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LY THUYET CHUOI

1 Chubi s6
1.1 Dinh nghia

Dinh nghia 1. Cho (a,), la day sb (c6 thé thuc hay phiic), chudi tuong ting ky hieula » _ a,.
1

k
V6i méi k € N, dat s, = Y ay, la tong rieng phan thit k. Khi k thay ddi tren N, 6 day
1

tong rieng phan (sp)x.
o

Néu lim s; ton tai hitu han, ta néi chudi Z a, hoi tu va dat S = lim s;, 1a tong ctia chudi,
k—oo n k—oo
o
S = Z Q.
1
(@)
Néu lim sj, khong ton tai hosic lim s, = +oo hay lim s, = —oo, ta néi chudi Z a, phan
k—oo k—oo k—o0

1

ky.
Tinh chat

1. Tinh hoi tu va toéng ciia chudi khong thay déi néu thay doéi thit tu ctia mot sé hitu han
s6 hang.

2. Chudi Z ay, VA Z a, cung hoi tu hoac ciing phan ky.
1

n>ng

o0

3. Diéu kién can: néu chudi E a, hoi tu thi lim a,, = 0.
k—oo
1



1.2 Chudi khong am

La chudi ¢6 dang Z Ay, p > 0.
1
Tinh Oghét

Cho Z pn, a, > 0. Khi d6 day tong riéng phan (sg) 1a day tang va néu (sg)x bi chin thi

1
o0

chudi g a,, hoi tu.
1
Dau hiéu so sanh

[e.9]

(0.) oo
1. Gia st 0 < a, < b, Vn > ng. Khi do, néu Z b,, hoi tu thi Z a, hoi tu, néu Z a, phan
1 1

1

ky thi » b, phan k.
1

2. Gid st lim 2 — k. Khi d6:

(a) Néu 0 < k < oo thi Z U, Z b, cing hoi tu ho#ic cung phan ky.
1 1

(b) Néu k=0va » b, hoi tu thi » _ a, hoi tu, néu Y a, phan k¥ thi Y b, phan ky.
1 1 1 1

(c) Néuk = oo va ) a, hoi tu thi » b, hoi tu, néu Y b, phan ky thi Y a, phan k¥.
1 1 1

1

Tiéu chuan tich phan
Cho f : [1,+00) — R lién tuc, f(z) > 0 va f gidm. V6i moi n € N, dat a,, = f(n). Khi dé:

Tich phan suy rong /f(:z:)dx hoi tu & Chudi Z a,, hoi tu.
1 1

Chubdi co ban:

[e.o]

1
oZ—hoitukhis>1,phankykhis§1.
lns
[ee] o0 1
t" |t| <1, hoitu vatong S = Y "= ——
¢ Sl < b v ting § = D=

DAu hiéu D’Alembert (ti sb)

n—oo

Cho chudi s6 duong Y an, a, > 0. Gid sit lim " = k. Khi do:
1

1. Néu k < 1 thi Zan hoi tu.
1



o0

2. Néu k > 1 thi Zan phan ky.

1

3. Néu k = 1, chua két luan vé sy hoi tu.
> 1, Vn > ng thi chudi Z a, phan ky.
1

An1

Ghi chi. Néu ¢6

Qn

Dé&u hiéu Cauchy (cin sd)

Cho chudi khong am Z ap, ay > 0. Gid st klim /a, = k. Khi dé:
1 o

1. Néu k < 1 thi chudi hoi tu.
2. Néu k > 1 thi chudi phan ky.

3. Néu k = 1, chua két luan vé sy hoi tu.

1.3 Chudi dan dau
C6 dang i(—l)”an hoac i(—l)"an, a, > 0.
Dau hiéulLeibmitzOO ’
Cho chudi dan dau Z(—l)"an, a, > 0. Gia st (a,), la day gidm va kh_)rgo a, = 0 thi chudi
1

hoi tu. Goi S 1 téng clia chudi. Khi do: |S| < a;.
1.4 Chubdi bat ky

Co6 dang Z a, véi a, c6 thé am hay duong.
1

oo o o
Xét chuoi khong am Z |la,|. Néu chudi Z la,,| hoi tu thi chudi Z a, hoi tu va ta noi
1 1 1

0 o o0
chudi Z a,, hoi tu tuyét déi. Néu chudi Z a, hoi tu nhung chudi Z |a,,| phan k¥, ta néi chudi
1 1 1

Z a, la ban hoi tu.
1
Tinh chét .

Néu chudi Z a, hoi tu tuyet doi thi chudi cé duge bing cach thay doi thit tu cac sé hang
1
ciing hoi tu va tong ciia chudi khong thay doi.

