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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
’ HUNG YEN NAM HOC 2019 — 2020
PE CHINH THUC Mén thi: TOAN
o (Danh cho moi thi sinh dy thi)
beso1 . . e
Thoi gian lam bai: 120 phiit (khong ké'thoi gian giao deé)
Cau 1 (2,0 dién).

1) Rat gon bidu thire A =2 (2—\/3)2 +\/%—2o\/g

2) Cho hai duong thang (d): Y =(M—2)X+m va (A):y =-4x+1
a) Tim m &€ (d) song song véi (A).
b) Chttng minh duong thang (d) luén di qua diém A(—1;2) véi moi m.
c) Tim toa d9 diém B thudc (A) sao cho AB vudng géc véi (A).
Cau 2 (2,0 diém).

1) Giai phuong trinh X* +2X° + Xy/2X* +4 =4,

(x+ y)2 =xy+3y-1
2) Giai hé phuong trinh X2 +y+1
X+y=—-"5-
1+Xx
Cau 3 (2,0 diém). Cho phuong trinh: X* —2(M+1)X+m* +4=0 (1) (m 1a tham s&)
1) Giai phuong trinh khi m=2.
2) Tim m &€ phurong trinh (1) ¢6 hai nghiém X, X, théa man: X’ +2(mM+1)x, =3m* +16.
Cau 4 (3,0 diém). Cho tam gidc ABC vudng tai A. V& cic ntra duong tron duong kinh AB va AC
sao cho cac ntta dudng tron nay khong cé diém nao nam trong tam giac ABC. Duong thang d di
qua A cét cac ntra duong tron duong kinh AB va AC theo thit tu & M va N (khac diém A). Goi I 1a
trung diém ctia doan thang BC.
1) Chttng minh tt gidc BMNC 1a hinh thang vudng.
2) Ching minh IM = IN.
3) Gia st duwong thang d thay ddi nhung van thda man diéu kién dé bai. Hay xac
dinh vi tri ctia duong thang d d& chu vi t gidc BMNC 16n nhat.
Cau 5 (1,0 diéin). Cho cac s6 thue khéng am X, Y, Z thoaman X° + y* +2° <3y.
1 4 8
7t 7 T 2°
(x+1)° (y+2)° (z+3)

Tim gié tri nho nhat cua biéu thic P =

--------------- 3 | oy |
Thi sinh khong dwoc sw dung tai liéu. Can bo coi thi khong gidi thich gi thém.
Ho va tén thi sinh: c..oeoovveieieeieicieececveeeeeeceenens SO bao danh: ......c.ceveeeveveeeieieieene

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
HUNG YEN NAM HOC 2019 — 2020
DPE CHINH THUC Moén thi: TOAN

DE 6 2 (Danh cho cdc 16p chuyén: Todn, Tin)
€ so
Thoi gian lam bai: 150 phiit (khong ké'thoi gian giao dé)

Cau 1 (2,0 diém)
wWx-1 e+l 2+ X,

- + vaB=+Vx+1+—— vOoi x>0, x#1.
x—\/; x+\/; \/; \/;—1

a. Rat gon biéu thic A.

b. Tim x dé€ A =B.
2.Choa,bléhaisf)'tht_rcth(’)aménO<a<1,0<b<1,a¢bVéa—b:\/l—bz—\/l—azTim
gia tri ctia biéu thite Q = Va® +b* +2019.

Cau 2 (2,0 diém)

1. Cho hai biéu thirc A =

1. Trong mit phang toa dd Oxy cho duong thang (d):y = va Parabol

—_x+
2020 2020
(P):y=2x". Biét duong thang (d) cat (P) tai hai diém B va C. Tim toa dd diém A trén truc
hoanh d€ [AB - AC| 16n nhét.
2. Tim tat ca cac nghiém nguyén duong ctia phuong trinh
xy* —(y—45)* +2xy+x—220y +2024 = 0.
Cau 3 (2,0 diém)
1. Gidi phurong trinh V3% +11-V6—x +5x" —14x-60=0_

4x°y —xy* =5
64x° =y =61
Céu 4 (3,0 diém) Cho hinh vudng ABCD tam O canh a. Ldy M la diém bat ki trén canh AB
(M # A, M # B), qua A ké duong thang vuong goc véi CM tai H, DH cat AC tai K.
1. Chting minh rang MK song song véi BD.

2. Giai hé phuwong trinh {

2. Goi N la trung diém cua BC, trén tia d6i cta tia NO 1ay diém E sao cho g—g = % , DE

cit OC tai F. Tinh F—O
FC

3. Goi P la giao diém cua MC va BD, Q la giao diém ctia MD va AC. Tim gia tri nho nhat
cua dién tich t& giac CPQD khi M thay d6i trén canh AB.

Cau 5 (1,0 diém) Vi x, y la cac s6 thue thoa man diéu kién (2+x)(y—1) = % Tim gia tri

nhé nhat cta bicu thite A =x* +4x° +6x> +4x+2 +\/y4 —8y’ +24y° =32y +17.

Ho va tén thi SINh: c.oeeveeveeeeeeeeeeeeeeeeeeee e SO b0 danh: .....ceeevevveviieeieeeeeeeee,

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
HUNG YEN NAM HOC 2018 — 2019
PE CHINH THUC Mbén thi: TOAN

L (Ddnh cho moi thi sinh du thi)
Deéso 3 . . e
Thoi gian lam bai: 120 phiit (khong ké'thoi gian giao deé)

Cau 1. (1,0 diém)
a) Rut gon biéu thirc A= \/E.(\/E+\/2—x/§)—l

b) Tim m d& duong thang y = x+m?® +2va duong thang y = (m-2)x+11 cat nhau tai 1
diém trén truc tung

X+2y=m+3

2x_3y=m (D) (m la tham s0)

Cau 2 (2,0 diém) Cho hé phuong trinh {

a) Giai hé phuong trinh (1) khi m=1
b) Tim m dé€ hé (1) c6 nghiém (x;y)sao cho P =98(x"+y*)+4m dat gia trj nho nhét
Cau 3 (2,0 diém)
a) Giai phuong trinh: Vx+3++/2-x—/6-x-x* =1
b) Tim m d€ phuong trinh x* +5x* +6—m =0 (m la tham s8) c6 duing hai nghiém
Céu 4 (1,0 diém) Quang duong AB dai 120 km. Mot 6 t6 chay tir A dén B vdi van t6c xac
dinh. Khi tr B trd vé A, 6 t6 chay véi van toc nho hon van toc lac di tit A dén B 1a 10 km/h.
Tinh van tdc ltic vé cua 6 t6, biét thoi gian vé nhiéu hon thoi gian di la 24 phat.
Cau 5 (3,0 di€ém) Cho ba diém A, B, C c§ dinh va thang hang theo thit ti d6. Vé duong
tron (O;R) bat ky di qua B va C (BC < 2R). Tt A ké cac tiép tuyén AM, AN véi duong tron
(O) M, N la cac ti€p diém). Goi I la trung diém caa BC.
a) Chtng minh nam diém A, M, I, O, N cung thu¢c mot duwong tron
b) Goi] la tam duwong tron ndi ti€p tam giac MBC, E 1a giao diém thit hai ctia dwong
thdng MJ véi duong tron (O). Chiing minh EB =EC = EJ
c) Khi duong tron (O) thay doi, goi K 1a giao diém cua OA va MN. Chttng minh tam
duong tron ngoai tiép tam giac OIK luon thudc mot duong thang s dinh
Cau 6 (1,0 diém) Cho céc s6 duong X, y,zthda man xy + yz + zx = 3xyz

3 3

3
Chl'rngminhr?mg X + y + Z >£(£+1+1j
Z+

x> x+y® y+7° 2 x y z
--------------- 3 | oy |
Thi sinh khong dwoc sw dung tai liéu. Can bo coi thi khong gidi thich gi thém.
Ho va tén thisinh: .......c.ccoooeveieieieieeeceeee SO bdo danh: .......cccceeveeveveeereeeeeeren

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
' HUNG YEN NAM HOC 2018 — 2019
DPE CHINH THUC Moén thi: TOAN

— (Danh cho cdc 16p chuyén: Todn, Tin)
€ so
Thoi gian lam bai: 150 phiit (khong ké'thoi gian giao dé)

Cau 1l (2 diém)

x+1 A

Cho céc biéu thirc A= —
XX+ XX =x2++/x

va B=x*-5x*—-8x+2025 véi x>0,x =1

a) Rut gon biéu thiec A
b) Tim céc gid tri cia X d€ bi€u thitc T = B-2A% dat gia tri nho nhat
Ciu 2 (2 diém)
a) Tim c4c gid tri cia m @& d6 thi ham s8 y = x* va y = x—mcét nhau tai hai diém phan
biét A(x;Y,),B(%,;Y,)sa0 cho (% —%,) +(y,~,) =162
b) Tim cac gid tri nguyén cta xd& M = x* +(x+1)’ —2x* - 2x1a s8 chinh phuong.
Ciu 3 (2 diém)
a) Giai phuong trinh 2x° —+/108x +45 = x+/48x + 20 —3x
X2+ y2+x+y=(x+1)(y+1)
b) Giai hé phuwong trinh x Y y Y
( y +1j +( j -

Xx+1
Cau 4 (3 diém) Cho duong tron (O;R) va mot duwong thang d khong c6 diém chung véi
duong tron. Trén d 18y mot di€ém M bat ky, qua M ké cac ti€p tuyén MA, MB véi duong
tron (O) (A, B 1a cac tiép diém). Ké duwong kinh AC cta duong tron (O). Tiép tuyén cua
duong tron (O) cat duong thang AB tai E
a) Ching minh rang BE.MB =BC.OB
b) Goi N 1a giao diém ctia CM véi OE. Chitng minh rang duong thang di qua trung
diém cua doan thang OM va CE vudng goc voi duong thang BN
¢) Tim gid tri nho nhat cta day AB khi M di chuyén trén duong thang d, biét R =8cm
va khoang cach tir O dén duong thang d bang 10 cm

Cau 5 (1 di€m) Cho a, b 1a hai s thay d6i thoa man cac diéu kién a>0va a+b>1

8a’+b
4a

Tim gia tri nhé nhat cta biéu thite A= +b?

Thi sinh khong dwoc si dung tdi liéu. Can b coi thi khong giai thich gi thém.
Ho va tén thi Sinh: .....c.oceveieeeeeeeceeeeceeeeene SO bdo danh: .......ccoceeveeveveecreeeeeeenn

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
HUNG YEN NAM HOQC 2017 — 2018

PE CHINH THUC Mon thi: TOAN
(Danh cho cdc 16p chuyén: Todn, Tin)

D‘é 86 5 . . . ? . . .
Thoi gian lam bai: 150 phiit (khong ké'thoi gian giao deé)

Wr—1 2Jz+1

r—1 Ar+1

Cau 1 (2.0 diém). Cho biéu thizc P = vOoi x> 0;2 = 1

a) Rut gon biéu thirc P.
b) Tim cac gia tri cia x d€ P = % .

c) Tim gid tri nho nhat cua biéu thiec A = (\/; — 4) (x — 1) P.

Cau 2 (1.0 diém). Cho parabol (P):y = z* va duong thing (d): y = 3z + m — 2. Tim tham

s6m dé (P) va (d) cit nhau tai hai diém phan biét c6 hoanh 6 duong.

Céu 3 (2.0 diém).
N . ' —2ry =2y —zx
a) Giai hé phuong trinh | ,
T +2r=9—y

_ 2
b) Giai phuong trinh |- 2% — 377
T " +1

Cau 4 (3.0 di€ém). Cho tam gidc ABC c¢6 ba gdc nhon noi ti€p dudng tron (O), ké duong
kinh AN. Lay diém M trén cung nho BN (M khac B, N). Ké MD vudng goc voi duong
thang BC tai D, ME vuodng goc véi duong thang AC tai F, MF vuong goc véi duong thang
AB tai F.

a) Chting minh rang ba diém F, D, E thang hang.
AB N AC _ BC .
MF ME MD
FB EA DC

c) Chttng minh rang 72 + 0 + DB >3

b) Chiing minh rang

Cau 5 (1.0 di€m). Tim t4t ca cac nghiém nguyén cia phuong trinh y° —22 —2 =1z (:1: + 1)2

Cau 6(1.0 diém). Cho a, b, ¢ 1a cac s6 thuc duwong thda man a'b’ +b'c' + c'a’ = 3a'b’c’.
1 1 1
3 2 + 3 2 + 3 2
a’b+2c+1 be+2a"+1 ca+2b"+1

Chting minh rang;

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
HUNG YEN NAM HOC 2016 — 2017
DPE CHINH THUC Moén thi: TOAN

. (Danh cho moi thi sinh dy thi)
Deée so 6 . . e
Thoi gian lam bai: 120 phiit (khong ké'thoi gian giao deé)

Bai 1 (1.0 diém). Rat gon bidu thitc A =27 — 48 +v4 — 23
Bai 2 (2.0 diém). Cho Parobol (P): y = 2” va duong thing (d): y = mz —m +2 (m1a
tham s0)

a) V6i m = 2. Tim toa d¢ giao diém cua (P) va (d)

b) Tim m d€ duong thang (d) cat Parabol (P) tai hai diém phan biét c6 hoanh do
z;z, déulén hon %
Bai 3 (2.0 diém).

' =y+1

Giai hé phuwong trinh
a) Giai hé phuong trin FI

b) Giai phwong trinh 'z + 3 = 42* + 5z — 1
Bai 4(1.0 diém). Hai nguoi tho cling lam chung mot cong viéc thi hoan thanh trong 4 gio.
Néu mdi nguoi 1am riéng, d€ hoan thanh cong viéc thi thoi gian ngudi thit nhat it hon
nguoi thit hai 1a 6 gio. Héi néu lam riéng thi moéi nguoi phai 1am trong bao 1au dé hoan
thanh cong viéc.
Bai 5 (3.0 diém). Cho duong tron (0; R) va dudng thang d c8 dinh, khoang cach tir tim O
dén duong thang d 1a 2R. Diém M thudc duong thang d, qua M ké cac tiép tuyén MA, MB
t6i (0)(A, B 1a tiép di€m).
a) Chting minh cac diém O, A, M, B cling nam trén mot dudng tron.
b) Goi D la giao diém doan OM v6i duong tron (0) Chiing minh D la tam duong
tron noi tiép tam gidc ABM
¢) Piém M di dong trén duong thang d. Xac dinh vi tri diém M sao cho dién tich
tam giac MAB dat gia tri nho nhat.
Bai 6 (1.0diém). Cho cac s§ dwong a, b, ¢ théa man abc > 1. Chitng minh rang:
1 1 1 3
5 2 2 + 5 2 2 + 5 2 2 S 2 2 2
a’+b"+c bV+c+a c+a +b a+b +c

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN

HUNG YEN NAM HOC 2016 — 2017
PE CHINH THUC Mbén thi: TOAN

DE 5§ 7 (Danh cho cdc 16p chuyén: Todn, Tin)
€ so
Thoi gian lam bai: 150 phiit (khong ké'thoi gian giao dé)

Bai 1 (2.0di€m).

