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GIGI THIEU

Ky thi Olympic Toan hoc 14n thit 26 danh cho sinh vién cac trudng dai hoc,
cao ddng, hoc vién va hoc sinh phé théng cac trudng chuyén trong ca nudc
da dién ra tai Truong dai hoc Quéng Binh tlt 9-15/4/2018. Quyén ky yéu nay
cht yéu danh dé tap hop lai mot so bai dé xuét clia cac trudng tham du ky
thi v6i mong mubn cung cip thém mét tal liéu tham khao cho nhiing nguoi
quan tam. Do thoi glan bién tép kha ngin nén ngoai mét sb bai duge bién
tap tuong dbi ky cang, c6 mot sb bai ching t6i gilt nguyén cach trinh bay
nhu dé xuét, cong tac bién tap trong trufdng hop dé 1a danh may lai, kiém tra
tinh chinh xac vé ndi dung va chinh ta.

Nhom bién tap
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Phan I

KY THI OLYMPIC TOAN HOC SINH
VIEN-HOC SINH LAN THU 26






MOT SO THONG TIN VE KY THI

LE KHAT MAC
KY THI OLYMPIC TOAN HOC
_SINH VIEN VA HOC SINH TOAN QUAC LAN

Céc doan tham du L& khai mac va nhén co luu niém. Nguén: PH Qudng Binh

1 Thong tin chung

Ky thi Olympic Toan Sinh vién - Hoc sinh 14n thit 26 do Hoi Toan hoc Vlet
Nam ph01 hop véi Trudng Pai hoc Quang Binh clng cac co quan khéc t&
chtic. Ky thi da dién ra tit 9-14/4/2018 tai Truong Pai hoc Quang Binh, Tinh
Quang Binh.

Tham gia ky thi ndm nay c6 79 doan cac trudng dai hoc, hoc vién, cao ddng
trong ca nudc va 10 doan hoc sinh tit cac trudng chuyén. Téng sb sinh vién
d4 tham du thi cic mén Dai sb va Giai tich 14n luot 1a 342 (180 Bang A va
162 Bang B) va 345 em (175 Bang A va 170 Bang B). Téng sb hoc sinh tham
du Bang Phé thong 1a 51 em.

Bén canh hoat d6ng chinh 13 viéc t8 chitc thi, chm thi va trao gidi, Ban t8
chitc dia phuong di t6 chiic gidi béng da séi dong ciing nhu cudc thi vin
nghé rét vui giita cac doan tham du ky thi.

Co quan t6 chiic
e B0 Giao duc va Dao tao
e Lién hiép cac Hoi Khoa hoc va Ky thuat Viét Nam
e Trung uong HOi Sinh vién Viét Nam
e Hoi Toan hoc Viét Nam
e Trudng dai hoc Quang Binh
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Ban t6 chitc

Trudng ban: GS. TSKH. Phung Hb Hai (Hb6i Toan hoc Viét Nam), PGS. TS.
Hoang Duong Hung (Dai hoc Quéang Binh).

Pho trudng ban: GS. TSKH. Pham Thé Long (HO6i Toan hoc Viét Nam), TS.
Bui Khac Son (Pai hoc Quang Binh).

Uy vién: TS. Nguyén Thanh Chung (Pai hoc Quéang Binh), TS. Doan Trung
Cuong (HoOi Toan hoc Viét Nam), TS. Lé Cuong (Vién Cong nghé Thong tin-
Pai hoc Quéc gia Ha Nbi), PGS. TS. Tran Ngoc (Pai hoc Quang Binh), TS.
Nguyén Duy Thai Son (PH Su pham - DH Da Néng), TS. Ducng Viét Théng
(PH Kinh té Qudc d4n), TS. Nguyén Chu Gia Vuong (Vién Toan hoc).

A 2
2 Ket qua
V6i két qua thi cta thi sinh, Ban T6 chic d4 théng nhét co cAu va mic trao
giai. S6 lugng giai dudc trao cu thé nhu sau:
a. Mon Dai s6

- Giai nhét: 33 giai.

Giai nhi: 61 giai.

Giai ba: 86 giai.
Khuyén khich: 10 giai.
b. Mén Giai tich

Giai nhét: 29 giai.

Giai nhi: 57 giai.

Giai ba: 94 giai.
Khuyén khich: 12 giai.
c. Bang Phé thong

- Giai nhét: 6 giai.
- Giai nhi: 9 giai.
- Giai ba: 14 giai.
- Khuyén khich: 5 giai.
d. Giai dac biét
Ban t6 chtic ky thi da quyet dinh trao 9 giai dac biét cho cac sinh vién
hoac dat di€ém cao nhét cta mot mon (7 sinh Vlen) hodc dat hai giai nhét

cta ca hai mon (2 sinh vién). Chin sinh vién dat giai dic biét da dudc trao
bang khen ctia B6 trudng B6 Gido duc va Dao tao.



e. Giai toan doan
Doan Olympic clia trudng Dai hoc Bach khoa Ha Néi 1a doan dat két qua
cao nhit véi 7 giai nhit va 3 giai nhi.
N#m nay, cic c4 nhdn doat giai Nhit, Nhi, Ba ciing dudgc trao cac huy chuong
Vang, Bac, Dong tuong Ung.
Ban T6 chiic cling dé trao 7 phin thudng ctia Quy Lé Vin Thiém cho cac hoc
sinh dat thanh tich cao nhAt va cic hoc sinh thudc cac khu vuc khé khin
nhiing d3 cb ging d€ dat thanh tich cao trong ky thi.
Nhén dip ky thi Olympic Toan hoc 2018, B6 trudng B Gido duc va Dao tao
da trao bang khen cho Trudng Pai hoc Quang Binh va 15 nha gido clia cac
trudng dai hoc, hoc vién, cao ding da c6 déng goép 16n cho phong trao thi
Olympic Toan trong thoi gian qua.



MOT SO HINH ANH

OO HOEVIETN AL

KY THI @ YfM |(E: TQAN HOC
ESINH VIEN VA HOC SINH TOAN QUOC LAN THU 26

Ky THI oLYMPIC 158, |
o4 VIEN VA HOC SINH T0AN QUOC L¥

LE KHAT MAC ‘
KY THI OLYMPIC TOAN HOC
.-.,S,INH VIEN VA HOC SINH TOAN QUOC LAN T

Doi tuyén Olympic ctia DH Quéng Binh. Nguén: PH Qudng Binh
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Giai béng da Olympic Toan Sinh vién-Hoc sinh 2018. Nguén: PH Qudng Binh

TRUONG PAI HQC QUANG BINH

Trao giai Tiéng hat Olympic Toan Sinh vién-Hoc sinh 2018. Ngudn: PH Qudng Binh
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LYMPIC
TOAN HOC
SINH VIEN
VA

HOC SINH
TOAN Quic
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Céc thiy ¢6 13 trudng cac doan chup anh cting Ban T chtic. Ngudn: PH Qudng Binh

L& bé mac va trao thudng dién ra trang trong tai Trung tdm hoi nghi tinh Quang Binh.
Ngubn: PH Qudng Binh

e 0
As
ff ”’")""“Q\TJEL-\‘,@GM\H
77 o1 TOAN HOC
UOC LANTHU 26

A
e VA TRAQGIA
ol TOAN HOC
uoc LAN THU 26

Dai dién Lién hiép Hoi KHKT va Hoi Toan hoc Viét Nam phat biéu. Nguén: PH Qudng Binh
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K\f THI owmmcmé_m e
SINH VIEN VA HOC SINH TOAN QUOC LAN THI) 26

Quang Binh, ngayi14thang 4 nam 2018

KV THI OLYMPIC TOAN HOC
SINH VIEN VA HOC SINH TOAN QUOC LAN THY 26

Quang Binh, ngay 14 thang 4nam 2018

Trao phan thuong cho cac hoc smh doat gidi. Nguon PH Qudng Binh
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SINH VIEN EN VA HOC SINH

Quang Binh, ngay

Anh trai: Bang khen ctia B6 trudng Gido duc va Dao tao dudc trao cho PH Quéng Binh.
Anh phai: Lanh dao tinh Quang Binh & can b hd tro t8 chic ky thi. Nguén: PH Qudng Binh

UEfBE Kﬂ}ACA VA TRA
K\f THI OLYMPIC TOAN Hoc
SINH VIEN VA HOC SINH TOAN QUOC LANTHU26 |

Quang Binh, ngay 14 thang 4 nam 2018

SINH VIEN \m hoe S Tr@t,ixnm QUAC LAN'

4‘rjém 2018

Ban T§ chitc chup anh cung cic doan. Nguén: PH Qudng Binh



14

B4 huy chuong (Vang, Bac, Dong) cho sinh vién. Ngudn: Héi Todn hoc



Phan II

DE THI
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DE THI CHINH THUC

1 DAISO

Thoi gian lam bai: 180 phit.

1.1 BANGA

Bai 1. Cho ma tran

2 4 =3
A=14 6 =5
8 12 —10

(a) Tinh A%;

(b) Tim sé nguyén duong N nhd nhét sao cho rank(A*) = rank(AF) véi
moi k > N, trong d6 rank (M) 1a hang ctia mét ma trdn M (c6 giai thich
10 cac lap luan va tinh toan).

Bai 2. Ngudi ta khao sat mot mé hinh di cu dan sb gitta hai ving dé thi va
nong thén véi quy luat nhu sau: Hang nam, c6 50% dan so vung néng thén
chuyén vé vung do thi va dong thoi c6 25% dan s6 vung do6 thi chuyén vé
vung nong thon sinh song. Gid s x,y tuong ing la s6 din ving néng thon
va vung d6 thi & thoi diém ban dau (z,y > 0).
(a) Héisau k nidm dén sb clia viing n6ng thon va ving dé thi 13 bao nhiéu?
(b) Gia stt ban dau sb ngudi sébng 6 noéng thén va do thi 1 bang nhau. C6
thé dén lic nao d6 dan so ctua vung dé thi vugt qua 80% tong dan so
cta ca hai vung khong? Giai thich ciu tra 16i.

Bai 3. (a) Gid st X, A 13 cAc ma trin vudng v6i hé sb thuc thod man X2 = A.
Chiing minh rang AX = X A;
(b) Tim sb cdc ma trin vuong X véi hé s6 thuc thda man
1
2

1
X?=10
0 16

O =~ O
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Bai 4. Mot ma trn vudng dude goi 1a duong néu tit ca hé sb ctia né 1a cac
s6 thuc duong.

(a) Chting minh rang mébi ma trin duong cp 2 déu c6 hai gia tri riéng 1a
cac sb thuc khac nhau va gid tri riéng c6 gia tri tuyét doi 16n nhét 12
mot sb duong;

(b) Cho A la mét ma trin duong cip 2. Gia sit v € R? 1a mot véc to riéng
{ing v6i gid tri riéng 16n nhét ctia A. Chting minh rang hai thanh phan
clia vée t0 v c6 cung diu;

(¢) Cho A la mot ma tran duong cAp 3. Xét tip cac gid tri riéng ctia A (k&
ca cac gia tri phitc), chitng minh ring gié tri riéng c6 mo6 dun 16n nhét
ctia A 13 mét sb thuc duong.

Bai 5. Cho trudc 6 diém phan biét trén mét dudng tron.

(a) Chia 6 diém d6 thanh ba cip va nbi hai diém trong mbi cip bdi mét
diy cung. Hoi c6 bao nhiéu cach chia sao cho khoéng ¢ hai diy cung
ndo cat nhau?

(b) Panh sb mét cach ngiu nhién cac diém dé tir 1,2, ..., 6. Mbi diy cung
nbi hai di€m bit ky dudc gan véi gia tri tuyét d6i clia hiéu cac s6 6 hai
d4u mut. Chitng minh rang luén tim dugc ba diy cung, d6i mét khéng
c6 diém chung, sao cho tdng clia cac sb gan véi ba ddy cung dé bang 9.

1.2 BANG B

Bai 1. Cho mét sb thuc a va mot sb nguyén n > 0. Xét ma trdn vudng cip n
sau

a 0 .. 0 n—1

0 a .. 0 n—2
A=1 : Lo
0 0 Leeoa 1
n—1 n—2 ... 1 a

Tinh dinh thiic cia A trong cac truéng hop
(2) (2 diém) n = 4;
(b) (4 diém) n = 2018.

Bai 2. Ngudi ta khao sat mot mo hinh di cu dan sb gitta hai ving dé thi va
néng thon véi quy luit nhu sau: Hing nim, c6 50% dan sb ving néng thén
chuyén vé viing d6 thi va dong thdi c6 25% dén sb ving dé thi chuyén vé
vung ndng thén sinh sbng. Gid st z, y tuong tng 13 sé dan ving néng thon
va vung d6 thi & thoi diém ban dau (z,y > 0).
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(a) Hoisau k£ ndm dén so cta vung nong thon va ving doé thi la bao nhiéu?

(b) Gid st ban dau sb ngudi sbng & nong thon va dé thi 1a bang nhau. C6
thé dén lic nao d6 dan so cta vung dé thi vugt qua 80% tong dan so
cta ca hai vung khong? Giai thich ciu tra 16i.

Bai 3. Cho ma trin

2 2 2 =3
6 1 1 —4
A= 161 —4
116 —4

(a) Tinh A%;

(b) Chting minh rang hai hé phuong trinh sau c6 clng tip hop nghiém
trong R?,
Ax =0, (D

(A+ A2+ A3+ AYz = 0. (2)

Bai 4. Mot ma trn vudng dude goi 1a duong néu tit ca hé sb cta né 1a cac
s6 thuc duong.

(a) Chiting minh rang médi ma trin duong cip 2 déu c6 hai gia tri riéng 1a
cac sb thuc khac nhau va gia tri riéng c6 gia tri tuyét doi 16n nhét 13
mot s6 duong;

(b) Cho A 13 mét ma trin duong cip 2. Gia sit v € R? 1a mot véc to riéng
{ing v6i gié tri riéng 16n nhét ctia A. Chting minh rang hai thanh phan
clia vée t0 v ¢6 cung diu;

(¢) Cho A 13 mét ma tran duong cAp 3. Xét tip cac gia tri riéng clia A (k€
¢4 cac gia tri phitc), chitng minh rang gié tri riéng c6 mé6 dun 16n nhét
clia A 13 mét sb thuc duong.

Bai 5. Cho truéc 6 diém phan biét trén moét dudng tron.

(a) Chia 6 diém d6 thanh ba cip va nbi hai diém trong mbi cip bdi mét
day cung. Hoi c6 bao nhiéu cach chia sao cho khéng c6 hai day cung
nao cat nhau?

(b) Danh sb6 cac diém d6 lan luct tit 1,2, ..., 6. Mbi day cung nbi hai diém
bt ky dugc gan véi gia tri tuyét dbi ctia hiéu cac s6 6 hai ddu mit.
Chon ra 3 d4y cung, d6i mot khdng cé diu mut chung, rdi 14y téng cia
cac sb gan véi cac diy cung d6. Hoi gia tri 16n nhét cta téng nhan dugce
bang bao nhiéu?
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2 GIAI TICH

Thoi gian lam bai: 180 pht.

2.1

Bai 1.

Bai 2.

BANG A

Cho (z,,)22, 1a ddy sb dudc xac dinh béi cac diéu kién

1, 2017

Covn> L.
20187 T 9018 "

T = 2019, Tntr1 =

Chitng minh rang (z,)2, 1a mot day s6 ting ngit va khong bi chin
trén.
Chiing minh rang

T 1 1
— _ =2018 — Vn > 1.
Tpt1 — 1 (a:n -1 x4 — 1) "z

Tim

li S I
im o+ — .
n—oo \ Tg — 1 r3—1 Tpy1 — 1

Gia stt f : [0,1] — R 1a mét ham s6 kha vi sao cho

/Olf(a:)da: = /01 xf(z)d.

Chitng minh rang ton tai s6 thuc ¢ € (0,1) sao cho

Bai 3.

£(e) = 2018f(c) /0 ' fla)da.

Cho hai sb thuc a < b. Gid st f : [a,b] — R 13 mot ham sb kha vi lién

tuc sao cho

/a  Ho)dz = 0

Chting minh rang
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Bai 4. Mot quan sat vién C' dung cach dusng dua Ot mét khoang OC = 1
km (OC L Ot). Hai vin déng vién dién kinh A, B xuét phat tai O va chay
cung ltc (sang phai, nhu hinh vé) trén dudng dua. Géc § = £(C A, CB) duge
goi 1a gdc nhin tt C dén hai vin déng vién. Gia st B ludn chay nhanh gip
bbn 14n A.

&

1km

>
&

Puwdng dua (0

1. Tinh tan @ theo z = OA (km).
2. Xac dinh vi tri ctia hai vin ddng vién trén dudng dua dé€ goc nhin 6 tit
C' dén ho dat gia tri 16n nhat.

Bai 5. Gid st f : [0, +00) — R 12 mot ham s kha vi, véi f/ duong va lién tuc,

sao cho
1

0)=0va lim = +00.
O =0 B e+ )
Chiing minh rér}g ham f bi chan trén.
2. Hay tim vi du vé mét ham ¢ : [0, +00) — R kha vi va bi chén trén, véi
¢’ duong va lién tuc, g(0) = 0, sao cho gi6i han

—_

1
)
oo g/ (2)(1+ 22 + g(x))

ton tai va httu han.
3. Hay tim vi du vé mot ham f théa man tat ca cac diéu kién cua dé bai.
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2.2

Bai 1.

Bai 2.

N =

Bai 3.

BANG B

Cho (z,,)22, 1a ddy sb6 dudc xac dinh béi cac diéu kién

1, 2017

> 1.
2018% T 2018 7"

r1 =2019, x4 =

. Chting minh rang (z,,)°2, 1a mét day s6 ting ngit va khong bi chin

trén.
Chiing minh rang

L:zms( b1 > Vn > 1,
xn

Tpyr — 1 -1 zpp—1

Tim

li o

111 e _— .
n—oo \Tg—1 x3—1 Tpi1 — 1

Cho ham sb

1 A
r°sin— néux # 0,

0 neu x = 0.

. Tinh f'(z) néu z # 0.

Tinh f7(0). )
Ham f c¢6 dao ham cip hai tai diém 2 = 0 hay khéng?

Gia st f : [0,1] — R 1a m6t ham s6 lién tuc sao cho

/Olf(x)dx _ /lef(:c)dx.

Chitng minh rang ton tai sb thuc ¢ € (0,1) sao cho

Bai 4.

f(e) =2018 /ch(x)dx.

M6t quan sat vién C' ding cach dudng dua Ot mét khoang OC = 1

km (OC L Ot). Hai vin déng vién dién kinh A, B xuét phat tai O va chay
cung luc (sang phai, nhu hinh vé) trén dudng dua. Goc 6 = /(C A, C'B) dugc
goi 1a gdc nhin tit C dén hai vin déng vién. Gia st B ludn chay nhanh gip
bbn lan A.
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N

J
Pudng dua (0

1. Tinh tan 6 theo x = OA (km).
2. Xac dinh vi tri cta hai vin dong vién trén dudng dua dé€ gbc nhin 6 tir
C' den ho dat gia tri I16n nhat.

Bai 5. Gid st f : [0, +00) — R 13 mot ham s kha vi, véi f/ duong va lién tuc,
sao cho )
0)=0va lim = +o00.
JO=0v I o+ e+ @)
. Chitng minh rang ham f bi chin trén.
2. Hay tim vi du vé mot ham g : [0, +0c0) — R kha vi va bi chan trén, véi
¢’ duong va lién tuc, ¢(0) = 0, sao cho gidi han

—

1
)
smtoo g/ (2)(1+ 22 + g(x))

ton tai va httu han.
3. Hay tim vi du vé m6t ham f théa man tat ca cac diéu kién cta dé bai.



24

3 PHO THONG!

Thoi gian lam bai: 180 phit.

3.1 NGAY 1 - Bién d6i Abel va mét sb ting dung

Thi sinh dugc sit dung két qud cia cdc cdu trude trong chitng minh cta cdu sau.
Neu mét cdu duogc chitng minh khong dua vao ket qud cua cdc cdu trudc thi co
thé diing dé chitng minh cdc cdu trudc.

A. Bién d6i Abel va bt ding thic Abel

Trong céc bai todn sau day, ta cho 2 diy sb thuc: z1, 2, . . ., T Y1, Y2, - - -+ Yn
(TZZ 1).D:§1th:x1+---+xk,Yk:y1+---+yk (1 Skgn)

Bai 1. Chiing minh rang
n n—1 n—1
S s — s - (z<xk+1 . ka) ~ Xy (Z@M - ykm) |
k=1 k=1

(Téng trén mot tap rong du0c quy udc la co gla tri bang 0, chang han khi
n = 0, biéu thitc trong cac diu ngodc trén day bang 0.)

Bai 2. Glé. Sﬁ Tl = Tog =2 0 2 Ty 2 0. Dé.t m = minlSkSnYk va M =
maxi <x<n Yx. Ching minh rang

n
rm < wyp < 21 M.
k=1

Bai 3. Cho day sb thuc y1,vs, ..., y,. Ki hiéu m, M nhu trong PT.2. Chting
minh rang

1 1
m§y1+§y2+---+gyn§M.

B. Ung dung vio viéc tinh mét sé tdng va thiét 1ap mot sé ding thic

1. Xem thém théng tin vé noi dung ctia dé thi trong cac bai viét ding tai Tap chi Pi, Tap
2 86 7 (Thang 7/2018), 31-35, va Ban tin Thong tin Toan hoc ctia Hoi Toan hoc Viét Nam,
Tap 22 Sb 2 (thdng 6/2018), 23-28.
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Pit Hy = 0 va véi mbi s6 nguyén duong k, dit Hy, = 1 + T+

=

Bai 4. Chitng minh ring, véi moi s6 nguyén khéng 4m n, ta c6

a) >, Hy=(n+1)H, —n.

b) S kH, ="ty ol

Bai 5. Cho céac sb nguyén duong n > m. Dat T,,,, = S, (5)Hy; trong do,

() 12 s6 t6 hgp chap m clia k phan t&. Hiy tim mot cong thic tinh 7, ,, theo
va chi theo m,n va H,.

C. Mét sb (ing dung khac

Bai 6. Cho day so thuc ay, as, . . ., a, thod man tinh chat @-texzotas > ataztota,

v6i moi 1 < k < n. Chting minh ring v6i moi ddy s thuc by > by > -+ > b,
ta co

Eres () &)

k=1

v
—

Bai 7. a) Gia sﬁ’ ai, ag, ..., a, 14 cac sb thuc duong sao cho ajasy...a,
Chitng minh rang vé6i moi s6 nguyén duong p ta cé

n
1
E ap+ > E ay.
k=1

b) Chting minh ring v6i moi sb thl_IC duong x;, s, ..., , tacod
3 3
x T2 3 1
Y e R Y B e R

7 2
Bai 8. Xét cdc s0 thuc duodng aj, as, . . . , a, $a0 cho a;+ag+- - -+a, < ( “’*”)
véimoik=1,2,...,n. Timgiétrilcnnhatcua Yar + Yag + -+ Yan.

3.2 NGAY 2 - Bai toan vé dan ga

Thi sinh dugc sit dung két qud ctia cdc cu trude trong chitng minh ctia cdu sau.
Neu mét cdu dugc chitng minh khong dua vao ket qud cua cdc cdu trude thi co
thé dung dé chitng minh cdc cdu trudc.
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M6 ta bai toan. Ngudi ta nhan thiy rang giita hai con ga G, G, khac nhau
trong mot dan ga bt ki ludn c6 mot quan hé thing-thua xac dinh: hodc 13
G, thang Gs, hodc 1a G, thiang G (chi mot trong hai kha ning). Mét con ga
K trong dan dudc goi 1a vua néu, véi moi con ga G khic cta dan, hodc 1a
K thing G, hoidc 1a K thua G nhung c6 mot con ga G’ trong dan sao cho K
thing G’ va G’ thing G. Mét con ga dudc goi 13 hoang dé néu né thing moi
con ga khac trong dan. Cac bai toan sau ddy quan tdm dén sb vua c6 thé c6
trong mot dan ga.

A. Su ton tai clia ga vua

Bai 1. a) Chitng minh rang khéng c6 dan ga ndo c6 nhiéu hon mét hoang
dé.

b) Néu vi du vé& mdt dan ga cé mot hoang dé.

¢) Néu vi du vé mot dan ga khéng ¢ hoang dé.

Bai 2. Xét mét dan ga bét ki va mot con ga G clia no.

a) Gia stt G thing nhiéu con ga nhét trong dan. Ching minh ring G 13 mot
vua ctia dan. (N6i riéng moi dan ga khéng rbng déu c6 it nhit mot vua.)

b) Gia st G thua mot con ga nao d6 trong dan. Chiing minh rang G thua mot
vua nao dé trong dan.

Bai 3. Chiing minh rang néu mét dan ga (> 3 con) khdng cb hoang dé thi
phai c6 it nhat ba vua.

B. Mot dan ga c6 thé c6 bao nhiéu vua?
Bai 4. Chiting minh rang khong c6 dan ga nao c6 ding hai vua.

Bai 5. Cho s6 nguyén duong n. Chting minh rang néu tén tai mét dan ga n
con ma tat ca déu la vua thi cling ton tai mot dan ga n + 2 con ma tat ca déu
la vua.

Bai 6. Chitng minh ring khéng c6 dan g 4 con nao ma tt ca déu 13 vua.
Bai 7. Hiy dua ra vi du vé mét dan ga 6 con ma tit ca déu 1a vua.

Bai 8. Cho céc sb6 nguyén duong k < n. Chitng minh ring ton tai mot dan ga
n con, trong dé c6 dung k vua, tru hai truéng hop: £ = 2,n > 2 (bat ki) va
k=mn=4.

C. Sap thit tu dan ga

Bai 9. Cho mét dan ga c6 n > 2 con. Chting minh rang cé thé danh sb cac
con ga tu 1 dén n sao cho véi moi k = 1,2,...,n — 1 thi con sb k thang con
s6 k + 1 va hon nita, néu bd cic con sb 1,2, ..., k ra khéi dan ga thi con sb
k + 1 la mot vua trong dan ga con lai.



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (HV An ninh Nhin d4n). Cho cac ma trén A, B € M,,(R) théa man
A% + B? = 2AB.

1) Chitng minh rang ma trdn AB — BA khéong kha nghich.

2) Gia stt rank(A — B) = 1, chting té rang AB — BA = O,,.

Bai 1.2 (HV An ninh Nhan d4n). Cho cac ma trin A, B € M, (R) va cac sb

a,,@ e R,af #0.
Biét rang oA + B = AB. Chting minh rang rank(A) = rank(B).

Bai 1.3 (PH Giao thong VAn Tai). a) Chitng minh rang néu U,V: A, B 1a
cac ma tran vuong cap hai sao cho UV = Ava VU = B thi AU = UB va
BV =V A.

b) Hay xac dinh tit ca cac cip ma trin vudng cp hai (X,Y) véi phan ti
nguyén théa man hé phuong trinh

Y2 _y?_ 7T —4
4 -1
-2 2
XY -YX =
-2 2
Bai 1.4 (DH Ky thuat Hau cin Cong an Nhan dan). Cho cac ma tran P, () €
M., (R) va cac s6 «, 8 € R thdéa man
P’ 4+ (2a—1DP+ala—1)I,=0,, Q*+(28-1)Q+B(B—1)I, =0,

vama trdn P + Q + (a + B — 1)I,, kha nghich.
Chitng minh rang rank(P + ol,) = rank(Q + 8I,,).

Bai 1.5 (DH Ky thuat Hau cin Cong an Nhan dan). Cho cac ma tran A, B €
M,,(R) théa man A%B + BA? = 2ABA.

Chitng minh rang (AB — BA) la ma tran liy linh.
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Bai 1.6 (DH Ky thuit Hiu cin Céng an Nhin dan). Cho cac ma trdn A, B €
M., (R) théoa man AB? = A — B.

1) Chitng minh rang cac ma tran I, + B kha nghich va tim (I, = B)~".
2) Chiing minh rang AB = BA.

Bai 1.7 (HV Ky thuat Quéan su). a) Cho ma tran A € M, (R), (n € N*) la ma
trin phan d6i xtng (titc 1a A* = —A). Tim ma trdn X sao cho (E + A) X = 0.
b) Cho A € M,(C), (n € N*) sao cho A* = A*~! v4i méi s6 nguyén duong k
nao d6. Chitng minh rang Trace(A*) = Trace(A) v6i moi k € N*,

Bai 1.8 (DH M6 dia chét). Cho hai s thuc duong a > 0, b > 0 va
a+b a—">
S
Tim ma tran vudng B sao cho
B® = A.

Bai 1.9 (PH Ngoai thuong Ha N6i). a) Cho X 1a ma trin vudng cip 2017.
Chimng minh rang: | X — X”| =0

b) Khang dinh trén con ding hay khong v6i X 14 ma trn vudng cip 2018?
¢) Cho A, B 1a cac ma trin vudng cdp 2017 théa man A - AT = B . BT =
2018157 va AB = BA. Chling minh rang: |A? — B?| = 0.

Bai 1.10 (PH Quy Nhon). Tim hai ma trdn A, B ¢6 ¢& lan lugt 1a 4 x 2 va
2 x 4 thoa man:

1 0 -1 0
o 1 0 -1
AB = -1 0 1 0
0o -1 0 1

Bai 1.11 (PH Su pham Ha No¢i 2). Cho A = [a;;] € Mat(n,K) la ma trdn
vudng cap n hé s6 trong truong K. Phan bl dai sb clia phan tit a;; ctia A 1a
Ay = (=1)"9 M,;, trong d6 M;; 1a dinh thic ctia ma tran thu dudc tif A bang
cach x6a di dong i cot j. Ma tran A’ = [A;;] dudc goi la ma trén phu hgp caa
ma tran A. Chitng minh rang:

n néu  rankA = n;
rank(A’) =41 néu rankA=n—1;
0 néu rankA<n—2.
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Bai 1.12 (PH Su pham Ha No6i 2). Cho diy s U, xac dinh béi

Up=0,U=1,U; = =1,U,q3 = 6U, + 5Upy1 — 2Up42,Yn > 0
Hgly tinh Ugolg.

Bai 1.13 (PH Su pham Ky thuit Hung Yén). Cho ma trdn A € M,,(R) thoa
man A3 = 21,,.

Chting minh rang ma tran B = A% — 24 + 21I,, kha nghich.

Bai 1.14 (DH Su pham Ky thuat Hung Yén). Cho cac ma tran A, B € M,,(R)
va dat

A Bl . [A+B O,
M_[B A]’N_[on A—B]

A -B]l . [A+iB 0O, ] .
P_[B A}’Q_{On A—z‘B]’(l__)

Chiing minh ring cic ma trin M, N ddng dang va cic ma trdn P,Q dong
dang.

Bai 1.15 (PH Su pham Ky thuat Hung Yén). Cho cac ma tran A, B € M3(R)
théa man

A’ + B? =

O N =
DN = DN
=N O

Chiing minh rang AB # BA.
Bai 1.16 (DH Su pham Ky thuét Vinh Long). Ton tai hay khong cac ma trin
A, Bvudng cap n (n > 2), trong dé A kha nghich v6i AB — BA = A?

Bai 1.17 (PH Su pham Ky thuat Vinh Long). Cho A, B 13 cac ma tran cip n.

Chitng minh rang: Ton tai s6 nguyén ducng N sao cho rankA* = rankA**+?,

v6i moi k > N.

Bai 1.18 (DH Su pham Ky thuét Vinh Long). Cho A la ma tran tam giac trén

cap n

a/ Khin = 2. Chitng minh ring néu A28 = O thi 42 = O.

b/ Khi n = 3. Ménh dé sau dy ding hay sai: "Néu A28 = O thi A* = O"?
Vi sao?

Bai 1.19 (DH Tay Bic). Gid st A va B 1a cdc ma trin vudng cip n > 1 thod

man cac diéu kién sau:
B =0
AB = BA

Chitng minh ring: A khéng suy bién khi va chi khi A + B khéng suy bién.
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2 PINH THUC

Bai 2.1 (HV An ninh Nhén déan). Cho cac ma tran P, @ € M, (R) liy linh va
théa mén P + Q + PQ = O,,.
Tinh det(I,, + aP + 5Q), v6i (a, 5 € R).

Bai 2.2 (HV An ninh Nhéan déan). Cho ma trdn B € M, (C) va 2 vector

Ulxn, Unx1-

v B —Bv ’ . Y
bat A= “uB qu}' Chtng minh rang
1) det(A) =0.

2) Néu det(B) = 0 thi Py(\) = det(A — A1) chia hét cho A2,

Héi diéu ngudc lai ctia 2) c6 ding khong?

Bai 2.3 (PH Kién Tric Ha Néi). Cho sb tu nhién n > 3 va cho n sb thuc
x1, T, , T, . Tinh dinh thiic sau

sin 21

sin o

cos (% — xl) cos (% — a:2>
coS <§ — :C1> coS <§ — xg)

coS (% — xn>
coS <§ — xn)

sin .,

(5 =) oogim) = oml5iw)
cos on X1 cos on To coSs on Ty

Bai 2.4 (DH Kién Trtic Ha Néi). Cho n 1a m6t sb nguyén duong 1é. Cho A 1a
mot ma tran thuc vuéng cép n thoa man det A = 1 hodc det A = —1. Goi A’
13 ma trdn nhin dugc tit A bang cach thay mébi phan tt bang phan bu dai sb
cta no. Tinh det A’

Bai 2.5 (HV Ky thgét Quén su) . Gia st A € Mygis(7Z).
a) Tim diéu kién can va da d€ ton tai A~ € Magis(Z).
b) Chting minh rang det(2018A + E) # 0.

Bai 2.6 (DH M6 dia chét). Tinh

x 00 ... 0 1/n
—1 z 0 0 1/n!
Hm |
o 000 z  1/n
0 00 —n 1/n!

Bai 2.7 (DH Ngoai thuong Ha No6i). Hay tinh dinh thitc ctia ma trdn vuéng
A = (a;;) cap n x n voi

I B CS VR
K 2, Vi=j



3. HE PHUONG TRINH TUYEN TINH 31

Bai 2.8 (DH Ngoai thuong Ha N6i). Goi A, 1a dinh thitc cia ma trdn A =

x , néu 1=
(aij), ., thdamin: a;; =< (=1)"7a |, néu i<j
(=1)""b |, néu i>j
a. Tinh As.
b. Tinh A,,.

