PS6.CHUYEN PE 5-SO NGUYEN TO,HQP SO
CHU PE 1:PINH NGHIA,TINH CHAT,SO NGUYEN TO,HQP SO
PHAN L.TOM TAT LY THUYET
1.S0 NGUYEN TO
-S6 nguyén t6 1a s6 tu nhién 16n hon 1,chi ¢6 2 uée 1a 1 va chinh no.
-S6 nguyén t6 nho nhat vira 1a s6 nguyén t6 chin duy nhat 1a s6 2.

-Khong thé giéi han s6 nguyén t6 cling nhu tap hop s nguyén t6.Hay néi cach khéc,sd nguyén t6 1a
vO han.

-Khi 2 s6 nguyén t6 nhan véi nhau thi tich ciia chiing khong bao gid 1a mét s chinh phuong.
-U'6c tu nhién nho nhat khac 1 ciia mot sd tu nhién duge coi 1a s6 nguyén td.

A1 AL 1A A ‘n \ A, A A A ( a>1 ) . A , . A .
-bé két luan so6 tu nhién a 1a mot s6 nguyén to , chi can ching minh a khong chia hét cho
moi s6 nguyén t ma binh phuong khéng vuot qué a.

a:
ab:p= b .p

-Néu tich # (P 1a s6 nguyén t6)
Dic bistnéu ¢ P @:P (P 1a s nguyén td)

-Moi sb nguyén to vuot qua 2 déu c¢6 dang: dnzxl(neN)

-Moi s6 nguyén té vuot qua 3 déu c6 dang: on£l{(neN")

-Hai s6 nguyén t6 sinh d6i 12 hai s6 nguyén t& hon kém nhau 2 don vi.
2.HOP SO
-Hop s6 1a s6 tu nhién 16n lon 1 va c¢6 nhiéu hon 2 udc nguyén duong.

>1)

-Dé chirng t6 mot so tu nhién 4 1a hop so,chi can chi ra mot uéc khac 1 va ¢,
-Udc s6 nho nhat khac 1 ciia mdt hgp so 1a mdt s6 nguyén to va binh phuong 1én khong vuot qua no.

-Mot hop sb bang tong cac wdc cia nd (khong ké chinh nd) dugc goi 1a: S6 hoan chinh.

-Moi s6 tu nhién 16n hon 1 déu phan tich dugc ra thira sd nguyén té mot cach duy nhat (khong ké thir
tu cac thira sd)

3.HAI SO NGUYEN TO CUNG NHAU

-Hai s6 tu nhién duoc goi 1a nguyén tb cung nhau khi va chi khi chiing c¢6 uéc chung 16n nhit bang
1.



a,b (a,b) =li(a,beN")

nguyén té v6i nhau <
- Hai s6 tu nhién lién tiép luén nguyén té ciing nhau

- Hai s6 nguyén té khac nhau ludn nguyén t6 cting nhau
- Cac s6 nguyén t6 khac nhau ludn nguyén té cting nhau

a,b,c

(a,b,c) =1

- Cac so nguyén to cung nhau

a,b

- @:5,¢ ouven 16 sanh doi khi chang doi mot nguyén t cang nhau %2-¢

nguyén to sanh déi
= (a,b)=(b,c)=(c,a)=I
4.MOQT SO PINH Li PAC BIET

- Pinh li Dirichlet: Tdn tai v6 sb s6 nguyén t p c6 dang: ¥ ~ % thxEN (ab) =]

- Pinh 1i Tchebycheff: Trong khoang tir sb tw nhién 7 dén sb tw nhién 27 c6 it nhat mot sb nguyén t6
(n>2)
. R . A 121« 305 LA , J A A
- Pinh li Vinogradow: Moi s0 1¢ 16n hon 31a tong cua 3 sO nguyén to.
PHAN II.CAC DANG BAI
Dang 1:Tinh chit diic trung ciia s6 nguyén t6 va cach nhin biét sé nguyén t6,hop so.
L.Phwong phap giai
- Dya vao céc dau hi¢u chia hét va cac tinh chat vé s6 nguyén to ,hop so, dé giai cac bai toan vé chirng minh
hodc giai thich.
- Thong qua viéc phan tich va xét hét kha nang c6 thé xay ra, doi chi€u véi gia thiét va cac dinh ly, hé qua da
hoc dé loai bo cac truong hop mau thuin va nhan biét duoc dau 1a sb nguyén td, hop sd.
I1.Bai todan

Bai 1: Chimg minh rang;

. A A K A dn+ N
a, Moi s0 nguyén to vuot qua 2 déu c6 dang: dntl(nEN’)

b, Moi s6 nguyén t6 vuot qua 3 déu cé dang: on £l(n€N")

N

Loi gidi:

, 2 2 2 2 At
a, Goi 4 1a mot soO tu nhién 16n hon 2. Khi @6 4 s& c6 dang dndn+lan+2dn+3(neEN)
Néu 4 =4n hay A =4n+2thj 4:2va 4 1a hop sb

Suy ranéu 4 13 s6 nguyén t6 thi 4 s& c6 dang ¥ +1.4n+3



Vi An+3=4n+4-1=4(k+1)- 1 nén suy ra moi sd nguyén té vuot qua 2 déu co dang:

42l (nEN") (goom)

- AL K A 1s e ., 5
b, Goi 4 1a mot so tu nhién 16n hon 3.Khi d6 4 s& c6 dang On,0n +1,0n+2,0n+3(nEN")

Néu A =6npay 4 =6n+3h; 433 4 13 hop sb.
Néu A =6n+2thi 4:2va A4 1a hop sb.

Suy ranéu 4 1a sé nguyén t6 thi 4 s& c6 dang on+1,6n+5

On+5 =6n+06-1=0(k+I)-1

Vi nén suy ra moi sO nguyén t6 vuot qua 3 déu cd dang:

on +£l(neEN") (dpem)

Bai 2: Ta biét ring c6 25 s6 nguyén t6 nho hon 100. Tong cia 25 sé nay 1a s6 chin hay sb 1¢?

N e

Loi gidgi:

Trong 25 s6 nguyén t6 nhé hon 100 c¢6 chira mot s6 nguyén té chin 14 2, con 24 sé nguyén tb con lai
14 s0 nguyén t6 1é. Do d6 tong 25 s6 nguyén t6 nho hon 100 13 s6 chan.

Bai 3: Tong 2 sb nguyén t6 c6 thé bang 2003 dugc khong ?

Loi gidi:

Ta thay 2003 1a mét s 1é nén néu 2003 1a tong cua hai s6 nguyén t6 thi mot trong hai s6 phai 1a s6

chin va bang 2. Vay s con lai 1a 2001 nhung 2001 lai khong 14 s6 nguyén t6 vi 2001 =69.29

Viy tong cua hai sé nguyén to khong thé bang 2003.

Baid: Cho 2 va P *2 1ahaish nguyén t6 16n hon 3. Chtrng minh rang tong ciia chiing chia hét cho
12.

N e

Loi gidi:

LD s A A A 1s An D o on +l,(neN")
Ta thiy la sO6 nguyén t6 16n hon 3 nén # c¢6 dang

p=btn+l(nEN") thi P+2=0n+3=3(2n+1)3
THI:

Ma 2 *2 1356 16n hon 3 nén 2 *2 1a hop sb ( Trai véi GT, loai )

p=0on-1(nEN") . p+2 =bn+l
TH2:

ptp+2=on-1+on+l=12n'12

Khi do

= DPCM



Bai 5: Cho 7 1a sb nguyén t6 va mot trong hai 8p+1.8p-

nguyén t6 hay hop sb.

I'1asé nguyén t6 .Hoi s6 con lai 13 sb
Loi gidi:

. - -1=82-1=I5 .
Néu P =2 8P 1=8.2-1=1505 o 66

i Ep+l=83+1=2

Néu P =3 3 1a hop sb

Néu P >3hi 8P Khong chia hét cho 3

Vay 1 trong 2 s6 5P~ L8P *1 g5 chia hét cho 3 va 1a hop sb.
Vay s6 con lai 1a hop sd.

2"+1,2"-1(neN,n>2)

Bai 6: Hai s6 c6 thé cung 1a s6 nguyén tb hay khong ? Vi sao ?

N, o

Loi gidi:

2" +1,2°

2 LI . . . . —
A\ 2" -1 la 3 sO tu nhién lién ti€p nén cd 1 so chia hét cho 3.Ma (2,3) =1

va 3 1a so

nguyén t6 nén 2" khong chia hét cho 3. M)

Ma 71> 2nen 2 #123.27-153 (2

2" +1,2" - 1

Ta ,(2) suy ra | trong 2 s6 phai chia hét cho 3.

.oz 2" - 2 N O . A A LA
= Haiso ~ +1.2 ”"FE'E'”}“}khong the cung la so6 nguyén to.

