BO GIAO DUC VA PAO TAO KI THI CHON HQC SINH GIOI TINH

Bic Tir Liém LOP 9 THCS NAM HOC 2023-2024
‘ , MON THI: TOAN ‘
DE THI CHINH THUC Thoi gian lam bai 150 phut, khong ké thoi gian giao dé

(Dé thi c6 mot trang thi)

Bai 1 (5.0 diém)
a) Ching minh rang 7 + 51" - 61 chia hét cho 30 v6i moi s6 nguyén dwong n.

b) Tim tht ca cac sb nguyén duong (%) sao cho * +8Vva V" *8%qdulasb
chinh phuong.

Bai 2 (5.0 diém).

\( 3 Ja 3
2Xx- — 4+ [—=2x =14+ —
a) Gia1 phuong trinh S 2x
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- =.,||'.r +y+afx-y
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b) Giai hé phuong trinh '
Bai 3 (3.0 diém).

o X N s e ezt =2
V&i moi s6 thuc khong am x, y, zthéaman * *F *= ==

4 . M = ] - =7 11
a) Chimg minh rang * ¥ *= ==*1

b) Tim gi4 trji 16n nhit va nho nhat cia biéu thic
Bai 4 (6.0 diém).
Cho tam giac ABC (BC > CA > AB) néi tiép dudng tron (O) va ¢o truc tim H.
Puong tron ngoai tiép tam giac BHC cit tia phan giac cua Apc tai diém tht hai 13
M. Goi P 1a tryc tdm cua tam gidc BMC.
a) Chimg minh bon diém A, B, C, P cung hudc mot dudng tron. 7
b) buong thang qua H song song voi AO cat canh BC tai E. Goi F la diém
trén canh BC sao cho CF = BE. Chung minh ba diém A, F, O thang hang.
¢) Goi N Ia tam duong tron ngoai ti€p tam gidc ABM. Chung minh rang PN
=PO



Bai 5 (1.0 diém).
Trén ban c6 100 thé duoc danh sb tir 1 dén 100.Hai nguoi A va B lan lugt chon léy

a) Chung minh ring # +51" - 61 chia hét cho 30 v&i moi s6 nguyén dwong n.

mot tAm thé trén ban sao cho néu nguoi A 1dy tim thé danh sé n thi dam bao nguoi
B chon duogc tam thé danh s6 2n + 2. Hé1 ngudi A ¢6 thé 1ay dugc nhiéu nhat bao
nhi€u tam thé trén ban théa man yéu cau bai toan.

PE SO 6
Bai 1 (5.0 diém).

e Phan tich. Bat 4 =n" +5n" - 0n v3 38 ¥ 1230 =2.3.5 (2, 3, 5 nguyén 16 cing
nhau theo tung doi mot) do do ta phan tich A sao cho A chia hét cho 2, 3, 5.
o Loi giai. bat 4 =n" +57" - 0n khjdo ta co

A=n"+5n" - on=nn-N)n+l) =" +06)=n(n-)(n+)n" - 4+10)

=n(n-1)n+1)(n" - 4)+10n(n- 1)(n+1)
=(n-2)n- n(n+1)n+2)+10(n- l)n(n+1)

. R . 2 T A qx A 1r
b) Tim tAt ca cac sb nguyén duong (%) sao cho ¥ *8Vva ¥ *8% d&y 1a s chinh
phuong.

Do (7 2)(n= Dn(n+1)n +2) 15 tich cia ndm ,sc;) tur nhién lién tiép nén tich nay
chia hét cho ca 2, 3, 5. Ma 2, 3, 5 nguyén t6 cung nhau theo tirng doi 1 nén
(= 2)n - Daln+ 10 +2) chia hét cho 30. Mit khéc ta lai co 7~ D+ 1) chia
hét cho 2,

3 nén chia hét cho 6. Do d6 1907~ Dn(n+1) chia hét cho 30. Vay A chia hét
cho 30 hay "+ 51" - 61 chia hét cho 30.

e Phén tich. Dé thdy vai tro ciia hai bién x va y trong bdi todn nhw nhau nén
ta cé thé gia sir ~ =Y khi do ta cé thay dwoc méi lién hé

¥ 4+8y =x+8x<x +8y+10 :f_.".'+4}:. Dé)f Ia X <x +8Y Nhuwr vy ta duoc

, v €x” +8y <
sip X <X sy =

duoc

x+ 4y Do * +8y la s6 chinh phuong nén ta co thé suy ra

o 8y =(x+1), (x+2) (x +3}:.