Bai 2.9 (Trudng si quan Khong quén). Dt x, = det(A), trong d6 A 1a ma
trin cap n cho bdi,

COS & 1 0 0 0 0
1 2 cos« 1 0 0 0
A 0 1 2cosa 1 0 0
0 0 0 0... 2cos« 1
0 0 0 0... 1 2cosa

a. Tinh x5 va zs.

b. Tinh z,,.

3 HE PHUGNG TRINH TUYEN TINH

Bai 3.1 (PH Kién Tric Ha N6i). Cho n 1a mét sb tu nhién 16n hon 1 va cho
cac so nguyén {a;; : 1 <i,j < n}. Hay giai hé phuong trinh tuyén tinh sau

(1
—T1 = G111 + Q1222 + - -+ + A1 Ty

—To = A21X1 + 292 + -+ A2n, Ty

Bai 3.2 (HV Ky thuit Quéan su). Cho A € M,(R), (n € N*) théa man A?'7 £
0, AN = O,
a) Ching minh ring hai hé phuong trinh sau c¢6 cung tip hop nghiém

Az =0 (1)
(A4 A2+ .+ A1) = 0. (2)

b) Chiing minh réng rank (A) = rank (A + A2 + ... + A7)
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Bai 3.3 (DH Su pham Ky thuéit Vinh Long). Giai hé phuong trinh

20172017z + 20172017y + 20182018z + 20172017t = O
20172017 + 20162016y + 20192019z + 20162016t = 0
201920192 + 20152015y + 20182018z + 20172017t = 0
20202020 + 20162016y + 20202020z + 20192019t = 0

Bai 3.4 (PH Ty Bic). Cho a;; (i = 1,2,3,4) 1a cac sb thuc thudc khodng
(0;1) . Giai hé phuong trinh sau:

CL1Z’1+SL’2+J)3+SL’4 =
{E1+GQI2+ZL’3+I4 =

1+ To + asgrs + x4

o O O O

X1+ T+ T3+ agry =

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH
Bai 4.1 (DH Giao thong VAn T4i). Cho 4nh xa tuyén tinh f : R? — R3 véi
F(z) = (23,221 + @5 — 223, 21)
v6i moi & = (11, T2, v3) € R3. Cho day {ug, uy, ..., uss} xac dinh béi
wo = (1,2,3), flupsr —up) = 3up, k> 1.

Héy tinh U2018-

Bai 4.2 (DH Quy Nhon). Cho ci, .. ., ¢, ¢uyr 12 cac sb khac 0. Dit

0 Cn+1
C1 0

Cn, 0

Goi ¢ : Flz], — Flz], 12 anh xa tuyén tinh c6 ma tran d6i v6i co s6
{Lz,...,2"} 1a T.

a) Tinh det T va 7"t

b) Xac dinh anh va hat nhan cuda ¢.

Bai 4.3 (Trudng si quan Khong quan). Cho ¢ va ¢ 14 hai toan ti tuyén tinh
cta khéng gian V. Chling minh rang ¢ va ¢ cb cung gia tri riéng.
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Bai 4.4 (DH Su pham Ha Néi 2). Cho S la khong gian con ctia khong gian
véc t6 Mat(n, K) dugc sinh béi tip tt ca cac ma trn c6 dang AB — BA, v6i
cac A, B € Mat(n, K). Chitng minh rang: dim S = n? — 1. Tit d6 hiy chting
té rang S chinh 13 tip cdc ma trin c vét bang khong.

Bai 4.5 (DH Su pham Ha Noi 2). Trong khong gian R[x], v6i méi n € N
ta chon mot da thuc f,, # 0 c6 bac dung bang n. Tap fo, f1, fo, ... 6 doc 1ap
tuyén tinh khong?

5 GIA TRI RIENG VA VEC TO RIENG
Bai 5.1 (HV Ky thuét Quén su). Cho A € M, (R), (n € N*), A 1a nghiém don
cua da thiic dic trung. Chltng minh rang rank(A — AE) =n — 1.

Bai 5.2 (DH M$ dia chit). Ma trin vudng dbi xiing cip n c6 tit ca cac phan
t& duong. Chiing minh rang ton tai it nhat mot gia tri riéng duong.

Bai 5.3 (PH Quy Nhon). Cho A € C™". Ching minh ring néu ton tai mot
ma trdn unita U sao cho U” AU = D la ma trAn dudng chéo thi ton tai mot
da thttc p sao cho A7 = p(A).

Bai 5.4 (DH Su pham Ky thuat Hung Yén). Cho ma tran A = [a;;] € M, (R)

vli a; = 2, a1 = a1 = —1, con lai cac phﬁn tt khac déu bang 0. Tdc 1a
(2 -1 0 0 0 0]
-1 2 -1 0 0 0
0o -1 2 0 0 0
A= : : : : :
0 0 0 2 =1 0
0 0 0 -1 2 -1
(0 0 0 0 -1 2|

Chiing minh rang cc gia tri riéng cta A 1a sb duong.

Bai 5.5 (DH Ty Bic). Cho ma trin:

-1 -3 0
A=|-3 2 1
0 1 -1

a) Tim cac gia tri riéng cla ma tran A.

b) Chting minh ring: Néu ) 14 gia tri riéng ctia A thi A" 13 gi4 tri riéng ctia
A™; v6i moi n nguyén duong.

¢) Tinh dinh thiic ctia ma trdn (A* + A2017).
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6 DA THUC

Bai 6.1 (DH Giao théng Van Tai). Cho P(z) la da thie béc n ¢6 n nghiém
phin biétla a; < ay < ... < a,. Goi b 1a sO thuc thoa man

2b<a1+a2

Chitng minh ring
2" HP(b)] = |P(ay)(b - a1)].

Bai 6.2 (PH Kién Triic Ha N6i). Cho n 13 mét sb nguyén duong. Goi P, [z] 14
khéng gian vécto cac da thitc 4n z v6i hé sb thuc ¢ bac khong vust qua n va
da thitc 0. V6i mdi s6 thuc a, ta ki hiéu: B, = {l,x —a, - ,(x —a)"}.

a) Chitng minh ring B, 1a mot co s6 clia P, [x].

b) Cho hai sb thuc phan biét a, b. Tim ma trdn chuyén co sé tit B, sang co
56 Bb.

Bai 6.3 (DH Kién Triic Ha Noi). Cho a 12 mot sb thuc. Xét da thitc

.I‘2018 1

_ 2017 2012 6

Chitng minh rang phuong trinh P(P(z)) = z c6 it nhat 2 nghiém thuc (k€ ca
boi).

Bai 6.4 (DH Ky thuat Hau can Céng an Nhan dan). Cho P(z) 1a da thiic v6i
hé so thuc, bac n, c6 n nghiém thuc phan biét 4, x,, ..., z,,. Chling minh rang

z": P”(xk) o

o D)

A 2 s ’ L 7, .
Bai 6.5 (HV Ky thuat Quén su). Tim tat ca cac da thic P(z) = apx® véi
k=0
caché so a;, € {1,—1},Vk € {0,1,...,n} ,n > 0 sao cho da thitc co tat ca cac
nghiém déu thuc.

Bai 6.6 (DH M4 dia chét). Mét dudng thing cit dd thi ham
y=2x"+723+3x -5

tai bén diém phan biét (z;,y;), i = 1,2, 3,4.
Hay tinh tong

1+ X2+ T3+ x4
1 .
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Bai 6.7 (DH M6 dia chit). Gia st 21, 2o, ..., 25 12 nghiém ctia phuong trinh
bac 5 sau:
2 —x—1=0.
Hay tinh tong
:c?—l—xg—i—...#—xg.
Bai 6.8 (PH Quy Nhon). Chitng minh rang véi moi da thitc hé s6 thuc béc
n > 1 ¢6 n nghiém thuc d6i mot phan biét x4, ..., z, ta déu co
L oy ]
Pl)  plea) 7 plan)

Bai 6.9 (PH Quy Nhon). Chiing minh rang khéng ton tai mot da thitc f(z) =
ap+ ax + ...+ apa™, a, # 0, thda man hai diéu kién:

@ (ao, ai, ..., a,) la mot hoan vi caa (0,1,...,n);

(i) moi nghi¢m ctia f déu hitu ty;
va khong am trén toan b tap so thuc R.
Bai 6.10 (DH Su pham Ha Noi 2). Cho da thitc P(z) € R [z] bdc n > 1 thoa
man:

= 0.

P(z).P(22%) = P(22% + 1), (3)
v6i moi z € R. Chting minh rang P(x) khong c6 nghiém thuc.

‘s . oA 2 o 2017 . A
Bai 6.11 (PH Su pham K§j thuat Vinh Long). Gia st =z = 2019 la nghiém cua

da thitc P(z) v6i hé s6 nguyén. Hoi téng cac hé s6 clia P(z) ¢6 thé bing 2019
dudc khong?

Bai 6.12 (DH Tay Bic). a) Cho céc da t},u'rc flx) = a° —42? + 2 va g(x) =
162° 4- 82* — 1. Goi a la nghi¢m 16n nhat trong cac nghiém thuc cta f(z)
va b 1a nghiém nhoé nhat trong cac nghiém thuc cta g(x). Chltng minh rang:
a+2b=0.

7 N 49
b) Cho da thitc f(z) = (22° — 22" — 232% — 72% + 492 + 30)° vaov = {7+ | —+

8
. 4
/7 — ,/gg. Hay tinh gia tri f(«).

7 TO HOP

Bai 7.1 (DH Giao thong Van Tai). Mot ky su c6 mot cudn day dién c6 do dai
2018m. Ngudi d6 can phai chia nhé cudén day thanh 351 doan v6i 100 doan
dai 10m, 250 doan dai 4m va mot doan dai 18m. Hay cho biét k§ su d6 ¢
bao nhiéu cach dé chia cuén day dién theo diing yéu ciu trén.
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Bai 7.2 (DH Giao thong VAn Tai). Bén xi nghiép nudc sach ¢6 nhiém vu cung
cap nudc sinh hoat cho mét thanh phd. Néu hoat dong binh thu0ng thi tc;ng
san lugng hang ngay cua 4 xi nghiép dung bang nhu ciu hang ngay cua ca
thanh pho Néu mét ngay nao day, mot xi nghiép can thuc hién cong tac bao
dudng stia chita hé thong san xut theo dinh ky thi san lugng cta xi nghiép
d6 dugc ha xubng mitc 50% san luong hang ngay va néu ba xi nghiép con
lai dugc sip xép theo san lugng hang ngay tit cao dén thip thi phai ting san
lugng tuong ing theo cac mic 20%, 15%, 10% . Trong nhitng ngay nhu vay,
néu t6ng san luong bi thiéu hut thi lugng thiéu hut (tinh theo 1000m?) 1a 14
hoic 56; néu téng san luong 1a du thira thi lu’dng du thta (tinh theo 1000m3)
1a 12 hodc 36. Hay xdc dinh san lu’dng hang ngay cla tung xi nghiép va nhu
ciu nudc sinh hoat hang ngay cla toan thanh phé.

Bai 7.3 (PH Kién Trc Ha N6i). Trong mot hop ¢6 50 vién bi duge danh sb
ttt 1 dén 50. Boc ngau nhién dong thsi 3 vién bi trong hop. Hoi c6 bao nhiéu
cach boc dé€ dudce 3 vién bi c6 tdng ba so trén 3 vién bi 1a mot s6 chia hét cho
3.

Bai 7. 4 (PH Kién Triic Ha Nbi). C6 rat nh1eu cac qua cua cac loai qua 1€,
chubi, i, budi, hdi c6 bao nhiéu cach sip xép mot gid gém n trai ciy thda
mén dong thdi cac diéu kién sau

i) S6 qua 1é phai chin;

ii) $6 qua chudi phai chia hét cho 6;

iii) C6 nhiéu nhét 5 qua &i;

iv) C6 nhiéu nhét 1 qua budi.

Bai 7.5 (DH Kién Trtic Ha N6i). Trong khong gian cho tap A={A;; Ag; -5 Asa}
gom 64 diém phan biét sao cho khi 14y 4 diém bét ki cua tap A luén ton tai 2
diém c6 khoang cach nhé hoic bang 1. Chitng minh ring tén tai mot tip con
E c6 it nhat 22 diém phén biét clia tdp A sao cho khoang cach giita 2 diém
bAt ki cta tip E déu nhé hon hodc bing 2.



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (DH Giao thong van tai). Cho day sb {u,} xac dinh bdi

0<u <1,
Upp1 = U2 —u, +1, v6in = 1,2, ...

Tim
lim uqusg...uy,.
n— oo
Bai 1.2 (DH Hang héi Viét Nam). Cho day {z, }°2, thoa man lim (2018, 2018~

n—o0

z,) = a € R. Chting minh rang day {z,}>°, hoi tu va tim lim x,.

n—oo
Bai 1.3 (PH Kién Triic Ha N6i). Cho sb thuc bat ky a > 0. Xét day s6 {z,}
dudc xac dinh nhu sau

T =Q, Tpip = v6i moin > 1.

2 5)
T+ — + —,
\/Tn Jx,
a) Chting minh déy sb {bx—"} hoi tu va tinh gi6i han cta nd.

e 5
b) Chting minh rang diy sb {SC—ZL} hoi tu khi va chi khi m > G
n>1

n -

Bai 1.4 (DH Quang Binh). Cho day sb (z,,), voi

T1=2; Tpy = V2018x, — 2017, n > 1.
Chiing minh (z,,),, hoi tu va tim gidi han.
Bai 1.5 (PH Qubc t&). Cho sb thuc a > 0. Xét day sb (z,), dudc xac dinh
béi:
1 =0,Tp41 :a—i—xi,n > 1.

Tim tat ca gia tri ctia a > 0 d€ diy da cho hoi tu va tinh lim,,_, ., néu co.

Bai 1.6 (Trudng Si quan Khéng quan). Cho day sb u, = L In(1+ £).
Chiing minh ring tdn tai giéi han hitu han lim,,_,., u, va tim gi6éi han dé.
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Hinh 1 -

Bai 1.7 (Trudng Si quan Khong quén). Hing X chuyén kinh doanh da cép
theo mo hinh bén dudi. Trong d6 A, B;,C;, D,...1 <i<21<j<41<
k < 8,.. tuong Ung la cac nha phan pho1 cip 1 dén cap 4, ... M&i mét nha
phan. phbi khi tham gia hé théng phai dau tu dung N dong va nop cho Hang
X. M6i mot nha phan phbi chi duge phép c6 nhiéu nhat 2 nha phan ph01 cap
dudi truc t1ep (chang han, xem Hinh 1, Cs, C, 1a cap dudi truc t1ep cua By).
Nguyén tic chia thudng nhu sau: Khi mét nha phén ph01 Y cap n moi dude
mot nha phan phbi lam cap duéi truc tiép cho minh thi Y dugc Hang X chia
thu’ong bang r7%N. Va moi khi nha phén phbi cip duéi dudc chia thu’dng, thi
cap trén tryc t1ep cua ho cling dugc Hang X chia thudng véi sb tién bang %
so v6i sb tién ma cap dudi truc t1ep cta ho dudc nhén.

1) V01 r = 40%, N = 10 triéu dong, khi hé thong phat trién day du dén
cip 10 thi nha phan phbi A c6 14i bao nhiéu? Sé tién ma Hang X thu
dugc, sau khi trit chi phi chia thudng, la bao nhiéu?

2) Tim r d€ khi hé thdng phat trién diy di dén cip 3 thi nha phan phbi
A bt dau c6 14i.

3) Tim r d€ A khéng bao gid c6 1ai.

Bai 1.8 (CD Su pham Nam Dinh). Cho day (u,) théa man u; = a, u, =
V3U,—1 —2v6in>2,n¢eN.
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a) Tim gi6i han cua day khi a = 3.
b) Tim diéu kién ctia a d€ day (u,) c6 gi6i han.

Bai 1.9 (DH Su pham Ky thuét Vinh Long). Cho day {u,} dudc xac dinh béi

{ Ulzl
2
u,
Unsl = 5505 +Un 3 n=1,2,...

Tinh gi6i han

. Ul U9 U
lim (—+ =+ +——).
n—00 \ U2 Uus Un+1

Bai 1.10 (DH Tay Bac). Cho {e, }nen- la ddy s6 duong hoi tu vé 0 va o > 0 ¢b
7/ o /. . 1 n k 4 \
dinh. Tinh giéi han lim — > In (ﬂ + aan) trong cdc truong hop sau:
n

n—o0 1 1
a) a=0.
b) a > 0.

2 CHUOI SO

Bai 2.1 (DH Giao thong van tai). Cho chudi hoi tu

400 1

401 1 1
S=-(=——+——..].
3<13 2 3 )

Bai 2.2 (PH Hang hai Viét Nam). Tinh téng ctia chudi

o0

Chting minh rang

1
(3n—1)(3n —2)°

n=0
Bai 2.3 (DH Su pham Ky thuit Hung Yén). Cho s6 thuc a > 0.
e 104274 4
Tinh gi6i han lim

n—00 na+l

Bai 2.4 (DH Tay Bac). Dy {u, }nen cho béi

2018 Un e N
Ug = U = Upp1 = ——————,Vn .
0 1 ) “+1 1 n (TL+ 1)Un

a) Chting minh chudi s6 3 Unt1 hoi tu.

n=0 Un
\ 7 7 ~ Ao A 7. A
b) Tt d6 tinh tong cta chuoi sO noi trén.
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3 HAM SO

Bai 3.1 (PH Béch khoa Thanh phé HCM). Cho ham sb f(z) xac dinh trén
[1,4+00) thda man cac diéu kién sau:

i) f1)=a>0

i) f(z+1)=2018(f(2))*+ f(x),Vz € [1,400).
) f(n)

T i 3 )+ a0

9 6
Bai 3.2 (DH Hang hai Viét Nam). Dat P(z) = (Z x’) . Gia st ta c6 khai

i=0
2 54 .
trién P(z) = ) a;a". Tinh asy.
i=0
Bai 3.3 (PH Ngoai thuong Ha N6i). Cho ham f : [0,1] — R kha vi tai 0 sao
. . n k
cho f(0) = 0. Tim HETOO,EJC <§>
Bai 3.4 (Hoc vién Phong khong Khong quén). a) Thé nio 14 tp compact?
Cho vi du vé hai tAp A va B la cac tip dong trong R nhung A+ B khéng phai
la tap dong? )
b) Cho A C R"va f: A — R” la ham lién tuc trén A. Néu A la tdp compact
thi f(A) cing la tap compact khong? Neéu c6 héy lam sang t6 khang dinh
trén? Néu khéng hay dua ra phan vi du minh hoa?

Bai 3.5 (Hoc vién Phong khéng Khong quan). Cho a va b 13 hai sb thuc théa

mén diéu kién
1 a+n 1 b+n
(1+—) <e<(1+—> )
n n

Bai 3.6 (PH Quéng Binh). Gia st f 1a ham kha vi trén [a; b] thda mén diéu
kién f(a) = f(b) = 0; f(z) # 0,Yx € (a;b). Chltng minh rang ton tai day
() C (a;b) sao cho

f'(zn)

n—00 e2018nmnf(xn>

Bai 3.7 (PH Qubc t&). Cho ham f lién tuc trén [0, 1], kha vi trén (0,1). Gia
st

Tim min |a — b|?

= 2018.

F0) < FO); F(2) + f(x) < 2018, € (0,1).
Chitng minh rang f(x) < 2018,Vz € (0,1).
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Bai 3.8 (DH Qubc t&). Xét phuong trinh 22 + bz + ¢ = 0. Gia st

1 n b n c
2018 2017 2016

Chting minh rang phuong trinh bAc hai d4 cho c6 mot nghiém thudc khoang
(0,1).

Bai 3.9 (DH Su pham Ha Néi 2). Cho f : [a, b] — [a, b] thod man

[f(2) = ()] < & =yl Yo,y € [a, b].

1) PitS = {z € [a,b] : f(z) = z}. Chitng minh rang S # 0.
2) Xét day sb (x,,) cho bdi z; € [a,b], Tpi1 = %ﬂx") Chiing minh

rang day (z,) hoi tu t6i phan ti thube S.

Bai 3.10 (PH Su pham Ha Néi 2). a) Cho f : [a,b] — [a,b] 1a ham lién
tucsao cho f(a) = a, f(b) = bva f(f(z)) = x,Vz € [a,b]. Chitng minh
rang f(z) =z, Va € [a,b].

b) Cho f, ¢g:[0,1] — [0,400) la cac ham lién tuc va sup f(z) = sup g(z).
[0,1] [0,1]

Chitng minh rang ton tai z, € [0, 1] sao cho

F (o) + 3f (o) = g*(x0) + 3g(o).

Bai 3.11 (DH Su pham Ha Noi 2). Cho f : [0,1] — R la ham s6 kha vi va
f(1) = 0. Chting minh rang ton tai s6 ¢ € (0, 1) sao cho |f(c)| < 2018 f'(c)].

Bai 3.12 (PH Su pham K§ thuit Hung Yén). Chiing minh rang, néuz >0
thi
2 "
e>1+:c—|——+ 4+ —,VneN

2! n!
Bai 3.13 (DH TAy Bic). Cho ham sb f : R — R. Cdc khdng dinh sau ddy la
ding hay sai, tai sao
a) Néu f la ham lién tuc va cé mién gid tri f(R) = R thi f la ham don diéu
trén R;
b) Néu f la ham don diéu va ¢6 mién gid tri f (R) = R thi f lién tuc trén R;
¢) Néu f la ham don diéu va lién tuc trén R thi mién gid tri f(R) = R.

Bai 3.14 (PH Thuy Lgi). Chitng minh ring v6i moi z € R ta luén c6
fl@) —af(x) =

trong do
2n+1

nz: 2n +1)!
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4 PHEP TINH VI PHAN

Bai 4.1 (Hoc vién An ninh Nhéin dan). Cho ham f : [a,b] — R kha vi véi
f(x) # km, k € Z,Vz € [a,b].
Chting minh rang ton tai ¢ € (a, b) sao cho

2 < f'(e).cot(f(c)) < 2

a—c b—c
Bai 4.2 (Hoc vién An ninh Nhén dén). Cho f : [a,b] — R la ham kha vi va
khéng phdi 12 ham tuyén tinh (dudng thang).
Chting to rang ton tai p, q € (a,b), p # g sao cho

f(0) — fla)
b—a

f'lp) < < f'a).

Bai 4.3 (PH Béch khoa Thanh phd HCM). M6t chit dién} xuét phat tu trang
thai diing yén, chuyén dong trén duong thang vdéi gia toc giam dan. Khi di
dugdc quing dudng d né dat van toc v. Tim thdi gian chuyén déng cuc dai.

Bai 4.4 (DH Bach khoa Thanh phb HCM). Cho f(z) kha vi trén (a, b); f(a) =
Ovatontai A > 0,a > 1sao cho |f'(z)| < A|f(z)|%, Vz € [a,b]. Chiing minh
rang f(z) = 0 trén [a, b].

Bai 4.5 (DH Bach khoa Thanh ph<') HCM). Hé mach mau bao g6m nhufng
mach mau (ddng mach, tiéu dong mach, mao mach va tinh mach) gitp vin
chuyen mau tit tim dén cac co quan va ngugc tré vé tim. Hé nay sé hoat
déng t6t néu nhu ning luong tim dung dé€ diy mau 13 nhd nhét. Cu thé
ning luong nay sé gidm khi khang luc ctia mau thp. Mét trong nhitng dinh
luét ctia Poiseuille chi ra cong thitc dé tinh khang luc R nay la

L

v6i L 14 d6 dai ciia mach mau, » 14 ban kinh va C 1a hiang s6 duong dugc x4c
dinh theo d6 nhét cia mau. Hinh anh duéi diy cho thiy mach mau chinh
v6i ban kinh r; r€ nhanh moét goc 0 (0 < 6 < 7) sang mot mach mau nhoé hon
v6i ban kinh 7y

=
]
=1
17}
=
o
D
=
=<
-
=2
©
(=
-
=
o
=
@
=
<
o
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i) Hay biéu dién t6ng khang luc R ctia mau doc theo dusng ABC nhu la
mot ham so phu thudce goc 6.
4
ii) Chting minh rang R dat gia tri nhd nhat khi cos§ = 2

ri

iii) Tim géc ré ¢ tdi wu khi ban kinh cia mach mau nhé bing hai phan ba
ban kinh ctia mach mau chinh.

Bai 4.6 (DH Giao thong vén tai). Cho f : (—a,a) — R, a > 0. Gia st f lién
tuc tai 0 va ton tai gi6i han
f(z) — f(kz)

lim ——————= =1,
z—0 €T

trong d6 0 < x < 1. Chitng minh rang ton tai f/(0).

Bai 4.7 (DH Hang hai Viét Nam). Cho ham s6 f(x) khé vi trén (—oo, +00) .
Chiing minh rang ton tai so thuc ¢ thoa man:

F(2017) + £(2019) + £(2021) — £(2016) — f(2018) — £(2020) = 3f'(c).

Bai 4.8 (PH Kién Tric Ha Noi). Cho ham sb f : R — R kha vi dér‘l cip
hai trén R thoa man f(0) = f(1) va f/(0) = f’(1). Chiing minh rang ton tai
€ (0,1) sao cho

F"(e) + (f'())* = 2018 /%1 () (f'(c))*.

Bai 4.9 (DH Kién Tric Ha N6i). Gid stt 6 mét chiée tau du lich diu c¢b dinh
trén vinh Ha Long va cach diém gin nhét B trén dudng bd bién théng la
4 km, va dlem B cach khach san trén bo bién 1a 3 km. Mot ngusi dan 6 ong
mudn tu vé khach san tru6c ma khong cin tau du lich quay lai bs. D€ tu vé
dudgc anh ta chi c6 duy nhit mot cach 13 thuc hién mét hanh trinh nhu sau:
trudce tién anh ta chéo thuyén thang vao mét vi tri nam gitta vi tri B va khach
san & trén bd bién véi van tbe khéng dbi v, km/h, sau d6 anh ta c6 thé phai
chay bd doc bd bién véi vén tbe khong ddi vy km /h vé khach san. Vi tinh
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than kién cudng va sttc khde tot, ngudi dan éng da quyét dinh tu vé khach
san bang cach duy nhét dé.

a) Gid stt v; = 2 km/h va vy = 4 km/h. Xéac dinh vi tri trén b bién sao cho
thoi gian hoan thanh hanh trinh nay 13 it nhét so v6i thoi gian hoan thanh
cac hanh trinh ¢6 cling cac van tdc di cho.

b) Gia stt vy = 5 km/h. Xac dinh gia tri t6i thiéu ctia v, sao cho thoi gian
ma anh ta cheéo thing truc tiép t6i khach san 13 it nhit so véi thoi gian hoan
thanh cac hanh trinh ¢é ciing cac vén tde di cho.

c) Gia st 6 14 goc 1éch giita phuong chéo thuyén va phuong thang nbi tir
tau du lich dén B. Xac dinh khoang gia tri ctia 6 khi ti 1é ? thay ddi trong

1

(1,2], biét rang v6i mbi cip vy, v cho trude, anh ta ludn chon hanh trinh vé
dén dudc khach san v6i tong thai gian it nhat.

Bai 4.10 (bH I,<ién Tric Ha N6i). Cho ham sb f : (0,4+00) — R la ham co
dao ham dén cap 2 théa man

lim (% + 1) f"(x) + 42 f'(2) + 2 () = a,

T—>—+00

e s 1 f s e : - 1
v6i a 1a hitu han. Hay xac dinh lim f(z)va lim (x + —) f'(x).
Tr—+0c0 Tr—+00 T
Bai 4.11 (PH K§ thuit Hiu cAn C6ng an Nhan d4n). Cho ham sb f(z) lién
tuc trén doan [a, b], kha vi trong khoang (a, b).
Chitng minh ton tai diém ¢, € (a, b) sao cho

2 < (o). cos(f(c)) < —

a—c b—c

Bai 4.12 (PH Ky thuit H4u cin Cong an Nhan d4n). Cho ham f kha vi t6i
cap 4 trén R va f™ lién tuc trén [0, 1]. Gia st

/01 F(a)da + Sf(%) s / F(a)da.

Chting minh rang ton tai ¢ € (0, 1) sao cho f¥(c) = 0.

Bai 4.13 (PH K§ thut Hiu cin Céng an Nhén dan). Cho f, ¢ : [a,b] — R 14
b

cac ham kha vi théa man / f(x)dz = 0.

Chitng minh rang ton tai ¢ € (a, b) sao cho

70 / f(@)dz + d(c) / o(2)dr = 2 ()g(c).
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Bai 4.14 (DH Ngoai thuong Ha Noi). Tim gid tri 16n nhét cta a va gia tri nhd

nhét ctia b sao cho v6i moi s6 tu nhién n thi bat dang thie (1 +1)"™ <e <
(1+ %)Hb luén ding.

Bai 4.15 (Hoc vién Phong khéng Khong quén). Cho f : [0, 1] — R kha vi hai
A \ 7 . A 1

lan sao cho moi z € [0,1] thi f”(z) < 1. Chtng minh rang f(0) — 2f (5) +

1

f(1)<1

Bai 4.16 (DH Quang Binh). Cho ham g(z) khd vi trén [0; 1] théa mén ¢'(0) <
0; ¢'(1) > 2018. Chiing minh ring ton tai ¢ € (0; 1) sao cho ¢(¢) = 2018¢2°'7.

Bai 4.17 (DH Qubc té). Cho ham f kha vi dén clp hai trén [0, 00). Gia st

f(0) >0, f(0) <0, f"(z) < 0,Vz € (0,00).
Chitng minh rang ton tai duy nhét s6 ¢ € (0, 00) sao cho f(c) = 0.

Bai 4.18 (PH Quéc té). Gia st ham f bi chén va kha vi dén cép hai trén
(—00, 00). Chting minh rang ton tai ¢ € (—o0, 00) sao cho f”(c) = 0.

Bai 4.19 (bH Quéc t&). Cho ham f lién tuc, khong 4m trén [0, 1]. Gia st
(f(x))? <1+ 2/ ft)dt, Ve (0,1).
0

Chitng minh rang f(z) <14z, Vze[0,1].

Bai 4.20 (Trubng S1 quan Khoéng quén). Cho f(z) la mot ham s6 thuc kha vi
trén [a b] va c6 dao ham f”(z) trén (a;b). Chitng minh rang v6i moi = € (a; b)
c6 thé tim dugc it nhit mét diém ¢ € (a;b) sao cho

@)~ fla) - OO gy - 2D o)

Bai 4.21 (PH Su pham K§ thuat Hung Yén). Cho ham sb f(z) lién tuc trén
doan [a, b], kha vi trong khoang (a, b).
Chting minh ton tai diém ¢, € (a, b) sao cho

2 ,
a_c<f(c)<b_c.

T
x2. |cos —
x

0 Néuz =0

.. : \ Né 0
Bai 4.22 (CD Su pham Nam Dinh). Cho ham f(z) = cuz# .



46

a) Chting minh rang f(z) kha vi tai = = 0.
2

b) Chting minh rang f(z) khong kha vi tai 2 = 007

Bai 4.23 (CD Su pham Nam Dinh). D€ san suit v hop stia Ong Tho dang
hlnh tru tron véi thé tich cb dinh la 500ml Vo ngoal hop dudce séan suét bang
sat khong gf v6i chi phi 5 déng/cm?2. V6 ngoai 6 hong dudce dan thém nhén
hiéu 6 xung quanh véi chi phi 1 déng/ ¢m?. Tim chi phi nhé nhit d€ san suét
ra vé hop sita Ong Tho.

Bai 4.24 (DH Su pham Ky thuét Vinh Long). Cho f : (0;+oc0) — R ¢6 dao
ham cép 2 lién tuc, thda min

£'(@) + daf (@) + 2 (222 + 1) f@)‘ < 2018, Yz > 0

Chiing minh rang: lim f(z) =

T—+00

Bai 4.25 (PH Su pham Ky thuét Vinh Long). Cho ham f kha vi, lién tuc trén
[2018,2019], théa man f(2019) = 0. Ching minh rang phuong trinh
(x —2018) f'(x) = (= — 2019) f(x) c6 nghiém.

Bai 4.26 (DH Thiy Loi). Cho f : R — R 13 ham c¢6 dao ham dén cip hai va
f(g) = 0. Chitng minh rang tbn tai ¢ € (0; ) sao cho:
fle) — f"(e) =2f'(c) cot(c).

Bai 4.27 (DH Thay Loi). Xét tinh kha vi tai zo = 0 ctia ham sb sau:

J(w) = ; [(n—1)ax+ 1ne + 1]

5 PHEP TINH TICH PHAN

Bai 5.1 (Hoc vién An ninh Nhin d4n). Cho f : [0,1] — R la ham kha vi lién
tuc va m[ax] |f (z)| = M < .
te[o,1

Khi dé Vz € [0,1] ta co

1
/f dt‘ Z 2z — 12 +1|M

\ M A 1 LA A 7 ~ A ~ 2. A 2
va hang so 1 la tot nhat co6 thé (khong thé thay bdi s6 nho hon).
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Bai 5.2 (Hoc vién An ninh Nhan déan). Cho 0 < @ < bva ham f : [a,b] = R
lién tuc. .
Chting minh rang ton tai ¢ € (a,b) sao cho
1 rva++e Vb+yey [°
=— dz.
\/E[ a—c * b—c }/a f(w)de
Bai 5.3 (DH Bach khoa Thanh phd HCM). Cho f («) 1a ham lién tuc trén [0, 2]
, ¢6 dao ham trén (0,2) va théa man f(0) = f(2) =1, |f'(z)] < 1,Vz € [0,2].

2
Chting minh rﬁng/ f(z)dz > 1.
0

2f(c)

Bai 5.4 (DH Giao thong vén tii). Cho f : [1,13] — R 1a ham 15i kha tich.
Chting minh rang

/13 f(z)dz + /1113 f(z)dx > /59 f(a)da.

Bai 5.5 (PH Hang hai Viét Nam). Gia st ham f xac dinh trén R, tudn hoan
chuky 7,7 > 0, kha tich trén doan [0, 7]. Tinh gi6i han
[ f(t)dt
.0

lim

T—00 x
Bai 5.6 (PH Su pham Ky thuat Hung Yén). Cho ham f : [0,1] — R lién tuc

1
vOi / [f(z)]?dz = 0. Chiing t6 rang
0

[t s 2 [ s

Bai 5.7 (DH Su pham Ky thuat Hung Yén). Cho ham f : [a,b] — R lién tuc
b
va thoa man / f(x)dz = 0.

