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MOT SO BAI TOAN BAT PANG THUC
TRONG CAC Ki THI CHQON HQC SINH GIOL

Tran Xudn Pdng
THPTChuyén Lé Hong Phong - Nam Pinh

I- PIEU KIEN HOAN CANH TAO RA SANG KIEN
Trong cac ki thi chon hoc sinh giéi Qudc gia va trong cac ki thi Olympic
toan Qudc té , ching ta thudng gip cac bai toan vé bat ding thirc. Trong ki thi
chon doi tuyén Viét Nam dy thi Olympic toan quéc té nam 2009 c6 bai toan sau:

Bai toan 9: Tim tit ca cac s6 thuc r sao cho bat diang thirc

rarlr a3
r+ r+ r+ >l r+—
b+c c+ta a+b 2

dang véi moi bd 3 s6 thuc duong a, b, ¢

II. THUC TRANG TRUOC KHI TAO RA SANG KIEN

Bai toan 9 13 mot bai toan khé. Chi c6 mot vai thi sinh giai quyét duoc tron
ven bai todn nay.
III. CAC GIAI PHAP TRONG TAM

Noi dung ctia ban bao céo nay 13 trinh bay mot cach suy nghi dé di dén 1oi
giai cua bai toan 9. Tir mot bai toan thi Olympic toan Qudc té nam 1984 (bai
toan 6), tic gia dd tong quat bai toan d6 thanh bai toan 7 va da giai quyét dugc
bai toan 7. Sau d6 ap dung két qua cua bai toan 7 dé giai bai toan 9. Trong ban
bdo cao sang kién ndy tac gia cling trinh bay mot cach giai cta bai toan thi
Olympic toan Qudc té nam 2001 (bai toan 1) va sau d6 ap dung cach giai d6 vao
viéc tim 101 giai cho cac bai toan twong ty; ddng thoi tac gia ciing dua ra mot
bai toan tong quat (bai toan 5) cia bai toan thi Olympic toan Qudc t& nim 1995

(bai toan 4) va 101 giai ciia bai toan tong quat do.
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Trong ki thi Olympic toan Qudc t& nam 2001 ¢6 bai toan sau:
Bai toan 1: Cho ba s6 thyc duong a,b,c . Ching minh ring:

a N b N c > 1
\/a2+8bc \/b2+8ca \/c2+8ab

Trude hét ta xét
Bai toan 2: Cho 3 sb thuc duong a,b,c . Chirng minh rang

a b c 3
+ + P
b+c c+a a+b 2

Day la bit dang thirc Nesbitt . Bat ddng thirc nay c6 nhiéu chimg minh. Sau ddy

la mot chiing minh ctia né .

3 3 3 1

Ap dung bét dang thirc Cosi ta co : a? +b2 +b2 >3a2b

3 3 3 1 3 3 3 1
a*+c*+c?>3a%c = 2(a*+b*+c?)>3a*(b+c)

N W

_ _a 3a
btc 2 3 2
2(a*> +b% +c?)
3 3
2 2
Tuong tu ta co b, 33b3 — va cbz 3303 ;
+ =S = + == 2
T @b ey T 2@ 4b? 402
Tirdosuyra: —2—+ b ¢ .3

b+c c+a a+b 2
Chung ta ap dung phuong phap giai bai toan 2 dé giai bai toan 1 . Ta ching
minh rang ton tai s6 thuc « sao cho .
a S a”
Ja? +8be a“ +b* +c”
That vay bat ding thie (1) < a (a” +5% +¢*) >a” Ja® +8be

oa’(a® +b° +c¢*)? > a*® (a® + 8bc)

M

oa’[a?® +2a% 0% +c*)+b0* +c¥)] > a**? +84%bc

20" (b +c*) +a’ (b* +c*) > 8a**bc

A A 2 o a oo
Ap dung bat dang thirc Cosi ta c6 : b +c"2Nb¢
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a a

= 24" (b +c*) +a*(b” +c*) > 4a“b2c? +4a’bc”

a a a 3a 3a

Ap dung bét déng thire Cosi ta cb a***b2c? +a’h%c” 224  hic*

Ta chon o« thoa man |2 +% =2a

4
< a 25
-
4 4 3
. 3 b b c c?
Vay a > a ] > ! >
\/Cl2+8bc Cl%‘f‘b%'i‘cg \/b2+8ca ag—i-bg-i-cg \/02 +8Clb a%+b%+c%
a b+ ¢ 5

j— =
Ja® +8be \/b2+80a \/cz+8ab
Bai toan sau tuong tu véi bai toan 2

Bai toan 3: Cho 4 sb thuc duong a,b,c.d . Chirng minh rang

a + b + ¢ + d >1
Va* +63bcd b +63acd VP +63abd  Yd* +63abe

Bang phuong phap di duoc sir dung trong 161 giai ciia bai toan 2 ta chirng minh

21
16

a a
duge. = =T mow o m
a’ + 63bcd al' +pl6 4 ol6 4 g6
21
16
b S b

3 b3+63acd - 21 21 21 21

a6 +h16 416 4 416
21
16

C

< 2 —5 21 21 21

33 ELE =

\/c + 63abd a6 +h16 416 4 16
21

d d's

e FIE TR TR
\/d + 63abc al® +h16 4 o164 J16

\2

b n c d 51

Suy ra + + >
Vad +63bcd b +63acd Ve +63abd  Yd* +63abe
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Bai toan 4 : Cho 3 s thuc duong a,b,c thoa man abc = 1 . Ching minh ring

1 1 L3

+ + >
a’*(b+c) b(c+a) (a+b) 2

( Bé thi toan Qudc té nam 1995)

LMgﬁtDax=lwy= z=l(&%z>®.KMdéma=l
a C

1
b 3
£, 22 X y? z 3

va bat dang thuc (2) < + + >
y+z z+x x+y 2

Ap dung bat dang thirc Bunhiacopxki ta ¢ :

2 2 2
T Y v Z ) (2x42y422) 2 (x4 y+2)
y+z z+x x+y

2 2 2
= S 2x+y+22§(ihﬁy+zz3ﬂ@z=3)
y+z z4+x x+y 2 2

Bai todn sau 1a mQt bai todn tong quat ctia bai toan 4

Bai todn 5: Tim tit ca cac sb thuc o sao cho bat dang thirc

b, r .t .3 (3) diing v6i moi bo 3 s6 thuc dwong a.b.c
a(b+c) b“(c+a) c“(a+b) 2

thoa man abc =1

Loi giai: Xét o > 2 . Khong mat tinh tong quat, gia sira <b<c

Dax=l,y=

a

, Z l.KMdé&%z>OVéma=l
C

S| =

a-1 a-1
Bat dang thuc (3) < SIS AN

a-l1
z 23
y+z z+x x+y 2

. X z
TacO x>2y>z = > 2 >
y+z z4x X+

Ap dung bat dang thirc Trébusep ta co

o—1 o—1 oa-1
X 4 _ _ _ X 4
+ Xy >(x" 7P+ ( 2y
y+z z+x Xx+y V+z z+x Xx+y

. 3
Tacd ——+—2— 42> | 52432427 > 33 (xp2)*2 =3
y+z z+x x+y 2

a-1 a-1 a-1
X z
= +J} + >3
y+z z+x x+Yy
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Vay voi ¢ > 2 thi bat dang thirc (3) ding v6i moi bo 3 sé thuc duong a,b,c thoa
mén abc = 1 . Ta ching minh ring v4i « < - 1 thi bat dang thic (3) ding voi bo

ba sb thuc duong a,b,c thoa man diéu kién abc = 1 . That vay gia st a,b,c 1a 3 $O

thuc duong thod man abc=1.Pat x = 1 , Y= %, z="1 thi X,y,Z >0 vaxyz=
a C

1

bat p =1 - a>2. Theo chirtng minh trén ta cé

1 1 1
+ +
xﬁ(y+z) yﬁ(z+x) zﬁ(x+y)

53
2

1 1 1 3
= + + >=
a®“(b+c) b(c+a) c“(a+b) 2

Véi-l<a <%

Xét cac day (a,), (by), (ch):a, =n,b, =n,c, = iz (n eN")
n

1 1 1 2n* e pre!

bat S, = + + ==+
a’(b,+c,)) bi(c,+a,) ci(a,+b) n +1 2

3nﬂ)nloosn =0

Xét o = % Xét cac ddy (ay) , (by), (Co): 8y =by =1, ¢y = — (n eN")
n

2—-a 2a-1
Dat S, = —— 1 LS Sim Sa= L

a + a + a = 3 +
a’(b,+c,) b(c,+a,) c.(a,+b) n +1 2 n—>+0
Véi %<a <2 .Xét cac day (a,) , (bn), (c,) saocho a, =b, = 1 ,Cy =n°(n eN)
n

a+l
! ! ! 2n +n™* = lim S,= 0

bat S, = + + ==
al(b, +c,) bi(c,+a,) cila,+b) '+l >0

Vay tap cac gid tri o can imla (- co,—1] U [2; + »)
Bai toin 6: Cho 3 sb thuc khong 4m x,y,z thoa man diéu kién x+y+z = 1 .
Chung minh rang 0< xy+yz +zx - 2xyz < 27—7

(Dé thi Olympic toan Qubc té nam 1984)

Bai toan sau 1a bai toan tong quat cta bai toan 6
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Bai toan 7: Cho s6 thuc k . Xét cac $0 thuc khong am x,y,z thod man diéu kién
x+y+z =1 . Tim gi4 tri nho nhit va gié tri 16n nhét cua biéu thic
E=xy+yz+xz -kxyz

Loi giai cta bai toan 7 : Trudc hét ta tim gia tri 10n nhét cta E . Theo bét ding

thitc Cbsi ta co “g“ > iz :xyzﬁ%

Gia su xz2y2z
Truonghop l:y+z <x = (y+z-x)z+x—p)(x+y—-2)<0<xyz
Truonghop2:y+z>x = y+z-x>0,z+x-y>0,x+y-z>0

Ap dung bat dang thirc Cosi ta co

\/(y+z—x)(z+x—y)£z, \/(z+x—y)(x+y—z)£x

\/(x+y—z)(y+z—x) <y, = (+z—-x)z+x—-y)(x+y—z)<xyz
Trong moi trudng hop ta déu co
+z—x)z+x—-y)(x+y—z)<xyz

=>0-2x)(1-2y) 1-2z)<xyz=>4(xy+ yz+2zx) - 9xyz <1

1 A , . 1 1 3
= Xy + yz+2x —%xyz < 1 Dau "=" xay ra khi va chi khi x=y=z = 3 hoac trong
A R L Ay 23 1
s0 X,y,z c6 mot sO bang 0 va hai so con lai bang 3

p 9 .. 9 9 1 9 1
Neuk< ZthiE=xy+yz+zx - Zxyz+(Z—k)xyz<—+ (> —k)—
2 y Ty 27 (4 )xyz 1 (4 )27

=F< l — i
3 27
DAu "=" x4y ra khi va chi khi x=y=z = % — gid tri 16n nhét cia E 1a 2=X
A 9 41 _ _ 9 9 1
Neuk> = thiE= =xy+yz+zx - Zxyz+(=—k)xyz < —
4 4 4 4
— E s% Déu "=" xay ra khi va chi khi trong 3 s6 x,y,z c6 mot sd bang 0 va

trong hai s6 con lai bang % Suy ra gia tri 10n nhat ctia E 1a %.

Néuk = % thi gi tri 16n nhit ctia E I i
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Tiép theo chung ta tim gia tri nho nhat ciaE . Gia sit x> y>z= x> %

Néu k< 0 thi E > 0; E =0 khi va chi khi trong ba s6 x,y,z ¢ hai s6 bang 0 va

mot s6 bang 1. Vay gid tri nho nhét cua E 13 0.

NéuO<k<9thiE > 33 (xyz)? —keyz =3/ (xyz)* B - k3/xyz) = 0

E>0 . Dau "=" xay ra khi va chi khi trong ba sb x,y,z c6 hai s bang 0 va mot sb
bang 1. VAy gié tri nho nhat cia E 1a 0
Néuk =9 thi E = xy + yz + zx -9xyz

=yz(1-9x)+x(1x) > %(1—9x)+x(l—x)

Ta co

— 2 -
=99 4x-0) = 5 Gr-1 20 5 £20

Dau "=" xay ra khi va chi khi x=y=z = % hoic trong ba s x,y,z c6 hai s bang
0 va mot sd bang 1 . Vay gid tri nho nhat ctia E 13 0

Néu k> 9 thi E = xy + yz + zx -9xyz +(9-k) xyz > 927

—E> % DAu "=" xay ra khi va chi khi = y=z = %

Vay gia tri nho nhat cta E 1a Ik

Chu y rang v6i k = 2 ta nhan dugc 10i giai ciia bai toan 6.
Bai toan 8: cho 3 s thuc duong a,b,c . Chirng minh ring
a’+ b’ + ¢’ + 3abc > a’b + ab”® + a’c + ac® + b’c + bc® (4) (Bit dang thirc
Schur)
Loi gidi cua bai toan 8
b

Dit x=—3% = z=—C thi x,y,z>0 vax +y+z=1
a+b+c a+b+c a+b+c

Bat dang thirc (4) < 4( xy+yz+zx) - 9xyz < 1 (5)
Theo ching minh trén thi bt dang thirc (5) ding.
Vay bt dang thic (4) dung
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Bai toan 9: Tim tit ca cac s thuc r sao cho bat dang thirc

r+ =2+ b Y+ — )Z(r+l)3 (6) dung v6i moi bd 3 s thue duong a,b,c
b+c c+a a+b 2

(Dé thi chon d6i tuyén Viét Nam du thi toan Qudc t& naim 2009)
Loi giai

Gia sir bat dang thire (6) dung v6i moi bd 3 s6 thue duong (a,b,c)
Xét 3 day sb (ay), (by), (Cn):an =1,b,=c, =n(vneN)

n n
r+
+1)( n+1

:>(r+i)(r+ )2(r+%)3

n

n
+1

= lim (0450 40"z ()

=r( r+1)2 = (r-i—%)}

—1+\/§

4
—1-45

4

v
=

r<

Giastra,b,c>0vaatbtc=1

1

6) & r(b+c)+a r(c+a)+b r(a+b)+c 5)

b+c c+ta a+b

>(r+
o [r+(1-r)a] [r+(1-)b] [r+(1-r)c] = (H%)B (1-a) (1-b) (1- ¢)
o1+ (1-r) +r(1-1)* (ab + be + ca) + ( 1-r)’ abc > (r+%)3( ab +bc + ca - abc)

=S [(r+%)3—r(1—r)2](ab +bc+ca)- [(r-i—%)} +(1-r)]abe < 1

9(4r> —=2r+1) abe < 8r’

< ab+bc+ca- - cS—5——
2877 —2r+1 2877 —2r+1

(7

22r+l)
9(4r r+1) vi

bat k= . E =ab + bc + ca - kabc
28 —=2r+1
Véir > —126 hodc T < ‘iﬁ thi 47 +2r-1> 0
31{32
4

10
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_ 2
Theo bai toan 7ta cO E < 9k _ 28r
27 28r° —=2r+1

Vay (7) dang véi moi a,b,c >0 (a+b+c =1). Tap hop cac gia tri r can tim 1a

—1—J§] Ol —1+4/5

2 2

( -0,

,+00)

Bai toan sau 1a mét mé rong cua bai todn 7 .

Bai toan 10 : Cho sb thuc k. Xét cac sd thuc khong am a,b,c,d thod man diéu

kién a+b+ct+d =1 . Tim gia tri 16n nhét va gia tri nhé nhat ctia biéu thirc

E = abc + abd +acd+ bed - k abed

Ban béo cdo sang kién kinh nghiém nay da dugc chuan bi chu déo, song

khong tranh khoéi nhiing thiéu sot. Tac gid xin chan thanh cdm on cédc y kién

déng gbp cua cac thay c6 gido d€ ban bao cdo sang kién kinh nghiém dugc hoan

thién hon .
CAC PHU LUC

1. Danh muc cac tai liéu tham khao
- Tap chi toan hoc va tudi tré
- Trang website : www. mathlinks. ro

- Trang website : Imo . math .ca

11
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UNG DUNG PINH Li PHAN DU TRUNG HOA
GIAI MOT SO BAI TOAN SO HQC
Ding Dinh Son
THPT Chuyén Luong Vin Tuy — Ninh Binh

1. PINH Li PHAN DU TRUNG HOA
Pinh li: Cho n sd nguyén duong m,m,,...m s6 nguyén duong d6i mot
nguyén té cing nhau. Khi d6 hé dong du tuyén tinh

{x = a,(modm,)

i=Ln
c¢6 nghiém duy nhat modun M =mm,..m

n*

Chung minh:

< M — 5 .
bat M, =—= M, m)=1i=1n va M,:m Vi# j.
m.

1

Suy ra Vi=1,n, ton tai s6 nguyén y thoa man M,y =a (modm).

Xét x=> M,y taco:

i=1 i=Ln

{)_C = a,(modm,)

. |x=a;,(modm, = x(mod m, -
Do do:{ _( )Q{x i(mo m')<:>xzx(modM)
i=ln i=Ln

Vay dinh li dugc chirng minh.

Nhan xét: Pinh Ii phan dw Trung Hoa khdng dinh vé sw ton tai duy nhat cia
mét 16p thang duw cdc s6 nguyén thod man dong thoi nhiéu dong dw tuyén tinh,
Do dé c6 thé sir dung dinh li dé giai quyét nhitng bdi todn vé su ton tai va dém
0 cdc s6 nguyén thod man mot hé cdc diéu kién quan hé dong du, chia hét...,
hay dém sé nghiém cua phwong trinh dong dw. Viéc siv dung hop i cdc bé
m,m,,...m vabé a,a,,..a (trong dinh Ii) cho ta nhiéu két qud rat thii vi va tir
d6 c6 thé dwa ra nhiéu bai tdp hay va khé. Sau day la mét sé vmg dung cua dinh

Ii phan dw Trung Hoa gidi cdc bdi todn s6 hoc.

12
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2. MOT SO UNG DUNG

Bai toan 1. Cho hai s6 nguyén duong p, q nguyén t6 cung nhau. Ching
minh ring ton tai sé nguyén k sao cho (pg—1)"k+1 1a hop sd v6i moi sd nguyén
duong n.

Loi giai:

Vi (p,q)=1 nén theo dinh li phan du Trung Hoa, ton tai s nguyén k thoa

man:

k =1(mod p)
=—1(mod q)

Khi do:

+ Néu n chin thi (pg—1)" =I(modq) = (pg—1)"k = —I(mod ) = (pg —1)"k +1iq

+Néu n 1é thi (pg—1)" = —I(mod p) = (pg—1)"k = —1(mod p) = (pg—1)"k +1: p

Vay (pg-1)"k+1 13 hop sb v6i moi s6 nguyén dwong n.

Nhén xét: Ching minh trén that gon gang nho vao viée st dung dinh li dong
du Trung Hoa. Mau chdt cia van dé & ddy 1a chung ta phai thiy ring dé
(pg—1)"k+1 13 hop sb ta can chi ra (pg—1)"k+1 chia hét cho p hodc q, khi phan

k =1(mod p)
=—I(modgq)

tich tinh chan 1¢ cta n ta dé dang théiy duge su xuat hién cua hé {

Bai toan 2. Ching minh rang ton tai s6 nguyén k sao cho 2"k+1 1a hop sb
v6i moi s6 nguyén duong n.

Loi giai:

Nhén xét: Bai tp nay gin giéng voi bai tap sd mot nhung né phirc tap hon
bai toan 1 nhiéu vi trong bai toan nay ta khong thé nhin thiy ngay dé 2"k+1 1a
hop s6 ta can chi ra né chia hét cho s6 nao.

Pé y thay trang trong bai toan 1 ta xét hai truong hop n chin va n 1é hay tong
quat 1a xét n & dang sau 2"/ voim, /1a cac sO tu nhién, [ 1é.

Khi 6 2"k+1=2"k+1 va ta c6 2°"' =—1mod(2”" +1), do d6 dé 2"k +1 1a hop
sO ta chira 2"k +1 chia hét cho F, =2?" +1(Day Fermat).

Ta trinh bay 1oi gidi bai toan nay nhu sau:

13
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Trudc hét ta c6 F, F.F,F,F, 1a cic sO nguyén td, F,=641.6700417 va

0°4 1
(F,F))=1Yi# .
Theo dinh li phan du Trung Hoa, ton tai s6 nguyén duong k thoa méan:

k=1(modF,)

m=0,1,2,3,4

k =1(mod p)
=—I1(mod q)

(p=641,q=6700417, (p,q)=1).

Tacd n=2"1,véim, [1a cac sb tu nhién, / 1é.

+Néum <5 thi 2" =2>"=—1mod F,) = 2"k =—1(mod F,) = 2"k +1:F,
+Néum =5 thi 2" =22 =-1(mod F,) = 2"k =-1(mod p) = 2"k +1ip
+Néum >5thi 2" =(22)"" " =1(mod F,) = 2"k = —I(mod q) = 2"k +1iq

Do d6 2"k+1 1a hop s6 voi moi sb nguyén duong n.

Bai toan 3. Cho la tap S={p,.p,,-p,} gém k sb nguyén t6 phan biét, va f(x)
1a da thic v6i hé sb nguyén sao cho véi moi sb nguyén duwong n déu ton tai p,
trong S sao cho p, | f(n). Chiing minh rang ton tai i sao cho p.| f(n),Yne N*.

Loi giai:

Gia stir khong ton tai i sao cho p,| f(n),Vne N*, suy ra véi moi i=l;k ludn ton
tai a; sao cho p, | f(a). Mit khac theo dinh li Phan du Trung Hoa ton tai s tu

J(x)= f(a;)(mod p;)

i=Lk

x=a.(mod p,
nhién x thoa man { _( p'), do do {

hay p, | f(x).Vi=1k
i=Lk

(Mau thuan)

Bai toan 4. Cho n=p® p®..p% va f(x)1a mot da thirc véi hé sé nguyén. Khi

d6 phuong trinh dong du  f(x)=0(modn)cod nghiém khi va chi khi tat ca cac

phuong trinh déng du f(x)=0(mod p), i=1; k c6 nghiém. Néu goi la sO nghiém
ctia phuong trinh f(x)=0(mod p*) 13 n.,i=1;k thi phuong trinh n=p% p%=..p% cb

ding nj.n,...nx nghiém (moédun n)
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Loi giai:
e Giasir x 1a mot nghiém cia f(x)=0(modn), hién nhién x 1a mot nghiém cia

L {f(x) = 0(mod p)
€ .
i=Lk

e Gia sir x la mot nghiém ciia /(x) =0(mod p*),i =1;k. Theo dinh li Phan du

x = x,(mod p’

_ )(mod n). Ma
i=Lk

Trung Hoa ton tai duy nhat x 1a nghiém cua hé {

x=x(mod p*)= f(x)= f(x)mod p) (Vi (f(x)-f(x))i(x~x)), suy ra x la mot
nghiém cua f(x)=0(modn).

Mbi bod (x_l,x_p...,g) voi ;, la m§t nghiém cua f(x) = 0(mod p{),i =1;k cho ta mot
nghiém clia f(x)=0(modn)va hién nhién cac nghiém nay I phan biét (vi trong hai bd
khac nhau phai ton tai it nhat mot cap x_l.l,glél hai nghiém khéc nhau cua
f(x)=0(mod p*), do @6 hai nghiém twong tmg véi hai bo d6 khong dong du theo
mod p’). Do do s0 nghiém cta f(x) =0 ding bang n;.n,...ny.

Nhw vy dwa vao dinh li Phin dw Trung Hoa ta cé thé dém dwoc sé
nghigm ciia mt phwong trinh dong dw. Bai todn 5, bai todn 6 sau ddy la cdc
vi du cu thé cho bai todn 4.

Bai toan 5. Cho s6 nguyén dwong n=pf p&..p%, trong d6 p,,p,....p, 12 cic
s6 nguyén t6 d6i mot khac nhau. Tim sd nghiém cta phuong trinh dong du
x* +x=0(modn).

Loi giai:

x =0(mod p{)
, x(x+1)=0(mod p{) ‘
x°+x=0(modn) < — <[ x=-1(mod p;")
i=Lk —
i=1,
x = a;(mod p;*)

Theo dinh li phan du Trung Hoa mdi hé phuong trinh {4, e {~1;0} c6 duy
i=Lk

nhit mot nghiém (thing du modn) va ta c¢6 2*hé (bang sb bd (a,.a,,...a,),
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a, € {~1,0}), nghiém cua cac hé¢ khac nhau. Suy ra phuong trinh x* + x = 0(mod n)
c6 dung 2" nghiém.

Bai toan 6. Cho s6 nguyén duong a=p,p,...p, , trong d6 p,,p,.... p, 1a cac sb
nguyén t6 doi mot khac nhau va sb nguyén duong n thoa mank <n< p, p,,... p,
. Chitrng minh rang trong day sau c¢6 »*s6 chia hét cho a.

u =12..nu,=23..(n+1),u, =34..(n+2),..,u, =a(a+1)..(a+n-1)
Loi giai:
Nhdn xét: Bai tip nay tu tudng gidng nhu bai 4.

i=a,(mod p,)
uiasa,€{0,-1,-2,..,~(n-1}, j=La Do dotacod n*so chia hét cho a.

i=Lk

* Cing véi tw twong nhw bai 4, ta c¢é thé chirng minh céng thirc ciia Phi
ham Ol bang cich dwa vé dém so nghiém ciia mét hé dong du.

Bai toan 7. Cho sd nguyén duong n, ¢(n)1a sd cac sd nguyén duong khong
vugt qua n va nguyén tb cung nhau véi n. Ching minh rang véi n = p® p%..p%»

trong d6 p,,p,,...p,1a cac $O nguyén t6 d6i mot khac nhau, ta c6 :
1 1 1
p(n)=n(l-—)1-—)..0-—)
D D, Pi

(Phi ham Ole )

Loi giai

Nhén xét: Cong thirc trén d3 dugc chimg minh bang cach sir dung tinh chét
o(n)1a ham nhén tinh. Va dé chting minh tinh chat trén ta phai st dung dén céc
tinh chét cua hé thiang du. Cach nay kha phirc tap.

Bii todn nay c6 thé gidi dep hon bang dinh li dong dw Trung Hoa

A, ={aeN|1<a<n,(a,n)=1}

Khi n=p” = o(n)=p*-p*"

Khi n=ppe=..pe, trong d0 p,,p,....p, 12 cac s6 nguyén té d6i mot khac

nhau. Véi s0 nguyén duong a thod man 1<a<n taco:
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a=a,(mod p)

acd < (a,p”)=Li=Lk <1q, €d,
i=1k
Ma theo dinh 1i phan du Trung Hoa, ton tai duy nhit s6 nguyén duong a,

a=a,(mod p") )

k
<a< A ma €4, a ta co = “ —p%')y hé dan
1<a<n thod man < ia e . va ta co l;[|Apf,| 1;[(19, pe™") h¢ dang

i=1k

trén, nghi¢m cua cac h¢ khac nhau.

Do d6 | 4, =] [(p - p™) =n1--y1- 1) -1,
i=1 P P, Py

Bai toan 8. Cho 4, ={aeN|1<a<n,(a,n)=(a+1,n)=1}. Tim | 4, |.

Loi giai:

Nhén xét: Bai toan nay c6 thé giai twong tu nhu cach chirmg minh cong thirc

phi ham Ole ¢(n). Gia st n=p® p..p® , trong d6 p,, p,.... p, 12 cac sd nguyén tb

do1i mot khac nhau, ta co | 4, | = n(l—i)(l—i)...(l—i).

b D, Pi

*  Sir dung dinh li dong dw Trung Hoa chirng minh céng thivc ciia Phi
ham Ole, cho ta mét 1oi gidi dep, nhung ciing véi tw twong trén va tinh chit

ciia hé thing dw ta con c6 thé gidi bai todn mé réng ciia dinh li Wilson.

Bai toan 9. Tim s nguyén duong n 1¢ sao cho voi moi h¢ thang du thu gon
modun n {al,az,...,a(p(n)} ta co aa,..a,,, =—1(modn).
Loi giai:
e Theo dinh li Wilson ta suy ra n nguyén t6 thoa mén.
e V&in=p" véip la sb nguyén td 1é.
Ta co {al,az,...,a¢(n)} 1a mot hé thang du thu gon modun n, suy ra vdi moi
ae {al,az,...,a(pm} déu ton tai duy nhét a e {al,az,...,a(pm} thod man aa = 1(mod ) v

azb=a#h.
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b (i (a-1,041)<3).
=n-1

a =-1(mod n)

a=aod—1ine (a-T)a+1)in @{a =l(modn) c{a:

Suy ra {al,az,...,a¢(n)}\{l, n-1} chia thanh % cap nghich ddo modun n.

Do d6 aa,..a,,, =-1(modn).
o Vi n=p p=..p* trong d6 p,p,...pla k (k>1) sb nguyén to 18,
phén biét.

Tuong ty nhu trén: V6i mdi aela.a,....a,,} déu ton tai duy nhat

ae{al,az,...,aw)} thod man aa=1(modn)va a=b=>a=#b.

a=1(mod p/")
a=asad ~line (a-1)a+)ine 1| a=—1(mod p*) (Vi (a-1,a+1)<3)
i=1k
a=a,(mod p;")
Theo dinh li phan du Trung Hoa mdi hé phuong trinh {q, e {~1;1} c6 duy
i=Lk

nhit mot nghiém (thing du modn) va ta c6 2¢ hé (bang sb bd (a,,a,,....a,),
a, € {~1,0} ), nghiém cua cac h¢ khac nhau.

Suy ra c6 ding 2* s ae{a.a,,...a,,} ma a=a, Ki higu A, 1a tip hop
ae{al,az,...,aw)} ma a=a.

Dé théy H a=(-1)* = 1(mod p®),i =1,k = H a =1(mod n)

acd, ac4,

_ k
Mait khac tap {al,az,...,a¢(n)}\An chia thanh % cap nghich ddo modun n

Suy ra: aa,..a,,, =1(modn).

Két luan: n= p".

Sau ddy la mét sé bai todn chieng minh sw ton tai ciia mot day sé théa man
mot sé tinh chit cho trwéc bang cdc kj thudt lia chon bé a,,a,,...a, (trong

dinh li phan dw Trung Hoa) .

18



TAP SAN TOAN HQC 2009 - NAM PINH 7 ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

Bai toan 10. Ching minh réng vO1 moi sO tu nhién n, luén tdn tali n sO tu
nhién lién tiép sao cho bét ki s6 nao trong cac sd d6 ciing déu 1a hop sd.

Loi giai:

Nhdn xét: n s6 tu nhién lién tiép c6 dang a+1, a+2,...,a+n. Cac s6 nay 1a hop
s0 néu ton tai cac sb nguyén duong p,,p,.... p, khac 1 sao cho (a+i):p>. Suy ra

. =—] d 2
a 1a nghiém cua hé phuong trinh {x _z(mo P ).
i=ln

x = —i(mod p,*)

Theo dinh li ddng du Trung Hoa hé { c6 nghiém khi p,p,,...p,

i=ln
d6i mot nguyén t6 cuing nhau.

Do d6 ta chi can chon p,, p,,..., p. 1a n s6 nguyén t6 phan biét.

Bai toan 11. Chirng minh réng vO1 moi $6 tu nhién n, ludén tdn tali n sO tu
nhién lién tiép sao cho bat ki sb nio trong cac sé d6 ciing déu khong phai 13 luy
thira (v6i s mil nguyén 16n hon 1) cia mot s6 nguyén td.

(D¢ thi toan qudc té 1989)

Loi giai:

Nhan xét: Khi giai bai toan nay ching ta dat ra cau hoéi bai todn nay co tu
tuong co gidng bai 5 khong?. Néu dé y dén bd dé sau day ching ta s& thdy bai
toan nay c6 lién quan dén bai toan trén.

Bo dé: Néu a chia hét cho p va khong chia hét cho p* véi p 1a mot s nguyén
t6 thi a khong 1a luy thira (v6i sé mil nguyén 16n hon 1) ctia mot s6 nguyén td.

Tro lai bai toan:

Goi p,p,,..p, lan $6 nguyén td phan bi¢t, theo dinh 1i phﬁn du Trung Hoa,
ton tai s nguyén duong a sao cho {a E;eri (mod pf).

1=1,n

Khi d6 a+i:p,va khong chia hét cho p’,i=1,n. Suy ra diéu phai chirng minh.

Bai toan 12. Ton tai hay khong day v6 han {x,} 1a mdt hoan vi cua tap N sao
cho v&i moi s6 tu nhién k luén ¢o x, +x, +...+x, }k.

(Nordic 1998)
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Loi giai:

Nhin xét: trong bai toan nay ta can chil ¥ dén gia thiét diy{x,} 1 mot hoan
vi ctia tap N, néu khong c6 gia thiét ndy bai toan trd nén qua dé, ta quy nap nhu
sau, mdi bo x,,x,,...x , taludn chon duge x, sao cho x, +x, +..+x n. Do viy yéu
cdu cua bai toan 13 ta phai xdy dung diy {x,} sao cho quét hét tap N, ddy 1a cau
héi chinh cén tra 10i.

Tré lai bai todn ta chirng minh sw ton tai day sé bang quy nap nhw sau:

Chon x, =0,x, =2,x, =1.

Gia st ton tai x,x,,...,x, thod man x +x, +...+x, :k,Vk =1,n.

Dat S =x +x,+..+x,.

Chon x,, =min(N\{x,x,,..,x,})vd X1 la nghiém nguyén duong I6n hon
X, X,,..., X, cUa hé

X = —Sn (mod(n + 1))
x=-S —x,,(mod(n+2))

Do (n+1,n+2)=1 nén hé trén c6 nghiém (Pinh li dong du Trung Hoa).
Vi chon x , =min(N\{x,,x,,...x, })nén {x,} quét hét tap N.

Bai toan 13. Chung minh réng véi mdi s6 tu nhién n, ton tal mot cép sO
cong g@)m n sd hang sao cho moi $6 hang cua n6 déu la luy thira cia mot $6 tur
nhién véi sé mii 16n hon 1.

Loi giai:

Nhin xét: Trong cac cp sb cong thi cip sd cong dang a, 2a, 3a,...,na 1a thich
hop nhat trong bai toan nay vi trong mdi s6 hang khong c6 phép cong dé su 1i dé
phit hop hon yéu cau moi sé hang ciia né déu 13 luy thira cia mot s6 tu nhién véi
s6 mii 16n hon 1. Do d6 a c6 dang 23™..n™ Va (m,,m,,...m),(m, +1,m,,...m ),
(my,my;+1,...,m,) 5...,(my,my,...;m, +1)>1.

Loi gidi bai todan trinh bay nhw sau:

Gia st p,, p,.... p,1a n s6 nguyén t6 phan biét.

20



TAP SAN TOAN HQC 2009 - NAM PINH 7 ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

Theo dinh 1i phan du Trung Hoa, v&i moi i =2, ton tai sé nguyén duong m;
thod man

m, =~1(mod p,)
m;=0(mod p;) .

j=Ln,j#i
Khi do (m,,m,,...m):ip, (m,+1,my,...m)ip,,..., (my,my,...,m +1)ip .

my my m,

my 7 my+l my m, P
—=a=2"3"..n" = 273" .n" |, 2a=2""3" " =273 " | ...,

my my m, +1

na=2"m3". n" =| 2730 g P

Pn
j . Diéu phai chirg minh.

Bai toan 14. Cho A 14 tap con khac rdng cuia N. Ching minh rang ton tai sb
nguyén duong n sao cho nd={nx|xe 4} 1a tip hop l1a luy thira cia mot sd tu
nhién véi sé mii 16n hon 1.

(Balkan 2000)

Loi giai:

Nhin xét: Bai toan nay tu tuong gidng bai toan trén.

Gia SU A=1{a,,a,,...a,} » py Pysornr p, 12 k 56 nguyén t6 phan biét.

Theo dinh 1i ddng du Trung Hoa, véi moi i=1,k ton tai sé nguyén duong m;
thod man

m, =-1(mod p,)
m;=0(mod p;) .
j=Lkj#i
Khi do (m, +1,m,,...m):p,, (m,m,+L,m,..om)ip,,..., (m,m,,...m +1)ip .

Dat n=a"a;"..a" , ta co:
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m+l my my P m my+l my P
— oyt my me _ P P P — g My Mptl me _ P Py P>
ha, =a, a, “..a,. " =|q a, ..a; , ha, =a, a, Lapgt =1arta, ey

m my my+1\ Pk .
yeees na, =a"a,..a™" = a”a,”..a, ™ | .Diu phai chirng minh.

Sode sk
3. MO RONG PINH LI PHAN DU TRUNG HOA

Trong dinh 1i phan du Trung Hoa, c6 diéu kién m,,m,,...m 13 cac sb nguyén
duong d6i mot nguyén t6 cung nhau. Cau hoi dat ra 1a néu m,,m,,..,m khong
thoa man diéu kién d6i mot nguyén t6 cung nhau thi két qua dinh li nay s& nhu
thé nao?

Pinh li (Phan dw Trung Hoa mé rong)

Cho n s6 nguyén duong m,,m,,...m VA a,,a,,..,a, 1a cic s6 nguyén duong bat

ki. Khi d6 hé dong du tuyén tinh

x =a;(modm,)
{i =1n

c6 nghi¢m khi va chi khi g, = a,(mod(m,,m;)) v6imoi i,; thoamani<i< j<n.

Khi d6 hé c6 nghiém duy nhat modun M =[m,,m,,...m ].

Chtrng minh:

[ Gia sir hé c6 nghiém x,, dat (m,,m))=d;, =a,=x,=a,(modd;) V61 Mol i,

thod manli<i<j<n.

1 Nguoc lai néu a,=a,(mod(m,,m;)) v61 moi i,;j thod mani<i<;<n thi ta
ching minh hé trén c6 nghiém duy nhat modun M =[m,,m,,...m ] bang quy nap
nhu sau:

Véin=2,dat (m,m)=d,m =dd,,m,=dd,,(d,d,)=1=a, =a, =a(modd)

Dat ¢, =a+kd,a,=a+k,d , ta co:
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x—a

x =a,(modm,) d
=

X =a,(modm,) xX—a

=k, (modd,)

=k,(modd,)

Vi (d,,d,)=1 nén theo dinh li phan du Trung Hoa, ton tai s nguyén duong x

x=k dd = d — -
thoa man {f (modd) "y 6 {x a(modm,) Xl Smod(d )

x =k, (modd,) x =a,(modm,)
& x=xd +a(mod(dd,d,)) hay x = xd +a(mod[m,,m,]).

- d , .
Suy ra hé {x (modm,) c6 nghiém duy nhat modun [m,,m,].

x=a,(modm,)
Gia sir dinh 1i ding dén n— 1. Ta chirg minh dinh dinh li ding dén n.

bat m =[m,m,,...m _,1,m,=m

n

x = a,(mod m, o 1
A 2 c6 nghiém duy nhat

Theo gia thiét quy nap, hé phuong trinh {

i=ln-1

(dt a, =a,).

- — x = a,(mod m, = (modm
x=a,(modm,). Do do ta co { 1_( )@{x a,(mod m;)
i=ln

x =a,(modm:)
Vi a4, =a,(mod(m,,m,)) v61 moi i,j thoa mani<i<;<n nén a, = a,(mod(m,,m,)).

Tur d6 theo truong hop n = 2, hé phuong trinh {xza_l(m()dn_h) c6 nghiém duy

x = a,(modmy)

nhat modun [m,,m,|=[m,,m,,...m ].

Theo nguyén li quy nap dinh 1i dugc chiing minh.

*kk
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Mot s6 bai tap ap dung:
Bai 1. Chung minh réng vO1 moi sO tu nhién n, luén tdn tain $6 tu nhién lién
tiép sao cho bat ki s6 nao trong céac sb d6 ciing c6 udc nguyén duong dang 2¢ 1.
Bai 2. Chirmg minh ring ton tai v sd diy vo han ting {a,} cc sb ty nhién
sao cho v6i moi s6 tw nhién k, ddy {k+a,} chi chira hitu han sb nguyén t5.
Czech-Slovakia 1997

2" -1

Bai 3. Tim tt ca cac s nguyén duong n sao cho 2" 133 va la udc cua
mot s6 nguyén co dang 4m? +1.
Korea 1999
Bai 4. Ta dinh nghia hinh vudng tot 1 mot hinh vudng co 4 dinh 1a cac
diém nguyén , dong thoi doan thang ndi tim O véi tat ca cac diém nguyén trén
bién va trong hinh vudng d6 chira it nhat mot diém nguyén khac hai dau mut .
Chung minh rang véi moi sé nguyén duong n déu ton tai mot hinh vudng t6t

dang nxn.

Bai 5. Tim sd nguyén duong n sao cho vi moi hé thang du thu gon modun

n {al,az,...,aw(n)} ta co aa,...a,,, =-1(modn).

Bai 6. Cho f£(x), £,(x),.... f,(x)1a n da thitc v6i hé sé nguyén khac 0. Ching
minh ring ton tai da thirc P(x) hé nguyén sao cho voi moi Vi=1Ln ta lubn cé
P(x)+ f (x)1a da thirc bat kha quy trén Z.

Bai 7. Cho m=2007"", hdi c6 tit ca bao nhiéu sb tu nhién n<m sao cho
m|n(2n+1)(5n+2).

