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Cau 1 (3,5d). Giai h¢ phuong trinh .
8(x2 +y2)+— =5
XY
Cau 2(2d). Goi S 1a tap hop cac sé c6 ba chit s6 c6 dang abc. Tinh xac suét dé rat ngau nhién 1 sb
tir tap S thoa mén a, b, ¢ 1a ba canh cua mot tam giac can, ddng thoi 1a tam giac nhon .

Cau 3
\ z 3x+4 . AN . 2 , s e x 2 . 2
a. (3,5d). Cho ham so y = a3 do thi (C). Tong céc gié tri cua tham s6 m dé duong thang
X+
d:y=x+m catdo thi (C) tai hai diém phan biét A va B sao cho tam giac OAB déu (vsi O la gbc

toa dg) .

b. (2d). Cho ham s6 f (x)=x*+ax’ +bx* +cx +1. Biét rang do thi ham s6 y = f (x) co it nhét
mot giao diém véi truc hoanh. Chiing minh rang: a® +b® +¢* > % .

Cau 4. Cho tir dién ABCD ¢6 AB=b,AC=c,AD=d d6i mot vudng goc. Goi «,B,y lan luot 1a goc
gitta mat phang (BCD) véi cac mit phang (ACD),(ABD),(ABC).

a. (3d) Chung minh cos® a +cos*B+cos’y=1.

b. (2d) Tinh S,., theo khi a =30°,3=45",v =60°.

Cau b

a.(2d) Cho t& dién D.ABC. Goi A'B'C' theo thu tu 1a cac diém trén DA,DB,DCsao cho
DA'DA=DB'.DB=DC'.DC, H latryc tdm cua tam giac A'B'C' va I la giao diém cua DH véi mit
phang (ABC). Mot diém M di dong trong tam gidc ABC, duong thang A di qua M cung phuong
(song song hoic tring) véi ID lan luot cit cac mat phang (DAB),(DBC),(DCA) tai MNQ. Tim gia

tri nho nhét caa biéu thie T=——_+—+ 4 1
MN* MP® MQ

b.(2d) Cho hai s6 thuc x,y théa man: 9x° +(2— y«/3xy—5)x+1/3xy—5 =0
Tim gi tri nho nhat cia P = X®+y° +6xy +3(3x" +1)(x+y-2)
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8(x2 +y2)+i:5

N

Cau 1 (3,5d). Giai h¢ phuong trinh (x,yeR)

Lai giai : Piéukién: x>0,y>0

Phuong trinh thir nhat duoc bién ddi thanh phuong trinh :
8x(\/§—\/;)+5—8y2 =\/@(8 Xy +ij

Xy
L4y phuong trinh vira bién doi cong voi phuong trinh thi hai trong hé vé theo vé ta thu duoc :

x—\/;=y—\/§<:>(“/;+\/_ )(\/_ \/_) {\/»—F\/i 1

« Truong hop 1: x=y. Thay vao phuong trinh thir hai trong hé ta thu dugc phuong trinh :

1
X:_
4
16x% + L =5 16x% ~5x+1=0 x=_1?;ﬂ7
X
_—1+\/17
8
Déi chiéu diéu kién ta thu dugc x = y—% =y=_1+8\/177
a=+/x
. Thﬁmghqu:J;+J§=L£Et{ J_,&b>0
b=y
a+b=1
Khi d6 ta ¢c6 hé mai :
' 8(a4+b4)+i=5
ab
2
(a+b)’
(a+b)2 (a +b2)2 2 1
Taco a2+bzzT.Dodé: at+bt> 2 - ==

Vaytaco: 8(a4+b4)21
a+rb)? 1 1
M3t khac ta c6 : a+b22\/£c>abs(7j it

T hai danh gié trén ta c6 : 8(a4 + b4)+ib >5.
a



a+b=1
a=b

)

Cau 2(2d). Goi S 1a tap hop cac sé ¢ ba chit sé c6 dang abc. Tinh xac suat dé rat ngau nhién 1 sé
tir tip S thoa man a, b, ¢ 1a ba canh caa mot tam giac can, dong thoi 1a tam gidc nhon .

DA4u ding thirc xay ra khi va chi chi {

|
NI~ N

Vay hé da cho c6 nghiém (x;y)

S6 cac sb 6 ba chit sb 1a: n(€2)=9.10.10 = 900.

