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LOP 12 THPT NAM 2011

PAP AN DE THI CHiINH THUC
Moén: TOAN
Ngay thi: 11 va 12/01/2011
(Gom 6 trang)
Bai 1.
Xét s6 thuc dwong x tity ¥. Ta s& ching minh

X"+ 1 x+ 17"

( : ) . ( ] M

x +1 2
bang phuong phap quy nap theo n.
e V6i n =1, ta can chimg minh

2 3
x(x“+1) < [x+1) @)
x+1 2

Taco: (2) < (x+1) =8x(:2+1)20 = (x-1)*>0.
Tir d6 suy ra (2) 1a bat dang thirc dung va dang thirc xay ra khi va chi khix = 1.
e Gid sur da co (1) dang khi n = £ va dang thirc xay ra khi va chi khi x = 1. Khi do, ta c6:

X (xk+1 + 1) (x + 1]2“1

x4 2

KT (x+ 1)2

*+1 4

2k+3
Suy ra: < (x ; 1] ; dang thirc xay ra khi va chi khi x = 1. (3)

Ta s€ chiing minh:

PAMCAARET ) - FETE (x+ 1)2
k+1
x

4)

+1 X410 4

va dang thuc xay ra khi va chi khix = 1.

Thét vy, taco: (4) < 7+ 1)%(x + D> = 4x(F + D2+ 1) >0
o FTT-p?(x-1*>0.

Tir d6 suy ra (4) 1a bat dang thirc dung va dang thirc xay ra khi va chi khi x = 1. Két hop

dieu nay véi (3) suy ra

KR - (x +1

xk+1 )
Diédu d6 chimg t6 khi n =k + 1, (1) 1a bat dang thirc ding va ding thirc xay ra khi va chi
khix=1.
Vay, voin la sO nguyén duong tiy v, (1) 1a bat dang thirc dung v6i moi s6 thuc duong x
va dang thue xay ra khi va chi khi x = 1. ]
Bai 2.
Véimoin>1,tacod

2(n+1Z 2(n+1)[(n—1) Jx:(n+1)(n2+1)x

2k+3
1 j ; dang thirc xay ra khi va chi khix = 1.
+

-
2n n



xn+1 1 X
Suy ra =|1+—|—" Vn=L
n+l n n

Do do, voi moi n > 2

n-1

n+1Dn*+1 n+n+1 x n+1 1
yn=xn+1—xn=[¥S)—1]xn=—2.7"=<l+ O[T+ 5. M)
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Twdo, voiluuy y;=x,—x;=3,tacod y,>0 Vn>1, y; <y, vavéimoi n>3

2 2
Yo _ 1 +Z+1. (o i) J1+ ! S| =1+ 23 > > 1.
Vi n (n—=1)"+n (n-1) n-n+n
Suy ra (v,) 1a dy sb tang. )
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n-1 :E:AAE
Vivéimoin>2,tacd n+l<n® va [[(+—) < 1+ 4 1
k=1 n-

nén tur (1) ta dugce

Vn=>2. 3)
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Do d6 (y,) 1a diy s6 bi chin trén. Két hop véi (2) suy ra (v,) 1a diy hoi tu. n

Bai 3.

1/ Goi F'la g1a0 diém cia hai du’O’ng thang AE va BP.

Tacé ACE =90°+ BCE =90°+ FAB = EFP. Suyra EFP + ECP =180".

Do d6 CEFP 14 tir gidc noi tiép. Suy ra CFP = CEP =90°. Vi thé CF// AB. Suy ra

P _p
CA FB’
Tur @6, xét tam giac ABP, ta co z 2 2 = 2 =-1.
CA OB FP OB
Vi thé, theo dinh li Xé va, ba duong thing PO, AE va BC dong quy. [

2/ Pat BP = x va ki hi¢u R 1a ban kinh cua (O).

Xét tam gidc vuong ABP, tacé PA=PB*+ AB> = /x> + 4R” .
2 2 2

Suyra pc=t8___ < vd AC = PA - PC =28

P4 Jx%+ 4R? x%+ 4R? .




MC CF PC BC PC PC + PA
= = Suyra —=—+1=———
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_ PABC _ PBAB _ Rxyx’+4R’
PC+PA PC+P4  x*+2R?

