MATHSVN INEQUALITY CONTEST 2009

DAP AN VONG 1
00000
Bai 1. Cho cdc s6 khong am a, b, ¢, khong cd 2 s6 nao ciing bang 0. Chitng minh ring

a? + be b + ca c® +ab -
b2—bc+cz2 c2—ca+a? a’?—ab+b2 7

Ng6 Puc Loc

Loi giai. Vi bat dang thic la ddi xing nén ta c6 thé gia st mot cach khong gidm tinh tong quat rang

¢ =min {a,b,c}, va véi gia thiét nay, ta c6 cac danh gia sau

a?>+bc>a? b*>4ca>b* *+ab>ab,

va
P —bc+c2 =0 4c(c—b) <b?, —cata®=a*+c(c—a)<a
Do dé
a? + be b? + ca c?+ab >ﬁ+g+ ab
b2—bc+c?2  c2—ca+a®> a?2—ab+b2 " b2 a2 4?2 —ab+b?

Mat khéc, thao bat dang thitc AM — GM thi

a2+b2+ ab - 211_1 2b_1 N ab
222 —ah+p2 — b a a2 —ab+b?
2 2
_ ac—ab+b ab n EJr? 1
ab a? — ab + b? b a
> 242-1=
Tur day, ta duogc
a? + be b2 +ca cz+ab

> 3.
b2—bc+c2 2—ca+a? a?—ab+b? "~

Day chinh la bat dang thitc ma ta can ching minh. Dé thay dang thitc xay ra khi va chi khia = b,c = 0 va

cac hoan vi tuong ung.



Bai 2. Cho cdc s6 duong a, b, ¢ théa man a? + b? + 2 = 3. Chitng minh bit ding thirc
8(2—a)(2—b)(2—c) > (a+bc)(b+ ca)(c+ab).
Tran Qudc Luat
Loi giai 1. Gid sit c = min {a,b,c},suy ra 0 < ¢ < 1. Ta c6 cac danh gid sau

22—a)(2—b) = 8—4(a+b)+2ab=8—4(a+b)+ (a+b)?—a>—1
4—a® P+ @+b-22>4-a>— 1 =224+1,

(a+bc+b+ca)®> (a+b)*(c+1)? _ (a>+b*)(2+1)
< = <
(a+bc)(b+ca) < 1 1 < >
_ 2 2
_ B+ C)Z(CH) <(B=cA)(2+1),
2 2 _ 2 _ 2
ciab < H_a +b _ +3 c :3+2c c'

2 T 2
Vi vay, dé chiing minh bat dang thiic da cho, ta chi cAn chiing minh bat dang thic sau la du

8(2—c)> (B3—-c?)(B3+2c—c?),
1a mot bat dang thitc hién nhién duing vi

8(2—¢c)—(3—c2)B+2c—c*) = (7-c)(c—1)%>>0.
Vay ta c6 diéu phai chiing minh. Pang thiic x4y ra khi va chikhia = b = c = 1.
Loi giai 2. Tuong tu nhu 16i gidi 1, ta cling c6 danh gia
2(2—a)(2—-b) > 2 +1.
Mat khéc, theo bat dang thicc AM — GM thi
22—c)=4-2c>4— (2 +1) =a*+ 1%
Do vay,
42-a)2-b)2-c) > (24 (32+1)

= J@ )@ +1) @+ 121+ 2)
(ac + b)(a + be) (Cauchy Schwarz).

V

Ngoai ra, 4p dung bat dang thitc AM — GM, ta cling c6

2 2 2 1
2:#+%2ab+c.

Két hop véi két qua & trén, ta thu dugce

8(2—a)(2—-b)(2—c) > (a+bc)(b+ca)(c+ab).



Bai 3. Chitng minh rdng néu a, b, c 1a cdc s6 duong thi

a+b)(a+b+2c) 1

abc < ( 1
- 8

(a+b)(b+c)(c+a) (3a +3b + 2c)?

IN

Tran Qubc Anh
Loi giai 1. Trudc hét, ta sé ching minh bat dang thiic bén trai. Theo bat dang thitc AM — GM thi

(a+c)(b+c) c? 1 1 4c? 4c (a+b+2c)?
_— = —_ _ — > =
prela ) 2 e e D

ab b b

Do do, ta duoc
abc c(a+b)

@+ D)b+o)(cta) = (arbt20?

Mit khdc, ta thay

c(3a+3b+2c)> = = -8c-(3a+3b+2c)-(3a+3b+2c)

8c+ (3a+3b+2c) + (3a+3b +2¢)7°
3

Q| — oo =

a-+b+2c)

—~

Suy ra
c < a+b+2c

(a+b+2c)2 — (Ba+3b+2c)%

Neén tir day, ta dé dang suy ra dugc

abc < (a+0b)(a+b+20)
(a+b)(b+c)(c+a) = (3a+3b+2c)?

Bay gid, ta sé ching minh bat dang thiic bén phai. Lai st dung bat dang thitcc AM — GM mdt lan nita, ta ¢6

(a+b)(a+b+2c)  (a+b)(a+b+2c) < (a+0b)(a+b+2c) 1

(Ba+3b+2c)2  [2(a+b)+(a+b+20))? ~ 4-2(a+b)-(a+b+20) 8

Déng thiic & bat dang thic bén trai dat dugc khi va chi khia = b = c. Dang thiic & bat dang thitc bén phai
dat dugc khivachikhia+b = c.

Lo giai 2. Ta sé néu ra mot cc chiing minh khac cho bat dang thitc & bén trdi, tic 1a

abc < (a+0b)(a+b+2c)
(a+b)(b+c)(c+a) = (3a+3b+2c)?

Ta hay thtr dua né vé "dang Schwarz". Mudn thé, ta phai bién déi n6 sao cho c6 mét binh phuong & mot vé.
Mot cach tu nhién, ta sé viét né lai thanh

(a+b)(a+b+2c) (3a +3b +2c)?
abc “(a+b)(b+c)(c+a)




dé c6 dang binh phuong & mot vé. Sau khi phan tach va thu gon, ta thay bat dang thiic nay c6 dang tuong
duong la
1 1 1 a b (3a +3b +2c)?
(- )+ 242> .
<a+ Jrc>Jr +ca*(a+b)(b+c)(c+a)

b bc
Dén day, 4p dung bat dang thirc Cauchy Schwarz, ta thay rang

bc  ca be ca ab

PR

2(1 1 1)+a b a+b+c+u+b+c+a+b
(a+b+c)?>  (a+b+c)®>  (a+Db)?
be(a+b+c) ca(a+b+c) abla+b)

S (3a +3b +2c)?

= be(a+b+c)+cala+b+c)+abla+b)
(3a +3b +2c)?
(a+b)(b+c)(c+a)

Phép chiing minh cua ta dugc hoan tat.



Bai 4. Biét ring a, b, c,d la cdc sb duong, hdy tim gid tri 16n nhét cia biéu thiic

_ oos/l6a(a+b)(a+b+c) 15bcd?
P(a,b,c,d)—5\/ 5+ (@1 b)(

75(a+b+c+d) a+b+c)a+b+c+d)?
V6 Qubc Ba Can
Loi giai. Ap dung bat dang thitc AM — GM, ta 6

53 16a(a+b)(a+b+c)
75(a+b+c+d)>

- S22 ] [

a 3(a+b) 5(a+b+c)
5\/7{a+b+a+b+c+a+b+c+d+19 ’

IN

va

5 15bcd?
(a+b)(a+b+c)(a+b+c+d)?

\/* 5d 2.1
a+b a+b+c 2(a+b+c+d)
5d

iﬁ T +1
5 a+b a+bd+c a+btc+d ’

P(a,b,c,d) < ;{‘/g(2+3+5+20) :6\5/?

Mat khéc, dé thdy dang thiic xay ra khi va chi khi

2a  3(a+b)  5(a+b+c)
a+b 2@+b+c) 3(a+b+c+d)

IN

Cong lai, ta thu dugc

= = = .

Do vay, gia tri lon nhat ma ta can tim cta P la 6\5/% . Bai toan dugc giai quyét xong.