Bai 7: Cho 3 s6 nguyén t6 16n hon 3,trong d6 sb sau 16n hon s6 trude 1a @ don vi.Chimg minh rang d:6,

N .

Loi gidi
Cac sb nguyén t6 16n hon 3 nén 7 c6 dang 3k +1hoge 3k +2 (KEN)

C6 3 s6 ma chi c6 2 dang nén ton tai hai sé thudc cting mét dang, hiéu cua ching (13 ¢ hoic 2d ) chia hét
cho 3 ( theo nguyén Iy Drichlet ). Mt khac @ chia hét cho 2 vi @ 1a hiéu ctia hai s6 16.Vay @ chia hét cho 6.

Bai 8: Hai s6 nguyén t6 goi la sinh d6i néu chiing 13 hai sb nguyén t6 1¢ lién tiép. Chirng minh rang mét s tu
nhién 16n hon 3 nam gitra hai s6 nguyén t6 sinh d6i thi chia hét cho 6.

Loi gidi:
Goi ” 1a s6 nguyén té lonhon 3 va # lénén P ¥1:2 (D

Ma P 1a s nguyén t6 16n hon 3 nén 7 c6 dang 3k+13k+2(kENk>1)

Dang ” =3k +1 khong xay ra vi néu ¥ =3k +1 thi P2 =3Fk+33 5 hop s6 (Loai)



= p=3k+2= p+1=3k+33 (2
Te D (2)= p+1:6 = ppem

Bii 9: Cho ” va? *8 13 hai s6 nguyén t6 16n hon 3. Hoi 2190 13 s§ nguyén t6 hay 13 hop 6 2

)

Loi gidi:

D s <A A A 12 A D o on +l,(nEN")
Ta thy la sO nguyén t6 16n hon 3 nén £ c6 dang

p=btn+L(neN") (hi P+8 =0n+9=3(2n+3):3
TH1:

Ma P *8 1256 16n hon 3 nén P *8 1a hop s6 ( Trai véi GT, loai )

p=6n-1{neN’ )i P+8=6n+T
TH2:

p+100 =on - 1+100 =6n +99 =3{2n +33):3
Khi do

Ma 2 *+100 13 5§ 16n hon 3 nén 2+ 100 13 hop sé.

Bai 10: Cho 2 va 2P *1 13 hai s6 nguyén t6 1on hon 3. Hoi 42 *1 1 s nguyén t6 hay hop s6 2

)

Loi gidi:

D s <A A K12 A . on +l,(neN")
Ta thy la s6 nguyén t6 16n hon 3 nén p c6 dang

p=bn+lL(neN") thi 2P +1=2(6n+1)+1=12n+3 =3(4n +1)33
TH1:

Ma 27 *1 13 56 16n hon 3 nén 2P * 1 13 hop s8 ( Trai véi GT, loai )

p =bn- If_.wE.-"-;"]lthi 2p+1=2(6n-1)+1=12n-1
TH2:

dp+l=406n-1)+1=24n- 3 =3(8n-1)
Khi do

Ma 47 *1 13 66 16n hon 3 nén *2* ! 1a hop 6.

Bai 11: Chting minh rang s du trong phép chia mot sé nguyén t6 cho 30 chi c6 thé 1a 1 hodc 14 s6 nguyén td.

N o

Loi gidi:

Gia sip © 12 s6 nguyén o va P c6 dang ¥ =30k +r =23.5k+r(kEN" ,reEN,0<r<30)

\ A \ ’ ’ A e :{3[:':. E|2.3.5:
Néu 1a hgp s thi 7 ¢6 udc nguyén to ¢ sao cho 4 qe| 422



[~ | . B
9€12:3:3] t1i p In luot chia hét cho 235 (Vo 1y)

Nhung véi
Vay 7 =1 hoidc 7 1a sé nguyén té.

Bai 12: Mot s6 nguyén t6 chia cho 30 ¢6 s6 du 1a 7 .Tim 7 biét rang " khong 14 s6 nguyén td.
Loi gidi:
Goisdnguyéntdla P (PE N )

Ta co: P =30k +r =235k +r(ke N reN ., 0<r<30)

Vi P 14 s6 nguyén t6 nén r khong chia hét cho 2,3,5.

S6 nguyén duong khong 13 s6 nguyén t6 nho hon 30 va khong chia hét cho 2,3,5 chicosd 1.
Vay r =1
Bai 13: Mot s6 nguyén td chia cho 42 ¢6 s6 du 14 7. Tim r biét rang ' 1 hop s6.

Loi gidi:
Goisdnguyéntdla P (PE Ny

p =42k +r =237k +r(ke N ,re N ,0<r <42)
Ta co:

Vi P 1a s6 nguyén t6 nén 7 khong chia hét cho 23,7

S6 nguyén duong 13 hop s6 nho hon 42 va khong chia hét cho 2,37 chi co sb 25.

Vay © =25,

Bai 14: Trong day sb tu nhién c6 thé tim duoc 1997 sb lién tiép nhau ma khong c6 sb nguyén t6 nao hay
khong ?

Loi gidi:

Chon diy sé:

a, =1998!+2 a :2

a, =1998!+3 a,:3

a, =1998!+4 a, 4

a,,, =1998!1+1998 a,,,, 1998



[,

A ~ A, a2 A r A A A < A A r A \ N A A A
Nhu vay: Day so " 17 o6m cd 1997 sO tu nhién lién tiép khong c6 s6 nao la s6 nguyén to.

Bai 15: Trong ddy s6 ty nhién c6 thé tim dugc 7 s6 lién tiép nhau (n>1) 1y khong c6 s6 nguyén t6 nao hay
khong ?

Loi gidi:

Chon dy sb:

a, =(n+1)!+2 a:2,a >2 a4y hop s
a, =(n+1)+3 ay3,a,>3 s a4 12 hop s
a, =(n+1)+4 asia;>4 o a 13 hop s
a, =(n+1)!+(n+1) a (n+l)a >n+l .

a, qs %
nén 7 l1a hop so

TN T A

AL TR N D S T A TiA gt A 1A s Ay 1 A A LA
Nhu vay: Day so "7 gdm cd  s0 tu nhién lién ti€p khong c6 s6 nao la s6 nguyén to.

Bai 16: Ta biét ring c6 25 s6 nguyén t6 nho hon 100. Tng ctia 25 s nay 14 s6 chan hay s6 167

N, o

Loi gidi:

Trong 25 s6 nguyén t6 nho hon 100 c6 chira mot sé nguyén t6 chin 1a 2, con 24 sb6 nguyén td con lai 14 s6
nguyén t 1é. Do d6 tong 25 sb6 nguyén t6 nho hon 100 1a sé chin.

Ba?li 17: Chimg minh rang néu tong cta ” liy thira bac 4 ctia cic s6 nguyén t6 16n hon 5 13 mot s6 nguyén to

thi (1:30) =1

N e

Loi gidi:

S6 nguyén t6 2 khi chia cho 30 chi co thé du la: ,7,11,13,17,19,23,29
Véi =1 thi #° =Hmd30) yuone b vei =11, r =9 r =19

Vi r =7 i P° =19(mod30) oo e vei =13, # =17, r =23

Suy ra p° =1(mod30)

Py Pyseess P,

Gia su la cac sO nguyén to 16n hon 5

Khi dé ¢ =p +p +..+p°  =n(mod30)

= p =30k +n( (n,30) =1)

FEND 168 nguyén té nén



Dang 2:Tim s6 nguyén t6 p dé théa mén diéu kién.

L.Phwong phap gidai

- Trong 7 s6 tu nhién lién ti€p chi c6 mot va chi mot so chia hét cho 7.
- Nam chac cac tinh chat dac trung cua so6 nguyén to dé giai bai toan.
I1.Bai todan

Bai 1: Tim s6 nguyén té £ sao cho céc s sau ciing 14 s6 nguyén t6:

a P* 10, p+14

b, p+2. p+o,p+8,.p+12, p+14

N e

Loi gidgi:
a, Vi p+10,p+14 lésénguyéntévé 10;14 1a hop $6~ p>2

= P o dang K3k +13k+2(kENT),

Néy P =3k+2= p+10=3k+12 =3(k+4)3 14 hop 6 (Loai)

(p+10=3+10 =13
=
Néy P=3*k=p=3 (vi P 1a sb nguyén t6) (pHla=3+14 :I?(déu 13 s6 nguyén td,thoa man)
vay P =ty PHI0 P+ 8 nguyén to.
b, Vi p+2._p+ﬁ._p+8._p+l3._p+l4lésénguyénté = p>3.