Chitng minh ring ton tai o € (0, — a) sao cho
a+b a+b
5= = o)+ (5= 4 a) =0,

Bai 5.8 (PH Kién Tric Ha Noi). Goi M 14 tip hop cac ham sb lién tuc f :
[0;1] — R thoéa man cac diéu kién sau

a) jlzf(x)dx = bga (f(a) +4f (a;b> +f(b)> , V6i moi sb thuc a,b

thbamian0<a <b<1;
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b) f(z) ludn c6 nghiém trong [0, 1] va tp hgp cac nghiém cta f(x) trong
[0,1] 1a hitu han.
Chitng minh rang:

1) Moi da thiic b4c ba luén thda man diéu kién a).

1
2) [ |f(x)lde < 2 max ()] v6i moi ham sb f(x) € M.
0 ,

7. X 5 A .7 A A \ A
3) V6i moi C € (0, 6) , ton tai it nhat mot ham so f(x) € M sao cho

1
0/ £(0)lde > Cmax | f(a)].

Bai 5.9 (PH Ky thuit Hiu cin Céng an Nhan din). Cho ham f kha vi lién
b
tuc trén [a, b] v6i / f(z)dx = 0.

bat M = max | /(). Chitng minh rang
z€la,

‘/abxf(x)dx‘ < b I;)SM.

Bai 5.10 (Hoc vién Phong khong Khong quén). Cho z la s6 thue bét ky va
day so {a,} dudc xac dinh nhu sau

"ol
an:/ id:z:,n:1,2,....
0 1+3§'2

1. (3 diém) Tim gia tri cta « d€ day s6 {a,} hoi tu.
2. (3 diém) Tinh liIJ]rn a, VOi gia tri x vita xac dinh.
n—-—+0oo

Bai 5.11 (Hoc vién Phong khong Khong quéan). 1. Cho ham sb

f(x):{o neuzx el

1 néuxe@.

O day, Q va I 14n luct 13 tip cac sb hitu ti va tp cac sb vo ti. Hoi ¢6
1
ton tai tich phan / f(x)dz. Néu 6 hay tinh tich phan? Néu khong
0
hay giai thich?
2. Cho ham s0 f(z) kha vi lién tuc cap 2 trén R. Gia stt f(1) = 0 va

1
/ f(x)dz = 0. Chitng minh rang v6i moi a € (0,1), ta c6
0

/0 " fa)da

1 1!
- >
7 ax |f"(z)] > 10
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Bai 5.12 (DH Quang Binh). Cho ham f(z) kha vi lién tuc trén [0; 1] théa man
f(1)=0va

[ ==Y [wra=o

/01 f(x)dx

Bai 5.13 (Truong Si quan Khéng quén). Cho I, = [-%_ n € N. Tinh
Iy, I, I, va 14p cong thtic truy hoi dé tinh 1,

Tinh

Bai 5.14 (PH Su pham Ha Noi 2). Cho ham sb f : R — R* thda mén cac
tinh chét:

@ £(0) = 0.

(ii) f kha vi lién tuc va ting ngit trén J = [0, |, ¢ > 0.
V6ia € Jvabe f~'(J), chiing minh ring

/Oaf(x)dx + /Obf—l(:c)dx > ab

MO ta y nghia hinh hoc ctia bt dang thic nay.

Bai 5.15 (PH Su pham Ha Noi 2). Tim tit ca cic ham s6 lién tuc f : R —» R
sao cho

_ 2 © f(s)ds
Fla) = 2018(1 + )<1+/0 1+82>,‘v’x e R.
Bai 5.16 (CD Su pham Nam Dinh). Cho f : [0,1] — R, f(z) lién tuc trén
1
doan [0, 1], f(0) = 2018. Tinh lixf [ f(z")dx
n—-+0oo 0

Bai 5.17 (DH Su pham Ky thudt Hung Yén). Cho ham f(x) kha vi, lién tuc
trén [0, 1], théa méan

f(1) =5, /xf(x)dx =1, /(f’(a;))?da; = 45.

1
Tinh / flz)e” dn
0

Bai 5.18 (DH Su pham Ky thudt Hung Yén). Tim ham f(x) kha vi, lién tuc
f(0)=0, f(1) =In3

A . d ~ 1
trén [0; 1], thoa man [ (ef(“)f’(m))2da: <4
0
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Bai 5.19 (DH Tay Bic). Cho f : [0,1] — R la ham khd vi lién tuc dén cdp hai
trén (0, 1) théa mdn cdc diéu kién f(0) = f(1) = 0va 22" (z)+a*f'(z)— f(z) =
0,Vz € (0,1). Chitng minh rang

a) Néu f dat gid tri [6n nhdt M tai diém z, € (0,1) thi M = 0;

b) Ham f =0 trén [0, 1].

Bai 5.20 (DH Tay Bac). Cho f, : [0,1] — R la ham lién tuc va f, : (0,1] —
R,n € N* la day ham so xdc dinh bdi

fas1(z /fn )dt,Vx € (0,1],n € N.

Hay xdc dinh gidi han cua ddy ham {f,}nen trén tap (0, 1] trong cdc trudng
hop sau:

a) Ham f, don diéu.

b) Ham f, bién thién tiy y.

Bai 5.21 (PH Thuy Lgi). Cho day s6 {u,}>>, xac dinh béi

n+2018 o
Uy = dzx.
n T

Hay tim lim u,,.

n—oo

Bai 5.22 (PH Thiy Loi). Tim ham s6 lién tuc f : [0; 1] — R théa mén

2018 néuz =0

—fo t)dt , néu0 <z < 1.

fx) =

Bai 5.23 (DH Thuy Lgi). Xac dinh nguyén ham

€T earctan x

I =
VAR
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6 PHUONG TRINH HAM

Bai 6.1 (DH Giao théng v4n tai). Tim tit cd cic ham lién tuc f : R — R sao

cho
f(War+y?) = f(2)f(y) Vo,y €R.

Bai 6.2 (PH Quang Binh). Cho day sb (1) VOI
Tim ham so6 f(z) lién tuc trén R thdéa man

f(z) = f(sinzx), Vo € R.
Bai 6.3 (CD Su pham Nam Dinh). Tim tit ca cac da thitc P(z) sao cho
P(2x — 2*) = (P(z))%

Bai 6.4 (DH Ty Béc). Hay tim da thtic f ¢ hé s thuc, hé s cla liy thita

A N 2 ~ s <A oA . . ]— \

bac cao nhat bang 1, thoa man cac diéu kién lim f’(z) = lim f (—> va
T

f(z) > £(2018),Vx € R. 200 Jim
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DE THI CHINH THUC

1 DAISO

Thoi gian lam bai: 180 pht.

1.1 BANGA

—4 -4 4 —16 —16 16
A= -8 -8 8|, A'=|-32 —-32 32].
—16 —16 16 —64 —64 64
(b)

Cach 1: Tinh truc tiép.
- Tinh rank(A) = 2.
- Tinh

Bai 1. (a)

—4 -4 4
A= -8 -8 8.
—16 —16 16
va do d6 rank(A?) = 1.

- Tong quat, véi k > 1 thi

—(=2) (=2 (-2 -1 11
AF = ( (=2)F+t (=2 (2)k+1) = (-2) (2 —2 2) :
_(_2)k+2 _(_2>k+2 (_2)k+2 —4 —4 4
va rank(A%) = 1.

Vay N = 2.

Céch 2: Stt dung dang chun Jordan.
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- Tinh dang chuén Jordan clia A, ¢

01 0
A~B=|00 0
00 —2
- Do do
00 0
Ak~ BF=10 0 0
0 0 (—2)*

v6i moi k > 1. Noi riéng, rank(A*) = 1 v6i moi k > 1.

VAiy s6 nhd nhét cn tim 1a N = 2.

Bai 2. (a)

Cach 1:

- Goi z, yx tuong ting 13 sb6 dan tai cac viing nong thén va ving dé thi sau
k nam. Vidy, zo = z,yo = y. Ta €6 Z1 = 324 + Tk, Yks1 = SYp + 335 NOI

CéCh khéC _
i Yk ‘

-
Yk | Yo

—
< B
-]
+ ¥
— =
||
—
DO D0 [ =
N[N

- Ttr do6 suy ra,

trong d6 A = [

NN |
IN[JCUNITE
| I |

- Da thtic dac trung ctia A 1a 2? — 2z + 1 = (z — 1)(z — 1). T déy, ta suy

ra A co cac véctd riéng B} , [_11} tuong Ung voi cac gia tri riéng 1,1/4. Vay,

1 1
2 —1
v6i cac hé sb trén dudng chéo 14n luot 1a 1 va 1/4. Ta dé& dang tinh dugc

=l o)

-Suyra A= PDP!va

néu ta dit P = [ ] ,thi P"'AP = D, trong d6 D la ma tridn dudng chéo

WINOLR |
W=

1 1 1 0o][f 1L 1,2 1 1
P e
2 -0 w5 —3 53 3T 34

- Tur 4o,




1. PAI SO 57
Luu y: Dé tinh A* cling c6 thé dung quy nap theo n.

Cach 2: Lap luan tuong tu trén, ta co xp; = %azk + %yk, Ykt1 = %yk + %azk
Thay y, = 42,1 — 2x;, vao phuong trinh thi hai, ta dudc

4$k — 5£Uk_1 + Xp_o = 0.

Tt d6 dan dén oy — 24y = %Y — 245 x. VAy

"1 "1
=1 =1

(1, 2 L(1 1
T\ T3 )T\ T3k ) Y

_(2__2 x4+ 2+ !
Y= \3 7 3 4 3 T3 )Y

(b) C4u tra 16 1a khong. Néu y;, = 4z, thi thay vao phuong trinh trén ta dudc

Tt d6 suy ra

Tuong tu

(2+10/4%)x + (2 — 5/4F)y = 0.
Vi z,y > 0 nén diéu nay chi c¢6 thé xay ra k = 0 va y = 4z, trai v6i gia thiét.
Bai3. (a) Tacd XA = X3 = AX.

(b) Goi ma tran bén phai la A, nhu vy X? = A. Dudi day la hai cach giai
Cach 1: Giai hai hé AX = XAva X% = A,
- Gid st X = (75)3x3. TU AX = XA, ta dugc hé phuong trinh cta z;;, rut
gon lai la

Top = X31 = X3y = x12 = 0,

Too + 6&723 — X33 — 0

r11 + 151]13 — T33 = 0.

- Két hop véi X2 = A, ta dugc 22, = 1, 22, = 4, 22, = 16. Tt d6 tinh dudgc
T13, T93, cac gia tri nhin duge déu théa man X? = A. VAy c6 tat ca 2° = 8 ma
trAn théa man dé bai.

Cach 2: - Da thic dac trung cta A la Iy(z) = det(zlz — A) = (v — 1)(z —
4)(z — 16).

- Pa thitc ¢6 3 nghiém don nén A c6 thé chéo hoa dudc véi cac hé s6 trén
dudng chéo bing 1,4, 16. Nhu vy, ta c6 thé viét A = P~'DP, trong d6 D 1a
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ma trin vudng véi cac hé sb trén dudng chéo 14n luot 13 1,4, 16 va P 13 mot
ma tran kha nghich. Ta suy ra PX?P~! = D.
- Nhu véy, néu ta ddt PX P~! =Y thi phuong trinh ban dau tré thanh

Y2=D. (%)

Theo cau (a), tasuyra YD = DY. Tu day, de thdy v phai 1a mo6t ma trin
duong chéo. Goi yy, 12, Y3 tu’dng ufng 13 cac hé sb trén dudng chéo clia Y. Thé
thi (*) tuong duong véi y? = 1 y2 =4 y3 = 16. Tt day, ta suy ra 8 nghiém la
(Y1, Y2, Y3) = (il +2, +4). Ta két luan rang (*) ¢6 8 nghiém va vi thé phuong
trinh ban dau c6 8 nghlgm

Bai4. (a) Dat A = vGia,b,c,d > 0. Da thitc dic trung ciia A c6 dang

b
d
22 — (a + d)x + (ad — bc). Biét thic cta da thiic nay A = (a — d)? + 4be > 0.
VAy A c6 2 gia tri riéng phan biét va déu 1a sb thuc.

Vi t6ng hai nghiém bing a + d > 0 nén tri riéng c6 gia tri tuyét dbi 16n nhit
phai 13 sb duong.

(b) Goi ¢ 14 tri riéng 16n nhét va v = (z, y) 14 véc to riéng tng véi ¢. Ta b

(a—t)x+by=cx+(d—t)y=0.

Néu z va y khéng cting diduthia —tvab cung diu, d — tvac - cung diu. Do
d6a—tvad—tdéu> 0. Hay t<i(a+d). Piéu nay mau thuln vdi viée ¢ 12
gia tri riéng 16n nhét (vi tong cac tri riéng bang a + d).
(¢) A c6 it nhAt mot gia tri riéng khéc 0. Thét vy, néu tit ca cac tri riéng cta
A déu bang 0 thi theo dinh 1y Cayley-Hamilton, 43 = 0. Piéu nay mau thuin
v6i viéc A la ma trén du’Ong.
Dat ¢ 1a tri riéng clia A ma c¢6 mo dun 10n nhét (t c6 thé 1a sb phtic). Sau day
ta ky hiéu |z| la véc t6 ma thanh phin & m6 dun cda cac thanh phan cua
véc t6 z. Ta viét # > y néu cac toa d6 clia = déu > toa d6 tuong ung cla y-
Gia stt z 13 véc to riéng clia A ing véi t. Ta c6 (theo bit dang thic tam gidc
|+ 0] < a] + |0),

|Az] < Ala].

Tu do
tl|z] = [ta| =< Alx].

Ta cin chiing minh dau béng xay ra. Gia st trai lai. bat B = A/|t|. Thi
Blz| —|z| =y > 0. Nghla la véc to y khac 0 va c6 cac thanh phan khong am.
Tit 46 By c6 tit ca cac thanh phan > 0. Dit z := B|z| thita c6

Bz — 2z = By.
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Ti tinh chit clia By noéi trén, ton tai A > 1 sao cho
Bz > \z.

Theo trén thi z 1 véc to ¢6 cac thanh phan déu duong, B cé cac tri riéng déu
c6 m6 dun < 1. TAc déng B nhiéu l1an vio bit dang thitc cubi cling ta suy ra
vo ly.

Bai 5. (a) Ki hiéu cac diém dudc danh diu, theo chiéu kim déng hd, 14n lugt
14 Ay, Ay, ..., Ag. DE théy rang A; phai dugc ndi v6i Ay, A hodc A,.

- Néu A; nbi véi A4 thi ta phai ndi A, v6i Ay va As v6i Ag.

- Néu A, nbi véi 4, thi hodc la Ag ndi v6i As con A; nbi véi Ay, hodc la Ag
ndi véi Az va A; nbi véi A,

- Tuong tu, néu A; ndi véi Ag thi hodc 1a A, nbi véi A; va A, v6i As hodc 1a
AQ I‘lél vOi A5 va Ag vOi A4.

Nhu vy, c6 c thay 5 cach néi.

(b) Goi X latap 3 diém dugc gan cacsb 1,2,3va Y 1a tép 3 diém con lai. Ta
sé chi ra rang ton tai 3 day cung khong co dlem chung, moi day cung n01 mot
diém cua X va mot diém cta Y. Mot cach ndi nhu Vay thod mén yéu ciu bai
toan vi tong cac sb tuong ung vGi 3 day cung nay bang 4454+6—-1-2-3=0.
- Dé thay rang c6 mot dlern cia X nam ke mot diém ctia Y (do la hai dlem
lién tiép néu ta di theo chiéu kim ddng hd). Ké dy cung nbi 2 diém nay rdi
loai bd 2 diém danh d4u nay 14n déy cung di, ta con lai 4 diém dugce danh
diu trén dudng tron va 2 tp con X', Y’ tuong tng, mdi tip gdbm 2 diém dugc
danh dau.

- Bay gid, 1ap ludn tuong tu, ta ciing suy ra c6 mot diém ctia X’ ké nhau véi
mot diém Y’ trén dudng tron di bd di 2 diém trude d6. Ké day cung nbi 2
diém nay cliing nhu day cung nbi 2 diém con lai. Bay gio, khoi phuc lai day
cung ban diu. D& thay, 3 day cung dudc ké doi mot khéng ¢ diém chung.
Bai toan dudc giai quyeét.

1.2 BANG B

Bai 1. Ky hiéu ma trin can tinh dinh thtc 13

a 0 0 n—1

0 a 0 n—2
Ay =

0 0 a 1
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(a) Tinh truc tiép ta dudc |Ay| = a* — 14a?;
(b) Khai trién theo c6t tht nhit, ta dugce

[ Al = alApa| + (=1)" (0 = 1)| B],

v6i
0O ... 0 n—-1
a ... 0 n—2 o o
’B|:: S : =(=1)""(n—1)a""".
0 .a 1
n—1xn—1
Do do6
n—1 1
nl = alA,_1| —(n— a " “=a —a 1“"=a ——=a “(n—1)n2n—-1).
A A 12n2 n n—2 -2 n 6 n—2 1 2 1
i=1

VAy Aggis = a?21® — 1009.1345.2017.a2016 = 2918 — 2,737,280, 785.a016.

Bai 2. (a)
Cach 1:
- Goi xy, y, tuong tng la so dan tai cac vung néng thon va vung doé thi sau
knam. Vi du, zo = z,y0 = y. Ta €6 xp41 = 1ap + Tyk, Yo = Syr + S35 NOi
cach khac i
Tk
1Lkl

-
Yk | Yo

—
N
Eo-
+ F
—_ =
[ |
|
N[ D[ =
[N[JUUNITE

- Ttr do6 suy ra,

trong do A =

—
N[N | =
NIJCN e
|

- Da thtic dac trung ctia A 1a 2? — 2z + § = (¢ — 1)(x — ). T ddy, ta suy
ra A cé cac véctd riéng B} , [_11} tuong Uing voi cac gia tri riéng 1, 1/4. Vay,

1
2

v6i cac hé sb trén dudng chéo 1an ludt 1a 1 va 1/4. Ta dé dang tinh dugc

e

-Suyra A = PDP‘1 va

PR B I I R
a=roe=ly Al 3|

néu ta dit P = [ _11} , thi P"1AP = D, trong d6 D la ma trin dudng chéo

wh—t o>

LN | =

1
T 34F
1

w

2
+W
2

OO [ =

| Wl
W=

_
I

| — |

IO [
@®

W o |
w| w
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(1,2 (Lot
TR\ T3 )P\ T3 ) Y
(2 2 (2,1
=373 ) T 3 3ok ) Y

Luu y: D& tinh A* ciing c6 thé dung quy nap theo n.

- Tt 4o,

Cach 2: Lap luan tuong tu trén, ta ¢6 xp.; = %xk + %yk, Yka1 = iyk + %xk
Thay y, = 42,1 — 2x;, vao phuong trinh thi hai, ta dudc

4.1'k — 51’]671 + T2 = 0.

Tt d6 dan dén 2y — 24, = wY — 2572, VAy

P P
[Ek:$Q+ZEy—2ZEZL‘
=1 =1

(1, 2 L(1 1
TR\ T3 )T\ T3k ) Y
(2 2 L(2, 1
=37 3m) T 3 3ok ) Y

(b) Cau tra 16i 1a khéng. Néu y;, = 4z, thi thay vao phuong trinh trén ta dude

Tir do suy ra

Tuong tu

(2 +10/4")x + (2 — 5/4F)y = 0.
Vi z,y > 0 nén diéu nay chi c¢6 thé xay ra k = 0 va y = 4z, trai v6i gia thiét.

Bai 3. (a) Tacod

15 15 —10 —10 100 —25 —25 —25
A2 _ 15 15 —10 —-10 a3 100 —25 —25 —25
35 10 —15 —15 100 —25 —25 =25
10 35 —15 —15 200 —50 —50 —50
T d6 tinh duge A* = 0;
(b)
Cach 1:

- D& thAy nghiém ctia hé Az = 0 ciing 13 nghiém ctia hé con lai.
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- Ngudc lai, gia st véc to z 1a mot nghiém cta hé phuong trinh (2), ta c6
(A+ A+ A)z=(E+A+ A% Az =0,

trong d6 E' la ma tran don vi.
- Chiing minh £ 4+ A 4+ A% = (E — A)”' 1a ma tran kha nghich.
- Vivay Az = 0.

Luu y: Ciing c6 thé chiing minh A + A2 1 liiy linh dé suy ra E + A + A2 1a
kha nghich.

Cach 2:
- Tinh truc tiép ma tran

117 -8 =33 -38
121 -9 —-34 -39
136 -9 -39 —44
211 —-14 =59 —69

A+ A%+ A =

- Giai hé phu’dng trinh ta dudc nghiém (324, 34, 23:4, :c4).
- Mat khéc, gidi hé Ax = 0 ta cling dugc nghlem ( T4, 2x4, 2:c4, xy).

Bai 4. (a) bat A = v6ia,b, c,d > 0. Da thiic ddc trung ctua A c6 dang

b
d
22 — (a + d)x + (ad — be). Biét thic cta da thiic nay A = (a — d)? + 4be > 0.
VAy A c6 2 gia tri riéng phan biét va déu 1a sb thuec.

Vi téng hai nghiém bing a + d > 0 nén tri riéng c6 gia tri tuyét dbi 16n nhit
phai 13 sb duong.

(b) Goi ¢ 14 tri riéng 16n nhét va v = (z, y) 14 véc to riéng tng voi ¢. Ta cb

(a—t)x+by=cr+(d—t)y=0.

Néu z va y khong cung diuthia —tvab cung diu, d —tvac cung diu. Do
d6a—tvad—tdéu> 0. Hay t<i(a+ad). Piéu nay mau thuln vdi viée ¢ 12
gia tri riéng 16n nhat (vi tdng cac tri riéng bang a + d).
(¢) A c6 it nhat mot gid tri riéng khéc 0. That vy, néu tit ca cac tri riéng clia
A déu bing 0 thi theo dinh Iy Cayley-Hamilton, 4% = 0. Piéu nay mau thuin
vGi viéc A la ma trén dlIOng.
Dat ¢ 1a tri riéng clia A ma ¢6 mo dun 10n nhét (¢ c6 thé 1a sb phtic). Sau day
ta ky hiéu |z| la véc to ma thanh phan la m6 dun cta cac thanh phan cla
véc to z. Ta viét z > y néu cac toa do cta = déu > toa db tuong ung cua y-
Gia st z 12 véc t6 riéng ctia A ting voi t. Ta ¢6 (theo bit ding thiic tam giac
|+ 0] < a] + |0]),

|Ax| < Alz|.
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Tu do

[t]|z] = [tz] =< Alz|.
Ta cin chiing minh du bing xay ra. Gia st tri lai. Dit B = A/[t|. Thi
Blz| — |z| = y > 0. Nghia la véc td y khac 0 va ¢6 cac thanh phan khong am.
Tt d6 By c6 tat ca cac thanh phan > 0. Dat z := B|z| thita c6

Bz — z = By.
T tinh chét clia By néi trén, ton tai A > 1 sao cho
Bz > \z.

Theo trén thi z 1 véc to ¢6 cac thanh phin déu duong, B cb céc tri riéng déu
c6 mo6 dun < 1. Tac déng B nhiéu lan vao bat dang thic cudi cung ta suy ra
vo ly.

Bai 5. (a) Ki hiéu cac diém dudc danh diu, theo chiéu kim déng hd, 1an lugt
14 Ay, Ay, ..., Ag. DE théy rang A; phai dugdc ndi v6i A,, A hodc A,.

- Néu A; nbi vo6i A4 thi ta phai ndi A, v6i Ay va As voi Ag.

- Néu A, nbi véi A, thi hodc la Ag ndi v6i As con A; nbi véi Ay, hodc la Ag
nbi v6i As va A; nbi véi A,

- Tuong tu, néu A; ndi véi Ag thi hodc 1a A, nbi véi A; va A, véi As hodc 1a
A, n6i v6i Ay va As v6i Ay

Nhu vy, c6 ca thay 5 cach néi.

(b) T6ng cia cac sb gan cho cac diy cung 1a
S=la—z[+|b—y[+|c—z],
v6i a,b,c,x,y,z 1 cac sb tit 1,2, ..., 6. Tong nay 16n nhét khi a, b, ¢ 16n nhét

va z,y, » nthé nhit.
Két luan: max(S) =9, datdudcneux =1,y =2,2=3,a=4,b=5,c = 6.



64

2 GIAI TICH

Thoi gian lam bai: 180 phuit.

2.1 BANG A

Bai 1. Dé thay T, > 1v6i moin > 1. Hon nita, 2018(z, 1 — 2,) = 22 —x, > 0
(vix, > 1) v6i moi n > 1. Tit day suy ra (z,,)°2, la mot day tang ngat.

Gia st day (z,,)°°, bi chan trén; tic l1a (do tmh tang ctua day), ton tai gidi
han hitu han hmn—>oo xn =a> 1.

Chuyén 2018z, = z2 + 2017z, qua gidi han ta dugc 2018a = o + 2017a;
suyra a = 0 hodca = 1 mau thudn! VAy, diy (z,)°>, khéng bi chin trén.
V6i moin > 1, ta co:

2018(zpy1 — 1) = 22 + 2017z, — 2018 = (z,, + 2018)(x, — 1)
1 oz, +2018 T L1
Ty — 1 2018(zpe1 — 1) 2018(xpq — 1)  @ppq — 1

Ty, 1 1
=——— = 2018 — .
Tpg1 — 1 Tp—1 X —1

Suy ra: = 2018 — .
Y Zl_l Tiy1 — 1 (.’L’l —1 [L’n+1 — 1)

Vi day {z, } tang va khong bi chan trén nén lim,, ., =, = +00.

l’i+1—1 513'1—1

=

Vay, limy, 00 D0,

Bai 2. Cach 1
— bat F(z) = = f; f(t)dt — [ tf(t)dt, ta c6 ham F kha vi trén [0,1]
vOi F(O) F(1) = 0. Theo dinh ly Rolle, ton tai 2, € (0,1) sao cho
F'(x9) =0, tirc1a [ f( )dt = 0.

— bit G(z) = ‘2018f f f(t)dt, ta c6 ham G kha vi trén [0, 1] v6i
G(0) = G(zo) = 0. VAn theo dinh 1y Rolle, ton tai ¢ € (0,) sao
cho G'(¢) = 0. Tl ddy ta dudc f(c) = 2018f'(c) [, f(t)dt
Cach 2:
— bat F(z) = [; f( dt ta c6 F'(z) = f(x) va fox t)dt = xF(z) —
Jo tf(t dt—xfo — [¥tf(t)dt. Do dé, [, F(t)dt = 0. Theo dinh

ly gia tri trung binh cho tich phan, ton tai z, € (0, 1) sao cho F(xy) =0
hay [ f(t)dt = 0.
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— bat G(z) = e 2%/ @ [ f(¢)dt, ta c6 ham G kha vi trén [0, 1] véi
G(0) = G(zo) = 0. Theo dinh 1y Rolle, ton ta1 c e (0,z0) sao cho
G'(c) = 0. Tl ddy ta dudc f(c) = 2018f"(c) [; f(
Bai 3. Cach 1:
e Dat M = max|f’( )] (0 < M < +o00do flién tuc) va

z€[a,b]

(x —a)(z —b)

= / ft)dt + M (Vz € [a,b]).
Ta co: F(a) = F(b) =0va F"(z) = f'(x) + M >0 Va € [a,b].

e Do F'la ham 16i trén [a,b] va F(a) = F(b) = 0nén F(z) <0 Vz €
[a, 0]; vay,

(x —a)(b— )
2

S%(@—a)—g(b—x)): (b—a?,,

/a Fdt < M .

v6i moi x € [a, b].
(ac —a)(z —b)

e it G(z) = [ f(t)dt — 5 (Vz € [a,b]), ta c6 ham G
16m trén [a, b] va di dén bét dang thiic (dbi nglu):

/If(t)dt > —<b_8a)2M

Cach 2 (SV Pham Béo Trung - DH Bach Khoa Ha Noi):
bat F(z) = [ f(t)dt, khi d6 F(x) 1a ham s6 kha vi cip 2, lién tuc trén doan
a, b]. Tu’ gia thiét bai toan fab f(x)dx =0, ta co:

v6i moi x € [a, b].

Lay « bat ky thudc doan [a, b], ta chi cAn chiing minh:

i

F(z)| <
[F ()] 8  zelap]

BAt ding thitc hién nhién ding véi © = a hodc z = b. Xét trudng hop = €
(a,b), ap dung khai trién Taylor tai x, ta co, Vy € [a, b]

Fly) = F(a) + F(x) (s — 2) + 3F'(6) (y — )
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trong d6, 6 1a sb thuc nam gifta = va v.
St dung khai trién trén lan lugt véiy = a va y = b, ta co:

0= Fla) = F(z) + F'(z) (a — ) + %F”(&l) (a —2)? @
0= F(b) = F(z) + F'(z) (b— ) + %F”(%) (b— 2)° )

Nhan hai vé clia (4) v6i b — x, hai vé clia (5) v6i a — =, sau dd, trit theo vé
cac két qua thu dugc roi rat gon, ta co:

(b—x)F"(02) + (a — x)F” (61)

(b—a)F(z)=(b—z)(a—) 5 (6)
Lay gia tri tuyét dbi hai vé clia (6) voi chli ¥
(b—x)F”(0) + (a — z)F”(6y)
2
o b=2) [F7(0:)| + (x — a) |[F7(6))|
h 2
< (b—x) MaX,elq, |F” (z)| + (z — a) MaXye|q, |F” ()]
= 2
b—a ;
= 5 max |F7 ()]
va
b—a)?
6= 2) (e - 2)] < 5
Ta co
(b - a)3 /
(b—a)|F(r)] < ;Q%If (z)]

Rt gon ca 2 vé cho b — q, ta cé dpem.

Cach 3 (SV. Pham Thanh Nam - DH Kinh té Quéc dan):
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c—a ab — ac c—a
.Taco dt =
b—a b—a b—a

c b
1:/ f(t)dt:Z:Z/ f(Z:Zeraz:Zc)dx
_c—a/“[f(c—aerab—ac>_f(x)]dm
b

dx va

Ly ¢ € [a,b], dat t =

b—ua b—a b—a
c—a [*c—a ab — ac ,
_b_a/b [b_ax—{_ b—a _x]f(cﬂi)da:
(c nam iffaxvéc_ax—{—ab_ac)
v & b—a b—a
c—a [“c—0b ab —ac,
= dx.
[t S e
Do doé
c—a [*, . c—b ab — ac
Il < "(e,)|d
1< 52 [ e+ G e
c—a ®c—b ab — ac
< M i M — /
Sy M) gzt =g e Vol M = max|fi(@)
c—a ®c—b ab — ac c—b ab — ac
= - dr d
b—a /b[b—ax o L et
c—b b —a®> ab—ac c—a
= — . b—a)l.
[b—a 2 b—a ( CL)]b—a
:(b—c)(b—a).c—a‘M
2 b—a
:(c—a)(b—C)M
2
N2
cb—a
8
Do doé
‘ (b_a>2 !
| [ f)dt| < max |f'(z)] Ve € [a,b].
a 8 z€[a,b]
Vay
¢ (b_a)2 /
< )
max| [ ) < EE o)

Bai 4. Theo gi thiét, OA = z (> 0), OB = 4x. Ta ¢6

OB

A = tan(OCA +0) = -

tan OC'A + tan 0 x -+ tan6

~oC

1 —tanOCA-tanf 1—xztan6’

67
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3z
Vay, tanf = ———.
ay, tan 14 422

Géc 6 16n nhét khi tan 6 16n nhét. VA ta cAn tim = sao cho tan 6 dat gia tri 16n
nhat.

Dt f(z) 3 3(1 — 42?)

= Tz 200 /'(®) = [ gaye- D0 46 /() = 0 khi v chi khi

1 X 1A . 1 . 1
x = §.Tadethayf’(x) >0khi0<z< §vaf’(x) < 0 khi z > 3"
\ A .7 e 17 A . 1 . 7 2 . A A JUN A
Vay, ham so f dat gia tri 16n nhat tai = = 5 Vi tri cua hai van dong vién trén

2 A 2. 1 \
duong dua dé gdoc nhin # 16n nhat duge cho bdi OA = 5 (km) va OB = 2
(km).
Bai 5. Tl gia thiét, f ting trén [0, +00); do d6, f(z) > f(0) = 0 v6i moi
xz > 0.
Vi
lim L =+

ztoo f'(2)(1+ 22 + f(2)) ’

nén ton tai z, > 0 sao cho

1
f'(@) (1 + 22+ f(x))

> 1 v6imoi z > x.

v6i moi x > .

S ! < <
uy ra f/(z) < 1+22+ f(x) = 1+ a2

Co f(x) — f(zo) = [, f(t)dt < [ T
Do do f(z) < g —arctanzg + f(zo) Vo > xo.

Xét ham sb f(z) = arctanz (bi chin trén!). Ta c¢6 f(0) = 0 va f/(z) =

= arctanx — arctanzy Vr > x.

T > 0 trén [0, +00). Ngoai ra,
T

. 1 . 1+ 22
lim

= 1 =1.
z—too f!(z)(1+ 22 + f(x)) 60 1+ 22+ arctanzx

Cach 1: Xét ham sb g(z) = arctan(z® + ). Ta ¢6 g(0) = 0 va ¢'(z) =

2 +1 R .
——— = > 0 tren |0, . Ngoai ra,
1+ (22 + )2 0,700).- Ng
Y 1 Y 1+ (2 + x)? N
1m = 1m — TOQ.
eo+oo () (1 + 22+ g(x)) o=t (22 + 1) (1 + 22 + arctan(z? + x))
Cach 2: Xét ham s g(z) = 1 — e *. Tacd g(0) = 0 va ¢/(z) = e~ > 0 trén
[0, +00). Ngoai ra,

1 e’
lim = lim ——— = +00.
T—+00 g’(m)(l 4+ x2 + g(x)) T—400 91 1
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2.2 BANG B

Bai 1. Dé thay z,, > 1 v6i moin > 1. Hon nita, 2018(z,41 — 2,) = 22—, > 0
(vix, > 1) v6i moin > 1. Ti day suy ra (z,)>2, la mot day tang ngat.

