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im0, O =c

Nam hoc 2018-2019

, { Baildiémv

1. Rit gon biéu thiic :

V@B —2V20  a++/2ab+2b

v6ia>0,b>0,a #2b

p_ [ 2latd) Va Va+2v203
B 2b++/2ab

2. Choham sb y = (m? —4m —4)x+3m—2 c6 do thila d. Tim tt ca cac gia tri
ctia m dé duong thang d cat truc hoanh va truc tung lan luot tai A, B sao
cho tam gidc OAB c6 dién tich 1a 1cm?, O 1a goc toa do, don vi do trén truc

;

la cm
Loi gidi
1.
b 2(a+Db) B va (\/5+\/%)(a—\/2ab+2b)_\/a
(va—+2b)(a+2ab+2b) a++2ab+2b V2b(v/a+/2b)
2(a+b) —+/a(/a—+/2b) (a—~2ab+2b) —/2ab
(va—/2b)(a+2ab+2b) V2b
B a++2ab+2b (a—+/2b)?
(Va—+/2b)(a+~2ab+2b)  \/2b
a- VB
Vb
2. ;
d cat truc tung va truc hoanh tai 2 diém phan biét A, B m? —4m—4 £0 < m #2422
V6i diéu kién 6, ta c6 A (ﬂ;o) va B(0:3m —2). Tit do -
m-—4m—4

Saop=1< OA.0OB =2
2—3m
m? —4m—4

(3m—2)':2

(3m—2)> =2(m*> —4m—4)
(3m—2)* = —2(m* —4m—4)

T2 —Am+12 =0

1 1m2—20m—4=0
[ m=2
& 2 (théa man)
m=——
I 11
A N 2 N , . . X N 2
Vaym=2vam= 11 la cac gia tri can tim cua m
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,  Baiz @ diémv ) \

1. Cho phuong trinh x2 — (3m — 2)x+2m? — 5m — 3 = 0. Tim m dé€ phuong trinh
co it nhat 1 nghiém duong.

V2x—y—14+3y+1=x+/x+2y
¥ —3x4+2=2y>—y?

2. Giai hé phuong trinh {

Loi gidi

1.
Phuong trinh x> — (3m — 2)x+2m? — 5m—3 = 0 ¢6 2 nghiém x; = m — 3 vax, =2m+ 1
Do dé, phuong trinh da cho co6 it nhat 1 nghiém duong

m >3

m—3>0 1

2m+1>0 < m>_E

A 1 N , .2 . X ~ 2
vay m > ~3 la cac gia tri can tim cua m
2.

{¢2x_y_1+\/3y+1 =VxX+VxF2y (%)

X =3x4+2=2y> -y (¥x)
Piéukién: x> 0;3y+1>0;x+2y>0;2x—y—1>0

Xét () co :

() & (V2x—y—1+/3y+ 1) = (Vx+/x+2y)°
& (2x—y—=1)@By+1) =x(x+2y)
S x—y—1)By—x+1)=0
x=y+1
[x:?)y—H

e Néux=y+1, thayvao (**) tacé:
(Y4172 =3(+1)+2-2y+y*=0
& =y 447 =0

y=0
& [y:4 =

x=1

x=5

e Néux =3y+ 1, thay vao (**) tacé :

(By+1)3=3@y+1)+2-2y>+y> =0
& 25y° +28y* =0
& y2(25y+28) =0
<y=0 (vi3y+12>0)
=x=1
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Vay hé da cho c6 cac nghiém la (x,y) € {(5,4);(1,0)}

,  Bai3@diémv ) ~

1. Cho cac s6 thuc duong a, b, c théa man (a+c)(b+c) = 4c2.

2 R b b
Tim GTLN, GTNN cua biéu thiic P = a4 +2
b+3c a+3c bc+ca

2. Tim s6 nguyén t6 p théa man p* —4p+91a s6 chinh phuong

Loi gidi

(a+c)(b+c) =4 & <§+1) <§+1> 4

(1 +x))(cl +y)=4 (*)2
P= J Y ()

b ..
Daflt0<xzc—l;0<y:—th1 n
¢ ¢ y+3 x+3 x+y

Tu (x) = xy=3—(x+y)
()2 +3x+y)—2xy  xy  (x+¥)P+5x+y)—6 3—(x+Y)
xy+3(x+y)+9 x+y 2(x+y)+12 x+y

T (xx) = P =
Tu () taco:

(1+x+ 14?2 >4(1+x)(14+y) =16 = x+y > 2(vix,y > 0)
Laico:0<xy=3—(x+y)=>x+y<3

Do dé, néudiatr =x+ythi2<r<3vatacod:

P 45t—6 3—t t 3 3 (t—2)(t—3)

= — —_— — = 1
2t+12 + t 2t 2 2t +
t 3 3 [t 3 3 3
Theo AM-GM P = -+ - —=>24/ .= —==V6— =
©0 G 2+t 2 2t 2 2
a b
2 P 2 t 3 _+_:\/6 b: 6
Pangthiicxayras - =~ <r=v6 < cp€ & at vec )
2 1 “2_3_6 ab = (3 —+/6)c
Cc C

(1=2)(t-3)

+1<1Vi2<t<3)
2t

Laico:P=

at+b=2c

2

Dang thiicxdyra <1 =2 & {
ab=c

X 3
Vay MaxP = 1 va MinP = /6 — 3

® 0973.793.825 5 i DUC PV
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, < Baid (7diém)v ) \

1. Cho tam giac ABC ndi tiép trong duong tron (0)(AB < AC) va dudng cao
AD. Ve duong kinh AE cua (0).
a. Chting minh rang AD.AE = AB.AC
b. V& day AF clia (O) song song véi BC, EF cat AC tai Q, BF cat AD tai P.
Chtng minh rang PQ//BC
c. Goi K 1a giao diém ciia AE va BC.
Chting minh ring AB.AC — AD.AK = /BD.BK.CD.CK

2. Cho tam giac ABC c6 BAC = 90°,ABC = 20°. C4c diém E va F 1an lugt ndm
trén cac canh AC,AB sao cho ABE = 10° va ACF = 30°. Tinh s6 do ctia CFE

Loi gidi
1. AD AB
a.Ta co ANABD —~ NAEC = = AD.AE = AB.AC
AC _ AE
A F
P Q
2
C
B D| K C
M E

b.

. fTF\:BA/\E - = — N s ez A Lo A
Ta co /\Q — = PFQ = PAQ = AFQP la ti giac noi tiep
BAE = PAQ

= FPQ = FAQ = FBC = PQ//BC

c.
2 2 < AD KA
Gia st AD cat (0) tai M. Khi d6é DK//ME = = AD.KE = DM .KA

DM~ KE
, | BD.DC =AD.DM ’
Ta co = BD.BK.CD.CK = AD.DM .KA.KE = (AD.KE)
BK.CK = KA.KE

= vBD.BK.CD.CK = AD.KE

Mat khac AB.AC —AD.AK = AD.AE —AD.AK = AD.KE

Vay AB.AC — AD.AK = +/BD.BK.CD.CK

2.

Goi H 1a trung diém clia BC. Duong thang vudng géc véi BC tai H cat AB tai K
Khi d6 ABKC can tai K = KCB = KBC = 20°

Suy ra KCF = 20° = KCB = KC la phén gi4c clia BCF = 7K — KB (%)
AE AB
Mt khac BE 1a phan gidc ctia ABC = CE~ BC (xx)

® 0973.793.825 6 i DUC PV
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K

Fgq

Do
T
(@)

HB BK HB AB
\/EABHKmABAC:AB = 3c :in—BC
Tam gidc ACF vudng tai A va c6 ACF = 30° = FC = 2FA

]2’2 do :2FA FC BC BH AB AE

== = = = =——=—=_——theo (%),(*),(**")
FK 2FK 2FK 2KB KB BC CE

— EF//KC = CFE = FCK = 20°

(s % )

< Bais (1 diém) v )

Trong ky thi Olympic c6 17 thi sinh mo6n toan dugc mang sé bdo danh 1a s6 tu
nhién trong khoang tt 1 dén 1000. Chiing minh rang c6 thé chon ra 9 hoc sinh
c6 tong cac so bao danh dugc mang chia hét cho 9.

L& gidi
V6i 5 56 tu nhién d6i mot khac nhau xay ra 2 kha ning sau :

e Co6 nhiéu nhat 2 s6 ¢c6 cung so0 du khi chia cho 3. Khi d6, ton tai 3 sb khi chia 3
lan lugt du 0,1,2= tong 3 so nay chia héet cho 3

e C6 itnhét 3 sb c6 cuing s6 du khi chia cho 3 = tong 3 s6 ciing s6 du chia hét cho
3.

Nhu vay, trong 5 s6 tu nhién khac nhau bat ky, luén chon dudgc 3 s6 c6 tong chia hét
cho 3.

Chia tip 17 s6 bdo danh ctia 17 thi sinh 1am 3 tap lan ludt c6 5,5 va 7 phan t.

Trong moi tip, chon dudc 3 sb cé tong l1an luct 1a 3s;,3s2,3s3(s1,52,53 € N). Con lai
17 —9 — 8 s6. Trong 8 sb6 nay lai chon dudgc 3 sb c6 tong 1a 3s4. Con lai 5 so tiép tuc
chon dudgc 3 s6 c6 tong 1a 3ss.

Trong 5 s0 s, 52,53,54, 5 lai chon dudc 3 sb Si,8j, 8k CO tong chia hét cho 3. Do d6, 9 s6

bdo danh c6 tong tuong Ging bang 3(s; +s; +s;) : 9

® 0973.793.825 7 i DUC PV
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Néam hoc 2017-2018 e

'  Bail @diémv ~
Vr4+2V/x—14+vVx—2yx—1 V6ix
\/x+2\/x—1—\/x—2\/x—1

1

2 - 1 . )
2. Choxe Rt thoamanxz—k—z:7.T1nhA:x3’+—3VaB:x7—|——7
x x X

1. Rutgon P = >2

Loi gidi

x+2Va—1= (ﬁﬂ)z
x—2Vx—1= (\/)m—l)2

Mavlix>2=+/x—1>1nén:

(Vx—1+1)+(vVx—1-1)
(Vi 1+ - (VaT1-1)
~ 2vx—1
2
=vx—1

2.
. , 1 1\* 1\°
Tac0:7:x+—2: x+-) —2=[|x+-] =9
X X X

. 1 < as
MaxeR"=x+-=3.Tudo:
X

—73-3=18
L <x2+l>2—2:72—2:47
x4 x2
:>B:x7+l7: <x3+l3> (x4+g) - (x+)—lc>
—18.47-3
— 843

VayA =18 vaB =843

® 0973.793.825 8 i DUC PV
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,  Biiz@diémv \

1. Cho phuongtrinhx2+ (m2+1)x+m—2=0 (1). Tim tham s6 m dé€ phuong
\ , <A A <A 2 ~ 2 - 1 2 - 1
trinh (1) c6 2 nghiém phan biét x;,x, thoa man : T x4
b %) X1
55

X1X2

(x+1)*+y=xy+4

43 —24x+35=5(\/3y— 11+ /3) 0

2. Giai hé phuong trinh {

Loi giai
1.
Xét phuong trinh (1) c6:

A= (m*+1)* —4(m—2)
= m* +2m* —4m+9
=m*4+2(m—1)>+7>0 VYmeR

Suy ra (1) ludén c6 2 nghiém phén biét x;,x, v6i Vm
Xét dieu kién ctia x1, x»:

2x1—1 2x—1 55
+ = XX+ ——
X2 X1 X1X2
X1X2 75 0
2(x —l—xz)z — (X1 +x2) —4dx1xp = (x1x2)2 +55 (%)

x| +x—2=—(m*+1)
X1 Xp=m—72

—2£0
m4 7&2 Sm=-2
m*+2m°-—24=0

Theo Vi-ettaco: { . Thay vao (x) ta dugc:

Vay m = —2 la gid tri can tim cia m

2.
0 (x+1)2+y=uxy+4 (1)
47 —24x+35=5(3y—11+,5)  (2)

11

Diéu kién : y > 3

® 0973.793.825 9 i DUC PV
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e Néux = 1. Thay vao (2) tac6 /3y — 11+/y =3
N A x| 11 X A
Ham f(y) = /3y — 11+ ,/y dong bién trén l?;—koo) va f(4) =3 nén:

V3y=1l+\y=3&y=4

e Néuy=x+3.Thayvao (2)tacé:

4x2—24x+35:5<\/3x—2—|—\/x+3>
& (4% —28x+24) + (3x+2-5V3x—2) + (x +9—5Vx +3) =
(3x+2)? —25(3x—2) N (x+9)2—25(x+3)
3x4+24+5v3x—2 x+94+25Vx+3
9(x—1)(x—6) n (x—1)(x—6) _
3x4+245V3x—2 x+9+5V/x+3

9 1
S x—1)(x—6) |4+ + =
(=Dl ){ At 2+5vV3r—2 @ x+9+5vx13
1

S (x—1)(x—6)=0(vid+

o x=1
x=6

+x=1=y=4

S4(x—1)(x—6)+

S4x—1)(x—6)+

9
+ >
3x+24+5vV3x—-2 x+9+5vVx+3

+x=6=y=9

Vay hé (I) c6 cac nghiém la (x,y) € {(1,4);(6,9)}

, < Bai 3 (3,5 diém) v/ > \

1. Tim tat ca cac s6 nguyén duong m,n sao cho m+ n? chia hét cho m? —n va
n+m? chia hét cho n?> —m

2. Cho tap hgp A gom 16 s6 nguyén duong dau tién. Hay fim s6 nguyen
duong k nho nhat c6 tinh chat :" trong mdi tap con gom k phan t cua
A déu ton tai 2 s6 phan biét a, b sao cho a? + b? 1a s6 nguyén t0"

Loi gidi

(m+n*):(m>—n)=m+n*>>m?>—n
<:>m2—m§n2+n
sSmm—1)<n(n+1)
=n>m—1

Tuong tu tlt (n+m?): (n> —m) =m-+1>n
Nhuvaym—1<n<m+1

= ¢6 3 kha nang sau :

® 0973.793.825 10 i DUC PV
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e n=m—1.Khido:

m+n?im?—n

n+m?in®—m

m+(m—1)2m> —(m—1)
m—14m?:(m—1)*—
smrdtm—1'm?*—3m+1
S4mim? —3m+1
<:>4m2m2—3m+1

sSm*—Tm+1<0

7 —\/45 7+ /45
Ty smET

MamneZ"*=m>2=me {2,3,4,5,6}
Thit lai thay (m,n) = (2,1) va (m,n) = (3,2) thoa man.

e n=m. Lam tuong tu tim dugc (m,n) = (2,2) va (m,n) = (3,3) théa man.
e n=m+ 1. Lam tuong tu tim dudc (m,n) = (1,2) va (m,n) = (2,3) théa man.

Vay nhiing cap gia tri théa man yéu caula (m,n) € {(1,2);(2,1);(2,3):(3,2):(2,2);(3,3)}
2.

A=1{1;2;3;..;16}. Goi U = {2;4;6;8;10;12;14;16}.

Khidé U C AvaVa,b € U thia®+b*:2nén a®+b*1a hgp sé.

U cé8phantiinénk >9

Chia 16 phan tctuaA thanh 8 cap nhusau (1,4);(2,3);(5,16); (6 15);(7,12);(8,13);(9,10)
va (11,14). Tong binh phuong ctia 2 sb trong méi cap déu la s6 nguyén td.

Goi V 1a tap con chiia 9 phan tii ctia A. Theo nguyén ly Dirichle, V sé chtia it nhat 1
cap so trong 8 cdp so chia 6 trén. Dieu dé c6 nghia, moi tip con c6 9 phan ti cia A
déu thoa man tinh chat ma bai toan yéu cau.

Kéthop v6ik>9= k=9

, { Baid6digmv > \

Cho tam gidc ABC cn tai A(BAC > 90°) ndi tiép (O, R). M 1a diém nim trén canh
BC

(BM > CM). Goi D 1a giao diém ctia AM va (O,R)(D#A). H la trung diém ctia BC.
E 1a diém chinh gifta cung 16n BC. ED cét BC tai N

1. Chiing minh rang MA.MD = MB.MC va BN.CM = BM.CN

2. Goilla tam dudng tron ngoai tiép tam giac BMD. Chiing minh rang B, 1, E
thang hang

3. Khi 24B = R, xac dinh vi tri ctia M dé 2MA + AD dat gia tri nho6 nhat.

® 0973.793.825 11 i DUC PV
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Loi gidi

1.
MA MB
NABM —~ NCDM — = — = MA.MD =MB.M
CDM(g.g) = e = uD C (1)

Laico:

MA MH
NAMH ~ ANMD —— = — = MAMD =MH.MN
NMD(g.g) = YN = MD (%2)

Tu (%1) va (x2) suyra: MB.MC = MH.MN
MaMB —MC =2MH néntaco:

2MB.MC = (MB—MC).MN
& 2MB.MC = MB.MN — MC.MN
& MB.MC +MC.MN = MB.MN — MB.MC
& MC(MB+MN) = MB(MN — MC)
& MC.BN = MB.CN

2.

QuaMm dufng dufdng thang song song v8i AE cét BE tai F. Khi d6 : AEB = MFB.

Ma AEB MDB = MFB MDB = BMDF la tt giac noi t1ep

= tdm I cua dudng tron ngoai tlep tam gidc BMD cing la tAm cua dudng tron ngoai
tiép tam giac BMF. Ma tam gidc BMF vudng tai M = I 1a trung diém ctia BF

= B,I,E thang hang.

3.
AM AH
Tac6 ANAHM —~ NADE(g.g) = E =D = AM.AD = AH.AE (x3)
Xét tam giac ABE vuong tai B ¢6 BH la dudng cao nén :
AB* = AH.AE
AB* R
= AH = —
AE 8
R . . R R?
Thay AH = 3 va AE = 2R vao (x3) ta dudc: AM.AD = §.2R =7

Theo AM-GM, ta co :

AM2 AD?
2AM +AD = AM+AM—|——+— 4y —/———= \/ —RV2

® 0973.793.825 12 i DUC PV
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2 P 2 AD R 2

Dang thuc xay ra < AM = - =AM = T\/_
Cer . . , TR? RV
Khi d6, xét AAHM vuodng tai H ta c6 : HM? = AM? — AH? = <= HM = _\8/_

Vay 2AM + AD dat gi tri nhé nhat bang Rv/2 khi M nam 6 vi tri giita H va C sao cho
R
=RV
8
' < Bai 5 (2,5 diém) v/ > \

xX+y+z=3

xy+yz+zx#0
xbl oyl ozl 25

y+1 z+1 x4+ 17 33/4(xy+yz+2x)

1. Cho x,y,z1a cac s6 thuc khong Am théa man {

Chiing minh rang

2. Cho tam gidc ABC vudng tai C c6 CD 1a dudng cao. X 1a diém thuoc CD. K 1a
diém thudc doan AX sao cho BK = BC. T thudc doan BX sao cho AT = AC.
AT cat BK tai M. Ching minh rang MK = MT

Loi gidi

10
Theo AM-GM:

3/4(xy +yz+2x) = 3¢/2.2.(xy + yz + 2x)
<2424 (xy+yz+2zx)
=x+yt+z+1l+xy+yz+zx
<xy+yzt+zwtx+y+z+1+xyz
=@+ D+ 1)(z+1)

25

25
3 A0 it - G DO+ DGELT)

xXy+yz+zx=2

(*1)

Suyra

Dang thiic & (;) xay ra
xyz=0

25 >x+1 y+1 z+1

GEDOFDEED ~y+ T o Tard

Ta chiing minh
Taco:
(#2) = (x+ 1)+ D)+ O+ D> x4+ 1)+ (z+1)2(y+1) <25

& (P Ay +2y) + (x+y+2)P +3(x+y+z)+3<25
(:)xzz+y2x+z2y <4 (x3)

pé ching minh (x3), giasttx <y < z. Khido:

(x=y)(y—2)=0
<:>xy—z,x—y2+yzzo
& xy+yz > 2+ y?