Nhan xét. Ching ta c6 mot két qua twong tu ma ta van ¢ thé dung ki€u AM — GM nhu trén dé giai 1a bai
IMO Shortlist 2004
Cho ay,ay, . ..,a, la cic sb duong. Goi g, la trung binh nhan cua ching va A1, Az, . .., Ay la ddy cdc trung binh
cong dugc dinh nghia nhi sau
a1 +ar,+---
k
Goi Gy, la trung binh nhin ciia A4, Ay, ..., Ay. Khi dé6 ta co bit d‘éng thite sau

A = T vk —1,2,..,n

n n G” g”l

<nil.
A, ¢, ="t



Bai 5. Cho A, B, C la 3 goc ciia mot tam gidc nhon. Chitng minh bat dang thitc sau

AN 2 N c\ 2 . , :
cos 5 n cos 5 n cos 5 +§' sinA +sinB +sinC > 9
tan A tan B tan C 4 tanA+tanB+tanC ~ 8

Tran Quéc Anh
Loi giai. Trude hét, ta sé ching minh bat dang thiic sau
2 cos é 2cosg 2COS%
tan A tan B tanC —
That vay, tir bat dang thitc quen thuoc 2 cos é > sin B +sinC, ta co
2cos§ 2cos§ 2COS% sinB+sinC sinC+sinA sinA +sinB
tan A tan B tanC — tan A tan B tanC
1 1 sin? A
= A - < . = > 3,
Esm (tanB + tanC) ZsinBsinC -

cyc cyc

v6i bat dang thirc cubi diing theo bat dang thiic AM — GM.
Béy gids trd lai bai toan ban dau. Véi chii y rang sin A + sin B +sinC = 4 cos § cos 5 cos § vatan A + tan B +
tan C = tan A tan B tan C, ta c6 thé viét lai bat dang thirc da cho dudi dang

2 2 2
cos % cos g Cos% 3 cos ‘;‘ cos 2 cos % 9
+ + + > -
tan A tan B tanC tan Atan Btan C 8

B
Data = ztca(r)ls &b = 2;?1532 vac= ztzcr)lscz thi theo trén, ta thay a,b,c > 0vaa+ b+ ¢ > 3. Ta phai ching minh

bét dang thiic sau

2(a® + b + ) 4 3abc > 9.
Ap dung bat dang thitc Schur bac 3, ta c6

2(a® 4+ b* 4 ) +3abc = (a2+b2+c2)+(a +B e +9L;bc)
9abc
> 2 2 2 2 2 2
> (a+b+c)+<u+b+c+ +b+c>

> a? 4+ b2+ +2(ab+bc+ca) = (a+b+c)?

Do d6, bat dang thirc da cho dugc chiing minh. Pang thiic xay ra khi va chi khi tam giac ABC la tam giac
déu.



Bai 6. Chuing minh ring vdi moi diém P bit ki trong tam gidc nhon ABC, ta cd bit dang thitc sau

4 Op?
PA2 + PB24+PC?> —S(1+ =),
+ + 2 7 +3xz

trong dé S la di¢n tich tam gidc ABC va (O) la tim duong tron ngoai tiép tam gidc. .
Tran Quang Hung

Loi giai. DE giai bai toan ndy, ta can 2 b3 dé quen thudc sau trong tam giac (xin néu ra khong chitng minh,

ban doc 6 thé kiém tra ly)
B6 dé 1. Cho tam gidc ABC ¢d R va S lan lugt 1a bin kinh duong tron ngogi tiép va dién tich tam gidc. Khi dé

3v/3R? > 48S.

B6 dé 2. (Cong thirc Euler) Cho tam gidc ABC va diém P bit ki trong tam gidc. Goi A’, B/, C’ la hinh chiéu ciia P
lén cdc canh BC,CA, AB tuong iing. Khi do, dién tich tam gidc A’B'C’ cho bdi cong thitc

Rz —0OP?
SA/B/C/ = TSABC.

Bay gio ta sé chiing minh bai toan da cho.

Hinh 1

Goi A’, B, C' 1a hinh chiéu ctia P 1én cac canh BC, CA, AB tuong ting. Khi d6, ta dé thiy rang tam giac AB'C’
noi tiép duong tron duong kinh PA, dit S, = Sap/cr, thé thi theo b6 dé 1, ta c6

PA\?
3V3 <7) > 4S,.
Lap luan mot cach tuong tu voi Sy, = Sperar va Se = Scarpr, ta cling cé
PB\? pPC\?
3V3 ) =4S 3V3 ) 245
Cong 1an lugt vé véi vé ca ba bat dang thiic trén, ta thu dugc

3f (PA%+ PB2 + PC?) > 4(Sy+ Sy +5c) = 4(S — Sarpcr).



Mat khac, theo b6 dé 2 thi S y1pcr = RZ;R%P ’s, suy ra

2 Ap2 2 2
—3f (PA?+ PB4 PC?) > 4 <S— R -or s> _ SBRZ+OP)

4R2 o R2 ’
hay la
4 OP?2
PA2 + PB24+PC2> —sS 1+ =—_).
+ + > + 352

Day chinh 1a bat dang thitc ma ta can ching minh. Dé thdy rang déng thitc xay ra khi va chi khi tam giac
ABC déu va diém P trung vé6i tim ctia tam gidc.

— HET—
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MATHSVN INEQUALITY CONTEST 2009

DAP AN VONG 2
00000
Bai 1. Cho cac s6 khong am a, b, ¢ thda man a + 2b + 3¢ = 4. Tim gid tri 16n nhét cta biéu thitc
P(a,b,c) = (a®b + b*c + c®a + abc) (ab® + be? + ca® + abc).
Tran Qubc Anh
Loi giai 1. Trude hét, ta sé ching minh két qua sau

a+2b+3c
2

6
> > 8(a*b 4 b*c + ca + abc) (ab® + bc® + ca® + abe).
That vay, ap dung bat dang thic AM — GM, ta c6
8(a®b + b*c + c2a + abc) (ab® + be? + ca® + abc) <
2
< [azb +b%c + c®a + abc + 2(ab® + bc® + ca® + abc)} .
Lai cé
(a+2b)(b+2c)(c+2a) =

= 2 {(a2b + b*c 4 c?a) + 2(ab® + b + ca®) + 3abc] + 3abc

> 2 {(azb + b*c + c2a) + 2(ab® + be? + ca®) + 3abc] .
va theo bat dang thirc AM — GM, ta dugc

(a+2b)(b+2c)(c+2a) = —-(a+2b)-4(b+2c)-(c+2a)

(a+2b)+4(b+2c)+(c+2a)]3
3

N N N

(a+2b+3c).

Twr d6 dan dén )
(a*b 4 b*c + c2a) + 2(ab® + bc® + ca®) + 3abc < g(a +2b +3c)°.

Do vay, bat dang thic néu trén la bat dang thitc dung va ta thu dugc P < 8. Dé thay dang thic c6 thé xay
rakhia =2,b =1,c = 0 nén day chinh la gia tri l6n nhat ma ta can tim.

Loi giai 2. Ta sé trinh bay mot 16i giai khac bang don bién cho bai toan nay. Tuong tu nhu trong 16i giai 1,
ta phai chitng minh

a+2b+3c
2

6
> > 8(ab + b*c + c*a + abc) (ab® + bc? + ca® + abe).



Dén day, ap dung bat dang thiic sap xép lai, v6i (x,,z) 1a mot hoan vi ctia (a,b, ¢) sao cho x >y > z, ta c6
a+2b+3c=a-1+b-2+c-3>x-14+y-2+2z-3=x+2y+ 3z

Do vay, néu ta chitng minh dugc bat dang thiic trén ding véia > b > c thi ta cling chiing minh duge né
dung véi moi a, b, c khong am bat ki thong qua bat dang thiic sap xép lai trén. Bay gio, ap dung bat dang
thitc AM — GM kiéu nhu 16i gii 1, ta c6 thé dua bat dang thitc vé chiing minh

F(a,b,c) = (a®b + b*c + c*a) + 2(ab* + bc® + ca®) + 3abc < %(a +2b +3c)°.