Bai 8. Ta goi mdt tap hop cac s6 nguyén duwong C 1a t6t néu véi moi sd
nguyén dwong k thi ton tai a,b khac nhau trong C sao cho(a+k;b+k)>1. Gia sir
ta c6 mot tap tot ma tong cac phan tir trong d6 bang 2003. Ching minh rang ta
c6 thé loai di mot phén tir ¢ trong C sao cho tap con lai van 14 tap t6t .

Bulgaria TST 2003
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Bai 9. Chimg minh ring ton tai diy (a,)tang thuc su sao cho v41 moi n thi
a,a,..a, —1 1 tich cua hai s6 nguyén lién tiép.
USA -TST 2009
Bai 10. a) Chimg minh rang tdp cic sd nguyén c6 thé phan hoach thanh
cac cap sd cong véi cong sai khac nhau.
b) Chting minh rang tap hop cac s6 nguyén khong thé viét dudi dang hop
clia cac cp sb cong voi cong sai d6i mot nguyén td cung nhau.

(Moldova TST 2009)
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Tai liéu tham khao

Ping Hung Thang — Pong du va phuong trinh déng du
Nguyén Vii Lurong — Cac bai giang vé sb hoc
Tuyén chon céc chuyén dé toan hoc tudi tré — Tap 3

Dién dan — http://mathvn.org
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THANG DU BAC HAI )
Pham Quang Thang
THPT Chuyén Théi Binh

Chuyén de nay trinh bay van dé vé thang du bac hai, néu ra cac khai ni¢m, vi du
minh hoa va cac tng dung Iy thuyét trong céc bai thi hoc sinh giéi quéc gia cling nhu
qu{{Jc €. Qua theo dd1. trong mot s nim gi}m day. thang du bac hai duoc khai thac kha
nhiéu trong d8 thi hoc sinh gi6i cua cic quéc gia trén thé gidi. Cac kién thire trong
chuyén dé duoc néu ra va chirng minh mét cach cu thé dura trén céc kién thire vé dé)ng
du ma hoc sinh chuyén toan da duoc hoc.

Vigc day cho hoc sinh chuyén dé vé thang dw bac hai sau khi day Iy thuyét déng du
13 1Al cAn thiét. no thé hién su liép ndi rong tu duy. Hoc sinh 8 I,hé(iy duoc su wong
df“mg vl phuong trinh trong tép $0 nguyén.
Vi du : Trong tip s6 nguyén thi phuong trinh x +a = 0 Tudn cé nghiém. trong thing
du bac nhat thi phuong trinh x+a=0(modm)ciing luén c¢é nghidm. Trong tap so
nguyén thi phwrong trinh ax | b = 0 khong phai ic nao cling cé nghiém, trong thang
du bdc nhit thi phuong trinh ddng du ax+ b= 0(modm) khong phai lic nao cliing ¢o
nghiém.
S& n trong sb nguyén goi 13 sb chinh phwong néu phuong trinh x*=» ¢6 nghiém
nguyén, nhur vdy khong phai s6 n nao ciing 1a s6 chinh phuong. Trong d(;mg dr thi
khong phai luc nao phwong trinh déng du x” =n(modm) cling cé nghiém; khi cd
nghiém thi sén go1 1a thang du bac hai mod m.
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I DINII NGIIIA

Dinh nghia 1

G1a sir m, n, a 1a cac s6 nguyén duong va (a, m) = 1, s6 a goi 1a mot thang dw bic n
modm n&u phwong trinh dong du x” = a(modm) c6 nghiém nguyén. Ngugc lai ta néi a
khong 1a thang du cdp n.

Véin = 2,3.4 tuong ting goi la thang du bac 2, 3, 4. Trong chuyén dé nay chi xét

n =2 (thang du bac hai).

Vidu

6 1a thang du bac 3 mod 7 ( vi 3° =6(mod 7))

-1 1a thang dw bac 2 mod 5 ( vi 7° =-1(mod5))

Pinh nghia 2

a

xAac dinh boi:
p L

Cho a € 7, p 1a s@ nguyén to. Ki hiéu Legendre [
1 néu p khéng chia h€t a va a 1a thing du biac 2 mod p
[ﬂ): -1 néu p khéng chia hét a va a khéng 13 thing du bic 2 mod p

r L P
’ 0 néu p chia héta

Vidu:

X

2\
[_ =lVx:(x,a)=1

4

5))
=
13 13

1. DINH LY VA UNG DUNG

1. Dinh ly I ( Dinh ly IFecmat)
V6i méi s6 nguyén duong m dat A= k eN/0<k <m,(k,m)=1 . Goi p(m) la

s6 phan tr clia tap A, Quy udc ¢(1)=1.
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o(m) _

Vi moi a nguyeén, (a, m) =1 ta co ¢”™ = 1(mmod m)

Pac biét khi m = p 1a s6 nguyeén t6 ta co: a” =a(mod p)

Chirng minh

Véi mdi ke 4tdn tai duy nhat r,€ 0,1.2,....m—1 sao cho ka=r(modm), gia
sir ton tai k sao cho (r..m)  », p 12 s6 nguyén t6 thi ta ¢é p ciing la wéc cia ka
nén p 13 ude cia k hodc 1a wdc cia a trai véi gia thiét (a, m) = 1 va (k. m) = 1.
Vay r,e A.Vk va 7 A, S la mOt hoan vi cta A.

Nhan céc v¢ ciia phwong trinh dong du ka = 7, (mod #7) véi nhau ta thu dwoc:

a"":’”’]_[ k= l_[ 7, (mod m) El_[ Je(mod m)
ke 4

ke A ke

5

Mit khac do [l_[k,szl do dd ta ¢ : a”™ =1(modm) (dpcm)

ked

2. Dinh ly 2 ( Pinh ly Wilson)
(p—1)!=-1(mod p) v6i moi s6 nguyén toé p

Chung minh:

e 7 la mét truong s6
5 .

r1
e Phuwong trinh f(x)=x""- ]_[(.x— i)—1=0(mod p) co p — | nghiém phan

i=l
hiét mod pla 1, 2, .., p — 1. Deg f(x) = p — 2, do do ta co
f(x)=0(mod p) v61 moi x
Hé¢s6tudocuaf(x)la -(p— 1) — 1 dodétaco

—(p—1!-1=0(mod p)
& (p—1)!=—-1(mod p)

3. Pinhly3
Phuong trinh x” = a(mod p) c6 nhiéu nhét hai nghiém mod p

Chung minh:
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[ 4
!

Gia st t 1a mét nghiém ctia phuwong trinh, khi dé dé thdy —t ciing 1a nghiém ctia
phuong trinh.
Goi x 1a nghiém bat ki cia phwong trinh khi d6 ta c6
x*=r" modp
& (x—1t)(x+1)=0(mod p)
x = t(mod p)
x =—t(mod p)

Vay phuong trinh ¢6 nhiéu nhét 13 hai nghiém.

Dinh ly 4

V6i mdi sb nguyén td p 1¢, giita cac s6 1,2, 3, ... p — 1 ¢6 ding pT_lthéing du
bac hait modp

Dinh ly 4 (Tiéu chuén Euler)

af = (Ej (mod p) Vo1 p'= -l
p 2

Chirng minh:
Goi t 1a mét can nguyén thiy mod p ( Nghia la ' = I(mod p) va néu ¢6 n sao
cho " =1(mod p)thip— 1jn ).

Xéthé 1,gg%,...,g°° d& thay hé nay lap thanh hé thang du thu gon mod p

Ta chi can ching minh bai toan cho ae 1,g,¢%,...,87>
That vay (g')” =1(modp) < ip: (p-1) & i:2 < g =g" @[—J=1

Nguoc lai gid stt g’ 1a thang dw bac hai mod p
& Jj:g =(g' ) (mod p) & i=2j(mod p) <i:2 < (g')” =1(mod p)
Dinh Iy 6
Ky hiéu Legendre 13 nhan tinh nghfa I3 (“_b] . [EME] véi moi a, b Ia céc s6
r) \p)\p
nguyén vap > 2.

Chwrng minh:
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Theo tiéu chuan Euler ta cé:

[G_b}; ab r' — g P = i}(ﬁl(modp)
P, P J\ P

EHEE
= — |=| = || —
P PP

7. Dinhly 7

px o m X & ; -1 i
V61 mo1 so nguyen p > 2 ta co: (—) =ig=1) 2
P,

Suy ra phuong trinh dong du x*>=-1(mod p) ¢6 nghiém khi va chi khi p = 2

hoac p=1(mod4).

Vi dy 1I: Ching minh rang ton tai mot sd tr nhién a< J; +1 ma a khong la thang du
bac hai mod p
Ching minh:

Goi a 13 mdt s6 tu nhién nho nhat khong phai la thang du bac hai mod p.

a

w2
' P p pA\p, \p

Suy ra b khong la thang du bac hai mod p

bat b=[£] 1= 0<ab p<a dodohiéuab plathang dw bac hai mod p.

:>a'~_~’b<£+1

a
=>@< J; +1

Vi du 2 Gia st p 14 s& nguyén 0 ¢6 dang 4k —1. Chémg minh ring x=(p"! la nghiém
cua phuong trinh d6ng du: x? +1=0(wod p) .

Chung minh:

Véimdiic 1,2,..p' tacod: i=—(p—i)mod p)

Choichaytirl dén p’ va nhan lai vé1 nhau ta dwoc:

(p)!'= (D (p-1...(p— pH(mod p)
< (p)!= D" (p'+1)...(p~1)(mod p)
o () =(=DF (p-1)(mod p)
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Vip=4k+1doddp’ =2klaso chan

= (p"! " =(p-1)!=-1@mod p) ( Theo dinh Iy Wilson)

Vi du 3: Gia st p 1a mot wdc nguyén t6 ctia x>+ y* & d6 (x. y) = 1 thi hodc p c6 dang
4k + 1 hoac p=2.

Chirng minh:

Gia stt p 1a moOt wée nguyén té cia x>+ y*, p =2

Dé thay p khong 1 wée cta v, do d6 ton tai y” sao cho yp'=—1(mod p)

Vay ()’ =-(»)" = ~1(med p)

Do d¢ -1 1a thang du bac hai modp vay p c¢6 dang 4k + 1.

Chii y: Vi du 3 c6 thé phat biéu dudi dang sau:

Néu p la mot udc nguyén t6 c6 dang 4k + 3ciia x>+ y* thi p la udc ciia x va y.

Nhdn xét nay duoc sir dung rét nhiéu trong bai tdp.
Téng quat cua dinh ly 3 ta c6 dinh ly sau:

8. Dinhly §:
Gia st (x.y) =1, a b, cla cac sb nguyén, p 1d mét wée nguyén to cua
ax* +bxy +cy”, p khong 1a wéc cta abe thi D= 5" —4ac 1a thang du bac hai
mod p.
Pic biét néu p 1a wée ciia x°— Dy? va (x, y) = 1 thi D 1a thing du bac hai
mod p.
Chirng minh:
D& bién ddi p|(2ax+by)’ — Dy’
Giasttp|ykhidop|2ax —bysuyrap|2axvi(a, p)=1nénp|xvay
(x.y) > 1 trai véi gia thiét.
Vay (v, p) = 1 nén tén tai y’ sao cho yy'=1(mod p)
Suy ra (2axy'+byy")’ = D(yy")’ = D(mod p)
Vay D la thang du bac hat mod p.
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Cho a 1a mdt s6 nguyén, p 1a s6 nguyén td sao cho (a, p) = 1. Véimoi ke 1.2.....p'
tontai € +1,#2, . +p' sao cho ka=r(mod p), dé thay khong ton tai hai r, co ciing
gid trj tuyt doi, do dd || |rs]...[r,| 1a mdthodn victa {1,2, ..p’}

Cho k chay tr 1 dén p’ ro1 nhédn cac vé vd1 nhau ta dugc:

F.r A
3 1 i 1
o’ =———= £— (wod p)
128" |5l
s ", . g _
bit g, =r_;£k =%l taco a” =¢,...,.(mod p)
k

&, =—1 khi va chi khi phan du khi lay ka chia cho p 1én hon p’ tiic 1a ka = pq + 1, 1 >

'?.ﬂ'a]

]+1<:>8;c =(—l){dT

ka

ey 2r 2k
p’ khi va chi khi a=2p+—’c{ ?}=2p+1=2{
V% h 2 H

P

{-m

Viy o”' = (—I:F-‘H (mod p)
9. Dinh Iy 9 (B6 dé Gauss)

(E\‘ =(- 1);[%}
P

Y nghia: Sir dung b6 dé Gaus ta cé thé kiém tra mot sé cé phdi la thing dur bdc hai
theo mod p hay khong? Thay cho viéc phdi gidi phuong trinh dong du 1a chi viéc tinh
gid tri cdc phan nguyén ( chi viéc thye hién cdc phép tinh dai 50).
10.Dinh Iy 10:
[%\‘ =(- 1){%1} v6i p la s nguyén t6 khac 2
P
Chitng minh:

4k

Ta co: Lg\] = (—l)gh-
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2] {2

11.Dinh Iy 11:

a) -2 la thing du bac hai modp khi va chi khi p=I(mod8) hoac
p=3(mod8)
b) -3 la thang du bac hai modp khi va chi khi p=1(mod6)
c¢) 3 lathang du bac hai modp khi va chi khi p=+1(mod12)
d) 5 la thang du bac hai modp khi va chi khi p=+1(mod10)
Vi du 4: Chimg minh rang c6 vo sb sb nguyén t6 dang:
a. 4k+1

b. 6k+1
c. 10k+9

Loi giai.
a. Gia st c6 hitu han s6 nguyén t6 dang 4k + 1 ta goi tat ca cac so d6 1a
PisDa»- s D, - Dt A=(2p,..p, )’ +1, Acodang 4k + 1, 4> p,,Vi=1..n.
» Néu A la s6 nguyén t ta suy ra diéu mau thuén
» Néu A khong 1a s6 nguyén t6 thi A ¢6 ude nguyén tb p, ta co p la wéc cua
A=Qp,..p, +1do d6 p c6 dang 4k + 1 dé thiy p# p,.Vi=1.n, trai véi
gia thiét.
b. Twong tu cau a chiing ta chi can xét s6 B = 32p,--p,) +1
c. Tuong tw cdu a ching ta chi can xét s6 C= 52p,.-.p,) -1
Vi du 5: Chimg minh ring moi wéc nguyén tb ciia »* - +1 c6 dang 12k + 1
Chieng minh:
Gia st p 13 mdt wée nguyén t6 cia n' —n® +1.
Tacod n*—n*+1=(n>+1)’=3n" =(n’ =1)* +n” honntta: (n* +Ln)=1(n"-1n) =1

Theo dinh ly 8 ta co:
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)

= |

3154
[ J =*](modl2
& {p ( ) = p =1(mod12)

[_1) . p=1(mod4)
Lk P

Vi du 6: Tinh tong :

1 o) 22001
A=—— |+ — He
Loon {2003J {2003}

Loi giai:

Vi 2003 1a s6 nguyén t0. do do theo tiéu chuan Euler ta c6:

2% = ~1(mod 2003)
= 2% 12003
= 21008 | 2722003
210014—1' 21‘
+ e
2003 2003

D¢ dang chimgminh @ + b =a+b-1, Yabg ZalbeZ

Ap dung céng thirc nay véi i chay tir 0 dén 1000 ta duoc két qua sau:

A2, ., ~2001 2002 _
:1+2+b+ +2 —1001= 1

2003 2003

A -1001

12.Luit tiong hé Gaus

- .
Néu p, q la céc s6 nguyén t6 1¢ va p # q thi [ ﬁ) ijz (-D??
AP

Chiwrng minh:

bat S(p:q)= Z[%’} ta chimg minh S(p.q) +S(q.p)=p’q’

k=1

g, me & 5 i |l ; SRR 5 %
Vo1 mo1 so k : 0 <k <q’ thi {_p} chinh la s6 diem nguyén (k ; l)trong mat

q

phang toa d6 Okl véi k, 1 théa man 0 <1< &i nhu vay tdng S(p: q) chinh la s6
q
diém nguyén thudc mién trong cua hinh chit nhat OBCD va & phia dudi duong

thing OE véi 0(0.0). B(p".0). C(0. ¢'): D(p’. ¢'). E(p. q).
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Tuong tw S(q, p) chinh 13 sé diém nguvén thudc mién trong cua hinh chir nhat
OBCD va & phia trén dwdng thang OE.
VayS(p: @) +8(q:p)=p°q

Trong cach lap luan trén chung ta de dang nhan duoc:

_ ‘-1
S(p—l—g,p)—S(p,q):1+2+---+p'=pg
Ta cé:
S ,_ [ p*a - .
(E][ﬁ — 2_)3]:[2(}3"'({) — 2 :(_1‘)5(-"*’4‘3):(—1‘:%(—1)5(*”"?):[E](’—l)s':p“?)
g /Ng) \ ¢ q q ' - r)

= £ ]= [_1)-"‘(1’.4)

R
PR

QJ =(- 1)5(«1,?)

Tuong tw chung ta cling ¢6 :

Nhan hai vé cta hai hé thite trén ta c6 dpem.
Y nghia cia ludt trong hé Gaus

Luat twong hd Gaus gitip ta tinh toan ki hiéu Legendre mét cach d& dang, tir cac s6 16n

trong ki hiéu ta chuyén dan vé cac s0 nhd bang cach st dung ddong nhat

N f
l,hllu::[b+i = i)
p) \P

814 ]
2003

Vidu: Tinh (

Taco: 814=2.11.37

Véf‘( 814)_( 2 \" 11 ]( 37 “
12003 )\ 2003 (2003 )\2003
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!, 11 zzoo3)__‘187 1)_ !/i\'——l
2003 L 11 ) 11 (11

" &g _[mm3J ( 'EW ) [ j_(i\_(i]_[l]_l
12003) (737 37) |37 5 12) 2

3
[2003

=1

Vay [%] =1 tic 14 814 14 thing du bic hai mod 2003

III. BAI TAP VAN DUNG

Bai 1. Tim (4t ¢4 cac nghiém nguyén khong 4m cda phuong rinh:
12* + y* = 2008° ( Serbia — 2008)
Loi giai:
Néuz>0tacdy>0.
V61 x chan thi vé trai ¢é dang a* +5°, v61x 16 thi vé trai c6 dang o + 35

Dé thay 2008 c6 wée nguyn t6 1a 251, a va b déu khong chia hét cho 251, theo dinh Iy

8 ta c6 -1 hodc -3 s& 1a cac sd chinh phuong mod 251 tire la :hoac [%J:l hoac

f__3]_]
251

Mat khac ta co:

251-1 =X 3 ) 5L 7559 ’
1 =-1, A el PSRN | | [
?51} 2 \251) [231 e [ 3 } 3

Piéu nay 1a vo Iy.

Vayz=0trdotasuyray=0vax=0.

Bai 2. Tim tit ca cac cap sd nguyén dirong (x, n) sao cho:
X +2x+1=2" (Serbia — 2007)

Loi giai:

Phuwong trinh d3 cho nrong dwong véi phueng trinh sau:

x(x>+2)=2"-
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D@ thay x(x*+2)3 do d6 n chin
Tt phuong trinh ban dau ta suy ra x 1é.
Néun>2tacd: »+2x+1= 0(mod 8) = x = 5(mod8).
XA2x+1=2" o X +2x+3=2"+2 = (x+ D)(x" —x+3)=2"+2
Goi p 1a mot wéc nguyén to ciia x” — x+3suy ra p 1& va — 2 la thang du bac hai modp.
Theo dinh 1y 11 s6 nguyén td p ¢6 dang 8m | 1 hodc 8m | 3.
Vi x=5(mod8) = »* —x+3 =7(mod8). Vi moi uoc nguyén t6 clia x> —x+3déu cd dang
8m+1 va 8m+3 nén x”—x+3=3"(mod8) = 3" =7(od8) . kiém tra véin (r 0 dén 7 ta
thay diéu nay khong thé xay ra. Vay n > 2 loai
Néun =2 ta c6 phuong trinh x*+2x+1=2" < x=1
Néun =1 ta ¢6 phuong trinh »*+2x+1=2<>x=0 ( loai)
Két ludn : Vay phuong trinh c¢6 nghiém (1, 2).
Bai 3: Chung minh rfmg phuong trinh x*+ 5 =v° khong ¢6 nghiém nguyén

( Ba Lan nam 2007)
Loi giai:
Gia st phwong trinh d3 cho ¢6 nghiém la (x. y). Ta luén c6 x*ddng du véi 0 hodc 1
mod4 do d6 ) ddng du véi 1 hoac 2 mod4 vay y ¢6 dang v= 4k | 1.
Bién dbi phuong trinh da cho vé dang: x> —3=(y-2)(3* +2p+4). Viy =4k + 1 nén
32 +2y+4c6 dang 4k + 3 do d6 3’ +2y+4 cb uéc nguyén to dang p = 4m +3. T
phuong trinh trén ta thay 3 va -3 la cac thing dw bac hai mod p, theo dinh Iy 11 ta co:

][ p=1(modo6)

= p=1lmodl2)= p=1+12n
p==xlmodl2) p=N )=p

Vip=4m + 3 nén ta co phwong trinh4m+3 =12n+ 1 hay 1 =6n —2m la vo ly.

Vay phuong trinh da cho v6 nghiém.

Bai 4. Cho s6 nguyén dwong n. Ching minh rang s6 2" + 1 khong ¢6 ude nguyén td

dang

8k - 1 v6i k 1a s6 nguyén dwong.

38



TAP SAN TOAN HQC 2009 - NAM PINH ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

Chéng minh:

A & o ey T e TP ol =L]
Neu n chan goi p la mdt wdc nguyén 0 bat ky caa 2" + 1, Ta ¢ {— ‘—l:\p—1+4k
pP)

do do khong co6 dang 8k -1.

Néu n 1é, goi p 1a wéc nguyén t6 bat ki cia 2" + 1thi p 2! + 2 do d6 -2 1a thing du
bac hai modp theo dinh 1y 11 p co dang 8k + 1 hoac 8k + 3 va do do khong c6 dang 8k
~-1.

Bai 5: Ching minh ring phuong trinh x> +1=/k(y?-5) khéng c6 nghiém nguyén
duong

xy=2

Loi gidi

Néu y chan »* -5 c6 dang 4m +3. do d6 c6 wdc nguyén t6 dangp=4n+ 3. tasuyrap
phai 1a wde ciia x va | didu nay 1a vo Iy.

Néu y I¢ y>—5 chia hét cho 4, nhumg x> +1 luén ddng du véi 1 hodc 2 mod4 ta gip
méu thuan.

Vay pt da cho khong cé nghiém nguyén.

Bai 6: Chung minh rang véi moi s6 nguyén to p thi ton tai cac sé nguyén a, b sao cho
a®+b° +1 12 boi cua p.

Chéng minh:

Xet hai tap hop:

A= a’|lacZ

B= -1-b|beZ

£ o BT e +1 X . & O i T LG
Lay theo modp thi moi tap co dung pT phan tr, vay tong so phan ti cua hai tap hop

i

sé 1a
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p + 1. Theo nguyén 1y Dirichlet ton tai phan tir chung ctia ca A va B theo modp . Do
d¢ chiing ta c6 o’ +5”+1 1a bdi cua p.( sd 1 trong dé bai la khdng co v nghia co thé
thay bang s6 bat ky).

Bai 7: Cho s6 nguyén t6 p. Chimg minh rang s6 3° + 7p - 4 khong la binh phuong cua
mot s6 nguyén
Loi giai:
Gia st ton tai s6 x sao cho: 3P + 7p —4=x*
Theo dinh 1y Fecmat, ta c6: 3% =3(mod p) vay x° =-1amod p) vay p c¢6 dang 4k + 1.
3%113 s6 6 dang 4k + 3, do d6 3% + 7p — 4 ¢6 dang 4k + 2 suy ra: x* =2(mod4) diéu
nay 1a méu thudn vi »? ludn déng dw véi 1 hodc 0 mod4
Viy ta cd didu phai chimg minh.
Bai 8: Tim tAt ca cc nghiém nguvén ciia phuong trinh
L+ 0% L2
(IMO 20006)
Leoi giai:
Néux =0 ta diwoe y=+2

Néu x > 0, gia s (x. y) 1a mot nghiém cia phuong trinh thi (x, - y) ciing 1a mot

nghiém ciia phuong trinh do d6 ta cé thé gia sty > 0.
Bién d6i phwong trinh thanh dang:
2@+ D)= (- D+ )
Vi uée chung lém nhat cia v— 1 va y + 1 hodc bang 1 hodc bang 2.
Néu wéc chung 16n nhit bang 1 thi ta co:
y=1=2"
{}:H =214
Hé nay vo nghiém.
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Néu udc chung 1én nhat bang 2 thi ta co:

-1=2"a y=2""a+1
) L
FEl=2" g

Néu y=2""a+1 thay vio phuong trinh ban diu ta dugc:

227" +D=a(2'a+2)
o 2728-a*)=a-1

Suy ra 1= a< 2 vy a =2 thay vao phwong trinh ta thay khong thoa man.
Néu y=2""q-1 thay vao phuong trinh dau ta dwoc:

22" +1)=a(2"'a-2)
<2 (4-a")=-2(a+])
a+1

- N2
= i
a -8

D@ thiy phuong trinh nay chi ¢é nghiém a = 3, x = 4. Thay vao ta duoc y = 23

Két luan: Vay phuong trinh da cho ¢6 céc nghiém 1a (0, 2), (0, -2), (4, 23). (-4. 23).

IV. BAI TAP LAM THEM.
Bai 1: Gia stt p > 3 1a mot sd nguyén té va gia sit a,6eN sao cho:

1 1
I+ —+--4——=
2 p-1

(ol e

Ching minh rang p*|a
Bai 2. Xét P(x)=x"+14x* —-2x +1. Chirng minh rang ton tai sé tw nhién n sao cho véi
méi xeZ ta co:

101| P(P(._P(x). ))—x
it
Bai 3: Tim cac gia tr1 cia ne Nsao cho tap 4= nn+1, n+1997 co thé phan hoach

thanh it nhat hai tip con ma tich cac phan tr trong mdi tap con dé la bang nhau.
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Bai 4: Gia st m, n Ia cac sO nguyén duong sao cho ¢(5” —1)=5"-1. Chung minh rang
udc chung lon nhat cia m va n 16n hon 1.
Bai 5: Tim cac so nguyén duong a, b, ¢ sao cho :

a’+h + ¢t
3(ab+ be+ ca)

La mot s6 nguy?n.
Bai 6: Véi » e N .Chimg minh ring moi uée nguyén (5 cia »* —»* +1 du ¢6 dang
24k + 1. keN.

Bii 7- Cho hai s6 nguyén duong (a, b) sao cho (4a*-1)? chia hét cho (4ab - 1). Ching

minh rang a =b.

(IMO 2007)
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GIAI TOAN TO HOP BANG CACH
PEM SO LAN XUAT HIEN CUA MOI PHAN TU
TRONG MQT TAP HQP CO LIEN QUAN PEN BAI TOAN TO HQOP
D6 Vin Pirc
THPT Chuyén Luwong Van Tuy-Ninh Binh

Trong cac ki thi tuyén sinh dai hoc, cac cudc thi hoc sinh gidi cép tinh,
cap qubc gia, cip khu vuc, qudc té, ... thi hdu nhu 14n nao ciing c6 bai toan t6
hop. Pay 14 loai toan kho va ciing c6 nhiéu phuong phap dé giai quyét loai toan
kiéu nay nhu dua ra cong thire truy hdi, ding s phirc, da thirc, dung cong thic

0al-$

i=1

dém dang

Sau day t6i dua ra mot phuong phap giai nho dém s 1an xuat hién cua
mdi phan tir trong mot tap hop c6 lién quan dén bai toan to hop thong qua cac vi

du sau day.

Vidu 1. (Dé thi hoc sinh gi6i Ba Lan)

Cho tap hop M c6 n phﬁn t, voi hai tap con tuy y A, B cia M. tinh sO
phan tir cia A N B. Chimg minh ring téng tat ca cac sd phan tir cia moi giao ¢
thé gdbm hai tdp con cia M 1a n.4""!

Bai toan nay cac ban c6 thé xem trong tap chuyén dé hé nam 2006 tai Dai
hoc Qudc Gia Ha Noi. Sau ddy t6i néu 1én mot cach giai khac theo phuong phap
d3 néi ¢ trén (cach nay don gian, gon hon va rat ty nhién).

Bai giai:
Xétphan tt a e M = c6 2" —2"" =2"" tap con ctia M ¢6 chtra phan tir a

2 . A ) . , A ; © A
= chia ra (2”_1) =4"" cap hai tp con cia M c6 chira ¢ thudc giao cua hai tap

d6. Vay mdi phén tir @ € M thi n6 duge dém 4" 1an = Y [4AN B|=n4""
AcM
BcM

Theo cach giai trén ta c6 thé giai bai toan tong quat hon sau day:
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Bai toan: Cho A 1a tdp c6 n phan ta, E 13 tdp tit ca cic bd (co thir tu)
(A, 4,,....,4,) trongd6 A < 4; k 1a s6 ty nhién da cho. Chimg minh ring
k

ﬂli‘ :n2(n—l)k

i=1

2

(Ao A E

Vidu 2. (Dé thi Tiép Khic)

Hay tim sb cac cip khac nhau cua cac tip con khong giao nhau thudc tap
hop n phan tir.

Day ciing 13 bai toan di giai quyét trong truong hé 2006. Sau day 1a cach

giai theo phuong phap da néu trén.

Bai gidi:
Véi mdi s6 tu nhién t t=1, 2,3, .., n ta tim (A,.,Aj) ma
AN A; =@,|4]+|4]=1. Goi A la tap n phan tir ciia d& bai. Ta c6 C, cach

chonrat phﬁn tr cia A. Mdi cach dd chon ra t phﬁn tlr ta co Ctk cach chon ra tir
day k phan tur dé lam thanh tap 4, va (t — k) phén tr con lai la tap 4, = 0 bo

t Ck , \
(Ai,Aj) la Y == 21 Do co6 mot cap (@,@) nén sO cac cdp can tim la
k=0

ZC22H+1:%{ZCZ?—1}+1:3 2”

t=1 t=0
Vi du 3. (thi Olympic toan Chau A Thai Binh Duong 1an 10 - 1997)
Gia su F 1a tap hop tat ca cac bd (Al,Az,...,Ak) trong d6 4. 1a mot tap con
cua {1,2,...,1998}(1’ =1,2,...,k)(k € N ,da cho). Hay tinh

S= Y |4u4u..u4|

(Ay, Ay Ay )EF
Bai gidi :

k
bt n=1998. Goi S, (i) 1a s6 cac by (4, 4,...4,)e F maie|J4,.

J=1

Do ¢ 2" tap con ciia A va 2" tip con ciia 4\ {1}
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= S, (1) =2" =20 =20 E(2F —1) = § = (28 —1)20 "

Theo cach giai vi du 3 trén ta c6 thé dua ra mot s6 bai toan sau.
Vi du 4. Cho $6 tu nhién n, k. Goi A = {1, 2, 3,...,n} (tdp hop n $6 nguyeén
duong dau tién), 4 c 4;1=1,2, .. k. Flatap cac bd (AI,AZ....,A,() co thu tu,
E 1a tp cac by (A4, 4,...., 4, ) khong co thir ty. Hay tinh

) S= Y |4u4u.u4

(4,,4,,....4,)eF
2y  S= > > a
(ALA,,.. . A )eF ag(AUA,U.UA,)
k
3) &= 2 22a

(4,4, ,....4,)eF i=1 ac4,

4 S,= Y |4u4u.u4

(4,,4,,...,4,)eE

5) Ss = 2 )3 a

(4,A4,,...A)eE acdUd,U.. U4,

6 S= Y 3SYa

(A4,,4,,....4,)eE i=l a4,
Bai giai:
+) S, =n(2* =12 V% (1a vi du 3)

”(” +1) ( l)z(n—l)k

+) SZ—ZZS (i) = Zzz<n DE@F —1) =
+) Dé tinh S5 thi v6i mdi je N (1< j<k) tatim sd bd (4, 4,,...,4,)e F

ma a € A, a thudc j tp con cta bd nén co 20" V¥ C/ bd. Vay

n k X n k .
S, =3 ja(2" ¢l )= Y a2" Y jc
a=l1 j=1

a=l j=1

n(n2+ 1) 2(n l)kkzk 1 n(n + 1)k2nk -2

+) Tuong tu ta tim dugc Sy, Ss, Se.
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Vidu 5. (Bé thi Olympic Tay Ban Nha)

Xét cac tap A thod man: A g@)m 100 sb tu nhién phan biét sao cho a, b, c
1a cic phan tir ciia A (c6 thé phan biét hodc khong) thi ton tai tam giac canh a, b,
¢ ma khong c6 goc ti. Goi S(A) 1a tong cac chu vi cia cac tam gidc dugc xét
khi x4c dinh tap A. Tim gia tri nho nhat ciia S(A).

N e

Bai giai:  a,<a,<..<a;a € A(i=1,2,...,n). Xét tam giac 3 canh la

2a,2a
{ T =2al>al > (a,+99)

a,a,,a,,, = 0 2

12771277100

=>a, 2 (1 + \/5)99 =a, 2240. MJi sb a; la canh ciia: mgt tam giac déu ; 99 tam

gidc cAn ma hai canh bén 1 a,; 99 tam giac cAn ma g, la canh day va Cj, tam
,\ 100 , 100
gidc thudng. Vay S(4)=(3+3.99+C5, )Y a,>(3+297+C5, )Y (a, +i—1)
i=1 i=1
, (100
>(300+C3, ) Y240+ —1) =149121450
i=1
Vi du 6. Tim tong tit ca cac sb viét dudi dang thap phan c6 cac chit sb tao
thanh day tang hodc giam.
Bai toan trén theo cach giai dd co trong mot sb sach thi dai va phai dua
vao ca hai day tang va giam. Theo t61 nén tch bai nay lam hai nhu sau.
1) Ta dinh nghia :
a) S4 tu nhién a ¢6 cac chit sd tao thanh day tang néu a c6 mot chir
s6 hodc a = a,a, .ay=>a,<da, <..<q

b) SO tu nhién a c6 cac chit s6 tao thanh day gidm néu a c6 mot chir

s0 hoac a=a,a, ;.

Wy =>a,>a, > a

2) Bai toan 1. Tim tong tit ca cac sb tu nhién co cac chit sd tao thanh day
tang.

Giai: Goi A 1a tap tat ca cac sO tu nhién co céc chit s6 tao thanh day tang.
V6i mdi sd k,j dadinh &, j e {1,2,...,9} ta tim sb cac s6 a € 4 ma hang ; la $6

k.Do sauk c6 9—k sd 16n hon k va trude k ¢ k —1 sb khac 0 bé hon k nén sb
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k=1 ) ) ) , ,
cacsd ala S(k,j)=>.C, G =2""CJ; . Vay S 1a tong tat ca cac so tao thanh
i=0
10—k 9 10—k

9 . .
day tang thi S=>"% S(k,j)k1077 =X > 2l k107

k=1 j=1 k=1 j=1

=S k2S¢l 107 Zkzk 7+

k=1 j=1 k=1

9 9 k
zlzk(ij :%(1110 ~46.2'°)

3) Bai toan 2. Tim tong tt ca cac sb tu nhién co cac chit sd tao thanh day
giam.
Giai: Goi B 1a tép tat ca cac s6 tu nhién tao thanh day giam. Tuong ty nhu
trén v6i k,j da dinh, k,j€{1,2,..,9} ta tim tat ca cdc sb he B c6 chit sd k &
14 4 9_k . . . 9 4 4
hang j. Vay sd cacsobla > Cy ,C/™ =2""C/™" nén tong tit ca cac s6 thuoc B
i=0
1
9 k+1
§=>>2"*c/ " k.10 zk29 1%
k=1 j=1
o, (111 0 11 o0
=23 k| | =—=(79.10" +11.2°)
o l2) 81

Vi du 7. Cho s6 tu nhién q,nk. Xét b $6 nguyén c:(al,az,...,ak) sao cho

g+1<a;<g+n. Goi m(c)=Min{a, a,,..a,}, M(c)=Max{a,a,,..,a;},

T(c)= wtopt. oy o

k
a) S, bang téng tat ca cac m(c) 13y theo moi bd ¢
b) S, bang tong tat ca cac M (c) ldy theo moi bo ¢
c) S, bang téng tat ca cac T(c) lay theo moi bo ¢

Bai giai:
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a) V&i mdi s tw nhién j,(1< j<n). S6 bd c ma @, nhan gia trj tir g+ j
dén g+n la (n+1—j)ktr0ng d6 s6 bo ¢ ma o; nhan gia tri tor g+ j+1 dén
qg+nla (n—j)k.Véy sb cac bd ¢ co m(c)=q+j 1a (n+1—j)k—(n—j)k suy
ra

5-%

j=1

(g+ )] (n+1= )" =(n-j)' |

=(@+Dn  +(n -1 +(n-2) +..+1" =gn* + i
i=1

b) Tuwong tu s6 bd cmacd M(c)=qg+j 1a j*—(j—1)* suyra
n n—l1
S, =g+ N/ —G =D |=(g+mn* =X i*
j=1 k=1
c) Mbi sb ae{q+1,q+2,...,q+n} va o c6 mat ding t lan trong bo
c=(a,,a,,...a,),(1<t<k). Do ¢c6 C; cach dat vao t vi tri trong k vi tri cung

mot gid tri a va con lai (k—¢) vi tri dé dat (n - 1) s6 con lai khac a nén s6 lan

k k t
o xuat hién trong tong S, 1a: 4=> C,(n— D r=(n- l)th( : 1) G

=1 =1 \n—

@ (a) nQRg+1+n) nmr-1)* k ( 1 jt )
—~S.=A bl A= 2q+1+m)Yt| — | C
=4 2 (kj 2k TR AR Wy

a=q+1

_n(n=D* (2g+1+ n)f(%j kCiy

=0\ 1 —

_nn=D* )
=~ (2q+l+n)( 1)(1@—1“)

k
:%(n+2q+1)

Vi du 8. Cho s6 tu nhién n. Goi
A= {a =(a,,4,,a3,a,) | a;€{0,1,...n},a, +a, =a; + a4}

a,+a,+a;+a,
4

M (a) = Max{a,,a,,ay,a,}, m(a)=Min{a,,a,,a;,a,},T(a)=
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Hay tim S, = > M(a), S, =Y m(a), S;= T(a), S,=|4|

acA acA acA
Bai giai:
+) V6imdisd ie {0,1,2,...,n} ta tim sd cac ae A cb M (a)=i.Taco cac
cdp co tong bang i+ /,(0< j<i) 1a (i, j), (=1 j+1),..., G+Li=1), (j,i).
a=(,j,i—k,j+k),(0<k<i—j) = sbcacacd M(a)=i la:
1+4i+§4(1‘—j—1):2i2+2i+1

=
=8 =Y (22 + 2+ 1)i = @(3# +Tn+5)

i=0

+) Tuong tu s6 cac ae A ¢b6 m(a)=i, (0<i<n) la

1+d(n—i)+ > 4 —i—1)=2n"+2n+1-2Q2n+1)i + 2

J=i+2

i:n(n+l)(n2+n+l)

=, 22[2112 +2n+1—2(2n+1)i+2i2]
i=0 6

agtatayta, a+ta,
2

+)  a +a,=a;+a, = aMax < a,Min =

n(n+1)(2n* +4n+3)
6

= %(M(a) + m(a)) =

+) Theo chirng minh tim S, ¢ trén ta c6

S, = (2% +2i+1) :(”T”j(znz +4n+3)

i=0
Vidu 9. Cho n s tw nhién dau tién : 1,2,...,n (2<n<9). Tim tong tit ca cac sd
tu nhién ¢6 n chit sd phan biét tir cac chir $0 1,2.....n sao cho chit sd 1, 2 theo tht

tu nao d6 dung canh nhau.

Bai giai :
Goi A 1a tap tat ca cac sO thoa man dé bai a=aa,...a,, a,€{1,2,...n} va

al.;tajvéri Vi#], (1,je{1,2,...,n})
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+) ala sb thoa min dé bai nén sb cacsdala 2(n—1)!= |A|
+) Chir s6 1 hodic 2 & vitri a;(2< j<n—1) cé trong 2(n—2)! sb thudc A

+) Chit s6 1 hodc 2 & vi tri a; ciing nhu vi trf a, c6 trong (n—2)! sb thudc

+) Mdi chir s6 ke{3,4,..,n} ¢ hang a, cling nhu hang a, cb trong
2(n—2)! sb thudoe A

+) Mbi chir sb ke{3.4,..n} ¢ hang a, cling nhu hang a,, co trong
2(n—3)(n—-3)! s6 thuoc A

Vay

S=Y a=G+4+..+m2n-3)(n-3)(10""+10"7 +_.+10+1)

acA

+2(n-3)!I(3+ 4+...+n)(10”_1 +1)+(1+ 2)(n —2)!(10"—1 +10"2 +...+10+1)
+(1+2)(n =210 +10" +...+10)

- @[(wnz +9n-30)10"" — n* +9n +3]

Vi du 10. Cho s6 tu nhién n (2<n<9). Goi A la tap tat ca cac s tu nhién co n

chir s6 phan biét khac 0 va chir s6 1, 2 theo thir tu ndo d6 ding canh nhau. Tim

S=>a

acA
Bai giai :
V6in chit sb phan biét 1,2,a,,...a, theo bai trén téng tat ca cac sb tu nhién
¢6 n chit s6 phan biét 1a cac chir s6 nay 1a
Sy =(ay+a, +..+a,)2n—3)(n-3)110"" +10"* +...+10+1)
+2(n=3)Na; +a, +...+a,)(10" +1)+(1+2)(n—2)!(10"—1 +10"2 +...+10+1)
+(14+2)(n=2)(10" +10" +...+10)

Do mdi chit s6 thude tap hop {3, 4, ..., 9} thudc Cé"_3 bo (1, 2, as,...,a,) nén
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S=C'B+4+..+9)2(n-3)n —3)!(10"—1 +10"2 +...+10+1)
+CP2n=3)13+4+..+9)(10" + 1) + O+ 2)(n = 210" 10" +...+10 +1)

+ O+ 2) (=2 10" 10" + .+ 10)
7!
3(9—n)!