Goi A la bién c6 rat 1 s6 tir tap S thoa mén a, b, ¢ 1a ba canh ciia mét tam giac vira can, vira nhon.
Do tam giéc can, nén ta goi ba canh cua tam giac lan luot la: a;b;c véi A a=c.
Goi a la géc ¢ dinh céan (hinh ve).

2 2

>0 2a% > b

Khi d6 tam giac nhon < cosa = a7
a

Vay diéu kién dé tam giac can dong thoi nhon 1a:

2a>b ) X
2a2>b2<:>2a >b”.

+) Véi a=1=b=1=A déu duoc lay ratirs6 111, nghia 1a ¢6 1 cach.

+) Véi a=2=be{L;2} = sb khaning 1+3=4 (cach) (gom 1 tam giac déu, 3 tam giac can
khong déu).

+) Véi a=3=be{1;2;3;4} = s6 khd nang 1+3.3=10 (c4ch)

+) Véi a=4=Dbe{1;,2;3,4;5} = s6 kha nang 1+4.3=13 (cach)

+) Véi a=5=be{1;2;3;,4;5,6;7} = s6 kha ning 1+6.3=19 (cach)

+) Véi a=6=be{1,2,3,4;5,6,7;8} = sb kha ndng 1+7.3=22 (cach)

+) Véi ae{7;8,9} = be{l;2,3,4;5,6;7;8,9} = sb kha ning 3.(1+8.3) =75 (cach)

Suy ra n(A) =1+4+10+13+19+22+75=144.

_ n
Vay xac suat can tinh 1a: P(A) =

Céau 3

3Xx+4
3x+4
d:y=x+m catdo thi (C) tai hai diém phan biét A va B sao cho tam giac OAB déu (vi O la géc
toa d9) .

Giai

a. (3,5d). Cho ham s6 y= c6 dd thi (C). Tong cac gia tri cua tham sé m dé duong thang



Hoanh d9 giao diém ciia dudng thang d :y = x+m va dd thi (C) I nghiém ciia phuong trinh
3x+4

33 X+m < 3x+4=(x+m)(3x+3) (dicu kien x=-1).

< 3% +3mx+3m-4=0
Tacod A=9m*-12(3m-4)=9(m-2)"+12>0, VmeR.
Vay véi moi me R thi dudng thang d :y = x+m cét do thi (C) tai hai diém phan biét A va B. Khi
do A(Xa;X,+m) va B(Xg;Xg +m).
X, +Xg =—M

Theo di ly Vi-ét ta co: 3m—4 (*).
X, Xg = 3

Tac6: OA=0B & X2 +(x, —m)’ = x2 + (X, +m)’
<:>2xf\+2mxA+m2:2x§+2mxB+m2<:>2(xf\—x§)+2m(xA—xB):O
& 2(Xy =X )(Xa+Xg +M) =0 X, +X; +M=0 (do X, # Xz ) (luén ding theo (*)).

AB =/2(X; — X, )" . Tam gidc OAB déu <> OAC =60° < d(O,AB):gAB

RN NS

3m—4}
3

Thay (*) vao (**), ta duoc < m® = 3{(—m)2 —4,

m =2

<:>m2=3m2—12m+16<:>2m2—12m+16:0<:{ =m+m,=6.

2
b. (2d). Cho ham s6
. Biét rang do thi ham s6 y = f (x) c6 it nhat mot giao diém véi truc hoanh. Chirng minh réng:

a2+b2+c22£
3

Lai giai
Phuong trinh hoanh d¢ giao diem x* +ax® +bx* +cx+1=0(1)
Nhan xét x =0 khong phai l1a nghiém. Véi x # 0 phuong trinh tré thanh

(1) & ax? +bx+c:—(x3+%j(x¢0)

s 1 2_ 2 2 2 |\ m2 | A2 2
(x +;j _(ax +bx+c) s(a +b*+c )(x4+x +1)



2 2
[x3+1j (xz +12j
X X

cal+bi+ct 2 —4 =
X*+xP+1 2 1

X +7+1
2 2
t=x2+i2:>t22:> f(t)=t—,Vt22:> f '(t)=t +2t2 >0,Vt>2
X t+1 (t+1)

Bang bién thién
Vay dé do thi ham s6 y=f(x) co it nhdt mot giao diém voi truc hoanh thi
2 2 2 4
a“+b°+c 2§
Cau 4. Cho tar dién ABCD cO0 AB=b,AC=c,AD=d d6i mdt vudng goc. Goi «,B,y lan luot 1a géc
giita mat phang (BCD) véi cac mét phang (ACD),(ABD),(ABC).
a. (3d) Chuang minh cos” a +cos*p+cos’y =1.
b. (2d) Tinh S, theo khi a=30°,=45",yv=60".
Loi giai.
a) Cach 1.