= P ¢ dang Sk, Sk+1,5k+2,5k +3,5k+4{keN)

“Néu p=5k+1= p+|4:5k+l5551éhqp b (loai)
Néu ? =5k+2= p+8=5k +m551é1h()’p b (loai)
_Néu p=5k+3i= P"'IE:E‘E"HSESIéthsé(Ioai)
Néu P =S5k+4= p+0 =5k +mijllahgp & (loai)

. — . . — 7 =7 — —13 717 —19 .,
-Néup_Skmélp lésénguyénténénp—.i:? JU‘+._. —?.p‘"‘tl—llp+8—|3p+lu—l?p+l4—lgdéu
13 s6 nguyén t6 (thoa man, 14y)

vay P =S¢ P2, p+0p48, p+12, p+134, o6 houyen 6.
Bai 2: Tim 3 s 1¢ lién tiép déu 1a cac s6 nguyén tb.

Loi gidi:



Goi 3 56 16 lién tiép 1a; 2K +1.2k +3,2k+5(keN")

Trong 3 s 1¢ lién tiép ludn c6 1 s6 chia hét cho 3
Néu 2k +3:3= 2k +3=3(yj 2k +313 5§ nguyén t6)= k¥ =0= 2k +1 =1 (Loai vi 1 khong 1a sé nguyén t)

Néu 2k +53= 2k+5=3 (vj 2k +513 5 nguyéen t6)= & == 1(Loai vi -1 khong phai 1a sb tu nhién)

=l= 2k+3=52k+5=

Néu 2k +1:3= 2k +1=3(yj 2k +113 5§ nguyén td) = & =7 (Théa mén vi déu 12 s

nguyén td)
Vay 3 s tu nhién 1é can tim 14 3,5,7.

Bai 3: Tim c4c s0 nguyén t0 # sao cho # vira 1a tong vira 1a hiéu ctia hai s0 nguyén to.

Loi gidi:

Gia sir 7 1a s6 nguyén t can tim thi ta c6 P=PP=ps” p—'(p"pf’p-“p* déu 1a cac s6 nguyén tb va

Py >P4)

bé 7 la so nguyén to thi Pis P20 mot trong hai s0 1a s0 chan va P32 P cling c6 mot trong hai s 1a so chan.

Giasit 21> Prni= P2 =P =2

Tacé:p:p'+2:p7‘_ 2=p :’D'+4.

, . ! , , ,
Ta thiy 221 ¥ 2P+ 413 3 58 nguyén t6 18 lién tiép.

Theoczlua=a py=3= p=p +1 :5.

Thlvl,lal, JUZS:' 5 :2+3 :?_ 2.

Vay s0 can tim 1a 5.

5 oA - e - \ r r r
Bai 4:Tim K€ N gé day sé KLk 2 k410 va nhidu s6 nguyén to nhat.

N e

Loi gidi:

1;2:3;...;10

Néu k=0=Taco day sb c6 cac sd nguyén to 122337 = g4 56 nguyén to.

2

Néu * =1= Taco diy s6 2341 ¢4 cac s6 nguyen t6 12232 711 = ¢ 5 56 nguyen t6.

Néu k =2 = Ta 6 diy s 32412 ¢4 cac s nguyén t6 12335 T = 06 4.6 nguyén to.

, , I & 2 \ \ . A 1 ca i AL Ly A 1.3
Néu k z3= Day so k+lk+2,...k+10 déu gom cac s0 16n hon 3 va bao gom 5 s0 1€ lién tiép va 5 s6 chan

lién tiép.



Vi céc s6 trong diy déu 16n hon 3 nén suy ra 5 s6 chin lién tiép déu 1a hop s6 va trong 5 s6 1é lién tiép ton tai it
nhat mot sé chia hét cho 3 va s6 nay ciing 13 hop sd.

Vay & =113 gia trj can tim.

Bai 5: Ta goi 7>9 1a 2 s nguyén t6 lién tiép néu giita £ va 9 khong c6 sd nguyén té nao khac. Tim 3 s6
nguyén t6 lién tiép 7>9-" sao cho ¥ g cling 1a s6 nguyén tb.

Loi giai:

+Néu P7-9-" déu khac 3 ma P>9°" 1a cac sb nguyén t6.

=~ P-49>" chia 3 du 1 hodc du 2 (hay du -1).
= P97 chia3 du 1.

= P T4 T Chia hét cho 3.

= Vay ton tai 1 sd bang 3.
THI: Ba s6 nguyén t6 d6 12 2, 3, 5 Khido 2 +3°+5 =38 13 hop s6 ( Loai)

TH2: Ba s nguyén t6 d6 1a 3, 5, 7 Khi do3 +5 4T =831345 nguyén t6 ( Thoa méan )

Vay 3 s6 nguyén t6 lién tiép can tim la: 3,5.7 .

’ ’ q F —..
Bai 6: Tim 3 s6 nguyén t6 229> sao cho: ¥ *4 =7,

Loi gidi:

T 4o 5= pad . . .
\ + >L= = L= N K12 N A A A
vi# Td " rlaso lé (7 1a so nguyén to ).

= p?.g" , 10 o IR
P9 ¢4 18518 val sdchan.

N /ST G- g = . . A .z LT —
Giastt P laséchin= ? chin = 2 =2 (vi ? lasénguyéntd)~ = *9 =

\Néy 7>3= ¢=+(mod3)= g" =l(mod3)

Mit khac 7 Tasd1e = 2 =(-1)" =-1(mod3)

= 2'+g" =0(mod3)

bl : . . . .
= 24a 3= 3= r=3(vir lasénguyéntd)

= 21 +g° g =3= a'}3)

— | r r
~ (Loai vi 7 1a s6 nguyén t6 nén

Néu 9 =3¢hi = r =342 =17 344 nguyén t6 ( Thoa mén )



el (37 i
Vay (p.g.r)€((2,3,17):(3,2,17), .
Bai 7: Dé thi hoc sinh €101 2020-20121,huyén Yén Mo:

Cho a,b,c 133 46 nguyén t6 khac nhau d6i mot.Tim 3 s6 a,b,c 44 gi tri ciia biéu thirc:

A= I * : T I
BCNN(ab) BCNN(a,c) BCNN(b.c)gat GTLN.

N o

Loi gidi:

a,b,c 133 BCNN (a,b) =ab BCNN(a,c) =a.c . BCNN(b,c) =b.c

Ta co: s0 nguyén to khac nhau nén

= + + =t —+—
BCNN(a.,b) BCNN(a,c) BCNN(b,c) ab ac bc

= 4

Vi vai tro @5 nhu nhau nén dé khong mét tinh mAt tinh téng quét ta gia sir: @ <b <c
, , T T T N
Ma a,b,c la 3 s0 nguyén t6 nén az2bz3ic =3
1 1 1 1 1 1 1 1 1 1
= A=t — b — S bt —— b —+— =
ab ac be 23 25 35 06 10 15 3

1
= Maxd =—= g =2,b=3,c =5

2,b=3,c=5

Vay 4 dat GTLN khi “ = va cac hoéan vi cua no.

Bai 8: Tim 2 s6 nguyén t6 c6 tong bang 2005.
Loi gidi:

Ta thay tong s6 nguyén td hai s6 can tim 13 s6 1é nén mot trong hai s6 can tim phai 14 s6 nguyén t6 chan va
bang 2. Khi d6 sb con lai 1a 2003 ( 13 s6 nguyén td, thoa méan)

Vay hai s6 can tim 13 2 va 2003.
Bai 9: Tim 2 s6 nguyén t6 c6 tong bang 309.
Loi gidi:

Ta thiy tong s6 nguyén tb hai sé can tim 14 s6 1é nén mot trong hai s6 can tim phai 1a s6 nguyén t6 chin va
bang 2. Khi d6 sb con lai 1a 307 ( 1a sé nguyén t6, thoa man)

Vay hai s6 can tim 13 2 va 307.
Bai 10: Tong ctia 3 s6 nguyén t6 bang 1012. Tim s nho nhat trong 3 s6.
Loi gidi:

Trong ba sb nguyén tb c6 tong bang 1012, phai c6 mot sé chin, 1a s6 2. D6 1a s6 nho nhét trong ba sb.



Bai 11: Tim tat ca cac s6 nguyén t p dé ap+1lja48 nguyén t6 nho hon 30.

Loi gidi:
X . - = .
Vi P 1a s0 nguyén to nén pz2=4p+11=19

< , £ | 3790 |
Ma 4P +11 13 56 nguyén 6 nho hon 30 nen 7 H11S119:23:29]

+Néu #PTI=19 403 P =2 13 66 nguyén t6 ( Thoa man, liy)

+Néu 4P HIL=23 4 p =3 1a s6 nguyén t6 ( Thoa mén, 1dy )

=2
2

. — P . .
+ Néu 4p+11=29 thi khong 1a s6 nguyén to ( Trai voi GT, loai )

Vay s0 nguyén to can tim la 2 va 3.