B AR
a—>b b b a

a) Dat a = V2 b= i Chting minh rang

b) Cho z = 3/\/%1% —3/\/%—1 + 2. Tinh gi4 tri ctia biéu thic P =
z’ — 63" + 21z 4 2016
Bai 2 (20di€m).
a) Trong mit phang toa &6 Oxy cho ba duong thang (dl) ry=—-3z+3;

(d2> Ly = %a: —% va (dg) ry=—az+a’ —a’ —%. Tim a d€ 3 duong thang dong quy

b) Tim tat ca nghiém nguyén duong (x; y;z) va thdaman z > y > z > 8 ctia phuong trinh:
Xyz+xy+yz+zx+x+y+2z=2015

Bai 3 (2.0 diém).

2y =249y =0

Giai hé phuong trinh
a) Giai heé phuong trin l2x2—4x+3=—y3

3

b) Giai phuong trinh (22 +5 — 2 + 2)(1 4 da? + 140 + 10)

—

Bai 4 (0.5 diém). Cho tam gidc ABC vudng tai A c6 AB = lem va ABC = 60". Tinh thé
tich hinh tao duwoc khi cho tam giac ABC quay moét vong quanh canh BC.
Bai 5 (2.5diém). Cho hai duong tron <01> va (02> cat nhau tai A va B. Tiép tuyén chung
gan B ctia hai duwong tron lan luot ti€p xtc véi (01) va (02) tai C va D. Qua A ké duong
thang song song véi CD Ian luot cat (01> va (02) tai M va N. Cac duong thang CM va DN
cdt nhau tai E. Goi P 1a giao diém cua BC va MN, Q la giao diém ctia BD va MN.

a) Chting minh rang duong thang AE vudng gdc véi CD.

s BD BC MN
b) Chu inh ra + = .
) ng minh rang B0 BP . PQ

c) Chttng minh rang tam giac EPQ la tam gidc can.

Bai 6 (1.0 diém). Trong hinh vudng canh 10 cm, nguoi ta dit ngau nhién 8 doan thang mdi

doan thing c6 o dai 2 cm. Chitng minh rang ludn ton tai 2 diém trén hai doan thang khéc

nhau trong 8 doan thang ¢4 ma khoang cach ctia chting khdng vuot qua %cm .

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
HUNG YEN NAM HOQC 2015 — 2016
PE CHINH THUC Mbén thi: TOAN

DE 55 8 (Danh cho cdc 16p chuyén: Todn, Tin)
€ so
Thoi gian lam bai: 150 phiit (khong ké'thoi gian giao dé)

Cau 1. (2,0 diém)

x—l—\/;—I-l_ 1

, 1 1
Cho biéu thiic A = + :
vz -2 1-vo Jot2) -1

voiz >0,z =1

a) Ruatgon A
b) Tim x dé ilé sO tw nhién

Cau 2 (2,0 diém)
a) Trong mat phéng toa do Oxy, cho parabol (P) cy =2° .Xac dinh toa d6 cac diém A

va B trén (P) dé tam giac ABO déu.
b) Tim cac s6 nguyén x, y thdéa man phwong trinh
<x+2)2 (y—2)—|—:cy2 +26=0
Cau 3 (2,0 diém)
v \ 2 81173
a) Giai phuwong trinh: 2° + —=9
V9 — 2
2’ +3y=19"+3z

b) Gidi hé phuong trinh 22yt =1

Cau 4 (2,0 diéin) Cho tam giac ABC c6 géc A nhon ndi ti€p trong duong tron (O) va
AB > AC. Tia phan gidc trong géc A cua tam giac ABC cat duong tron (O) tai D (D khac A)
va cat tiép tuyén tai B ctia duong tron (O) tai E. Goi F 1a giao diém ctia BD va AC.

a) Ching minh EF song song v4i BC

b) Goi M la giao diém ctia AD va BC; céc tiép tuyén tai B, D cua duong tron (O) cat

1 1
BN BE  BM
Cau 5 (2,0 diéim) Cho tam gidc ABC ndi ti€p duong tron (O), duwong cao AH. Goi M 1a giao
MB S AB

diém ctia AO va BC. Chiing minh 1B + >2 D&u dang thikc xay ra khi nao.
HC MC — AC

nhau tai N. Chtrng minh

Cau 6 (1,0 diém) Trong hinh vudng 5 (cm) ddt 2015 hinh tron c¢6 duwong kinh %cm. Chuing

minh rang ton tai mot dwong thang cat it nhat 20 duong tron trong 2015 dweong tron trén.

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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" 5O GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN

HUNG YEN NAM HOC 2013 - 2014
PE CHINH THUC Moén thi: TOAN
o (Danh cho cdc I6p chuyén: Todn, Tin)
Péso9

Thoi gian lam bai: 150 phiit (khong ké'thoi gian giao dé)

Bai 1: (2,0 diém)

2\/3+\/5 13+
J6+42

x> =12y +6

a)Cho A=

, chttng minh A 1a mét sd nguyén.

b) Giai hé phuong trinh:
2y* =x-1

Bai 2: (2,0 diém)

a) Cho parabol (P): y = %Xz va duong thang (d): y =—X +%. Goi A, B la giao diém
ctia dwong thang (d) va parabol (P), tim diém M trén truc tung sao cho do dai MA + MB
nho nhat.

b) Giai phuong trinh: X* +5X +8= 32X +5x2 +7X+6.

Bai 3: (2,0 diém)

a) Cho f(x) 1a mot da thirc v6i hé s6 nguyén. Biét f(1).f(2)=2013, ching minh

phuong trinh f (X) =0 khong c6 nghiém nguyén.

b) Cho p 1a mot s& nguyén t8. Tim p dé tdng cac udc nguyén duong cta p* 1a mot
sO chinh phuong.
Bai 4: (3,0 diém)

Cho tam giac ABC c6 ba goc nhon (AB < AC) ngi ti€p duong tron tam O. Duong
tron (K) dwong kinh BC cét cic canh AB, AC Tan luot tai E va F. Goi H 1a giao diém ctia BF
va CE.

a) Chitng minh AE.AB = AF.AC.

b) Chitng minh OA vudng gbc voi EF.

c) Tlr A dung céac ti€p tuyén AM, AN dén duong tron (K) véi M, N 1a cac tiép diém.
Chting minh ba diém M, H, N thang hang.

Bai 5: (1,0 diém)

Cho cac sO a, b, ¢, d thoa man diéu kién: ac —bd =1. Chiing minh réng:

a?+b%+c2+d?+ad+bc>+/3

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
HUNG YEN NAM HOC 2012 - 2013
PE CHINH THUC Mbén thi: TOAN
., (Danh cho cdc 16p chuyén: Todn, Tin)
bé so 10

Thoi gian lam bai: 150 phiit (khong ké'thoi gian giao dé)

Bai 1: (2 diéin)

a) Cho A =+/2012% +20122.2013% + 20132 . Chiing minh A 1a mot s6 tw nhién.

1 x
X*+=+==3

b) Gidihé phuongtrinh { 7

X+o+2=3
y 'y

Bai 2: (2 diéin)

a) Cho Parbol (P): y = x2 va duong thang (d): y = (m +2)x - m + 6. Tim m d¢& duong
thang (d) cat Parabol (P) tai hai diém phan biét c6 hoanh d6 duong,.

b) Giai phuong trinh: 5+ x + 2,/(4—X)(2x - 2) = 44— X +/2x - 2)
Bai 3: (2 diéin)
a) Tim tdt ca cac sO hitu ty x sao cho A =x2 + x+ 6 la mdt s6 chinh phuong,.

C+y’) - (X +y°)

x-Dy-1)
Bai 4 (3 diém) Cho tam giac ABC nhon ndi ti€p duong tron tam O, duwong cao BE va CF.
Ti€p tuyén tai B va C citnhau tai S, goi BC va OS cit nhau tai M

b) Cho x>1vay > 1. Chitng minh rang :

a) Ching minh AB. MB = AE.BS
b) Hai tam giac AEM va ABS dong dang
¢) Goi AM cat EF tai N, AS cat BC tai P. CMR NP vudng géc véi BC

Bai 5: (1 diém) Trong mot giai bong da ¢ 12 d6i tham du, thi ddu vong tron mét luot (hai
d6i bat ky thi dau véi nhau ding mot tran).

a) Chttng minh rang sau 4 vong dau (mdi ddi thi d&u dung 4 tran) ludén tim duoc ba ddi
béng d6i mot chua thi ddu véi nhau.

b) Khang dinh trén con dting khdng néu cac ddi da thi dau 5 tran?
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN
// HUNG YEN NAM HOC 2012 - 2013
' DPE CHINH THUC Moén thi: TOAN
o (Danh cho tdt ca thi sinh)
béso11

Thoi gian lam bai: 120 phiit (khong ké' thoi gian giao dé)

Bai 1: (2,0 diém)

1. Ruat gon biéu thire: A = 27 —2\/3 - 2/48 +3./75
2. Giai phwong trinh: x* —3x* —6x—8=0

Bai 2: (2,0 diém) Cho phuong trinh X* —2X+m—3=0 (an x)

1. Giai phuong trinh véi m = 3.
2. Tim m d€ phuong trinh da cho c¢6 hai nghiém X, ; X, théa man diéu kién

X2 —2X, + XX, = —12

Bai 3: (1,0 diém) Khoang cach gitra hai bén séng A va B la 48 km. Mot ca nd xudi dong tir
bén A dén bén B, nghi 40 phut ¢ bén B roi quay lai bén A. K& tir ltc khoi hanh dén khi vé
dén bén A hét tat ca 5 gio 40 phat. Tinh van t6c ctia cand khi nwdce yén lang, biét van tdc

ctia dong nwdc la 4 km/h.

Bai 4: (3,0 diém) Cho AABC c6 ba gdéc nhon noi ti€p dudng tron (O), hai dudng cao BE, CF

Tan lweot cat dwong tron (O) tai diém thit hai E' va F.
Chang minh 4 diém B, C, E, F cung thudc mot duong tron.
Chting minh EF // E'F’.

Khi B va C ¢6 dinh, A di chuyén trén cung 16n BC sao cho tam giac ABC lu6én nhon.
Chtng minh ban kinh duong tron ngoai ti€p tam gidc AEF khong doi.

Bai 5: (2,0 diém)
o o i s es 12 N o 1w 1, 2 1
1. Cho s0 thuce x thoa man 0 < X <1.Tim gia tri nho nhat cta biéu thttc A = ——+ —

1-x X
(x+\/x2+2012)(y+,/y2 +2o12) - 2012

2. Giai hé phuong trinh
X?+ z%- 4(y+2)+8=0
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN

HUNG YEN NAM HOC 2011 - 2012
- Moén thi: TOAN
PE THI CHINH THUC Thoi gian lam bai: 120 phiit
Pé s6 12

(Khong c6 dap an)

PHAN A: TRAC NGHIEM KHACH QUAN (2,0 diém)

Tir cau 1 dén cdu 8, hiay chon phwong dn dung va viét chiv cdi dirng trudc phwong dn dé vao bai
lam.

Cau 1: Puong thing song song véi duong thang cé PT y = -2x+1 la:
A.y=2x-1 B. y=2(2x-1) C.y=1-2x D.y = -2x+3
Cau 2: Ham s6 y = (m+2011)x + 2011 dong bién trén R khi:
A. m>-2011 B. m<-2011 C. m>-2011 D. m<-2011

X+2y=1

Cau 3: hé phuong trinh { c6 nghiém khi va chi khi:

mx+2y=3
A. m<1 B.m=#1 C.m>1 D.m=0
Cau 4: Q( J2 ;1) thudce d6 thi ham s6 nao sau day:

1 1 1 1
A y=2x2 B.y=—2x’ C.y=—rX D.y=——-x’
Y= y=-73 y y B

Cau 5: (O;R=7) va (O’;R’=3) va OO’ = 4 thi vi tri twong ddi ctia hai duwong tron la
A. Cat nhau B. Tiép xtic trong  C. Tiép xtic ngoai D. Khong giao nhau
Céau 6: Tam gidc ABC déu canh AB =2, ban kinh duong tron ngoai tiép la:

A. 3 B\@ c& V3

. — . D. —
2 3 3
Cau 7: Tam gidc ABC vudng tai A, AC =a, AB = 2a thi sinB b:?mg:

a 1 1 a
A — B. — C. = D.E

NG NG 2

Cau 8: Mot hinh tru c6 thé tich 4327 cm® va chiéu cao gap hai lan ban kinh day thi ban
kinh day la

A. 6cm B. 12cm C.67rcm D. 127 cm
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PHAN B: TU LUAN (8,0 diém)

Bai 1: (1,5 diém)Rat gon biéu thie

— — = . :
A=+/5(/20 ++/45-+/80) SN TN RN SO

Bai 2: (1,5 diéim) Cho phuong trinh x> —4x+m+1=0 (4nx)  (I)

a) Gidi phuong trinh véi m=2
b) Tim m d€ PT c¢6 hai nghiém dwong phan biét

Bai 3: (1,0 diém) Hai nguoi cung lam mot cong viéc thi sau 4 gio 30 phut sé xong. Néu nguoi
thit nhat la 4 gio, sau d6 nguoi thit hai lam 3 gio thi dwoc 3/4 cong viéc. Tinh thoi gian la mot
minh d& xong ctia mdi nguoi.

Bai 4: (3,0 di¢m) Cho (O;R), diém A nam ngoai sao cho OA = 2R. V& Céc tiép tuyén AB, AC
v6i duong tron( B, C 1a cac tiép diém). Ly M trén cung nho BC, ti€p tuyén tai M cat AB, AC

lan luwot tai E, F.
a) Tinh goc BOC va goc EOF.
b) Goi OE, OF cit BC 1an luot tai P, Q. Chting minh t& giac PQFE noi tiép
) Tinh ti s6 PQ/FE

Bai 5: (1,0 diém) Giai phwong trinh - x*+/x+3 = 2x* —2011x + 2011
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O GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN

HUNG YEN NAM HOQC 2010 - 2011
Mbén thi: TOAN
PE CHINH THUC (Danh cho thi sinh thi vdo cdc I6p chuyén Toan, Tin)
bé s6 13 Thoi gian lam bai: 150 phut

Bai 1: (2 diéin) Cho A= \/2+J§.\/2 +\/2+J§.\/2 —N2++/3. va

B N SV NI F SN
B—{ = J5 ZJW 3-242

So sanh A va B
Bai 2: (2 diém)

a) Giai phuong trinh: (x-1)2-2Vx* =2x =4 =0
3x+3y—-2xy =4

b) Chohé{
X+y—-xy=m-1

Tim m d€ hé phuong trinh c6 nghiém (x;y) sao chox>0vay >0
Bai 3: (2,0 diém)
a) Tim cac sO nguyén x, y thoa man xy +y = x> +4

b) Cho ba s6 duwong a, b, c va ab+bc + ca =1 . CMR

Ja?+l1—-a +b*+1-b +c*+1-c 1 1 1
5 + + <-—
C ac

ab a b ¢

Bai 4: (3,0 diéin) Cho ba diém c8 dinh A, B, C thang hang, B nam gitta A va C. Goi (O) thay
ddi luon qua B va C, qua A ké cac dwong thang tiép xtic véi (O) tai E va F( E khong trung
F). Goi I 1a trung diém cta BC va N 1a giao cia AO va EF. Duong thang FI cat (O) tai H.
Chting minh rang;

a) EH song song vdi BC

b) AN.AO khong doi.

c) Tam duwong tron qua ba diém O, I, N ludn thu¢c mot duong théng coO dinh.