Ghi chit. Néu biing dau hign D’Alembert hogc Cauchy ma chudi » _|a,| hoi tu (phan k)
1

thi chudi Z a, cing hoi tu (phan ky)
1



Dinh 1i 1. Cho (a,), la day gidm, a, > 0, lim a, = 0. Cho (b,), la day bat ky (khong can

>

1

Khi dé, chuoi Zanbn hoi tu va tong S = Z anby, théa man |S| < Cay.
1 1

duong). Gid si c6 hang s6 C > 0 sao cho vdi moin € N, <C.

Thi du
Xét sy hoi tu ctia chudi
1. f: ! Dat f : [2,00) = R, f(z) = ! thi f lien tuc, f(z) > 0 va f giam. Khi
nln“n ’ ’ rln®z o -
dé =—— n>2.
0’ f(n) nlnan’n_
[ d [dt .o
Xét tich phan suy rong / —Q; = / — (doi bién t = Inx)
rIn®x e
2 In2

Tich phan hoi tu khi o > 1, phan ky khi o < 1.

o0

Vay chudi Z
2

— hoi tu khi o > 1, phan ky khi oo < 1.
nln®n

[e.9]

2. ) (Va-1)véia>1
1

(0%
In% a an,

thi lim — =1

n—oo n

Dit a, = ({a — 1)* = (e%m— 1) va by, =

nO{
- = In?
Chudi Y =" hot tu khi o > 1, phan ky khi o < 1.
nOl
1

Vay chudi da cho hoi tu khi o > 1, phan ky khi o < 1.

o5t (sn L)

1 ns
. 1 . 1 Sinm
it a,, = [lnm—ln (&nm)} =—In i

S
SIS =

n2/5
t3 f int 2
Do sint =t — — + o(t%) nén o =1 — = + o(t?)
6 / 6
In(1+¢ .1
Dt b, = MOHD ) faco tim L

———, dung lim
n4/5, gt—>0 n—oo O,

o
. 1 .
Do chuoi E —7 phan ky nén chuoi da cho phan ky.
n
1

oSt (i)



1 1
bit a,, =sin— — In (1 + —)
n n
Dung khai trién Taylor:

¢ t?
sint:t—g+o(t3), ln(1+t):t—§+o(z€2)

t2
Suy ra: sint —In(1 +1¢) = 5t o(t?)

1 n
Dat b, = 5, ta c6 lim 22— 1

n—oo 0y
oo

. 1 .
Do chuoi E oz hoéi tu nén chuodi da cho hoi tu.
n
1

1 1
Datan———lnn+
n n
Do t — In(1 +¢) - (12), dit by = ——, ta c6: lim & =1
ot—1In = — = —=, :lim — =
5 0] , da o2 a co e
=N i
Do chuoi E oz hoéi tu nén chudi da cho hoi tu.

1

o
6. Xét sy hoi tu ctia chudi duong Z a, thoa diéu kién:
1

1
Vn > ng, /a, < (1 - —) véi a € (0,1).
nOé

1 n
Tacé:0<an§(1——) , Vn > ng
nOé

1 n
Xét lim n? (1 — —>

n—00 n<

Ta c6 In {ng (1 — i) } =2Ilnn —nln (1 — i) =nl {21;1” —n%In <1 — i)}
ne ne nt—¢ ne

Do lim l?n =0, lim n%In (1— L) = —1 nén

n—oo N n—00 ne

1 n
lim n? (1 — —) =0
n—oo n

2

Déan dén lim n

n—oo

., =0
o0 1 o0
Do chubi Z — hoi tu nén Z a,, hoi tu.
n
1 1

D
7. (a) Xét sy hoi tu ctia chudi Z a, thoa diéu kién:
1



(0%

a n )

an, >0, n+1§ voi a > 1
an, n+1

(b) Xét sy hoi tu ctia chubi Zun voi:
1
1.3.....(2n— 1)

2.4, .. 2n.(2n + 2)

Uy —

1
(a) Dat b, = —, ta cd
na

Ap+1 n ¢ bn+l 1 “
< = =(1- %
an, _(n+1) by, ( n+1) v
Suyraanﬂg%g'--gﬂ:al,Vn
n+1 bn bl

oo oo
- 1 ) .. .
Vay a, < ay.b,, Vn. Do a > 1, chuoi E — hoéi tu nén chudi E a, hoi tu.
n
1 1