Y tudng cta ta ldc nay la don bién ¢ vé 0 (dua trén dang thiic ctia bai todn). Tuy nhién, du y tudng la vay,
nhung néu ta thuc hién truc tiép sé vép phéai nhiéu kho khan (ban doc c6 thé thir kiém ching), do vay lic

A

nay ta sé thuc hién "danh gia gian tiép" nhu sau: Bang mot s6 tinh toan don gian, ta c6
F(a,b,c) —F(a—c,b+2c,0) = =3¢c(b+c)(a —b—20c),

va
F(a,b,c)—F(a+c,b+c0)=c {a(a—3b) —b2—3ac—3bc—3cz] .

Do d6, néua > b+20th1tacongayP(a bc) < Fla—c,b+2c,0), connéua < b+ 2c <3b thltacongay
F(a,b,c) < F(a+c,b+c,0). Nhu vay, trong moi trudng hop, ta déu c6 thé don bién ¢ vé 0, tic 1a ta chi can

chiing minh bat dang thtc trén trong truong hgp ¢ = 0 la dt. Tuy nhién, trong trudng hop nay, két qua ctia
ta la hién nhién theo bt dang thitc AM — GM. Phép chiing minh ctia ta dén day dugc hoan tat.



Bai 2. Ching minh rang néu a, b, ¢ 1a cac s6 duong thi

a(b+c)+ b(c—Hz)+ c(a+b)>(a+b+c)2
a2 + be b2 +ca c2+ab ~ a2 4+b2 42

Ng6 Puc Loc
Loi giai. Theo bat dang thitc AM — GM, ta c6

a(b+c) a(b+c) 2a(b+c) 2a(b+c)

a24+bc /(24 bc)-alb+c)  @+bctalb+c)  (a+b)(atc)

Ta di dén bat dang thic sau

2a(b +c) 2b(c+a) 2(a+b) (a+b+c)?
(a+b)(a+c) (b+c)b+a) (c+a)(c+b) — a2+b>+ 2’
8abc (a+b+c)?
>
2t (a+b)(b+c)(c+a) — a2 +b2+4 2’
8abc 2(ab + bc + ca) — a* — b — ¢?
(a+b)(b+c)(c+a) — a2 + b2 + 2 '

Hién nhién bat dang thitc nay ding néu 2(ab + be + ca) < a? + b? + 2. Trong trudong hop nguoc lai, ta sit
dung bt dang thitc Schur dang bac 3 nhu sau

(a+b+c)[2(ab+be+ ca) — a> — b — 2]

bc >
abc > 5

Ap dung bat déng thtic nay, ta chi con phai chiing minh rang
8(a+b+c)(a*+b*+c*) >9(a+b)(b+c)(c+a),
1a mot bat dang thitc hién nhién duing vi theo cac bat dang thic Cauchy Schwarz va AM — GM, ta c6

8(a+b+c)P=[a+b)+(b+c)+ (c+a)
27(a+b)(b+c)(c+a).

24(a+b+c)(a®+b*+c*) >
>

Bai toan dugc giai quyét hoan toan. Pang thitc xay ra khi va chikhia = b = c hodca = b,c = 0 va cac hoan
vi tuong ung.

Nhan xét. Bai toan nay la mot sy "tuong tu hda" véi két qua rat dep sau ctia Vasile Cirtoaje

a(b+c) b(c+a) c(a+Db)
> 2.
\/a2+bc +\/b2+ca Nt T
Ban doc c6 thé thuc hién tuong tu nhu trén dé chiing minh bat dang thitc nay. O day, ching t6i xin dugc
gidi thiéu mot cach khac kha doc dao nhu sau
Do tinh d6i xiing, ta c6 thé gia st rang a > b > c. Khi d6, v6i chti y & bat dang thiic quen thude (va hién
nhién) sau véi moi x,y > 0

(x+y)? =2 +y*+2xy > >+,



ta thu duoc

a(b+c)+ c(a+b) S a(b+c)+c(a+b)
a% + bc Z24+ab — \ a2+bc  2+ab’
Bay gio, ta sé chi chiing minh rang

a(bt+c) clatb) b +ca
a?+bc  2+ab ~ blc+a)

c2+ab =~ b(c+a) a2+bc’

c(a+b) S c(a+b)(a—b)?
c2+ab ~ b(c+a)(a®+bc)’

b(c+a)(a® +bc) > (a—b)?(ab+ c?).

clatb) b*+ca a(b+c)

Bat dang thtic cubi la hién nhién bdi vi ta c6

b(c+a) =ab+bc>ab+c* a*+bc>a*> (a—b)%

a(b+c) c(a+b) b2 +ca
+ > ,
a? +be c2+ab ~ \/ b(c+a)
Va nhu vay, ta dan dén viéc chiing minh bat dang thitc sau dé hoan thanh yéu cau ctia bai toan
b(c+a) b2+ ca
—_ > 2.
\/b2+ca +\/b(c—i—a) -
Tuy nhién, bat dang thitc nay lai hién nhién ding theo bat dang thitc AM — GM. Phép chiing minh ctia ta

duoc hoan tat.
Ngoai ra, ta cting chitng minh dugc

a(b+c)+ b(c+a)+ c(u+b)>(a+b+c)2
b? 42 2 +a? a2 +b> T a2+ b2+

Do 3¢, ta thu duogc




Bai 3. Chiing minh véi moi s6 thuc x, ¥, z ndm trong khoang (—%, %), taludn co
3cosx +2cosy + cosz > Z(cosx + cosy)(cosy + cos z)(cos z + cos x).
Tran Quéc Luat
Loi giai 1. Data = cos x,b = cosy,c = cosz thia, b,c € [0,1], va ta phai ching minh rﬁng
4(83a+2b+c) >3(a+b)(b+c)(c+a).
Trudc hét, ta sé xét truong hop ¢ > b > a. Khi d6, ta co
2>b+c¢, 2>c+a, 3a+2b+c>3(a+b).
Nhan lai vé véi vé ca ba bat dang thic trén, ta thu dugc ngay két qua ma ta can ching minh.
Bay gid, ta sé xét trudng hop téng quat hon khi ma chua biét 16 thit tu cta a,b, c. Goi (m, n, p) 1la mot hoan
vicuaa (a,b,c) sao cho p > n > m. Khi d6, theo bat dgmg thuc sép xép lai, ta cé
3a+2b+c=3-a+2-b+1-c>3-m+2-n+1-p=3m+2n+p.
Mat khac, do p > n > m nén theo chiing minh trén, ta thu duogc
4Bm+2n+p) >3(m+n)(n+p)(p+m)=3(a+b)(b+c)(c+a).
Két hop ca 2 bat dang thic trén, ta ¢6
4(Ba+2b+c) > 4(Bm+2n+p) >3(a+b)(b+c)(c+a).
Bai toan ctia ta dugc chiing minh xong. Dang thiic xay ra khi va chikhia =b =c = 1hoaca=b=c — 0.
Loi giai 2. Cling bang phép dat tuong tu nhu trong 16i gidi 1, ta phai chiing minh bat dang thiic sau véi

a,b,c €10,1]
43a+2b+c) > 3(a+b)(b+c)(c+a).

Bay gio, ta hay chi y rang
3a+2b+c > (a+b+cla+(b+c)b+c-c
a* + b+ +ab 4+ bc + ca,

va
a+b+c>a-b+b-c+c-a=ab+ bc+H ca.

Do d6, ta c6 thé dua bai toan vé chiing minh mot bat dang thiic dong bac nhu sau
4(ab+bc+ca)(a® +b? + 2 4ab+bc+ca) > 3(a+b+c)(a+b)(b+c)(c+a).
Sau khi khai trién va thu gon, ta thay bat dang thitc nay tuong duong véi
ab(a — b)? + be(b — ¢)* + ca(c —a)> >0,

la mot bat dang thitc hién nhién ding do a, b, ¢ 1a cac s6 khong am.



