4| Gm- +40m + 25

1 1
_|“.|'||”1.| _'\J’H-J}H:+H:+| _JH.'JHI:+H:+| _w';-ﬁ\] Sm* +8m+5

T 5 . - 18mdm+ 35
j..(l_):lmn +40m + = f(m)= m(4m+5)

cos(A:d)
Ta c6

) Sm™ +8m+35 (5m* +8m+5)
Xét ham so

Béng bién thién:
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-5
—0 — 0 o
m 0 1 +o0
S(m) + 0 - 0 4
5
16
16 \_
m _
S (m) 5 \ / :
0
Ta co (A’d) bé nhit cos (A;d) 16n nhat < m =0 pap n =2

Vay T=m" +n’ =4

Ciu38. (THPT Phan Chau Trinh - Pa Ning 2022) Cho diém “C 5% "D poi duong thing
[1‘:1+Ee‘ (x =3-1¢
d:{y=2+t d':{y=2+2
}ZZ'E'F \ z=-3+2t \ 2 . Z \ 2 d .
- va - , duong thing A di qua 4 cat duong thing 9 sao cho goc
CoS g =2 (a.bEN)
? gitta A va 4' nho nhat, khi d6 Jb . Téng @ +b bing?

Loi giai

Traloi: 7

N (1:2:-2) g =(2:1:-1)

< A , L
va c6 mot vecto chi phuong

did = (E.d'):(@.ff,):f

Goi d, 1a duong thing qua 4 va

Puong thing ¢ di qua diém

(x=-1-t

d :iy=2t

, . I | M =-1+2t
Ta c¢6 phuong trinh tham so cuia dudng thang .

Goi (P) 1a mat phing qua 4 va chua d  Nén mit phing (P) di qua diém 4 va c6 mot vecto

LIl
n :[u..-. A.-"v'l =(1:0:2) (P):x+2z+3=0

phap tuyén 13 . Do d6, phuong trinh ciia mit phang
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Cau 39.

M(-22:1)ed

Lay diém ' vadiém M khac diém 4. Goi H 14 hinh chiéu vudng goc cua M 1én
e (P) H =MH n(P)
mdt phang . Suy ra .
¥ =-2+¢
MH 1y =2
, -1+
Ta c¢6 phuong trinh tham s6 cua 2=l
¥ =-2+¢
y =2
- — - f \
z=l+2t H-Ez-l‘
T —
Suy ra toa d¢ cua H 13 nghiém cua hé: (x +2z+3 =0 o3 5
D& dang ching minh duoc 4H cit duoc @-
a =1, 41 ) =Kran
oi ( ' ) . Suy ra: ¢=a
Suy ra % nho nhét 1a khi bang ¢ .
AH 2
AM =3, AH :ﬂ Cosg —cos M =21 ==
Ta co: 5 . Suyra: AM \E
Theo dé, ta c6 : ¢ =2,b=5 pep a+h =7,
[.1‘ ={
Az{y =3
L‘ =-2+t

(Sé Ninh Binh 2023) Trong khong gian @7 | cho dudng thing va mit cau
(== m)? - 2h(z=12 =28 £ . .
(S):i(x=2=m)" +(y- T+m) +(z- 2+m) ~=7,vGi M la tham 0. Goi £ 1a tAm cua (5) Kni
A cht (5 tai hai diém c6 khoang cach 16n nhit, o1 bang?
Loi giai

Tra loi: 3

(x =2+t
d:{y=1-t
H2+m,l-m,2- ‘::2-;

Ta co m) Suyra / thudc dudng thing

D@ thay A va d 13 hai duong thang chéo nhau va vudng goc véi nhau.

Mait khac (5) ¢6 ban kinh bang 5.

Khi A ¢kt ) tai hai diém, goi B 1a hai giao diém va 7 1a khoang cach tir 7 dén A. Ta c6
AB

2R -0 =250 , , ,
2 . Do d6 dé 4B 16n nhat thi # phai nho nhat.

Ta thay ' nho nhét bang khoang cach gitta A va d  Khido I 12 mot diém dau ciia doan vuong

gbc chung cia A va @ .
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Cau 40.

Cau 41.

Cau 42.

1=(2:1;2)

Dé tim duoc va diém dau con lai cia doan vudng goc chung 1a (33D Taco

hmin :\/g va ol =3 .

(THPT - Yén Pinh Thanh Héa 2019) Trong khong gian @7 | cho dudng thing 9 c6 phuong
x=Il-t
v =2+t

\ ! \ .2 \ 4R A
trinh * vaba diém la diém thudc d sao
cho biéu thire £ =MA" +2MB” +3MC” dat gi4 trj nho nhat, khi d6 ¢+b+¢ bing?
Loi giai

4(6;0;0) B(0;3;0) €(0;0:4) Goi M (a;b;c)

b

Tra loi: 4
/ - 124t
Vi M €d ngn gia sir M- n2+ {).
; 2 _9,2 y 0. 2 9.2 _ oI 2 _ 9,2 ]
Ta co: MA® =37 + 14t + 29 MB~ =31t"- 4t +2; MC™ =3¢t +10t + 21

= P =MA> +2MB +3MC* =18 +36t +96 =18(s +1) + 78 =78

Do do P =MA” +2MB” +3MC” dat gi4 tri nho nhét khi va chi khi { = |, khi do:
M@2L1)= a+bh+c=4

(THPT Chu Van An - Ha No¢i - 2018) Trong khong gian Oxyz’ cho duong thing

xr v-=1 =z
,— == = N / e T 109 , R 2
17 11 yahaidism 2023 BELO2) pic s M thuoe A sao cho bidu thitc
MA- MB T

dat gid trj 16n nhét ms . Khi d6, Tmx bing bao nhiéu?