Gia st ddy (z,)°2, bi chin trén; tiic 13 (do tinh ting clia diy), ton tai gidi
han hitu han lim,, .oz, = a > 1.

Chuyén 2018z, = 22 + 2017z, qua giéi han ta dudc 2018a = a® + 2017a;
suy ra a = 0 hodc a = 1, mau thuan! Vay, day (x,)>>, khong bi chin trén.

V6i moin > 1, ta co:

2018(zpsy — 1) = 22 + 2017z, — 2018 = (z,, + 2018)(z,, — 1)
1 T, + 2018 Tn 1

= e e
o1 208w —1) 208 —1)  zma—1
1 1
=T 9018 ( - ) .
Tp+1 — 1 Tn — 1 Tp+1 — 1
T 1 1
Suyra: Y —— =2018 — .
Y ZZ:I Tiy1 — 1 (l‘l —1 L+l — 1)
Vi day {z,} tang va khong bi chan trén nén lim,, ., =, = +00.
N n i 2018
Vay, lim,, o0 Y iy T = =1.

Tipp — 1 rp—1

. : , 1 1 Lo
Bai 2. Khiz # 0, ta ¢d f(z) = z%sin — va f’(z) = 2z sin — — cos —. Xét gi6i
T xZ X

— f(0 1 . \ 1. .. 5
han lim,_, M = lim,_,gxsin —. Vi x — 0 va sin — bi chan (bdi 1)
z—0 T T
nén lim, oz sin — = 0. Vay, f’(0) = 0.
x

P& = TO) _ i, ) vi o) = 2sin~ — L cos 2.

Xét gi6i han lim,_,
x—0 r x T

. 1 . . . .
Chon day z,, = Py — 0khin — oo. Tacd lim,_,o g(z,) = lim,, o (2sin(2n7)—
2nm cos(2nm)) = lim, o0 (—2n7) = —00.

(Ciing c6 thé chon day y,, = — 0 khin — oo. Taco lim, o g(yn) =

2n+1)m
lim,, 00 (2n + 1) = 400.)

Tit d6, g(z) khoéng c6 giéi han (hitu han) khi z — 0; vi thé, ham f khéng c6
dao ham cip hai tai z = 0.

Bai 3. Cach 1:
— bat F(z) = = f; f(t)dt — [ tf(t)dt, ta c6 ham F kha vi trén [0,1]
véi F(0) = F(1) = 0. Theo dinh 1y Rolle, ton tai z, € (0,1) sao cho
F'(x9) =0, tiic1a [ f(¢)dt = 0.
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— Dbat G(x) = 2918 [¥ f(t)dt, ta c6 ham G khd vi trén [0, 1] v6i G(0) =
G(z0) = 0. Ciing theo dinh Iy Rolle, tn tai ¢ € (0, z,) sao cho G'(c) =
0. Tl déy ta dudc f(c) = 2018 [ f(t)dt

Cach 2:
— bat F(z) = [; f( dt ta cO F'(z) = f(x) va fo‘r t)dt = xF(z) —
Jotf(@) dt = [ f(t)dt — [Ttf(t)dt. Do d6 [] F(t)dt = 0. Theo dinh

ly gia tri trung binh cho tich phén, ton tai z, € (0, 1) sao cho F(xy) =0
hay [ f(t)dt = 0.

— bat G(z ) = 6‘20181’ Jy f(t)dt, ta c6 ham G kha vi trén [0, 1] v6i G(0) =
G(z0) = 0. Theo dinh ly Rolle, ton tai ¢ € (0,2) sao cho G(c) = 0. Tit
do f(c) = 2018 [; f(t)dt

Bai 4. Theo gi thiét, OA = z (> 0), OB = 4x. Ta ¢6

OB tan OC' A + tan 6 x -+ tan6
4 = — tan(OCA + 0 - = .
ocC ( )= 1—tanOCA-tanf 1—xtanf
. 3z
Vay, tand = m

Goc 6 16n nhét khi tan 6 16n nhét. VA ta cin tim z sao cho tan 6 dat gia tri 16n

h/’\
;::t 3w et 3(1 — 42?)
I = e e S0 = ey

x:%.Tadethayf’(x)>0kh10§x<%Vaf’(a:)<0khim>%.

.Do d6 f'(x) = 0 khi va chi khi

A \ A .7 e 17 A . ]- . ) « A A N A
Vay, ham s6 f dat gia tri I6n nhat tai x = 5 Vi tri cua hai van dong vién trén

duong dua d€ géc nhin ¢ 16n nhit duge cho bdi OA = % (km) va OB = 2
(km).

Bai 5. Tit gia thiét, f ting trén [0, +o00); do d6, f(z) > f(0) = 0 v6i moi
x> 0.
Vi
1
lim = 400,

oo fl(x)(1+ 22 + f(x))

nén ton tai z, > 0 sao cho

1
f'(@)(1+ 22+ f(x))

> 1 v6i moi z > .

Suyra f'(z) < v6i moi z > .

T 1422+ f(x )— 1+ a2
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, m . dt
Co f(x) — f(xo) = fxo f(t)dt < fm e = arctanz — arctanzy Vo > xo.

Do do6 f(x) < g —arctan g + f(xg) Vo > .
Xét ham s6 f(z) = arctanaz (bi chin trén!). Ta ¢ f(0) = 0 va f/(z) =

> 0 trén [0, +00). Ngoai ra,

1+ 22

i 1 " 1+ 22
1m = 1m
T—+00 f’(:p)(l + 2 4+ f(x)) z—+oo 1 + 22 + arctan x

=1

Cach 1: Xét ham sb g(z) = arctan(z® + ). Ta ¢6 g(0) = 0 va ¢'(z) =

2¢ +1 N ..
—————>0tren |0 . Ngoai ra,
11 (22 + 2)? 0, +0). Ng

. 1 . 1+ (2% +z)? N
11m = 1m = Q.
z—+00 g’(x)(l + 2+ g(x)) z—+00 (2]3 + 1) (1 +z2 + arctan(x2 + x))

Cach 2: Xét ham sb g(z) = 1 — e *. Ta ¢6 g(0) = 0 va ¢/(z) = e* > 0 trén
[0, +00). Ngoai ra,

1 e’
lim = llm — = +o0.
oo f (D) (1 + a2+ (@) ety o L
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3 PHO THONG

Thoi gian lam bai: 180 pht.

V4

3.1 NGAY 1 - Bién d6i Abel va mét sb ting dung

A. Bién d6i Abel va bt ding thic Abel

Bai 1. Ta sé chi ching minh ding thitc diu tién, ding thic thit hai nhan
dugce bang cach hoan doi vai tro ctia hai day. Doy, = Yy vay, = Y, — Yy
v6éimoi k =2,...,nnén

n n n n—1
Z TrYp = 191 + Z (Y — Y1) = Y7 + ZIkYk - ZkaYk
k=1 k=2 k=2 k=1
n—1

n—1 n—1
=2, Yo+ > aYe— > e Ye =2,V = Y (2 — 2p) Ve
s k=1 k=1

Bai 2. Theo Bai 1 ta ¢co

—_——
k=1 >0 > k=1

n n—1 n—1
Z TpUYp = TnYn+ Z (g — 1) Ya > x,m+ (Z(xk — xk+1)m> = xym.
k=1 '

BAt ding thiic con lai 13 hoan toan tuong tu.

Bai 3. Ta chi cin 4p dung Bai 2 cho 21 = 1,25 = T =

3=

B. Ung dung vio viéc tinh mét sé tdng va thiét 1ap mot sé ding thic

Bai 4. a) Ap dung Bai 1, ta c6

in:il-Hk: <i1> Hn—nz_1<21> (Hyy1 — Hy)

k=0 k=0 \1=0

—_

n—1

1
= 1)H,, — E+1)—— = 1)H,, — 1= 1)H, —n.
(n+1) ,;( )=+ 1=+ DH, —n

3

i
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b) Theo Bai 1, ta ¢o

n n n—1 k
> kH = <Zk H, — > i) (Hypr — Hy)
k=0 '

k=0 k=0 \i=0
_nn+1)H —k(k+1) 1
2 te= 2kt
:n(n—i-l)Hn_ln_lk

2 2

k=0

:n(n—l—l)Hn_(n—l)n

2 4

Bai 5. Nhén xét ring, v6i moi k > m, ta c6 dang thic

(-0

That vay, (7) dugc suy ra tif viéc cong, vé theo vé, cic ddng nhét thic (') =
(i) = (uip)s V6L i =m,m+1,... k (chid ¥ quy udc () = 0 khii < ;). T

do, theo PT.1 thi

k=m k=m k= =m

n—+ k1) 1
_ H, — -
m + = \m 1/k+1

Bay gi0, d€ y rang 1 (©*) = -1 (*). Suyra
"i k+1) 1 1 &k
— \m+1 k+1_m—|—1k: m

1

Tu do,
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C. Mét s6 ing dung khac
Bai 6. Ta co, theo Bai 1,
n n—1
> arbp = (a1 4+ a)by + Y (a1t + ap)(bp — brg).
k=1 k=1

Do ay + -+ ar > E(ay + -+ 4 ay) va by, — byyq > 0 nén

n

n—1
k
E agb, > (a1 + -+ -+ an)b, + g E(al + -+ an) (b — brt1)
=1

k=1
1 n—1
- E(al + o+ ay)(nb, + ; k(b — br11))
1
= E(al+---+an)(b1+b2+---+bn).
(bang thitc cubi cling dén tit Bai 1, 4p dung cho hai diy z; = ... =z, = 1

Vay; = b, Yo = b, ..., Yp = bp.)

Bai 7. a) Khong gidm tng quat, ta c6 thé gid st a; > ay > - - > a,,. Thé thi
ta co
CL1+CL2 S>> a1+~~~+an.

2 - - n
Mat khac, ateatetan > o6, a, > 1. Tt dé suy ra a; + - - + ap > k véi
moik=1,2,...,n.
Cudi cung, tt Bai 2taco:neuwxy > a9 > --- > 2, > 0vay; > 0,y +y2 >
0,...,y1 4+ +y, >0thi >} | zpyr > 0. Ap dung cho z), = a}, yp = a, — 1
ta nhan dudc

a; >

Zai(ak —1)>0.
k=1

Tt d6 ta c6 bat ddng thitc cAn chitng minh.
b) Ap dung cau a) cho a; = , /”3:’;—:1 (v6i quy ubc 41 = x1) vap = 2.

Bai 8. Dit b, = k3. ThE thi0 < by < by < -+ < b, Vada; +as+ - +ay <
by +by+---+b,véimoil < k <n.Taséchira

Jar+- 4 Yan <o+ + b 8
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Nhéclairﬁng, trBai2tacd:néumr, > a9 > - > 1, >0vay, > 0,91 +yp >
O,...,y1+---—|—yn ZOthiZZlekyk ZOAdeHgChO{L‘k: %ﬁ,yk:bk—ak
k

(1 < k < n), ta thu dudc

bl—&l bn G, 0
i = 20,
hay
b <Y+ b 9)
AT

Bay gid, ta nhic lai bit ddng thic Holder: Cho 2n sb thuc duong z1, . . ., zn;
Y1, ..., Y, va hai so6 thuc duong p, ¢ thod man % + % = 1. Thé thi, 71y, +--- +

Toyn < (2] 4+ + xﬁ)% Sy A+ y?b)%. Ap dung bit dang thitc nay cho

3a
\/%,yk— \/bi (1 Skgn),p:&q:%tasuyra

s (Si) (B95)

Két hop bat dang thiic nay véi (9) ta thu dudgce (8).
Nhu vay, ta cd ¢/ar + - + /@y < 1+2+---+n = "2 Ping thitc xdy ra
khia, = k* (1 < k <n) nén ”("T“) chinh la gia tri 16n nhét cAn tim.

3.2 NGAY 2 - Bai toan vé dan ga

A. Su ton tai clia ga vua
Bai 1. a) Hién nhién, vi néu K 1, Ky 1a 2 hoang dé thi K, théng K, (do K; la
hoang dé) va K, théng K, (do K, la hoang dé), mAu thuln.
b) Mét dan ga 6 2 con 13 mdt vi du vé dan ga c6 1 hoang dé.
¢) M6t dan ga 3 con thing vong tron 14n nhau 1a mot vi du vé dan ga khong
c6 hoang dé.
Trong so db sau va cdc so db khdc trong ddp dn, miii tén tit A hudng dén B néi
rang A thdng B.

G

/N
G — Gy
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Bai 2. a) Néu G thing G’ va G’ thing G” thi ta n6i G thing gian tiép G”.
Xét cac tap W (G), L(G) tuong tng la tap cac con ga thang, thua G.

N

L(G) W(G)

Gid stt G khong phai 1a vua. Khi d6, W(G) # () va hon nita, phai ton tai mot
con ge‘l G' € W(QG) sao cho G khong thang gian t1ep G'. Ta suy ra khong co
con ga nao trong L(G) thang G’. Nhu vay, G’ thang moi con ga trong L(G)
nén G’ thang nhiéu con ga hon G (do ngoai L(G) ra, G’ con thang (), mau
thun.

b) Theo gia thiét, W(G) # (). Xét dan ga W (G) (loai tam thdi cac con ga khac
khoi dan). Theo a), c6 mot con ga K la vua trong W(G): v6imoi &' € W(G)

hodc 1a K thang G’, hodc 1a K thang gian t1ep G'. The nhung, K thang G, va
10 rang, v6i moi G € L(G) thi K cung thang gian t1ep G" (qua G). Diéu nay
chiing té K 1a mot vua trong dan ga ban dau (va G thua K).

Bai 3. Theo Bai 2(a), dan ga phai c6 it nhit mét vua K, nio dé. VAn theo
Bai 2, do K, khéng phai 1a hoang dé, K thua it nht m6t con ga ndo d6 va
vi thé thua mét vua K, nao dé. Lai t1ep tuc 1ap luén tuong tuy vOi K, ta suy
ra K, thua mét vua K3 nao dé. Chuy rang K3 # K, vi K, thua K, con K3
thing K. VAy dan ga c6 it nhit ba vua 13 K, Ks, K.

Cdch ldp ludn truc tiép. Theo Bai 2(a), dan ga phai 6 it nhit mét vua K, nio
d6. Do K, khong phai 12 hoang dé, W (k) # 0.

Xét dan ga W (K;). Theo Bai 2(a), c6 moét con ga K, la vua trong W (K;):
v6i moi ' € W(K;), hodc la K, théng G’, hoac la K, th:fmg gian tiép G'.
Thé nhung, K, thang K, va rd rang, v6i moi G’ € L(K;) thi K cling thang
gian tiép G” (qua K;). Diéu nay ching té K, ciing 13 mot vua trong dan ga
ban diu. (Lap ludn nay hoan toan giéng 14p ludn di dudc dung khi giai Bai
2(b).)

Ta van l4p ludn tuong tu nhu trén, do K, khéng phai 1a hoang dé, K, phai
thua it nhit mot con ga ndo d6, nghia 13 W(K>) # 0. Theo Bai 2(a), c6 mét
con ga K3 la vua trong W(K,): v6i moi G' € W (K>), hodc 1a K3 thang &,
hodc 14 K thing gian tiép G’. Thé nhung, K thang K, va rd rang, véi moi
G" € L(K,) thi K, cling thing gian tiép G” (qua K,). Piéu nay chimng td K
cing 13 mot vua trong dan ga ban dau. Luu ¥ rang K, ¢ W (K,), K3 € W (K,)
nén K, Ky, K3 la d6i mot phan biét.
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B. Mot dan ga c6 thé c6 bao nhiéu vua?

Bai 4. Thit vy, gid st mot dan ga c6 ding 2 con vua 1a K, K,. D& ¥ rang
moi hoang dé 13 vua. Do K, 1a vua, hoic 1a K; thing K,, hodc l1a K, thing
gian tiép K,. Néi riéng, K, phai thua it nhit mét con ga nao d6. Nhung theo
Bai 2(b) thi K, phai thua mét vua nao dé. Do chi ¢ 2 vua, ta suy ra K, thua
K. Lap luin tuong tu ta ciing c6 K, thua K,. Nhu vy, K, K- thing lan
nhau, mau thun.

S

/ N\

Gy — Gy

Bai 5. Gia st S 13 mét dan ga n con ma mdi con déu 1 vua. Thém vao S hai
con ga Gy, G, sao cho G, thang moi con ga clia S nhung thua G, va G, thua
moi con ga clia S. Ta sé chi ra rang dan ga 7' mdéi ciing c6 tit ca cac con ga
la vua.

— Theo x4y dung thi G, thang moi con ga trong S. Hon nita, G; thang
gian t1ep G5 qua mot con ga bat ki ctia S. Do d6 G; 1a mét vua trong
dangaT.

— Ciing theo x4y dung thi G, thing G,. Ngoai ra, G, thang gian tiép moi
con ga trong S thong qua G1. Do d6 G, la mot vua trong dan ga T

— Theo gla thiét, moi con ga GG trong S thang hoac thang gian tlep moi
con ga khac trong 5. Hon niia, theo xay dtIng, G thang G, va do do
thing gian tiép G théng qua G». Chinh vi vy, G van con 1 vua trong
T.

Nhu vay, 7' 1a mot dan ga gdm n + 2 con ma mdi mot con trong dan 14 vua.

Bai 6. Gia su mot dan ga nhu vdy ton tai. RS rang khéng c6 con nao thang
moi con khac: néu c6 mét con (hoang dé) nhu vay, khong con nao trong so
cac con con lai ¢6 thé thang hoac thang gian tiép con nay, do dé 3 con con
lai khong thé 1 vua. Ta ciing nhan xét rang khong cé con nao thua moi con
khac vi mot con nhu vay khong thé 13 vua duge. Tt d6, mbi con ga trong dan
thang 1 hodc 2 con ga khac. Chinh vi thé, néu ta goi « (tuong tng, b) 1a sb
con ga trong dan thing ding 1 (tuong ing, 2) con ga khac thi a+b = 4. Hon
nita, giita 2 con ga khac nhau bat ki phai c6 ding 1 con thing con con lai
(néi cach khac, s6 cip (G, @) ma G thing G’ bang (;) = 6) nén a+ 2b = 6.
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Suy ra a = b = 2. Viy, c6 ding 2 con thing diing 2 con ga va cé ding 2 con
thang ding 1 con ga. Gia st Gy, G, thing ding 2 con ga va G, G, thang
dtng 1 con ga. Khéng mat téng quat, ta c6 thé gid st G, thing G, va G
thang G4. Do G5 chi thing ding 1 con ga, ta suy ra G5 thua Gy, G». Lai do
G1 the“'lng dling 2 con g, ta suy ra G, thua G,. Bay gi0, vi G, thang ding 1
con ga nén G, thua G, (va G3).

Thé nhung, G khong phai la vua, vi G5 khong thang Gy va cung khong thang
gian t1ep G, qua bat ki con ga nao. Nhu Vay, ta c6 diéu mAau thuin va do d6
khong ton tai dan ga 4 con ndo ma tht ca déu 1a vua.

Gy — Go

| X |

Gs — Gy

Bai 7. Dan ga sau day thod man. Viéc kiém tra 1a dé dang dya vao cac mii
tén. Chang han G, la vua vi thang G, G5, G va thang gian tiép G, G3 (thong
qua Gs).

Gy — Gj

/ \

Gl G4

\ /

Ge —— G5

Bai 8. Trudc hét, xét tru’dng hop bk #2,k #4(n >k bt ki). Tru6e hét, dé
thay dan ga 3 con thang vong tron 14n nhau c6 ca 3 con la vua. Tt d6, theo
Bai 5 thi ton tai dan ga 5 con ma tAt ca cac con la vua. Bang quy nap, ta suy
ra v6i moi k 1é ton tai dan ga k£ con ma tAt cd déu 1 vua (tru’dng hop k=1
6 thé dugce xem 1a quy udc). Cling 1ap luén bang quy nap, dya vao Bai 7 va
Bai 5, ta suy ra v6i moi so6 nguyén dUOng chan k, ton tai dan ga k con ma tat
ca déu 13 vua. Tl d6 suy ra v6i moi so nguyén duong k ma k # 2,k # 4, ton
tai dan ga k£ con ma tAt ca déu 1 vua.
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Bay gid, d€ xdy dung mot dan ga n con v6i ding k vua, ta bat dau v6i mot
dan ga S gdbm k con ma tit ca déu 1a vua. Ta sé thém n — k con ga bat ki vio
S sao cho chiing thua moi con ga clia S (tht tu thang thua gifta n — k con ga
moi 12 bt ki) d€ c6 mét dan ga T’ gdm n con. Khi d6 r6 rang k con ga clia S
van con 14 vua trong 7, trong khi d6 moi con ga méi khong thé 13 vua trong
T vi chiing thua moi con ga trong S va ciing khong thé thing gian tiép bat ki
con nao trong S. Do dé 7' 13 mét dan ga gdbm n con, trong dé ¢ ding k vua.
Dé ket thic, ta con phai xét tru0ng hop k& = 4, n > 5. Tuong tu nhu trén, ta
chi can xay dung mot dan ga gom 5 con, trong do c6 dung 4 con vua. Sau
do, tuong tu nhu tren dé xay dlmg mot dan ga gbm n > 5 con, trong doé co
dung 4 vua, ta chi cn thém vao n — 5 con ga méi ma mbi con ga mdi thua
ca 5 con trong dan ga ban dau.

Mot vi du vé dan ga 5 con véi dling 4 vua dude md ta qua hinh vé sau.

TN

Gy — Gy

Ta kiém tra dudc réng Ga,G3, Gy, G5 la vua cbn G, thi khéng Voi Gy: Gy
khong thang G3 cting nhu khong thing gian tiép G5. Ching han, véi Go: G,
thang G4, G5 va thang gian t1ep G1, G5 (thong qua Gy).

C. Sap thit tu dan ga

Bai 9. Ta 1ap ludn bang qui nap theo n khang dinh manh hon: v6i moi dan
ga n con, ton tai mot cach danh sb cac con ga Gy, . . ., G, thod man diéu kién
clia bai toan, va hon thé nita G, 13 vua ctia dan ga. Tru’dng hop n = 2 1a kha
hién nhién. Gia st n > 3 va khing dinh cta bai toan da dudc chitng minh
13 dng v6i n — 1, ta sé chi ra khang dinh 13 ding v6i n. Xét mot dan ga
S gbm n con gi. Goi G 13 mét vua clia S (ton tai theo Bai 2(a)). Tam loai
bb G ra khéi S va goi dan ga con lai 1a 7. Theo gia thiét, ta c6 thé danh sb
cac con ga cua T 1a G, G, ..., G,_1 sao cho, v6i moi i > 2, G;_, théng G,
va G; 12 vua cta dan ga chi gdm G, Gii1, ..., Gy_1. Ta bo lai G vao dan ga.
Goi 1 < j < n — 11a chi s6 nhd nhét sao cho G thang G; (mdt chi s6 nhu
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véy ton tai do G 13 vua ctia S) va danh sb lai cac con ga dua vao thi tu:

G1,Ga,...,Gj1,G,G;,Gjyq,...,Gp_y. Ta sé chi ra rang cach danh $0, hay

sip tht tu nay, thod min yéu ciu clia bai toan. Mubn vay, ta chi can chi ra

rang:

(1) V6imoil < i < j—1, G; 1a vua trong dan ga gébm G, ..., Gi-1, G, Gj,
. Gn—l;

(2) G 1a vua trong dan ga gbm G, G, G, ..., Gnq;

(3) V6i moi i > j, G; la vua trong dan gém Gi,Git1,...,Gpq.

(3) 14 hién nhién theo cach xay dung. Ta hay chiing minh (1). Do G; la vua

trong dan gém Gi,Gis1,y ..., Gp_1vadoi < j—1,nén G, thang G va do d6 G;

thang hodc thing gian tiép moi con ga con lai trong dan {G;, ..., G,;_1,G, G;,
.., Gp_1}. Vay (1) dudc chting minh.

Cubi cling ta chiing minh (2). Theo cach chon G 14 vua clia S nén véi moi

j <k <n—1,G thing G, hoic thing gian tiép G, théng qua mét con ga

khac trong S. Tuy nhién, cling theo cach chon, G thua toan b6 G,...,G;_4

nén néu G thing gian tiép G, thi n6 phai thang gian tiép G, théng qua mét

con ga nao dé trong {G,;, Gji1,...,Gn-1} \ {Gx}. Tu do ta co (2).



CAC BAI DE XUAT: DAI SO

1 MA TRAN

Bai 1.1 (HV An ninh Nhén dén). 1) Tir gia thiét A2+ B2 = 2AB ta c6

(A-B)?=(A-B)(A-B)=A>+B>- AB—- BA=AB— BA (1),
A?> —AB=AB-B* hay A(A-B)=(A-B)B (2).
Gia stt AB — BA kha nghich, khi d6 det(AB — BA) # 0, tit (1) suy ra det(A —
B) # 0 nén A — B kha nghich, titc 1a ¢6 (A — B)~L.
Lucdétu (2)taco B=(A—B)'(A-B)B=(A—-B) 'A(A- B),do do
A—B=A—(A—B)'A(A-B),
I,=(A=B)(A=B)™" = [A— (A= B A(A— B)(A— B)™
=AA-B)'—(A-B) A

Cha y rang trace(MN) = trace(N M), nén ap dung vao hé thiic trén ta dudc

n = trace(I,) = trace[A(A — B) ™' — (A — B)"' 4]
= trace[A(A — B) '] — trace[(A — B) ' A] = 0.
Diéu nay vo Ij, nén AB — BA khéng kha nghich.

2) D& dang chiing té rang néu ma trdn M c6 rank(M) = 1, thi M? =
trace(M).M.

Dén day stt dung hé thiic (1) ta dudc
AB — BA = (A — B)? = trace(A — B).(A — B),
0 = trace(AB — BA) = trace[trace(A — B).(A — B)] = [trace(A — B)J>.

Suy ra trace(A — B) = 0, dan t6i AB — BA = trace(A — B).(A — B) = O,,
hay la AB = BA.

Bai 1.2 (HV An ninh Nhan d4n). T diéu kién dé bai ta suy ra

(A= BL)(B - al,) = afl, < (%A - In)(éB L) =1,
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Nhu thé (A — I,) va (1B — I,,) 1a nghich ddo ctia nhau.

Xét hé phuong trinh thuin nhit Az = 6, gid st v 1a nghiém cta hé nay thi

Au =6, nén (A — I,)u = —u, dan t6i

1 1 1 1
“B-IL)2A—IL)u=—(-B—1I)u h — —“Bu+tu
(a ">(6 n)U ((X 2)u  hay wu ~Bu+u

Nhu vdy Bu = 6, hay u ciing 1a nghiém ctia hé phuong trinh thuin nhét

Bz = 0.

Tuong tu gid st v 1a nghiém cda hé phuong trinh thuan nhit Bz = ¢ thi
ta cling chiing t6 dudc v ciling 1a nghiém cta hé phuong trinh thuan nhat

Az = 0.
VAy phai c6 rank(A) = rank(B).

Bai 1.3 (PH Giao théng VAn tai). a) Ta ¢ AU = (UV)U = U(VU) = UB va

BV =(VU)V=V({UV)=VADb)D&tU=X+Y,V=X —Y tacd
UV=(X+Y)X-Y)=(X?-Y?) - (XY -YX) = (Z :;‘) — (_g
2
2

UV=X-Y)(X+Y)=(X*"-Y)+ (XY -YX)= (Z :‘11>+<

2
2

2
2

)=(
)=(

< a b 9 —6 5 —2 > A .
bat U = (C d),A = (6 _3>, B = (2 1). St dung cau (a) ta co

AU = UB hay la

9 —6 a b\ f(a b 5 =2
6 —=3)\c d) \ec d)\2 1

- 9a —6¢c 9b—6d\ [(ba+2b —2a+Db
6a—3c 6b—3d) \bc+2d —2c+d

da—2b—6c=0 gz 2t
_ 2

6a — 8¢ — 2d = 0 d=—

6b + 2¢ — 4d = 0 b,ctuyy

Tir do ta thu dudc
bise  p 3
U= ( 2 3b+c) va detU = = (b + ¢)*.
C 5 4

+c b+

N\ 7 7 I‘\ 2 N N 3 C A \
Vi U c6 cac phan tt nguyén nén 5 = +bnguyénvatasuyrab-+c

. 2
chan. Ta c6 det U det V' = det A hay la

Z(b+c)2detV:9 & (b+c)*detV = 12.

9
6

5
2

—6

-3

-2
1

)
).
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Nhu vay (b+c¢)? 1a u6c chén chinh phuong cia 12 nén (b+c¢)? =4 < b4c=
+2.

TH1:b+c:2,tacéU:<
Liuen by,
3\—-2+b 3-0
o, [ 1+b b\ (3 -2\ (3+b —2-b
V=u A‘(—2+b 3-b)\2 -1) b 1-b )
Nhu vay ta thu dudc
1 (3 -1 1 (=b 140D
X‘i(U+V)_(1 1)’ Y‘i(U_V)_(1—b b>

v6ib € Z tuyy.
TH1: b + ¢ = —2. Tinh toan tuong tu ta nhan dudc

3 —1 —b 1+b
X__(1 1)’ Y__<1—b b )
Bai 1.4 (PH K§ thuit Hiu cAn Cong an Nhan din). T diéu kién dé bai ta
suy ra

3—b b

. 7 _ 71_
9 b 1+b).Khld0detU—3,U =

(P+al,)?=P+al, (Q+8I,)*=Q+8I,

vama trn (P + ol,) + (Q + BI,,) — I,, kha nghich.

Khi d6
rank(P + al,) = rank (P + al,)[(P + al,) + (@ + B,) - L,])

— rank[(P + al,)(Q + BI,)],
rank(Q + 81,) = rank( [(P + ol,) + (Q + f1,,) — ](Q+ﬁln)]

= rank[(P + al,)(Q + S1,)].
Vay rank(P + al,) = rank(Q + 51I,,).

Bai 1.5 (DH Ky thuat Hau cAn Cong an Nhan dan). Goi X = (AB — BA), ta
thay trace(X) = 0 va

AX — XA = A(AB — BA) — (AB — BA)A = A?B + BA* — 2ABA = O,,
titc la X giao hoan véi A.

Tit d6 v6i m € N thi X™ ! = X™(AB — BA) = X™AB — X™BA = AX™B —
X™BA.
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Suy ra trace(X™"!) = trace(A(X™B)) — trace((X™B)A) = 0.

Vét clia ma tran 1 tong cac gia tri riéng clia noé.

Néu gia tri riéng ctia ma trin M 13 \ thi gia tri riéng ctia ma trn M* 13 \*.
Goi cac gia tri riéng cua X 1a A\, Ao, ..., A, (tinh ca boi).

TacoO A\" + A"+ -+ XN"=0,YmeN.Suyra\; =\ =... =\, =0.

Da thtic déc trung ctia X sé la (—1)"\", do d6 X™ = O,, theo dinh ly Cayley-

Hamilton.
Bai 1.6 (DH Ky thuit Hiu cin Coéng an Nhan d4n). 1) Do giai thiét AB? =
A— Btaco
I=1,+A—-B—-AB*=1,+A+AB—-B— AB— AB*>= (I, + A+ AB)(I, — B),
I,=1,—A+AB*+B=1,— A+ AB+ B - AB+ AB*= (I, — A+ AB)(I, + B).
Do d6 I, + B kha nghichva (I, — B)™' = I, + A+ ABva (I, + B)™' =
I, — A+ AB.
2) Tit két qua trén ta cé
L,=(I,-B)({,+A+AB)=1,+ A+ AB— B— BA— BAB,

hay BAB - AB+ BA=A— B= AB? nén (AB - BA)(B+1,) =0, (1),
I,=(,+B)(I,—A+AB)=1,— A+ AB+ B— BA+ BAB,

hay BAB+ AB - BA=A— B= AB? nén (AB—-BA)(B -1, =0, (2).

Liy (1) trit (2) ta dude 2(AB — BA)I, = O, suy ra AB — BA = O,,, hay
AB = BA.

Bai 1.7 (HV Ky thuat Quén su). a) A ma trin phan dbi xting tiic 14 A* = — A
va AX = —X. Chuyén vi X*A = —X* do d6 X' (AX) = —X'X, (X'A)X=X'X
.Tacla X = 0.

b) Goi \ la tri riéng ctia A suy ra \¥ = M1 tr d6

Trace (A*) = Z A= Z Ai = Trace (A).
k=1 k=1
Bai 1.8 (DH M4 dia chét). Viét lai ma trdn A duéi dang sau:

_f(fa+b a—-0b\ (11 1 -1
A_(a—b a+b>_a(1 1)”(—1 1)'

Chung ta s€ tim ma tran B dang

(0 (1) .
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Khi d6
w3 Yer(l 2)ere(t Y ea( 7))
1 1 1 -1 1 1 1 -1
4 4 4 2 8 8 8
B* =8z (1 1) + 8y (_1 1 ) va B® = 128z (1 1) + 128y (_1 1 ) )

Vi A= B®néna = 12828 va b = 128y%. Tit d6 ta cd

r = {/a/128,
y = 3/b/128.

Bai 1.9 (PH Ngoai thuong Ha No6i). a. Ta ¢6 | X — X7| = ’(X _XT)T’ _
| XT - X| = (-1)*"|X = XT| = - |X — X7| Suy ra: |[X — X7| = 0.
b) Chon ma trin vudng cip 2018

011 1 1
0011 --- 1
0001 --- 1
X=10000 -1
| 0000 0 |
Khi do:
0o 1 1 1 1]
-1 0 1 1 1
. -1 -1 0 1 1
X-X"=|1_1 121 o 1
-1 -1 -1 -1 0 |
nén
0111 --- 1
1011 -1
. 1101 ---1
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Lai co:
01 1 1 1 2017 1 1 1 --- 1 1111 -1
101 1 1 2017 0 1 1 --- 1 1011 --- 1
1101 1 2017 1 0 1 --- 1 1101 --- 1
1110 11=]2017 110 --- 1720071 110 ... 1
1111 -0 2017 1 1 1 --- 0 111 1 0

1000 --- 0

1100 ---0

1010 ---0

1000 - 1

Suyra: | X — X7| 18, hay | X — X7| # 0. VAy khdng dinh trén khong ding véi
X 14 ma trin vudng cAp 2018.

c. Ta co:

|A*> -~ B*| =|(A—B)(A+B)|=|A-B|-|A+ B|
:\A—B\-‘(AJrB)T‘ = (A= B) (AT + BT)|
=|A-AT+A-B"-B-A" - B-B"|
:’A-BT—(A~BT)T‘:0

Bai 1.10 (PH Quy Nhon). Viét A = [AT AZ)T va B = [B, B,]. Tut gia thiét
suy ra AlBl = ]2 = AQBQ. Suy ra BA = BlAl + B2A2 = 2]2 Mét khéc, gOl
M = AB, ta co

MA = ABA = A(BA) = 2A.