40n—73)10"" —4n+37
| (40n-73) ]

Sau day 1a mot sb bai tap c6 cach giai trong tu trén.
Bai 1. Cho n+1 chits6 0, 1, 2....,n (2<n<9). Tim tong tit ca cac sd ty nhién co
n+1 chit sd phan bi¢t tr cac chix s6 trén sao cho 1, 2 theo thir tw nao do6 ding
canh nhau.
Bai 2. Cho sb ty nhién n (2<n<9)Goi A 1a tap tit ca cac sd t nhién c6 n chir
sO phan biét thudc tap hop {0, 1, 2,..., 9} sao cho 1, 2 theo thu ty nao d6 ding
canh nhau. Tim S= ) a

acA
Bai 3. Cho s6 tw nhién n. Goi X = {1, 2, ..., n}. E = {AxA, x4y 4; < X, A, # D} .

Tim S= Y > |40 4, U 4

AxA, x4, €E (a,,a,,a,)E4XA,XA,
Bai 4. Cho sb tu nhién n. Goi X = {1,2,..,n}, E= {AIXA2XA3;A, cX, 4 # @} .
Tim

a) S = Z Z 23:|A1|

AxAXA,eE (a,,a,,a,)eAxA4,x4, i=1

b S= Y Y YYa

AxAxA4,€E (a,,a,,a,)eAXA, XA, i=1 ac4,
Bai 5. Xét bat phuong trinh o’ |x| < \/§(a2 — %) (1). Ta xét cac gia tri ciia a dé
(1) ¢6 hiru han cip s6 (x, y) x,y € Z la nghiém cta (1). Véi mdi a nhu thé ta goi

N(a) 1a s6 cac cip khac nhau nhu vay. Vi mdi sb ty nhién k hiy tim Va e R dé

N(a) = k.
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NGUYEN LY CUC TRI ROI RAC

Mai Xuin Huy
Trwomg THPT chuyén Ha Long - Quiang Ninh

Pit van dé

Nguyén 1y cuc tri roi rac ¢6 thé van dung cho nhiéu bai toan khac nhau.
Hoc sinh ngay tir 16p 10 ¢6 thé hiéu va nim duoc van dé mot cach dy du. Trong
bai viét nay toi xin trinh bay lai mot sb két qua tuy khong méi nhung mang tinh
hé thong vOi hy vong s€ gitip hoc sinh nam dugc van dé mot cach hiéu qua, dic
biét 1a tlep can v6i mot s bai toan to hgp ma chung c6 thé 1am hoc sinh lung
tang khi tiép can. Trong khudng kho khoang 2 budi hoc chung t6i hy vong hoc
sinh c6 thé ndm bt va c6 thém mot sd sang tao cho nhitng bai toan moi.

I/Co st Iy thuyét:
Nguyén li cyc tri roi rac dugc phat biéu nhu sau: Trong mdt tap hiru han va khac
rong céc so thuc luon:

(a) ton tai mot sb bé nhat va mot sb 16n nhat;

(b) luon xép chung theo trit tuy tang hodc giam.

II/Vi du minh hoa:
1.Chitng minh sw ton tai cia cdc cdu hinh:
Trong thyc té mudn tich ca thé ra khéi dam déng, nguoi ta thuong phai dua ra
mét tiéu chi nao do, 1am cho ddi tuong can tach ndi trdi nhét theo tiéu chi do.
Khi chiing minh cac bai toan sy ton tai clia mot cau hinh bﬁng nguyén li cuc tri,
nguoi ta can dit ra mot quan h¢ thtr ty nao do, ma cAu hinh néu ton tai 1a mot d6i
tuong cuc tri.
Vidu 1: Cho 2n diém phén biét {trén mot duong tron, trong do n diém tring va n
diém den (n >2). Ching minh rang luén ton tai:

Mot cach ndi tat ca cac diém tring voi cac diém den boi n doan thang sao
cho céc doan thang khong c6 diém chung.
Giat:

Goi S 1a tap tat ca cac cach ndi tit ca cac diém tring voi cac diém den bai
n doan théng. Puong nhién S khac rong va S hitu han. Theo nguyén 1i cuc tri, thi
s& tOn tai: mot cach ndi N ¢co téng d6 dai cac doan ndi nho nhat; mot cach ndi L
co téng do dai cac doan ndi 16n nhat.

Ta s& chimg minh v&i cach ndi N, thi cic doan thing khong co diém
chung. That vay: gia st trai lai néu c6 hai diém tring A; B va 2 diém den X; Y
duge ndi boi 2 doan théng AX va BY cét nhau tai 1.
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A

Y X

Khi d6 néu ta thay twong ting hai doan AX va BY boi AY va BX, con céc
doan khac dugc gilt nguyén, thi do
AY +BX < (AI+1Y )+ (BI+IX )= (Al +IX ) + ( BI + IY ) = AX + BY.

Nén ta dugc mot cach ndi khac cé tong cac doan ndi bé hon tong cac doan

nbi cua N ( mau thuan') Do vay N thoa man (i).
Vidu 2: Gia su rang trong magt bira tlec moi nguoi déu quen mot sd nguoi con
lai. Ching minh rang c6 thé chia tit ca nhitng ngudi trong bira tiéc vao hai
phong sao cho véi mdi ngudi & trong phong ndy cé it nhat mot nira sé ngudi ma
anh ta quen ¢ phong con lai.

Néu ta xét mot cach xép bat ki va goi m 1a sb cap (P; Q) sao cho hai nguoi
P va Q la quen nhau va ¢ khac phong nhau. Khi d6 cach sap xép thoa man bai
toan 1a cach sap xép ma sb m & trén 1 16n nhat.

Vidu3: (APMO-91)

C6 997 diém khac nhau trén mat phang. Chimg minh rang ton tai it nhat
1991 trung diém khac nhau tir cac cip diém nay. C6 thé c6 ding 1991 trung
diém khéac nhau khong?

Giai: Goi S 1a tap tat ca cac doan thiang duoc ndi boi 2 trong 997 diém da
cho. Puong nhién S khac rong va S hitu han ( [S|=C2, ).Theo nguyén li cuc tri,
s& tOn tal doan théng AB c6 d0 dai 16n nht.

Xét cac trung diém sau: trung diém M cua doan thang AB, trung diém cua
AX va BX voi X bat ky trong 995 diém con lai ( khac A, B ). Khi d6 ta dugc
1991 trung diém tir cac cap diém trong 997 diém ban dau.Ta ching minh cac
trung diém nay 1a khac nhau.

That vay! Véi 2 diém bat ky trong 997 diém d3 cho X, Y khac A, B. Ta
co:

+Trung diém cua AX khéc trung diém ctia AY ( néu khong X=Y)

+Trung diém cua BX khéc trung diém ctia BY ( néu khong X=Y)

+Trung diém ctua AX khong thé 1a M ( néu khong X=B)

Tuong tu trung diém cua AY, BX, BY khong thé 1a M.

+Trung diém cua AX khac trung diém cua BY vi néu nguoc lai, goi N 1a
trung diém chung cta AX va BY khi d6 AYXB la hinh binh hanh, suy ra hoic
AX>AB hoic BY>AB, vo 1y do AB 1a doan c¢6 d6 dai 16n nhat.

Twong ty trung diém cta AY khac trung diém cta BX.

Vay 1991 trung diém nay 13 khac nhau.
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Hon nita, ta c6 thé sip xép 997 diém nay sao cho c¢6 ding 1991 trung
diém. Vi du: trén truc sb sép 997 diém nay vao cac toado 1, 3, 5, 7,..., 1993. Khi
d6 diém N 1a trung diém cta 2 trong s6 997 diém nay khi va chi khi N ¢6 toa do
142,3,4,...,1992. Co dung 1991 diém!
2.Tim cuc tri roi rac
Vi du4 (Thi Olympic Hung Vuong)

Cho céc s6 duong a,,a,,a,,a,,a,thoa man cac diéu kién:

(i) 24, 12 sb nguyén duong véi i=1,2,3,4,5.

(1) @, +a,+a,+a, +a; =99

Tim gi4 tri 16n nhit cua P= a,a,a,a,a; .

Giai: Goi G la tap tat ca cac gia tri cua P. [?é théy G hﬁ”u han V;‘l khac r5ng. Do
d6 theo nguyén li cuc tri roi rac, thi luon ton tai N 1a s6 bé nhat cua G. Gia su
(x,,x,,%;,x,,x;) lam cho P nhan gia tri N. Ta s&€ chimg minh céc SO X, Xy, %, X, X,
hon kém nhau t6i da 13 0.5. v ,

That vay! Gid st chang han x,—x,=x>0.5. Khi d6 lay »=x-05 va
c=x,+05 thi 2b2c 1a cic s6 nguyén va x+x,=b+c VA
be = (x1 0.5)(x, +0.5) = x,x, +0.5x—0.25> x,x, ( do x,—x, =x>0.5) .Vay ta tim dugc
bd sb (b,¢,x,,x,,x5) thod man (i) va (ii) va lam cho gia tri cia P bé hon N ( méu
thuan!). , ’

Vay cac sO x,,x,,x;,x,,x;, hon kém nhau t6i dala 0.5.

Bay gio gid sir x, <x, <x,<x,<x, ma do a, +a,+a,+a,+a,=99 ta suy ra
ngay a, =a, =195 VU a,=a, =a;=20.

Vay gia tri 10n nhat can tim 1a: N=19.520°.

Vidu 5: (Olympic Hung Vuong 2009)

Tong ctia mot sO cac s nguyén duong 1a 2009. Tim gia tri 16n nhét cia
tich cac s6 do. o 9
3. Thiét lap thir tw trén cdc yeu t6 binh dang. q , ‘

Str thiét 1ap thur tu trén cac yéu t0 binh dang da lam giam di rat nhiéu
truong hop xet trong bai toan. D6 chinh 1a tinh vu viét cua phuong phap nay.
Vidu 6: Chon doi tuyén IMO Hong Kong,lan 1, nam 1999

aj+ay+..4a,

a) Cho a,,a,,...,a,>0. CMR : ¢"af...a" >(aa,..a,) "

b)ChOx,y,zZOVéx+y+z=1.CMR:0Sxy+yz+zx—3xyz£%.
Giai:

a) Gia str a1>a2>.. >q, .Ta co:

dpem = (' * YNad ¢ )end” 7 )=

k-1

r a+a,+...+a a, —a a —a
Co: a, - 1 2 nZZ( k x)_Z( x k)
n n

x=k+1 n x=1

a;—a 4—a;

Do d6 dpcm < H( y no>1

1<i<j<n aj
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BDT trén ding do a, >4 Vi< j!
(V61 n=3 ladée thi toan Olympic cia My nam 74 ).
b) Gia st x2y2220:>z£§2>3xyzﬁxy
= xy+yz+zx-3xyz2 yz+zx 2 0.
bat z:l—k,OSkSl:x+y=%+k
3 3 3

x+y) (1+£)2

=X
y(2 3 2

2 3.5 1
:>xy+yz+zx—3xyz£§+zk SZ
Vidu 7: VMO-1990

Cho 2n-1 sb tu nhién lién tiép 1,2,3, ..., 2n-1. Hay gach di it nhét n-1 sb
theo quy tic sau:

(i) Néu gach so a thi phai gach sb 2a

(ii) Néu gach s6 a,b thi phai gach so atb.

Hoi phai gach thé nao dé tong cac sd con lai 1a 16n nhat? Tai sao?

Giai: Goi cac s0 bi gach la 1<q <a, <....<a,<2n-1.Chily rang p=n—1.
Ta nhan thiy:

(i) Néu 4, =1 thi phai gach sé 1+1=2, do d6 phai gach 142=3,...
nhu thé moi s6 déu bi gach, téng con lai béng 0.

(i1) Xét a >1. RO rang a, +a,>2n (vi néu khong a, +a ,<2n-1 thi 5O
a,+a, phai bi gach, nhung g +a, >a, trai voi gia thiét a, la sO bi gach 16n
nhAt).

Laico a,  +a,>n. That vy, tacod a,  +q 2a, (néu khong a,,+a <a, thi

a,+a, la so bi gach, nhung s6 nay nam gitra 2 s6 bi gach lién ti€p a,_,a,,v0

p-1

Iy!).
Twdé: a,+a, ,>a+a, ,>2a,. Vividytacod a,+a, >2n (n€ukhong a,+a, <2n

thi phai gach s6 ndy >a, v Iy!).

Tuong tu ta co: Vi>l:a, +a,2a,,,suy ra:
a,,ta,>a, +a, do:
A, +0y 20, 5, L ta,>a,  ta,za,, ., =a,.
Tur do: a, +a, =2n.
VA Z p
Vi vay: Zai > 3.211 =pn>(n-1)n.
i=1
Dau "=" xay ra khi vachikhi a,  +a,=2nvi>0 thcla a, ,+a,=a,_,,
hay a,=ja,
tur do: a,=pa, <2n-1 (vxa>1).
£ 1 2n—-2 _2n-2 A .
Thé thi 4 < < " <2.Viy =2 vp a,=2;.
p n—

55



TAP SAN TOAN HQC 2009 - NAM PINH 7 ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

Tém lai, céc sO phai gach 1a moi s6 chan trong day da cho.

I1I/Mét s6 bai toan:

Bai 1: Cho G 1a mét dd thi g@)m mot sb diém tréng va mot sd diém den. Mot
diém duoc goi la ki di néu qué ntra s6 doan théng nhén né lam dau mut c6 dau
mit con lai 1a diém khac mau. Luat choi 1a nhu sau: voi mdi diém ky di, ta doi
mau ctia nd6. CMR: Ta chi choi duge mot s6 hitu han 1an.

Giat:

Ta goi mot doan théng ky di 1a mdt doan théng c6 hai dau 1a 2 diém khac
mau.

Goi H 14 s6 cac doan thiang ky di ma do thi G co thé ¢ sau cac budc choi!

Gia st ta ¢ cac budc choi nhu sau: G=G, > G, > G, >...> G, —>..........

Gia sir g, twong g 1a s6 doan thang ky di cia cau hinh G .

Dit @ = U K=HNd

i1

RO rang néu K 1a r5ng, ta khong thé thue hién dugc luot choi nao!

Néu K khac rong, d& thay K hiru han (card K = min {sd diém tring, s6
diém den}).

Do d6 theo nguyén li cyc tri roi rac s& ton tai cdu hinh G' ¢6 s6 doan
thang ky di g' = min K.

Nhén thdy mdi rang sau mdi luot choi, sé doan thing ky di 13 giam dan (
do cach choi). Do da {g } l1a day gidm thuc su suy ra 31 (hitu han) sao cho g,
=g'. Khi d6 ta khong thé thuc hién tiép luot choi nao nita vi nhu di néi & trén,
mdi lugt choi doi hoi phai giam sé doan thang ky di!

Vay ta chi c6 thé thuc hién dugc mot s0 hitu han luot choi.
Bai 2: C6 n ngudi dimg & n vi tri khac nhau va mdi ngudi cam mot khau sing,
Gia s khoang cach gitra nhiing nguoi nay la khac nhau va tai cung mot thoi
diém mdi nguoi déu ban vao mét ngudl ¢ gan minh nhit. Chirng minh rang neu
n 1é thi s& c6 it nhat mot ngudi sdng sot. Két qua bai toan con ding khong néu n
chén.

Duya trén y tuong hai ngudi c6 khoang cach ngan nhit s& ban vao nhau
nén ta c6 thé chirng minh bai toan bang nguyén 1y quy nap toan hoc.
Bai 3: Cho ham s6 f:7Z — 7 théa man 2f(n)< f(n—1)+ f(n+1) voi moi n thude
7 . Ching minh ring 7 c6 thé nhan gia tri 16n ty ¥.
Bai 4: Cho A 1a mét tap hop hitu han céc s6 nguyén thoa mén :

i) SO bé nhét trong A 14 1, s6 16n nhét 1a 100.

ii) Néu xeA\{l}=>3a,bed:x=a+b.
Trong tat ca cac tip A nhu trén, hiy tim tp co luc luong nho nhét.
Gidi: Gid st A={k,}  ,VOi: 1=k <k, <..<k, =100

Theo baira ta ¢6: Vm>1: k, =k, +k;, vil 1<i< j<m<n.Ta co:
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2kl_ 2
2k, > k,
2%, , 2k

=2k 2k, =100=2"" >100=> n>8
Néu n=8 ta co: k, =100= k, >50
k,>50=k,+k, >k, =100 vO ly do k, +k, <2°+2°=96 <100
k, =50 lam tuong tu ta cling ¢O k, =25= 2k, 2k, =k, +k, > k, =25
ma k, +k,<2°+2*=24,v0 ly!
Véin=9 ta c6 tap thod man: 1,2,4,8,16,24,25,50,100.

Bai 5: Cho m va d 1a cac s0 nguyén voi m>d>2.Gia st x,,x,,....,x, la cac bién

, d
nguyén duong sao cho x, +x, +...+x, =m. Tim gid tri 16n nhat ciia §=> x; .
k= 1

Giai: Goi A 1a tip tt ca cac gia tri cua S. Ta c6 A hitu han va khac rong. Theo
nguyén li cuc tri roi rac, ton tai U 1a sb 16n nhdt cua A. By gio gia_su
(a,,d,...,a,) lam cho S nhan gid tri U. Ta s& chang minh rang
(a,,y,.s0,) = (L1,....,,m—d +1). That vy, gia st a,>1 thay b0 a=(a,a,.....a,)
boibd a*=(a,a,,....a,-1,...,a, ,a,+1) 10 rang S(a")>S(a) (mau thuan!).

Vay gié tri 16n nhat cta S 1a U=(m—d +1)" .

Bai 6: CMR c6 vo han sd nguyén t6 c¢6 dang 4k+1.
Giai: Trudc hét ta chirng minh két qua sau: gia st p 12 s6 nguyén td va n 1a sb
nguyén sao cho pl(4n’+1), khi d6 p=Imod4). That vay: rd rang
p=2(mod4)= pi4 JloaiNéu p=3(mod4), tirc 14 p=4k+3 v6i k nao d6. Dit
y=2n, theo dinh 1y Fermat nha, »*'=I(modp), vi n khong chia hét choG.
Nhung ta co y* +1=0(mod p) nén:
yr =yt = ()P = (=1 (mod p) = (~1)(mod p), mOu thuEn. VEy p=1(mod4)!
Tror lai bai toan, gia st ¢0 hiru han s6 nguyén t co6 dang 4k+1. Theo
nguyén li cuc tri roi rac, ton tai sd 1on nhét, gia sir 1a p. Khi do dat N =( p') +1.
ap dung két qua vira chimg minh ta dugc N phai chia hét cho sb nguyén té nao
do c6 dang 4k+1, 10 rang di€u nay la khong thé do cach chon N, Tur d6 ta c6
diéu phai chirng minh!

Bai 7: Giai phuong trinh nghiém nguyén duong : LU .
X y z

Giai: Gia sir x> y>z.

Je 1 1 1 X ) . ) .
+)Néu x>3=>—+—+—<1,dau "="xdy ra khi vachikhi x=y=2=3.
X y z
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Néw x=2 110
y z

*)Néu y=2:>l=0,loai.
z
*)Néu y=3=>z=6.
A | Y , S 421
*)Neu y24:>l+l§§,dau "=" x4y ra khi va chi khi y=z=4.
y z

+)Néu x=1=loai.
Két ludn: (x,7,2) € {(3;3;3); (2:4:4):(2:3;6)}
IV/Mé rong chuyén dé:
1/Bé dé Zorn:

Tap céac s6 tu nhién sép thu tu tot.

Nghia 1a mot tap bat ki cac s tu nhién ludn ton tai s bé nhat.
Vidu 8: (APMO 1989)

Chtng minh rang phuong trinh 5n> =364> +18b> +6¢> khong cd nghiém
nguyén ngoai trir nghiém a=b=c=n=0.
Giai: D@ thdy vé phai 14 boi ciia 3 nén n chia hét cho 3 suy ra ¢ chia hét cho 3.
Dat n=3m;c=3d ta dugc 5m* =4a*>+2b* + 64> .Bay gid gid st m,a,b,c 1a nghiém
v6i m bé nhat (ludn ton tai), ta xét s6 du (mod 16). RS rang mot s binh phuong
chia cho 10 du 14 0,1,4,9,16. Ta théiy m 13 s6 chin nén 5m*=0,4 hay 12(mod16).
Tuong ty 4a® =0;4(mod16)suy ra 25°+6d> =0;4;12(mod16) suy ra b,d déu la
nhitng s6 chin. Do vy a khong thé 1a s chin vi néu khong (E % % %)
nghiém cua bai toan, trdi véi gia thiét m 1 bé nhat. Chia 2 vé cho 4 ta dugc
Sk>=a’+2°+6f> voi a la s 1&, do d6 k cing la sd 1é&. Suy ra
5k’ —a’ =4;12(mod 16) Nhung theo trén 2¢’ +6 1> # 4;12(mod16) . Vay phuong trinh
da cho khong c6 nghiém nguyén ngoai trr a=b=c=n=0
2/Nguyén Ii cyc tri roi rac va bdt dang thirc:
a/Bat dang thirc hodn vi:

Néu g, <a, <...<a b <b, <...<b la cac sd thuc dwong va

-a,},f=min{d, —b;}
thi vé1 moi hoan vi khong dong nhét 7 ciia {1,2,....k}, taco:
Y ba., <> ba-af.
Céch phat biéu khac: Gia sir: ¢, <a, <...<a,,b <b <..<b .Dit:
A=ab +ab, +...4+ab ,B=ab +ab  +..+ab,X=ax+ax,+.+ax,

o =min{«

i+1

trong d6 (x,,x,,....x,) 1a mdt hodn vi bat ki cua cac sd (by,bys...sb)) .
Khidotaco 4>x>B.

Hé qua: (Bat ding thirc Chebyshev)
Véi cac bit ding thirc trén ta co:

A> (a,+a,+...+a,)b+b,+...+b)) > B

n
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Duya vio bat dang thirc hoan vi ta con c¢6 thé chimg minh mot s6 bat dang
thire kinh dién nhu sau:
a.Bat ddng thirc nghich dao
Cho a;;a,;...;a, 1a n ) thuc duong, khi dé ta co
il + & +...+ G >n
a2 a3 al
b. Bat dang thirc Cauchy
Cho a,;a,;...;a, 12 n s6 thyc khong am, khi d6 ta co

a,+a,+..+a 2n{aa,..a,
BAt dang thirc nay c6 thé chimg minh bang cach 4p dung truc tiép bt dang thirc
nghich ddo néu ta gid s a,a,..a, =1.

Vidu9: Tro lai vi du 6a véi n=3 - Olympic Mi,1974.

a+b+c
Cho a,b,c >0. Chirng minh rang : a“b’c‘ > (abc) *
Giai: Ta gid st a<b<c.Khido ta cd Ina<Inb<Inc. Theo dinh Iy Chebyshev ta

cO: alna +b1nb+clnc2§(a+b+c)(lna+lnb+lnc) < dpem.

Vidu 10: (IMO 1978). .
Cho day s6 nguyén duong phén biét: (a,,a,,....,a,) . Chitng minh rang voi

. ~. a a a _1 1 1
mol nxltaca: -+ 2+ +—42—+—+..+—.
- 2 n 1 2 n

Giai: Gid su (x,,x,,....,x,) 1a mdt hodn vi cia(a,,a,,....,a,)sao cho x, <x, <...<x,
Do céc sd nguyén duong da cho 1a phan biét nén x >ivi.
Theo bat dang thirc hoan vj ta co:
%+%+""+Z_;2%JF%JF""JF%Zliz+2%+""+:_2=%+%+""+% (dpcm).
Vidu11: (IMO 1983)

Cho a,b,c 13 3 canh ctia mot tam giac. Chirng minh rang :
a*(b+c—a)+b*(c+a—b)+c*(a+b—c)<3abc.
Giai: Gid st a>b>c ta s€ ching minh : a(b+c—a)<b(c+a-b)<c(a+b-c).
That vay: c(a+b-c)-b(c+a—-b)=(b-c)b+c—a)>0. BEt ®Yng thec cBn i
chung minh tuong tu. Tt do:
a*(b+c-a)+b*(c+a—-b)+c*(a+b—c)<ba(b+c—a)+ch(c+a—b)+ac(a+b—c)
a’(b+c—a)+b*(c+a—-b)+c’(a+b—c)<ca(b+c—a)+ab(c+a—b)+bc(a+b—c)
Tir d6 dé suy ra dpem.
Viduy 12: (IMO 1995)

Gia 6 a,b,c1a cac sd thuc duong va thoa man diéu kién abe=1.

1 1 1 3
- +— +— >=,

a(b+c) b'(c+a) c(a+b) 2

Chung minh rang:

Giai:
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;z=ab -1 Bt dang thirc can chirmg minh twong dwong

< 1
Dat x=bc=—;y=ca=
a c

®|._.

2 2 2
7. X z . A e 1
vOl: T A >= .G()l ve trai la A
z+y Xx+z y+x

ce c 4 1 1 1
Gid st x<y<z.Khido: x> <y*<z* vu < < .
y+z z+x x+y

Theo bat dang thirc hoan vi:
2 2 2 2 2 2
P A R O A A ,tu do:
y+x Z+y X+z zZ+X x+y y+Z

1 1 3
>—(x+y+z)>—=33xyz ==.(dpcm
2 y+x z+y x+z) 2( y+2) 2 s 2(p )

(Ta ciing co thé sir dung bat dang thirc Chebyshev).
Vidu 13: (Iran-1997) ’ q
Gid st w,w,,....,w, 1a cac sO thuc khac nhau cé tong khac 0. Ching minh

A>—

1 +x* 224y X+
(y e

rang ton tai cac sO nguyén n,,n,,...,n, sao cho: nw, +...+n,w, >0 va vé1 moi hoan

vi khong dong nhat 7 cia {1,2,....k} ta co: nw ety F ot W <0

Giai: Gia sir w, <w, <...<w,, dat s=[Y"w|, @ =min{w_, —w} va chon so tu nhién

N>2>. Cho (1,150, ) =(N,2N,....,kN) + p(L,1,...,1), & d6 p la sO nguyén duy
(04

nhét sao cho D nw, e(0;5]. Khi do ta co:
> nw, <D nw-Na<s—Na<0!

b/Mot phwrong phdp chirng minh bit dcfng thirc:

Mot phan khong nho cac bat dang thirc xay ra ddu bang khi cac blen bang
nhau. Tuy nhién khi giai cac bai toan ay trén tap roi rac ( vi du tap sd nguyén)
thi khong tdn tai cac bién néu ching bang nhau ("1€¢") ma cuc tri dat duogc khi

"bién do" clia cdc bicn la bé nhat.( ta tam goi " bién d0" cuia diy 4=(q,)_ la

ﬁAzmax| ]

Vi du 14: Cho m va d 1a cac sb6 nguyén voi m>d >2. Gia st x,,x,,...x, 13 cac
bién nguyén duong sao cho x +x,+..+x =m. Tim gid tri nho nhat cua
S=xl+x) +..+x .

Giai: Goi G 1a tap cac gia tri cua S, khi d6 G khac r5ng va hitu han nén ton tai
gia tri nho nhit cta S. D& thay néu #lm hay giai bai toan trén bo diéu kién cac x,
nguyén thi S dat gia tri nho nhéat khi x, =x, =...=x . Tuy nhién khi n khong chia
hét m thi khong ton tai cic s6 x,.x,,...x, nguyén nhu thé. Bay gid ta chirng minh
S dat gia tri nho nhat khi "bién do" B. cua day x,,x,,...x, labé nhét. That vay,ta
chi xét truong hop n khong 1a wdc cua m, ta luén c6 B.>1. Gia sit g >1= ton
tai 2 sb, gia sir 14 x,x, co bién d6 1a B.>1, x—x,>1. Khi d6 ta thay
X =(x,%,...,x,) bO1 x'=(x;—Lx,+L..,x,) ta cd S(x)<S(x') vu B, 2p.. Ci lam
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nhu thé dén lac ndo do ta nhan dugc x" ¢6 bién do béng 1 va khong thé thuc
hién tiép duoc nira!

Loi giai bai toan nay dua ta tiép can dén mot phuong phap chirng minh
bat déng thirc trén tap cac s0 thuc dya vao khai niém "bién do" nhu & trén!

V6i trudng hop 2 s6: ching minh f(a,b)>0, ta gid st b=a+x Vi x>0
Ta ching minh budc tiép theo bang nhiéu cach, vi du: Xét ham
g(x)=f(a,a+x), chimg minh g'(x)>0 tir d6 co6 g(x)>0 dau "=" xay ra khi va
chi khi x=0 thay vao f,a,b ta c6 dpcm.

Véi truong hop 3 s6 ta ¢ 2 hudng di nhu sau: mot 1a chimg minh bdt véi
dau "=" xay ra khi "bién do" cua 3 s6=0; hai 12 ching minh bdt véi ddu "=" xay
ra khi "bién do dia phwong"=0 roi dwa vé truong hop 2 bién.

Véi trudng hop nhiéu bién hon ta 1am tuong ty.

n_n

a b c
+ + .
b+c c+a a+b
Giai: Gia st a2b2c=f,,.,=P.,=a-c. Dat x=a-c2b-c20. Xét
xX+c b c 1 b c
f(x): + + . Co f( ) 2 2
b+c 2c+x b+c+x b+c (2c+x)” (b+c+x)
c+x2b>c>0 ta cd f'(x)20= fla ham dong bién= f(x)> f(b—c)vx .Khi do
b c 2b b+c 1 1 3

a=b.Thay a=b vao S ta dugc S = b , b e t————22-—==
b+c c+b 2b b+c 2b 2 2 2

Vidu 12: Véi ab,c 1a cac sb thuc duong, tim min § =

. RO rang véi

Vay min S = % khi a=b=c!

V/Bai tap dé nghi:
Bai 8: (IMO 1997).Cho x;x,;...;x, 1 n s6 thuc thoa man diéu kién
|x, +x, +...+x, |=1

\ n+l .. . ., . 3 £ A . .
va | x, |ST V61 i=1;2;...;n. Chung minh rang néu y,;y,;...;y,. 1a mot hoan vi

cua |x, +x,+...+x |=1 thi:

|y +2y, +...+ny, <n7+1
Bai 9: (Putnam 1996) Cho {x;x,;..;x,} 1a mot hoan vi cua tap {1;2;...;n}. Tim gid
tri 16n nhét cua biéu thic sau:

XX, + XX, ..+ X, X +X X
Bai 10: Cho n ( n>2) duodng thang trong mat phang, ctr 3 duong thang bat ky thi
d6ng quy. Chting minh rang n duong thang dong quy.
Bai 11: Cho tdp n ( n>2 ) diém trong mit phang, cir 3 diém bat ky thi thang
hang. Chiing minh rang n diém cing thudc mot dudng thang.
Bai 12: Cho n(>2)hinh 101 bat ky trong mat phang sao cho 3 hinh bat ky c6 giao
khac rdng. Chirng minh rang giao cta n hinh d6 khéac réng.
Bai 13: Cho n(>1) diém khong cung thudc 1 dudng thing trén mit phéng.
Chung minh rang ton tai mot dudng thang di qua ding 2 diém.
Bai 14: Tim ham f: N*—N* sao cho:
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) f(n+fm)=f(n),

i) 3n,: f(n,)=1.
Bai 15: Giai phuong trinh nghi¢ém nguyén duong sau: x* +3y° +9z° =27xyz.
Bai 16: Ching minh ring khong ton tai ngii giac déu co cac dinh c6 toa do
nguyén.

VL. Tai liéu tham khao
1. Nguyén Vin Mau (Cha bién): Chuyén dé chon loc to hop va toan roi rac
2. Nha xuit ban Gido duc: Céc bai thi Olympic Toan Trung hoc phd thong
1990-2006.
. Springer: IMO Compedium 1959-2004.
4. Céc tai lidu su tam trén mang.

[98)
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~ UNG DUNG PINH Li HELLY
GIAI CAC BAI TOAN HINH HQC TO HQP

Nguyén Vin Diing
THPT Chuyén Thai Binh

l. TAP Lél, BAO LOI CUA M(:)T T@P HOP DIEM
1. Tap loi
a. Khci niém

Cho tap hop Q (trén duong thang, méat phang hoac trong khéng gian). Tap hop Q duoc
oo1 la tap 161 néu VA, B Q) thi ca doan AB cling nam tron trong €

= 25 X s N % 4 5 . N - ’ Aqa A -
b. V7 du: Da @mac 101, da dién 101, hinh tron, hinh elip.. la nhimg vi du vé hinh 161

Chai ¥: Mot da giac 1a 101 khi da giac do nam tron trong mot mra mat phang cd bo xac dinh
hat canh bat ki cua da giac do.

c. Tinh chdt ciia tdp hop 16i

i) Cho ©,_Q, 1a cac tit giac 16i khi do ©Q nQ, 1a mot tap 16i

Chii bz Q. ), chua chac di 1a 161

?
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u) Q\H 161, vé1 H 1a mira mat phang
2. Bao 16i ciia mot tip hop diém

Binh Iz Cho tap hop M gdm n diém trong mil phing. Khi d6 (on tai mét da gise 16i chira M
ma cac dinh cua da giac do la cac dinh cua M.

Chirng minh:

Vi M bi chin, tdn tai duong thﬁng ly sao cho M thudc cuing mot mira mét phffmg vl bo xac
dinh bot l;. Chon Iy mot hiréng duong tir phdi sang tran.

Chon A; 1a diém thude M cé khoang cach dén |, 13 gan nhat, néu cé nhiéu diém nhu viy
ta chon diem cudi cung bén phai.

X¢t cac goc ¢ dang AA /. V4 e M . thco nguyén 1y cuc han, ton tai goc nho nht ung
vo1 diém A, thude M. néu cé nhiéu diém A, chon diém xa A, nhét
Taco:

e M nim vé mot mira mit phing xac dinh béi bo 1a dwong thing 4.4,

e Chon hudng duong trén A4, 4, co hudng tir A; dén A,

Lip lai qua trinh nhw trén sau hitu han bude ta dwoc da gide 161 4.4, ....4, ma nd chia cac

- A o
diém cua M
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II. PINH Li HELLY
1. Dinh li Helly trong mat phang

Itong milt phing cho n hinh 161 (7> 4)  Biél ring giao cia 3 hinh 161 bt ki trong ching

13 khac réng. Khi d6 n hinh 16i ¢6 giao khac rdng.
Chitng minh:

Chimg minh bang quy nap theo n

Vo n=4

Goi Q,.Q,.Q,.Q, 1a cac hinh 15i

A € Lm0y,
{AZ cQ,~Q,NOQ,
|4, 20,0, A0,
L‘I* ¢ £,nQ, O,

Néu hai diém trong s6 4 diém 4. 4,, 4,. 4, tring nhau
Gidstt 4 =4, =4 € nQ,"Q, N, x0ng

Néu 4 diém A.,4,,4,,4 phén biét

Xét bao 161 cia tap 4 diém A, A, A, A, Xél cac truomg hop

THIi: Baa ldi la nr eide 16i

; Al
Goi O la giao diem cua 2 duong chéo 4,4, va 4,4, N
Oe 44, twongtu =02, ~QY,
Oc A, A, lweomg e = O ¢ Q, 0, A4
) A2 0
s
=0 e L) M, M ALY, /
, |-
TH2: Bao 191 la mdl hinh tam gidc A3
Gia st 1a A4, 4,4, . Khi do A, thudc mién trong A4 4, 4,
‘ Al
Mait khac 4,. 4, 4, déu thude Q,
/
> AL 44 eQ, / LY

/a4
=5 N3N /[
Sl ol Y S ol /
Sl o€ 0, D00, /

A2

TH3: Baa l4i 1& doan thing.
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Tagiasu 4,4, c 4.4,

=5 I 5 a2

Mat khac 4,4, =, nQ),

=344,  SX kY0 L,

Vay dinh ly duwgc chirng minh cho trwong hop n=4

Gia su dinh 1y duge chimg minh cho truong hop n >4, ta chimg minh no dung véin + |

‘That vav xet cac hinh 161 €%4.€2,,...€2,. € thoa min cac dicu kién cua dinh 1y Helly.

X¢t n hinh 161 nhu sau: €%:€%.....Q,.Q, NQ,

Ta ching minh cac hinh 156i nay théa mén cac diéu kién cua dinh 1y IIelly. That vay néu 3

hinh 16i bét ki trong chung khéng chira Q, nQ _ thi chung ¢ giao khic rong, néu c6 mot

trong ba hinh la Q) Q) , thi quy vé 4 hinh c6 giao khac rong nhu chimg minh & trén. Vay n

hinh 161 noi rén thdéa min diéu kién cia dinh 1y Helly. Theo gia thiél quy nap la ¢o
QNQ, ... OQ A(Q,~Q )= trclan | 1 hinh 16i d cho cé giao khéc réng (dpem).

2. Pinh Iy Helly trén dwong thing

Trén duong thing cho n hinh 15i. Biét ring giao ctia hai hinh 131 bat ki trong chting khéc

rong. Khi d6 giao ctia n hinh 161 cling khac rong.
Chirng minh:

Hinh 13i trén doan thang ¢6 dang : Doan thang [a, b], khoang (a, b). mira khoang [a, b), (a, b]
(& d6 aco thé1a —oo, beod thé 13 —oo). Ta chi xét cac hinh 161 ¢o dang doan thing, cac dang

khac duoce xét twong tu.

Xét n doan thing [a,.5,].i=L....n, hai doan bat ki trong ching c6 giao khdc réng. Ta chimg

minh n doan nay co giao khac rong.
. 7 . 4] ~ F; = -
Dit a=max{a,} . b=min{b} ., taséchimgminh a<b.
That vay gia stra > b, khi do ton ta1 cac chi s6 1 va ) sao choa=a;, b=b;. vi ¢, > b}. do do cac

doan théng [a;.b,]va [ a5, | s& rdi nhau. Trai voi gid thiét bai todn.
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VAy a < b khi d6 ta chi ¢An chon ¢ sao cho a<ec<h tacd ceﬂ[af,b}.] (dpcm)
i=1

. MOT SO PNG DUNG CUA PINH LY HELLY

pé ap dung duoc dinh Iy Helly, dit kién cua bai toan thuong cho mot ho nhittng hinh
thoa min mot so tinh chét nao d6 ( thudng la 3 hinh bat ki ¢6 tinh chit nao d6). Cac hinh d6
c6 thé 161, ¢6 thé khong 16i. Trong mét sé trudng hop. cac hinh dwoc cho 1a khéng 161, ta phai
bién ddi dé nhan dwoc ho cac hinh 161 phit hop véi cic gia thiét trong dinh Iy
So do6 dé giai bai toan c6 ap dung dinh Iy Helly thudng la:
v Tir dit kién cila bai todn xdy dung mét ho cde hinh 16i ¢6 cdc tinh chdt théa man diéu
kién cria Helly.

& /ip dung dinh Iy Helly ta duoc giao ciia cdc hinh 16i trén la khdc réng.

v' Tir budc hai ta ddn dén két ludn ciia béi todn.

Vi du 1: Trong mit phang cho » >3diém. Biét rang moi cap 3 diém trong ching déu nam
trong dwomg tron cé ban kinh bang 1. Chimg minh ring tit ca nhitng diém di cho déu nam
trong duong tron ban kinh bang 1.

Chirng minh:

. r =R ~ ) r % A 5 r A - r - A 4%
Got cac diem di cho 13 x.x,.....x, . dung cdc dudng iron ¢(x,.1) co (Am ta1 cac diem x, vol

ban kinh bang 1.

B0 ba duong tron o(x,.1).¢(x,.1).@(x,.1) ¢ diém chung chinh 1a tdm cla duong tron ¢6 ban

kinh 1 chtra cdc diém x,.x,.x;, .

Viy ho cac dwomg tron @(x..1) théa min cdc diéu kién cua dinh 1y Helly. Do d6 ton tai

xe ﬁga(xl,.\l) taco xx, <1, Vi=1,.,n do do cac diém X X nim trong dudng tron thm
i=l

x ban kinh bing 1.(dpem)

Vi du 2: (Dinh Iy Yong) Trong mat phing cho mdt s6 hitu han diém, khoang cach gitta hai

diém bt ki trong chiing khéng vt qua 1. Chimg minh ring ton tai mét hinh tron ban kinh

3 1 . IN— "
bing —= chira 14t ¢d cac diém da cho.
NG
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Chitng minh

Ta chitng minh rang bo 3 diém bat ki trong chiing d&u nam trong hinh tron ban kinh Sau

1
&
do ap dung cach lam cfia VD1 ta nhan duoc moi diém déu nim trong hinh tron co ban kinh la

% . Sau d6 ap dung cach lam cta vi du 1 ta nhan duoc moi diém nam trong hinh tron ban

r 1 1 r b r
kinhla — . Ta cd bai toan

_J:\:
Bai todn: Cho tam gidgc ABC ¢6 3 canh c6 d6 dai bé hon 1. Ching minh ring tén tai hinh

tron co ban kinh —= chira tam giac ABC.