Bai 4. Cho cac s6 duong a,b,c thbaman a > b > c vaa + b + ¢ = 3. Chiing minh bt dang thiic

g+£+3ab025.

b
V6 Quéc Ba Can
Loi giai 1. Dat P(a,b,c) = 2 +  + 3abc, ta co
a+b a+b _ (a a+b c 2c 3 2
P(a,b,c)—P( S ,c> = (C— r >+<b—a+b>+[3abc—4c(a+b)}
_a—-b ca-b) 3 5
= % Yhatp 2@
1 2 4c
Mt khéc, ta lai thdy
2 2 2 2 —9c%+9c3
E—Bc(a—b):E—3c(3—2b—c)22—36(3—3@:#,

va theo bat dang thitc AM — GM thi
2-92493 = (2423423 ) o2 >3 (Y8 3} 2~
2 2 2
Do vay, ta thu dugc P(a,b,c) > P (%, %, c) , va ta c6 thé dua bat dang thitc cAn chiing minh vé

a+b a+b
> 5.
P( IR ,c)_S

Datt = 230 thit € [1,3) vac = 3 — 2t. Bt dang thic trén tuong duong véi
t
"4 43>,
c t

hay la

Bang nhiing bién déi don gian, ta c6 thé thu gon bat dang thitc nay thanh

3(42 - 3)(t—1)3
t(3 —2t) 20,

1a mot bat déng thic hién nhién ding do 3 >+ > 1.
Bai toan ctia ta duge ching minh xong. Dang thitc xay ra khi va chikhia =b = c = 1.

Loi giai 2. Bién ddi bat dang thirc vé dang dong bac, ta phai chiing minh

a c 8labc

M=t 5 arprep 270



Tinh dao ham theo 4, ta c6

, 1 8lbc(a—b—c) _ 1 8lbc(2a—b—c)
= - s T Y (AM - GM
fia) c (a+b+c)* ~c 27abc(a+b+c)( M )
1 3(a—b—c) a*+3bc+ab+3c*—5ac
= - - = >0,
c ala+b+c) ac(a+b+c)

do a® + 3bc + ab + 3¢ — 5ac > a* + 3c% + ac + 3¢* — 5ac = (a — 2¢)? +2¢% > 0. T day, ta suy ra f(a) dong
bién, va ta thu duoc
b ¢ 81b%c (8% — 4bc — c*)(b —c)?
> =4 - —5= > 0.
fla) 2 f0) =4 g+ Gy 0 be(2b +c)? i

Phép chiing minh ctia ta dugc hoan tat.



Bai 5. Cho p, q 1a cac s6 duong thda man p + g = 2. Biét rdng a, b, c 1a d9 dai 3 canh ctia mot tam gidc voi
ban kinh dudng tron ngoai tiép la R sao cho pb? + qc? + R? = pga?, ching minh rang pg > %.
Vasile Cirtoaje

Loi giai 1. Datt = Ap dung dinh Iy ham s6 sin va cosin, ta c6 R? = ta? va a> = b* + ¢? — 2bc cos A.
Két hop cac dang thfrc nay véi gia thiét pb? + gc® + R? = pga?, ta thu dugc

(p+t—pg)b*+ (g +t — pq)c* = 2bc(t — pq) cos A.

Dot > inénp+t—pg>p+1—pg=1(1—2p)% >0, tuongtu g+t — pq > 0. Do d6, theo bat ding thirc
AM — GM, ta c6

(p+t— @)l + (g -+t — pg)c > 2be\/(p+ t — pa) (g + £ — pa).

Tir d6 suy ra

(t—pq)cos A > \/(P+t—Pq>(q+t—Pq)-

Binh phuong 2 vé, ta ¢
(= pa)2(4t —1) = 4t |2 +2(1 - pa)t + p*¢* — pq,

va sau khi thu gon, ta thay bat dang thitc nay twong duong véi

—(3t = pg)?
Do vay
3 3
PP A W

Dé thdy dang thiic khong thé xay ra dugc nén phép chiing minh ctia ta dén day duge hoan tat.

Loi giai 2. Trong 1oi gidi nay, ta sé stt dung bd dé sau
Bo de. Trong tam gidc ABC, vdi moi s6 thuc x,y, z, ta luén co

(x+y+z)?

yz sin® A 4 zx sin® B + xy sin? C < 1

y _ z
Dang thirc xay ra khi va chi khi sm2A SnoE = snac

2 )
Chitng minh. Hién nhién ta c6 (xOA + y(ﬁ?} + ZO—C>) > 0, v6i O la tam duong tron ngoai tiep tam giac.
Ngoai ra, khai trién bat dang thitc nay, ta thiy né tuong duong véi bat dang thic néu trong bs dé, va do
2 2A ) 2 — — —

do, bo de cua ta dugc chiing minh. Dé ¢ dang thuace xay ra, ta phai co xOA + yOB +z0C= 0. Bay gio, ta
hay luu y rang trong tam gidc thisin2A - OA +sin2B - OB +5in2C - OC = 0 do vay dé c6 dang thuc trén
thi o5 = s U5 = soc (0 day ta quy udc rang néu mau bang 0 thi tir phai bang 0, néu khong sé khong c6
dang thic xay ra).

Bay gid ta sé gidi bai toan da cho. Theo dinh ly ham s6 sin, dé thdy diéu kién ctia bai toan tuong duong voi
psin? B + gsin? C + % = pqsin® A, hay la pgsin? A — psin® B — gsin® C = %. Apdungbsdévéix = -1,y =
q,z=p,tacod

_1)\2
pqsinZAfpsinzqusinzc < W = 411



Do d6, theo trén, dang thiic phai xay ra, tic 1a

sin2A sin2B sin2C sin2B +sin2C  sin2B +sin2C’

Tu day, ta suy ra —2sin2A = sin2B +sin 2C = 2sin A cos(B — C), hay la cos(B — C) = —2cos A. Ngoai ra,
cng tu trén, ta thu dugc

sin2Bsin2C _ cos(2B — 2C) — cos(2B + 2C)

Pa = sin2A4 8sin? A cos? A
_ 2cos?’(B—C)—1—cos2A 2cos’(B—C)—1—(2cos? A—1)
B 8sin® A cos? A B 8sin® A cos? A
_ 8C052A—1—(2C082A—1): 3 >§
8sin® A cos? A 4sin? A — 4

Déng thitc xay ra khi sin? A = 1, hay sin2A = 0 nhung x = —1 # 0 nén diéu nay la khong thé xay ra. Va
nhu vay, bai toan cua ta dugc chitng minh xong.

Loi giéi 3. Khéng mat tinh téng quat, ta c6 thé gia st rang p > ¢. Khi d6, theo bat dang thiic sap xép lai, ta
thay rang chi cAn chiing minh bat dang thiic trong trudng hop ¢ > b la du. Ngoai ra, tur gla thiét p > g, ta co
thé datp = 1 +t,g=1—tvé6it > 0.Bay gio gia thiét bai toan yéu cau ta chiing minh rang pg = 1 — +* > 4,
haylat < 1. Ap dung bat dang thitc AM — GM, ta c6

R — a’b?c?
~ 2(a2b? + b2c? + c2a?) — a* — b* — ¢
a*b?c?
T 22(@ 4 ) 2222 —at — b — A
a*bc? ot

@02+ 2 —a b —cF 4
Bay gio ta sé xét 2 truong hop
Truong hop 1. b + ¢ > \/ga. Khi d6 tir trén, ta thu dugc!

1 2
plg+3)(b+c) 2 2
paa® > pb? + <q+1) 2> (1+4) A (4patp)(b+e)”  (4pgtp)a
4 pHq+i 9 6
T d6 suy ra2q > 1, hay la t < 3. Mat khéc, dé thiy rang dang thiic khong thé xay ranén t < 1.
Truong hop 2. b +c < \/ga. Tir d6, ta suy ra a® > %cz. Mt khac, cling tir trén, ta co

pqa > + ]ob2 + qc

hay la
4
(1—t*)a* > CZ + (140> + (1 —1t)c?

10 day, ta chu y ring bat déng thuc
xb? + yc? 7xyib_:-yc)

duge thda man véi moi s6 thuc x, y théa man x +y > 0.



a2 4 (VP — )+ b2 + Zcz —a? <0.