Bai 5: (1,0 diéin) Trén mat phang c6 2011 diém bat ky, it nhat ba diém khong thang hang,
CMR 1u6n vé duwge mot duong tron qua ba trong s6 2011 diém da cho ma 2008 di€m con

lai khong nam ngoai duong tron.
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SO GIAO DUC VA PAO TAO KY THI TUYEN SINH VAO LOP 10 THPT CHUYEN

y HUNG YEN NAM HOC 2009 - 2010
4 Mbén thi: TOAN
DPE CHINH THUC (Danh cho thi sinh thi vdo cdc I6p chuyén Toan, Tin)

Thoi gian lam bai: 150 phut

Pé so 14

Bai 1: (1,5 diém)

1 1
Cho a=2: -
VT +1-1 JW7+1+1

Lap mot phuong trinh bac hai ¢d hé s6 nguyén nhan a - 1 1a mét nghiém.
Bai 2: (2,5 diém)

x 16

Xy ——=—

A . y 3
a) Giai hé phuong trinh:

xy—Y -2

Y x 2

b) Tim m d& phuong trinh (x> ~2x) ~3x” +6x +m =0 c6 4 nghiém phan biét.
Bai 3: (2,0 diém)

a) Chtrng minh rang néu sd nguyén k 16n hon 1 thod man k> +4 va k> +16 1a cac
sO nguyén td thi k chia hét cho 5.

b) Chting minh rang néu a, b, c 14 6 dai ba canh ctia mot tam giac c6 p 1a ntra chu
vi thi \/p—a +\/p—b +\/p—c S\/%
Bai 4: (3,0 diém)

Cho duong tron tam O va day AB khong di qua O. Goi M la diém chinh gitta ctia
cung AB nhé. D 1a mot diém thay ddi trén cung AB 16n (D khéc A va B). DM cat AB tai C.
Chting minh rang;

a) MB.BD = MD.BC

b) MB la ti€p tuyén ctia dwong tron ngoai ti€p tam giac BCD.

c) Tong ban kinh cac duwong tron ngoai ti€p tam gidc BCD va ACD khong doi.
Bai 5: (1,0 diém)

Cho hinh chit nhat ABCD. Lay E, F thudc canh AB; G, H thudc canh BC; I, ] thudc
canh CD; K, M thudc canh DA sao cho hinh 8 canh EFGHIJKM c6 cac goc b?mg nhau.
Chiing minh r:?mg néu dod dai cac canh ctia hinh 8 canh EFGHIJKM 1a céc s htru ti thi EF =
1.
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SOGIAODUCVADPAOTAO  KY THITUYEN SINH VAO LOP 10 THPT CHUYEN

HUNG YEN NAM HOC 2008 — 2009
Moén thi: TOAN
PE CHINH THUC (Danh cho thi sinh thi vdo cdc I6p chuyén Toan, Tin)
Thoi gian lam bai: 150 phut
Pé so 15
Bai 1. (1,5 diém) Cho a;;a,; 8, ... 5 Q575 Ay 1@ 2008 s thure thod man:
2k +1
a, =———— voi k=1;2;3; ...; 2008.
(k” +k)

Tinh tong S,y =, +a, +a; +--+ 8,5, + 2y
Bai 2. (2,0 diém)
1) Giai phuong trinh (x* —4)* +x =4
2) Giai hé phuong trinh sau:
3xy—x—-y=3
dyz—y—-z=13
3zx-z—-x=5
Bai 3. (1,5 diém)
Cho f(x) 1a mot da thizc bac 3 c6 hé s8 nguyén. Chitng minh rang néu f(x)
nhan 3 - \/5 la mot nghiém thi f(x) cting c6 nghiém la 3 + \/5 .
Bai 4. (3,0 diém) Cho tam giac ABC ngoai ti€p duong tron (I, r). Ké ti€p tuyén di cta
duong tron (I, r) sao cho di song song véi BC. Goi E, F lan luot la giao diém cua di véi cac
canh AB va AC. Goi D va K Ian luot la ti€p diém ctaa duong tron (I; r) véi BC va d.
1) Trén canh BC 14y diém H sao cho CH = BD. Chting minh 3 diém A, K, H thang hang.
2) Ké tiép tuyén dz va ds cua duong tron (I, r) sao cho dz song song véi AC va ds song
song voi AB. Goi M va N lan luot 1a giao diém cta dz véi cac canh AB va BC. Goi P va Q
lan luot la giao di€ém cua ds véi cac canh BC va AC. Gia st tam giac ABC c6 d¢ dai ba canh
thay d6i sao cho chu vi ctia né bang 2p khong d6i. Hay tim gid tri 16n nhat ctia EF + MN +
PQ.
Bai 5. (2,0 diém) 1) Cho a, b la cac s thuc dwong thoa man a+b=1.
. Ly 2 3
Chiing minh rang: £+ R
2) Trén bang ghi 2008 ddu cong va 2009 dau trir. Moi [an thyc hién ta xod di hai
dau va thay boi dau cong néu hai dau bi xoa cung loai va thay boi ddu trir néu hai dau bi

>14

5=

x0d khac loai. Hoi sau 4016 lan thyc hién nhw vay trén bang con lai ddu gi?
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HUONG DAN GIAI

Pésol

Cau | Phan Noi dung biém

A=z (2‘6)2 +@—20\/%=2\2—J§\+2J§—20-§

1) 0.5
=2(x/§—2)+2\/§—4\/§=2J§—4+2J§_4[:_4
(d) song song véi (A)
{m—2=—4 {m=—2
2a) | & & oSm=-2 0.5
m=1 m=1

Vay M= -2 1a gia tri can tim.

Thay X = -1,y =2 vao phuong trinh Y = (M—2)X+ M duoc:
2b) | 2=(M-2).(-)+mS2=—Mm+2+mM 2=2 (dung véi VM)

Vay duong thang (d) luon di qua diém A(-1;2) véi moi m.

Cach 1:

Caul

@0 Vi diém B thudc (A) nén toa do diém B c6 dang (X0 1 4X0)
1,0

DK: B khac A hay X, # -1
Gia stt phuong trinh duong thang ABla Yy =ax+b

Vi A(=1;2) va B(X,;1-4X,) nén ta c6 h¢ phuong trinh:

=a(X,+l)=-4x,-1=a=

ax, +b=1-4x, X, +1

-a+b=2 —4x, -1
2¢)

AB vudng gbc véi (A)

< aa'=-1 hay —4% _1-(—4) =-1
,+1
= 16X, +4=—X,—1 X, =—
0 0 0 17
-5 37
=Y, =1-4-—=—
L 17 17
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Vay toa d¢ diém B la _—5,£ .
17 17

Ciich 2:
Gia stt phuong trinh duong thang ABla y = ax+b

AB vudng goc véi (A)

1
< aa'=-1 hay a-(—4):—1<:;>a:Z
h \ < ’ 1
= phuong trinh duong thang AB c6 dang Y = ZX+ b

Vi duong thang Yy = %X +b di qua A(-12) nén:

- (pibebn=d
2 2

. 1. 9
= phuong trinh duong thang ABla Y = 2 X+ 2

= Toa do diém B la nghiém ctia hé phuong trinh:

-5

Cau 2
(2,04)

1)

1. 9 X=—
=—X — _
y 4 +4<:> 17:8(—5;3—7j
yoaxs1 |y 1717
17
X'+ 2x* +x\2x2+4 =4
S XX +2)+V2.xxP+2 =4 (1)

Dit XvX? +2 =y . Phuong trinh (1) tré thanh:
yi42y=4o y2+2.y-4=0 (2)

Giai phuong trinh (2) duoc Y, = J2 Yy, = 22

Véi y =2 thi
x>0 x>0
WXt +2 =42 < 2 s S5,
X“(x°+2)=2 (x*+1)° =3
x>0 x>0
& & & X= J§—1
{x2+1=J§ {XA:J§_1

1.0

TAI LIEU TOAN HOC
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Véi y=—242 thi

x<0 Xx<0
XA/ X +2_—2\/—<:> =
X*(x*+2)=8 (xX*+1)*=9
Xx<0 Xx<0
= <:>x:—\/§
x+1=3 X2 =2

Vay tap nghiém cua phuong trinh (1) 1a S = {\/\/5 ~1;-2 }

2)

Loi giai cua thay Vi Van Luyén — Cdm Giang — Hai Duong

(x+ y)2 =xy+3y-1 1)
X +y+1

x+y=2_"Y*2 2
y 1+ X2 )

Dé thdy y =0 khong 1a nghiém cuaa (1). Véi y # 0, ta co:

2 1:4 _ _ 2
D)o xP+xy+y* =3y-1= X Hyri=ay=x—y
X +1=3y—xy—Yy°

2 J— — —
:>x +y+1_ y(4-x-y) x+y-4

= = 3
x*+1  yB-x-y) x+y-3 ®)
. . X+y—-4
T (2)va(3) = X+y=—37— (4)
X+y-3
bat X+ Y = a. Phurong trinh (4) tré thanh:
a-4
a=——=a’-3a=a-4<a’-4a+4=0
a-3
s((@-2=0=a=2
=S X+ty=2&y=2-X
Thay Yy =2 —X vao (2) duoc:
2 —
Z:L;(Hc>2+2x2:xz—x+3<:>x2+x—1=0
1+x
1+ -
_ 1_\/§:>y:5+\/§
2 2
Tht lai ta thay [_1;\/5 X 5_2\/5] va (_1_2\/5 ; 5+2\/§

cta hé da cho. Vay ...

j la cdc nghiém

1.0
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Khi M =2 thi phuong trinh (1) tr¢ thanh:
X*-6x+8=0 )
0.5
Giai phuong trinh (2) duge X, =4;X, =6
Vay khi M =2 thi phuong trinh (1) c6 hai nghiém: X, =4;X, =6.
Xét A'=(m+1)°-m?>-4=2m-3
Phuong trinh (1) cé nghiém < A'>0< m>15
Vi X, la nghiém ctia phurong trinh (1) nén:
) X —2(m+)x +m? +4=0< X' =2(m+1)x, —m’ -4
Cau 3
(2,04) Theo dé bai:
X2 +2(m+1)x, =3m’ +16
2) < 2(m+1)x, —m? —4+2(m+1)x, = 3m’ +16 15
< 2(M+1)(X +X,) = 4m? + 20
Ma X, + X, = 2(M+1) (theo hé thikc Vi-ét) nén:
4(m+1)* =4m*+20
< 4m? +8m+4 =4m’ + 20
& m=2 (TMPK)
Vay m =2 la gia tri can tim.
B
I
d
Chu 4 M 0.25
(3,0) = c
H
N
) |wi /m\B, ANC 1 céc g6c ndi tiép chan nira duong tron nén: 0.75
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AMB =90° = MA L MB
ANC =90° = NA 1 NC

= MB // NC = BMNC Ia hinh thang

Lai c6 AMB = 90° nén BMNC 13 hinh thang vuéng.

2)

Goi H 1a trung diém ctia MN

= IH la duong trung binh ctia hinh thang BMNC
= H//BM = IH L MN

AIMN c6 HM=HNva IH L MN

= AIMN can tail

1.0

3)

Goi P la chu vi tit gidc BMNC. Ta co:

P=BC+BM+MN +CN = BC + (MA + MB) + (NA + NC)

D& chting minh bat déng thiic a + b < /2(a” + b?)

Ap dung bat dang thtic trén, ta co:

MA + MB < \/2(MA? + MB?)

Ma MA? + MB? = AB? (theo dinh i Py-ta-go)
— MA + MB <+/2AB? = AB\/2

Tuong tu: NA+ NC <+/2AC? = ACV2

= P <BC++/2(AB+AC)

D4u “=" xay ra

& MAB = NAC = 45°

MA =MB
NA =NC

Vay khi d tao véi tia AB va tia AC cac goc 45° thi chu vi tx gidc BMNC dat
gid tri 16n nhat 1a BC ++/2(AB+ AC)

1.0

Cau5
(1,0d)

Loi giai ctia thay Vit Van Luyén — Cam Giang — Hai Duong
Chon diémroi X=2=1y=2

Ap dung bat déng thiic BunhiacSpxki, ta cé:

1.0
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(x+1)? <2(x*+1)
(y+2)° <2(y*+4)
(z+3)° =(z+1+1+1)* <4(z° +3)
1 1 4
>————+ ——t—
2(x“+1) 0,5(y“+4) 2(z°+3)

a® b’ c >(a+b+c)2

Dé chiing minh — +— > véi X,y,2>0
X y Z X+y+z

Ap dung bat dang thtic trén, ta co:
(1+1+2)? 16

C2(x*+1)+0,5(y* +4)+2(z* +3) - 2(x* +2%)+0,5y* +10
TeGT: X +y* +2° <3y =>x*+2°<3y—y°
= 2(x*+12°)+0,5y* +10< 2(3y — y*) +0,5y* +10 = -1,5y* + 6y +10
~16-1,5(y—2)* <16

P>E=1

16

Xx=z=1

D4u “=" xay ra < -
y=2

1
. Vay minP=1<:>{

Péso2
Cau 2.

1.a.Ta co

A_x\f 1 xx+l 2(x+1)_(\f D rVx+) G+ De- \/;+1)+2(x+1)
cNx xidr x Vx(x-1) Vx(x +1) Jx

2\/_ L2+ 2x++x +1)

BV PR R

VéyA:%C+—Mvéix>O,x¢1.
Jx

b. DK: x>0, x #1.

A= 2(“\/;”) 20l el =2 = 2xx —x © Vx =2 & x = 4 (TMDK),
N
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Vay véi x=4 thi A=B.

2 2
a —-b

J1-p? +41-a
a-b=~1-b" —1-a
—

a+b=1-b* +1-a*

2.a—b:\/l—b2—\/1—a2<:>a—b= <::>a+b=\/1—192+\/1—cz2

Tt‘rdétacéhé:{ a=v1-b> < ada +b>=1=0=2020.

Céu 3.

1.Ta 6 |AB - AC|< BC nén GTLN|AB - AC|= BC khi A, B, C thang hang hay A la giao
diém cua (d) vdi Ox = A(3;0).

2.Tacod xy* —(y—45)° +2xy+x—220y+2024 =0 < (y+ D(xy + x —y—129) = -128 = -2’
= y+1€{24:816:32;64128} = y € {1;3;7:15;31:63;127} = (x;y) € {(33%:1),(25:3),(15,7)} .

Cau 4.

1. DK: —%<x<6

Ta co:

V5x+11=6—x +5x7 =14x—60=0 < (N5x +11=6) = (N6 —x = 1)+ (x = 5)(5x +11) = 0

5(x-5)

&
Vix+11+6 \/6 x+1

+(x=35)Gx+11)=0

5

1
+
NV3x+114+46 ~6—x+1

<:>(x—5)( +5x+11j=0<:>x:5.

5

1
+
V3x+114+46 6—x+1

Vay Phuong trinh c6 nghiém duy nhat x =5.

