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Lo1 no1 dau

Dé thit goi lenh lamdethi.sty toi bién soan mot s6 dé toan thi Olympic,
ma cac hoc tro ciia toi da lam bai tap khi hoc tap BKTEX. Dé phu vu céac ban
ham hoc toan t6i thu thap va gom lai thanh cac sach dién tit, cac ban c6 thé
tham khéo. Mdi tap toi sé gom khoéng 50 bai véi 161 gidi. Tap nay cé sy dong
g6p cua Trinh Quang Anh, Nguyén Thi Binh, Nguyén Thi Thanh Binh, Dao
thi Kim Ctc, Nguyén Hoang Cuong, Giap Thi Thuy Dung, Mai Xuan Dong,
Hoang Ha, Nguyén Thi Thanh Ha.

R4t nhiéu bai toan dich khong dude chuan, nhiéu diém khong hoan toan
chinh x4c vay mong ban doc tit ngdm nghi va tim hiéu lay. Nhung day & ngudn
tai lieu tiéng Viet vé chu dé nay, toi da c6 xem qua va ngudi dich 13 chuyeén veé
nganh Toan pho thong. Ban c6 thé tham khao lai trong [1].

Rat nhiéu doan vi méi hoc TeX nén cau tric va bd tri con xau, toi khong
¢6 thoi gian sita lai, mong cac ban thong cam.
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Chuong 1

Pé thi olympic Israel

>1.1.

>1.2.

Dinh nghia f(n) =n!. Cho

a=0.f(1)f(2)f(3)....

Néi cich khdc, dé thu duge su biéu dién phan thap phan cia a viét cdc
bicu dién thap phan cia f(1), f(2)., ... trong mot hang, a cé phdi la s6
hitu ty khong?

Loi gidi: Néu a la s6 hitu ty thi cic con sd trong phan thap phan phai
xuat hién mot cach tuan hoan. Vi f(n) luon bao gom mot s6 khac khong,
nén phan tuan hoan ciia phan thap phan khong thé chi bao gom toan
s6 khong. Tuy nhien, n du 16n, sé cac s6 0 chua trong f(n) tién t6i vo
cting, vi vay phan tuan hoan ciia phan thap phan phai chita toan s6 0 —

mau thuan. Vi vay a khong 14 s6 hitu ty.
. A ABC dinh la nhitng diém nguyén. Hai trong ba canh cé do dai thudc

tap V17, V1999, /2000 . Tum gid tri ldn nhat cé thé cia dién tich
AABC.

Lai giai: Khong mat tong quat, gia sit canh AB, BC c¢6 do dai thuoc

V17, V1999, v/2000 thi
Sapc = 3AB.BC sin BC A<$v/2000v/2000sin § = 1000.
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>1.3.

>1.4.

Déng thiic c6 thé xay ra, chang han trong A ma dinh 1a (0,0); (44,8) va
(-8, 44) chinh x4c 2 canh dai /2000 vi 44% + 8% = 2000 va goc gitta 2
canh la £. T d6, dién tich 16n nhat ciia A 1a 1000.

Bai toan 3.Cdc diém A, B, C, D, E, F nam trén 1 duong tron va cdc
duong thang AD, BE, CF dong quy. Lay P, Q, R la cdc trung diém canh
AD, BC, CF tuong ing. 2 doan (day cung) AG, AH dugc vé sao cho AG
// BE va AH//CF ching minh rang A PQR va A DGH dong dang.

Loi giai: Cac goc dinh huéng modun 7. Gia st doan thing AD, BE,
CF dong quy (cit nhau) tai X va O 1a tam duong tron cho & bai.

Hién nhien OPX — @ — ORX = Zysuyra O, P, Q, R va X cung
thuoc 1 duong tron.

Vivay DGH = DAH = DXC = 71— CXP = n— RXP = PQR Tuong
tw DGH = PRO, tit d6 suy ra APQR ~ ADGH.

Mot hinh vuong ABCD cho trude, mot phép dac tam giac cia hinh vuong
la 1 su phdn chia hinh va thanh cdc tam gidc sao cho bat ky 2 tam gidc
deu duoc tach roi, chi chung 1 dinh hodc chung nhaw chi 1 canh cu thé.
Khong dinh nao ctia 1 tam gidc cé thé ndm & phan trong ctia canh tam
gidc khdc). Mot “phép dac tam gidc tot” cia 1 hinh vudng la phép dac
trong dé moi tam gidc déu nhon.

a. Cho 1 vi du vé phép dac tam gidc tot ciia hinh vuong.

b. Tim s6 nhé nhat cia cdc tam gide can dé c¢6 mot phép dac tam gidc
tot?

Loi gidi: Ta dua ra 1 vi du vé phép dac tam giac tét véi 8 tam giac.
Dat huéng hinh vuong sao cho doan AB dit nam ngang va A 1a dinh
trén beén trai. LAy M va N la cic trung diém canh AB va CD tuong ting,
va P la 1 diém trung doan MN khac trung diéem MN. Céc géc Jm,
APD va DPN va cic géc phan xa ctia chung qua MN - tat ca deu la
cac goc nhon. Ta chon Q, R trén duong thang nim ngang qua P sao cho
Q, P, R nam theo thit tu tir trai qua phai va QP, PR c¢6 do dai rat nho
(khong dang ké) chia hinh vuong thanh cac A bing cach vé doan QA,
QM, QN, QD, RB, RM, RN, RC va QR. Néu ta chon Q sao cho PQ du
nhoé thi s6 do cac goc ]\762\14, IQ\D, DQ/TN sé gan bang s6 do goc m,
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A/P\D, DPN , vi vay nhiing tam giac nay sé nhon.

Tuong tiu, néu chon R sao cho PR di nhé thi ]\7]%\3, B/R\C, CRN sé
cting nhon. D& kiém tra ring cac géc trong su phan chia trén 13 nhon
nhu yéu cau.

b.Ta sé chiing minh s6 nhé nhat 1a 8. Ta da chi ra rang 8 1a gia tri cé
thé thuc hien duge. Vi vay, chi can chi ra nhitng phép dac tam giac tot
nao vdi it hon 8 tam giac. Nhan xét rang trong 1 phép dac tam giac tot,
mdi dinh ctia ABCD la dinh ctia it nhat 2 tam gidc bdi vi géc vuong do
phai dudgc chia thanh cac géc nhon. Nhu vay, bat ky dinh ndo nam trén
canh ABCD phéi 1a dinh ctia it nhat 3 tam giac va bat ky dinh ndm &
phan trong phai la dinh ctia it nhat 5 tam giéc.

Tém lai, ta c6 thé ching minh mot két qua manh hon vé mdi géc clia
hinh vuong ABCD. Phai c6 mot tam gidac ma canh bat dau tir dinh hinh
vuong va diém cudi nam tron & phan trong hinh vuong ABCD. Khong
mat tong quat, gid sit goc (dinh) d6 1a A. Canh AX nao dé clia tam gidc
chia goc vuong tai A ra.Gid st phan ching rang X khong nam & phan
trong hinh vuong ABCD, khong méat tong quét, gid st X thuoc doan
BC (khong trung B). Bang dinh nghia ctia phép dac tam gidc : khong c6
dinh khéac ctia mot tam giac trong phép dac tam giac nam trén doan AX.
Vi vay, ¢6 1 diem Y trong AABX sao cho AAXY la mot thanh phan C
phan tit ctia phép dac tam giac tot. Nhung néu vay AYX > ABX = z
: mau thuan.

Ta xét 1 phép dac tam gidc tét bat ky cia ABCD. Lay i 1a s6 clia “cac
dinh trong” — cac dinh trong phép dac tam gidc ma nam bén trong hinh
vuong ABCD. Theo trén i > 1. Trudc tién gia st rang ¢6 mot dinh trong
P. Két qua ciia doan trude cho ta: doan PA, PB, PC, PD phai la cac
canh cua cac tam giac trong phép dac tam gidc. Mot trong goc APB ,
BPC, CPD, DPA phai 16n hon I gia sit la APB. Géc nay phai duge
chia ra trong phép dac tam giac nay bang canh PQ nao dé, véi Q 1a
diém thuoc doan AB. Nhung ca A/Q\P va EQ\P c6 s0 do it nhat 1a 5 nén
Q phai ndm trong canh ctia tam gidc nao d6 ma khong nam trong doan
QA, QB hoic QP. Tuy nhién khong thé tao dugc mot canh ma khong
cat AP hosic BP va canh d6 khong két thiic 6 mot dinh trong thit hai.
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Gia stt tiép i > 2. V6i mdi mot n cac tam gidc, ta c6 thé dém 3 canh
dé c6 tong 3n; mdi canh nim trén bién hinh vuong duge dém 1 1an, céc
canh khéc duge dém hai lan. Néu i = 2 thi v6i mdi 2 diém trong it nhat
5 canh tam gidc nhan diém d6 lam diém cudi, nhiéu nhat 1 canh tam
giac chita ca hai dinh trong, nén it nhat 9 canh tam gidc khong nam &
bién ctia hinh vuong. Néu i > 3, 1ay bat ky 3 dinh trong. Mdi dinh thuoc
it nhat 5 canh tam gidc va nhiéu nhat 3 canh tam giac chia 2 trong 3
dinh d6. Vi vay it nhat 3 x 5 — 3 = 12 canh tam gidc. Khong thudc bién
hinh vuong. Trong c& hai truong hop déu c6 it nhat 9 canh tam gidc
khong thudoc bién hinh vudng, va hon ntta lai c6 4 canh tam giac thudc
bién hinh vuéng. Vi vay 3n>9 x 2 + 4 = 22 hay n > 8. Vi vay trong

moi truong hop phai cé it nhat 8 tam gidc thod man yeu cau.



Chuong 2
Pé thi olympic Italy

>2.5. Gid st ABCD la mot @ gidc loi, vdi o« = LDAB;3 = LZACB;§ =
/DBC; vae=/DBA. Gid thiét ring o < w/2, 8+~ =7/2 va 6 +2¢ =

7, chiing minh rang

(DB + BC)? = AD* + AC*.

Loi giai: Gid st D’ 1a diém déi xiing ctia D qua duong thang AB. Ta
c6 /D'BA=/DBA=¢nén /D'BC =/D'BA+ /ABD + /DBC =
2¢ + 6 = m. Vay, D', B, C la thang hang. Cing c6 ZAD'C + LACD' =
LADB+ ZACB =+~ =m7/2,nén ZD'AC = /2 va tam giac A’AC
vuong. Theo dinh li Pythagorean, D'C' = AD" 4+ AC?, kéo theo

(DB+ BC)? = (D'B + BCO)? = D'C* = AD” + AC?

= AD? + AC”,
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>2.6.

duge diéu phai chitng minh.

Cho s6 nguyén c6 dinh n > 1, Alberto va Barbara chai tro choi sau, bt
dau vdi bude dau tién va sau dé xen ké gitta lan thit hai va lan thit ba :
o Alberto chon mot so6 nguyén duong.
e Barbara chon mot so nguyén lon hon 1 la mot boi hodc udc clia so
nguyén cta Alberto, ¢ thé chon ding la s6 nguyén cia Alberto.
e Alberto cong hodc tri 1 t so ciia Barbara.
Barbara chién thing néu co ay chon ran vdi 50 lan choi. Véi gid tri nao

clia n co ay la nguoi thang cudc.

Loi giai: Muc dich ctia ching ta 1a Barbara 13 ngusi thang cudc néu va
chi néu it nhat & mot diéu kién sau dudc théa man :

o n =2

o 4| n;

e ¢6 s6 nguyen m > 1, sao cho (m* — 1)| n.
Dau tién ching ta chi ra rang khi v chi khi ba diéu kién nay 1a ding,
thi Barbara 1a nguoi chién thing. Néu Barbara chon lan dau tién a 1
mot s6 chin thi Barbara c6 thé chon 2 trong lan dau tien. Néu thay a
bang mot s6 18, thi Barbara cé thé chon chinh la s6 a 1a t6t nhat. Néu
a = n, cd ay chién thang; néi cach khéac, 1lan chon thit hai ctia Alberto
phai 1a s6 chén, va Barbara c6 thé chon s6 2 trong lan chon thit hai. Gia
st ay, by, as, by, ... 1a cac sd dude chon sau khi Barbara chon 2 cho lan
chon dau tien.
Truong hop 1 :

(a) n =2, trong truong hgp nay Barbara thyc sy chién thang.

(b) 4| n. Néu a; = 1, thi Barbara c6 thé chon b; = n va chién thing.
N6i cach khac, a; = 3, Barbara c6 thé chon b, = 3, a, bang 2 hoic
4, va Barbara c6 thé chon by = n.