Dén ddy ta xét cdc trieong hop dé tim (x; y) théa man.



e Loi giai. Khong mat tinh tong quat ta c6 thé gia sat * =Y. Khi d6 ta c6
48y =x+8x<x +8y+lo=(x+4)

2 ? A A
X" *+8Y nhan mot

Ma ¥ +8713 s chinh phuong nén ta ¢ thé suy ra duoc
trong cac gia tri

(x+1)7:(x+2):(x+3)
+ Truong hop 1. Khi x4+ 8y =(x +I]|:ta duoc w48y =x’ +2x+1 e 8y =2x +1
trudng hop nay khong xdy ra do 3 14 sé chin va 2x+1 1a s 1é.
+ Trudng hop 2. Khi 48y =(x+2) ta duoc 48y =x +4+4 e x=2y- | .
V' +16y

b

Do 7" *8%13 s6 chinh phwong nén suy ra * 81a s6 chinh phuong.
Khiy =1 ta duoc x = 1 va cip s6 ) =D thoa man yéu ciu bai toan.
Xét V22 khidotaco ¥ *10v-8=(r+3) +(10y-17) > (y+3)

Ddng thdi ta ciing ¢ »~ *100 - 8 =(y+0)" - 72<(y +8)°

Do d6 suy ra (' *3) <07 #1078 <(y+8)° Nz V7 +167-8 13 4§ chinh

phuong. Suy ra y H10p- 8€ | (p+A) 1y +5) i (y+0)(y+T)

Giai truc tiép céc truong hop ta duoc cac cap sb (%) =(5:3).(ZL11)
yéu cau bai toan.

+ Trudng hop 3. Khi * * 8 = +3)" 13 dugc

48y = 46X +9 & 8y =6X +9

thdéa man

truong hop nay khong xay ra do 87 1a sb
chin va 6x+9 1356 18.

Vay cac cdp sb (5) thoa méan yéu cau bai toan la (xip) =(L1).(3:5),(5:3),(1:21), (2L 11)

e Nhan xét. D8 tim y thoa man *» *167~ 813 ¢4 chinh phuong ta c6 thé xir Iy

theo cach khac Dat ¥ *10v- 8 =K (AEN) Khi d6 ta co
vV +loy-8=k o (y+8) =k +72 = (v +8-k)}y +8+k)=T72

DPé ¢ rang ¥ *8+E >y +8- k>0 000 tinh chin le.

Lai c6 72 =2.36 =4.15=6.12 . Dén day ta xét cac trudng hop xay ra dé tim
y theo bang sau

y+8-k 2 4 6
y+8+k 36 18 12
k 17 7 3
v 11 3 I

Dén day ta c6 két qua twong ty nhu trén.



Bai 2 (5.0 diém).

\/ 3 Ja 3
2X- —+ [—- 2x =1+ —
a) Giai phuong trinh xoNx 2x

« Phén tich. Phurong trinh dd cho c6 chira hai can thitc va ¢é an ¢ mau. Quan
C(2x- 42222 , ,
sat ky phwong trinh ta nhan thay xooox X co moi lién hé voi ve
phdi cua phwong trinh, do do ta su dung cac danh gia dé lam mat can thuc
hodac dwa hai biéu thurc trong can vao cung mot can thuec.

Theo bat dang thie AM — GM ta c6

\(zx- E+JE- 2x 1:'—| 1+2x- > +'_‘ 1+9. 2x ‘ _1+ 2
x x 21 x) 21 x 2x
bén day ta giai quyét dugc phuong trinh.
L _ ¢ 20.2x- 2 20,2+ 2x 20
« Loi gidi. Dicu kién x4c dinh ctia phuong trinh 1a : X X
Yo =x =3
hay 2 :

Ap dung bat dang thirc AM — GM ta c6

3 4y 1| 3]
JE.&:——+ —- 2% £—|I+2x——
X X 21 X

Két hop véi phuong trinh di cho suy ra dau bang ciia cac bat dang thire trén

=l +—

6 .
2x

L
+—‘ 1+—- 2x
2 x

xay ra
’;—T :J.T+_1' - J.‘r— ¥

5—1 = Jr+y+ 1}'_1' -y

b) Giai hé phuong trinh 'V *

2x- —=l
o L= | _i
] 2
—= 2x=1 .
Dodétaco '+ ,thoa man diéu kién xac dinh.