3

Chitng minh:
Xét cac truong hop

e Khi tam gidc ABC ¢b 1 gdc Idn hon hodc bang 90°, gia st 4>90°. Khi dé dudng
1

< —

tron duong kinh BC chtra tam giac ABC. Ban kinh duong tron nay < 5

b | =

¢ Khi tam giac ABC ¢6 3 goc nhon

Suy ra ¢6 mot goc 16n hon hodc bf‘ing 60°. Gia st A =>60°. Goi {O,R) 1a dudng tron ngoai

tiép tam gidc ABC. Theo dinh Iy ham s6 sin ta cé

BC BC o

B <
2sind~ 2sin60 \f3

= AABC s€ chita trong hinh tron tdm (O, 1

NG J
Bai1 toan duoc chung munh.

Vi du 3: Trong nira mat phing cho k diém x,.x,.....x, . Chimg minh rang ton tai diém x, véi
tinh chat sau: Tir mdi bén ciia duomg thang bit ki qua x, chira it nhit mét phan ba s6 diém da

cho (& déy ta tinh ca nhitng diém nam trén dudng thang).
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Chirng minh

2 A - A A

Got H la nira mat phing dong (nira mat phang ke ca bo) chira it nhal — s6 diem thuée M, H
3

t6n tai ( vi M bi chin nén t6n tai mét nira mét phing déng chita toan b M), dé thay H 1a 15i.

Goi M la tap tat ca cdc nura mat phang H c6 tinh chat nhu trén. Ta sé ching minh r?mg 3 phﬁn

tir bat ki cua M déu c6 diém chung

Gia s H,,H,.H, 123 phin wr bitld caa M
" 5 2 A & 9
MOo1 mét phéng chira S, > ;k trong s6 k diém da cho
Goi S la sb diém trong 77, ~ T, =56 diém trong 71, TT,1a S, +8,—S
_ 3. 2 1
laco k25 +S5,-S>=k+=k-85=8>=k
303 3

Suy ra trong H, ton tai it nhat 1 diém cua H, ~H, néu khong thi s6 lwong diém trong

(H,nH,)UH, s&lénhonklavé ly.

Suyra HnH,nH, + &

w2
(@}

w2

Ap dung dinh 1y Helly ton tai X nim trén tit ca cdc mra mit phing ma né chira hon

- R . f i o]
diemcua X —{x,x,.....0 .

. 3 b ) - A 7 - & r E wls r r A - A
Gia su /, la duong thang qua x, ma 1 mra mat phang xac dinh bén /) chira it hon — so diem

3 | —

clia X (tinh ca nhing diém trén /,)

Gol xeX lal diém trong nita mat phéng con lait ma gé\in ly nhét. 11nh tién 5 ve g@in X mot

khoang nho hon khoang cach tir x dén I, ta dwoe | nita mat phang con lai van chtra nhi¢u hon

2 A s A - a - A = r r \
T s0 diem cua X nhung khong chira x, (mau thuan vé1 cach chon)
Vay bai toan dugce chtrng minh.
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Vi du 4: Cho tap 16i A trong mit phing va ho gom % > 3nhitng nita mit phing phi A. Chimg

minh ring ton tai moét ho con goém ba nita mit phang ma ching ciing phiit A

Chitng minh
Goi I1,.11,..... 1], 1a nhiing mra mat phang phu A
Pit A =A\H, = A 1a16i Vi=12..k

(714 st khong ton tai 3 nira mit phing trong 56 nhitng mia miit phing trén ma ching phi A
=Ty c AN H W H wH)
Mat khic 4\(H, WH; OH,)=(4\H,)\(4\H,)\(4\H,)

—>xped A4

—Ho tap 161 A.. i=12.....k théa man dinh ly Helly
£

> Xe ﬂ 4
i=l

Mat khac ﬁfl:. =4 ‘\CJH}. = do A CJH!.
i=l i=1 i=1

= x e dicunay lavo ly
Vay gia thiet phan chung la sai, ta co dpem.

Vi du_5: Cho mot ho da giac 161 d6i mét cat nhau. Chimg minh rang ton tai mét duong thang

cat tat ca cac da giac nay.

Chirng minh:
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M
///// J\‘\\ // \“‘\\\
< 2 ™
% el
\ TT=e,
N\ i/ )
(T __ﬁ/

Xét tat ca cac da gidce F.i—1l....n. chon mdt duong thang d sao cho tat ca cac da giac nay

chira trong mdt nira mit phing véi bo 1a duong thang d.

Chiéu cac da gide F.i=L....»n xudng dudong thing d. moi da giac img véi mot doan thing

{(:.‘].__E?}.J, duong thang di qua mot diém bat ki thuée doan la{.?bﬁJ va vudng goc véi d déu cat T,
= ~ r - 4 - J 2 A I - r < . 4

. Nhu vdy & chimg minh bai todn ta chi can chimg minh céc doan thing [u}b ] i=1...nco

diém chung.

Vi hai da gide bat ki déu cé diém chung nén hai doan thang bat ki & trén déu ¢é diém clung,

Ap dung dinh ly Helly cic doun thing [a_,..b}.]déu ¢6 diém chung. Ppem.

B, BT 5 s e s 2 ;
J7 du 6: Trén mot dirdomg tron don vi cd mot hé cac cung co do dai bé hon — | ¢d tinh chat
e —— = 3

giao cua hai cung bat ki trong ching khac rong. Chirng minh rang giao cuia he¢ cac cung khac

rong.
Chirng minh
M
/ // e
'
\\‘-"“‘-.\‘RH ///// \
( ~ |
\ /
N //
\
e, I
N
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T : g 2 : Ly 54 -
Gia st co n cung A4.B,,i=1,2.....n sao cho d6 da1 4B, <T hai cung bat ki trong s6 cac

cung trén déu co giao khac rong Xét mot cung tuy v 4, B, . Go1 M 1a trung diém cia cung

nay. goi N la diém doi xtmg ctia M qua tdm O, tir hinh v& dé thay mot cung bat ki ¢ @6 dai

; 7 S s A " o, s
bé hon T ma co glao vol1 cung A4, B, déu khong chira N.

Cit hinh tron tai N va trai ra thanh duong thing NN, . cac cung tr& thanh cac doan thing
ndm gitta doan thing NN, . theo gia thiét hai cung bat ki déu c6 diém chung nén hai doan
thang bat ki ciing ¢6 diém chung. theo dinh Iy Helly cac doan thing cé diém chung va do d6
cac cung ciing c6 diém chung. Ppem

MOT SO BAI TAP TUONG TV

Bai 1: Cho n hinh tron, n > 3 trén mat phang. Biét rang ¢t ba hinh tron tiy ¥ ludn ton tai mét
hinh tron ban kinh R chira ca ba hinh tron. Chimg minh rang ton tai moét hinh tron ban kinh R

chira ca n hinh tron d3 cho.

Bai 2: Trong khong gian cho n vat thé 161, moi bo bon vét thé déu c6 diém chung. Chimg

minh rang ca n vat the d6 déu c¢6 diém chung.

Bai 3: Trong khong gian cho k > 3 diem. Biét rang mo1 bo bon diém trong chuing chira trong
hinh cau c6 ban kinh bang 1. Chimg minh rang tét ca cac diém noi trén nam trong hinh cau c6

bén kinh bang 1.

Bai 4: Trong khong gian cho n diem 4, 4,..... 4, , khoang cach gitta hai diem khong vuot

J6

qua 1. Ching minh rang tat ca nhiing diém nay c6 thé phu béi hinh cau ¢é ban kinh bang )

Bai 5: Trong khong gian cho tap hop A va ho nhiing nira khong gian k > 4 phu tap hop A.

Chtmg minh rang ton tai mdt ho con gém 4 nira khong gian méa chimg van phu A.
IV. MOT SO BAI TOAN SU’ DUNG PHU'ONG PHAP LAY BAO LOI

Vi du 7: Trong mit phang cho 5 diém trong dé khéng cé 3 diém nao thang hang, chiing minh

rang luén ton tai mét t giac 161 ¢o6 dinh 1a 4 diém trong s6 5 diem néi trén.

Chikng minh:
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Ly bao 161 cua 5 diém di cho ( goi tén la A, B, C, D, E). X¢t cac kha nang sau

*» Bao 161 1a mét ngii gide, hodc mot tr gide thi bai toan duoc giai.
% Bao 101 13 moét tam giac, gia sw la tam giac ABC, khi d6 2 diém D, E sé nam trong tam
gifc ndy Puong thing DE s2 cit hai canh ctia tam gide, gia sit n6 cit canh AB, AC,

khi do DEBC la uir gide 101 cén (im.

Vi du_8: Trén mat phang cho 2009 cap diém sao cho khéng cé 3 diém nao thang thang.
Chung minh rfmg ¢6 thé chon duoc trong %) nay 1004 cap diém l: .4!.53!.),1' =1,2,...,1004

s40 cho 1004 doan lhfmg A4B.i—1.2,..1004 cit nhau tai 502 diém phén bigt

Chirng minh:

Vi s6 phurrong ciia cic dudmg thing tao bai 2009 diém 14 hitu han. do dé ton tai mot duong
thang d khéng song song véi bat ki duong thing nao tao boi 2009 diém néi trén. cd thé gia su

. s i . a L - - - i Z - g
cac dicm noti trén nam trén mot nira mat phang co bhala d.
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Tinh tién d dén khi gap diém dAu tién, ta goi d6 1a d,, tiép tuc tinh tién d gap diém lién sau ta
dugc dudng thing d, , ..., tiép tuc qua trinh trén ta duoc 2009 dwong thing, mdi diém cua tap

diém da cho s& nam trén mot dudng thang, cac dwong thing niy song song véi nhau.

Xét cac duong d,.d;.....d,y, . cac dudng nay tao thanh 502 dai. trong dai 1 chira 5 diém (3
diém nam hoan toan bén trong, 2 diém nam trén bién). Cac dai con lai mdi dai chira 4 diém.

Xét dai tao béi d,.d,, dai nay c6 chita 5 diém, theo vi du 7, ton tai mot tir giac 16i tao boi 4
diém trong s6 5 diém dé cho, hién nhién hai dwong chéo clia tir gidc nay cat nhau tai mot

diém nam trong dai thi nhat.

Xét dai tht 2. trong dai nay co 4 diém, két hop véi diém con lai ciia dai thir nhét ta duoc tap
gdm 5 diém. ta lai tao ra dwoc tit gidc 161 c6 dinh 14 4 trong 5 diém nay, hai dwdng chéo nay
cat nhau tai 1 diém nim trong dai thir 2 (vi giao diém nay nim trén it nhat mot doan thing
chtra hoan toan trong dai thir 2).

Tiép tuc qua trinh trén ta s& nhan dwoc 1004 cip diém (4,B.),i=1,2,..,1004sa0 cho 1004
doan thang AB.,i=12,..,1004 cit nhau tai 502 diém phan biét. dpem

Vi du 9: Trong mit phing cho 6 diém phén biét. Hai diém bat ki trong ching ndi thanh mot
doan thing. Chtmg minh rang ti s6 giita doan thing dai nhat va doan thing ngén nhét 1én hon

hodc b?mg \ﬁ :
Chitng minh.

bat A={4,4,.4;,,4,, A, A} 1a tAp hop 6 diém da cho.

Dit d° = maxA, d = minA ta sé ching minh d'>+f3d
Xét cac truvong hop sau
» Trong A ton tai ba diém thing hang, gia si theo thi twr 1 A, A, 4, taco the gia sir 1a
AA, <44, khido d'>A4,>244,>2d>3d .
» Trong A t6n tai 3 diém tao thanh 1 tam gidc c¢6 1 gbc 16n hon hodc bang 120°, gia st
tam giac la 4 4,4, vé1 4, >120°

Theo dinh 1y ham sé cosin ta ¢6:
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A2 > AA?=AA?+ A,A% 24 4,4, AcosAA,A,
>d?>d*+d* —2d.d .cosl20° =3d*

>d'>daf3

A3
LY

X¢ét trromg hop trong A khéng c6 3 diém nao thang hang, x¢ét bao 16i ciia A, ¢6 cac kha nang

sau.

> Bao 14i 13 tam giac. gid sit do 13 tam gidc 4,4, 4, khi d6 3 diém con lai s&
chita trong tam gidc, ta xét dicm A4 Picm nay chia tam gide 4,4, 4, thanh 3
tam giac con trong do co it nhét mét tam glac gid surla 4.4 4, cé gée ¢ dinh
A4 16n hon hodc bing 120°. Ap dung trudng hop trén cho tam gide AA4,4, ta
dwoc dpem.

» Néu bao 161 la tir giac, goi do 1a tir giac 44,44, chia da giac thanh hai tam
gidc bé1 mot duong chéo, mot trong hai tam giac nay phai chira it mot diém
coOn la1 trong A va (a la1 dua ve truong hop (rén.

» Bao 161 14 ngfl gidc. goi ngil gidc do 1a A A, 4 A, A, . chia ngll giac nay thanh 3
tam giac boi cac duong chéo, diém con lai 4, phai nam trong mot trong 3 tam
glac nay va ta dua bai toan vé truong hop dau.

» Bao 11 14 luc gide, vi luc gide ¢b 6 dinh ma c6 tong sb gbe & cac dinh 1a 720
nén s& t6n tai mot dinh cé goc & dinh d6 16n hon hodc bing 120°. Ta lai dua

bai toan vé trudmg hop da xét.
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MOT SO BAI TAP TWONG TW

Bai 1: Ching mmbh rang mot da grtac M [a 101 khi va chi khi mor 6f giac co cac dinh la cac
dinh cua M la lo1.

Bai 2: Tim so nguyén n >3 sao cho ton tarn diem 4, .4,,.... 4 trong mat phang va n so thuc

%;.1.....7, a0 cho hai diéu kién sau day duoc thoa man:

v Khéng ¢6 3 diém nao thang hang.

v Véimoi bd (7 k), 1<i< j<k<n cactam gide 4,4 A, c6 diéntichbang 7, +r, +7,
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PINH HUONG CO BAN VE PHUONG TRINH HAM
THPT Chuyén Ha Nam

I/ CO SO PINH HUONG CO BAN
PE GIAI MOT PHUONG TRINH HAM

Tiép can phuong trinh ham, mdi ngudi c¢6 nhitng co s& va phuong phap
khac nhau. Tuy nhién dya vao dac trung cia cac ham ta co thé xay dyng duoc 1
s6 dinh huéng co ban nhu sau:

1. Thé céc gia tri bién phu hop: Hau hét cac gia tri ban dau c6 thé thé vao
la:x=0;x=1...;tr d6 tim ra 1 tinh chat quan trong nao dé hodc céac gia tri dac
biét ctia ham hodc tim cach chtng minh ham s6 hang.

2. Quy nap toan hoc: Py 1a phuong phap st dung gia tri f(x) va bang

cach quy nap véi n € N dé tim f(n). Sau d6 tim s (l) va f(e) voi r hitu ty.
n

Phuong phép nay thuong ap dung trong bai toan ma & d6 ham f da dugc xéac
dinh trén Q = tir 6 mo rong trén céac tap sd rong hon.

3. Nghién ctru tinh don anh va toan anh cta cdc ham luy thtra trong
phuong trinh. Ching minh tinh chat nay khong phtic tap nhung diéu d6 lai cho
ta mot két qua quan trong dé tim dwogc dap sb bai toan.

4. Tim diém cb dinh hoic gia tri 0 cua céc ham: S6 lugng bai todn cé su
dung phuong phap nay thuong it hon sé luong bai ap dung ba phuong phap noi
trén. Tuy nhién trong 1 sO bai toan kho, viéc tim diém cd dinh va gia tri 0 lai 1a
diém chdt quan trong cho 10i giai hoan hao.

5. Sir dung PT Cauchy va kiéu Cauchy.

6. Nghién ctru tinh don di€u va tinh lién tuc cia cdc ham. Cac tinh chat
nay 4p dung trong phuong trinh Cauchy hodc kiéu Cauchy. Cac phuong trinh d6
néu khong c6 tinh chét don diéu, lién tuc thi bai toan tré 1én phtrc tap hon nhiéu.

7. Du toan ham va dung phuong phap phan chimg dé chirng minh diéu du
doén ding.

8. Tao nén cac hé thirc truy hdi: Phuwong phap nay thuong dugc st dung
trong pt ma cac ham co tinh chit bi chan hodc tim dugc mdi quan h¢ gilra
f(f(n)), f(n) van ... n eN.
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9. Miéu ta tinh chat chan, 1é cua ham so

10. Xét ham trong hé co s6 khac hé co sb 10 (h¢ nhi phan, tam phan, ...).
T4t nhién phuong phap nay chi s dung khi mién xac dinh va mién gia tri cta
ham 1a N (hay ham xét trén tap s6 tu nhién).

Trén day 1a mot vai dinh huéng co ban khi giai PT ham. Tuy nhién dé c¢6

.....

II/ PHUONG TRINH CAUCHY VA KIEU CAUCHY:

Phuong trinh c6 dac trung f(x+y) = f(x) + f(y) Vx, y €R goi 1a phuong
trinh Cauchy.

Pic diém cua 16p phuong trinh nay: Néu ham f xac dinh trén Q, bang
phuong phéap quy nap toan hoc cho ta két qua f(x) = xf(1), VxeQ. Bai toan duoc
mo rong trén R cong thém cac tinh chét cho trudc ciia ham ta s& xac dinh duoc
ham f. Tuy nhién véi mdi tinh chat khac nhau s& cho ta cdc ham khac nhau va do
vay 101 giai bai toan ciing s& khac nhau. Cac tinh chat thudng dugc cho trong bai
toan la:

+) Pon diu trén mdt khoang (d6ng; mo) thuc nao do

+) Ham lién tuc

+) Ham bi chén trén cac khoang (doan)

+) Duong voi cac gid tri x > 0

+) Pon anh, toan anh ....

Khi d6 c6 thé giai dugc bai toan tong quat: Tim f: R — S

Tim f(x+y) = f(x) + f(y)

Tuy nhién, trong thuc té ta thudng hay gip cac phuong trinh ma sau khi
bién doi gia thiét s& dugc phuong trinh Cauchy. Lép phuong trinh d6 goi la
phuong trinh kiéu Cauchy va c6 thé néu ra 1 s6 dic trung sau.

1. f lién tyc thdéa man f: R — (0; +o0) va f(x+y) = f(x) f(y) 1a ham c6 dang
f(x) = a*. Khi d6 f(x) = logf(x) lién tuc va théa man phwong trinh Cauchy.

2. Moi ham lién tyc f: (0; +o0) — (0; +o0) thod man f(xy) = f(x) + f(y) cho
ta ham f(x) = log,x = g(x) = f(a") lién tuc va thoa man dac trung phuong trinh

Cauchy.
3. Moi ham lién tuc f: (0; +00) — (0; +o0) thoa man f(xy) = f(x).f(y)
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— f(x)=x"véi t= log% va f(x) = b = g(x) = log(f(a*)) 1a ham lién tuc va
thda man phuong trinh Cauchy.

I1I/ BAI TOAN VA LOI GIAI:

Duéi day s& dé cap dén mot s bai toan co 101 giai duoc sir dung nhirng
dinh hudng co ban da néu trén.

Bai toan 1:
flx)=2
f(xy) = f{(x)f(y) - f(x +y)+1

Nhan xét: Pay 1a 1 16p vi du sit dung phuong phap quy nap toan hoc

(1)

Tim tit ca cac ham f: Q — Q tim {

Loi giai:
Cho x=1vay=ntrong (1)< tacé:
f(n) =2 f(n) — f(n+1) + 1 < f(n+1) =f(n) + 1 VneN

= f(n)=n+1VneN

+)Chox=0vay=n =f0)=f0)(n+1)—-f(n)+1
= f(0)=f(0)(n+1)-n-1+1
= nf(0)=n V' n eN
= f(0)=1

+)Vé6imbiz e Z,chox=-1vay=1trong (1)cof(-1)=0

+)Chox=-1vay=n =f(-n)=-f(n-1)+1=-n+1

=f(z)=z+1véimdizeZ

+)Chox=n, y:% ta 6 f(1) = (n + 1)f(%)—f(n+%)+l 2)
Hon nita: Chox =1 vay=m+ L = f(m+ 1+ 1) =f(m+ L)+ 1
n n n

Theo phuong phap quy nap = f(m + %) =m-+ f(%). T (2) ta co
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(=141 vnenx
n n

Mit khac: Chox=mvéy=ltacé:f(2)=2+l
n n n

=>f(r)=r+1 vreQ®
+)Chox=-1vay=rtaco f(-r)=-f(r-1) =-f(r-1) + 1 =r+ 1
= f(x) =x + 1 véi mdi x €Q
Thirlai: Tuxy+l=x+1)(y+1)—-x+ty+1)+1
Vx,y € Q = f(x)=x+1 laham s can tim
Bai toan 2: (Belarus 1997)
Tim tit ca cac ham g: R — R sao cho v6i mdi sb thuc x va y ta co:
g(x +y) +g(x)gly) = gxy) + g(x) + &(y).
Loi gidi:
+) g(x) =0 va g(x) =2 thoa man bai ra.
+) Gia st g(x) khac hang sé.
Bing phuong phéap quy nap ta chirng minh duogc g(x) = x, Vx €Q.
Pé ching minh g(r + x) =1 + g(x) va g(rx) = rg(x) voir €Q vax eR.
Tir (2) chor = -1 = g(-x) = -g(x) V x eR = g(x) 1a ham sb 1é.
Cho y = -x vao gia thiét = g*(x) = g(x) = g(x) = 0 Vx>0
+) Gid str g(x) <x V xeR. ChonreQ sao cho g(x) <r<x
=>r>gx)=g(x-r)+tr>r = Voly
Tuong tu: Gidstr g(x >x V eR = Vo ly.
= g(x) =x VxeR. Thu lai thoa man
Vay g(x) =0; g(x) =2 va g(x) = x théa man.
Bai toan 3: (BMO 1997-2000) Tim tit c4 cac ham f thoa man.
fxf(x) + fy) =y + F(x) Vx,yeR (1)
Nhin xét: Day 1a 16p bai chimg minh ham s6 1a ham don 4nh; toan anh ->
str dung céc tinh chat ctia 16p ham d6 dé khai thac bai toan.

Giai:
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+Chox=0;ye R=ff(y)=y+ f* (0) => dé& ching minh dugc f 1a
toan anh. Mat khac f don anh => 3 t sao cho f(t) =0 =>chox=0vay=ttacod
f(0) =t + f* (0).

+Chox=t=f(f(y)=yv61Vy eR

=>t=f(f(t)) = £ (0) =t + > (0) =>£(0)=0

Thay f(x) trong gia thiét (1) ta co f(fx)x + f(y) =y + X Vx, yeR

=> fz(x) =x’Vx € R=> {f(x):x VxeR
f(x)=—x VxeR

Xét truong hop 1: f(1) =-1chox =1 trong (1)=f(1 +f(y)) =1 +y

= (1+y) = £(1 + f(y) = (1 + f(y))* = | +2f(y) +y’

=f(y)=y VyeR

Xét truong hop 2: f(1) =1 cho x = -1 trong (1) => (-1 + f(y))=1+y

= (1+y) = (1 +(y) = (-1 + fy)Y = 1 - 26(y) + y°

=f(y)= -y VyeR

Vay f(x)=xvaf(x)=-x, Vx;y e R
Bai toian 4: (IMO 1979- Shortlist): Cho ham f: R — R, néu hai s6 thuc bat ky
X, y thoa man f (xy + x +y) = f(xy) + f(x) + f(y). CMR

fx+y)=fx) +fy) Vx;yeR

Nhin xét: St dung viéc lwa chon cac gia tri bién phu hop dé thay vao
dang thirc ham can thoa man.

Giai: Gia thiét f(xy +x +y) =f (xy) + f{x) + f(y) (1) V(x,y)eR

+Chox=y=0 (1)=>1(0)=0

+ Trong (1) cho y = -1 => {(x) = -f(-x); thay y = 1

=> f(2x + 1) = 2f(x) + f(1)

=fQ2u+v+uv)+1)=2f(u+v+uv)+{(l)=2f(uv) + 2f(u) + 2f(v) + (1)

VuveR:

Mat khac: Thay x =uvay=2v+ 1 trong (1) ta co:

fQutv+uv)+1)=fu+2v+1)+u@2vt+l))
= f(u) + 2f(v) + f(1) + f Quv + u)
Suy ra: 2f(uv) + 2f(u) + 2f(v) + f(1) = f(u) + 2f(v) + {f(1) + f(2uv + u)
=> f(2uv + u) = 2f(uv) + f(u) (2)
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Trong (2) cho v=-1 = 0= Zf[— %} T fu) = -2f @ T f(u)

Do dé f(u) = 2f @ > f(2x) = 2f(x) Vx eR

Trong (2) suy ra f(2uv + u) = fuv) + flu) Vu,vVeR

batu=y vax=2uv=f(xty)=1f{x)+ f(y) VX, ye R’

Mait khac: f(0) =0=>f(x +y) =f(x) =f(x) + f(y) V x,y € R (dpcm)

Bai todn 5: Tim tit ca cac ham f: (0; + o) — (0; +o0) thoa méin
f(f(x) +y) =xf(1 +xy) V x,y € (0; +0)

Giai: + Hién nhién f(x) = %12‘1 ham théa man bai ra, ta s¢ chung minh
ham f thoa man dk bai ra 1a ham khong ting trén (0; +o0) bang phuong phap
phéan chung.

That vay: gid stt voi 0 <x <y tacd 0 <f(x) <f(y)

YW= (x)
y

Gia su: z=

>f()

Thay x =x vay boi z — f(y) vao gia thiét va y boi z — f(x)
=>x =y v0 ly. Vay f 1a ham khong tang.

+ Ta ching minh f(1) = 1. That vay gid su f(1) # 1. Cho x = 1 vao gia
thiét ta c6 f(f(1) + y) = f(1+y) -> flu+|fM)-1) = f(u) véiu>1

=> f(x) 1a ham tuan hoan trén (1; +o0). Do f don diéu tuan hoan => f I3
ham hang. Hon nita theo gia thiét => V¢é trai I hang, vé phai khong 1a hang =>
vo ly. Vay f(1) = 1.

+ Ta s& chimg minh f(x) = L véi x > 1
X
Cho y = 1-% = (/(x)—~+D=x ()
X X
Gia sir f(x) > 1
X

—> f(f(x) - L41) < f(1) va xf(x) > 1 > vo Iy
X
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Néu f(x) < L > f(f(x) - L41) > f(1) = 1 vaxfx) < 1
X X
=> V6 Iy => f(x) = - véix> 1
X

+Néu x < 1,daty = LN f(f(x) + l):xf(z): %
X X

Do 1 >1=>1f(x)+ lzgz>f(x)=l x <1
X X x X

Vay f(x) = 1 vxe (0; +00)
X
Bai toan 6: (IMO 2004 - Shortlist) tim tit ca cac ham f: R -> R

f(x* +y* + 2f(xy)) = £ (x + y) (1)

Nhan xét: Loi giai bai toan dua trén phuong phap lwa chon bién thich
hop va doi sang ham méi dé tim dwoc gia trj gbe tai O.

Giai: (z=x+y (Phép dit3 < 4t<7%)
{in

bat g(x) =2 (f(x) - x)
T (1) co: f(Z> + g(t) =f(z) Vt,z, € Rvadt=27 ()
bit ¢ = g(0) = 2f(0) trong (2) cho t =0 ta co6:

f(z>+c) =f(z) VzeR (3)
+ Néu ¢ <0, 14y z sao cho Z2+c=0,tr(3)co fi(z) = % voly=>c>0
Gia st x > ¢ =>f(x) >0 4)

Néu goi 1a hang sb => C =0 va f(x) =x
Gia sir g(x) khong 1a ham hang, goi a, b €R sao cho g(a) — g(b)=d >0
Véi K du 16n, voi mdi u, v > K sao cho v —u* =d, tir (2) (3)
=>1u’ + g(a) = v’ + g(b) => f(u) = f(v). Hon nita
4
u+qJu’ +d
Véi d > 0, xét doan [J, 28] sao cho g(u) — g(v) bi chédn trén bdi M > 0 véi
u, v € [0, 20]

gw) —g) =2(v-w)=
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Gia st voi x, ybatky vay >x > 2/M ; 8 <y’ —x* <28

=>3J u, v <M sao cho g(u) — g(v) =y> —x* =>x" + g(u) = y* + g(Vv)

Do x> > 4u vay* > 4v tir 2) => f(x) = fX(y)

Hon nita, khong mét tinh tong quat ta gia sir 4M > ¢t . T (4) = f(x) = f(y)
Véix,y>2JM, v —x* € [8,28] =>f(x) =k Vx>NN=2J/M).
Xét x > N trong (3) >k =k=>k=0;1

Theo (3) ¢6: f(-z) =Hf(z) nén |f(z)) <1V z<-N

Do d6 g(u) =2f(u)—2u>-2-2uVu<-N

=> g 12 ham khéng bi chan. Do d6 v6i mdi z e Z sao cho 2> + g(t) > N
vaf(z)=f(Z+g{t)=k=K

=> f(z) = £ k v6i mbi z

+Néuk =0=>f(x)=0 (tm)

+Néuk=1->c=2f(0)=2. Td(4)=>f(x)=1Vx>2

Gid st f(t) =-1 voi1 t <2. Khi do t — g(t) = 3t + 2 > 4t

Néut—g (t)>0=>véiz eR tacod Z* =t — g(t) > 4t

T (2) => fi(z) = (2> + g(t) = f(t) =-1 > vo Iy

=>t—g(t) <0 =>t< _%

Mt khéc, néu X 1a tip con bat ky cta (-0 ; ‘72)

=>{ fx)=-1 xeX

fx)=1x¢X
Vay f(x)=x Vxe€R; fx)=0 VxeR
-lLxeX -2
fx)=49 ~ X < (-00; —=
®) {l,xéX < (o 3)

Bai toan 7: Tim tit ca cac ham f: [1; +o0) — [1; +o0) thoa mén
1) f(x) <2(1+x) VX €[l;+x0)
u) xfx+1) =ff(x)= 1 V x € [I; +0)
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Nhin xét: Dya vao diéu kién ham f cin tim => dung phuong phap du
doan ham va chting minh bang phwong phap sir dung tinh chat ham bi chan tinh
chat dbi 1ap.

Giai: D& thay f(x) = x + 1 thoa man bai ra. Ta s& chirng minh f(x) = x + 1
13 ham duy nht.

That vay: Tir gia thiét -> £(x) = xf(x+1) + | <x 2(x+2) + 1 <2 (x+1)*
=>f(x) <V2(x+1) Vx e [l;+0)=>f(x)bi chin trén. Tuong ty nhu
trén c6 f(x) <2"4(1 + x)?

Quy nap => f(x) < 2 (I1+x) Vk e N

1
Cho 22— 1 khi k — +o0. C6 dinh x => f(x) <x + 1 V x > 1. Ta can
chung minh f(x) >x+1 Vx>1

2
That vay: Xét M=f(x +D)21 => f(x)= Jx+1 > x"?
X

Hon nita fX(x)=1 + xf(x+ 1) > 1 +x Jx+2 >x>*va quy nap

1
f(x)> x * =>chuyén qua giéi han -> f(x) > x

St dung gia thiét => f(x) = 1 + xf(x+1) > (x%)z => f(x) > X + %

Quynap=>f(x)2x+l-2ik=>f(x)2x+lVX21

Vay f(x)=x + 1 (dpcm)
Bai toan 8: Tim f: N* —» N*  thda man
(f(n) + m) =n+ f(m +2007) vV m,n e N* (1)

Nhéan xét: Bai toan nay giai quyét bang phuong phap sir dung cac tinh
chat ctia anh xa (don anh).

Giai: Trude hét ta ching minh f don anh.
That vay: Gia su f(n)) = f(ny) = f(f(n;) + 1) = f(f(np) + 1)

= n; + f(1 +2007) =n, + f(1 +2007) = n; = n, ->f don anh
Miat#: Tu (1) = Vm,n € N*ta cod

f(f(n)) + f(1) = n + f(f(1) + 2007)
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= f(f(n) + f(1)) =n+ 1+ £(2007 + 2007) = f(f(n + 1) + 2007)
Do f don anh nén ta co: f(n) + f(1) = f(n+1) + 2007
— f(n+1) — f(n) = f(1) — 2007.
bat f(1) - 2007 =a eN*
Khi d6 f(n) =n.a+2007 =a’n=n Vn eN*
—a’=1=a=1(via eN*)= f(n) =n+ 2007
Thir lgi: f(n) =n + 2007 (thoa man)
Bai toan 9: VMO-2009 (Bang B)
Tim f: R — R lién tyc théa man f(x-y)f(y-z)f(z-x) + 8 =0 Vx,y,z €R (1)

Nhén xét: Dung phuong trinh ham Cauchy va khai thac tinh cht lién tuc
cta ham.

Giai:
+)Chox=t;z=-tvay=06 taco:

POR(-20) = -8 = f(-21) = fj—§)< 0= f(t) <0 Vt eR

Pit g(x) = In (&"2)): f(x) = -2¢2. Thay vao (1) ta c6

Bt TV TN = gy o(x-y) + g(y-7) + g(z-X) = 0 (*)
+) Trong (*)chox=y=z=0=g(0)=0
Choy=z=0,x eR= g(x)=g(-x) Vx eR
Suy ra g(x-y) + g(y-z) = -g(z-x) = g(x-y + y-z)
= g(t+t’) = g(t) + g(t’) Vt, t” €R
Do flién tuc suy ra g lién tuc va thoa man dac trung ham Cauchy.
= g(x)=ax = g(x) =-2e" =-2b"vdib=¢">0
Thir lgi: Thoa man
Bai toan 10: (IMO 1988) Tim f: N* -»N* théa man
i) f(1)=1; f(3) =3, f{2n)=2n
i) fdn+1)=2f2n+1)-f(n)
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iii) f(dn+3)=3f2n+1)—2f(n) Vn eN*

Nhén xét: Dung phuong phép st dung hé dém. Trong bai toan nay ta quy
udc ghi m = (b; by;...by) nghia 1a trong h¢ co sO kthim=bb,; ... b,.

Giai:
+) Tinh 1 s6 gia tri cia ham s6 va chuyén sang co s6 2 ta c¢6 thé dy doan duoc.
“¥n EN*, n= (bibi_l v bl) thi f(l’l) = (bibi_l v bl)z” (*)

Ta s& ching minh du toan trén bang phwong phép quy nap.

+) Véin=1,2, 3, 4 d& kiém tra (*) dung

+) Gid str (*) dung cho k <n, ta ching minh (*) dang cho n. (n > 4).
That vay, xét cac kha nang sau.
* Néu n chin, n = 2m, gia st m = (b;b;; ... b;), khi d6

n=2m = (bibi; ... by 0), = f(n) = f((bibi; ... b10),)
=f2m)  =f((bbi; ... b)) =(bibs ... by,
= (Obyb; ... b)), = (*) diing
*Néunlé,n=4m+1, m=(bb;, ... b)), = n=(bb;, ... b;01),
= f(n) = f((bibi; ... b;01),) = f(4m + 1) =2f2m + 1) — f(m)
= 2f((bibi.; ... bil)y) — f((bibi; ... b))
= (10)y(1b;b; ... b)) — (biby ... b)),
= (10b;b, ... by), = (*) dling

*Néunlé,n=4m +3, tuong tu k/n 2 = (*) dung
Vay (*) dang va f1a ham thoa man diéu kién (*).

BAI TAP THAM KHAO

Bail: Tim titca cac ham f: Z" — Z*
i) f0)=1
i)  f(f(n))=f(f(n+2)+2)=nVn eZ*

Bai 2: Cho n € N, tim c4ac ham f don di¢u, f: R —> R thoa man

fx + f(y)) = f(x) +y"
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Bai 3: (BMO - 2003) Tim f: Q >R tim.
i) fxty) — ¥ — xf(y) = f0fy)  —x-y+xy Vx,y €Q
ii) f(x) = 2f(x+1) + 2 +x ¥x €Q
iii) f(1) + 1> 0

Bai 4: IMO — Shortlist 1994. Tim f: R" —R théa min
fOfy) =y f(5) +x"(5)  xyeR’

Bii 5: (VMO - 2005).
Tim tit ca cac gia tri o sao cho ton tai duy nhat ham f : R >R thoa man.
fx® +y + f(y)) = £(x) + ay
Bai 6: Tim f: N* —» N* thoa man.
i)  2f(m®+n?) =f(m)+ f’(n)
ii)  Néum >n thi f(m®) > f(n?)

Bai 7: Ching minh rang néu ham f: R —R thoa man.

59 + 1) = 100+ 19)

Thi cling thoa man 2f(\/xy) = f(x) + f(y)
Bii 8: (IMC - 2001). Chitrng minh rang khong ton tai ham f : R —R thoa mén
f(0) > 0 va f(x+y) > f(x) + y f(f(x))
Bai 9: (Trung Qudc). Tim ham f: N* —N* thoa mén
1) f(1)=1
2) f(2n) < 6f(n)
3) 3f(n) f2n + 1) = f2n)(3f(n) + 1) Vn eN* (Dung hé dém)
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SU DUNG VEC TO CHUNG MINH BAT PANG THU'C HINH HQC

Nguyén Thé Sinh
THPT Chuyén Nguyén Trii — Hii Duwong

Lo&i néi dau

Trong chuong trinh toan & bac THPT, vecto 1a mot khai niem quan trong,
n6 ¢6 tinh khai quat cao, ¢6 thé sit dung cho ¢ hinh phing 1an hinh khéng
gian vA tham chi ca dai s6. Nho vecto, ta c6 thé dua toa d6 vao bai toan
hinh hoc do d6 tranh khoi nhiing sai lam vé mit true quan. Cing nho vecto,
nhiéu bai toan hinh hoc phing. hinh hoc khong gian rit kho néu chi giai
quyét ching bang hinh hoc thuan tay, nhung lai tré nén don gian hon khi
tng dung vectd. Chinh vi vay, nghién citu cac ttng dung cta vects vao viéc
giai toan hinh hoc, tham chi c& dai s6 1a mot vAn dé kha tha vi va § nghia.

D6i vai vecto, nhitng khia canh dang dé quan tam va c6 the ding dé
giai quyét cac bai toan 1a kha nhiéu, trong dé c6 viec chitng minh ba diém
thing hang, ba duong thing déng quy, hai duong thing vuéng goc, hay
chitng minh cfing nhu thiét 1ap cac bat ding thitc ... Nhung trong khuon khd
mot chuyen dé nho, toi xin chi dé cap dén viée ing dung tich vo hudng cha
hai vecto vao viec thiét lap va ching minh bat ding thite. Day 1a mot van
d& khong con mdi vé tdng quan va chit yéu van 1 khai thac cAc khia canh sau:

e Sit dung tich vo huéng dé tinh khodng cach giita cdc diem dic biét,
cho cic khoang cach d6 khong am hoic so sanh chiing, ta dude cac bat
ding thiic.

e Sit dung binh phuong v hudng clia w la dai lwgng khong am (@ 1a mot
vecto duge chon dic biét)

e Néu @, 7 la hai vecto bat ky thi 4.7 = |]||7]. cos(, T)
Suy ra
+) 4.7 < |d]|7]
1) 4.7 <0 e 90° < (@,7) < 180°

w.v

@

tit dé thiét lap va chitng minh cac bat ding thic

+) cos(u, U =

Tuy nhién khi nhin n6 duéi nhitng goc do chi tiét hon, ta vin c6 thé thu
duoe nhiéu bai toan tha vi.
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1. Khai thac he thuc Jacobi

0.0.1 Heé thic Jacobi

Cho tam gidgc ABC, canh BC = a,CA =b, AB = ¢, diém M bén trong tam
gidc. Dat:

. SamBc  Samac _ SamBa
Saape’ " Saspc SaABC

Tacoz+y+2z=1vi

eMA+yMB+:MC=0 (1)

Day 1a hé thitc quen thude va chiing minh né khong c¢6 gi kho khan. Tuy
nhién tir day ta c6 thé thu duge rat nhiéu bat dang thie trong tam gidc khi
cho M 1a nhimg diém dic biét ciing nhu khi xét moi quan hé giita diém dic
biét dé.
Trude hét, cho O 1A mot diém bat ki trong miit phing, ta co
(1) & (MO + OA) +y(MO + OB) + (MO + 0C) =0
& (x+y+ 2)OM = 20A 4+ yOB + 20C
= (z4+y4+2)2.0M* =202 + yOB* + 22 0C*+
+22yOAOB + 2y20BOC + 2:20C0A
& (z+y+2)20M?* = 2?04 + yOB* + 220C*+
+ zy(OA? + OB? — %) + y2(OB? + OC* — a?) + 22(0A? + OC? — b?)
& (x+y+2)20M% = (x+y+2) (3042 +yOB? + 20C?) — (zyc® + yza® + x2b°)
& OM? = xOA® + yOB? + 20C? — (zyc® + yza® + z2b?)  (2)
1) Chon (O, R) la dudng tron ngoai tiép tam giac ABC

Hé thitc (2) tré thanh: OM? = R? — (zyc? + yza® + z20%)  (3).
Cho M lan hugt la cac diem dac biét trong tam giac, ta co cac bai toan sau:

Bai toan 1 Cho tam giac ABC'. Chitng minh: a2+ 4+ <IR?

