1. KHONG GIAN VECTOR

Problem 1.1. Gia stt A 134 mot ma tran vuong cap n, va C(A) = {B | BA = AB} la tap hop
tat cd cac ma tran vuong phiic cip n giao hoan duge véi A. Chiing minh rang: C'(A) 1a khong
gian vector con cia khong gian vector M,,y, va dimC(A) > n.
Hint. Xét anh xa tuyén tinh:
T : Myxn — Mpxn
B+— AB — BA.
Khi d6 S = ker T 1a khong gian vector con ctia khong gian cac ma tran M,,.,. Dé ¥ ring, néu
C' la ma tran kha nghich thi
AB = BA
khi v& chi khi C~*'ACC~'BC = C~'BCC~'AC. Néu D, ..., D, la cac ma tran doc lap tuyén
tinh thi C~'D,C,...,C~'D,C ciing doc lap tuyén tinh. Do dé dé don gian ta gia stt A c6 dang
Jordan, vé6i khéi Jordan thit i cap k la:

a 1 0
A =
0 a 1
0 0 a
Khi d6 A; giao hoan véi
by by ... b
B S
0 by by
0 0 b
Do dé A giao hoan véi
By
B—
B,
Vi trong B ¢6 n bién nén dim C'(A) > n. Q

Problem 1.2. Cho S 1a khong gian con ctia khong gian M,,(C) sinh bdi tap tat cd cAc ma tran
c6 dang AB — BA. Chiing minh ring: dim S = n? — 1.

Hint. Ta can chi ra S ¢6 n* — 1 vector doc lap tuyén tinh. D6 1a cac ma tran: M;; = M My; —
MMy, © # j (c6 n* —n phan t)

My — M;; = My;Mj; — Mj M, 5 # 1 (c6 n— 1 phan tit), trong d6 ma tran M,; la ma tran
c6 phan tit 1 & vi tri ij, cac vi trf khac déu bang 0. Do d6 dim S > n? — 1, mat khac S # M, «,
nén dim S < n?. Suy ra: dim S = n? — 1. Q

Problem 1.3. Cho A, B 1a cac khong gian vector con ctia khong gian vector hitu han chiéu V'
sao cho A+ B =V. Goin =dimV,a = dim A, b = dim B. Lay S 1a tap tat ca cac tu dong cau
fciaVma f(A) C A, f(B) C B. Chting minh riang S la khong gian con clia khong gian tat
cd cac tu dong cau clia V va hay biéu thi s6 chiéu ctia S qua a, b, n.

Hint. Lay f,g € S va r,s € R. Khi d6 ta c6: Yo € A, (rf + sg)(v) = f(rv) + g(sv) € A
vi f,g bat bién doéi véi A. Tuong tu ta ciing c6 (rf + sg)(v) € B. Vay rf + sg € S, hay
S 1a khong gian vector con clia khong gian vector cac ti dong cau ctia V. Dé tinh s chiéu
clia S ta chi can tinh s6 chiéu ctia khong gian cidc ma tran bat bién v6i A va B. Goi A;, B;
la khong gian vector con cia V sao cho A = (AN B)@P A, B = (AN B)@P B;. Khi dé
dm(ANB) =7r =a+b—n,dimA; = a—r,dimB; = b—r. Lay {uy,...,us} 1a c6 86
cia Ay, {vy,...,v.} 1a ¢d 86 cia AN B, {wy,...,wy_,} 1a ¢§ s cia By, Mdi tu dong cau bat
bién dbi v6i A, B thi phai bat bién déi véi AN B. Do dé f(u;) duge biéu thi tuyén tinh qua
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{1, ooy Ug—p, V1, ooy v}, f(v5) chi c6 thé biéu dién tuyén tinh qua {vy,...,v,}, f(w;) duge biéu
dién tuyén tinh qua {vi, ..., v, wy, ..., ws_, }. Suy ra ma tran ctia f c¢6 dang:

a—r r b-—r

a—r{ M 0 0
T MQ M3 M4
b—r 0 0 Ms

trong d6 s6 phan it khac 0 nhiéu nhat 1a (a —r)? +rn+ (b—r)? = a®* + b+ n* — (a+ b)n. Vay
dim S = a? + *> + n? — (a + b)n. Q

Problem 1.4. Cho T la ti dong cau cia khong gian vector V. Gid st x € V ma T™x =
0, 7™ 1z # 0 v6i m 1a s6 nguyén ndo d6. Ching minh rang: z, Tz, T%x, ..., T™ 'z doc lap
tuyén tinh.

Hint. Gia st rang co:
ar +aTe+ - +aTrc+ - 4+ am 1Ttz =0.

Tac dong 7™~ ! vao hai vé ta c6: agT™ 'z = 0, suy ra ap = 0. Bang quy nap ta c6 a = 0, Vk =
0,m — 1 suy ra diéu phai chiing minh @

Problem 1.5. Cho E la mot khong gian Euclide n chiéu. Chtng ta néi hai co s6 (a;) va (b;)
ciing huéng néu ma tran chuyén tit co sd (a;) sang co s6 (b;) ¢6 dinh thitc duong. Gia st (a;)
va (b;) 12 hai co s3 trie chuan cting huéng. Chitng minh ring (a; + 2b;) ciing 14 mot co s6 ciia
E cung huéng véi (a;).

Hint. Goi P 1a ma tran chuyén tit (a;) sang (b;). Khi d6 I + 2P 13 ma tran chuyén tit (a;) sang
1
(a; + 2b;). Ta c6 A la gié tri rieng cua I + 2P khi va chi khi 5(/\ — 1) la gia tri riéng cta P.

Do (a;) v& (b;) 1 cac co 86 triie chuan nén P 13 ma tran tryc giao va cic gia tri rieng ctia P 1a
F1, suy ra céac gia tri rieng ctia I + 2P 1a 3, —1. Do d6 0 khong phai 1a gia tri riéng cia I + 2P
nén I + 2P kha nghich va (a; + 2b;) 1a co s6. Hon nita det P = (—1)*1° véi o, 8 1a boi ciia céc
gia tri rieng 1, —1 ctia P. Do d6 det(I + 2P) = (—1)*3°. Vi detp > 0 nén « la s6 chan. Vay
det(I 4+ 2P) > 0, hay (a;) va (a; + 2b;) cung huéng v6i nhau. Q

Problem 1.6. Cho V 1a khong gian vector n chiéu va W 1a mot khong gian con m chiéu clia
V, (m <n). CMR, ton tai mot co sd ctia V khong chita mot vector nao ctia W.

Hint. Goi {v1,...,v,} 12 cosd cia W va {uy,..., Uy} 12 co 86 clia phan b tuyén tinh clia
W trong V. Khi d6 co 86 {v1 + Uy, ..., Vp + U1, U1, . . ., Up_m} chinh 1a co sé can tim. Q

Problem 1.7. Cho ¢ la 4nh xa tuyén tinh tut V vao W, trong d6 V va W la cac khong gian
vector hitu han chiéu. Goi L, Z 1a khong gian vector con ctia V va W. Chiing minh rang:

a) dim (L) 4+ dim(kero N L) = dim L

b) dim L — dimker ¢ < dim ¢(L) < dim L

¢) dim Z < dim¢~'Z < dim Z + dim ker ¢

Hint. a) Xét anh xa tuyén tinh han ché ciia ¢ len L ta co:
olp: L — oL,
ker p|, = kero N L. Do d6: dim ¢(L) + dim(ker o N L) = dim L.
b) Suy ra tit a) v6i cha ¥ rang dim(ker p N L) < dim ker ¢.
c) Dat L = ¢='Z va cht ¥ ring: L C Z. Tit cau b) ta c6: dimp~'Z < dimp(p~12) +
dim ker ¢ < dim Z + dim ker ¢.
Mat khac: ker ¢ C L nén tit a) ta co:

dim (L) 4+ dimker ¢ = dim L (1).