, x
Vay phuong trinh da cho ¢6 nghiém duy nhatla 2




5,
2V s

'4x
« Phan tich. Quan sat hé phuong trinh ta nhan thdy V27 V¥ va khi nhan
hai vé€ phai cua hai phuong trinh thi ta lai c6 va khi nhan hai v€ phai cta

f_J.‘l.'+ y- J.‘l." l}f\f"l. + 1+ J.‘l.'- ) :2_1'- Dén déy ta dll'Q’C y :1’ khi
E =vx 41 +4fx- 1

X

o Loi gidi. Didu kién x4c dinh cta hé phuong trinh 14 * =¥ >0 Nhan theo vé
hai phuong trinh cua h¢ da cho ta dugc

j—KJE :[J.‘r+ y- \h‘ -y }[J.‘r +y+ ,f.‘r -y)e= 2=2ye y=I
du_r x

=r+1+x-1

|

)

Thay vao phuong trinh thir hai cia hé da cho ta dugc

xzi ‘J;_l: £+!+ E_I ,
+Xét 4 . Khido ta duge va V4 V4 , dang thirc dang. Do do

X =—

4
1a mdt nghiém cua phuong trinh.

5 5
x>i _ iﬁﬁ:’”—+l+,’ “lefr+l+4/x-1
+Xét 4 Khiddotaco ¥« 4 : ,do d6

phuong trinh khong c6 nghiém.

5 iq ’q
x<é _ Jz}«,ﬂ: — 1+ =1 >x+]+4fx-1
+Xét  4.Khidotaco V* 4 4

, do d6 phuong trinh khong c6 nghiém.
5

X =— B
Dod6 4 la nghiém duy nhat ctia phuong trinh.

4= | Ln

4yt =2

Bai 3. V&1 moi soO thuc khong am x, y, z thdoa man

e
o (xwy)= 141‘
Vay h¢ phuong trinh c6 nghiém duy nhat 1a ‘ 4 )
a) Chtrng minh ré“mg x+y+z =24y
« Loi giai. Ap dung bat dang thirc AM — GM ta duogc

(x+y)#l 24l x4y 4z +2xp 42

x+y+x=(x+y)l+zl = - =
2 7 2

I
+
et
k|




x =z =y =
z =] (=3 )
. . , v =z =l:x =0
Je N N xRzt =2
Dau bang xay ra tai '
X 1% Z
F= + — +

1 .7 . Je A \ 2 A 9 « R ’ 3 y— 5 - ¥ I
b) Tim gia tri 1én nhat va nho nhat cua biéu thirc £Fyz LFIX LX)

* Loi gidi.
+ Tim gid tri 16n nhat cia P.
Ap dung két qua cau a ta co cac bat dang thuc
x+y+z =2+t y+z =2+ pna+y+z =242X

X V Z X V Z

P = -+ - <+ = + - + :I
Khi d6 ta duoc 24z 242X 24xy x+y+z x+y+z x+y+:z
Do d6 gi4 tri 16n nhat ctia P 1a 1, ddu bang xdy ra tai * =¥ =52 =0 va cac
hoan vi.
+ Tim gi4 tri nho nhat cua P.

X _ 2x 2x _
: X, a2 , L 249z 442y d+yi 4z 6- %
Ap dung bét déng thtc AM — GM tacg 2*I7 4+2yz 44y +z7 0- 2
2x X

Ta s& chirng minh khi 0 =x <2¢hi 0- % 242 .That vay, dat ! =32 thita
o] 2
‘ "E: >L_ o f(1- 1)} (2+1) 20 o
c6 0=/ =1 Ta cin chimg minh 3= V2 1a mot bat dang
thirc ding.

2 ox
i

Vaytaco 07 % 22 , diu bang xay ra tai ¥ =0 hosc * =2

X X

i

Nhu vy ta co 2+ )= W2

¥ ¥ £ Z
. .

Ap dung tuong tu ta dugc 2+ =% 22 2+ 242 .Cong theo vé cac bat

dang thuc ta
po X LY 4yt 4zt _-,E
24z 24z 2+xy 22 2
A M 9 . [ = LRt =T = \ r 4 .
Dau bang xay ra khi * V23 =220 y3 c4c hodn Vi.