Vi day 1a mot tam thirc bac 2 d6i vdi t 6 hé sb cao nhat duong nén dé né khong duong thi diéu kién can la
biét thirc cia né phai khong am, tic la

(b — ?)? > 4a® (bz + ZCZ - az) ,

4a* — (4b% 4-5¢%)a® + (b* — ¢*)* > 0.
2~ 42 45c%+3cV/Bb2 42 2« 42452 =3c\/Bb2+c2
= 8 = 3

hodc a . Tuy nhién, ta thiy rang

4b? +5¢2 —3cV/82 +c2 5, 2
< zscem < zc

8 8 3
2> 4b2+5c2+gcx/8b2+c2 S ¢

Tur day suy ra ta phai co a

2<a2’

nén khong thé xay ra truong hgp thi 2, do vay a 2. Bay gid, ta sé dung két qua nay

dé chiing minh bai todn da cho. That vy, tir gia thiét, ta thu dugc
@+ (VP — )t + b+ >+ R —a? =0,
ttr do suy ra biét thirc cia tam thirc nay phai khong am va khi do, t phai nhan moét trong hai gia tri sau

2 —b*+ /(b2 —c2)2 —4a2(b? + 2 + R? — a?)
202 ’

fo

hoac

—b%—\/(b> —c2)2 — 4a2(b2 + 2 + R2 — a2)
t = .
242
Dé thay fo > t va tir yéu cAu ctia bai todn, ta chi cAn ching minh dugc ty < 1 1a xong. Diéu nay tuong
duong véi

a?+b*—c* > \/(b2 —2)? — 4a2(b? + c> 4+ R? — a?),
hay 1
(a* + > — 2)? > (b? — ) — 4a®*(V* + ¢ + R* — a?),
6b* +2c* — 3a® + 4R* > 0.
Dit x = a?,y = ¢,z = b? thi x > y > z, va ta phdi chiing minh
4xyz
2(xy +yz+zx) —x2 —y2 —22

2y + 6z — 3x + > 0.
Do x > y > z va bat dang thic ctia ta dong bac nén khong mét tinh tong quat, ta ¢6 thé dat x = z+m + 1
vay =z+mvéim > 0.Bang mot sd bién ddi, ta c6 thé thay rang bat dang thitc cudi tuong duong véi

(1—5z)%m + (z+1)(192% — 14z + 3) > 0,

la mot bat dang thiic hién nhién ding do m,z > 0. Phép ching minh ctia ta dén day dugc hoan tat.

Nhan xét. Chd y rang két qué bai todn van dung trong trudng hop p, g 1a cac sb thuc bat ki, va cac 1oi giai
trén van con hiéu qua trong trudng hop nay. Cac 16i giai 1 va 2 1a nhiing 16i giai ngan gon va dep cho bai
toan nay, 1oi giai 3 dai dong hon nhung xét trén mot phuong dién khac thi 16 giai nay lai rat tu nhién (ban
doc c6 thé xem xét y tudng vi sao ma ta phai xét 2 trudng hop?!) va hoan toan thuan tiy dai sb, né chi si
dung nhitng kién thiic so cAp nhét vé tam thirc bac 2, phan nay cac ban hoc sinh da dugc 1am quen ngay tir
thoi con hoc cap 2, trong khi d6 cac 16i giai 1, 2 lai mang dam ban sac hinh hoc ctia chuong trinh cp 3.



Bai 6. Cho tam giac ABC v6i 3 dudng trung tuyén m,, my, me, cac diém Ay, By, C; chay trén cac dudng
thang BC,CA, AB, hay tim gia tri nho nhat ctia biéu thiic
3 3 3
B1C} n Ci1AY N A1By
My my me

Tran Quang Hing

Loi giai. Dé giai bai toan da cho, trudc hét ta sé chitng minh 2 bg dé sau
B6 dé 1. Cho tam gidc ABC véi L la diém Lemoine?. Khi dd, vdi moi diém M ndm trén mit phing, ta co

Y a*?MA? > Y i®MA-LA > Y a°LA%
cyc cye cyc

Chitng minh. Dé thay
ZazMA LA > ZaZMA LA = Zaz (m + 171) LA
cyc cyc cye

— MLY @LA+Y LA = Y @LA%
cyc cyc cye

Tir day, 4p dung bat dang thicc AM — GM, ta dugc

Y RAMA2 Y LAY = Y a? (MA?+LA%) > 2) @®MA-LA

cyc cyc cyc cyc
> Y a?MA-LA+Y a°LA%
cyc cyc

Do do6

Y a?MA? > Y i®MA-LA > Y a®LA%

cyc cye cyc
B6 dé 1 dugc chiing minh. Pang thiic & ca 2 bat dang thiic xay ra khi va chi khi M = L.
B6 dé 2. Cho tam gidc ABC. Khi d6, véi moi diém M ndm trén mt phing thi biéu thirc

BPMA?  PMB®  SMCP
+ +
nmgy mb me

dat gid tri nho nhdt khi M = L vdi L la diém Lemoine.
Chitng minh. Ap dung bat dang thic Cauchy Schwarz va bs dé 2.3 & trén, ta 6

(Z”ZZL\/IIL‘A?)) (ZaZMA-LA> > (ZaZMA2>2

cye cyc cyc
> | Y APLA% | (Y a?MA LA |,
cyc cyc
Suy ra
ZHZMAs > Y a’LA?
cyc LA~ cyc '

- - . 2 . ” - R . — — el End
2piém L duge goi la diém Lemoine néu né théoa man hé thirc B2LA+ LB+ 2LC= 0.



Mat khdc, ta chd ¥ rang trong tam gidac ABC, LA cho bdi cong thiic

2bcm,
LA= ——F—,
a2 + b% + c?
nén tir day, ta dugc
EazLAz < Ea M A3 Zaz(az—f—bz—i—cz)MA?’ _ a2+b2+c22a3MA3
P e P 2bcm, 2abc G mg
Do do 33
a°MA 2abc 2LA2
> LA7,
mg, a2+b2+c2Z

cyc cyc
1a mot hang s6. Dé thiy dang thitc xay ra khi M = L nén bs dé 2 dugc chiing minh.
Bay gi0 ta trd lai bai toan da cho. Str dung két qua ctia Miquel, ta thdy rang ba duong tron ngoa1 tiép cac tam
giac AB1Cy, BC1 A1, CA1B; dong quy tai M. Goi R, 1a ban kinh dudng tron ngoai tiép tam gidc AB1Cy, khi
doé ta cé B1Cy =2R;sin A > MAsin A = “%A, suy ra

B,C} L OMA?
m;, — 8R3my,’

Béng lap luén tuong tu, ta cling co6

C1A3 - PMB®  AB] - A3MC?
m, — 8R3m,” m. ~ 8R3m.’

Cong tat ca lai, ta dugc

BiC] GA]  ABY 1 [(a®MA®  PMB®  SMC
My my, me 8R Mg my, me

vii déng thuc xay ra khi A1, By, C1 la cac hinh chiéu ctia M 1én céc canh BC,CA, AB tuong ing. Mat khac,
theo b6 dé 2.4, ta ¢6

a’MA®  MB3  SMC3 2abc

+ + Z 2 2

Mg my me a4+ b%+c e

v6i dang thirc xay ra khi M = L. Két hgp 2 bat dang thiic nay, ta thu dugc
B:C} N C1A3 N A1B} abe

n m, me  — 4R3(a? +b% + c2)

2142

Y a’LA?,
Cyc
véi deamg thire xay ra khi Aj, By, Cy 1a cac hinh chiéu ctia diém Lemoine L 1én cac canh BC,CA, AB tuong ung.
Do do, gia tri nho nhat ma ta can tim la
abc

a
4R3(a? + b2 + 2 §c;

ZLAZ

— HET—
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MATHSVN INEQUALITY CONTEST 2009

DAP AN VONG 3

COOOO

Bai 1. Cho 4, b, c 1a cac s6 khong am sao cho khong ¢6 2 sb nao dong thai bang 0 va a + b + ¢ = 3. Ching

minh rang bt bt
a c+ca

2 242
e +a2b+bzc+cza -

Ng6 Puc Loc

Loi giai 1. Ap dung bat dang thicc AM — GM, ta thay rang

4+ 03+ S +ab® +bc*+ca’ = (a®+ab®) + (b 4 bc?) + (¢ + ca?)
> 2a2b + 2b%c + 2c%a.
Suy ra
3>+ +c?) = (atbtc)(a®+b*+c?)