Ta cing c¢6: ¢(L) = Z N (V) nén
dim (L) =dim(Z Ne((V))
=dim Z + dim ¢p(V') — dim(Z + ¢(V))
>dim Z + dimp(V) — dim W
=dim Z — dimker . (2)

Tu (1) va (2) ta c6 diéu phai chiing minh. Q

Problem 1.8. Cho cic dong cau clia cic K-khong gian vector hitu han chiéu ¢ : V. — W, :
W — Z. Chitng minh réng:

a) dimker(¢.¢) = dimker ¢ + dim(Im ¢ N ker )

b) dimker(¢.¢) < dim ker ¢ + dim ker ¢

c) rank(¢.¢) = rank ¢ — dim(ker ¢ N Im )

d) rank(z.¢) > rank ¢ + rank ¢ — dim W
Hint. a) Dat L = Im ¢ va ap dung bai tap 1.6.a ta c6:

dim (L) + dim(ker¢) N L) = dim L
hay
dim Im(¢.¢) + dim(ker p N L) = dim V' — dim ker ¢
dimker ¢ + dim(ker o N L) = dim V' — dim Im(v.¢) = dim ker(¢).¢.

b) Suy ra tit cau a) véi chu ¥ rang: ker o N L C ker ¢

¢) Suy ra tu lap luan & ching minh cta cau a).

d) Suy ra tit cau ¢) véi cha y rang: ker¢) N Im ¢ C ker 1. Q
Problem 1.9. Gia stt P, @, R 1a cac ma tran vuong cap n. Chitng minh ring:

rank(PQ) + rank(QR) < rank () + rank(PQR).
Hint. St dung bai tap 1.7 cau c) ta co:

rank(PQR) = rank(PQ) — dim(ker(PQ) NIm R)

rank(QR) = rank @) — dim(ker @ NIm R)

Suy ra:
rank(PQ) + rank(QR) =rank(PQR) + rank @ + dim(ker @ N Im R)

— dim(ker(PQ) NIm R)
<rank(PQR) + rank @
Q@
Problem 1.10. Cho V va W la cac khong gian vector hitu han chiéu. 7' : V — W 1a anh xa

tuyén tinh, X 1a khong gian vector con clia khong gian vector W Chitng minh: dim(7~1X) >
dimV — dim W + dim X. Hon nita néu 7" toan anh thi ta c6 dang thiic.

Hint. Xét anh xa tuyén tinh: F : V/p-1x — W/x dugc cho béi: F(T) = T(z). Khi d6 F 1a
don anh. That vay, néu F(y) =0 thi T(y) € X do d6 y € T™'X hay y = 0. Tt d6 suy ra:
dim(V/p-1x) < dim(W/x)
hay
dimV —dim77'X < dim W — dim X.
Vay
dim77'X > dimV — dim W + dim X.
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Problem 1.11. Cho f : £ — E la mot tiy dong cau tuyén tinh ctia khong gian vector hitu
han chiéu F. Ching minh rang

dim ker f? < 2dimker f.
Hint. Ap dung bai tap 1.10 v6i X = ker . Q@

Problem 1.12. Cho A va B la cac ma tran vuong cap n. Chitng minh ring khong gian nghiém
clia hai phuong trinh AX = 0 vd BX = 0 bang nhau khi va chi khi ton tai ma tran C kha
nghich sao cho A = CB.

Problem 1.13. Cho A la ma tran vudéng phtic cap n sao cho trA* = 0 véi k =1,...,n. Ching
minh ring A 14 ma tran Iuy linh.

Hint. Gia sit A c¢6 dang chéo hoa Jordan véi cac khoi Jordan tuong ting vé6i cac gia tri rieng
Al ..., Am phan biet. Khi d6 A* 14 ma tran c6 cac phan ti trén dudng chéo chinh la céc gia tri
rieng AP, Tit gid thiét tr(A*) = 0,1 < k < m ta c6 he¢ phuong trinh:

f:mf =0,Vk=1,...n.

i=1
T hé nay ta suy ra A\; = 0,1 <7 < m. Vay A sé la ma tran luy linh. Q@

Problem 1.14. Cho A, B la cac ma tran vuong cap n sao cho AB — BA = B. Chiing minh
rang

(1) A*B = B*(A +klI,), v6i moi k € N.

(2) det(B) = 0 va tr(B*) = 0, v6i moi k € N.

(3) B la ma tran lay linh.

Problem 1.15. Cho A, B 1a cidc ma tran vuong cap n, thod man diéu kien: AB = BA = 0 va
Im ANker A = {0},Im BNker B = {0}. Chting minh rang: rank(A + B) = rank(A) + rank(B).

Hint. Ta c¢6 rank(A + B) < rank(A) + rank(B). Gia st ey, €a, ..., €5 VA Uy, Ug, ..., Us 1 cac
co s cua Im(A) va Im(B) tuong ting. Ta chiing minh hé vector ey, e, ..., ex, ui, us, ..., us doc
1ap tuyén tinh trong Im(A + B). That vay, gia st > \ie; + > pju; = 0, ta suy ra Y \Ae; +
S pjAu; = 0. Tit gia thiét AB = 0 ta ¢6 Im(B) C ker(A), do d6 ta suy ra > \;Ae; = 0, hay
A(D o Nie;) = 0. Tu do ta c6 Y Nje; = 0. Vay \; = 0. Tuong tu ta ciing ¢6 p; = 0. Tém lai ta

c6 hé vector ey, ey, ..., e, U, Uz, ..., us la co 6 cia Im(A + B).
Vay rank(A + B) = rank(A) + rank(B). Q
Problem 1.16. Cho A;, A, ..., A, 1a cAc ma tran vuong déi xiing cap n thod man diéu kién

A;A; = 0,Vi # j. Ching minh rang:
rank(A;) + rank(As) + - - - + rank(4,,) < n.

Problem 1.17. Ma tran A dugc goi 1a pseudoreflection néu rank(A — I) = 1. Chitng minh
rang moi ma tran A cap n la tich ctia khong qua n + 1 ma tran pseudoreflection.

Problem 1.18. Cho A 13 ma tran phiic va k 14 mot s6 tir nhien. Ching minh réng ton tai ma
tran X sao cho X% = A.

Problem 1.19. Cho A 14 ma tran phiic cip m sao cho day (A")>2, hoi tu dén ma tran B.
Chting minh ring B dong dang v6i ma tran duong chéo ma cac phan tit trén duong chéo chinh
bing 0 hoac 1.

Hint. Do A?" = A™. A" suy ra B? = B. Vay ta c6 diéu can chiing minh. Q
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Problem 1.20. Cho W la khong gian vector n-chieu, U va V 1a cac khong gian con ctia W
sao cho UNV = {0}. Gi& st uy, ug, ..., up € U va vy, vg,...,up € V v6i k > dimU + dim V.
Chitng minh rang ton tai cac s6 Ai, Ag, ..., \; khong dong thoi bang 0 sao cho

k k
i=1 i=1

Khéng dinh trén con ding khong néu k < dim U + dim V.
Hint. Chi ¥ ring ta c¢6 don cAu U x V — W nén s6 chiéu ctia U x V khong qua n. Q@

Problem 1.21. Cho f 1a da thitc hé s6 thuc c¢6 bac n > 0 va pg, p1, P2, - - -, Pn 1 cac da thitc
hé s6 thuc va c6 bac duong. CMR, ton tai cac s6 thuc ag, ar, as, . .., a, khong dong thsi bang
khong sao cho da thic Q(z) = Z a;(pi(r))" chia hét cho f.

i=0
Problem 1.22. Cho V' la mot khong gian vector trén truong vo han K va Vi, Vs, ..., V, la cac
khong gian vector con cua V. Gia sit

Chtng minh rang ton tai i sao cho V = V.

Hint. Dat A = V;U...UV,_;. Ta sé ching minh rang V,, = V hoac V,, C A. Tit d6 suy ra dicu
phéi ching minh. That vay, gid st V,, # V va V,, ¢ A. Khi d6 ton tai cac vector x € V'\ 'V, va
y €V, \ A Khi dob tacoéz+ Ay ¢V, véi moi A # 0. Do d6 ta c6 x +y,x+2y,...,z+ny €
A=ViU...UV,_;. Do d6 ton tai cac so6 nguyén k,l sao cho x + ky,x + ly € V;, tit d6 suy ra
y € V; C A. Diéu nay la mau thuan. @
Problem 1.23. Cho day cac tu dong cau

fm

Vi v Ly, Ly

Chitng minh rang
> dimker f; — ) dim(V;/Im f;) = dim Vp — dim V.
=1 =1

Hint. Tru6c hét ta chiing minh cho truong hop m = 1. Tic 1a f; : Vo — V4, ta ¢6 dim Vy =
dimIm f; + dimker f; = dim V; — dim(V;/Im f;) + dim ker f;. Do d6

dim Vy — dim Vj = dimker f; — dim(V;/Im f;).