(c) C6 s6 nguyen m > 1, (m? — 1)| n. Nhu truong hgp 2, Alberto phai
chon a; = 3 dé ngan Barbara thing cudc. Thuc té, c6 ding mot
s6 nguyen trong cac s6 m — 1,m vd m + 1 chia hét cho 3, nghia
13 hosic 3 chia hét m hodc 3 chia hét m? — 1va vi vi 3 chia hét n.
Trong trudng hop dau tién, Barbara c6 thé chon by = m, bt budc
as = m £+ 1 va kéo theo Barbara chon by = n. trong trucng hop
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>2.7.

sau, Barbara c¢6 thé chon b; = n.
Bay gio chiing ta thay rang Barbara c6 mot chién thuat chién thing néu
it nhat mot trong cac diéu kién la ding. Bay gio ching ta gia thiét ring
khong diéu kién ndo 1a ding v6i n > 1 va chitng minh rang Alberto c6
thé luon luon ngan can Barbara tién dén chién thing. Béi vi diéu kien
thit nhat va tht hai 13 khong dang va baéi vi diéu kién thi hai 1a sai véi
m = 2, ching ta c6 n # 2,3,4,. Vay n > 4.
Goi mot s6 nguyen duong n 1a s6 hy vong néu aln va n|a. Ching ta
chitng minh rang véi s6 nguyén b > 1, ton tai a € {b — 1,0+ 1} sao cho
a la s6 hy vong. Déiu nay kéo theo ring Alberto c6 thé bat dau chon
mot vai s6 hy vong va cling chon mot vai sé hy vong theo sau dé ngan
can Barbara tién dén chién thing sau 50 lan.
Gia stt vi dieu kién 1a muc dich trén 1a sai véi s nguyén b > 1. Néu
b>mn,thi b—1va b+ 1 phaila boi cia n. Do dé n chia hét hieu, tic 1
2, mau thuan.
No6i cach khac, b < n. Béi vi n khong chia hét n+ 1 hodc n+2 véi n > 2,
ching ta phai ¢6 (b—1)|n va (b+ 1)[n. Néu b — 1 va b+ 1 1a chin, thi
mot trong ching phéi chia hét cho 4 - nhung 4| n, mau thuan. Vay, b—1
va b+ 1 1a 1&. Dieu nay kéo theo ching nguyén t6 cting nhau va tich cta

ching b* — 1 chia hét n, mau thuln véi gia thiét dicu kieén thit ba 1a sai.

Gid st p(z) la mot da thiic vdi hé so6 nguyén sao cho p(0) = 0 va 0 <
p(1) <107, va sao cho ton tai cic s6 nguyén a,b théa man p(a) = 1999
va p(b) = 2001. Xdc dinh cic gid tri cé thé ciia p(1).

Lai gidi: Néu p(z) = 20002% — z, thi p(0) = 0,p(1) = 1999, va p(—1) =
2001. Néu p(z) = 20002+, thi p(0) = 0, p(1) = 2001, va p(—1) = 1999.
Do d6, c6 thé p(1) = 1999 hozc 2001,

Bay gio gid sit ring p(1) # 1999,2001. Thi a,b # 1. Béi vi p(0) = 0,
chiing ta viét duge p(x) = xq(x) v6i da thiic ¢(x) c6 he s6 nguyen. Bdi
Vi ¢ c6 hé s6 nguyen, ¢(a) 1a mot s6 nguyen, va cé thé viét ¢(x) —q(a) =
(x—a)r(z) véi da thiic 7(x) c6 he s6 nguyen. Va bdi vi r ¢6 hé s6 nguyen,
7(b) 1& mot sd nguyen, va ching ta c6 thé viét r(x) — r(b) = (z — b)s(x)
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v6i da thiic s ¢6 hé s6 nguyen. Do do6 :
p() = 24(z) = z4(a) + 2z — a)r(z) *)
= zq(a) + z(x — a)r(b) + z(z — a)(x — b)s(x).
Dac biét, khi cho x = a va x = b, chiing ta tim dugc
1999 = ag(a)
2001 = bg(a) + b(b — a)r(b).
Béi vi p(0), p(a) va p(b) 1a cac s6 phan biét, vi vay 0,a va b ciing phan

biét. Do dé, ching ta c6 thé giai hai phuong trinh trén dé tim dugc

1999

B 20a01 —bq(a)
"=

q(a) = (*)

BGi vi a # b, ching ta c¢6 |a — b| chi hét p(a) — p(b). Vi vay |a — b| bang
1 ho#ic 2. Cung vay, véi moi x € Z, ching ta c6 p(z) = xq(x) va vi vay
x| p(z). Déc biét, a| 1999, cho nén

la| € {1,1999}.

V6i han ché nay, két hop véi diéu kien |a — b| € {1,2}, 02001, a # 1, va

b # 1, kéo theo ring (a,b) bang mot trong cic cip sau :
(—1999, —2001), (—1, —3), (1999, 2001).

C6 dinh (a,b) 1a chung cho ba cip trén. Tu (*) ching ta biét rang g(a)

phéi bang ¢ = @ va r(b) phai bang 5 = %. Cho z =1 va (*)
dé tim p(1) :
(a,b) q(a) | r(a) p(1)
(1999, —2001) | —1 0 | =1+ (2000.2002)s(1)
(—1,-3) 1999 | —666 | —3331 + 8s(1)
(1999, 2001) 1 0 | 1+ (1998.2000)s(1).
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Vi vay, p(1) ¢6 dang m + ns(1) v6i s6 nguyen co6 dinh m,n. That vay,
gia sit rang ¢6 mot sé6 dang m + ns gitta 0 va 107, § dat s 1a s6 nguyen.

Ching ta co
p(z) = e+ 7z(x — a) + Sxz(z — a)(x — b),

ching ta c¢6 p(0) = 0,p(a) = 1999, p(b) = 2001, va p(1) = m + ns.

Do d6, cac gia tri c6 thé ciia p(1) 1a 1999 va 2001, va cic sO gitta 0
va 107 dong du véi —1 (mod 2000.2002), —3331 = 5 (mod 8), hodc
1 (mod 1998.2000).



Chuong 3
Pé thi olympic Nhat Ban

>3.8. Ta trdo mot loat cdc ld bai danh so ai,as, . ..,asn t0 trdi qua phdi bang

viéc sap xep cac la bar theo thi tu mdi:
as, ag, - . .,Aa3n, a2, as, . . . A3pn—1, @1, A4, - . . , A3p—2

Vi du néu 6 ld bai duge danh s6 1,2, ...,6 tu trai qua phdi thi viéc trdo

ching 2 lan sé thay doi trat tu cia ching nhu sau:
1,2,3,4,5,6 — 3,6,2,5,1,4 — 2.4,6,1,3,5

Bdt dav vdi 192 quan bai ddanh so 1,2, ...,192 ti trdi qua phdi, liéu ta
c6 duoce trat tw 192, 191, ..., 1 sau so lan trdao hdu han?

Lai giai: V6i moi n, cho f(n) 1a vi tri trong chudi cdc quan bai & dé
quan bai di vi trf thit n sau mdi lan trao. Ta thay rang sau k lan tréo,
f¥(n) & vi tri thit n. Ta da duge biét rang f(1),..., f(192) bang 3, 6,
o, 192,25, 000,191, 1, 4, ..., 190. Trong trat tu nay, sy khac biét
gitta bat ky s6 hang nao vé6i sé6 hang ding trude né 1a dong du ti 3 t6i
modul 193. Vi f(1) =3 (mod 193) ta c¢6 f(n) = 3n (mod 193) véi mdi
n.

Trong trat tu (3%)%°,(3%)21 ..., (3%)% v6i mdi s6 hang 1a binh phuong
clia s6 hang trudc né. It nhat mot sé hang trude né (sé hang dau tien 2t)

khong dong du v6i mot modul 193; gia st N = 3¢ (6 d6 d 1a s6 nguyén
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>3.9.

duong) 1a gia tri 16n nhat v6i thuoc tinh clia né, vi 193 1a s6 nguyén
t6, theo dinh 1y Fermat c6: (3%)%6 = (3%)!1%2 = 1 (mod 193), do vay 3¢
khong phai 1a s6 hang cudi cliing trong trat tir ndy. Do vay, N? s6 hang
tiép theo ctia N trong trat tu la dong du v6i 1 modul 193. Vi 193 chia
duge cho N? — 1 nhung khong chia duge cho N - 1, n6 phai chia hét cho
(N2 —=1)(N—1)=N+1=3%+1, c6 nghia 12 3¢ = —1 (mod 193) .
Véin = 1,2,...,193 ta c¢6 f4(n) = 3% = —n (mod 193). Do vay
f4n) = 193 — n, c6 nghia la trat ty 192,191,...,1 xuat hién sau d
lan trao.

Chu y: Gia tri d tim thay & trén thuyc té 13 bang 24. S6 nguyen duong
k nhé nhat théa man 3* = —1 (mod 193) 1a 8, c6 nghia la trat tu

192,191, ..., 1 xuat hién lan dau tién sau 8 lan trao bai.

Trong mat phdang cho cic diém phan biét A, B, C, P, Q, khong cé 3

diém nao thing hang. Ching minh ring:

AB+ BC + CA+ PQ < AP + AQ + BP + BQ + CP + CQ.

Loi giai: Trong bai giai nay, khi goi mot da gidc V...V, 1a 16i néu
Vi, ..., V, tao thanh mot da gidc 16i trong trat tuy dé. (Vi du néu ta noi
hinh vuong ABCD 1a 16i thi ta khong néi rang ACBD 1a 16i.)

Ta noéi rang diéu kién (a) ¢d dinh néu ti giac XYPQ la 16i véi X, Y €
{A, B,C}. Trong truong hgp nay ta chiing minh bat déng thitc can
chiing minh 1a ¢6 dinh. Khong méat tinh tong quat, ta c6 thé gid thiét
rang ti gidc ABPQ 1a 16i. Néu AP giao v6i BQ tai O, thi bat dang thiic
tam giac cho ta AB < AO + BO va PQ < PO + QO. Cong 2 bat ding
thitc nay ta co:

AB < AO + BO + OP + 0Q = AP + BQ

Vi khong c6 3 trong sb céc diém da cho nao thang hang nén bat ding
thitc tam gidc ciing chi ra rang BC < BP + PC va CA < CQ + QA
Cong 3 bat ding thic cudi cling nay ta c6 két qua can ching minh.

Tiép dén ta n6i t6i dieu kien (b) ¢6 dinh, néu xem X ndm trong tam gidc
YZM véi sy hoan vi (X, Y, Z) cia (A, B, C) vavéi M € {P,Q}. Ta ching
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minh ring bat ding thitc can chiing minh ¢6 dinh trong truong hop nay.
Khong mét tinh téng quat, gid sit A nam trong tam gidc BCQ. So dd
chuyén diém P tity ¥ t6i méi canh PB, PC la cac ham 16i ngit, c6 nghia la
P — PB+ PC ciing 1a mot ham 161 ngit. Do vay, trén tat ca cac diém
P hoac trong tam gidc BCQ ham nay chi dat cuc dai khi P trung véi B,
C hodc Q. Vay nén: AB+AC < max{BB+ BC,CB+CC,QB+QC} =
QB + QC cong bat dang thiic nay véi bat dang thitc BC < BP + PC
va PQ < PA + QA, da c6 ¢ bat ding thic tam giac ta dude két qua
can chitng minh.

Do viéc doi tén cac diém, bao 16i ctia 5 diém da cho hoic phai la tam
giacBC, hodac ABP, hoic APQ, hoiic tit giac 16i ABCD, hoic ABPQ),
hoac APBQ), hoac ngii giac 161 ABCPQ hoiac ABPCQ.

Néu tam gidc ABC la bao 16i thi Q phai ndm phia trong mot trong cic
tam giac APB, BPC, CPA. Khong mat di tinh khai quat gia thiét rang
Q nam trong tam gidc APB. Vi C khong nam bén trong tam giac APB
nhung nam ciing phia dusng AB so véi Q, do vay QC phai giao v6i mot
trong 2 doan thang AP va PB. Néu QC giao v6i AP, thi t1t giac ACPQ
1a 161 va diéu kién (a) cd dinh; tuong tu diéu kién (a) ¢d dinh néu QC

giao v6i PB.

Néu tam gidc ABP 1a bao 16i thi C phai ndm trong tam giac ABP va
diéu kien (b) c¢6 dinh.

Néu tam giac APQ la bao 16i thi ta c6 thé gia thiét C khong gan hon
PQ so v6i B ma khong mat di tinh téng quat. Vay nén diéu kien (b) ¢
dinh.

Néu t1t giac ABCP 1a bao 16i thi Q nam trong tam gidac APB ho#c trong
CPB. Trong truong hgp dau tit gidc BCPQ 1a 16i va trong trudng hop
thit hai tit giac BAPQ 1a 16i. Vay nén diéu kién (a) c6 dinh.

Néu ti gidc 161 ABPQ, ngii giac 16i ABCPQ hay ngfi gidc 16 ABPCQ
1a bao 16i thi ti gidc ABPQ 1a 16i va diéu kién (a) c6 dinh.

Cubi ciing, néu tit giac 16i APBQ 1a bao 16i thi C hodc nam trong tam
gidc ABP hosic ABQ; ca trong 2 truong hop diéu kién (b) ¢ dinh.

Do vay, trong tat ci cac truong hgp, hodc diéu kien (a) hosic diéu kien

(b) 6 dinh, tit d6 suy ra bat dang thiic can chiing minh la ding.
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>3.10.Cho 1 s6 tu nhién n > 3, chiing minh rang ton tai 1 tap hop A, vdi 2
thuoc tinh sau:
(i) A, bao gom n s6 ty nhién riéng biét.
(j) Véi bat ky a € A,, tich so ciia tat cd cdic phan ti khdc trong A, cé
s6 du la 1 khi duge chia bdi a.
Loi giai:
Gid st ay, as, . .., ap(vik > 2) 1a cac s6 nguyeén riéng biét 16n hon 1 thoa
man ajay...ay = (mod a;) khi 1 < i < k. Gia stt € € {—1,1} va xac
dinh aqy1 = a1as...ap_c. Vi apyq1 > 2ap — 1 > a; v6i tat ca cac k, cac
s6 nguyén ay, as, . . ., ap41 van la cac sd nguyén riéng biét 16n hon 1.