® 0973.793.825 13 i DUC PV



im0, O =c

Suyra:

x(xy+yz) > x(zx+y7)
&Py +xyz > Kz yix
= Py dayz+ 2y > Py 4y (%)

x=0

(x=y)y—2)=0
Mat khac x?y +xyz + 2%y < X%y + 2xyz + 2%y = y(x + )
Theo AM-GM :

Dang thiic & (x4) xay ra < {

y-(x+2)% =2 2y.(z4x).(z+x)

2y
(2y+ z+x)+ (Z+x)>3

VAN
= l\)l'—‘

= Xy +ayz+27y <4 (xs)
xyz=20
xX+z=2
U (*4) VA (x5) = (*3) dang = (x,) dang.
x+1 1 1 25
TR
y+1 = z+1 1S 34/4(xy +yz+zx)
Dang thtic xay ra < dang thiic 6 (x) va (x,) xay ra < trong 3 s6 x,y,z c6 1 s6 bang 0; 1
so bang 1 va 1 so bang 2.
2. Qua A va B dung 2 duong thang lan lugt vuéng goc voi BX va AX.

Dang thiic xay ra <

=

Tu (%1) va (xy) suy ra

A
K
4
/,
/ M
4
V4
Pt D
F K
‘ X
[l
, T
'l C "f
/ PPt B
-
:', —””
Z- E

Hai duong thang nay cat nhau tai H. BX cat AH tai F va AX cat BH tai E. Khi d6 X 1a
truc tim ctia tam giac ABH.

MaCX L AB= H cCX

Ta chitng minh AAHT vubdng tai 7.

Theo gia thiét AT = AC = AT? = AC> = AD.AB

® 0973.793.825 14 i DUC PV
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. AB AF
SuyraAT? = AH.AF = NATH cantai T = HT> = HF.HA (1)
Chiing minh tuong t@ AHBK vudng tai K = HK> = HE.HB (2)

. AH HE
Ma AAHE <~ ABHF = — = — = AH.HF =HE.BH (3)
BH HF

Tu (1),(2),(3) suyra HT? = HK> = HT = HK
chung HM

Xét 2 tam giac vuong HKM va HTM co :
HT = HK (cmi)

= AHKM = AHTM = MK =MT

® 0973.793.825 15 i DUC PV
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Nam hoc 2016-2017

< Bail @diémv )

1. Rutgon:B = \/13+30\/2+ V9+4v2

a+b+c=0
2,12 2.2
. _ b
2. Choa,b,c € Rthoaman: a2+ z#cz
b*+c*#a
Ara® £ b
) b? c?

TnhP=—— ot ot

Loi gidi

9+4v2=(2vV2+1)?
=24+1/944V2=242V241=(V2+1)?

= 134+30\/2+1/94+4vV2 = (5+3V2)?

SuyraB=5+32

Via+b+c=0nén

a? —b* - =a*— (b+c)? +2bc = 2bc

Tuong tu ta c6

#—1@—a2:2au¥—wf—b2:2d7
Tt do

P:a—2+b—2+ 2 :a3+b3—|—c3

2bc  2ca 2ab 2abc
Hon nua
S0+ =d +b° — (a+b)? = —3ab(a+b) = 3abc
oy -3 3
©® 0973.793.825 16
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im0, O =c

,  Biiz@diémv \

1. Trong hé toa do6 oxy, tim trén dudng thang y = 2x+ 1 nhiing diém M(x,y)
sao cho y? — 5y,/x+6x =0

. - b
2. Choa,b,ceRthoamang—kg—k%:O.

Chiing minh rang phuong trinh ax? 4+ bx+ ¢ = 0 luén c6 nghiém.

Loi gidi
1.
Toa do ctia diém M 1a nghiém ctia hé phuong trinh :
y= 2.X —+ 1 (*1)
V2 =5y/x+6x=0 (%)

Gidi (+2) €6 (¥2) & (y —2v/X)(y —3vx) =0 & [ §i iﬁ

e Néuy =2/x. Thay vao () tacé:
2/x=2x+1
&2 —2/x+1=0
sx+(Vx—1?%=0
& x = y/x— 1 =0(v0 nghiém)
e Néuy = 3,/x. Thay vao (x;) tacé:
3 /x = 2x+1
&2 —3/x+1=0
& Qva-DVx-1)=0

VEi=1
2/x=1

X =

=

X =

)
N

+x=1=y=3=M(1,3)
1 3 13
=—=y==-=M(-,=
A 2 « R 4 ~ N X N 1 3
Vay co 2 diém M thoa man yéu caula: M1(1’3)’M2(Z’ 5)
2.

| S

T +§:0=> 10a+12b+15¢ = 0
= 12b = —(10a+ 15¢)

= 144b% = (10a + 15¢)?

AN

Xét phuong trinh ax?> + bx+c =0 (*3)
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) b )
. Néua:O:>§+2:O<:>4b+5c:0<:>5c:—4b.Khid0:

(¥¢3) ©bx+c=0
& 5S5bx—4b=0
< b(5x —4) = 01udn ludn c6 nghiémVb € R
e Néu a # 0 thi (+3) 1a phuong trinh bac hai c6

A= b*—4ac
= 144A = 144b* — 576ac
= (10a + 15¢)* — 576ac
= (10a)? —276ac + (15¢)*
138 \?2
> (10a)* — 276ac+ [ —c
10
138 \?
:<10a—ﬁc> >0 Va,ceR

= (*3) ludn c6 nghiém

Vay phuong trinh ax? + bx + ¢ = 0 luén c6 nghiém.

,  Baisz@diémv ) \

1. Choa,b,c € Rt. Chting minh ring :

8 8 8
~ (a+b)?+4abc * (b+c)?+4abc * (c+a)?+4abe
S 8 n 8 n 8
“a+3 b+3 c+3

+a®+b*+c?

3. Tim cdc s6 nguyén tb a,b,c va k € Z* sao cho a® + b* 4 16¢> = 9k> + 1

Loi gidi

4ab < (a+b)* = dabc < (a+b)*.c
- > 8
(a+b)2+4abc ~ (a+b)*(1+c)
S 8
(b+c)2+4abc — (b+c)*(1+a)
8 >
(c+a)?+4dabc ~ (c+a)*(1+D)
N 8 n 8 n 8 S
(a+b)>+4abc  (b+c)>+4abc  (c+a)*>+4abc —
8 8 8
@rbP(1+e)  Grer(ira)  era(1+h)

Tuong tu :
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Dang thiic 6 (*) xdyra< a=b =c

Mat khac :

2 2

a2+b22<a;b) ;b2+22( c) ,c2+a2>(cza)
2 2 2
P> (a+Db) +(b+c) +(C+a) (55)

4 4 4
D’éng thiic 6 (**) xayra<a=b=c
Ket hgp (*) va (**) suy ra:

(a+b)? 8 (b+c)? 8 (c+a)?

M\ aimraro T 4 | Yerorarat 4 (c+a2(i4b) T 2
2V/2 N 2V2 N 22
“Vi+a Vi+b Vi+c

Dang thiic 6 (**) xdyra<a=b =c

(xxx) (AM—GM)

Laico:
2V2 4 4 8
Vita Vivita—at3 ai3 | )
2
2V2 8
Tuong tu : >
gt V14+b~ 3+0b
2V2 .8
V1+c 3+c
M 8 n 8 n 8
“34+a 34+b 3+c
2 . a=b=c
Dang thuc xay ra < Sa=b=c=1

Vita=v2
2.7+ +16c =9%k>+1 ()
Mot s6 chinh phuong hodc chia hét cho 3, hodc chia 3 du 1. Ma 9> 41 chia 3 du 1 nén
trong 3 s0 a?,b%, 16¢* c6 2 s0 chia hét cho 3 va 1 s6 chia 3 du 1. Vi vai tro ctia a,b 1a nhu
nhau nén khéng mat tinh tong quat, ta xét 2 kha nang sau :

. {az, b? chia hét cho 3

16¢2 chia 3 du 1 .Do a,bnguyén t6 = a = b =3, thay vao (*) tacé :

321324162 =9k +1
& 9k% —16¢* =17
& (Bk—4c)(Bk+4c) =17

3k—4c=1
=
{3k+4c: 17

k—
& { 3 (thda man)

CcC =

.Do a,c nguyén t6 = a = ¢ = 3, thay vao (*) tacé:

. a*,16¢? chia hét cho 3
b? chia 3 du 1

324 p2 41632 =9k +1

® 0973.793.825 19 i DUC PV



im0, O =c

& k> —b* =152
& (3k—b)(Bk+b) =152=2%.19

Do 3k — b va 3k + b cuing tinh chén 1é nén c6 cac kha nang sau :

3k—b=4 k=1 . ~
+ { @{ (thoa man)

3k+b=38 b=17

3k—b=2 k=13 2 ~
+ & (thoa man)

3k+b=176 b =37

Vay cdc bo sb théamanla: (a,b,c,k) €{(3,3,2,3):(3,17,3,7):3,37,3,13):(17,3,3,7): (37,3,3,13)}

, < Baid 6diém) v ) \

Cho doan AB = 24 c6 trung diém 1a 0. Trén ntta mat phang b AB dung niia
duong tron tam O, duong kinh AB va ntta duong tron tam (0’), dudng kinh AO.
Diém M thay déi trén nita (0') (M # A,0). Tia OM cit (0) tai C. Goi D 1a giao
diém thii 2 ctia CA véi (0')

1. Chting minh ring tam gidc ADM can

2. Tiép tuyén tai C clia (0) cat OD tai E. Chiing minh EA 1a tiép tuyén chung
cua (0) va (0')

3. Puong thang AM cit OD tai H. Duong tron ngoai tiép tam gidc COH cat
(O) tai N. Ching minh rang A, M, N thang hang

4. Tinh OM theo a biét ME//AB

1.

AOAC a t i O < ~ ., 2 — —_— —

can tal = OD la phan giac cua AOC = AOD = COD

OD 1 AC

< 14/M\D - 14/-7) — — . .
Ma< _— /0\ = AMD = ADM = AAMD can tai D

DAM = COD
2.
chung OF

Xét 2 tam gidc EOC va AOE c6: { OC = OA = AEOC « AEOA(c.g.c)

EOC = E/O\A(cmt)
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L ECO- 0

Ma ECO = 90° = EAO = 90° = AE la tiép tuyén chung ctia (0) va (0')

3.

Gia st AM cét (0) tai N/

Vi oc L AN’ M nen Mla trung diém cua AN’ = AACN' cantaiC

= CN’A CAN’ Ma CAN’ DAM = DCM HOC

= CN'A = CN'H = COH = CHON' 1 ttt glac noi tiép

= N’ 1a giao diém clia dudng tron ngoai tiép tam gidc COH v6i (0) = N = N’
= A,M,N thang hang.

4.

. [EMA =MAC(so let
ViMN//AB(gt) nén (s0 le trong)

EM | AE = AEM = AMO

AE ME
NAME ~ ANOAM — = —=0M.ME =AE.AM
= (g8-8) = oM — Al (*1)
Laico:
2.5 AM.MO
ME//AB = AE = =22M0 _ (x2)

OA OA
MEO = EOA = MOE = AMEQ can tai M
= OM =ME (*3)

Thay (x;), (x3) vao (x;) taco :

AO.MO.AM AM?  0A% — OM2 OM?
OM? = ————— = OM = = A———
OA (Z)A OA OA /s
. ) M 5-1
M3 OA =anén:OM =a— = OM?+a.0M—a*>=0= OM = a. 5
a
. 5—1
Vay OM = a. \/_2
, < Bais @Bdism v > \

1. Cho hinh vuéng MNPQ va diém A nam trong AMNP sao cho AM? = AP? +
2AN?. Tinh PAN

2. Cho P(x) = x* 4+ ax? + bx + ¢ va Q(x) = x* +-2016x + 2017 théa man P(x) = 0
c6 3 nghiém thuc phan biét va P[Q(x)] = 0 v6 nghiém. Chiing minh rang
P(2017) > 1008°

Loi giai
1. .
Trén nita mat phang b6 AN chita M dung tam giac ANB vuOng can tai N
= 2AN? = AN? +NB> = AB?> (%)
NP =NM(gt)
Xét 2 tam gidc ANPva BMN c06:{ NA = NB(céich dung) = AANP = ABNM(c.g.c)
PNA = BNM9 = 90° — ANM)
AP=BM (%)
@V = m (*3)
Tl (%1) va (x2) = AP? + 2AN? = BM? + AB>.
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Ma AP? +2AN? = AM?(gt) nén suy ra BM? + AB* = AM* = AABM vudng tai B = MBN =

135°

Tw (x3) suy ra PAN = 135°

2.

Goi x1,x2,x3 1a 2 nghiém thuc phén biét ctia P(x) = 0.

Khi do6 P(x) = (x —x1)(x —x2) (x — x3)

Suy ra P[Q(x)] = (Q(x) —x1) (Q(x) —x2) (Q(x) —x3)
O(x) # xi

Do P[Q(x)] =0vOnghiémnén < Q(x) #x, VxeR
O(x) # x3

Ttcla:

(
x%+2016x+2017 —x; #0
x> 42016x+2017 —x; #0 VxeR
x?42016x+2017 —x3 # 0

\

>
A} = 10082 — (2017 —x1) <0
&9 A, =10082 — (2017 —x3) < 0
Ay =1008% — (2017 —x3) < 0
\

2017 — x; > 10082
& {2017 —xp > 10082
2017 — x3 > 10082
\

= P(2017) = (2017 — x1) (2017 — x2) (2017 — x3) > 1008°
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Nam hoc 2015-2016 e
, < Bail Gdigmv > \
Rat gon:
p_ [ 2atb) Va \/c?+2\/2b3_\/5
T \V@—2v20? a+V2ab+2b) \ 2b+/2ab
Véia>0,b>0,a+#2b
Loi gidi
P_z(a+b)—\/a(f—\/%) a—\/2ab—|—2b_\/a
B Vad — 27253 ' V2b
_a+2b++2ab a—2v2ab+2b
VB2V Vb
_a+2b++/2ab (va—+/2b)?
 V2b (Va—2b)(a+\2ab+2b)
_Va—-V2b
V2
,  Baiz@diémv ) \

1. Goi x1,x; 1a 2 nghiém ctia phuong trinh x2 4+-2015x+1 =0
x3,%4 12 2 nghiém ctia phuong trinh x> +2016x+ 1 = 0.
Tinh M = (1 +x3) (%2 +x3) (21 —x4) (X2 — x4)

2. Trong hé truc toa dd6 oxy cho hinh cht nhat ABCD véi
A(6;2),B(6,17),C(42;17),
D(42;2). Trén dudng thang 3x+ 5y = 68 tim cac diém M(x;y)(x,y € Z) thudc
hinh chit nhat ABCD. Céac diém nay khong thudc cac canh clia hinh chit

nhat ABCD
Loi giai
1‘
Taco:
_ 2 2
M= [xlxz +x3(x1 +x2) +x3} [xlxz — (x1+x2)x4 +x4]
. xixp =1 2 2
Theo Vi-et = M = (1—2015x3 +x2)(1 +2025x4 +x2)
X1 +xy = —2015
Hon nta :

1 —2015x3 +x3 = (x34+2016x3 + 1) —4031x3 = —4031x3
142025x4 +x7 = (x3+2016x4 + 1) —x4 = —x4
=M= 4031)63)64

Ma theo Vi-et: x3x4 = 1 = M = 4031

® 0973.793.825 23 i DUC PV



im0, O =c

2.
Nhiing diém M (x,y) théa man yéu cau bai toan c6 toa do théa man hé :

3x+5y=68 (*1)
6<x<42 (%2)
2<y<17 (%3)
xX,yEZ
T (%) = 5y =68 — 3x
Theo (#2) :x>6 =5y <68—-3.6=50=y <10
Ket hgp voi (x3) suyra2 <y < 10
Hon nua:
68 = 2(mod 3) = S5y = 2(mod 3)
=y = 1(mod 3)
=ye{47}
e Néuy = 4. Thay vao (%) = x = 16 (théa man)
e Néuy=7.Thayvao () = x = 11 (théa man)
Vay M;(16;4) va M>(11;7) 1a nhiing diém can tim.

, < Baisz@diémv ) \

2 ~ . . sy 213
1. Cho a,b,c € Rt thdéa man 2a? + b*> < 3¢%. Chiing minh rang = + 72
a C

i ToA A a2 . 65 5 £ 2 s 1A N
2. V6ibo so (6,5,2) ta c6 dang thiic %= Tim tat ca cac bo (a,b,c) gom cac

chit s6 trong hé thap phén biét rang a,b,c do6i mot khac nhau va khac 0

. -_ab b
thoaman — = —
ca C

Loi gidi

- 111
Ap dung BDT quen thudc (x+y+2) (; + y + —) >9taco:

z

2 1 1 1

1 9 9
— o> —
a b a a b a+ta+b 2a+b
Mat khac theo BDT Bunhiacopxki :
(2a+b)> = (V2.V2a+b)* < (24 1)(2a* 4+ b*) = 3(2a* + b*) < 9¢?
= 2a+3b<3c (*x)

(%)

N < 2 1 9 3
Tu (* ** —->—==
(*) va ( )suyraa+b_36 :
Ding thiic xay ra < a=b sSa=b
a = =C
& y 2a% + b? = 3¢?

2.

b b
2 — 2 & (10a+b)c = (10c+a)b
ca c
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& 10c(a—b)=bla—c) (xx*x)
=bla—c):10

0<l|a—c| <10

0<b<10
Hon nta khido [b(a—c¢)| <9.5=45nén |10c(a—b)| <45=cla—b|<4=c<4
Do d6 trong truong hgp |a — ¢| = 5 thia —c = 5. Xét 2 truong hgp sau :

nén phaicé b =5hoac|a—c|=5

e h=5Tu(*™"tacod:

10c(a—5) =5(a—c)
& 2c(a—5)=a—c

9%

AT
- 18¢ _ 9
2c—1 2c—1

&2c—1€{1;3;9}

+ Neu2c—l=1lec=1=a=9= (a,b,c)=(9,5,1)
+ Neu2c—1=3c=2=a=6= (a,b,c) = (6,5,2)
+ Néu2c—1=9<:>c:5(loaivic;£b)

ca—c=5a=5+c.Tu(** taco:

10c(c+5—b)=5b

< 2cla—b)=D>
=b:2
—be{2,4,6,8)

+ Néub=2=c(c = 1 (vO nghiém trén Z)
=2 c=1=(a,b,c)=(6,4,1)

+3)
+1)
) =3 (vO nghiém trén 7)
)
(

(c+3
+ Neub=4=c(c+1
+ Neub=6=c(c—1
+ Neub=8=c(c—3)=4<c=4= (a,b,c) =(9,8,4)

Vay (a,b,c) € {(9,5,1);(6,5,2);(6,4,1);(9,8,4)} 1a cac bo sb can tim.
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, < Baid 6diém) v ) \
Cho tam giac ABC v6i BC = a,CA = b,AB = c(c < a,c < b). Goi M, N lan lugt 1a cac
tiep diém ctia (O) noi tiep tam giac ABC véi cac canh AC, BC. Duong thang MN
cat AO,BO tai P, Q. E, F lan lugt la trung diém ctia AB, AC.

1. Chting minh rang céc tt gidc AOQOM, BOPN,AQPB ndi tiép
2. Chting minh rang Q, E, F thang hang

MP+NQ+PQ OM
a+b+c - oC

3. Chiing minh rang

Loi gidi

1.

A . — _—  180°—-ACB —— —  180°+ACB
ACMN can tai C = NMC = MNC = — = AMQ = 180° — NMC = +
Xét NAOB c6:

AOB = 180° — (BAO + ABO)

BAC ABC
=180° — <—+—)

2 T2
_ 180° +ACB
-2

Nhu vay AMQ = AOB = AMQ +A0Q = 180° = AOQM 14 tti gidc noi tiép

~ = BNP+BOP=AMQ+AOQ = 180°
= BOPN la tii giac noi tiép

AOQM la ta giac noi t1ep = QAO OMG Q

BOPN la tt giac noi t1ep = PBO = ONP

Ma AOMN can tai O = OMQ — ONP
Suy ra QAO = PBO = AQPB 4 tii gidc ndi tiép.

2.
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Tit gidc OMCN c6 OMC + ONC = 90° + 90° = 180°

NI As 2R = - ACB
= OMCN la ta giac noi tiep = OMN = OCN = — (*1)
Ma AOQM la tii gidc noi tiép = OMQ = OAQ (x2)

N N — ACB
T (%) va (%) suy ra OAQ = ——
—  ABC
) |ABQ=——
Xet AABQ co 2 —
— _— _—  BAC ACB
BAQ = BAO+0AQ = —= +——

— AQB = 180° — <@+BA/\Q) — 90°

= AABQ vuong tai Q

Ma E 1a trung diém ctia EB = EQ = E/QTB = 1@ = @V = EQ//BC
Ma EF la duong trung binh ctia AABC = EF //BC

Suyra E, Q, F thang hang.