1 g BB
[Loi giai] Khi M =G, tacbr =y =z = = nén OG? = RZ_w,

9
Suy ra diéu phai ching minh.
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Bai toan 2 Cho tam giac ABC. Chimg minh:

2) B2 3 abe
a+b+ec
b)R>2r
[Loi giai] Goi I 1a tam dudng tron noi tiép tam gidc ABC.
a) Khi M =1, ta ¢ :

g, B m b o ©
bt Tarbae”  atbte
be
Thay vao (3) ta cé: OI? = R? — = 20
i a+b+e
b) OIQ:RQ—Q—:W—QRT. Suy ra didu phai chimg minh. Ta c6 bai
P

toan tuong tu trong khong gian:

Bai toan 2’ Cho tit dien ABCD ngoai tiép mat cau (I,r) va noi tiép mt
cau (O, R). Khi d6
R2>9r% 4 O
Lo giai] Goi S, Sg,Sc, Sp 1a dién tich cac mat BCD, ACD, ABD, ABC.
Khi dé ta ¢6 B )
S dA +-85.0B 4 8o JC 1.8, ID =B
Véi moi M, ta co
Sy.MA? + Sg. MB? + So.MC? + Sp.MD?
= Sy JA* + Sp.IB? + Sc.IC? + Sp.ID* + (S4 + Sg + Sc + Sp) M I
Cho M =0, tacb

(Sa+Sg+ S+ Sp)R* = S4.IA* + Sp.IB* + Sc.IC? + Sp.ID* + (S4 + Sp + S¢ + Sp)OI

_ SadA% 4 SpIB+ Sp.IC + Sp.ID?

. RQ_ sz
& B4+ 55 155+ 55) ¥

Ta con ching minh:
Sy JA? 4 Sp.IB? 4 S¢.IC? + Sp.I1D?
(Sa+Sg+Sc+Sp)

= > Or?

That vay:

(SA.IAQ —I— SB.IBQ + SC‘ICZ 4 SDIDQ)(SA —|— SB —|_ ‘STC + SD)
(S4+ S+ Sc + Sp)?

, (54fA+55.IB+8c.IC + Sp.ID)?

B (Sa+Sp+Sc + Sp)?

J =
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Nhumg IA =2 h, —r= S4.TA >3V —rS,
= 840 A% L SpdB? 4 86.1C% 4 8p.JTF 29V = 3r(Si 4+ Sg4 S&+ 5n).
Vay T = 92

Ngoai ra, trong tam giac con ¢6 mot sd diém dic biét khac nita ( chi yéu
xét cac diém tao ra cac hé thitc dang (1) trong d6 z,y, > ¢6 quan hé véi cac
canh tam giac):
Diem Giac-Gon
Cho tam giac ABC, dudng tron noi tiép tam giac tiép xtc ba canh BC,CA, AB
lan luot tai Aq, By, Cy. Khi d6 ba dudng AA,, BB;, CC; dong quy tai mot
diém .J, goi 1a diém Giac-Gén. Diém J théa man hé thic

(p—b)(p—c)JA+ (p—c)(p—a)JB+(p—a)(p—b)JC=0

[Loi giai]

AA;, BB;,CC; dong quy la do
AB BICCiA  p—-bp—-cp—a

. . _ _ —- 7
A,C B;A C,B p—ep—a p—2>

va dinh 1y Céva
Mat khéac:

SasaB | B b Sasas ol

Sajac  p—c¢ Saipe p—c

nén
Sasap(p —c¢) = Sajac(p—b) = Saspe(p—a) =T
Do doé
& 1
T_:Sajsc.': p—a _ p—a
; o T v T % r 1 1 ) - 1

Tuwong tu o

Y= i 1
- - -
p—a p—b p—c p—a p—b p-—c

suy ra diéu phai ching minh.
Cho M trung .J, ta c6 bai toan sau:
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Bai toan 3 Cho tam giac ABC. Chimg minh:

a) Rz; (P_GJ(P_b)U)_C)

2](10 —a)(p—b)+(p-bp—c)+(p—c)(p—a)

[(p—a)a®+(p—b)b*+

(p—c)c

b)4R? + Rr > va?ryre + Brore + c2rars

= " V2 +rR

®) 59 2 Rir 1 4R)

trong d6 7., 7, 7, 7 1an lugt 1A ban kinh cic dutng tron bang tiép va noi tiép
tam giac ABC

[Loi giai] a) Suy true tiép bang cach thay z,y, z 6 trén vao hé thic
OM? = R? — (zyc® + yza® + z2b%) (3)
5!

p—a
S S S

- +
p—a p—-b p-c

b) Dé ¥ ring néu S 13 dién tich tam giac ABC thiz =

Suy ra

Ta Ty Fe
I T T y = 1 Z = §
Ta+7Ts+Te Ta +7Tp+ Te Ta+Th+Te
Mar,+r,+7r.=4R 4+ r nén

S
"_4R+-r’y_4R—i—'r’é_4R—i—-r

Thay vao hé thac (3) ta coé:

a’ryr. + b2r,r. + Arar

2
=
S AR+ 1)

hay

AR? + Rr > \/a2ryre 4+ Wror. + Gromy,

c¢) Lai thay
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2
vio (3) , 48 § riing (p— a)(p —b)(p— &) = = v (p— a)(p —b) + (p = b)(p -
52 o g 5*

p(p —a) +;-9(15'—l:') +p@—0)

c)+(p—c)lp—a)= =7(ra + 7o +7c)

=r(4R+7r) tacod

; 5 ;
8 _ pE BN WS R
BT =R p(-r2+4R-r)2[p(a +b°+ ") — (a” + b + )]
Mat khae :
a2+ +c2=(a+b+c)?—2(ab+ be+ ca),
ma ab+be+ca—p* = (p—a)(p—b)+(p—b)(p—c)+(p—c)(p—a) = r(4R+7)
nen
a® + b + 2 =2p* — 2r* — 8Rr

a® +b* + & =2p(p* — 3r —6Rr)

g2

p(r? + 4Rr)2(
AT
(r+4R)?

0J? =R? 4pRr + 4pr?)

(R+7)
TReOF =0t 66

hay
_ VTR
2p - R(r +4R)

Diém Lo-moan
Cho tam giac ABC, A;, By, Cy lan luot thuoe BC,CA, AB sao cho

;418 02 BlC _ G,Q Clel » bz

AC BPBA &CB &
Khi d6 ba dutmg AA,, BB;,CC; ddng quy tai mot diém L théa man

?LA+ LB+ ALC =0
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[T giai] Ba diimg domg qmy do dinh 17 Céva.
Heé thite can chimg minh ciing suy ra ngay tir cach xac dinh cac diémi

441, Bl, 01. Ta co:

02 12 2

= .
a> 4+ b2+ ¢

b 2+ +2 d+R+
va zLA + -yLB 2l =T
Cho M trung L, ta dude bai toan sau:

2;.2.2
Ja“b e Lo

Bai toan 4 Cho tam gidgc ABC. Chimg minh: R? > ——————
(02 4+ 1 4 )2

giai] Cach 1
Theo bai todn 2, ta 6
75, abe
“a+b+e
Ma (a® + 0% + %) > 3abc(a + b + ¢) nén 6 diéu phai chimg minh.
Cach 2
Taco OL? = R? Ll > 0 suy ra didu phai chimg minh. 2) Cho
(24024227 " ik
M = I-tam dutng tron noi tiép tam giac ABC
Khi d6 alA + bIB + cIC = ( hay

R

a h C

- a+b+c’y:a.+b—l—c’z: a+bde

Cho O lan luot la cac diém dic bigt clia tam giac ABC, ta co cac bai toan sau:;

Bai todn 5 a) 3(ab+be+ca) > a” + b +¢*+ 360r

a b & 3

;_

b ! +
)\/a2+3bc VB2 +3ac e +3ba T 2
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[Loi giai] a) Cho O = G-trong tam tam giac, ta co:

(= % pps b CR? 4+ c Gcz_abcg—kbcag—kacbg -
a+b+c a+b+ec a+b+c (a4 b+ c)?
1 4 5 ; abe
S N — bm2+em?) > ——
a.+b+69(ama+ % Ciie) a+b+e

& dam? + 4bm; + 4cm? > 9abe

& a(2b® + 2¢® — a?) + (20 + 267 — b?) + ¢(2a® + 20 — ?) > 9abe

& 2ab(a + b) + 2be(b + ¢) + 2ca(c + a) > @® + b + ¢ + 9abe

& 2(a+b+c)(ab+be+ ca) = (a® + b* + ¢* — 3abc) + 18abe

a+b+c)(ab+be+ ca) = (a+b+c)(a® +b* + ¢ —ab — be — ca) + 18.4RS
2

=
& 3(ab+be +ca) > a* + b + ¢ + 36Rr
b) Ciing tu
[ S 142 b gy G,C,Q_a,b«:?"z—i—if:’c-:;:z—i—a«:?ib2 >0
a+b+c a+b+ec a+b+c (a+ b+ c)?
ta co

2(a®b + a’c + bPa + bPc+ cPa+ b)) = a® + b* + & 4+ 9abe  (¥)
St dung bat dang thitc Bunhiacopxki, ta duoc
a b ¢
+ +
vaz+3bc Vb2 +3ac V2 + 3ba
< (a+b+c)?
~ ava? + 3bc + bV + 3ac + ¢/ + 3ab
% (a+b+ 0)2
“ Va+b+eva®E LB+ 31 9abe

Vay can ching minh

(a+b+c)? < 3
Vatbtreva® + B + A3+ 9abe 2

& 4(a+b+c)® = 9(a® + b + & + 9abe)

& 12(a®b + a’c + ba + b%c + c*a + c2b) > 5(a® + b + ) + 57abe

Nhung do (*) thi
12(a’b+a’c+-b’a+bc+-c?atc®b) = 6(a* 403 +c*)+5dabe > 5(a* +b3+-c*)+57abe

Ta c6 diéu phai chimg minh.
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ad+ b+

Bai toan 6 Cho tam giac ABC. Chimg minh a) 4R? >
at+b+ec

b) 4R? —8Rr za®> + >+ —ab — be — ca

[Loi gidi] a) Cho O = H, ta ¢6

a?be + b2ca + cab
a+b+c

Chi v riing HA? = 4R%2 — a2, HB? = 4R? — %, hC? = 4R? — 2, ta c6 didu
phai chung minh. b) Van cho O = H, ta c6

aHA* + bHB? + cHC?* = (a+ b+ c)HI* +

oy 1 - - o
TH = m[w +¢)OA + (¢ +a)OB + (a + b)OC]

suy ra

IH?=[(a+ 0>+ (b+ )+ (e +a)’)]R*+ (b + )+ a)(2R* — )+
+(c+a)(a+b)2R? — @) + (b+c)(a+b) (2R — %) 2 0

s 4R*(a+b+e)* = (b+c)(c+a)? + (e+a)(a+b)a® + (b+c)(a + b)b?

& 4R (a+b+c) = a®* + b 4+ + abe

& 4R*(a+b+e) 2 (a+b+c)(a® + b + & — ab— ac — be) + 4abe

S 4R —8Rrza> +0* + & —ab—be —ca

*) Tir bat déng thic trén, thay a® +b?+c? —ab—be—ca = p* —3r? —12Rr,
ta ducc:
AR? + 3r® + 8Rr > p?
Ngoai ra, ta con c¢6 thé chi ra mdi quan he cfia cdc khodng cach dic biet:
OI,IG,OH,TH

Bai toan 7 Cho tam gidac ABC ¢6 O.G, H, I 1an luct 1a tam duong tron
ngoai tiép, t.ron% tam, truc tam, tam dutng tron néi tiép. Chimg minh
H

IG
b) OI =
yor>
[Loi gidi] Trude hét, ta ¢o
2 o33 o3
2 _p2 @ +b4c
OG" =R —
OF:RQ_L
a+b+ec
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a4+ b+ A+ abe
at+b+e

I = aR?

a® + b® + & + 3abe
la+b+c)

a) D& dang c6 ducc (a® + b? + ¢?)(a + b+ ¢) = 9abe nén OG < OI.
Xét

(6 10" 1% -

1G? = %mz n %oﬂ —20G? =

Tyl

a4+ b+ +abe  4a® + 0+ P)

40— TP =
a+b+c 9
Ta can chiing minh: o’ +b* + ¢ + abe B 4(a® + b + ) 5
' a+b+c 0 =

That vay, bat dang thiic trén tuong duong vai
5(a® + b + %) + 9abe > 4ab(a + b) 4 4be(b + ¢) + 4ca(c + a)
Diéu nay suy ra ti

a® + b® + ¢ + 3abe > ab(a + b) + be(b+ ¢) + ca(c + a)
va
a® + b8+ ¢ > 3abe
IH

Vay ta c6 OG = o5

b) Dua vao bat dang thitc
@t P4+ LORY va a4+ 1 L = 3abe

2abe

suy ra IG? <=2R? - ———
a+b+ec

= 201I?. Ta c6 diéu phai chimg minh.

2. Khai thac bat dang thic @2 > 0
Xét vecto @ = s MA + yﬂf B+ 2MC , ta luén c6 % = 0. Tir d6 suy ra

zyct + yza? + 2xb?
TH+Yy+ 2

TtMA?* + yMB* + 2MC? > (*)

Dau dang thitc xay ra khi M 1a tam ti cu theo bd s6 z,y, 2 ciia ba diém
A, B,C.
Ta lai thu duoe cac bai toan sau:
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Bai toan 8 Cho tam giac ABC. Chimg minh:
aMA* + bMB* 4 eMC? > abe

[Loi giai] Trong (*) cho z = a,y = b, 2 = ¢, ta c¢6 dieu phai ching minh. Dau
ding thic xay ra khi M 13 tam dudng tron noi tiép tam giac ABC.

Bai toan 8.1 Tim diém M trong tam gidc ABC saocho T = MA.MB.AB+
MB.MC.BC + MA.MC.AC nhé nhit. Tim T khi do
[Loi giai] Ta sé ching minh T' > abce. That vay:

Roram— = we C d
=AY T BT Mo

piva._ @, b ¢ aMBMC+bMCMA+cMAMB
YT E= gAY MB T MO MAMB.MC

va

cMC+bMB+aMA
MAMBMC

zyc® + yza® + 2ab’ = abe.
Thay vao (*), ta cé

abe.(e.MC + b.MB + a.MA)
a.MB.MC + b.MC.MA+c.MAMB

cMC+bMB+aMAZ

hay
a MBMC+bMCMA+cMAMB = abe

Tuy nhién, néu nhin bai toan nay theo phép nghich déo, ta thay né chi 1a he
qua truc tiép bai toan 8

That vay:

Xét phép nghich ddo N}, gia sit phép nghich dao nay bién AABC thanh
AA'B'C.

Ta co
MA — . MB' = > WC!_L
T TMAT T T MBTT T MG
va AB BC i

suy ra
T > abe

< B'C.MA? + C'AMB? + BBA.MC? > AB' .B'C'.C'A
Bai todn quay tré vé bai toan trén.
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Bai toan 9 ( Chon doi tuyen Viet Nam di thi quoc té 2003)

Cho tam giac ABC. M 1a diém trong tam gidc. Chitng minh trong cac ti s6
MA MB MC

a ' b
[Loi giai] Ta ching minh:

c6 it nhat mot ti sé6 khong bé hon —

V3

MA MB MC
+ + >3
a b c
Ta c6
MA MB MC,, MAMB MBMC MCMA
( + + =3 + + )
a b e ab be ca

Theo bai trén thi
MA MB MC,,
( + + ) =3
va day la diéu phai chimg minh. Tir bai todn nay, ta c6 mot bai toan tuong
tu trong khong gian sau:

a b ¢

Bai toan 9’ Goi R 1a ban kinh mit cau ngoai tiép ti dien 4; A, A3 A4 va
S; 1a dién tich cidc mat doi dién cac dinh A;, (i = 1;4). M 1a diém bat 1y
trong khong gian. Chimg minh:

MA, MA, MA3 MA
1 s 2 5 3 e 4

23
51 Sy Sy Sy :

>
2R

[Lﬁjl glﬁl] Déf[ ‘421‘43 = ﬂl;AlAg = {1-2;‘42141 = {1-3;441)44 = bl;Az_/fl_i =
bg; 443/-1,_1_ = bg.
va

3
T=Y (al+b})
i=1

Goi G 1a trong tam tit dién, m; 1A do dai cac duong trong tuyén tuong 1ng.
Ta c6 GA; = Emi.
Do doé
= 0 1
42— © m2 ==
ZGAE. = 162’”1 =]
=1 i=1
5 IR L 9 9 9 o ; :
( vi 9my = 3(bf + b3 + b3) — (af + a3 + a3)(*) va tuong tu cho m; )

Ta chimg minh TvT > 24\/3S8;m;,i =T;4 (1).
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That vay:
({jez TP =38 4.65m
= 12 104 Sf‘mf

Ma trong tam giac 3 canh a,b, ¢ dién tich S luén 6 a® + b + % > 4/385.
Ta duoc:

3T = 9m32 + 4(a? + a2 + a2) > 9m? + 16V35,
— Q'H'i-g —+ 8\/584 + 8‘/%84

> 36¢/52.m32

hay T > 123/52.m2.
Twong tu hoan toan, (1) dude ching minh.

Lai c6:
MA;, AMA,GA;  32v/3MA,.GA; 32\/_ .
— B
5, " 38m ° TvT Tx/_( M

Cong theo vé cac bat diang thic thu duoe, ta c6

4

2 3
11.4/3 IZMQ f

i=1

Nhan xét ring T < 16R?, ta c6 diéu phai ching minh. Ti he thic (+) trong
l6i giai bai toan trén, ta c6 bai toan

Bai toan 10 Trong mot ti dién, duong trong tuyén doéi dién véi mit cé
tong binh phuong cac canh 16n hon thi 16n hon [Loi giai] Két qua nay 1a he

qua truc tiép tir he thic (+) bang cach xét hieu m? — m?

Bai toan Cho tam giac ABC. M bén trong tam giac. R 14 ban kinh dutng
tron ngoai tiép tam giac. Ching minh:
MA MB MC
>

1
a2+b2+c?/§

[Loi giai] dd
Quay lai v6i bai toan | tach diem M thanh 2 diém rieng biet M, M’ trong
tam giac, ta co bai toan
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Bai toan 11 Cho tam giac ABC, M, M’ bén trong tam giac. Chung minh:
aMAMA+bMBMB+cMCMC > abe

Bai todn nay khong dé giai quyét vi n6 kha tong quat , M, M’ hau nhu
khong c6 moi lien hé nao. Tuy nhién, ta co thé gidi quyét mot sb bai todn
trong cac trutng hop riéng ciia no

Bai toan 11.1 Cho tam giac ABC, [ 1a tdm duong tron ndi tiép tam giac.
M bén trong tam giac .Chimg minh
a.MAITA+bMB.IB+c¢MC.IC = abe
[Loi giai] Ta c6 a.MAJA > a. MAJA = a(MI.TA + [A?)

Suy ra

a.MATA+b.MB.IB+c.MC.IC > MI(al A+bI B+cIC)+al A*+bI B*+¢IC? = abe

Tién gan t6i bai toAn tong quat hon mot chit, ta c6 bai toan sau:

Bai toan 11.2 Cho tam giac ABC, I la tam duong tron noi tiép tam giac.

M, M' bén trong tam giéc sao cho ZMIM' < 90°. Chimg minh
a.MAM'A+bMBM'B+e.MC.M'C > abe

[Loi gidi] Ta c6 alA +bIB + cIC' =0

Suy ra
@ =aMA+bMB +cMC = (a+b+c)MI
7=aMA+bMB+cMC = (a+b+c)MI

Ma

i* = (aMA* + bMB* + cMC*)(a + b +¢) — abe(a + b + c)
7 = (aM'A* + bDM'B* + eM'C?)(a + b+ ¢) — abe(a+ b+ ¢)

nén

aMA? + bM B? + cMC? = abe + ;(a +b+ c)zﬂ-ﬁz =abc+ (a+b+c)MI?
a+b+c

aM'A® + bM'B* + cM'C* = abc + ﬁ(a +b+ c)?‘ﬂf’fz =abc+ (a+b+c)M'T*

b+e
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-

Va,
a.MAMA>a MAMA= %(a.MAQ +a.M' A% — a. M'M?)
b.MB.M'B > a.MB.M'B = é(b. MB? +b.M'B? — b.M'M?)
a.MC.M'C > a.MC.MC = %(C.MG"- +e.M'C? — e.M'M?)

Vay a MAM'A+bMB.MB+aMCM'C

= %[afl-ifAE +bMB? + cMC? + aM'A? + bM'B% + cM'C? — (a +
b+ c)M'M?] & aMAMA+bMB.M'B+a.MC.M'C

> abe + %(a b+ 6)(MI2+ M'I2 — M'M?)
Do ZMIM’ < 00° nén MI2 + M'I> — M'M? > 0.
Diéu nay dian dén

aMAMA+bMBMB+cMCMC > abe

DAu ddng thite xay ra khi va chi khi M = M’ =T *) Cha y:
1) Thue ra trong 1oi gidi ciia hai bai toan 11.1 va 11.2 khong can dén gia
thiét M, M’ nim trong tam giac ABC

2) Trong bai todn 11 trén, khi M’ 13 tam dudng tron ngoai tiép tam giac
ABC, ta ¢6 bai toan quen thuoe

aMA+bMB+ceMC =45

Diéu nay cho thiy c6 thé khong cin dén gia thiét ZMITM' < 90°, c6 nghia
14 bai toan 11 c¢6 nhiéu kha nang la mot két qua ding.

3) Phuong phap chimg minh bai toan téng quat hoi khac so véi viéc chimg
minh cic truong hop dac bigt va sé dugce dé cip ¢ phan sau.

3. Khai thac dinh nghia tich v6 huéng

Tiép theo ta khai thac dinh nghia tich vo hudng
4.0 = |i].|T]. cos(i, )

Dinh nghia nay dan téi mot s6 tinh chat
1) 4.5 < |al.|7]

2) 4.7 > 0 = cos(T,v) = 0= (@,17) < 90°
Ta ¢6 mot sd bai toan sau:
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Bai toan 12 Cho duong thing 2z’ va hai diém A, B nim vé mét phia clia
n6, M € zz’. Biét ring
cos/AMz b

cos/BMz E(a’b =)

Chimg minh v6i moi N trén za’/, ta co
aNA+bONB > aMA+OMB

[Loi giai]

Ta co

a b
N NB=—NAMA+—.NB.M
aNA+bNB — *\AUA+MB B.MB

a =3 = b — —
>—NAM .NB.M
> MA'\ AMA+ VB NB.MB

MA MB

_ M BMB § Nl £ 6318
aMA+bMB + NM(agr= +052)

Con lai ta ching minh:

MA _ MB
“MAT"MB

=0 < acos(NM, MA) + beos(NM, MB) =0

+) Néu N € Mz thi acos(NM, MA) + beos(NM, MB) = —acos ZAMz +
becos /BMz =10
+) Néu N € M2’ hoan toan tuong tu, ta ciing c6 a cos(NM, M A)+bcos(NM, MB) =
0.
Va}.—
aNA+ONB > aMA+bMB

Bai toan 13 Cho tam giac ABC khéng ¢6 gbc nao vust qua 120°. Tim
diém M sao cho MA + M B + MC nhé nhat. Tim gia tri nho nhat khi do6
[Loi giai

Cho diém X bét ky, ta co:

MAXA MAXA o XA

MA=—— % —q gy

+ XA
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nén
XA Xn Xi
+ o f)
x4 X8 XC
. XA XB XO .
Chon X sao cho YA + B + XC = 0 thi ta duoc

MA+MB+MC =2 XA+ XB+ XC

MA+ MB+ MC > MX( + XA+ XB+ XC

—

Con lai Ia phai chi ra X ¢6 dinh va tinh XA + XB + XC. Dat E =

N - XA
- XB - XC =

S =l = k. ta c0
g = xg =k taco ) o
L+ —|—.If 0
oy oy - sty 1 e
suyra (i+35)2=k2=cos(i,j)= —= h ¥ (5,7) = 120°

Tuong tu, (1_", E) =120°vadodo X la chem nhin ba canh tam g]'ac vGi goc 120°
XA XB Xc

xatxaTxc ™"

(Diém Toricelli). Ro rang néu X 1a diém Toricelli thi

va X 1a diém c6 dinh.

(XA L XB+XC) = XA* 1L XB 4 XA+ 2(XAXB L XB.XC L XCXA)

(vi dinh 1y ham s0 cosin va cong thite tinh dién tich: S = abc sin A)

2 12 L .2
% + 25./3 khi

Vay MA + M B + MC' dat gia tri nho nhit bang \/
M 1a diém Toricelli cfia tam gidc. Céc bai toan sau 1a hé qua ciia bai toan

ve diém Toricelli.

Bai toan 13.1 Cho tam gidge ABC. M la diém Toricelli ciia tam giac.
Chimg minh

CMAL+BP MB+AMC< -(MA+ MB+ MC)3

Lo =

[Loi giai] Dat MA =z, MB =y, MC = z, ta ¢6 céc hé thic

2

=1t Lyz L P =22 fon Lo E =2 Lay L yf
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Khi d6 ta chi can chimg minh

(P +yz+ 2+ (Pt a)y+ (P oy )z < (- y+2)P

wl»—~

Diéu nay tuong duong voi
zy+yz+ 20 <2t oyt 4 27

Ta duoc diéu phai chimg minh

Bai toan 13.2 Cho z,y, 2 1a cac so thae duong théa man z +y + 2 = 1.

Dat

a=+\1yP+yz+22b=v22+z2x4+3%c= 2+ 3y + 9?2
Chimg minh: ab+be+ca > 1 [Loi giai] Gid sit cho diém M bat ky trong més
phang.

Dung cac diem A, B,C sao cho MA = 2; MB = y; MC = z va ZAMB =
/ZBMC = /CMA =120°.

Khi do M A 1a diém Toricelli ctia tam giac ABC ¢6 ba canh BC = a; CA =
b; AB = c.

Ta can chiing minh

2 bﬂ 2
b1 e ca >l =MALMB1LMC= J%HS\@

hay

a2+ b0+ >45V3 4+ (a—b)2 + (b—c)? + (c — a)*EBylmtbtOngthcOng

Bai toan 13.3 (Dé thi HSGQG Viét Nam 1998)
Tim gia tri nhé nhat

=VE+1)2+ @y -1V (@ - 12+ (y + 12+ (2 +2)2 + (y + 2)?

[Loi gidi] Trong mit phing toa do zOy xét diém M(z;y) va cic diém
A(-1; 1) B(1;-1);C(=2; -2).

Ta c6 AB = (2;-2); BC = (-3;-1);CA = (1;3)

Suy ra ¢ = AB = 2v/%;a = BC = /10 = AC = b nén A, B, C 1a ba dinh

mot tam giac can tai C, khong ¢6 goc nao vuot qua 120°

Bai todan trd thanh: Tim gié tri nho nhat cia MA4+ MB + MC.

T . a’ + ¥+ 5 B o B
Theo bai toan 13, tacé MA4+ MB + MC > — + 253 va dau
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bing xay ra khi M 1a diém Toricelli ctia tam gidc ABC nén viéc con lai 1a
tinh dién tich S cta tam giac ABC.

AB. AC‘ 4 1 2
Tacd 25 =be.sin A va cos A = = ginAd =——

be  4/5 V5 V5
Vay 28 = 8 Cudi ciing, ta c6 P(z;y) dat gid tri nhd nhat bing v/ 14 + 8v/3
Tuong tu, ta ¢é mot bai todn trong khong gian sau:

Bai toan 14 Cho tit dien ABCD. X 1a diém trong khong gian sao cho
XA+ XB+4 XC + XD nh6 nhat. Chimg minh: X nhin cic canh d6i dién

clia tit dién duéi cac goc bing nhau [Lai giai] Goi X 14 diém sao cho
X”;4+X“B+XZ?+X“D_6
XA XB XC XD

Khi d6 VM, ta co

XA XB X0 XD

M A+ M M MD > M. 42 /
MA+MB+MC+MD ”X(XAJFXBJFXCJFXD) XA+ XB+XC+XI
sSuy ra
MA+ MB+MC+MD>» XA+ XB+XB+XD
P XA X2 . XC EXTD T
XA “XB Txe Txp =~ aa
i+j+k+Il=0

Suy ra (i+])? = (k+1)2 = (i,7) = (k,1) hay X nhin AB va C'D dudi nhimg
géc bang nhau. Tuong tu véi cac cip canh déi dieén con lai. Tiép d6 13 mot
bai toan tuong tu trong phang

Bai toan 15 Cho tam giac ABC'. Khi dé YM ta c¢o

aMB +bMC + eMA = Va?b? + b2 + 22

[Lai gidi] Goi X 1a diém thoa man

8 TUEe Tk

XB XU XA
A

Khi d6

aMB +bMC + cMA > MX(a £ XC k ‘4) +aXB+bXC+eXA

B Yxd T¥xa

107



TAP SAN TOAN HQC 2009 - NAM PINH ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

hay aM A+ bMB + cMC > aXB + bXC + cXA.
DutX*B__,ﬁX*c_?XA_Et B
Twm Cmp CEa e

ag—i—bf'—i— k=0

Mat khac, dat & = S — Sl 8 ta cing co

at’ +bjl + ck' =0

Do d6 L
(ai 4 bj)? = &
(a + bj")? = ¢
24 b2 1+ 9abe _ﬁ — 2 et =35
o HIA2abe0s]) = g racos(E.J) = cos(7, ) hay ZBXC -

a? + b + 2abcos(?, j') = ¢?
180° — ZBCA
Tudo: ZXBC+/XCB=/XCB+ /XCA= /XBC=/XCA.
Hoan toan tuong tu, ta co:

LXBC=/XCA=/XAB =«

( X 13 mot diém Broca ctia tam giac ABC)

Ta di tinh XA, XB, XC theo a,c,b.

Ta co
B2=XA24+ XC? —2XA.XC.cos LZAMC
— XA2 - XC?%2 —9XAXC eos A
va
XA b b
sinoe  sinZAXC sinA
XC a XA be
sinae sinC - XC a2
Suy ra:
b c? be b 4+ 2 — a®
2 _ 7 il M
= XA al —i_Qa2 2be )
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hay
xcr= b« XC = o
. T a2h® 4 22 G55 i T 5 P T
a’b? + Pc? + c*a Va2bh? + b2c? + cla
Tuong tu
bie a

XA

Va2b? + b2 + 2a? Va2bh? + b2 + 2a?

Vay aXB + bXC + cX A = Va2b? + b2c2 + c2a?
Ta c6 diéu phai chimg minh. Ti bai toan trén, nho cach tinh cic khoAng
cach tit diém Broca dén cac dinh tam giac, ta c6 bai toan sau:

Bai toan 16 Cho tam giac ABC, BC = a,CA = b, AB = ¢. Chitng minh:
a®b 4+ b+ Pa > a®? L B + PP

[Loi giai] Truée hét, ta c6 nhan xét sau: V6i moi M, N trong tam gidc ABC
thi

MA.sin /BNC + MB.sin /CNA+ MC.sin ZANB
> NA.sin/BNC+ NB.sin/CNA+ NC.sin ZANB

Tiép d6 cho M va N la hai diém Broca clia tam giac, chi §: ZBNC =
180° — B; Z/CNA =180° — C'; ZANB = 180° — A va cach tinh nhu bai trén,
ta c6 diéu phai chimg minh.

T bai toan 15 lai sinh ra mot bai toan twong tu nhu bai toan 13.3

Bai toan 15.1 Tim gid tri nho nhét
P(a;y) = V29[(x — 1) + (y + 2)2+v/29[(z — 3)2 + (y — 3)2]+V 18[(x + 2)2 + (y — 1)?]

[Loi giai] Xét trong hé toa do 20y cac diém M (z;y); A(=2;1); B(1; -2); C(3;3)
thi bai toan trd thanh: Tim gia tri nho nhét clia

a.MB+bMC+cMA

Theo bai 15 thi

a.MB+b.MC +c.MA = Va2b? + B2 + 2a?

va dau bang xay ra khi M la diém Broca thoa man /MBC = /MCA =
/MAB Bay giv quay trd lai bai toan 11. Trude hét, ta c6 bai toan sau:

109



TAP SAN TOAN HQC 2009 - NAM DINH ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

Bai toan 11.3 (Du tuyén IMO 98)
Cho tam giac ABC'. M, N la cac diém bén trong tam giac sao cho ZMAB =
/NAC; /MBA=/NBC.

Khi d6 L
MANA MBNB MCNC
+ - 2

be ac ab
Nhu vay, bai toan trén chi ra diéu kién xay ra dau bang trong bai toan 11
ta c6 161 giai bai toan 11 nhw sau:
[Loi giai bai todn 11] Goi N 1a diém thoa man gia thiét trong bai toan trén

bat /AMAB=/NAC =a;/MBA=/NBC = 3.
Theo dinh 1y Ceva dang sin thi ZMCB = /ZNCA = ~.
Nhan xét rang:

MANA MB.NB MC.NC

Nate © NBge T mowm VW

That vay:
Ta co . . . N
SN BC- ;'TVA -|— S_-’\"AC 3 J?\"rB —|— 5:\;'_43 :\'TC = [}
Ta sé chiung minh:
MA MB MC

NAbc _ NB.ac _ NC.ab

SnBe SN AC Snea
Ta ¢6:
MA B MB
NAbcSyge NB.b.a.Syac
i MA . NA
MB.b.c.Syge NB.b.a.Syac
- sin (3 _ NA
sina.b.e. NB.a.sin3 NB.c.a.NA.b.sina
1 1

7 73 =R
sina sina
Diéu nay luon dung. Vay (1) duge chimg minh.
Lai cé
MAMA MAMANA

be o NA.be
MAMANA MANA . MANA
> — 1 J:' /] il v f—
Z 7 NAbe be Ll NA.be
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Neén
MAM' A . MB.M'B N MCMC MANA MBNB MC.NC

= —
be ac ab ~ be * ac i ab 1

Bai toan duge chimg minh.
Bai toan 17 Cho tam gidc ABC khong can, goi G, I, H lan luot 13 trong
tam, truc tam, tam duong tron noi tiép tam giac. Chimg minh
/GIH > 90°
. = = 1, . :
[Loi giai] Ta di ching minh: TH.IG = E(Ll-r"" - R?) 0.

That vay, goi N la trung diem OH thi N la tam dudng tron 9 diém va,

IN = g — 7.

Hon nita 10% = R? — 2Rr va IH = 2IN — 10;31G = 2IN + IO.
Vay 3IHIG = (4IN? — I0?).

Tat d6 suy ra diéu phai ching minh.

4. Mot vai bat dang thitc dai sé chitng minh
biang tich vé huéng

Bai toan 18 Cho z;;y;(i := 1, n) thoa man

Zi‘i = Zyi =0
i=1 i=1

g e . ey
Chitng minh rang

2) (@ +u) <) o+

[Loi gii] Xeét cac diém A;(z;;y;). Do

nén

i OA; =0 (1)
i=1
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Hon nita OA; = /27 + y2.

Tu (1), ta co

: QDAL= 2 ON0A; <2 DAOA;
| 5|
=1

i< i<j
Suy ra
n n
2) 0AI< (D OA)
i=1 i=1

Day la diéu phai chtmg minh.
*) Bai toan nay c6 thé phat biéu theo cach khac nhu sau:
Cho da giac trong mat phang ¢6 n canh 1a ay;as;. .. a,. Ching minh ring

(> =23 al)
i=1 =1

Day la bai toan téng quat ciia bai toan: Trong tam gidc ABC canh a, b, ¢ thi
2(ab+bc+ ca) > a® + B2 + &

*) Trong bai toan trén, dau ding thitc xay ra khi va chi khi véi moi 4, j, goc
gitta OA; va OA; 1a 180°. Diéu nay khéng xay ra nén ta c6 bat déng thirc
thuc su.

Bai toan 19 (Mathlink) Cho 6 6 thuc a,b, ¢, z,y, > thoa man
(a+bte)letytz) =50+ P+t 1y 2%) =4

Ching minh: az + by + ¢z = 0 [Loi giai] Trong hé toa do Oxyz xét cac vecto

g=(ab e)ix = OXl = (B4,2)0a = 03{2 =S (TR e 0X, = L2, 2. 7)

va goi o; la goc gitta vecto x; va .
Ta co: |z;|.|t] = 2 va

— —

3=(a=b+c)z+y+z)=(T1+a2+2

[
"
i~
I
Al
=
+
H
b
+
=)
-

hay

COS (1 + COS (¥ + COS (3 = 5

Hon nita: ar + by 4+ ¢z = ;4. Vay bat dang thitc cin chimg minh tuong
duong véi a; < 90°. Dé ching minh. ta xét bd dé sau:
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Bo dé: Cho ba vecto trong khong gian c6 do dai biing nhau va cic goe tao
bdi hai trong ba vecto dé déu bing nhau. Xét mot vecto @ ma géc tao bdi
vecto do voi ba vecto da cho 1a o, as, a3 thoa man o > 90°, Khi dé

COS (¥] + COS (¥g + COS (g < 5

[Chitng minh)]
Goi ¢ 1a goc gitta cac vecto @7, 7, £3 da cho.
Gia s
a; = (0;0;1); 25 = (m,n,cos ¢); &3 = (m', n’, cos ¢)
m? 4+ n? = sin® ¢
m”? + n? =sin? ¢

mm' 4+ nn' = cos ¢ — cos? ¢
Giast 4= (p,q,7), VPP +¢*+r?=1. Taco

cosa) +cosag +cosaz =7 +pm+qn+rcos¢+pm' +gn’ +rcosd

=r+pm+m)+qgn+n)+r2cosp+1)=A

Do cosa; = r < 0 nén
+) Néu ¢ > 90° thi cos ¢ < 0. Khi dé

AP+ 4+r)(m+m) +(n+n)?+4cos’¢] =2+ 2cos¢ <2

+) Néu ¢ < 90° thi cos¢ > 0. Khi d6 A < p(m + m') + g(n + n') nén

A2 < (P + P)(m+m')? + (n+n)°] < /2(1 + cos¢ — cos? @) < 5
B6 dé chimg minh xong.
Bai toan trén 14 hé qua truc tiép clia bd dé nay. *) Ngoai bat ding thitc thu

dutoe, ta con ¢6 mot loat cac bat ding thite tuong tur

ay+bz+cz 2 0; ay+-bz+ex = 0; ax+-bz+ey 2 0;az+-bx+cy 2 0;az+by+ecx 20
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Phu luc

0.0.2 P1. (D tuyén IMO 98)

Cho tam giac ABC. M, N la cac diém bén trong tam giac sao cho ZMAB =
INAC; /MBA = /NBC.

Khi dé . . :
MANA MBNB MCNC
+ + =2
be ac ab

[Loi giai] Trén tia d6i ciia tia NB lay K sao cho /BCK = /BMA. Khi d6
do ZMBA = /K BC, ta c6 hai tam gidc BM A va BCK dong dang.
Suy ra

CK BC
AM ~— BM
hay
., AM.BC
CK=—7— W
Hon nira T
51 = gap LABK = £MBC
nén
AABK ~ AMBC
va, do do

AK CM BK BC
AB ~ BM' AB ~ BM

. ARCM .. ABBE oo B e
hay AK = ———iBK = ——— (2) Mat khic, ZCKB = ZMAB =

ZNAC nén tit gidc ANCK noi tiép. Theo dinh 1y Ptoleme, ta c6

ACNK = AN.CK +CN.AK < AC(BK —BN)=AN.CK + CN.AK (3)
Thay (1), (2) vao (3) ta co

AB.BC AM.BC ~AB.CM

AC(=53— — BN) = AN.“2o= + ON. == —

hay

MANA MBNB MC.NC
- - =

be ac ab
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0.0.3 P2
Cho tam giac ABC c6 cac canh a,b, ¢ va dién tich S. Chintg minh
a2+ 4+ 24v35+ (a—b)2+ (b—c)?+ (c—a)?®(1)
[Loi giai] Ta c6
(1) < 2(ab+ be+ ea) > 4V3S8 + a® + b* + &2

& 45(— ! & ! - L ) = 435 + 45 (cotgA + cotgB + cotgC)
1

sinA sinB  sinC

1 1
& — cotg ——_ _ cotg ——_ _cotgC) = V-
. (sin i cotgA) + (sinB cotgB3) + (s'mC cotgC') = V3

1—CDSA+1—COSB+1—COSC>\/§
sin A sin B sinC 7

A B [ o
= tg(g) + ’lg(g) + tg(g) Z V3

Day la bai toan quen thuoc.