Tuong tu, ta co
dim Vy — dim V; = dimker f; — dim(V;/ Im f;)

dim Vj — dim V, = dimker fo — dim(V5/ Im f5)

dimV,,_; —dimV,, = dimker f,,, — dim(V,,/Im f,,).
Cong vé theo vé cac dang thiic trén, ta c6 diéu can ching minh. Q

Problem 1.24. Cho f, g la cac tu dong cau tuyén tinh ctia khong gian vector V' n-chiéu thoa
man diéu kién fo g = go f, g luy linh v& rank(f o g) = rank(f). Chiing minh cac khang dinh
sau:

a) Im(f) Nker(g o f) = {0},
b) Im(f) Nker(g® o f) = {0},
c) T d6 suy ra f = 0.
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Problem 1.25. Cho f la mot déng ciu tuyén tinh ctia khong gian vector V n-chiéu. Gia st
V =L@N, dim(N) =m,0 < m < n. Chiing minh ring ton tai s6 nguyén k, (k < n*™) sao
cho V = f¥(L)E@ N.
Problem 1.26. Cho ¢ la mot ti dong cau tuyén tinh ctia khong gian vector hitu han chiéu V.
a) Gia sit da thiic ti tiéu clia ¢ c6 phan tich p(t) = h(t)g(t), trong d6 h,g la cac da thic
nguyén to ciing nhau. Chitng minh rang: V = Ly @ Lo, v6i Ly = ker(h(p)), Ly = ker(g(¢)).
b) Gia st da thiic t6i tiéu clia ¢ ¢ phan tich p(t) = hy(t) ... hi(t), trong do hy(t),1 <i <k
1 cac da thitc doi mot nguyén t6 cing nhau. Chiing minh rang:

k
V - @ Li;
i=1

voi L; = ker(hi(¢)),1 <i < k.

Hint. a) Do A(t) va g(t) 1a hai da thic nguyen t6 cing nhau nén ton tai cic da thic u(t) va

v(t) sao cho 1 = h(t)u(t) + g(t)v(t). Khi d6 mdi vector  déu c¢6 phan tich duy nhat thanh

z = h(p)u(e)(x) + g(e)v(p)(z) trong do h(p)u(e)(x) € Ly va g()v(e)(x) € L. %
2. HANG VA DINH THUC

Problem 2.1. Cho ma tran vudng cap n

€T y . e y
A=|. .

Vv6i .,y 1a cac s6 thuc cho trude. Tinh A*, véi k 1a mot s6 nguyén duong.
Hint. Dt

11 -+ 1
11 - 1
B=1|. . )
11 --- 1
Ta c6 A= (z —vy)l, +yB. Tu day ta tinh A" Q

Problem 2.2. Cho fi(z), fa(z), fu(x) la cac da thic c¢6 bac khong vugt qua n — 2, n > 2.
Tinh dinh thic sau

filar)  fiaz) -+ fi(an)

falar)  falaz) -+ falan)

falar) fulaz) - fulan)

Hint. Xét khong gian vector R, _s[z] gom cac da thitc v6i he s6 thuc va ¢6 bac khong qua
n — 2. Ta ¢6 dimR, s[z] = n — 1. Do d6 cac vector fi(x), fo(z), -+, fu(z) 1& phu thuodc
tuyén tinh, tic 1a ton tai cac s6 thuyc Ai, s, ..., )\, khong dong thoi bing khong sao cho
A fi(z) + Aafo(z) + -+ N fu(x) = 0 v6i moi x € R. Tt két qua nay ta suy ra dinh thic clia

ma tran
filw) filan) - fulan)
fola) falar) - falan)
falar) fulas) - fulan)
bing 0. Q



Problem 2.3. Cho aj,as,...,a, la cic s6 thic. Ching minh rang dinh thic
a; ag - Ay
an a1 o A
a2 a3 DY al

bang tich f(e1)f(e2) - f(en), trong d6 € 1a cac can ban n cia don vi, véi f(x) = a3 + asx +
oL

Hint. Goi ¢; = 1,€,,...,€6, 1a n cin bac n cia 1. Ta c¢6 biéu dién
a G --- anp |1 1 1 f(l) f(€2) f(en)
an ap -+ Qp—1 1 €2 e €n . f(l) €2f<€2> e an(En)
as az --- ap ||1 eg_l ceeentt f(1) eg_lf(eg) e (ey)

Q

Problem 2.4. Cho A la ma tran vuong thuc cap n va A! Id ma tran chuyén vi ctia n6. Chiing
minh rang A'A va A ciing hang.

Hint. Trudc hét ta ching minh: dim(ker A’A) = dimker A. RS rang: ker A C ker A'A, ngugc
lai gid st v € ker A'A thi A'Av = 0, suy ra (A'Av,v) = (Av, Av) = 0 hay Av = 0, tic la
v € ker A. Do vay dim(ker A*A) = dim ker A, tir d6 ta c6 rank(A*A) = rank A. Q

Problem 2.5. Gid stt P va @ 1a cAc ma tran vuong cip n théa man cac diéu kién sau:
P? =P Q*=Q vaI— (P + Q) kha nghich. Chitng minh rang P va @ c6 hang bing nhau.
Hint. Ta co:

rank P = rank P(I — P — Q) = rank PQ)

rank @ = rank(/ — P — Q)@ = rank PQ
Vay ta c6 dieu phai ching minh. Q
Problem 2.6. Cho A, B 1 hai ma tran c6 tinh chat A2 = A, B> = B. Chiing minh rang A
dong dang v6i B khi va chi khi rank(A) = rank(B).
Problem 2.7. Cho

aq bl 0 0 ... 0 0
bi ay by 0 ... 0 0
p |V 0
0 0 0 0 ... ap1 by
0O 0 0 0 ... b1 ay

Gia st b; # 0, v6i moi 4. Chiing minh réng:
a) rankT >n — 1,
b) T c¢6 n gié tri riéeng phan biét.

Hint. a) Ma tran con c6 duge bang cach bé dong 1, cot n ¢6 hang bang (n — 1).

b) Giad st A la gia tri rieng cia A tic la det(A — AI) = 0. Theo cau a) rank(A— ) =n—1
nén dimker(A — AI) = 1, suy ra khong gian con riéng ting v6i gid tri rieng A 1a mot chiéu. Do
A la ma tran doéi xting nén A c6 di n gia tri rieng ké ca boi. Vay A c6 n gia tri rieng khac
nhau. Q@
Problem 2.8. Cho (a;;) 1a ma tran vuong cap n véi cac a;; la cac s6 nguyen.

a) Chitng minh ring néu s6 nguyén k 1a mot gia tri rieng ctia A thi dinh thic ctia A chia
hét cho k.



b) Gia st m 1a mot s6 nguyen va mdi dong clia A c6 tong bang m

n
E Qi = N, i:1,2,...,n.
=1

Chitng minh rang dinh thic ctia A chia hét cho m.

Hint. a) Ta ¢6 det(A — A\) = (=1)"\" + ... + ¢;(—=1)'\" + ... + ¢, trong d6 ¢, = det A (a;;
nguyén nén ¢; nguyen). Néu k la gid tri rieng nén

()" + ...+ ek + ... +det A=0

suy ra k la udc cua det A.
b) Lay = = (1,...,1) ta ¢c6 Az = mx nén m la gia tri rieng ctia A. Theo cau a) ta ¢6 m 1a udc
cua det A. Q@

Problem 2.9. Cho dinh thitc Vandermonde (phtic)

1 a a ... af

1 ag a} ... af
A= ,

1 a, a2 ... a”

v6i a; 1a cac s6 phic.

a) Chiing minh rang A kha nghich khi va chi khi cdc a; doi mot khac nhau.

b) Néu cac a; doi mot khac nhau va by, by, . .., b, 1a cic s6 phiic tiy ¥. Chiing minh réng ton
tai duy nhat da thic f bac n v6i he s6 phiic sao cho f(a;) =b;, Vi=1,2,...,n.
Hint. a) Ta c¢6: det A = [[(a; — a;), do d6 A kha nghich khi va chi khi céc a; khac nhau ting

i>j

doi mot.

b) Gid st f = ¢y + c1x + -+ - + ¢, 2" 1a mot da thite bac n he s6 phiic sao cho f(a;) = b;, ta
c6 hé phuong trinh an 1 ¢;, i— = 0,n

co+cra1+ -+ cpal =b

co+ crag + -+ -+ cpay = by

co+ c1ay + -+ cpan = by,

hé phuong trinh trén c6 dinh thiic Crame khac 0 nén c6 nghiém duy nhat. Vay ton tai duy
nhat da thitc f bac n véi he s6 phiic sao cho f(a;) = b;. Q

Problem 2.10. Cho vi du mot ham lién tuc f : R — R3 v6i tinh chat 1a f(v1), f(v2), f(v3)
lap thanh mot co s6 ctia R3, trong d6 vy, vs, v3 14 cac sd thyc phan biét.

Hint. Xét ham f(t) = (1,¢,¢%) thi f 1a ham lién tuc. Khi d6 néu ¢;, i = 1,2, 3 khac nhau ting
doi mot thi
1t &2
det | 1 ty 2] #0.
1ty t

Q

Problem 2.11. Cho fi, fo, ..., fn 1& cdc ham nhan cac gia tri thyc lién tuc trén [a, b]. Chiing
minh rang {f1, f2,. .., fn} phu thudc tuyén tinh khi va chi khi

det (2 fila) fy(w)dr) = 0.