Loi giai
Traloi: 3

Do M thudc A nén M(!:]H:I).

Khl dé .ir’fr‘i :‘d?’f: = ff_'le'+3? :qi?’(l' E)' +2—1-’,1"IB - r‘?”.: +t|.

|MA - MB| :‘J}(I 1Y +24- 37 + ﬁ‘

Do do

u =(3(1- 1):423) Y =(/3;- JE)_

Xét hai véc to

|- V|| = +v| =3 =
Ta cod || | | ” | | nén ~ max _3.
s =(3(1-1):424 =(35:- o
Dau bang xay ra khi u=(50- 0:423) va ' (Ve J_)nguqc huéng hay ¢ =1,
P 2 _y+l_=z
Trong khong gian véi hé toa d6 @7 | cho duong thing | 2 3 va hai diém
M (x,:v,:2,)

A(2;0;3) B(2:-2;-3)

. Biét diém thuoc 4 thoa man MA" + MB* nho nhit. Tim

XO.
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Cau 43.

Loi gidi
Tra loi: 2
Goi I 1a trung diém cua AB  Khi 6 ta co

mA +MB* =4+ MB) - 204> MBS =

B" 9 AB-

. A 2
M+ M- —

4

. .. . AB° . . . AR
=AMI* + 2MI AB' + = JMI* + M AB® - S

_ . .o4B* [ . 34B°) 1T
—IMI* +3MIP AR + —| +T| - - AB

Do d6, MA" + MB* dat GTNN khi MI nh¢ nhdt © M 1a hinh chiéu vuong goc cua I 1én d.

s 1(2:-1:0) . MQ+r-1+42630)ed M =(124:31)
Diém . Lay .

m|N) Ly g

IM Lu, = IMu,=0= t+4t+9% =0 =t =0

Suyra M =1

vy %o =2

(Chuyén Ha Tinh - 2018) Trong khong gian Oxyz, cho ba diém A(- 1;0;1), 3(3;2;1),

C(53;7) . . M(a:b:c)
. Goi

P=a+b+c

1a diém théa man MA =MB vy MB+MC gat gi4 tri nhé nhét. Tinh
Loi gidi
Tra loi: 5

: 1:1) 4B =(4:2:
Goi ! 1a trung diém ctia 4B | suy ra 10 l’l); AB =(4; “*D).

. Yy 3=
Phuong trinh mit phing trung truc cia 4B : (@):2x+ y-3 D.

23+41.2-3)25+13-3)=50> . ) . N\a
Vi( 3+l 3 13- 3)=50 EJnénB,Cna“lmvérn(f)tphiasovc')rl ,suyraA,C

nam vé hai phia so voi
Bidm M théa man MA =MB i M €@ i g5 MB+MC =pa+ MO 2 4C

MB+MC 46 nhit bing AC khi ¥ =4C n(a)

x =- 142t
y =t
z=1+2¢

Phuong trinh duong théng AC. | , do do toa do diém M 1a nghiém cua hé phuong
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Cau 44.

Cau 45.

(THPT Lé& Quy Dén Da Niing 2019) Trong khong gian Oxyzj cho 3 diém 481D , B(Z1:3) vy

W L uug U

C(6:4;0) Mot diém M di dong trong khong gian sao cho MA-MC =MAME + 34 Cho biét

4':"4;'1 - JIMB . . 7 ...z Loz f Rk LI ,
‘ | dat gi4 tri 16n nhat khi diém M trung véi diém My (%: 03 20) . Tinh tich sé YoYo%
Loi gidi

Tra loi: 18

GQiM z(a;b;c).
L LU [N W ] i[uln]| LI UL Uud ddg
o MAMC =MAMB +34 = MA (MC- MB) =34 = MABC =34
a co

Mit khac MA=(-8- a;l- b;1- c-].’ BC =(43:-3)

Suy ra 4-8-a)+3(1- b)- 3(1-c)=34 = -4a- 3b+3c- 00 :El.

. Me(P)

Vay c6 phuong trinh 4x-3y+3z-00=0

Ky hiéu FIM)=f(x;y:z) =-4x-3y+3z- 00 . v6i M(x;y;z)

Ta co [/ (A)MS(B) =(-4(-8)- 3.1+43.1- 60)((-4.2- 3.1+3.3- 00) =(- 34).(-08) =2312>0

Suy ra diém ACELD 3 diém B3 pim vé cung 1 phia so voi mit phing (P) .

|MA - MB| <AR

Khi d6
M’A’Bthéng hang va M ndm ngoai doan thing AB hay M 1a giao diém cua duong thing

AB vsi (P)

. . MA- MB L PN
(tinh chat 3 canh cua tam giac) suy ra ‘ |dat gia tri 16n nhat khi

S| NN

B =(10:0:2) _, B(2:1:3)

Puong thing 4B ¢6 véc to chi phwong A va qua diém nén c¢6 phuong trinh
x=2+5¢
L =1
z =3+t
S -4(245t)- 3. 143341)-00=0= - 1Tt =08 =t =-4
uy ra .
Vay M(-18:1:- 1) hay X, y,z, =I8.
(1:0:2), B(3:L:- 1)

Trong khong gian véi hé toa 46 @Y7 cho hai diém "va miat phang
uuu by

3‘.’1’.'!{'! = 2;’!{{3

(P):x+y+z-1=0. GOi.-i»f[a.j.":r.jc‘}El’_P}

sao cho dat gid tri nho nhat. Tinh

5 =09a+3bh+0c.
Loi giai
Traloi: 3

Goi I(m3m; p) 1a diém thoa man: 34- 2IB =0.
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Cau 46.