Viy gia tri nho nhat cta P 13 la, dat dugc tai * =v2y =2=0 43 cac hoan vi



* Nhdn xét. Cau a cua bai toan chinh la goi y dé tim gia tri lon nhat cua
biéu thirc P. Ngoai ra ta co thé tim gia tri lon nhat cua P doc ldp voi goi y o
cdu a nhuw sau
2x 2y 2z 1 1 1
2P = - T - =x+y+z- xpz( + -
24z 24zx 24y 24z 24z 24y

Ap dung bdt dang thirc Cauchy — Schwarz ta dwoc
1 1 1 9 9 9
- - = = =]
24z 2+zx 2+xy O+xy+yz+zx O+x +y +z7 8

Khi dé ta cé 2P<x+y+z-xyz=x(l- yz)+y+z
Ap dung bat dang thire Cauchy — Schwarz ta dwoc ta lai ¢é
[.rf_l - yz) +(y +:}]: ‘_5:[.".': +(y+ :}:l [[I +yz) +1

=(2+2yz)(2- 2yz+ vz ) =4+ 2y 27 (- 1) =4
2 42
;o , ¥E *_:'1 — =<2
Bat dang thurc cuoi cung luon dung vi 2 . Do do ta duoc

4p° =4= P =l

Véi y thir hai ciia cau b ta cé thé trinh bay cdch khdc nhw sau

Ap dung bat dang thuee Cauchy — Schwarz ta dwoc

P R - . (x+y+z) _ (x+p+x)
243z 24zx 2+xy x(2+pz)+p(2+zX)+z(2+xy) 2x+y+z)+30sz

Dt T =XV VI, fhigoa N Yy AT =2 T =3yt 2T) =0
Tw do suy ra J2 <t <6 Ap dung bt ding thitc AM — GM ta duge
(- 2)

Oxyz =(x+y+z)(xy+yz+2xX) = 5

Pz
L -

S8

Két hop vdi bdt dang thirc trén ta dwoc

01 :‘Eﬁ 208 +10) = (1 +42)(¢- 542) =0

Taco’ |"2+||:|_ 2

P2

Bdt dang thirc cudi cing luén diing do V2 =r<6 Vay ta duoc 2,
Bai 4 (6.0 diém).
Cho tam giac ABC (BC > CA > AB) néi tiép dudng tron (O) va o truc tam H.

Puong tron ngoai tiép tam giac BHC cit tia phan giac cua Hpc tai diém thr hai 13
M. Goi P 1a tryc tam cua tam giac BMC.



a) Ching minh bon diém A, B, C, P cung thudc mot dudng tron.

« Phan tich. Dé chirng minh bon diém A, B, C, P cung thudc mot dudng tron

ta Cé‘in coO EPC :B.-!C

Do P 1a tryc tam tam giac BMC nén M la
truc tdm tam giac PBC. Tur do6 ta co

Brc =180° - Buc

Lai thiy BAC =180" - BHC Pén day ta c6 didu cin chimg minh vi

Brc =Buc

Lo gidi. Do P 1a tryc tdm tam giac BMC nén M 1a truc tam tam giac PBC.
Tir do ta c6 BPC =180° - BMC Do H 14 tryc tam tam gidc ABC nén

BAC =180° - BHC Ma ta lai co BHC =BMC 4o 1o giac BHMC noi tiép.

Do do ta dugc Brc =180" - Bmc =180° - Brc =Bac Suy ra bén diém A, B,
C, P cung thugc mdt duong tron.

b) Puong thang qua H song song v&i AO cit canh BC tai E. Goi F la diém trén
canh BC sao cho CF = BE . Ching minh ba di€m A, F, O thang hang.

« Phan tich. Bé chimg minh ba diém A, F, O thang hang ta can chimg minh F

thudc duong kinh di qua A cua duong tron (O). Gia st AK 1a duong kinh,



khi d6 ta di ching minh ba diém A, F, K thang hang. Gia thif:t cho HE song
song v&i AK nén ta di chirng minh FK song song vo1 EH. D¢ thay hai tam
giac HBE va CKF bang nhau nén RFc =HEB , dén day ta co diéu phai ching
minh.

» Loi gidi. Dung duong kinh AK ctia duong tron (O). Khi d6 dé dang chiing
minh dugc tir gidc BHCK 1a hinh binh hanh.
Xét hai tam giac BHE va CKF c6 BE = CF; RFC =HEB; BH = CK nén
ABHE =ACKF
Tur do ta duoc Rrc =Hes , tr d6 ta dugc HE song song voi KF. Lai c6 AK
song song voi HE nén ba diém A, F, K thang hang. Suy ra ba diém A, F, O
thang hang.

¢) Goi N 1a tam dudng tron ngoai tiép tam gidac ABM. Chtrng minh rang PN = PO.

Phan tich va 161 gidi. Goi I 1a tam duong tron ngoai tlep tam giac BHC. Ta
c6 ABHC = ACKB nén ban kinh duong tron ngoai tiép tam gidc BHC bang
ban kinh duong tron ngoai tiép tam giac BKB. Tir d6 ta suy ra duoc OB =
OC =IB =IC . Chu ¥ ring ON 1a dudng trung truc cua AB va OI 1a dudng
trung truc cia BC, IN la duong trung truc cta

BM nén ta suy ra duogc ONI =HBM 3 BIN =MBC

Usar =Wrsc =L Bc Biv =BT :i—gBC

Tir d6 din dén 2 nén 2 hay tam giac OIN
cAn tai O, ddng thoi ta co NOI =180" - 2K10 =180 - 45C.

