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Thoi gian lam bai 150 phit, khéng ké thoi gian giao dé

(Dé thi c6 mdt trang)

Bai I (5,0 diém).

(@x +2)¥x2 +2x +5 =(x> +2x +2)J4x +5

a’+b'+¢ =3d°, b" +¢” +d° =3a°

1. Giai phuong trinh

2. Cho bén sb thuc duong a, b, ¢, d thoa man

va
¢’ +d"+a’ =3b" Chimg minh ring a=b=c=d.
Bai II (5.0 diém).

1. Ching minh rang véi moi s ty nhién n thi 1 “+3n+11 khong chia hét cho 49.

2. Tim tat ca cac bo ba sd nguyén duong (x; y; p) v6i p 1a sd nguyén tb thoa man:
X +pTy’ =6(x + Ep)

Bai I1I (3,0 diém).

(x-vy) <(x* +v%)

'

L

1. Cho hai s6 thyc duong x, y thoa man
1
2
2.

. Chiing minh

<—=<2

-.<|;;.,1

Cho ba sd thuc dwong x, y, z théa min diéu kién

5(x+y+z]’2]4(x:+y:+z:) . et L SR
. Tim gia tri 16n nhat va gia tri nho nhat cua biéu

_2x+z
thirc X+2z,
Bai IV (6,0 di¢m).

Cho tam giac ABC c6 ba goc nhon (AB<BC), ngoai tiép duong tron tam I.
Hinh chiéu cua diém I 1én cac canh AB, AC theo tht tu 1a M, N va hinh chiéu cua
B 1én canh AC1a Q. Goi D 1a diém dbi xung cua A qua Q, P 1a tdm duong tron ndi
tiép tam gidc BCD va R 1a giao diém cta hai dudong thang MN, BQ.
1. Chimg minh cac tam giac BMR va BIP dong dang.
2. Ching minh duong thang PR song song v6i dudng thang AC.
3. Chimg minh dudng thang MN di qua trung diém cta doan thang AP.
Bai V (1,0 diém).
C6 15 hop rong. Mbi bude, ngudi ta chon mot sd hop rdi bé vao mdi hop mot sd
vién bi sao cho s6 vién bi bo vao mdi hop 1a mét lily thira ctia 2 va trong mdi bude




khéng c6 hai hop nao co sd bi duge bd vao giébng nhau. Tim sd nguyén duong k
nho nhit sao cho sau khi thuc hién k budc tit ca cac hop déu co sé bi gidong nhau.

HUONG DAN GIAI

Bai I (5,0 diém).

(4x + 2% +2x +5 =(x* +2x +2)f4x +5

1. Giai phuong trinh
2. Cho bdn sé thuc duong a, b, ¢, d théa man a’+b’+¢’ =3d°, b’ +¢” +d” =3a’
va

¢’ +d"+a’ =3b" Ching minh ring a=b=c=d.

Loi gidi

5
XZ'_ 4 c. _ . -
1. Didu kién: 4 Pyt a=VAXH DX +2x+5 (a,b20) 1, 06

4x+2=a"-3, x"+2x+2=b*-3

Phuong trinh di cho ¢6 thé duoc viét lai thanh (a*- 3)b =(b*- 3)a , hay
(a- b)(ab+3)=0

Do ab+3>0 nén tur day, ta c6 a=b hay
X 4+2x+5=4x+2

XE[O;Z}

Giai phuong trinh nay, ta dugc . Thir lai, ta thay thoa man. Vay phuong

—ln-nl
trinh da cho ¢6 tap nghiém la S=102)

2. Trong ba s6 b, d, a c6 mot sb hodc 1a sd 16n nhat, hodc 1a sb nho nhat trong bdn
sO di cho. Xét cac truong hop sau.
- Truong hop 1: b 1a s6 16n nhat hodc 13 s6 nhé nhat trong a, b, ¢, d.

+Néu b 1a sb 16n nhit trong a, b, ¢, d thitaco € - 4 - @ =b’
¢’ +d +a’ <b’+b" +b” =3b’.
Miit khéc, theo gia thiét thi dau dang thirc phai xy ra. Do d6 c=d=a=b.

nén

+ Néu b 12 s6 nhé nhat trong a, b, c, d thitaco © Ldlal=b nén
¢'+d +a’ =b"+b" +b" =3b".
Mit khac, theo gia thiét thi diu dang thirc phai xay ra. Do d6 c=d=a=b.
- Truong hop 2: d 1a sb 16n nhit hodc 1 sb nho nhét trong a, b, ¢, d. Chtirng minh
tuong tu truong hop 1, ta cling c6 a=b=c=d.
- Truong hop 3: a la s6 16n nhat hodc 1a sd nho nhat trong a, b, ¢, d. Ching minh
tuong tu truong hop 1, ta cling c6 a=b=c=d.
Vay trong moi truong hop, ta luén cd a=b=c=d.



Bai II (5.0 diém).

1. Ching minh rang véi moi s ty nhién n thi 1 “+3n+11 khong chia hét cho 49.

2. Tim tat ca cac bo ba s6 nguyén duong (X; y; p) voi p 1a s6 nguyén t6 théa man:
X +ply’ =6(x + Ep)

Loi gidi.

