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Nguyén Xuan Huy-PAI HOC XAY DUNG HA NOI
CHUONG 1:DE VA LOI GIAI

Bai 1:Cho x,y,z la c&c sb thuc duong co tich bang 1.Chirng minh:
(Xy+yZ+2X)*(X+ Y +2) = 24+ X* + y* + 7°
Loi giai 1:Bat dang thtrc twong duong:
(Xy +yz+ zx)z(i+i+i) >24+ x> +y*+17°
Xy yz
Ap dung holder ta co:

(xy+yz+zx)2(i+i+i):(xy+yz+zx)(yz+zx+xy)(i+i+i)2(§/x7+€/F+€/27)3
Xy yz X Xy yz

Sir dung bat déng thire véi a,b,c>0 thi (a+b+c)® > 24abc +a® +b® +c*ta dugc:

(i/x_2+€/?+€/z_2)3 224€/><Zyizzz+xz+y2+z2 =24+ X +y*+7°
Suy ra diéu phai ching minh.
Loi giai 2:Bat dang thie tuong duong voi:

(X+ Y+ 2)(XPY2+ Y22+ 2°X2) +A(XYy + Y2+ X))+ X2+ Y2 + 72 > 24
Sir dung cauchy ta d& c6 diéu nay.

1 1

+ + >

1+2ab 1+2bc 1+2ca

Bai 2:Cho a,b,c 1a cac s6 thuc dwong thoa man

Ching minh rang: a+b +c > 3abc
Loi giai: (Em trai'Nguyén Tan sang-10A1-Chuyén Phan Bgi Chau)

Ta co ! ( +—) < a’b? +1> 2ab hién nhién.
2ab 9 ab
Do d6:1<= (3+ 2(_b+bi+a) — a+b+c>3abc,suy ra didu phai chang minh.

Bai 3:Cho a,b,c la cac s thuc duong thoa man ab +bc + ca = 3.Ching minh;

(\/§+\E+\E)(@+M+\/§)zg

Loi giai: (Em trai:Nguyén T4n sang-10A1-Chuyén Phan Boi Chau)

pat x=+/ab,y=+bc,z=+/ca khido x> +y*+22=3

Ta can chirng minh: (E+§+1)(x+ y+2)>9
y z

That vay ta co: —+ X + m
Yy Z X Xy+YyZ+2X

.Ta di chirng minh: (X + y +2)* > 9(Xy + yz + zX)

3

3
Ma (X+y+2)°=(C+y>+2%+2(xy + yz +2x))2 > (3%/(x2 +y2+28)(xy + yz + 2x)?)?

3
= (3Y3(xy + yz+2X)%)? = 9(Xy + yz + 2X)
Diéu phai ching minh. ’
Bai 4:Chang minh rang véi cac so thuc X,y,z ta ludn co:
(3 +y +2°) +3(xyz)* > 4(X°y* + y*2* + 2°%%)
Loi giai:Bat ddng thirc twong duong: X® + y© + 2% +3(xyz)? > 2(x%y® + y°2° + 2°%°)
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Ma theo schur ta co: x° +y® +2° +3(xyz)® = > x*y*(x* + y*) = > x*y® .Diéu phdi ching

minh.

Bai 5:Cho a,b,c 1a cac s6 thuc khéng am céa+b+c =1 va khdng c6 hai s6 nao ddng thoi
_ 2

b+c c+a a+b >642a(l a)

bang 0,chang minh: + + >
9 9 a’+bc b?’+ca c’+ab ~ (a+1*
Loi giai:
2 2 2 PRV
Taco b+c a(b+c) S 4a(b+c) S 64a(b+c)° 64a(l-a)

a’+bc (a’+bc)(ab+ac) (a+b)’(a+c)? (b+c+2a)*  (a+1)*
Lam tuong ty ta c6 diéu phai ching minh.
Bai 6:Cho X,y,z la céc so thuc duong ¢6 tich bang 1,ching minh:

X2y + 22 4 xy+ yz+ 2x 2 2(Vx +4Jy +42)

Loi giai 1:Bét dang thirc twong duong: > (x? L 2/x) = 0,hién nhién
X
Loi giai 2:
1
VP =2(xy+yz+2X)+= > (X—=Y)? > 2(Xy+ yz+2X) = Xy +yz)>2 =VT
(Xy + Yz +2X) Z’Z( y)? = 2(xy ‘y )=D (xy+yz)=2>y

Bai 7:Cho x,y,z la céc s6 thuc,ching minh rang:

(x*+3)(y* +3)(z2° +3) > %(3xy +3yz + 37X + xyz)*
Loi giai: Ta bién dbi bat dang thirc vé dang p,q.r nhu sau:
243p* +45q0° + 23r% — 24qr —162 pr —4860+729>0
< 11(3p—r)* +12(q—r)* +(q—-27)* +144(p* —3q) +32(q* —3pr) =0
Hién nhién,d& dang kiém tra diéu nay.Ta c6 diéu phai chang minh,dau bing xay ra khi va
chikhix=y=z=3
(sin x+siny)sinz+cosxcosycosz

Bai 8:Tim min va max cua p = .
1+sinxsiny

Loi giai:Ta co
|(sin x+siny)sinz+cosxcosycosz| < Jsin? z +cos? z \/ (sin x+siny)?® + (cosxcosy)®

=\/sin2 X+ 2sin xsiny+sin’y + (1—-sin’ x)(1-sin® y)

= \/sinz xsin? y + 2sin xsiny+1 =|sin xsiny+1

Do d6:|p|<le -1<p<1

Vaymaxp=1lox=y=2=0

Minp=-lx=y=0,z=x
Bai 9:Cho a,b,c 1a cac s6 thuc dwong,ching minh:
abc +g> ab+bc+ca

o a®+b*+c® 3 a’+b’+c?

Loi giai:Bat dang thire twong duong:
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3(a® +b* +c*—ab—bc—ca) S a’+b*+c®—3abc

a’+b?+c? - ai+pi+cd

3 a+b+c
= Y(a- a—b
2(a +b%+c? )Z( )= 2(a* +b%+c¢? )Z( y

Do d6 ta can chang minh: 3(a® +b* +¢®) > (a® +b? + ¢®)(a+b +c) ,ta dé co bat ding thic
nay.
y z
b
NN
2
Loi giai 1: A> = +—+—+2x\/7+2y—+22\/7 theo Cauchy ta co:

y z X \/Q\/y

Z(—+x£+x%+z)>24x—> AP >3(x+y+2)>9—> A>3
Vay min A=3 khivachikhia=b=c=1.
Loi giai 2:Theo svac-xo ta co:
(x+y+2)°* (x+y+2)°

X y+y\/;+z\/;_ \/(x+ Y+ 2)(Xy + Yz + 2X)

SN ¢ L) Y - i PO
\/(x+y+z).(x+y+z)2
3

Bai 11:cho x,y,z la cac s6 thuc théa man: x + y + z = 0 ,chirng minh:

Bai 10:Tim min cua biéu thuc: A = VI XY,z >0 va X+Yy+2>3.

NG

A>

6(x°+ vy +2°)* < (X* +y* +2%)°
Loi giai:Chang ta co: z=—(x+y) va

(0C+y2 +22)° = (2 4 y2 + (x+ Y)°)° z<§<x+ y)2)° =%<x+y)“(x+ y)?

> %.l6(xy)2(x+ V)2 =6.3xy(Xx+ ¥))* =6(x° + y* = (x+ y)*)* =6(x* + y* + 2%)?
Bai 12:Cho a,b,c 12 céc s thuc khdng &m va khong c6 hai sb nao dong thoi bang
0.Chtrng minh rang:

a’ N b’ . c? .1
(2a* +b*)(2a* +c®) (2b° +c?)(2b° +a*) (2¢®+a’)(2c®+b*)  a+b+c
Goi y:Ta chi can chirng minh:
a’ - a
(2a* +b*)(2a*+c*) ~ (a+b+c)’
dung,theo bunhiacop-xKi.
Bai 13:Cho a,b,c 1a cac s thuc duong théa man a® +b? +¢? = 3.Chang minh;

< (a? +ab+ac)® < (2a% +b?)(2a* + ¢?) ,diéu nay

5(a+b+c)+1218
abc

Loi giai:Bat dang thire duoc viét lai dudi dang:5p + 318
r
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3p

Tur gia thiéttaco p®=2q+3= p>\/_ 3.Ma g’ >3pr:>12 ,vay ta can chang minh;
roq°

(p—3)°(5p° +12p* -3p-— 18)
(p*-3)°
Ma 5p°+12p?-3p-18=1p (5p+12—§—E)>p (5:3+12-+/3-6)>0
p

5p+9—p218©5p+%—1820©
g (p"-3)

Hoan tat viéc ching minh. ’ ‘ ‘
Bai 14:Cho a,b,c la cac so thuc khdng am va khong co hai s6 nao dong thoi bang
khong.Chung minh rang:

1 1 1 3
+ + >
a?+bc b?+ca c*+ab ab+bc+ca
Loi giai:pé y 22rberea_;  abre=a) po yang thire duge viét lai thanh:
a‘+bc a®+bc
a(b+c-a) b(c+a b) c(a+b c)
a’+bc b%+ca c’+ab

Giasir a<b<c=b+c—a>0 néntachican ching minh:
bera~h)  c@+b=0); o (h-c)2(a—b)a—c)+abc(a+b+c)=0
b® +ca ¢’ +ab
Hién nhién,via<b<c ’
Bai 15:Cho a,b,c la céc so thuc duong,théa man a+b +c =1.Chang minh:
a’ b? c? 3abc

+ + +— 3 3 >3
ab+bc bc+ca ca+ab a’b+b’c+c’a+abc
I7<‘yi giai:
Ap dung Svac-xo ta co:
a’ b? c? S (a® +b* +c?)? 5 3@’ +b’c+c’a)

ab+bc bcica catab  ab+bcic a+abc(a+b+c) a’b+b’c+cla+abe

Suy ra diéu phai chung minh.