Suy ra hai cot clia A 13 cac vécto riéng doc 14p tuyén tinh ctia ma trdn M
tng v6i gia tri riéng A = 2 (do A; kha nghich). D& kiém tra M c6 hai gid tri
riéng 13 0 va 2, va sb chiéu caa khong gian con riéng clia M Gng véi A = 2
c6 s6 chiéu bang 2 véi hai vécto cd s6 13 u = (z,0, —z,0), v = (0,y,0, —y) véi
xy # 0. Suy ra hai ma trdn sau thdéa man bai toan

x 0 10 !
ooy I
A= —x 0|’ B=1_1 0
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Bai 1.11 (DH Su pham Ha No6i 2). Theo dinh nghia ctia ma trin phu hgp néi
trén ta co:
AAT = detAl,.

Do do6:
— Neu rankA = n. tlic 1a detA # 0 kéo theo det(A") # 0.
— Néu rankA = n — 1 thi tit A. A7 = 0 ta thiy ngay rang mbi dong clia
A’ 1a m6t nghiém ctia phuong trinh Az = 0, ma khéng gian nghiém
nay c6 sé chiéu n — (n — 1) = 1. Do d6 rank(4’) = 1.
— Néu rankA < n — 2 thi cac A;; =0v6imoii,jnéntacd A =0.

01 0O
Bai 1.12 (DH Su pham Ha Noi 2). Ta ddtma trdn A = [0 0 1 | va
6 5 —2
Un
X, = |Ups1
Un+2
0
. as g~ A A /s Xo=1|1
Khi do day so U,, dudc viet dudi dang 1
X1 = AX,,,¥n >0
Do d6 X, = A" Xy, Vn > 1. Ta tinh A"
Lap da thic dac trung
- 1 0
Ps(A) =10 =\ I |=—A=2)(A+1)(A+3).
6 5 —2—2A

Vay A c6 3 véc to riéng phan biét A = 2, A = —1, A = —3 nén A chéo héda dudgc
+V6i A = 2, A c6 mdt véc td riéng o7 = (1,2,4).

+V6i A = —1, A c6 mbt véc to riéng v3 = (1, —1,1).

+V6i A = —3, A c6 mbt véc to riéng 5 = (1, —3,9).

1 1 1]
TadatcacmatranC' = |2 —1 -3

4 1 9
Do do

1 4 17

ct=1|1 Z ?1 vaD=1|0 -1 0
-1 -1
= T 0. 0o 0 -3

Taco A=CDC.
Suy ra A" = C'D"C~! va tinh toan cu thé ta cé:
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2”L

5
- n - 2n+1
X, = A"X, = |22
2n+2
5
22018
22%19 92018

DéC biét, ta co X2018 = va suy ra U2018 =

22%20 5 7

5

Bai 1.13 (DPH Su pham Ky thuat Hung Yén). Ta c6

L,=2I,—1,=A%—1,=(A—L)(A*+ A+ 1,),
101, = 2I,, + 81, = A® + 81, = (A + 2I,)(A? — 2A +41,,).

Suyra det(A —I,,) # 0 va det(A + 21,,) # 0.
RG rang do A3 = 21, nén det(A) # 0 va lai ¢6

B=A%-2A+2I, =A% —2A+ A® = A(A* + A —2I,)
= A(A-L,)(A+21,).

Tu day det(B) = det(A) det(A — I,) det(A + 21I,,) # 0, d6 d6 B kha nghich.
Bai 1.14 (PH Su pham Ky thuat Hung Yén). Liy c4c ma trdn

11, I, 1 [, i,

ta kiém tra duge M = S"'NSva P = T'QT.
Vay ta c6 cac ma trdn M, N dong dang va cac ma tran P, ) dong dang.

Bai 1.15 (DH Su pham Ky thuit Hung Yén). Gia st ngudc lai AB = BA thi
A2+ B? = (A—iB)(A+iB), (1> = —1).
Tu do

det(A? + B?) = det(A — iB) det(A + iB) = det(A — iB) det(A — iB)
= det(A — iB)det(A — iB) = | det(A — iB)|* > 0.

1
Tuy nhién vé6i gia thiét da cho thi det(A2 + B2) = det |2
0

[NORE V)

0
21 = —=7<0,
1

mau thuin!
VAy AB # BA.
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Bai 1.16 (DH Su pham Ky thuét Vinh Long). Gia st AB — BA = A.
Khiddé B— A"'BA=1,suyra (BA)A™' — A71(BA) = I. Tt 6 ta c6
0=tr((BA)A™' — A~Y(BA)) = tr(I) = n.
Vo ly!
Bai 1.17 (DH Su pham Ky thuét Vinh Long). Ta c6
rankAB < min{rankA, rankB}.

Suy ra
rankA > rankA% > ... > rankA” > ... > 0.

Day {rank A’} gidm va bi chin duéi nén hdi tu, titc 12 ton tai sb nguyén duong
N sao cho
rankA* = rank A", V& > N.

Bai 1.18 (DH Su pham Ky thuat Vinh Long). a/ Gid st A = { 8 g } .

n

Chitng minh bang quy nap A" = [ % jg,’f ], véin > 2, z, 1a mot sb thuc
nao do.
/19018 R T
Suy ra a = 0 va b = 0. Thiy ngay A2 = O.
a b c
b/ Giast A= |0 d e
00 f
a® Tn Yn
Chung minh bang quynap A" = | 0 d" =z, |,V6in > 2, x,, yn, 2,12
0 0 fr
nhitng s thuc nao dé. Do do,
a®™® a1 Ya01s
A2018 _ 0 d®% . | =O.

0 0 f2018

Suyraa=0,d =0va f = 0. Thdy ngay 43 = O.

Bai 1.19 (DH Tay Ble”'lc). Gi4 st A 13 ma trAn khong suy bién khi d6 det A # 0.
Mat khac tu gia thiét BS = 0; AB = BA suy ra

AP = AS — BS = (A + B)(A? — AB + B?)(A° — B).
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Tur d6 ta ¢o
det(A+B) det ((A* — AB + B*)(A* — B%)) = (det A)° # 0 = det(A+B) # 0.

VAy A + B khéng suy bién.

Ngudc lai gid stt A + B khong suy bién, dit C = A+ B;D = —B tasé c¢6 C
khong suy bién dbng thsi CD = DC; D¢ = BS = 0. Theo chting minh trén
thi C' + D = A khong suy bién.

2 DINH THUC

Bai 2.1 (HV An ninh Nhan dan). Tir gid thiét P + Q + PQ = O, ta ¢6
I, = (I, + P)(I, + Q). Nhu thé I,, + P va I, + Q 1a nghich dao cta nhau, dan
dén I,, = (I, + Q)(I, + P). Suy ra PQ = QP.
Gia st P* = Q™ = O,,. Khi d6

k+m

(OéP—FﬁQ k+m Z +k OCP BQ)ker i

k+m—i
_ ZCZ zﬁk—‘rm ZPZQk-i—m z+ Z Cz zﬁk-ﬁ-m szQk-‘rm i
i=k+1

:On+0n:On.

Nhu vay aP + 5@ la ma tran liy linh.
Bay gi6 v6i ma trdn A liy linh (A* = O,)), ta chiing t6 nd chi ¢6 gia tri riéng
b%?mg 0.
Thét vay, goi A 1a gia tri riéng clia A va v # 0 1a vector riéng tuong ting. Khi
do

Av = v, A% = A(Av) = A(\v) = Mov = A,

0 = APy = AR (Av) = AT () = AAF e = Ao,

Suyra A = 0.
Tiép theo ta d& dang chiing t6 dudc v6i ma trdn A c6 gid tri riéng A thi ma
tran g(A), véi ¢(x) la da thiic nao do, sé co gia tri riéng ¢(\).
Nhu vay v6i ma tran lity linh o P + 8Q c6 gia tri riéng A\ = 0 thi ma tran
I, +aP+5Q—C](aP+5Q) Véiq( )— 1+, sécégiétririéng1+)\: 1.
Pinh thitc cia ma trin bang tich cac gia tri riéng ctia né.
VAy det(I, + aP + Q) = 1" =

Bai 2.2 (HV An ninh Nhan dan). 1) Ta théy

L 0] , [t O][ B =BJ] _[ B —Bv
w 1|7 |u 1| |—uB uBv| |Oixn 0 |’
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NP B —Bwv 1,
Tu day 0 = det [len 0 } = det [u

2) Ta chitng t& A c6 gia tri riéng A\ = 0 v6i bdi 2, suy ra P4()\) chia hét cho
A2. That vay, 14y 2 vector v, = (TI) va vy = (g) thi

v B —Bv| (v 0
A =4 (1) - {—uB qu} (1) N (O) =0 =00,
x B —DBv| (z Bx
Avy =4 (0) - {—uB qu} <0) - (—uBm) '
Do det(B) = 0 nén Bx = 0 c6 nghiém = # 0, ttt d6 Av, =0 = 0.v2 VGi vy # 0.
Nhu vay gia tri riéng A = 0 ctia A c6 2 vector riéng doc 14p tuyeén tinh vy, v,
nén noé phai cé boi 2.
Diéu ngudc lai cua 2) khong ludén luén dung!

I, 0] o [In 0} v {In 0] p {Jn 0] - [B(Jn + vu) —Bv}
u 1 —u 1 uw 1 u 1 O1xn 0 |’
nén Py()) = det(A — M) = —Adet[B(L, + vu) — AL].

Néu P4()) chia hét cho A2 thi A = 0 13 nghiém cta det[B(I, + vu) — Al,], tic
la det[B(I,, + vu)] = 0, hay la det(B) = 0 hoac det([,, + vu) = 0.

Nhu vay chi cAn det(l, 4+ vu) = 0 thi P4()) chia hét cho A2 ma khéng cin
det(B) = 0.

ﬂ det(A), suy ra det(A) = 0.

Ta théy

Bai 2.3 (DH Kién Triic Ha N6i). Ta ¢

™

™

cos— sin— O 0
2 2 COSX] COSIoy COS Iy,
sinx; sinxs sin x,
T T
D= COS§ Slnﬁ 0 0.1 O 0 0 =0.
T . 07 0 0 0
— — 0 0
cos on sin o

Bai 2.4 (DH Kién Triic Ha N6i). Theo khai trién Laplace theo hang, ta c6

A. (A = det(A).I.

Suy ra

det(A.(A")") = (det A)".
Mt khac ta cé det(A’)! = det A’ va det(A.(A)!) = det A. det(A)!. Do d6 két
hgp v6i det A = +1, ta thu dugc

det A" = (det A)" ! = 1.
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Bai 2.5 (HV Ky thuat Quéan su). a) Ta ¢
det (AA™") =1,det (4) € Z = det (A) = £1.

Ngudc lai

1 —r
— -1 _
det(A)=£1= A _det(A)A €Z.

b) Gia sl ngudc lai, ta 6 det (A + 57z F) = 0 hay —55 1a tri riéng, ttc 1a
nghiém PT

det (A — 2E) = (=1)"2" + (—=1)""Tr(A)z"! + ... + det(A) = 0
Mt khac da thitc hé sé nguyén, néu c6 nghiém hitu ti thi nghiém dé phai

nguyén, do do vo ly.

Bai 2.6 (DH M dia chAb).

z 0 0 0 1/n! z 0 0 0 1
-1 z 0 0 1/n! -1 z 0 0 1
lim 0 -2 x 0 1/n! ~ m i 0 -2 x 0 1 ~ him
N300 |4 v e vt e et e et e e e e n—ooo ! oo n—oo M!
0 0 0 r 1/n! 0 0 0 r 1
0 0 0 —n 1/n! 0 0 —n 1

Cong vao dong dau tit ca cac dong con lai, truée dé6 dong thit i nhan véi

e (i=2,3...,n+1). Khidé ta cé

x 0 0 0 Ry(x)
-1 =z 0 . 0 1
I — 0 2 x . 0 1 ’
0 0 T 1
0 0 0 -n 1

§d6 Ry(z) =1+a+ 2 + ... + 2,
Tir do suy ra

Két qua thu dudc:

1
lim —7, = lim R,(z) = €”.
n—oo 1! n—00
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Bai 2.7 (DH Ngoai thuong Ha N6i). Bang cach cong thém dong 2 vao dong
1; dong 3 vao dong 2; ... ; dong n vao dong n — 1 thi dinh thitc da cho khong
ddi. Do dé ta c6:

2 -1 41 --- £1 F1 1 1 0 0 --- 0 0
-1 2 -1 .-+ F1 +1 0 1 0 0 0
S o 0 1 1 0 0
det(A) - . X . . . — .
F1 +1 F1 -~ 2 -1 o o o o --- 1 1
+1 F1 +£1 -+ =1 2 +1 F1 1 F1 --- -1 2

Bay gi0 bing cach 14y cot 2 trit cot 1, két qua nhén duoc lai tiép 14y cot 3 tri
cot 2,...ct nhu vay ching ta nhan dudc:

1 0 0 --. 0 0
o 1 o0 -- 0 0
det(A)=| + + &+ . : o l=n+1l
o o o0 -- 1 0
+1 F¥2 £3 -+ —n+1 n+1
T —a a
Bai 2.8 (DH Ngoai thuong Ha Noi). a. Taco: Ay =| —b x —a | =2a°—
b —-b =z
3abx + a?b + ab?
b. Ta ¢o:
x —a a (-D)"a (=D
—b T —a (_1>n+1a _1 n+2
b b . )2, (1)
N ()"0 (<)
(=)0 (=D (-=1)"b - T —a
(_1)n+1 b (_1)n+2 b (_1>TL+3 b . —b T
T T —a 0 0 0 0
—b r—b z—a 0 0 0
b 0 r—b x—a --- 0 0
(=1)"b 0 0 0 -~ z—=b z—a
(-D)"'y 0 0 0 - 0 z—b

=(z=b) Ay +b(z—a)"

n—1
V6i Ay =znén A, =(x—0"+b> (x—0)"""(x—a)F Vnez.
k=0
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Rt gon biéu thitc ta dudc:

a(z—0)"—b(x—a)"
a—>b

Véia=bthiA, =(z—a)" " (z+(n—1)a)

Véia #bthi A, =

Bai 2.9 (Trudng si quan Khong quéan). bat D,, = det(B) trong do

2cos o 1 0 0... 0 0
1 2cosa 1 0... 0 0
B 0 1 2cosa 1... 0 0
0 0 0 0... 2cos« 1
0 0 0 0... 1 2cos

Tinh D,, b%”lng cach khai f[rié’n theo hang 1 ta dudc D,, = 2cosaD,,_y — D, _s.
Tt do ta suy ra D, = w Bay gio, tinh z,, bang cach khai trién theo

hang 1, ta dudc z,, = cosaD,_; — D,,_,. Do do,

sinna sin(n — 1)«
Tp = COS Qr— — , = cosna.
sin « sin «

3 HE PHUONG TRINH TUYEN TINH

Bai 3.1 (PH Kién Trtic Ha N6i). Hé phuong trinh dudc viét lai nhu sau:

(2a11 — 1)1 + 2a1072 + « -+ + 2a1,2, = 0
22CL21£C1 + (226122 — 1)33'2 + e 4 22612”.%'” =0

2"ap 11 + 2oy + - -+ (2", — 1)z, =0

Goi A, 12 ma trin hé sb ctia hé phuong trinh.

Do cac phin ti trén dudng chéo chinh clia ma trin A, déu chia 2 du 1, cac
phan t& ndm ngoai dudng chéo chinh cta A,, déu chia hét cho 2 nén ta suy
ra dinh thttc clia ma tran A, clung tinh chan 1é vé6i dinh thitc cta ma tran
don vi I,,. Mt khéac ta 6 det(I,,) = 112 s6 18, do d6 det(A,,) ciing 1a mét sb
nguyén 1¢é, do vy det(A4,,) # 0. Tu d6 suy ra hé phuong trinh da cho chi ¢
nghiém tam thudng.

Bai 3.2 (HV Ky thudt Quén su). a) D& théy nghiém (1) 1a nghiém (2).
Ngudc lai, gia st « 1a nghiém (2), ta c6 (A+ A% + ... + A7 4 A21) ¢ =
(E+ A+ ..+ A*7) Az = 0, nhung dé thay F + A+ ... + A2 = (E — A)™"
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la ma trin kha nghich nén Az = 0.
b) Ta c6 hé (1) va (2) c6 cung khong gian nghiém. Gia st dim(N) = r thi
rank(A) = rank(A+ A> + ...+ A2y =n —r

Bai 3.3 (DH Su pham Ky thuét Vinh Long). Ta ¢6

20172017 20172017 20182018 20172017 2 2 3 2
Log | 20172017 20162016 20192019 20162016 | moas | 2 1 4 1
U1 20192019 20152015 20182018 20172017 | — ““*| 4 0 3 2
20202020 20162016 20202020 20192019 010 4

— 46 "<

Suy ra

20172017 20172017 20182018 20172017
det 20172017 20162016 20192019 20162016 20
1 20192019 20152015 20182018 20172017 '

20202020 20162016 20202020 20192019
Viy hé c6 nghiém duy nhét 1a nghiém tdm thudng (0, 0, 0, 0).

Bai 3.4 (DH T4y Béc). Goi D la dinh thtic ctia ma trdn hé s ctia hé phuong
trinh da cho. Ta co:

aq 1 1 1
1 e 101
D=1y 4 as 1
1 1 1 a4

Ly cac dong i(i = 2,3,4) trit di dong 1 rdi dua cac nhan ti chung (1 — ;) 6
cot thi(i = 1,2, 3,4) ra ngoai thi dugc:

a1l 1 1 1
4 l1—ay 1—a2 1—as l—ay

1 -1 0 0
D=][0-a) 1 0 -1 0

1 0 0 -1

Cong tat ca cac cot vao cot 1 thi dugc:

4
al 2 : 1 1 1 1
1—a1 + — 1—a; 1—as l—as 1—ay
1=

D:H(l—az)

0 -1 0 0
i=1 0 0 -1 0
0 0 0 -1

=—JJ-a) (1i1a1+21—1ai)

=1
<0
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Vay hé phuong trinh dé cho c6 duy nhét nghiém tAm thudng.

4 KHONG GIAN VEC TO VA ANH XA TUYEN TINH

Bai 4.1 (PH Giao théng VAn tai). Anh xa f da cho c6 thé mé ta duéi dang
ma trin f(z) = Ax v6i z & dang cbt va

00 1
A=12 1 =2
1 0 O
Tinh toan truc tiép ching ta c6
00 1 00 1 1 00
AA=[21 -2](|21 =2|=[|010
10 O 10 0 0 01

hay la A% = I. )
St dung A2 = I ta c6 bién d6i

f(—uk + Uk-i—l) =3u, & A(—Uk + uk+1) =3ur & —up+ upy = 3Auy.

Nhu Véy Uk+1 = (I + ?)A)Uk va ta Suy ra ugpig = (I + 314)201871,0
Ta c6

2018
(I+3A4)"18 =3 " Cf 30 AF
k=0
= (Cop1s + 32Clpig + ... + 37°Co01) T
+ (3Co05 + 3302018 +.. +32TCH A
C(14+3)28 (1 3)2018 (14 3)218 _ (1 — 3)2018

I+ A
2 2
42018 22018 42018 _ 22018
= * I+ A
2 2
E+1 0 k-1
=207 [ 9k — 2 2k —2k+2
E—1 0 k+1
v6i k = 22018 T{t d6 ta thu dudc
E+1 0 k-1 1 2k — 1

Usg = ([+3A)*Buy =221 | 2k —2 2k —2k+2 ] | 2] =2%® 2
k-1 0 k+1 ) \3 2% + 1
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Bai 4.2 (DPH Quy Nhon). a) Taco detT = (—1)"¢y...cppavaT" =c;...c,l.
b) Theo Cau a), ¢ la dealng chu.

Bai 4.3 (Truong si quan Khoéng quén). Gia su A la gia tri riéng ctia o), tic la
tn tai véc t6 v £ 0 sao cho o (v) = Av. Khi dd, ta cd vp(1(v)) = ¢(pp(v)) =
Ap(v). Do d6, néu ¢ (v) # 0 thi A 14 gia tri riéng ctia 1. Trong trudng hop
YP(v) = 0 thi py(v) = p(1(v)) = 0. Do vay, tit py(v) = A vav # 0, ta thu
dude A = 0. biéu nay ndi 1én rang det(BA) = 0 trong d6 A, B 1a ma tran
biéu dién ctia ¢ va ¢. Mit khac 0 = det(BA) = det(B).det(A) = det(AB). Do
viy A = 0 cling 1a gia tri riéng ctia AB va suy ra A = 0 la gia tri riéng ctia .
Piéu ngudc lai dugc 14p lun tuong tu.

Bai 4.4 (DH Su pham Ha No6i 2). Xét cac ma trn c6 dang
— Cacmatrandang £y, — E;;,i = 2,...,n ¢c0 By, — E;; = BBy — Eq Ey;.
Do db Fy; — Ei;,i = 2, ...,n nam trong S.
— Cacma tran dang Fj;,i # k c0 Ey, = By Ey,— E1.E;. Dodo Ey., i # k
nam trong S.
Do d6 S chita hé gdbm (n — 1) + n(n — 1) = n® — 1 ma trin dbc 1ap tuyén tinh
(cAn chiing minh tinh chit déc 1ap tuyén tinh).
Mat khac moi ma trAn M thudc S dudc sinh bdi cac ma trdn dang AB — BA,
véi cac A, B € Mat(n, K) nén tr(M) = 0. Do d6 I,, khéng nam trong S, vi vy
dimS < n? — 1. Két hop trén ta ¢6 dim$ = n? — 1.
Ki hiéu ZT(n) 14 tip cac ma trdn vudng cip n c6 vét bang khong. Tit nhan
xét trén ta c6 S C ZT'(n), két hop véi dim(ZT'(n)) < n? — 1 ta cb ngay rang
S chinh 13 tp cic ma trin c6 vét bing khéng.

Bai 4.5 (DH Su pham Ha Noi 2). Xét mot quan hé tuyén tinh gifta hitu han
cac phan t cta tap fo, f1, fo, ..., chang han:

O fry oo Fapfn, =000, .,0 €ERL

Khong mét tinh téng quat, ta gia stt n; < n, < ... < n,.Ta ching minh quy
naptheoplaa; =... =a, =0.

Khi p = 1, néu oy # 0 thi vé trai 1a mét da thitc bic ding bing n,, nén né
khoéng thé bang da thitc 0. V6 li. VAy a; = 0.

Gia sit khang dinh ding véi p — 1. Xét trudng hop p da thiic. Néu o, # 0 thi
1 fny + ... + apfy, la da thitc bac dung bang n,. Do d6 né khac 0. Vb 1i. Vay
ap, = 0.

Theo gia thiét quy nap, ta cé a, f,, + ... + pfn, =0thiog = ... =a, =0.
Vay hé da cho doc lap tuyén tinh.
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5 GIA TRI RIENG VA VEC TO RIENG

Bai 5.1 (HV Ky thuét Quén su). Goi A 1a ma tridn ctia mot toan tl trong co sé
nao dé. D& thay )\, 1a nghiém don da thitc dic trung thi (ing véi né c6 diing
1 vector riéng e;, b6 sung e, .., e, thanh co sd méi khéng gian. Trong co sé
mdi nay ta co

)\0 blg bln
y 0 bay ... by
0 bu2 ... bun
Khi dé B
rank (A — MNE) = rank (A —X\E) =n—1
vi
bas — Ao ... ban
#0
bn2 bTLn*AO

do )¢ la nghiém don phuong trinh dac trung.

Bai 5.2 (bH Mo dia chét) Vi ma trin ddi xiing nén tt ca cc gia tri riéng
cua né déu 1a thuec. Tong tAt ca cac phan td trén du’0ng cheo cla ma tran la
so dudng va bing téng tat ca cac g1a tri rleng ctia no - vét cia ma tran. Vi
vét bat bién qua phép bién d6i co sé nén tong tAt ca cac gia tri riéng la sb
dlIOng Vi vy trong tat ca cac gia tri riéng clia ma trin da cho c6 it nhit mot
gia tri riéng la duong.

Bai 5.3 (PH Quy Nhon). Gid st A c6 k gia tri riéng phan biét Ay, ..., A\s. Ap
dung phép ndi suy Lagrange, ton tai mot da thiic p sao cho p();) = \; véi
moii = 1,...,k. Suyra Ufp(A)U = p(D), véi p(D) 1a ma trdn dudng chéo
v6i cac phan tit chéo 1a mot trong cac p(\;) = \i. Do d6 p(D) = D¥. Suy ra
p(A) = AH.

Bai 5.4 (DH Su pham Ky thuit Hung Yén). Gia st ) la gia tri riéng va v =
(v1, V2, ..., v,)t # (0,0, ...,0)" 1a vector riéng tuong tng. Ta c6

27)1 — V2
—v1 + 21)2 — U3
—Ug + 21)3 — U4

AU: ... ’

—Up—2 + 2Un71 — Un
—Up—1+ 2Un

<Av, U> = (20} — v1va) + (—v1v + 205 — vovz) + - -

4+ (—Vp—gUn_1 + 202 _| — Up_10y) + (—VUp_1vn + 203)
:U%‘i‘(vl_02)24‘(@2—U3)2+"'+(Un71—’l}n)2—|—vi > 0.
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Mat khac <Av,v> = <)\v,v> = )\<v,v> = Av||’, ma ||v]|* = (v} +0vi+---+
v2)2 >0,
Dodosuyra A >0

Bai 5.5 (DH Ty Bic). a) Ta co:

~1-A -3 0
A—X|=| =3 2=X 1 |=@14+NB+NE-2A).
0 1 —1-2X

Suyra Aco3giatririéngla\ = —1; A= —3; A = 4.
b) Néu ) 1a tri riéng ctia A thi |A — A\I| = 0 suy ra:

A" = X"T| = |[(A = AT)(A™ 4 XA 4+ 4+ A1)
= [A—=MN||A" XA+ N
=0.

VAy \" 1a tri riéng cta A".
c) Do —1 la tri riéng cia A nén (—1)?%13 1a tri riéng ctia A?13 vay

‘A2013 + ]| {A2013 ( 1)2013]| =0
Suy ra
|A4—|—A2017| — ‘A4| ) |A2013 _|_I‘ = 0.

6 DA THUC

Bai 6.1 (DH Giao théng VAn tai). Tit gid thiét ta suy ra P(z) ¢6 biéu dién
duéi dang P(z) = O‘H T —a;). Twddtaco Pla)) =« - (a; — a1). Theo gia
thiét ta c6 v6i mbi i 22 12 =

0<a;—a =2a; —2b— (a; — az) — (a1 + ag — 2b) < 2(a; — b).

Nhu vay

[P(0)| = [b— a1 H b — ai
> |b—ai H —a1) =27 Vb — ay||P'(a))]

Tit d6 ta thu dugde diéu phai chiing minh.
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Bai 6.2 (PH Kién Triic Ha Néi). a) Bude 1: Chitng minh hé B, d6c 1ap tuyén
tinh.

Buée 2: Hé B, c6 n + 1 phin ti bang véi s6 chiéu cia khong gian P,[z].

Tl d6 suy ra B, la moét co sé cua P,[z].

b) Ta co:

(@=0)f=(([a=b)+(z—a))' =) Cf'a=b)*"(z—a)"

Do dé: ma tran chuyén co sé tit ¢ sé B, sang co sé B, 1a:

) COa—b) CYa—b)? - Ca— b
0 oh Ci(a—b) -+ Clla—b)n!
0 0 C? s C2(a —b)n?
0 0 0 cr

n

Bai 6.3 (DH Kién Trtic Ha Néi). Xét da thiic Q(z) = P(z) — x ¢6 béc 2018.

Ta co:
1 1 2017

= - — —1) =
Q) =555 <0 Q- =575 30~

Suy ra: Q(—1).Q(0) < 0. Mit khac Q(z) 1a ham s6 lién tuc trén doan [—1; 0]
nén theo dinh ly Rolle, phuong trinh Q(z) = 0 ¢6 nghiém z; € (—1;0).

Ta co: Q(z) = (x — x1).H(x), trong d6 H(z) la mot da thiic co bac 2017 la
mot sb 18.

Chitng minh: H(z) = 0 c6 it nhat mot nghiém .

V6i i = 1;2, ta cé: Q(x;) =0, suy ra: P(x;) = z;. Do do:

0.

Véy phuong trinh P(P(z)) = z c6 it nhit 2 nghiém 13 z,; z,.

Bai 6.4 (DH Ky thuat Hau can Coéng an Nhén dan). Dit P(z) = a(x — 1) (2 —
xg)...(x — x,),a # 0. Taco
1 1 1
P'(z) = P(x) + 4ot

T—r1 X — Ty Tr— X,

) (I 7£ Ty, T, "')xn>‘

Theo dinh ly Rolle tdn tai y1, yo, ..., Yn_1
maz <y <To<Yo<..<Tpo1<Yn1<Tn

d€ P'(y1) = P'(y2) = -+ = P'(ya1) = 0.
Nhung P(y;) #0,(i = 1,2,...,n — 1) nén
1 1 1

4 4+ 4 =0,(i=1,2,...,n—1),

Yi— 21 Yi— L2 Yi — Tn



6. DA THUC 101

suy ra

7
L
3

ni[yl TR ]zo, hay

= Wi T Y 22 Yi — Tn

-
Il
—
e
I
—

Ta lai ¢6 P'(z) = na(x — y1)(x — y2)...(x — yn_1), Nén

1 1 1
P'(x) = P'a)|[——+ ot | @ 1Y ).
=y T—Y2 L = Yn—1
Do do
n //(ZBk) n 1 1 1 n n—1 1
ZP’ - [ + +"'+—]: =0.
— Plxr) “=lov—y o —wp T —Yord = w -y
Bai 6.5 (HV Ky thuat Quan su).  — Khoéng gidm tinh tong quat, gia st
a, = 1.

— Ap dung dinh Iy Viet ta ¢6 (z) + 2o + ... +2,)> = a2, = 1, S wyz; =
4o, 1<)
Dodo0<ai+..4+22= @142+ ...+3,)* —2> zw; =1—2a,_,

i<y
nhén dudc a, o = —1vax? + ..+ 22 =3.

— Tu3=2?+..+22>ni/(r,..2,)? = n, nhln dugc n < 3.
—n=1Plx)=c+£1.
—n=2,Px)==x(x*+tz—-1).
—n=3,Plx)==x=*—2*—12+1), P(x) = (2> + 2> —z —1).

Bai 6.6 (DH M4 dia chit). Gia st phuong trinh ctia dudng thiang 13 y = ax+b.
Khi d6 z; 1a nghiém cta phuong trinh

20 + 72° + (3 — a)x — (5+b) = 0.

Theo dinh 1y Viet téng cac nghiém bang —1, va trung binh céng cta chiing
bang —I. Vay ddp anl1a — L.

Bai 6.7 (DH M4 dia chét). D&y 1a
28 = 2% + 2.

Tu d6 ap dung dinh ly Viet co6

Zx?z <Zl’i>2_22$ixj+zxi:0+0_0:0.
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Bai 6.8 (PH Quy Nhon). Viét p(z) = a [/, (z — 2;), a € R va dit
pr(x) = aH(m —z;), k=1,...,n
jk
Khi do6 p/(z) = > 7, pr(x) va (x — z4)pr(z) = p(x) véimoi k = 1,...,n. Suy

ra p'(z;) = p;(x;)(# 0) v6i moi j.
Cuoi cung, xét da thic

F(@:—HZ%

c6 bac n — 1 vGi hé s6 cao nhat 13 (p,él) + ... p/(}ﬂ )> . Hon nita ta ¢ thé
kiém tra cac z1,...,x, 12 nghiém cla F(z) va do dé6 F(z) = 0. Suy ra két

qua.

Bai 6.9 (PH Quy Nhon). Viét f(x) = [[/_,(bex + ) v6i gia st b, > 0 (do
a, > 0) va ¢, > 0 (do da thtic c6 cac hé sb khong am nén khong thé cé
nghiém duong) va c6 nhiéu nhat mét ¢, bing 0.
Tinh

_n(n+1

Suy ra n < 4. Do f 1a khong 4m trén R nén nd c6 bac chin, n = 2, 4.

Trudng hop n = 4 khéng thé xay ra vi f(1) = 10 khéng thé viét thanh tich
clia 4 nhén t nhu vé phai dong nhét thic trén day.

V6i n = 2 : tu phén tich trén, f chi c6 hai dang f(z) = z(x + 2) va f(z) =
2(2x 4 1). Ca hai dang nay déu khéng thé khong 4m trén toan bd R.

Bai 6.10 (bDH Su pham Ha Néi 2). Tu gia thiét (1) suy ra néu z, 1a mét
nghiém thuc ctia P(z) thi ta ¢6 tt ca phan tit ctia day {z,} thda man: =, =
223 | + 1, 1,n=1,2,3,... ciing la nghiém ctia P(z).

Hon ntia, ta théy néuzy, >0thimg < 2y < 19 < -2, < Tpyp -+ VA néu
2o >0thizg > 2y > 20> 2 > Ty -+

Do d6 néu P(z) c6 mét nghiém thuc khac 0 thi né sé c6 v6 s6 nghiém thuc
phén biét. Ma theo gia thiét P(z) c6 bac n > 1 d4n dén méu thuln. Viy P(x)
khong c6 nghiém thuc khac 0.

Tiép theo ta di chitng minh P(0) # 0 v6i P(z) = apz" + a1z™* + - - - ap_1@ +
ap, ag 7 0.