4x’y—xy* =5 xy(4x—y)=5
= 5
64x’ —y =61 |(4x=y)((4x-y) +12xy) =61

11
(Do +5x+11>0 véi —?Sxﬁ6).

uv=>5 u=
v(v* +12u)=61

< | W

Dit {” =Y 14 tro thanh: {

{M:S
—4x— =1
vEarmy +60=61 V7
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Suy ra Xy =3 & 5 .Vaynghiém cua hé la (x;y)eq (-1 5),(5;4) .
4x—-y=1 x= 4

Cau 5.

1.Ta g1ac ADCH 6 AHC + ADC =90°+90° = 180° = tr giac ADCH noi tiép
= ADH ACH

—

Tacoé {AKH = KCH + CHK = ACH + MHK = MAK = MHK = AHMK 1a t& giac noi tiép

—

ADH = ACH
— AKM =90° = MK L AC ma BD 1 AC (Hai duong chéo hinh vuéng)=> MK//BD .
ON J_

2. AONC vudng can tai N = % =—=0E=0C =0D = ADOE can tai O

— ODE = OED (1). Ma OE//CD:@E—O/@ (2). Tix (1) va (2) = ODE = CDE = DE 1 tia

phan giac cia goc CDO = FO D 0 \/7
FC DC 2
3.bat AM =x>0 tacéd AAMKVuéngcéntaiK:MK—AK—LSCK_G 2_L_2a—x
| | 5 R
Do AM//CD
H
AQ AM _ x AQ X AC.x a\/2_.x
iy - = AQ = A M 5
OC CD a AC a+x at+x a+x
2
:>CQ=AC—AQ:a\/5. K Q
a+x 4
N
& 0 E
opimk 2 _OP op__2 X _ .
CK MK Za—x\/a (2a—x)\/§
V2
D C
ax a a 2a
Qa-x\2 2 2 2a-
2
SCPQD:lDP'CQzl'a z.i. 2a =a !
2 2 a+x \/E 2a—x (a+x)2a—x)
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2
N I{a+2a+x—x 9a’
Scprg dat GTNN < (a + x)(2a — x) dat GTLN. Ma (a + x)(2a - x) < Z( 5 ] = 1
a2 a
= Seppg 2 Y .Dau “="xayrakhi a+x=2a-x & x = 5 < M la trung di€ém cta AB.
A 4a’ \ S
Vay Min S, = 9 —— <& Mla trung diém ctia AB.
Cau 6.

—x+1
Dét{u T a0y -l e = (et D+ 1) =2
v=y-2 4

Ta cb %z(u+l)(v+1)£i(u+v+2)2 SW+v+2)° 29

1
Theo Bunhia ta c6: (u2+v2 +12)(12 412 +22)2(u+v+2)2 >0 & u? 417 >

Ta co: theo Mincopxki:

7

A=t + 1+ 122 +97 ) + (1) = +97) +4 > Z+4——

1 1
X=—= X=—=
Dau “=" xay ra khi 2, Vay MinA =—— kh s 2
y== y=5
bé s6 3

Caul
a)A=x/§(x/§+x/2—\/§)—
=2+4-23-1
=2+\/(J§)z—2.J§.1+1—1

=2+(\3-1) -1
=2+3-1-1=4/3

b) Hai duong thang cat nhau khi va chikhi a=a'<1lzm-2< m#3
Gia st hai d6 thi cit nhau tai diém Ae Oy = A(0;y,)
Phuong trinh hoanh d6 giao di€ém cua hai d6 thi da chola:
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X+m?+2=(m-2)x+11

< (m-3)x=m?-9

< (m-3)x=(m-3)(m+3) *)

Hai d6 thi cat nhau tai A nén khi d6 X = 01a nghiém cta phuwong trinh (*)
= 0.(m-3) =(m-3)(m+3)

& (M-3)(m+3)=0

m-3=0 m=3
= =
m+3=0 m=-3

V6i m = 3(loai) do 2 dwong thang triing nhau
Vay véi m = —3thi hai deong thang cit nhau tai 1 diém trén truc tung
Cau 2:

a) Thay gid tri m =1vao hé phuwong trinh ta c6:

X+2y=4 X=2
(e &
2x—-3y =1 y=1
Vay v6i m =1thi hé phuong trinh ¢ nghiém (X;y)=(2;1)
b) Ta co % # % = ( I )luén c6 nghiém (x;y) voi moi m

() {2x+4y=2m+6 {x=m+3—2y
= =

2Xx—-3y=m 7y=m+6
X=m+3-2y X:5m7+9
= m+6 N
== y:m+6
7

Theo dé bai ta cé: P =98(x* +y*)+4m

2 2
_ P:%_[(smg) L (m+86) J+4m
49 49

= 2(26m? +102m +117) + 4m
—52m? + 208m + 234
- 52(m2 +4m +4)+234—52.2

=52(m+2)° +26>26

= MinP =26

Ddu “=" xdyra & m+2=0m=-2
Vay m=-2 thoa man yéu cau bai toan
Cau 3
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a) Diéukién:{2-x>0 & -3<x<L2

Pt < VX +3+4/2—x—J(x+3)(2-x) =1(*)
Dit Vx+3+v2-x =t(t>0)
t? = x+3+2-x+2,/(x+3)(2-x) =5+2,/(x+3)(2-X)

=[x+ 3-8
2
2_
:>(*)<:>t—t25:1
& 2t—-t°+5-2=0
<:>t2—2t—3—0
o (t+1)(t-3) =
L[ti=0 ——1(ktm)
t-3=0" |t=3 (tm)
= x+3 2 = :2
J E

S6-x-x"=4

S X +x-2=0

< (x-1)(x+2)=0
{x—lzo {x=1 (tm)

= =
X+2=0 X =-2 (tm)

Vay phuong trinh c6 tp nghiém S ={-2;1}

b)x* +5x° +6—m = 0(*)

Pat x* =t (t>0)

Phuong trinh da cho <> t* +5t+6—m=0(1)

D& phuong trinh (*) ¢6 ding hai nghiém thi phuong trinh (1) phai ¢6 nghiém duwong
<> (1) phai c6 hai nghiém trai ddu hodc hai nghiém kép duong

[ac<0 [6-m<0
A=0 52 —4(6-m) =0 m>6
= = S Sm>6
XX, >0 6-m>0 VN
(X% +%,>0 -5>0

Vay m > 6 thoa man yéu cau bai toan
Cau 4.
Goi van toc ltc vé caa 6 to la x(km/ h) (x>0)
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 Khidé van toc licdicaa d tola: x+10 (km/h)

Thoi gian vé va thoi gian di ctia 6 t6 hét quang duwong AB Ian luot la:
120 1. 12(1)0 (h)  Déi24 pht = 0,4 gid
X

X+
Theo dé bai ta c6 phuong trinh:
120 120 .,
X  x+10

& 120(x +10) —120x = 0, 4x(x +10)
< 0,4%° +4x-1200=0
& 0,4.(x—50)(x+60) =0
x =50 (tm)
=
x=-60  (ktm)

Vay van toc luc di ctia 6 t6 1a 50km / h
Cau 5.

a) Tacs OMA=ONA=90"(gt)
— OIA=90° (quan hé vudng goc gitta duong kinh va day cung)
= Céc diém M, I, N cting nhin OA duéi 1 géc 90°nén cling thudc duong tron
duwong kinh OA
Vay 5 diém A,M,0O, I, N cung thudc duong tron duong kinh OA

b) Ta cé M] la phan giéc ciia BMC = BME = EMC = sdBE =sdCE = EB=EC (1)
(hai cung bang nhau thi cang hai day bang nhau)
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Ta cé: EBC = EMC = BME;CBJ = JBM (gt)

— e~~~

= EBJ = EBC + CBJ = BME + JBM
Xét tam giac BMJ c6 BME + JBM = BJE (g6c ngoai ctia tam gidc bang tong hai goc
trong khong ké véi né)=> EBJ = BJE = AEBJ cén tai E=> EB = EJ(2)
Tk (1) va(2) = EB=EC =EJ
¢) Goi H Ia giao diém ctia AC va MN, ta c6: OKH =90° (Do AM, AN la hai tiép tuyén
cat nhau nén OA 1a trung truc cia MN)
AlO =90° (quan hé vudng goc gitta duong kinh va day cung)
Xét AAHK va AAOI c6: AKH = AlO =90%0AI  chung
= AAHK ~ AAOI(g.9) = A _AK = AH.Al = AO.AK  (3)
A0 Al
Xét tam gidc vudng AMO c6 AO.AK = AM?(4) (hé thizc lugng trong tam giac
vuong)
Ta cé: AMB = ACM (g6c tao boi tiép tuyén va day cung va géc noi tiép cuing chan
cung BM)
Xét tam giac AMB va ACM co: MAC chung; AMB = ACM (cmt)
AM _ AB

= AAMB ~ AACM = AM? = AB.AC(5
(09)="==m ©)

T (3) (4) (5) suy ra AH.Al = AB.AC = AH = Aif‘c
Ta c6 AB, AC, Al khong ddi = AH khong d6i. Ma A cd dinh nén H ¢ dinh

Goi O'la tam duong tron ngoai tiép tam giac OIK, chinh la tdm duong tron ngoai
tiép ti giac OIHK = O'la trung diém ctia OH=> O'thudc trung truc cta Hl

Ma H; I ¢ dinh = Trung truc cua HI ¢ dinh

Vay khi (O) thay d6i thi tam duong tron ngoai ti€p AOIK ludn chay trén trung truc
cua HI,véi H =AC nMN

Cau 6
Theo dé bai ta c6: Xy + yz + zx = 3xyz
= Xy + yz + X —3<:>1+1+£:3
Xyz Xyz Xxyz Z Xy

Cosi

Lai c&: 3Xyz = Xy + yZ +XZ > 33(xyz)3 =>Xyz21l=>Xx+y+2>3

Ta co
3 Cosi
X —x- XZZZX_ XZ :X_\/EZX_Z+1
Z+X Z+X 2 7%2 2 4
(Do z+122x/2:>x/gsZzlzfszzlz—fzzzl)
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y® oy X+l

CIx+yE 4
Twong tw ta co: ,
z y+1
27—
y+2° 4
Cong vé& vdi v& ctia 3 bat dang thirc trén ta duoc:
3 3 3
X >+ y >+ - 22x+y+z—L+z+323—§=§:1 l+£+1 (dpcm)
Z+X° X+y° y+z 4 4 2 2\x vy z
Dé s6 4
Cau 1.

a) Diéukién x>0;x =1
Cox+r 0 a1 x+ s oy x#l ~
A_X\/;+X+\/;'—X2+\/;_\/§(x+ x+1)'(x \/;)_x/;.(x+ x+1)'\/;(X\/; 1)

= VL) xR 1) = (R (VR 1) =x1

X+X+1

b) Tacd: T =B—2A°
= x* —5x% —8x +2025-2(x -1)°
= X" —5X* —8x + 2025 2X* + 4x — 2
=x* —7x* —4x+2023
=x* -8x* +16+ x> —4x + 4+ 2003
= (x* —4) +(x—-2)" +2023

Vi (x2-4) 20,(x-2)"20=T 22003

) X=2
Aiq 17 2 X — 4 = O

Dau “=" xay ra < S X=—2X=2

Xx-2=0
X=2
Vayvoi T, =2003 < x =2
Cau2
a) Phuong trinh hoanh d¢ giao diém ctia hai d6 thij la:

X* =x-me x> —x+m=0(*)
Hai d6 thi ham s& cat nhau tai hai diém phéan biét <> (*) ¢ hai nghiém phan biét

<:>A>O<:>1—4m>0<:>m<%

Goi X, X, la hai nghiém cua phuong trinh (*). Khi dotaco: y, =X -m, Yy,=X,—m
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X +X, =1

Ap dung hé thizc Vi ét ta co: {
XX, =m

Theo dé bai ta co:

(% —X, )8+(y1—y2)8 =162
< (% - 2)8 +(x, —m-— x+m) =162

& (% =%) +(x-x,) =162

& (% -x,) =81 ( )

{xfxz_\/é c{xl_xpa@

=N
X=X==V3 [x=x-3

H)V6i X, =X, /3= 2%, +/3=1 X, =

= XX, :m:#.l?/§ =—% (tm)

+)Véi xlzxz—\/§:>2x2—\/§=1<:> x2:1+T:>

= XX, =M=

1-V3 1+4/3 1
—

=—— (tm
5 5 (tm)
A l 2 ~ SA o« A N . /4
Vay m= _E thdéa man diéu kién bai toan.

b) Taco: M =x4+(x+1)3—2x2—2x
M = x* +x* +3x" +3x+1-2x" — 2x
M=x'+x*+x*+x+1
=AM =4x* + 43 +4x* +4x+ 4

+) Ta cé:

(2x2+x)2 =4x* +4x° + x* £4x4+4x3+x2+2x2+(x+2)2 =Ax* +4X° +4X* +4x+4=4M

Ta thdy déu "= "khong thé xdy ranén (2x2 +x) <4M

@

+) Vi X=0=4M =4 < M =1= M la s6 chinh phuwong
Véi x=1=4M =20 < M =5= M khong la s6 chinh phuong.
V6i X=2=4M =124 = M =31= M khong la sd chinh phuong

X=-1>2 X>3
Véi X¢{0;1;2} ta co: { ) {

X-1<-

Ta co:

x<-1

= (x-1) 24 4-(x-1)"<0

TAI LIEU TOAN HOC
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AM =Ax* + 43 +4X° + Ax + 4

=4x* +4x3 +5x* + 2X+1—x* +2x+3

:(2x2 + x+1)2 —(x—l)2 +4

= 4M s(2x2+x+1)2 (2)

T (1) va (2) = (2 +1)° <4M <(2x% +x+1) .Ma xeZ = 4M = (2> + x+1)

X—1=2 {x=3
=N

<:>(x—1)2 :4©{x—1:—2

X=-1
Vay c6 3 gia tri nguyén ctia Xthoa man yéu cau baitoanla x=0; x=-1;x=3

Cau 3.

a) Diéu kién: x > >
12

2x° — /108X + 45 = x+/48x + 20 — 3x?
& 2x° = 312X +5 = 2x/12x + 5 — 32
& 2x% +3%% = 2x4/12X+5 + 312X +5
& x2(2x+3) =12x +5.(2x + 3)

= (2x+3)(x2 —\/12x+5) =0

{2x+3=0 X :—g (ktm)
= S

2 _

XEVIZXES o 1ox45 ()

(1) & x* +4x* +4=4x* +12x+9
(X +2) =(2x+3)

X +2=2Xx+3 x?—2x-1=0 X=1++/2
= o o

X* +2=-2x-3 | x*+2x+5=0(VN) x=1-2

Vay nghiém cua phuong trinh la X =1+ V2
b) Diéu kién: x = -1y = -1

X2+ Yy +x+y=(x+1)(y+1) X(X+1) +y(y+1) = (x+1)(y +1) ﬁ+ﬁ:1

2 2 P 2 2 o]
(Lj () ( ilj ) = x 2+(Lj2-1
y+1 X+1 y i1 L

Dt a=——;h =Y. Khi d6 hé phuong trinh tré thanh:
y+1 X+1
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b=1-a
a+b=1 b=1-a b=1-a
, L, L , = <4qla=0
a“+b =1 2a°-2a+1=1 2a(a-1)=0 a1
X _p
] Jy+1 ]
b=1 | (x+1 y=1
= = S (tm)
a=1 X 1 x=1
Y
L (x+1
Vay nghiém ctia hé phuong trinh 1a (X; y) = (1,0) hodc (x;y) =(0;1)

Cau4

d

a) Xét tt giac OAMB c6 OAM +OBM =90° +90° =180° = Tt giac OAMB la tiz giac

A oA
no1 tiep
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— OAB = OMB (hai géc noi tiép cting chan cung OB)
Ma (ﬁzm(cﬁngphuvfﬁ /@) — OMB = BCE
Xét tam giac OMB va tam giac ECB co6:
OBM = EBC =90°;OMB = BCE(cmt) = AOMB ~ AECB(g.q)
- % - % < BE.MB = BC.OB (dpcm)
b) Goi P va Q Ian luot la trung diém ciia OM va CE
AOMB ~ AECB  (cmt) = CEB = MOB
Xét tam giac EAC va tam giac OMA c6:
ECA = OMA = 90°;CEA = CEB = MOB = MOA
EC _ AC N EC _ AC
OA AM OC AM
Xét tam gidc COE va tam giac AMC c6 OCE = CAM = 90°
g—g = %(cmt) = ACOE ~ AACM (c.gc)= AMC = COE (hai goc tuong Gng)
Ma COE + NOA =180° = AMC + NOA =180° = Tit gidc OAMN la ttt gide ndi ti€p (T
giac c6 tong hai gbc di bang 180°)
— ONM =180° — OAM =90° => AOMN vudng tai N.

