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HUONG DAN CHAM

(Huong dan chdam gom 05 trang)

Cau 1 (4,0 diém). Cho ddy s6 {a,} (n=12,...) x4c dinh bsi

a, €[0;2]
-a’+2a,
Q="
2

biem

,n>1.

a) Tinh lima,.

b) Tinh lim (na,).
(Dwa theo THPT Chuyén Nguyén Trdi — Hai Duong).
a) Tur gia thiét ta c6 2(a,,,—a,)=-a’ <0, suy raddy {a,} don diéu giam. 0,5

Laido 0<a <2 nén 0<a, <2,Vn, dodo {a,} c6 gi6i han hiru han. 0.5
Gia st {a,} c6 gidi han httu han 13 A, tr 2a,, —2a, +a, =0 taco 0,5
2A-2A+A°=0< A=0.
b) Tiép theo, ta tinh lim (na,).
i n—+o0 . 0’5
Néu a =0 hodc a =2 thi lim (na,)=0.
Néu O<a <2taco t_._2 _t .1 10
a‘n+1 2an _an 2_an an '
Suyra lim .1 = lim ! :E. 0,5
N—>-+o0 an+l an N—>-+o0 2_an 2
Ta str dung b6 dé quen thuge : Néu lim (u,,,—u,)=c thi lim L 0,5

nN—+o0 n

Taco lim— -1 lim (na,)=2.

n—>+0 Nna 2 N—-+w0
n

Cau 2 (4,0 diém). Tim tét ca cac ham s6 f : [0;+00) —[0;+o0) thoa man:
f(x2)+f(y)=f(x2+y+2xf(y)),VX20,y20_ biém
(Dwa theo THPT Chuyén Lé Quy Pbn — Dién Bién)
Cho x=y =0 tadugc f(0)=0.
Chimg minh f 12 ham tang.
Giastr z>y.Khidotontai a>0 dé z=y+a. 1.0
Chon x>0 sao cho x*+2xf (y)=a.

Khidé f(z)="f(y+a)= f(y+x2+2xf(y))= f(x2)+f(y)2 f(y).
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Vay f laham tang.

Truong hop 1: Ton tai z>0 sao cho f(z)=0.

Do f tangnén f(x)=0,vxe[0;z].

Taco f(x)+f(z)= f(x+z+2«/§f (z))z f(x+2)
= f(x)=f(x+2),vx>0

= f(x)=f(x+nz),vx>0,n=0,12,...

1,0

Giastrt>z,véi xe(0;z),tachon neZ" dé x+nz>t.
Khido 0< f(t)< f(x+nt)=f(x)=0 = f(t)=0= f(x)=0,vx>0.
Thir lai thiy dung.

1,0

Trudng hop 2: f(z)>0,vz>0,khidé f tang ngit.

Taco f(x)+f(y)=f(x+y+2\/§f( ))zf(y+x+2\/_f X ) VX, y >0.

Lai do f tang ngat nén ta suy ra \/_f \/_f a\/_ Vx>0. Thay
vao phuong trinh ham ¢ dau bai ta duoc a:l,do do f( )=\/§

Vay cac ham so théa mdn yéu ciu dau bai gém f(x)=0,vx=0 va

f(x )—\/_ Vx>0.

1,0

Cau 3 (4,0 diém). Cho ti giac ABCD noi tiép trong duong tron (O) sao cho AB cit
CD tai E va AD cit BC tai F. Goi G 1a giao. diém cua AC va BD. Puong tron ngoai
tiép tam giac ADE va duong tron ngoai tiép tam giac CDF cat nhau tai D va H.

Phan gi4c trong géc AHB cat AB, AD lan luot tai I, J va phan giac trong goc
DHC cat CB, CD lan luot tai K, L. Goi M, M" lan luot 1a giao diém cta BH véi
AD va CD; N, N’ lan luot 14 giao diém cua DH voi BC va BA. Chang minh rang:
a) Badiém G,1,L thang hang.
b) Cac duong thang KJ, MN, MN’ dong quy.

(Nguén: THPT Chuyén Lé Quy Pdn — Binh Dinh)

Piem

Chirng minh dudi day dua theo hinh v& dudi day. Cac truong hop khac cua hinh vé
déu co6 ching minh tuong tu. q

a) Trudc hét ta chimg minh H, E, F thang hang. That vay, do cac tir giac ABCD,
AEHD, CFHD ndi tiép nén ta c6 DHE = BAD = DCF .