Xem xét biéu thic
a1ay ... a; 1011 ... a1 =€ (mod a;)
16 rang no khong doi véi i = k + 1. Véi i < k n6 khong doi vi
(aras...a; 1a;41 .. ap)agr = (—1)(—€) =€ (mod a;)

Bat dau vdi cac s6 a; = 2,as = 3, ta ap dung cach nay n-3 lan tap hop
€ = —1 va mot lan tap hop € = 1. Tap hop A,, bao gom céac s6 két qua

& ai,as, ..., a, do dé6 théa man dicu kien dau bai.
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>4.11.Chi ra rang vdi moi s6 nguyén to cho trudc p thi ton tai nhiing so tu

nhién .y, z, w thod man x> +y* + 2> —w.p=0va 0 < w < p.

Loi giai: Vi truong hop p =2, tacé thé lay z =0,y = 2 = w = 1.
Bay gio ta xét truong hop p > 2. Trudc tieén ta xét truong hop —1 1a dong
du binh phuong modun p, khi d6 ton tai mot sé tiy nhien a, 0 < a < p—1
sao cho a? = —1(modp). Bo (z,y,2) = (0,1,a). Viz? +y? + 22 =a*+1
chia hét cho p nhung 1+ (p — 1)? < p? nén ton tai w € {1,2,....,p — 1}
sao cho 22 +y* + 22 —wp=0.

Tiép theo, gid st (—1) khong la dong du binh phuong modunp. Ta phai
tim mot s6 k nao dé dé cd k va p — k — 1 déu la dong du binh phuong.
Néu 2+ la dong du binh phuong thi chon k = 21, Néu ngudc lai, thi
mdi dong du trong s6 2+ cac dong du binh phuong khac khong sé roi
vao trong céc cap {1,p — 2} ,{2,p — 3}, ..., {p—f} , {p—;l} Theo nguyén
Iy Pigeonhole Principle s& ¢c6 mot cap (k,p —k — 1) ma ca hai sd k va
(p— k — 1) déu la dong du binh phuong nhu ta da dinh tim.

Vi vay, ta c6 thé chon z,y € {0,1, ...,p%l} sao cho z? = k(modp) va
y?> =p—k — 1(modp). Cho z = —1, ta c6 2% + y? + 22 chia hét cho p va
22 +y? + 22 < p?. Gia tri w sé dude xac dinh nhu § truong hop trude.
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>4.12.Tim tat cd cic ham f : R — R thod man

f@® =) = (v —y) [f(x) + f(y)]
vot moi T,y € R.
Loi giai: Cho x = y, ta duge f(0) = 0.
Cho z = —1,y = 0 ta duge f(1) = —f(—1).

Cho x =a,y =1, sau d6 cho x = a,y = —1 ta co:
fa®=1) = (a—1)[f(a) + f(1)]
fla*=1) = (a+1)[f(a) = f(1)]

Cho cac vé phai clia cac phuong trinh d6 bang nhau va giai phuong trinh
d6i véi f(a) ta duge f(a) = f(1).a v6i moi a.

Nhu vay, moi ham s6 nao thod man rang buoc da cho phai c6 dang

f(x) = kx v6i hang s6 k nao d6. Ngugce lai, bat ky ham sd ndo ¢6 dang
f(x) = kx v6i hdng s6 k nao do6 ro rang déu thod méan yéu cau bai toan.
>4.13.Cho ti# gidc loi ABCD la tii gide noi tiep. Goi P,Q, R, S lan lugt la cdc
giao diém cia hai dudng phan gidc ngodi cdc goc ABD va A/D\B, DAB
va DBA, ACD va ADC, DAC va DCA tuong ting. Chitng minh rang

bon diem P,Q, R, S cung nam trén mot duong tron.

A
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Loi giai: Cac goc xét dén déu 1a cidc goc dinh huéng ngoai trit cac
truong hgp néi khac di.

Gia st chung ta c6 mot tam giac tuy ¥y XY Z v6i tam duong tron noi
tiép 1a diém I va tam duong tron bang tiép Iy doi dien véi goc X. Suy
ra X, I, Iy thing hang. Ta c6 1Y [x=2= 1ZIx vi vay tit gidc [V Ix 7 la

noi tiép duge va )(/Ix\lfzﬁ;(?:ﬁ/ hay Y/IX\X:§7Z\I

X

Goi I, I, 1an Iugt 1a tam duong tron noi tiép cac tam giac ABD va tam
giac ACD.

Tt gid thiét ta suy ra P, Q 1a cac tam duong tron bang tiép clia tam
gidc ABD dbi dién véi goc A va goc D, tuong tu R, S 1a cac tam duong
tron bang tiép ctia tam giac AC'D ddéi dién véi géc A va goc D.

Ap dung két qui ciia phan tren véi (X,Y,Z,Ix) la (A, D,B,P),
(D,A,B,Q), (A,D,C,R) va (D,A,C,S) ta duge, APD=I,BD,
@:A/BI, A/R\D:@, va A/ST)ZA/CE

Khi coi cac goc sau 1a khong dinh huéng, ta thay fB\D, ﬁ, EC\D
va A/C’Tg déu bang @ = @.
Hon nita, cac goc trén déu cing mot hudng, nén néu coi chiing 14 nhing
goc dinh huéng, ching sé bang nhau. Nhu vay (trd lai véi nhitng goc dinh
hudéng) ta co: APD = A/Q\D — ARD = ASD va bén diém P, Q,R,S

cling nam trén cung tron truong béi A, D.

>4.14.Cho p la mot s6 nguyén t6 sao cho p = 1 (mod4). Hay tinh

p

{(I0)

b
Il
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Loi gidi: V6i mdi s6 thuc z, dat

{z} =2 —[z] €[0,1).

Ta co
{21@2} B 2k? {2k2}
b b b
va
LU
pl p p
Ta dugce

2]-o[2]-+{2) - (2]

Néu {z} < 5 thi 2{z} — {22} = {2} —2{2} =0

Néu {z} > 1 thi 2{z} — {22} =2{z} — 2{z} - 1) =1

Nhu vay, tong can tinh trong bai ra sé bing o la sd cac phan tit k trong
[1,p — 1] sao cho {%2} > 1, hay bang véi s6 dong du k khac khong ma
k? la dong du mo dun p véi mot s6 nao dé trong [, p —1].

Vi p 1a 86 nguyén t6 dong du v6i 1 mo dun p, ta da biét —1 = d*(modp),
v6i d 1a mot s6 nao d6. Phan chia cdc dong du mo dun p khac khong
thanh 2% cap dang {a,da} sao cho a? = —(da)?(modp).

Vi vay, c¢6 ding mot dong du trong moi cip ma binh phuong ciia né
dong du v6i mot s6 nao do trong [Z1, p — 1], va 6 tat ca 1 dong du
nhu thé.

Tit d6 suy ra tong da cho bang 21

>4.15.Xét nhimg hinh L sau ddy, moi hinh duge tao bdi bon hinh vuong don
vi ghép laz.
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Cho m va n la cic s6 tw nhién lon hon 1. Chitng minh rang mot hinh
ch@ nhat kich thudc man sé duoc xép bdi cac hinh da cho khi va chi khi
m.n la boi so cia 8.

Lai giai: Trudc tién ta chiing minh rang néu 8\mn, thi hinh chit nhat
man c¢6 thé dude xép béi cac hinh da cho.

Truong hop 1: Ca m va n déu la s6 chin. Khong méat tinh tong quét ta
gid st rang 4\m, 2\n. Hai hinh da cho c6 thé ghép duge mot hinh chit
nhat kich thu6e 4x2, va m.n/8 hinh chit nhat nhu vay sé ghép thanh
mot hinh chit nhat kich thude mxn (gom n/2 hang va m/4 cot).
Truong hop 2: Hosic m hoiic n 16. Khong mat tinh tong quat, ta gia si
rang m 1a s6 18. Khi d6 8\n. Vi m > 1 nén m > 3. Ta c6 thé ghép duge
mot hinh kich thuéc 3x8 nhu hinh vé sau:

Nhitng hinh 3x8 nhu vay c6 thé ghép thanh hinh chit nhat (3xn).

Néu m = 3, ta da ghép xong. Trong trudg hop nguoc lai, m > 3, thi
phan con lai (m—3)xn c6 thé ghép nhu trong trudng hop 1 vi 2\ (m —3).
Bay gio ta sé chitng minh rang: néu hinh chit nhat c6 kich thude (mxn)
duge ghép bdéi cac hinh trén thi 8\m.n. Vi méi mot hinh L ¢6 dién tich
14 4 nén 4\ (m.n). Khong mat tinh tong quat, gia sit 2\n, va t6 m hang
trong hinh chi@ nhat mxn thanh hai mau den tring canh nhau. Mbi
manh hinh chit L trong hinh chit nhat dugc ghép sé gom mot s6 1é 6 den
hinh vuong. Vi ¢6 tat ca 1 s6 chén (nx[2]) 6 vuong mau den, nén hinh
chit nhat duge ghép chita 1 s6 chdn cic hinh chit L, ma ta dat sd do la
2k. Nhu vay m.n = 8k, hay 8\mn.

>4.16.Cho nhing s6 thic a,b,c,x,y,z thod mana >b>c >0 vax >y >

z > 0.
Chaing minh rang:
a22? B2y 252

(by + cz)(bz + cy) * (cz + ax)(cx + az) N (ax + by)(ay + bx)

3
> =
— 4



Dé thi olympic Korea 23

Loi giai: Dat vé trai clia bat dang thic 14 S. Via > b > ¢ > 0 va
x>y >z>0nén taco bz + cy > by + cz suy ra

(by + c2)(bz + cy) < (by + ¢2)* <2 [(by)2 + (02)2}
Dat a = (az)?; 8 = (by)?*; v = (cz)?, khi d6 ta co:

a2x2 CL2I'2 (0]

by + )bz +cy) ~ 2[0)° + (c2)F] B i

Ap dung tuong tu cho hai bat déng thic, ta c6

1« B gl
(ﬂ+7 7—|—oz+oz+ﬂ

St dung bat dang thitc Cauchy-Schwarz, ta c6

> -
S_Q

)

(oz 6+7

15 Ve tagr gt sleta) trlatB)zlat f41)°

ma vé phai bang

% [(@=BP+(B=7"+(r—a) +3(af+af+1a)] > §(2aﬂ+2ﬂv+2w)
Do do,
1 « 6] v 1 (a+p5+7)? 3
= §(ﬂ+7+7+a * oz+ﬂ) = 2 (208 + 237 + 27a) = 4

Vay bai toan da dugce chiing minh.
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>5.17.Ddt rad (1) = 1, vdi k > 1, dat rad (k) la tich cdc s6 nguyén to cia k.
Mot day cdc so tu nhién ay, as, ... vdi so hang dau a, dudc zdc dinh bdi
moi quan hé: a,i1 = a, + rad(a,). Hay chi ra vdi méi nguyén duong
N, day any1 = a, +rad (a,) gom N s6 hang lién tiép trong mot cip so

cong.

Loi giai: *) B dé 1: Trong day rad (ay), rad (az), ... mdi s6 hang la
u6c clia s6 hang tiép sau no.

Ching minh:

Vi rad (a,) la uée cta cé a, va rad (a,)

nén rad (a,) 1a wée cua a, + rad (a,) = ap41

= moi thita 86 nguyén t6 ctia rad (a,) 1a u6c clia a, ;1

Vi rad (a,) va rad (a,,1) 1a tich clia cac uc s6 nguyen t6

Tu do cho ta két qua rad (a,) 1a wée clia rad (a,.1)

an N _ rad(an+1)
rad(an) Va Zn = rad(an)

Vi rad (a,) 14 u6e cia rad (a,41) nén b, la mot so6 nguyen duong Vn

*) Vi mdi s6 nguyen duong n dat b, =

Do bé dé 1, ta ciing c6 két qua tuong tu véi z,
Mit khéc z, va rad (a,) 1a nguyen t6 cing nhau do rad (a,.;) la tich

clia cac udc s6 nguyeén to.
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Vi vay ta co:

an+rad(an)

b _ An+1 _ rad(an) _ bn+1 +1
el T Bl T

*) Bo dé 2: V6i mdi N, ton tai mot s6 nguyen duong M thoéa man:
M = RM+1 = «++ = ZM+N-2 = 1

Chtng minh:

Co6 vai s6 nguyen t6 p nhé hon 2N théa man diéu kién ton tai mot s6 n
sao cho p la uée cua a,

Ap dung b6 dé 1, ton tai mot s6 nguyen m dit 16n sao cho a,, chia hét
cho moi s6 nguyeén to.

Goi M 1a s6 16n hon m sao cho by; 1a nhé nhat. Ta can ching minh M
thoa man diéu kién ctia bo dé nay.

That vay, gia st két qua trén 1a khong ding, khi d6 ta can chi ra s6 k
duong nhé nhat théa man 24,1 # 1

Mat khac k < N —1va zyy = z2p41 = o = 2yan-2 = 1

do d6 bag e s = by +k— 1

Ta can chi ra khong c6 s6 nguyén t6 nao nhé hon 2N c6 thé chia hét
cho zyr4x—1. Diéu nay la ding vi zp,4_1 1a tich cic s6 nguyén to chia
hét cho a4, nhung khong chia hét cho ap;yr—; v do appp_1 chia hét
cho rad (aps) va rad (aps) chia hét cho moi s6 nguyén t6 nhé hon 2N.
Do d6 chia hét cho moi a,. Tt d6 suy ra zpr4x—1 > 2N.