0.0.4 P3 ( Dinh ly Ceva dang sin)

Cho tam giac ABC. Diém M, N, P thudc cac canh BC,C A, AB. Chiing minh,
: AM, BN, CP dbdng quy khi va chi khi

sin M AB sin NBC' sin PC' A

50 MAC s NBA eaPOB —

[Loi giai] Trude hét ta chimg minh bd dé: Cho 4 goc a, o, 3, 3’ thda man:
a+pB=d + 5 < 180°
sina sina’

sin 3 sin /3

Khido a=a';6=4".
[Chiing minh| Dung tam giac ABC' c6 A=a+[f=a + 7.
Lay M, M’ tren BC' sao cho

Z/BAM = a; /CAM =3

/BAM =do; /CAM' = 8
Ta cé

MB  Sayp AM.AB.sma AM'.AB.smo’ M'B

MC ~ Sayo AM.AC.sinf _ AM'.AC.smnf _ M'C
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Suyra M =M haya=ao;8=/

Tré lai bai toan c¢hinh, néu AM, BN, CP dong quy tai O thi

sin MAB simn NBC sin PCA simOAB simnOBC smOCA OB OC OA

sin MAC sin NBA sin PCB _ sinOBA snOCB snOAC  OA OB OC

Nguoc lai, gid su cé

sin MAB sin NBC sin PC A B

sin MAC sin NBA sin PCB 1
va AM cat BN tai O, theo phan trudc,
sinOAB sin NBC sin PC'A {

sin OAC sin NBA sin PCB

simnMAB sinOAB | B L =
Suy ra D MAC — SmOAC Theo bo de thi O € AM.
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MOT SO PIEM PONG QUY PAC BIET CUA TAM GIAC

Lé Dic Thinh
THPT Chuyén Tran Phu — Hai Phong

$1. PIEM KOSNITA

Dinh 1y I:

Cho tam giac ABC noi r:‘é:n duong tron (0). Goi X, Y, 7. lan lwrot la
tam dwong tron ngogi tiép cdc tam gidc BOC. COA, AOB. Khi do cdc dwong
rh(fng AX, BY, (7 r?'r:i‘ng quy tai mot diem K goi la diem Kosnita ctia tam gidc
ABC.

Chung minh:

Ta co: L B
~_AY
(OB.OA) 7Y
(BojBaj=L4 2 2. T g 7 NN
il 3 g ¥ 2o e %
(OB,0C | /7 2 s T
(BX.BO)=(0B.0X)="22-2C) _ el e
2 1" 10 ==
B :
>(BX,BA) :(BX.BU)+(BU,BA)=§—C+A \ \\ //
- '\\ | //
Tuong tu: el |l
8 \ JR )
(CA.CX)="-B+A \\ \ /
% \
BX sin(BX,BA \\' //
_ sin(AB.AX) 5 sin(BX.BA) &
sin(AX,AC) gvsin(CA.CX] X
a ]
) sm{E—CJrA} B cos(A —C]
sin f—-B+ A
Tuong tu:

sin(BC,BY) cos(B—A) sin(CA,CZ) cos(C-B)

sin(BY,BA) cos(B-C) " sin (CZ,.CB) cos(C-A)

Nén:
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sin(AB,AX) sin(BC,BY) sin(CA,CZ) cos(A-C) cos(B—A) cos(C-B)

sin(AX,AC) sin(BY.BA) sin(CZ.CB)_cos(A—B) cos(B—C)'cos(C—A)

=1

Theo dinh Iy Ceva sin ta ¢6 AX, BY, CZ ddng quy tai mot diém K.

Dinh nghia:

Cho tam gidc ABC va mét diém M tiy ¥. Goi a, b, ¢ lan lwot la déi

xung cua cde dwong thang AM, BM, CM qua cdc dwong phdan gidc trong

ciia géc A, B, C. Khi dé a, b, ¢ déng quy tai mét diem M’ goi la lién hop

dang gidc cua M doi voi tam gidc ABC.

Viéc chirng minh két qua trén la hoan toan don gian. Ta chi can dp

dung dinh ly Ceva sin la s& thu duoc khéng dinh cua bai toan.

Vi dinh nghia nhw vay thi ta s€ ¢6 tinh chat sau ctia diém Kosnita:

Pinh 1v 2:

Diém Kosnita K cua tam gidc ABC la lién hop dang gidc voi tam |

cua duong tron Euler ciia tam gidc do.

Chirng minh:

Ta cé:

FI .
sin(AB, Al) E sin (AF. Al) B sin(FI,FA)

sin(ALAC)  sin(ALAE) %,Sm(EA EI)

sin(FLLFA) _sin| (FLFE)+(FE,FA) |

Sl

Nln

} 5111{8-‘1"?:-1- (DF, DE

(
n(EA.EI) sin| (EA.EF)+(EF.EI) |

(IF.IE)
! c+ L IF, IE} 5111[C+2+ DF, DE
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sin[B+E J
2 LOS

sin(C+% AJ cos(

. sin(AB,AI) _sin(AB.AK)
sin(ALLAC)  sin(AK.AC)

Va:

(AB,AI)=(AB.AK)

(AB,Al)+(ALAC)= A =(AB,AK)+(AK,AC) i{(AL AC) = (AK.AC)

Vay K 1a lién hop dang gidc ctia I déi véi tam gidc ABC,

Dinh ly sau mang tinh chuan bi cho két qua chinh ma t6i sé€ trinh bay

ngay sau day:

Dinh Iy 3:

Cho tam gidc ABC néi tiép duong tron (0) va X la tam dwong tron
ngoai tiép tam gidc BOC. Goi A’ la diém dsi ximg cia A qua BC. Goi E la
giao diém ciia dwong tron ngodi tiép tam gidc AOA’ va dwong tron (0). Khi

dé A, E, X thang hang.

Chung minh:
Goi D la tim dwong tron ngoai tiép tam
gidc AOA’.

Ta co:

Xe AE & %0, = %

&5 K02 <R2=XI)" ~TX
& DO?-R?2=XD?-X0?
= B0y = Hrx) < De BC
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Dieu kién cuoi hien nhién dung.

Vay A,E, X thfmg hang.

Tuong tu diém A’ ta ciing dinh nghia cdc diém B’ 1a d6i xung ctia B
qua CA, C’ la déi xtmg cua C qua AB. Két hop dinh Iy 1 va dinh Iy 3 ta ¢6

ngay ket qua sau:

He qua:
Diém Kosnita K la tam dang phuong cua 4 duong trén ngoati tiép cdc

tam gidc ABC, AOA’, BOB’ va COC".

He qua nay la dieu 10 rang. Bén canh do ta con ¢6 mot ket qua co the

coi 1a kinh dién nhw sau:

Dinh Iv 4:
Sdu duwomg (ron ngoai 1iép cdc tam gide AOA’, BOB’, COC’, AB'C’,
BC'A’, CA’B’ cing di qua mot diém P la dnh cia diém Kosnita K qua phép

nghich dao dwong tron (O).

Ching minh: o B
7/ = /——'_————H_\‘ B‘
Theo dinh ly 3 ta co anh cua AX, BY, CZ ,// . z;L\‘\
- . ) b |IIII // '{/ S/ R“Q\\
qua phép nghich dao duong tron (O) lan [ f__f’({ / \
. . 4 | l///////'; qgi%/ Q\\
luot la cac duong tron ngoai tiep cac tam ;E#_/._f_/__j AN ‘.\\
L . ) : v@;::f:—/ ’fl \':':‘T:::\—-— 1 _—_—7‘—71 “‘ﬂ—h\\\\ I'|
gidc AOA’, BOB’, COC". = (1NN ﬁi‘xm \\}'
b \ \\'“‘-u__\" ’/_// |'I
Theo dinh Iy 1 AX, BY, CZ dong quy tai [‘ \\ R\ /C
\ \ N, //
K, do do cac duong tron (AOA’), (BOB"), \\\ S i T
Lok . . R N X |
(COC’) dong quy tai P la anh cua K qua S|
A‘
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phép nghich dao duong tron (O).

Ta chimg minh (AB°C”), (BC'A’), (CA’B’) cting di qua P.
That vay:

(A'P,B'P)=(A'P,OP)+(OP,B'P)
=(A'A.OA)+(OB.B'B)
=(A'A,AB)+(AB,0A)+(OB.AB)+(AB,B'B)

=§+(BC.AB)+%+(BC.AC)+%+(BC,AC)+%+(AB.AC)
=§(BC,AC)=(A'C,B'C) (Do (A'C.BC)=(BC,AC)=(AC.,B'C))

= (A'P,B'P)=(A'C,B'C)

Do dé (CA'B") di qua P.

Twong tu suy ra sau duong tron (AOA’), (BOB’). (COC"), (AB'C’),

(BC'A’), (CA’B’) cung di qua P.

Pinh Iy 4 ta vira dua ra néu chi ding lai & dang phat biéu 1a 3 duong
tron (AOA’), (BOB"), (COC") dc"mg quy va cting khong dwa ra tinh chat cua
diém dong quy thi cling c6 thé dua ra mot 101 giai khdc bang céch chi ra 3
tam clia 3 dwong tron nay thang hang. Chi tiét ctia phép chimg minh nay xin
danh cho ban doc.

Ta con ¢6 mot s6 tinh chat khéic lién quan dén diém Kosnita N nhu

sau.

Pinh Iv 5:

AK vuong goc voi B’C’, BK vuong goc voi C’A’°, CK vuong goc voi
B*C".
Chirng minh:

Do D. E lan lwot la trung diém cia BB’ va CC’ nén:
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B'C'=2DE - BCG;AX = AO+0X e
= AXB'C'= (A0 +0X).(2DE-EC) e Wy ; ¢
R S Sl SN S vy SRR P " i s
= JACDE-AG.BC +20X.DE - OX.BC TSN N
5 ; R \
Ma OX L BC va AO LDE (dc dang chirng ."/ Va4 \\ \
: [i 7 e N |
minh duoc diéu nay) lﬁ,uéf////,f/ \FJ “““‘Q%Q\x
S — AN Jc
— AX.B'C'= AO.BC + 20X.DE N y
= AOBC.cos(AO, BC) + 20X.DE.cos (OX. DE) \ x\ —7
: g
BC T S S
= X
5~ —BC.cos| (AG.DE)+(DE.BC| |
+L- B(‘..sin(’(_‘.D__(_‘.I:‘).cus[{ OX,BC)+ |KE]J
sin(OB,OC) ‘ \ FoN
- G P
L S Jeue n+(DI:‘,B(_‘.] +cos| T —(DE,BC) l-o
2sinA | |2 - , |

== AX LB'C'=AK LB'C'

Tuwong (ir ta ¢6 dieu phai chimg minh.

Dinh Iy 6:
Got B, L., L, lan lwot la diém déi ximg ciia P qua cdc canh BC. CA,

AB. Khi do AP,,BP,.CP, dong quy tai mét diem Q nam trén (O) goi la diém
Giibert cua tam gide ABC. D

Chung minh:

Ta co:

(AB,BP,)=(AB'B'P) ( ddi xiing qua AC)
=(AC,C'P) (A, B’, C’, P dbng vién)
=(AC,CP,) (ddi ximg qua AB)

— (AB.BP,)=(AC.CP,)
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Do d6 néu AP, MCP, =Q thi Q nam trén (O).

Twong tw suy ra AP, BP,,CP, dong quy tai mot diém Q nim trén (O).

Dinh 1y trén diy néu Ién mo6i quan hé gitta anh cia diém Kosnita K
qua phép nghich dao duong tron (O) véi diém Gibert Q cua tam giac ABC.
Thuc ra gifra diém Kosnita K va diém Gibert Q con ¢6 moi quan he gan giii

hon nita dugc thé hién qua dinh 1y sau:

Dinh Iv 7:
Tam dwong tron Euler I, diém Kosnita K va diém Gibert Q thdng

hang.

Dinh ly 7 & trén va cdc tinh chat toi dua ra sau day xin duoc coi nhu

nhitng bai tap d€ cdc ban ren luyén va tim hiéu thém:

Goi G la trong tam tam gidc ABC. Khi dé tam gidc A’B’C’ la anh cuia
tam gidc pedal ciia tam dwong tron Euler I qua phép vi tw tam G ti s6 4.
(Tam gidc pedal ciia diém M bat ky la tam gidc tao béi 3 chan dwong vuong
géc ha tir diém M xuéng 3 canh tam gidc)

Bai2:

Tém dwong tron ngoai tiép tam gidc A’B'C’ la déi ximg ciia tam O
dirong tron ngoai tiép tam gidc ABC qua diém Kosnita K ciia tam gidc do.
Bai 3:

Goi A =0AnB'C,B,=0B'"nnC'A",C,=0CnA'B'.

Khi @6 AA,.BB,,CC, déng quy tai diém lién hop dang gidc cia P.
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§2. PIEM SCHIFFLER

Bai toan 1:

Tam gidc ABC véi tam duwong tron néi tiép 1. Khi dé 4 duwong thang
Euler ciia cdc tam gidc BIC, CIA, AIB, ABC déng quy tai mét diém S goi la

diém Schiffler cuia tam gidc.

Chirng minh:

Goi O la tim duong tron ngoai tiép tam gidc,
G la trong tdm tam giac, M la trung diem BC,
G’ 1a trong tim tam gidc BIC, Al cat BC tai
D, cit (0) tai J, (I) tiép xdc BC tai K, JG” cit
OG tai S. cit AM tai E.

Ro rang J 13 tim duwong tron ngoai tiép tam

gidc BIC. Do d6 JG’ 1a duong thang Euler ciia

tam giac BIC. ]
Theo Menelaus cho tam giac GOM vai cit
tuyén SJE ta co:
SG.JO'EM_1 SG_JM EG _JM EG
SO JM EG SO JOEM R EM
Theo Menelaus cho tam gidc IAM véi cit tuyén JEG' ta c6:
M ELCM 4 E& o IA 588 5 BB o W I~ ~TAIDS
JA EM G'I EM JI JB JD
N g N g D[ g e R 2
EM EM 3 EM 3 (EM "3 EM 3
20 2 2D 21K _2 r
3D & 3.1 3IM 3]
SG_ M EG M2 r 21
SO R EM R 3JM 3R
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Tuong tw cic duong thang Euler ciia tam giac CIA, AIB cling cat OG tai S.

Mt tinh chat khdc ciia diém Schiffler diroc mo ta trong bai todn sau:

Bai toan 2:

Cho tam gidc ABC ndi tiép duong tron (0) va 1,,1,.15 lan lwot la tam
duong tron bang tiép goc A, B, C cia tam gidc. Goi
A =0l BC.B,=0l,NCA va C =0L,nAB. Khi 46 AA ,BB,,CC, ddng

quy tai diém Schiffler S ciia tam gidc ABC.

" /”"’ B

Chiérng minh:

Ta chimg minh A.S, A, thing hang. That viy: \\
sin(JA.JG') sin(OJ.0G) sin(AO.AA,) |' \\\\
sin(JG',JO) sin(OG,0A) sin(AA, AJ)
sin(JLJG') sin(OM.OG) sin(AO.AA,) \
sin(JG,JM) sin(OG,0A) sin(AA,. AL} \ M\
. A iy /
25060 2Somg 78’6‘0’6" \
_ IIG'  MO.OG  OAAA
BSiem BSoca . Baay,
MIIG' AOOG TAAA, \\\\
_2MJ A0 OA, 1A —  \
U 2MO LA, OA kK
_2MJ BO OM [P . A |
= A:25m—< A:l
BJ 2MO Lp OAsin— 2 25in§

Do @6 theo dinh ly Ceva sin trong tam gidc AOJ ta suy ra AA,0G,JG'
d&lg quy.

Tuc 1a AA, diquaS.

Tuong twtacd AA,,BB,,CC, dong quy tai S.
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Nhu vay tong hop 2 bai todn trén ta thu dwoc diém Schiffler S ciia tam
gidc la diem dong quy ctia 7 dwong thang gom cé: 4 dwong thang Euler ciia
cdc tam gidc BIC, CIA, AIB. ABC va 3 dwong thang AA; BB, €C.

Bay gio ta hdy theo doi mot cich mo ta khic cua diém Schiffler dugc

néu trong bai toan thu ba dudi day:

Bai toan 3:

Gid sir dwong tron bang tiép géc A ciia tam gide ABC tiép xiic véi cdc
diong thang BC, CA, AB lan luot tai A’, B, C". Goi A” la déi ximg ciia A’
qua B'C’. Twong tu ta dinh nghia diém B”, C”. Khi dé AA”, BB”, CC”
dong quy tai diém Schiffler S ciia tam gidc ABC.

Chitng minh:
Bo dé 1:

Ol, la dwong thang Euler ciia tam gidc
A’B’C’.

CM: Dung cic duong thang qua A va song
song B’C’,qua B va song song C'A’, qua C
v song song A’ B’. Céc duong niy cit nhau
tao ra tam giac DEF. Ta co:

Al 1L B'C'= Al 1 EF

BL, 1 A'B'=BIl 1 DE

Do d6 [, 1 trye tam tam gidc DEF.

Suy ra O la tdm duong tron Euler cua tam
giac DEF.

Nén OI, la duong thang Euler ctia tam gidc DEF.
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Ma duong thang Euler ctia hai tam gidc A’B’C” va DEF cling phuong nén
OI, ciing 12 duong thang Euler ctia tam gidc A'B’C’.

Bo dé 2:

AALA" thang hang.

CM: Theo bo d& 1@ goi
H'=0I, nA'A" thi H" la triee tim tam
gidic A’B’C". |
Goi I la chdn duong phan gidc ha tr A

xuong BC. Ta cé:

I, a

E—h_z:bﬁ—c—a 2

Mat khac:

A'H' _ A'H'B'C' _ —2r,.C0oSA".2r, Sin A’

A'A" AA"BC 4S, .o
—2r2.sin2A" —sin2A'

- Srf.sinA'.sinB'.sinC' " sin2A'+sin 2B'+sin 2C"

Hon ntta lai co:

O S L Wy
2 2
:>A'=180°—B'—C'=90c'+%
Do do:
A'H': SinA _ a 2)
A'A" —sinA+sinB+sinC b+c—a
. I1 A'H' :

Tk (1)va (2)suyra —L = = A A, A" thang hang.

( ) ( ) } IA ArAn 1 ‘L: =)

Ap dung: Ro rang theo bo dé 2 va bai todn 2 thi bai todn 3 dwgc ching

minh.
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§3. PIEM MIQUEL

DPinh Iy 1:
Cho tam giac ABC voi cdc diém D E F lan lwot trén cdc canh BC,

CA, AB sao cho D, E, F thang hang. Khi dé cdc dwong tron ngoai tiép cdc

tam gidc ABC, AEF, BFD, CDE déng quy tai mét diém M goi la diém

Miquel cia tam gidc.

Chitng minh:

Gia st cdc cic dwong tron ngoai tiép cic

tam gidc ABC, AEF cat nhau tai M. Ta

chting minh cdc dwong tron con lai cling di

qua M.

That vay:

(MA.MC)=(BA.BC)

(ME.MA)=(FE.FA|

= (ME,MC)=(BA,BC)+(FE,FA)

— (ME,MC)=(FA,BD)+(FD.FA)

=(FD,BD)=(DE.DC)

Do do6 duong tron ngoai tiep tam gidc CDE

ctng di qua M.

Tuong tw ta cé di€u can chuing minh.

Dinh Iy 2:
Cdc tam cua cdc d@uwong tron trén va diém Miquel M citng nam trén

mat duong tron.
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Chung minh:

Gar O,.0,. 0.0, lan ot 1 tAm cdc duong tron ngoai tiép cic tam gidc
AEF, BFD, CDE. ABC. Ta chimg minh O,,0,,0,,M clng nam trén mot
dwong tron.

That vay:

Ha P.P,.P, lan luot la chin duong vudng géc tr M xudng
0,0,,0.0,0,0,;

Khi d6 15 rang P,P,,P, 1an luot Ia trung diém MD, ME, MF.

Do d6 P,.,P,.P, thing hang.

Theo dinh 1y vé duong thang Simson (do) ta c6: 0,,0,,0,,M cling nam
trén mot duong tron.

Tuong wr suy ra 0,,0,,0,,0,,M cung nam trén mot dudng tron.

Dinh Iv 3:

Cdc chén dwong vuéng goc ha tir M xuong cdc dwong thang ABF,
ACE, BCD, DEF ciing nam trén mét dwong thang d, .

Két qua nay kha hién nhién khi ta st dung dwong thang Simson cho

diém M véi 2 trong 4 tam gidc ABC, AEF, BFD. CDE.
Pinh 1y 4:
Cdc (ruc tdm ciia 4 tam gidc trén cing ndm (rén mét duong theang

d, (duong thang Steiner).

Pinh Iy 5:

Hai dwong thang d,.d, song song.
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Chirng minh: (ca hai dinh 1y 4, 5)

Goi H,.H,.Hy.H,:K,.K,.K;. K, 1an luot
la trire tdm cia cde tam gidc néi trén va
chan cdc dwdng vuong géc ha tir M xubng
cdc dudmg thang trong dinh 1y 3.

Ta ching minh: H . H, //K,K,. Thét vay:
Goi DH, nBF=G. ta co:

BG BD‘COS [)EF‘
BH, = =

‘cos Fﬁﬁz sin BFD
FD cos DﬁF‘ -
= I FD‘cot DBF‘
sin DBF

Tuwong tw voi tam giac ABC ta co:
BH, = AC|cot ABC]|= AC|cot DBF

BII, FD
BH, AC

Do do:

Ma xét hai tam giac MDF va MCA ta co:
(MF,MD) = (BF,BD)=(BA,BC)=(MA,MC)

(DM, DF)=(BM,BF)=(BM.,BA)=(CM,CA)
Xét hai tam giac BH,H,.MK K, ta co:

o AN AN A
AC MK,

BH, MK,
BH, MK,

(BH,.BH,)=(MK,,MK,) (do BH,//MK,,BH, //MK,)

Do d6 ABH,H, ~ AMK K, = H,H, / /K K, (do BH,//MK,.BH,//MK,)

Tuong tu suy ra H,,H,.H,,H, thang hang trén d, va d /il
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Dinh 1y 6:

Cac trung diém cua cdc doan ﬂ:c?;ng AD, BE, CF cuing nam trén mot

dwong thang dy (dwong thang Newton - Gauss ).

Dinh Iy 6 13 mot két qua rat ndi tiéng va co nhiéu cich ching minh
khdc nhau. O day ta con c6 mot két qua nita xoay quanh dwong thang nay
droc trinh by trong dinh 1y 7 dudi day. Két hop cdc dinh 1y nay ta 6 mdt

cach chirng minh khdc khé thi vi cho ca hai.

A

—

= h

Dinh IV 7:
Puong thang Newton - Gauss vuéng goc
voi duong thang Steiner.

Chimg minh: (ca hai dinh 1y 6, 7)

Goi M,.M,.M, lan luot la trung dicm cua céc

doan thang AD. BE, CF . Ta c6:

2MM, KK, =(AB+DE)(MK, - MK, |
= ABMK, + DEMK, - ABMK, - DEMK,
= AB.MK, - DEMK,

= ABMK , cos( AB,MK ) - DE.MK cos(DE, MK
=(ABMK, - DEMK, ).cos(DE. MK, )
Do (AB.MK, ) =(DE.MK;): AB L MK,.DE L MK, |

=0
I”D (DM.DE)=(BM.BA)

 (ED.EM)=(AB.AM)

= AMDE ~ AMBA =
DE AB

Do d6 MM, L K.K,.
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Tuong tir ta co M, M,, M, thang hang trén d, Ld;d,.

Dudi day la mot s6 két qua thu vi khdc ntta ma ban than tdc gia bai
viét nay cliing chua thuc sy hoan thién dugce cdch chung minh tot nhat cho

chung! Rat mong nhan dugc su gidp suc cua cdc ban!

Dinh Iy 8:

16 diém gém cdc tam dwong tron néi tiép va bang tiép cdc tam gidc
ABC, AEF, BFD, CDE tao thanh 8 bo 4 diém trong do moi bé 4 diém nay
nam trén mét dwong tron khdc nhau (1 diém cé thé nam trén nhiéu dwong

tron khdc nhau).

Dinh 1v 9:

8 dwong tron ké trén chia thanh hai nhém trong dé méi dwong tron
thuéc nhom nay déu truc giao voi tat ca dwong tron thuéc nhom kia. Cdc
tam ciia cdc dwong tron thudéc cing mét nhém ndam trén mét dwong thang
khdc nhau. Ngoai ra hai dwong thang nay vudng géc véi nhau tai diém

Miguel M.
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§4. VAI PHAT HIEN NHO

Phin cudi chuyén dé nay tdc gia xin gui t¢i cic ban mdt vai ménh dé
kha thi vi ve déng quy ma tac gia da vo tinh phat hien ra trong qua trinh tim
toi, sdng tao todn hoc. Trong pham vi hiéu biét cia minh, tdc gia cho rang rat
¢6 thé d6 khong phai 1a cdc khang dinh mai (¢6 18 & tht 1a “ngiy tho™ khi
nghi rﬁing ban than da tim ra nhiing két qua méi mé), ma chi la cac két qua
da dwoc dé cap dén tr trude. Néu doc gia nio ¢é thém thong tin xin vui long

cung cap cho tac gia. Tac gia xin chan thanh cam on!

Ménh dé 1:

Cho tam gidc ABC, cdc dwong cao AD, BE, CF. Goi M, N ldn lwot la
hinh chiéu vuong goc ha e D ,ru(f;ng AB, AC: P, Q lan luot la hinh chiéu
vuong géc ha tie E xudng BC, BA; R. S lan ot la hinh chiéu vuéng goc ha
tue F xuc:‘;ng CA, CB. Goi I, J, K ldn lvor la giao diém ciia PO va RS, RS va
MN, MN va PQ.

Khi dé: Al BJ, CK dong quy.

Chung minh:

CF

Xé1phép vitw VS :E > R,D— S= DE//RS R

Gid sit RSNEF=1"ta c6: O/{/ \u \/{

(I'E.I'R) =(ED,EC)= B =(ER,EI') //}\?//./ E

(Do hai tir gidc ABDE, BCEF néi tiép) /'f,%\’:@\/ Z//\\

Xét AEFR vuong & R ¢6: - r/// //?:. ///f \?\% \\
(I'E.I'R)=(ER.El') & I'R=T'E D//f é/ g \5 \

Suy ra I’ la trung diém CT.
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Tuwong tw PQ ciing di qua trung diém EF.
Hay I=T'Ia trung diém EF.

Tuwong tu J, K cling 1a trung diém FD, DE.
Ta co:

sin(AB,Al) sin(BC,BJ) sin(CA,CK) sin(AF.AI) sin(BD,BJ) sin(CE.CK)
sin(ALAC) sin(BJ,BA) sin(CK,CB) sin(ALAE) sin(BJ,BF) sin(CK,CD)

2] 3 s |
‘/‘SAF[ 2‘SBDJ LSCEK

_ ALAF BJBD CKCE _AE BF CD
B, Bur B AF BD CE

ALAE BIBF CKCD
(SAFI =S Sapr = Spir-Scex = Sexp )

= ab Be oD =1 (Ap dung dinh Iy Ceva cho AD, BE, CF déng quy)
CE AF BD -

Vay theo dinh 1y Ceva sin ta c6 Al, BJ, CK df‘mg quy.

Ghi chu: O trén sdu diem M, N, P, Q. R, S cung thuoc mot duong tron goi la

duong tron Adam.

Ménh dé 2:

Tam gidc ABC véi A’, B, C’ la tdm cdc dwong tron bang tiép géc A,
B, C trong umg. Goi A”, B”, C” lan lieat la diém doi xung cua A’, B', C’
qua BC, CA, AB twong vmg. Khi dé ba dwong thing AA”, BB”, CC” ciing
voi ba duong tron ngoai tiép cdc tam gide BA”C, CB”A, AC”B cing di qua
mot diém.
Ching minh:
Goi AA"N(BA"C)=T. Xét hai tam giic ABA”, C"BC ta cd:
(BC".BA)=(BA,BC')=(BA',BC)=(BC,BA")
= (BA",BA)=(BC,BC"
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A
AB AB CB _C'B

A'B_AB_ CB _CB . ‘

(AABC, AA'BC ddng dang :»ﬁzﬂ )

STEE T AB  CB \
Do d6 (A"A,A"B)=(CC",CB). B C
Ma: B
(A"A,A"B)=(CT,CB)« (CC",CB)=(CT,CB)
Tec [aCC” diquaT. A

Tuong tu suy ra AA”, BB”, CC” déng quy tai T.

Tuong t néu BB"n(CB"A)=T' thi AA”, BB”, CC” dong quy tai T".
Dido T=T",

Hay ba duong thing AA”, BB, CC™ ciing véi ba duong tron ngoai tiép cdc

tam giac BA”C, CB”A, AC”B cung di qua T.

Ménh dé 3:

Tam gidc ABC, cdc diém D, E, F trén cdc canh BC, CA, AB sao cho
AD, BE, CF d’c';f?g quy, cdc diém M, N, P trén cdc canh EF, FD, DE sao cho
DM, EN, FP déng quy. Khi dé AM, BN, CP ciing déng quy.

Chirng minh:

Ta co:

FM.sin(MA, MF)
sin(AB,AM) _sin(AF.AM) _ FA _FM EA
sin(AM,AC) sin(AE.AC) EM.sin(ME,MA) EM FA

EA
Tuong tw ta co:

sin(BC,BN) DN FB sin(CA,CP) EP DC
sin(BN,BA) FN DB sin(CP.CB) DP EC

Do do:
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sin(AB,AM) sin(BC,BN) sin(CA,CP)
sin(AM.AC) sin(BN.BA) sin(CP.CB)
_FM EA DN FB EP DC
" EM FA FN DB DP EC
_(CD AE BF)(FM DN EP
_{BD CE AF](EM FN DP]_

(Theo Ceva cho tam giac ABC véi AD, BE, CF
ddng quy va tam gidc DEF véi DM, EN, FP dong quy)
Vay theo Ceva dang luong gidc ta c6 AM, BN, CP dong quy.

Ménh deé 4:
Tam giac ABC voi cdc dwong cao AD, BE, CF. Goi H,, Hy, H. la
truc tam cdc tam gidc AEF, BFD, CDE. Khi do:
a)AH,, BH,, CH, dong quy.
b)DH,, EH,, FH,. dong quy.

Chirng minh:

a) Ta co:
sin(AB,AH,) sin(AF,AH,)
sin(AH,,AC) sin(AH,,AE)

_sin[(FA,FE)%—;} sin(n—C]

2 _cosC
sin[(EF.EA)&-E} sin(E—B] e
2 2
Tuong tu:

sin(BC.BH;) cosA sin(CA.CH.) cosB
sin(BHy,BA)  cosC"sin(CH.,CB)  cosA
sin(AB,AH,) sin(BC,BH,) sin(CA.CH,) _cosC cosA cosB _,

f— = =
sin(AH,,AC) sin(BH,,BA) sin(CH.,CB) cosB cosC cosA
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Vay theo Ceva sin tacé AH,, BH,, CH, dong quy.
b) Ta co:
FH, 1 BC,EH, 1. BC—FH_//EH,

Ma trong tam gidc ABC tryc tam H ta 6 HA = 2R|cos A| nén:

FH, 2Rum|cosBFD| — ‘CObBFD‘ BD|cotBFD|  ADcot B.cotC

EH: - 2R LOSCED‘ — ‘CO&BED CD LOIBED‘ AD‘COIC LOIB‘
sin

= FH, = EH,

Do d6 EFH,H, Ia hinh binh hanh, hay EH,.FH_cat nhau tai trung diém
moi dwong.

Twong tw suy ra DH, .EH,.FH,. dong quy tai trung diém moi duong.

Ménh dé 5:
Tam gidc ABC voi cdc dwong cao AD, BE, CF va truc tam H. I, J, K

la trung diém HA, HB, HC. I', J', K’ la déi xing ciia I, J, K qua EF, FD,

DE. Khi @6 AI', BJ’, CK’ dong quy.

Chitng minh:

Taco: IE=IA=1IH=IF= IEI'F la hinh thoi.

(ELEF) = (FE,FI) = (EF,EI') = (FI',FE)
(IE IF) T

)

_- et

T
g

{Fl [FA)=(FI,FE)+(FE,FA)==—A+C
0 dé:

A.

EA.EI')= (EA,EF)+ (EF,EI'):%-MB
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FI'.sin(FI',FA)

sin(AB.AI') _sin(AFAI') Al _sin(FI'FA) cos(A-C)

sin(AIAC) sin(AI'.'AE) EI'sin(EA,EI')  sin(EA.EI') cos(A-B)
AT

Tuong tu:

sin(BC,BJ') _cos(B—A) sin(CA,CK') _cos(C-B)

sin(BJ',BA) cos(B-C) sin(CK,CB) cos(C-A)

. sin(AB.Al') sin(BC,BJ") sin(CA,CK') : cos(A-C) cos(B—A) cos(C-B) _
sin(AI',AC) sin(BJ',BA) sin(CK',CB) cos(A—B) cos(B-C) cos(C—A)

Do d6 theo Ceva sin ta c6 Al', BJ', CK’ dong quy.

Ménh de 6:

Tam gide ABC voi cdc dwong cao AD, BE, CF. Goi
O0,,1,,0,,1,;, O, 1. la tdm dwong tron ngoai tiép va tam dwong tron néi
tiép cdc tam gidc AEF, BFD, CDE. Khi d6:0,1,, O,1,, O 1. dong quy 1qi
mét diém nam trén dwong tron Euler ciia tam gidc.

Ching minh:

Goi M, N, P Ia trung diém cdc canh tam giac.
Khi d6 O,,0,,0, la trung diem AH, BH, CH
va nam trén duong tron Euler ctia tam gidc.

Goi Ogl; MOl =T thi do hai tam giac DBF,

DEC dong dang nén:

(TO,.TO:) = (04150l ) = (BF.EC)
= (CE,BE)=(MO,,MO,) E

Do d6 T nam trén dwong tron Euler clia tam gidc.
Nén:
(TO,,TO,)=(PO,,PO, )=(BE,AD)=(AF,DB)=(0,1,,0,1,)
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Ttc 1a ba dwong thang O,1,.0,1,.0.1. dong quy tai T nam trén dwong tron

Euler cua tam giac.

Ménh dé 7:

Tam gidc ABC véi cdc dwong cao AD, BE, CF. Goi D', E', F’ ldn lwot
la diém doi ximg ctia D qua EF, E qua FD, F qua DE. Khi d6 AD’, BE', CF’
dong quy.

Ching minh: A
AN
Taics: o >
W . SE
D'F.sin(FD'.FA) //‘\//L 7N
sin(AB,AD') N sin(AF,AD") _ D'A 2 ¥ // .
sin(AD',AC) sin(AD,AE) D'E.sin(EA,ED') T% \hx:‘éjf\\\\
D'A E' ™ i/ \Wm
B D C

~ DFsin(FD',FA) DFbm[ (FD',FE)+(FE,FA)]
~ DEsin(EA.ED')  DE.sin[(EA,LF)+(ERED') |

DE.sin| (FE.FD)+(FE,FA)| DFsin(2C+C) DFEsin3C
DE.sin[ (CA.EF)+(ED.EF) | DEsin{B+2B) DEsin3B

Twong ty:

sin(BC,BE') _ED.sin3A sin(CA,CF') _ FE.sin3B
sin(BE'.BA)  EFsin3B 'sin(CF.CB) FD.sin3A

sin(AB,AD’) sin(BC,BE') sin(CA,CI") _ DEsin3C ED.sin3A FE.sin3B _
sin(AD',AC) sin(BE',BA} sin(CF,CB) DE, sin3B EF.sin3B FD.sin3A

Do d6 theo Ceva sin ta c6 diéu phai ching minh.

Téc gia cling da phat hién ra mot so két qua khac khi thay 3 duomg cao

thanh 3 dwong phén gidc trong, cu thé nhu sau:
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Ménh dé 8:

Tam gidc ABC vai cdc phan gidc trong AD, BE, CF. Goi D', E’, F™
lan lwot la diém doi xvmg ciia D qua EF, E qua FD, F qua DE. Khi dé AD’,
BE’, CF’ dong quy.

Ménh dé 9:

lTam gidc ABC vaoi cdac phan gidc trong AD, BE, CF. Goi D', £, F”
lan luot la diém doi xing ciia D qua trung diém EF, E qua trung diém FD,
F qua trung diém DE. Khi dé BE', CF’, EF df):ng quy tai T,; CF’, AD’, FD!
déng quy tai 1.5AD: BE , DE dong quy tai 1,. Ngoai ra DT,, ET,, F'T,

song song.

Viéc chung minh chi tiét cdc ménh dé nay xin danh cho ban doc!
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PUONG DOI TRUNG TRONG TAM GIAC

Trdn Duy Binh
THPT Chuyén Ha Nam

1.Dinh nghia:

Trong tam gidc ABC, dudng thang ddi xing véi duong trung tuyén AM
qua dudng phan giac trong AD goi 1a dudng ddi trung cia tam gidc ABC xuét
phat tir dinh A.

A

B S DM C

2.Mgt vai tinh chit ciia dwong dbi trung ‘
2.1.Buodng doi trung chia trong canh doi dién thanh nhiing phén ti 1¢ v6i binh
phuong céc canh ké.

SB AB?

SC ~ AC?

2.2 Puong d6i trung xuat phat tir mot dinh cua tam giac di qua giao diém cua hai
tiép tuyén vdoi duong tron ngoai ti€p cua tam giac tai hai dinh kia.
Chtrng minh:

N

D
Xét tam giadc ABC véi (O) 1a dudng tron ngoai tiép tam giac. Gia su tiép tuyén
tai B va C cat nhau tai D. Ta can ching minh AD la dudng ddi trung ciia tam
giac ABC.
That vay: Goi AM la duong thang ddi xtimg véi AD qua dudng phan giac trong
gbéc A, M thuoc BC. Khi do
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BM _ AMsinBAM sinACB _ sin BAM sin ACB
MC  AMsinCAM sinABC  sin CAM sin ABC
_SMCADSMABD__CDJ“)_l
sinACDsinBAD AD.BD ,
Suy ra M 1a trung diém BC, khi d6 AM la duong trung tuyéncua tam giac
ABC. Vay AD la duong dbi trung cua tam giac ABC.
2.3.Ba duong ddi trung ctia tam gidc dong quy tai mot diém.
2.4 Puong ddi trung xuat phat tir mot dinh ciia tam giac 1a quy tich cua nhiing
diém co ti s6 khoang cach dén hai canh ké cta tam giac ti 1€ thudn véi do dai cua
cac canh.
3. Vidu ap dung
Bai toan 1:
Cho tam gidc ABC, AD la duong d6i trung ( D thudc canh BC). Diém
M, N lan lugt ndm trén canh AB, AC sao cho DMB = ACB,DNC = ABC.
Chung minh ring DM = DN,

Loi gigi: D& thiay ADBM ~ AABC = DM = (DB.AC)/AB
ADCN ~ AABC = DN = (CD.AB)/AC

Suy ra
DM DB AC? 1
, DN  CD ABZ? @
Theo tinh chat 2.1 ta ¢
DC AC?
DB _ 4B? @)
Twr (1) va (20 suy ra DM = DN (dpcm).

Bai todan 2:

Cho tam giac ABC, AD 1a dudng d6i trung ( D thudc canh BC). E thudc
doan AD. Goi d; 1a dudong théng qua E cit canh AC, BC lan luot tai N,P sao cho
NPC = BAC. Goi d, 1a duong théng qua E cit canh AB, BC lan luot tai M.,Q
sao cho MQB = BAC. Ching minh QM = PN.
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N
M .
ey K
E
B pD a C
Loi gidi: Qua E ké IK// BC. Theo gia thiét c6: NPC = BAC va MQB =

BAC. Suy ra tam giac PEQ can tai E = QE =EP.
Mit khac, theo tinh chat cua duong ddi trung ap dung trong bai toan 1ta chimg
minh dugc EM = EN. Vay MQ =PN (dpcm).

Bai toin 3: Goi L 1a giao diém ba duong d6i trung ctia tam giac ABC. Tir L
ha ba duong vuong géc LP, LQ, LR xudng ba canh tam giac ABC. Chiing minh
L 1a trong tam tam giac PQR.