= (@ +5 4+ +ab? + b+ ca?) +a%h + b+ Pa
> 3(a’b + b%c + c*a).
Tir day, ta c6 thé dua bai toan vé ching minh bat dang thirc manh hon 1a

ab+bc + ca

2 2 2
Tt 2 2

—X

Diatx = a2+ b2+ c2 > 3thitacdab+bec+ca = 9T,suyra

ab+bc+ca 4:x_~_9—x_4: (x—=3)(2x - 3)

_ > 0.
a? 4+ b2 + ¢? 2x 2x =

A+ b+ +
Tir day, ta c6 diéu phéi chitng minh. Pang thitc xay ra khi va chikhia = b = ¢ = 1.

Loi giai 2. Y tudng ctia chiing ta khi gap nhiing dang hoén vi thuong 1a bién d6i ching vé dang d6i xting.
Dé thuc hién diéu nay, ta hay chu y rang ab? + bc? + ca® — 3abc > 0, va diéu nay dan dén

ab+ bc + ca ab+ bc+ ca
a?b+b%c+cta —  a’?b+ b%c+ c2a+ (ab? + be? + ca? — 3abc)
ab+bc + ca ab+ bc + ca

(a+b+c)(ab+bc+ca) —6abc  3(ab+ be + ca) — 6abe’
Do vay, ta c6 thé dua viéc chitng minh vé gidi quyét bai toan manh hon la

2 2 o ab+bc+ca
b > 4.
e +3(ab+bc+ca)—6abc‘




Day la mot bat dang thirc déi xting va ta ¢6 nhiéu cach dé giai quyét né. Chang han, ta dung "phuong phdp
pqr', dat g = ab + bc + ca,r = abc, thé thi theo bat dang thitc Schur bac 3, ta ¢6 ngay 3r > 4q — 9. Tir day, ta
duoc

PR ab+bc+ca q q
= — > _ [
b +3(ab+bc+ca)—6abc ? 2q+3q—6r_9 2q+3q—2(4q—9)
q 103 — 9)?
= -2 =44+ —— >4,
P2t g5 =T ig=5g =

Dén day thi phép ching minh ctia ta dugc hoan tat.

Loi giai 3. Ta dat g = ab + bc + ca va r = abe. Khi d6, vé6i chu y & bat dang thitc quen thuoc a?b + b?c +
c?a < 4 —r, ta c6 thé dua vé giai quyét bai toan manh hon 1a

_ 1>
9 2q+4_r_4.

Dén day, ap dung bat ding thitc Schur bac 3, ta ¢6 r > 22 Tir d6 suy ra duge

3q (3—9)(35—89)
= >
21 —4q 4 21 —4q 24

_ T s9_ Y
9 2q+4_r_9 2q+4_7

=0 =9-2¢q+
3

Phép chitng minh dugc hoan tat.



Bai 2. Cho 4, b, c la cac s6 duong va x, y, z la d6 dai 3 canh ciia moét tam gidac. Ching minh bt dezmg thic

@/m%ab+1/y+;ixca+wx+iizbc§a+b+c.

Loi giai 1. S dung bat dang thic AM — GM, ta ¢6

‘/H%ab_f_ ly—i_jz/i_xca = \/E

a—+

Tran Quoc Luat

/z+x Yy /y+z )
( /z—i—x—yb /y+z—x>
Nén ta chi can chitng minh dugc

@/x+y <~/Z+x_yb+ _xc> <b+c,
(4_z+azc—y)b+<4 y+; > >2[\/W \/z+x— y+z—x)]\/»'

Chiyrang 4 — Zﬂ% >0vad— == +Z % > 0 nén sau khi d4p dung bt dang thicc AM — GM, ta chi can ching

IN

B

minh bat dang thtic sau

(s- 058 (s hior) ny— WH_ y+z_x>]

Bat dang thiic nay tuong duong véi bt dang thic sau

x+y—z+z+x—y+y+z—x+\/(x+y—z)(y+z—x)(z+x—y) <4
x z xyz

Ditm=y+z—x,n=z+x—yvap=x+y—zthim,n,placicsdduong va bat dang thiic trén trd thanh

m n n n p " 2mnp
m+4p n+m  p+n (m+n)(n+p)(p+m) ~

m n n i p 14 2mnp
m+n n+p p+m— (m+n)(n+p)(p+m)

Bat dang thiic nay da dugc chitng minh trong "topicofluat.pdf" duge bién tap béi Vo Quéc Ba Can.
Loi giai 2. Gia st rang x,y, z 1a d6 dai 3 canh ctia tam giac ABC, khi d6
z+x—y sinA-—sinB+sinC 2sin 4 cos §
z o sinC a CcOoS % ’




Diéu nay dan dén

/z+x—yab+ y%—z—ijL /x+y—sz:
z \/ Y x

cos 8\/absin A + cos %x/ca sin B 4 cos %\/bcsinC
A B C
\/cos 4 cos 5 cos 5
(ab cos? & + cacos? 4 + be cos? %) (sinA+sinB+sinC)

A B C
COSs 7 COS 5 COS 7

= +/2abcos B + 2cacos A + 2bc cos C + 2ab + 2bc + 2ca.

IN

(Cauchy Schwarz)

Mat khéc, véi chii v & bat dang thitc quen thudc
2abcos B+ 2cacos A + 2bccos C < a® + b? + ¢2,

ta c6 thé dé dang suy ra két qua ctia bai toan.



Bai 3. Cho céc s6 thuc a, b, c thdéa man ab + be + ca > 11. Tim gié tri nhd nhat ctia biéu thic

m+fm

P(a,b,c) = Va2 +3
Tran Qubc Anh
Loi giai 1. Ta sé stt dung bd dé sau day
B6 dé 1. Vi moi s6 thuc a, b, ¢ théa man ab + be + ca > 11, ta ludn co
(a®> +1)(b® +1)(c® +1) > 100.
Chitng minh. Ta c6
(@®+1)(*+1)(c2+1) = (ab+bc+ca—1)%+ (a+b+c—abc)?
> (ab+bc+ca—1)%> (11 —1)% = 100.
Do d6, bd dé ctia ta dugc chiing minh. Dang thic xay ra chang han khia = 1,b = 2,c = 3.
Quay trd lai bai toan da cho. Ap dung bat ding thic trung binh liy thira, ta ¢é
y p & 8 & y
V2 +3 = a2+1+1 \3/a2+1+\[_\3/m 1
VA = = 1 7
7 3/b2+3 . 7\%35-1727;1+1+1>7%5\3/@+\3ﬁ+%_3b2+1+ 2
5714 T 5V14 7 ~ 5714 7 Vo100 592
2
Boas - V25 S+l VST VL fErl 1
5 5 6 - 5 6 20 592

Cong tat ca lai, ta dugc

741 LBt 211 8
P(a,b,c) > i/a4 +\3/ = +\3/ng +t 5%
@D DE+1) 8
> _
> 3\/ — + 5o (AM - GM)

100 8
> 3/ 4+ — theo b8 dé 1
> 33535+ 595~ 505 ]

Ngoai ra, dé thdy dang thitc c6 thé xay ra khia = 1,b = 2,c = 3 nén day chinh la gia tri nho nhat ctia P ma
ta can tim.

Loi giai 2. Ta trinh bay mot 13i giai khac cho bai toan nay, cong cu ma ta st dung & day sé la tinh chat
16i-16m ctia ham s6. Trude khi di vao 16i giai nay, xin dugc nhac lai két qua quen thudc sau (ban doc c6 thé

tu ching minh lay)
B6 dé 2. Cho ham sé f lién tuc va c6 dao ham cdp 2 trén doan [a,b] . Khi d6, vdi moi x,y € [a,b], ta luén cé

f) = f) + f ) (x—y).



Quay lai bai toan chinh. Diéu trudc tién ta c6 thé thay 1a ta chi can xét a,b,c > 0 1a da béi vi |ab| + |be| +
|ca| > ab+bc+ca>11va

7 J9 7 J9
3 2 3 2 3 2 3 2 3 2 3 2
243+ P2+3+ 322 +3=1{/|a*+3+ V11> +3+ =/ |c]* +3.
5v/14 5 al 5v/14 i S el

Diéu thtt hai ta c6 thé thdy khi a,b,c > 0 1a ta chi can xét ab + bc + ca = 11 la dt, bdi vi néu ta dat
a=kay,b=kby,c=kci véik > 1vaay, by, cq > 0saochoaiby + bicy + c1a7 = 11 thi

7 V9 7 V9
3/ a2 3/ 2 3/ 02 — 3122 3/121,2 3/12,:2
Var+3+ Vb2 +3+ "=V c2+3 v/ k*ai +3+ v/ k207 +3 + k2t +3
5vV/14 5 ! 5vV/14 ! 5 !