Vi vay:

bt 1 byt k btk byt N1

b
ZM+k—1 IMik—1 2N T 2N M

brik =

Diéu nay mau thuin véi gid thiét M 1a sd tu nhién 16n hon m va by 1a
s6 tu nhien nhd nhéat. Vay bo dé 2 dugce ching minh.
) Ap dung bd dé 2, v6i mdi N, tdn tai mot s6 tu nhien M thoa man:

rad (ay) = rad (ap41) = ... = rad (apr+n-1)

Vay an, apret, -y aaren—1 12 cdc s6 hang lien tiép trong mot cap so

cong.
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>5.18.Trong mdat phang, cho ba duong tron wy, we, ws doi mot tiép xic ngodi
nhau. Goi Py la tiép diém ciia wy, ws, Ps la tiép diém cia wa, ws. A, B
la hai diém trén duong tron ws khic Py, Py sao cho AB la duong kinh
ctia duong tron ws. Puong thang AP, cdt lai duong tron wy tai X, duong
thing BPy cdt lai duong tron we tai Y. Cdc duong thang AP,, BP; cit
nhau tai Z. Chiing minh ring X, Y, Z thing hang.

Loi giai: Xét cac goc la ¢6 huéng theo modulo m

Goi P5 1a tiép diém ctia hai dudng tron wy, we va Oy, O, Os la tam ciia
ba dudng tron wy, ws, ws tuong ing.

Goi wy la dudng tron ngoai tiép tam giac Py PP; va Oy la tam ding
phuong ctia ba dudng tron wi, wy, ws thi ta c6: O4P = O4P, = O4P;.
Do d6 Oy la tam cia dudng tron wy.

Vi 0,0,1L0,03 nén 0,05 1a tiép tuyén ciia wy.

Ching minh tuong tit ta ciing c6 0,05, 0203 13 tiép tuyén ciia wy.
WOgeABnéntacé:@:%3: m

Néu goi Z’ 1a giao diém thit hai ctia AP, va wy thi do O3P, 1a tiép tuyén
cla wy nén ta co:

OsPA = O3P7' = B Z!

Do d6 @ = @’ va Z' thuoc dusng thing BZ

Vi Z va Z' cung thuoec AP, AP, # BZ nén suy ra Z = Z'. Do d6
Z € wy.

Vi Oﬂjl\Og va m cung vuodng (do AB la duong kinh) nén ta cé:

ZP.0s = ZP,0y + O4P.03 = XP,Z + ZP,0, = XP,O,

(1) Vi PO, la tiép tuyén clia w; nén ta co: )ﬁ’1\04 = )@1 (2)

T (1) va (2) suy ra Z/Pﬁg = )@1

Goi [ 1a dudong thing ZP; néu Z = P; hodc duong thang tiép xic véi
wy tai P. Khi do: (l,/_P:Pl) = Z/PE:), (vi O3P; 1a tiép tuyén clia wy.
Két hop dieu nay véi két qua & trén, ta suy ra: (l,/Pg\Pl) = @1 =
X el

Chiing minh tuong tutaco Y €1 .

Vi Z €[ nén ta suy ra ba diém X, Y, Z thang hang.
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>5.19.Mot ham so f: R — R théa man cdic dieu kién sau:
1) [f(a) = f)<|a—b] Va,beR
2) f(f(f(0))=0
Chiing minh rang f (0) =

Loi giai: Ta st dung nhan xét sau: f* (z) = f(f(...f(2)...))

5,—/
k lan f
T (1) ta co:
[f(0)] = [£(0) = 0] = [f2(0) = F(O)] = [£°(0) = £2(0)] = [f*(0)]

va [f2(0)] = [f2(0) = 0] = [f*(0) = f(0)] = [f (0)]
ta suy ra | f (0)] = [f* (0)]
*) Truong hop 1: f(0) = f2(0)
Khi dé: f(0) = f2(0) = f°(0) =
*) Truong hop 2: f(0) = —f2(0)
Ta c6: |f (0)] = |f(0) = 0] > [f*(0) — f (0)] = 2/ (0)]
= [f(0)] <0 = [(0)=
Vay f(0) =
>5.20.Duong phan gidc ciia cic géoc A, B, C' cia tam giagc ABC cdt cdc canh

ctia tam gidc tai cac diem Ay, By, Cy. Ching minh ring:

BC AC AB
AC+AB BA+BC CA+CB

Loi giai: Gia st duong tron w ngoai tiép ti giac BA;B;C, cat lai
dudng thang AC tai X. Ta can chitng minh X phai thuoc doan AC.
Trude hét, do A nam trén duong BC; nhung khong thuoc doan BC
nén A phai ndm ngoai dudng tron w.

Tuong tir, C nam ngoai dudng tron w.

Ta c6 moi diém nam trong doan B; X déu nam trong dudng tron w, do
d6 B1 X khong chita A ciing khong chita C.

Vi B; nam trén canh AC do d6 X nam trén canh AC.

Dit BC = a; CA =b; AB = ¢. Ap dung phuong tich ctia diém A d6i
v6i duong tron w ta c6: AB.AC, = AX.AB;
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Tt dinh 1y vé duong phan giac trong tam giac ta co:

be be
AC, = ——; AB; =
YTty '“ate

Do dé6 ta co:

_ACL.AB be  a+c  (atc)c

AX _ . _
AB, a+b e a+b

Chiing minh tuong tu ta ciing c6: CX = etde

b+c
Hon ntta, do X thudc canh AC' nén:

b:AO:AX+OX:(a+c)( ib+bi )
a C

b c a a b c

& = & = -
a+c a+b+b+c b+c a+c a+b

hay
BC AC AB

AC+AB BA+BC CA+CB

>5.21.Nhitng s6 nguyén nao cé thé biéu dién dugc dudi dang

(z+y+2)°
Yz

vdi x, Yy, z la cdc so nguyén duong.

Loi giai: *) Nhan xét: Ta c¢6 cic sd sau thda man yéu cau bai toan:

1:(9+9+9)2 ‘ 2:(4+4+8)2 ‘ 3:(3+3+3)2
9.9.9 ’ 448 3.3.3
4:(2+2+4)2 ‘ 5:(1+4+5)2 . 6:(1+2+3)2
224 145 1.2.3
8:(1+1+2)2 ‘ 9:(1+1+1)2
112 1.1.1

Ta sé chitng minh khong c6 cac két qua khac théa man bd dé sau:

Bé dé: Néu n c6 thé biéu dién dude dudi dang

(z+y+2)
Yz
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thi n c6 thé viét dudi dang:

(' +y +2)°

'y’ 2

voix <y 472y <ad+2; <A +y
Ching minh bo dé:
Goi z, y, z 1a cac s6 nguyén duong théa man n =
13 nho nhat.
Vi n 1a mot s6 nguyén nén x 1a ude cia (zr +y + z)2 do d6 x 1a wée cua
(y+2)°

Dat o = @22 Khi d6 ta ¢6

(z+y+2)°
TYz

var+y+z

@ +y+2) _ @D (ED) (P4 (@y+2)

r'yz (yt-j)2 yz Yz xyz

L 2
Do z+y+z la nh6 nhat nén z+y+z < 2’+y+2z Suyraz < 2’ = % =

r < y + 2z Ching minh tuwong tu thi ta cing ¢c6: y < x+z2;2< x4y

(B6 dé dugc chitng minh)

(z4y+2)>
TYz

Gia st n = . Ap dung bd dé, khong mat tinh téng quat, ta co
thé gidasty+z2>2>y> 2

Ta xét cac truong hgp sau:

) Truong hop iz =y > 2 =1

Khi d6 n = 2250° = 2 1a wée chia 20+ 1= 2 =1 van =9

) Trudng hop 2: z=y+1>2=1

Khi don = {225 = 42 = & — 1 Ja uée ciia 4z = 2 — 1 1a u6e cia 4
= r€{2;3;5} = ne {8 6;5}

) Truong hop 3:y+ 222>y > 2> 1
Khidé:yz—(y+2)=@wy—-1)(2—1)—1>20

=Yz zytzzze

Dox>y>ztachiozy>2z; 222y

Do do

n:wz2(l+l+l)+£+i+i<2.§+1+1+1=6
TYZ r Yy =z Yz Tz Ty 2

= n € {1;2; 3; 4; 5; 6}

Vay cac két qua ctia n can tim la n € {1; 2; 3; 4; 5; 6; 8; 9}
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>5.22.Mot dat nudc cé n thanh phé. Tong chi phi cia chuyén di ti thanh phd i
dén thanh phé j la x,;. Gid sit rdng tong chi phi clia tuyén duong qua moi
thanh pho ding mot lan va két thic tai diém bt dau khong phu thuoc

vao viéc chon tuyén duong. Chiing minh rang ton tai cdc s6 ay, as, ..., Gy
va by, by, ..., by sao cho x;; = a; + b; vdi moi s6 nguyén duong i,j théa

man 1 <1< j < n.

Lai giai: Dat f (a, b) = x4 + T1p — ey vOi a,b va 1 13 ba s6 phan biet

*) Bo dé: f (a, b) khong phu thude vao a, b

Chitng minh b6 dé:

+) V6i n < 2, dieu nay 1a tam thuong vi khi d6 f dugce xéac dinh khong
c¢6avab

+) V6in =3 ta can chira f(2,3) = f (3, 2)

hay w91 + x13 + w32 = X317 + T12 + T3

Nhung nhitng dang thitc nay la téng cac chi phi ciia 2 tuyén duong ma
modi tuyén déu di qua moi thanh phd ding 1 1an, do d6 chting bang nhau.

+) V6i n > 4, tuyén duong:

a,1,b,¢,2,3, ...,a—1,a+1,..,0—1,0+1, ....,c—1,c+1,...,n
va tuyén duong

a, b,1,¢,2,3,...,a—1,a+1,..,0—1,0+1, ..., c—1,c+1,...,n

phéi c6 tong toan bo chi phi bing nhau. Cac tuyén duong nay gan dong
nhat, cho phép tadé dang tim dugc st khac nhau ctlia tong chi phi ctia
2 tuyén duong do la:

(zal + T1b + zbc) - (zab + Tp1 + xlc)

Do do6, f (a, b) = f (b, ¢) v6i moi a,b, ¢ d6i mot khac nhau va khéc 1
Hon nita, tong ctia toan bo chi phi clia 3 tuyén dudng:

l,a,b,2,....n ; b, 1,a,2,....m ; a, 1, b 2, ...n
phéi bing tong clia toan bo chi phi ciia 3 tuyén duong:

1.b,a,2,....m ; a,1,0,2,....mn ; b, 1,a,2,...n
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Do d6 2 (214 + Tap + p1) = 2 (T1p + Tpa + Ta1)

T d6 suy ra f (a, b) = f (b, a)

V6i ¢, d khong bang a, b ta co: f (a, b) = f (b,c) = f (¢, d) ;
[@b)=f(b,¢) = f(c,b)

Flab)= £ (ba) = f () = f (c.a)

Diéu nay da chiing minh duge két qua ctia bo deé.

*) V6i moi a, b phan biét va khac 1 ta c6: f (a, b) = F v6i F 1a hing s6
Choa;=0;b=Fvadatb, =z ; ay =241 — F

Vé6i moi i, 7 khong dong thoi bing 1 ta co:

.Tij:xil—.Tﬂ—xlj—i‘.Tij—i-.le:xﬂ—F—i‘.Tij:(Zi—‘—bj

tic la ton tai cac so ay, ag, ..., a, va by, bs, ..., b, sao cho x;; = a; +b;

v6i moi s6 nguyén duong 4, j théaman 1 <i<j < n



Chuong 6
Pé thi olympic Rumani

>6.23.Ham f : R? — R dugc goi la olympic néu né théa man tinh chat: vdi
n > 3 cic diém roirac Ay, Ay, -+ | A, €R", néu f(A)) = f(Ay) =+ =
f(A) thi cic diem Ay, Ay, -+, A, dudc goi la cic dinh cia da gidc 10i.
Cho P € C[X] khdc da thiic hang. Ching minh rang ham f : R* — R
dugc cho bdi f(x,y) = |P(z +1iy)|, la olympic khi va chi khi tat cd cac

nghiém cia P la bang nhau.

Loi gidi: Trude hét ta gid st rang tat cid cac nghiém ctia P 1a bang

nhau, khi d6 ta viét duge dudi dang:

P(z) = a(z — 2)" v6i a,20 € C van € N. Néu Ay, Ay,---, A, la
cac diém 10i rac trong R? sao cho f(A;) = f(Ay) = --- = f(A,) thi
Ay, Ay, -+ ) A, nam trén dudng tron véi tam 1a (Re(zp), Im(zo)) va ban

kinh la p m, suy ra cac diém do 1a cac dinh ctia mot da giac 16i.
Ngudc lai, ta gid sit rang khong phai tat ci cac nghiem ctia P 1a bang
nhau, khi d6 P(z) ¢6 dang:

P(z) = (z — z1)(z — 22)Q(2) v6i 21 va zp la 2 nghiém phan biét cla
P(z) sao cho |z; — 23| 1& nhd nhat. Goi 1 1a dudng thang di qua hai
diem Z; va Zy v6i Zy = (Re(z1), Im(z)),Zs = (Re(22), Im(z)), va dat
23 = %(zl + 25) sao cho Zs = (Re(z3), Im(z3)) 1a trung diém ctia Z; Zs.
Ky hieu sy, sy 1an lugt 1a cic tia Z37y, Z32, var = f(Z3) > 0. Ta phai

c6 r > 0, béi vi néu nguoc lai ta c6 z3 1a mot nghiém ctia P sao cho:
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|21 — 23] < |21 — 29, diéu nay la mau thau véi |21 — 25| 1a nho nhat.