Ké duong cao AH cua tam giac ACD, do
{AB 1LAC

= AB 1 (ACD)= AB LCD.
AB L AD

Vay (ABH)LCD va CD lagiao tuyén cua hai mat

phing (ACD) va (BCD) nén a=AHB.

Taco
tana = ﬁli N AbH ;M3 A;{Z :Aéz +A:E)2 :Cl2 é
nén tana = M
cd
i c*d?
Mat khac 1+tan”a = e cos’a = TR
Tuong tu ta co :
, b2d>2 5 b’c?
P a1 d?

Tu d6 suy ra cos®a+cos’B+cos’y=1.

Cach 2. Goi H la hinh chiéu cia A trén (BCD) va I la trung diém cia CD. it

d=c,|d|=d.

AB-bAC=c,AD~d =[b|-b,

:C’



2 12
BH.BI=BA“=Db BH bz(C2+d2)

D& thdy AH L (BCD) va W D= L=
(BD) HIB=1A’ = % IH  d?
c +
. . . 2 2 . 2 2
Suyra AH=—1 AB+— < Af,ma lC_AC _¢ 45 & aci S D nen
1+k 1+k ID AD" d c+d c+d
— d? . b+ dp? v I
AH= AB+ AC+ AB
b’c? + *d® +d’b? b2c2+c2d2+d2b2(c2+d2 ¢ +d? j

c*d? - d*v? - b*c? -
b+ + d
b*c? + ?d? + d*b? b*c? + ?d? + d*b? ¢ b*c? + ?d? + d*b?

Lai ¢ b,c,d lan Iugt 1a céc vec to vudng goc véi cac mat phang (ACD),(ABD),(ACB) . Tir d6 ta c6:

L b22d?
coso — ‘E"AH __b+d’+dD cd
‘b‘ AH b2 +2d? +d?b?  A/bic? +2d? +d?b?
b b2c2d?
lcAH bd d AH be

Tuong tu . cosp =

,COSY =

‘B‘ AH b’ 1+ db?

‘B‘ AH b’ 1 d 1 a7

Suy ra cos’ a+cos’B+cos’y =1

b) St dung céng thic hinh chiéu

Goi H la hinh chiéu ciia A trén (BCD).

Trudc tién ta ching minh tam giac BCD nhon. Khong giam tong
quéat, gia st B 16n nhat.

Tacod CD*=AC*+AD* =c* +d* D
Tuong ty CB* =b” +c*,DB* =b” +d? I

Ap dung dinh li cdsin cho ABCD ta c6

BC? + BD? - CD?
2BC.BD
B (b2 +c2)+(b2 +d2)—(c2 +d2)

e (e

2
= 2b >0 do dd B nhon, hay tam gidc BCD nhon.

2\/(b2 +&)(b? +d?)

cosB =

AB L CD =BH L CD, tuong tu tacd CH L BD tir do suy ra H la tryc tdm cua ABCD, ma

ABCD nhon nén H thudc mién trong tam giac BCD .Do d6
Secp =S + Supp T Step = Sapc COSY +S 45, COSP+S o, cOSX

, |AH 1 CD
Taco{

= %bccos600 +%bdcos450 +%cdcos30O _ b \/Ebf+\/§Cd .



Cau 5

a.(2d) Cho tir dién D.ABC. Goi A'B'C' theo thu tu 1a cac diém trén DA,DB,DCsao cho

DA'.DA=DB'.DB=DC'.DC, H latryc thm ciia tam giac A'B'C' va I la giao diém cia DH Vi mit

phang (ABC). Mét diém M di dong trong tam giac ABC, duong thang A di qua M cung phuong

(song song hoic tring) véi ID lan luot cit cac mat phang (DAB),(DBC),(DCA) tai MNQ. Tim gia
1 1 1

tri nho nhat cua biéu thic T=——+——+——..
MN?  MP*  MQ

Giai

I latrong tdm cua tam giac ABC.