.u: ) N IJJ: ) o
Ta c6 IA=(1-m-n2- p)IB =(3- m;1-n:-1- p).

i ]:]: "3(1- m)- 2(3- m) =0 ‘m=-3
3I4- 2IB =0= {3(-n)- 2(1- n) =0 = in=-2= I(-3-28).
3(3-p}-3(-|-p}=0 |p =8
JJJ

([N} (N[N}

3MA- 2MB =31 + 14)- 2(M — M.
Ta co
uuu uuu
3.’!{'! = 2.1-"{3 B )
Khi do, dat gia tri nhé nhat, Me(P) = M nhé nhat, Me(P)

< M 13 hinh chiéu vudng goc cua I trén (P).
1

A (P),

N c o (P o A . I
va vudng goc véi (P) Khi d6 & nhan vecto phép tuyén cua

(v ==3+¢

Goi Ay duong thing qua

= Ay =-2+t.

—(1-1- =8+t
al (l’l’l)k‘lm vecto chi phuong '
2
J =3 o
x =-3+¢ 1 a3
p == 241 Y 8
= = 1bh=-—- = §=9a+3b+06c=3.
I =R+t — B 3
lx+y+z-1=0 3 C_E
22 3
Y

Toa do M1y nghiém cua hé
(KTNL GV THPT Ly Thai T6 2019) Trong khong gian vi h¢ truc toa do Oxyz , cho ba diém
A(:4:5),B(3:4:0),c(2-1:0) , . (&):3x-3y-2z-12=0. . . M(a;b;c) ,
va mdt phang Goi thudc
(@) sao cho MA* + MB™ +3MC” dat i trj nho nhét. Tinh tdng S =a+b+c.
Loi giai

Tra loi: 3
oz I(xayiz) 1A +1B+3IC =0.
Goi diém thoa man

-l ~LLI
I4=(1- x:4- y:5- z) 14 =(1- x;4- ¥:.5- z)
i iif

=(3- x;4- yi- z) o IE+=(3- xd- - z)
10 10
e =(2- x;-1- - z) 3iC =(6- 3x;-3- 3y -3z)
Ma ' -

= 4+ 1B +31C =(10- 5x:5- 51:5- 52)

—- [ =7
M o o res
IA+IB+3IC =0= {y=1= 1(2:1:1).
Do do: =
1y o e
. MA+MB+3MC (WI+IA) +(mr+1B) +3(WI+IC)
Mat khac:
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) ‘i oi of)
=5SMI” +2.MI.| {Amh 1B & 3C

+ 147 +[B” +3IC”

Vi 14 B.C ¢§ dinhnen 14° +1B” +3IC” khong dbi

Do do: MA™ + MB™ +3MC” 1o nhat © MI? nho nhit < M nho nhat

< M 13 hinh chiéu cia ! trén mit phing ()
Ph \ \ 2 d I wa A . IR 2 (0!) ),
uvong trinh duong thang ¢ qua { va vudng goc véi mat phang la:
x-2 y-1_=z-1
3 -3 -2
[0l —
Goi | M =d n (). Toa do cia M 1a nghiém cua hé phuong trinh:
7
: Y
(x-2 yp-1 z-1 -3x+06=3y-3 HI THEER
3 -3 -2 e {-2x+4=3z-3 ﬁ-;-:-—:v.-w‘—.j-—.jﬂ‘.
7 27 9
[3x-3y-2z-12=0  |33-3y-2z-12=0 Ca T

o=0= 8§ =a+b+c =3

Caud7. (Dé Thi Coéng Bing KHTN 2019) Trong khong gian OXVZ ¢ho  cac  diém
AL 2:0), B(L:- 1:3),C(L- L= 1) (4 mit phing (P):3x=3y+2z-15=0 4 M(a;b;c) thude
mit phing (P) sa0 cho 2MA” - MB* + MC” pho nhét. Gi trj caa @ +b+c¢ bang?

Loi giai
Tra loi: 3
I s . 2M4+IC- 1B =0 2(04- OI)+(OC- OI)- (OB- OI) =0
Goi © la diém thoa man:

:lj" '}JJ.I LIl LI
204A+0C- OB
= Of = = 7(1;:2-2)

C U, U Uy U, D LWL
ImA? =2MA =2(Mr+14) =2M1 +214 +4MI.IA

W M W UM, U, U LW
MB* =MB =(MI+1B) =M1 +IB +2MI.IB

BT T T T R VT[S U1 TP T [P T T TR U Y
mc? =mc =(M1+1C) =M@ +1C +2M1.IC

; . . . . . . Ul U ug Uy
S 2MA - MB™ + MC™ =2MT° +214" +I1C" - IR~ +2.MT (EIA +1C- IB
uy ra
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Cau 48.

Suyra 2MA* - MB® + MC™ =2MI" 214" +1C" - IB* Dg [ ¢ dinhnén 214" +1C” - IB” khong

dbi. Vay 2MA” - MB” + MC” nhonhat < MI nho nhét = M nhonhat < M 1a hinh chiéu cia
I trén (P).

x =1+3¢
y =2- 3t
9 '7'- 9 - :_j '.,'
e Dudng thing A qua 101;2:-2) va vuong goc voi (7) la; (2= e%e
[x =1 +3t x =4
y=2-3t y=-1
: o 1 = M(4:- 1;0)
z=-2+2 z =0

, . . — _
Suy ra toa 6 diém M 1a nghiém cia hé (3x-3y+2z-15=0  [z=]

Suyra @+b+c =3
A(:- 2:1) B(5:0;-1)
0)

(Tréan Phii - Ha Tinh - 2018) Trong khong gian Oxyz , cho ba diém
c(3:1;2) va mit phéng (0):3x+y-z+43 :D. Goi M (a:b;c)

MA™ + MB™ +2MC” pho nhét. Tinh téng @ +b+5¢.