3
241 3 1y}
(b) Taco dnt = 2P0 g 2 o (1_ (%)
U, 2n+4 2(n +2) n+2

» 1
Tu’Ong tu (7&) V01 bn = m

Ta ching minh: véi ¢t € [0,1], a > 1, (1—-t)*>1—at
Diat o(t) = (1 —t)* = (1 —at), taco: ¢'(t) = —a(l—t)*1+a >0
Do ¢(0) =0 nén ¢(t) >0, vVt € [0,1] hay (1 —¢)* > 1— ot

o0
ta c6 chudi E u,, hoi tu.
1

8. Cho a € (0,27), s > 0. Xét su hoi tu cua hai chudi

o0 o0 .
Z COS N« S1n o
s 7 Z s
1 n 1 n

Trude tién ching minh: ¢6 M > 0 sao cho

n
E cos ko
0

< M, <M, Vn

n
E sin ka
0

Do e = cos ka + isin ko, Vk € N, ta co:

i pikor _ 1- €i("f1)o‘ (1 —cos(n+1)a) —isin(n+ 1)«
- 1 — el (1 —cosa) —isina

[(1—cos(n+ 1)a) —isin(n + 1)a][(1 — cosa) + i sin a

(1 —cosa)?+sin*a

Dong nhat phan thyc va 4o

B |[1 — cos(n + 1)a](1 — cos @) + sina.sin(n + 1)a| - 5

n
E cos ko
0

(1 — cosa)? + sin® a ~ (1 —cosa)?+sina

6



2

B |[1 = cos(n + 1)a]sina + (1 — cos ). sin(n + 1)q| - 4

n
E sin ko
0

(1 — cosa)? + sin® ~ (1 —cosa)?+sin*a

Vay diéu khéng dinh dugc ching minh.
i > . 1
Do hai chuoi da cho c6 dang Z a,b, v6i lan lugt b, = cosna, b, = sinna va a, = —,
nS
1
(ay)n 1a day gidm, lim a, = 0 va ¢6 hing s6 C > 0 thoa man:

<C, <C, Vn

n
E cos ko
1

n
E sin kar
1

- o= COS N >, sinna
Vay chudi hoi tu.
i 33T
. - , x. L o 1n%n
9. Cho a > 0, s > 0. Xét sy hoi tu cta chudi dan dau Z(—l)
ns
2
In*¢
Xét ham ¢(t) = r;
. In** ) !
Ta c6 ¢'(t) = tST(a —slnt) <0 khilnt > "
Vay ¢ la ham giam khi t > e®/*
- P In® In®
V6i ng € N sao cho ng > €®/#, chudi dan dau Z (=1)" nn c6 day ( - n) la day gidm,
ns ns
n>ng
1 (07
lim —" =0
n—oo NS
Theo dau hiéu Leibnitz, chuoi da cho hoi tu.
Bai tap
1. Tinh tong riéng va tong (néu co) clia chudi sau
=1 1 1 1 1
HD: ¢ = ——— = ~ -
(a)2124n2—1 T 1 2<2n—1 2n+1>
“3n’+3n+1 1 1
by ST T HDigy =
(b) Z n3(n +1)3 I = s (n+1)3
(c)iact ! HD: arct arctg b = arct a—b
retg ———— :arctga — ar = ar
- S NP | & & &7 + ab

2. Xét su hoi tu clia cac chudi sau



1 2
a) HD:l—costNE

4. Xét sy hoi tu cta chudi dan dau:



1 n—+cos——

\/ﬁ
(Vn+1—+/n)cosnm HD: cosnm = (—1)"

1.4.7.....(3n - 2)
35.7.....(2n+1)

(1)t

1
_1 n+l__ — >0
(=1) nelnn’ @

(—1) W, a>0

>
>
i(—nn( ntl )a, a0
>

2n? 41

[ee] o0
Z os’na 1 cos2na + 1
o ’_52 o
T 1 n
o0 o

. 1
Vé6i a < 1, chuoi 5 — phan ky, g
nOé
1

1

Cos 2na

hoi tu.
na

0 2
COs™ na

Suy ra chudi Z phan ky.
/rLOé

1

o0
| cos nal

na

Do | cosna| > cos? na, Vn € N nén chudi E
1

phan ky.