Do d6 DHE + DHF = DCF + DHF =180°.

Suy ra H, E, F thang hang.

0,5

Ngoai ra do H la diém Miquel cua tir gidc toan phan ABCDEF nén BCHE la tir
giac nai ticp.
Xét hai tam giac HCB va HDA, ta c6
DHA=DEA=CEB =CHB
BCH =180° — HCF =180° — BEH = ADH .
Suy ra hai tam giac HCB va HDA dong dang. Do d6
HC HB _CB
HD HA AD

(1)

0,5
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nguyén duong n, néu na’+na+1 Ia lap phuong ding cua mot s6 nguyén duong thi
nb+1 ciing la lap phuong dung ciia mot s6 nguyén duong. Chieng minh rang 4b+1
la mot s6 chinh phuong.

(Nguén: THPT Chuyén Chu Vin An — Ha Ni)

/) -
N;/
X .2 . ) . GC GB BC
D¢ thay AGBC va AGAD dong dang nén
¢ thay AGBC va AGAD dong dang nén === AD()
Theo gia thiét thi HL, HI 1an luot 1a phan giac trong cia CHD, AHB nén ta lai ¢6 05
LC_HC IB_HB
LD HD'IA HA
GC LC . GB 1IB
Tu (1), 2), 3) ta d = va =—.Suyra GL,GI t la pha
u (1), (2), (3) ta dugc oD LD GA- A" y uong ung la phan
giac trong cac goc CGD va AGB. Ma hai goc nay 1a hai goc ddi dinh nén G, I, L 05
thang hang. ’
b) Ta sé chirng minh KJ va MN, M'N" df)ng quy tai G. 0,5
Xét hai tam giﬁc AJl va CKL ta cé CK cat AJ tai F, 1J cat KL tai H, 1A cat LC tai E. 0,5
Ma H, F, E thang hang nén theo dinh 1y Desargues thi AC, JK, IL dong quy tai G.
Xét hai tam giac FAC va HBD c6 FH, AB, CD dong quy tai E. Ma FA cat HB tai | 05
M, AC cat BD tai G, FC cat HD tai N nén theo dinh ly Desargues thi M, N, G thang
hang.
Lai xét hai tam giac BHD va CEA, c6 BC,HE,DA dong quy tai F; BH cit CE tai | 0,5
M ', BD cat CA tai G, HD cat AE tai N' néntaciingc6 M',N',G thang hang.
Cau 4 (4,0 diém). Cho hai s6 nguyén duong a,b thoa man tinh chat: véi mdi s6
Pi¢m
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bit n, =k*(a* +a)’ +3(a* +a)k* + 3k, vk e N', khi d6
2 2 2 3 1,0
na’+na+l=n(a’+a)+1=(k(a’+a)+1)
1 lap phuong ding ctiia mot s6 nguyén duong.
Vi thé ton tai v sé s6 nguyén duong n dé na’+na+1 la lap phuong ding cua
Mot s6 nguyén duong.
Bo de: Cho da thirc P(x) hé s6 nguyén co bac bang 3 théa man véi moi s6 nguyén
duong n thi P(n) 1a lap phuong dung. Khi d6 sé& ton tai da thirc hé s6 nguyén Q(x) | 0,5
sa0 cho P(x) =(Q(x))’.
Chieng minh bé dé: Viét P(x) =ax® +bx* +cx+d véi a,b,c,d €Z, a=0.
Vi mdi s6 nguyén duong n, ton tai s6 nguyén x_ dé x> =P(n).
Ta c6 v6i moi s6 nguyén duong n thi
X =X = %/a(n +1° +b(n+1)2 +c(n+1) +d —3an® +bn’ +cn+d
B a(3n*+3n+1)+b(2n+1)+c 15
J(P(+1)) +3PM)P(+1) +(P(n))’
a(3+3+12j+b(2+12)+c2
_ n n n n’) n
2 2
i/(P(n+1>) _[FP@+D _ [(Pm)
nG 3 A3 n6
Vi vay lim(x ,—x )=2%/a, ta lai c6 gi6i han ctia mot day sé nguyén 1a mét sb
nguyén nén ¥/a 1a sé nguyén va tdn tai n, @& x , —x =</a,vn>n,. Khi d6 s ton
tai s nguyén A && A°=ava x _,—x =AvVn>n,.
Taco x,,,=An+x, =A(n+n,)+x, —An,vn>n, nén x =An+B,vn>n,, ¢
diy B=x,_ —An,.
Vi vay (An+B)’=x°=P(n),vn>n, nén P(x)=(Ax+B), lic nay ta chon
Q(x) = Ax+ B 1a b6 dé duoc chirng minh.
Tré lai bai ton: ,
Vi n, dachon ¢ phia trén, theo gia thiét ta co nb+1 caing la lap phuong ding.
Xét da thuc P(x) =b(a’®+a)*x* +3b(a’ +a)x* +3bx+1, tacé nb+1=P(k) lalap 1,0
phuong dung véi moi s6 nguyén duong k.
Ap dung b dé thi s& ton tai céc s nguyén A, B dé P(x) = (Ax+B)’.
Vay sau khi ddng nhat hé sé ta s& c6 dugc B=1b=A nén b=a’+a.
LGc nay c6 4b+1=(2a+1)? 1a s6 chinh phuong, tir d6 ta c6 diéu phai chung minh,
Cau 5 (4,0 diém). Sap xép 9 hoc sinh dimg cach déu nhau trén mot vong tron tai vi
tri 9 dinh cua mot da gidac déu. Ching minh rang ton tai hai tam giac (co dinh Ia
dinh da gidc déu) bang nhau (cac dinh cua hai tam giac co the trung nhau nhung hai
tam giac la phan biét) ma tat ca hoc sinh ding & cac dinh cta hai tam giac do la Dim
cung gioi.
(Gia thiét rang mdi em hoc sinh trong 9 em hoc sinh nay chi thuoc mot trong 2 gisi
la nam hoac nt). . )
(Nguén: THPT Chuyén Bdac Ninh)
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Gia str 9 hoc sinh démg ding cach déu nhau trén mot vong tron tai vi tri 9 dinh caa
mot da giac déu. Khi d6 9 dinh nay tao thanh da giac déu H,H,..H,.