— AEAC ~ AOMA(g.g) =

= NP = %OM (trung tuyén tng véi canh huyén trong tam giac vudng)

= NP =BP = %OM = P thudc trung truc ctia doan thang BN

Chttng minh tuong twe ta c6: NQ = BQ = % EC = Q thudc trung triee ctia doan thang BN

Vay PQ la trung triec cia doan théng BN = PQ L BN
¢) Goi H=ABNOMtac6 OH L AB= AB_ . < OH__
Ap dung hé thitc lugng trong tam giac vuong OAM cé:

2

OH.OM =0A’=R* = OH = Cl)QM = OH, < OM .. < M la hinh chiéu vuong goc cua

2

O trén duong thing d=> OM =d(0;d)=10= OH = f—o =6,4 (cm)
Xét tam gidc vudbng OAH c6 AH =./8” —6,4° = 4,8(cm) = AB = 2AH = 9,6(cm)

Vay day AM nho nhatla 9,6cm

Cau 5:
Theo gia thi€t tacé: a+b>1<b>1-a
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2 —
S8 Hlza e oa e tiapil
da da 4 da 4

= A

2a+i+a+a2—2a+1—%:a+Afi+a2—a+%:a+i+a2—a+1+E

4a a 4a 4 2
Co-si 2
> 2 /a.i+ a—l +£21+1:E
4a 2 2 2 2
A~ M 2 a:i;a_lzo 1
Dau bang xay ra < da 2 &Sa= :E (tm)
b=1-a

Vay MinA=> < a=b==
2 2

Pé s6 5

2z -1 2z +1
Je—1 Vot

Cau 1. Cho biéu thitc P = voi x>0z =1.

a) Rut gon biéu thic P.
Vé6i x> 0,2 =1 tacd
N e S et S I PO (O D O
Jo-1 r+1 Jr—1 Jo+1] Vr-1 V41
VolVora)Nale—1) oy raidr ol

Vo +1) (Vo -1] z—1 r -1

P

b) Tim cac gia tri cia x d€ P = % :

N

Véiz>0z=1taco P = 1,khido’
x_
P:%@ 2‘/;1=§(:>8\/E=3(x—1)<:>3x—8ﬁ—3=0
:L’_

@(6—3)(3ﬁ+1):0@x/5—3:0@x:9
Két hop voi diéu kién xac dinh ta dwoc z = 9 thoa man yéu cau bai toan.

¢) Tim gi4 tri nho nhat cua biéu thitc A — (JZ - 4)(:5 ~1)P.
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2Nz

Véiz>0z=1taco P = , khi do ta dwoc

r—1

A:(\/Z—4)(x—1)13:(«/§—4)(x—1) 2{;1:2&(&—4):%—8\/;

T
2
TacéA=2x—8\/;=2x—8\/;+8—8:2(\/;—2) — 8> -8, dfu bing xdy ra khi z = 4

thoa man diéu kién xac dinh.

Vay gid tri nhd nhat cua A la —8, dat duoc tai z =4

Cau 2. Cho parabol (P) .y = 2” va duong thang (d) :y =3z +m —2. Tim tham s6 m d¢€

(P) va (d) cét nhau tai hai diém phan biét c6 hoanh d¢ dwong.

Xét phuong trinh hoanh do giao diém 2* =3z +m -2 < 2° =3z —m +2=0.
D& (P) va (d) cit nhau tai hai diém phan biét c6 hoanh dé duong thi phuong trinh trén

phai ¢ hai nghiém dwong phan biét, diéu nay xdy ra khi va chi khi

Am+1>0 |m>_1
=%

1
P=3>0 o _tem<?
m—2<0 4 m

A=32+4(m—2)>0
S=-m+2>0 l

Vay véi —i <m <2 thi (P) va (d) cét nhau tai hai diém phan biét c6 hoanh d¢ dwong.

Cau 3(2.0 di€m).

T =2y =2y—x

Giai hé ph trinh
a) Giai hé phuong trin |x2—|—2:1:—9y

Phuong trinh thit nhat cua hé twong duwong véi

z’ +x—2:1:y—2y:0<:)a:(a:+l>—2y(a:+y)=0<:>(x+1)<x—2y>:0
+Voi z +1=0 < z = —1, thay vao phwong trinh thit hai cta hé ta dwoc
—-1=9—-y < y=10.

+Voi 2z — 2y = 0 & z = 2y, thay vao phueong trinh tht hai ctia hé ta duoc

y=1 r=2y=1
4y +4y=9—-y o4y +5y—-9=0% 9 = 9 9
y:—z xz—g;y:—z
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Vay hé phuong trinh da cho c6 céc nghiém la (z;y) = (—1;10),(2;1),[—g —9]

_ 2
b) Gidi phuong trinh 1/1 v _3dutu .
T

nk

2’ +1
r BN [N 7 . 2 \ \ ]- . 7 x A 3.’l’+372
Cach 1. Diéu kién xac dinh cta phuong trinh la 0 < z < —. Khi d6 dé thady —; . > 0.
T+
Bién d6i phuwong trinh da cho ta dwoc
2 22 22
1-22 3z+z 1-2z |3z+x 1-2z 3r+1x
= - & —1=|= ~1
T " +1 x - +1 T " +1
1-3z  [3z+ 4 3¢ + o 1-3z (3$—1(2x2+3x+1)
= A o 2 +l e - 2
T 41 41 z (x2+1)
2% +3z+1 1 sr—1=0
T T
& (32 —1)| —— =0 & |92 1 1
( >:c4—|—2:c2+1 x] —f +3f+ —=0
r +22°+1
+Voi 3x—1:0<:>a::% thoa man diéu kién xac dinh.
2 4 3 2
ik i SRS - L s IS YN P
r +22 +1 = x<x4—|—2x2—|—1>

2
Ta co x4+2x3+5x2+x+1=<x2+x) +

2:L‘+l
4

+ m > 0 nén phuong trinh trén vo
nghiém.

Vay phuong trinh da cho c6 nghiém duy nhatla z = —.

Cach 2. Phuong trinh da cho twong duong véi

1—2z 1
1-2z z* + 3z r 3z —1
—1= > —-1& =—
T z +1 1—22 z +1
+1
x
It Tt DA 1 1
1’(1—23:)+3: - +1

+— =0
1/:1;(1—2:3)—1—:10 " +1

+ 21 >0 véimoi 0 <z <
1/gv(1—2a;)—|—x " +1
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/4 \ N\ A 1 2 ~ A -A e .
Do d6 tit phuong trinh trén ta duwgc 1 - 32 =0 & = = 3 thoa man diéu kién xac dinh.

Vay phuong trinh da cho c6 nghiém duy nhatla z = %

Cau 4. Cho tam gidc ABC c6 ba goc nhon néi ti€p duong tron (0), ké duong kinh AN. Lay
diém M trén cung nhé BN (M khéc B, N). Ké MD vudng goc véi duong thang BC tai D,
ME vudng géc voi duong thang AC tai F, MF vudng goc voi duong thang AB tai F.

a) Chting minh rang ba diém F, D, E thang
hang.

Tt gidc BDMF co

o —

BDM + BFM = 90° 4+ 90" = 180° nén ndi

ti€p duong tron. Suy ra ta duoc

BMF = BDF . Chitng minh twong tu ta

duoc C/*IE = C/’]\E .
Dé thay céc tt gidc ABMC va AFME noi tiép

duwong tron nén ta dugc BMC = EMF (Vi

cung bu vdi géc BAC), tir d6 suy ra

—

BMF = CME'.

Két hop vdi cac két qua trén ta duoc

B/ﬂf = Cﬁ nén suy ra ba difmE, D, F
thang hang.

b) Chting minh réng A8 + 40 _ BC .
MF ME  MD

Trén canh BC 1dy diém P sao cho 153]\\/[ = m/l , khi d6 ta suy ra duoc C/’PS]\? = Zéﬂ )

o —

Xét hai tam giac ACM va BPM c6 BPM = ACM va CAM = PBM nén AACM » ABPM

Lai c6 DM va ME lan luot la duwong cao ctia tam gidc BPM va ACM
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—

Xét hai tam giac ABM va CPM c6 CAM = PBM va BAM = PCM nén AABM o ACPM.

Tt d6 hoan toan twong tw ta cling duoc AB _CP

MF  MD'

. AB AC CP  BP BC
Do d6 suy ra + +
MF ME MD MD MD’

c) Chttng minh rang FB bA + DC

FA EC DB N

Trudc hét ta phap biéu va chiing minh bé dé: Cho tam gidc ABC. Cic diém A’, B', C’ lin luot
nam trén cdc dwong thing BC, CA, AB sao cho trong chiing hodc khong cé diém nao, hodc cé diing
2 diéin thudc cic canh ctia tam gidgc ABC. Khi d6 A’, B, C’ thing hang khi va chi khi
A'B B'C C'A _

A'C B'A C'B

Ching minh

+ Truong hop 1: Trong 3 di€fm A’, B, C' c6 | , A
dtng 2 diém thudc canh tam giac ABC.
GiaselaB, C

- Piéu kién can: Qua A ké duong thing
song song voi BC cat dwong thang B'C’ tai
M.

B c A

, CA AM B'C A'C ,,

Ta co = ; = . Vay
C'B A'B B'A AM
AB B'C C'A AM A'C A'B
A'C'B'A'C'B A'B AM A'C
- biéu kién du: Goi A” la giao ctia B'C’ véi BC.
L, " ! 1
Ap dung dinh ly Menelaus (phan thuén) ta c6 AB BCCA_ ma
A"C B'A C'B

] 1 1 n !
A'B .B C.O A =1 nén A'B :A—B . Do B’, C’ Ian lwot thudc canh CA, ABnén A” ndm
A'C B'A C'B A"C’ A'C

ngoai canh BC.
" !
Vay AB_AB va A’, A” nam ngoai canh BCsuyra A" = A4'. Do d6 A’, B’, C’ thang
A"C  A'C
hang

+ Truong hop 2: Trong 3 diém A’, B’, C’ khong c6 diém thudc canh tam giac ABC duoc
chitng minh tuong tu.

Tro lai badi todn:
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Xét tam gidc ABC c6 ba diém F, D, F thang hang nén theo bs dé trén ta c6

FB BA DC _,

FA EC DB —

Ap dung bat dang thitc AM — GM ta cd >3
p dung bat dang C aco FA+EC+DB_

FB EA DC i/FB EA DC
FA'EC DB

Vay bai todn duoc chitng minh.
Cau 5. Tim tat ca cdc nghiém nguyén cta phuong trinh y° — 22 —2 =12 (a: + 1)2 .
Phwong trinh da cho twong duwong véi y* = 2° + 22° + 37 + 2.
+Xét truomg hop [2] > 1, khi d6 d& théy 22 + 3z +2 > 0.
Do d6 tir phwong trinh ta suy ra dugce z° < y°.
v 7 7 3 3 2 2 \
Mat khac ta co (a:+1> —(a; + 2z +3x+2)=x —1>0wv1 |x|>1.

3

Do d6 suy ray’ < (:z: + 1)
Két hop lai ta duoc 2* < y* < (z + 1)3, diéu nay vo 1y vi x va y 1a s6 nguyén.

Nhuw vay khi |x| > 1 phuong trinh da cho khong c6 nghiém nguyén.

+ Xét treong hop |x| <1, khi d6 do x la s6 nguyén nén ta duoc z € {— L; 0;1} .

Véi z = —1 thay vao phuong trinh da cho ta dwoc y = 0.

Véi z = 0 thay vao phuong trinh da cho ta dugc y* = 2, phwong trinh khong ¢6 nghiém
nguyen.

Véi z =1 thay vao phuong trinh da cho ta duoc y* =8 & y = 2.

Vay phuong trinh da cho c6 cac nghiém nguyén la (x; y) = <—1; O) , (1; 2).

Cau 6. Cho a, b, c1a cdc s8 thye duong thoa man a'd' +b'c' + c¢'a’ = 3a'b'c' . Chiing minh
rang:

1 1 1
3 2 + 3 2 + 3 2
a’b+2c"+1 bce+2a"+1 c’a+2b"+1

<3
4

T a'b! _|_b4c4 +C4a4 — 3a4b4c4 ta duqc i4+bi4+i3: 3.
a C

Ap dung bat dang thiec AM — GM la duoc a®b +2¢* +1=a’b+ ¢ + ¢ +1> 2aclab + 2¢
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T d6 két hop véi ap dung bat dang thiic dang 1 + 1 > ta duoc
T

y Tty

1 1
a’b +2¢* +1 2(10\/_—!—20

1
_I_
8lacvab

1 1

1 1
ba\/_ ] C a +2b2 +1 [bc\/g

Goi v& trai ctia bat dang thikc can chitng minh 1a P, khi d6 cong theo v& cac bat dang thikc

1

Hoan toan tuong tu ta duoc
bic +2a° + 1

trén ta duoc

1

1
— +
8 acx/@ ba\/a bcx/;

1 11 1
Foto e

P <

1 1 1

Bai toan quy vé chitng minh + —I— + <6.