Bai 16:Cho a,b,c,d 1a cac sb thuc khong am thoa man a® +b? +c? +d? = 4 .Chirng minh:
a’+b*+c®+d*<8

Goiy:a® <2a’ ’

Bai 17:Cho a,b,c la céc so thuuc khdng &m,chirng minh:

a3+b3+03—3abc>2(ﬂ— a)’

Loi giai:Néu bLZC—a <0,hién nhién

Nub—zc—a>0datb a+2x,c=a+2y thitaco:

a’+b®+c®—3abc- Z(ﬁ—a) =12a(x* —xy + y?) + 6(x+ y)(X—y)* = 6(x+ y)(x—y)*

:E(ﬁ—a)(a b)? > 0,hién nhién,
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DAu bing xay ra khi va chi khi (a,b,c) = (1,1,1); (0,1,2)
Bai 18:Cho a,b,c 1a cac s thuc duong co tich bang 1,ching minh:

2 2 2
a+b+025/a +b“+c
3 3

Loi giai:Bat ddng thirc twong dwong:
(a+b+c)® >8labc(a® +b* +¢?)
Mata cd (ab+bc+ca)? >3abc(a+b+c),do do ta can chang minh:
(a+b+c)®>27(ab+bc+ca)’(a’+b* +c?) < p®-279*(p*-2q) =0
< (p?-39)%(p? +6q) > 0,hién nhién.

Bai 19:Cho a,b,c 1a cac sé thuc khong am,ching minh:

a’ +b®+c®+2abc+1>2(ab+bc+ca)
Loi giai 1:Khéng mét tinh tong quét ta c6 thé gia st (1—b)(1—c) >0
Bat ding thirc viét lai: (a—1)? + (b—c)? + 2a(l—-b)(1—¢) >0
Loi giai 2:Ta xét:
(a+b+c)(1+2abc+a’ +b? + ¢ —2(bc +bc +ca)) = ((a° +b° +c* + 3abc) - D ab(a+b))
+> a(bc’ +ch? +1-3bc) 20
Pung,theo Cauchy va schur.Suy ra diéu phai chung minh.
Loi giai 3:Pata=x*,b=y* ¢ =z*,ching ta co:
X+ Y0+ 28+ XY Y 12 X+ Yy 4 20 43P 2 ) (XY + Xy 2 2D XY
Suy ra diéu phai ching minh.Déng thirc xay ra khi va chi khia=b=c =1.
Loi giai 4:Ta c6 theo Cauchy va schur bac 1:

3abc S @ b4t 9abc
3abc a+b+c
>a’+b*+c®+4(ab+bc+ca)—(a+b+c)* =2(ab+bc+ca)

Diéu phai chang minh.
Bai 20:Cho a,b,c,k la cac so thuc khéng am,ching minh:

(@ +k+1)(b* +k +1)(c® +k +1) > (k + 2)*(ab +bc + ca + k —1)*
Loi giai: Xét:

(@ +k+D)(b* +k +1)(c* +k +1)— (k + 2)*(ab+bc+ca+k —1)°

a?+b’+c’+2abc+1>a’+b*+c?+

=%((b—c)2 +(c—a)’+(a-b) )k’ +((b—c)*+(c—a)*+(a—b)* +(bc—1)?

+(ca—1)%+ (ab—-1)%)k + (bc —1)* + (ca—1)* + (ab—1)* + (abc —1)?
+((1+2abc+a’® +b* +c?)—(2ab + 2bc + 2ca)) > 0

bung,theo bai toan trén.suy ra dpcm .
Bai 21:Cho a,b,c la céc so thyuc phén biét,chirng minh rang:

a ., b ., C .
(b—c) +(c—a) +(a—b) 22

L(‘yigiéi:Détx=ba N 2= Cbth‘ltacé Xy+yz+zx=-1
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VT =(X+y+2)°=2(xy+yz+2X)=(X+y+2)*+2>2
Bai 22:Cho a,b,c 1a cac sé thuc khong am,ching minh:

(a® —bc)vb +c + (b* —ca)vc+a + (¢’ —ab)va+b >0

Loi giai:Dat b+c=2x*,c+a=2y* a+b=2z%(x,y,z>0)
Bat dang thirc trong duong Y xy(x* +y%) 2 > xy?(x+y) & > xy(x+y)(x—y)* =0
cyc cyc cyc
Bai 23:Cho a,b,c,d 1a céc s thuc khong &m,ching minh:
a-b b-c c—d d-a
+ + + >
. a+2b+c b+2c+d c+2d+a d+2a+b
Loi giai:Bat dang thire twong duong:

z( a-b +£)22©Z 3a+c >4
e a+2b+c 2 o a+2b+c

Ma theo Svac-xo thi:

3a+cC (;(3a+c)) 16(a+b+c+d)?
3 S y _ _

Sa+2b+c D (Ba+c)@+2b+c) da+b+c+d)’

cyc

Bai 24:Cho a,b,c 1a cac sb thuc khong am thoa man a* +b*+c?* =a+b+c
Ching minh: a’b® +b’c* +c®a® <ab+bc +ca
Loi giai:Tur gia thiét ta co:
a'+b*+c'—a’—b® —c* =2(ab+bc+ca—-a’h® —b*c* —c’a?)
Nén ta can chang minh:
a'+b*+c'>a’+b*+c® < (a+b+c)’(@* +b* +c*) > (a® +b® +c?)?
Pung,theo Holder,d4u bang xay ra khi (a,b,c) = (1,1,1);(0,0,0);(0,1,2)
Bai 25:Cho a,b,c 1a céc sb thuc duong va gia sur: ‘
E(a,b,c)=a(a-b)(a-c)+b(b-c)(b—a)+c(c—a)(c—b),chirtng minh rang:
a) (a+b+c)E(a,b,c)>ab(a—b)*+bc(b-c)* +ca(c—a)?
b) 2(§+%+%)E(a,b,c)2(a—b)2+(b—c)2+(c—a)2
Loi giai:
a)Theo Schurtacé » a’*(a—b)(a—c)=0
cyc
(a+b+c)E(a,b,c) =) a’(a—b)(a—c)+ > a(b+c)(a-b)a—c)
cyc cyc
> a(b+c)(a—b)(a—c)=> ab(a—b)’>0,hién nhién.
cyc cyc
b)Ta co
(ab+bc+ca)E(a,b,c) =abc) (a—b)(a—c)+ ) (ab+ac)a(a—b)(a—c)
cyc cyc

_ abCZ(a—b)z + Y be(b+c—a)(b—c)’ =0

- 2 cyc cyc
Chung ta d& co diéu nay,theo Schur suy rong.
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Bai 26:Choa,b,c e [%;3} ,ching minh rang:

flabo=—2+ 0 , ¢ 7
a+b b+c c+a 5

Loi giai:Khdng mat tinh tong quat ta gia sir a = max{a,b,c}
(va—-+b)/ab —c)?
(Va++b)(b+c)(c+a)

2 _ 2 Y
2x N 2 17_G x)z(x +(1 x))20
X*+1 x+1 5 5(x“+1)(x+1)

Taxét f(ab,c)- f(ab,vab) = >0« f(a,b,c)> f(a,b,v/ab)

Ma f(a,b,@)—gz

Vi x=\ﬁﬁ3
b

Bai 27:Cho a,b,c 1a céc s thuc duong théa man a+b +c+ 2 = abc ,chirng minh:
2(a® +b*+c?)+2(a+b+c)>(a+b+c)?
Loi giai:Bat dang thic twong dwong: p>+2p—-49>0

3
Tach p+2£%c>(p—6)(p+3)220:> p>6

_p? 3
Theo schur bac 1 ta c6: p+2:rzw34qg_p +9p+18

p
Vay ta can chirng minh:

3
p +9p+182

p’+2p— 0<2p?-9p-18>0< (p—6)(2p+3)>0,hién nhién

Bai 28:Cho a,b,c,x,y,z 1 cac s6 thuc khong am thoa man a+b+c=x+y+z
Chirng minh: ax(a+x)+by(b+y)+cz(c+z) > 3(abc+xyz)
Loi giai:Ta dé co:
(@°x+b*y +¢c°2)(yz + zx+ xy) = xyz(a+b+c)® = xyz(x + y + 2)*
> 3xyz(Xy + yz + 2X) < a’x+ b’y +¢°z > 3xyz
Tuong tu ta cd ax® +by? +cz® > 3abc ,suy ra duge dpem.
Bai 29:Cho a,b,c 1a cac sé thuc khong am,ching minh:
4(a+b+c)® > 27(ab® +bc? +ca’ + abc)
Loi giai:
Gia sir a = min{a,b,c},dit b=a+x,c=a+ y(x, y > 0) .Bit dang thirc tuong duong:
9(x® —xy + y?)a+ (2x — y)?(x+4y) > 0,hién nhién
DA4u bang xay ra (a,b,c) = (1,1,1);(0,1,2) va cac hoan vi.
Bai 30:Cho a,b,c 1 c4c s thuc khong &m théa man a+b + ¢ = 3.Ching minh rang:
1 1 1
+ + >
o 2ab®+1 2bc*+1 2ca’+1
Loi giai:Bat dang thire twong duong:
ab® +bc® +ca’® +1-4a’v%* >0
Ma ab® +bc? + ca’ +1—4a’b’c® > 3abc —4a’b’c® +1= (1—abc)(1+ 2abc)? > 0
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Bai 31:Cho a,b,c 1a céc s6 dwong,chirng minh ring:
1 1 1 1 4
2 + 2 + 2 + 2 2
~ a'+ab b"+bc c"+cd d°+da ac+bd
Loi giai:bat dang thac tuong duong:

Z(ac+bd 1)28c>zc+a+zb(d +a)2

e a +ab e a+b oo a(a+b)
Nhung: > bld+a), Ltheo cauchy.
o a(a+Db)
c+a (a+ ) 1
o a+b b +C

4(a+c) N 4(b+d)
a+b+c+d a+b+c+d

Bai 32:Ching minh rang néua,b,c e{ 1

7 \/5} thi

1 1 1 2,1 1 1
+ + >— + +
o a+2b b+2c c+2a 3 a+b b+c c+a
Loi giai:Bat dang thuc viét dudi dang:
_ _ 2
Z 3 2 i—i)>0©z (2b—-a)(a—h) S
5. a+2b a+b 6a 6b 5. bab(a+2b)(a+b)

Vizb-a>-2 _J2=0
J2

Bai 33:Cho a,b,c,d 1a cac sé khong am sao cho a®> —ab+b? =c?—cd +d?
Chang minh: (a+b)(c+d)>2(ab+cd)
Loi giai:Pat x=a’ —ab+b” =c” —cd +d’.Khong mét tinh tong quét ta gia sir ab>cd .
Taco x>ab>cd .Binh phuong hai vé ta co:
(x+3ab)(y+3cd) > 4(ab+cd)?

Vi x>ab nén:

(x+3ab)(y+3cd)—4(ab+cd)® > 4ab(ab +3cd) —4(ab +cd)? = 4cd (ab —cd) >0
DAu bang xay ra khi (a,b,c,d) =(1,1,1,1);(0,1,1,1) va c4c hodn vi.
Bai 34:Cho a,b,c,d 1a céc s thuc duong c6 tich bing 1,ching minh:

1 1 1 1
>+ >+ >+ 5 >1
@+a)” @+b)” (@+c) @+d)
Loi giai:Pé y véi x,y duong thi ta co: ! + ! > ! ,that vay,bdt nay tuong

1+x)?* (L+y)* 1+xy
duong véi: (L+ xy)(x— y)* > 0 ,dting.Do d6:
VT > 1 N 1 2+ab+cd  2+ab+cd ~1-5 (dpem)
l+ab 1+cd 1+ab+cd +abcd  2+ab+cd
Bai 35:Cho a,b,c,d 1a cac sb thuc khong am sao cho a? +b? +¢?+d? =1,chang minh:
(@-a)(1-b)(1—c)(@—d)>abcd
Loi giai 1:Ta can ching minh:
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(1-a)(1-b) > cd
(l-c)1-d)>ab
Déco vi 2cd <c?+d? =1-a’—b?,do do:
2(l-a)1-b)-2c>2(1-a)(l-b)-1+a*+b°=(1-a-b)*>0
Loi giai 2: Détx=l_a,y=1_b,z=1_C,t=1_d ,thi ta co:
a b C d
1 1 1 1

+ + +
1+x)?* (1+y)* (A+2)° @+t)°
Gia sir xyzt <1 thi ton tai sé k >1thoa mank*xyzt =1,do d6 theo bai toan trén ta co:
1 1 1 1 1 1 1 1
2 + 2 + 2 + 2 > 2 + 2 + 2 + 2 2
@+x)¥ @+y)y @+2° @+t (A+kx)* (@A+ky)® (AL+kz)® (@+kt)
V0 ly,vay ta c6 dpem.
Bai 36:Cho a,b,c la cac s6 thuc khéng am,thi ta cé:
3(l-a+a’)(1-b+b*)(1-c+c?)>1+abc+a’bh’c?

=1,ta di chitng minh: xyzt > 1.

Loi giai:Ta co:
2(l—a+a®)(1-b+b*)=1+a’h’+(a-b)* +(1-a)’(1-b)* >1+a’b’
Ta chi can chirng minh:
3(1+a’h®)(1—c+c?) > 2(1+ abc +a’b’c?) < (3+a’h®)c* — (3+ 2ab+3a’b?)c +1+3a’b* >0
Xét A =-3(1—ab)* <0,ta c6 diéu phai ching minh.
Bai 37:Chirng minh rang néu a,b,c,x,y,z 1a cac sb thuc,thi
4(a® + x*)(b* + y*)(c* + z°) > 3(bcx + cay + abz)?
Loi giai:SD bunhiacop-xKki:
(@ + x*)((cy + bz)? +b?c?) > (a(cy + bz) + bex)?
Vay ta chi can ching minh:
4(0% + y*)(c* +z°) = 3((cy + bz)* +b’c®) < (cy —bz)* + (bc —2yz)* >0

Hién nhién. Trong trudng hop abc = 0 thi ddu biang xay ra khi X_ % _C_ %
a z
Bai 38:Cho a,b,c 1 céc sb thuc duong,chirng minh:
\/(a+b+c)(—+ 1 +—) >1+\/1+\/(a +b*+c )(—+ 12 12)
b a®> b* ¢

Loi giéi'Ta co:

Fach- J@a +2Zab)<2—+22—)>J(Za)(Z—)+2J(Zab)(2—)

cyc cyc cyc cyc cyc cyc cyc cyc cyc cyc

J@axz—mJ(zaxz he(SaEh et (Cars b

Tur déy ta suy ra dugc diéu phai ching minh.
DAu bang xay ra khi (a> —bc)(b® —ca)(c’> —ab) =0
Bai 39:Cho a,b,cla cac sb thuc dwong,chirng minh:




Nguyén Xuan Huy-PAI HOC XAY DUNG HA NOI

5+\/2(a2+b2+cz)(i2+iz+iz)—22(a+b+c)(£+l+£)
a b® ¢ a b c
Loi giail:Dat X=E+E+E,y=9+£+i,do d6 ta can chang minh:
b c a a b c

54X+ y—2)2+(X—y)? = X+y+3

Hién nhién vi:

5+\/(x+ Y=2)+(X—y)" 25+ X+y—-2=x+y+3

Loi giai 2:Bat dang thic twong duong:
\/Z(az +b? +c2)(iz+i2+iz)—2 > (a+b+c)(£+£+£)—5
a~ b” ¢ a b c
20D a'*+2a’h’c®) D a’h-2ahc
sym > sym )2
a’h’c’ - abc

< 2(3 a%? +2a’h’c?) = (D a’h)® +4a’h’c’ —dabc(D a’h) + 2] [a’bb’c

sym sym sym sym

< Y a'b?+2abc(d a’h) = 2) a’h’ + 2abc(a’ +b® +¢’) + 6a’h*c?
sym sym sym

< (a—-b)*(b—c)*(c—a)® > 0,ding.Ta co diéu phai chizng minh.

Bai 40:Cho a,b,c Ia céc s6 thuc khong am va khdng c6 hai s6 nao ddng thoi bang
khong.Chung minh rang:
1 1 1 3
2 2 + 2 2 + 2 2 2
b*-bc+c® c°-ca+a® a“—-ab+b- ab+bc+ca
C . ab+bc+ca ab+bc+ca ab+bc+ca .