Goi T la giao diém ciia A'H voi B'C', E,F lan luot 1a cac giao diém cua AB va BC; CI va AB.
D& thdy D,T,E thang hang ( thudc giao tuyén cua hai mét phang (IAD) va (DBC)). Do H la tryc
tAm cua tam gidc A'B'C' nén A'T L B'C', mat khac theo gia thiét DA L DB va DA L DC nén

DA 1(DBC)=DA LB'C' ;dodo B'C' L(DA'T)=B'C' LDT.

Taco C'DT+B'DT=90" va DB'T+B'DT=90°=C'DT=DB'T (1)

Mit khéc t gidc BCC'D' la tw gidc noi tiép nén DB'T=C'CB (2).

Tur (1) va (2) suy ratam giac EDC cén tai E=ED=EC, ma tam giac DBC vuéng tai D suy ra
ED=EC=EB, thé thi AE la trung tuyén cua tam giac ABC.

Tuong tu ta ciing chirng minh duwoc CF 14 trung tuyén cta tam gidc ABC, vi vay I 1a trong tam cua
tam gidc ABC.

Chung minh MN +MP +MQ =3DI

RO rang ID cét cac mét (DAB),(DBC),(DAC) tai D nén duong thang qua M cung phuong véi 1D
chic chan cat cac mat (DAB),(DBC),(DCA) .

Goi X,Y,Z lan luot 1a cac giao diém cua IM Véi cac
canh AB,AC,BC( Luu ¥ 1a néu IM song song véi mot
canh ndo d6 ctia tam gidc ABC thi ta van dé dang dung
duogc cac giao diém caa duong thang A voi cac mat cac
mit phang (DAB),(DBC),(DCA))

Taco N,P,Q theo thi ty 1a cac giao diém cua
DX,DZ,DY VOi A.

SMN XM MR S,., 35

Ké MR // IB, thi AMAB - ("do
ID XI IB S, Suuc
I la trong tdm cua tam giac ABC nén S, .. =%SAABC).

\ \ P 3 3
Hoan toan tuong tu ta co g = Sac ,I\I/I];Q = SSAMCA .

SAABC

AABC




MN MP MQ

ID ID ID
_ Sy, 38 35

AMBC | “ZAMCA _ 3
S S

S

Do d6 < MN+MP +MQ =3DI

AABC AABC AABC

1 1

Theo BDT Cauchytacd T= S+ ——+ >
MN2  MP?2 MQ

11 1 1Y
> —
3(MN MP MQ
1 81 _ 27 3
3 (MN+MP+MQ)* (3DI) DI

Ding thirc xay ra khi M=1I( khi d6 N,P,Q=D)

Vay minT:% khi M trung véi trong tdm cua tam giac.

b.(2d) Cho hai s6 thyc x,y thoa méan: 9x° +(2— y«/3xy—5)x+1/3xy—5 =0
Tim gia tri nho nhat caa P = x* +y® + 6xy+3(3x2 +1)(x+ y-2)

Léi giai

Taco 9x3+(2—y\/3xy—5)x+\/3xy—5 =0

& 27%° +6Xx=(3xy —5)/3Xy —5 +2,/3xy 5.

Xétham f (t)=t*+2t véi te(0;+w)

c6 f'(t)=3t+2>0Vte(0;+0) nén ham so lién tuc va dong bién trén (0;+oo).
Khi d6 ta co 3x =/3xy —5 = x>0 va 9x* =3xy 5.

Voi x=0 thi 0=-5(1).

véi x>0 thi P:X3+y3+6xy+3(3x2+1)(x+y—2)
:X3+y3+6xy+(9x2+3) X+y—2)

=X+ Yy +6xy+(3xy—2)(x+y-2)

=X+ Yy +3x°y+3xy° —2(x+y)+4

=(x+y) —2(x+y)+4
2

Ma x+y:x+9X +5:4x+£22,/4x—:£ bat t=x+y thi t>i.
3 3x J3

X 3x J3
45

Xét f(t)=t>-2t+4 voi tzﬁ.Khidé f'(t)=3t"-2>0 v6i Vt>—.
V3 V3
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Dods f(t)> f (4*/5} 36-+296+15

J3 9

36+ 296+/15

Suy ra PZT.VayGTNN cua P la M