2 2

Bai 12: Tim cac sd nguyén té %Y théa man x" =2y -1=0
Loi gidi:

=2y - 1=0

= (x-1)(x+1) =2y

Do Y 1as6 nguyén to va X +1>x-1 ngn chi xay ra cac trudng hop sau:

x+l =2y x =3
—

x-1l=y oy =2
THI:
x+1=2)"
TH2: '~ L=l v6 nghiém nguyén t6
(v +1 =y’ {1 =3
= .
1 =" , —
TH3 (FT1E2 =S
Vay cdp nguyén té duy nhat thoa man dé bai la * =%y =2
+y =z

Bai 13: Tim céc s6 nguyén t6 *Y>Z théa man *

N e

Loi gidi:
Ta co:

4y = ey = +x) - x)

Ma (& #x)>(z - x) ; ¥ 1a s6 nguyén t6 nén



- x =1 )

]

8
+
-

Il
-

-
Z =X

Il
=

(2)

hoic

khong ¢o %% thoaman (D va (2) vay khong tn tai 7% nguyén té @& ¥ *V =2

Bai 14: Tim tat ca cac bd ba so a,b,c sao choabe <ab +bc +ac

N e

Loi giai:
Vi @0:¢ ¢4 vai tro nhu nhau nén gid str @ =b =c¢ khj @6

ab + be +ac =3be

= abc < 3bc
= a<3= a=2yjd |3s6nguyén to.

bc <2b+2c +he - A
Véi @ =2 thita c6 20 <20 +2c+be= be<2(b+c) <dc

b =2

b =3

b=4=
(viplasdnguyéntd)

+Néu b =2 thi 4c <4+4¢ thoamén véi € 13 s6 nguyén to bat ki

\ b =3 thi bcsbh+5c= c<h= L'E{?&;S:
+ Néu

(a,b,c¢) (2,2, p):(2,3,3):(2,3,5)

Vay cac cap so can tim la va cac hoan vi cua chiing, vi £ 1a s0 nguyén t0.
Dang 3: Cac bai toan chirng minh so6 nguyén to,hgp so
L. Phwong phap gidi

-Duya vao cac tinh chat dac trung ctia s6 nguyén to va hop so6 dé giai cac bai todn vé chirng minh s6 nguyén to,
hop so.

11.Bai todn
Bai1: Cho 7 va P *% 1 céc sé nguyén t6 (P >3).Chimg minh ring 2 *81a hop s6 .
Lai gidi:

3k +13k+2(keN")

Ta co: P 1a sé nguyén t6 16n hon 3 nén ? c¢6 dang

+Néu P =3+ 2y P4 =38+023 08 hop $6 ( Trai véi GT,loai )



Vay P c6 dang 3k +1 khido #*8 TH+I =3R4 13 hgp 56

= bPCM

Bai 2: Cho ? va 8p-1 1a cac s6 nguyén t6. Ching minh rang 8p+l 1a hop s6.
Loi gidi:

p=3kip=3k+lip=3k+2(kEN")

Ta xét cac truong hop:
TH1; P =3k +2 gy Sp- 1 =8(3k+2)- 1 =24k +15 =3(8k +5)13 13 cac hop s ( Trai véi gia thiét,loai )
TH2: ¥ =3k=p :3(Vi P lasénguyéntd) ~ 8p-1=23 13 s6 nguyén to

Vakhide 87 *1=2 jangpss (D

T D ,(2) ta suy ra 8p+1 1 hop s6 = PPCM

Bai 3: Ching minh rang (2= D! chia hét cho 2 néu P 1a hop sd, khong chia hét cho 7 néu 7 1 sé nguyén
t6.

Loi gidi:

+TH1: 2 1a hop sé:

Néu 7 1ahop s6 thi 2 1a tich cac thira s6 nguyén t6 nho hon P va s mii cac lily thira nay khong thé 16n hon
s6 mil ctia chinh cac Iy thira 4y trong (p-D!

vay: (7= DEP (ppem)

+TH2: P 1a s6 nguyén t6:

Vi P 1a s6 nguyén té nén P nguyén té ciing nhau v&i moi thira s6 ctia (p-D)!

Kéthop véi 2> P~ 1= (P~ D! khong chia hét cho 2 (DPCM )

Bai 4: Cho 2" - 1 1a s6 nguyén t6. Chirng minh rang 7 ciing la s6 nguyén t6.

Loi gidi:

Gid sir ™ 13 hop sb =m=pg(p.geEN.p.g=1)

Khide: 27 - 12207 1=(27) - 1=(27 - 1)( 279 4 2009 4 +1)



o Aaplg-l g 9pig-2) m 4 . .
Vi 2> (Giasa)ynen = 277 121 33 (277 #2077 et D> 1 27 < 1 13 hop 56 ( Trdi voi
gia thiét )= Gia sirla sai = ™ khong thé 1a hop s6 = ™ 1a s6 nguyén t6 (BPCM)

Bai 5: Chting minh rang: moi s6 nguyén t ciia 19941 1 42y 16n hon 1994.
Loi gidi:

Goi P 1a uéc sb nguyén t ciia 19941

Gia sip P =1994= 1994.1993........ 3.2.1 hia hét cho p = 1994! ¢hia hét cho P
Ma 199415 pan 12 (vo 1)

vay P> 1994 (ppem)

Bai 6: Ching minh rang: 7 > 2 thi giita /? val! c6 itnhét 1 s6 nguyén t6 ( tir d6 suy ra c¢6 vo s6 sd
nguyén t6 ).

Loi giai:

Vi n>2nan b =n-1>1 45 ds k ¢6 it nhit mot ue nguyén t 2.
Ta chitng minh 2 >” Thay vay: néu 2 =" thi nlip

Mak 2= D2 pods 1P (voly)

Vay p<n<nl- I{”'r(DPCM)

Bai 7: Hay ching minh cac s6 sau 1a hop sb:

2y A=11 ] (2001 chir 6 1);

b) B =1010101

C)C:|!+2!+3.r+ ....... + 100!

d) D=311141111

Loi gidi:

a) Tong céc chir sd cua 4 la: I+1+1......+1=2001:3= 43
ma 4>3nén 4 1a hop sé (DPCM )

b) B =1010101 =101.10001 13 hop sé ( dpem )

c) Vi I+ 21=33y 3+41+...+100! 1y6n chia hét cho 3 nén C 33

Ma € >3nén € 1a hop sb (BPCM )



d) D =311141111 =311110000+31111 =31111{10000 +1):31111

= D 1a hop s6 (BPCM )

125 _
N _> 1

Bai 8: Chimg minhring s 5 -1 1a hop sé.

N e

Lai giii:
pat 57 =4 khi dé

5
a -1

a=1

=a'+a +a +a+l

=(a" +9a +1+0a +0a+2a )- (5a +10a” +1)

=(a” +3a+1) +35a(a” +2a+1)

=(a +3a+1)y-55(a+l)y

—(a*+3a+1) - [5'-“.(a+|}]:

:[a*+3a+|+5”(a+|}] [af +3a+1- 5" (a+l }].

N 1a tich cua hai s nguyén l6n hon 1 nén N 1a hop s6 (DPCM )

Bai 9: Chimng minh véi moi s6 ty nhién 16n hon 0 thi 2° *3 13 hop s6.
Loi gidi:

2 =4 =l(mod3)= 2" =l(mod3),(neN")= 2" - 113 nén 2.2 =2(2"- 1)
Voi

-

" =6k +2(kEN)

:::::

Tacla 25 +377(neN’)

Ma 2 #3ZT(ENT) 1an 277 43 13 hop s6. (DPCM )

Bai 10: Chtng minh v6i moi sb ty nhién 16n hon 0 thi 19-8" +17 13 hop s6.

e

Loi gidi:

+Néu " =2k(keN") thi 19.8° +17 =18.8" +(63+1) +(18-1)=0({mod3)



P NGy P EHHIKENT) 1L 19.8" +17 =13.8° +6.8.64% +17
=13.8*" +39.64* +9(1- 65)* +(13+4) =0(mod 13)

n=4k+3(keN") thi

+ Néu
19.8" +17 =15.8"" +4.8°.04™ +17

15.8% +4.5.10.64% +4- 2(1- 65)* +(25- 8) =0(mod 5)
Nhu vy véi moi gid tri 7€ N thi s6 198" +17 13 hop s6.

Bai 11: Cho %" €N’ , biét @" 5 Chimg minh ring; @ +150:25

Loi gidi:

Taco @ 5 maslash nguyén té nén suy ra @:3= a 25

Ma 150:25 hen a +150:25= dpem

Bai 12: Cho A =n'*Lb=n+lne "*":.]'.Cht'rng minh rang néu 4 chia hét cho B thi B 1a s6
nguyeén to.

Loi gidi:

Gia sir B khong 1a s6 nguyén t6.

Do dé B ¢4 u6c nguyén tb P9 < B

Do do P =nl= n.’fp.