Loi giai: Dat f (a,b,c) = + + ,gla
J it ) b’-bc+c® c®—ca+a® a’-ab+b? 9

st a<b<c

Ta co:
2 2
f(a.b.c)— f (0,b,c) = 2a(b +C) 4 a(c2 +2bc - ?b) . a(b2 +2bc —?c)
b*—bc+c c°—ca+a a’—ab+b
S a(b+c) N a(bc—ab) N a(bc —ac) >0
b?—bc+c® c*-ca+a’ a’-ab+b?
A4
Vé. f(0,b,c)—3:%+9+3_ — (zb C) >
b®—bc+c” ¢ b bc(b” —bc+c?)

Hoan tat viéc chirng minh.
Bai 41:Cho a,b,c la cac s6 thuc bat ki thi ta co:

2(1+ abc) +\/2(1+ a’)1+b*)(1+c®) > (1+a)(L+b)(L+c)
Loi giai:Bat ddng thic twong dwong:

J2(p?+ 02 +r2—2rp—-2q+1) = p+q—r-1
Ta chi can chirng minh:
2(p°+9°+r*=2rp-2q+1) > (p+q-r-1)°> < (p-q-r+1)°=0
Hién nhién.

10



Nguyén Xuan Huy-PAI HOC XAY DUNG HA NOI

Loi giai 2:
J2@1+a2) 1+ b?)(A+c?) = \[(a+h)? + (ab—1)2][(c+1)? + (L—c)?]
>(a+b)(c+1)+(ab-1)(@-c)
Do doVT > (a+b)(c+1)+(ab—-1)(1-c)+2(abc+1) = (L+a)1+b)(1+c)=VP
Ta c6 dpecm. ) ) . .
Bai 42: Cho a,b,c la cac s6 thuc khdng am va khdng c6 hai s6 nao dong thoi bang
khong.Chung minh rang:
a(2b+c) N b(zc+a) N c(2a+b) -
a“+bc  b"+ca c°+ab
Loi giai 1:Gia sir a>b > ¢ ,bat dang thirc duogc viét lai dudi dang:
b(c+a) _ (a-b)(a-c) N (a-c)(b-c)
b’+ca  a*+bc ¢’ +ab
(a-b)(a-c) _aa-b) _a-b
a’+bc  a’+bc a
(a—c)(b—c)ga(b—c)gb—c
¢’ +ab c>+ab b
Vay ta chi can ching minh:
b(c+a) S a-b N b-c
b’+ca b b
Loi giai 2:Ta s€ chung minh:
a(b+c) b(c+a) c(a+b) 8a’b*c?
a’+bc b*+ca c*+ab  (a®+bc)(b® +ca)(c’ +ab)
< Y a'(b?+c?)+3abc) a*(b+c) =) a’h’+2abc) a’+12a’h’c?

cyc cyc cyc cyc

< (ab-b*—ac)® +ab’c>0

< ((ac+bc —ab)® +c?(4ab + ¢* — 2ac — 2bc))(a —b)? + abc(a+b)(a—c)(b—-c) >0

Hién nhién ding,néu ta gia st ¢ = min{a,b,c} , ‘ ‘
Bai 43:Cho a,b,c la cac s6 thuc khdng am va khong co hai s6 nao dong thoi bang
khong.Chung minh rang:
\/a(2b+c) .\ b(zc+a) .\ c(2a+b) S5
a“+bc b° +ca c”+ab
Loi giai 1:Gia sira > b > ¢ ,binh phuwong 2 vé ta c6:
Z a(2b+c) +ZZ b;:(a+b)(2a+c) -
o a - +bc G\ (b® +ca)(c” +ab)
Str dung két qua cua bai trén,nén ta chi can chang minh:
Z bc(a+b)(a+c) 51
(b® +ca)(c® +ab)
Binh phuwong mét lan nira va cudi cuing ta chi can chirng minh:
z bc(a+b)(a+c) 51
< (b* +ca)(c’ +ab)

cyc

11
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2 2l2A2

Maz b;:(a+b)(?+c) ZZ 2bc(a +2bc) 1 4a;bc : S

o (b° +ca)(c” +ab) G5 (b” +ca)(c” +ab) (a® +bc)(b” +ca)(c” +ab)
Hoan tat viéc chirng minh.
Loi giai 2:Ta c0:

/ b+c) a(a+b) -y 2a(b+c) -y 2a(b+c)
Cyc a’ +bc \/a +be) b+bC)_CyCa +bc+ab+bc 47 (a+b)(c+a)
2a(b+c)

Vay,cudi clng ta can chiing minh: ' ———— 2 _ >
Y J g minh: by (oxa)
<> ab+ 0)2 >]](a+h) < 4abc>0 ,hién nhién.Vay ta c6 dpcm.
cyc cyc
Bai 44: Cho a,b,c la céc s6 thuc khong am va khdng c6 hai s6 nao dong thoi biang
khong.Chung minh rang:
1 1 1 a b c
+ + >— +— +—=
a+b b+c c+a a“+bc b°+ca c"+ab
Loi giai:Gia sa a = min{a,b,c}.Ta co:

VT -VP =

(a-b)(a-c)
o (b+c)(a”+bc)

Ta chi can chirng minh:
(b-c)b-a) (c-a)c-b)

Cra)brrca) (arb)cran) o OB maC A (b ca) >0

< ab-c)*(b*+c*—a*+ab+bc+ca)>0
Ding vi a = min{a,b,c}.Diéu phai chimg minh. ’ ‘ ‘
Bai 45:Cho a,b,c la cac so thyc khong am va khong co hai so6 nao dong thoi bang
khong.Chung minh rang:
1 1 1 a b c
+ + > > +— +—
a+b b+c c+a 3a“+bc 3b“+ca 3c +ab

Loi giai:Ta co:

VT —VP = z( Z(a b)(a-c)+a(2a-b-c)

<~ b+c 3a + bc ~ (b +c)(3a” +bc)
(a=b)(a-c) a(2a—-b-c)
= z 2 + Z 2
5 (b+c)(3a” +bc) o5 (b+c)(3a” +bc)
(a-b)(a-c)
;‘ (b+c)(3a® +bc)
a(2a—-b-c)
;‘ (b+c)(3a®+bc)
Gia str a = min{a,b,c},thi voi bat ddng thic thir nhat-ta chi can chirng minh:
(b-c)(b—a) N (c—a)(c—h)
(c+a)(3b® +ca) (a+b)(3c*+ab)
V6i bat dang thic thir hai:

Ta chi can chirng minh:

>0< a(b—c)*(b* +c?—a’ +3ab+bc+3ca) >0

12
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a(2a—-b-c) a(a-b) a(a-c) a(a—b) b(b-a)
czy:‘ (b +c)(3a*+bc) Czy:‘ (b+c)(3a* + bc) Czy:‘ (b +c)(3a* +bc) Czy:‘ (b +c)(3a* +bc) Czy:‘ (c+a)(3b*+ca)
a c(a—b)?*[(a-b)* +c(a+Db)]
= Z (a-b) 2 Z 2 2 =
o0 (b+c)(3a” + bc) (c+ a)(3b +ca) e (b+c)(c+a)(3a” +bc)(3b” +ca)

Hoan tat viéc ching minh. ’ ‘ ‘

Bai 46:Cho a,b,c la cac so thuc khdng am va khong co hai s6 nao dong thoi bang

khong.Chung minh rang:
a’(b+c) . b?(c+a) . c’(a+b)

b? +c? c2+a® a’+b? zatbte
Loi giai 1:
a’(b+c) ab(a+b)(a—b)’
—-a)= >0
czy:‘( b® +c? ) Czy;(b2+cz)(cz+a2)
O a’(b+c))’

cyc

.Ta cin chirng minh:
2(b+c) bl +c?) o canening

Loi giai 2:theo svac-xo ta ¢6:VT > Z

cyc

O a’(b+c))* = (a+b+c)(D a’(b+c)(b® +c?)) ,twong duong vdi:

cyc cyc
r(p®+9r—-4pq+ p®—-3q) >0,dtng-theo schur bac 1
Bai 47:Cho x, la cac sb thuc duong,chirng minh:

3 3 3
X . XS .\ X XXt Xy
X2 A4 XXy X XC A XXy + XS X2+ X X + X} 3

n 3 3

P A7 Xi XIJr
Loi giai:De ¥ (X, — X) + (X, = Xg) ...+ (X, —X) =0=D_ — L (X = %)
X2 XX +xI+1

i i N+l

1 X+ x° 13 — XX, + X
Do do: Z ——Z i+l __Z(XI +X|+1) i N+l |+1
i=1 X +X X|+1 + X|+1 2 i=1 X + XX, t X|+1 2 i= X + XXyt X|+1
q a’—ab+b®
St dung — ta co dpem.