Vay chudi Z o8 na7 a < 1, hoi tu nhung khong hoi tu tuyét doi.
n()[

1




3 Chuéi ham so

3.1 Su hoi tu :

Dinh nghia 2. V6i moi n € Nju,, : I C R — R, chudi ham tuong tng ky hiéu la > u,. V6i
1

o

mdi z € I, c¢6 chudi s6 thuc > u,(z), khi o thay déi trén I, c6 vo s6 chudi s6, trong s6 d6 co
1

nhitng chudi s6 hoi tu va nhitng chudi phan k.

bat D = {m € ],Zun(x) hoi tu } va dat u(z) = > u,(z),r € D. D duge goi la mién
T 1

o
hoi tu cta chudi, ky hieu : u =" u,.
1

Ta noi :

~ > u, hoi tu vé u tren D & Va € D, Ve > 0,3ko : Vk > ko = | - un(2)| <c.
1 n>ko

— > uy, hoi tu déu ve u trén D < Ve > 0,3kg € N:VE > ko = | > u,(2)| <&,V € D.
1 n2ko

DAu hiéu Weierstrass:
o0 oo
Gia st : |u,(2)] < an, Vo € D,Vn > ng va >_ a, hoi tu. Khi d6 chudi Y u, hoi tu déu tren
1 1
D.

Dinh li 2 (Weierstrass).

(0.)
1) Gia st : Vn € N,u, lién tuc trén D,>  u, hoi tu déu vé u trén D. Khi dé u lién tuc trén
1
D.

2) Gid st : ¥n € N,u,, kha vi lien tuc trén [a,b], chudi dao ham > u!, hoi tu déu vé v va cé
1

zo € [a,b] sao cho chudi s6 > u, (o) hoi tu.
1

Khi dé c6 ham u khd vi lién tuc trén [a,b] sao cho chudi Y u, hoi tu déu vé u trén [a, b]
1

o0
vauw =v=> u,.

1

xr

Hon nita - / u(t)dt = f: / u(t)dt.

a

4 Chuoi luay thira:

Dinh nghia 3. Chudi lay thita 1a chudi c6 dang > a,(x — 29)", o 1& tam cla chudi.
0

10



o)
Dinh 1i 3. Cho chuoi lay thiua > a,(x — x9)™. Gid st : lim ntl| _ p hogc lim nVIenl = p.
0 n—oo | A, n—oo
1 , ~
Dat R = — wva goi R la ban kinh hoi tu ctia chuoi. Khi do :
)
i. Chudt Y. a,(z — xo)"™ hoi tu vé ham u trén (rg — R, xo + R).
0
~ (e}
ii. Chuoi Y a,(x — xo)" phan ky khi |z — xo| > R.
0
5. Ham u khd vi va o' (z) = > na,(x — x9)" ',V € (zg — R, z0 + R)
1
Hon nia : / = i n (. —20)" V2 € (w0 — R, 29+ R). Mién hoi tu ciia chudi
—n+l o

o
e}
S an(z —20)" la (20 — R, 70 + R) ¢6 thé thém vao diém dau zo — R va diém cudi xo+ R
0
tuy tung truong hop.

Thi du :

o0

. 1 N
1) Chuoi g 2 c6 mieén hoi tu la |z| > 1.
€T n
0

1 1 1 . .
V6i a > 1, ta ¢o : < , YV, x| < a va ZT hoi tu. Vay chudi ham hoi
o o

1422 — 1+a?n

tu déu trén mién |x| > a.

o (-1 . ) \
2) Chudi Z (=1 la chudi ham dan dau, ¢6 mien hoi tu la z > 1. V6ia > 1, > 0, do tinh

- 7ﬁnm
—1)"
EE: Sﬂnl

n>k

<

< e, V6i k > ko ta co :

1
kla

chat ctia chudi dan dau, c6 ky € N :

klna < e. Vay chubdi hoi tu déu trén mién z > a.

o n

3) Chuéizli r A1
xn

0

1
Véi |z| < 1, ¢6 ng € N sao cho : Vn > ng thi |z|" < 7

n

< 2|x|™.

1+ 2m

Vay mién hoi tu ctia chudi 1a (—1,1). Tuy nhién chudi khong hoi tu déu trén (—1,1). That
k

Suy ra : ‘

\ x
vay, véi e = 1, v6i moi k € N ¢6 the chon x € (0, 1) sao cho: .

Khi dé6 : N
T z" "
< — = < .
1 —'$2 2{: 1.+.x —-EE: 1_+_$n
n>k n>k

2>1

11



n n

a
<
=71

V(’jimoiO<a<1,tacé:‘

, YV, |z| <a,Vn € N.
1+ a2 a

X < > x
Chudi »  a™ hoi tu. Vay chuodi
ZOI i tu. Vay ; T

n

hoi tu déu tren [—a, a.
xn

o0

4) Véi s > 0, chudi » —
1 1
k,p € N ¢6 hiang s6 M sao cho:

COSNT = SiN N -
,Z hoi tu khi = # k27w, k € 7Z. That vay, véi moi
nS

k+p k+p

M . M
ZCOSTM < — Zsmnx < —
1—cosz 1——cosz
k k
4 1 s 5 0 nen chudi L COSNT = sinnw Lo s
ay o giam ve 0 nén chuoi Z o ,Z - ol t, c6 tong

k

1 M 1 M
thé an: |97 < ——— |5 < ——m .
6a man: |8 < k:sl—cosx’| 2| < k$1 —coszx
Véi a > 0 va e > 0 bt k¥,
do < Vo € la+ 2im,2(0 + 1) — a], Vi € Z,
1 —cosz 1—coiea

chon ky € N sao cho:—.
k% 1 —cosa

00 0o .

cosnx sinnx
2 2
k k

< e. Khi do, véi k > kg, ta co:

<e, e, Vo € [a+ 2im,2(i+ 1)m — a].

sin nx

Suy ra: chudi g : g CPMT 161 tu deu tren mién [a + 2im,2(1 + 1) — al,i € Z.
s s
1 1

sin n2x

Ghi chia: Chudi E 5— hoi tu trén R nhung chudi dao ham timg s6 hang ) cos n’z
n 1
1
khong hoi tu.

Cong thic Maclaurin ctia cac ham co ban:
1) L —it” It < 1
1—t &

1 o0
2) — = )™M |t < 1
) Ty = e

t
3 ef=) —, VteR
n:

0

12



4) sint =Y (-1)" VteR
s (2n +1)!
o0 t2n
5) cost = Z( " o) VteR
- !
e tn+1
6) In(1+1) = Z(—nnn+ -t > -1

0

7) (1+t)a:1+ozt+%t2+...+ ( ) n,< )t“r-
Chudi Taylor:
X f(n)
Cho ham f kha vi vo han lan trong lan can ctia zy. Chudi Z f <'x0)
n!
0

(x — x0)" 1a chudi

Taylor ctia f trong lan can clia zg. Néu chudi Taylor ctia f c¢6 ban kinh hoi tu R > 0 thi

. fn)
fl@)y=Y" / n(,x‘)) (. —x0)" x € (o — R, 20 + R).
- !

Bai Tap

1. Tim mién héi tu ctia chudi ham :

T
2ngn

2. Xét su hoi tu déu ctia chudi ham:

— (=D

ey tréen R. HD : dung chudi dan dau.
"+ n

1
NZD
-0

(2" — x*"*t1) tren [0, 1].

2) Zx”e’m tren [0, a] v6i a > 0.
0
>
0
HD S un(x) — —(:L‘Zn o x2n+1> S

13



3. Tim mién hoi tu ctia chudi liiy thita sau :

oo xn
1 i
) 21: -
(2 —2)"
2 0
) ; s>
(@ 1)"
3) 2 (2n —1)!
oo xn
4
5) Y 2YM(z 4+ 1)"
0
(2 —4)"
6
) 21: =
- (_1)7171 n
7) 2 T
L (n+1\" )
—2)" HD : dat t = (x — 2)?
8)21:<2n+1) (z —2)%", dat t = (z — 2)
() (x+5>2n71 y 0 (:L._’_5)2n72
9) 21: g HD £ xét (:c+5)21:W.
10) i ! (x—=1)"
-~ n(lnn)?
“Inn
11 — 2)".
) 3w
4. Tinh tong cta cac chudi sau :
1) ) ()"t x e (-1,1).

1
oo

HD: dat f(z) = » (—=1)"2na” ",z € (—1,1). Tinh tich phan hai vé.

HD: f(z) = x. Zna:”’l = z.5(z) v6i S(z) = inz”_l.

1 1

14



4) i <1 + 3n2+1> 2", x e (—1,1).

0
HD: tach thanh tong hai chudi.

o

5) Zn(n + 12" 2%,z e (—1,1).

2

HD : dat S(z) = S n(n + a2, 5(0) = 6,25(x) = > n(n + 1)z,

5. Khai trien Maclaurin ctia cdc ham so sau :

1) f(z) =sin*z.
HD : sin® z = 1(1 — cos 2z).
4+ r+1
2 = 0.
=
HD : f(&:):x—i-ll—m-i-m-
3) f(z) = xe®, Tinh £19(0).

N N OV (1) IR ) ) )
HD : f(x) = Z = Z 2". Dong nhat he s6 ctia z' & hai vé.

5 n! > k!
4)ﬂ@:1fﬁnmhwwm
5) flz)=V8+uw.
6) f(x)=In(z+ V1+a?).
HD 0, /@) = (14t ) = 3 [Tt Dy
| b |
a=—-—.
2
7)ﬂ@:/%¥ﬁ

15