7 V9
Va2 +3+ 5\3/ﬁ€/b%+3+ g€/c%+3.

Tém lai, v6i nhitng nhéan dinh nay, ta co thé dua bai toan vé xét trong truong hop a,b,¢c > 0vaab+bc+ca =
11. Lic nay, data = v/11tan A,b = v/11tanB,c = /11tanC vé6i A, B,C € [0, ) thi ta c6 thé thay ngay
tan Atan B + tan BtanC + tanCtan A = 1, hay A + B+ C = Z. Bay gi0, xét ham s6 f(x) = v 11tan? x + 3
voix e [0,F),taco

Y

Flx) = 22tanx(’zran2x + 1), £1(x) = 22(tan? x + 1)(55 t;;m‘lx +16tan? x +9) -0,
3(11tan? x + 3)2/3 9(11tan? x + 3)5/3

A S 1o s A, i Usr s A o 1 o 2 - 31 X 1A
nén f(x) 1a ham 16i. Bay gig, xét cac sO M = arctan Nt N = arctan Nt P = arctan 17, tade thay M, N, P €

[0,F) va M+ N + P = ¥ nén theo tinh chat ctia ham 10i, ta c6

F) 2 S+ £ oA - M) = Vi 2 - ),
! _ 3 20\3ﬁ _
FB) 2 SN+ BN = 7+ 2 ),
f©) = fr)+feyc-p =Y+ )
Tur d6 suy ra
B 7 Vo 23 2vV/4 23
Pla,b,e) = @) + 5o f (1) + 2(0) > Spe + S (A+B+C-M—N=P) =

572
Day chinh la gia tri ma ta can tim.

Nhan xét. Ca 2 10i giai trén déu c6 thé gitp ta tim ra nhiing két qua tong quét thi vi hon, dac biét 1a 16
giadi 2, n6 c6 thé gitp ta gidi dugc bai todn téng quat véi hé s6 bat ki ma khong can chon trudce "diém roi'.
Vé ban chat, thuc ra 16i gidi 2 chinh 1a mot 4p dung ctia bat dang thitc Karamata cd trong s6, ban doc hay thir
phét biéu va chiing minh bat déang thitc nay xem sao!

1Tai sao ta lai xét cac sb nay? Néu nhu khong duya vao 10 gidi 1 & trén thi liéu c6 cach nao dé tim dugc cac s6 nay khong? Ban doc
hay dua vao phan giai phia duéi va dua ra suy luan cia minh nhé!



Bai 4. a) Chung minh réng vOi moi s6 duong a, b, ¢, ta ludn c6

1 1 1 4 4 4
> .
a2 " bt2c  cr2a° 3at1dbt5c  3b+dct5a | Bctdas b

Tran Quoc Luat

b) Cho cac s6 duong a, b, c. Biét rf?mg a<b<cvaa+b+c= % + % + %, ching minh réng

o
“atc—1
Vasile Cirtoaje
Loi giai 1.
a) Ap dung bat dang thic Cauchy Schwarz, ta cé
16 B (14+1+1+1)2 o 1 1 1 1

3a+4b+5c  (a+2b)+ (b+2c)+ (b+2c)+ (c+2a) ~— a+2b + b+ 2c + b+ 2c * c+2a
Thuc hién tuong tu cho 2 biéu thitc con lai r6i cong tat ca lai, ta c6 ngay diéu phai chitng minh.
b) Tt gia thiéta < b < ¢, tasuyra (b —c)(b—a) <0, haylaac < b(a+c—b), tir d6 dan dén

a—+c 1

1 1 1 1
a—i—b—i—c:f—kf—i—f:a—i_c—i-fz + -
a c b—b b

b ac (a+c—D)

suy ra
b(a+c)>—2(a+c)+b(1-1%) >0,

va ta thu dugc

1—Vb*—b2+1, 1+vVbr—1b2+1
5 hoaca+c > b .

Mit khéc, ta thdy a + ¢ > b ma I=YE=0F1 < nén khong thé xay ra trudng hop a + ¢ < 1=VE=041 Nhy

vay, ta phai c6
1+\/b4—b2+1>1+\/172_1+1
b = b b

a+c<

a+c>

hay la
1
b> ———.
Tat+c-1
Bat dang thiic ctia ta dugc chiing minh xong. Dé thay rang tir cac lap luan trén, ta c6 dang thiic xay ra khi
vachikhia=b=c=1

Loi gii 2.
a) Ngoai cac cach duing bat dang thiic kinh dién nhu trén, v6i bai nay ta con c6 thé st dung tich phan dé
giai no. Ap dung bat déng thic AM — GM, véimoi x,y,z > 0, ta c6
Ay oyt 2t > a3yt S 22 B > 4P, 2 2ahyB 4yt > a8t

Cong lai, ta thu duogc

x4y8 +]/4ZS +z4x8 > x3y4z5 +y3z4x5 _‘_23x4y5.



Bay gio, cho x = t%,y = !,z = t° véi t > 0, bat dang thic trén trg thanh

t4a+8b + t4b+8c + t4c+8u > t3a+4b+5c + t3b+4c+5u + t3£+4a+5b.

Lay tich phan 2 vé theo t trén doan [0, 1], ta dugc
1 1
/ t4a+8b pAb+8c | t4c+8a at > / t3a+4b+5c {3b+4c+5a | t3c+4a+5b> dt,
0 0

hay la

1 1 1 1 1 1
>

4048 " db18c ' 4c+81 - 3a+dbtsc  3b+4c+51  Betdatsh

Nhan ca 2 vé cho 4, ta thu duoc

1 1 1 4 4 4
> .
a2 T bht2c cr2a= 3atdbt5c  3b+dct5a | Bctdas b

Day chinh la bat déng thitc ma ta can ching minh.

byPatx = 1,y =1vaz=1lthitaphdichingminhy <14+l _-1véix>y>z>0vax+y+z=
%—f—%—i—%.Tf{giéthiétx-i-y—i—ZZ%-i—%—i—%,tasuyraduqc

2= (e (1) o oo (1) s

Do do¢, ta phai chung minh
2
w+@<1—4)+¢w+ﬂ2<1—1)+4§2<1+1—0,
Xz Xz X z
1 2 1
@+zﬁ(-—0 +4§(x+ﬂ<+d)—z
XZ Xz

12
(x+2z) (1+1> —2:x+1+@
Xz x z

hay la

>0,

nén ta c6 thé binh phuong 2 vé bat dang thiic trén va thu gon né lai thanh

4(x+z)(x—1)(z—1)

<0.

Bat dang thiic nay ding néu x > 1 > z. Tuy nhién, 4p dung gia thiét x +y +z = % + 4+ % mot 1an nita, ta

1
S Y
thay rang

1,1 1 1,1 1
2x+y+z) = 2(=+-+-)=x+tytz+t-+-+-
X Yy z X Yy z

() (o D) (oY) 2



Tir d6 suy ra
va

Phép chitng minh ctia ta dugc hoan tat.



Bai 5. Cho cac s6 khong am 4, b, ¢ sao cho khong ¢6 2 s6 nao dong thoi bang 0. Ching minh rang véi moi
k > 1, bat dang thic sau luon duge théa man
a? n v? n c? 2k+1 ab+bc+ ca
a? +kab+b> b2 4kbc+c? 2 +kea+a?  k+2 a?4b>4c2 T

Vo Quoc Ba Can

Loi giai. Dat x = ab + bc + cavay = a? + b*> + ¢ thi 0 < x < y. Bat dang thiic ctia ta twong duong véi

2< a? >2 (2k+1)x + (k+2)y

1—
o a2 + kab + b? (k+2)y ’

hay 1a

2 b(ka+1D) >(2k+1)x+(k+2)y.