Hint. Xét tich vo huéng trén Cla, b] xac dinh béi

b

(9)= [ f@glo)s

Ta ¢6 Cla, b] 1a khong gian Euclid va
b

det (f? () f,(x)dz)
chinh 1a dinh thitc Gram ctia he vector {fi, f2,..., fn}. Tt d6 suy ra diéu phai chiing minh. ©
Problem 2.12. Ky hi¢u M,(R) 1a khong gian cac ma tran vuong thuyc cap 2. Cho

1 2 2 1
A:<—1 3)’ BZ(O 4)'

Xét phép bién ddi tuyén tinh L : Ms(R) — My(R) xac dinh bdi L(X) = AX B. Hay tinh vét
va dinh thtc cta L.

Hint. Xét cac anh xa tuyén tinh

La(X) = AX
Ls(X) = XB.
Ma tran ctia L4 va Lp lan luge 1a:
=1 0 20 2 0 00
0 1 0 2 1 400
Ma=1_1 0 30l ™M=|00 20
0 -1 0 3 001 4
Suy ra det L = det L. det L = 25.5%, Tr(L) = Tr(Ms.Mp) = 24 v

Problem 2.13. Ky hi¢u M3(R) 1a khong gian cac ma tran vuong thuc cap 3. Cho

) , £ 1
Xét phép bién doi tuyén tinh L : M3(R) — M;3(R) xac dinh bdi L(X) = §(AX + XA). Hay
tinh dinh thtc cia L.
Hint. Lay X = (z;5), ta co:
T11 %xm L13
L(X) = %@1 2T99 %9523
T31 %$32 L33

Dé thay mdi ma tran M;; déu la vector rieng ctia L. Suy ra det L = 2.(5)4 =—. Q

Problem 2.14. Ky hi¢u M3(R) la khong gian cdc ma tran vuong thuc cap 3. Gia st A €
M;3(R),det A = 32 va da thiic t6i tiéu cia A 1a (A — 4)(A — 2). Xét anh xa tuyén tinh: L4 :
M3(R) — M;3(R) xac dinh béi La(X) = AX. Hay tinh vét ctia Ly.

Problem 2.15. Ky hi¢u M;(R) 1a khong gian cdc ma tran vuong thyc cap 7. Gia stt A € M7(R)
1a mot ma tran chéo v6i dudng chéo chinh gom 4 hang tit +1 va 3 hang tit -1. Xét anh xa tuyén
tinh L4 : M7(R) — M7(R) xac dinh béi Ls(X) = AX — X A. Hay tinh rank L 4.

Problem 2.16. Cho F la mot truong, n va m 1a hai sd nguyén, M,, v, 1 khong gian cac ma
tran cap m x n trén truong F. Gia sit A va B 1a hai ma tran c¢6 dinh ctia M,,.,,. Xét dnh xa
tuyén tinh L : My,xn, — M, xac dinh béi L(X) = AX B. Chitng minh ring néu m # n thi
L suy bién.
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Hint. Truong hop m > n. Ta viét T = T, o Ty, trong d6 Th : M, xpm — My, dude xac dinh
béi: To(X) = XB va Ty : Mywn — Mpyxn duge cho béi: T1(Y) = AY. Vi dim M., = nm >
n? = dim M,,»,, nén T khong don anh, suy ra T ciing khong don dnh hay 7' khong kha nghich.

Truong hgp m < n xét tuong tu. Q@
Problem 2.17. Gia st Ay, Ay, ..., Ay 12 cac ma tran cap n. Ching minh rang tim duge
n+1s6 x1,2s,..., T, khong dong thoi bang 0 sao cho ma tran x1A; + 29 As -+ + Tpg1 Apis
suy bién.

Hint. Goi vy, vs, ..., vy 12 cac vector c6 toa do 1a cot dau tién clia cdc ma tran Ay, As, ..., A,
tuong tng. Khi d6 n + 1 vector nay phu thudc tuyén tinh. Do d6 ton tai n + 1 sé thuec
T1,Ta, ..., Tpner khong dong thoi bang 0 sao cho

101 + ToUg + -+ Upp1Tp41 = 0.

Lic d6 ma tran 214, + 2945 + -+ + Tp1 Angr €6 cot dau tién bang 0 nén ma tran z;A; +
oAy + -+ + 21 Appr suy bién. v

Problem 2.18. Cho A la ma tran vuoéng cap n. Chiing minh rang néu A% = F thi tong hang
clia cac ma tran A — E vi A+ E bang n (E 1a ma tran don vi).

Hint. Xem A la ty dong cau tuyén tinh ctia R™. Diéu can chiing minh rank(A — E) + rank(A +
FE) = n tuong duong vé6i dim(ker(A — E)) + dim(ker(A + E)) = n. That vay, véi moi z € R” ta
co

xr = %(x—l—A:z:)—F%(x—Ax)

trong do %(:v + Az) € ker(A — F) va %((L‘ — Azx) € ker(A+ E).
Mat khac ker(A + E) Nker(A — E) = {0} nén
R"™ = ker(A + E) @ ker(A — FE),
suy ra dim(ker(A — E)) + dim(ker(A + E)) = n. Q

Problem 2.19. Cho A 14 ma tran vuong thyc cap n. Ching minh ring: det(A? + E) > 0. Khi
nao thi déang thitc xay ra.

Problem 2.20. Ta viét
A2+ E = (A+iE)(A—iE) = (A+iE)(A+iE).

Suy ra
det(A* + E) = det(A +iE) det((A +iFE))

= det(A +iE)det(A +iE) = |det(A +iE)|* > 0.

Vay det(A% + E) > 0 dang thiic x4y ra khi va chi khi da thitc dic trung ctia A nhan +i lam
nghiém.

Problem 2.21. Cho tam thiic bac hai p(z) = 2? + ax + b thod man p(z) > 0, Vo € R va A la
mot ma tran vuong thiic cip n. Chiing minh rang: det p(A) > 0.

Hint. Tir gia thiét ta c6 p(z) c6 hai nghiem phiic lien hgp A va , do dé
p(z) = (x = A)(z = N),
p(A) = (A= AE)(A—)\E) = (A - \E)(A - \E).

Suy ra
det p(A) = | det(A — AE)|? > 0.
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Problem 2.22. Cho f(z) la da thitc he s6 thyc c6 bac duong, he s6 dan dau bang 1 va
f(z) >0, Vz € R, A la mot ma tran vuong thic cap n. Chiitng minh rang det f(A) > 0.

Hint. Do f(z) > 0 Vz € R va hé s6 dan dau bang 1 nén f(z) la tich ctia cadc tam thiic bac hai
c6 dang 22 + ax + b khong am v6i moi z. Theo bai 2.21 ta c6 dpem. Q@

Problem 2.23. Cho A 14 ma tran vuong cap n. Chitng minh réng: det(AA' + E) > 0, trong
dé A! 1a ma tran chuyén vi ctia ma tran A vi E 1a ma tran don vi ciing cap véi A.

Hint. Ta c6 (AA' + E) 1a ma tran ddi xing nén né la ma tran ciia mot dang toan phuong.
Hon nita, dang toan phuong nay xac dinh duong. That vay, véi moi z € R” ta ¢6

((AA" + Bz, 7) = (AA'z, 2) + (z,2) = (Ax, Az) + (2, 7) > 0.

Do d6 cac gia tri rieng ctia A déu duong, vi vay dinh thiic ciia A bang tich cac gi tri rieng clia
A cing duong. Q

Problem 2.24. Cho A va B la cac ma tran thyc cap n. Chiing minh ring: det(AA*+ BB?) > 0.
Problem 2.25. Chiing minh tinh chat sau cia dinh thitc Gram
G(ay,ag, ... a5, b1,....bp) > G(ay,...,ax)G(by,...,b).
Dang thitc x4y ra khi va chi khi
(a;,bj) =0(i=1,....kj=1,...,1)
hosic mot trong hai he vector {ay,...,ax}; {b1,..., b} 1a phu thudc tuyén tinh.