3.Taco:

PQ 00 PQ 0Q

ON _0Q  ON 00
AOQN -~ AOAC:E—OA@ = OA

PM  OP
AOPM ~ AOBC = 0
BC OB
OP 00

Ma AOPO ~ AOBA =
2 AO0PQ ~ 20 OB~ OA

PM OQ@PM_OQ
BC OA a OA

—_

. PO _PM _ON_0Q . — . ACB
Nhu vay — - T T oA sinOAQ = sin >

) PPN PO+PM+QN . ACB
Theo tinh chat day ti s6 bang nhau suy ra Q ++ 5, ++ ON _ sin— (%3)
a C

ACB oM
Xét tam giac OMC vuong tai M c6 sinOCM = sin > = oC (4)
PQ+PM+QN OM
atb+c  OC

Tu (x3) va (x4) suy ra

< Bais Bdigm v > \

1. Trén cuing mdt mat phang cho 4033 diém. Biét rang 3 diém bét ky trong
4033 diém trén ludn chon dugc 2 diém c6 khoang cdch nho hon 1. Chiing
minh rang cé it nhat 2016 diém nam trong dudng tron ban kinh 1.

2. Cho tam giac OAB c6 OA = 2a;0B > a. Goi (0O) la dudng tron tam O ban
kinh a. Tim M thudc (O) sao cho MA + 2MB dat gia tri nho nhat.

Loi giai
Xét diém A thudc 4033 diém da cho.
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 Néu 4032 diém con lai déu cach A mot khoang nhé hon 1 thi ta c6 diéu phai
chiing minh.

 Néu ton tai diém B cach A 1 khoang 16n hon 1. Vi trong 3 diém bat ky luon tim
dudc 2 diém c6 khoang cach nho hon 1 nén 4031 diém con lai hodc cach A 1
khoang nho hon 1, hodc cach B 1 khoang nhé hon 1. Néi cach khac 4031 diém
nay hoic nam trong (A, 1) hodc nam trong (B, 1). Theo nguyén ly Dirichle ton tai
it nhét 1 trong 2 dudng tron chia it nhat 2016 diém.
Vay c6 it nhat 2016 diém nam trong dudng tron ban kinh 1.
2. Goi C 1a diém thudc OA sao cho OC = g

DN

\"

M
MOC = MOA
Xét 2 tam gidc OCM vaOMAc6: ¢ OC OM 1 = AMOC -~ NAAOM(c.g.c)
OM OA 2

MC MO 1
—=——=—-=MA=2MC.Tu do:
S VAT oA =31 C.Tudo
MA+2MB =2MC +2MB
— 2(MB -+ MC)
> 2BC
MA +2MB = 2BC < M la giao diém ctia BC va (O)

Vay dé MA +2MB dat gia tri nh6 nhét thi M 1a giao diém ctia doan thang BC véi (0) véi
C 1a diém thuoc doan OA sao cho OC = g
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Nam hoc 2014-2015

, < Bail Gdiém) v ) \

Cho phuong trinh x> —x — 1 = 0 ¢6 2 nghiém 1a x, x;
1. Tinh Q = x} +x3

2. Cho P(x) = vVx8+12x+ 12 —3x. CMR P(x) = P(x2)

Loi gidi

x1+x=1

1. Theo Vi-et : { .Tudotaco:

X1X2 = —1
X%—I—X% = (x1 +X1)2 —2x1xp =3
x5 = (6 +3) (01 +x2) —xixa (v +x2) = 4

= 0= (1] +3)(x] +23) x5 (11 +22) = 11

Vay 0 = 11
2.

F—x—1=0=xt=x +1
:>x‘1‘:(x1+1)2:x%+2x1+1:3x1—|—2
= x5 = (3x; +2)2 = 9xF + 12x; +4 =21x; + 13

= x5 4 120 + 12 = 33x1 +25 = 9x] 4 24x; 4 16 = (3x; +4)°
= P(xl) = |3X1 —|—4| —3x

Mit khac néu dat f(x) =x* —x—1thi f(=1)=1>0.

Kéthop vlix| +x=1>0= —1<x; <x=3x+4>0=P(x;) =4
Tuong tu ta cing c6 P(x;) =4

Vay P(x1) = P(x2)

,  Bai2 Gdiémv ) \
1. Goimva M lan lugt la GTNN, GTLN ctia x théa man :

|2x— 1|+ [3x— 4|+ |4x— 5|+ |5x—4| =4

Chiing minh rang M.m = 1

2. Gidi phuong trinh nghiém nguyén duong : x° + x*y = y3 4-2)?

Loi gidi
1. St dung BDT

jal +1b] = |a+b|

® 0973.793.825 29 © DUC PV



im0, O =c

Dang thiic xay ra < ab > 0

Taco:
|2x— 1|+ [4x=5|=2x—1|+|5—4x| > |2x— 1 +5—4x| = |4 —2x| (*})
13x—4|+|5x—4| = |4 —3x|+ [5x—4| > |4 —3x+5x—4| = |2x| (%)
Tu (x;) va (xp) suyra:

2x— 1|+ |3x — 4|+ |4x — 5|+ |5Sx — 4| > |4 —2x| + | 2x|

> (+3)
= [2x— 1|+ [3x — 4|+ |4x— 5|+ |5x—4| > 4
Do do:

|2x — 1|+ |3x — 4|+ |[4x— 5|+ |5x — 4| =

& Pang thiic & (1), (%2), (3) cung xay ra

(2x—1)(5—-4x)>0
&< (4-3x)(5x—4)>0
(4—2x)2x>0

~—

VayM.m =1

X+ 2%y = y3 422
& (27 +y)2 =y (4y+9) (%)

Vi (2x° 4 y)? va y? déu 1 sé chinh phuong nén 4y + 9 ciing phai 1a s6 chinh phuong
Hon nita 4y +91aso 1€, do do :
4y4+9=(2a+1)> (aeZT,a>2viy>1)
=y=a*+a—2=(a—1)(a+2)
Thayvao (*) tacé:

(2)63 —|—y)2 = y2(2a+ l)2

sxr=ay=ala—1)(a+2)=a’+a*—2a
Via>2=d <ad®+d?

—2a < (a+1)3. Do d6 phai cé :
x —a +a a—a3
xX=a
a’?—2a=0
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Sx=a=2 via>2)

Khia =2 ta cé y = 4. Thit lai thay (x,y) = (2,4) thoa man )
Vay phuong trinh da cho c6 nghiém nguyén duong duy nhat la (x,y) = (2,4)

, { Bai3Gdiémv ) ~
Cho (0,R) va 2 dudng kinh AB,CD thay déi. Tiép tuyén tai A ctia (0) 1an lugt cat
BC va BD tai E va F. Goi P, Q lan lugt la trung diém ctia AE,AF

1. Chiing minh rang trung diém H clia AO 12 truc tAm ciia tam giac BPQ
2. Tim diéu kién ctia AB,CD dé Sgpp nhé nhit

CE
DF

3
, . Y . [ BE
3. Chiing minh rang CE.DF.EF = CD?va (ﬁ) =

Loi gidi

1.
0Q la duong trung binh cia AABF = 0Q//BF

Ma BF 1. BC = 0Q 1 BC = O la truc tam ctia ABEQ = OE 1 BQ
PH la dudng trung binh ctia AAOE = PH//OE

Ma OE L BQ(cmt) = PH L BQ = H 12 truc tam ctia ABPQ

2’
1 EF
BCD = BFE = ABCD «~ ABFE
Goi BK la duong cao ctia tam iécBCD:EF AB = EF ABCD _ 4R° (%2)
_—— = = — *
' & & CD  BK BK  BK '’
Tu () va (xp) suyra: S R aw 2R
* % . = K. = —
! 2) SUyTa:=9pro = R-5pp = BK
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Nhu vay

Sgpo Min < BK Max
< AB 1L CD

Vay Sgpo nhé nhét khi AB 1 CD
3.

ANACE «~ AFDA(g.g)
CE AC
= — = ==
AD FD
= CE.DF =AC.AD = 2-SACD = 2-SBCD =BK.CD

4R? 4R
Theo caub. EF = o = CE.DF.EF = BK.CD. - = CD.AR*> =CD*® (CD=2R)

Xét AABE vudng tai A c6 AC la dudng cao = CE.BE = AE?
Xét AABF vudng tai A c6 AD la dudng cao = DF.BF = AF?
Suyra:

CEBE AE? CE AE\? BF
=== ("") . (%)
DFBF AF?2 DF \AF) BE

Mat khac :

AABE «~ NAFB(g.g)
AE AB BE
NG ——
AB AF BF
BE\?> AE AB AE
= (=) =222 =2 (k)
BF AB'AF AF
. . CE BE\* BF BE\’
Tu (x3) va (x4) suyra: — = ( ) ( )

DF _\BF) 'BE \BF
_ CE BE\>
Vay — = | —
DF _ \BF
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, < Baid(Gdiém) v ) \

1. Goim,nlan lucgt1a sé chii sb ctia 22°'5 va 52015, Tinh m+n

2. Cho dudng tron (0, 1) va 3 diém A, B,C tuy y. Chitng minh rang luén ton
tai diem M nam trén (O) sao cho MA+ MB+MC > 3

Loi gidi

Taco:

101 <2201 < 107 m—1 1n—1 _ ~2015 <2015 m 1an
{10"1 Coms g = 10707 <2205 <1010
= 10m—|—n—2 < 102015 < 1Om+n
=m-+n—1=2015

S m+n=2016

Vay m+n =2016
2.
Ve duong kinh DE bat ky ctia (0). Khidé ta c6 :

DA+EA>DE =2
DB+EB>DE =2
DC+EC>DE =2
= (DA+DB+DC)+ (EA+EB+EC) > 6

DA+DB+DC >3
EA+EB+EC>3

Nhu vay luén ton tai diém M théa man MA +MB+MC > 3
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m Nam hoc 2013-2014 _

,  Bail @diémv
X=X 2x+yx 2(x—1)
Chop_x+\/?c+1_ VX Vi—1

1. Rat gon P

(x>0,x#1)

2. TimxdéP=3

Loi gidi

p— V(X —=1)(x+/x+1) B Vx(2y/x+1) +2(\/}_1)(\/}+1)
x++/x+1 VX i1
= Vx(vVx—1) = 2vx+ 1) +2(Vx+1)

=x—+x+1

P=3&x—yx+1=3
Sx—/x—2=0
& (Va+1)(Vx—=2)=0

SV/x—2=0
Sx=4
VaydéP=3thix=4
,  Baiz@diémv

Cho phuong trinh x? + (4m+ Dx+2(m—4) =0 (1)

1. Chiing minh phuong trinh (1) luén c6 2 nghiém phan biét

2. Goi x;;x; 12 2 nghiém ctia (1). Tim m d€ |x; —xp| = 17

Loi gidi

1.
Xét phuong trinh (1) c6 A = (4m+1)> —8(m —4) = 16m> +33 > 0Vm € R
= phuong trinh (1) lu6én c6 2 nghiém phéan biét.

2.

) = —(4m+1
Theo Vi-et ta co {xl+x2 (4m+1)

.Tudo:
x1xp =2(m—4)

x| —xo| =17 (x; —x2)> =177
< (xg —|—x2)2 —4x1x, = 289
& (4m+1)2—8(m—4) =289

® 0973.793.825 34 i DUC PV



im0, O =c

=m? =16

< m=4hoacm=—4

Vay m = 4 vam = —41a cac gia tri can tim ctia m

’  Baisz@dibmv >

4 +y* —dxy’ =1

1. Giaihé 5
2" +y —2xy=1

2

? ~ 3 2
2. Chom,n,p e Rthéamann®>+np+p> =1 —%.T‘lmGTLN ctaS=m+n+p

Loi gidi

A2 +y* —dxy’ =1
202 +y? —2xy =1

N 4 4y —dxyd =11
4x? 42y —dxy =2

Trit vé v6i vé clia (x;) va (x,) ta dudc :

yW—2y?+1—4xy’ +4xy=0
&SP -1)0"—4y—-1)=0

o ¥y —1=0
y—dxy—1=0
_y:1
S | y=-1
y—dxy—1=0

e Néuy = 1, thay vao (/) ta dugc :

(1)

(*1)
(*2)

{4x2—4x:0

22 —2x=0
- x=0
x=1

e Néuy= —1, thay vao (/) ta dugc :

22 +2x=0

{4x2—|—4x20

- x=0
x=-—1
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e Néuy? —4xy—1=0« )2 =4xy+ 1. Thay vao (%) taco:

4 4 2(dxy +1) —dxy =2
<:>4x2—|—4xy:O

x=0
x+y=0
+ VG6ix = 0, thay vao (I) tadugcy> = 1 & iil—l

+ VBix+y=0< x= —y. Thayvao (I) ta dugc:

S5 +4y? =1 1 y=
&ztﬁ er=ze
Vo= y=
Vay hé da cho c6 cac nghiém la :
(x,y) = (0,1)
(xay):(oa_l)
() = (1,1)
(x,y) = (=1,-1)
(x,y) = V5 —V5
7y - 5 ) 5
(x,y) = —V5 V5
7y - 5 ) 5
2.
2
n2+np+p2:1—3%
<:>2n2+2np—|—2p2—l—3m2:2
& (m+n+p)+(n—m?+(p—m?=2
e 82=2- (n—m)z—I—(p—m)z]gZ
=S<V2
2
n2+np+p2:1—3%
bang thic xay ra < m=n=p eSm=n=p=
m+n+p=\/§
2
V&flyMaxS:\/ikhim:n:p:\/T—
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, < Baid(Gdiém) v ) \

Cho (0) dudng kinh AB cb dinh. Ax,Ay1a 2 tia thay d6i ludn tao véi nhau géc 60°
nam ve 2 phia cia AB, cat (0) lan lugt tai M va N. Duong thang BN cat Ax tai E;
dudng thang BM cit Ay tai F. K 13 trung diém clia EF

. . FEF
1. Chiing minh ring — = /3
AB
2. Chiing minh rang OMKN 1a tG gidc noi tiép
3. Khi tam giac AMN déu, goi C 1a diém di dong trén cung nhé AN(C # A,N).

Duong thang qua M va vudng goc véi AC cat NC tai D. Xac dinh vi tri ctia C
dée SMCD I6n nhat.

Loi gidi

1.

. . ., | FM 1L AE
Xet tam giac AEF co

NE 1 AF
= NAB = NEF (2 goc c6 canh tuong ting vuong goc)
= AABN «~ AEFN(g.g)

= Blatruc tim cua AAEF = AB | EF

AB A —

= — = N— = cotNAE = cot60° = L
EF NE V3
EF

= —=V3
AB \/_

Ta c6 MON = 2MAN =2.60° = 120° (1)

Ti gidc MNFE ndi tiép dudng tron tdm K, dudng kinh EF = MKN = 2NFM
Ma NFM = 90° — FAM = 90° — 60° = 30°

= MKN =2.30°=60°  (2)

Tit (1) va (2) suy ra: MON +MKN = 120° + 60° = 180°

= MONK la ta giac noi tiep.
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3. Goi / 1a giao diém ctia AC va DM

D

Taco

ACM = ANM = 60°

ACD = AMN = 60°

= AMCD co6 CI vua la dudng cao, vua la duong phan giac
= AMCD can tai C

= Sycp = 2.5ycr = CIL.MI

Trong do :
— MC
ClI =MC.cosMCI = MC.cos60° = -
— MC+/3
MI = MC.sinMCI = MC.sin60° = 2\/_
3
Suy ra Sycp = MC?%

Do d6 Sycp Max < MC Max < MC la duong kinh cua (0)

, < Bais@diém) v ) \

1. Cho 2014 sb nguyén duong khong 16n hon 2014 va cé tong bang 4028.
Chiing minh rang tir 2014 so d6 lu6n chon dugc cac s0 ma tong ctia chiing
bang 2014.

2. Cho tam gidc ABC c6 cac diém D,E,F lan lugt nam trén cac canh
AB,BC,CA. Goi giao diém clia AE véi BF va CD lan ludt 1a Q, R; giao diém
clia CD va BF 1a P. Chiing minh ring c4c t giac AFPR;BDRQ;CEQP c6
diél’l tich bi“mg nhau biét SADR = SBEQ =Scrp = SPQR =1

Loi gidi

1.
G(_)i 2014 86 dachola: a,an,...,axo14

e Néu 2014 s6 d6 bang nhau thi méi s6 bang 2, do d6 tong ctia 1007 s6 bat ky bang
2014 nén ta c6 bPCM.
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 Néu trong 2014 sb da cho ton tai 2 s6 khac nhau. Khong mét tinh tong quat gia
say # ap vagiastlubn a; < a,
Xét déy g6m 201486 : S1,82,...,82013 Va as
Trongdo S;=a;+ay+...+a; voi 1 <i <2013
Nhu thé ta cé 0 < S <ap <8 <83 <... <813 <4028

- Néu trong 2014 s6 nay ton tai 1 sb chia hét cho 2014 thi n6 phai bang 2014,
ta co DPCM

- Ngugc lai, néu khéng ton tai sé6 nao chia hét cho 2014 thi theo nguyén ly
Dirichle, ton tai 2 so ¢6 cung so du khi chia cho 2014. Xét cac kha nang sau

+ Néu s;,S;(i < j) c6 cing s6 du khi chia cho 2014 thi §; — S, : 2014
= §;—S; =2014 = ta c6 DPPCM

+ Néu ay,S;(j > 2) ¢6 cting s6 du khi chia cho 2014 thi §; —a, : 2014
= Sj—a2 = 2014 = ta c6 bPCM

+ Néua, S c6 cung s6 du khi chia cho 2014 thia, — Si=ay—a :2014.
Via; < a; nén ap; —a; > 2014 = ap > 2014 (mau thuan véi gia thiet)

Vay luon chon dudc cac s6 ma tong clia chiing bang 2014 tlt 2014 s6 da cho.
2‘
Vi Sapr = Spor Nén Sapp = Sapp = khoang cach tu D va Q dén AP bang nhau

ke
= DQ/ /AP
BP AB AP QP
=>—=—=—=14+== (%)
BOQ BD DQ BQO
AR RP AP
T AARP ~ AQRD(g.g) = — = — = —
. AR BO CP
bat — =a,—=b;— =
CorR ™ %or PR €
N N 1
Tu (1) va () suyra:a=1+ —
b /3
., . ~ . 1 1 5+1
Chung minh tuongtutacungco:b=14+—c=1+-=a=b=c= 2+
C a
. . RP V5+1 DP 3+4/5
T — =a= = _ZtVe
u’(*z)tacoRD a T 5 (x3)
< 1. CP 541 345
Matkhac—:c:\/_-i_ = V5 (%4)
RP C2 1++5
< N P DP
Tu — =—=CP=DP
(*3)Va(*4)suyraRP P

= Spcp = SBDP

® 0973.793.825 39 © DUC PV



im0, O =c

= Spcp — SBeEQ = SBDP — SPOR

= Soecp = SBDRO

Chfﬂlg minh tlIdng tuta cﬁng co SAFPR = SBDRQ

Vay cac tii gidc AFPR; BDRQ; CEQP c6 dién tich bang nhau.
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Nam hoc 2012-2013

 Bail @dibmv >
a—\a 3a-2y/a a—4

7
Vay MinP = 2 khia= -

Cho P = - 0; 4
OP= ratl  va T Ja—z @>%ard
1. Rat gon P
2. Tim GTNN cua P

Loi gidi

p_Yala-l(at+vat+l) +aBva-2) (Va-2)(/a+2)
a++/a+1 Va Va-2
=a—+/a—(3\/a—-2)++/a+2

=a—3va+4

P 3Va+4=|+a 3 2+7>7
=da— a = a— — — —
2 4~ 4
7 3 9
P Z<:> a—i—0<:>a Z
9
4

d

4

 Baiz@dibmv >

1. Trong mat phang toa do oxy cho Parabol (P):y = x2vaduong thang (d):y =
kx+ 1. Tim k dé (d) cat (P) tai 2 diém phan biét M va N sao cho MN = 21/10

(x+y)(z+x) =12

2. Gidihé ¢ (x+y)(y+z) =15 (x,3z€Z")

(y+2)(z+x) =20

1

Loi gidi

Phuong trinh hoanh dé giao diém ctia (d) va (P):

C=kxtlexr—kx—1=0 (%)

Gid st M (x1,kxy + 1) va N(x2,kxy +1) = MN? = (k> + 1) (x; — x2)?
Tudo:

(d) cit (P) tai 2 diém phan biét M, N théa man MN = 2+/10
& (*) ¢6 2 nghiém x;;x, phan biét thda man (k2 +1)(x; —x2)* = 40
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A>0
(k2 +1) [(xl Fx2)? —dxpa | =40
{H+4>o
(k2 +1)(k*44) =40
& (K+9)(kK2—4)=0
skP=4

o | k=2
k=—2

Vay k =2,k = —21a cac gi4 tri can tim.
2.