1a diém thudc thoa man

Loi giai

Traloi: 9

Goi E 1a diém thoa man EA+EB+2EC =0 = EG0:1)

) ) U1 TR TV T TP
Tach: S =MA* + MB* +2MC* =MA +MB™ +2MC

L LU

L 2 LLILI UL +2 LILLI ‘)
=(ME +EA) +(ME+EB) +2(ME+EC) _,\ o\ vy ope L2EC

Vi EA* +EB* +2EC” khong dbi nén S nho nhét khi va chi khi ME nho nht.

= M 13 hinh chiéu vuéng goc cua £ 1én (Q).
x=3+3
J::ﬁ
Phuong trinh dudng thing ME z=l-1
x =343t x =0
¥ =t y==1
—r
z=1-1 z=2

Toa do diém M 13 nghiém cua hé phuong trinh: (3x+y-z+3=0 (t=-1 .

= MO:-12)2 4,20 p=-1 c=2

= a+b+5=0-1+52 =9
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Cau 49.

(Chuyén Phan B¢i Chau 2019) Trong khong gian véi hé truc toa do Oxyz, cho mit ciu

(5): (-1 +(p- 2Y +(z+1) =9
(s)
(m- n).

va hai diém

Loi giai
Tra 16i: 60

uu uu

L — . Ix;y;z2),
Xét diém I sao cho: 244 - 1B =0. Gia sur (1 ) Z) ta co

};i(i’i- x3- yil- :)._}JB(B— xl-3:3- z).

n ﬁ 2(4- x)=3- x
204- IB=0= {2(3- y)=1- y = 1(5:5;-1).
12(1- 2)=3- ¢

Do dé:
T TRC T TR T
Do d6: P =2MA° - MB* :2(‘”“ M) - (Mf +IB)

ul,  Ud, Ul W ogluu, W, Uud O
=2MT7 +2J4 +4MI.J4- (M'f + /B +2MT .IE)

LUl 5 Ul s U 5 [N[] LLI L LILI

[l
=M1 +24 - 18 +2MI1(214- IB) =m1* + 214 - 18° + 2m1(214 - 1B)

=MI"+2I4 - IF".

4(4:31) BG:1;3)

LLI

M 1a diém thay doi trén

. Goi ™" 13 gi4 tri 16n nhit va gid tri nho nhit cua biéu thie P =2MA" - MB™  X4c dinh

Do I ¢b dinh nén 18" khong ddi. Vay P 1on nhit (nhé nhét)= MI” 16n nht (nho nhat).

£ £ X . K(1;2;-1
< MI 1¢n nhét (nho nhat) © M 1a giao diém cua duong thing IK (v6i (1:2:-1) la tdm cua
mit cau (S)) véi mat cau ().
Ta c6: MI di qua 165:5:- 2 va c6 vecto chi phuong la K1(43;0).
x=l+4
y=2+3t
Phuong trinh cua MI 1a: z=-1
Toa do diém M can tim tmg véi gié tri t 1a nghiém cta phuong trinh:
3
t=—
(1+4t-17 +Q+3- 2Y +(- 141 =9 = 25 =9 53
t=-—.
5
¢ :Ez; M g;g;— 1 ‘ = M I =2 (min).
vei 9 >3 )
3 CT ' (m =P _ =48
f==_= M‘I‘ - _i—:-1 | = M’:f =8 (max). _p — I'?: m- n =00,
Vél 5 \ 5 5 ! .” % min — =

Vay
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Cau 50. (Chuyén KHTN 2019) Trong khong gian voi hé toa do 09z ¢ho ba diém

A(8:5:-11), B(5:3:-4), c(1:2:- 6) o o ()= 2 + (- 4) +(z+1) =9

a mat cau . Goi diém
M (a;b:c)

(NN} auin} UL

MA-MB-.-WC| N,
dat gia tri nho nhat. Hay tim ¢ .
Loi giai

.2 S
1a diém trén sao cho

Tra loi: 2

LILL] LILLI LILILI
. NP , - T NR - N — N(-2:0:1
Goi N 13 diém thoa man VA- NB- NC —U, suy ra ( T )
Khi do:
T TR TR T T TRTTY TT TR TT TR T TR T T TR TT TR T 1
|.-H’.-4 - MB- MC | :|(.-‘|f.f.-"l.-" + ] "A)- (.-‘Ir{-"l.-" + NB )- (.-‘Ir{-"l.-" + NC )‘ :‘(.-"I.-"A - NB- NC )- .-‘Iff.-"l.-"‘ =MN

auin} uuin (NN

MA- MB- MC . . . . (S I1(2:4;-1
Suy ra | nhé nhit khi MN' nh¢ nhét. Mit cau () c6 tam ( ), suy ra:
( x =2+2t
NI ={y=4+2
AT = ' Ny - Ll [ e -
N1 =(4:4:-2) =(2:2: ”. Phuong trinh [z =11 . Thay phuong trinh NI vao phuong
. s . R t =1
(2 +(2) +(-4) 9= =le| I
trinh ta dugc: =1

, , v (3:6:-2), V. (0:2:
Suy ra NI 4t (s tai hai diém phan biét Ny (3:0: .,)._."n-: © “"D).

NN, NN Z . . = M 0, 2,0 .2 A
Vi NN, > NN, nén MN nho nhat khi va chi khi M =N, . Vay ( ) la diém can tim.
Suy ra: @+b =2.
N
V C
A
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Cau 51.

Cau 52.

(5):Ge-2Y +(p- 1) +(z-3) =9
(s)

) Ry 113 21;9; -
Cho mat cau va hai diém AU 1 '3), B(21:9; IB).