That vay, gid st P(0) = 0 < a, = 0. Goi k 1a chi s6 16n nhit thdéa man
ar # 0. Khi d6 P(x).P(22%) = a22".2°" + - - - + a2 F .23 F) va P(223 + x) =
ap2".2%" + -+ ap.a”F. Tun —k > 0= 3(n—k) >n—knén theo (1) dong
nhét hé s6 ta ¢6 a; = 0(mAu thuin). Viy P(x) khong c6 nghiém thuc.
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Bai 6.11 (DH Su pham Ky thuét Vinh Long). Gia st P(z) = ag + a1x + ... +
apz"™ (a; nguyeén, a, # 0). bat

Q(z) =Pz +1) =by+ bz + ...+ bz" (b; nguyén).

re v o, 2017 A -2 2017
Boi vi P(m) =0 nén Q(m) = P(m) = (. Suy ra
—2 —2
by + b by (=,
0 b(ggpg) oo balggpg)" =0

tuong duong
bo.(2019)" + b1.(—2)(2019)" " + ... + b, (—2)" = 0.

Tit d6 suy ra by lélsck) chan. Mit khac by = Q(0) = P(1) = ag +ay + ... + ay.
Vay tong cac hé s6 clia P(z) khong thé bang 2019.

Bai 6.12 (PH Tay Bic). Ta c6 f'(z) = 5z* — 8z c6 ding 2 nghiém thuc 1a
r = 0;z = {/8/5nén f(z) co hai cuc tri la

£(0) =2 > 0: f(575) = L 2VIB

Tl d6 do tinh lién tuc cha f(x) suy ra f(x) c6 ding 3 nghiém thuc. Hon nita
f(=1) = =3; f(0) = 2; f(1) = —1; f(2) = 18 nén 3 nghiém thuc cta f(z)
tuong ting thudc cac khoang (—1 ) (0,1);(1,2).

Mit khac ta co

f(—2z) = —322° — 162% + 2 = —2(162° + 822 — 1) = —2¢g(z) (¥)

Suy ra g(r) cling c6 dung 3 nghiém thuc tuong ing thudc cac khoang (—1, —1/2);
(~1/2,0); (0,1/2).

Néu goi b 1a nghiém thuc nhé nhét clia g(z) thib € (—1,—-1/2) va g(b) =0
suy ra a = —2b € (1,2) hon nita tit dang thtic (*) ta c6 f(a) = f(—2b) =
—2¢(b) = 0 vy a 12 nghiém 16n nhit ctia f(z) va a + 2b = 0.

b) Ta co:

s (o) (- v2) (Ve )

21
=14+ —
+2a
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Suy ra « la nghiém cua da thic g(z) = 22° — 21z — 28.
Chia da thtic 22° — 22" — 2323 — 722 + 49z + 30 cho g(z) ta dugc:

20° — 22* — 232° — T2? + 497 + 30 = g(2)(2* —x — 1) + 2.
Suyra f(a) = 2° = 32.

7 TO HOP

Bai 7.1 (PH Giao théng VAn tai). Ung v6i mét cch cit ta danh sb cac doan
tit 1 dén 351. Ky hiéu sb thit tu cta cac doan 10m 13 a1, as, . . ., aigo, sO thit
tu clia doan 18m 13 a. D& thuc hién mét cach cit theo ding yéu cu ta thuc
hién theo cac budc.

Budc 1: chon gia tri cta a trong tap {1,2, .. 351}

Budc 2: chon moét tp con {ay, as, . . ., aig} cta 350 sb con lai.

Budc 3: cat cudn day theo thit tu da chon. Nhu véy sb cach cit cudn day 1a
n = 351C1%.

Bai 7.2 (DH Giao thong Van tai). Ky hiéu san hIOng cta cac xi nghiép la
X1, To, T3, Ty VA khong mét tinh tong quat ta gla SG 1y = X9 = X3 = Ly
Ky hiéu x5 la nhu cau nudc sinh hoat hang ngay ctia toan thanh pho. Néu
xi nghiép tht nhit dudc bdo dudng theo dinh ky thi luong nuée bi thiéu
hut la o; = 0,521 — 0,229 — 0,1523 — 0, 124. Tuong tu cac xi nghiép thi
2,3, 4 dugc bio dudng theo dinh ky thi lugng nudc bi thiéu hut tuong ting 1a
ay = 0,929 — 0,221 — 0,1523 — 0, 124; ag = 0,523 — 0,221 — 0, 1529 — 0, 124;
Qy = 0 51’4—0 21’1 —0 15%‘2—0 1]}3 TlII'l > T = T3 = Ty tasuyradu’dc
ap > ay > az > ay. Db chiéu véi gia thiét ta thu dugc day {a, a2, a3, ag}
chinh 14 {56, 14, —12, —36}. Tit d6 ta l4p dudc hé phuong trinh tuyén tinh

0,521 — 0,219 — 0, 1523 — 0, 124 = 56
—0,271 + 0,529 — 0, 1525 — 0, 1oy = 14

—0,27; — 0,152 + 0,523 — 0, Loy = —12
—0,22; — 0, 1529 — 0, Lzs + 0, 524 = —36

Giai hé theo phép kht Gauss ta thu dugc két qua: z; = 300, 2o = 240, 3 =
200, Ty = 160. Tur do ta tinh dUQC Ts =21+ To+ T3+ Ty = 900.

Ghi chil. Ta c6 thé gidi bai toan bang cach 14p hé phuong trinh tuyén tinh
(x1+x2+x3+x4—x5 =0

0,527 + 1,229 +1,1523 + 1,124 — x5 = —56

1,221 + 0,520 + 1, 1523 + 1, 1y — x5 = —14

1,227 + 1,152 4+ 0, 525 + 1, Loy — a5 = 12

1,221 + 11,1529 + 1,123 + 0,524 — x5 = 36
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Giai hé theo phép khit Gauss ta thu dudc két qua: z; = 300, 5 = 240, 3 =
200, x4 = 160, x5 = 900.

Bai 7.3 (PH Kién Trc Ha Nbi). 50 vién bi dugc chia 1am ba loai gbm: 16
vién bi ¢6 sb chia hét cho 3; 17 vién bi ¢6 sb chia 3 du 1 va 17 vién bi con lai
c6 sb chia 3 du 2.

Co6 hai trudng hop xay ra:

e 3 vién bi dugc chon cung mot loai, trong trudng hop nay co: C3; + C3, +
C%. = 1920 (cach).

e 3 vién bi dudc chon thudc ba loai khac nhau, trong trudng hop nay co:
Cls.CL,.Ct, = 4624 (cach).

VAy c6 tht ca: 1920 + 4624 = 6544 (cach).

Bai 7.4 (DH Kién Triic Ha Noi). Goi a,, 1 cach sap xép gi trai ciy théa man
dé bai va F(z) la ham sinh caa day a,,. Ta ¢

trong d6 f(z), g(z), h(x), k(z) tudng ung la ham sinh cho sb cach chon cac
loai qua 1, qua chuoi, qua 6i, qua budi.
Ta c6: ham sinh cho s6 cach chon qua 1é 1a:

1
flx)=1+2* 42+ = 3
Ham sinh cho s6 cach chon qua chudi 1a:
6, 12 1
gx)=1+2"+2 "+ = T
Ham sinh cho s6 cach chon qua 6i la:
hz)=1+z+2°+2°+2" +2° = 11__9;6.
Ham sinh cho s6 cach chon qua buéi la:
k(z) =1+ .
Do dé:
6 +o0
Flr) = - _1x2.1 _1x6,11 2 (1) = i —11;)2 = (k+ 1)
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Pang thtic cubi cling nhin dugc bang cach 14y dao ham hai vé dang thic
1 iy
>t
= X .
IR

Suy ra a,, = n + 1. VAy s cach sip xép gi6 trai ciy thda man dé bai la n + 1.

Bai 7.5 (DH Kién Triic Ha Néi). Ta chi cin chiing t6 tdn tai mot khoi cdu cb
ban kinh Ia 1 chUa it nhat 22 diém cta tap A.

G01 (Sl) 14 khdi ciu c6 tAm 1a diém Al, ban kinh R = 1 (k€ ca bién).

Néu tit ca cac diém A,;(i = 2;3;---;64) déu thubc (S;) thi ta c6 ngay diéu
phai chiing minh.

Xét truong hgp ton tai dlem cua tip hOp {Ag, Ag, A64} khéng thude khbi
ciu (S1), khong mét tinh tong quat ta co thé gia st diém dé 1a A,. Ta c6

A1Ay > 1.

Goi (S,) 12 khbi cAu c6 tAm 1 diém A, va ¢ ban kinh bang 1 (k€ ca bién).
Néu tit ca cac diém A;(i = 3;4;---;64) déu thudc khbi cau (S;) hodc khbi
cau (S,) thi theo nguyén l}'f Dirichle, ton tai mot trong hai khéi cau (S;) hodc
(S,) chtta it nhét 31 diém ctia tap A. Tl d6 ta thu dudc diéu phai chiing minh.
Xét trUOng hop ton tai diém cua tap hdp {As; Ay; - A64} khong thudc ca
hai khbi cau (51); (52). Khong mét tinh t6ng quat ta c6 thé gia st diém d6 1a
Aj. Khi d6 hién nhién ta cé:

A3A1 > 1,A3A2 > 1.

Goi (53) la khéi cAu c6 tAm 1a diém As va co ban kinh bﬁng 1 (k€ ca bién).
V6i bat ki i = 4:5;---:64, xét 4 di€m A;; Ay; Ay; A,. Theo gia thiét ton tai
2 diém trong 4 diém dé cé khodng cach khong vugt qua 1. Mit khac do
A1As; A1 As; AyAs > 1 nén ta suy ra: hodac A;A; < 1, hoac A;A, < 1, hoac
A;As < 1. Nghia la bat ki cac diém Ay As; -5 Aga déu thuoc it nhit mot
trong ba khél cau (5); (S2); (S3). Theo nguyen ly Dirichle, ton tai mét trong
ba khbi cau (SI) (SQ) (Ss) chita it nhat 21 diém clia tap {A4, As; oo Agat, va
do d6 khdi ciu nay sé chita it nhét 22 diém (bao gbm ca tdm clia khbi ciu
do6) cta tap A.



CAC BAI DE XUAT: GIAI TicH

1 DAY SO

Bai 1.1 (DH Giao thong van tai). Ta ¢ u,1 — u, = (u, — 1) > 0, Vn > 1.
Do d6 {u,} 1a diy sb ting. Theo gia thiét 0 < u; < 1. Gid st 0 < u; < 1. Khi
dé —1 < ug(up —1) <0va0 < ugry =1+ u,(u, — 1) < 1. Vay theo quy nap
tacd 0 < u, < 1 v6i moin > 1. Diy sb {u,} ting va bi chin trén nén ton tai
lim u, = o. Chuyén qua giéi han ta dudc o> — a4+ 1 = a <= o = 1. Mit

n—o0
khactaco 1 — upy1 = un(1l —uy), n = 1,2, ..., Truy hoi ta dude 1 — u, 4 =
Ut Uy (1 — uy). Vi vay

1- Un41

lim (uqusg...u,) = lim =0.

n—o00 n—oo 1 — uy

Bai 1.2 (DH Hang hai Viét Nam). Dit v, = (201822015 — ). Tt gid

a . -
5007 ° , do do6 day {y,}>>, bi

chan. Vay ton tai sb duong A sao cho |z,| < A véimoin = 1,2,...,2018 va
|yn| < A v6i moin > 1. Ta sé chtIng minh bang quy nap rang ¢ |z,,| < A véi
moi n > 17 (). Khang dinh (*) ro rang da dung véi n = 1,2,...,2018 do cach
chon sb A. Gia st khang dinh (*) d4 dtng v6i moi sb nguyen dlIOng n thoa
man 2018k + 1 < n < 2018(k + 1)(k > 0). Khi dé ta cé:

2017
thiét ta suy ra diy {y,}°>, hoi tu t6i gi6i han ——

2y + 2017y, 1 A+ 20174
< 42017y, |) < 220
018 | = 2018 (Fnl +2017lwnl) < —o5e

|96n+2018| = |

v6i moi sb nguyén duong n théa man 2018k + 1 < n < 2018(k + 1)(k > 0).
Nghia 13, néu khdng dinh (*) di diing v6i moi s6 nguyén duong n thdéa man
2018k + 1 < n < 2018(k + 1)(k > 0) thi khang dinh d6 ciing sé diing véi moi
s6 nguyén duong n thda mén :

2018(k + 1) + 1 < n < 2018(k + 2).

Vay liéing dinh (*) dudc chitng minh bang phép quy nap theo kh,(A)i.
bat lim(x,) = L, lim(z,) = I. T chiing minh trén ta suy ra cdc so L,/ la cac
soO thuc hitu han. Lay gi6i han trén va giéi han dudi cua dang thiec:

2y + 2017y,

Tn42018 = 2018
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ta thu dudc cac bat dang thtc sau:

_L+a I < a ; 12l+a<:> > (%)
2018 2017 2018 2017
Bdivi! < L nén tit cic bt ddng thic (**) tasuyra L = [ = m Vay day
a

{z,}>°, hoi tu va nh_}rgo Tn = o7

Bai 1.3 (DH Kién Trtic Ha Noi). Ta thiy z,, > a v6i moi n > 1 va ddy sb ting
{z,} 1a tdng ngét co lim x, = +00.

Néu m < 0 thi lim ﬁ = 400 hay diy sb { } phan ky.
n—oo NM
i

Xétm > 0.Ta thay, dé day sb { } c6 gidi han hitu han thi day s6 2 ¢6 giGi
n

1 2 5
han httu han. bat k = p Taco A = hm( ak o —ak) = nh—>n<;lO E( 5 + x%*k).

Khi do, ta co
0 néu0<k<§

A=1<6 néu k =

+00 néuk >

oy o

Theo dinh ly Stolz, ta ¢

1

—V010<m<§ hmxi:—i-oo
6n—>oon
—V(jlm—§ hme:G.
6n~>oon
5 o
— V6im > —, lim — = 0.
6n—>oon

Suy ra cac két qua dén ¥ a) va b).

Bai 1.4 (PH Quéng Binh). Ta thiy z, > z; va ham f(z) = \/2018z — 2017
tang trén [1; +oo0) do d6 day (z,,) tAng. Mét khac, r; < 2017, gia st x,, < 2017
thi ta co

V2018, — 2017 < v/2018.2017 — 2017 = 2017

hay z,, < 2017 tiic 1a day (x,,) bi chin. Do d6 ton tai lim z, = a € (1;2017].

n—oo

Qua gi¢i han dang thitc a,, = /2018, — 2017 ta c6 o = /2018a — 2017,
dan dén o = 2017.
Vay lim , = 2017.

n—oo
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Bai 1.5 (PH Qubc té). Néu day di cho va héitu va lim z, = [ thil2—I+a = 0.
n—oo

]- 4
Suyra1—4a20haya§Z.Khido

. 1—+v1—4a
lim z,, = ————

n—oo 2

Vay 0 < a <

| =

. .2 ) M 1 Ny
Ngudc lai, gia st rang 0 < a < 7 bé yrang z,, > a,Vn > 2.

Tacdéz, = 0,29 = a, 73 = a + a®. VAy

0< <1+1 L
1, %9, T -+ -==
1, 42,43 4 4 2
I ) 1 1 1
Glasuf:cn<§,kh1d0xn+1:a+xn<a+1<Z+Z:§.

. 1
Vayagxn<§; Vn € N.

Hon ntia,
Tyt —Tp=a+22 —(a+ 22 ) = (2p — Tp_1)(Tn + Tp_1)

Do z, > x1, bdng quy nap ., > &, Vn € N. Day da cho héi tu.
Khi do

) 1—+v1—4a

lm 2z, = ————

n—oo 2

Bai 1.6 (Truong Si quan Khong quin). Xét ham sb f(z) = In(1 + z) la ham
lién tuc trén [0; 1] do d6 f kha tich trén [0; 1], tdc la ton tai giéi han hitu han:

7};1120 Z AxyIn(1 + )
k=1
v6i moi hé phan diém 0 = 2y < z; < ... < z, = 1 va moi cach chon §;, €
[wk—1;21],1 < k < n. Do d6, bang cach chon z;, = £,6; = 2441,0 < k <n, ta
suy ra day w, = = >0 In(1 + £) hoi tu va

1
lim w,, :/ In(1+z)dr =2In2 -1
0

Bai 1.7 (Trudng ST quan Khong quan). Goi S, 13 tng sb tién thudng ma nha
dau tu A dugc hudng, T, 1a tong so6 tién thudng ma Hang X phai tra khi hé
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théng phat trién diy di dén cip n. Khi dé:

-1
S1=0 Z Fn>1.

k=1

Tong sb tién ma Hang X thu dudc clia cdc nha phan phdi la: N S 2k =
2" -1)N

Tong soO tién thudng ma Hang X phai tra khi hé thong phat trién day di dén
cap n la:

n—1
2riN 2r
T,=)Y 285, , = 2t 1~ 2r)"t —1
Z St = 1—27{ 51 ((21) )
1) Khir = 40%, N = 10 triéu ddng, hé théng day da dén cap 10 thi:
- S6 tién thudng ma nha phan phoi A dudc chia la:

9
S10=10Y (2r)" =40. [1 — (2r)°] ~ 34,63 triéu dong.
k=1

Tic la nha phan phéi A c6 13i khoang 24.630.000 dong.

- Téng sb tién ma cac nha phan phbi ndp cho Hang X la:

(210 — 1) 10 = 10 ty 230 triéu dong

- Téng sb tién ma Hang X phai tra thudng la:

2rN 9 2r
2 1-—

1_ o - ((2r)° = 1) | =5ty 75,4 triéu déng.

10 —

Véy s6 tién ma Hang X thu dudc sau khi trit chi phi hoa hong x4p xi:
5 ty 154,6 triéu déng

2) Khihé thong phat trién day dt dén cip 3 thi:
- 86 tién thUOng ma A dudc chia la: S3 = N 37 (2r)~.

- Nha phan phéi A bat dau c6 1ai khi 2 (1—(2r)%) > 1. Tt d6, ta
timra r > % ~ 31%.

3) Nha phén phéi A sé khéng bao git ¢6 14i khi:

lim S, <N & lim

(1—(2r)" 1) <1

n—o00 n—oco 1 — 2r
Ta co: )
2 néu r>50%
lim ——— (1— @) ) =4 20 ™ ’
n—oo 1 — 2r T néur<50%

1-2r
Ta do, xét truong hop r < 50% suy ra r < 25%.
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Bai 1.8 (CD Su pham Nam Dinh). (a) Ta ching minh w, > 2 (1) v6i moi

(b)

n € N* bang quy nap.

+ V6in =1, u; =3 > 2 (thda man)

+ Gid su (1) dung véi n = k thc 1a uy > 2.

Do d6 3uy, — 2 > 4. VAy up1 = /3up — 2 > 2.

Vay (1) dang v6i n = k + 1. Theo nguyén ly quy nap, (1) dung véi moi
n € N*.

Ta chitng minh w,; < u,, (2) v6i moi n € N* bang quy nap.

+ V6in =1: up = V7 < 3 = u; (thda man)

+ Gid su (2) dung v6i n = k tlc 1a up g < uy.

Do do Bup1 — 2 < 3up — 2 = Upro = /Bupyr — 2 < V3up — 2 = upyq
Vay (2) dang v6i n = k + 1. Theo nguyén ly quy nap, (2) dung véi moi
n € N*.

Viy day (u,) gidm va bi chin dudi béi 2. Do dé ton tai lim u, =z > 2.

n—-4o00

VI U1 = /3u, — 2. Chon — +oo 2 vé ta dugc:
r=v3r-222-32+2=0< 2 =1hodcz = 2.
Viz>2nénz=2va lim u, =2.

n—-+o00
14 14 2 gAY s, . . .2 2 ~
Ta c6 uy = v/3a —2,do dé a > 3 VAy w,, > 0 véi moi n. Gia su day {u,}

c6 gi6i han hitu han 13 «. D& thdy o = 1 hodc a = 2. Ta c6:

ui - ui—l = —(un—1 — 1)(up-1 — 2), (10)
u? —1=3(u,_1 —1) (11)

va
u? —4 = 3(u,_1 —2) (12)

Xét cac trudng hop:

(@) Nbua=1thiu, =1 suy ra lim,, o u, = 1.

(b) Néua =2thiu, =2 suy ra lim,, o u,, = 2.

() Néu 1 < a < 2 thi t cdc dfmg thtac (10), (11) va (12) ta suy
ra dudc u,, > u, 1 va u, € (1,2). Trong truong hgp nay ta dudc
lim,,_, 0 4, = 2. Théa man.

(d) Néu a > 2 thi tl cac daalng thac (10), (11) va (12) ta suy ra dudc
Uy < Up_1 VA u, > 2. Trong trudng hgp nay ta dudc lim,,_,o u, = 2.
Théa man.

(e) Néu % < a < 1thitucac daamg thac (10), (11) va (12) ta suy ra dudc

Uy < Up_1 VA u, < 1. Trong trudng hgp nay ta dudc lim,, o u,, = 1.
Khéng théa man vi u,, 1a day giam va bi chdn dudi béi 0.
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VAy a > 1 thda mén yéu ciu dau bai.
Bai 1.9 (PH Su pham Ky thuéat Vinh Long). Tt hé thitc da cho, ta c6:

2
Un

Untl ~ Un = o0 (n=1,2,..)
Hay
uzl = 2018 (uin - u;l) (n=1,2,.), (1)
Suy ra

l=u <us <ug < - <up < Upypy---
hay day {u,} da cho la day don diéu tang.

Gia st diy {u,} bi chin trén. Khi dé diy {u,} ton tai gi6i han hitu han.
lim u,=a (a>1)

n—-+oo
w2
Tt
U Uy = 2018+un suy ra
I I .
1m Uy, 1m n
ntpee T LA\ 2018 T
2
Hay a = +a.Suyraa=0 (Volivia > 1).

2018
Vay day {u,} khong bi chan trén, va {u,} la day tang.

) 1
Suyra lim w, =4o0c0= lim — =0
n—-+oo n—-+oo Unp,

Do doé

n : 1
lim (ﬂ+@+--.+ 4 ):hm2018<1— >:2018.
n—00 \ U9 Us Up41 Nn—00 Un+1
Bai 1.10 (PH Téy Bic). a) Khi a = 0, dé théy

n

k+n
lim — | = lim In(1

1a giéi han clia téng Riemann ctia ham lién tuc f(z) = In(1 + z) trén doan
0,1] va ta dudc

1
JLHSOHZm(H ):/ In(1 4 z)dz = 2In2 — 1.

0
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b) V6i o > 0, cung véi a), ta c6 danh gia

n

1 k+n RS k
i 3o (5 e ) = Jim 3 (14 )

R k
ZE&E%?“O*E)

—2n2 -1

Mit khac, do lim ¢, = 0 nén v6i moi ¢ > 0 cho trudc, tOn tai ny sao cho

n—o0

Vn > ng ta o as, < . Khi do

Tuy nhién, vé phai ctia bit ding thitc trén 13 giéi han clia téng Riemann cta
ham lién tuc In(1 4 = + ¢) trén [0, 1] nén ta co

n

1 k !
lim =) In(1+2 = [ In(1 d
i S (1 ) = [T s

k=1
14€
:/ In(1 + z)dz
—21n(2+¢) — (1+¢)
—2In2-1

khi e — 0. Tit d6 do £ > 0 tuy y nén ta dudc

n

1 k
nh_)rgoﬁ;ln (%jtasn) =2In2-—1.

2 CHUOI sO

Bai 2.1 (DH Giao thong van tai). Xét hai chudi hoi tu

1 1 1
—EtEtE T
Mit khac
1 1 1
Peatetet
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14 1 \ \
TacoY:?XvaS:XJrY:nga

41 1 1 4
4 ) =-(X-Y
3(13 33 ) 3 )

46
37
Bai 2.2 (DH Hang hai Viét Nam). Dat
0 xSn—Q l,?m—l
= — 13
/(@) ;{Sn—2 3n—1} (13)
3n72 [e%e) l.?mfl .
Dé thay cac chubi liy thita Z 5 va y 3 c6 ban kinh héi tu bang
— nel n —

1 nén ham f xac dinh trong khoang (=1,1) . Theo tinh chit cta chudi lity
thua ta 6

' - e e x 1
f(x):;[x?’ 3 g3 Zx?m?) x2x3”3 1_x3 gk e

v6imoi z € (—1,1). Do d6

fle)=1 /f /1+(ft+t2’

v6i moi x € (—1,1). Tir do6 ta co

1

iim /(o) = [ 7

1 1+t+¢t2
0
hay
e
li = 14
lim f() 373 (14)

Ta chitng minh chudi & vé phai ctia (13) héi tu déu trén doan [0, 1]. That vay,
v6iz € [0,1] ta cd

x3n72 ‘,L,Snfl

3n—2 3n—1|

23 2[3n — 1 — (3n — 2)x]
(3n —1)(3n — 2) ’

do do6 ap dung beflt dang thitc Cauchy cho 3n— 1 sb khéng 4m, trong dé 3n—2
sO bang = va 1 s0 bang 3n — 1 — (3n — 2)x ta dudc

(Bn—2)z+[3n—1— (3n—2)z]]>"
{ 3n—1 B 1
(3n —1)(3n —2) T Bn-1(@Bn-2)
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1 A A oA A . 7
Ma chubi Z hoi tu, nén theo tiéu chuan Weierstrass ta co
" (3n —1)(3n — 2)

diéu phai chung minh. Tt d6 suy ra ham f lién tuc trén doan [0, 1] nhu la
tong cta chuoi hoi tu déu ctia cadc ham lién tuc. Ta suy ra

lim f(x i (15)

T1- n—l )(3n —2)

n=1

Tur (14) va (15) ta dudc

> ™
Z (3n—1) 3n—2) 33

n=1
a+1

, t€R.
a+1

Bai 2.3 (PH Su pham K§ thuit Hung Yén). Xét ham s f(t) =

Ham nay kha vi lién tuc trén R. )

Ap dung dinh ly Lagrange cho f(¢) trén moi doan [k — 1, k|, k € N ta dugc
kOé+1 (k‘ _ 1>a+1
a+1 a+1

Chayrang (k—1)* <n* < k*taco

ka+1 (/ﬂ _ 1)a+1

a+1 a+1

=n* ne(k—1k).

(k—1)*< <k~

Cho k chay tit 1 dén n va cdng lai ta dugc

n

> (k—1)°

k=1

Tt day dé dang suy ra
1 <1a+20‘—|—"-+n0‘< 1 +1
a+1 notl a+1l n

Dén day stt dung dinh ly "kep" vé gii han ta dugc

) 1 +2%4+ ...+ n® 1
lim = .
n—so0 na+l a+1

Bai 2.4 (DH Ty Bic). a) Tu gia thiét ta suy ra u, > 0,¥n € N va v6i moi

n € Ntacod
2

u . nu,, N Up4+1 Nuy,
T (n+ Dun | un 1+ (n+ Duy,
Yntl (14 (n+ 1uy,] = nu,
Yntl + (n + Dy = nuy,
Unp
un+1

=nu, — (n+ 1)u,.
Unp,
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Tir day ldy t6ng hai vé ding thitc cubi cting ta nhan dude v6i moi k > 1

k

Z Untl _ + Z nuy, — (n 4 1))

n=0

= — —|— 1.U1 — (k) —|— 1)uk+1
Ug
= 2019 — (k4 Dugps.

k
o , A /. . ’ u Y \
Mat khac do w1 > 0 nén véi moi k > 1taco > "t < 9019. Didu nay

n=0 Un

chiing t4 chudi s6 duong da cho cé téng riéng bi chin trén (bdi 2019) nén
chuoi 1a hoi tu.

. X. A XU s A& 2 L, U
b) Theo a) vi chu6i so duong > 1 héi tu nén s hang téng quat —"

n=0 Un n

—0

khi n — co. Tt d6 suy ra ton tai ng € N sao cho véi moi n > n, ta déu c6

U 1 A A, o1 R S e .U 1 NP
"+l < 2. Khéng mét tinh t6ng quat c6 thé coi — < =, Vn > 0. Tt d6 véi
U, 2 Uy, 2

moi n ta co

Uy Up—1 Uy 11 1 1
Uu = s —UN N —— e _ = —,
" Ui Up_y w22 2 27

Suy ra nu, < 2— Tuy nhién ta biét (dé chitng minh dudc) rang lim oy

n—oo 2N
nén nu, — 0 khi n — oco. Tit day va biéu dién & trén ta dudc

[e%9) k

S i YT < 1im (2019 — (K + Dugs] = 2019,

U k—o0 u k—o0
n=0 n n=0 n

VAy chubi c¢6 téng bang 2019.

3 HAM SO

Bai 3.1 (PH Bach khoa Thanh phb HCM). Ti gia thuyét suy ra day {f(n)}

tangva f(n) > f(1) =a > 0,Yn € N. Néu lim f(n) = ¢ < +oo thi tu ii) suy

ra { = 2018(> + ( = ¢ = 0 (mau thuan). Vay lim f(n) = +oo. Mt khac,
n—oo

f(k +1) = 2018(f(K))* + f(k) = 2018(f(k))* = f(k + 1) — f(k)
L OISR f+D = fR)  fR) 1 ( 1 )
fR)f(k+1)  f(k)f(k+1) f(k+1) 2018 \ f(k) f(k+1)
Tir do suy ra

ORI fin) 1 11 R
ORI CES) 2018[(]”(1) f(2))+(f(2) f(3)>+"'+
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" (f(ln) - f(n1+ 1)>} - ﬁ (% N m) = 2018&

Bai 3.2 (DH Hang hai Viét Nam). Ta ¢

2Tlaz; = P#0(0). (16)
RO rang
1 — 210\
P(z) = < . & ) = (1= 62"+ 152* — 202™ + 152" — 62 + 2%) (1—2)~°
— X
nén theo cong thiic Leibniz
P (z Z C (1 — 62" + 1522 — 202 + 152% — 62°° + 2%) ¥ [(1 — 2)6]®.
Hay
P (x Z CE, (1= 62" + 1522 — 202% + 152% — 627 + %) 7Y (k)
27 51(1 — x)(k+6)
(17)

Gia tri tai # = 0 clia biéu thitc
@) = (1= 6210 4 152%0 — 202 + 152 — 62°° 4 25) “™Y

bing tich ctia (27 — k)! v6i hé sb ctia 2™ cla 1 — 6210 + 15220 — 2023 +
1524 — 62°° 4 2% nén

— V6i 27 — k:()(:)k:—27tacéf27()

— V6i27T— k=10 k=17tacd f17(0) = 10'( 6).

— V6i27T— k=20 k="Ttaco f;(0) = 20!15.

— V6i cac truong hgp khac ctia k,0 < k < 27, ta ¢d: f1,(0) = 0.
DE y rang gia tri tai = 0 ctia biéu thiic

(k45 ) _ o

grlr) = =,
thoa man
,. , 32!
— V6i k = 27 ta c6 go7(0) = SR
29!

— Vi k =17taco g17(0> = H
» , 120"
— V6i k =T7taco g;(0) = B
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Tit d6 va (17) suy ra

32! 22! 12!

PED(0) = CF == = + Cyr 101(—6) = = + C3,.20115. =
271321 27122 271 12!
= PE7(0 — 6+ 15—
O =575 Stma T

Tur do va (16) suy ra

391 991 19!
_ 6 15.
21 = 5ois1 07751 T 0 Tl

= ay; = C3, — 605, + 1503,

Hay a7 = 995252.

Bai 3.3 (DH Ngoai thuong Ha Néi). Ta c6: f(z) = f(0) + zf'(0) + z%0(z) =
z f'(0) + z%o(x). Do do:

k
k=1 k=1 n k=1 k=1 <*)
— LG 4 S8 [0 ()] = L2 1 3 o ()]
k=1 k=1
R A (0 1), ... (0 e )
Hién nhién: % c6 gidi han / ; ) Hon ntta: V6i moi € > 0 chon n du
n
k k
16n th1 — < 1 dubésaocho |o(—)| <¢
n
~[k [k [k n+1
—o | — < —e| = <
3 [ ()] < S [ -5t

7 " k 7 . 7. . <A A \
Do d6 Y [—20 (%)} c6 gi6i han 0 khi ntién v6 cling.
k=1 LT

Vay tu (¥) ta ¢ két qua la

nEffme(k) 10

Bai 3.4 (Hoc vién Phong khong Khéng quéan). a) Mot tap A € R™ dudc goi
13 tp compact néu moi day {z,} C A déu c6 mét diy con {zn, } hoi tu dén
mot giGi han thudc A.

Xét

A={n—-1:n>2} B:{l—n:nZQ}.
n
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Khi d6, A va B la cac tdp dong. Ta co

X—A:(—oo,l)UG(n,n—l—l)

n=1

la thp mé do A dong. Tuong tu, ta cling ¢o

> 1 1 3
X —-B= —n—1—-—n)Uul-=
Ut n)u(5e)

cling 1a tip mé do B dong. Nhung

2e¢ A 4 \ ~ 1_ P .7
khong phai tap dong vi day z, = T AL B gi6ihan —1 ¢ A+ B.
n

b) Néu A 1 tip compact va f 13 ham lién tuc thi f(A) 13 tdp compact. Ta sé
chitng minh khéng dinh nay.

Xét day {y,} 1a diy cac phan t& bat ky trong f(A). V6i mbi n € N, ton tai
x, € A sao cho y, = f(x,). Vi A la tap compact nén day {z,} C A chta
mot day con {z,,} sao cho z,, — a € A. Do f lién tuc tai « nén ta co6
F(n,) — f(a) € A. Dt y,, = f(rs,). Nnu viy, ddy {y.} C f(A) chita mét
day con {y,, } hi tu dén f(a) € f(A) nén f(A) la tip compact.

N e JUN \ A A A \ .2 A ’ 1
Bai 3.5 (Hoc vién Phong khong Khong quan). Tt gia thiét, ta cod a <

n < b v6i moi n.

. 1

1 , ,
———~ — n p tang. Do do, ta co
In(1+1)

i R N -
min |a — b| = m1n<1n(1+%) n>+sup(1n(1+%) n)

— 2 v6i x > 1 thi dé thly f ting. Suy ra day

In (1+1)
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St dung quy tac L Hospital thi

) 1 ) 1 1 1
llm —1—77, :hm —_— Y — — = —.

1 1 3 1
Do do, mi =1 — 4 - ==_ -
0 d6, min |a — b M2 72°3 2

Bai 3.6 (PH Quéng Binh). Ham g(z) = ¢*"*"* f(z) théa mén dinh Ii Rolle,
nén ton tai x,, € (a;b) thda ¢'(z,) = 0. Taco

g(x) = —2018f(x) + f'(x)e 2018ne,

Do d6 2018 = lim )

n—00 snon f(zn)

Bai 3.7 (DH Quoc té). Cach 1 Xét ham sb g(x) = e” (f(z) — 2018) ,x € (0,1].
Dé thay ¢'(z) = €* (f(x) + f'(z) — 2018) < 0,z € (0, 1).