Do
Zesy Z€sy

va f lién tuc, ton tai Z, € s; vA Z5 € s9 sao cho f(Zy) = f(Zs) = r. Do
Vay f(Zg) = f(Z4) = f(Z5) va Z3, Z4, Z5 kh()ng phél la cac dinh cua da
giac 16i. Do vay, f khong phai 1a olympic.

>6.24.Vdi n > 2 la s6 nguyén duong. Tim s6 cic ham f : {1,2,--- n} —
{1,2,3,4,5} théa man tinh chat: |f(k+1)— f(k)] > 3 vdi k =
1,2, n—1

Loi gidi: Ta c6 n > 2 bat k¥ va tim s6 cac ham tuong tng. Néu
f{1,2,---,n} — {1,2,3,4,5} phai théa man da cho thi f(n) # 3
béi néu nguge lai thi f(n — 1) < 0 hoac f(n — 1) > 6, vo ly. Ky
hiéu ay,, by, dn, e, 1a 86 cac ham f : {1,2,--- ,n} — {1,2,3,4,5} thoa
man tinh chat da cho sao cho f(n) tuong ting bang 1,2,4,5. Khi d6

ag =ey=2va b =dy =1, vadovay véin > 2 :

Apy1 = €p + dna bn+1 = €n
€n+1 = Qp + bn7 dn—l—l = Qan

Ta can tim a, + b, + d,, + e, v6i Vn > 2. Ta c6: ay = ey va by = do;

bang quy nap ta c6 a, = e, va b, = d, Vn > 2. Do vay vdi Vn, ta co:

Apio = €41 + dnJrl = OGp+41 + bn+1 = Qpy1+ €y = Apy1 + ay,

do vay, {a, }n>2 thoa man nhu day Fibonaci {F}, },,>0, v6i céc chi s6 duge
chon saocho: F1 =0va I} =1. Béivias =2=F, vias = ey +dy =
3 = F3, vay suy ra a,, = F,, v6i ¥Yn. Do d6,a,+b,+d,+e, = 2(a,+b,) =

20p41 = 2041 = 2F, 11 v6i Vn > 2 va 2F,; thoa man tinh chat da cho.

>6.25.Cho n > 1 la mot s6 nguyén duong va x1,Ts, -+ , Ty la cde s6 thue sao
cho: |y — wxlleql vdi k =1,2,--- ,n — 1. Chitng minh rang:
= = n?—1
Z|$k| - Tp| <

4

k=1 k=1
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Lai giai: Néu s6 cac s6 2 am 16n hon s6 cac s6 zy, duong thi (a1, -, ay,)
la mot hoan vi cta (—xq,- -, —x,)(tuong tng la (zy,---,z,)) sao cho
ai, -+ ,a, la mot day khong gidm. Do cach xay dung, luc lugng P céac
s6 duong aj, khong nhiéu phan tit hon lyc lugng N cac s6 amay, va do
vay [P| <

. Vi N la khéc rong va ag,- - ,a, la khong gidm, cac
phan ti clia P 1& a1 < Gpgro < -+ < gy VOL kg > 0

Giad st rang 1 < i < n — 1. Trong diy zi,---,z, phai c6 hai phan ti
ké nhau xj va 7 sao cho z; < a; va o > a1 suy 1a 0 < a;41 —a; <
zp —x; < 1. Do vay, agyr1 < agy +1 < Lagyro < agger +1 < 2.

Ky hieu op vh oy lan lugt la tong ciia cac s6 trong P va N. Mat khéc
ta co:

lop —on| — |=0p — on| < |20p]

§2(1+2+---+V;1J)

n—1 n—1 n?—1
< . 1) =
- 2 ( 2 +) 4

>6.26.Cho n, k la cdc so nguyén duong tuy 1. Chiing minh ring ton tai cdc so

nguyén duong a; > as > az > ag > as > ksao cho:

n==+C £C; +C; +£C2 +C5.
G ds (a) _ ala—1)(a—2)

6
Loi giai: Ta thay rang: n+ C2 > 2m + 1 v6i Vm 16n hon gia tri N, bdi
vi vé trai 1a bac 3 véi hée s6 cao nhat duong trong khi vé phai 1a tuyén

tinh v6i m.

Néu m = 0(mod4), thi €3, = ™02 15 chgn béi vi tit s6 chia hét
cho 4 con mau s6 thi khong.Néu m = 3(mod4) thi C3 = M 1a
18 bdi vi cd tit s6 v mau sd6 déu chia hét cho 2 nhung khong chia hét

cho 4. Do vay ta chon m > mazk, N sao cho n + C3 1a sb 18.
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Ta viét: 2a+1 = n+C3 > 2m+1. Ta thay rang:(C2, ,—C2 ,)—(C2,, —
C3) =C2.,—C?=2a+ 1. Do vay

—(2a+1) m\ (a+3 a—+ 2 a+1 N a\ (m
nele 3/ \ 3 3 3 3) = \3
théa man yéu cau bai toan via+3>a+2>a+1>a>m >k

56.27.Cho P, Py - - - P, la mot da gidc 167 trong mat phdng. Gid st rang vdi cdp
dinh P;, P, ton tai dinh V cia da gidc sao cho ZBVP; = 3. Ching

minh rang n = 3

Loi giai: Trong 161 giai nay ta sit dung két qua sau:

Cho tam gidc XYZ sao cho ZXYZ < % thi tam giac do la déu hoac
max{Y X,YZ} > XZ. Tuong tu néu ZXYZ > % thi tam giac XYZ
deu hodc min{Y X, YZ} < XZ

Chung ta chi ra rang ton tai cac dinh A, B,C va Ay, By, C; sao cho:(i)
tam gidc ABC va Ay B;C} 1a tam giac déu va (ii) AB(tuéng tng 1a A; By)
12 khodng cach nho nhat (16n nhat) khac 0 gitta 2 dinh. Hon nita, A, B
la 2 dinh phan biét sao cho AB ¢6 do dai nhé nhat, va C la dinh sao
cho ZACB = %. Khi d6 maz{AC,CB} < AC, dé tam giac ABC phai
la tam giac déu. Tuong tu, ta chon Ay, By sao cho A;B; c6 do dai 16n
nhat, va dinh C, sao cho ZA,C,B; = 3, khi d6 tam giac A; B,C) la tam
giac deu.

Ta chi ra ring AABC = AA,B,C,. Cac duong thang AB,BC, CA chia
mat phang thanh 7 phan. Goi D4 gom céac phan do tam gidc chia ma
nhan BC lam bién va cac phan dudc tao ra tai phan tao ra ¢ cac dinh
B va C. Tuong tu ta dinh nghia cho Dg va D¢. Béi vi da giac da cho
14 16i, nén moi hodc nam trong 1 phan hoac tring véi A, B, C.

Néu 2 diém bat ky trong Ay, By, C; , gia st 1a Ay, By ndm trong mién
Dx , thi ZA,X B, < . Do vay, mar{A; X, XB} > A;B;, mau thuan
v6i A1 B; 1a 16n nhat.

Hon nita, khong c6 hai diém trong A;, By, C; 6 trong ciing 1 phan. Bay
gid ta gid st ring mot trong cac diém Ay, By, C; ( gia st 14 A;) nim
tren 1 phan(gia st do 1a Dy). B6i vi min{A;B, A;C} > BC, ta c6
ZBA,C < %. Ta c6 By khong nam trong D 4. B6i vi da giac da cho la
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16i, B khong nam trong tam giac AA; By, va tuong tu C khong nam trong
tam gidc AA; B;. Tt d6 ¢6 Binam trén mién déng cé bién 1a cac tia A, B
va A;C. Tuong ty, v6i Cy. Hon nita, § = £B,A,C, < Z/BA,C = 3, dau
bang xay ra khi B; va C; lan lugt nam treén tia A; B va A,C . Béi vi da
giac da cho 1a 16i,nén diéu nay chi xay ra khi B; va C; lan ludt bang B
va C' -trong trusng hop BC = B;(Y, ta ¢6 tam gidc ABC va A; B;C] la
bang nhau.

Mait khéc, khong c6 diém nao trong Aq, By, C; ndm trén D4 UDgU De,
do d6 ching lan lugt trung véi A, B, C. Trong trudng hop nay, tam gidc
ABC va A, B;C4 la trung nhau.

Do vay hai dinh bat ky ctia da gidc c6 khodng céch giéng nhau, nhu
AB = A, B;. Diéu nay la khong thé xay ra néu c6 hon 3 diém trong miit
phéng thi hoan toan khong c6 tinh chat nay. Do vay n=3

>6.28.Chiing minh rang ton tai vo han bo gom 4 s6 nguyén duong(z,y,z,t)

sao cho wdc chung lon nhat cia 4 so la 1.va théa man:

eyt =1

Loi giai: Dit a = k3 v6i k 1a s6 chan va k > 0 ta co:
(a+1)*—(a—1)* = 8a* + 8a
tiic la
(2% + (2% + [(K* — 1) = (K* + 1)*

Béi vi k% + 1 1as6 1énen (2%, k* + 1) = (k*,k* + 1) = 1. Do vay, ta c6
vo han bo bon s6 dang (z,y, 2, t) = (2k3,2k, (k3 — 1)%, k> + 1) v6i k > 0

12 s6 chan, théa man cac diéu kién ctia bai toan.

>6.29.Biéu dién nhi phan cia mot s6 nguyén duong é a, duoe xdc dinh bing

thudt todn don gidn sau: zdc dinh mot so nguyén duong nhé nhat n sao
cho 22°% [g wdc cia a™ — 1

Lai giai: Bdi vi a la s 1é nén (a,2%) = 1 v6i Vk > 0. Do vay, theo dinh
Iy Buler, ta ¢6 a® " = a?@") = 1(mod2*) véi Yk. Do vay bac n clia a

modulo 2299 chia cho 22000 — 1 = 2199
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Néu a = 1(mod2?*) suy ra n=1. Ta gid st rang a # 1(mod2?°®) . Véi

moi m > 1, ta viét:

" —1=(a—D(a+1)(@®+ 1) +1)--- (@ +1) (%),

-

g

T

Biéu dién nhi phan ciia a c6 két thic 1a 2 chit s6 01 hoac 11. Ta ¢6
a = +1(mod4) va do vay a2 = 1(mod4) véi Vk > 1. Do vay phan tich
(*)v6i m ¢ dinh (m > 1), 2! 14 86 mil cao nhat ciia 2 ma chia hét cho
m — 1 biéu thitc 6 méi ngodc don phia trén f.

Néu a = 1(mod4), khi d6 a # 1, biéu dién nhi phan cta a két thic la:

100---01

s chit s6

v6i s 1a 6 nguyén 16n nhat sao cho 2°|(a — 1). Trong trudng hgp nay, so
mil cao nhat ciia 2 chia cho a — 1 1a 2% trong khi s6 mii cao nhat cta 2
chia hét cho a + 1 1a 2
Néu thay thé 1a a = —1(mod4) , khi d6 béi vi a # 1, biéu dién nhi phan
clia a két thic la:
1011---1
s chitsb
vdi s 1a 86 ngueyen 16n nhat sao cho 2¢|(a + 1). Trong trudng hgp nay,
s6 mil cao nhat ctia 2 chia cho (a + 1) duge 2° trong khi d6 s6 mi cao
nhét ctia 2 chia cho (a — 1) dugc 2.
Trong mdi trudng hop, ta st dung (*) va két qua sé mii cao nhét cta 2
chia cho (a*" — 1 duge 257™. Tit d6 ¢c6 m > 1 nhd nhat sao cho a®” — 1
chia hét cho 22°% 1a 2000 — s (néu s<2000) hodc 1 ( néu s > 2000).
Trong cic truong hop tuong ting ta c6 n = 2199975 hoac n = 2. Bdi vi ta
c6 thé dé dang st dung biéu dién nhi phan ctia a dé suy ra hai trudng
hop va gia tri clia s 1a gi, ta c¢6 thé si dung biéu dién nhi phan ctia a dé
tim n.
>6.30.Cho tam gidc nhon ABC va diém M la trung diém cia BC. Ton tai duy

nhat mot diém trong N sao cho ZABN = Z/BAM via ZACN = ZCAM.
Chaing minh rang Z/BAN = ZCAM.
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L&i gidi: Cho B’ 1a diém ndm trén tia AC sao cho ZABB = Z/BAM,
cho C" la diém ném trén tia AB sao cho ZACC" = ZCAM. Khi d6 N
la giao diém ciia hai duong thing BB va CC’

Duong thing doi xing véi AM qua dudng phan giac ctia goc BAC, cit
BB’ tai P. Goi D la diém déi xing ctia A qua M, dé ti giac ABCD
la hinh binh hanh. Béi vi /PAB = ZCAM = ZCAD va ZABP =
/MAB = /DAB = ZADC, tam giac ABP va ADC la dong dang. Do
vay, j—g = ﬁ—g Béi vi ZBAD = ZPAC, nén tam giac BAD va tam
giac PAC dong dang. Hon ntta, ZACP = ZADB = ZCAM. Tu dé suy
ra P nim trén duong thing CC’ ciing nhu nim tréen BB’ |, va do vay

N = P. Hon nita ¢c6 ZBAN = Z/BAP = ZC AM nhu yéu cau bai toan.



Chuong 7
Pé thi olympic Nuéc Nga

>7.31.Sasha thi zdc dinh vai so nguyén duong x < 100. Anh ta chon hai so
nguyén duong bat ki M va N ma nhé hon 100 va cé cau héi "S6 nao
l6n nhat trong cdc vwde so6 chung ciia x + M va N 2" Chitng minh ring

Sasha c6 thé zdc dinh dugc gid tri clia x sau 7 cau hdi.