1 1
+
acx/% ba\/a bcx/a

Ap dung bét dang thiic dang (:1: +y+ z)Q <3 (x2 +y* + z2) ta co

2
1 1 1

4o+ <31— 1 _|_1-|-1 <3 ?)i—l—i-l—i =3v3.3=9

a b ¢ a b at bt
Tl‘rd(’)tadu’qcl-l—l—klg&

a b ¢

Ap dung bét dang thizc Bunhiacopxki ta c6

2

1 1
+
[ac@ ba\/a bcx/a

Ta lai co
1 1 1 1 1 1 1 1 1
—t—+—<S+5+5< Bl57+5+5|=3
ab bc ca a® b ot bt e
1 1 1 1 1 1
a’c’ " a’b’ —i_ch2 Sa_4+b_4+c_4: ;
1 1 (11 1)1 11
Do dé + < + —+—<9
acx/% ba\/% bc\/a a’c®  a’ b 2][&6 be ca
1 1 1
Suy ra + + <3.
acx/% ba\/% bcx/;
Dodé —— 4+ 1 1 1.1 ¢

acx/@ ba\/a bcx/a a b ¢
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Vay bat ding thikc da cho duwgc chiing minh, ddu bang x4y ra khi va chikhi a =b=c¢ =1.
+ Céch 2. Truong hét ta chiing minh bat dang thic b dé ' + ' + 2' > 2y + v’z + 2°z.
That vay 2(:::4 +y' + 24) >at 42y oyt 4+t 2 >2 (x2x3y + 4’z + z3x) .

Vay bat ding thiic trén duoc chitng minh.

Tt a'd" +b'c" + c'a’ = 3a'b'c" ta duoc %—i—b%—i-ig:?).
a c
X A < 7 11 1
Ap dung bat dang thitc dang <—|—+—| ta duoc
r+y 4lx gy
1 1 1 1 1 1 1
P<— 3 +3 + Tt ot ot
4\a’b+1 bc+1 ca+1 2a° 2b° 2

ot bt !

DgthéfyL+L+L<l\/3[i+ 1 +L]:§_
2a c 2

Ap dung thém Ian nita bt déng thirc trén va két hop véi bd dé ta duoc

1 1 1 11 1 1 1 3 1]1 1 1 3 3 3
e ey e sl b e e e eyl I EbrEY I aiev i el R R R
ab+1 bc+1 ca+1 4la’d bc ca 4 4la b 2
1 1 1 1 1 1 1
Do vay ta duoc P < — , + + = +—+—=+— SE.
41a’b+1 bc+1 ca+1 2a 2b 2¢ 4

Vay bat ding thikc da cho duwgc chiing minh, d4u bang x4y ra khi va chikhi a =b=c =1.

Pé s6 6
Bai 1 (1.0 diém). Rut gon bidu thire A = 27 — 48 + /4 — 243

Ta co

A=27 —J18 + 1 —2y3 = 9.3 —16.3 + (\/5—1)2 =33 - 43 +3-1=-1

Bai 2 (2.0 di€m). Cho Parobol (P) : y = 2* va duong thang (d): y=mzr—m+2 (mla
tham s0)

a) Véi m = 2. Tim toa d¢ giao diém caa (P) va (d)

Vi m =2 tacd (P): y=a” va (d): y = 2z, khi d6 toa d9 giao diém la nghiém cua hé

phuong trinh
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Vay toa d¢ giao diém cua (P) va (d) la O(O;O) va A(2;4>.

b) Hoanh d6 giao diém cua cta (P) va (d) la nghiém cta phuong trinh
=mr-m+2&’-—mr+m—-2=0

be (P) va (d ) cat nhau ta hai diém phan biét thi phuong trinh trén phai cé hai nghiém

phan biét.

Khi d6 A =m® —4(m —2)=m’ —4m + 8 > 0, dting v6i moi m.

. 7 A? \ A . - A? AVN 7 1 Ay A /4
Khi d6 dé hoanh d¢ giao diém z;2, déu 16n hon 3 thi ta can co

1 1,
Ry | ey b dzm, — 21, — 22, +1> 0
=
1 2, + 2z, > 2
=5+, —5>0

Theo hé thttc Vi-ettacd z, + 12, = m;zz, = m —2.Khido ta co

S m>1

4m—2(m—2)+1>0 2m +5>0
==
om > 2 m>1

Vay v6i m > 1 thi (d) cdt (P) tai hai diém phan biét c6 hoanh d6 z;7, déul6n hon %
Bai 3 (2.0 diém).

P =y+1

Giai hé phuong trinh
a)Giaihé p ng trin [yQ—x—i—l

Trtt titng vé€ hai phurong trinh ctia hé ta co

xQ—yQ:y—x<:><a:—y>(x—y—|—l>:0<:> izgy—l
+Voi 2 = y ta tinh dwoc nghiém la 1%—2\/5;1—;\/g va [12\/5;12\/3]

+V0i ¢ = —y — 1ta tinh duwoc cac nghiém (—1;0) va (0;—1)

b) Giai phuong trinh z + 3 = 42” 4 5z — 1

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

biéu kién xac dinh cua phuwong trinh la 2 > —3. Bién d6i phuong trinh da cho ta dugc

) ) 1 3
1, 9 1 3 TH3+o=2+o
T4+ 3+ x—l—3—|—Z:4a: —|—6x—|—z<:> 33—1—3—1—5 :2x+§ o % 23

Giai lan luot cac treong hop ta dwgc nghiém ctia phuwong trinh la

34441 733
T g T T g

1
Bai 4(1.0 di€m). Hai nguoi thg cung 1am chung mot cong viéc thi hoan thanh trong 4 gio.
Néu mdi nguoi lam riéng, d€ hoan thanh cdng viéc thi thoi gian nguoi tht nhat it hon
nguodi tht hai 12 6 gio. Hoi néu lam riéng thi mdi nguoi phai 1am trong bao lau dé hoan
thanh cong viéc.

Bai giai.
Goi thoi gian nguoi tht nhat hoan thanh cong viéc la x (gio) (x > 0)
Thoi gian ngwoi thit hai hoan thanh cong viéc la y (gio) (y > 0)

Nguoi thit nhat hoan thanh it hon nguoi thit hai 1a 6 gio nén: y — x = 6 (gio) (1)

o\ \ . ’ A, \ \ 1 A oA
1 gio ngueoi thir nhat hoan thanh dugc — (cong viéc)
T

1 gio ngwoi thit hai hoan thanh duoc ! (cong viéc)

Do d6 1 gio 2 nguoi cung lam thi duoc l—|—l: Tty (cOng viéc)
r Yy Y
Do d6 néu 2 nguoi cung lam thi may 1: Tty _ o (gi0)
Yy T+y
Ta c6 hé phwong trinh:
y—z=0 y=2z+6 y=z+6 y =12
= = =
Y — 4 T (e 6)=4(2046) " [2* —20-24=0" |z=6(dox >0)
T+y

Vay néu lam riéng nguoi tht nhat mat 6 gio, nguoi thi 2 mat 12 gio dé€ hoan thanh cong

viéc.
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Bai 5 (3.0 di€m). Cho dwong tron (O; R) va duong thang d 8 dinh, khoang céch tir tam O

dén duong thang d 1a 2R. Diém M thudc duwong thang d, qua M ké cac tiép tuyén MA, MB
t6i (0)(A, B1a tiép di€m).

a) Do MA va MB la cac ti€p tuyén ctia duong tron
(O) nénta cd OAM = OBM = 90°, do dé céc
diém O, A, B, M cung nam trén duong tron

duwong kinh OM.
b) Goi D la giao diém doan OM véi duong tron

(O) . Chiing minh D la tdm duwong tron noi ti€p

tam giac ABM

Do D la giao diém cua OM véi duong tron (0)

nén D la diém chinh gitta cung nhé AB. Khi d6

dé thdy BD la phan giac cia ABM . Mat khéc ta

lai c6 MD la phan giac caa goc AMB. Do vay D

la tam duwong tron noi ti€p tam gidc ABM

c) biém M di dong trén duong théng d. Xac dinh vi tri diém M sao cho dién tich tam gidc
MAB dat gid tri nho nhat.

Goi H la giao diém ctia MO va AB, K la chan dwong vudng goc ha tit O xuéng d

Ta c6 MH vuodng goc voi AB va HA = HB;OK = 2R

AM = NOM? — 04> = OM? — R?

AM.AO _ RJOM® — R’

AH =

oM OM*
2 2 2
i AM®_ OM* — R
OM oM
1 (oM — B*) RJOM” — R’
Khid6 5, = MH.AB = MH.HA = oV
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3

Suyra S, . > R2R. (dvdt)

\E

Vay dién tich tam gidc AMB nhé nhat khi M trung véi K.

3V3R®
4

Bai 6 (1.0 diém). Cho c4c s8 duong a, b, ¢ théa man abe > 1. Chting minh rang:

1 1 1 3
5 2 2+5 2 2+5 2 2§2 2 2
a’ +b +ec b> +c¢* +a ¢’ +a +0b a”+b +c

1

Ja

1 1+b2+62
a

a® +b+¢ _<a2—|—b2—|—c2)2

Ap dung bét dang thiic Cauchy — Schwarz cho b6 s§ (\/a_5 ;b; c) va

:b; c] ta co:

> <a2 +b° +02)2 =

(a5 + b +c2)[1+b2 +c
a

1 Lic+a ] Liatp
Chting minh twong tu ta 6 ———— < b - va ——— <€ -
b’ +c +a (a2+62+02) ¢ +a +b <a2+b2+02)

1 1 1
. . . S+ o442’ b+ )
DOdé 5 2 2+ 5 2 2+ 5 2 QSa b < 2
a’ +b +c b>+c¢c +a ¢’ +a +0b <a2—|—b2—|—02>

Mait khac ta co achlélgbc;%gac;lgab:>1+%+l§ab+bc+ac
a c a c

Ma ab +bc+ac<a’ +b° +¢

1 1 3(a2+b2+02) 3
5 2 2+ 5 2 2 5 2 ZS 2 = 2 2 2
a’ +b"+c b> +¢" +a ¢’ +a +5b (a2—|—b2—|—cz) a” +b +c

Suy ra

Vay bat dang thiic duoc chitng minh. Ddu bang xay rakhiva chikhi a =b=c=1
béso7
Bai 1 (2.0di€m).

1 a b
——=a+b+—-+—+1
a—b b b a

a) Dat a = \/5;19 =3 . Chttng minh rang

Ta c6 —l:a+b+g+2+1©1:<a—b)l+a+b+2+2+1
b a b b a

a—b b
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2 2
=2 ipa L
b b a

2 3 2
Doa:ﬁ;b:%@nén%:%=b2;%=b—:>VP:—1+a2:—1+2=1:VT
a

Tl d6 ta c6 diéu phai chitng minh.

b) Cho & = V28 + 1 — {/y28 — 1 +2. Tinh gi4 tri ctia biéu thitc P — 2 — 62° + 21 + 2016

Ta co

(o) = [{NBs +1 - o5 1)
=(x/%ﬂ)—(\/%—1)—3(@“)(\/%—1)[%/\/%“—%/@—1]:20—995

Tt d6 ta dwoc z° — 62> + 122 — 8 = 20 — 9z < z° — 62° + 21z = 28.

Do db6 P = z* — 62° + 21z + 2016 = 28 + 2016 = 2044

Bai 2 (20diém).
a) Trong mit phang toa do Oxy cho ba duong thang (dl) ry=-3z+3; (dQ) ty = %x —%

va (dg) ty=—az+a’ —a’ — % Tim a d& 3 duwong thang dong quy

2

Goi A(x;y)lé giao diém cua (dl) va (d ) nén (a:,y) la nghiém ctia hé phueong trinh

V=977

y=—-3r+3 r:l
P& (d,),(d,),(d,) dong quy thi A € (d,)
Khi @6 ta co

1

Ya -1

3
a3—a2—a—%=0®4a3=a3+3a2+3a+1(:)(a§/2) :(a+1)3$a:

Vay a = %/11_ . thi <d1)7(d2)’<d3> dong quy.

b) Tim tat ca nghiém nguyén duong (a:;y;z) va thdaman z > y > z > 8 ctia phuong trinh:
xXyz+xy +yz+zx+x+y+z=2015

Bién d6i phuwong trinh da cho ta ¢6
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y(z+1)+y(z+1)+2(z+1)+ (2 +1) =2016 & (2 +1)(y +1)(2 + 1) = 2016
e (z+1)(y+1)(z +1)=2237

Do x>y >z>8néntadwoc xyz +xy +yz+2x+x+vy+2> 2" +322 + 32
Dodé 2* +32° +32 <2015 = (2 +1) <2016 = 2 +1<12= 2 <11
Vi z > 8 nén ta dugc z € {8;9;10;11}.Ta di xét cac treong hop sau

+ Vi z = 8, khi d6 ta c6 phuwong trinh (a: + 1)(y + 1) =27

\ A \ h \ h A d

+Véi z =9, khi d6 ta ¢6 phuwong trinh 10. (x + 1) (y + 1) = 2°.3%.7, dé thdy phuong trinh v6
nghiém.

+V6i 2 =10, khi d6 ta c6 phuong trinh 11.(z +1)(y + 1) = 2°.32.7, d& thdy phuong trinh
vO nghiém.

+V6i 2 =11, khi d6 ta c6 phuong trinh 12.(z + 1)(y +1) = 2°.3°7 & (2 + 1)(y + 1) = 2°.3.7

\ o o z+1=14 [z=13
Vi z >y >z =11 nén tir phurong trinh trén ta dwoc

s .
y+1=12 y=11
Véy phuong trinh da cho trén c6 cac nghiém 1a (z;y; z) = (15; 13 8) (13:11;11)
Bai 3 (2.0 diém).

2y =2z +y° =0

Giai hé phuong trinh
a) Giai h¢ phuong trin |23324:1:+3—y3

2z
oA A?s A \ ~ x2y2 - 2']: + y2 = 0 y2 = 2
Bién doi hé phwong trinh da cho ta dwoc {_ , & " +1
20" -4z +3=—y 5 2
y' =-2(z—1) -1

2z
2 +1

Tt phuong trinh tht nhat cta hé ta c6 2* +1> 22 = <l=y<le-1<y<l1

Matalaico —2(z—1) ~1< 164" < 1o y<-1
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Két hop hai két qua trén ta dugc y = —1. Thay vao phuong trinh thit hai cia hé ta duoc
r=1.

Thay (x; y) = (1; —1) vao hé phuwong trinh ta thay théa man.

Vay hé phuong trinh da cho cé nghiém la <a:; y) = (1; —1)

b) Giai phuong trinh (\/2:5 +5 -2+ 2)(1 + 427 + 14z + 10) =3

Diéu kién x4c dinh ctia hé phuong trinh 1a z > —1. Dt \22 + 5 = a;y20 + 2 = b (v6i

a>0;b>0)

Khi d6 ta c6 a? — b = 3;4/42% + 142 + 10 = \/(293 +5)(22 +2) = ab

Thay vao phuong trinh ta duoc (a — b)(l - ab) = (a2 — b2) & (a - b)(l - a)(l - b) =0.

+Vdi a = b ta c6 phuong trinh V2245 =2z +2, phuong trinh vo nghiém.

+Vdi a =1 ta cd phuong trinh 22 +5 =1 & 2 = —2.

+Voi b =1 ta c6 phuong trinh /22 + 2 =1<:>x=—%.

Két hop voi diéu kién xac dinh ta duoc z = —% la nghiém duy nhat cua phwong trinh.

o —

Bai 4 (0.5 diém). Cho tam gidc ABC vudng tai A ¢6 AB = lem va ABC = 60°. Tinh thé

tich hinh tao dwgc khi cho tam gidc ABC quay mot vong quanh canh BC.