(x+y)(z4x) =12
(D4 x+y)y+2)=15 (xy,z€Z")
(y+2)(z+x) =20

Nhan vé véi vé clia 3 phuong trinh ta dugc :[(x +y)(y +2) (z+x)] ? = 3600
Max,y,z € ZT = (x+y)(y+2)(z+x) =60

T do:
x+y=3 x=1
e dy+z=5 ©<y=2
z+x=4 z=3

Vay hé (I) c6 nghiém duy nhét 1a (x,y,z) = (1,2,3)

, < Baiz@diém v ) \

1. Gidi phuong trinh nghiém nguyén x* — 2y* —x?y?> —4x> =7y —=5=0

a+b+c=1
2. Choa,b,cc Rthéaman:{ a®+b*+c*=1
A+ +3=1

Chting minh rang ¢20'3 4 p2013 4 (2013 —

Loi gidi

Xty 4P Ty —5=0 (%)
Diatx’> =a;y? =b (a,b > 0) thi phuong trinh (*) tr6 thanh :

a*>—2b*—ab—4a—Tb—5=0
& (a—2b—5)(a+b+1)=0
< (a—2b—-5)=0 (via,b>0)

® 0973.793.825 42 i DUC PV



im0, O =c

Sa=2b+5
<:>x2:2y2+5

Mot s6 chinh phuong chia cho 8 c6 thé du 0,1 hoic 4

= 2y2 chia 8 c6 thé du 0 hoic 2

= 2y +5 chia 8 ¢6 thé du 5 hoic 7

Nhung x? chia 8 du 0,1 hodc 4 nén x> = 2y? + 5 vo nghiém
Vay phuadng trinh da cho khong c6 nghiém nguyén.

2.
a+b+c=1
A +b*+c2 =1 (¥x)
aA+b+3=1
Taco:
a> +b* +? = (a+b+c)* —2(ab+bc + ca)
S+ +E = (a+b+c)}=3(a+b)(b+c)(c+a)
= (a+b+c)*—3(a+b+c)(ab+bc+ ca)+ 3abc
a+b+c=1
Suyra: (xx) < < ab+bc+ca=0 = a,b,cla3nghiém cta phuong trinh bac 3:
abc =0

=
£-P=0s
t=1

Vay trong 3 sb a,b,c ¢6 256 bang 0 va 1 s6 bang 1. Do d6 2013 4+ p2013 4 2013 — | (DPCM)

, < Baid 6diém) v ) \

Cho (0,R) va duong thang (d) khong di qua O cat (0) tai A va B. Tit 1 diém M tuy
y trén (d) va nam ngoai (0) vé 2 tiép tuyén MN,MP cua (0).

1. Dung M trén (d) sao cho MNOP la hinh vuéng

2. Ching minh rang tAm dudng tron di qua 3 diém M, N, P luén thuoc duong
thang co dinh khi M di dong trén (d)

Loi gidi
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1.
e Phan tich:
OPMN la hinh vudng = OM = v/2.0ON = R\/2
e Cach dung:
Dung M la giao diém ctia (O, R/2) véi (d)
e Chiing minh :
Tam giac OMN vudng tai N ¢c6 OM = R\/2 = ON = MN = R = OPMN la hinh
vuong
2

Khi M di dong trén (d) thi OPMN la hinh cht nhét = tdm / cia dudng tron di qua 3
diém M, N, P 1a trung diém ctia OM
Goi hla khoang cach tit O den (d),h’ 1a khoang cach tit 7 den (d)

, h
Khido6:n' = 5 = const
Vay khi M di dong trén (d) thi tam I ctia dudng tron di qua 3 diém M, N, P lu6n nam
trén duong thang (d')//(d), nam gitia O va (d), cach deu diem O va (d)

, < Bais @Bdigm) v ) \

1. Tim 2 s6 nguyén duong a,b théa man a? + b = [a,b] +7(a, b)
V6i [a,b] va (a,b) lan lugt 1a boi chung nho nhat va uéc chung 16n nhat cua
a,b

2. Cho tam gidc ABC thay d6i c6 AB = 6;AC = 2BC. Tim Max(Sspc)

Loi giai
1. b
Goi (a,b) =d = [a,b] = %
- d N 2 « A -
Dat . " (m,n) = 1;m,n € Z*. Tu gia thiét ta co :
b=d.n
(dm)?+ (don)? = L4 g

sdm*+n?)=mn+7 (¥)
= (mn+7): (m*+n?

Smn+7>m?+n>>2mn (%)
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=mn<7

Khong mét tinh tong quat, gid stim > n. Timn <7=1<n<2
e Néun = 1. Thay vao (**) tacé:
m+72m2+1
SmP—m—-6<0
&S —2<m<3
=mec{l,2,3} vimecZ"

a=4
b=4

+ V6im =2.Tu (x) = 5d =9 (loai)

a=3
b=1

+ Véimzl.TfI(*):>d:4:>{

+ Véim:S.TfI(*):>d:1:>{

e Néun=2. Thay vao (**) taco:

2m—|—72m2—|—4
sm?—2m-3<0
&S —1<m<3
=mec{1,2,3} vimeZzZ"

+ V6im=1.Tu (x) = 5d =9 (loai)
+ V6im =2.Tu (x) = 84 =11 (loai)

£s N =3
+ Voim=3.Ti(x) >d=1= {“
b=2
Vay nhiing cip s6 nguyén duong théa man 1a (a,b) € {(4,4);(3,1);(1,3);(3,2):(2,3)}
2.
Goi M 1a trung diém clia AC. Trén tia d6i ctia tia BC lay diém D sao cho BD = DC

D

= AC=CD =2BC

= ACAD cantaiC

= AADB «~ ADAM(c.g.c) =DM =AB =06
Goi G 1a giao diém ctia AB va DM

= G la trong tAm ctia AACD
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1
GB=-AB=2
= 3
GD = §DM =4
Tt d6 Sapc = Sapp = 3SapG-
Ma Sppg < ——— =4 = Sapc < 12

—  GM 1
SABC:12<=>SBDG:4<:>GB_LGD<:>lanBAC:a:E

— 1
Vay Max(Sapc) = 12 khi tanBAC = 3
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I Vo hoc 2011-2012

 Bail @diémv

. 2 g
1. Rutgon M = +v3 V3

VA2 VA2

0 a X I 1
2. Choa,b e Rt thoamana+5b=5. Tim GTNN cua P = —+3
a

Loi gidii

= (fafs) 2 ()

243

e

V22+V3) V2

3+3 3 f
_ V22+V3)3-V3)+v2(2-V3)(3+V3)
) (3+V3)(3-V3)
V2(B3+V3) +V2(3-V3)

Tuw do:

6
_3V2+43v2
N 6
=2
2. Theo AM-GMtaco:
a+b>2Vab
1+1 2
a b~ \ab
1 1
b)|-+=-1]>4
= (a+ )(a+b)
1 1 4
4 >_
PRI (via+b=35)
2 a:b 5
Pang thtic xay ra < sSag=b="=
& y {a-l—b:S “a 2
Va M‘P—4khi —b—5
ay Min =3 a= =3
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, < Baiz Gdiém) v ) ‘
1. Giai phuong trinh \/x+ v/20 —x =4

(x—4)Vy—3+(—1)Vx+2=7V6
12x\/y — 4 +4v2yv/x —2 = 5xy

2. Giai hé phuong trinh {

Loi gidi

Vai+V20—x=4 () (0<x<20)
Datr =+v/20—x (t >0) = x =20—¢* Phuong trinh (*) tr6 thanh :

20—t4+t=4

& V20—t =4—1
o Jarzo0
2014 = (4—1)?

1<4
(t—2)(t3+22+5t+2) =0
St=2 (vit>0)
Voit=2tacov20—t=2x=4

Vay phuong trinh (*) c6 nghiém duy nhatla x = 4
2.

(x>2;y>4)

(x—4)\Vy=3+(—-1)Vat+2=7V6
12x/y —44+4V2y/x—2 =5xy  (xx)

Theo AM-GM ta co :
2V4.\/y—4<4+y—4=y
= 12x\/y—4 <3xy (*1)

2V2/x—2<24x—2=x
= 4V2)V/x—2<2xy  (#2)

Tl (%) va (%) suy ra 12xy/y — 4 +4v/2yv/x — 2 < 5xy
Do do:

(+*) < Dang thiic & (x1) va (x;) x4y ra

L v
Vis2=12

=38
o y
{x:4
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Thit lai thay x = 4 va y = 8 thda méan hé da cho._
Vay hé phuong trinh da cho c6 nghiém duy nhat la (x,y) = (4,8)

{ Bai3@diémv )

Tim tat ca cac s6 nguyén n sao cho A = (n —2010)(n —2011)(n —2012) 1a 1 sb
chinh phuong.

Loi gidi

Dita=n—2011=>A=a(a—1)(a+1)=a(a>—1).
Bai toan tré thanh tim nghiém nguyén cta phuong trinh a(a> — 1) = b> (x) (a €
Zib € 7)

e Néua=0=A=0théamanvan=20111a1 gia tri can tim.

e Néua?—1=0=A=0théamanvan=2012,n= 201013 2 gia tri can tim.

2 0 < s
e Néu a;é =a>—1>0vatli(*)suyraa >0
a-—1+#0
A < a:m2
Vi (a,a>—1) =1néntlt (*) suyra:¢ , , (mmneZtimn=Dh)
a—1=n

=m*—1=n

Ma

m*? =m* <m*—1 <m*+2m> +1=(m*+1)*
= (m?)? <n® < (m*+1)?

= m* <n<m?+1 (khong ton tai m,n thda man)

Vay nhiing gi4 tri can tim ctia n 1a n € {2010,2011,2012}

, { Baia@diémv \

Cho tam gidc ABC c6 ABC = 60°; BC = a;AB = c. Hinh chit nhat MNPQ c6 M nim
trén canh AB; N nam trén canh AC; P,Q nam trén canh BC dugc goi la hinh chu
nhat noi tiep tam giac ABC.

1. Tim vi tri clia M trén AB dé hinh chii nhat MNPQ c6 dién tich 16n nhat.
Tinh dién tich do.

2. Dung hinh vudng EFGH (E € AB;F € AG;G,H € BC) ndi tiép tam gidc ABC
bang thudc va compa. Tinh dién tich ctia hinh vuéng do.

Ldi gidi
1.
batAM =x (0<x<c)
. MN AM BC
VIMN//BCnén ~—~ =" = MN =AM.~~ =x.2
BC — AB AB ¢

. 3
Lai c6 MQ = MB.sin60° = (¢ —x).%
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Suy ra Synpo = MN.MQ =

b
=
S
)
Q

Theo AM-GM :

Dang thiicxdyra< x=c—x < x = % hay M 1a trung diém ctia AB

Vﬁy MCZXSMNPQ =
2.

= Sunpo <

V3ac
8

khi M 1a trung diém ctia AB

e Phan tich:
Gia stt dung dudc hinh vuéng EFGH théa man yéu cau.
Lay F’ bat ky thudc doan BF
Dung hinh chti nhéat E'’F'G’'H' c6 E' € AB;G',H' € BC

E'F'/JEF = EF_BF
EF  BF
F'G' BF’
F'G'//FG = =_——
// FG  BF
E'F'  F'G
EF _ FG (vi )

= E'F'G'H’ 1a hinh vudng

e Cachdung:
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+ Lay diém E’ bat ky thuoc canh AB

+ Dung hinh vuong E'F'G’'H’ v6i H',G' € BC

+ Kéo dai BF' cat AC tai F

+ Dung hinh chit nhat EFGH ndi tiép AABC

Khi d6 EFGH 1a hinh vudng
e Chiing minh :
E'F'_F'G  BF
EF  FG BF
=EF=FG (MEF =FG)

= EFGH la hinh vudng
- 2 A 2 A - 3
DatAE = x. Sudung két quacau 1. taco EF = E;EH = g(c—x)
C
X 3 3c?
MaEF:EH:>)E:£( X)ma= Vi
c 2 2a+\/_c
\/§c2 a 3a%c
Tudo s —EF?=—""—-| =
EFOH <2a+\/§c c (2a+\/_c)2

< Bai5diém v

Chiing minh rang ton tai s6 nguyén duong tin cling 1a 2012 chia hét cho 2011

Loi giai
Xét day gom 2011 s6 nguyén duong sau :

a; =2012
a, =2012 2012
=2012 2012 2012

a1 =2012 2012...2012
2011 s6 2012

 Néu trong day trén ton tai s6 chia hét cho 2011 thi bai toan dudc chiing minh

* Ngugc lai, néu khong c6 s6 nao chia hét cho 2011 thi theo nguyén ly Dirichle,
ton tai 2 sb i va ar.i €O cung s0 du khi chia cho 2011.
Trongdo k,k+ieNval <k<k+i<2011

= (ak+,- —ak) 12011
< a;. 10812011
Ma (10%,2011) = 1 = a; : 2011 — mau thuan.

Vay trong 2011 s6 thudc day trén ludn ton tai it nhat 1 s6 chia hét cho 2011. Tt d6 ta
c6 DPCM.
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m Ném hoc 2010-2011 _

, < Bail 6diém) v ) \
1. Gidi phuong trinh x> —3x+6—-3Vx2 -3x+4=0

.2 . 4 /1 / 5
2. Giai phuong trinh — A\ x——=x+1/2x—=
X X X

Loi gidi

W —3x+6-3Vx2—3x+4=0 (%)
batr=+vx*—3x+4 (t>0)thi(*) tr6 thanh:

2 -3t+2=0

- tr=1
t=2

e Voit=1,tacé: Va2 —3x+4=1<x>-3x+3=0 (vOnghiém)

e VGit=2,tacé: V2 —3x+4=2x-3x=0& [i (3)

Vay phuong trinh (*) c6 cac nghiémlax=0vax=3

2.
4 1 5
—Fyfx——=x+14/2x— = (*x)
x x x
( ~
x>1
x_lz() ‘—1§x<0 5
x
Pidukien{, ., < x>\ﬁ s ¥z
7£O)C_ — V2 —-1<x<0
X 5
—\/;§x<0

L
V6i dieu kién trén, ta co :

5 1 4
(**)<:>\/2x———\/x———|—x——:0
x x X

5 / 5 [ 1 4 < 1z
Data=/2x——;b=/x—— (a,b>0)=>x——=a*>—b>. T do:
x x x

a—b+d>—b*=0
& (a—b)la+b+1)=0
Sa—-b=0 (via,b>0)
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Sa=b
Suyra
5 1
==
X X
5 1
Sdxx——=x——
X X
4
Sx——=0

x
o | = 2 (théa man dk)
x=—2 (khong théa man dk)

Vay phuong trinh (**) c6 nghiém duy nhatla x =2

 Baiz Bdiém) v )

Cho x=v342vV24+V3-22vay =17+ 122+ V17— 1242
Tinh gia tri clia P=x>+y>—3(x+y)+2011
Loi gidi
Taco:

x3:3+2\/§—|—3—2\/§+3</(3—|—2\/§>.(3—2\/5). <{/3+2\/§+ €/3—2\/§)

=6+3x
3 3 3 3
V=174 12V2+ 17— 12V2+3 (17+12\f2>.(17—12\/§>. 174+ 12v2+ /17— 122
—=34+3y
Tudo suyra:

P=x"+y'—3(x+y)+2011

= <x3—3x) + (y3 —3y> +2011

=6+34+2011

= 2051
Vay P = 2051

 Baiz@dibmv >

Tim tat ca cac cap s6 nguyén (x,y) saocho  x(x+1)=y>+1

Loi gidi
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Cach 1:
x(x+1)=y>+1
exXl+x—(?+1)=0 (%)
Coi (*) 1a phuong trinh béc hai (4n x). Ta c6 :
A=1+4(G7+1)=474+5
Dé x € 7 thi diéu kién can 1a A phai 1 s6 chinh phuong. Ttc 14 :
42 +5=1k* (keN)
& (k—2y)(k+2y)=5

Vi (k—2y) + (k+2y) = 2k > 0 nén c6 2 kha nang sau day :

k—2y=1 k=3 . N N
. y & . Thay y = 1 vao phuong trinh ban dau ta dugc
k+2y=5 y=1
x(x+1)=2

S 4x—2=0

N x=1
x=-2

k—2y=35 k=3 N < A
. y & . Thay y = —1 vao phuong trinh ban dau ta dugc
k+2y=1 y=-1

x(x+1)=2
e 4+x-2=0

o x=1
x=-2

Cdch 2 :
e Xétx=0vax=—1khong thoa man
° Xétx>0
x(x+1) =y +1ey?=x"+x—1
VixcZ=x>1=x<x>+x—1<(x+1)?
x=1

Suyrax? <y’ < (x+1)0? =y’ =x=x"+x—1= 5
y=1hodcy=—1

e Xétx<Ovax# —1=x<-2.Khido:
x+1)2<P+x—1<x?
= (x+1)?<y* <?
=y =x*+x—1=(x+1)?

x=-2
=
{yzlhoécy:—l
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Vay cdc cdp so (x,y) thoa man yéu cau bai toanla:

(x,y) € {(L 1);(_2v 1);(15_1);(_27_1)}

, < Baid(6diEm v > ~
Cho (0,R) c6 duong kinh AB. Qua trung diém H ctia OB ké dudng thang (d)

vudng goc véi AB. M 1a diém bét ky khac A, B trén (0). AM va BM cét (d) tai K va
I. BK cat (O) tai N # B.

1. Tinh BN.BK theo R

2. Chiing minh rang dudng tron ngoai tiép AKIB luén di qua 1 diém cb dinh
khac B khi M di dong trén (0) (M khac giao diém ctia (d) va (0)).

. N e A A 2 S S e Lo A s MA
3. Khi AK la tiép tuyen cua duong tron ngoai tiep AKIB, tinh VB

Loi gidi

AAB'
1. BN AB
Ta cé AABN —~ AKBH(g.¢) = — = —— = BN.BK — AB.BH
M2a AB = 2R;BH = 7= BN.BK = R>
20

Lay B sao cho B la trung diém ctia OB’
= H la trung diém clia AB’

= NAKB' cantai K

— AB'K = KAB'

Mat khac :

KAB' = HIB(= 180° — HIM)
— AB'K = HIB
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= AB'K + BIK = HIB + BIK = 180°
= BIKB' 1a tii gidc noi tiép
Vay duong tron ngoai tiép ABIK luén di qua diém B’ cb dinh.
3.