Loi giai:

Kéo dai RL mot doan sao cho LQ” =RL
Theo tinh chit24  LR/AB = LQ/AC hay LQ /AB = LQ/AC
hay QLQ" = BAC
Suy ra ALQ 'Q ~ AABC

Khi d6 LP // QQ , LP di trung diém RQ nén LP 13 trung tuyén xuat phat tir
dinh P cia tam giac PQR.Tuong tu LQ ciing 14 trung tuyén cta tam giac PQR.
Vay L 1a trong tdm tam gidc PQR.
Bai toan 4:

Cho tam giac ABC, M 1a diém bat ky. Goi H, I, K 13 hinh chiéu ctia M trén
BC, CA, AB. Tim vi tri M sao cho MH? + MI* + MK? nhé nhét.
Loi giai:

Ta c¢6 (a*+ b+ ¢*)( MH? + MI* + MK?) = (aMH+ bMI + cMK)*=
4.S(ABC).
suy ra MH? + MI” + MK* >4.S*(ABC)/ a*+ b*+ ¢*

Ping thirc khi M nam trong ABC va MH/a= MI/b =MK/c hay M 1a giao

diém cua ba dudng ddi trung.
Bai toan 5:

Cho tir gidc ABCD ndi tiép trong duong tron (O). Cac tiép tuyén véi (O)
tai A, C va BD dong quy tai S. Ching minh

SinASB _ AB* _ AD?
sinCSB AC% (D>
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Loi gidi: 7
Goi I 1a giao diém AC va BD.
SiNASB _ dt(ASI) Al
sinCSB ~ dt(CSI)  CI

Theo tinh chét 2.1
Al _AB* Al _AD?
i . CI ~ AC?’ CI ~ CD?
Suy ra dang thic can chiing minh.
Bai toan 6: (shortlist 2003)
Cho ba diém phan biét A, B, C theo tht ty ndm trén mot duong thang.
Goi (C) la duong tron luén di qua A, C ( AC khong la duong kinh ). P la giao
diém cua tiép tuyen cta (C) tai A va C. Gia st (C) cat doan PQ tai Q. Chung
minh ring giao diém cua duong phan giac goc AQC va dudng thing AC ¢b dinh
khi (C) thay doi.
Loi giai:
Theo 2.1 va2.2tacéd
BA AQ2 RA AQ
BC ~ Q2 ’RC QC
Suy ra
BA _ RA?
, BC RC2
Do d6 R c6 dinh.(dpcm)

Bai toan7: (Polan2000)

Cho tam giac ABC can tai C. P 13 diém nam trong tam giic sao cho
APM = PBC. Goi M trung diém AB. Chung minh CPB + APM = 180".
Loi gidi:

V& duodng tron (O) ngoai tiép tam giac ABC
Tu gia thiét ta c6 CB va AC 1a cac tiép tuyén cua duong tron (O).
CP d6i xtng PM qua phén giac goc APB.
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Kéo dai CP céit AB tai I, khi d6 BPI = MPA
Ma PBM + APC = [PA + APC= 180"
Suy ra CPB + APM=360°- (BPM + APC)= 180"  (dpcm).

Bai toan 8:(VN-TST 2001)

Trong mat phang cho hai duong tron cit nhau tai hai diém A, B. Goi PT la
mot tiép tuyén chung cia hai duong tron do( P, T la tiép diém). Cac tiép tuyen
tai P, T ctia dudng tron ngoai tiép tam gidc APT cat nhau tai S. Goi H 1a diém
d6i xtig ctia B qua PT. Ching minh A, S, H thang hang.

Loi gigi: Ta ¢6 BPT = PAB, BTP = BAT = PBT + PAT = 180"

Suy ra PHT + PAT=180"= Tu giac APHT ndi tiép duoc.

Khi d6 TAH = TPH = BPT = PAB, do d6 PH dbi xting voi AB qua phén giac
ctia PAT. Gia st AB cat PT tai I, suy ra I 14 trung diém PT. Suy ra AS ddi xting
v6i Al qua dudng phan giac goc PAT. Vay A, H, S thiang hang.

4.Bai tap twong tuw

Bai 1: (USA-TST-2007) Cho tam gidc ABC néi tiép trong dudng tron (O).
Tiép tuyén ciia (O) tai B,C cat nhau tai T.GoiS la diém thudc dudng thang BC
sao cho AS vudng goc voi AT. By, C; nam trén ST (C, ndm giita B; va S) sao
cho B;T = BT = C,T. Ching minh ring tam gidc ABC dong dang tam giac
AB,C.

Bai 2: (USA 2008) Cho tam giac ABC nhon, khong déu. Goi M,N,P lan
luot 1a trung dlem cua BC, CA, AB. Duong trung tryc cua AB va AC cit AM tai
D va E. BD cit CE tai F nam trong tam gidc ABC. Ching minh A, N, F, P ndm
trén mgt duong tron.

Bai 3: Tir mot diém S ¢ ngoai duong tron tim O, ban kinh R vé& hai tiép
tuyén ST, ST va cat tuyén SAB t6i dudng tron. Pudng thing ké tir A, vudng
gbe v6i OT cit TT va TB tai C va D. Chimg minh AC = CD.
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5. Tai liéu tham khao.

1. Yufei Zhao, Lemmas in Euclidean Geometry.

2.Andreescu, T. ; Feng, Z,. 103 Trigonomerty Problems from the Training of the
USA IMO Tem, Birkhauser, 2004.

3.Nguyén Vin Ban-Hoang Chung, Hinh hoc ciia tam giac.

4 Nguyén Tudng, Chung quang dudng trung tuyén.
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UNG DUNG CUA PHEP NGHICH PAO
TREN MAT PHANG

Nghiém Thi Phuwong Thdo
Trwomg THPT chuyén Nguyen Trai - Hai Duwong

Trong bai viét ndy , t6i s& trinh bay cac kién thirc co ban vé phép nghich
dao va viéc ap dung phép nghich dao vao giai mot sb bai toan hinh hoc phéng.

A.NHAC LAILY THUYET CO BAN

I. Dinh nghia

- Cho trude mét diém O va sé thuc k #0, véi méi diém M khéc O ta dung diém
M’ trén duong thcfng OM sao cho OM.OM'=k,, khi d6 ta néi M' la danh cia M
trong phép nghich dao tim O, phwong tich k ( hodc hé sé k). Ki hiéu
Loy M —>M.

- Cho mét hinh F. Tdp hop danh cia moi diém thuéc F qua phép nghich ddo tim
O, hé 56 k lap thanh mot hinh  F goi la anh cua hinh F. Vay Loy F— F.

II. Tinh chit

Cho phép nghich dao 1,,,, k#0.

1. Phép 1, la phép bién doi I- 1.
2. Phép 1,1, laphép bién d6i dong nhat.
4
OA.OB
4. Anh ciia 1 dwong thang d di qua tam nghich dao chinh la d
5. Anh ciia 1 dwong thang d khéng di qua tém nghich dao la 1 dwong tron di
qua tam nghich dao.
CM:

3. Néu I, :A—>A,B—>B thi AB =1A4AB vdi 1=

Tir O ha OH Ld. Xét 1 phép nghich do tm O bién H thanh £, va 1 diém M
bat ki trén d thanh diém A .
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Vi OM.OM'=0OH.OH'= AOHM ~AOM'H'= H'M'1LOM', suy ra M' nam trén
duong tron duong kinh O H'.

Nguoc lai véi M bat ki trén dudng tron dudng kinh O H',duong thang O M ' cit
d tai M thi dé dang suy ra M 1 4nh cta M ' qua phép nghich dao tam O noi trén.
Vay phép nghich dao tdm O bién dudng thang d thanh dudng tron duong kinh O
H.

6. Anh ciia 1 dwong tron (C) di qua tam nghich dao O la I duong thang d khéng
di qua O va dwong thang d6 song song véi tiép tuyén cua (C) tai O.

7. Anh cia 1 dwong tron (C) khéng di qua tam nghich ddo O la 1 dwong tron
(C') - la anh ciia (C) qua phép vi tie tam O ti s6 A _k__k :

p PO/(C)
8.Phép nghich ddo bién 2 dwong tron ( hodc dwong tron va dwong thang ) tiép
xiic voi nhau thanh 2 dwong tron tiép xiic véi nhau, hodc thanh 1 dwong tron va
1 dwong thang tiép xiic véi nhau, hodc thanh 1 c¢dp dwong thang song song.
Chtrng minh TC8:
- Néu tiép diém khong tring v6i tim nghich dao thi qua phép nghich dao cac
duong tron d6 (hodc duong tron va duong thang d6 ) van chi c6 1 diém chung ,
vy chung van tiép xuc véi nhau.
- Néu 2 duong tron tdm I, J tiép xtic v6i nhau tai diém O thi qua phép nghich
dao tam O chung bién thanh cip duong thang song song v4i nhau vi ciing song
song vai tiép tuyén chung tai O ciia 2 dudng tron di
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@ @O

Cubi cung néu duong théng | tiép xtic v6i dudng tron tam I tai O thi qua phep
nghich ddo tam O duong thang 1 b1en thanh chinh n6 con dudng tron bién thanh
duong thang song song véi tiép tuyén tai O ctia né tirc song song voi 1.

B. UNG DUNG CUA PHEP NGHICH PAO

1. X4ac dinh anh cua 1 diém, 1 hinh qua phép nghich dio

BT1. Qua cic diém A va B ciia duong tron (O, R) ke cac duong tiép tuyén cat
nhau tai diém C. Piém D la trung diém cua doan thang AB. Chimg minh rang
phép nghich dao tam O, hé sé R* bién C thanh D.

LG:

Ta c6 OA = OB, CA = CB nén CO Ia trung truc cia AB, suy ra CO di qua trung
diém D ctia AB va CO 1L AB=D.
Trong tam giac vudng OAC ta c6 R*=04’ =0D.OC suy ra dpcm.
BT2. Cho duong tron (O) va diém M nam ngodi (O). Tir M ké tiép tuyén MT téi
(0) vé6i T la tiép diém. Ching minh rang phép nghich ddo tim M hé sé6 k =
MT? bién (O) thanh chinh né.
LG:

Trén duong tron (O) ldy 1 diém A bat ki khac T. Goi 4 1a giao diém thtr 2
cta dudng thing AM vdi (O).
Taco Py, =MT> = MAMA =1 A AT >T=1

(O,k:MTz) : (0 k=MT? )

H(0)~(0).
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BT3. Cho dwong tron (O, R) va duwong tron (C) truc giao voi no .Chung minh
rang pheép nghich dao I(O #) bién (C) thanh chinh no.

LG:

Vi (C) va (0, R) 1a 2 duong tron tryc giao nén OA 14 tiép tuyén tai A cua (C).
Lay M 1a 1 diém bat ki trén (C) . Pudng thang OM cat (C) tai M’. Ta co
P, =04=0MOM' nén OMOM'=R® suy ra M’ la anh cia M qua phép
nghich dao I(O v Vay anh cua (C) qua phép nghich d4o nay la chinh no.

BT4. Cho nira duwong tron dwong kinh AB, tam O, ban kinh R. Hai day cung AC
va BD ciia nita dwong tron cdt nhau tai M. Chitng minh rang phép nghich ddo
tam I hé s6 R* bién dwong tron di qua 3 diém M, C. D thanh chinh né .

LG:

Goi giao diém cua AD va BC 1a N. Ta ¢c6 £4DB=/4CB=90° nén M, N, C, D
nam trén duong tron duong kinh MN hay N thudc duong tron di qua 3 diém M,
C, D (ki hi¢u (MCD)).

Mit khic ZDNM = /DCM = /DCA=/DBO=/0DM = OD la tiép tuyén cua
duong tron (MCD). Tuong ty ciing ¢6 OC 14 tiép tuyén cua (MCD).

N
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Gia st phép nghich dao tam O hé s6 R* bién dudng tron (MCD) khong di qua
tam nghich ddo thanh duong tron (C). Khi d6 (C) 1a anh ctia duong tron (MCD)
2
qua phép vi tu tim O, ti s6 1= k :R—Z:I,, suy ra (C) trung véi (MCD).
0/(MCD) OD
Vay phép nghich dao néi trén bién dudng tron (MCD) thanh chinh né.
BTS. Cho tam giac ABC va mot dwong tron (1) noi tié}? trong tam gidc do. Ta
ki hiéu H la chan dwong cao tam gidc ha tir 4, D la tiép diém cia BCva (1), K
la tiép diém ciia BC véi dwong tron bang tlep cua tam gidac thugc goc BAC, M la
trung diém cia canh BC. Chimg minh rang phép nghich ddo tim M hé sé
k = MD?, bién ( 1) thanh chinh no, dwong tron Ole cua tam giac ABC thanh 1
dwong thang d tiép xiic véi (I ).
LG:

°J
Goi N 1a giao diém cua tia AI voi canh BC, J 1 tam duong tron bang tiép tiép
xtc voi BC tai K. Cac diém A va N chia diéu hoa doan 1J, do d6 cac diém H, N
chia diéu hoa doan DK. Vi M ciing 1a trung diém ctia DK nén ta c6 hé thirc
MD* = MN.MH =k (1).
Phép nghich dao tam M, hé sé k bién duong tron (I) khong di qua tim nghich
dao thanh 1 duong tron (I) — 13 anh cta (I) qua phép vi ty tim M ti s 1=-2.
Suy ra duong tron (I’) trung (I) hay phép nghich dao trén bién dudng tron (I)
thanh chinh no.
Tir (1) ta suy ra phép nghich dao tim M, hé sb k bién H thanh N, do d6 bién
duong tron Ole di qua H va M thanh mot duong thang d di qua N.
Goi d’ 1a tiép tuyén cua duong tron Ole tai M, khi d6 d’ // d.
Ta con phai chimg minh d tiép xtc voi (I). Phép vi tw v6i tdm 14 trong tim G cua
tam giac ABC, hé sb vi ty A =-2 bién 3 trung diém 3 canh BC, CA, AB thanh 3
diém A, B, C, do d6 bién duong tron Ole thanh dudng tron ngoai tiép tam giac
ABC; bién d’ di qua M thanh duong thang x di qua A song song voi d’, do do6 x
//d . Ciing c6 x 14 tiép tuyén véi duong tron ngoai tiép tam giac ABC.
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A A

VAy  /xAB=/ACB,/ANd = ZxAN = /xAB +§ = ZANd = 6+§ —ZANH suy rta

khoang cach tir I toi d bang ID hay bang ban kinh duong tron (I) va d tiép xuc
v6i duong tron (I).

2. Tinh cac dai lwgng hinh hoc
BT6. Cho 2 duong tron (O, R) va (O’,R’) c6 OO’= a > 0. Goi (O,,R)) la anh

cua (O, R) trong phép nghich dao I(O,R,z), (0,,R,) la anh cua (O',R") trong phép

nghich dao I(O v Tinh R,R, theo R, R’, a.

LG:

Theo tinh chat 7 duong tron (O,,R) la anh cua duong tron (O, R) trong phép vi
R|2 R|2 R|2

tutam O, ti sO 4 = o = ‘0'02 —Rz‘ = ‘az —Rz‘ . Tur @6 ta co

12
R =|A|R= \a2R—R2\'R

2
BT7. Cho duong tron (O, r) néi tiép tir giac ABCD tiép xiic véi AB, BC, CD, DA
theo thir ty tai cic diéem M, N, P, O . Biét rang tir gidc ABCD ni tiép trong
duwong tron ban kinh R va khodng cach giita 2 tam dwong tron bang a. Tinh tong
MP* + NQ* theo r, R.

LG:

Goi x la ban kinh duong tron ngoai tiép ABCD,, suy ra
P>+ NO* = 4a” +4b”> =16x" (*).

Goi dudng tron ngoai tiép tir gidc ABCD, 4B,C,D, lan luot 1a (0,R),(0,",x) .Khi

do (0,'x) la anh cta (0, R) qua phép vi ty tam O, ti 50

Tuong tu nhu vy tacod R, =

72 7 7’ Rr? . ,
/I=P ST, T R2:x=|/l|R=2—R2.Thayvao(*)taco
0/(0,.R) 1T a - a -
2 4
P+ NQ* 16—

(a-r7)
Chu y a c¢6 thé biéu thi qua R va r. That vay , goi A’, B’ 1a giao ciia OA, OC va
dudng tron ngoai ti€p tur giéc ABCD. Tacé :
OA.OA’=0C.0C’ =R’ -
- . __r 2ﬁ - 2C

OA = . A,OC— . C,sm 2+s1n 5 =1

Sin — sin —

2 2

153



TAP SAN TOAN HQC 2009 - NAM PINH ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

. 2 A C
Caa ! 1 sin By sin® —
ma 4+C=180"nén —+—==—5=+ =— (1)

o4 oc r r )
Goi I 1a trung diém A’C’, suy ra I 1a tam du:orng tron ngoai ti€p tir gidc ABCD.
Xét tam gidc OA’C’ voi trung tuyén Ol ta cé

12
oa”+0c” =200 + L _r0r 2R =2(a’+R*) (2)
2 a2
Mait khac 04'= ,0C'=
. 1 1 Z(ar2 +R2)
Thay (3) vao (2) ta co + = 4)

04 0C* (R -_g)
Tu (1), (4) suy ra
(R-a*) =27 (R +d*) & a' ~2(R* +72)a* + R ~2R** =0

Vay c6 thé tinh a theo R, r.
3. Ching minh 3 diém thiang hang ,4 diém cung nim trén 1 dwong tron
BT8. Cho tam giac ABC khong cdn . Duong tron tam( 1, r) ngi tié’p tam gidc
tiép xiic véi cdc canh BC, CA, AB tai A’, B’, C". Chung minh rang tam cac
dwong tron ngoaqi tiép cdc tam gidc AIA’ BIB CIC’ thang hang.
LG

Gid st IANB'C'=A"IBNA'C'=B"ICNA'B'=C".

Trong tam gidc vudng IAC’ c6 r* = IC" = I4".I14 nén phép nghich ddo tam I, h¢
sO > bién A thanh A”’. Tuong tu ¢

I(Hz):B—>B",C—)C",A'—)A',B'—)B',C'—)C

Suy ra phép nghich dao nay bién dudng tron ngoai tiép cic tam gidc
AIA',BIB',CIC" thanh céc duodng thang 4'4",B'B",C'C". Ma 3 dudng thang nay
la cac duong trung tuyén cta tam gidc 4'B'C' nén chung dong quy.

e

Tir d6 suy ra 3 dudng tron ngoai tiép cac tam gidc AI4',BIB',CIC'cH 1 diém
chung thir 2 12 J. Vay mdi dudng ndi tAm cua 2 trong 3 duong tron trén déu
vuong goc voi 1J tire 3 tdm thang hang .
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BT9.Cho tam giac ABC tryc tam H. Tur A ké to1 duong tron duong kinh BC 2
tiep tuyén AE, AF v6i E, F 1a 2 tiép diém . Chirng minh rang E, F, H thang hang.
LG:

Vi P, =AE*=AB.AC = AH.A4 nén phép nghich ddo
1 E—>EF—>F H—>A'

(4.4£7)
Ma E, F, A, A’ nam trén duong tron duong kinh AO hay E, F, A’ thufc 1

duong tron di qua tdm nghich ddo nén dnh ctia nd qua phép nghich déo trén 1a 1

duong thang. Tir d6 suy ra E, F, H thang hang.

BT10. Cho tam gidc ABC khéng cin. Puong tron (I, r) ndi tiép tam gidc tiép

xuc voi cac canh BC, CA, AB tai 4',B',C' . Goi giao diém cia cdc cap duong

thcfng BCva B'C': CAva C'A'; ABva A'B' lan luot la M, N, E. Churng minh

rang M , N, E thang hang.

LG:

TacdO C'4=B'4,C'B=A'B,A'C=B'C= ¢4 4B BC

. : =1 nén theo dinh li Xéva
C'B A'C B'A

cO AA'BB',CC' déng qui tai P.

Do B'C' la tryc dang phuong ciia dudng tron duong kinh IA va duong tron (I);
BC 1a truc dang phuong cua dudng tron dudng kinh 74' va dudng tron (I) nén M
thudc truc dang phuong cua 2 dudng tron duong kinh IA, 14'. Goi M' 1a giao
diém thir 2 ctia 2 duong tron ndy ta s& co6 M nam trén duong thang v .

Lai ¢0 IM'LIAIM'LIA'= A,M' A" thing hang va IM'LAA'. Vay
IM'LM'P= M" thugc dudng tron duong kinh IP.
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\C

Trong tam gidc vudng I4'M tacd r*>=14" = IM.IM'. Tu d6 phép nghich ddo tdm
I, hé sb ~* bién M' thanh M.

Lam tuong tu ta cling ¢6 cac diém N',E' , chiing cing thudc dudng tron dudong
kinh IP va phép nghich dao trén ciing bién N',E' twong ting thanh N, E.

Vi M N' E' thugc dudng tron di qua tdm nghich ddo nén anh ctia chuing M, N,
E thudc 1 duong théng

Hai bai tdp 9, 10 déu sir dung 1 phirong phap dé chimg minh 3 diém thang

hang . P6 la chitng minh ching la dnh cia 3 diém ciing nam trén 1 dwong tron (
di qua tam nghich dao ) qua I phép nghich dao ndo do. Con dé chimg minh 4
diém ciing nam trén 1 dwong tron ta chitng minh ching la anh cia 4 diém nam
trén 1 dwong tron khong di qua tam nghich dao hodc 3 trong 4 diém nay la anh
ciia 3 diém thang hang qua 1 phép nghich dao vdi tam chinh la diém con lqi.
Tém lai phan nay ta sit dung cdc tinh chdt 4, 5, 6, 7 vé dnh cua 1 dwong thang, 1
duong tron qua phép nghich dao.

BT11. Trén matphang cho 1 s6 hitu han diém trong do khong co 3 diém ndo
thang hang. Biét rang moi duwong tron di qua 3 diém da cho bat ki chira thém 1
diém da cho nita. Chitng minh rang khi dé tdt ca cdac diém da cho cing nam trén
1 dwong tron.
LG:
Gia str A 1a 1 diém trong s6 cac diém da cho. Qua phép nghich dao tam A, cac
duong tron di qua A bién thanh cac duong thang. Do d6 tip M bao gom cac anh
qua phép nghich dao d6 cua tit ca cac diém da cho trir A c6 tinh chat 1 1 duong
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thang da di qua 2 diém cua tap M thi s€ chira thém 1 diém nita cta tap M. Tir d6
suy ra tit ca cac diém cua tdp M nam trén 1 duong thang Qua phep nghich dao
tam A dudng thang d6 bién thanh dudng tron chira tat ca cac dlem da cho.

BT12. Cho tam gidc ABC khéng cin va dwong tron (I, r) néi tiép tam gidc tiép
xiic véi cac canh BC, CA, AB tai 4',B',C'. Goi P la giao diém thit 2 ciia 2 dwong
tron dwong kinh IA, 14'. Q la giao diém cua 2 dwong tron dwong kinh IB, IB'. K
la giao diém cua 2 dwong tron dwong kinh IC, IC'. Chitng minh rang P, O, K, I
cung nam trén 1 dwong tron.

LG:

C

Ta c6 phép nghich déo tdm I, hé s6 > bién 4' thanh 4' nén nod bién dudng
thang BC thanh dudng tron dudng kinh O 4'. Lai c6 phép nghich dao nay bién
A" thanh A nén bién dudng thang B'C' thanh dudng tron duong kinh OA. Vay
phép nghich dao I(”z) bién P'=BCAB'C' thanh giao diém thir hai P cia 2

duong tron duong kinh OA, 04'.

Tuong tu goi Q'=ACNA'C K'=ABN A'B' thi 1( o) 0'>0,K'>K.

Ma theo bai 6 ta c6 P,Q' K" thang hang P,Q, K nam trén 1 dudng tron di qua
tdm nghich dao .Vay I, P, Q, K nam trén 1 duong tron.

BT13. Cho 4 dwong tron cung di qua 1 diém P nhung khong c6 dwong tron ndo
chira trong dwong tron nao. Hai duong tron cing tlep xiic voi dwong thang I tai
P con 2 dwong tron kia cung tiép xic voi duong thang m tai P. Cac giao dzem
khac cua 4 duong tron nay la A, B, C, D. Chitrng minh rang A, B, C, D cung nam
trén 1 duwong tron <1 Lm.

LG:

157



TAP SAN TOAN HQC 2009 - NAM PINH ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

Ta c6 phép nghich dao tim P bién mdi dudng thing 1, m thanh chinh no; bién
cac duong tron (O), (0'),(7),(I') twong g thanh cac dudng thang p, q, , s. Khi
dé pligllL,r|s|lm va phép nghich ddo nay s€ bién giao diém thir 2 13 P cua 2
duong tron (0) , (I) thanh giao diém 4' cta 2 dudng thang p, r. Tuong tu phép
nghich dao bién B, C, D twong tng thanh B',C',D".

D@ thay tir gisc 4'B'C'D'la hinh binh hanh. Tir d6 t giac ABCD ndi tiép duoc
khi va chi khi hinh binh hanh 4'B'C'D' ndi tiép dugc ( vi phép nghich dao bién
1 dudng tron khong di qua tam nghich ddo thanh 1 duong tron) hay 4'B'C'D' 1a
hinh chir nhat toc / Lm.

BT14.

a. Cho tam giac ABC. Trén cdc duong thang AB, BC, CA4 ldy cdc diém P, Q, R
tuong ung. Chu’ng minh rang cac dwong tron ngogqi tlep cua tam giac APR,
BPQ, COR dong quy tai mét diém.

b. Cho 4 dwong tron S,,S,,S,,S,. Gid sit S,,S, cat nhau tai A,4,; S,,S, cdt nhau
tai B,,B,; S,,S, cdt nhau tai C,,C,; S,,S, cdt nhau D,,D,. Chimg minh rang néu
cdc diém A,B,,C,,D, nam trén 1 dwong tron S ( hodc dwong thang) thi cac diém
4,,B,,C,, D, ciing nam trén 1 dwong tron ( hodc dwong thang.

LG:

a. Gia st M 1a giao diém cta cac dudng tron ngoai tiép cia cac tam giac APR va
BPQ, khac véi diem P. Khi do
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ZOMR =360° - ZQOMP— /PMR =180° — ZOMP +180° — ZPMR = ZBAC + ZABC =180" — ZACB
suy ra M nam trén duong tron ngoai tiép tam giac CRQ.

b. Xét qua phép nghich ddo vé1 tdim 4.Goi anh cua 4,B,.C,D,,4,,B,,C,,D,
tvong ung 1a 4, B',C’,D’, 4., B.,C.,D;. Khi d6 cac duong tron S,,5,,S bién thanh

cac duong thang 4A.D;,B'A,D B, cac duong tron S,,S, bién thanh cac duong
tron §°,,S°, ngoai tiép quanh cac tam giac B.C’B,C'D;D;. Dung dudng tron di

qua cac giao diém B.,D:, 4. Nhu vay cac diém 4,B.,C,D. cung nam trén 1
duong tron. Suy ra cac diém 4,,B,,C,,D, cung nam trén 1 dudng tron hodc 1
duong thang.

BT1S. Cadc canh cua ngii giac 16i ABCDE duwoc kéo ddi sao cho tao thanh hinh
sao 5 cinh AHBKCLDMEN. Quanh cdc tam gidc canh sao ngogi tiép cdc
dwong tron. Chitng minh rang 5 giao diém ciia cdc dwong tron dé khic A, B, C,
D, E ciing nam trén 1 dwong tron.

LG:

Bé dé 1: Cho tir giac EFDC. A la giao diém cta DF va CE; B la giao diém cua
EF va CD. Ching minh rang cac duong tron ngoai tiép cac tam gidc AEF, BCE,
BFD, ADC cung di qua 1 diém.

BG dé 2: BT14b

Vao bai: Gia st P, Q, R, S, T 13 cac giao diém cua cac dudng tron S, S,,5,,S,, S,
n6i & dé bai. Ta chirng minh chéng han P, Q, R, S cung nam trén 1 duodng tron.
Dung dudng tron = ngoai tiép tam gidc NKD
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Ap dung bd @& 1 cho cac tr gisc AKDE, BNDC ta dugc cac dudng tron S,,S.,
> cit nhau tai 1 diém P va cac du:(‘mg tron S2,S3,Z cit nhau tai 1 diém S, suy ra
> di qua P, S. Bay gio luu y rang trong s6 8 giao diém cua cac du:orng tron
S.S,,5.,% ¢o 4 diém N, A, B, K thang hang, suy ra theo bd dé 2 thi 4 diém con

lai P, Q, R, S cung nam trén 1 duong tfon. ,
BT16. Cho tam giac ABC. Puong thang d cat 3 canh BC, CA, AB tai A',B',C".
Mla 1 diém nam trong tam gidc ABC va khong nam trén duwong thang d. Céc
duong thang MA, MB, MC cat d tai M, ,M,,M_ .Chung minh rang cac duong
tron ngoai tiép cdc tam gidc MM A' MM ,B' .MM C' dong quy.
LG:
Xet phép nghich dao 7, ,:4'> X
B'>»Y

C'—>Z

M,—>M,

M,—>M,

M, > M,
Vi 4,B',C'\M ,,M,,M, théng hang nén X, Y, Z, MM, M, nam trén 1 duong
tron di qua M.
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Lai c6 phép nghich ddo noi trén bién cac dudng tron ngoai tiép tam giac
MM A',MM,B'\MM C' tuong ung thanh cac dudng thang XM, YM,,ZM .
Vay dé co didu phai ching minh ta can chtng minh xa°,vM,zM* ddng quy. Sir
dung dinh 1i Ménénauyt trong tam gidc ABC, MAB, MAC ta c6
Xz YM. MM, A'C' MM, MC'
XY MM MZ AB B'M. MM,
Vay suy ra dpcm.
4. Sir dung tinh chat 8
BT17. Cho 4 dwong tron ma moz duong tron tiép xiic ngoai voi 2 dwong tron

khdc. Ching minh rang cdc tiép diém A, B, C, D ciing nam trén mét dwong tron.
LG:

Xét qua phép nghich ddo tdm A. Goi anh cua A, B, C, D tuong ung la
A'B'.C',D'.

Khi d6 cac dudng tron di cho bién thanh mot cip duong thang song song va 2
duong tron tiép xuc véi nhau . Dé chirng minh 4 diém A, B, C, D nim trén 1
duong tron hay duong tron qua 3 diém B, C, D di qua tdm nghich dao ta s&
ching minh 3 diém B',C',D' thing hang.

That vay, gia st K, L 1a cac tdm cua cac duong tron. Khido L, ¢', K théng hang
vi 2 dudng tron tam K, L tiép xtc véi nhau; LB'||KD' vi chiing cing vudng goc
v6i cac dudng thang song song, do d6 ZLB'C'=«KkD'C'. Tu db
ZLC'B'=/KC'D' suy ra B',C',D' thang hang.

BT18. Cho tam gidc ABC ¢6 chu vi 2p cho trude. Cac diém E, F nam trén
dwong thang AB sao cho CE = CF = p. Chitng minh rang dwong tron bang tiép
(k) tng véi canh AB cua tam gidc ABC tiép xuc v6i duong tron ngoai tiép (k)
cua tam giac CEF.

LG:

Goi P, Q 1a tiép diém clia (k) véi CA, CB . Khi d6 tacé CP=CQ =p =CE =
CF suyra 4 diém P, Q, E, F cung nam trén 1 duong tron tdm C ban kinh p.

Xét phép nghichddo 1 ,:P—>P

(c.r?)
0-0
E—>FE
F—>F
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nén I(c,pz) (k) (k)

(k)—> 4B
Ma AB tiép xtic v6i duong tron (k,)nén (k) tiép xtic voi (k).

P Q

BT19. Cho duong tron tam O. Dung 2 duong tron (0,),(0,) tiép xiic ngodi véi
nhau tai S va tiép xiic trong véi (0). Tiép tuyén chung ngodi ciia (0),(0,) cat
(0) ¢ B, C. Tiép tuyé’n‘chung trong ciia chiing cdt (0) 0 A va A cung phia S doi
voi BC. Chung minh rang S la tam dwong tron noi tiep tam giac ABC.

LG:

+ Goi giao diém thir hai cia dudng thang AS véi (0) la K.

+ Xét phép nghich dao tam K, h¢ s6 kS :

Vi duong tron (0,) khong di qua tdm nghich dao nén anh cua né 1a 1 dudng tron
(0) va (0) ciing 1a anh ciia (0) qua phép vi ty tAm K ti s6
KS® KS?

A= ==2 o 0)=(0).
sy (0)=(@)

Tuong ty ta cling c6 anh cua duong tron (O,) qua phép nghich dao trén 1a chinh

no.

Taco 1
K,

(kK5 :(0))—>(0)

(0,)—>(0,)
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BC—(0)

ma BC tiép xtc v6i (0,).(0,) nén (0) tiép xtc voi (0,).(0,) lai c6 (0)di qua
tam nghich déo K suy ra (0') trang véi (O).
Vay phép nghich dao trén bién dudng thang BC thanh duong tron (O) ma K, B,
C nam trén (O) nén phép nghich dao bién mdi d1em B, C thanh chinh no6. T do
co KB=KC=KS hay S 1a tAm duong tron ndi tiép tam giac ABC.
5. Tim tap hop diém ( hay gii bai toan quy tich)

Gid sir phai tim quy tich cdc diém M. Phwong phdp trong phan nay la ta chon
1 phép nghich dao xdc dinh dé bién M thanh M’. Sau dé tim quy tich M’ nhw 1
bai toan qui tich hoan chinh. Gia sw quy tich M’ la hinh (H’). Sau do qua phép
nghich ddo nguegc ciia phép nghich ddo trén (H’) bién thanh (H), chinh la quy
tich cia M.
BT20. Cho 2 dwong tron (O, R) va (O’, R’) nam ngoadi nhau. Trén dwong tron
(O) lay diém M . Tir M ké t6i duwong tron thir hai hai tiép tuyén MA, MB véi A, B
la tiép diém . Goi H la giao diém ciia AB va MO’. Tim tdp hop diéem H khi M
thay doi trén (O).
LG:

Chtng minh giéng BT1 ta c6 phép nghich dao tam O’, h¢ s& R bién M thanh
H, ma M chay trén duong tron (O) nén tap hop diém H Ia anh ctia dudng tron
(O) qua phép nghich ddo trén, tirc 1a 1 duong tron (S) — 1a anh cua (O) qua phép
R"” R

Py 00 -R

BT21. Cho duong tron (O, R) va diém c6 dinh M khéng tring voi tam O va
khéng nam trén duong tron (O, R). Mgt duong thang d di qua M cat dwong tron
dd cho tai hai diém A, B. Goi C la giao diém cdc tiép tuyén ciia dwong tron da
cho tai A va B. Tim tdp hop diém C khi d bién thién.

LG:

vitu tim O’, ti s6 1 =
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Goi H 1a giao diém ctua OC va AB, khi d6 OH.OC = R*. Phép nghich dao Do)

bién H thanh C. Vi H nidm trén dudng tron dudng kinh MO nén anh cia duong
tron d6 trong phép nghich dao nay 1a duong thang A di qua C. Goi H,,H, 1a cac
giao diém cua 2 dudng tron (O) va dudong tron duong kinh OM. D@ thdy H,,H,
bién thanh chinh n6 qua phép nghich déo trén, suy ra H,H,=A.

BT22. Cho (C) la dwong tron tim O ban kinh R. Hai dwong thang c¢é dinh d, d’
vuéng géc véi nhau tai O. Piém M chay trén (C). Tiép tuyén cua (C) tai M cdt d,
d’ tai A, B. Truc dang phwong ciia (C) va (OAB) cdtd, d’ tai C, D. Tim quy tich
trung diém N ciia CD.

LG:
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Xét phép nghich dao I(O %) bién mdi diém E, F thanh chinh nd nén bién duong

tron (OAB) thanh duong thang CD

Do do I(O %) :A—>C,B— D, suy ra OM di qua trung diém N cua CD.

Kéo dai OM cit (OAB) tai M”. Vi AB 1a dudng kinh ctia duong tron (OAB) nén

2
OM = MM’ va 1(()R2):M'—>N:>0N.0M'=R2 :ON,OM=R7.

Xét phép nghich déao I[ REJ :M — N ma M chay trén (C) nén quy tich N 1a duong
7

tron (C’) 1a anh cua (C) qua phép nghich ddo nay. B6 chinh 1a duong tron (O, g
) 7 ,
BT 23. Trén mat phang cho tam giac ABC noi tiep dwong tron tam O. Gia su M
la mot diém khong nam trén (0), MA, MB, MC cdt (O) lan lwottai A, B’, C’.
Sype  MA'MB'MC'
S sc  MAMBMC
b) Tim tdp hop cdc diém M sao cho A4'B'C' vudng.
LG:
a) Ta c6 B, = MAMA'= MB.MB'= MC.MC'=k
Xet phep nghich dao 1, : 4> 4'
B— B
c->C'
) (0)—(0)
Theo tinh chat cua phép nghich ddo ta cé

a) Chitng minh rdang : véi M ¢ trong (O) ta cé
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S L <7 B
“MAMB™T T MBMC'T T MAMC
Mt khac lai ¢ S, =%2Swo _A'B' .B4I(; C'a

_ Supe _A'BLB'CICA )

S e AB.BC.CA

Thay (1) vao (2) ta c6 dpcm.

b) Gid st A4'B'C' vudng tai A’ thi AOPQ 4'B'1 A'C' nén B’C’ di qua O suy ra
B’C” tryc giao voi (O). Qua phép nghich dao nhu trén (O) bién than (O), dudng
thawnge B’C’ bién thanh duong tron (MBC), Tir 46 (MBC) truc giao véi (O).
Vay qui tich cia M 1a dudng tron truc giao voi (O) va di qua B, C.

Twong tu néu A4'B'C' vudng tai B’

6. Mt s6 bai toan khac

BT24. Ta goi ti s6 kép ciia cic diém A, B, C, D trén mdt phang la so A—g z—g
Chitng minh ti s6 kép khéng déi qua phép nghich dao.
LG:
Gia s O la tam nghich ddo. Xét phép nghich ddo tam O, hé s6 1, ta co anh cua
A, B, C,D tuong ng la A’, B>, C’, D’. Tr d6 ¢o

AC BC AD _ BD

040B’~ ~  0BOC’~ ~ 040D’ ~  OBOD
_AC' A'D'_AC _AD
B'C' B'D' BC BD
BT 25. Gid sit A A,..A la n — gidc déu. M la diém bdt ki trén cung AA, cia
dirong tron ngoqi tiép da gidc, d, = MA . Chitng minh rang
1)1+1+...+1=1
d1d2 d 2 d3 dn—ldn dndl

2) Néunléthid+d, +..+d =d,+d,+..+d
LG:
1)Gia sir d6 dai canh cua n — giac déu bang a. Qua phép nghich dao tim M, hé
s0 1, cac dinh A4,4,,..4 twong Ung bién thanh cac diém thing hang
A" 4", A "; va dudng tron ngoai tiép n — giac bién thanh duong thang 4" 4 '.

A4, _ a
MA MAk+1 dk'dk+1

Tacd A" A'=A4A4,+A4,4,+..+4_ 4. Nhung 44, = , Vay suy

ra dpem. o

2) Néun l¢, datb = 44,=4,4 ,=..= 4 4,. Khi d6 sau khi biéu dién do dai cua
cac doan théng trong cac dang thuec:

AA=AAd+AA;. ;4 A" =4 'A '+ A 'AGA "A'=A4"'4'-A "
qua a, b, d, ta dugc

BA'A'=A"4'-4"'4",

nl’
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b :a[ b1 j,wchn—z
dk'dk+2 dk'dk+1 dk+1'dk+2

bo_ (1 1
dZdn dndl d1d2

b _ a[ 11 j
d, d, dd, dd,
=bd =a(d,—d,);bd,=a(d,+d,),...bd, ,=a(d,+d,_,);bd, =a(—d, +d,_,)

Lay tong cac dang thuc 1¢ trir di tong cac dang thirc chin ta duoc
b(d,+d,+..+d,)-b(d,+d, +..+d, _)=2a(d,+d,+..+d, _)-2a(d,+d,+..+d, )

& (b-2a)[(d+dy+..+d,)~(d,+d,+..+d, )] =0

od+d,+..+d =d,+d, +..+d

BT26. Cho duwong tron ngoqi tiép da gidc 2n canh AA,..A, . Gid St p,,pys.s Dy,
la khodng cach tr 1 diem M bat ki trén dwong tron dén cdc canh
AA, A A,,... A, A . Chitng minh rang p.p,..p, = PyPs-Ds,-

LG:

Xét phép nghich dao tim M. Khi d6 duong tron bién thanh dudng thang 4' 4",
.Gia sir p 1a khoang cach tir M dén duong thang 4' 4", . Vi AMA,4 ~AMA', A,
con p,, p la do dai cdc dudong cao ha tr M nén suy ra

2
o MA a4, 3@ _ M4 M4,

p MA, MA, \p) MA, MA,
2
Tuwong tw | 2= _ MAMA., i1
p) MA MA',

Nhan theo vé ta duoc

(plpzmzpz"'1 )2 _ M4, .M4,..M4,, — (p2p4-;p2n )2 3de1’l’l
P MA', MA',..MA",, P
BT27. Cho dwong tron (C) ¢6 tam O, ban kinh R. Diém A ¢ trong hinh tron va
khdac O. Bdt OA = d. Hai dwong tron thay doi (S) va (K) luén tiép xiic ngodi
nhau tai A dong thoi (S) tiép xic véi (C) tai M va (K) tiép xiic véi (C) tai N. Tim
gid tri ngdn nhat ciia MN.
LG:
Xét phép nghich ddo tim A, hé sé k = P, ., =d* —R*. Khi d6
I, :(O)=(C)

M—->M'

N —>N'

(S) — duong thing a tiép xtc voi (C) tai M

(K) — duong thang b tiép xtc véi (C) tai N’
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AMIMng@mr%ANﬂyJ{W+Rﬂ
2 2

2R(R*-d?)

R +d’
BT28. Cho (C) la dwong tron tam O, dwong kinh AB. Piém I thuéc doan AB va
khac A, B. Mot duong thang d thay déi qua I cat (C) tai P, O, d khong trung AB.
AP, AQ cat tiép tuyén tai B ciia (C) tai M, N. Chitng minh rang dwong tron (K)
ngoai tiép tam giic AMN luén di qua 1 diém co dinh. Tir d6 suy ra cdc tam ciia
(K) chay trén I dwong thang cé dinh.