Mit khac 4B, nén 47

Ma " nguyén duong nén B#0.5#1

Vay B 1a sé nguyén té ( dpem )
a,b,c,d

Bai 13: Cho cac s6 nguyén duong thba man @ 3. Ching minh ring

A=a"+b" +c"+d" 13 hop s6.

Loi gidi:
Gia sir (a,c) =t{teEN)

pat @ =@h e =k, (a,,q) =l



ab =cd = abt =c dt = ab =cd

(a,.c)=l= b
Ma

Pit b=ck=d=ak, ke .-"»"']I’

Ta co

A=a"+b"+" +d" =a"t" +c"k" +c"t" +a"k" =(a" +c" ) k" +1")

Vi ¢tk 1y o nguyén duong nén 4 1a hop sd.

Bai 14: Chimg minh rang c6 v6 s6 nguyén t6 c6 dang: 3x- l(xeN ,x>1)

N e

Loi giai:

Moi s6 tw nhién khéng nhé hon 2 ¢6 1 trong 3 dang: 3%+ 3% +1:3x- l(xEN")

+Nhitng s6 ¢6 dang 3¥ ma *>1nén 1a hop sb.

+Xét 2 56 c6 dang 3x+1.g41a 56 (3 +1) 3y Bm+1)

Xét tich (3m+1)(3n+])=9mn+3m+3n+] =3x+]

Tich trén c6 dang 3% +1
+ LAy mot 6 nguyén t6 2 c¢6 dang 3¥~ 1 (véi P 1 s6 nguyén t batky ) ta 1ap tich ctia 2 véi tht ca céc sb
nguyén t6 nho hon 7 roi trir di 1 ta co:

M=2357...9-1=3(2357...p)- 1

M ¢6 dang: 3x-1

C6 2 kha nang xay ra:

*Kha nang 1: M 14 s6 nguyén t6 c6 dang 3x-1>p ,bai toan dugc chirng minh.

5 A LA s A, A . A 2 f A A
Jse P @éu ton tai mot s6 du khac 0 nén cac udc s6 nguyén

*Kha ning 2: M 1a hop s6: Ta chiaM cho 2.3,
td cia M déu 16n hon P , trong cac udc nay khong cod $6 nao co dang 3x + 1(d§1 ching minh trén). Do d6 it

nhat mot trong cac udc nguyén té cia M phai co dang 3x( hop s6 ) hoic 3x-1,

Vay ¢6 vo s6 nguyén td c6 dang: 3x-xEN,x>1)

Bai 15° Chtng minh ¢ v6 sb s6 nguyén té c6 dang 4x+3(xeN)

N

Loi gidi:



Cac sb nguyén 6 1¢ khong thé c6 dang 4X va 4x+2.
Vay chung chi co thé ton tai dudi dang 4x +1hoze 4x+3
+ Xét tich 2 s6 c6 dang 4x +11a:4m +1yy 4n+1

Ta cé: (dm+1)4n+l)=10mn+4dm+dn+1 =4{dmn+m+n)+1 =4x +1

Vay tich ctia 2 s6 c¢6 dang 4* +11a mot s6 ciing c6 dang 4% +1

+Léy mot sd nguyén td p bat ky c6 dang 4x - I ta lap tich ctua 4x+1 y6i tat ca cac sb nguyén t6 nho hon
P 16i chir di 1 khi ta cé:

M =2357..p-1=42357..p)-1
C6 2 kha nang xay ra:

*Kha nang 1: M 14 s6 nguyén t6 c6 dang 4x-1>p ,bai toan dugc chirg minh.
*Kha n3 M 13 A. . 2.3.5,
anang 2: 1a hop s6: Ta chia M cho

td cia M déu 16n hon 7 trong cac udc nay khong c6 sb nao c6 dang 4x +1( da chimg minh trén). Do d6 it

== P déu ton tai mot s6 du khac 0 nén cac udc so nguyén

nhit mot trong cac ude nguyén té ciia M phai c6 dang 4X (hop sé ) hodc 4* - 1.ma w6c nay hién nhién lon
hon 7.

Dang 5: Ap dung dinh li Fermat
I.Phwong phap giai

27" =l(mod p)

-Dinh li Fermat nho: < v6i P 1a sb nguyén t6.

-Bing cach str dung dinh li Fermat dé giai cac bai toan vé s6 nguyén to.
I1.Bai toan

. ; . = pl_q: ;
Bai 1: Chirng minh dinh li Fermat nhé. Néu £ 14 so nguyén to va (a,p) =l thi ¢ lip vG1 moi sO nguyén

duong 4.

N, o

Loi gidi:

Vi @ khéng chia hét cho 7 nén cac sb “ ciing khong chia hét cho 7. Gia sir khi céc s6

2 - . .z N NS
a,2a,3a...(p I]'ﬂchlacho P Gugccacsodula 1Al

FisFyees Tl one s as
127227 %1 461 mot khac nhau.

That vay néu c6 n=rlsi<jzp-1 }thi ia = ja(mod p) = a(i- j) =0(modp) (¥

Ma ¢ khéng chia hét cho Z va i=J khong chia hét cho 7 nén *) khong xay ra.



do do 1T =(p-1)!
2ala...(p- l)a=gry.r, (modp)
(p-1)'la™" =(p-1)(modp)

. —1=s gF! =
Vi(f_p—l}.’,p)—l a”' =l(modp)

Bai 2: Chimg minh ring téng 1" = 2 +3" - .+ 1981 - 1982 :200283

N e

Loi gidi:
Vi 200283 =1983.101 5 (1983101) =1 i can chimg minh S 1983y S 1101
* Ching minh chia hét cho 1983

S =(1" - 1982 )~ (2"~ 1981 )+ (3" - 1980'™ )- (4" - 1979" ) +....+(991'" - 992'™ ) +1983
=(-1 Y [A' - (1983- k }"""'] +1983

Ta co :

1400 100 g 100 1040
k= (1983- k)" =k - (k7 +1983m) (™ nguyén )

Vay hiéu nay chia hét cho 1983. Tir d6 suy ra S chia hét cho 1983. ()
* Chirg minh chia hét cho 101

, , s T 104 , , 100
Trur cac so chia hét cho 101 la 1017 20275.....1919 trong tong S con lai cac s6 c6 dang ™ véi

(a,101) =1 . Ma 101 14 s6 nguyén t nén theo dinh li Fermat nho, thi cic s6 nay chia 101 du 1. S cac s6 hang

mang ddu cong bang sé sé hang mang dau trir. Tir d6 suy ra S chia hét cho 101 (2)

Te O @) suyra S chia hét cho 200283.

Bai 3: Nha toan hoc Phap Fermat da dua ra cong thirc 2" -1
dé tim cac s6 nguyén to voi moi sd ty nhién 7.
1. Hay tinh gid tri ctia cong thic nay khi ¥ =4,
2. Véi gia tri nay hiy ching to ba tinh chat sau:
a) Tong hai chir s6 dau va cudi bang tong cac chit s6 con lai.

b) Tong binh phuong cac chit s6 1a sb chinh phuong.



¢) Hiéu gitra tong cac binh phuong cta hai chir s6 dau va cudi vdi tong cac binh phuong cua cac chir s6 con
lai bang tong céc chit s6 cua so do.

Loi gidi:
1. Ta thay ¥ =4 vao cong thirc Fermat va dugc:

-4
- - N A A A
27 - 1=05537 13 6§ nguyén to.

2. Sb nguyén td 65537 co ba tinh chét sau:

-

a) Téng hai chit s ddu va cudi © *7 =13 dung bing tdng ba chit sé con lai > +3+3 =13

-

b) Téng binh phuong cac chirsd 0 +5 +5 +37 +7° =30+25+25+9+49 =144 =12
13 sb chinh phuong.

¢) Tong binh phuong ctia hai chir s6 dau va cubi la 0% +7° =30+49 =85.

-

45 43 =25+25+49 =59,

Téng cac binh phwong cia ba chit s6 con lai 1a: 3
Téng céc chirsd dola: 0 + 5 + 5 + 3 + 7 = 20.
Ta nhan thdy rang: 85- 39 =26

Hi¢u nay ding bang tong cac chir s0 cia soO nguyén to

7|Dn+|

Bai 4: Cho 7€ N’ , chimg minh ring: 2~ *19 1a hop sé.
Loi gidi:

h (2" +19):23

Ta chirng min v6i moi 7 =1

m o lanel — 10n+l __ 3 3 r
Taco:2 =lmod22)= 27" =2(mod22)= 2" =22k +2(keN)
Theo dinh ly Fermat:

2% =1(mod23) = 2" =27 =4(mod 23)

= (2" +19):23

-'].I'I.'H-I

Ma 277 +19> 2380 2" +19 13 hop s6 ( DPCM )

wnH ~4nH

Bai5: Cho"€N ,ching minh ring: 2~ +3  *+3 Ja hop sé.