Hint. Truc giao hoa hé vector {ay, ..., ax, b1, ..., k; } thanh hé vector truc giao {a, ..., ax, 51, ..., B}

va {by,...,b;} thanh {py, ..., pi}.
Goi L; = (ay, ..., ax, by, ...,bx_1) va N; 1a phan bu tryc giao ctia L; trong V. Ta c6

1
V=LEN.
Qué trinh tryc giao héa ta co
bi = yi + pi,
i—1
voi Y = Z Pj € <b1, ...,bi_1> va sz—pz
j=1
Mat khac, ta c6 phan tich
pi = y; + zi,

véi y; e L; x; €N,
Hon nita, ta c¢6 b; = §3; + x;, v6i x; € L; v f3; truc giao v6i L; nén 3; € N;. Vay ta cé 2 biéu

Ta lai ¢6
Gr(ay, ..., a5, b1, ..., 0) = (o, 1) ... (o, a) (B, Br) - (Bi, Br)

=Gr(ay,...,ar). (51, B1) .- (B, Br)

<G’I"(a1, aak) <p17p1> <pl7pl>

—GT(CLl’ 7a’k) (p17"'7pl> = Gr(ala"'7ak)‘G,r(b17”'7bl)

v

Problem 2.26. Cho A 13 ma tran dé6i xting thuc cip n véi cac dinh thic con chinh déu khong
am, A; 1a mot ma tran con cap k (k < n) & goc trén trai cia ma tran A va A, 13 ma tran con
cap k —n & goéc duéi phai ciia ma tran A. CMR,

det(A) < det(A;) det(As).

Problem 2.27. Cho A 13 ma tran vuong cap n, goi B va C 1a cdc ma tran tao béi k cot dau
va n — k cot cudi tuong ting ctia ma tran A. Chiing minh réng det(A)? < det(B!B) det(A'A).
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Problem 2.28. Cho A, B la 2 ma tran vuong thuyc cap n, gia st det(A + B) va det(A — B)
khac khong. Chitng minh ring ma tran
A B
v=(5 %)

kha nghich.

Hint. Ta ¢6 biéu dién
I, O A B I, 0\ [(A-BD 0
I, I,]\B AJ\-I, I,] 0 A+ B

C6 thé chiing minh triyc tiép néu

thi z =y = 0. v

Problem 2.29. Cho f : V — V la mot tu dong ciu tuyén tinh. Chiing minh réng ton tai
k € N sao cho V = Im f* & ker f*.

Problem 2.30. Cho A 14 mot ma tran vuong cap 2. Giai phuong trinh sau
AX — XA=0.

3. DANG CHINH TAC

-t ),

Hay bicu thi A~' nhu 1a mot da thic clia A véi he s6 thue.

Problem 3.1. Cho

Hint. Ta c6 da thic dic trung ctia A la:

xa(A\) = A\ —3
1
. Do dé: A?2 — 31 = 0 hay A? = 31, suy raAkhénghiehv&A‘lng. Q
Problem 3.2. V6i x € R, dit
x 1 1 1
1 = 1 1
A=111 21
11 1 =

a) Chting minh ring det 4, = (z — 1)3(z + 3).
b) Chiing minh rang néu z # 1,3, thi A7t = (z — 1) H(z +3) ' A_, .

Hint. a) Tinh toan truyc tiép ta c6 det A, = (z — 1)3(x + 3).
b) Néu z # 1,3 thi A, kha nghich va da thitc dic trung ctia A, 1a:
xt) = (x—t—1)7%(x—t+3).
Suy ra da thiic t6i tieu ctia A, 1a: m(t) = (v —t — 1)(z — t + 3), do d6: ((x — 1)I — A,)((x +
3)I — A,) = 0, khai trién ta c6 dugc: (v — 1)(x +3)I — 2(z — 1)A, + A2 = 0. Nhan hai vé véi
A1 va bién doi ta co

A= —(z-1D—-1(z+3)'A_, 5.

T
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Problem 3.3. Tinh A!° véi
3

1 1
A= 2 4 2
-1 -1 1
Problem 3.4. Chitng minh ho#ic dua ra phan vi du: V6i moi ma tran vuong phiic A cap 2,
ton tai ma tran vuong phitc B cap 2 sao cho A = B2

Hint. Chon A = (3 }) thi sé khong c6 mot ma tran vuong phtic B cdp 2 nao ma A = B2 Q
Problem 3.5. Cho

0 0 01
00 0O
A= 00 00
00 00
Véi s6 nguyén n nao thi sé ton tai ma tran vuong phitc X cap 4 sao cho X" = A.

Problem 3.6. Khang dinh sau ding hay khong:
Ton tai ma tran vuong thic A cap n sao cho

A% 424451 =0,
néu va chi néu n 1a s6 chén.
Hint. Khing dinh ding.

Gia stt A ton tai, suy ra A c¢6 da thic t6i tiéu chia hét 2 + 2t + 5 la da thiic bat kha qui trén
R Vay ma(t) =t + 2t + 5. Vi da thiic diic trung va da thitc t6i tiéu c6 cting nhan tit bat kha
qui nén

Xa(t) = ma(t)*
suy ra n = deg x4(t) phai 1a s6 chén.
Nguodc lai, n chin, ta thay Ag = ((1] :g) 1a mot nghiém ctia phuong trinh ¢2 4 2t +5 = 0. Do
2 N n 2. N p . N ~ ” ~ ~ N 5 N
d6 ma tran khoi gom 5 khoi Ay trén duong chéo chinh la ma tran théa méan yéu cau cua de
bai. Q@
Problem 3.7. Phuong trinh nao c6 nghiém 1a mot ma tran vuong thyc (khong nhat thiét phai
chi ra nghiém):

00 0
X3=110 0
2 30
350
2X°+ X =519
09 0

6 4 0 -1
X0+2xt+10X = (]
34 0
X*=1(0 3 0
00 -3

Problem 3.8. Cho A v B la hai ma tran thuc cap n thoa man diéu kién ton tai ma tran phic
V sao cho A = VBV~ Chitng minh ring ton tai mot ma tran thyc U sao cho A = UBU .

Hint. Giad st V = X +1Y, trong d6 X,Y la cac ma tran thyc. Tt dang thic AV = VB, ta c¢6
AX +1Y)=(X+1iY)B,suyra AX = XBva AY =YB,dodé A(X +tY) = (X +tY)B véi
moi ¢ € R. Mat khac xét da thic p(z) = det(X + 2Y), z € C. Ta ¢6 p(i) # 0 nén ton tai mot
gia tri thuc to sao cho p(ty) # 0. Vay ta c6 A(X +tyY) = B(X +tyY) trong dé X +¢pY 1a ma
tran kha nghich. V)
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Problem 3.9. Cho z 1a s6 thuc duong. Héi ¢6 ton tai hay khong mot ma tran vuong thuc cap

2 sao cho
-1 0
2004
()

Problem 3.10. Cho ma tran:
A=|-1 2 -1
0o —1 2
Chitng minh rang: méi ma tran B sao cho AB = BA c6 dang:
B = al +bA + cA?,
v6i a, b, ¢ 1a cac s6 thuc nao do.

Problem 3.11. Cho A 14 ma tran cap n c¢6 n gia tri rieng phan biét. Chting minh ring: moi
ma tran B giao hodn dugc v6i ma tran A déu biéu dién duge dudi dang: B = f(A), vdi f 1a
mot da thitc hée s6 thyc, bac khong qua n — 1.

Hint. Do A c¢6 n gia tri rieng phan biét nén A chéo hoéa duge, tiic 1a ton tai ma tran C kha
nghich sao cho C7'AC = P la ma tran chéo. Khi d6, ma tran B giao hoan dugc v6i A khi va
chi khi ma tran Q = C~'BC giao hoan dudgc véi P. Gia st

N O - 0
0 XN --- 0
P=1--- - . ...
0O --- 0 A

trong d6 \; 1a cac gia tri thyc khac nhau timg doi mot. Bang cich thit tryc tiép ta co: Q giao
hoan duge v6i P khi va chi khi ) ¢6 dang:

w0 - 0
0 po -+ 0
Q=1|--- - -
0 -~ 0

trong do pu; 1a cac gia tri thiic ndo d6. Bay gio ta can tim cac sé thic ag, o, ..., a,—1 sao cho
Q=a] +a1P+ -+, P!
Diéu nay thuc hien duge nho viéc gidi hé phuong trinh tuyén tinh:
To+ T+ AN T e =
To+ Xoxy + - F AT, = o

T do ta suy ra:
B=oayl +aA+- - +a, A"}
Q@

Problem 3.12. Cho A, B 1a cac ma tran vuong cap n. Chitng minh réing néu B giao hoan véi
moi ma tran giao hoan duge véi A thi ton tai mot da thiic f(t) sao cho B = f(A).

Hint. Cho A 1 ma tran thiyc cip n x m. Chitng minh réng ton tai ma tran thuc B cap n sao
cho AA! = B2004 Q
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Problem 3.13. Cho A € M,(R) la ma tran lay linh. Giai cac phuong trinh sau X —AX—-A =0
va X +AX+A=0.