Loi gidi: +) V6in =0, 1, 2, ..., 6, dit a, 1a s6 nguyén duy nhat trong

[0; 2") thoa man 2" |(z — a,,). RO rang ay = 0.

+) Véi n < 5, a,,1 bang a, hoic a, + 2" ma khi d6 két qua cit van c¢6

néu va chi néu ged (z + 2" — a, , 2") =27

Vi 2" —a, < 2" < 100 ta suy ra néu Sasha biét dugc gia tri cia a,,

anh ta c6 thé xac dinh dudc a,,; v6i mot cau héi diéu kien bang céch

dat (M, N) = (2" — a,, 2"'). Do d6 sau 6 cau héi, Sasha c6 thé xac

dinh dudc aq, as, ..., ag va két luan = bang ag hoac ag + 64

Béi vi ag # ag + 64 (mod 3), Sasha c6 thé xac dinh duge z néu anh ta

phét hién ra liéu ¢6 hay khong x = ag (mod 3) v6i cac cau hoi cia anh

ta.

That vay, anh ta c6 thé néu dat N = 3va M € {1, 2, 3} nén 3 |(ag + M),

anh ta sé& thu duge cau tra 161 "3" néu va chi néu z = ag (mod 3).
>7.32.Cho O la tam duong tron w ngoai tiép tam gidc nhon ABC. Duong tron

wy vdi tam K di qua cic diem A, O, C ma cdit cic canh bén AB va
BC tai M va N. Dat L la diém doi xing véi K qua duong thing MN.
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Chaing minh rang BL1AC.

Loi giai: Goi o, 8, v la cac goc A, B, C cta tam giac ABC'. Vi t1 giac
AC’NMncf)itiép,B/]_VT/[:a,B/]\-/ITVZVDéHJ\TK\O:Qa; m:2v
Vi duong thang AC' la truc dang phuong ciia dudng tron w va w;, nén
no6 vuong goc véi OK. Khi do ta co:

10K — COR — OAK — OCK — 4

Do d6 AKC = 271 — 48

Két hop céac dieu trén, ta co:
MKN =20+ 2y — (2 — 483) = 23

Vi L la diém déi xiing ciia K qua dudsng thang M N nén ta cé: MLN =
20 va LM = LN. Do d6 ALMN ~ AOCA

Mat khac ta ciing c6: AMBN ~ ACBA béi vi tit gidc ACNM noi tiép.
Do d6 vi O la tam dudng tron ngoai tiép tam giac ABC va L 1a tam
duong tron ngoai tiép tam giac M BN nén ta suy ra MLB = a

Vi khi d6: MBL = = —a. Béi vi BAC = a, ta dé dang suy ra BL1AC.

5

>7.33.C6 vai thanh pho trong mot quoc gia va mot cach dat tén duong. Noi

ma moi con duong noi hai thanh pho va khong cé hai con duong nao noi
hai thanh phé cé tén giong nhau. N6 duge hiéu rang trong moi thanh
phd déu cé toi thiéu 3 con duong dé di ra. Ching minh rdng ton tai mot
con duong tuan hoan (cé nghia la noi két thic la noi bat dau) nhu thé
s6 con duong trong nhimg con duong dé khong thé chia hét cho 3.

L&i giai: Ta st dung su dich chuyén trong 1y thuyét do thi. Trong mot
do thi, tat cd moi dinh déu c6 bac it nhat 1a 3. Ta ching minh ton tai
mot chu trinh ma do dai cia mé khong chia hét cho 3.

Thuc hién thuat toan sau:

+) C6 dinh mot diem dau v; sau dé cho vy, vs, ..., v; néu ton tai mot
diém riéng tit i dinh va t6i dinh gan ké thi v, 14 mot dinh. Béi vi dd
thi dugc gidi han va tat ca cac dinh dat dugc bang thuat toan nay 1a
r0 rang.

Qua trinh nay két thic tai vai dinh v,. Ta biét moi dinh c6 it nhat bac
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3 va bdi su thita nhan moi dinh gan ké véi v, lap thanh mot day. Nhu
vay, v, 1a dinh ké vé6i v,, vy, vp_1 v6ia <b<n — 1.
Ta ¢6 3 chu trinh:

Vg = VUg41 —7 VUg42 = - =7 Up—1 — Up — VUqg
Vp = Vpt1 — V42 — «.. 7 Up—1 — Up — U

Vg — VUg41 — VUg42 — oo = Up—1 — Up — Up — Uy

Nhitng chu trinh trén c6 do dain—a+1; n—0b+1; b—a+ 2 theo
thi tu. Bsivi (n—a+1) — (n—b+1) — (b—a+2) = —2 khong thé
chia hét cho 3

Do d6 ton tai 1 trong 3 chu trinh trén c6 do dai khong chia hét cho 3.

>7.34.Cho x1, Tg, ..., T, la cdc s6 thuc (n > 2) théa man dicu kien —1 < z; <
Ty < .. <zp<lwaaB+alP+ . +2 =2 +2+ ...+ 2z, Ching
minh rang: x13y + 233ys + ... + 2By, < Ty + T2y0 + -+ TRY, VI MOT

56y < Yo < oo < Yp.

Lai giai: Véi —1 <z <1, dat f(x) =2 — 2™

Ta phai ¢6 ;1 < 0 vi néu khong f(z1) = 0 va f(z2) > 0, f(x3) >
0, ..., f(z,) >0.

Diéu nay vo Iy vi f (z1) + f (z2) + ... + f (z,) = 0 dugc cho béi phuong
trinh trén.

Chtng minh tuong tu ta ciing suy ra x,, > 0

Gid strang 2 <i<n

+) Néu z; < 0 thi khi d6 ta c6

n i—1
T < T <..<xi1<z; <0va Zf(xj):—Zf(xJ)>O
j=1 j=1
+) Néu thay thé z; > 0 thi khi d6 ta c¢6: 0 < z; < 241 < ... < T, VA ta
ciing ching minh duge > f (z;) > 0
j=1

+) St dung cong thiic 1y tong Abel va két qua trén ta co:
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n n n
Z iYi — Z Y = Z yif (i)
i=1 i=1 =1

3 F @)+ Y Wi — v (F () + f (zi41) + o+ f (20)

i=1 =2

>7.35.Got AA,, CCY la cic duong cao cua tam giac nhon ABC. Duong phan

gidc ctia goc nhon gitta hai duong thing AA,, CCy cit cic canh AB va
BC tai P,Q tuong ung. Goi H la truc tam tam gidagc ABC va M la
trung diém cia canh AC, duong phan gidc cia ABC cit doan HM tai
R. Chiing minh rang tié giac PBQR noi tiép dude mot duong tron.

Loi giai: Ha duong vudng géc véi canh AB va BC' tai P, (Q tuong tng,
ching cit nhau tai R”. Goi S la giao diém cia R'P va HA, T 1a giao
diém ctia R'Q va HC.

Ha duong vuong goc tit M t6i AB, cit HA tai U va ha duong vuong
goc tit M t6i BC cat HC tai V.

Vi APSH, AHT(Q) c6 cac canh tuong ing song song va PSH = @
Do PQ la dudng phan gidc ctia géc nhon tao bdi hai duong thing
AA;, CCq nén PHS = @

Do d6 APHS ~ AQHT

Mat khéc, i HAP = T — ABC = QCH va PHA = QHC nen
APHA ~ AQHC

Do dé:
HT HP HC 2MU MU HV

HS HQ HA 2MV MV HU
Khi dé, phép vi tu tam H bién dudong thing PS thanh duong thing
MU va ciing bién duong thing QT thanh duong thing MV. Do dé né
bién R = PSN QT thanh M = MU N MV. Vi thé 3 diém H, R', M
thang hang
Ta lai sit dung gia thiét APHA ~ AQHC, ta c6 HPB, HQB la dong
du vi chiing cting phu véi hai goc @, FQ\C
Nhu vay, BP = BQ vi ABR'P ~ ABR'Q nén PBR = QBR.
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Do d6 R’ nadm trén ci hai duong thing HM va duong phan giac ciia
ABC,suyra R =R
Tir d6 d& dang suy ra tit gidc PBQR noi tiép vi BPR = T = BQR

>7.36.C6 5 vién ngoc cé trong lhiong khdac nhau. Oleg biét dugc trong luong
cta tung vién. Vi moi vien ngoc x ki hiéu m (z) la trong luong cia
né. Dmitrii co ging xdc dinh trong lugng lén nhat cia cdc vién ngoc
dé. Anh ta dugc phép chon 3 vién A, B,C wva héi Oleg rang: "Cé phdi
m(A) < m(B) <m(C) khong?". Oleg chi trd loi "Ding" hodc "Sai".
Héi Dimitrii ¢6 thé zac dinh dugc trong luong lon nhat sau 9 cdu hoi
hay khong?
Lai giai: Ching ta sé chi ra ring Dimitrii sé khong thé xac dinh dugc
khoéi Iuong vien ngoc 16n nhat sau 9 cau hoi.
Gia st Dimitrii ¢6 mot phuong phap dé xac dinh dude vien ngoc c6 khéi
luong 16n nhat sau 9 cau héi hodc it hon. Gia st rang sau khi Oleg tra 10i
cau hoéi thi ¢ cia Dimitrii ¢6 chinh xac x; vién ngoc c¢é trong lugng 16n
nhat thoa man cau hoi thit 7. Ta chi ra rang z,,; > max {xz — 20, %xl}
véii=1,2, .., 8
Dé ¥ ring c6 5! = 120 cach dé lay dugc vién ngoc cé trong lugng 16n
nhat. Sau d6 véi 3 vien ngoc A, B, C bat ki, dung é vien ngoc ¢6 thé co
m(A) <m(B) <m(C).
Nhu vy, néu Dimitrii hoi lieu m (A) < m (B) < m (C) va Oleg tra 1oi
"Sai" thi Dimitrii c6 thé loai bé t6i da 20 trong s6 120 kha ning c6 thé.
Trong truong hop x;11 > x; — 20 v6i moéi 4. V6i mdi x; ma phu hop ¢ cau
héi dau tién, mot phan s; ctia nhitng kha ning duge loai bé néu Oleg
tra 101 "Dung" t6i cau héi thi ¢ + 1; trong khi phan b clia mot phan
clia sy 6 duge loai bé néu Oleg tra 1oi "Sai".
Néu |S;| < % va Oleg tra 16i "Dung" thi ta co:

Ty

Tiy1 = T — |Sl‘ = 9

Mat khéc ta co: [So| < %

Néu Oleg tra 16i "Sai" ta lai ¢6 ;41 > &

Do d6, néu x; = 120; x5 > 80; z3 > 60; 24 > 40; x5 > 20;
xe = 10; 7 2 5; x5 =2 3; w9 = 2
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Tt d6, Dimitrii khong thé chic chin ring anh ta tim thay duge két qua

sau 9 cau hoi.
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>8.37.Cho tam gidc nhon ABC, AC' > BC va M la trung diém AB. Cdc duing
cao AP va BQ gap nhau ¢ H, duong thing AB va BQ cdit nhau ¢ R.
CMR: RH 1. CM.

Loi giai: Goi S 1a chan duong cao ha tit C xuéng AB va X 1a chan
duong vuong goéc tit H xudng CM.

Vi HPC = H@C’\:ﬁ\C’ = Znéen H, P, Q, X va C cing nam trén mot
duong tron.

Twong tu, vi HXM = HSM = ¢

5 nén cac diém H, X, S va M clng
thudc mot duong tron.

Hon nita, P, Q, S va M thuoc ciing mot duong tron vi chiing ndm trén
dudng tron 9 diém ctia tam giac ABC. Theo tinh chat déi xtng, hai
trong cac truc doi xing ctia 3 dudng tron nay la AB, PQ, HX phai
tring nhau. Vi R = AB N PQ néu R phai thing hang v6i H va X.

Do dé: RH L CM.

>8.38.Goi ¢(h) la s6 cdc s6 nguyén duong n thod man UCLN (n, k) = 1 va
n <k . Gid st p(5™—1) =5"—1 vdi m, n nguyén duong nao dé. CMR:
UCLN (m,n) > 1.

Lai gidi: Trong 10i gidi nay, ching ta st dung nhitng 1y thuyét vé ham

¢ sau:
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¢(ab) = ¢(a) - ¢(b)(1)

¢(p*) = p* —p*(2)
(1) V6i a, b nguyén t6 ciing nhau
(2)Néu p nguyén t6 va a 1a s6 nguyén duong

Gia stt phan ching rang UCLN (m, n) = 1
Dau tién ta chi ra m 1a s6 1é
Ta c6: 5™ = 1(mod8) néu x la chén
Néu m la chén thi 5™ — 1:8 nhung 5™ — 1 # 8

VIi5™ —1#8,5" —1=¢(5™ —1)i¢(16) = 8
hodc ¢(8).¢(P%) = 8¢p(P*) = 0(mod8)
Vé6i P® > 1 13 luy thita clia s6 nguyeén t6 1é P Do d6 n phéi chdn, UCLN
( m,n) = 1 theo nhu gia thiét phan ching. Tiép theo ta gia sit ring
P?/(5™—1) v6i P nguyeén t6 18 Ro rang PX5, vi 5 ¢O..ccovenene. modulop,
goid1a .o nén ta c6 d/m
Lai ¢6 :d/p(p?) va ¢(5™ — 1) = 5" — 1 do d6 d/n.
Nhung d>1 vi 5 # 1(modp) vaUCLN(m,n)#1-a (theo gid thiét phén
chiing)

Do d6 ,5™ — 1 =4[ p v6i S la tap cac s6 nguyen to 1é.
es

Cho P la phan ti bpét ky thuoe S. Vil = (¥

(¢)=1

Lai c6, theo luat tuong ho : (2)(2) = (—1)2=e=t =1

dan dén(f) = Ima P = 1 hodc 4 (mod5).