. MQa:b:c)
m

bié thudc mat ciu
cua biéu thic T =a.b.c bang?

sao cho 3IMA™ + MB’ dat gia tri nho nhét. Khi d6 i tri
Loi gidi
Tra loi: 8
Goi diém ! thoa man 3MA+1B=0=1(6:3;- |)_
1H[1] LU UL

) i il 2 T i o TR
K g VA + MB’ =3(Mr+14) +(Mr+1B) =amr +314% +18* +2:m1.(314 + 1B)
1dO

=4MI* +314° +IB

Do 34" +IB" khong dbi vi ba didm 453 ¢4 dinh nén 3MA +MB’ dqt gi4 tri nho nhét khi

. . . ) 2:1:
MI nho nhéat. Khido M 1a giao diém cta dudng thing 1J y&i mat cau (S), (J( 1:3) lata

m
s (S)
cua mat cau ).

x=2+72¢

= M (4:2:1)

yEIFE L A=

z=3-2 M, (0:0:5)

Ta c6 phuong trinh duong thing &/ 1a |

a M, <IM, (3<9) nén M, (42;1) 1a diém can tim. Vay I'=abc=8

Kiém tr
(Pai hoc Hong Pirc ~Thanh Héa 2019) Trong khong gian véi hé toa do Oxyz , cho
AG-3;1;1) B(5;1;1) (P)ix+2y+z-4=0 (Q)i-x+y+z-1=0
M (azbic) la diém ndm trén hai mat phang () va ©) sao cho MA +MB dat gia tri nho nhat.
Tinh T :ﬂ: +|"'}: +£':_

va hai mit phang . Goi

Loi giai
Tra loi: 3

. »_©

Tur gia thiét ta c6 M thudc giao tuyén ¢ cua hai mit phang va
(P) np =(1;2;1)

Mit phang c6 mot vecto phéap tuyén 1a . Mit phang c6 mot vecto phap

o one =(-1:1:1) . 4. NG
tuyén la . Khi d6 duong thang “ di qua va c6 mot vecto chi phuong la

x =1+t
y=1-2t

d:
U :[H.".H._:] =(1;-2:3) ] L’ =1+3
nén c6 phuong trinh tham s6 1la ) suy ra

M@ +6:1- 26:143¢)

MA + MB Z-J(E +4Y +47 +98° + J(E - 4Y #4687 +92 =147 + 8t +16 + 148 - 8t +10

Bai toan tr¢ thanh tim gié tri nho nhat ciia ham so
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F() =148 48t +16 +4J14¢7 - 8t +16 =4f14

J: 4 8 J: 4 8
Tt —+ - —t+—
7 7 7 7
+

2 y 2
V7

Tt
Tt

+
-'_i_-——_—

.

]
| b

u= £ £ 2,2
Pit i w.-‘r_ 7 J—
7@ J_[H |” ﬂ"_|u+r| F(t)= 14,
hide .Suyra
2 2
t+
77
S T
77T
Dau bang xdy ra khi va chi khi hai vecto ¥ va ¥ cling huéng hay 7
M (1:1;1) L
Do d6 .VéyT—ﬂ +h +¢ _3.

Cau53. (THPT Vé Nguyén Gidp - Quang Binh - 2022) Trong khong gian @Y7 cho ba diém

. . 1 (-2 , by = o .b: :
A(L; “‘3}‘3(0""0)"6“’0’ %) va mat phang (P)rx+y+z+d _D. biém M (a;b:c) nam trén

(P) sa0 cho biéu thie MA™ +2MB* +3MC” dat gi4 tri nho nhét. Khi d6 gia tri cua bidu thirc
T =1- b+9f béng ?
Loi gidi

Tra loi: - 13

(2 2 -1
:.'rf|_______
33 2]

A0 yiz) s T4+ 218 +30C =
Goi G )ladlemthoaman fA+2IB +3IC =0

m|N|N] N}

Ta co- MA™ +2MB° +3MC* =OMI” +I4° + 218" + 3IC” +"rwf{f,4+"*fﬂ+3}f}

=OMI" + 14" +2[B" +3IC°

Vi IA” +21B° +3IC" khong di nén bidu thie MA™ +2MB” +3MC” nh nhat © MI° nho nhét

© M 14 hinh chiéu vudng goc cta diém ! trén (P)

Goi A 1a duong thing di qua diém { va vudng goc v6i mit phiang (P)

2
X =—+t
3
2
y =—+t
::-TH
Phuong trinh tham s6 cta Al =
2 2 - (=5 =5 =13
— +;-_+;+‘?—U:v;_£=r.-w N
Xét phuong trinh: 3 3 2 18 18 9
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-5 5 -13
T=a-b+% =——+—+9 —— =-13

Vay 18 18 9

Cau54. (Chuyén Ha Tinh 2022) Trong khong gian Oxyz , cho mit cau
(5):(x+1Y +(y-9) +z2 =I8 A(8:0,0), B(4;4:0)

cau (s ). Biét MA+3MB gat gi tri nho nhét tai diém M c6 toa do
. I'=4x,- 9y,

. Diém M bt ky thudc mat
M (xy: vp:2,)

va hai diém
. Gia tri biéu

thir ' bang?

Loi giai
Tra 1oi: -~ 40

I(- 1:9%0), R =32

- A S ST \ ’ ’ A \
Mat cau (5) co tam va ban kinh lan luot la

Goi M(x;y;2)

Me(s)= Ge+1) +(y- 9) +z* =18
Vi .

Ta co

MA +3MB =J[x- 8) + 42 +3.J[x— 4Y +(p-4) +2°

=J[.1'- 8) +y 4z’ +S[(1‘+lf +(y- 9) +:z%- ISI +3v’[1‘- 4y +(y- 4 + 2

::«l\,’x: w(p-8) 42 4l 4Y + (- 4) 427

.. €(0:8:0) MA +3MB =3(MB + MC) =3BC =122

Xet suy ra .