a +ab+b2 B 3
Bai 48:Cho a,b,c 1a cac sb thuc duong sao cho a+b>c,b+c>a,c+a>b.
Chiing minh: 2% a?(b+c) > a° +b? +¢° +9abc
cyc
Loi giai:Pata=y+z,b=z+x,¢c=x+Yy(x, Y,z >0) .Bit dang thirc trong duong:
X2+ y°+2° +3xyz 2 )" xy(x+y) ding.
cyc
Tur déy ta d& co diéu phai chirng minh.
Bai 49:Gia sirn>2 la mot s tu nhién c¢6 dinh va gia str a, 1a cac sé thuc duong c¢6 tong
bang 1.Chuang minh rang véi bat ki cac s6 duong x, ¢6 tong bang 1,ta co:

n—2 ax?
2> %X; < n—1+zl—a

i<j i=1

13
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n n 2
Loi giai:VT =1-" x? bt dang thirc twong duong: L 1< > 1 % Theo svac-xo:
n-1"4'1-a

2 (Zx)
LX; 1
21

-1 ai n— Za, n—l

Bai 50:Cho a,b,c 1a cac sé thuc duong co tich biang 1,ching minh:
>/2

+ + 2
\/ 1.1 \/ 1.1 \/ 11
b+—+= c+—+— a+-— +—

a 2
Loi giai:Theo Cauchytacol+(b+ +—)_ (b+i l) L V2
2 V2 I 1
el 1+=+Db
a

1
5 a

Cudbi cuing ta co:
1 N 1 N 1 > J2( 1 N 1 N 1 y=2

\/b+l+1 Jc+1+1 \/a+1+1 l+1+b 1+1+C 1+E+a
a 2 b 2 c 2 a b c

Déu bang khong xay ra.
Bai 51:Cho a,b,c la cac s6 thyc duong,chirng minh:

2 K2 A2 _ h)2
E—+9—+E—>a+b+c+ 4a-b)
b ¢ a a+b+c
Loi giai:
2 K2 A2 _ h)2 A2 _ a)2
1HCOE—+b E—=(a b) +(b ) +(C 3) +a+b+c
b ¢ a b c a
_h)2 __h\? _h)2
2a+b+c+(a b) +(a b) 2a+b+c+fELl&—
c+a a+b+c

Diéu phai chang minh. ’ ,
Bai 52:Cho x,y,z,a,b,c la cac so thuc duong bat ki,chirng minh:
(ay/yz +byzx +c\xy)? <3(yza® + zxb? + xyc?)
Theo bunhiacopxki ta co:
(a\Jyz +byzx +cyxy)? < (a% +b? +c?)(xy + yz + 2X)

Theo bt dang thirc hoan vi ta co:

yza® + zxb* + xyc® > yzb® + zxc* + xya®

yza’® + zxb® + xyc® > xyb’ + zxa® + yzc?
Tir déy ta c6 diéu phai ching minh,
Ta c6 dicu phai chirng minh,dang thac xay ra khi va chi khia =b = c.
Bai 53:Cho a,b,ce R*,a+b+c =3.Chirng minh rang:

a’b’c® > (3—2a)(3-2b)(3-2c)

Loi giai: o
Tur gia thiét ta cd bat dang thirc tuong duong vai:
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27a’b’c’* > (a+b+c)*(a+b-c)(b+c—a)(c+a—h)
Khong mét tinh tong quat ta gia st a>b>c.Thi,néub+c-a<0=VT >0>VP
Connéub+c—a>0 thitadata=x+y,b=y+zc=z+x.Bat dang thic twong duong

VGi: 27(x + Y)? (Y + 2)% (2 + X)? = 64xyz(x + y + z)* ,hién nhién,vi:

27(x+ YY) (y+2)*(z+x)* 26—;(x+ Y +2)%(Xy + yz + 2x)°

26—;(x+ y+12)%.3xyz(Xx+y+2) = 64xyz(x+y+2)°

Bai 54:Cho a,b,c 1a cac s thuc duong c6 tong bang 1,chirng minh rang:
(1-a*)(1-b*)(1-c?) > abc(3—a)(3-b)(3-c)
o o ‘ (Nguyén Xuan Huy)
Loi giai:Bat dang thue dugc chuyén vé dang dong bac sau:
(a+b)(b+c)(c+a)(2a+b+c)(2b+c+a)(2c+a+b)>abc(2a+3b+ 3c)(2b + 3c + 3a)(2¢ + 3a + 3b)
Pit x=a+b,y =b+c,z=c+a,bit dang thic trg thanh:

xyz(X+ y)(y+2)(z +x) = (x+y-2){y+2-x)(z+x~y) (X+Y+22)(Y+2+2x)(z+ X+2Y)

8
St dung:
(X+ y)(y+2)(z+x)>8xyz
3
(X+y+2z)(y+z+2X)(z+x+2Y) Sw

(X+y+2)°(x+y-2)(y+z-X)(z+x-Y) <27x’y*z°
Ta c6 diéu phai chirng minh.
Bai 55:Cho a,b,c la cac s6 thuc duong thoa man a+b+c+ 2 =abc ,chirng minh:
abc(a-1)(b-1(c-1)<8
y+z  _Z+X
X y
X+ V(Y +2)(Z2+X)(X+y-2)(y+2-X)(z+Xx—Yy) <8x*y?z?
Dén day ta c6 hai 10i giai:
Loi giai 1:Su dung:

Loi giai:Tur gia thiét ta co thé dat a =

X+ (L az s
Cc= y ,bat dang thuec tré thanh:
z

8(x+y+12)°
27
(X+y+2)°(X+y—2)(y+z—-xX)(2+Xx—Yy) < 27x°y*z?
Ta c6 diéu phai ching minh.
Loi giai 2:Ta chi can chirng minh trong truong hop x,y,z 1a d§ dai ba canh cia mét tam
XZyZZZ
(X+y+12)R?

X+ y)y+2)(z+x)<

giac.Tadé co:(Xx+y—z)(y+z—-X)(z+Xx—-y) =

Ma 9R?* > x* + y* + 2% ,nén ta s& chang minh:
8(X+yY+2)(X*+ Yy +2°) 29X+ y)(y+2)(z +X)
Theo Holder thi:
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%(1+1+1)(x +y+2) (X +y +2%) > %(x +y+2)° = %[(x+y)+(y+z)+(z+x)]3 >9(x+ Y)(y+2)(z+X)
Biéu phai chimg minh. ‘
Bai 56:Cho céac so thuc duong a,b,c théa man ab +bc +ca =9 .Chirng minh rang:
(@ +b*(b* +c®)(c®+a’) >8(a+b+c)’
Loi giai:Ta co:
(@ +b>(* +c*)(ct+a%) > g(a3 +b® +c®)(@’m® +b%® +c’a’)
Theo Holder ta co:
I +y + )=+ +)QC+LP+)(X*+y* +2°) > (x+ y +2)°
Do do:
(@ +b*)(b* +c®)(c® +a%) 2%(awb+c)‘°’(ab+bc+ca)3 =8(a+b+c)’
Vi ab+bc +ca =9 Diéu phai ching minh.
Bai 57:Chirng minh rang véi moi so thuc x,y,z ta luén c6 bdt sau:
(x> +y*+2°)° > (x* +y® + 2° - 3xyz)?
Loi giai:Ta co:
(x* +y° +7° —3xyz)?
=X+ Y2+ 22+ (2xy+ Yz + X)X+ YP + 22 =Xy — Yz — 2X)(XP + Y2 + 27 — Xy — yZ — 7X)
3(x*+y* +12%)
3
Bai 58:Cho x,y,zeR*,x+ y+z=1.Chttng minh rang:
JZAXY +1JY + 2X X+ Yz 2 L+ 9(Xy + yz + 2X)
Loi giai:Bat dang thuc tuong duong véi:
1+ Xy +yz+2x+ 22\/(x+ yz)(y + z2X) 21+ 9(Xy + Yz + 2X)
& Z\/(x+ yz)(y + zx) > 4(xy + yz + zx)(i)
Déy:
X+YZ=X(X+Y+2)+yZ=X(X+Y)+X2+YyzZ=X(X+Y)+z(Xx+Yy)=(X+Yy)(X+2)

Do do:
VT (i) = (x+ Y)W(x+2)(y +2) 2 Y (x+ y)(Z +/xy)

:2(xy+yz+zx)+2(x+ y)\/x_y24(xy+ yZ + 2X)
Bai 59:Cho x,y,z >0, x* + y® + z° =1 ,chirng minh:

<( 3 =(x* +y*+12°)° = (dpcm)

1 1 1 X' +yt+7*
a) 5 +—+—52X+ty+ZI+—
x>y oz Xyz
b) X*+y? +2° > X>+ Y’ +2° + 2(X + y + 2) X’ y?z?
Loi giai:
i ) y3 y3 y3
a) Bat dang thuc < Z(7+?) > ZX = (dpcm)

b) Bét ding thic < (x> + Y2+ 22)(¢C + Y3+ 2°) > X* + y° + 2° + 2(x + y + 2)X°y?Z?
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S XY+ + Y (P + D)+ 22 (P +YP) > 2(x+ Y+ 2)X*y2ZA (i)