N e

Loi giai:

| L1 [ |1 p—
Theo dinh Ii Fermat nho ta c6 > = \(mod11),27 =l(mod11)



Ta tim s du trong phép chia 2" ya 3" cho 10, ttrc 1a tim chir s tn cung chiing.
24 =2.16" =2(mod10)= 2" =10k +2,(kEN)
3 =3.81" =3(mod10) = 3" =10/ +3,(Ie N)

M 3 =l(mod11) va 2" =1(mod11) nén

HaH AnH

27 43 45=3""42"Y 45 =342 +5 =0(modl 1)

wAaH

JdaH
Ma 2° #3° +3>11 y4imoi sb tu nhién 7 khac 0

HAaH AnH

A 3 = \ A 7 . A A ’
Vay = * ¥4 hop s0 v&i moi s6 tu nhién 7 khac 0.

Bai 6: Tim sb nguyén t§ p dé (2" +1):»

Loi gidi:

. ) s : i
Vi P lésénguyéntéméf.~ +l)ip= p#2

Ta thdy P khong chia hét cho 2 vi ¥ *2

-1 . ] . r
Theo dinh 1i Fermat nho ta c6 27 Lip gy (2 +1).p( Gia thiét )
=227 243ip= 227 - D43ip= 3ip (27 - Lip,

= P =3(yi P 1asbnguyén t6)

Vay s0 nguyén to can tim la 3.

Bai 7: Cho 7 1a s6 nguyén t6 P 16n hon 2. Chimg minh rang c¢6 vo s6 sb tuy nhién 7 thoa man
(n2"-1):p

N

Loi gidi:
|':'I —_ _ _ no—
Ta co: 2 _”-m':'dp]',tatim n=(p-1) sao cho n.2 —”.m':'dp}_

Taco: M2 =m(p-1 2" " (modp)= n2" =-m=l(modp)= m=kp- LL(kEN").

Vay, voi " =(kp-1(p-1 L(KEN") gy (n2"-1)ip

Bai 8: Cho 2 1a s6 nguyén t6,ching minh rang s62” - 1 chi ¢6 wéc nguyén t6 cé dang la: 2pk +1,

N e

Loi gidgi:

Goi 7 1a u6c nguyén to caa 2” - 1 thi 4 1¢, nén theo dinh 1y Fermat:



-1 v "o -1 _ — g1y _ 1 i , _ :
20 -Lg= (20127 - ) =27 lig=q I"U,Vinéu{q'l’r&}_lthil-q,vél}".

- > =12 — %l
Mit khac 4™ Lchgn= 9~ 1:2p = q =2pk +1.

k=1,2,3,...

Bai 9: Chung minh rang day s 2003 +23k v chtra vo han sb 1a lily thira ctia cing mot s6

nguyén to.
Loi gidi:
Gia su ton tai sO nguyén to sao cho:

2003423k =p" (1)
Trong do kan1a cac sb nguyén duong nao do.

T D 42 thdy P khong chia hét cho 23 nén (23:P) =1

Fe123= pt =1+ 23s

Theo dinh Iy Fermat thi ¥ v6i moi s6 nguyén duong ©5 .

To d6 p =(14235)p" =p" +23.p" =2003+ 23k + 235.p" hay p T =2003+23(k +sp” )

t=12073....

vOl moi

Bai toan duoc giai ddy du khi ta chi ra sy ton tai s6 nguyén t6 p thoa méin M) .Chang han:
Voi P =2 2003 +23.2 =2"
Voi P =3 2003 +23.8 =3

véi P =2003hi tdn tai k theo dinh 1i Fermat théa man 2003 + 23k =2003"

97 -1
m=

Bai 10: Gia sir 7 1a s nguyén t6 1¢ dat 8 . Chitng minh rang m 1 mot hop s6 1é khong chia hét cho

m-l —
3va 3 _If_l‘ﬂndm}.
Loi gidi:

[ 37 - 1| 37 +1|

m :‘ TH n =ab

Ta co v '

d& thiy %0 ddu 1a s6 nguyén duong 16n hon 1 nén ™ 13 hop sé ma M =97 ' +977 4. +1

chia 3 du 1.

suy ra " 1¢ va

P_9Q: —
Theo dinh li Fermat nho: 9-9:p vi (p,8) =1

Vi M- 1 chin nén ciing c6 7~ 1:2P



3113 g =m= 3" =l{mod p)
Do dé 8 ~ bPCM

n-1

Bai 11: Cho 6 nguyén t P, céc s duong @ =1M0d 2)- 1 6 dur khi chia @ cho 7

Loi gidi:;
Xét cac truong hop sau:

P =2 T4 o0 @ =l(mod2")

= a g pat @ =2 +IXEN)
= A+ 1)xi2" = (x4 1) 27

D& suyra 9 =+1(mod 2" )

2) P Z3ta 6 t a" =a =l(mod p) ( dinh 1i Fermat nho )

=d =(a-lia”" +a” " +..+a+a)'p

= d =P i d khong chia hét cho P
(a-1)a" +a" " +. .. +a+l)ip"

ma a” ' +a” 4. +a+]l=p(modp)

= g-1p"' = a =l(mod p"").

5 i LA F N I [ , ,
Bai 12: Chimg minh ring 4 =3~ 2" V32P ((6i P 13 s nguyén t6 16n hon 7)

Loi gidi:
fae]l = 7 |
Ta co: 3 |=0({mod2)= A4:2

2741 =0{mod3)= 43

A A A1z A T + N
vi © 126 nguyén t6 16n hon 7 nén # chi c6 thé c6 dang ontlneN’)

Néu 7 =6n +1

A :3-.".'|+I - 2-.".'|+I - I :3(3-.".“ - I}' E{E-fm - I}.



3" =l(mod7) 3 -1:7 .
= = A:7.
2" =l(mod7) 2= 17
Vi
Néy P =0n+5= 4 =33 -)- 22" -)+F -2 -
Ta ciing c6: ! 3-2-1=0(mod7)= A4:7

Vay 4 chia hét cho 7

Mat khac theo dinh li Fermat nho ta co6:
F = =" =
3 =39(modp) va 2 =2(mod p) nen A =0(mod p)

2.3 T.p d6i mdt nguyén td cuing nhau nén ! A23.Tp)= AHlp (dpem)

-1 ne
'1' +(}II

] .
Bai 13: Cho 7> 1a hai s6 nguyén té phan biét. Chimg minh rang: P -Lipq chia hét cho

Loi gidi:

. 9. : Fo . .

Ap dung dinh 1y Fermat nho ta co: (p*= p)g= p(p 1):q do P>9 1a s6 nguyén td). M)
Vi P-4 1a cac s6 nguyén t6 nén (p.q) =1

Ta O suyra P D @)

T 2 suy ra (p" +q"" - 1)ig (3)

-|I-| Il:-| _ '
Vi P va 4 ¢6 vai trd nhu nhau nén (P *4 :ip 4

Lai vi (p,q) =1 nén tir @) va (4) ta suy ra diéu phai chimg minh.

Bai 14: Tim tit ca cac s6 nguyén duong n sao cho 72"- 1

N e

Loi giai:

2" =l{mod 7)

Ta c6 2 khong chia hét cho 7; 7 1a s6 nguyén t6 nén theo dinh 1i Fermat ta co

2° =8 =1(mod7)

Ta co
Do dé tat ca cac so chia hét cho 3 déu théa man yén cau dé bai.

33 N Av 21 A n LA 50 = 2
Bai 15: Tim tat ca cac sO0 nguyén to p sao cho ~ l{mod p°).

N e

Loi gidi:



Gia sir s6 nguyén to £ théa mén diéu kién da cho.

Khi @6 5:'“: EI[andp‘}.

2 . p- —
vi (P D21 s theo dinh I Fermat nho ta ¢ : ° =l(mod 7).

1 [ .2l
Tir d6 suy ra 5 =l(mod p) 16y PEI23

Thir lai ta thdy £ = thoa mén didu kién dé bai.
Dang 6: Cac bai toan vé hai s6 nguyén to cung nhau
L. Phwong phap gidai

- Sir dung 1y thuyét va tinh chat ctia 2 s6 nguyén td cting nhau dé giai cac bai toan vé hai s6 nguyén t6 cung
nhau.

I1.Bai toan

Bai 1: Ching minh rang: 5 va 7 13 hai s6 nguyén t6 cting nhau.

N e

Loi gidi:

Ta ¢ 5=51. 7=71

UCLN(5:7) =1
Vay hai s6 5 va 7 1a hai s6 nguyén t6 cing nhau.

Bai 2: Chirg minh rang: Hai s6 ty nhién lién tiép khac 0 12 hai s6 nguyén té ciing nhau.