Hon nita, ta khong thé c6 P= 1(mod5) vi 5 chia hét o(5™ — 1) = 5" 1va

P — 1= ¢(p) , dieu nay khong xdy ra. Do d6 P= 4 (mod 5)

Suy ra —1 = 5™ —1 = 4[] p = 4 - 4¥l(mod5) va—1 = 5" — 1 =

peS

p(4). T ) =21] (» = 1) = 2- 3" (mod5)

peES peES
Tu phuong trinh dau nay ta ¢6 |S| phai chdn. Nhung tit phuong trinh

(%) = (2)" vam la1¢,

thit hai ta c6:|S| = 3(mod4)diéu nay mau thuan
Do dé6 gt cta ta la sai, vay UCLN (m,n) > 1.

>8.39.Cho A ={1,2,.......,n} . Vdin € N . Mot tap hop con cia A duoc goi la

“da két noi” néu né la s6 nguyén lén nhat sao cho A chita k tap doi mot
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khdc nhau: Sao cho giao cia hai tap bat ky A; va A; la mot tap da két

X -39

not

Loi giai: Goi Ay, As, ... A; 1a cac tap con khac nhau ctia A trong gia
thiét
Dat

m = @g};(mm A;)

va gia thiét rang min A;, = m
Moi tap A; c6 phan tit bé nhat nhé ho#c biang m, do cach xac dinh m va
moi tap A; ¢6 phan t1t 16n nhat 16n hon hosic bang m hodcA; N A;, = @
14 tap khong “két noi”.

Do d6, moi cap k(min A;, max A;) bang mot trong m(n+1—m)cip
(rs) mal <n<m<s<mn véi mdi cip (r,s) ta chi ra ring it nhat
mot tap A; ¢6 (MinA;, MaxA;) = (r, s)
Néu c6 hai tap khac nhau thi giao ctia ching 1a mot tap két néi chia r
va s va chita cdr, r+1,...,8
Diéu d6 chi ra réng ca hai tap déu bang {r,r + 1,..., s } diéu nay mau
thuan.
Do d6 k 16n nhét 1a bing k = m(n +1—m) < (n+1) [2]* — |2]* =
L”%’Q”J .Gia tri 16n nhat nay dat dudc néu A; 14 tap con két néi ciia A

5]
5]
>8.40.Cho ham F : N — N* thod man
f(1) =0
fn) = max {f(j)+ f(n—j)+j}Vn=2

0<i<[ %]

chtta mgp ma mgy =

Tinh f(2000).

Loi giai: V6i mdi n € Z+1 ta chi ¥ dén biéu dién ciia n trong hé nhi
phan Chu ¥ réng co s6 clia biéu dién 1 sy thay doi it nhat 1 ky tu béen
trai ctia bidu dién d6, vi thé co s6 ducc bat dau béi aq

Chung ta goi gia tri thap phan cta co sé nay la gia tri “dudi” ctia n véi
mdi mot xuat hien trong bicu dién nhi phan ctia n, néu né dai dién cho

s0 27, 28 — £ 13 mot gia tri “place” clia n.
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Dat g(n) 1a tong gia tri “tail” va “place” clia n

Ta CMR: F(n) = g(n)

Dt g(0) = 0 r6 rang g(1) =0...

Dau tien ta CMR: g(n) > g(j) +g(n—j)+5¥n,j thod man 0 < j < | 2]
Diéu nay la hién nhien véi j=0 vi g(0) =0

Bay gio ta bo sung s6 ki tur clia n-j

Véi truong hop co ban ( khi n-j ¢6 ky tu 1) ta chi c¢6 thé thay n-j. Trong
truomg hop () = (2.1) hoe (n,j ) = (1;0)

Trudng hop (1) dé ¢6 la ding.

TH1: n-j va j c6 ciing s cac ky tu la k +1

Dit a va b lan lugt 14 s6 cac chit s6 1 6 ngoai cling bén trai ciia n-j va j.
ta sé chi ra rang g(n) = g(a+b) — 281 > g(28 +a) + g(2% +b) + (28 +b)
Dé ¥ rang: g(a +b) > g(a) + g(b) + b( diéu nay ding do gia thiét)

Do d6 dt dé ta co: g(a+b+2"1) —gla+b) > g(28+a) — g(a) + g(2% +
B~ g(b) + 2 (2)

92" +a) =gla) +2F - £ +a

g(2F+b) =g(b)+2F- £+

Do d6 vé phai bang: 28 - £ +a+ 28 L4 b 2F =2M1. Bl 44 p

Con déi véi vé trai: via < 28, b < 2F

O vé phai ta c6

Biéu dién nhi phan ctia a + b + 2**! giéng nhu biéu dién nhi phancta
a-+b véi viec them 1 vao 2F+! vi tri
Do dé g(a + b + 2*Mbing g(a+b)congvsi gid tri “dudi” cta a+b va
cong2htl. L
Vi thé g(a + b+ 2""1) — g(a + b) bing vé phai, ta da chiing minh duge
(2)

TH2: n-j c¢6 s6 ky tu nhiéu hon j
Gid st n-jcé6 k +1 ki tu via = n — j — 28 . Ta can CM rang: g(a +
J+2%) > gla+2%) + g(j) + j. Ta da biét theo gid thiét:g(a + j) >
9(a) +g(j) + min {a, 7}
Do d6 ta can chiing minh diéu kien du la:g?(a + j + 2%) — g(a + j) >
g9(a+2*) — g(a) + j — min {a, i} (3)
Theo TH1 vé phéi: g(a+2¥) — g(a) =2F- 4 4+ a

Do d6 ,vé phéi bang: 28+ £ + a+ j —min {a, j} = 2*- £ + max {a, j}



Dé thi olympic Dai Loan 49

V6i vé trai ctia (3): néu a + j < 2F
chang han nhu 2% ky tu khong c6 trong tong a + j + 2F
thig=(a+j+2") =gla+j)+2" - E+a+j
do d6 VT(3)> VP(3)
Mit khac néu c62F ki tu khong cé trong tong a + j + 2% thi g(a +
j+28) =gla+j)+ 2kt B _ok. &
Vi thé, vé trai = 28+ BEL ok .k — ok k4 ok 5 ok & 4 max {a, j}
Do d6(3) ding.
Gia thiét duge CM hoan toan
Ta CMR: Dau bang xay ra khi g(n) = g(j) + g(n — j) + jv6i 1 86
gia tri j
Diat 2% 14 luy thita 16n nhat ctia 2 nhd hon n va dat j = n — 2% thi
g(n) =gn—28 +g(2") =gn—j)+n—-2" =
Diéu d6 cho thay f(n) = g(n)Vn
Vay véi vide tim gia tri “place” va gia tri “dudi” ciia 2000 (v6i biéu dién
nhi phan 11111010000) ta co:f (2000) = 10864.
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>9.41.Tim cdc bo 4 so xép theo thi tu (x, y, z, w) clia cdc s6 nguyén vdi 0 < x,
y, 2, w <36 dé
2 +9* =2 +w® (mod 37)

Loi giai: Tat cd cac dong du sé 14 mod 37. V6i mdi k trong khoang 0
dén 36 ta tim dugc cac cip s6 nguyen (x, y) v6i 0 < z, y < 36 thda man
r? +y* = k. Cha y rang diéu nay tuong duong véi (z — 6y)(x + 6y) = k.
Trude hét ta xem xét truong hop k = 0. Véi mdi y € {0,1,...,36} ta
¢6 (r — 6y)(z + 6y) = 0 néu va chi néu z = +6y.. Vi vay c¢6 mot cap (x,
y) véiy = 0 dé 22 +y*> =0 (d6 1a (x, y) = (0, 0)), va v6i bat ky y nao
khac c6 2 cip (x, y) nhu vay. Do vay c6 téng cong 2.36 + 1 = 73 cap
(x,y) dé 22 +y* = 0.

Gio ta xét truong hop k # 0. Dé a = 2 + 6y,b = = — 6y. V6i bat ky
gia tri @ € {1,2,...,36} c6 chinh xdc mot gia tri b € {1,2,...,36} dé
ab = k. V6i mbi cip (a, b) trong 36 cip tuong tng véi mot nghiém (x, y)
duy nhat vi ta phai c6 z = (a +0)27',y = (a + b)1271. Do vay phuong
trinh (z — 6y)(z + 6y) = k ¢6 chinh xac 1a 36 nghiém (x, y) khi &k # 0.
Ta xem xét s6 cap 4 (x,y, z, w) dé 22 + 9% = 23 +w® = 0. C6 3
can bac 3 ry,79,73 cia 1 mod 37, d6 la: Néu ta dé g la mot phan ti

nguyén thily mod 37 thi can bac 3 1a 1, g'2, g%, V6i bat k¥ z nao, ta



Dé thi olympic Tho Nhi Ky o1

c6 2% + w? = 0 néu va chi néu w bang —r,z, —r22 hay —rsz. Do vay c6
109 cip (z, w) dé 2° +w® = 0, mdi cap dé z = 0 v& 3 cap dé z = 2
d6i v6i mdizy € {1,2,...,36}. O tren ta da tim ra ring c6 chinh xéc
73 cap (x, y) dé 22 + y? = 0.. Do vay ¢6 109.73 bo 4 (x, vy, z, w)dé
2y =2+w=0.

Véi méi cap trong 372 — 109 cip (z, w) dé 2° + w® = 0 ¢6 chinh xac 36
cap (x,y) dé 2° +y? = 23 + w?. Vay nén c6 (372 — 109).36 bo 4 (x, v, z,
W) d6 2 +y? = 23 +wP = 0. Vi vay, ¢6 109.73 + (372 — 109).36 = 53317
bo 4 (x,y, z, w) dé 2% +y? = 2% + w.

>9.42.Cho mot vong tron tam O, 2 dudng tiem can zudt phdt tic diém S nam
ben ngodai duwong tron cé tiép diém la P, Q. Puong thang SO giao vdi
duong tron tai A, B vdi B gan S hon A. Cho X la mot diém ndm trong
cung nhé PB va duong SO giao vdi cic duong QX va PX lan lugt tai C,

D. Chitng minh rang:
1 1 2

AC TAD  AB

Loi giai: Kéo dai tia PC cho cat véi cung QB tai Y. Bang phép doi
xting cung BX va BY, n6 chi ra ring CPB =YPB = BPX = BPD.
Do vay, PB la phan giac bén trong ctia CPD. Ap dung dinh 1y duong
phan giac trong va phan gidc ngoai ta tim ra dugc:

BC PC AC

BD  PD  AD

Thay BC = AB - AC, BD = AD - AB va chia nita bén tréi, bén phéai
béi duong AB, ta ¢

AB—AC AD-AB
AB.AC ~ AD.AB

Diéu nay co6 nghia la

11 11
AC  AB AB AD

Diéu nay tuong duong véi dang thitc can chiing minh.
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>9.43.Vdi 2 s6 nguyén duong bat ky n, p. Hay ching minh rang cé chinh zdc
(p+ )" —p™*! ham so

fAL2,....,n} —A{-p,—p+1,...,p}

dé |f(i) — f(4)| < p vdi tat cd i, j € {1,2,...,n}.

Loi gidi: Véim € {—p,—p+1,...,p}, c6 (min{p+ 1L,p—m+1})" la
ham s6 théa man dieu kién da cho bao gom nhiing gia tri chi ndm trong
{m,...,m+p}. Di nhien, (min{p+1,p—m+1})" la ham s6 c6 cac gia

tri chi nam trong {m + 1,...,m + p}. Do vay, chinh xé4c
(min{p +1,p —m +1})" — (min{p, p — m})"

13 ham s6 thoéa man diéu kien da cho véi gia tri m nho nhat.
Biéu thitc nay bang vdi (p+ 1) — p™ ddi véi méi gia tri ctia p+1, m < 0
va bang (p+1—m)"” — (p —m)™ khi m > 0. Do d6, tong ciia biéu thitc
khim <0 la

(p+D(p+1)"=p)"

trong khi tong biéu thic khi m > 0 la tong

p
d (lp+1=m)" = (p—m)")=p"
m=1
Cong 2 tong nay lai ta duge tong cac ham s théa méan diéu kien da cho
13 (p + 1)n+1 _ pn—f—l‘
>9.44.Trong tam gidc nhon ABC cé ban kinh duong trong ngoai tiép R. Duong
cao AD, BE,CF lan lugt c6 do dai la hy, he, hs. Néu ty,ts, t3 lan luot la
chiéu dai cac tiép tuyén tuw A, B, C téi duong tron ngoai tiép cia tam
giac DEF. Hay ching minh:

Loi giai: Cho H 13 tryce tam ctia tam giac ABC va X, Y, Z lan lugt 1a
trung diém ctia AH, BH,CH. Béi dudng tron ngoai tiép clia tam giac
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DEF la duong tron 9 diém ctia tam giac ABC, né qua cac diem X, Y
va Z. Do d6 t2 = AX.AD = AX.h; hoac (\/t—}lTl)Q = AX. Ta c6 thé tim
dugce cac biéu thitc tuong tu véi BX va CX. Vay nén bat dabgr thitc can

chiing minh tuong duong véi

AX+BX +CX <

| W

R
(nhan moi vé véi 2):
AH + BH + CH < 3R.