Khi AK 1a tiép tuyen ctia dlIdng tron ngoai tiép AKIB thi AKB = BB'K

Ma BB'K = BAK = AKB = BAK = AABK cin tai B.
= M 1a trung diém ctia AK (vi BM L AK)
= AK =2AM =2MK

AK NK

Mit khac : AAKN «~ ABKM(g.g) = 3K~ g =~ AKMK = BK.NK hay 2MA? = BK.NK
Hon nlia : BK.NK = BK.(BK — BN) = BK?> — BK.BN = 4R*> — R* = 3R? (Vi BK = AB = 2R)

3
Suyra:2MA? = 3R> = MA = R\/;

3R> 5R? 5
MB?> =AB* —MA?>=4R>-— =" = MB :R\/;

2 2
< .., MA 3
Tu’do:—:\/j
MB 5

, < Bais 2diém) v ) \

2
2 ~ . s . 2 A 2 1

Cho a,b € RT th6a man >+ b?> < 1. Tim gia tri nh6 nhat ctia Q = (a+ —) +
a

(+5)

1 1 2
Mat khac cuing theo AM-GM thi (a +b2> ( + bz) >2ab.— =4

a

I 1
Maad>+p*<1= — +b2 4 (k)
T (*) va (**) suyraQ29

2 2, 4 2 A
Dangthucxayraa=5b= g Vay Min(Q) =9
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Nam hoc 2009-2010

, < Bai 1 (3,5 diém) v/ >
2+4/3 2-V3

1. Ratgon P =

+
24V4+2V3 2—+/4-2V3

2. Cho ham sb f(x) = (x* +6x—5)210, Tinh f(a) v6ia = V/3+ 17+ V3 —V17

Loi gidi

1.Tac6 4423 = (1++/3)%4—-2v/3 = (1-+/3)?
Tudo:

b 2+3 N 23
24V4+2V3 2-/4-2\3
__2+V3 L 2-V3
C24+(1+V3) 2-(V3-1)
_2+V3 2-V3
3+v3 3-3

24+v3)3-V3)+(2—V3)(34+3)
(34+v3)(3—3)

6
:—:1
6

2.Taco:

a:§/3+\/ﬁ+{/3—\/ﬁ

a’=6—6a
a+6a—5=1
f(a) — 12010:1

t el

d

a3:3+\/ﬁ+3—\/ﬁ+3a.§/(3+\/ﬁ)(3—\/ﬁ)

 Bai2 (4,5 diém) v >

x2—2x\/§—|—2y:x
1. Giaihé { y> -2y /z+2z=y
227 /x+ 2=z

2. N 1
2. Gidi phuong trinh x* — x> —x = 3

Loi gidi

® 0973.793.825 57

i DUC PV




im0, O =c

x2—2x\/§+2y:x
Y =2yyz+2z=y ()  (x»220)
2 —2z/x+2x =2

Cong vé v6i vé clia 3 phuong trinh ta dugc :

=2y 2y = 292+ 22 4+ 2 = 22 /aF 2x = x4yt 2

& (F =2y +y)+ (0 =22V +2) + (= 25/x+x) =0
& (VB (Va2 =0
& x—\y=y—Vz=z—vVx=0
o | X=y=z=
x=y=z=

Thitlai thdy x =y =z=0vax=y=z=1 déu théa man hé (I).
Vay hé (7) c6 cac nghiémla: (x,y,z) = (1,1,1) va (x,y,z) = (0,0,0)

2.
Tacé:
1
3_2_ 1
X X X 3
& 37 -3 -3x=1
& 4 = 3%+ 3x+1
& 4= (x+1)°
& Vax=x+1
1
& X=5——
Va—1
A . ~ . A £ 1s 1
Vay phuong trinh da cho c6 nghiém duy nhatlax = K7
( < Bai 3 (4 diém) v/ > \

Cho (0, R) noi tiép hinh thang ABCD(AB//CD) Vvéi E, F,G,H theo tha tu 1a tiép
diém cta (0) véi cac canh AB, BC,CD, DA.

EB GD 4R
1. Chiing minh rang A= GO Tu do t1nh — blet AB = 3 va BC = 3R

2. Trén canh CD lay diém M nam giita D va G sao cho chan dudng vuong géc
ké tt M dén DO la diém K nam ngoai (0). Duong thang HK cat (O,R) tai
T # H. Ching minh rang MT = MG

Loi gidi
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1 .
OA, 0D lan lugt 1a phan giac clia DAB,ADC nén :

— —_— 1 — —
DAO +ADO = (DAB +ADC) = 90°

=AOD = 90°
=/AAOD vudng tai O

Ma OH | AD = R?> = OH?* = HA.HD

Chiing minh tuong tu ta ciing c6 R*> = FB.FC

Suyra HA.HD = FB.FC

HA = EA;HD = GD

Mit khac theo tinh chét clia tiép tuyén thi
FB=FEB;FC=GC

, EB GD
Do d6 EA.GD = EB.GC = — = — (DPCM)
0B EA  GC
Dit — = k(k>0).Taco:
at — (k>0). Taco
BC? = EG* +(GC — EB)?
= (GC—EB)? =BC*>—EG*=5R*> ()
EB EB EB k k 4Rk
i N i = = EB=——AB=
EA AB  EB+EA k+1 k+1 3t )
Laico:

FC=BC—BF =BC—EB=3R— 4Rk :R(5k+9)
3(k+1)  3(k+1)

R(5k+9)

GC =FC =
- 3(k+1)

(s % %)
Thay (xx) va (x* %) vao () ta dugc :

R(5k+9) 4Rk \* _,
(3(k+1) _3(k+1)) =R
& (k+9)> =45(k+1)?
L 9-3V5 _6V5-9
3v/5-1 11
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Vav =2 —
N Ea 1
2.
KM 1 OD .
Vi — KM//HG = KMD = HGD
HG 1 OD

Ma HGD = KTG (cling bang nita s6 do cung HTG)= KMD =KTG
Suyra:

KTG+KMG = KMD + KMG = 180° = KTGM 1a tif gidc noi tiép

Lai c6 : OKMG ndi tiép dudng tron dudng kinh oM

= 5diém 0,T,K,G.M cung thudc duong tron duong kinh OM
= OTM = 90°

= MT la tiép tuyén ctia (O,R)

= MT = MG (DPCM)

, { Baid@diémv \

1. Cho AABC c6 BC = a,CA = B,AB = ¢ va R1a ban kinh dudng tron ngoai tiép
clia tam gidc théa man R(b + ¢) = av/be. Xac dinh dang ctia tam giac ABC

2. Gia st AABC khong c6 géc tl va c6 2 duong cao 1a AH, BK. Biét AH > BC
va BK > CA. Tinh cac géc cua tam gidac ABC

Loi giai
1.
R b
R(b+c)=aVbc= == Ve
a b+c
Theo AM-GM :

- S a>2R
2 a btc 2 97

Nhung R 14 ban kinh dudng tron ngoai tiép clia tam gidc ABC nén a < 2R

.. . Ja=2R :
Do vay phai co Z = AABC vudng can tai A
=c

2.
A
K
& 1
B H C
AC > AH
AH > BC(GT)
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BC > BK
BK > AC(GT)
AC =BC
Tu (%) va (%) suyra s AC=AH = AABCvudngcan taiC
BC =BK

Vay AABC c6 A = B = 45° va C = 90°

{ Bais@diémv )

1. Tim tat cd céac cdp soO tu nhién n va k dé n* +4%*+1 1a s6 nguyén to.

2. cho a,b € R théa man & + b® = 2. Tim tat ca cac gia tri nguyén clia a + b
8 guy

Loi gidi

Taco:
4 2k+1 2 2k12 kl2
n* 4 4%+ :<n +2 +> —(n.2+)

_ <n2_|_22k+1 +n.2k+1) . <n2+22k+1 _n_2k+1>

V6in,k e Nthil < n?+42%+1 4 2k1 e N, do d6 dé n* + 4%+ 12 s6 nguyén t6 thi diéu
kién canla:
2 o2kl okl
en?—m2kg k=1 %
& (n—252r=1-2%

{k:O
=
n=1

Thtlai v6i k = 0,n = 1 thin* +4%*+! =512 s6 nguyén t6. Vay n = 1,k = 01a cip sb thda
man yéu cau bai toan.
2.

2=a’+b = (a+b)(a* —ab+b?)
Maa?>—ab+b*>0=a+b>0 (x)

Dét{x:a_l .Khi dé:
y=b—-1
(1) + (1) =
S +HyY 30y + 3(x+y) 0
=X+ +3(x+y) <0 (vix*+y>>0)
& (x4y) (P —xy+y*+3) <0
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= x+y<0 (Vix’—xy+y*+3>0)

Sa+b<2 (xx)

T (*) va (**) suyra0<a+b <2
= neéua+bnguyénthia+b=1hodca+b=2

e Taia=b=1thia+b=a’+b>=2

—1
3.3
2 < b :2 = —
e Péatb=1thi{" " s %=
atb=1 a+b=1
= a,b1a 2 nghiém ctia phuong trinh > -t — -~ =0

. <o A 7
Phuong trinh nay c6 nghiém vi A = 3> 0

Vay a+ b c6 thé nhan cdc gia tri nguyén 1a 1 va 2.
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Ndm hoc 2008-2009

 Bail@diémv

Rat gon :
x84 3x4 -4
l.A:\/ — —V29—-12 2. B=—F/——7F5-—-
Vs \/3 9-12v3 a2
Loi gidi
1.
2
29— 12v5=29-2v120 = (2v/5-3)
= \/3—\/29—12\f5=\/3—(2\/§—3): 6—2vV5=v5-1
= A:\/\G—(ﬁ—l):1
2.
B3t 4= 4222 = (P -2 F2)(x* + 47 +2)
4 2 2 4 2 2
—~ B=— (X X :— )(ZX +x°+ )=X4—X2+2
Xt x=+2
. < Bai 2 (4 diém) v/ > ~
1. Choa > ¢,b > ¢,c > 0. Chling minh rang :
Vela—c)++/c(b—c) < Vab
2. Cho x,y,z € R* théa man x+y+z = 1. Chitng minh rang :
VXFYZH VYo Vot xy > T4 /ay 4+ vz + /2
Loi gidi
1.
Vela—c)++/c(b—c) < Vab
o \/c(a—c)+\/c(b—c)§1
Vab
C C C C
“(1=-= “(1-2) <
Theo AM-GM :
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Suyra:

ST
c(i1_¢ + L <4a b b a_—1
b a a b 2

Vay (x;) dang va tu do ta c6 DPCM.

C C
R
2 L2 b a c c ab
Dang thuc xay ra < S—-—+-=lsc=
g thulc xay c_,_c Ta'p ‘T axb
a b
2.
Ta chiing minh :
VXF+yz>x+./y2  (%2)
That vay :

VX+Yyz>x+./y2 (%2)
x+yz> (x4 1%)°

x+yz > 2 +yz+2x/)2
x2x2+2x\/ﬁ

1>x+2\/yz (vix>0)
1—x>2\/yz

y+z>2yz (Vix+y+z=1)
(V-2 >0 (luon ding)

Vay () dang va ching minh tuong tu ta cing co6 :

VYt >y+y/zx (x3)
VZ+xy>z4+/xy  (*a)

S I

Tu (*2)7 (*3)7 (*4) suyra:
VXFyz+Hyt o+ Vit xy > x+y+z+/xy+ i+ Vax

Hay
VXF YTyt Vot xy > 14 /ay 4+ vz 4+ /2
2 L e X=y=2z 1
bang thic xay ra & Sx=y=7=—
8 Y {x+y+z=l Y 3
(  Baisz@diémv ) \

1. Gidi phuong trinh: x> +3x+ 1= (x+3)Va2+1 (%)

x+y+z==6
2. Giaihé: xy+yz—zx=—1 (%)
P4y +2 =14
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Loi gidi

1‘
Datr=vVx2+1 (t>1)=x>+1=1¢
Phuong trinh (x) tré thanh :

12 4+3x = (x+3)t
> — (x4+3)t+3x=0
(t—x)(t—3)=0
(t—x)(t—=3)=0

t=x
t=3

e VGir=3thivx?+1=3«< [xzzﬂ

r ¢3¢

x=—-2V2
e VGit=xthi vx2+1=ux (v0 nghiém)

Vay phuong trinh () ¢6 2 nghiémlax =2v2vax= —2v2
2.

x+y+z=6 (1)
xy+yz—z=—1 (2) ()
P+y?+2=14 (3)

T (1) va (3) suyra:

2y +yz+zx) = (x+y+2)2 — (P +y +7) =22
= xy+yz+zx=1I

=06

xy+yz=5 (4)

Ta c6 (4) < y(z+x) = 5. Kéthop véi (1): y+ (x+z) = 6 suy ray va z+x 12 2 nghiém clia
phuong trinh :

Két hop véi (2) suyra: {

?—6t+5=0< [ r=

Z+x=35
Két hop z+x = 5 vaxz = 6 suy ra x va z 1a 2 nghiém ctia phuong trinh :

A =1
e Neu {y

2 . t=2
t 5t+6—0<:>[t:3

=2 =3
Suy ra * hoac *
z=3 z=2
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2 =5
e Néeu {y
Z+x=1

Két hop z+x = 1 vAxz = 6 suy ra x va z 1a 2 nghiém ctia phuong trinh :

> —t+6=0 (vOnghiém)

Vay hé (x) c6 cac nghiémla:

(x,5,2) = (2,1,3)
(x,y,z) = (37 172)

, { Baid@diémv ~

Cho tam gidc ABC déu canh a. Goi chan dudng vudng géc ha tit diém M nam
trong AABC dén cac canh BC,CA,ABlanlugtla D,E,F.Xac dinh vi tri cha M deé :

1 ! + ! + ! dat GTNN. Tim GTNN do.

‘MD ME MF

1 1
2. + +
MD+ME ME+MF MF+MD

dat GTNN. Tim GTNN dé.

Loi gidi

A

O ¢
D.
@)

Taco:

MD.BC+ME.CA+MF.AB

=2SyBc + 2Svca +2SuaB
23
a
=2SaBc = >
a3

Ma BC = CA = AB = a = MD + ME + MF = -
Ta c6 BDT quen thudc:

1 11
MD +ME + MF >
(MD+ME + )(MD+ME+MF>_9

1 1 1 9 63
= + + > =
MD ' ME ' MF ~— MD+ME +MF a
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Dang thiic xay ra < MD = ME = MF < M la trong tim AABC

1
Vay Min ( +

= khi M la trong tm ctia AABC
a

L, 1) _6/3
MD " ME ' MF

Van stt dung BPT quen thudc néu trén, ta co :

MD+ME ' ME +MF ' MF +MD
1 1 1 9 33

[(MD+ME)+(ME+MF)+(MF+MD)]( 1 + ! + ! )29

= + + > =

MD+ME ' ME+MF ' MF+MD ~ 2(MD+ME+MF)  a

Dang thiic xdy ra < MD = ME = MF < M la trong tdim clia AABC

1 1 1 5 A 2
Vay Min + + = 33 khi M 1a trong tam cua AABC
MD+ME ME+MF  MF+MD a
, { Bais@diémv ) ~

\

1. Chiing minh ring 227 4 224 khéng thé 1a s6 chinh phuong véi Vp,q 1a cac
so nguyén khong am.

2. C6 hay khong 2009 diém trén mit phang ma bét ky 3 diém nao trong
chiing déu tao thanh 1 tam giac tu.

1

TacéM:4P+4‘1.Mé{

bat M = 2% 4 2%

4P = 1(mod 3)

Vp,q€Z;p,g>0=M=2(mod 3
49 = 1(mod 3) P-4 b4 ( )

Nhung 1 s6 chinh phuong hodc chia hét cho 3, hoic chia 3 du 1 nén M khoéng thé 1a
s0 chinh phuong. Tt d6 ta c6 DPCM.

2‘
Dung nita dudng tron dudng kinh AB. Trén nita dudng tron nay lay 2009 diém phan

biétla A;;Az;...; Azee. Khi d6, 3 diém bat ky trong 2009 diém nay luon tao thanh 1 tam
giac tu.
Vay ludn ton tai 2009 diém thoa man yéu cau cta bai toan.
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im0, O =c

Thanh pho Bdc Ninh 2019-2020

 1@diémyv >

¢ ., 15x—11 3 /x—2 2 3
1. Cho biéu thitc p= 2VX—1L | 3vx=2 2yx+
x+2yx=3  1—yx x+3

a) Ratgon P
b) Tim m dé c6 x théaman P.(\/x+3)=m

2019 2020

2. So sanh + va v2019 4+ /2020
V2020 /2019

Loi giai
1.
x>0
A P 2/x—3#0 >0
a) Diéu kién xac dinh : XH2Vx -3 4 st (%)
1—y/x#0 x#1
VX+3#0

V6i diéu kién (%) ta c6 :

ISVE-11 (BVE-2)(VE+3)  2VE+3)(Va-1)

Vit3)(a-1) (- DE3)  (at3)(a-1)

C15a— 11— (3x+7y/x—6) — (2x+/x—3)
(Vx+3)(vx—1)

—S5x+7x—2

(Va3 1)

(VE-1D(2-5%)

(Va+3)(Va—1)

_2-5yx

Va3

b) Taco:

P(Vx+3)=m
S2-5/x=m (xx)

V6i diéu kién () thi2 > 2 —5,/x # —3. Do d6 it (x%) = 2 > m # —3
Vay nhiing gid tri can tim ciamlam <2vam # -3

2‘

V6ia>b>0taco:

3 b3 2 b2
@t >a+bhay:%—|——>a+b
a

@ +b* = (a+b)(a* —ab+b?) > ab(a+b) =

1 " N , 2019 2020
Ap dung vGia = /2020 vab = /2019 ta co : /2020 + /2019 > V2019 + v2020
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, { 2@diémv \
Cho hé phu’dngtrinh:(I){<m_1)x+y:2 (m 12 tham s6)
mx+y=m+1

1) Giai hé phuong trinh (/) khim =2

2) Chting minh rang véi moi gia tri clia m thi hé (/) luén c6 nghiém duy nhat
(x,y) thbaman 2x+y < 3

Loi giai
Taco:
(m—1x+y=2

(1) <
mx+y=m+1

{mx+y:m+l
=
x=m—1

{ m—1

= = 2
y=-m"+2m+1

1)

, =m—1=1
Khim=2tac6{" 5
y=—m"+2m+1=1

Vay hé (I) c6 nghiém duy nhat (x,y) = (1,1) khim =2
2)
V6i moi m, hé (I) c6 nghiém duy nhat (x,y) = (m—1,—m?>+2m+1) va:

2x+y=2m—1)—m*+2m+1=—-m>+d4m—1=—(m* —4m+4)+3=—(m—2)>+3<3

Vay v6i moi gia tri ctia m thi hé (I) luén cé nghiém duy nhat (x,y) théa man 2x+y <
3 0

' { 3Gdigmyv > ~
1) Giai phuong trinh nghiém nguyén : 4x> 4+ 9y? +8xy + 16x+6y —99 =0

2y/2xy—y+2x+y=10
V3y+4—2y+1+42y/2x—1=3

2) Giai hé phuong trinh : {

3) Cho 3 sb thuc x,y,z théa man xyz = 1. Chiing minh ré‘mg néu x+y-+z >

1 1 1 . £ , £ 212
—+ —+ — thitrong 3 s0 x,y,z c6 duy nhat 1 so 16n hon 1
Xy z

Loi giai
1)
V6ix,yeZ,taco:

4x* +9y? + 8xy+ 16x+6y —99 = 0
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& (4x% +4y* + 8xy + 16x+ 16y + 16) + (5y* — 10y +5) = 120
& (2x+2y+4)* 45— 1) =120
& (2x+2y+4)72=120-5(y—1)* (%)

(2x+2y+4)? <120
(2x+2y+4):5

khong théa man nén xay ra cac kha nang sau :

{2x+2y+4:10 {x:O
i =

Tit (*) suy ra .Honnita 2x+2y+41as6 chdnva2x+2y+4 =0

y—1=2

2x+2y+4=10
i =
y—1=-2

X

y
2x+2y+4=-10 x=-10
b =
y—1=2 y=3
. {2x+2y+4:—10 {

y—1=-2

Véy cac Cép (x,y) thoa man la (X,y) S {(0a3);(47_1);(_1073); (_67_1)}
2)

1
Xéthé: (1) Y2y ytaty=10 () pisukien *Z 2
T VIV HE—2y+142V2x—1=3 (2) " ly>o0

Taco:

(e (V2ax—1+5)?=9eV2a—1+/y=3cV2a—1=3- 5

Thayvao (2) taco:

V3y+4—/2y+1+23—/y) =3
S \/3y+4—/2y+1-2,/+3=0
& (V3y+d4—4)—(V2oy+1-3) -2y —4)=0
o So—4)  20-4) 40 -4)

V3y+4+4  2y+1+3 2,/y+4

S04 e e 5 g | =0 (%)
Y VI TA+d 2yt 1+3 2514

Nhan xét :
3 2 4
3y+4+4  2y+1+3 2/y+4
3 2 2
CV3y+d+4 V2yF14+3 0 (42
3 2 2

< J— J—
V3y+4+4  \By+4+4 2
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1 2
- <0
V3y+4+4 42

Dodé: (xx) y—4=0cy=4=x=1

Vay hé (I) c6 nghiém duy nhat la (x,y) = (1,4)

5 I 1 1
Vixyz=1nénx+y-+z> )—C-I-;-i-g Sx+y+z>xy+yz+zx

Tudo suyra:
x—D(y—1)(z—1)=xyz—1+x+y+z—(xy+yz+2zx) >0

Suyratrong3s6x— l;y— 1;z— 1 c6 duy nhat 1 s616n hon 0 hoéc cé 3 s6 déu 16n hon 0.
Nhung xyz = 1 nén khong thé xay ra trudng hgp ca 3 so déu 16n hon 0. Nhu vay, trong
3s0x,y,zcoduynhatl1solénhonl O

, { a@dibmv > \

Cho AABC nhon (AB < AC), dudng cao AH. Goi E, F 1an ludt 1a hinh chiéu ctia
H 1én AB,AC.