Hint. Do A la ma tran lay linh nén A" = 0. Khi d6 I, — A 14 ma tran kha nghich va
(I, — A =T+ A+ A% +--- + A1, Tu phuong trinh X — AX — A = 0 taco6 X =
(I-A)1TA=A+A?+... + A" L. Q

Problem 3.14. Cho A la ma tran cap n thod A? = A. Chiing minh ring phuong trinh
AX — XA =0 c6 nghiém, can va du la: ton tai ma tran X, sao cho X = AX, + XoA — X,.

Hint. Dua A vé dang chéo. Q

Problem 3.15. Cho A 1a ma tran vuong cap n thod man diéu kien A? = A. Hay tinh da thic
dic trung cia A.

Hint. Dap s6 xa(A) = (1 = A)"(=A)""", véi r 1a hang ctia A. Q

Problem 3.16. Cho A va B la hai ma tran luy linh, AB = BA. Chiing minh ring
a) A+ B cang la mot ma tran lay linh.
b) I — A kha nghich.
c) det(/ + A) = 1.
d) I + A+ B kha nghich.

Problem 3.17. Cho A 1 ma tran liy linh va f(¢) 1d mot da thic véi he s6 tu do khéc 0.
Chitng minh rang ma tran f(A) kha nghich.

Problem 3.18. (1) Cho A, B € M,,(K), AB = BA, B # 0 va A la ma tran lay linh. Chiing
minh ring rank(AB) < rank(B) — 1.
(2) Cho Ay, Ay, -+, A, € M,(K) la cdc ma tran liy linh giao hoan véi nhau ting d6i mot.
Chitng minh rang
[T4:=o.
i=1

Hint. Do A 1a ma tran liy linh nén dang chéo hoa Jordan cia A c¢6 dang

0 0 --- 0
1o 0
0 --- 1 0

Do d6 ton tai mot co s6 {uy, us . .., u,} cia R™ sao cho A(uy) = ug, A(uz) = uz, -+, Alu,_1) =

up, va A(u,) = 0.
Ta sé chiing minh néu rank(AB) = rank(B) thi B = 0, tic la Im(B) = {0} . That vay, ta c6
Im(B) =Im(AB) = A(Im(B)) = A(span{Buy, Bus, ..., Bu,}) = span{ABuy, ABus, ..., ABu,}
=span{Bus, Bus, . .., Bu,}
Tuong tu
Im(B) =Im(AB) = A(Im(B)) = A(span{Bus, Bus, ..., Bu,}) = span{ ABuy, ABus, ..., ABu,}
=span{ Bug, Buy, . .., Bu,}

Tiép tuc qua trinh trén, ta c6 Im(B) = span{Bu,} = {0} . Vay rank(AB) < rank(B).
2) Suy ra tir 1). Q

Problem 3.19. Cho N la ma tran (phitc) luy linh va r 13 mot s6 nguyen duong. Chiing minh
rang ton tai ma tran phitc A sao cho A” = I + N.
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4. VECTOR RIENG VA GIA TRI RIENG

Problem 4.1. Cho M 1a ma tran vuong thuc cap 3, M3 =1 va M # I.

a) Tim cac gia tri riéng cia M.

b) Cho mot ma tran c6 tinh chat nhu thé.
Hint. a) Do M la nghiém ctia da thiic 2° — 1 nén da thtic t6i tiéu ctia M phai 1a udc ctia 23 —1.
Mzt khac, M c6 it nhat mot gid tri rieng thie, nén da thic t6i tiéu c6 nhan ti (x-1). Vi M # [
nén da thiic tdi tiéu ctia M khong thé 13 o — 1. Do d6 da thitc t6i tiéu ctia M 1a m(z) = 2% — 1.
Vay M c6 duy nhat mot gia tri rieng thuc 1a 1.

b) Mot ma tran c6 tinh chat nhu vay la:

0
V3
2
1
2

S
w

1
M=10
0 2

Q

Problem 4.2. Cho F 1a mot trudng, n va m 1a céc sd6 nguyén va A 1a mot ma tran vuong cap
n véi cac phan tit trong F' sao cho A™ = 0. Chiing minh rang: A™ = 0.

Hint. Do A" = 0 nén da thiic t6i tiéu p(z) clia A phai la udc clia 2™. Suy ra p(z) = 2*, véi
k <n.Vay A" = 0. V)

Problem 4.3. Cho V 1 khong gian vector hitu han chiéu trén truong sé httu ti Q, M 1a mot
tu dong cau ctia V, M(z) # x, Vo € V' \ 0. Gia st MP = Idy, v6i p 1a mot s6 nguyen t6. Chiing
minh rang s6 chiéu ctia V' chia hét cho p — 1.
Hint. Do M? = I nén da thiic t6i tiéu p(x) ctia M phai la ude cla
P —1= (-1 +...+1)

Do M(z) # x v6i moi z # 0 nén 1 khong 1a gia tri rieng, suy ra p(x) la uée ctia (2P~ +...+1).
Nhung (zP~! + ...+ 1) la da thic khé& qui trén truong Q nén p(x) = (2P~ + ... +1).

Mit khac, da thic dic trung yas va da thite t6i tiéu c¢6 chung nhan ti bat kha qui. Do dé
xu(2) = (p(z))¥, k> 1. Vay dimV = rank M = deg xu = k(p — 1). Q
Problem 4.4. Chting minh rang ma tran

1 1+m 1
1+m 1 1+m | (m>0)
1 1+m 1
¢6 mot gia tri rieng duong va mot gia tri riéng am.

Problem 4.5. Cho a, b, ¢ 1a cic phan tit bat ki ctia trusng F, hay tinh da thiic t6i ticu ctia ma
tran

O = O
—_ O O
o o

Hay tong quat héa két qua tren.

Hint. Da thuc dat trung la

x(t) =t* —ct?* — bt — a.
Ta sé chiing t6 day la da thic t6i tiéu. That vay, chon zy = (1,0,0), khi d6 xg, Azy =
(0,1,0), A%2zy = (0,0,1) 1a doc lap tuyén tinh. Gia st A 14 nghiem ctia mot da thic bac 2,
tiic 1a k1A% + koA + ksl = 0, suy ra ki A%xg + ko Az + ksxg = 0 va ta c6 ky = ky = ks = 0, dicu
nay 1a vo 1y. Vay da thitc t6i tiéu phai c6 bac 3, hay x(t) = t3 — ct? — bt — a. Q
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Problem 4.6. Gid st A, B 1a cac tuy dong cau ciia khong gian vector hitu han chiéu V trén
truong F. Dung hay sai cac khang dinh sau:
(1) Mbi vector rieng ciia AB la mot vector riéng cia BA.
(2) Moi gia riéng ciia AB la mot gia riéng cia BA.

Hint. a) Sai, chan han A= (11), B=(}1).

b) Ding. Gid stt A # 0 la gia tri riéng tng véi vector rieng x cia AB. Khi d6 BA(Bzx) =
B(ABx) = ABz nén \ sé la gia tri rieng ctia BA (vi B(z) # 0). Néu A = 0 1a mot gié tri riéng
clia AB thi BA ciing suy bién, do d6 BA ciing c6 gia tri rieng 1a 0. Q

Problem 4.7. Cho A, B 1a cic ma tran phiic sao cho A% = B? = [. Chiing minh rang ton tai
mot khong gian vector con 1-chiéu hodc 2-chiéu bat bién déi véi A va B.

Problem 4.8. Cho
a b
a= (2 3)

14 mot ma tran thuyc véi a, b, ¢,d > 0. Chitng minh ring A c6 mot vector riéng

(x) € R?,
Yy

v6i x,y > 0.
Hint. Da thic dic trung cia A:
xa(t) =t* — (a +d)t + ad — bc
¢6 nghiém
l2 = (a+d)j: \/_— a-l—dj:\/a———kélbc

bat A = 2 (a+d++/(a —d)?+ 4bc) va v = ) 1a vector riéng ting véi x > 0. Biéu dién hang
tt dau tién ctia Av ta du’(jc.

1
ax+by:§(a+d+\/Z)x
2y = (d —a+ VA)z.
Dob>0vad—a++vA>0néeny>0. Q@

Problem 4.9. Cho A 13 ma tran vuong phtic cap n va P(t) 1a mot da thiic bac m. Ching
minh rang néu Ay, Ag, ..., \, 1a cic gia tri riéng clia ma tran A thi:

1) [P(A)] = P(A ) P(%a)... P(A).
2) P(M\1), P(A\2),..., P(\,) la cac gia tri rieng ciua P(A).