Déu bang xay ra khi va chi khi M 1a giao cua duong thing B C va miat cdu (5) yva M nim gitra
B,C

(x =t
BC:{y =8-t= MI(18-t:0)

Phuong trinh dudng thing

t =2= M(2:6:0)

Me(8)= 20t +1) =18
- - t=-4= M({-£12:0)(L)

Ma

vay o =2y, =6=T =42-96=-46
ay

Ciu 55. (THPT Hoang Hoa Tham - Quang Ninh - 2022) Trong khong gian @*YZ cho mit ciu

2 ;a2 13
($):Guae2y + Q-3+ (- 1Y == 4G 1,2:3),804:6), C (- 2:1;5); M (a3 bic)
= va ba diém
1a diém thay ddi trén () sao cho biéu thie 2MA™ + MB™ - 2MC” dat gid tri nho nhat. Tinh
atb+c
Loi giai
Tra loi: 6
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s
2

Cha. R=
Mit cau (5) cO tam J( 2’3’]), ban kinh
~ (0-x=2(-1) [y=2
@ of o @ oo e
2I4+IB-2IC =0 IB=24C = {4- y=2.(- e {y =6
_” 7 6-z=22 z =2
Goi 7 Y523 diém thoa man | -
a0 b
= 1(2:6:2)= 1 =(4:3: )= 1 :Jﬁ>5: ‘ (s
- I nam ngoai mit cau

Wl W 2 11 S iu - Ul w2
P =2mA> + MB* - 2mC =2(M1 +14) +(mr +18) - 2(Mr1 +1C)

uuu LIl uu

Uy
—M1* +2MI (214 + 1B - 20C)+ 214> +IB* - 2IC* =MI* + 214 + IB* - 2IC”

P =M <

miam mm

{M =J1n(5)

M+ MI =
Tur do, ta co JM M ﬂ.

(x =-2+4¢
JIiy=3+3t

z=l+¢

Duong théng ,thé Y% vao phuong trinh mat cau, ta duoc:

R L D 2 722
166" +9t" +t" =——= t =— =
2 4

Vay a+b+c =6

Cau 56. (S6¢ Hau Giang 2022) Trong khong gian voi hé toa do Oxyz , cho mit phing
(P):3x-3y+2z-15=0 .\ s A(I;Z;U)’ B(1L:- 1;3), c(l;- 1;- 1)' pidm M (2 v:2,)
thuge (P) qa0 cho 2MA* - MB* + MC® 1hg nhiit. Tinh gid tri bidu thire T —2%o +3¥o ¥ 2o
Loi giai
Tra 10i: 5
00 00 00 00 00 400

7 wwow = 2J4=IB- JC=CB= [A=—_CB
Goi ! 1a diém théa man 2/4- [B+1C =0 2
o €8 =(0:0:4)= 14 =(0:0:2)= 1(1:2:-2)
. . . ;U 5 W 5 UL Ul 2 T 1 Ut Ul 42
L o YMAT < MB® + MC* =2MA - MB +MC =2(mr+14) - (M1 +18) +(pMi1+1C)
a co

=+ L — 4 e = = = = = v =
=M1 +2M1.(204- IB+1C)+ 2147 - IB* +IC* =2MI* +214° - IB* + IC*
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Cau 57.

Vi diém I cb dinh nén 2MA” - MB™ + MC” yno nhét khi MI nhé nhit. Do d6 M 13 hinh chiéu

(P).

vudng goc cua I trén mit phang

x . =(3:-3:2
Mat phang () c6 vecto phap tuyén |7 G: 3~~).

. IM 1(P) u =(3;-3:2)

\Y nén duong thang /M c¢6 vecto chi phuong

x =1+3¢
y=2-3

, =242
Phuong trinh dudng thing IM 1a 1© =~ *el

Vi MeIM = M1+3t;2-36-2+2)

vi ME(P)= 3(1+30)- 3(2- 3)+2(-2420)- 15 =0 o ;= = M(4-10)

vay I =5

THPT Gia DPinh - HCM - 2023) Trong khon jan ©¥2 cho mat phan
g g g phang

. .".- —_— —_

.—1I
(P)ix- y+z+7 :0’ duong théng 1 3
Goi 42 1a hai diém trén mit cau (5) va 48 =4:4.5 |3 hai diém nam trén mat phang () sao
cho 44-BB " cung song song véi dudng thang < . Gia tri 16n nhét cta tong 44 + BB (lam tron
két qua dén hang phan muoi)

b | b

va mit cau (S)ilx-11 +37 +(z-2) =5

Loi giai

Tra loi: 14,1

Mit cdu ) ¢6 tam 7(1:0:2) va ban kinh & =5,
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Cau 58.

|r:+J‘

d(I(P)) =———
nén (P) va mit cau (5) khong giao nhau.

a4+ BB =2mv =2 —
Goi M 1a trung diém cta 45-M 13 trung diém cua 4B thi s(M:(P))

."‘ern__n: R ﬁ.{hdf {P}}:m+lﬂﬁ :3+|D\f;§
Khi d6 Vs 3 5

53

sin(M:(P)) =sin(d:(P)) :T

Taco
3+1043
(44°+BB) =23 :GG*G‘E =141
TN Sﬁ 5
Vay 9

(THPT Nguyén Hu¢ - Hué - 2018) Trong khong gian véi hé toa do Oxyz , cho duong thing

(x == 1+2¢
(d):{y=l-t

- ] oy )

(2 =< va hai diém AQs; 0) 8(3 3 6) 'Lf(a,b,c) la diém trén (@) sao cho chu
vi tam gidc MAB dat gi4 tri nho nht. Tlnh P =a "'b"'ﬁ

Loi giai

Tra loi: 3

Med= M(E1+261- £:2t)

Chu vi tam giac MAB 1a: AM + BM + AB i AB =const pgp chu vi nho nhit khi

(AM + BM) 1ho nhit.