L Rxy/x? + 4R? 3
Viviy Sy =< ABBM.sinABM =~ o PN FAX AC Ry
2 x“+ 2R 2R x“+2R
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Suyra § <——=— va § =—

Y AMB ) \/ExR \/5 AMB ﬁ

Vay, tam giac AMB c6 dién tich 16n nhét khi va chi khi P nam cach B mot khoang béng
R2

L

Vi CF // AB (cmt) nén . Do d6

o X'=2R < x:x/ER.

V2R (c6 hai vi tri nhu vay); khido S, = n

Bai 4.

Dé ching minh khang dinh cua bai toan, ta s€ ching minh c6 thé phu ngii gidic ABCDE
boi 5 hinh tron don vi ¢6 tam nam trén canh cua ngii giac do.

Ta c6 Nhan xét sau:

Nhén xét: Co thé p}‘lﬁ tam gidc XYZ c6 do dai cac canh khong vuot qua V3 béi 3 hinh
tron don vi c6 tdm nam tai cac dinh cia tam giac do.

C[ui’ng minh: Gia su nguoc lai, ton tai diém M thude tam giac XYZ ma M khong thudc
bat ctr hinh tron nao trong céc hinh tron don vi c6 tdm nam tai cac dinh cua tam giac do.
Khi do,taco MX>1,MY>1va MZ> 1.

D@ thay, trong ba goc XMY , YMZ va ZMX phai c6 it nhat mot goc ¢ sd do 16n hon hay
bang 120°. Khong mat tong quat, gia sir XMY >120° . Ap dung dinh 1i cosin cho tam giac
XMY, ta duogc

XY= MX2+ MY?— 2MX.MY.cosXMY >1+1+ 2.% =3 (do cos XMY < —%).

Suyra XY > V3 , trai v6i gia thiét. Mau thuan nhan dugc cho ta diéu mubn chimg minh.
Do céc tam gidc ABC, ACD va ADE c6 d6 dai cac canh khong vuot qua J3 nén theo
Nhan xét trén, ching 1an luot duoc phil boi cac bo ba hinh tron don vi ((4), (B), (O)),
((4), (C), (D)) va ((4), (D), (E)). Do @06, ngui giac ABCDE dugc phu boi 5 hinh tron don
vi ¢6 tdm nam tai cac dinh cua ngi giac do. Theo nguyén li Dirichlet, trong 5 hinh tron do
phai ton tai hinh tron chira it nhat 403 diém trong so cac dieém da lay. ]
Bai 5.
Cach 1:
Xét diy sd nguyén (b,) xac dinh boi

bp=1, by=-1 va b,= 6b, +2016b, , vOéimoin=>2.
D& thay v6i moi n>0,tacd a,=b,(mod2011). (*)
Phuong trinh dac trung cua day (b,): x*—6x—-2016=0, hay (x—48)(x +42)=0.
Suy ra, s6 hang tong quat ciia diy (b,) c6 dang: b, = C,.(-42)" + C,.48" .

Tir cac diéu kién ban dau cua day (b,), ta duoc
42C, - 48C, = 1.



_ n n
Suyra C =2 va ;=3 vivay p - 224D F4148 oy
" 90 290

n
90
Vi 2011 1a s6 nguyén té nén theo dinh 1i Phecma nhd, ta co:

(—42)%10 = 48%°1% = [ (mod 2011).
Do dd  90byy,, = 49.(—42)*"'% + 41.48%°'% = 49.(-42)” + 41.48” = 90b, (mod 2011).
Suy ra by, = b, (mod2011) (vi (90,2011) = 1).
Ma b, = 6b, +2016b, = 2010 nén by, = 2010(mod2011).

Vithé a,y, =2010(mod2011) (theo (¥)). n
Cach 2:
+ S6 hang tong quat ctia diy (a,):
1 \/— n 1 2 n
= 14) +|=+—|(3-+14) . 1
3o W (el

+ Dat p=2011, ta co:

Api1= (l - i)(3 + x/ﬁ)p+1 + [% + Lj(3 - \/ﬁ)pﬂ.