1. Gia st ton tai s tu nhién n sao cho n*+3n+11 chia hét cho 49. Khi do, ta cd

4(n? +3n+11) =(2n +3)" + 3549,

(1)
\ \ \ . X A  (2n+3) . &
Ma 35 va 49 cung chia hét cho 7 nén ta co chia hét cho 7. Suy ra 2n+3

(2n+ 3)2

chia hét cho 7. Tur d6 chia hét cho 49. Két hop véi (1), ta dugc 35 chia

hét cho 49, miu thuin. VAy v6i moi s6 tu nhién n thi 1~ +3n+11 khong chia hét
cho 49.

2. Do 6(x+2p) chia hét cho 3 nén tir phwong trinh da cho, ta suy ra X“+PY chia
hét cho 3.
Mit khac, ta c6 dé ¥ rang, v6i moi sd nguyén a thi a? chia cho 3 du 0 hodc 1. Do d6

. o2 2.2 , 2.2 ,

d@é X *PY chiahétcho 3 thita phai co x* va PV cung chia hét cho 3. Suy ra x
va py cung chia hét cho 3.

Dit x=3a, v6i a nguyén duong. Phuong trinh di cho o thé duogc viét lai thanh.

9a” +p'y’ =18a +12p

Do 22 PY" vi 18a chia hét cho 9 nén tir phuong trinh trén, ta suy ra 12p9 , tuc
P33 Ma p 12 s6 nguyén t6 nén p=3. Khi d6 phuong trinh (1) co thé viét lai thanh
a~+y =2a+4

Hay (E’l = ])_ + }-r_ ::."

Vi (@-1) =0 nén tr phuong trinh trén, ta suy ra Y =3 Do y 12 s6 nguyén duong
[1-n]

- N

nén ta c6 Y15 Bang phép thir truc tiép, ta tim dwoc cac cip sé nguyén duong
(a;y) thoéa man phuong trinh (2) 1a (3;1) va (2; 2). Tir d6 suy ra c6 hai bo s6 (x; y;
p) thoa min yéu cau dé bai 1a (9;1;3) va (6; 2; 3).

Bai III (3,0 diém).

; 5(x-y) <(x*+y°
1. Cho hai so0 thuc duong x, y thoa man (x-y) (x })

1
2

. Chuing minh

<— =<2

-.‘_,:l;;.g



2. Cho ba s thuc dwong x, y, z théa min diéu kién

5(K+}'+Z]_E]4(K:+}':+Z:) X s S VI SR
. Tim gia tri 16n nhat va gia tri nho nhat cta biéu

_2x+z
thic X+2z7,
Loi gidi
, 5 ’ ] s ETA T e TR

1. Gia thiét da cho c6 thé dugc viét lai thanh 2(X ™ 2¥)(2x-y) =0

| o

.2 i-l‘ﬂ[}
hay v LY )
tur do, ta co
1.x o
2y

2. St dung bat dang thire Cauchy-Schwarz, ta co

3 - -
—(X+2z) +Vy
9

3 L,
=14| =(x+z) +v
9{ )y +)

i |9
S(x+y+z) =5[—+1
5

X" +z7° <

(x +z)*, hay

WO | n

két hop véi gia thiét, ta suy ra
(x-22)2x-z) =<0

tur day ta co

z =X =27
Suy ra
P:2x+z:2_ 3z =9 3z :i
X +2z X +2z Z427 O
va 2
p—7. 3z . 3z :E
X +2z 2z+2z 4
4 5 5
-sP=- . y ==X
Vay 3 4 Bat ding thirc bén trai xay ra ddu dang thac khi z=2x va =~ 3
5
(s . y=3Z
Bat dang thirc bén phai dat dugc dau dang thirc khi x= 2z va 3 . Tom lai, gia
5 4

tri 16n nhit ctia biéu thirc 1a 4 va gia tri nho nhit cta biéu thic P 1a S
Binh luan. Hoc sinh cin chimg minh lai bit ding thirc Cauchy-Schwarz khi st
dung.

Bai IV (6,0 diém).



Cho tam giac ABC c6 ba goc nhon (AB<BC), ngoai tiép duong tron tam I.
Hinh chiéu cua diém I 1én cac canh AB, AC theo tht tu 13 M, N va hinh chiéu cua
B lén canh AC 14 Q. Goi D 14 diém dbi ximg ciia A qua Q, P 1 tim dudng tron noi
tiép tam gidc BCD va R 1a giao diém cta hai dudong thang MN, BQ.
1. Chirg minh cac tam giac BMR va BIP dong dang.
2. Ching minh duong thang PR song song v6i dudng thang AC.
3. Chimg minh dudng thaing MN di qua trung diém cta doan thiang AP.
Loi giai
1. Do AM va AN 1a cic tiép tuyén cua dudng tron (I) nén AM=AN, suy ra tam
giac AMN can tai A. Tur do
1

?