VT (i) > X2yz(y + 2) + y2zx(z + X) + 2°xy (X + y) ,cudi ciing ta can ching minh:
X2yz(y + 2) + y2zx(z + X) + 22Xy (X + ) = 2(x + y + 2)x*y?z? ,diéu nay tuong dwong véi:
Xy, y+Z+Z+X22(x+y+z)c>£+£+£z X+Yy+1z
Xy yz ZX X y z
S XY+ YZ+IX2XYyZ(X+ Y +2)

Ma Xy + Yz +2X > 3xyz(X + Y+ z) ,do do,ta can ching minh:

3xyz(X+y+2)> (xyz(x+y+2))* < xyz(x+y+12)<3

3 3 3
X*+y’+2z° 1 3o

Matadécéxyz£T=§,x+y+z§

Suyraxyz(x+y+z)<= 3 \/§<1<3—>(dpcm)

Bai 60:Cho a,b,c 1a c4c s thuc duong thoa manc < ava3a® + 4b® +5¢° <12

Tim gi4 tri nho nht cua biéu thic: P—l+% E
a c
Loi giai:
Ap dung Cauchy ta co:
p-lolislis _) 6 5 6
2 a b ¥/a? h2.h2.c2.c2.c2 1\2/(az+2b2+3(32)2
6
_ 6 . 6 e
\/(Za +4b2+6c \/(3a +4b +5¢7 y
12 12
Bai 61:Choa,b,c e R" ,chitng minh:
2 2
%+?+Z>Ja —ab+b® +b? ~be+¢* 4/’ ~ca+a’

Loi giai 1:bat dang thirc twong duong véi:

22(%2—2a+b)22(2\/a2 —ab+b?* —(a+h)) 2> (a—bb)z >3y ] (a-b)*

a?—ab+b*+a+b

< S, (a-b)*+S,(c-a)’+S,(b—c)*>0
Diéu nay hién nhién ding vi:

s _2_ 3 2.3 1o 3 4.9
“ b 2Ja’—ab+bl+a+b b B+b b 341
2 2 2
Lc‘yigiéiZ:TadécéVT=a—+—+c—2a+b+c
b ¢ a
2 2 2 2 2 2
MaVT=a —ab+b +b -bc+c +c —-ca+a
b c a

17



Nguyén Xuan Huy-PAI HOC XAY DUNG HA NOI

2 2
Do d6 ta c6: VT 22(%%)2 /P < VT >VP
Diéu phai chang minh.
Loi giai 3:
Trudc tién ta di chirng minh: £+E+izw
b ¢ a a“+b°+c

Bat dang thire tuong dwong : M (a—b)?>+N(a—c)(b-c) >0
a+b  2(a+b)

ab a®+b*+c?
b+c a+b+2c

ac  a’+b’+c’
Gia sir ¢ = min{a,b,c} thidé c6 M >0
Va N>0< (a® +b?+c?)(b+c)>ac(a+b+2c).Ma

M =
Vi
N =

2 2
(@ +b*+c?)(b+c)>2c(a® +b* +c?)=c(a’+ (%+2b2) + (a7+ 2c2)+§a2)

>c(a’+ab+2ac)=ac(a+b+2c)=N=>0
Cudbi cuing ta can chirng minh:

3 3 3
—3(a2 +bz +C2)2\/a2—ab+b2+\/b2—bc+cz+\/cz—ca+a2
a“+b°+c

. ~ ., 3@ +p*+c? al+b®+ct
Ma ta dé co: (2 > 2)23
a‘+b°+c a+b+c

Va Va2 —ab+b? ++b? —bc+c? ++/c2 —ca+a’ g\/3[2(a2 +b%+c®)—(ab+bc+ca)]
Vay, trude khi két thic ta can chirng minh:
3(@®+b*+c?)
a+b+c
< a’+b’+c’+3abc> ) ab(a+b)
bung,theo schur bac 3. ‘
Bai 62:Cho a,b,c la céc s6 thuc duong c6 tich bang 1,chirng minh:

1 1 1 1 1 1
< +

+ + < +
l,+aq+b l1+b+c l+c+a 2+a 2+b 2+c
Loi giai 1:Bat dang thac tuong duong voi:

>2(a® +b*+c®)—(ab+bc +ca)

3X%Y +Xy® +6xy —5X* — y* — 24X + 3y — 27 > 0 (Voi x:a+b+c,y:£+%+£,X,yZ3)
a c

& (16X% +27x)(y —3) +3y* (x—3) + (12x + 3y + 27)(xy —9) +3x(y* —-9) >0
Hién nhién dung vi X,y > 3.

Hoic dit f (x) = 3x*y + xy” +6Xy —5x* — y* —24x+3y—-27,x >3,y >3
Taco: f'(X)=6xy+y*+6y—10x—24>8x—-24>0
Suyraf(x)>f(3)=2y*+42y-144>2.3*+42.3-144=0

Suy ra dpcm
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Loi giai 2:Khdng mat tinh tong quét ta c6 thé gia

, O<l+a+b<l+c+a<l+b+c .
si:0<a<b<c= ,do do:
0<2+a<2+b<2+c

VT _szz b-1 S b-1 N c-1 N a-1
(2+a)(l+a+b) (2+c)l+b+c) (2+c)l+b+c) (2+c)1+b+c)

_a+b+c-3
(2+c)L+b+c)
Vay ta c6 diéu phai ching minh,ddng thirc xay ra khi va chi khia=b =c =1.
Bai 63:Cho a,b,c 1 c4c s thuc duong théa man a <b <c.Chtng minh:

> 0 ,bung,theo Cauchy.

bc N ca N ab 1.a b+c
J@ +ab+b?)(@® +ac+c?) /(b +bc+c?)(b?+ba+a?) (cE+ca+a’)(ci+ch+b?) 3D c a

(Nguyén Xuan Huy)

Loi giai:Dé v:
bc _ bc . e _~Jbe
J@+ab+b?)(@® +ac+c?) /((a—b)’+3ab)(a-c)’+3ac) 3avbc 3a
Do do:
5 bc S;(&+Ja+@)£1J(3+9+£)(3+3+g
o \J(a*+ab+b?)(a®+ac+c?) 3 @ b c 3V'b ¢ ac b a

Ma 3+9+Ez%+%+g© (b—c)(a—c)(b—a)>0,dang theo gia thiét.

b c a
Do dé: 3 e <1@.2.5
5 \J(@*+ab+b?)(@’+ac+c?) 3'b ¢ a

Bai 64:Cho x,y,z la cac s6 thuc khdng am thoa mén: x2 + y? + z2 =1.Chirng minh rang:

Loi giai: ,
Binh phuong hai vé ta co:

1 X+Yy y+2
3= (X4 V2 + 22+ xy+yz+2X)+2 1——2.\/1— EAEALSY
S (¢ +y y+yz+2x)+2> " [1—( ) (=)

cyc

<:>Z\/4—(x+ y)z.\/4—(y+z)2 —(Xy+yz+2x)>7

cyc

19



Nguyén Xuan Huy-PAI HOC XAY DUNG HA NOI

4—(X+Y)? =2+2(X* +y* +22) - (X* +2xy + Y*) = (x— y)* + 2(1+ 2°)
Déy: 4—(y+2)* =(y—2)2+2(1+x°)

4—(z2+X)=(2—-X)*+2(1+y?)
Ta can chirng minh:
@Z\/(x—y)2+2(l+ ) (Y = 2)2 + 2014+ X2) — (Xy + Y2+ 2X) 2 7 ,(*)

cyc
Str dung bunhiacop-xkKi ta co:

VT (%) 2D (x=y)Nz2—Y)+ 21+ 2°) A+ X?) 2 D" (2x—xy — yz+ y*) + 2(1+ 2X)

cyc cyc

=Y (Y +32x—xy—yz+2) = (X’ + Y2 +2°) +3(Xy + Y2 + 2X) = 2(Xy + YZ + 2X) + 6 = Xy + Y2 + 2X+ 7

cyc
Do dézz\/4—(x+ y)z.\/4—(y+z)2 — (XY +YZ+ZX) = XY+ YZ+ 22X+ T — (XY +yZ+2X) =7
cyc
Ta c6 diéu phai ching minh. ‘
Bai 65:Cho cac so duong x,y,z thoa man x + y + z =1,chitng minh rang:

\/x2+xy+ yz\/y2+yz+z2 +\/y2+yz+22\/22+zx+x2 +\/zz+zx+x2\/x2+xy+ y> >1
Loi giai 1:Céac ki hiéu xem hinh vé.

T hinh vétréntacé:a:\/y2+yz+zz,b:\/zz+zx+x2,c:w/x2+xy+y2
a’+b*+c? =2+ Y +2%) + (Xy + yz + 2X)

Ta duoc: J3
S =Spas + Sosc * Soca = T(Xy +YZ+2X)

Chng ta can chirng minh ab+bc+ca >1(1)

20
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That vay (1) < 2(ab+bc+ca)>2

Ma ta lai d& c6 2(ab+bc +ca) > a® +b? +c? +4+/3S ,(v6i S la dién tich cua tam giac
ABC.),bat ddng thtrc ndy kha quén thudc rdi.