SN NN}

AM (¢ - 2; -;-4%] BM (24 et 2:2t-0)

AM +BM =+J9¢* +20 ++J0¢* - 361 +50 J(Bs) (245) J(a 1) +(245)
_u =(3E;3-E)._ ¥ :(f:u— 3{;2@): o+ :(tl.:4\l"§)
bat .

|u| +|1'| 3_=|u +v

Ap dung bat dang thirc vecto: | . D4u bang xay ra khi ¥, V cung huéng.

—_——

AM + BM = + —,,ﬁ +4 =2 A M ,
Ta co: |”| ” 1:| J_ J_ Do @ (')('_!M-"B‘U)nhénhétkhi

=k(6-3t) (44
=4
2

—
) . 2.5 =205k M (1:0:
ton tai s6 & duong sao cho ¥ =kv {“ 3 =245k 1do M(I’O’Z).

.Kh
vay P =a +h+c=1+0+2 =3
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CAu59. (Hoang Hoa Thim Hung Yén 2019) Trong khong gian véi hé toa ¢ OV cho tir dién

ABCD 4 A 116) B(- 3-'*-4) C(1;2;- 1) D(2-2:0) o Mlashic)

thang CD sao cho tam gidc ABM ¢6 chu vi nho nhat Tinh @ * b+ ¢,
Loi giai

thudc duong

Traloi: 1

N

B

Goi Cann 1a chu vi ciia tam giac ABM

AB =(-2;- 3-10) = 4p =113

AB =(-2;- 3-10) cD=(L- 41 Y cp=-2412-10=0= 4B LCD

Goi (P) 1a mat phang chira dudng thing 4B va vuéng goc véi duong thang €D

H 13 giao diém cia (P) va dudng thing CD

Phuong trinh mit phang (P)qua AG L 6)0() véc to phap tuyén D =(- 41 )121
x=-4y+z-1=0

x =1+t

y=2-4&

Phuong trinh dudng thang CD. (277 L1 .

HeCD = H(l+2- 4t- 1+¢)

@rziﬁﬁ‘g;ﬂ;-
2

|
He(P)e 1+t-4(2- 4¢)-1+1-1=0 7|

AM = AH
Véi VM ECD 55 | BM 2BH = gpi+BM 2 AH +BH |

C,y =AB+ AM + BM =113+ AH +BH wYypM eCD

3 .
& M‘ —0:- —‘
minC ,, =113+ AH + BH 12 2]

Suy ra , dat duoc M =H

vay a+b+c =l

a4



Cau 60.

Cau 61.

AG-L16) B(-3-2:-4
Trong khong gian véi hé toa do 02 cho tir dien ABCD ¢4 A( 1’1’6), -3 ),

C{;2;-1) D(2:-2:0) .. MAab;c ) .
chu vi nho nhét. Tinh @ +b +c.

Loi giai
Traloi: 1

Coosy =AM + BM + AB

ma 4B khong d6i suy ra Casmrt nho nhdt khi AM +BM gho

Ta co ~*

nhit.

Taco

Xét AB.CD =0= AB LCD Goj () qua 4B va vudng goc véi CD
(@) .. A-116) | CD =(1;-4:1)
a va nhan

diqu nha lam véc to phép tuyén.
Suy ra “T o phuong trinh la: *~ 4y +z-1=0.
Vidiém M thuoe CD sao cho 4M + BM nhé nhit nén M =CDn (ﬁ).
x =1+t
y=2-4¢
(a):x_ dp+z-l :D, CD ¢ phuong trinh: F=lst

-3. ._l. 3 _I
M =con(@= Y307 | = avbre=lv0r =

(Chuyén Lé Hong Phong Nam Dinh 2019) Trong khong gian véi hé toa d6 O%7 | cho mat

(P)x+y-z+2=0 AG:41):B(7:-4-3) . MabieXa>2) |
g . biem thu

phan va hai diém oc

(P) sao cho tam giac ABM vuéng tai M va c6 dién tich nho nhét. Khi d6 gia trj biéu thic
I'=a+b+c ping?
Loi giai
Tra 1oi: 0
|

S ., =— ABMH ,
Ta co: 2 voi H 13 hinh chiéu vudng goc cua M 1én AB.

Do AB khong d6i nén S43 nho nhét khi MH nhé nhét,
~ L
AB =(4;-8-4) i

1 = AB.n, =0= AB//F)
", =(1:1:-1)

0 . (@)

MH nh¢ nhat khi M nam trén giao tuyén ciia mit phang va ;

. (0)

véi la mat phang chira 4B va vudng goc véi mp
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Cau 62.

Fuay

A =(4;-8-4) @
il ( ) = n, =(3:0:3)= ©)
(7, =ALL- 1 phuong trinh mp 0 la ¥+z-4=0
M M A . A 5 o 2 (Q) \ P A A M \ A 5 A B
nam trén giao tuyén cua mat phang va néntoadg M la nghiém cta hé phuong trinh
) [x =t
x+z-4=0

=1y :2—2!3:”({;2‘2{;4_'!)

x+y-z+2=0 4
' z=4-=f , -
- véit>2,
W|N NN}

. AM =(t- 3:-2- 26:3- f).j:F.:;::f =(¢t- 7:6- 26:7- t)
Ta co .