Lai o Bog =2Bce =2(90° - MBC) =180° - 2MBC =180° - HEL

Tur do ta duoc Nor =PoB nen suy ra Nop =oB.

Hai tam giac OBI va OPN c6 OI = ON; Nop =foB , OB = ON nén
AOBI =AFPOB

Ma tam gidc OBO cén tai B nén tam gidc OPN can tai P. Tur d6 suy ra
PN =PO

Bai 5 (1.0 diém).

Trén ban c¢6 100 thé dugc danh s6 tir 1 dén 100. Hai ngudi A va B 1an luot chon
lay mot tam thé trén ban sao cho néu nguoi A 1dy tim thé danh s n thi dam bao
ngudi B chon dugc tAm thé déanh s6 2n + 2. Hoi nguoi A ¢6 thé 1ay duoc nhiéu
nhat bao nhiéu tim thé trén ban thoa man yéu cau bai toan.




Phan tich. Vi B bdc thé c6 danh s6 2n+2 nén 2n+2 < 100. Suy ran <49 .
Do d6 A chi dugc boc cac tim thé co danh sé tir 1 dén 49. Ta xét tap
{1:2;3;4;...;49). Gid str ta cho A bdc cac tam thé
c6 danh cac sb 16 tir 1 dén 49. Nhu vay A c6 thé boc duogc 25 s6. Khi d6 B
boc duge cac 12 tAm thé danh sb chén 13 4:8:12....,48 ¢o trong tap hop trén
va 13 tAm thé danh s6 14y tir cac s6 con lai. Cho A bdc cac tim thé co danh
s6 chin, khi d6 A bdc dugc 8 sd twong tmg voi B bde duoc 8 sb trong d6 c6
b s6 thudc tap hop trén. Nhu vay tap hop trén vira hét sd. Do d6 tdi da A
chi bc duoc 33 s6. Dé chirng minh diéu nay ta chia tap hop {1;2;3;4;...;49}
thanh cac nhu sau
+Nhém 1 gdm {1;4},{3;8},{5;12},{7;16}....(23;48}, trong do6 c6 12 s A
bdc dugc val2s0B bde duogce co trong tap hop trén.
+Nhom 2 gébm {2;6},{10;22} ,{14;30},{18;38}, trong d6 c6 4 sd A bc
dugc va 4 sb B boe duoc co
trong tap hop trén.
+ Nhom 3 gdm {25},{27},{29},{31},.. 149}, trong d6 c6 13 s6 A bdc duge
c6 trong tap hop trén va twong Gmg 13 s6 B boc dugc tr cac sd con lai.
+Nhom 4 gom {26},{32},{42},{46}, trong do6 c6 4 so A bdc dugce o trong
tap hop trén va tuong ung 4 s6 B boc dugc tir cac sb con lai.
Nhu vay néu A boc duoc tir 34 s6 trd 1én thi s& c6 hai sb trung nhau. Tir d6
ta co 101 gidi nhu sau
Loi giai. Vi B bdc thé co danh s6 27 +2nén 2n+2 <100 Syyran <49 . Do
d6 A chi dugc boc cac tim thé c6 danh sé tir 1 dén 49. Ta chia tap hop
{1;2;3;...;49} thanh 33 tdp hop con nhu sau
+Nhom 1 gom {1;4},{3;8},{5;12},{7:16}....{23;48}(12 nhom).
+ Nhom 2 gdm {2;6},{10;22} ,{14;30},{18;38} (4 nhom).
+ Nhém 3 gém {25},{27},{29},{31},...,{49} (13 nhom).
+ Nhom 4 gom {26},{32},{42},{46} (4 nhom).
Trong moi nhom A dugc chon t6i da mot s6. Néu A chon dugc nhiéu hon 34
sO trong cac so tir 1 dén 49 thi theo nguyén 1y Dirichlet s& ton tai hai s6 bang
nhau. Do d6 A chi chon dugc t6i da 33 s6.Mit khac A chi chon duoc 33 sb
sau théa man yéu cau bai toan 13

{1:3;5;...; 23; 2;10;14;18; 25; 27; 29;...; 49; 26, 32; 42;46}
Vay A c6 thé lay tdi da 33 tAm the.