Hint. 1) Goi p(\) = (t) 1a da thic bac m
VA Q, g, . . . iy 18 céc nghiém (thyc hodc phitc ké ca boi) clia P(t). Ta co:

e(A) = (=D"A = A1)(A = A2)... (A= \y)
P(t) =c(t — aq)(t — az)...(t — ).

Do d6
P(A)=c(A— a1 E)(A— aF)..(A—a,F),

|P(A)| = c"|A — 1 E[JA — a3E|..|A — 0 E| = " [ [ ().
=1
Mat khac:
i) = (=1)"(ai = A)(@i = Ag)... =TI

Jj=1
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Vi vay

2) Dat p(t) = P(t) — A va ap dung két qué trén ta co:
[p(A)] = (A1) .p(A2)-..p(An)
hay
[P(A) = AE| = (=1)"(A = P(M))(A = P(A2))-..(A = P(\n)).
Vay céc gia tri rieng cia P(A) 1a P(\1), P(A2), ..., P(\,). @
Problem 4.10. Cho A va B la cac ma tran doi xing thyc thod man AB = BA. Chiing minh
rang A va B c6 chung 1 vector rieng trong R™.
Problem 4.11. Goi S la tap khong réng gom cac ma tran phiic cip n giao hoan duge véi nhau
tung doi mot. Chitng minh réng cac phan ti ciia S ¢6 chung mot vector riéng
Problem 4.12. Goi A va B la cidc ma tran phiic cap n sao cho AB = BA?. Gia si rang A
khong c6 cac gia tri rieng c6 modun bang 1, chiing minh rang A va B c¢6 chung mot vecto riéng.

Problem 4.13. Cho ¢ 1a ti dong cau tuyén tinh chéo hoa duge ctia R™. Chiing minh rang
khong gian con W ciia R™ 1a bat bién doi véi ¢ khi va chi khi trong W chon duge mot co sé
gom cac vector riéng clia .

Problem 4.14. Cho A va B la hai ma tran chéo hoa dugc va giao hoan duge véi nhau. Chitng
minh ring ton tai mot co sé ciia R™ gom toan cac vector riéng ctia A va B.
Problem 4.15. Cho A la ma tran phtic cap n va da thic téi tiéu p c6 bac k.

1) Chiing minh rang néu A khong la gia tri rieng ctia A thi ton tai mot da thic py bac k — 1
sao cho py(A) = (A — \E)™%.

2) Goi A1, Ag, ..., A, 1a cac s6 phiic phan biét va khong 1a gia tri rieng ctia A. Chiing minh
rang: ton tai cac so phic ¢y, o, . . ., ¢ sa0 cho

k
> (A= NME) =E.
=1

Hint. Xét dang thiic py(A)(A - AE) = p(A) — p(A\)E = p(\) E suy ra dugc da thiic py. Véi méi
\; ton tai cac py, tuong tng. Xét hé phuong trinh theo cac an ¢; ta thu duge he Crammer do
do6 ton tai céc ¢; can tim. @
Problem 4.16. Cho A 14 ma tran vuong cap n va B 1a ma tran vuong cap m, A va B khong
c6 gia tri rieng chung. Chitng minh rang

(1) Néu ma tran X cap n X m sao cho AX — XB =0 thi X = 0.

(2) Phuong trinh AX — XB = C, v6i C' 1a ma tran cap n x m c¢6 khong qua mot nghiem

X € Mpum(K).
Hint.
(1) Goi q() 1a da thic t6i ticu ctia B. Gia st ¢(z) = [1(z — X)¥. Ta c6 q(B) = ﬁ(B -
i) = 0. - -
Tt gid thiét ta c6 (A — M,,)*X = X(B — \,,,)*, v6i moi A, véi moi k € N,

Tu d6 suy ra [[(A — Nln)" X = X [[(B — \iI,)" = 0. Vi cac gia tri rieng \; cia B
i=1 i=1

khong 1a gia tri rieng clia A nén cac ma tran (A — \;1,,) déu kha nghich. Vay X = 0.

k k
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(2) Suy ra tit cau 1.
Q

Problem 4.17. Cho A, B 1a cdc ma tran vuong phiic cap n sao cho rank(AB — BA) < 1.
Chitng minh ring ton tai vector riéng chung ctia A va B.

Problem 4.18. Cho E, F la cic khong gian vector hitu han chiéu trén truong K va f, g 1a cac
anh xa tuyén tinh tit F vao F. Chiing minh rang rank(f + g) = rank(f) + rank(g) khi va chi

khi
{Im(f) NIm(g) = {0}
ker f +kerg= F

Hint. Tt gia thict, ta c6 dimIm(f + g)) = dim Im(f) + dim Im(g). Mat khéc ta c6
dimIm(f + g) < dim(Im(f) + Im(g)) = dimIm(f) + dimIm(g) — dim(Im(f) N Im(g)).

Suy ra dim(Tm(f) N Tm(g)) = {0}, hay Tm(f) N Tm(g) = {0} . Vay Tm(f +g) = Im(f) & Im(g).
Suy ra Im(f) C Im(f + g). Do d6 v6i moi x € E, ta c6 f(z) = (f +g)(t) = f(t) + g(t). Suy ra
g(t) = f(z —t) € Im(f) NIm(g) = {0} nént € kergvaz —t €kerf. Vay z = (x —t) +t €
ker f + ker g, tiic la ker f +kerg = F.

Ngugc lai, tir gia thiét ker f + ker g = E, ta chtimg minh Im(f + ¢) = Im(f) + Im(g). Tt d6
suy ra diéu can ching minh. That vay, ta ¢6 Im(f + ¢) C Im(f) + Im(g). Néu f(u) + g(v) €
Im(f) + Im(g) thi ta ¢6 phan tich u =x+y vav =z +t, véi z,z € ker f va y,t € kerg. Khi
do f(u) +g(v) = (f +9)(y +2) € Im(f + g). ©

Problem 4.19. Cho A la ma tran vuong cap n varank(A) = r. Dat S = {X € M,«,(K) : AX
Tinh dim(S).

Problem 4.20. Gia st A 1a ma tran cap n hang r. Tim s6 nghiém doc lap tuyén tinh cla
phuong trinh AX = 0 v6i X 14 ma tran cap n.

Hint. Do A 1a ma tran cap n c¢6 hang r nén ton tai cdc ma tran kha nghich P,(Q sao cho
A =PI, ,Q v6i I, la ma tran c6 dang:

I, 0
]n,'r - (0 0) )

(ttc 1a ma tran c6 r phan ti dau tién trén duong chéo chinh bang 1 cac phan ti con lai bing
0). Ta c6 nhan xét sau: k ma tran Xy, ..., X} doc lap khi va chi khi cdc ma tran QX;, ..., QX
doc lap tuyén tinh (do @ la ma tran kha nghich). Phuong trinh AX = 0 tuong duong vdi
I,,QX = 0, nén tit nhan xét trén dé tim s6 nghiem doc lap tuyén tinh clia phuong trinh
AX =0 ta chi can di tim s6 nghiém doc lap tuyén tinh ctia phuong trinh 7,,, Y = 0. Ma tran
Y thoa phuong trinh I,,,Y = 0 phai c6 dang sau:

r o n-—r
r{ 0 0
Y=n_vr (Y1 Y, )
Suy ra s6 nghiém doc lap tuyén tinh ctia phuong trinh AX =0 1a n(n —r). Q

Problem 4.21. Cho phuong trinh AX = B, trong d6 A 1a hai ma tran cho truéc cap n, X
la an (X la ma tran cap n). Ching minh ring phuong trinh trén c6 nghiém khi va chi khi
rank(A) = rank(A|B), trong d6 (A|B) 1a ma tran cap n x 2n c6 dude bang cach ghép ma tran
B vao bén phai ma tran A.

Problem 4.22. Cho A, B,C, D la cac ma tran cap n, AC = CA. Diat M = (é g) Ching

minh ring det(M) = det(AD — BC).

0},
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CA™t 1)\0 Y
Néu A tuy ¥ thi thay A béi A — A\ va ap dung lap luan trén. Q
Problem 4.23. Cho khong gian vector £ va E = M @ N, goi p 1a phép chiéu léen M theo
phuong N. Cho u 13 toan t1t tuyén tinh ctia E. Chting minh rang:
a) M 1 khong gian con bat bién ctia u néu va chi néu pup = up.
b) M va N déu bat bién qua u khi va chi khi pu = up.

Hint. Gia st A kha nghich, ta phan tich: M — ( [ 0) (‘4 B), W6l Y = D — CA-'B.