Tam giac ABM vudng tai M nén

B =0 e (- (- D+ (2- 2006 204G- )(7- ) =0

t =3(n)

e (t-3)0-7)+20-3)+D =0 (t-3)Gt-5)=0e | 5 0
I =—
3

L t=3= M (3:-4:1)= a+b+c=3- 4+1 =0

Trong khong gian véi hé toa do Oxyz, cho hai diém A(3:-2:0), B(0:1:0) va mit cau

{5}: {.T' I}- +|{_]." 2}- +|{: = 3}- :ES.Matphéng {P}:ﬂ.‘f"‘"h}"“‘f:' 2 :D dl quaA,BVE‘lCéttheO
giao tuyén 1a duong tron c6 ban kinh nho nhat. Tinh I =a +b+c.

Loi giai

Traloi: 3

) Am!(l;2;3)

Mit cau coO ta * ban kinh R =5.

Mt phang (7) ¢6 vec-to phap tuyén " =la;bsc)

B(0:;0)e(pP):b-2=0= b =2.

Theo gia thiét
W EN) _ ) I . _ . ) .j
Ta co: 48 =(-3;3;-0) cung phuong véi u =(1; 1").
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(x =t
AB:{y =1-t

) z =2
Phuong trinh duong thang ==

Goi ' 1a ban kinh dudng tron giao tuyén. K 1a hinh chiéu vudng goéc cia / 1én duong thing
(P)

AB, H 13 hinh chiu vudng goc cia  1én

, KeAB= K(t:1-:2t)= 1K =(¢-1:-¢-1:2¢- 3)
Ta co:

SN Ny NI}

IK L AB= AB.JK =0= ¢t =1= JK =(D:-2:-1)

r :JF.: -d* (1.(P)) :JES - d*(1,(P)) =25 - 1H*

Ta co: rr.1ir'. = !Hr.m .

IH<IK=IH, =K< H=K={P)LIK=n, . g cung phuong

Ma
S A N L P
=n, =kIK = {b=2k=1k=1= I
o=
=k lc=l ' = t=a+b+c=0+2+1=3.

Cau 63. (THPT Kim Lién — Ha N¢i - 2022) Trong khoéng gian Oxyz’ cho mit ciu

(S):(x+1)" +(y+3)" +(z= 2) =25 (3 155 duong thing @) 5, lugt c6 phuong trinh
(x =1+ mt (x =1+t

,ﬁfl; J.':-| {f:: ¥ =-1
e EEE M e bao nhicu gia tri ctia 7 dé (dl), () cit mit chu ) tai 4

diém phan biét sao cho bdn diém d6 tao thanh ti giac c6 dién tich 16n nhét
Loi gidi

Tra loi: 2

Ta c6 danh gia khac nhu sau: (Goi Re 1a ban kinh ctia duong tron thiét dién (C))

1 | — — 2R - d* (0 MP)- d° (07
=" A = L o iy R 240 v <2 L ; '
Sig =5 MP NO = 2R - d*(03MP) 2[R - d° (05 NQ) <2 5
—" 2 N g " . .
=R -04 = const voi O(-1;-1;2) la tdm duong tron (€)
Déu bing xay ra khi va chi khi
000 0 UL

d (0:MP)=d(0;NQ) = d(0%d,)=d(0%d,) = HG'A.:H,] ‘ = [O'A.ju: ‘

m =3
=|24+m|3-2m+l|= 1

m=- —

3

, Vay chi c6 2 gia tri 7 thdéa man yéu cau dé bai.
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Cau 64.

Cau 65.

(Chuyén Lam Son 2022) Trong khong gian vdi hé truc toa do Oxyz cho diém 1(1;0;0) , diém

-
.u| 7.4 i" d:|y=t .N(ab.c)
1999} duong thing z =1+t 1a diém thudc duong thang d sao cho dién

tich tam gidc /MN nh¢ nhat. Khi d6 ¢ +b+¢ ¢4 gia tri bing?
Loi giai

Tra loi: -2

IM Zg
Ta co 3.
Goi H la hinh chifu cia N trén duong thing 9 di qua LM co

:|— N -NH :l NH
2 3

51. el Ml
Dién tich tam giac MN nhé nhdt khi va chi khi do dai NH nho nhét
Ned= N2:nl+n)= IN =(lin;1 +n).

u

ug u
. S L , u':(l.j—lj—E}-[f.-"l.-".u'l =(2:n+3;-n- 2)
Puong thang ¢ c¢6 vecto chi phuong .

-|-

NH =d (V2d?) = H H -J" r+3}3+ r—ﬁ}::

5
n=-— .
Dau = xay ra khi 2 suyra: | I vay a+b+c=-2

b | W
bt | Lk

(x=- 142t
d:{y=l-t

=2 . . 4.2
\ va hai diém

(S& Béc Ninh 2023) Trong khong gian 7 | cho dudng thing
A(1:3:0). B(3:3:0) | Goj M(a:b:¢) 13 didm ndm trén @ sao cho chu vi tam gisc MAB dat gia tri
nhé nhét. Gia trj cia £ =abe 132

Loi gidi
Tra loi: 0
Goi M(-1+2t:l- n2t)ed s 4B =211

Ta c6: chu vi tam gidc Pyiy =MA+MB + AB dat gi4 tri nho nhét khi va chi khi (MA+MB),;,

MA + MB :JEE S 2Y H(d41) 47 +Jf_4— ) +(2+¢) +(0- 2ty
=917 +20+ J(6- 3t) +20

Xét hai vécto ¥ =36320) 5 v =(0-36420)

Tacé:|u|+|r|£1u+1'|:f:|+2sf2_0 Kkhi 3t =6- 3t =t =1
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Vay Min P =0 +2(§20 +411) o v (150;2)
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