1) Chiing minh rang AFHE,BEFC 1a cac ti gi4c ndi tiép

2) Goi K 1a giao diém clia EF va AH, M 1a giao diém tht hai ctia CK v6i dudng
tron ngoai tiep td giac BEFC. Chiung minh AM | CK

3) Goi/latrung diém clia AK va O 1a tAm dudng tron ngoai tiép tii gidac BEFC.
Lay N doi xiing v6i M qua /0. Chiing minh B, K, N thang hang.

Loi gidi

........

1)
Dé dang chiing minh
2)
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AEHF la t gidc ngi tiép nén : KA.KH = KE.KF

MECF lata giac noi tiep nén : KM .KC = KE.KF

Suyra:

KA.KH = KM.KC = AMHC 14 tit gidc noi tiép = AMC = AHC = 90° = AM L KC 0,
3)

AAMK vudng tai M co M1 la trung tuyén nén MI = IA = IK
Vi N doi xting v6i M qua 10 nén IM = IN

Suyra:IN =IA =IK = AAKN Vuéng tai N_

Tit d6 dé thay AMKN 1 ti giac ndi tiép =M MNK MAK
Hon nu’a AMHC la td giac noi tlep nén MAK = MCB
Suyra: MNK = MCB = N,B,K thanghang O

, { 5@diémyv > \

1. Cho cac s6 thuc duong a,b,c théa man a > ¢,b > ¢. Chiing minh rang :

\/ a—c) —|—\/c —¢) <\/_

2. Chiing minh ring trong 1011 sb tu nhién khac nhau tt 0 dén 2020 lu6n
ton tai it nhat 2 so ma so nay la boi ctia so kia.

Loi gidi

1.
Ap dung Cauchy-Schwarz :

(w. “O) /el _c<¢—) (fmw?f)

:>\/c. a—c) +\/c —c) <\/_ O

Dang thiic xdyra < a = b = 2¢

2.

Nhan xét : moi s6 tu nhién déu biéu dién dudc dudi dang 2%.b véi k,b € Nva bla s 1é
hoac bang 0. Ttt d6 goi 1011 so tu nhién dé 1a :

= 2% bisay = 22.by;. saror1 = 249 by
e Néu ton tai b; = 0 thi ta c6 diéu phai chiing minh
 Néu moi b; déu khdac 0 thi tir gia thiét suyra 1 < b; <2019 v6imoii=1,1011
Tur 1 den 2019 ¢6 1010 so 1€ nén ton tai b, = b, véim,n € {1,2,...,1011}
Khi d6 (a,,a,) 1a 2 so thoa man dieu kién so nay la boi ctia so kia.

Vay ta c6 diéu phai chiing minh. O
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Tti Son 2019-2020 e

,  16diémyv > \
R . x+2 \/J_C 1 \/)_C—l ,e
= . >
Cho biéu thuc P (x\/)_c—l+x+\/i+l+l—\/?c> 5 vOix>0,x# 1
a. Ratgon P
b. Timxdé?P:%
c. So sanh P? va 2P
Loi giai
a.
V6ix>0,x#1taco:
[ x+2 VX 1 Vx—1
P_<x\/)_c—l+x+\/1_c—|—l+1—\/)_c>' 2
B x+2 N Vx(y/x—1) B x+/x+1 2
WA= DEEVEED D (Va-DEEyaD) (V=D yarD) | oya-1
X H24x—Vx—x—yx—1 2
WD EVERD ya-d
o 2(x—2yx+1)
- (VA1 vx )
__2E-1p
- (VA1)
2
T xrVAfl
b.
polo 2 2
7 x4+ T

Sx+Vx+1=7
Sx+/x—6=0

& (Va=2)(Vx+3) =)
&S V/x—2=0

& x =4 (thda man diéu kién)

Vay x = 4 la gia tri can tim ctia x

C.
Taco:
2
> () 1>l =P=—" _<2=p2<2p
x>0=>x+vx+1>1= Al S =Fr <
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 2@diémv

a. Tim s6 tu nhién n sao cho n? +3n+7 14 s6 chinh phuong
b. Giai phuongtrinh: x+1+vx? —4x+1=3/x

Loi gidi
a. .
Ta c6 : n? +3n+ 7 1a s6 chinh phuong khi va chi khi :
P +3n+7=k (keN)
&4k — (4n* +12n+9) =19
& (22— (2n+3)*=19
& (2k+2n+3)(2k—2n—3) =19

Vin,k € Nnén 2k+2n+3 > 2k —2n— 3. Do d6 chi xay ra kha nang sau :

2n+2k+3=19 - n=3
2k—2n—-3=1 k=5

Vay s6 tunhién » can tim lan = 3
b.

< . A a >0
Xét phuong trinh : x+ 1+ vx? —4x+1=3y/x (2). Dieukién {x -

—4x+1>0
C6 2 phudng an xtt Iy bai toan nhu sau :

Cachl: Taco:

(2) e (2x+2-5Vx)+ 2V —4x+1—+/x)=0
<:>(2x+2—5\/)_c)(2x—|—2—|—5\/i) VX2 —dx+1—/x)(2Vx2 —4x+ 1+ /)

2x+2+5/x a VA2 —dx+ 1+ /x -
(:)4x2—17x+4: 4x> —17x+4 0
2x+245yx  2V/x2 —dx+ 14 x
& (4x2—17x+4).< ! = ! ) =0

2x+2+5Vx 2/xX2—dx+1+/x
sS4 —17x4+4=0
x=4 .

& le (thoa man diéu kién)

4

. . A s N 1
Vay phuong trinh (2) c6 2 nghiémlax=4vax= 1

Céach 2: Nhan xét x = 0 khong 1a 1 nghiém ctia (2). Do d6, chia ca 2 vé clia (2) cho /x ta

dugc :
\/__f_i_ﬂl _4+1_3 (3)
X \/_ X =
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batr=/x+ \/L} thi phuong trinh (3) tr6 thanh :

+Vi2—6=3

SViP—6=3—1
?—6=(3—1)
ﬁ{ (3-1)

t<3

<:>t—5
2

N e e 2. o 1
Tu do giai ra dugc x =4 hoacx = 1

, { s@diémv \

a. Choa,b,ccRthéamana+b+c=2,a>+b>+c*> =18 vaabc = —1.
1 1 1

ab+c—1+bc+a—1 +ca—|—b—1

Tinh gia tri cila M =

X =2x+y

b. Giai hé phuong trinh :
1nep 8 {y3 — 2y+x

Loi gidi
a

Tt gia thiéta+b+c=2vaa®+b*+c*=18taco:

(a+b+c)*—(a®>+b*+c?)
2

ab+bc+ca = =7

Dong thoi :

ab+c—1=ab+a+b+1=(a+1)(b+1)
bc+a—1=bc+b+c+1=(b+1)(c+1)
ca+b—1=cat+c+a+1=(c+1)(a+1)

Suyra:

_a+l4btl4ct]
~(a+1)(b+1)(c+1)
a+b+c+3

T abctabtbctcatatbtctl
243

T 1-712+1
— 1

=2ty e+ =304y )@ -+ =3)=0(1)
¥ =2y+x -y =x—y (=) +xy+y*—1)=0(2)
Xay ra 4 kha nang sau :
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e Khanang1:
=0
{x+y Sx=y=0
x—y=0
e Khanang2:
2 2 2
- —-3=0 —-3=0
{x xy+y @{x (:)x:y::t\/g
x—y=0 xX=y
e Khanang3:
X =
x+ :O = —X y:—
2y 2 <= y2 <
X +xy+y-—1=0 x*—1=0 x=-—1
y=1
e Khanang4:
x> —xy+y*—=3=0 - ¥ —xy+y*—=3=0
X +xy+yP—1=0 2xy+2=0
o xy=-—1
(x+y)?—3xy—-3=0
o xy=—1
x+y=0
x=1
y=-1
=
x=-—1
y=1

Véyhé da cho co cac nghlém la ()C,y) < {(070)’(\/§7 \/g)’(_\/_7_\/§)’(17_1)’(_17 1)}
, { a@dibmv > \

Cho doan thang OA = R, vé dudng tron (O, R). Trén dudng tron lay diém H batky
sao cho AH < R. Qua H vé duong thang a tiép xtic v6i (O, R). Trén dudng thang
alay 2 diém B, C sao cho H nam gitia B,C va AB = AC = R. V& HM vuong goc véi
OB (M € OB), HN vuong goc v6i OC (N € OC)

a. Chiing minh OM.OB = ON.OC va MN luén di qua 1 diém cb dinh.

b. Chiing minh OB.OC = 2R?

c. Tim gid tri 16n nhat clia Spy khi H thay déi.

Loi gidi
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a.
Theo hé thtc lugng trong tam giac vuong cho cac tam giac OHB va OHC vudng tai H
taco:

OM.OB = OH?
ON.OC = OH?
= OM.OB=ON.OC O
. ON OA
Tl ON.OC = OH? = ON.OC = 0A®> = oL~ oc = LONA - AOAC(c.g.c)

= NOA = NAOAONA can tai N = NO = NA = N thudc trung truc ctia OA (x;)

Chiing minh tuong tu ta c6 M cling thudc trung truc ciia OA (x;)

Tit (1) va (%) = MN 1a dudng trung truc clia OA. Do d6, MN ludn di qua 1 diém cb
dinh 1a trung diém ctia doan thang 0A O

b.

Goi D 1a trung diém ctia OC.

Tit ON.OC = OM.OB = MNCB 14 tG gidc noi tiép = NCB = NMO (x3)

Theo tinh chat clia goc ngoai va vi ADHC can tai D = ODH = 2.NCB (*4)

Vi MN la trung truc ctia OA theo cmt = OMA = 2.0MN (s)

TU (*3); (*4); (x5) suy ra ODH = OMA. Tit d6 vi 2 tam gidc ODH,0OMA 1a 2 tam giac can

N . ocC
tai D,M va co 2 canh day OH = OA = R suyra AODH = AOMA = OM = OD = —
. OC.ON R’ ,
Do d6: OM.ON = > = (%¢) Taco:

OB.OM = OC.ON = OH? = R* = OB.OC.OM.ON = R* = OB.OC = 2R* (vi (%¢))

C.

. \ OA.MN
Vi MN la trung truc cua OA = Syoy = >
Hon ntia :
MN OM 1
AOMN ~ AOCB = —— = —— = =
OMN OCB = BC oC 2
BC
= MN = —
2
. OA.BC _OA2R R?
Tu do : Syon = 7] < )

A s 1a s s REO . o
Vay Syon dat gia tri 10n nhat bang 5 khi: BC =2R < H trung véi A
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,  5adiémv >

C— 4ab n 4bc n 9ca
a+2b b+c 4dc+a

Cho a,b,c € R théa man 2ab + 6bc + 2ca = Tabe. Tim gid tri nho6 nhét ca :

Loi gidi
Taco:
2 6 2
2ab+6bc+2ca=Tabc s —+—+ - =17
c a b
.6 2 2 . .
bat—-=x;—=y;—- =zthix+y+z="7va:
a b c
c 24 N 8 N 54
S 3y+2x  y+z o 4x+3z
122 122 182
= - +
18y+12x 18y+18z 24x+18z
(12+12+18)?
> Cauchy — Sch
= 18y 1 12x 1 18y 1 1824 24x 1 185 \Cauchy = Schwarz)
B 422
©36(x+y+2z)
422
- 36.7
=7

Dang thiic xay ra khi va chi khi :

2 1218 e . _,
18y +12x  18y+18z 24x+ 18z @{x_ Y= @{x_ , @{“_

x+y+z=7 Xtyt+z=17

Vay gi4 tri nhdé nhat ctia C1a 7, dat dudc taia = 2;b =c = 1
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Yén Phong 2018-2019 e

 1ediémyv >

wi-l x/it1 1Y (Va+l Ja-1
x—ﬁ‘x+ﬁ+(ﬁ‘ﬁ)(ﬁ—1+ﬁ+1>

Cho biéu thic P =

1. Tim diéu kién xac dinh va rit gon P

2. So sanh P vGi 6

Loi gidi
1. biéu kién xac dinh ctia P :
x>0 x>0 -0
X
x—X£0 S x#0 { ()
x#1

Vx—1#0 x#1
V6i diéu kién (x) tacé :

(V=D+va+1)  (A+DE—va+) x—1 (Vat+1)>+(x-1)

P= - + :
VA1) VEEFD) E (DA
_x+\/)_6+1_x—\/§+l+x—1 2x+2_2+2x+2
WA Vv VEox=1 T
2. Xét hiéu :
2x+2
P—-6=2+ 7 —6
:2x+2_4
VX

= 2.@ >0(vix#1)

=P>6

{ 2@diémv

1. Tinh gia tri biéu thiic P = x> +y> —3(x+y) 4+ 1979, biét ring :

x:\3/3+2\/§+\3/3—2\f2vay:\3/17+12f2+{/17—12f2

2. Tim phan nguyén clia s6 \/5+ \/5+ \/5+...+ V/5++/5 (2020 d4u cin)

Loi gidi

® 0973.793.825 80 i DUC PV



im0, O =c

1.Taco:

£<V3+2¢§+Q%2v§)3

:6+3V3+2¢ZQ@—2¢§<V3+2¢§+Q@—zv§>

=6+43x
Tuong tu :
¥ =3443y

Tudésuyra: P=x>+y> —3(x+y)+ 1979 = 2019

2.D€1tSn:\/5+\/5+\/5—|—...—|—\/5+\/§(ndéucén).Khid(’)tacc’):
Sy=1/5+S,_1

Tu d6, theo nguyén ly quy nap toan hoc dé dang chiing minh dugc 2 < §, < 3.
Vay phan nguyén ctia s6 da cho 1a 2

, { sedémv ~

N R =2
1. Cho hé phuong trinh an x,y sau : {mx ty=am
x+my=m+1
Chting minh rang diém M(x,y) luén nam trén 1 dudng thang cb dinh véi
(x,y) la nghiém duy nhat cia hé phudng trinh da cho.

2+ /X 2-Vi 5
\f+%ﬂf_ V22— /x

2. Giai phuong trinh :

Loi giai
1A | mx+y=2m ,
1. Xét hé co:
x+my=m+1
| m 1 ) i o 2m 1 . 2 m 2m )
D = 1 m‘—m 1;D, = ma1 m 2m” —m—1;Dy 1 mal =m-—m

V6iD #0 < m? —1#0 < m+# +1 thi hé da cho ¢6 nghiém duy nhatla:

D, 2m*—m—1 2m+1
X= — = =
D m?—1 m—+1
_Dy_mz—m_ m
r= D m2—1 m+1

Dé thiyx—y=1hayy=x— 1. Do d6, diém M (x y) véi (x,y) 1a nghiém duy nhét ctia hé
da cho luén nam trén du’dng thang y = x— 1 ¢6 dinh.

24 Vx 25 _
J#VTT_ V22— /x
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x>0
Dieukién:{ v2—1/2—x#£0 ©0<x<4(x)
2—y/x>0

=2 2 1 s
bat {a tVE (a,b > 0). Khi d6 a® + b* = 4 va phudng trinh (2) tré thanh :

b= VI-Va

az b2 = 612 — 2 a) = a —
\/§+a+\/§—a—\/§<:> (V2 —b) +b*(V2+a) = V2(V2+a)(V2—b)

& V2(a?+b%) —ab(a—b) =2vV2+2(a—b) —\/2ab

& 4V2—ab(a—b) —2V2—2(a—b)+V2ab=0 (a*+b*=4)
& [2v2-2(a=b)| + |vV2ab—ab(a—b)| =0

& 2(V2—a+b)+ab(vV2—a+b)=0

& (V2—a+b)(2+ab) =0

SV2—a+b=0 (a,b>0)

Sa=V2+b

Thay vao a® +b*> = 4 ta dugc :

p_ ~V2+V6
2 2 _ 2 —2= 2
(V2+b)2+b =4 20 +2V2b-2=0& V26
b= ———— (logi)
Véib:ﬂtacét
m:ﬂ®4(2—\/}):(\/€_\/§)2
<:>8—4\/)_c:8—4\/§

ex=3

< x =3 (théa man (x))

Vay phuong trinh (2) c6 nghiém duy nhét1a x =3

,  a@digmv \

Cho diém A nam ngoai dudng tron (O,R). Ké 2 tiép tuyén AB,AC va cat tuyén
ADE véi duong tron (A, B la 2 tiep diém, D nam gitia A va E). Goi H la giao diém
ctia AO va BC.

1. Chiing minh 4 diém A,B,0,C cung thudc 1 duong tron va AH.AO = AD.AE

2. Tiép tuyén tai D clia (O) cdt AB,AC lan lugt tai M, N. Biét OA = 2R. Tinh chu
vi tam giac AMN theo R

3. Qua 0 ké dudng thang vudéng géc véi OA cit AB,AC lan lugt tai / va K.
Ching minh M1+ NK > IK
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Loi gidi

1.

Theo tinh chat tiép tuyen ta co c6 ABO = ACO = 90°.

Xét ti gidc ABOC ¢6: ABO+ACO = 180° = ABOC la tti gidc ndi tiép hay 4 diém A, 0,B,C
cung thudc 1 duong tron. [

Xét AABO vudngtaiBtaco:

AH.AO = AB* (%) (hé thiic lugng trong tam gidc vudng)

Mat khéc, dé dang ching minh dudc :

AB AD
AABD «~ NAEB —— =" = AD.AE = AB’
(88) = 1p =45 (*2)
Tu (%1),(x2) suyra:AH.AO = AD.AE O
2.
Theo tinh chét clia tiép tuyén ta c6 :

MD =MB
= Payn =AM +AN +MN = AM +AN +MD +ND = AB+AC = 2AB
ND = NC
Xét AABO vuOng tai Bta co:

AB = \/AO?+ OB? = \/(2R)? + R? = RV/5 (Pytago)

Tit d6, ta c6 chu vi clia tam gidc AMN 14 Pyyy = 2RV/S
3.