Vi c6 9 hoc sinh dimg tai 9 dinh nén c6 it nhat 5 dinh c6 hoc sinh cung giéi (hoic 1a
nam hodc 1a nit). Dé cho tién, ta gia str 5 dinh nay c6 5 hoc sinh nam ding (twong tu
néu 1a 5 hoc sinh ni).

Goi mot tam giac c6 3 dinh ma 3 hoc sinh nam ding 1a tam gidc nam, nhu vay cé it
nhit C? =10 tam giac nam.

1,0

Bay gio ta s€ chimg minh c6 hai tam giac nam bang nhau:
Thay 9 dinh cua da gidc chia duong tron ngoai tiép nd thanh 9 cung bang nhau

HH,., i=1 1,8 vacung H oH,; ta goi mdi cung nay 1a mot “manh”.

Khong mat tinh tong quat, goi H;H;H, latam giac c6 HH; <H;H, <HH,. Hon
nita s6 h; la s6 manh cua cung H;H; khong chira diém H, (i# j=k#i); tuong tu
ta dinh nghia nhu thé cho s6 h o N -

1,0

Tuong ung mdi tam gidc H, H;H, v6i mot bo ba (hy; hy; h;), tanhén thdy rang:

ij?
1<h,< h, < h;<7 va h;+ h,+h;=9, Chang han, tam giac véi 3 dinh
H,, H;, H, ta goi la tam giac H3H1H7 tuong ung voi mot bo ba (2; 3; 4) theo thu
tu do. ‘ .

Nhu vy, cac tam gidc bang nhau ung voi cung mdt bd ba s6 nhu dinh nghia, trong
khi cac tam giac khong bang nhau tng véi cac bd ba khac nhau. Tir 6, ta xay dung
mot song anh gitta cac 16p tam gidc bang nhau véi tap hop cac bd ba sd nguyén
duong co thr tu (a,b,c), voi a<b<c; a+b+c=9 (*).

1,0

Vico 7 bosé la (1,4,7), (4,2,6), (1,3,5), (1,4,4), (2,2,5), (2,3,4)va (3,3,3) théa man
(*) nén c6 7 16p tam gidc bang nhau. Lai do co it nhat 10 tam gidc nam nén c6 mot
16p ¢6 it nhat 2 tam gidc nam. Vay ta c6 diéu phai chirng minh.

1,0
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