Suy ra
f(0) — f(2018) > €® (f(x) — 2018) > e(f(a) — 2018).

Mit khac

e(f(1) —2018) = e(f(0) — 2018)(do f(1) = f(0)).
Suy ra (f(0) —2018) > e(f(0) — 2018).
Hay (e — 1) (f(0) — 2018) < 0
VAy f(0) < 2018 va f(z) — 2018 < 0, Vz € (0, 1)

Cach 2 Gia st f(xg) = max f(x).
z€|0,1

*) Néu 24 € (0,1) thi f/(z) = 0. Suy ra

f(xo) + f'(x0) = f(xg) < 2018
Vay

f(x) < fxg) < 2018; Vz € (0,1)
*) Néu f(x) < f(zo) = f(1) Va € (0,1) thi ta chting minh riang f(1) < 2018.
Gia st f(1) > 2018, suy ra f(x) > 2018, Vz € (5,1),0 < 4§ < 1,.
Do gia thiét f/(z) + f(z) < 2018, z € (6, 1), ta suy ra
f'(x) <2018 — f(x) <0, Vz € (6,1)

Piéu nay mau thuin véi f(1) 1a gid tri 16n nhat ctia ham trén [0, 1].
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Bai 3.8 (PH Quéc té). Xét ham

1‘2018 bx2017 CI2016

F@) =508+ 2017 + 2016

z € [0,1]

Ap dung binh 1y Rolle.

Bai 3.9 (DH Sut pham Ha N6i 2). 1) Tit gia thiét f 1a ham sb lién tuc trén [a, 0]
va anh xa [a, b] vao chinh né nén theo binh ly Bolzano-Cauchy tap S # 0.

2) Khong mét tinh tng quat gia st f(z,) # x,, Vn. Gid st f(z1) > 2, va dit
2* 14 diém dau tién ma f(z*) = 2*. Vi f(z1) > x; va f(b) < b nén ludn ton tai
x* nhu vay.

Tiép theo ta chting minh khing dinh: Néu z; < 25 < -+ < z, < 2* va
f(z;) > x;,Vi=1,...,nthi x,,; < 2*va f(2n41) > Tn41. Theo dinh nghia
ctia z* ta chi cAn chting minh z,., < z*.

Gia st ngugc lai z,,,; > 2*, thiz, < 2* < 2, va

f(xn) — xn‘

O<a' —x, <Tpi1—x, = 5

Tt d6 va gia thiét ta co

2% — | < S| f(2n) —@n| < §’f<xn) - |+§’$ —Tn

2

hay

Bit ding thitc cudi miu thuln véi gia thiét. VAy z,.,,; < z*. Do d6 theo gia
th1et qui nap ta chiing minh dudc day (z,) don diéu tang va bi chdn do do
ton tai gi6i han hm z, = (. Chuyén qua giéi han khi n — oo trong coéng thiic

truy hoi clia day ta co f(¢) = L.
Truong hop f(z1) < 1, chiing minh tuong tu.

Bai 3.10 (PH Su pham Ha Noi 2). a) Vi f(f(z)) = z nén f(x) = f(y) =

F(F(@)) = F(f(y)) = = = y, Y2,y € [a,b] do 6 f 1a don 4nh.

Thém nita, do f lién tuc trén [a, b] nén ham sb f 13 ham don diéu trén [a, b].

Via= f(a) < b= f(b) nén ham so da cho don diéu ngat.

Khong gidm téng quat, ta gia st ham f don diéu ting ngat trén [a b]. Khi do,

néu f(z) >z thi f(f(z) > f(x) hay z > f(z) (vo 1y). Tuong tu, néu f(z) < z

thi f(f(z) < f(x) hay x < f(z) (v6 ly). Nhu vay ta ¢6 f(x) = z,Vz € [a, b].

b) Theo gia thiét, ta cé sup f(z) = sup g(z) nén ton tai z, z, € [0, 1] sao cho
[0,1] [0,1]

f(z1) =sup f(z), g(x2) = sup g(x).

[0,1] [0,1]
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Xét ham s6 h(z) = f2(z) + 3f(z) — ¢2(x) — 3g(z). Vi ham sb f, g lién tuc trén
[0,1] nén ham s6 A ciing lién tuc trén dé.

Mt khéac, cling do ham s f(z) > 0,z € [0,1] nén h(z;)h(z2) < 0. Theo
dinh ly gia tri trung gian ctia ham s6 ta c6 diéu phai chitng minh.

Bai 3.11 (DH Su pham Ha Néi 2). Néu ton tai s6 ¢ € (0,1) sao cho f(c) =
thi két ludn ctia bai toan hién nhién.

Ngudc lai, do ham f lién tuc, khong mét tinh tong quat ta gia st f ( x) >
0,Vz € (0,1). Ap dung dinh ly gia tri trung binh, v6i mbi t € (1/2,1) ton tai

¢ € (1/2, t) sao cho
In f(t) —Inf(1/2) _ f'(c)

t—1/2 B fler)
Vi f(1) = 0 nén cho t — 1~ trong dang thitc trén ta c6 ‘?éct; — —o0. Do d6
Ct
ton tai ¢; sao cho
Fle) _ 1
Do vay f'(¢;) < 0va
fle)_ fle) o 1
flet) fler) — 2018

Bit ding thiic cubi cho ta diéu phai chting minh.
Bai 3.12 (DH Su pham Ky thuét Vinh Long). V6i méi n € N. Dt f(z) =
— <1+x+§—?+---+%),tacé

fl(x) =¢€" — <1—|—x+ o+t (n"11)>
f) 130
Do d6 (=1 (z) 1a ham sb dong bién, suy ra
Fr () > foD0) =0, Vo > 0
Do d6 f(~2)(z) 1a ham sb dong bién, suy ra
Fr () > fOD(0) =0, Vo > 0

Ti,ép tuc dén dao ham cip mét ta duge f/(z) > 0 do d6 f(z) 1a ham déng
bién, suy ra f(x) > f(0) =0, Vx >0
2

Vay, v6i x > 0 thi e” >1+x+—+

5 n,,VnEN
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Bai 3.13 (PH Tay Bic). a) Khing dinh 13 sai. That vy, ching han ta xét
ham s6 f : R — R cho béi f(z) = 23 — x. R6 rang f 1a ham lién tuc va do

lim f(x)=—ocova lirjrn f(x) = 400 nén theo dinh ly gia tri trung gian caa
T——00 T—+00

ham lién tuc ta duge f(R) = R. Tuy nhién ham f dat cuc tri (dia thdng) tai
0 nén f khong don diéu trén ]R (diéu nay ciing c6 thé dugc suy ra tit gia thiét

vé f ta c6 danh gia f(0) > f(—) < f(1), tic la f khong don diéu).

b) Khing dinh 1a ding. That vay, trude hét ta gid st f 13 ham ting trén R.
Khi d6 v6i moi s6 thuc a € R tip hop {f(z),z < a} bi chin trén bdi f( ) do

tinh don diéu téng cta f. Tt d6 suy ra f(z) tdng t6i f(a) khi x tdng t6i a va
ta thu dudc lim f(z) ton tai, dong thoi hm f(z) < f(a). Hoan toan tuong

tu, ton tai nf;a}(x) va lim f(z) > f(a ).Vay lim f(z) < f(a) < lim_ f().

Trudng hop néu hai giéi han trén ton tai va bing nhau thi f lién tuc tai a

va ta suy ra khang dinh f lién tuc trén R. Ngudc lai néu khong, ta dudc

lim f(x):=b < c:= lim f(z). Khi d6 do tinh don diéu tang ctia f nén ta
Tr—a

Tr—a—

co f(x) < lim f(z) :=bv6éimoiz < ava f(x) > ¢véimoiz > avadodo
Tr—a

F(R) C (—o00,b) U {f(a)} U (c,+o0) # R, miu thuln véi gia thiét f(R) = R.

Chiing té f lién tuc trén R.

Trudng hop f don diéu gidm ta c6 thé dua vé trudng hop trén bang cach dit

g(x) = —f(z) va dudc chting minh tuong tu.

c) Khang dinh 13 sai. That vy, ching han ta xét f(z) = arctanz khi d6 dé

thiy f don diéu va lién tuc trén R. Tuy nhién f(R) = (—7/2;7/2) # R.

Bai 3.14 (DH Thuy Loi). Trudc hét ta chiing minh ring: Mién héi tu cla

B 20+
chuoi ham ZZO:O m la R.
x2n+1 h
+ Dét Un(.T> = m Voi To € R, X6t
Un+1($o)‘ _ 5
Un+1 (:EO)

+ Ta théy: lim,, o

’ =0 < 1v6i mbi zy € R, do d6 mién hoi tu cia
) un (o) .

chuo6i ham da cho 1a R, hay 1a mién xac dinh cta f(z) la R.

+ Khi d6, v6i moi z € R ta ¢

0 2+l

/() :x+;(2n+1)!!’

va
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0 xQn e x?n—l
7) = 1+nzl @n—1)I Hx; 2n — DI

+ Béng cach dich chuyén chi sb léy tong ta nhan dugc

2n+1
—1+xz Gnt1 —1+:1:f(:1:),x€]R{,

va nhén dugc diéu cin chiing minh.

4 PHEP TINH VI PHAN
Bai 4.1 (Hoc vién An ninh Nhin din). Xét ham
g(x) = (z —a)(xz = b)sin(f(x)),x € [a,b].

Ta théy g(a) = g(b) = 0. Theo dinh ly Rolle ton tai diém ¢ € (a,b) sao cho
g'(c) = 0.
Thé ma

§(2) = (¢ — a)sin(f(x)) + (x — b) sin(f(2))
+ (o — a)(x — b)f'(x) cos(f(x))
— (22— a— b)sin(f(x)) + (z — a) (& — b)f'(x) cos(f (),

nén ¢’(¢) = 0nghiala (2c—a —bb) 312n(f(c)) +(c—a)(c—0b)f'(c)cos(f(c)) = 0.
Suyra f/(c). cot(f(c)) = %

Viéc con lai 1a ta phai chiing minh

2 plo)cot(fle)) = 2Fo=2 L 12

a—c (a—c)b—c¢) a—c b—c b—c

va do dé bat

<
a—-c b—rc

That vay, chti y rang a — ¢ < 0 va b — ¢ > 0, nén
dang thic trén 1a ding!

Bai 4.2 (Hoc vién An ninh Nhan d4n). Do f khéng phai 1a ham tuyén tinh
(duong thang) trén [a,b], nén ton tai ¢ € (a,b) sao cho

f(e) = fla) 2 f(b) = f(e)

c—a b—rc

(%)
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Theo dinh 1y Lagrange ton tai p € (a,¢) va ¢ € (b, ¢) sao cho
oy S =fla) o o f0) = f(o)
flo)=———-— va flo="—"———
Chi ¥ dén (%) ta c6 f'(p) # f'(¢). Khong gidm tinh téng quat ta coi f/(p) <

f'(q)-
Pit )\:Z—a,0<)\<1.T1‘Id()tacé
—a

fO) = fla)  flc) = fla) o _A)f(b)—f(c‘)
b—a c—a b—c
=M'(p) + (1 =N f(q)
<A+ 1 =Nf(g) = f(a)
v TOZID o) - xr1)
> Af(p) + (1 =N f'(p) = f'(p)

Diéu nay hoan thanh chiing minh.

Nhdn xét. Ta con cé thé chitng t ton tai r € (a, b) sao cho
fb) = f(a) ’ :
< :
e < )

Bai 4.3 (DH Béch khoa Thanh phé HCM). V@ db thi van toc v(t) theo thoi
gian t.

7 R ————
PPt '
"""" 1
.
.
e H
/ .
/ 0
, -~
’ -
S e
;e
LRe '
i e '
/e '
- ! »
T >

Ta ¢6 v(T) = v. Dién tich mién phang duéi dudng cong va gitta hai dlIOng

thang ¢ = 0, ¢ = T chinh 13 quing dudng di dugc d. Tit chd gia tbe gidm

(a'(t) < 0= v"(t) <0), duong cong la lom. Do d6
d>SAOAB:%UT:>T<_

Dau bang dat dudc khi chuyén déng véi gia tbe hang s6.
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Bai 4.4 (DH Bach khoa Thanh phb HCM). Gia sit ngudc lai, 3z, € [a, b] sao
cho f(zo) # 0. C6 thé coi f(xy) > 0. Dat E = {z € [a,zq] : f(z) = 0}. RS
rang F khac réng vi f(a) = 0 va bi chiin. Dit z; = sup £. Do f(z) lién tuc va
fz1) = 0 ddng thoi z, < xo; f(z) > 0,Vz € (21, ).

V6i o = 1, xét ham g(z) = In f(z),z € (21, 20]. Theo cong thiic sb gia gi6i
noi, ta co

l9(x) = g(o)| = Ig'()|.|x — wo| < Alz — wo| < Az — o,

trong khi do6 lim lg(x) — g(1)| = 400, mau thuln.
$—>$1

s s 1 N A
V6i o > 1, xét ham g(z) = 1—(f(x))1*a, ta cling thu dudc diéu tuong tu.
—
Vay diéu gia st ngugc lai 1a khong ding.
Bai 4.5 (PH Béch khoa Thanh phé HCM). i) Tit hinh vé ta thay

) b b
SIHG—B—C:>BO— Sin 0
va BD AB
a_
COSG_B_CiBC_ cos f
Tu do ta co
b B a— AB

= bcot0 =a— AB = AB =a — bcot§.

sinf  cosf
Theo dinh luit Poiseuille, tong khang luc 1a

R(&):C%B+CB—4C=C(“_bfow b )

Od
] 5 ] sin 0r;

ii) LAy dao ham ctia ham s6 R(6) ta dugc

b bcos
R(0)=C -
(©) (sin2 O.rt  sin? 9.7’3)
Do dé . . A
cos r
R =0« = o cosl = -2
(6) sin@.rf  sin?6.r} cos i
Ngoai ra,
4
R'(0) > 0 < cosf < i
i
va

4
R'(0) <0< cosf > &2
=
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Ham cos # 1a ham giam véi 0 < 6 < 7, do d6 khang luc R dat gia tri nho
rd
nhét khi cos§ = —4
T
. 2 , 24
iii) Khiry, = grl ta co cosf = 3 =0~ T79°

Bai 4.6 (DH Giao thong van tai). LAy e > 0 va dit ¢ = ¢(1 — x) > 0. Theo
gia thiét, ta suy ra ton tai § > 0 sao cho z € (—a,a) va |z| < § sao cho

fz) — f(kx)

X

[ — € < <l+ €.

Vi k€ (0,1) nén |x"z| < |z| < 6 v6i moi z € (—a,a) N (=4,8) van > 1. Co
dinh x € (—a,a) N (=6,0). V6 i moin > 0 ta co

f(s"x) — f(s"" )

[—€e" < <l+€,
K™"x
hay
n - n+1
(l _ €*>I€n < f(K/ l’) ‘Tf(/{ I) < (l+€*)l‘€n
Vi vay
N N N
oo f(r"z) — f(r"a) )
- <) " (I+¢)
n=0 n=0 n=0
v6éimoi N > 1. Tit do
1 — /{N+1 f(l‘) _ f(KNJrl:E) 1— ,{N+1
[—¢€ l+€6)—
e " e
v6i moi N > 1. Cho N — oo ta dudc
1 f(z) — f(0) 1
( 6)1—5_ x _(+€)1—/§’
tic la
w-so 1
11—k x 1—k
v6i moi x € (—a,a) N (—d,4). Cubdi cling
f(z) — [(0) !

f(0) = lim =

z—0 T 1—k
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Bai 4.7 (PH Hang hai Viét Nam). Theo dinh Iy Lagrange ton tai cic sb
c1, Co, c3 Sa0 cho:

f(2017) = f(2016) = [ (c1);
f(2019) — f(2018) = f (c2); (18)
£(2021) — £(2020) = f'(c3).

Bai vi:

fler) + fea) + f(cs)
3

! I

(Cl)7f

min {f (ca), f/(C3)} < < maX{f,(Cl),f,(02)7f’(03)}

nén theo tinh chét Darboux clia dao ham, ton tai sb thuc ¢ sao cho:

file)+f (302) IS _ iy Fle) + Fle) + Fes) = 35 (0)

VAy tit cac dang thic (18) ta suy ra:
F(2017) + £(2019) + £(2021) — £(2016) — f(2018) — £(2020) = 3f(c).

Bai 4.8 (DH Kién Tric Ha N6i). +) Néu f(z) 1a ham hang thi dang thitc luén
Xay ra.

+) Xét f(z) khong 1a ham hang s6. Xét ham F () = f/(x)ef @~/ @+725(0)=(0)
xac dinh v6i z € R. Ham s6 F'(z) kha vi trén R va

F'(z) = (f"(x) + (f'(2))? — 2018.f 2V (z).(f'(x))?) .e/ @@+ FEO=1(0)

v6i moi z € R. Mat khac, ta ¢6 F/(0) = F(1) nén theo dinh ly Rolle, ton tai
c € (0,1) sao cho F’(c) = 0. Ta ¢6 diéu phai ching minh.

Bai 4.9 (PH Kién Trac Ha Noi). Ta coi tau du lich tuong trung béi diém
A. V6i mbi cdp vy, vs, ta goi C 14 vi tri ngusi dan ong c6 thé cham bo.
Pit + = BC. Khi d6 quing dudng ma ngudi dan 6ng chéo thuyén t6i C
la 16 + 22, va 6 la goc gitta tia AB va tia AC. Ta ¢6 tanf = %, va khi

4 3 ~ I3 ~ \, . . ~ A 4 \
dé 6 < 0, arctan(z)]. Ta cting co tong thoi gian dé anh ta vé khac san la

V ]-6 2 3 - 7. 2 s \ J4
flz) = e + a:, voi z € [0,3]. Khao sat ham f(z), co6 f'(z) =
U1 U2
x 1 (a*> —1)z* — 16 . Vg
vV16+ 22 v2 w16 + 2% (ax + V16 + 22) vy

Néu 0 < a <1thi f/(z) < 0,Vz € [0,3] va I[IO113I]lf(ZIZ) = f(3).
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. A 4
Néu a > 1 thi f(z) dat gia tri nho nhat trén [0, +00) tai x = .
f( ) . g . [ ) . m
5 . . ) L
Khil < a < 3 ta co r[l(r)lg]lf(x) = f(3). Khi a > 3 ta co I[Blg]lf(x) =
4
fle—).

7 5 P 1 . 2 A A . 4
a)Tacba=2> 3 Do d6 f(x) dat gia tri nho nhat trén [0, 3] tai z = 7
b) Ta c6 v; tbi thi€u khi va chi khi « 16n nhét. Khia < g ham f(z) dat gia tri

2 A A . \ 5 A 7.
nho nhat trén [0,3] tai z = 3. Ma a = — nén v; > 3. VAy V6i vy = 5,v; > 3,
U1

thoi gian ngudi dan 6ng cheéo truc tiép vé khac san 14 it nhit so véi thoi gian
hoan thanh cac hanh trinh ¢ cuing vén toc da cho. VAy gia tri t6i thiéu cta
vy 1la 3 km/h.

4 . N . 5 \ \ \ N\, \ N
c¢) Ta xac dinh 0 thong qua a. Khil < a < 3’ hanh trinh ma ngudi dan 6ng
chéo truc tiép vé khac san c6 thdi gian hoan thanh it nhét so véi cac hanh
. LN - 3
trinh c6 cung van toc. Tinh dudc 6 = arCtan(Z)'
4
V3

\ A \ . o R 7, 4 7. \ \ \ 7
dan 6ng cham bo tai diém C; v6i BC; = —. V6i hanh trinh nay, ta tinh dudc

V3

Khi o = 2, ham f(z) dat gia tri nhé nhit trén [0, 3] tai = —. Khi d6, ngudi

4

a2 —1

4

a? —

< a <2, ham f(z) dat gia tri nhé nhit trén [0, 3] tai z =

e . 5
). Mat khac, ta lai c6 a € | €

57
, s 3 n ) s o T
.Do do, 0 € [6’ arctan(zl)} . Vay khoang gia tri cua f la [6’ arctan(

do, ta c6 6 = arctan( 2] &

—_

a“ —

)

NQIRJCH

_

4
[ﬁ’zﬂ

Bai 4.10 (PH Kién Triic Ha Néi). Tir gia thiét ta thu dugdc

lim ([(aﬁ 1) (f(a) - %ﬂ) — 0.

r——+00

Bdi Dinh ly Lagrange, ta nhin dugc

@ +yuw -3

lim =
T—r+00 €T
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Dit g(z) = (22 + 1)(f(z) — g) kha vi dén cAp 2 trén (0, +00). Véi ¢ > 0 bat
ky, ton tai N > 0 sao cho —c.x < ¢/(z) < .z v6i moi > N. Suy ra, véi

241 N2 +1 |
moi z > N, ta nhan dudc el 2+ +e. 2+ —|—g(N)<g(x)<e.x ; -
N2 41 e s h 1 e X244 g(N)

. N). Bién doi bat dang thic, ta dude —e.—- 2 <
e + g(N). Bién 201 at dang thtre, ta duge —e.5 + e
N-+1
a 1 5T +9(N) e s £A .
f(x)—§<£.§+ o v6i moi x > N. Do do, (tlonte_uM>N
saocho—s<f()——<5v01mo1x>MVay lim f(z) = .
2 T—+00 2
Ta lai ¢6 lim L&) lim (20f(2) = %)+ (o + ) f'(a) 0. Suy ra
1m = 1m r)— < X - T = .
' r—4o00 I T—+00 2 €T y

lim (x+ é)f’(x) =

r——+00
Bai 4.11 (PH K§ thuat H4u cn Cong an Nhan dan). Xét ham g(z) = (z —

a)(z — b) exp{sin(f(z))}, exp{t} = ¢". X
Ta thay g(a) = g(b) = 0. Theo dinh ly Rolle ton tai diém ¢ € (a,b) sao cho

g'(¢) =0.
Thé ma
g'(z) = (z — a) exp{sin(f(z))} + (z — b) exp{sin(f(z))}
+ (v — a)(z — b) f'(x) cos(f(z)) exp{sin(f(x))}
=[2z —a—b)+ (z —a)(x — b) f'(z) cos(f(z))] exp{sin(f(x))},
nen /() = D nghia I3 (2~ =) e ) () cos(F(0)] explin( (e} =
Suyra (2¢—a—b) + (c— a)(c— b)f(c) cos(f(c)) = 0,

hay la () cos(/(e) = =i

Viéc con lai la ta phai chiitng minh

2 < ['(e) cos(f(c)) = a+b—2c _ 1 n 1 - 2

a—c (a—c)b—¢) a—c b—c b—c

va do dé bat

<
a—-c b—rc

That vay, chti y rang a — ¢ < 0va b — ¢ > 0, nén
dang thic trén 1a ding!
Bai 4.12 (PH Ky thu4t Hiu cin Cc“)ng an Nhan dan). Xét cac ham

g(x) = ( ) (),g()
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Dé thay G(0) = 0 va diéu kién 6 dé bai trd thanh G(1) = 0.
Theo dinh ly Rolle ton tai #, € (0, 3) sao cho G'(ty) = 0. hé ma

G'(t) = g(t) + g(—1) — 49(%) — 4g(—%) =  G'(0)=0.

Theo dinh 1y Rolle ton tai t; € (0, ) sao cho G”(t;) = 0. Thé ma
/ / t / t /
G't)=4¢(t) —g'(=) =24 (5) +2¢(=5) = G"(0)=0.

Theo dinh ly Rolle ton tai ¢, € (0, ;) sao cho G”(t,) = 0. Thé ma

G"(1) = [9"(t) — ¢"(3)] ~ lg"(~5) — 9" (~1)].

Theo dinh Iy Lagrange thi ton tai 6, € (—t,, —L)vab, e (,t,) dé

/! t 1 t i Y 1 1 t t 174
g (—52) —g"(~t) = 529 (6)) va g"(t) —g (52) = 529 (6,).
Do do
11! t " 174 " "
0=G"(tz) = 52[9 (02) —g"(01)] = ¢"(01) =g"(02).

Pén day theo dinh 1y Rolle ton tai ¢ € (6;,65) C (0,1) sao cho g®¥(¢) = 0, titc
13 f@(c) = 0.

Bai 4.13 (PH Ky thuét Hiu cAn Céng an Nhén dén). Dit
t t
h(t) = / F(@)da. / o(x)dz
a b
la ham kha vi.
Ta ¢6 h(a) = h(b) = 0, nén theo dinh ly Rolle ton tai { € (a,b) sao cho

R (&) = 0.
Ta thay

M@:ﬂqéwmxwm/fmm

b
va do diéu kién / f(z)dx =0tacd W (b) =0 = h'(), nén theo dinh ly Rolle
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ton tai ¢ € (£,b) C (a,b) sao cho h”(c) = 0, titc 1a
W0 = 710 [ ate)ts+ 5090 +5'0) [ F@de+ o050
— 2f(0)g(t) - £'(1 / gla)dz + /(1) / fla)de
0= 1(e) = 2f(lgle) - ') | ' () + 40 | 1@
:2f(c)g(c)—f’(c)/b (z)dz + ¢'(c) /bfxdx—/cbf(x)dx}
= 2f(c)gl0) - f'(c) / v)dz — g / fla

Piéu nay din dén f'(c / f(x)dz + ¢'(c )/ g(z)dx = 2f(c)g(c).

Bai 4.14 (DH Ngoai thuong Ha N6i). BDT tuong duong véib > ———————

1
In (1+—)
n
. 1 -
nvag< ——— —nviivVn € N

1
In (1+—)
n

Xét ham f (z) = ——

1
—— — — V0i 0;1
S xv1a:€( ;1]

x > Vi+zln(l+z)+x
Vitr) 22T+ xn® (14 )

Ta co: f'(x) = (ln(l +x)— voi z € (0;1]

, d 2v/1 — 2 e s
Laicd — (In(1+2) — ° >: Rl G )<OV01m(_)1xE(O;1]
de Vit 2,/(1 + z)°

x
Ma li In (1 ————— ) =0nén f 0 tré 0:1] h ia
axi%(n( + ) \/H—x) nén [’ (r) < 0 trén x € (0;1] hay f giam

ngat trén x € (0; 1].

1 . _ 1
Suyra:a=f(l)=——1vab= lim f(z) ==
y 5 5

In z—0t

Bai 4.15 (Hoc vién Phong khong Khong quan). Ta xét anh xa g : [0,1] - R
dudc xac dinh nhu sau
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Ta co
g() = f@) + 5
—g(x) = f'(2) ~1<0
Diéu nay cé nghia la g(x) la ham 16m nén ¢ ( ) > %(g(o) +¢(1)). Tac la
1 11
7(3)+52 500+ 5a)

Bai 4.16 (DH Quang Binh). bt ham f(z) = g(x) — 2?!®. Khi d6 ham f(z)
12 ham sb kha vi trén [0; 1] va théa man f/(0)f(1) < 0. Ta chitng minh ton tai
¢ € (0;1) sao cho f'(c) = 0.

Giai. Khong mat tinh téng quat, gia su’ f(0) > 0; f(1 ) < 0. Vi f kha vi trén
[0;1] nén f lién tuc trén [0;1]. Do d6 ton tai ¢ € [0 1] @€ f(c) = xré%}l{] f(z). Ta

chting minh ¢ € (0;1). Khai trién tay lor f(z) tai # = 0, ta dudc;
f() = f(0) + f'(0) + o(=).
Do f'(0) > 0 nén f(z) > f(0) v6i = &l gan 0. Tit d6 = = 0 khong thé 1 diém

cuc dai.
Tuong tu khai trén taylor tai x = 1 ta dudc:

fl@) = f) + (=)A= z) +o(1 —x) > f(1).

v6i 2 dt gan 1. Nhu vay = = 1 ciing khong thé 1a diém cuc dai.
Ma f'(z) = ¢'(x) — 2018227 Nén f’(c) = 0 suy ra ¢'(c) = 2018¢*'7.

Bai 4.17 (PH Qubc t8). Dung khai trién Taylor tai 0 dbi v6i ham f ta cb

f(0)?

5 x>0

fx) = f(0)+ f'(0)x +

Suyra f(z) < f(0) + f'(0)z, x > 0.
VAy f(x;) <0, v6i z; da 16n.

Déi}'/ rang ham f’ gidm ngit, nén phuong trinh f(z) = 0,2 € [0, +00) ¢6 duy
nhat nghiém.
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Bai 4.18 (PH Qubc té). Gia st ring f (z) # 0, Vo € R. Suy ra f'(z) >
0, Vo € R hodc f (z) <0, Vo € R.
1) Néu f'(z) > 0,z € R thi f/(z) ting trén R
a) Gia st f/(0) > 0, khi d6 f(z) = f(0) + f'(c)z,0 < ¢ < . Va nhu thé f(z)
khong bi chan vi
f(x) > f(0)+ f(0)z, x>0

b) Néu f'(0) < 0, ta cb

f(@) > f(0) + f(§z,x <§ <0

Suy ra f(xz) > f(0)+ f'(0)x, x <0
2) Truong hop f (z) < 0, Vo € R duge chiing minh tuong tu

Bai 4.19 (DH Qubc té). bt u(z) = 14 2 / f(t)dt,z € [0,1]. Do f khéng 4m
0

nén u(z) > 1, Vo € [0, 1].
Ta co v/ (z) = 2f(z), x € [0,1]
VA nhu thé diéu kién

(f(x)* <1+ 2/f(t)dt,:v €[0,1]

tré thanh

Suy ra
!/
V) e [0, 1]
2/ u(x)
(DEyrang u(z) > 0,Vz € [0,1],4/(z) = 2f(z),z € [0,1].

Tich phén hai vé ta c6

Hay \/u(t) — 1 < t,t €0, 1].
Vay \/u(t) < t+1,t € [0,1].
Nhu thé f(z) = /f(2)? < ulz) <z +1,¥z € [0,1]
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Bai 4.20 (Trudng Siquan Khong quan). bat g(x) := f(z)—f(a)— W(m—
a) — &=eD
Lay z € (a;b), xac dinh k tit diéu kién:

f(b) = f(a)
b—a

(z0 — a)(wo — b)

5 k= 0.

9(z0) = f(z0) — f(a) —

(0 —a) =

Khi d6 g(z0) = g(a) = g(b) = 0. Theo gia thiét va dinh nghia ham g(z ') suy
ra ¢ lién tuc, kha vi trén [a; 2,]. Ap dung dinh ly Rolle vé6i 2 € [a; x], tOn tai
¢1 € |a; o) sao cho ¢'(c;) = 0.

Tuong tu, ton tai ¢, € [z0; b] sao cho ¢'(cy) = 0. Mét khac, tu dinh nghia, suy

ra:
g = ) - OOy, ath)

Theo gia thiét, f c6 dao ham cip hai trén (a;b) nén g ciing c6 dao ham cap
hai trén (a;b). Va vi ¢’(c1) = ¢'(c2) = 0 nén cling theo dinh ly Rolle, ton tai
¢ € (¢1;¢2) sao cho ¢"(c) = f"(¢) — k = 0. Do do:

_(z—a)(x—0b)
2

f(@) = fla) = f"(c),c € (a;b).

Bai 4.21 (DH Su pham Ky thuat Hung Yén). Xét ham g(z) = (x — a)(z —

b)exp{f(x)}, exp{t} — . \ 9
Ta thay g(a) = g(b) = 0. Theo dinh ly Rolle ton tai diém ¢ € (a,b) sao cho

g'(c) =0.
Thé ma

g'(v) = (x — a)exp{f(2)} + (v — b) exp{ f()}
+ (z —a)(x —b) f'(z) exp{ f(x)}
=[22 —a—0)+ (z —a)(x = b) f'(z)] exp{f(2)},

nén ¢'(c) =0nghiala [(2c—a —b) + (c —a)(c = b) f'(c)] exp{f(c)} =

a+b—20
2c —a — - —b)f'(c) =0, hay 1 =
Suyra (2c—a—0)+ (c—a)(c—0)f'(c) =0, hayla f'(c) PRI
Viéc con lai 1a ta phai chiing minh
2 ., at+b—2 1 1 2
a—c<f(c)_(a—c)(b—c)_a—c+b—c<b—c'

< va do dé bat

That vay, chti y rang a — ¢ < 0 va b — ¢ > 0, nén 7
a—=c¢C — C

dang thitc trén 1a ding!
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Bai 4.22 (CD Su pham Nam Dinh). + Ta chtng minh f(x) lién tuc tai z = 0.
. BT 2 T

I ) ~ Ly s 2|

Ta cd 0 < 22 ’COS (g)‘ < 22

lim 0 = lim 22 = 0.
x—0 x—0

Theo dinh ly gi6i han kep ta co lir% f(x)=0= f(0).
Vay f(x) lién tuc tai x = 0.
+ Ta chiing minh f(z) kha vi tai x = 0.

z)— f(0
7o) = tim "I iy 0 eos (2))

Taco 0 < ‘:c |cos (2)]] < |«
va lim 0 = lim |z| = 0.

z—0 z—0
Theo dinh 1y giéi han kep ta cé lim | |cos (Z)|| = 0. VAy f(z) kha vi tai
z = 0va f'(0) = 0. + Trén khodng (0; +00): f(z) = z*|cos (Z)| lién tuc trén
(0; +-00). Do d6 f(z) lién tuc tai z = 52=.
+ Ta chl'mg minh f(z) khong kha vi tai x =

2017 Xét cac dao ham phai va

trai tai 207 Ta co
2 2
(a2 . f@)—f(mm) . @’eos(B)]
f W = lim 5 = lim —_—
o227 T — 505 2t r— 5
3017 2017 = 3517 2017
2017
L e (B e
2 2z 2017
2017 x*mﬂL 20177 ( 2 s - %)
2017
=7 lim sm( 2“_5) =7
- o+ 2017t _ w -
X

2017 2 T

Tuong tu f (2017_> = —T.