BMR =180° - WMN =180° - —(180° - BAC) =90° +];E-AC

Mait khac, ta cling co

Bic =180° - PBC =180° - %(QBC - Bca)=90"+ ];EAC‘

Do d6 BMR =BIC (1)

Do QA=QD va BQ LAD pan tam gidc ABD can tai B. Tur do
WBR =BBR =90°- BAC
Suy ra

BRM =180° - BMR - MIBR =180° - ‘90" +%EAC.“ ) ‘90" i ];EAC“ %EAC

Mit khac, ta cling ¢6 (cha ¥ rang C, P, I thang hang)
Bp1 =PBC + PCB :% BeC +BcB :];QDB =];§Ac

Do d6: BRM =BPI (2)
Tur (1) va (2), ta co ABMR ~ABIP (2.g)

2. Do ABMR ~ABIP (theo cau 1.) nén ta c6



BM _BI
BR BP (3)va MBR =IBP. ()

Tir (4), ta suy ra MBR + RBI =1BP + RBI nay MBI =RBP (5)

T (3) va (5), ta suy ra ABMI ~ABRP (c.ge) py, ¢

BRP =BMI =90" gy ra RP LBQ
Mat khac, ta cling co BQ LAC nén PR//AC
3. Taco

%(13[}" - EAC) =90" + ];EAC

RND =180° - WNM =180° -

Laico

PDN =ADB + BDP =ADB + %EDC.‘

WDB + %(1 30’ - DB) =90° + %EDB =90" + %EAC‘

Do d6 RND =PDN_

Mit khac, theo ching minh cau 2. ta c6 PR =ZDN ngn tir giac DNRP 14 hinh thang.
Keét hop voi két qua trén, ta suy ra tor giac DNRP 1a hinh thang can. Tt do

NPR =BRP =RDN (¢

Tam giac RAD c6 RQ vua 1a duong trung tuyén vira la duong cao nén can tai R.
Suy ra

RDN =RAN (7

T (6) va (7), ta co RPN =RAN
Lai co NRP =RNA (so le trong). Do d6

RNP =180° - NRP - RPN =180° - RNA - RAN =NRA

Ma hai goc RNP; NRA & vi tri so le trong nén RA / /NP nén 1a hinh binh hanh.

Suy ra hai duong chéo RN va AP cit nhau tai trung diém cta mdi duong. Vay MN
di qua trung diém cua AP.

Bai V (1,0 diém).

Co 15 hop rong. Mdi bude, ngudi ta chon mot ) hop roi bd vao mdi hop mot sb
vién bi sao cho s6 vién bi bé vao mdi hop 13 mét lity thira ctia 2 va trong mdi budc
khong ¢o6 hai hop nao cé sb bi dugc bo vao gidng nhau. Tim s nguyén duong k
nho nhit sao cho sau khi thuc hién k budc tit ca cac hop déu co sé bi gidng nhau.
Loi giai

Gia str sau k budc, mdi hop déu ¢6 n vién bi. Khi do, sb bi trong tat ca cac hop 1a
15n.



. m \ /{ A . ‘;\ /’\ 2 \ ~ A \ 14 2 14 4 .
Goi 2™ 1a s0 vién bi nhiéu nhat dugc bo vao mot hop nao d6 & budc thir i (

I <i k),

Goi m 1a s6 16n nhat trong cac s6 m;, my,.....,mr. Khi d6, & moi budc, s6 vién bi
” N X R , A A , Am =m- 1 =l A0 _am+l _

duoc bo vao tat ca cac hop khong vugt qua < +<  F..Fo +o =2 I. Suy

, , me+l _
ra, sau k budc, s6 vién bi trong tat ca cac hop khong vuogt qua k(2 D Do ds
15n k(2™ - I)<k.2™

~ 7 m A S =m g m+l < N A A
Mit khéc, d& thdy n >2"ngn 15.2% <15n <k.2™" quy ra k> 7.5. Vi k 1a s nguyén
duong nén kK 28 Do dé, can khong it hon 8 bude bé bi vao cac hop nhu sau:
* Bude 1: 1,2,27°,2°,2%,2°,2°,27,0,0,0,0,0,0,0

, o X E e s R le s LN 1 o X e 2, A g Xe 1A 1A
* Budc 2: 12,27,2°,27,2°,2°,0,2 ‘ﬂ*ﬂ*ﬂ*ﬂ*ﬂ*ﬂ. Khi d6, so6 bi trong moi hdp lan
e I 20l EREs L Bl LIEs K Eis
luot 1 2-27:2°,2,2°,2°,27,27,27,0,0,0,0,0,0

> 3 5 7
2.27. 2% 24 25 2° 0.0.0.27.

* Buge 3; 22-2.2.20.2% 0.0.0.0.0 ki g6, sé bi trong mdi hop lan

e FEs ENEs LN Bl L TNEs RS Kis EiN 1
lugt [ < == 2% 24 »< 2 s 22 2 58 08 .0,0,0,0,0

..........

* Buge 8: 2 +0:0,0,0,0.0.0,0,0,0.0.0.0.2" "k g6, 56 bi trong mdi hop 1an luot 1a

AT AT A7 =T A7 2? 2? 2? 2? T »7 =7 A7 »7 a7

e e e e mde w »
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