Ta tinh duwoc duong cao AH = 73cm va BC = 2¢m . Hinh tao thanh la hai hinh nén ¢6 ban

kinh ddy 1a AH, chiéu cao 1a HB v HC. Thé tich hinh tao thanh 13 %BC.W.AHQ = §<cm3>.
Bai 5 (2.5diém). Cho hai duong tron (Ol) va (02) cat nhau tai A va B. Tiép tuyén chung
gan B cua hai duong tron Ian luot tiép xac voi (01> va (OQ) tai C va D. Qua A ké duong
thdng song song véi CD Tan luot cat (01) va (02) tai M va N. Cac duong thang CM va DN

cdt nhau tai E. Goi P 1a giao diém cuia BC va MN, Q la giao diém ctia BD va MN.
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a) Chiing minh duong thang
AE vuong goc véi CD.
Ta c6 MN song song vdi CD

nénE/)D\C:Eﬁ,mé
ﬁ:[ﬁn@n

EDC z(ﬁ,suyraDCl‘a

phan giac goc EDA. Tuong

tu ta c6 CD la phan giac goc

ECA.

Tir d6 ta suy ra duoc

AACD = AECD nén

DA = DE, do d6 tam giac
ACE can tai C. Suy ra duwong
phan giac CD dong thoi la
duwong cao nén CD vuong

gbc voi AE.

BD+BC’_MN
BQ BP PQ’

b) Chiing minh
Ta c6 DC la trung triec cia AE va CD song song véi MN nén CD la duong trung binh cta
tam gidc MEN, suy ra ta duoc CD = %MN . Lai ¢6 CD song song v6i PQ nén theo dinh li

Talets ta co

BC _BD _CD _ BC  BD _20D _ MN
BP BQ PQ BP BQ PQ PQ

¢) Chttng minh rang tam giac EPQ la tam giac can.
Do PQ song song véi CD nén AE vudng goc v6i PQ. Goi I 1a giao diém cua AB va CD, ta

suy ra duoc tam giac AID dong dang véi DIB, do d6 ta c6 % = % = ID* = JAIB.

Chttng minh twong ty ta dugc 10 = IAIB. Tt ddé suy ra IC = ID.
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Do CD song song v6i PQ theo dinh ly Talét ta co b _ 1B _IC
AQ AB AP

= AP = AQ

Két hop cac két qua trén ta suy ra dugc tam giac EMP can tai E.
Bai 6 (1.0 diém). Trong hinh vudng canh 10 cm, nguoi ta ¢t ngau nhién 8 doan thang mdi

doan thing c6 o dai 2 cm. Chitng minh rang ludn ton tai 2 diém trén hai doan thang khéc
nhau trong 8 doan thang d6 ma khoang cach ctia chting khong vuot qua %cm .

Vi mbi doan thang va hinh vudng da cho, xét cdc hinh bao nhu hinh vé.

g !
1-Ccm |
Ald D

- — — = —_——

10cm

2
Tong dién tich ctia 8 hinh bao doan thang 1a S, = 8 ? + [g] 7|~ 211,50 (sz> .

2
Dién tich hinh bao hinh vuéng 14 5, = 100 + % + g] 7~ 210,44 (cmz)

Do S, > S, ma cac doan thang ndm hoan toan trong hinh bao hinh vudéng nén ton tai hai
doan thang d,,d, c6 hinh bao giao nhau.
Goi I 1a diém thudc phan giao d6, suy ra trén hai doan thing d,d, ton tai [an lwot hai diém

E va F sao cho IES%;IFS%.Khidétacé EF§1E+IF§§+§:%(cm).vayba1

toan duoc chitng minh.
bé s0 8
Cau 1. (2,0 diém)

a) Taco
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a:-l—\/;—l-l_ 1 n 1
sz —2 1-+z r+2
:$+\/;+1+\/;+2+ fE—l( _1)

(\/E+2)(\/E_1)
:LW,(J;H)

(f%)?f )
T+ 2|V +1
T e NEH)

\/;+1)2

:x+2\/;+1

1

z—1

A=

2
b) & ila s6 tu nhién thi 1a 56 tu nhién suy ra [z +1) =146 =0

2
(\/; + 1)
Cau 2.
a) Goi toa do hai dinh (khac O) cta tam giac A4 (xA; xi) va B (xB;xé)

\ 2 2 2 4 2 4
Vi OA° = OB =, +r, =1, +1,

:><xj _3”12;)(3”31 + z +1):0

2 2
=T, =1,
=1, =1,
L2
:>B(—:EA,:1:A)

2

= AB? =<xA +xA)2 —l—(:vi—:vi) =4xf1
DoAB?* = 0OA® :>xi—|—$j :>xi(:ci—3):O:>xA :ig
:>A(\/§;3);B(—\/§;3)
b)PDita=y—2=y=a+2
Khi d6:
afz+2) +a(a+2) +26=0
& az’ 4 dax + 4a + a’*x + dax + 4x +26 =0
©<a$—{—4)<a+x+8):6

Giai ra ta duwoc

(a52) = (1,-3); (=31)3(1,—10); (- 10;1) & (w59) = (3 —3); (1, 1) (1;-8); (—10;3)
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Cau 3.

a)Diéukién: 9—2° >0& —-3<2<3

3 3
8z =9<:>(2x)3=(\/9—:c2) PN I IS, &
9—2°

J5

z* 4

rT=y
4 ay+y =3
2 +2y° =1 (*)

=

b 2 +3y=1y"+ 3z (a:—y)(x2+xy+y2—3>=0
=
2 +2y =1 2 +2 =1

Véi x =y thay vao (*) duoc: 3z° zlﬁx:yzi,x:y:_i
V3 V3

Véi x? +xy +y? =3 thi

1 1 16 -1
x2+xy+y2:3x2—l—6y2<:>2x2—xy—|—6y2:0<:>2[x2—5xy—1—£y2]+6 56 y’ =0

2
Y 6.16 -1 ,
S22l —=| +——y =0=>2z=y=0(L
[ 4] T v=0(z)

Cau 4.

a) Do ZEBF = ZBAD = ZEAF nén BEAF noi tiép. Suy ra ZBEF + /BAF = 180’
Ma ZBAF = ZCBE (goc tao boi tiép tuyén va day cung)

Neén ZBEF 4+ ZCBE = 180° , ma day la hai goc trong cung phia nén BC//EF
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b) Tacé: LZNDB =/BAD =/ZCAD = /ZCBD = ND / /|BC

Theo Thales: %zl— NE =1 ND = NB _ND _

— =+ =
BE BM  BE BM

1

MéND=NB.Dodé%+E:1:> ! L L

BM BN BE  BM

Cau 5.

Ké duong kinh AP
D& dang chimg minh AAHB ~ AACP nén: H—g - j_g

Tuong tu: HO = Al

PB  AB’

,HB HC AH AH HB PB AB HB PC AB
Do do : = : = =

: = : = ) = = = .
PC PB AC AB HC PC AC HC PB AC

Lai co AAMC ~ ABMP nén Mc = MP
AC PB
MB  MP , MB AC PB MB PB AB
Tuwong ty: — = ——. Do do: . = = = :
A PC MC AB PC MC PC AC
Cong lai ta co: "B + MB = PB + PC .AB 22AB
HC MC |\PC PB) AC AC

Cau 6.

Lién hé tai liéu word mén toan: 039.373.2038

TAI LIEU TOAN HOC



Website:tailieumontoan.com

Ké 106 duong thang song song cach déu chia hinh vudng thanh 107 hinh chit nhat ¢6

chiéu rong la LN
107

N \ 7 2 X \ \ \ 7 5 A X \ \ .7 A, A
Vi duong kinh ctia moi hinh tron la % 16n hon ﬁ nén moi duong tron bi it nhat mot
trong 106 duong thang vira ké cét.

Néu mdi dudng thang chi cat khong qué 19 duong tron thi s6 duong tron khong qua
19.106 = 2014.

Vi ¢6 2015 duwong tron nén it nhat phai c6 mot dueong thang cét 20 duong tron.

Dé s6 9
Bai 1: (2,0 diém)
a) Chirng minh A 1a mét s6 nguyén. 1,0d
AL 2\/3+\/5— J13++/48 \/3+\/5‘\/ 23+1) 025 d
a Co: =
J6+2 J6++/2
2
_2(3+44-23 _ 2\/3+\/(*/§‘1) 025 d
V6 ++2 V6 ++/2
22443 J4+243
= = 0,25d
J6+2 341
2
(V3 +1)
"B 0,25 d
Vay A 1a mot s6 nguyén.
i . x? =12y +6 (1)
b) Giai hé phuwong trinh: 1,0 &
2y* =x-1(2)
x*=12y+6 [x*=12y+6 ,
o = X" —4y° =12y -2x+8 0,25d
2y* =x-1 4y? =2x -2
= (x+1) = (2y+3) | XY *2 .
=(2y X =—2y—4 0,25
Véi x =2y +2, thay vao phuong trinh (2) ta c6: 2y> —2y-1=0 025d
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1+\/§
y:

2
e
y=120 8
2
Hé phwong trinh ¢6 hai nghiém: [3 +/3; 1+2\/§ J X [3 _ 3 #J
V6i x = - 2y - 4, thay vao phuong trinh (2) ta cé: 2y* +2y+5=0 (v nghiém) 0.95 4
Vay hé phuong trinh c6 hai nghiém. '
Bai 2: (2,0 diém)
1 2 A b 2 4 . N e
a) Cho parabol (P): y = gx va duong thang (d): y = —X+§ . Goi A, B 1a giao
. : . 1,04
diém caa duwong thang (d) va parabol (P), tim diem M trén truc tung sao cho
do dai MA + MB nho nhat.
\ \ A . « A7 B \ N 1 2 4 X = 1
Phwong trinh hoanh d¢ giao diém cuaa (d) va (P) la: gx =—X+ 3 = 4 025 d
X =— '
Toa d6 hai giao diém la: A(l; 1), B(—4;Ej
3 3 0254d
Nhan xét: A, B nam vé hai phia so véi truc tung.
Suy ra MA + MB nhoé nhat khi M 1a giao diém cua AB véi truc tung. 025d
Toa do M la: M[O;%) 0,25 d
b) Giai phwong trinh: X +5X +8 = 3v2X° +5x° + 7X+6.. 1,0 d
Nhan xét: 2X° +5x% + 7 +6 = (2x +3)(x2 FXA+ 2)
biéu kién: x > —% 0,25 d
(1) & (x*+x+2)+2(2x+3) =3,/(2x +3)(x* + x +2)
VX?+x+2=a(a>0)
bat: .
= >
V2x+3=b(b>0) 025 d
. s 2 2 a=b
Phuong trinh tro thanh: a° —3ab+2b° =0 < oh
a=
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Véia=b, trd lai phép dit ta cé: VX +X+2 =+/2x+3 < x* —x-1=0

_ 0,25d
1+2\/§ (TM),X :¥

(T™)

Véia=2b, tro lai phép dit ta cd: VX° +X+2 =2¢2x+3 < x> —7x-10=0

Phuong trinh ¢ 2 nghiém: X =

. . n T+ /89 ) 71— \/_
Phuong trinh ¢6 2 nghiém: X = > (TM);x = (L) 025 d
Vay phuong trinh da cho c6 3 nghiém: X = 1+2\/§ X = 1_2\/_ X = L ;/@ .

Bai 3: (2,0 diém)

a) Cho f(x) 1a mot da thirc véi hé sd nguyén. Biét f(1)f(2)=2013, chung
. . A A A 1,0d

minh phwong trinh f (X) =0 khong c6 nghiém nguyén.
Gia stt phwong trinh f(x)=0 c6 nghiém nguyén x = a

0,25d
Suy ra: f(X)=(x—-a).g(x) véi g(X) la mot da thirc v6i hé s8 nguyén
Tacs: (1) (1-2)9(11(2)=(2-2)9(2) o
Suy ra f(1)(2) =(1-a).(2—a).g(1)g(2) = 2013 '
Do 1-ava2-alahaisd nguyén lién tiép nén f(1).f(2) 1a s8 nguyén chén 0,25 d
Ma 2013 1a mét s6 1é suy ra vo ly 025 4
Vay phuong trinh f(X)=0 khong c6 nghiém nguyén. ’
b) Cho p 1a mot s6 nguyeén t6. Tim p dé tong cic wéc nguyén dwong ctia p* 1a Lod
mot s6 chinh phwong. '
Do p la s6 nguyén t6 nén cac wdc sO nguyén duong cua p*la: 1; p; p% p? p* 025d
DatS=1+p+p?+p3+p* 0.25 4
GiastS=n2=4n’ =4p* +4p° +4p* +4p+4 (1) (n e Z) ’
Ta c6: 4p* +4p° +p* < (2n)2 <4p*+p°+4+4p°+8p° +4p

0,25d

& (2p2 + p)2 < (2n)2 < (2p2 +p+ 2)2
& 4n? =(2p% + p+1)2 (2)

Tir (1) va (2) suy ra p?—2p—-3=0<p=3 025d
Tht lai v6i p = 3 thoa man. Vay s6 nguyén td can tim la: p = 3.

Bai 4: (3,0 diém)
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A
N
0
H
B c
S K
a) Chitng minh AE.AB = AF.AC. 1,0 d
Ta cé: BEC = BFC =90° (g6c ndi tiép chan ntra duong tron) 0.5 4
Nén AFB = AEC = 90" ’
Xét hai tam gidc AEC, AFB vuéng tai E va F c6: cos BAC = - = 25
AB AC 05d
= AE.AB = AF.AC (dpcm)
b) Chitng minh OA vuong goc voi EF. 1,0d
Dung ti€p tuyén Ax ctia duwong tron tam (O) tai A = OA L AX (1) 0,25d
BCA = BAX (goc ndi tiép va goc tao boi tia ti€p tuyén va day cung) 0,25d
Ma BCA = FEA (cung bu véi gE\F) nén BAX = FEA 0,254d
Suy ra EF // Ax (hai gc so le trong bang nhau) (2) 025 4
Tt (1) va (2) ta c6: OA vudng goc véi EF (dpem) ’
) Tt A dung céc ti€p tuyén AM, AN dén dwong tron (K) véi M, N 1a cic tiép 10 d
diém. Chitng minh ba diém M, H, N thang hang. ’
Ta c6: CE L AB;BF L AC nén H la triec tam tam giac ABC
Goi S la giao di€ém ctia AH va BC. Suy ra: AMK = ASK = ANK = 90° 0.25 4
Do do: M, S, N cung thuoc dwong tron dueong kinh AK: ¢
= ANM = ASM = AMN(3)
AAFN,AANC dong dang (g.g) = % = ':—2 = AN? = AF.AC 025d
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cosSAC = 2F _AS . AFAC=AHAS = AN? = AHAS = 2N _AS 0,25 d
AH AC AH AN
Do d6: AANH,AASN dong dang = ANH = ASN = AMN (4) 0254
Tr (3) va (4) ta co: = ANH = ANM.. Vay M, H, N thing hang (dpcm). '
Bai 5: (1,0 diéin)
Cho cac s a, b, ¢, d théa méan diéu kién: ac —bd =1. Chiétng minh ring: Lod
a’+b?+c?+d?+ad+bc>+/3 ’
Ap dung bét dang thiic Cbsi ta co:
0,25 d

a2+b2+02+d2+ad+bc22\/(a2+b2)(02+d2)+ad+bc

>2,/(ad +bc)’ +(ac—bd)’ +ad+bc> 2,(ad +bc) +1+ad+bc (1) | 0254
bat ad + bc = X, ta chiing minh: S = 20X2+14+x> \/§ voi moi x.
That vay, do 2+ X% +1+Xx >0 véi moi x nén: 0,25 d

2
82=4x2+4x\/x2+1+x2+1+3=(2x+\/x2+1) +3
Suy ra: S$° >3 5>4/3 (2).
Tir (1) va (2) ta c6: a% +b? +c? +d? +ad+bc>~/3 (dpcm)

025d

Pé so 10

Bai 1: (2 diéin)

a) Cho A ~/20122 + 201222013 + 2013°

D3t 2012 = a, ta 6 /20127 + 20122.2013% + 2013% = /a* +a%(a+1)* +(a+1)?