VAy khong ton tai f' (527).
Bai 4.23 (CD Su pham Nam Dinh). Goi R, & 14 ban kinh ddy va chiéu cao
cta hinh tru tron (lon sita).
, 500
+ V =nR*h=500vay h = — 7
+ S, = 21 Rh.
+ S, = 2nRh + 27 R,
+ Cost = 2rRh x 1+ (2rRh + 27 R*) x 5

500
=107 R?> + 120 Rh = 107 R? + 127 R. T
0rR? 4 6000 10rR? + 3000 N 3000
- R " R R

3000 3000
> 3\/107TR2 7R = 300v/907 =~ 1969 (dong)

Vay Cost i, = 1969 (dong).
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Bai 4.24 (DH Su pham Ky thuét Vinh Long). Ap dung quy tic Chospital, ta

«? efo(J:)) @2 (g1
li — lim €f@ _ oy ( V) _ im €U @+2e (@)
Sm S = lm TmT = i ey =LA T e
w2 (fr ! 22 ( pn /
cb: _ fim @(ﬂquwm — L © U(ﬂ%%@?%huﬂﬂm
z—+00 (QzeI ) T—+00 e*” (4z2+2)
_ qyy @tasf @422 4) i@
o z—1>I—Poo 4z +2 e

Bai 4.25 (DH Su pham Ky thuat Vinh Long). Dat F(x) = (z — 2018)e™* f(z),
ta cé
F'(xz) = (x —2018)e " f'(x) + (—x + 2019)e " f(x)
=e” ((x — 2018) f'(z) — (x — 2019) f(x))
Do F(2018) = F(2019) = 0, nén theo dinh 1y Rolle, ton tai s ¢ € (2018,2019)
sao cho F’(c¢) = 0, hay

(¢ —2018)f'(c) — (¢ —2019) f(c) =0

Suy ra, phuong trinh (z — 2018)f'(x) = (x — 2019)f(x) c6 nghiém ¢ €
(2018, 2019)

Bai 4.26 (DH Thiy Loi). + Xét ham sb g(x) = f(z).sin z, khi d6 d& théy ¢(z)
la ham lién tuc trong [0; 7], kha vi trong (0; 7) va:

™

9(0) = 9(5) = g(m).

+ Ap dung Pinh 1y Rolle cho ham ¢(z) 1an ludt trong (0; g) va (g, 77):

A . i E o _
ton tai ¢, € ((7); 2) :g'(c1) =0
ton tai ¢, € <§;W> :¢'(c2) = 0.

+ Xét ham h(x) = ¢'(x) = f'(x)sinz + f(z) cosz, day 1a ham lién tuc trong
[c1; co], kha vi trong (c1;¢2) va h(cr) = h(co); ta lai 4p dung Dinh ly Rolle cho
ham h(z) trong [c1; o], khi dd s€ ton tai ¢ € (¢y;¢2) C (0;7) : W' (¢) =0, hay la

f"(c)sinc+2f'(c)cosc — f(c)sine =0,

+ Do sinc # 0, nén chia c hai vé clia dang thic trén cho sinc ta sé nhin
dudc diéu can chiing minh.

Bai 4.27 (DH Thiy Loi). Truéc hét dé& thdy ham sb f(x) xac dinh tai 2o = 0
va trong lan can cta diém doé.
+ Xét

- x - 1 1 ]

S () :; (k— Dz + ke +1] — [(k:—l)a:+1 Ckr+1
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1
Snlz) =1~ nr+ 1
+ Khi d6 )
0 S =0
fla)=lim S,(@) =4 0
n—00 1, néux #0,

tc la f(x) khong lién tuc tai zo = 0, do d6 n6 khong c6 dao ham tai xy = 0.

5 PHEP TINH TICH PHAN

Bai 5.1 (Hoc vién An ninh Nhin dan). S dung dinh ly gia tri trung binh
Lagrange, Vx € [0, 1] ta co
dt‘ / f(z) — f(2)|dt

- /Olf(t)dt‘ -

1
= / |/ (co)||z — t|dt, vbi ¢, € (z,t) hodc ¢, € (¢, z)

M/ o — t)dt = [/ (x-t)dw/:(t—x)dt}

4[(295—1) +1}M

Bay gid gia sit bat dang thic trén diing v6i hiang sb C' > 0, tic 1a
/f dt( 2;1:—1 +1}M.
Xét ham f(x) =z, thi M = 1vatacd

’x——) < C[(Qx—l)z—irl], Vo € [0, 1],

Khi d6 v6i x = 0 ta dude — < 2C, tic la C' > - va bai toan hoan toan dudc

[\
e~ =

chting minh.
Bai 5.2 (Hoc vién An ninh Nhan dan). Xét ham

o) = (VE - Va (Vi - V) [ " f(t)dt,x € [a,b).
Ta thay g(a) = g(b) = 0 va

(@) = 5= [(Va = V) +va = VD] [ st + (v - Va)(VE - V) fa).
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Theo dinh 1y Rolle ton tai ¢ € (a, b) sao cho ¢'(c) = 0, titc 1A

T Ve Vi) + (e V)] [ fladde + (Ve ViV VB -

Suy ra

RN EGE:
LCRE SN v o R
- LSRR [ e

Bai 5.3 (DH Bach khoa Thanh phb HCM). Lay = € (0,2), theo c6ng thtic sb
gia gi6i noi 3¢, € (0, z) sao cho

o

F@) = 10) = 21 (00) = f(2) = 1+ 2f'(0)).
Do f'(x) > —1nén f(x) > 1—z,Vx € (0,1).
Tuong tu, 36, € (z,2) &
fl@) = f(2) = (z = 2)f'(62) = f(x) =1+ (x—2)f(02).
Do f'(z) < 1nén f(z) >z — 1,Vz € (1,2).

2 1 1 f a ,
Véy/fxdx}/(1—a:)dx+/(x—l)dx:§+§:1.Déubéngxayra
0 0 1

11—z, 0Lzl
1, 1<e<2
Tuy nhién, khi d6 ham nay lai khong kha vi tai 1. VAy diu bang khong xay ra.

khi va chi khi f(z) =

Bai 5.4 (DH Giao théng vén tai). Trudc hét ta chira f(a —b+c) < fla) —
f(b) + f(c) véimoia < b < cvaa,bc € [1,13]. Vib € (a,c) nén ton tai
A €[0,1] sao cho b = Aa + (1 — A)e. Vi f 16i nén
f(0) < Af(a) + (1= A)f(o).
Mat khaca — b+ ¢ = Ac+ (1 — A\)a nén
fla=b+c) < Af(c)+ (1 =N f(a).

Cong 2 bét dang thic trén ta dugce diéu cin chiing minh. Dit ¢ = a + 10 va
b=a+4,a€(l,3]tacd

fla+4)+ f(a+6) < f(a) + f(a+10).
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Léy tich phan 2 vé véi cht

/13 fla+6)da = /79 f(x)dx,/lgf(a—i—él)da — /57f(w)da:
/13f(a + 10)da = /Hlsf(x)dx

ta suy ra bat ddng thic cin ching minh.

Bai 5.5 (PH Hang hai Viét Nam). Vi ham f tudn hoan chu ky 7" nén tich
phén ctia n6 trén cac doan c6 d6 dai T bang nhau. Ta chitng minh céng thic

7f(t)dt:n /T Ft)dt (19)

vGi moi n nguyén. That vay, v6i n nguyén duong ta co

T T T
O/f(t O/f dt+/ t)dt + .. +(n[ £(t) :no/f(t)dt.

V6i n nguyén am ta co

/f Dt — /f dt+/2Tf D)4+ 7 f(t)dt:(—n)/Of(t)dt:n/Tf(t)dt.
nt+1)T T 0

Cudi cling 16 rang (19) ding véin =0 .
V6i z € R ton tai duy nhit sb nguyén n thda man
nl <x<(n+1)T.

Do (19) ta c6

T T
/f / mnlf o f st [ s
Suy ra
f“f(t)dt nfo(t)dt | r
0 __0 T . (20)
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D& thiy ham | f(¢)| tudn hoan chu ky 7' nén

T T (n+1)T T
J @t [lf@®lde [ [f@lde [ 1f()]dt
nT < nT < nT _ 0
A N ] ]
Do d6
[ ft)dt
lim "L =0
T—00 x
vi
T
J1f()]dt
lim =0
Ta co
n 1| |nT—ux - T
xr T| | T lz|T o]
1 1 X
Ma ‘—| din dén 0 nén | — T‘ dan dén 0 khi x dan dén vo cuc, hay
x x

Tt (20),(21),(22) suy ra

Of F(t)dt OfT F(t)dt

lim =
T—00 X T

1
Bai 5.6 (DH Su pham Ky thuat Hung Yén). Dét a = 3/ f(z)dz. Khi d6
0

o< [ ([f( N+ af@) - &) e

O

/0 4dx—a/f da:—kz
/0 x)]*dx ——/f dx

/ 4 2a[f (@) — a*f(x) +

Cl4

4>d‘”

141

(2D

(22)
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Bai 5.7 (DH Su pham Ky thuat Hung Yén). Xét ham g : [0, 1] — R nhu sau

ta+(1—t)b

mw=[ f(x)d.

1—t)a+tb

r 1 2 .
Ta thay ¢(0) = 9(5) = ¢g(1) = 0 va g(¢) 1a ham kha vi.
Theo dinh ly Rolle ton tai ¢; € (0, E

\ ]' n
2) vacy € (5, 1) dé ¢'(c1) = ¢'(c2) = 0.
Mait khac

§(t) = f(ta+ (1 - b)(a —b) — f(1 — t)a+ th)(b - a)
=(a—"0b)[f(ta+ (1 —t)b) + f((1 —t)a + tb)].

Do do
flega+ (1 —cx)b) + f((1 —cp)a+cxb) =0, (kK =1,2).

a—l—b

1
RO rang ¢, # 5 nén cya + (1 — ¢ )b # , (E=1,2).

1 \
Goicy =c€ (0,5) tacod f(ca+ (1 —c)b )+f((1—c)a+cb) = 0, dong thoi ta
thiy (1 —cla+cb<ca+(1—c)b < 0< (b—a)(l—2c).
Déta:%(b—a)(l—Qc):%(b—a)—c(b—a)thio<a<

—Qa N
va ta dudc

a;b—a:(l—c)a+cb, CLT—H)—I—oz:ccH—(l—c)b,nén
a+b a+b
PR oy p ey =0

Bai 5.8 (PH Kién Triic Ha N6i). 1) Goi p(z) 1a da thitc bac 3 bat ky. Ta chiing

Lp(0) + 4p(2

- 5) +p(1)). Tiép theo, v6i 0 < a < b < 1,

1
minh dugc [ p(x)dz =
0

b
stt dung doi bién va cong thitc trén véi da thic bac 3, ta thu dudce [ f(z)dz =
a

S (@ ar (U5) v 1w)).

2) Trudce tién, xét f(z) chi c6 duy nhét x = 0 1a nghiém trong [0, 1]. Vi f(z)
lién tuc trén [0, 1] nén f(z) khéng ddi dau trén [0, 1). Khi d6

/V b=

( )+ /(1)

5
2| < S maxf(a)

0,1
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Két thiic chitng minh, ta xét f(z) ¢6 it nhat mét nghiém khéac 0. Goi z; < x5 <
-+ < x,, la tat ca cac nghiém khac 0 cta f(z) trong (0, 1]. Vi f(z) lién tuc nén

f(z) khong ddi dau trén [0, 1], [21, 22], -y [Ty Tma1] VO 29 = 0,241 = 1.
Ta co
+ 5( )
/ fl@)da| = | (f () + 4f () + f@i)| < ————— max |f(z)|
6 2 6 [0,1]
Tit1 Ti41 1
v6imoii=0,1,--- ,m.Matalaicod | [ f(z)dz|= [ |f(z)|dzva [|f(z)|dz=
Z5 x; 0
m Tt , L ™5 (i1 — )
55 1 1), do d ta thu duge [17(@]de < 35 250y 0)] -
i=0 a; 0 i=0 :
5
g Tax | (@)].

3) Ta xac dinh dude ham s6 ¢(z) = 42® — 822 + 5z thudc tip M va théa méin
\ 1 5
cac dieu kién g(z) > 0 trén [0, 1], I[naicg(x) =1va [g(z)dx = 5 Khi d6 véi
0,1 5

. 1
méi C € (0, g), taluén ¢ [ |g(a)|dz > C' = C.max|g(a)].
0 b

N o ~ A N I\\ N N N -~ ]‘ \
Bai 5.9 (PH Ky thuat Hau can Céng an Nhan dan). Dat ¢ = §(a +b) va

m:%(b—a).Do /bf(x)dx:(), ta dudc
b b c b
/xf(x)dx:/(x—c)f(x)dx:/(a:—c)f(x)dx—l—/(az—c)f(:c)dx.
V6i tich phan /c(:v—c)f(a:)dx ta d6i bién y = ¢ — z thi
- dr=— [ yre—pdy=— [ tfc— 1yt
[ e=at@ae=— ["yie—yay=— ["t5e— v
b 74
V6i tich phén/(x—c)f(:c)dx ta d6i bién z = x — ¢ thi

/cb(x —c)f(z)dx = /Om 2f(z 4+ c)dz = /Om tf(t + c)dt.
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Tu d6 va dinh ly Lagrang ta c6 & € (¢ — t,c+ t) dé
b m m
/ rf(zx)dr = / tlf(t+c)— flc—t)]dt = / 212 f/ (&) dt
a 0

b m
]/ xf(m)dx’:‘/o 23t2f (ft)dt‘j/ o2 s 2M/ s

_oy a7,
3 12

Ba1 5.10 (Hoc vién Phong khéng Khong quan) 1. Ta thay rang dé cho day
s6 {a,} xac dinh thi 2 > 0. Khi n. — oo thi s6 hang a,, chinh 14 tich phan suy

rong

]
/ e dz.
0 1—|—:E2

Ta s€ chting minh tich phan nay héi tu. That vay

<1 1 <1
/ ne d$:/ ne dm—i—/ Bl
o 1+ a2 o 1+ a2 1 L+

1
Xét tich phin thtt nhat. V6i o bat ky thude vao (0,1) talubn ¢ lim ( ne

z—0t

Inz
0.8S
uy ra 1 x2 "

Inz

+x

1
so sanh thi /
o 1

1+a2

1

xOL

1, N ! . s A 2
< — ma tich phan / —dz hoi tu nén theo ti€u chuan
Z 0

5dz hoi tu. Tuong ty, trong tich phén tht hai, ta thay

N\ ]_ & ]- 7 Y
rang a:\/Ja::—nx — 0 khi  — oo. Tich phéan / ——dx hoi tu nén tich phan
z? 1

1 T/ T
1
/ = dz hoi tu.
Tl
> In
Vefly/ Tz dmhmtu Tic la day {a, } héi tu v6i = > 0.
0

2. Tinh gi6i han. Ta c6

Xét tich phan /

1 1+

/10 lil(j/;) (_%) 5t —

S|
Vay lim an:/ BT gz =o.
0

n—o00 1 —+ ,7}2

mai

0
Int
/n—dt.
L 1+ 1¢2

. 1 1 Ly A
sdr. Dat z = > suy ra dx = —ﬁdt. Ta c6 tich phan
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Bai 5.11 (Hoc vién Phong khong Khong quan). 1. Tich phan nay khong tdn
tai do ham f khong kha tich. Thét vy, vi phin hoach bat ky chia doan [0, 1]
thanh cac doan con béi cac diém

O=xp <1 <9< - <2, =1,

\ A . N ’ 7 R ~ \ )
thi moi doan con [z; 1, 7;], i = 1,2,...,n déu chtta cac diém hiu ti va cac
-I\" N N
diém vo ti nén

w; = max f(r)— min f(z)=1-0=1
TE[Ti—1,2;] r€[xi—1,2;]

Vi vay,
=1 =1

Do dd, lim Z w;Ax; =1 # 0. Suy ra ham f khong kha tich trén [0, 1].

max Az;—
—/Olf(x)def(l)_/olf(x)dx:

/00‘ f(x)dz = oz/olf(oz:c)d:r; = oz/ol[f(omf) — f(z) = (o = D f'(2)]|dx

1 "
= a(a — 1)2/ xzf—w)dx
0 2
Tu day suy ra
1 " 1.2
= a(a—1)2/ x2f—w>dx‘ < a(a—1)2/ T da
0 2 0 2

2a+1—a+1—a)3_ 4
; —

2. Ta co

/01 zf'(x)dr =

Theé nén

max| " ()]

Ta co

ala—1)* = %2(1(1 —a)(l—a) < % (

1 2
1
Cc‘)n/ x—d:n:—nén
) 2 6

//
— >
1 m /(@) 210

| s
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Bai 5.12 (PH Quang Binh). Bang phuong phap tich phin tiing phan ta tinh
dudc

/01 2’ f(z)dr = iﬁf@)% - /01 ix‘lf/(x)dx =— /1 il“lf’(x)dx.

0

Do do
1
/ o f(x)dr = 1 (23)
0
Lai co
1
/ (92*)%dx =9 24
0
1
| (r@yas=o (25)
0
T do

1 1 1
/ (92*)%dx — 18/ ot f'(x)dx + / (f'(x))*dz =9 —18.1+9 = 0.
0 0 0

hay
/0 (92") — f/(x)Pde = 0.

Suy ra f(z) = (92%),Vz € [0;1] nén f(z) = 22° + C. Vi f(1) = 0 nén

fla) =3(°=1).
! 3
/0 f(x)dx = —3

Bai 5.13 (Trudng Si quan Khong quan). [y = [de =2+ C

I, = / dr _/ dx _/ dz
1= cosT sin(a:+§)_ 2sin(§5 + %) cos(§5 + §)

/ cos(5 + §)dx ) _ / d(’“*“(%j 1)

2sin(5 + §)cos?(5 + §

= ln]tan(g +%)\ +C

d
I :/ f =tanz + C.
cos?
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dx 1 dx 1
/ cos™ x / cos" 2 x cos? x / cos" 2 g (tan z)

tan

— - /tan(x)(cosQ_” z)'dx

cos" 2 g

V6in > 2, ta co:

_ sin —(n—2)/smzxd:v

cos" g cos™ x
sin = 1 —cos?x
= — = (n—2) / —dx
cos"tx cos" x
sinx 1 1
= —(n—2 - dz
cos" g ( ) / cos"x  cos"2x
sin x
I, = —(n—2)I,+ (n—2)1,_o.
cos"1x ( ) ( Jn—2
Suy ra cong thitc truy hoi:
[ = 1 sinx +n—2[ 5

) e
n—1cos" 1y n-—1

Bai 5.14 (DH Su pham Ha Noi 2). Do f don diéu va lién tuc trén J, ta suy
raton tai f~': [0, f~(c)] = [0, (]

t
Do f tdng ngatnéntaco f'(t) > 0, V¢ € J. Dat g(t) = bt —/ f(z)dx. Khi do
0

t
ta co: %g(t) =b— % (/ f(:c)d:c) = b— f(t). Tt &6 dan téi ¢'(¢) = 0 khi va
0

chi khit = f~1(b).
Do ¢"(t) = —f(t) < 0,Vt € J nén g(t) dat cuc dai tai t = f~1(b).
Thém vao do ta co:

[ e =i~ [0 =0 - [0 @
0 0 0
= {bt— 0 f(:v)d:z:] lr-10y= 9(®)|p-1y = g(f 1 (D))

bat y = f(z) thidy = f'(x)dz. Khi z = 0 thi y = 0 con khi z = f~1(b) thi ta
coOy=">b

/0 T e = / )y = / e
b

Tl d6, ta c6 g(f~1(b)) = / fH(z)da.
Do ¢(#) dat cuc dai tai £ — f-1(b) nén ta c6 g(a) < g(f~1(b).
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A(a,0)

Mit khac tu dinh nghia ctia g(t) ta c6 g(a) = ba — / f(z)dx.
0

Khi do, ta co: [ f(x)dx + fo z)dz = [ab — g(a)] + g(f~(b)) > ab
bat:

/ f(z)dx = dién tich III, / f'(x)dx = dién tich I + dién tich II.

a b
/ f(z)dx —I—/ f'(z)dz = dién tich I + dién tich II + dién tich III
0 0
> dién tich I + dién tich III = ab

Ta c6 hinh minh hoa bAt ding thtic trén nhu sau
Bai 5.15 (PH Su pham Ha N¢i 2). Gia st f la ham s6 lién tuc thod mén bai
toan. Khi d6 f 1a ham s6 kha vi.
Dao ham hai vé cua dang thiic da cho ta c6

@)1 +2%) —22f(x) f(z)
L = 20181 .
hay @)
flx) 2x
@) = 2018 + T2

Tich phan hai vé ta nhan dugc In f(z) = 2018z + In(1 + 2?) 4 C, C—hi‘ln‘g sb.
Do d6 f(z) = a(1 + 2?)e**'®*, a—hang so. Thay vao phuong trinh ban dau ta
nhan dugc a = 2018. Do d0, ta c6 ham so cd dang f(z) = 2018(1 + z%)e?0!8=,

Thtt lai ta c6 ham s trén théa man. VAy ham sb can tim 13 f(z) = 2018(1 +
x2)e20181‘

Bai 5.16 (CD Su pham Nam Dinh). LayaE(O 1) bat ky.
DatI—ff dx—ff da:—i—ff dx = J, + K,.

Vi J, _1faf Mz, Ky — ff
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Vi f(z) lién tuc trén [0,1] nén theo dinh 1y gia tri trung binh ton tai ¢ €
(0,1 —a)saocho J, = f(c")(1—a).Vi0 <c¢<1—a<1nén lirf =0
n—-—+0oo

Vay lim J, = f(0)(1~a)=2018(1 —a).

n—-+0oo
Vay tdn tai N € N* sao cho 2018 —2019a < J,, < 2018 —2017a v6i moin > N.
K| = ff dx<f|f ")l da

f(x) l1en tuc trén [0, 1] nén | f(z)| cling thé. VAy ton tai M = n[%a{? |f(x)].

|K,| < fde—Ma

Vay Ma < K, < Ma.
VAy 2018 — (M + 2019)a < I,, < 2018 — (M + 2017)a < 2018 + (M + 2019)a
v6i moin > N.

1 7 €
La ;1) bat ky. Ch =— i1

Vay 2018 — e < I,, < 2018 + € v6i moin > N.
Do dé lim I, = 2018.

n—-+o0o
Bai 5.17 (DH Su pham Ky thuat Vinh Long). Ta c6

1 1
[ (f'(x) = 1522) da = [ ((f'(x))” — 3022 f'(x) 4 2252*) da
0 0

1

=45-30 [ 2?f'(z)dx + 45x5|(1)
0
1

0
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Ma f(1) =5 nén C = 0. Vay f(z) = 5z*

/f /14:(;3@36 dx—i(e—l)

Bai 5.18 (DH Su pham Ky thuat Vinh Long). Ta c6

fl(ef(‘”)f )Qd:c = j (ef(”")f’(x))de - 4flef(“")f’(:z:)dx + f4d:c
0 0 0 0
= j" (e/@) f/(x))Q dz — 4(e/ D — /) 4 4
0
fl(ef(x)f( ))de—él
0

1

Suy ra / (/@ f(2))" do > 4

0
1

Ma theo gia thiét / (/) f’(:v))2 dr < 4, nén suy ra

0
/ (ef(x)]”(:zc))2 dr =4
0

1
Dodé/(ef(”)f’( ) — ) dr = 0va e/@ f'(z) =
0
Hay e/(®*) =22+ C.Ma f(0) =0nén C = 1
Vay f(z) = In(2z + 1).

Bai 5.19 (PH Ty Bic). a) Ta gia st phan chitng ngudc lai rang M # 0. Do

F(0) = 0nén néu M # 0 thi M > 0. Theo gia thiét ta c6 f dat gia tri 16n

nhét M > 0 tai z, € (0,1). Khi d6 z, 1a diém cuc dai ctia f va do d6 f/(z,) =

0, f(zo) = M >0, f"(x0) < 0. Tt d6 suy ra z5f"(z9) < 0;25f (z0) = 0 va

—f(:co) < 0. Do do 22 f"(x0) + x2 f/(20) — f(xo) < 0, mau thun véi gid thiét
v f" (@) + 2t f'(x) = f(x) = 0, Yz € (0,1). Vdy M = 0.

b) Gia st f dat gia tri nhé nhét m tai diém y, € [0, 1]. Ta xét cac trudng hop

sau:

TH1: Néu y, € {0,1}. Do f(0) = f(1) = 0, khi d6 m = 0. Ta xét hai kha ning

(i) Néu f dat cuc dai tai z, € {0, 1} thi khi d6 max f = min f = 0 va ta dudc

f =012 ham hang.
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(20) Néu f dat cuc dai tai 2, € (0,1), theo d6, tit phin a) ta dudc M =

m[ax] f(z) = 0. Va tuong tu (i) ta dudc max f = min f = 0 vatadudc f =0
0,1

12 ham héng. )

TH2: Ham f dat gia tri nho nhat m tai y, € (0,1). Bang 1ap ludn tuong tu

nhu phan a) (thay cho M bdi m) ta c6 m khong thé 4m, tic 1a m[in] flz)=0
x€(0,1

suy ra f = 0 13 ham hang trén [0, 1].

Bai 5.20 (PH Ty Bic). a) Ta xét trudng hop ham f, don diéu ting. Khi dé
dé chitng minh quy nap dugc

(i) Mbi ham f, 1a don diéu ting.

(21) V6i moi = € (0,1] taco fo(z) > fi(x) > -+ > fulz) > - > fo(0).

Tl (2i) ta suy ra day {f,} giam va bi chén dudi bdi f,(0) trén tép (0, 1] va do
d6 ton tai ham gi6i han

h(z) = lim f,(z),z € (0,1].

n—oo

Do (i) ta suy ra i la don diéu tang va tu (2i) ta c6 f,(0) < h(x) < f,(z),Vn,Vx €
(0,1].

Ta sé chi ra (1) = f,(0), khi d6 do h don diéu téng ta suy ra h(z) = fo(0)
v6i moi z € (0, 1]. That vy, gid st 1(1) > fo(0). Khi d6 do tinh don di¢u téng
cta h, ton tai 0 < 6 < 1 sao cho h(1) > fo(9).

Mat khéc, tit dinh nghia caa f, va (i), (2i) ta co

e /fn dt</ folt dt+/ fult)

< 6fo(d (1),

Do d6 ta thu dudc

fa(1) = fasa(1) = 6[fa(1) = fo(6)] = 6[A(1) — g(6)] > 0.
Ti do suy ra

o0 o0

Z[fn( fn—i—l Z = +00,

n=0 n=0

tic la Tim. fn(1) = —oo. Diéu nay mau thuin véi (2i) vi f,(1) > fo(0). Mau
thuan chiing té rang h(1) = fo(0) va do d6 h(z) = f,(0) véi moi = € (0, 1].
Vay lim f,, = fo(0) trén (0, 1].

Trug;goohc_ip fo don diéu giam dudgc chiing minh tuong tu ta duge lim f, =
£5(0) trén (0, 1]. .
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b) Truong hop fo lién tuc tuy vy, ta dat

Mow) = max fo(t),malw) = min fo(0), @ € (0.1

te[0,x] t€[0,z]
Khi d6 trén [0, 1] ham my lién tuc tAng va M, lién tuc giam, my(z) < fo(z) <
My (z),Vx € [0,1]; Mo(0) = fo(0) = me(0). Tuong tu nhu vay ta xac dinh day
ham {M,} va {m,} tuong tu nhu My, m, thay cho f, béi f,. R0 rang ta co

my(x) < fulz) < M, (2).

Mt khac, theo chitng minh phan a) cho mébi ham don diéu m,,, M,, ta dudc
lim m,(x) = m(0) = fo(0) = M(0) = li_)rn M, (z),z € (0,1].
n—o0 n o0

Do dé ta dugc lim f,(x) = fo(0).
n—oo

Bai 5.21 (DH Thuy Loi). Ta ¢6

n+2018 n+2018 n+2018 d 2018
[ [ g [ 20

|un| =
. 2018 .
Ma: lim In (1 + —) =0, dodéd
n—o0o n
lim u, = 0.
n—oo

Bai 5.22 (DH Thuy Lgi). + V6i moi z € (0;1] ta co x f(x fo

+ T do6 f'(v) = 0 véimoi z € (0;1], hay 1a: f(x) la ham hang trong (0, 1].
+ Maét khac, do tinh lién tuc cia ham s6 f(x) trong [0; 1], nén

f(z) = lim f(x hm /f dt —limm

z—0t IHO‘*‘ z—07F X

+ Ap dung IHospital ta cé:

Jo f®dt - f(z)
= lim 22" = lim ¥4 = = 2018.
fly= g Sy = o T = i T =70 =201
+ Vay f(x) = 2018, x € [0;1].
Bai 5.23 (DH Thuy Lgi). + Xét

arctan arctan x

Il _ e dlE _ /\/ZLTCZ arctanx) _ mearctanx_/ m—dx

v+ 2 +1
arctanx
I = / S—,
x?2+1

+ Xét
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khi do: _[1 + _[2 = /12 + 1 earctan + Cl-

+ Talai ¢
xearctanz
b= [ S = / wV/a? £ 1d (e
v
earctan x 1.2 earctan x
12 = ZE2 + 16arctana¢ o —de
V VATl VAL

I, = xvVa? 4 ledetane 1 2]

Ny 1
+Tudo [ = §(LU — 1),/332 I Jearctanz 4 (),

6 PHUONG TRINH HAM

Bai 6.1 (PH Giao thong vin tai). Hién nhién ham s6 f(z) = 0 v6i moi
z, 1a mét nghiém. Gia st ¢d zy sao cho f(zg) # 0. Khi d6 f(\/z2 +y2) =
F(z0) f(y) = f(z0) f(—y) véi moi y € R, suyra f(y) = f(—y) véi moiy € R. Vi
thé f 13 ham chén, va do d6 ta chi cAn tim f(z) v6iz > 0. bat g(z) = f(/x),
x > 0. Khi d6 tu phuong trinh da cho ta co

g(u+v) = g(u)g(v),

v6i u = 22, v = y2. Phuong trinh nay c6 nghiém g(u) = a*, a 12 hang sb
duong. Thét vy, trudc hét ta chi ra g(u) > 0 v6i moi u > 0. R6 rang ham
g(u) = 0 v6i moi u théa man phuong trinh trén. Gia st ¢6 ug sao cho g(ug) #
0, khi do ta co

9(uo) = g(uo — u)g(u),

diéu nay suy ra g(u) # 0. Hon nita

o0 =3(5)a(3) = [1(5)] >0

Pit h(u) = In g(u). Khi d6 h(u) lién tuc v6i moi u > 0 va dé thay
h(u+v) = h(u) + h(v).

Nhu vdy h(u) théa man phuong trinh ham Cauchy nén ta ¢6 h(u) = bu,
b= h(1) = In f(1). Nhu vay g(u) = a*, a = *. Cudi cling f(z) = a*’

Bai 6.2 (DH Quang Binh). V6i mbiz € R, dit 7 = sinz, 12 = sinay, - - -  Tpg1 =
sin z,,. Khi do, day (z,) C [-1;1]. Viham y = sinx ¢ 3/ = cosz > 0,V €
[—1;1] nén day (x,) don diéu. Do do6 day (x,), la day don diéu va bi chan.
Goi ¢ = lim limz,; tt phuong trinh ¢ = sina ta suy ra a = 0.

n—o0
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Ta thly f(z) = f(x,) v6i moi n € N. Vi viy
f(z) = lim f(z,) = f(lim z,) = f(0).

n—o0o n—o0
Tu d6, ta két ludn duge f(z) = f(0) v6i moi z € R, titc 1a f 13 ham hang.

Bai 6.3 (CD Su pham Nam Dinh). bét Q(z) = P(1 —z). Tac6 Q((1 —2)*) =
P2z — 2?) = (P(2))? = (Q(1 — 2))?. DAn dén

Néu Q(x) khéng phai don thitc thi Q(z) = az* 4+ 2™ R(z) v6i m > k > 0,
a # 0 va R(r) la da thic théa man R(0) # 0.
Ti Q(2?) = azx® + x?™. R(x?), ta c6

(Q(z))* = a®2®* + 2a2™ " R(x) + 2*™(R(x))?.

NOi riéng, 2k < k +m < 2m.

Pong nhit hé sb hai vé. Hé sb cta #%* din dén a = 2. Hé sb 2™ 13 0 =
2a.R(0). Via # 0, R(0) # 0. Vo Iy.

Viy Q(z) 1a don thtc. Viét Q(z) = az*. Do dé az®* = a2.2** v6i moi z € R.
Cho x = 1 ta dudc a = 0 hodc a = 1. VAy Q(x) = 0 hodc Q(x) = z*

Do d6 P(z) = 0 hodc P(z) = 1 hodc P(x) = (1 — x)* (k € N*).

Bai 6.4 (DH Ty Bic). Do f 1a da thic nén f 13 kha vi moi cip trén R. Dong
N, . ’ ]~ ’ oA . 2 \ , .2 <A
thoita co lim f (E) = f(0) do tinh lién tuc tai 0 cua f. Tt do theo gia thiet
T—r 00
ta dude lim f”(z) = f(0). Tuy nhién f” ciing 1 da thtic nén néu deg f” > 1
T—>00
thi lim f”(z) = co. Diéu nay ching t6 deg f” = 0 hay ndi cach khac f” 1a
Tr—00

ham hang, deg f < 2va f”(z) = f(0),Vz € R.

Mit khac do f(x) > f(2018),Vz € R nén f khong thé 1a ham 18. Vay deg f €
{0,2}.

TH1: Néu deg f = 0 khi d6 f” = 0 va tit gia thiét lim f”(z) = lim f < )

T—00 T—00
suyra f =0,Vx € R.
TH2: Néu deg f = 2 titc 1a f 12 ham sb béc hai trén R. Tit gid thiét f(z) >
f(2018) Vz € R ta suy ra toa d6 cua dinh parabol y = f(z) la x = 2018,
ngodi ra do hé sb cda liy thia béc cao nhét ctia f bang 1 nén ta dudc
f(z) = (z - 2018) +cvlicla hing s6 nao dé.
Cubi cling, do gia thiét f”(z) = f(0) nén ta dudc c+20182 = f(0) = f"(z) = 2
va ta dugc ¢ = 2 — 20182, VAy f(z) = ( — 2018)2 + 2 — 20182,
Két luan: Hoic f( ) = 0hodc f(z) = (x — 2018) +2 — 20182 RO rang thu lai
ta thiy f théa man cac diéu kién ctia ham cin tim.