Ma a% +b% +c?+443S =2(X% + Y2 + 22) + (Xy + yZ + zx)+4\/§.§(xy+ yZ + 7X)

=2(X°+ Y2+ 22+ 2xy +2y2+22X) = 2(X+ Y+ 2)* =2

Diéu phai chung minh.D4u bang xay ra khi va chi khi x=y =1z :%

Loi giai 2:Ta viét lai bat dang thac lai dudi dang:

Y., 3y? z., 3z7° y z, 3yz )
X+2)Y + ) ((X+=) +—) > X+2)(X+=)+—2)=(x+y+2)°*=1
Z\/(( 2) A )( 2) 4) Z(( 2)( 2) 4) (X+y+2)
Diéu phai ching minh. ,
Bai 66:Cho a,b,c la cac so thuc I16n hon 1 thoa mdna-+b+c < 6,tim gia tri I6n nhat cua
a?+b?+2a*h b*+c?+2b%c c®+a*+2c’a
= + +
a?+b%+2b b?+c®+2c c’+a*+2a

Loi giai:
., a’+b®+2a’
béy, ————— —<ae(a-1D(@a-hb)?*=0
y a’+b?+2b (a-=1X )
Lam tuong tu ta ¢ Max A = 6 khivachikhia=b=c=2.
Bai 67:Cho va b la céc so thuc duong,chirng minh:

ab bc ca a* b* c? a b cb c a
MI{ —+—+—,—+— +—}zmax{ —+—+—;—+—+—

{cz a®> b’'bc ca \ab} { c aa b c}

Loi giai: Thuc ra bai ndy,ching ta chi can di ching minh:

a—?+b—f+%_i+b+caab +b’c® +c’a’ > abc(a’c +b*a+c’b)
cc a~ b b c a
aE+bf C—?29+E+a©ab +b’c® +c’a’ > abe(b’c +c’a+a’h)
cc a~ b a b c
a®> b® c*_a b

c
S+l >+ s at+b*+cd>a’c+bfa+ch
bc ca ab b ¢ a

ai) b—f %_E+E+ 8 & a*+b*+c?>bic+cla+a’h
‘ cc a° b” a b c
C6 thé sir dung Cauchy mét cach rat dé dang,ching han nhu di chirng minh
a’h® +bc® +c*a® > abc(a’c + b%a+c’b)
Theo Cauchy ta c6: a’b® +a’b® + b%c® > 3a’ch® = 3abc.ab® 1am twong t ta d& ¢ diéu phai
chtrng minh. ’ ‘
Bai 68:Cho a,b,c la cac so thuc duong c6 tich bang 1.Chirng minh:
a+3 b+3 c+3
+ + >
(a+1)?* (b+1* (c+1)°
Loi gidi 1:(V6 Qudc Bé Can)
Khong mat tinh tong quét ta gia su(a—1)(b-1)>0=a+b<l+ab
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x . 1 1 c . 1 1 4 4 4c
Ta de co >+ > > = va + > > =
@+a) (@+b)” 1+ab c+1 a+l b+1 a+b+2 ab+3 1+3c
Do dé a+3 N b+3 g 1 N 1 I+ 1 1 S 2¢C 4c

+ > 4
(a+1)? (b+1)? (1+a)® (+b)*" 1+a 1+b 1+c 1+3c

Vay,cubi cling ta chi can ching minh:

2cC 4c c+3
+ +

1+c 1+43c (c+)

Déubéngxéyrakhivachikhia:b=c=1,a—>+oo,b—>+oo,c—>0

Loi giai 3:bata=— b = i = l xyz =1,bdt can ching minh twong dwong vai:
X z

y'
2 2 2 2y 2_y_ 2_5_
3X +>2<+3y +)2/+3z +§23©2x x21+2y y21+22 zzl>
x+D)° (y+)° (z+) (x+1) (y+1) (z+1)
2x° 2y? 27° 1 1 1
= =+ =+ == + +
(x+D° (y+1)° (z+)° x+1 y+1 z+1
Vay,ta chi can ching minh:
2 2
o X 4 y S 1 Xy
(x+1? (y+1)? z+1 Xy +1
Ding, vi x*y? + X% + y* = 2x7y* —xy > X*y® + 2xy — 2x°y* —xy = xy(xy -1)* >0
Lam tuong tu thém 2 bdt nira,ta c6 dpem.
Bai 69:Cho a,b,c la cac so thyc duong,chirng minh:
a+b b+c cta_ a b c

+
o c a b b +Cc c+a a+b
Loi giai:Bat dang thﬁ:c duoc viet lai dudi dang

a+ba b o 9
P N AT AT

b+c c+a a+b
Hién nhién,vi theo Cauchy va 1.1, 4
X Yy X+y
Bai 70:Cho a,b,c 1a cac s thuc duong,ching minh:
5 5 5
a—+b—+c—+%2 2(a° +b° +03)+2—6abc
o bc ca ab 2a‘b°c 2
Loi giai:Bat dang thire twong duong:
a’ b° c® 1
(—+abc) + (—+abc) + (— + abc) + 3(
bc ca ab

~>3< (c—1)° = 0,hién nhién.

S XY X2+ Yy -2x°y*—xy >0

9
+_
2

N abc abc
‘ 2a’b’c®> 2
Str dung Cauchy ta c6 di€u phai chieng minh.
Bai 71:Cho a,b,c > 0,cé tong bang 1,chitng minh:
9 a b C
—< + +
10 1+bc 1+ca 1+ab

))>2(a +b*+¢? )+%

<1

Bai 72:Cho a,b,c 1a cac s thuc duong va Xx,y,z € [0,%},a+b+c =X+Yy+z=1,chiang

minh: xa + yb + zx > 8abc
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Loi giai:Gia sir a<b<c,dab < (a+h)? = (1—c)? = 8abc < 2c(l—c)’ < 1_7‘:

- 1 1 1 1 1 a+b
Vix,y,ze|0,= |=>c=c(=—X)+Cc(=-Yy)z2a(=z—X)+b(z-y)=—— b
I Xy 6[ 2} =0 +c5-y)2aC—X)+b(5 - y) =———(xa+yb)

= xa+yb+ zczl_TCZSabc

Bai 73:Cho a,b,c 1 céc s thuc khong &m c¢6 tong bang 1,chirng minh:
1—a+1—b +1—c >§

1+a 1+b 1+c 2

Loi giai:Ta co:

VT = b+c c+a a+b X LY z

3
= + >
2a+b+c 2b+c+a 2c+a+b y+z z4+x XxX+y 2
Bai 74:Cho a,b,c la c&c s6 thyc duong phan biét,chirng minh:

> ab(a+b)
cyc 16abc
>

a’+b’+c*—ab-bc-ca (a+b+c)’
Loi giai:Bat dang thirc dugc dua vé dang:
p’q+48qr >19rp?

Ma theo Cauchy ta c6:
3 3
p’q+48qr = %4‘%4‘ 48qr > 3312 p?q¥/r > 9312rp? = 20,605rp? > 19rp?

Diéu phai chang minh,dau bing khéng xay ra.
Bai 75:Cho a,b,c 1a cac s thuc duong co tich biang 1,ching minh:
a’b+b’c+c’a>a+b+c
Loi giai:Ta dé c6 bt dang thic twong dwong véi:
a®> b*> ¢ .
?+Z+_Z a+Db+c,hién nhién.

Bai 76:Cho x,y,z,te R,(X+Yy)(z+t)+xy +88=0,chiang minh:
X* +9y® +62° + 24t* > 352
Loi giai:Hién nhién vi:
X2 +9y° +62° + 24t7 + 4(X + Y)(Z +t) +4xy = (X + 2y + 22+ 2t)* + (2y —2)* + (z - 4t)* + (y - 2t)* =0
Bai 77:Cho0 < a,b,c <1,ching minh:
a b ¢ _ 3%apc
+ + >

1-b 1-c¢ 1-a 1-3%abc

Loi giai:SD Cauchy:

a . b N c . 33/abc S 93/abc
1-b 1-c 1-a §(-a)l-b)l-c) 3-(a+b+c)

3/ 3/

9vahc > 3vahc < a+b+c>33abc
3—(a+b+c) 1-3/abc

Can chtng minh:
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Bai 78:Cho a,b,c 1a cac sb thuc thoa man: xyz = -1

Ching minh rang:
2
x4+y“+z4+3(x+y+z)zx—+—+—+—+—+—
y z X zZ X Yy

Loi giai:(Em trai:Nguyén Tan Sang-10A1 chuyén Phan Boi Chau)

BDT can chirng minh tuong duong voi:
X4y + 2 4 3(x+y+2)+ X (y+2)+ Y (z+X)+ 2 (x+y) =0
& (X +y +22+3)(x+y+2)=0

c>(x+y+z)2(x2+y2+zz—xy—yz—zx)20
Ma BDT trén luén dung nén ta suy ra diéu phai chitng minh.
Bai 79:Cho a,b,c la céc s6 thuc duong c¢6 tich bang 1,chirng minh:
a(b?-+/b) +b(c? ) +c(a? -+a)>0
Loi giai:Bat ddng thirc twong dwong:

ab? +bc? +ca? > avb +byc +cva

Ma (ab’® +bc? +ca?)? > 3abc(a’b +b’c + ca) = 3(a’b +b%c + c?a) > (av/b + b/c +cv/a)?