~ 2 — 1 — — — —
Dé thay : MON = EBOC =AOB =AI0 =AKO
Tit d6, ta dé dang chiing minh dugc :

IM 10 IK?
AIOM —~ AKNO = -—=—=IMKN=10.0K = —
(8.8) 0K~ KN
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Do d6 theo AM-GM :

IM+KN >2vVIM.KN =1K [

Dang thiic xdy ra < IM = KN < D 1a giao diém ctia AO v6i (O, R)

, { sadigmv ~
1. Tim tat ca cac sd c6 4 chii s6 abed théoa man : a_de :3_
abc — bda = 650

2. Cho x,y,z > 0 théa man x +y+ z = xyz. Chting minh rang :

4+ VIEE 44 /1102 44112
g— + +x+ + +y+ +vVi+z < 2xyz
X y z
Ldii gidi
1.
Xét: (x) { 4bed 3 (D Tw@)=a=cvab—d=5hoicd—b—5

abc —bda =650 (2)
Xét cac kha nang trén :
e Néub—d=5.Khidé:
(2) = (100a + 106+ ¢) — (100b + 10d + a) = 100a+ 50 = 650 = a = 6
(1)=a+b+c+d=2a+2b—5=2b+7:3=bchia3dul
Mab—d=5nénb>5.Dodbb=7vatacoabcd = 6765
e Néud—b=>5.Khidé:Khidé:
(2) = (100a + 106+ ¢) — (100b + 10d + a) = 100a — 50 = 650 = a =7
(1)=a+b+c+d=2a+2b+5=2b+19:3 = bchia3 dul
Mad—b=5nénb <4.Dodbb=1vatacéabcd =7176

Vay cac s6 can tim 12 6765 va 7176.
2.
Taco:
x+y+z=xyz= x(x+y+z) =xyz.x
& x2+xy-|—xz:x2yz
s x2+xy+xz+yz:x2yz+yz
& (x+y)(x42) =yz(x* +1)

PR S ) (Gt
vz
1
= Valtl= )ﬂ-x+1§§(x+y+ﬂ> (AM — GM)
Z y Z
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Tuong tuvasuyra:

1 1 1 6 2 2
sg6(‘+—+—)= Wtyete) 20404y
Z

Xy xyz xyz

Dang thiicxdyra < x=y=z=1/3
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im0, O =c

Qué Vo 2005-2006 e
,  Bail @digmv > \
o, 20017 +1 1 £
1. Thuc hién phép tinh 00 20(6)208+ 6ta dugcketquala:
2004
. 2004 b. 2005 i d.1
a © 2005
2. Ratgon A, B biét :
A=(x—4) (x> +4x+16) +x(x+3)(3 —x)
B=(x+1P}—(x-17%-6x-1)?
1.
20012+ 16008416 20012 +2.4.2001+4% (2001 +4)> 2005
2005 B 2005 2005
Vay chon dap an b.
2.
A= (x—4)(x* +4x+16) +x(x+3)(3 —x)
— x> 4 4x% 4+ 16x — 4x* — 16x — 64 + x(9 — x?)
=9x—64
B=(x+1P°—(x—1)>-6(x—1)*
=X 430+ 3x4+1—(F® =3x%+3x— 1) —6(x? —2x+ 1)
=12x—4
VAYA=9x—64VvaB = 12x—4
, < Bai 2 (2 diém) v/ > ~

2 2
e X 6 1 10—x
Cho biéu thiic M = N x—2
0 breu e <x3—4x+6—3x+x+2> (x + x+2>

. o . 1
1. Tinh gia tri cua M khi |x| = 3

2. VGigiatrinaocuaxthiM <0

x+2

2 2
X 6 1 10—x
M = : -2 0 +2
<x3—4x+6—3x+x+2> (x + x+2> (x;é X7 )
< x 2 1 >.[(x—2)(x+2)+10—x2]

X

—2(x+2)+(x—-2) 6
)
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1.
Tacé||—1<:» —1hoéc _ 1l
AL I T )

1 R 2
e Taix= 5 thay vao (x) ta dugc M = 3

1 R 2
e Taix = — thay vao (x) ta dugc M = 3

< 0 < x > 2(thda man diéu kién x # 0,x # £2)

1
M<0<s
2—x

Vay x > 2 1a nhiing gid tri can tim cia x

,  Baiz@digm v ) \

Cho hinh binh hanh ABCD. K 1a diém thudc canh CD sao cho DK = %KC; Hla

g A 1 » 2 N -
diém thuoc canh BC sao cho BH = §BC. Cac doan thang AK va AH theo thu tu
cat BD tai M va N

2. Chiing minh AMCN la hinh binh hanh
3. Tinh dién tich clia t gidc AMCN biét dién tich hinh binh hanh ABCD la

100cm?
A D
M
K
‘/N
B H C
1 DK DM
ViDK//ABnén :— = —— (Talet
l // ) A MB | | DK DK 1 1
MaABCD la hinh binh hanh = AB=CD= — = — = — vi DK = -KC
AB CD 3 2
Suyra bM _ 1
Y YE =3
N BN 1
Tuong tu tu BH//AD ta suy ra ND =3
. DM BN 1
Vay = =
MB ND 3
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2.
.DM BN 1 BD BD DM BN 1
W =N =3~ DM=BN=""=MN=—".Suyra -
MB ND 3 DM DK 4{ MN ~_ MN 2
Xét tam giac DNC c6 —— = — = MK//NChayAM//NC (x) (Talet dao)

MN KC 2
Tuong tu xét tam giac BMC taco NH//MC hay AN//MC  (xx)

T (x) va (xx) suy ra AMCN la hinh binh hanh.
3.

. > R . 2 N .S MN
Hai tam giac AMN va ABD c6 chung chiéu cao ha ttA nén: AMN

1
Swsp _ BD 2

(*1)

SCMN _ l (*2)

Scep 2
Tt (1), (x2) va theo tinh chat ctia day ti so bang nhau ta c6 :

Tuong tu ta cing co :

1 Samn _ Scun _ Samn +Scmun _ Samen
2 Sapp  Scep  Saep+Scep  SaBcD
S 100

Al;CD = T = 506m2
Vay dién tich ctia hinh binh hanh ACMN 1a 50cm?

= Samcn =

,  Baia@dibmv > \
1. Cho A = (x+y)(y+2z)(z+x) +xyz. Hay phan tich A thanh nhan t.

2. Cho B = (a®+b? — ¢?)? —44*b*. Chiing minh rang néu a, b, c 1a do dai 3 canh
ciia mot tam giac thiB < 0

1.
A= (x+y)(y+2)(z+x)+xyz
= (x+y) [xy+z(x+y)+22} +xyz
= [(x+y)xy+xyz] + (x+) [z(x+y)+z2]
=xy(x+y+z)+x+y)z(x+y+z)
= (xy+yz+zx)(x+y+2)
2.

B=(a*+b* —c*)? —4a*b?
= (a®> 4+ b* — ¢* —2ab)(a® + b* — ¢* + 2ab)
= [(a —b)? - cz] : [(a +b)% — cz]

Khi a,b,cla d6 dai 3 canh ctia 1 tam giac thi

0<l|a—b| < —b)?<c?
Sla=bl<c _ )la >2 ©, =B<0
a+b>c>0 (a+b)”>c

< Bais(digmv >

Xac dinh sb du khi chia da thtic P(x) = 1 +x+x2 +... +x%° +x'% cho da thiic
Q(x) = x> —x*> —x+ 1 biét rang néu x = 0 thi s6 du la —26
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Gia st P(x) chia cho Q(x) dugc thuongla A(x) va du R(x). Ticla:
P(x) = A(x).Q(x) +R(x) ()
Déyrang Q(x) = (x+1)(x—1)2 = Q(1) = Q(—1) = 0. Do dé, tii (x) suyra:
R(1)=P(1) =101 vaR(—1)=P(—1) =1 (%)

Vibac clia R(x) nhé hon béc clia O(x) nén R(x) = ax* +bx+c¢  (xxx)
Tt (%), (% x x) va ket hgp véi gia thiet R(0) = —26 tacd hé :

a+b+c=101 a="17T7
a—b+c=1 &{b=50 = R(x)=77x*+50x—26
C:—26 C:_26

Vay s6 du trong phép chia P(x) cho Q(x) 1a 77x% + 50x — 26
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Qué v6 2006-2007 e

,  Bail @5diém v ) \

1. Phan tich cdc da thiic sau thanh nhan t%;

a. xX2+6x+5
b. x*+2007x2 4+ 2006x + 2007
c. (x+1)(x+2)(x+3)(x+4)+1

2. Choa,b,clado dai3 canh ctia tam gidc ABC théa man hé thica® + 5>+ =
3abc. Hoi tam giac ABC 1a tam giac gi ?

P 4ox4+5=(2+x)+5x4+5) =x(x+1)+5x+1) = (x+5)(x+1)

x* +2007x% +2006x 42007 = (x* — x) +2007(x* + x+ 1)
=x(x—1)(x®+x+1)4+2007(x> +x+1)
= (2 +x+1)(x* —x+2007)

(x+1)(x+2)(x+3)(x+4)+1 [(x+1)(x+4)} ) [(x—i—2)(x+3)} +1

20
Ta c6 dang thic quen thudc :

@+ b3+ —3abe = (a+b+c)(a* +b* + ¢ —ab— be — ca)
1
= Sla+b+o) [(a—b)2+<b—c)2+(c—a)2]

Theo gia thiét ¢® 4+ b* 4+ 3 = 3abc = (a+b+c) [(a—b)2+(b—c)2+ (C—a)z} =0

Maa+b+c>0nén(a—b)>+(b—c)*+(c—a)’=0&a=b=c
Vay tam giac ABC deéu.
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,  Baiz@diémv )
Cho biéu thuc A = x+2+ 2 -3
3x x+1
3x+1—x2 1

e (x;«réO;x;«ré—l;x;é 5)

1. Rut gon biéu thiic A
2. Tinh gid tri clia A biét x = 6022

3. imxdéA <0

4. Tim gid tri nguyén clia x dé A nhan gia tri nguyén

<x7é0;x7é —1;x # %)

1.
x+2 2 2—4x 3x+1-x%
A:(3x +x+1_3)'x+1_ 3x
(x+2)(x+1)+6x—9x(x+1) 2—4x 3x+1-x?
B 3x(x+1) " x+1 3x
=8 +2 x+1 0 3x41-47
T 3x(x4+1)2(1-2x) 3x
C2(1-2x)(142x) 3x+1-x7
T 3x2(1—-2%)  3x
C142x 3x+1-x
T 3x 3x
_x2—x
3y
Cx—1
3
2. Taix=6022tacOA = 6022—_1 = 2007
3.

—1
A<O<:)xT<O<:)x—1<O<:)x<l

4.VéixeZtaco:

1
AGZ@XTEZ@)C:%H

.  Baiz2diém)v )

(keZ)

Giai cac phuong trinh :
; 1 N 1 N 1 B
T 249x+20 2+ 11x+30 2+ 13x+42

148—x+ 169—x+ 186—x+ 199—x
25 23 21 19

2. 10

1

18
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1 1 1 1

x2+9x—|—20+x2—|—11x+30+x2+13x—|—42 - 18
1 1 1 1

T GAHE+s)  GE5)16) G oL 18
1 1 1 1 1 1 1

& — — — -
x+4 x+5+x—|—5 x+6+x+6 x+7 18

- 1 11
x+4 x+7 18
3 1

Tt d)ErT) 18
& (x+4)(x+7)=54
e x2+11x—26=0

& (x=2)(x+13)=0
< x=2hoacx=—13

Vay phuong trinh da cho ¢6 2 nghiémlax=2vax=—13
2.

148—x+ 169—x+ 186—x+ 199 —x 10
25 23 21 19

148 — x 169 — x 186 —x 199 —x
—1 —2 - —4) =
o () (5 )+ (5 )+ (B4 =

L 1B-x 123-x 123-x 123-x
25 23 21 19
11 1 1
123-0)( —4+—+—+— | =

& (123 x)(25+23+21+19> 0

1 1 1 1

&Sx =123

Vay phuong trinh da cho c6 nghiém duy nhét 1a x = 123

,  Baia@diémv > \

Cho tam gidc ABC vuong tai A(AC > AB), duong cao AH. Trén tia HC 14y diém D
sao cho HD = HA. Buong vudng goc v6i BC tai D cat AC tai E

1. Chiing minh AE = AB

2. Goi M l1a trung diém ctia BE. Tinh AHM
1 .
Xét tam giac AHC c6 :

AH//ED (cung vudng goc véi BC)

AE HD

At A5y

:>AC e (Talet)

:>AE AH (x)(viAH = HD)
— ="— (*)(ViAH =
AC _ HC v
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o g . . [AHB = AHC = 90°
Matkhac, xét 2 tam giacABH vaACH 0§ —~ — ) ) )
ABH = HAC(2 gbc nhon c6 canh tudng ting vudng goc)

B
H
M D
A E C
AB AH
ANABH ~ ANCAH (g. — = —
- Cati(eg) = A2 =21 (o)
Tit (+) va (+%) suy ra " — 28 _ Ap — aB
* % — = =
YHAC T ac

2.
AABE va ADBE 1a 2 tam gidc vuéng c6 AM va DM 1a 2 dudng trung tuyén ing véi canh

A P BE
huyeén, do d6 AM = DM = -

chung HM
Xét 2 tam gidc AHM va DHM c6 { AH = HD(gt) = ANAHM = ADHM(c.c.c)
AM = DM (cmt)
—  _—  AHD
Suy ra AHM = DHM = — = 45°
, < Bai5 15 diém v > \
Cho tam gidc ABC c6 chu vi bang 18, trong d6 canh BC 1a canh 16n nhat. Dudng
A .z 2 , < . AM 1 N A . s 2 ~
phan giac cua goc B cat AC tai M sao cho — = —. buong phan giac cua goc C

MC 2
P ) NA 3 _, . 2 .
cat AB tai N sao cho NBE— 1 Tinh cac canh cua tam giac ABC

Vi BM va CN la 2 duong phan giac ciia AABC nén :

AB AM 1

— =" =_ (PL)

BC MC 2

AC NA 3

—=—"=>- (PL

BC NB 4 (bL)
:>AB_AC_BC

2 3 4

Theo tinh chat clia day ti s6 bang nhau ta c6 :
AB _AC BC AB+AC+BC 18

el il i g |
2 3 4 2+3+4 9
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AB=22=4
= QAC=23=6
BC=24=28

Véy cac canh ctia tam giac ABClaAB = 4;AC = 6 vaBC =8
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Qué v6 2007-2008 e

,  Bail@diémv \
1. Phan tich da thtc sau thanh nhan t : x> +3x%2 + 6x + 4

2. Cho a,b,c1a d6 dai 3 canh ctia mot tam giac. Chiing minh rang :

4a°b* > (a® + b — ¢*)?

1.
O3 4 6x+4 = (o + 33 +3x+ 1)+ (3x+3)
=(x+17°+3(x+1)
= (x+1) [()H— 1)2+3]
= (x+1)(x*+2x+4)
2.

4a*h? > (a® +b* — ?)?
S 4 — (> +* - )P >0
& [cz — (a—b)z} . [(a+b)2 - cz} >0 (%)

N N A N 2 A .’ A O< _b < _b2< 2
Ma a,b,c1a do dai 3 canh cua mot tam giac nén Sla—bl<c = (a=b)"<c
a+b>c>0

= () dlng, tit d6 ta c6 diéu phai chiing minh.

,  Baiz Bdiém)v > \

Chiing minh rang néu : x+y = 1 vaxy # 0 thi:

y o x 20—y
x3_1 y3—l x2y2+3

\ V.

Voix+y=1vaxy#0,taco:

M X y X
B—1 Y¥—1 B—(x+y)3 ¥P—(x+y)?
_ Y X
T By(xby) =y By ty) — a3
1 1
T 3x—y2  —3y—x2
1 1

T3y+a2 3xty?
C3x+y*—(By+x?)
By +a?)(3x+y?)
3=y - —y)x+y)
x2y2 +9xy +3(x3 +y3)
(xr=y)3—(+y)]
x2y? +9xy + 3[(x +y)3 = 3xy(x +y)]
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C2—y)
=273 (vix+y=1)
 Bai3zGdigmv > \
Giai cac phuong trinh :

x2—24+x2—22_x2—20+x2—18
2001 2003 2005 = 2007

2. 2x— 1P+ (x+2)°>=(3x+1)3

1.

1.
x2—24+x2—22_x2—20+x2—18
2001 2003 2005 = 2007
- xt—24 am x*—22 . x2—20 a x*—18 |
2001 2003 | 2005 2007
x2—2025+x2—2025 _x2—2025+x2—2025
2001 2003 2005 2007
1 1 1 1
2
—202 -~ — =
&0 -20 5)(2001+2003 2005 2007) 0
1 1 1 1
2 N
—2025 =
G —2025=0 (VI 2001 ~ 2003 ~ 2005 2007)
& x =145
20
o 2X—1:a < ~ 2 N
Dat{ ab = 3x+ 1 = a+b. Phuong trinh da cho tro thanh :
X =

a+b>=(a+b)?
sd+b =d +b* +3ab(a+b)
< 3ab(a+b) =0

a=20
< | b=0
a+b=0

2 . 1
. Neuazo,taco2x—1:O(:>x:§
e Néub=0,tacOx+2=0=x=—2

2 , 1
J Néua+b:0,taco3x+1:0<:>x:—§

1
i X=-—-2vax=—=
X X 3

| =

Vay phuong trinh da cho c6 3 nghiém la x =
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< Baid 6diém) v ) \

Cho tam gidc ABC vudng tai A. V& vé phai ngoai tam gidc d6 cac tam gidc ABD
vuong can tai B, ACF vudng can tai C. Goi H 1a giao diém ctia AB va CD, K 1a giao
diém clia AC va BF. Chting minh rang :

1. AH =AK

2. AH> =BH.CK

> 11
80

TuwAC//BDva FC//AB theo Talet ta co : CK FC

2
) AK AB )
Ma theo gia thiet ta co BD =AB,AC=FC (3)
CH _CK
X X HD ~ AK
Tu (1),(2) va (3) suyra AH  CK
— =— (xx)
HB AK

1.
Vi cac tam glac ABD Va ACF vudng can tai B va C nén FAC = BAC = 45°

= FAC = FAC +BAC+ BAC = 180° = F,A, D théng hang,
AKH = FAK = 45°(so le trong)

KHA = HAD = 45°(so le trong)

= AKH = KHA = AAHK can tai A = AH = AK
20

Tu (xx) suyraAH.AK = BH.CK

MaAH = AK(cmt) = AH?> = BH.CK

Vay AH? = BH.CK

Tt (%) theo Talet dao suyra HK//FD =
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< Bais 2diém) v )

Tim gi4 tri nhé nhat clia biéu thiic :

A=x—-1)(x+2)(x+3)(x+6)

A=x—-1)(x+2)(x+3)(x+6)
[(x=1)(x+6)]. [(x+2)(x+3)]
= (x> +5x—6) (x> +5x+6)

Datr =x>+5xthiA=(t —6)(t +6) =1>—36 > —36Vit> >0

x=0

x=-5

Vay gi4 tri nh6 nhat clia A 1a —36, dat dudc khi x = 0 hodc x = —5

A=-3651r=0x2+5x=0<
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Qué v6 2008-2009

, < Bail 6diém) v )
Cho A — 2x—9 x+3 2x+1

2 —5¢+6 x—2 3—x
1. Rutgon A

, .2 . 2 « A 1
2. Tinh gid tri cia A biét x — x> = -

3. Tim cac gid tri ciax dé A < 1

4. Tim céc gia tri nguyén clia x dé A nhan gia tri nguyén.

1.
2x—9 x+3 2x+1
A_X2—5x+6_x—2_3— (X#Z,X#S))
. 2x=9 (+3)(x—-3)  (x+1)(x—2)
= (x—2)(x—3) (X—Z)(X—S) (X—2)()C—3)
20— 9—(x+3)(x—3)+ (2x+1)(x—2)
B (x—2)(x—3)
_ X2—x—2
_(x—2)(x—3)
_(x+1)(x—2)
C (x—2)(x—-3)
_x+1
x—3
2.
1 1 1\ 2
21 2 1 AT _
X—Xx 4<i)x x—|—4 0(:)(;5 2) 0= x
1
. 1 ) 41 3
Te_ux:itacoA:i—_3:—5
2
Va khix—xz—lthiA—_é
Yy =7 =3
3.
A<1<:>x+1<1
x—3
PRERE SR
x—3
0
<:>x_3<
Sx—3<0
Sx<3
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Vay x < 3 la cac gia tri can tim ctia x

4,
, 1 ,
TacoA:x+ =1+ .DodoAcZ = € Z.
x—3 x—3 x—3

MaxeZ=x—3cU@4)={—-4,-2;—1;1;2;4}. Tacé bang sau :

x=3|-4|-2|-1/1|2]4
x (-1 1]21]4]|5]|7

Vay cé4c gia tri can tim ctiaxlax e {—1;1;2;4;5;7}

'  Baiz Bdigmv > ~

Cho a,b,c1a 3 s6 khac 0 théa man a+ b + ¢ = 0. Chiing minh ring :

1+1+12_1+1+1
a b c¢) a* b 2

1+1+12_1+1+1+2+2+2
a2 2 ab bc ca

1 1 1 2(a+b+
_ 1, 2atb+o)

b? abc
1 1 1 .
:;Jrﬁjtc—2 (via+b+c=0)
,  Bai3@diémv \
Giai phuong trinh :
Lo L, LI S
1.101  2.102 ~  10.110 'x_l.ll 2.12 77 100.110
1 1 1 1 1
batA=(—+—++..4——— |;B=—-+—+...
g (1.101+2.102+ +10.110>’ 1.11+2.12+ +100.110
Taco:
B= oyt
C 111 212 77 100.110

LIS SR U B S
“10\1 12 1277100 110
1

L P B AR NS
17277710 101102 7110

10

o | (o1 +1 11 N +1 11

~ 7100\ 1 101/ 100\2 102/ 7100 \ 10 110
1 1 1

_10'(1.101+2.102+'”+10.110>

=10.A

Suyrax=B:A=10
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,  Baid (7diém)v ) \

Cho tam giac ABC can tai A c6 BC = 2a. M 1a trung diém clia BC. Lay cac diém
D,E theo thit tu thudc cac canh AB, AC sao cho DME = B

1. Chiing minh rang ABDM dong dang véi ACME, tit d6 suy ra tich BD.CE
khong doi.

2. Chiing minh rang DM la tia phan giac clia BDE

3. Tinh chu vi tam gidc AED néu tam gidc ABC 1a tam gidc déu canh bang 24

A

1.
Xét tam glac MEC co MEC+MCE +EMC = 180° (1) BL)
Lai co EMC+EMD+DMB = 180O (2)

Mit khac theo gia thiét thi DME = ECM (3)

Tit (1),(2) va (3) suy ra MEC = DMB

DMB = AYE\C(cmt)

DBM = MCE(gt)

Xét 2 tam giac BDM va CME c6: {

BD _ BM

= BD.CE = CM.BM = a* = const
> CM CE

N DM BM DM CM
Tu ABDM ~ ACME (cmt)= WE %;IE :>CME CF (Vi BM = CM)

Xét 2 tam giac DME va CME c6 { ME @Emt) = ADME «~ AMCE(c.g.c)
DME = MCE (gt)

. §DE — CHE N

Ma tit ABDM «~ ACME = CME = BDM

Suy ra MDE = BDM = DM 1a phén gi4c ctia BDE

3.