2 14 14
1 1
Do (3+vi4)" = 4,4 B, 14 va (3-V14)" = 4,.,- B, 14, trong do
(p+1)/2 i ptl_,
D> C 3742 (2)
(p+1)/2 ool
va B,,= Y, C;i3¥ 142 3)
i=1

+ Do p 1a s6 nguyén t6 nén Cks O(mod p) Vk=1,p-1. Do do, tir C’;H_ Ck Cl;—l suy
ra Ch, = 0(mod p) Vk=2,p—1. Viviy, tir 2) va (3), ta duoc:

L= (1472 L 374y (mod p)

va p+1_3(p+1)(14(p 1)/2+3P 1) 3(14(]7 1)/2+3p 1)(m0dp)

Do dé, tir (4) suyra a,,; = (-3"+ 2.14%7Y?)(mod p). (5)
Pé y rang 45% = 14 (mod p) va (45 , p) = 1, theo dinh li Phecma nho ta cé:

P =3(mod p) va 14%7V'2 =457~ = {(mod p).
Do do, tir (5) ta dugc a5 ,=a,,;=-3+2=-1=2010(mod2011). (Ppcm)
Chi y: Dofi véi bai lam cia thi sinh theo Cdch 2, yéu cdu trinh bay chi tiét cdc buéc tim
SO hang tong quat a,.
Bai 6.
Do ABC va ACB la cac goc nhon nén E nam trén tia ddi cia tia AB hodc ndm trong

canh 4B, dépg thoi F nam trong canh ACﬂhoéo nam trén tia ddi cua tia AC. Vi thé, tir dinh
nghia cac diém M, N, P suy ra E, M, N thang hang va M, F', P thang hang.



Do dé m:%(m+ﬁ):%ﬁc.

Suyra: 4, M, N, P cung nam trén mot duong tron khi va chi khi NAP = %B/A?T . (1)

Tiép theo, ta s& chimg minh

NAP = %B]\C khi va chi khi d di qua tdm / ctia dudng tron noi tiép tam giac ABC. (2)
Khong mat tong quat, gia st AB < AC. 3)
« Dicu ki¢n can: Gia s I € d. Khi do, tir (3) suy ra £ ndm trén tia d6i ciia tia 4B va F
nam trong canh AC. , )
Qua 4, ké dudng thang Ax (khac AC) ti€p xtc voi (P). Ta s¢ chimg minh Ax tiép xuc voi (V).
That vay, goi T, Ty, T,, T lan luot 1a tiép diém cua (P) va Ax, CD, DF, FC. Goi S 1a giao
diém cua Ax va DF. Ta co: ATZAT3 , CT3 = CT] , DT] =DT2 va ST2 =ST.
Dodd AS—SD = (AT-ST)— (DT, —ST,) = AT;— DT, = AC— CD. 4)
Vil e dnén D la tiép diém cua (/) va canh BC. Suyra AC—-CD = AB - BD. %)
Tir (4) va (5) suyra AS+BD = AB+ SD. Vi thé ABDS 1a ttr giac ngoai tiép. Suy ra Ax
tiép xac voi (N).

Tir d6, ta ¢ z@:@+@:%@+%@:%ﬁc.

\ . — ] — :
e Diéu kién du: Gia st NAP = EBAC . Xét hai truong hop sau:

- Truong hop I: E nam trén tia doi cia tia AB va F nam trong canh AC.
Qua 4, ké tiép tuyén Ax (khac AC) cua (P) cit DF tai S. Ta co
Wi = Nap - xap =L 5ac - Lxic = L g
Suy ra Ax tiép xtic v6i (V). Do d6 ABDS 1a tir giac ngoai tiép. Suy ra
AS+ BD = AB+ SD.