Problem 4.24. Néu u 1a toan ti tuyén tinh véi trén khong gian vector hitu han chiéu va néu
u giao hoan véi moi phép chiéu c6 hang 1, thi u = \I.
Problem 4.25. Cho u 1a toan ti tuyén tinh trén khong gian vector hitu han chieu. CMR
a) Néu u chéo hod dugc va ton tai n € N sao cho u™™! = 4™, néu va chi néu u 1a phép chiéu.
b) Néu u chéo hod dugc va u™ = I v6i mot gia tri m € N*, thi u? = 1.
Problem 4.26. Cho u 1a toan tit trén khong gian vector phtic n-chiéu. Ma tran ctia u d6i véi
mot cd sé nao do co dang:

0 o . . 0 X
0 0O . . X O
M pu—
0O A1 . . 0 O
A O . . 0 O
CMR, u chéo hoa duge khi va chi khi v6i mdi k € {1,2,...,n}, néu \y = 0, thi A\, 11 4 = 0.

Tim da thic t6i tiéu clia u?.
Problem 4.27. Cho u va v 1a cac toan tit chéo hoa dudc clia khong gian vector hitu han chiéu
E. CMR, ton tai ddng cau tuyén tinh f ctia £ sao cho fowu = vo f khi va chi khi u va v ¢6
tap cac gia tri riéng trung nhau va cac khong gian riéng ting véi ting gia tri riéng ciia u va v
c6 ciing so chiéu.
Problem 4.28. Cho u va v 1a cac toan tit chéo hoa dugc trén khong gian vector E n-chiéu.
CMR, cac khang dinh sau la tuong duong.

a) uv = vu.

b) Ton tai mot co sG clia £ gom toan cac vector riéng clia u va v.

c¢) Ton tai mot toan tit w chéo hod duge clia F va céc da thic f,g € R[z|,h € R[z,y] sao
cho u = f(w),v = g(w),w = h(u,v).

T d6 suy ra, mot toan ti trén E giao hoan duge véi u va v khi va chi khi n6é giao hoan duge
vl w.
Problem 4.29. Cho uy,us,...,u, la cac todn ti chéo hoa dugc ciua khong gian vector E
n-chiéu. CMR, cac khang dinh sau la tuong duong:

a) uu; = u;u; voi moi 4,7 € [1,m].

b) Ton tai mot co sG clia £ gom toan cac vector riéng clia u;.

¢) Ton tai todn tit w chéo hoa duge cia E va cac da thic fi, fo ..., fm € R[X],h €
R[X1, Xs, ..., Xn] sao cho fi(w) =u;, 1 < i <m va h(up,ug, ..., Uy,) =w.

Problem 4.30. Cho F la khong gian vector hitu han chicu va A € Aut(E). Chiing t6 cac dicu
kién sau la tuong duong:

(i) A=1+ N, trong d6 N la ty dong cau luy linh.

(ii) Ton tai mot co sd clia E sao cho ma tran ctia ty dong cau A d6i véi co s d6 ¢6 moi phan
ti nam trén duong chéo chinh bang 1 con moi phan ti ndm ngoai dudng chéo chinh déu bang
0.

(iii) TAt c& cdc nghiém ctia da thiic ddc trung clia ty dong cau A (trong truong déong dai s6)
déu bang 1.
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Problem 4.31. Cho F la khong gian vector hitu han chiéu trén trudng phic. A € Aut(E).
Ching to rang tu dong cau A c6 thé phan tich duéi dang tong:
A=S+ N,

trong d6 S chéo hoa duge, N luy linh va SN = NS. Chitng t6 rang S va N c6 thé biéu dién
dué6i dang cac da thic theo A.
Hint. Gia st Pa(t) = H(t —t;)™, E; 1a hat nhan cta

i=1
(A —t;I)™. Thé thi E 1a tong tryc tiép clia cac E;. Xac dinh S trén E sao cho Sv = Y tv;,
dat N = A—S. Xét da thic g(t) = > t;g;(¢), trong d6 g;(t) duge chon sao cho thanh phan cta
Av trong E; bang g;(t)v;. Khi d6 S = g(A). Q

Problem 4.32. Chiing minh ring néu ¢ va 1 1a cac phép bién doi déi xiing, trong dé ¢ xac
dinh duong, thi cac gia tri rieng ctia ¢ o 1) déu thic va ¢ o9 chéo hoa duge.

Hint. Do ¢ xéac dinh duong nén ton tai phép bién dbi toa do cing dua ¢ va 1 vé dang chéo.
Tt d6 ta c6 két luan. v

5. BAI TAP BO SUNG

Problem 5.1 (Problem in net). I have the following PROBLEM IN LINEAR ALGEBRA, I
do not know the answer. Assume that d and n are natural numbers and define f : R? — R by

d
f(@) = ([ cos®(a")) = 1/n,
1=1
where © = (z!,...,2%). Hence 2! is the /th component of the vector z. Prove or disprove the
following CONJECTURE: For any given z, ..., x,, € R? the (n, n)-matrix A given by

a; = f(zi — ;)
is positive semidefinite, i.e., the eigenvalues are nonnegative. (Comment: I know that this is
true for n > 24. So the interesting case would be n < 2%.)

11TH VIETNAMESE MATHEMATICS OLYMPIAD FOR COLLEGE STUDENTS 2003

A1l. Ais the 4 x 4 matrix 11 =— Q92 = A33 — A44 = A, Q12 = A9] — A34 = Q43 = b, 93 — 32 = —1,

other entries 0, where a,b are real with a > |b|. Show that the eigenvalues of A are positive

reals.

A2. B is the 3 x 3 matrix with b11 = a, b22 = d, b33 = q,blg = b%,blg = C%,bzl = bg,bgg =
)

P, by = ca,bgy = p%, where a, b, ¢, d, p, q are reals and «, 3,7 are non-zero reals. Show that B

has real eigenvalues.

A3. D, is the k x k matrix with 0s down the main diagonal, 1s for all other entries in the first
row and first column, and x for all other entries. Find det Dy 4+ det D3 + - - - + det D,,.

Ad4. I, denotes the n x n unit matrix (so I1; = sy = ... = I,, = 1, other entries 0). P and Q
are n X n matrices such that PQ) = QP and P" = )° = 0 for some positive integers r, s. Show
that I, + (P + Q) and I, — (P + Q) are inverses.

A5. A is a square matrix such that A% = (. Show that rank(A) = rank(A + A% +--- + A")
for all n.

AG6. A is the 4 x 4 matrix with a1 = 1+ 21,000 = 1 + x9,a33 = 1 + x3,a4 = 1 + x4, and all
other entries 1, where z; are the roots of 2 — z + 1. Find det(A).
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AT. p(x) is a polynomial of order n > 1 with real coefficients and m real roots. Show that
(22 + 1)p(x) + p'(x) has at least m real roots.

6. BAI TAP DAI SO DAI CUONG
Problem 6.1. Cho R la mot vanh c6 don vi 1. Gid st rang A;, As, ..., A, 12 cac Ideal trai clia
Rsaocho R=A @ AP - P A, (xem nhu mot nhém cong). Chitng minh ring ton tai cac
phan tif u; € A; sao cho v6i moi a; € 4;, a;u; € A; va a;u; = 0 néu i # j.
Problem 6.2. Chiing t6 ring nhém G dang cau véi nhom con (nhém cong) cac s6 hitu ti néu
va chi néu G dém dugc va moi tap con hitu han ctia G déu chita trong mdt nhém con xyclic vo
han cua G.

7. SOME ADVANCED RESULTS ON LINEAR ALGEBRA

Problem 7.1 (Spectral Resolutions theorem). Cho A 134 mot ma tran vuong cap n. Khi d6 A
¢6 phan tich nhu sau

k
A= Z[)\ipi + Ny,
i=1
trong d6 \; 1a cac gia tri rieng ctia A, P; la cac phép chiéu (P? = B;), N; la liy linh va thoa
man
k
NiP; = Ni, PP = NiP; =0 (i # j), 1 = ) P

i=1

Hint. Goi p(z) 1a da thiic t6i ticu ctia A va A1, Ay, ..., \x 1& céc gid tri riéng ctia A. Ta c6
k

p(z) = [ [z = A

i=1
Goi q1(x), g2(x), ..., qx(x) 1& cac da thiic sao cho
k
I ¢(x)
p(z) ; (@ = A

Dat ri(z) = [[,4(z — A)™, ta co

1= Z ri(x)q(z).

i=1
Do do I = Y% m(A)q(A). Dat B = S5 7(A)q(A) thi P,P; =0 v6ii # j (Dinh ly Caley-
Hamilton). Kiém tra P; = P? nén cac P; 1a cic phép chiéu. Dat

ta c6 NI =0.

Cuoi cung ta co

A= ZpiA: ZPZ‘()\@'[-I—A—)\J) = ZP\ZP@-FNJ

)