N e

Loi gidi:

Goi 2 s6 tw nhién lién tiép 1a: ™" +1(NEN)

Dit d =(n,n+1),(dEN")

‘nid

= = ntl-nd=1d=d =l.
n+lid

Vay " va 7 *+1 13 hai s6 nguyén to cung nhau.

Bai 3: Chimg minh rang: Hai s6 1¢ lién tiép 1a hai s6 nguyén t6 cting nhau.

Lai gidi:
Goi 2 sb 1¢ lién tidp la: 2K +1L.2k+3(kEN)

pat (k+1:2k+3) =d(dEN’)



2k +1id |
= = 2k+3- 2k-1=2d
2k +3id

= de [ ];2}
Ma 4 lauéc sé1énén 4 =1 Vay hai s6 1¢ lién tiép 13 hai s6 nguyén t5 ciing nhau.

Bai 4: Chtng minh rang : 27 +1va 37 +113 hai s§ nguyén t6 cing nhau.

N e

Loi gidi:
(2n+1,3n+l)=d(nEN)

In+lid 3(2n+1):d
= =

In+lid 2(3n+1):d

fn+3d .
= tn+3-06n-2=1d=d =l
o+ 2

=]

Vay 2n+1ya 37 +113 hai sé nguyén t6 cing nhau.

Bai 5 : Cho @ va b 1a hai s6 nguyén t cing nhau. Chtig minh rang hai s6 sau 14 hai s6 nguyén té ciing
nhau: @ va @ +b

Loi gidi:

Pat (a,a+b)=d(d e N)

(a'd
= o= bhid
la+h:id

Ma @ va b 132 sb nguyén t6 cung nhau nén = d =1
Vay @ va d *+b 13 hai sb nguyén td cing nhau. ( DPPCM )

Baj 6: Cho ¢ va b 13 hai s6 nguyén t6 cing nhau. Chirng minh rang hai s6 sau 1a hai s6 nguyén t6 cting nhau:

a’ yya+b
Loi gidi:
Pit (a’,a+b)=d(dEN")
(o id aid (a'd
= = =
a+bid |la+bid |bid

Ma @ va b 132 sb nguyén t6 cuing nhau nén = d =1

Vay @ va @+b 13 hai sé nguyén t cing nhau. (DPCM )



Bai 7: Cho ¢ va © 13 hai s6 nguyén t6 cung nhau. Ching minh rang hai s6 sau 14 hai s6 nguyén t6 cting nhau:
ab yy a+b

Loi gidgi:

Pat (ab,a+b) =d(d EN")

=]

— ad
ab:d .

. bid
a+hid .
' la+bid

+THI1; ad=bid

Ma @ va b 132 sb nguyén t6 cing nhau nén = d =1

Vay ab va a +b 13 hai sb nguyén td cing nhau. (DPCM )
+TH2: b:d = a:d

Ma @ va b1a 2 s6 nguyén t6 cing nhau nén = d =1

Vay ab va a *+) 13 hai s6 nguyén td ciing nhau. ( DPCM )

Bai 8 : Cho @ va D 14 hai sb nguyén t§ cing nhau. Chirng minh rang hai s sau 13 hai sb nguyén td cin
guy y

nhau: bva @° bla>b)
Loi gidi:
Pat (b,a- b)=d(deN")
A a d
ab¢
= { . [h 'd
cd
' cid

Ma @ va b 1a 2 s nguyén t6 cing nhau nén = d =1

Vay bva a- b 1a hai sé nguyén to cting nhau. (DPCM )

Bai 9: Chimg minh rﬁng néu néu ¢ nguyén tb cung voi 4 va b thic nguyén tb cung nhau vdi tich ab
Loi gidi:

Goi 7 1a wéc chung nguyén té ciia € va @b |

cd
—
ab:d



+THI: @:d

Ma @ va ¢ 1a 2 sb nguyén t6 cing nhau nén = d =1

Vay @b va ¢ 13 hai s6 nguyén t6 cing nhau. ( DPCM )

+TH2: b:d

Ma ¢ va b 1a 2 s6 nguyén t6 cing nhau nén = d =1

Vay @b va ¢ 1a hai s6 nguyén td cung nhau. ( DPCM )

Bai 10: Tim s ty nhién n dé cac sé 9 +24 vadn+4 13 cac sb nguyén t6 cung nhau.
Loi gidi:

Gia sir 91 +24 va3n+4 cung chia hét cho sé nguyén t6 d thi

On+24-3(3n+4)id=121d = de| 2,3].

Pidu kien dé (91243 +3) =1y, d #2:d #3 8, nhien d #3vi 37 +4 khong chia hét cho 3.Muén
d ;’fzphéi c6 it nhat mot trong 2 s6 On+24 yy3n+4 khong chia hét cho 2.Ta thay:

+Néu I +2413 5516 = e = nig,

+Néu 3n+41asbie = 3nge = nig.

Vay diéu kién dé hai s6 On+24 y33n+4 13 cac sb nguyén to cting nhau 13 n 1é.

Bai 11: Tim s6 tw nhién 7 dé cac s6 187 +3 va2ln+7 13 cac s nguyén t6 cung nhau.

Loi gidi:

Gia su 18743 ya21n+7 cung chia hét cho s6 nguyén td d thi

6(21n+7)- 7(18n+3)'d = 21id = d €| 1:3:7:21] .
(187 +3:21n+7) =1 13 d #3d #7.d #

Pidu kién dé 21 Hin nhien 9 #3:d #2145 210+ 7 hong chia hét
cho 3. Mubn @ #7 thi s6 187 *+3 khong chia hét cho 7 (vi 217+ 7 1uon chia hét cho 7 )

18n+3:7= 18n+3- 21:7 = 18(n-1):7T= n-1:7.

Vay diéu kién dé hai s§ 187+3 va2ln+7 13 cac s6 nguyén td cung nhau 1a n#7k+1,(keN’) :

Bai 12: Chttng minh ring hai s6 27+5 va4n+12 13 cac s§ nguyén t6 cung nhau véi moi sé tu nhién 7 .

Loi gidgi:



d =(2n+54n+12)

Goi

(M +5:d
=

An+12:d

(2(2n+5)d
==

dn+12d

An+10:d
==

An+12:d

= dn+12-4n-10:d
= 2:d
Ma 27+513 56 1¢ nén @ =1
Vay hai s6 27+35 va4n+12 13 cac s nguyén t cung nhau v6i moi sé tu nhién 7.
Bai 13: Ching minh ring hai sé 12n+1 y330n+2 13 cac sé nguyén t6 cung nhau voi moi sb tu nhién 77 .
Loi gidgi:
d =(12n +1;30n + 2)

Goi
120 +1:d
= 4
| 30n+2:d
(5(12n+1):d
= J
2(30n+2)d
(60n+5:d
=5 4
00n+4:d

= On+5-0m-4d

= 1:d

= d =1

Vay hai s6 1271 +1 va30n +2 13 cac s6 nguyén t cung nhau v&i moi s6 tu nhién 7.

Bai 14: Chiig minh rang hai s6 2n+3 ya4n+8 13 cac sb nguyén t6 cung nhau voi moi sb tw nhién 7.
Loi gidi:

d =(2n+3;4n+8)
Goi



2n+3d
=1
.4n+85d

(2(2n+3)id
==
L‘HHSE{?’

dn+6:d
An+8:d

=

= 4dn+8-4dn- 0:d
= 2:d
= d =1
Vi 21+3 Jasé lé.
Vay hai s6 27+3 va4n+8 13 c4c s nguyén té cung nhau véi moi sé tw nhién 7.
Bai 15: Chimg minh ring hai s6 37 *2 va5n+3 13 cac s nguyén té cing nhau véi moi sb tu nhién 7.
Loi gidi:
d =(3n+2:5n+3)
Goi

3n+2:d
—

.5n+35d

(5(3n +2)d
3(5n+3)id

15n+10:d
l15n+9:d

= 15n+10-15n- 9:d

= lid

= d =1

Vay hai s6 3 +2 va5n+3 1a cac s6 nguyén t6 cing nhau véi moi sb ty nhién 7.

PHAN IIL.BAI TOAN THUONG GAP TRONG PE HSG.

Bai 1: Tim s6 ty nhién 7 dé 4 =n"" T 41164 nguyén to.
(HSG Tinh Quang Ngai 2015 — 2016).
Loi gidi:



Xét =0 thi 4 =1 khong phai 12 sé nguyén 6
Xét " =1 thi 4 =3 13 5§ nguyén 4.

2018 e SN 12 2
xet n>1. A=n""" = n" +n0"" - n4n’ +n+l

:n:((n:‘ ) - 1 )+n((n3 )— 1 )+(n3 +n+l)

\ (”3 )m -1 (”s )m -1

Ma chia hét cho” - 1 , Suy ra

(”3 )ﬁﬁ? -1

Tuong tu: chia hét cho 7" +n+1,

chia hét cho 7~ +n+1,

Vay 4 chia hétcho " +7+1>1 nen 4 13 hop sé. S8 tu nhién cn tim 7 =1

Bai 2 : Tim cac s nguyén té 7 dé 7 +27 ciing 14 s6 nguyén t6.
(HSG Thanh phé Ha Néi 2016 — 2017).