&ea® +kab +b* — (k+2)y

Ap dung bat dang thiic Cauchy Schwarz, ta c6

b(ka+b)

3 b(a® + kab + b?)
202 + kab + b?

[é ka+b

2
> (Y| =2x+y,
cyc

Va ta c6 thé dua bai toan vé chiing minh

7

(k+2)(2x +y)y >Zb(a2+kab+b2)
(k+2)y+ (2k+1)x — & ka+b

Chd y rang

(k+2)2x+y)y N 3xy b(112+kab+bz)7szL a%b
k+2)y+ k+D)x 7T k+2)y+ 2k+1)x’ katb ka+b

Bat dang thtic trén c6 thé dugc thu gon thanh

2
3xy > Z a“b ,
(k+2)y+ (2k+1)x ka+b
Bat dang thiic nay tuong duong v6i mdi bat dang thic trong day cac bat dang thiic sau
2
3kxy >y ka“b ,
(k+2)y+ (2k+1)x ka+b

ka®b 3kxy
b— 7 ) > ,
C;(” ka+b>x (k+2)y+ (2k+ 1)x

ab? x[(2k+1)x + (2—2k)y]'

Y. >
cycku+b (k+2)y+ (2k+1)x




Dén day, ta 4p dung bat dang thic Cauchy Schwarz mot 1an nira,

2
b
ab? S (C%ia ) x?
Zka—i—b = Ya(ka+b)  ky+x
cye

Nhu vay, bat dang thic ctia ta sé duge chiing minh néu

x (2k+1)x+ (2 -2k)y
ky+x = (k+2)y+ (2k+1)x "

Bang cach quy dong va bién déi tuong duong, ta c6 thé thu gon bt dang thitc trén lai thanh

2ky(k—1)(y — x) >0
(x+ky) [(k+2)y + 2k +1)x] =

Két qua nay hién nhién ding bdi vik > 1vay > x > 0. Va do d6, phép chiing minh ctia ta dugc hoan tat.
Déng thic xay ra khiva chikhia = b = c.
Nhan xét. Bai toan nay la mot tong quat ctia két qua quen thudc
a? N b? N c? ab + bc + ca
a2 +ab+b>  b2+bc+c2 2+ca+a® a?+ b2+




Bai 6. V6i moi diém M thudc mién tam gidc déu ABC cho trudc, ta goi dg, dp, d. 1an lugt 1a cac khodng
cach tit M dén BC, CA, AB tuong ting. Hay tim gia tri 16n nhat va gia tri nh6 nhat ctia biéu thic
dz dj dz
+ + .
MB-MC MC-MA MA-MB
Tran Quang Hung, V6 Quéc Ba Can

e .7 ~ PN s N N <z 2 A A A B VT Iy
Loi giai. Vi M thudc mién tam gidc nén ton tai cac so khéng am x, y, z sao cho xMA +yMB +zMC = 0.

St dung hé thic Leibnitz, v6i moi diém P nam trong mat phéng ta co

BC? + zxCA? + xy AB?
xPA 4 yPB? +2PC2 = (x+4y+2)PM2+ 2
+yPB” + (x+y+z) + +ytz
Xy +yz+zx ,
= PMZ 22T U222
(x+y+2z)PM~ + P as,
trong d6 a 1a d6 dai canh ctia tam gidc déu ABC.
Bay gio, cho P = A, ta thu dugc
(y+2)a* = (x +y+z)MA® + %ﬂz,
ti do suy ra
2 2
MA = VY TVETE,
X+y+z
Hoan toan tuong tu, ta ciing tinh dugc
MB — \/zz+zx+x2a MC — \/x2+xy+y2a.
x+y+z x+y+z

P — — — — D
Dén day, tir hé thic quen thude Sypc MA + SpicaMB + SpapMC = 0 két hgp vdi tinh chat tdm ti cy, ta

duoc
x y z

SmBc  Smca  Smas’
ViSpypc = %ada, Syca = %adb, SpAB = %adc nén déng thuc trén tuong duong voi

x y _z  x+ty+z

de dp  de  da+dy+d.

suy ra
J :x(da+dh+dc), db:y(da—de—ch)/ dC:Z(du+db+dC).
Xty+z Xty+z Xty+z
Diéu nay dan dén
2 2
A . S ==
MB-MC ' MC-MA ' MA - MB L e, o,
x+y+z X+y+z
_(@+@+mﬁz x?
a a2 e/ (2 + xy + y2) (22 + xx + 22)
3 x?

1cyc V2 xy + ) (2 +xx +22)



Chu y rang & day ta da str dung dang thitc quen thudc d, + dp + d. = # dé suy ra dugc dang thiic cubi &
trén. Dén day, st dung bd dé sau (chirng minh xem & cudi 10 giai bai toan nay)
B6 dé. Vai moi sb khong dm x,y, z, ta luén cé
x? 2
1< < —.
B ;%(xz +ay+y?) (2 +ax+22) T V3

Diing thitc & bén trdi xdy ra khi x = y = z = 1 va dang thiic & bén phdi xdy ra khi x = y,z = 0 ciing cdc hodn vi
tuong 1ng.

2
Ta c6 thé dé dang suy ra dugc, gia tri nho nhat cda biéu thuc Méj ic T Mcd iz T w7 A VB la 3 3 dat dugc khi

x =y =z = 1 hay M trung v6i tdm cta tam gidc déu ABC; va gia tri lon nhat cia né la @ dat dugc chang
han khix = y,z = O hay M trung v6i trung diém ctia canh AB.

Nhu vy, cong viéc cudi ciing cua ta dé hoan thanh 15 gidi cta bai toan 1a ching minh bs dé trén. Phép
ching minh nhu sau

Chiing minh. Bang phép nhém theo lily thita clia x, ta thay

2 Y7 ? 2 2\ (42 2
(x + x+yz) — (" Hxy+y)(x*+xz+2z%) =

y+z
2(y* +2°) } 5, [P +2) 2| .2 [Z(yz‘i‘zz)
= —y—z|x + z—Yy"—z°| x* +xyz —Yy—z
{ y+z / (y+2)? tyz-y Y y+z Y
_ Pty —2? Pyzy-2?  2VE( -2 PViEly -2’
y+z (y+2?> — y+z 2(y +2)
Va ta duoc
y2+z2 2
(x2+x+yz) > (® +xy + 7)) (¥ +xz +22),
y+z
hay la

1 y+z
> .
VOt xy+12) (2 +xz+22) — 2y +z) + 2z +x) + 22 (x+y)

Thuyc hién tuong tu cho 2 biéu thic con lai, roi cong tat ca lai, ta thu dugc

v 2 .y 2(y+2) )
GV O+ xy + )+ ax +22) Gy +2) +yA(z+x) + 22 (x +y)

E)ay chinh 1a vé trdi ctia bat dang thitc néu trong bo dé. Bay gio, ta sé chung minh vé pha1 Dé thyc hién diéu
ndy, ta sé stt dung tinh ddi xing ctia né va gia st rang x > y > z > 0. V§i gia thiét nay, ta c6 danh gid sau

]/2

S Sy_g.
VTR
Danh gid nay ding bdi vi (3y —z)2(y* + yz +22) —9y* =z [3y® + z (y — z) (4y — z)| > 0. Diéunay dan dén
v < Y-5F 2 3y-z
V@2 +yz+2) (2 +yx+22) T /2 ray+yr T 3V xty




Hoan toan tuong tu, ta cing c6

x? 2 3x-—z
< . .
V2 +xy+yA) (2 +xx+22) ~ 3V/3 x+ty

Suy ra
x? e 4z

2
V(2 + xy + y2) (22 + xx + 22) " V2 +yz+22) (Y2 + yx + x2) = V3 3V3(x+y)

Lic nay, dé phép ching minh dugc hoan tt thi ta can c6

4 > z .
3V3(x+y) V(22 +zx+ 22 (22 + zy + y2)
Ta co
z z y yz
2 2 2
Y y
va ) 5
w > 3y (AM — GM).
T do6 suy ra

z 1 2 4
< < < .
VEHzx+32) (2 tzy+y%) T VB2 Fay+y?) T 3(x+y)  3V3(x+y)

B6 dé dugc chitng minh xong va bai toan ctda ta dugc giai quyét hoan toan.

— HET—
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