Chofl:a,ézﬁ,é:gotacé:

AF B AC. cos o

AH = =
sin (3 sin 3

= 2R cos«

Tuwong tu, BH = 2R cos 3 va CH = 2R cos ¢, bat déng thiic can chiing
minh tuong duong véi

cosa + cos f + cosp <

[\CR NGV

Nhé rang tam giac ABC 1a tam gidc nhon v ham ¢ — cost 13 1om
trong khoéng (0,%). Do d6, theo bat dang thiic Jensen ta c6 vé trai clia
bat dang thiic cudi cing nay dat cyc dai khi 3 géc déu béng %, trong
trudng hop vé tréi bang 2. Vay bat dang thic cudi cing nay la ding
dong thoi bat déang thiic can ching minh ciing 1a ding.

>9.45.(a) Chitng minh rang vdi moéi s6 nguyén duong n, so cdp clia s6 nguyén
zép theo thi tu théa man x* — xy + y? = n la hiu han va chia hét cho
6.] [(b) Twm tat cd cic cap so nguyén (z, y) zép theo thi tu théa man
x? —xy +y? = 727.
L&i giai: (a) Bat ky nghiem (x, y) déu phai théa man bat dang thitc:
(€ —y)? %+ . 2% 412
2 2 - 2

n=a?—zy+y’=

va rat nhiéu cgp hitu han (x, y) théa man duge diéu kien nay. Do vay

c6 rat nhieéu nghiém hitu han.
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Tiép dén ta ching minh ring s6 nghiém chia hét cho 6. Néu (z,y) la
nghiém thi (y,y — x) cling 14 nghiém. Phép bién doi tuyén tinh nay la
kha nghich, do dé né hoan vi tat ca céc nghiém va ta cé thé chia céc

nghiém ra thanh cac 16p v6i moi 16p d6 6 dudi dang:
([B,y), (y>y - [L’), (y - T, —[L'), (—[L', _y)a (—y,x - y)a ([L’ - Y, [L’)

ddi voi mot s6 nghiem(z, y) ban dau. Ro rang dé chitng minh khong c6
2 trong 6 nghiém & mdi 16p bang nhau trit khi = y = 0 la khong thé.
Do vay mdi 16p c6 6 phan tit rieng biét va két qua 1a duge chiing minh.,
(b) Bt ky nghiém nao véi 22 —zy-+y? = 727 ta c6 thé 4p dung duge phép
bién ddi (z,y) — (y,y — ) nhu & phan (a) va c6 thé (z,y) — (y, ),
dé c6 duge nghiem (x, y) khac véi y < 0 < z < |y|. Gio ta tim tat ca
cac nghiém nhu vay véi y < 0 < o < |y|. Sap xép lai dang thiic can tim
ta duge a? — 2y + y? — 727 = 0. Xem xét dang thiic nay 1a mot toan
phuong trong y, ta c6 thé ap dung phuong trinh bac 2 dé tim ra rang:

x + /2908 — 32
2

Do vay, 2908 — 322 phai 1a s6 chinh phuong, va né khong thé chia hét
cho 3. Do 32? < 2? — xy + y? = 727 ta biét dugce thém ring 2181 <
2908 — 322 < 2908 véi 46 < /2908 — 322 < 54. Kiém chiing nhitng kha
nang ta thiy rang chi v/2908 — 322 = 49 ¢6 nghiém nguyen x, két quéa
la ta c6 nghiem duy nhat(13, —18) clia phuong trinh.

Do d6 bat ky nghiém nao ciing c6 thé bién d6i thanh (13, —18) bing
viec 4p dung 2 so do mo ta & tréen. Nhu vay bat ky nghiém nao trong
(13, —18) hosic (—18,13) dudi bién ddi (z,y) — (y,y — ), c6 nghia tat
cd cac nghiém td6i 2% — xy + y? = 727 la:

(13,—18), (18, —31), (=31, —13), (—13, 18), (18, 31), (31, 13),

(—18,13), (13,31), (31, 18), (18, —13), (—13, —31), (31, —18).

>9.46.Cho tam gidc ABC, cdc duong phan gidc trong va ngodai ciia géc A lan

lugt cat duong thing BC tai D va E. Cho F la mot diém ( khdc diém
A) ¢ doé duong thing AC tiép xic vdi duong tron w cé duong kinh DE.
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Ve tiép tuyén tai A vdi dudng tron ngoai tiép cia tam gidc ABF va giao
vdi duong tron w tai A va G. Ching minh rang AF = AG.

Lai giai: Ta ching minh cho trusng hop C, B va E thang hang. Theo
thi tu do ta chiing minh cho cac truong hgp khac tuong tu. Goi O la
tam clia w. Theo dinh 1y vé dudng phan giac trong va ngoai ciia tam
giac, ta co:

cb CA CFE

DB~ AB BE
Do vay CD(CE —CB) =CD.BE = CE.DB = CE(CB — CD) hoac (
cong CD (CE + CB) cho ca 2 vé).

20D.CE = CB(CD + CE)

Béi vi CD 4+ CE = 2C0, ta c6: CD.CE = CB.CO Mat khac, theo
dinh 1y tich diém ap dung v6i C va w ta c6: CD.CE = CA.CF, suy ra
CB.CO = CA.CF. Do vay, theo dinh 1y tich diém véi cac diem A, B, O,
F nidm trén dudng tron w; nao dé. Ta thic hien phép nghich ddo A véi
tia AO. w 1a mot vong tron qua A, diém truc giao véi AO va bao gom 1
diém P nam tren AO vowis AP = 2A0. Do vay, anh ctia né dudi phép
nghich ddo la mot duong tryc giao véi AO va bao gom 1 diém P’ trén
tia AO v6i AP = AO/2. Néi cach khac, anh [; clia w 1a dudng trung
tryce cia AO. Ké tiép, phép nghich dido dua w; (vong tron di qua A, qua
O va tiép xic véi AG) t6i I khong di qua A, qua O va song song vdi
AG. Suy ra phép nghich dao dua F, giao gitta w va wy, t6i giao F’ cta [y
va ly; hon nita phép nghich dao (phép bién ddi nguge) dua G, giao clia
w; va AG, t6i giao ctia [; va AG. Phép dbi xiing qua trung diém ciia AO
dua l; t6i chinh né va I, t6i AG; Do vay, su phan chiéu nay dua OF” téi
AG', ¢6 nghia 1a OF’ = AG’. Béi F’ ndm trén trung tryc ciia AO, ta
ciing ¢c6 OF” = AG’. Vay nén AF’ = AG’, diéu nay dong nghia vé6i AF
= AG. Két qua dugc chting minh.

>9.47.Hay chi ra ring cé thé cdt bt ky lang tru tam gidc cé chiéu dai vo han

bdi 1 mat phang cho ra két qud thiét dién la mot tam gidc déu.



o6

Nguyén Hiau Dién, DHKHTN Ha Noi

Loi giai: Gia st rang mot mat phing truc giao véi cac canh cta ling
tru tai A, B, C va diat a = BC, b = CA, ¢ = AB va khong mat tinh
tong quat gid st a < b < c. Vi t > 0, xac dinh:

ft) = \/a2+(t+\/62 — 2?2 -Vt
Khi do:
F0)=vVa2+ -1 -V <0
Mat khac, ta c6 f(b) \/a2 (b+c)2 — 2+ 12> 0. Béi f 1a lien tuc

nén ton tai ¢ sao cho f(ty) = 0. Bay go ta cho B’ nam trén 1 canh véi

B, cach B 1 khodng 1a t. C’ nim cling canh véi C va cach C 1 khoang la
/€2 — b2 + 12 va nam trén gid doi dien ctia mat phang (ABC) tinh tit
B’. Theo dinh 1y Pitago ta co:

AB = \J@ 4+ 5 AC = \[0+ (@ =0+ 1) = \ [ + 85
B/C/:\/a2+(t0+ /02_62+t(2))2: /CQ—i-t%

Vi vay mat phang (AB’C’) dap tng dudc yéu cau dé bai.

>9.48.Cho hinh vuong ABCD, cic diém M, N, K, L lan lugt ndm trén cdc canh

AB,BC,CD,DA sao cho MN song song vdi LK va khoang cdch gitia
MN va LK bang AB. Héay chi ra rang cic dudng tron ngoai tiép cia tam
gidac ALM va NCK la giao nhau con cdc duong tron ngoai tiép cia tam
giac LDK va MBN thi khong giao nhau.

Loi giai: Hudéng ti gidc sao cho AB ndm ngang va nim phia trén CD,
4 d6 A niam phia tay so véi B. Trude hét ta cho 1a AL > BN, néi céch
khac N nam phia bdc (mic du khong nhat thiét phai chinh bac) so véi
L. Gia st ngugc lai thi ¢6 1 doan nim ngang véi diém cubi trai L va
diém cubi phai trén MN véi do dai < AB. Mat khéac, do dai ciia doan
nay 16n hon khoang cach giita LK va M N, diéu nay da dugc gia thiét
la AB. Do vay ta co6 su trai nguge nhau va AL > BN. Tuong tu ta ciing
c6 thé rit ra duse AM > DK.

Dung P va Q sao cho céac tit giac BMPN va DKQL la cac hinh chit nhat.
Ta biét tit phan trén rang P ndm & dong bic so v6i Q. Dung R va S sao
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cho R & phia dong nam so v6i Q va sao cho tit giac PRQS la hinh chit
nhat c6 cac cach song song véi cac cach ctia hinh vuong ABCD.

Dé chi ra ring cac dudng tron ngoai tiép ctia tam giac ALM va NCK la
giao nhau, ta thay rang cac dudng tron bi chin bdi cac dudng tron ngoai
tiép tam giac ALM va NCK lan lugt bao ham cac hinh chit nhat ALRM
va, CKSN. Vi vay cac duong tron nay déu chiia hinh chit nhat PRQS. Do
cac mién trong clia cac duong tron ngoai tiép tam gidc ALM va NCK
13 giao nhau vay nén cidc dudng tron ngoai tiép ciing phai giao nhau.
Gio ta chiing minh ring dudng tron ngoai tiép w; ciia tam gidac MBN va
dudng tron ngoai tiép wy cia tam giac LDK 1a khong giao nhau. Chi
v rang ching cling lan lugt 14 dudng tron ngoai tiép ciia hinh chit nhat
BMPN va DKQL. Cho [; 1a tiép tuyén véi w; tai P, I 1a tiép tuyén véi
wy tai Q. Vi MN song song v6i LK do vay BP song song véi QD. Do
I, vudng goc véi BP va l, vuong goc véi QD nén ta c6 [; song song véi
l,. Vay nén mdi diém ctia wy; ndm trén hodc gia bén phai cta [y cling
nim phia bén phai clia lo; mat khac mdi diém trén w, nim trén hoic

bén trai ciia l,. Vay nén w; va wy khong thé giao nhau.

>9.49.Cho f : R — R la mot ham thoa man :

[f(@+y) = fle) = fly)l <1

vittcz,y € R. Chitng minh ring ton tai mot ham g ‘R — R théa man
|f(z) —g(z)| < 1 vdi moi x € R, va g(x +y) = g(x) + g(y) vdi moi
z,y € R.

Loi giai: Ta cho ham

g(x) = lim f(2")

n—00 on

théa man dieu kién dau bai. Viéc trude tién can lam 1a chi ra rang ton
tai v6i moi x. Thuec té ta ¢ thé ching minh duge diéu nay va dong thoi
ciing chiing minh dugc

[f(z) —g(z)] <1
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ddi vé6i tat ca x. Trude hét thay ring dit x = y = 2™x, trong bat dang

thic da cho ctia f ta cé:

| f(27  ag) — 2f(27a0)| < 1

Chia cho 2™t ta c6:

1
- 2m+1

fQ2 ) f(27 )

2m+1 om

V6i bat ky x xac dinh nio, xem xét tong vo han:

i (f (;:ix) B f(;:w))

m=0

Vi céc tri tuyét ddi ctia cic s6 hang bi chan bdi mot day %, i, ..., tong
cia chiing tién t6i 1, tdng nay hoi tu tuyet déi va ciing bi chan béi 1.

Mait khac, theo dinh nghia tong vo han bing
f(2mtiz) f (2"x)
Jim. Z( ST o )
Tong vo han trong giéi han bing (f%:ix) — f(x)), c6 nghia la

i (1252 _ 1)

n—oo

Gio ta c6 thé lay ra hing s6 f(x) dé dat

(lim f(;i:x)) —f(=)

n—~o0

Suy ra gi6i han trong biéu thic cudi cting nay hoi tu va ngdu nhién né
ciing chinh 1& gidi han ta mudén ding dé xac dinh g(x). Hon nita, ta thay

¢ phan trén rang luong cudi cling 16n nhat bang 1, vi vay ta co:

l9(z) — f(x)] <1
Tiép tuc thay rang g(z + y) = g(x) + g(y)véi moi x, y. Thay rang:

gz +y)—g(x) —g(y) = lim M — lim M — lim 2y

n—00 2n n—oo 27 n—oo 21
@) — f@) — f@)

n—oo on
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Theo diéu kien da cho,

[F 2"z +y)) — f(2") — f(2"y)| <1

v6i n bat ky, hing s6 trong géi han cia biéu thic cudi ciing ndm trong

khoang —2% va 2% Vi
.1
ST

suy ra gidi han trong biéu thitc cudi 1a bing 0. Do vay g(x + y) =
9(@) +g(y).