Hon nita, theo chirng minh & phén trén, ta c6 AS—SD = AC— CD. (Xem (4)).
T do, tadugc BD=AB+ CD - AC. Suyra 2BD =AB+ BC - AC.
Do dé BD=p—b,trongdo p= w va b=AC.
Suy ra BD = BK, trong d‘c') K 1a tiép diém cua (/) va canh BC.
Twr d6, do D va K cung nam trong canh BC, suyraD=K. Vivay [l € d.
- Truong hop 2: E nam trong canh AB va F nam trén tia doi ciia tia AC.
Khi d6, do (3) nén CD > CK. (*)
Mait khac, de thay, trong truong hop nay B dong vai tro cua C va C dong vai tro cua B, E
dong vai tro cua F' va F dong vai tro cua E, (N) dong vai tro cua (P) va (P) dong vai tro
cua (N) trong truong hop trude. Vi the, the;o chirng minh trén, ta phai 7c() CD = CK, mau
thuan véi (*). Mau thuan nhan dugc cho thay truong hgp nay khong thé xay ra.
Viy, (2) dugc chung minh. Tu (1) va (2) hién nhién ta c6 diéu phai chimg minh theo yéu
cau cua dé bai. ]
Bai 7.
Ta s& chirg minh khang dinh ctia bai ra bang phuong phap phan chimg.
Gia st ton tai cac da thirc voi hé sb thue G(x, y) va H(x, y), khac da thac hfmg, sao cho

P(x,y) = G(x,y).H(x,y), (D

5



trong d6 P(x,y)=x"+xy + ", neN".
Viét G(x, y) va H(x, y) dudi dang cac da thirc cia x:
G(x%,7) = 8u(M)X" + 8, (X" 4.+ g1 ()X + (1), meN;
H(x,y) = by (D) x" +1_ ()X 4B () x+hy(y), keN;

trong d6 g;(»), i=0,m, va h;(y), j=0,k ,1a cac da thirc v61 h¢ s thuce cua y.
Tur (1) suy ra:

+ m+k=n, . (2)
+ Voin=>2, g,(»), h(») la cac da thuc hang va do d6 ching khong laboicuay.  (3)
T (3), do G(x, y) va H(x, y) khac da thirc hing nén néu n>2 thi m, k> 1. 4)

e Xét n=1.Khi do, theo (2),tacé m+k=1.Suyra m=0va k=1,hoac m=1va k=0.
Giasat m=0vak=1.(Truong hgp m =1 va k= 0 xét tuong ty). Khi do, ta c6

(v +Dx+y=goyW-M(¥)x + g (¥)hy(¥).
Suyra g,(»)(h(y) — hy(y)) =1. Vi thé, g,(y) 1a da thitc hang, mau thudn véi gia thiét
G(x, y) khac da thic hang.
e Xét n>2. ’ )
Goi iy va jo 1a cac chi s0 bé nhat sao cho g; () va &; (y) 1a cac da thirc khong 1a boi cua y.

D@ thiy, hé sé ciia x**/ trong khai trién ciia G(x, y). H(x, ) 1a

oWl i N+ W)hy 4 (V)44 & D)1y (V) + 8 DRy (D) ++ 8 1 (0)-hy ()
T:l‘l' dinh nghia cua iy yé Josuy ra hé s6 trén khong chia hét cho y. Vi thé, tir (1), véi luu y
rang P chi c§3 duy nhit hé s6 ctia x” khong chia hét cho y, suy ra io+jo=n. Do d6iy=m
va jo = k. Két hop véi (4) suy ra phai co6 m = 1 hodc k = 1, vi néu trai lai, m, k> 1, thi tr
viéc can bang hé s clia x & hai vé ciia (1) ta s& c6 y = go(1).4(y) + g (0).hy(») : y2, 1a
diéu vo 1i.
Gia st m = 1. (Truong hgp k = 1 xét tuong tu). Khi do, ta co

Xy = (a4 goNBYT + By (D)X L+ ()X + (), (9)
trong do a, b 1a cac héng s6 thuc, voiab = 1.
Tu (5) ta dugc "= gy(¥).hy(y). Suy ra go(y)=a'y®, trong d6 seN", s <nva a' 1a
mdt hang s6 thuc khac 0.

'

a X \
bat c =——, tacoc#0. The x=cy’ vao (5), ta dugc
a

"y + cys+1 +y"=0. (6)
+Néu s=1van=2 thitr(6)tadugc (c+c+1))y*=0.Suyra ¢*+c+1=0,1adiéu
vo 1i.
+Néu s=1va n>2 thitir(6)taduge (¢"+1)y"+cy*=0,1adiduvo li (vic = 0).
+Néu s>2 va n>2 thi sn>n va sn>s+ 1. Do d6 (6) la diéu vo 1i, vi ¢ # 0.

e Viy, tom lai, dicu gia su ban dau la sai va vi thé ta c6 diéu dé bai yéu cau chung minh. m
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