Pung,theo bunhiacop-xki,ta co diéu phai chirng minh.
<R xe s A ? y2 z° y 7z X
Hodc co thé dua bai toan vé dang —+—5+—2>=+—+—
y2 22 X2 x y 1z
Bai 80:Cho x,y,z la cac sb thuc,ching minh:
2 2 2 2 2 2
X'—y* yi-2 -x’_
2X°+1 2y +1 27°+1
Loi giai: Bai toan c6 thé duoc chuyén vé dang:
Néu a,b,c 1a cac sb thuc khong am thi ta co:
b— a . C- b La-cg
2a+1 2b +1 20+1
That vay,khong mat tinh tong quét ta co thegla su ¢ la sb nam giﬁ:a avab.
b-a c—b a-c 1

Taco + =(c— - —
2a+1 2b+1 2c+1 =G )(2b+1 2 ) (a )(20+1 2a+1

__ 20— 2 (a-b)(c-b)>0
(2c+1)(2a+1) (2b+1)(2a+1)
Ding,ta hoan tat viéc chirng minh.
Bai 81:Cho x,y,z la cac so thuc duong va k >1,ching minh:
X y z 3
+ + >
X+k(y+z) y+k(z+x) z+k(x+y) 2k+1
Loi giai:SD svac-xo ta co:
X . y . z S (x+y+z)°
X+k(y+2) y+k(z+x) z+k(x+y) X +y*+2>+2K(Xy+yz+1x)
Ta can chirng minh:

)
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(x+ y+12)° 3
X2+ Y2+ 2%+ 2k(Xy + yz + 2X) 2k+1
Pung,ta co diéu phai chirng minh.
Bai 82:Cho X,, X,, X, X, X; 1 C4c s6 thuc duong,hdy xac dinh ¢ bé nhat dé:

C( 2005 2005 + 4 X2°°5) > X, X, X5X, X (X125

S 2k-D)(X*+y*+z2°—xy-yz—2x)>0

+ X125 +.+ X125

Loi giai:Cho x, = =X, = X, = € > 5" vay ta chi can chung minh:

515( 2005 2005 +.+ X2005) > X1X2X3X4X (X1125 + X125 +.+ X

Ma ta dé c6 theo bunhlacop -xki thi:
(Xi.ZS + X125 +.+ X125 )16 < 515( 2000 X2000 + + XZOOO)
2000 44 X2
Vay ta can chirng minh:
X12005 + X22005 +.+ X2005 > X1X X X X ( 2000 XZZOOO +.+ XSZOOO)
Ap dung Cauchy ta co:
2001)(12005 2005 + X2005 + X§005 + X§005 Z 2005)(12001)( X X X

Lam tuong tu ta c6 dleg phai Chu:ng minh.
Bai 83:Cho a,b,c la 3 s6 thuc dwong,chirng minh:

a’ b? c? a+b+c
+ + >
J3a2+8b2+14ab  +/3b? +8c2+14bc  +/3c2+8a’ +14ca S
Loi giai 1:
Ta co:+/3a’ +8b? +14ab = \/(a +4b)(3a + 2b) <

125

4a +6b

=2a+3b,lam tuong tu ta co:

S a’ b? c? (a+b+c) _a+b+c
2a+3b 2b+3c 2c+3a 5(a+b+c) 5
Loi giai 2: Ta di chang minh bd dé:
8(a* +b* +c*) +13(a’b® + b’c® +c*a’) > 21(a’o +b’c + c®a)
Trudc hét ta di ching
minh:8(a* +b* +c*) +13(a’h? +b’c® +c’a?) > 7(a’ +b* +¢%)* < ) (a> —b?)?
Suy cudi cung ta chi can chitng minh: (a® +b? +¢?)? > 3(a’b +b’c + ca)
Bat dang thirc nay da qué quen thugc roi.Trd vé bai toan
Ap dung holder ta c6:
a
(
2 /33’ +8b° +14ab
(a® +b?* +c?)? >(a+b+c)2
> a’(3a’+8b” +14ab) 25
(a+b+c)? <3(a?+b?+c?),do d6 cudi clng ta can ching minh:
2 2 2\2
@D HC) L3 L gat+bt +c')+13(a%h? + b7l + c?a?) > 21(a’ + bic + c*a)
> a’(3a”+8b” +14ab) 25

blng,theo b6 détrén.
Bai 84:Cho a,b,c la cac s6 thuc khéng am thoa man a+b +c¢ = 3,tim max cua:

,dpcm

2

)’[D a*(3a” +8b” +14ab)] > (8’ + b’ +c?)°

Ta can chirng minh:
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p=a+b +b+/c +cv/a —/abc

Loi giai:Dat x=+a,y=+b,z=+vc = x? + y? + 22 =3 .Khi d6: p = X2y + Y’z + 22X — Xyz
Khéng mit tinh tong quét ta gia sir y 1a s6 nim giira x va z khi do ta c6:

2(y—x)(y—2) 0= —xyz < yz° — 2y — xz°
Suy ra:

2y° +3-y*+3-y* ,
( 3 )
V2

=2

V2Y (B-y)
5 c

Bai 85:Cho a,b,c 1a cac s thuc duong,chirng minh:
(a+b+c)*(ab+bc+ca)? + (ab+bc+ca)® > 4abc(a+b+c)?
Loi giai:bit a= i,b = l,c _1 \bit dang thirc trg thanh:
X y z
(X+ Y +2)2(xy + yz+ 2X)* + xyz(x+ y + 2)° > 4xyz(x + y + 2)°
Ta dé co xyz(x+y+2)* >3xyz(X+ Yy + z)(Xy + yz + 2X)
Do d6 ta can chang minh:
(X+ Y +2)*(Xy + YZ + 2X) + 3Xyz(X + Y + 2) > 4(Xy + yz + 2X)°

p<yz®+x’y=y(z* +x*) = y(3-Yy?) =

< xy(x—=y)Y +yz(y—z2)* +zx(z—x)* =0
Diéu phai chang minh.

Bai 86:Cho a,b,c 1a céc s thuc duong thoa man 1+%+1 =a-+b+c,chirng minh:
a C

11 1 3
(2a+b+c)® (2b+c+a)® (2c+a+b)* 16
1Z 1 a+b+c

Loi giai 1:Ta dé c6:VT <= -
455 (a+b)(a+c) 2(a+b)(b+c)(c+a)

(a+b)(b+c)(c+a)zg(a+b+c)(ab+bc+ca)

Sur dung- (ab+bc +ca)® > 3abc(a+b +c)
ab+bc+ca=abc(a+b+c)

Ta co:

a+b+c _ (@+b+c)(ab+bc+ca) ab+bc+ca abc(a+b+c) <i 1 l:i
2(a+b)(b+c)(c+a) 2(a+b)(b+c)(c+a) abc(a+b+c) (ab+bc+ca)® 2.8 3 16
Diéu phai chang minh.
Bai 87: Cho a,b,c 1a cac s6 thyc dwong thoa médn ab +bc + ca < 3abc ,chirng minh:

2 2 2 2 2 2
\/a +b +\/b e +\/C T8 L 3<J2(Jatb+brciora)

a+b b+c c+a
Loi giai: Theo bunhiacoxki ta co:
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2 2 2
J54a+b:2/_@) }(2 a’ +b S /ab (J_ a’ +b) 2ab a’+b
a+b\V2 a+h Vatb \ a+b

J54b+cz,/ be +J S+

b+c b+c

2ca [c°+a’

2Jerax |22 4|
c+a c+a
Ma theo cauchy:

\/2ab+\/2bc \/20a 3 3\/ 3apbc
a+b \Vb+c Vc+a a+b b+C c+a ab+bc+ca

2bc 2ca

Tuong tu ta co:

Diéu phai ching minh.
Bai 88:Cho a,b,c la cac so thuc duong,chirng minh:
b +c? . ¢’ +a’ . a’ +b? S 3(a® +b* +c?)
(a+b)(@a+c) (b+c)(b+a) (c+a)(c+b) 2(ab+bc+ca)
Loi giai:Chuan hda ab+bc +ca =1 ,ta can ching minh:
2p®-5p+3r S 3(p*-2)
p—r 2
Ta xét,néu p > 2 = BAt dang thic hién nhién

< pP-4p+3p°r>0< p*+3pr-4>0

_ 2
Néu /3 < p < 2 thi theo schur bac 1 ta co:r > w ,do do:

200 2 .
p? +W—420@ (p® —=3)(p* —4) <0,hién nhién.

Diéu phai chiang minh,dau bang