N,

Loi gidi:
Néu 7 =2 thi ¥ ¥ 27 =4+4=8 (khong thoa man).

Néu P =3 thi ¥ ¥ 27 =3+8 =17 (théa man).

Néu 223 i 427 =(p7-1)+(27 +|)53‘

Két luan 7 =3 1a gia trj can tim.
Bai 3: Tim tat ca cic cip sb nguyén t6 (piq) théa man ¥~ ~ 77 :4.
(Chuyén Viing Tau 2016 —2017).
Loi gidi:
p -5 =4 p-4=5¢ = (p-2)p+2)=5¢
-2 2 . - . g 2
Do O<p-2<p+2 va 4 nguyén to nén 7 2 Chi 6 thé nhan céc gia tri L3iq:q .

Ta c6 bang gia tri tuong ting:

p-2 p+2 p q
1 5¢° 3 1
5 q 7 3
q 5q 3 1
q 5 3 1

(p:g)=(7:3)

Do P-4 1a cic s6 nguyén to nén chi cé cip théa man.

Bai 4: Tim tAt ca c4c sb ty nhién V (theo hé thap phan) théa min cac diéu kién sau: V =aabb trong do
abb vy aab 13 g6 nguyén to.
Loi gidi:

Do @ab 13 6 nguyén t, tic la 110a+b 13 54 nguyén t6 ta c6 b=13,7 hodc 9.



Tur diéu kién thir nhét ta co: N =11(100a +5 )

Theo bang sb nguyén td ta tim duoc cac cap sd nguyén tb abb vy aab thoa man diéu kién thir nhét sau

diy: 223:233) (227;277) (331:311) (443:433) (449;499) (557:577) (773:733)

(881;811) (887:877) (991:911) (997;977)

>

Twong tng voi 1006 +b 13 cac sé sau: 203 =2.29; 207 =9.23. 301 =7.43 . 403 =13.31. 409 I3 s nguyén
6; 507 =3.13*, 703 =19.37, 801 =389 807 =2.269. 901 =17.53; 907 13 sé nguyén té.
Vay N =8877 =3.11.269

Bai 5: Tim s6 ty nhién 7 sao cho 2 va P *3 d&u1a sb nguyén t5.

Loi gidi:

Mot s6 tu nhién bat ki co 1 trong hai dang: 2n;2n +1 v6i "EN Néu P =2n+1 thi p+3=2In+4 chia
hét cho 2.

Taco P+3>3 va P+3 chiahétcho 2. Nén 2 +3 1a hop s6 trai dé bai.

Do do: P =21 Nhung ? nguyén t6 nén 7 =2 g3 PF35 nguyén to.

vay P =2,

p+4

) 3 A A A \ + A A A A
Bai 6: Tim s0 nguyén to # sao cho va P8 ddula s nguyén to.

Loi gidi:

I / A . - , " ] ] T Z — .
Bat ki s0 tu nhién nao cling c6 mot trong ba dang: 3a;3n+L3n+ZneEN Néu P =3
p+8 :3” ‘|"'.:.:I :3’ V6 H.

Néu P =31+2 gy PHA=I046 (515 Do do P =3
Nhung £ nguyén tb nén ¥ =3 p+a =T p+8=ll nguyén td. Vay p :3.
Bai 7: Tim cac s6 nguyén o %V Z thoa man X +1=2
Loi gidi:

Vi %Y 1a cac sb nguyén to

=xz=2,y=2

= Z25= Z 1asbnguyén td 1

= X’ 1asé chin = X chin

= X =2 thay vao ta ¢6

Z=2"+1

Néu Y 1¢ = 2" +13 (a" +b"ia+b |

= Z3 voli

Do do ¥ 1a 6 chin = ¥ =2

—2,y=2= 7 =5

Thay X =4



A X =2y =2= =5
Vay X h! Z

, 4 £ Z
Bai 8: Tim "EN™ @& n” +4 1a sé nguyén t6

Loi gidi:
a) nt 44 =n"+4n° +4- 4w’
:(H:+3):- (2n ):
:(H: - n +3)( ne+2n+2 )
pé 1" +4 1356 nguyén to thi 2n’ - 2n+2 =l= n=l
Thir lai véi 7 =1 thi ' +4 =513 66 nguyén to.
Vay véi " =1 thi n'+4 jasb nguyén to.

Bai 9: Tim sé nguyén t6 7 sao cho £ *20a P+4 13 cac 56 nguyén to (trich dé thi HSG Quiéng
Trach)

Loi giii:
Voi £ =3 thi 27533 P+A=T 13 chc 56 nguyeén t6
voi P >3y P =3k

Néu P :3!(+l,[hi p+2=3+33

Vay P =3thi P+2 vaP * 413 cac 56 nguyén to.

Bai 10: Tim cac s6 ty nhién 7 @& 7 TH12n 1368 nguyén t0.( trich dé thi HSG Thanh Oai)

Loi gidi:

Ta c6 n® +12n =n(n+12)

Vi n+12>1 pnan@d n +12n 13 4§ nguyén t6 thi 7 =1
Thirlai 7~ +12n =" +12.1 =13 13 4§ nguyén tb

Vay v6i 71 =1 thi #° +12n 13 3§ nguyén t6

. , 2 . . 3 . . L
Bai 11: Ching minh ring néu P va 2 *21a c4c sé nguyén t6 thi 7 * 2 ciing 1a sé nguyén td. (trich d& thi

HSG Nga Son)
Loi gidi:

V6i moi s6 nguyén t 16n hon 3 thi chia hét cho 3 déu c6 dang ¥ =3k 4150 p =3k +2(kEN)



vei P =3+ gy 7+ 2=9K7 40k 43 o pét cho 3

Voi P =K+ 2y 7+ 2=9K7- 0k +0 opig pét chol

Vi 2 1a s6 nguyén té nén 7 =2 khi d6 trong c4 hai trudng hop trén thi # “+2 4&u 16n hon 3 va chia hét
cho 3, tic 1a p 2 13 hop s6

= P*+2 chila hop sé khi P =3 khido 2 *2 =113 s6 nguyeén t

= p +2=3 42229, 4 nguyén t6

7 2 7 7 3 r r
Vay néu P va P *21a céc sé nguyén t6 thi 7 * 2 ciing 1a sé nguyén td.

Bai 12:Cho A =343 +3 +..+3" 134§ nguyén t6 hay hop s6? vi sao? (trich dé thi HSG Nam
Truc)

Loi gidi:

A=Z3+3 43+ 43" Z(3+3)+(3 +37 )+ + (373
=3(1+3)+3(1+3)+...+37(1+3)
=34 4+3 4+ 4374434+ +.+37 )4

M A>4

Nén A =3+3 43+ +3% 3 hop 56

Bai 13: Cho 7 1a sb nguyén t6. Hoi n’- 11354 nguyén td hay hop s6? (trich dé thi HSG Ba
Thudc)

Loi gidi:

Tacé 7 1a sb nguyén t suy ra ” chia 2 du 1
0.

=N chia 2 du 1
10 I

=" - lchia hét cho 2

A 10 \ A
Vay - l1a hop so

Bai 14: Tim sb tu nhién 7 sao cho # =7~ 20 +n=5) 13 64 nguyén to. (Trich dé thi HSG Hiép
Hoa)

Loi gidgi:

vi P =ln- 2)(n* +n-5) nén -2 va n*+n- s5eyp)



Vi P 1a sé nguyén td nén - 2 =lhoge n +n-5=1

FNép - 2=l=n=3 g p=(3-2)(3 +3-5)=1.7 =7 (thoa)

L ntn-S=l=n +n=0=nin+1)=060 =23 =n=2
+ Néu ( )

thi # =(2-2)27+2-5) =0 khong phai 1a sé nguyén 6, loai

Vay 7 =3¢hj £ =(n- 2)(m" +n=5)13 6 nguyén to.

Bai 15: Tim c4c sd ty nhién 7 dé 3" +61a 56 nguyén t6. (trich d& thi HSG Hung Ha).
Loi gidi:

Véi 7 =0 taco 3" +0 =3 +0 =T |3 5 nguyén t4.

V6i 1 #0 tach S 3033 ngn 3" +63my 3" +6>3 45 do 3" +61a hop sb

vay 7 =0+thj 3" + 613 s6 nguyén td.

THET

Tai lieu dwoc chia se boi Website VnTeach.Com

https://www.vnteach.com

Huréng dan tim va tdi cdc tai liéu & day
https://forms.gle/LzVNwfMpYB9qH4JUG6
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