=@ +a+1)*=a*+a+l

1 2
X_a x2+i2+§:3 (x+1j ~X.3
b) Dat y Ta co y. ¥ = y y
X+==b X+=+2=3 x+iiX_3
y y 'y y 'y

_ [b*-a=3 b’+b-6=0 (a=6 f[a=1
nen = \V
b+a=3 b+a=3 b=-3 |b=2

Bai 2:
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a) ycbt twrong duong voi PT x? = (m +2)x —m + 6 hay x? - (m +2)x + m — 6 =0 c6 hai
nghiém duong phan biét.

b) Ditt= V4—X +/2x -2
Bai 3:
a) x=0,x=1, x=-1khong thoa man. Vdi x khac cac gia tri nay, trudc hét ta chiing

minh x phai la s6 nguyén.

+) X2+ x+ 6 la mot s6 chinh phuong nén x2 + x phai la s6 nguyén.
2 ? m 7. \ 4 V4 P 7 Y \
+) Gid st X =— voim van c6 wdc nguyén Ién nhat Ia 1.
n

2 m m?+mn

Taco x> +x=—+—=—"""7—

12 s8 nguyén khi m? + mn chia hét cho n?
n n n

nén M? +mn chia hét cho n, vi mn chia hét cho n nén m? chia hét cho n va do m va
n ¢ wdc nguyén 16n nhat 1a 1, suy ra m chia hét cho n( mau thuan véi m van ¢
wdc nguyén 16n nhat la 1). Do d6 x phai la s6 nguyén.

bat x2+x+ 6 =k?

Ta c6 4x? + 4x+ 24 = 4 k2 hay (2x+1)? + 23 = 4 k? tuong duwong vdi 4 k2 - (2x+1)2 =23

2

(XC+y)-(C+y") _ X*(x=D+y(y-) _ x* 'y

x-Dy-1) (x-Dy-1) = y-1 x-1
_(x-1)° +2(X_1)+1+ (y-1)*+2(y-1)+1
- y-1 x-1
_ =D =D 2D, 2= | 1
y-1 x-1 x-1 y-1 y-1 x-1
Theo BPT Cosi
(x-1° (=D \/(x )’ _(y 1) Y Ty
y-1 x-1

2(y-1) . 2(X 1) (y 1) 2(X 1)
x—1 '

y1x1 \fylxl

2{ ——+w/(x -I(y- 1}>22\/ v 1 L AJ(X=1(y-1) =4

y-1x
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a) Suy ra tir hai tam gidc dong dang 1a ABE va BSM

b) Tt cau a) ta co AE = MB (1)
AB BS

Ma MB = EM( do tam giac BEC vudng tai E c¢6 M la trung diém ctia BC

. AE EM
Nén —=——
AB BS

C6 MOB = BAE, EBA + BAE = 90°, MBO + MOB = 90°
Nén MBO = EBA do &6 MEB = OBA(= MBE)
Suy ra MEA =SBA (2)

Tt (1) va (2) suy ra hai tam giac AEM va ABS dong dang(dpcm.)

c) Dé thdy SM vuong gdc véi BC nén dé chirng minh bai toan ta chiing minh NP
//SM.

+ Xét hai tam giac ANE va APB:
Tt cau b) ta 6 hai tam giac AEM va ABS dong dang nén NAE = PAB,

Ma AEN = ABP ( do tt gi4c BCEF noi tiép)
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Do d6 hai tam giac ANE va APB dong dang nén AN _AE
AP AB
Lai c6 AM_ E( hai tam giac AEM va ABS dong dang)
AS AB
Suy ra ':I\S/I = % nén trong tam giac AMS c6 NP//SM( dinh li Talet dao)

Do d¢6 bai todn duwgc chitng minh.
Bai 5
a. Gia st két luan cua bai toan la sai, tic 1a trong ba d6i bat ky thi ¢é hai doi da dau véi
nhau r6i. Gia st d6i 1 da gap cac d6i 2, 3, 4, 5. Xét cac bd (1; 6;1) voii€(7; 8;9;...;12}, trong
cac bd nay phai c6 it nhat mot cap da ddu voi nhau, tuy nhién 1 khong
gdp 6 hay inén 6 gdp i véi moii€(7; 8;9;...;12}, vo ly vi d6i 6 nhu thé da dau hon 4 tran.
Vay c6 dpcm.

b. Két luan khong dang. Chia 12 d6i thanh 2 nhém, mdi nhém 6 doi. Trong mdi
nhdém nay, cho tat ca cac doi d6i mot da thi ddu véi nhau. Lac nay 16 rang mdi doi da
dau 5 tran. Khi xét 3 d¢i bat ky, phai c6 2 d¢i thudc cung mot nhom, do d6 2 doi nay da
dau véinhau. Ta ¢6 phan vi du.
C6 thé gidi quyét don gidn hon cho cdu a. nhu sau:
Do mdi d6i da d4u 4 tran nén ton tai hai d6i A, B chwa dau véi nhau. Trong cac doi con lai,
vi A va B chi d4u 3 tran véi ho nén tdng sd tran cua A, B véi cdc ddi nay nhiéu nhét la 6 va
do d¢, ton tai doi C trong so cac doi con lai chwa dau vdica A vaB. Taco A, B, Clabd ba
doi déi mot chwa dau voi nhau.

Pé s6 11
Bai 1: (1,5 diém) a) A =3/3—243 —83 +15/3 =83
b) X* =3x* +6X+8 & X' —2X% +1=X* +6X+9 < (X —1)2 = (x+3)

*Néu X2 —1=x+3< x> —x—4=0. A=1+16=17>0

1+17

2

Phuong trinh cé nghiém la: X =

*Néu xX° —1=-x-3ex*+x+2=0 A=1-8=-7<0 = phuong trinh vd nghiém

14417

2

Vay phuong trinh da cho c6 nghiém la X =

Bai 2: (1,5 diém) a) V6i m = 3 ta dugc phuong trinh: X* —2Xx =0
SX(X—2)=0x=0,x=2
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Vay tap nghiém cua phuong trinh 1a S= {0; 2}
b) Phuong trinh c6 nghiém < A'>0<4-m>0<m<4

X, +x,=2 (1)

Theo hé thirc Vi-ét ta co:
XX, =m-=3 (2)

Theo bai ra ta c6: XJ —2X, + XX, = —12 & X, (X, +X,) —2X, = —12 & X, — X, = —6

Két hop véi (1) = X, =—2; X, =4.Kéthop vdi 2) = m = -5 (TMDK)
. c N b2 - A Y
Bai 3: (1,0 diém) Do6i 40 phat = 3 gio ; 5 gio 40 phut = 3 gio

Goi van toc ctia cand khi nwdce yén lang 1a x (km/h ; x > 4)

Cand di xudi véi van toc la x + 4, hét thoi gian la 2
X+

48

Ca nd di nguoc véi van tdc 1a x - 4, hét thoi gian la

Ta c6 phuong trinh: E—I— 18 + 18 :£¢5X2—96X—8020 (:>X:2O,X:—i
3 x+4 x—-4 3 5

Ta thay x = 20 thoa man diéu kién .Vay van t6c ctia cano khi nuwdc yén lang la 20km/h
Bai 4: (3,0 di€m)

a) Xét t& giac BCEF c6 E, F cing nhin BC dudi mot goc bang 90° = ti gidc BCEF noi tiép
b) Ta cé: BCF = BEF (2 gbc nodi tiép cling chan cung BF)

ma BCF=BE'F' (2 gbc ndi tiép cling chédn cung BF' )= BEF = BE'F'

Ma BEF ; BE'F’ 1 hai goc 6 vi tri dong vi nén EF//E'F’.

) Goi H 1a giao diém cua BE va CF = H 1a tryc tam AABC. Xét t& giac AEHF c6

AEH + AFH = 90° +90° =180° = ttt gidc AEHF noi tiép duong tron duong kinh AH.
Do d6 ban kinh ctia dwdng tron ngoai tiép AAEF 6 do dai bang % Ké duong kinh CK
cta

(O) = K c6 dinh. Ta ¢6 KBC = 90° (g6c noi tiép chan nita dueong tron) = KB 1 BC

Ma AH 1 BC (do H la trgc tam) = BK // AH. Tuong tw AK // BH

Suy ra t& gidc AHBK 1a hinh binh hanh= AH = BK (khong d6i)

Vay ban kinh duong tron ngoai ti€p AAEF luén khong d6i
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Cach 2: c) Dé thdy bon diém A, E, H, F thuoc duong triin duong kinh AH( véi H 1a
giao diém cua BE va CF). Tu d6 suy ra BHE = BAC (khong d6i)

Ma tam gidc BHF vuong tai F nén goc HBF khong d6i hay goc E'BA khong doi

Suy ra Sd cung AE’ khong d6i. Do d6 AE’ khong doi

Ta lai chitng minh dwoc tam giac AHE’ can tai A nén AH = AE". Tt cac lap luan trén suy ra

dpem.
Bai 5: (2,0 diém):Ta c6 A:i—i—lz (2=2x)+ 2x + (L=x)+x = 2+l—|—2—x+1_—x
1-x X 1—Xx X 1—X X
2X 1 X
Theo BDT Co si: A>3+2, |- s o A>34+24/2
—X X
2X 1—X
Ding thitcxayra< {1-x = x < X:\/E—l.Véy GTNN ctia A la 3+ 24/2
O<x<l
(x+\/x +2012)(y+4/y?+2012) = 2012 (1)
x*+ z°- 4(y+2)+8=0 @)

1) <:>(x+\/x2 +2012)(y+\/y2 +2012)(\/y2 +2012 —y)=2012(m_y)

(Do +/y?+2012 —y = 0Vy )
<:>(x+\/x2 +2012)2012= 2012(«/y2 12012 - y)<:> x+/x? +2012 = \[y? + 2012 -y

(V/y? +2012x + 2012 ) /y? + 2012 +x* + 2012
JY? +2012 ++/X? +2012

\/y +2012 -y ++/x? +2012+x

JY? +2012 +/x% +2012

©x+y:\/y2+2012—\/x2+2012 SX+Yy=

S X+y= y' -x o (x+

JY? +2012 ++/x% + 2012
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242012 5|y |2 yVv
o \/yi |y yvy = Y2 +2012 -y +/x* +2012 + X > 0= y = —X
x> +2012 >| X [> —xVx

Thay y=-x vao(2)= X’ +2° +4x-4z+8=0< (x+2)* +(z-2)* =0

2 2 = 0 = —2

bé s6 13
Bai 1: HS tu giai.
Bai 2:
a) bK x2-2x 20
PT twong dwong véix®-2x+1-24x* —2x —4=0

Ditt= Vx> —2x (DKt >0)

3(x+y)—2xy=4 +y=6-2
b) Hé PT twong dwong vo’i{ (x+y)=2xy <:>{X Y m

2(x+y)—2xy=2m-2 Xy=7-m
Do d6 x va y la nghiém ctia PT: t*+ 2(m- 3)t +7 - m =0 (*)
Nén ycbt twong duong voi PT (*) ¢6 hai nghiém duong phan biét.
Bai 3:
a) Tim cac sO nguyén x, y thoa man xy +y = x> +4

PT < y(x+1) = (x+1)( - x+ 1) + 3> (x+1)[y- (x> x+ 1)] =3

Do x, y 1a s6 nguyén nén c6 cac truong hop sau:

x+1=3

THI: {y—(xz—x+ 1)=1
x+1=1

Tz {y—(xz—x+ 1)=3
x+1=-3

THS: {y—(x2— X + 1)=—1
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b) tir ab+ bc + ca =1 ta c6 a? + 1 = a? +ab+ bc + ca = (a+ b)(a+ ¢)

nén ap dung BDT Cosi ta co:

a+ b+a+ c
\/a2+1—a=\/(a+b)(a+c)—a< 2 _a_l(l l}
be be B be 2lb o)

twong tw

o e1-b 111
ac B

2az

2
Ve +1 - (1 1
va e T T e do suy ra dpcm.
ab 2la b
Bai 4:
a) Ta co nam diém A, E, O, I, F cung thudéc mét duong tron duwong kinh AO

Nén AEF = AIF ma AEF = EHF va AIF = HIC do vay I-/II\C=E/I-ﬁssuyradpcm.

b) Tam giac ABF dong dang véi tam gidc AFC nén ta c6 AF?>= AB.AC. Trong tam
giac vuong AFO vuodng tai F va duong cao FN ta c6 AF?2= AN.AO nén AN.AO = AB.AC(
khong d6i- do A, B, C la ba diém cd dinh)

c) goi EF cat AB tai K, dé thdy bon diém K, N, O, I cling thudc mdt duong tron nén
duong tron qua I, N, O cling di qua K. Ta chitng minh duoc Tam gidc AOI dong dang véi
tam gidc AKN nén c6 AN.AO = AK.Al do AI, AN.AO khong d6i nén K ¢6 dinh nén
duong tron qua I, N, O ¢6 tam nam trén trung triec ctia IK ¢8 dinh suy ra dpem.

Bai 5:
Ta giai bai toan trong truong hop tong quat. Ta sé chtiing minh khi ¢6 n diém(n > 2)

it nhat c6 ba diém khong thang hang, ta sé chiing minh ton tai mot dwong tron di qua ba
diém trong n diém va n-3 diém con lai khong nam ngoai duwong tron nay.

Ta tim duoc hai diém A1A2 ma tat ca cac diém con lai déu nam trén cung mot nira

mat phang bo 1a duong thang AiAo..

Trong so cac goc c6 dang A A A, (v6imoii chay tir 3 dén n) ta tim dwgc mot diém

Axsao cho gic A|/A, A, nho nhat.

Nén A/ A A, 2 A A A, véimoiichay tir 3 dén n, do d6 dwong tron ngoai ti€p

tam gidc A|A, A, chira tat ca cac diém con lai hodc di qua mot s6 diém va chira cac diém
con 1ai.Tém lai la khdng c6 diém nao trong n-3 diém nam ngoai duwong tron nay.
That vay, néu c6 diém Ajnao d6 nam ngoai duong tron ngoai tiép tam giac

AAA, thitaco A AA, <AAA, diéunay mau thuan.

Vay ta chitng minh xong bai toan
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