= MN >

LG:
Xét phép nghich dao tim A, hé s6 k = 4B>. Khi d6
L,y:B—>B
(C) > MN
P->M
O—>N
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duong thang d khong qua A —(K)
Lai co LI —>1" ¢ dinh, /ed = I'e (K) nghia l1a (K) di qua diém cb dinh T".

Vi (K) di qua 2 diém cb dinh 1 A va I’ nén tam cua (K) chay trén dudng trung
truc cua Al

BT29. Cho BC la ddy cung khdc dwong kinh cua (O). Piém A thay doi trén cung
Ion BC. Duong tron ngi tiép AABC tiép xiic CA, AB tai N, M. Céc dwong thiang
OM, ON tuwong ing cdt (OAB), (OAC) tai P, Q.

a)Chitng minh rang: dwong tron (OPQ) luon tiép xiic voi 1 dwong tron co dinh.
b) Tim vi tri cud A dé ban kinh dwong tron ngoqi tiép AOPQ 16m nht

LG:

Ta c6 Z£APO=/4BO=/BAO suy ra 2 tam giac OAP va OMA nén co
0A* =ON.0Q .Tuong tu ¢ R* =04 =0OP.OM .

Xét phép nghich dao I(O,Rz) :P—>M,0—> N = (OPQ)— MN .

Do d6 dé ching minh (OPQ) luédn tiép xuc v6i 1 dudng tron cb dinh ta chimg
minh MN luén tiép xtc v6i 1 dudng tron ¢b dinh khong di qua O.
Goi K 14 trung diém BC, AT L MN. Ta ¢6

1 BM CN

1
dK/MN ZE(dB/MN+dC/MN) Z(ATE +AT. Ej

AT(BM +CN
_VAT(BMACN) 1 AT po 1o A
2 am 2 AM 2 2

Vay MN luén tiép xtic voi dudng tron ¢ dinh (K ;%BC COS;)
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MOT VAI BO PE TRONG HINH HQC EUCLIDEAN

Pham Vian Ninh
THPT Chuyén Ha Long — Qudng Ninh

I. Xdy dung dwong ddi trung tuyén

Cho AABC ndi tiép duong tron T; 2 tiép tuyén tai B va C gip nhau tai D.
CMR: AD la duong doi trung cua A4BC.
Nhan xét: Ta c6 thé dwa ra 2 10i giai cho bai toan trén.

C:: Str dung thing (truc tiép) DL Sin cho A (cach suy nghi hién nhién).

Cy: A ~ (céch suy nghi thong minh hon 1 chut)
Bai lam

Cach 1 : Ta thdy dpcm < (4, = (4,

Bé1 vi cung xét trong 1 géc A nén

ta ludn phai nghi dén tinh

sin 4, _ sin 4, 9 (1)
sin DAC  sin MAB
hoac sin A; = sin A, (2)
Nhung ta lai thiy c6 diéu kién canh
bang nhau nhu sau BD = DC, BM = MC
nén rat thuan loi khi ¢/m (1)
Ta co: sin A4, _ sin ADB.BD.AD _ sin ABD
sin DAC  AD.sin ACD.CD  sin ACD
dé y tinh mot chut
ta thy (4BD = (B + (4, (ACD=(C + (4,
N sin 4, _ sin(B + A) _ sin C
sin DAC  sin(C + A) sinB

= const ( dep phai khong ?)

A

sind, sinC
sin MAB sin B

Vay diéu can phai ching minh 1a:

Gio thi lai rat don gian vi ta da xac dinh duoc
hudng dung nén cach chirng minh rd rang hon.
sind, _ MC.sin AMC.AB _ AB _sinC

sin MAB  AC.sin AMBMB ~ AC  sin B
=dpcm !!!
Céch 2: Ta thiy liéu c6 cach nao ma bién o
AD thanh 1 trung tuyén ctia 1 A nao do
ma co t/c twong tu nhu M trong A ABC khong?
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Cau tra 101 1a sao lai khong nghi

dén phép dong dang nhi ? Vi ta da

biét (4, = (4, ta hoan toan co6

can cir dé xay dung 1A ~ A ABC

tuc [a A AQP ma nhén AD

1a trung tuyén

= (ACB= (4PQ, (AQP = (4BC

— goi cho ta nghi dén

BCQP 14 tir giac noi tiép

phai khong ?

ma D 1a trung diém

cua PQ nén

BCQP 14 tir gia noi tiép v6i tam 1a D; ban kin DB.

— Tu nhan xét trén ta lam xudi lai bai toan nhu sau

V& duong tron (D, BD); AB, AC lan luot cit (D, BD) tai P, Q

Béy gid ta phai di ching minh P, D, Q thang hang.

hay can CM: (PBQ =90°.

ta co (PBQ=(BAQ +(BOA= %(BOC +(BDC =90"

— P, D, Q thing hang

Ma ta dé c6: AABC ~ AAQP; AM, AD lan luot 1a trung tuyén cua A
ABC, AAQP nén (4, = (4,

= dpcm (tha vi phai khong).

Vidu 1: AABC c6 AC =BC va P nam trong A thoa man (PAB = (PBC, M

1 trung diém ctia BA. CMR: (4PM + (BPC = 180°.
C

Goiy:

Néu ta v& dudng tron (PAB) thi tiép tuyén tai A, B
ct tai C voi diéu kién (ndm cung phia v6i P ddi véi AB
(tcc APABC tu)

(vi (PAB + (PBA = (CAB < 90° = (4PB > 90°) thi
ta dugc bai ton twong duong v6i dé bai va twong dwong  * M
véi dé bai va tuong duong voi bo dé trén.

— ¢6 thé giai nhu chinh nhitg bo dé trén mot cach hoan toan tuong tu

— NX: Day la bai toan dé c6 thé giup ban ndm chéc bd dé 1 hon du hinh
v€ c6 xoay thé nao di chang nira.
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Vi du 2: 3 diém phén biét A, B, C ¢6 dinh theo thir tw nam trén 1 duong
thang (T) la duong tron qua A, C v6i tam duong tron khong thue AC. P la giao
diém cua 2 tiép tuyén tai A, C. Gia s PB cit (T) tai Q. CMR giao diém cua
phan giac (40C va AC khong phuy thugc vao (T).

Goivy:

Goi QD Ia phan giac cia AAQC (DeAC)

Lay M I trung diém ciia AC

Dé CM ﬁ_(QQ) bang Pinh 1y sin tryc tiép ma

QD la phan giac cua AAQC
AD A an
_ = Q_ ne (_)
DC OC "¢ Do
Do A, B, C cd dinh nén D cd dinh
= dpcm. P

— 1 Cong thtc danh cho duong dbi trung:

4B AQ.,
BC (QC)

Vi du 3: 2 duong tron (Oy) (O2) cat nhau tai A, B . I duong tiép tuyén
chung cua (O) tai P, (O,) tai Q. Tiép tuyén tai P, Q cua (APQ) cit nhau tai S. H
1a diém ddi xtng ctia B qua PQ. CMR: A, S, H thing hang.

Bai giai

Goi: AB n PQ =<M>

— PM’=MB. MA = MQ".

— M la trung diém cua PQ.

Ap dung b d¢ (1) = (540 = (PAM

Vay dé chimg minh A, H, S thang hang
thi can chung minh:

(HAQ = (540

ta lai co: (S40 = (PAM

= can ching minh: (HAQ = (MAP

ma (MAP = (BPQ = (OPH

= can ching minh APHQ 1a tr giac
noi tiép.

— can chitng minh (P40 + (PHQ= 180° hay (P4Q + (PBQ = 180"

ma: (PBQ + (BPQ+ (POP = 180°

= (PBQ + (PAB + (BAQ =180° = (PBQ + (P4Q = 180° = dpcm.
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Vi du 4: A ABC ndi tiép (20). Tiép tuyen cta (w) tai B, C cit nhau taiT. S
nam trén tia BC thoa man AS 1 AT. B, C;nim trén tia ST sao cho C; e [ST].

B;e [ST] sao cho C,T =BT =BT=TC. CMR. AABC ~ AAC,B,
Tacian CM AABC ~ AAC,B,

— AAMC ~ AATB, (1)

D& co: SAMT la tir giac ndi tiép

= (SMA = (STA hay =

(AMC = (ATB,
— d¢ CM (1) can CM : AM _ AT
MC 1B, c
S
Hay AM :£¢> s%n ABT _ s1.n ACM »
MC TB sn BAT  sin MAC T
(2) B1

ma (BAT = (MAC (bd dé 1)
va (4BT = (ABC + (TBC = 180° - (McC4
= (2) dugc CM = dpcm

Ché bai toan: (O) ngoai tiép A ABC, T 1a giao diém cua 2 tlep tuyén tai B,
C. Ké AS L AT, lay B, dén [ST] sao cho SABB, 1a tr giac ndi tiép

CMR: TB, =TB

Vidu 5

Cho A ABC nhon va khong can. M, N, P lan luot 1a trung diém cua BC,
CA, AB

Tmng truc ciia AB va AC cét tia AM tai D,‘ E lan lugt va BD, CE cét nhau
tai F nam trong A ABC. CMR: A, N, F, P cung nam trén 1 duong tron

Goiv

&t simnAFB ~ AB.sin ABF ~ AB.sin BAD _q
“ sin AFC AC. sin ACF AC. sin DAC

= (AFB = (AFC (nh¢ giai thich nha v.v.)

Xét (BFC = (FBA + (4 + (ACF
= (BAD + (4 + (DAC =2(4
ma (BOC=2(4

— BFOC la tr gidc ndi tiép
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= (4FB + (AFC =180° -(4
= (FAB =180° -(FBA- (AFB =180° - (180° - (4 - (BAD
= (DAC = (MAC
ma: <FON =360" - (FOC - (CON =360" - (180° - (FBC) - (4BC
= 180° - (4BC +(FBC
=180° - (BAD =180° - (FAN
— FANO la ttr giac ndi tiép
ma APCN ndi tiép
— A, N, F, P 1a tir giac noi tiép
II. Puwong kinh ciia dwong tron noi tiép
Puong tron (I) ndi tiép AABC, tiép xtc voi BC tai D. DE 14 dudng kinh
cua (I). Néu AE cat BC tai F. CMR. BD = CF.
Bai giai
Day co 1€ la 1 bai toan quen thudc néu
v€ day du hinh nhu hinh bén.
Xétphép vitwtam A: 1 — J
= VA, E—>F
(JE LBC,IE LBC,JE|IE)
— A, E, F thing hang
= FC=BD — dpcm

* Mot s6 bai tap lién quan

Vidul

Cho AABC co AB + BC =
3AC. Duong tron (I) ndi ti€pA
ABC, tiép xtuc AB, BC tai D, E.

Lay K, L 1a diém d6i xting ctia
D,E qual

CMR: ALKC ndi tiép

Bai giai  Ké LA cit CB tai
P = CP=BE

Ta thiy: BE + BD + DA + EC
=3AC

= 2BE =2BD =2AC
= BE=BD=AC=PC
Co: (PLK = (PLE +(ELK =
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% (4CB +% (4BC

=90°- L (BAC
2
Lay CK ~ AB =(Q) = twong ty nhu trén ta co:
(4CQ=(40C =90° - % (BAC

= (PLK = (ACK = dpcm.
Vi du 2: Cho duong tron (C), duong ,thaalng‘ 1 tiép xuc voi (C) va M nim
trén 1. Tim quy tich diém P thoa man tinh chat : Ton tai 2 diém R, Q trén l ma M
1a trung diém RQ va (C) ndi ti€ép APQR.

Bai todn nay thyc cht 1a bo bdt cac

duong va mét s6 diém trén by dé 2 budc ban

phai ¢6 1 cach nhin kha doc déo.
goi (0) tiép xuc véi 1 tai I
Kéo dai OI cét (O) tai E. q
Lay J sao cho M la trung diém ctia IJ

~ Theo b dé (2) ta c6 P nam trén duong
thang EI R | M

Vidu3

Cho hinh thang can ABCD véi AB // CD. Pudng tron ndi tiép (w) ciia A
ABC tiép xuc véi CD tai E. F 12 diém nam trén tia phan giac trong ctia goc DAC
thoa man EF 1 CD, dudng tron ngoai tiép A ACF cat CD tai C va G

CMR: AFG Ila tam giac
can.

A B

Bai giai

Day hoan toan la cach
che gidu hinh, che gidu diém
F la tdim bang tiép. Néu da ¢
nhén ra tinh chét cua diém F
thi bai toan lai vo cung don
gian. Pay chi 1a bai toan
kiém tra cach hiéu vé bo dé 2
dén dau thoi.

Ta c6 (GAF = (GCF

:900 _ <ACD

2

17




TAP SAN TOAN HQC 2009 - NAM PINH 7 ‘
HE THONG CAC TRUONG CHUYEN PONG BANG DUYEN HAI SONG HONG

=180°- (4cD  (4CD . (GcF =180° - (4cD - (GCF
2 2

=180° - (ACF = (AGF
= AGAF can tai F (dpcm).

Vidu 4 AABC ¢6 (w) la dudng tron ndi tiép. (w) tiép xuc BC, AC tai D,
E,. D,, E; la diém trén BC, AC ma CD, = BD,, CE, = AE,. AD, nBE, =P.
Puong tron (w) cat AD, tai 2 diém, Q gan A (Q 13 giao diém cua AD, va
(W)).
CMR: AQ =D,P
Bai gidi
Theo bo d& (2) , Q, I, D, thiang
hang
40

, r 7. \ ,
Ta co: =—vVvoi 1, r' 1a ban
r

2
kinh noi tiép ciia A ABC E
Xét AACD, c6 E,, P, B thing
hang nén theo DL Ménélauynl ta c6

PA PD, CE; _.

PD, = BC  AE .

= PA _ BC. CE, _ BC
PD2 CD1 AE1 AEI

= DzA _ BC. AE1 _ P
PD2 AE1 P-a

= PD2 _ r
D2A r

= PD2 = AQ

Vidu 5

A ABC ¢6 truc tim H, tdm ndi tiép I va ngoai tiép O . () tiép xtic BC
tai K . Gia sit I0//BC. CMR: AO // HK.

Bai giai
Ik n(I)={L}; {N} =CL n BA
Theo bd dé ta d& co: {NA =R
KM = MN
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Ta co OM = IK (do IO // BC)

ma CH =20M, LK =2 IK

= KL =CH ma LK//CH (LBA)

= CLKH la hinh binh hanh = HK//CL.

KéIO'//KN:IO'=%KN=KM

~ 10'//BA = OM = %CHV&O‘ML

BA

=0'=0

= dpcm
Vi du 6 [IMO 2008]. Pay 1a bai toan chic da
rat quen thudc voi hau hét cac ban. N6 duge
coi 1a bai hinh thudc loai khé nhét trong cac ky thi IMO trudc day. Nhung néu
biét vé bo dé trén thi lai khong khé. Bai toan nay s& dé cac ban ty nghi véi 3 bod
dé s& cho bén dudi.

Cho ABCD 1a 1 tir glac 16i ma BA =BC. ( Il) (I) 1a dudng tron noi t1ep A
ABC, AADC. Gia st ton tai 1 dudng tron (W) t1ep xuc voi tia BA, BC tai BC,
AB va déu tlep xuc dén AD va CD CMR: tiép tuyén chung ngoai cia (I;), (L)
cit nhau tai diém nam trén (w).

Goi ¥ cac bo dé

Bo dé 1: DA+ BA =BC +CD

Bodé2:D,1,J théng hang.

Bo dé3: 1, J, T thang hang v6i OT L AC va T thudc (O)
III TAm xoin

Cho 2 doan thing AB va CD. AC va BD cit
nhau tai X. (ABX)n(XCD)= {O}. Thi O Ia tam

B

xoan bién AB thanh CD hay AC thanh BD. A
Co6 (OBD = (0AC, (ODB =(0CA = AOAC ~
AOBD (g.g)
= AOAB ~ AOCD
= dpcm.

Bai toan lién quan

Vi du 1: Cho ngii gidc 16i ABCDE thoa man (BAC= (CAD=(DAE vi(CBA =
(ED4 BD n CE = (P)

CMR: AP cit CD tai trung diém cua CD.
Goiy:
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Ta dé dung tam giac dong dang

= AH = AK

HC KD
= dpcm (theo Menelauyt)
Vi du 2. ABCD la tr giac 16i noi tiép(O).
ACn BD = {P}, (ABP) n (CDP)=P vaQ
Gia st O, P, Q phan biét. CMR: (0gP = 90°

Bai giai e

(40B = (40P = (POB
= (4DB + (ACB =
(40B
— AQOB Ila tir giac ndi tiép
= (PQO = (400 - (40P

= 180° - (4BO =
(4DB
_ 1800 — (408
2
=90°.

Vay (0gP =90°.

Vi du 3: Tu giac ABCD. AC ~ BP =v{P}, (0)), (0,) 1a dudng tron ngoai tiép
AADP va ABPC. M, N, D la trung diém cua AC, BD, 0,0,. CMR: O 1a tam
ngoai ti€ép APMN
Goiy:

Chang qua bai ndy ngudi ta gidu diém Q di. Cht hoan toan giéng bo dé (3)

Co AAQC ~ ADQB

= A MQC ~ ANQB (do N, M lan
lugt 1a trung diém cua DB, AC)

= (BNQ = (OMC = PNQM la t
giac noi tiép

Ta lai c6: AQDB ~ AQO,0,

= (000, = (OND = (OMA=(QMP

= <QMP = %(QOP
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= O la tim ngoai tiép A MNP (0O, 1a duong trung tryc ciia PQ).

Vi du 4: Cho t& gidc 16i ABCD. E ¢ AD, Fe BC thoa méin %2% tia FE

cit tia BA, CD tai S va T.
CMR: (SAE) , (SBF), (TCF),
(TDE) qua 1 diém c6 dinh.

Goiy:

Goi (SAE) n (SBF) =
vy ,

Ta c6 : M la tdm xoan
cua (SAE), (SBF).

= AMAE ~ AMBF
(2-2)

= AMAD ~ AMBC

= AMAB ~ AMDC

= (MBA=(MCD

ma (MBA=(MFE (do
MBEFS 1a tir giac ndi tiép).
= (MFE =(MCT

— MFCT la ti giac ndi tiép.

Twong tw TMED 14 t&r giac noi tiép.

Vidu 5

Cho tur giac 16i ABCD véi BC = AD va BD # AD. E e [BC], F ¢ [AD]
sao cho BE = DF. AC n BD = (P), BD n EF = (Q), EF n AC =(R), gia su E,
F thay d61. CMR (PQR) thay d61 nhung luén di qua 1 di€m c6 dinh khéc P.

Bai gidi

Goi (BPC) ~ (APD) = (S)

S 1a tam xoan bién CA thanh BD

— S 14 tim xo04n bién CD thanh AD.

= ASCB ~ ASAD

ma BE = FD, CE = AF

= ASCE ~ ASAF = (SEC=(SFA

— ASEF ~ ASCA ~ ASBD (g.g)
:{ (SER=(SCR

(SFG =(sOB
— CERS, SQFD la tir giac ndi tiép.
= (CRS +(DQS =(SEC +(SFD = (SFA + (SFD =180°
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- <PRS +(PQs=180"
= (PRSQ la tir gidc ndi tiép.
ma S ¢b dinh vi (S'F (PAD) n (PBC)
Nén (PRQ) luon di qua diém S ¢6 dinh.
~ Vidu6: Cho (S)) n (Sy) tai P, Q; ldy 2 diém Ay, B trén (S,). A\P va B/P
cat (S,) tai A, va Bz va AB; va A,B, gét nhau tai C. CMR néu A;, B, thay doi,
(A1A2C) c6 tam nam trén duong tron co dinh.
Goiy:
G 1a thm xodn bién BB, — AA,, B|A,
d B2A2
= (4,04, = (B,0B, , (B,04, =(B,04, N
Co (4,4,C=(B,OP = (4,0B +(B,04,

= <QA1C +(04,C = <QA1A2 +(04,4, +(4,4,C +(
(04,4, +(04, 4, + (POB, +(4,0P+ B,04
(4,04, +(04,4, +(04,4, =180’
= QA,CA; ndi tiép
= 002 J_AzQ
= (040, =(0C4, =(04,4, = (04,4, = (00,0,
= Vay QO,; OO, ndi tiép hay O luén e dudng tron ) dinh QO,0,.
Vi du 7:,AABC nhon, duong cao AD, BE, CF yé H 1a trgc tdm. (w) tam O
diqua A, H cat AB, AC tai Q, P ( khac A). (OPQ) tiép xuc BC tai R.
CMR: CR/BR =ED/FD
Bai gidi
Theo PI Pascal Ap dung cho 6 diém ACEHB,P.
thi co: B, R', C thang hang
v6i R' 1a giao diém cua QC;,
PB,.
C6 AACF~ AABE
= (C,AF = (B AE
Co: (OR'P=C,HB, — HC, R—HB,R'
= 180°- (C,4B, - (HAD - (HAQ
=180°-2 (BAC
=180°- (oopr
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= (POOR' ndi tiép = R'=R

, CR sinCPR sin APB, sin APB, AB, AB,
CP smPRC snPQR smCAP C, C,P
\ P H HC.AB
ma: AC;PC ~AAHC :>C—=—C:>CR=—1
C,P A4H AH

HB.A . RS
_, BR_HBAC, HBAC HBsnB _FD 4, s AB,C, ~AABC)
CR HCAB, HCAB HCsnC ED

e~ , Ae K 1% R FD
Bai nay s¢€ kha ro1 néu bat ta CM: QR _ID
RP ED

Vi du 8: Céac diém A,, B;, C; duoc chon trén BC, CA, AB cia AABC

(ABlCl), (BClAl), (CAlBl) Céit (ABC) tal Az, Bz, C2 phél’l blét vO1 nhau va véi
A, B, C

As, B;, C; d6i xtmg voi A, , B;,C; qua trung diém ctua BC, CA, AB
CMR: A A,B,Cy ~A A3B3C;
Goiy:
co: A ABC,~ AACB;,

A4,B _ BC, AC,

AC BC 4B,
= AA,BC ~ AAC;B;
— (CA,, CB) = (B;A, B;C;3)
Tuong tu (AB, AC,) = (A3C5; AC)

Ta co (B2A2, B2C2) = (B2A2, B2B) + 5 A A1 * c
(B2B; B2C,) = (CA, CB) + (AB, ACy) \
= (AC, B3B3) + (A3C3, AC) B2

= (A3C3; B3B3) (ard del’l’l
IV. Trung diém ciia_cung cich
déu cac dinh va tim ndi tiép va bang tiép
~ Cho AABC, I 1a tam ndi tiép I, Is, Ic 12 tam bang
tiép twong Gmng. M la trung diém cung BC cua (ABC)
khong bao gom A; N la trung diém cung BC chtra A:
: A CMR: MB = MC = MI = MI,, NB =NC = NI = Nl¢.
B Bai nay chi don thuan 1a cong gbc nén cic ban hiy
tu lam
Bai toan lién quan

¢ Vi du 1: Cho AABC nhon (BAC=60°,4B>AC 11a
tam noi tiép , H 1a truc tam
CMR: 2(4HI =3(ABC

Bai giai
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D& c6 BIHC la tir giac ndi tiép

= (BHI=(BCI

= (IHR =(IHB + (BHR = (BCI +(C =
3
2t

= (anr=180" -2 C:£<B
2 2

(Vi (B+(C =120°)
= dpcm.
Vidu 2: Cho AABC ngoai tiép (I).
1 diém P nam trong A thod (PBA +(PCA =(PBC +{PCB
CMR: AP > Al Ddu"="xayra < P=1
Goiy A

THI1: (BCD > <%

D& c6 BIPC 1 tir gidc noi tiép \
= (BIP=180° — (BCP
c6 (AIP=360° —(AIB - (BIP /
A B
=180°+ (BCP - (180" - = - =
< ( 2 2) e

B
= <BCP+£+£>90°
2 2

= AP > Al
Dau"="xdyra < P=1
TH2: Céc ban hay ty lam
Vi du 3: Cho ABCD la tir gidc ndi tiép. / 1a tap hop tAm ndi tiép va ngoai tiép
cia ABCD, ACDA, ADAB, AABC (16 diém tong cong) CMR. Ton tai 2 tap
hop X, £ moi tap hop c6 4 duong thang phén biét ma car 4 duong batki 6 K U L
bao gom chinh xé4c 4 di€ém cua .
Bai lam
Goi Iy, 13 tim ndi tiép AXYZ, I, 1a tm bang tiép A XYZ dbi véi X.
co: ZAIABD IACD = 1800 - ZADIADC = 1800 - <£

Z/ Alapp Iape = 180° - £ ABIapc = 180° - <%

= /Tapc Iapp Iacp= 90°
= tlIOI'Ig tu ta co IABCIABD IACDIBCD l1a hinh chtr l’lhélt
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4 b9 thang hang li: Ic,ap, IaBDs IaBc, Ippe

L>: I ap, Iacps, Iecp, 1aBc

I3: Ig.ac, Iscps Ia,cps Ipap

l4: Ic.Bp, Ic A, Ipa, IpAC
DPé Cm 4 diém thang hang. Ching ta s& CM 1, //15
Vi Ia cp, Is.cps Iacp, Iscp cung e1 duong tron
= can CM: / Is, cp Iacp Iscp = Z1a, cp Iaco Iscp

ACD _ BDC

ma ZlIgcplacp Iscp= Z1acp Iaco Iscp = 180° - < 5 5

V. 113 trung diém ciia diy cung dwoc noi 2 tiép diém ciia cic
duong tron tiép xic nhau.

Cho A ABC, (I) dudng tron tiép xuc trong (O) va voi 2 canh cua A (I) tiép
xtc AB, AC tai X, Y CMR: I’ 1a trung di€ém cta XY voi I' 1a tm noi tiep A
ABC

Bai gidi

T TY kéo dai cit (O) tai Q,
TX kéo dai cat (O) tai P

— Q, P 1a trung diém cua cung
AC, AB

= CP,BQ la phan giac cua
(ACB.(4BC

~ Theo DI Pascal ap dyng cho 6

diém APBTCQ thi X, I', Y thang
hang

Ta c6: AIl' la phan gidc cua
(XAYma XA = YA nén I' 1a trung
diém cua XY (dpcm)

Mot s6 bai toan lién quan

Vidu 1: Cho AABC, AB = AC, 1
duong tron tiép xtc véi (ABC) va AB, AC tai P,Q .
CMR: Trung diém cta doan PQ 13 tdm ndi tiép A
ABC.

Day 1a 1 bai toan IMO 1978 1a dang dac biét
cho b6 dé 5.
Vi du 2: Cho AABC (w) tiép xuc AB, AC va tiép
xuc trong v6i (ABC). Cho (ABC) va (w) tiép xtc tai
P. (I') 1a duong tron ndi tiép AABC. PI cit (ABC)
tai P, Q.
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CMR: BQ =CQ
Bai gidi
Ta co (1CP = %{KOP = %{FJP = FEP

(v6i E, F, I thang hang nhu b dé 5)
— IECD ndi tiép
= (IPC = IEA)

hay (0BC =90 —<¥

hay (OBC =90" - <% = ABQC cén tai Q

= QB =QC (dpcm)
Vi du 3: Cho A ABC vo¢i tam noi tiép (I) 1 duong tron tiép xuc v6i AC, AB va
(ABC) tai P, Q, R. AR cit PQ tai D, IR cit BC tai E. CMR. DE//AL
Bai gidi
D& CM: TR, PQ, BC ddng quy tai F va theo bai 2 = TR LRI.
Vé6i T 1a trung diém cung BC
C6 1J L QP nén dé chirg minh AI/DE

Thi can chimg minh DE 1L BC

B—-(C
Co (PFC = <T< =(ARI
= (dpcm)
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VI. Nhi¢u dwong tron tiép xic nhau

Cho AABC, (I) 1a duong tron ndi tiép va D e [BC] 1 duong tron tiép xuc
(ABC) nhung tiép xtic DC, DA tai E, F. CMR: E, F, I thang hang.

D@ chirng minh KE cét Al tai trung diém M ctia cung BC

= MC = MI =MB

Co6 AMEC ~ AMCK (g.g)

:MEZMC:MEZ MI

MC MK Ml MK

= AMIE ~ AMKI (c.g.c)

= (KIA=(IEK

Goi EI cit (J) tai F'

= dé ching minh: IF'AK 1a tu
giac noi tiép

= (KIA=(KF'4

= (IEK =(KF'4

— F'A 1a tiép tuyén tai F' cua
().

= F=F

= E,LLF théng hang

Vi du 1. 2 dudng tron (k1), (k2) tiép xtic ngoai tai T. 1 duong thang tiép
xuc (k2) tai X va cat (k1) tai A, B. S 13 giao diém thr 2 cua (k1) va XT. Trén ST
khong chta A, B chon C. CY 1a dudng tiép tuyén dén (k2), Y e (k2) thoa mén
[ST] va [CY] khong cit nhau. Goi I=XY ~ SC.CMR

a)C, T, Y, I cung nam trén 1 duong tron

b) I1a tim bang tiép A
ABC dbi v6i BC

Goiy

Néu dé y tinh thi bo dé
6 gidng hét bai nay

Chi khac vé (Oy), (0,)
tx ngoai. Con o1 gidi khong
khac chut nao.

Vi du 2. A ABC c¢o
tam (I) D e [BC]. P 1a tdim
duong tron tiép xac AD,
DC va (ABC) va Q 1a tim dudng tron tiép xtic AD, BD va (ABC) . CMR P, Q, I
thang hang

Bai gidi
Ké QH L AD, QK LBD
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PF L CD,PELAD

= theo bé dé 6taco: K, H, T théng
hang F, 1, E thang hang

Co DP// KT (LEF) ((0DP=90")

DQ// F1, KQ //FP

= theo DL Papus, ta c6 Q, I, P théng
hang

Vi du 3. Cho ® 1a 1 tir giac noi tiép (Q)
va dat Q la tir giac hinh thanh boi tam 4 duong
tron tiép xuc voi (O) va voi moi duong chéo
cua . CMR: Tam 4 tam giac (ndi tiép) tao
boi canh, canh va duong chéo trong 7 tao
thanh hinh chit nhat ® noi tiép trong Q.

Bai gidi

bat tén nhu hinh vé

Theo bai 2 ta co.

[eKM,Je MN, EeNH, EcKH

Co:

ADB (4CB

<AIB=9O°+<T=90°+ 3 (4B

= ABJI la t0d giac

noi tiép
= tuong ty AIFD la t& gidc ndi

tiép.
ADC

<JIF =360 — <AIJ -(ADF =(ADF +(ABJ = >t

=90°. Twong ty (IJE = (JEF =(IFE =90"

Vay IJEF 14 hinh chit nhat c¢6 cac dinh nam trén cac canh tir giac MNHK.
~ Vidu 4. AABC co6 duong tron ngoai tiép (0), DeBC. CMR: duong tron
tiep xtc (O) AD, BD va duong tron tiép xac (O), AD, DC tiép xuc v6i nhau <
(BAD = (C4D
Bai gidi

Pay hoan toan 1a bai 2 chi chén thém diéu ki¢n d¢ bai. Ma dicu kién dac
biét nay 1a kién thirc don gian khi hoc vé 2 duong tron tiép xuc.

Vidu 5. Cho AABC nhon vé1 482 AC , AD L BC (DeBC).
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(w1) 1a dwong tron tiép xac AD, BD va (w), (wy) la duong tron tiép xuc
AD, CD va (w), | la ti€p tuyén chung trong cua (w;) (w,) ma khac CD . CMR 1
di qua trung diém BC

<2BC=AB+ AC

Bai giai

Goi cac diém nhu hinh vé

Theo bai 2 = Oy, 1, O, théng hang

Vi (INM =45° = (IKN . 02

= [1at/d caa 0102 0

Hay J 13 trung diém ctia NK F

Ta c6: DE - FE = FD =ND

= DK - EF = MN + MK - PQ - NE =
MP + MK - EF - ND

= 2DF = MP- PQ + MK =2MK

= ND =MK hay DJ =M

= BJ-BD=BM - BJ

= 2BJ=BM + BD

= AB+BC-AC= %+AB.COSB

= AB + BC =2BC (dpcm)

Vi du 6. V6i mdi diém O trén dudng kinh AB cua duong tron (w), dudng
thang vudng goc AB tai O cit (w) tai P. 2 duong tron (wl,2) duoc tiép xtc voi
(W), AB va OP. (w)), (W) tiép xtic v6i AB tai R, S. Tinh (RPS

Bai gidi .
B¢ JM L PO.
Ta thay: tim ndi tiép ciia A APD nam trén |
RM va AO

— R 13 tdm ndi tiép A4PD
Tuong ty S 1a tAm ndi tiép A BDP

= <RPS = %<APB = 45° (dpcm)

D

VII. Cac duong thing dong quy tir tim ndi tiép.
Cho (I) ciia ABC vdi (1) 1a dudng tron ndi tiép, tiép xuc BC, CA, AB tai D,
E, F lan luot. Cho M la trung di€ém ctia BC. CMR: EF, DI, AM dong quy.
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Khi xuat hién cic dudng thing Ltdi cic canh 1 A ndo d6 ma thang hang
(chan cac duong vudng goc thi
ta nghi dén sim son) A

C1: Kéo dai DI cit EF tai
N. Tir N ké PQ // BC (P thudc
[AB], Q thudc [AC] p N 3

Xeét A APQ ma IN 1 PQ, F
IE L AQ, IF L AP

va E, N, F thang hang
— APIQ ndi tiép .
ma [ thudc tia phan gidc
(PAQ nén PI=1Q
hay PN = NQ
— A, N, M thang hang
= dpcm.

Mit khac chi bang cong goc cia cac tir gidc nodi tiép ta ¢ thé giai quyét bai
toan nhu sau:

C2: D& ¢6: INEQ, INPF la céc tir gidc noi tiép

= (IQN = (IEN = (IFN = (IPN

= [P=1Q = NP=NQ

= A, N, M théng hang.

= dpcm.

Bai ndy hoan toan co thé 1am bang cach "hang diém diéu hod" tuy nhién co
vé hoi dai so v6i 2 cach trén. Nhung céc ban hady thir lam nhé ! (hinh s€ goi y
cac ban)

* Bai toan lién quan.

Vidul. Cho AABC, AB # AC. D 1a trung diém cua BC. E <[AD], EF L
BC(F ¢BC) PeEF,PM LAB, PN 1 A
AC. CMR: M, E, N thing hang
= (BAP=(PAC

/4

Goiy
Bo d¢ 7 1a truong hop dac biét cua
bai nay. Nhung 101 giai thi lai giong hét RA oo Q

cac ban tu lam nha. a
Vi du 2. Pudng trung tuyén AM S

cia AABC cit duong tron ndi tiép (w) s 5
cua AABC tai K va L. Tu K, L ké
duong thang // BC cat (w) tai X, Y; AX, AY cat BC tai P va Q.
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CMR. BP =CQ
Goiy
Cac diém nhu hinh v&
., KX AK YL AL
MO AM’ PM  AM
3AK:KX.MP:£.£ F
AL YL MQ TL MQ
— Pé ching minh MP = MQ cin chiing
minh AK _ KT 5
AL TL
hay (A, T,K,L)=-1
< T e EF

Pay chinh 12 b dé 7= dpcm

VIII. Nhi¢u dudng tron xung quanh dwong tron ndi tiép
Cho I 12 tim noi tiép A ABC, AB # AC. D 1a trung dém ciia BC.
E < [AD]. Cl cit EF tai T. CMR: T, I, D, B, F cung thudc 1 dudng tron. Tir
do co <BTC =90° va T ndm trén duong nod1 2 trung diém cua 2 canh AB va BC.
Bai gidi

Goi cac diém nhu hinh vé

(€ _(c_(8

Tacé<ETC=<AEF-<ECT=<B;2+———=—=<FBI
2 2 2 2

=FBIT la to¢ giac ndi tiép ta lai co
BFID la tir giac ndi tiép nén F,B, D, T cung
thudc 1 duong tron

= (BTI=(BFI=90" hay (BTC=90"

Co6 (TMB =2(TCB = (ACB
F

= TM//AC
= T e MN (M, N 1a 2 trung diém cua
BC, AB)
B ° C

* Bai toan lién quan

Vi du 1. Cho AABC nhon c6 dudng tron
ndi tiép (I) tiep xac AC, AB tai E, F. Tia Phan
giac cia (4BC va (ACB cat EF tai X, Y. Z la
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trung diém ctia BC. CMR: AXYZ déu < (4 = 60°.
Bai gidi
Thqo bo dé trén B,E,Y,LZvaF, X, C,Z,Icung thuoc 1 dudong tron (tirng
cap 5 diém)
Tacd : (BZY =(AEF=(AFE=(XZC
= (YZX =(4
Xét AXYZ cOYZ=XZ
= (A =60° & AXYZ 1d aAdéu
Vidu2. Cho AABC, X e [BC] thoa mén C nam giita B va X. Pudng tron
néj tiép AABX va A ACX cat nhau tai 2 di€ém phén biét P va Q. CMR. PQ qua 1
di€ém c6 dinh phu thudc vao cach chon X.
Bai gidi
Goi tén nhu hinh vé
Dé ¢6 PQ // ED //FG ma MD = DF
— PQ//va cach déu FG, DE.
Goi 1 1a duong trung binh cua A4BX nhu
hinh v&
Theo bo d& 8 c6 DE ~ 1 A BI, tai U
1 nGF nClL, tai V =

UV//DF
— PQ di qua trung diém cua

UV - cb dinh.
Vi du 3. Cho 2 diém A, B nam trén duong tron (T). Cla diém nim trong.
Gia str (w) 1a duong tron tiép xuc voi AC, BC va T. (w) ti€p xtic ACva T tai P,
G.
CMR: (APQ) di qua I - tim ndi tiép A ABC.
Goiy
~ Néu ta ké CB cit (O) tai D, E 1a tim ndi
tiecp ADAB.
Thi bai nay da dugc xét & phan 5.
Ching minh: PEIA ndi tiép rdi Ching
ninh: PEQA ndi tiép
IX. Anh_d6i ximg ciia_truc tim
cia 1 a nim_trén dwong tron ngoai
~ Cho H Ia tryc tm ctia AABC. X 1a diém
do1 xung cua H qua BC va Y 1a diém do1 xiing
qua trung diém M cua BC cua H.
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CMR. X, Y déu nim trén duong tron (ABC) va AY 13 duong kinh cua
duodng tronA.
Pay 14 bai hinh hoc rat co ban chi trong sgk. ..

* Bai toan lién quan

Vi du 1. Buong tron 9 diém chic ai ciing biét.
Vi du 2. Puong thing staino.
Vi du 3. Cho AABC nhon véi AB # AC. H 1a tryc tim, M 1a trung diém
BC. D €[AB]
~ E €[A] thoa mdn AE=AD va D, H, E
thang hang

CMR a) NM 1 véi day cung chung ctia
(ADE) va (O)
b) HD, HE 1a phan giac cua \
(JHB, (KHC \
- \
Ké AO n (0O)=0,HM n (O) taiD, I
) R6i CM A IDB ~ AIEC = I la tam \
xoan cua 2 duong tron (ADE) (O)

— TAED I3 ttr gidc ndi tiép. \\4/
— HM 1Al

Vi du 4. (w) la dudng tron ngoai tiép A
ABC. P 1a diém nam trong tam giac. AP, BP, CP cit (w) tai Ay, By, Ci. Ay, Bs,
C, lan luot la anh cua Ay, By, C; qua trung diém cua BC, AC, AB. CMR truc
tam ABC nam trén (A2BC)).

Goiy:

A", B, C'1a trung diém ctia AA,, BB;, CC;.

G la trong tam A ABC = G la trong tam A AAA,...

C6 0, A", B', C', P ladiém cung thudc 1 dudng tron.

= A,,B,, C;,H thudc 1 dudong tron

= dpcm

X. O, H dong diang

A

Cho A ABC, tam ngoai tiép O, truc tim

H va tam ndi tiép I Al Ia phan giéic cua
(HAO T
Day ciing 1a 1 bai toan trong SGK 16p g

* Bai toan lién quan
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Vidul. AABC noi tiép (0) va cé truc tim H (A ABC nhon) Puong trung
tryc ciia doan AH cat AB, AC tai E, E. CMR: (40D =(AOE

Goiy
Co AADH ~ AAOC (g.g)

= AADO ~AAHC

= AAOD ~AACH
Tuong tw (AOE =(4ABH

= (AOD=(AOE (do (ACH =(ABH

Vi du 2. Moi cac ban thir strc bai toan sau (chi don thuan tinh toan 13 xong)
CMR: IH =10 « 1 trong 3 goc (4,(B,(C bang 60°.

Vi du 3. Cling 1a 1 bai tinh todn nhung 14 dang Chung minh BDT. Céc ban
cling nghi xem cho A;A;A; 14 A nhon; O, H 1a tdm ngoai tiép va truc tam. Cho
1<1<3

Cac dlém Pi, Qi nﬁm trén OA1 va Ai+1 Ai+2 (Ai+3 = Al) thoa OPIH(Q1 la hinh

binh hanh. CMR: 2 , 99: 00
OF ' OP, OP,

Tai liéu tham khao: 1. IMO training 2007  Yufei Zhao
2. Tap chi THTT
3. Cac chuyén dé hinh hoc 10 Nguyén Minh Ha
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