Ha MG,MH, MF lan lugt vuéng géc véi DE,AB, AC.

Vi MD 12 phan gidc ctia BDE (cmt)=> DG = DH (%)

Theo két qua cau trén ta c6 ADME —~ AMCE

— DEM = CEM = ME la phan giac clia DEC = EG = EF (xx)

Tu (%) va (xx) suyra DE = DG+ GE = DH +EF

Tt dé6 ta c¢6 chu vi tam giac ADE la :

Pipg =AD+DE+EA=AD+DH+EF +EA=AH+AF =2AH
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) . . L s BM?> & a
Xeét tam giac ABM vuong taiM cOBM"=BH.BA=BH = —— = — = =
'3 BA  2a 2
:>AH:AB—BH:2a—E:?a
C
TﬁdéPADE:3a
, < Baisdiem v ~

1. Cho pla sé nguyén t6 16n hon 3. Chting minh p? — 1 chia hét cho 24
2. Cho a,b,c1a d6 dai 3 canh ctia mot tam giac. Chiing minh rang :

a? +b* +c? < 2(ab+ b+ ca)
L '
Vi pla s6 nguyén t6 16n hon 3 nén p chia 3 du 1 hodc du2 = p? chia3 du 1 hay p?—1:
(1)
Hon niia ciing do p nguyén t6 nén p chia 4 du 1 hoic 3 = p? chia8du 1 hay p>—1:8
(2)
Tit (1) va (2) suyra p> —1:24
\2/:1 a,b,cla do dai 3 canh cta 1 tam giac nén :

W

a<b+c=d*<alb+c)=ab+ac (3)
b<c+a=Db*><b(ct+a)=bc+ab (4)
c<at+b=c*<cla+b)=catbc (5)

Tu (3),(4) va (5) suy ra a® + b*> +c? < 2(ab+ bc + ca)
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Qué v6 2010-2011 e

, { Bail @diémv \
1. C6 bao nhiéu s6 tunhién nhé hon 2011 chia hét cho 3 va chi viét béi 3 chit
s6 0;1 va 22

. 1 -1 2
2. Chobiéuthﬁch:(6’“+ bx )x 36

x2—6x x246x) x2+1

a. Tim diéu kién x4ac dinh va rit gon A

b. Tim tat ca c4c s6 nguyén x dé A c6 gid tri 1a s6 tu nhién
1.
Xét s0 abcd 1a so thoa man yéu cau bai toan. Trong do a, b, c,d la cac chit so dugc lay
tu tap {0;1;2} v6i chu y rang a,b,c,d déu c6 thé bang 0. Vi nhu 0121 thi ta coi la 121,
0011 thi ta coi la 11. Xét cac kha nang sau :

e a=2.Viabcd < 2011 va chia hét cho 3 nén chi c6 2 kha nang 1a abcd = 2010 hoac
abed =2001

e 0<2.Khido:

+ aco2cachchonlaOval

+ bco 3 cachchonla0;1va?2

+ cco3cachchonla0;1va?2

+ d c6 1 cach chon duy nhét phu thudc vao cach chon a,b,c¢ nhu sau :

- Néua+ b+ c chia hét cho 3 thichond =0
- Néua+b+cchia3dul thichond =2
- Néua+b+cchia3 du2 thichond =1

Nhu vay s6 cach chon abed trong trudng hop nayla:2.3.3.1 = 18

Vay s6 sb6 thoa man yéu cau bai toan 1a 1842 = 20 s6
2.

x#0

X

a. Diéukiénxdc dinh:x? —6x#£0 < { . V6i diéu kién do6, ta c6 :

6x+1 6x—1Y\ x*—36
AZ( 2_ 2 ) 2
x—6x x*+6x) x-+1
(6x+1)(x+6)+ (6x—1)(x—6) (x—6)(x+06)
x(x—6)(x+6) X2+
1282412
Cox(x24+1)
12
E3

b. V6ixe Z,taco:

12
PeN& —eNsxeU2) ={1;2;3;4;6;12}
X
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Két hop véi diéu kién xac dinh, suy ra x € {1;2;3;4;12} 1a nhiing gia tri can tim
cta x

{ Baiz Bdigmv > \
1. Phan tich cdc da thiic sau thanh nhan t;

a.x>—1+y>—2xy b. 10x% +y? — 11xy C.2x° +3x° +3x+1

- .« s . 2 o R - b « R N ~, A
2. Tinh gia tri cua biéu thic P = (1+—> (1+%) (1+C—l) biéet a,b,cla cac so
a C
at+b—c b+c—a c+a—b

khac 0 va
ac0va p b
1’
a.
Bol4y? =2y =2 —2xy4+y) —1=(x—y)?—1=(x—y—DE—y+1)
b.
105 +y* — Haxy = (106 — 10xy) — (xy —y?) = 10x(x —y) —y(x—y) = (x=y)(10x—y)
C.
2x3+3x2_|_3x+1:x3-|—(x3—|—3x2+3x+1)
:X3—|—<X+1)3
=(x+x+1) [xz—x(x+1)+(x+1)2
= (2x+1)(x*+x+1)
2.
Xét 2 kha nang sau :

P , b— b — —b
. Néua+b+c:0.Khid0a+ < e a:c—i_‘l;
a

C
Nhu vay a + b + ¢ = 0 théa man dang thiic ctia bai toan va ta cé :

r=(2) (15) (+9)

_a+b b+c ct+a

=2.

a b c
_—c—a—b
a b ¢

=1

e Néua+b+c #0.Khi dé ti gia thiét ta co :

a+b—c+2: b~|—c—a+2: c+a—b+2
c a b
at+b+c a+b+c a+b+tc
Rt = =
c a b
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Sa=b=c

Tir dé P = (1+9) <1+5) (1+9> —3
a b c

VayP=—1khia+b+c=0vaP=8khia+b+c+#0

,  Baisz@diémv > ~

Cho 2 tam gidc vuéng BDC va BEC lan lugt vudng tai D va E (D, E nam vé ciing 1
phia déi véi duong thang BC). Goi H, K theo tht tu 1a chan dudng vuong goc ké
tlit B va C dén duong thang DE. I 1a giao diém ctia CK v6i dudng vuong goc ha tir
E xuéng CD.

1. Ta giac BEID la hinh gi ? Visao ?

2. So sanh HE va DK

1.
Tam gidc CIE c6 CA va KE 1a 2 dudng cao, dong thdi CANKE = D nén D 1a truc tAm
clia ACIE = ID L CE = ID//BE (%)
. | BD LCD
Lai co = BD//IE (%)
IE 1. CD
Tt (%) va (xx) suy ra BEID la hinh binh hanh.

2.
R N N R IE = BD
Vi BEID la hinh binh hanhnén{ _— ~—_— _
IED = BDE hay IEK = BDH

IE = BD(cmt)

— = AIEK = ABDH (ch — gn)
[EK = BDH (cmt)

Xét 2 tam giac vuong /IEK va BDH c6 {

= KE =DH = HE = DK
, { Baia@diémv ~

Cho tam gidc ABC can tai A, M 1a trung diém clia BC. Trén 2 canh AC,AB theo
thi tu 1ay cac diém E, D (E, D khong trung véi A, B,C). sao cho CME = BDM

1. Chiing minh BD.CE = BM?

2. Xac dinh vi tri ctia D trén AB va E trén AC sao cho BD + CE nho nhat.

\

1.
; g . . [ DBM = MCE (vi AABC can tai A
Xét 2 tam gidc BDM va CME co{/\ MCE(vi can tai A)

BDM = CME (gt)
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A
D
E
B } i } e
BD BM 2

= ABDM - ACME(g—g) = C_M = C_E = BD.CE = BM.CM = BM~* (Vi BM = CM)
2.

Taco:

(BD+CE)*—4BD.CE = (BD—CE)* >0
= (BD+CE)? > 4BD.CE = 4.BM*
= BD+CE > 2BM = BC

BD+CE =2BM < BD =CE = BM
Vay BD + CE nho nhat bang BC khi BD = CE = BM
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I Quévo2011-2012

, < Bail Gdigmv ) ~
Phan tich thanh nhan t ;

1. x? —2xy+y? +x%y —xy?

2. x2 —Txy+12y?

3. x(3? —22) + (22 —*%) +z(x* —»?)

1.
X =2y +yP by —ayt = (F = 2y +y) + (P — %)

= (x—y)*+xy(x—y)
= (x—y)(x—y+xy)

2.

X2 —Txy+12y% = (x* = 3xy) — (dxy — 12)?)
=x(x—3y) —4y(x—3y)
= (x—3y)(x—4y)
3.
x(y? = 22) +y(Z —x%) +2(x* — ) =xy* —x2" +y2 =y +2(x* = )7

= (0" — ) — (x2 = y2) +2(x* = %)
=xy(y—x) =2 (x—y) +z2(x—y)(x+y)
= (x—y)(—xy— 2> +2x+2y)
= (x=3) [(er—m) = (2 =)
= (x—y) [x(z—y) —z(z—y)]
=(x—=y)(z=y)(x—2)

,  Bai2(Gdiemv ~

2 _
Cho bidu thitc A = 2 T2 1) =9
9x+—4

1. Ratgon A

2. T“lmxdé?A:%

3. Tim cac so nguyén x dé A c6 gia tri nguyén

\ V.

. 2
1.Diéukién9x2—47é0<:>x7éi—§

4x? + (2x+3)(x+1)—9

A=
9x2 —4
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(4x> —9) + (2x+3)(x+ 1)
9x2—4
(2x+3)(2x—3)+ (2x+3)(x+1)
(Bx—2)(3x+2)
(2x+3)(2x—3+x+1)
(3x—2)(3x+2)
(2x+3)(3x—2)
(3x—2)(3x+2)
_ 2x+3
© 3x+42

A 1 N 2x+3 B 1
2 T 3x42 2
& 2(2x+3) = (3x+2)

& x=—4 (thda man diéu kién)

A 2R | N
Vayde A = 5 thix=—4
30
VGix € Zthi:

_ 2x+3

= €
3x+2
6x+9

=
3x+2

e

&S24 cZ

3x+2
= 3x+2e€U®B)={-5;—-1;1;5}

Mat khac 3x+2chia3du2nén3x+2=5<x=1
Thitlai: khix=1tac6A =1 — théa man. Vay x = 1 la gia tri can tim ctia x

 Baizdiém v )

Cho a,b1a 2 s6 chinh phuong 1€ lién tiép. Chting minh rang :

ab—a— b+ 1 chia hét cho 192

Gidstia= (2m+1)>vab= (2m+3)? m e N).Khido:
ab—a—b+1=(a—1)(b—1)
- [(2m+1)2— 1} . [(2m+3)2—1
=2m(2m+2)(2m+2)(2m+4)
= 16.m(m+1)*(m+2)

m; (m+1); (m+2) 123 s6 tu nhién lién tiép nén m(m+1)%(m+2) : 3.
Hon nita néu m chan thi m(m+2) : 4, con néu m 1é thi (m+1)2 : 4. Nhu vay ta ludn c6

m(m+1)2(m+2) i 4. T d6, vi 3 va 4 nguyén t6 cing nhau nén m(m+1)2(m+2) : 12
Vay ab—a—b+ 1 chiahetcho 16.12 =192

® 0973.793.825 109 i DUC PV



im0, O =c

, < Baid 6diém) v ) \

Cho hinh vuéng ABCD canh a. Diém E thuoc canh BC, diém F thudc canh AD
sao cho CE = AF. Cac duong thang AE, BF cat duong thang CD theo thu tu tai
M,N.

1. Chiing minh ring CM.DN = a®
2. Goi K la giao diém clia NA va MB. Chting minh ring MKN = 90°

3. Cac diém E, F c6 vi tri nhu thé nao thi MN c6 d6 dai nho nhat.

1.
AB  FA
. A . ) ND  FN
ViND//ABva CM//AB nén theo Talet ta co CM  CE (%)
AB  EB
N CE FA
MaCE =AF = EB=DF =5 — = —
a = o jclif N ()
T (*) va —— = - = CM.DN=AB*=d*
: (x) va (xx) suy ra ND = AB =C a
| ND AD

. o X . ) == ==_(ViCM.DN =a*
Xet 2 tam giac vuong AND vaCMB co § CB_ CI/\/I(\1 @)

ADN = CBM = 90°

= AADN «~ AMCB = CMB = DAN = CMB -+ DNA = 90° hay NMK + MNK = 90°
T do6 xét tam giac MNK suy ra MKN = 90°

3.

Ta c6 MN = CM + BC + DN = a+CM + DN. Do dé MN 16n nhét < CM + DN 16n nhat
Mat khac :

(CM +DN)? —4CM.DN = (CM —DN)* > 0 = (CM +DN)? > 4CM.DN = 4a°
= CM+DN >2a

Dang thiic xdy ra < CM = DN = a < E, F 1a trung diém ctia BC va AD.
Vay MN 16n nhat khi E, F 14 trung diém clia BC va AD
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, < Bais 2diém) v ) \
ESNPI
x—1)3 7 x-—1

1. Gidi phuong trinh : x> +

2. Chiing minh rang néu x = by+cz;y = ax+cz;z = ax+by vax+y+z # 0 thi:

1+1+1_
l4+a 14b 1+4c¢

3 2

2 2 2

X X X
—3. . —2= 1
<:><x—1> 3<x_1> +3x_1 0 (1)

thi (1) trd thanh

x2

batr =

x—1
3 —324+3t—-2=0
e (t-2)(*—t+1)=0

1 2
st—2=0 <vit2—t+1: (I—E) +

St=2

W

3
> =
>3)

Nhu vay ta c6 :

x2

2

x—1
e -2(x—1)=0
& (x—1)2+1=0 (vonghiém)

Vay phuong trinh da cho v6 nghiém.

2.
N =b
y=ax+cz
Tuong tuvasuyra:
x(a+1)+y(b+1)+z(c+1 ax+by+cz+x+y+
Mat 1) =3+ 1) =zle+ 1) = NENENOLHACE ) _avehyratatyts ()
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Tit gia thiét lai c6 x+y+z = 2(ax+ by +cz). Do d6 tli (x) suy ra :

xX+y+z
xa+1) =y(b+1) =z(c+1) =2
(1
o by
s A o X X
Dodonéudat{ —— =n thi t =22 _rrryre (%)
le m n p 2
\C—I—IZP

O (), theo tinh chét ctia day ti s6 bang nhau ta c6 :

X 'y z xty+tz x+ty+z

m n p 2  mtn+p

1 1 1
= =2h =2
mantp=Lhay Tt o

.1 1 1

Vi —
ay(Jt—Fl+b—l—l+c+1
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1im; g O = o0

Qué v6 2013-2014 e

I-PHAN CHUNG (danh cho tét cé cdc thi sinh)

, { Bail @diémv \
1. Phan tich thanh nhan t :

a. x> +4x — 2xy — 4y +y° b.x*+4

2. Giai cac phuong trinh sau :

x—15 x—1998 x—4 B

a.5—(x—6)=4(3—2x) b. 1999 + A + 670

6

X2 4 4x — 2xy —dy +y* = (&% — 2xy+y?) + (4x — 4y)
= (x—y)* +4(x—y)
=(x=y)x—y+4)

4= A +4) —4x?
= (@ +2)* — (20)?
= (x? —2x+2)(x* +2x+2)

5—(x—6)=4(3—2x)
S1l—x=12—8x
S Tx=1

N 1
xX==
7

Vay phuong trinh da cho c6 nghiém duy nhat 1a x = %

x—lS_f_x—l998_f_x—4_6
1999 8 670
x—15 x— 1998 x—4
®<1999_1>+( 8 _2)+(670 _3>_0
x—2014+x—2014+x—2014_0
1999 1998 670
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R T
—2014). -
& (x-20 )(1999+1998+670) 0

& x—2014=0 (v‘ ! ! ! 0)

' 1999 T 1998 T 670 ~
o x=2014

Vay phuong trinh da cho c6 nghiém duy nhat 13 x = 2014

,  Baiz Bdiém) v ) \
Cho biéu thiic P = (leﬂ_i:f) : ()1—C+x—2)
1. Ratgon A
2. Timxdé[P—1|+P=1

x#0
. 0
1. Didukién { x+1#0 LS (%)
1 x# £l
—+x—2#0
X

1 2—x 1
P= (x2+x_x+1> ' ()_c+x_2)
_ ( 1 _x(2—x)> 14+x(x—2)
x(x+1) x(x+1)/)° X
1 =x(2—x) x
o ox(x+1) 14x(x—2)
_ X —2x+1
() —2x41)
1
Cox+1

2.
VilP—1|>0néntu|P—1|+P=1=P<1.
Ngugclai, khiP<1= |P—-1|+P=1—-P+P=1.
Nhuvay |P—-1|+P=1<P<1.Tacé:

P<1& <1

X+

>0
x+1—

< x> 0hoacx < —1

=

Két hop véi diéu kién () & trén suy rax > 0 hodc x < —1 1a nhiing gid tri can tim clia x
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, < Bai3 (Gdiém v ) \

Cho hinh thang ABCD vuéng tai A va D. Biét CD = 2AB = 2AD va BC = av/2. Goi
E 1a trung diém ctia CD

1. TagiacABED lahinh gi? Visao ?
2. Tinh dién tich hinh thang ABCD theo a

3. Goi/la trung diém ctia BC, H 1a chan dudng vudng géc ké tit D xudéng AC.

Tinh ADI
A B
H
=\

D LL] E LLJ 'C
1’
Dé thay ABED la hinh vuong
2

TUBC =av2 = AB=AD =avaCD = 2a. Tu d6 :

(AB+CD).AD  3d*
SaBcp = > =5

3.Goi F = ACNDI -
ABEC va ABED la 2 tam giac vuong can tai E nén DBI = 90°.

IB 1

T t iac DBI vubngtaiBcl — = — = —
rong tam giac vuong tai B ¢ BD = BC - 2
Trong tam giac ADC vuong tai D co AD _a _1
stamsg st DC 24 2

Tu do suy ra ADBI ~ ACDA(c—g —c) = IDB = ACD
Theo tinh chat géc ngoai suy ra :
HFD = FCD+FDC
— ACD +IDC
— IDB +IDC
— BDC = 45°
— HDF = 45°

Vay HDI = 45°
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1I-PHAN RIENG
r—< Bai 4 (6 diém) (Danh cho thi sinh cdc truong THCS dai tra) v/ >—
1. Chiing minh rang (2n + 5) — 25 chia hét cho 4 v6i moi s6 nguyén n

2. Tim gid tri nh6é nhat ctia biéu thiic A = x2 — 2xy +2y2 — 4y +2018

3. Cho a,b,c la do dai 3 canh caa 1 tam giac, p la nita chu vi. Chitng minh

rang:
1 1 1 I 1 1
+ + >2| -+ -+
p—a p—b p—c a b c

(2n45)>—=25=(2n+5)>—5* =2n(2n+10) = 4n(n+5) :4Vn e Z

A =x%—2xy+2y* —4y+2018
= (& —2xy+y) + (3? —dy+4)+2014
= (x—y)*+ (y—2)*+2014 > 2014

Pang thiicxayra<x—y=y—2=0&x=y=2
Vay gia tri nho nhat ctia A 1a 2014, dat dudc taix =y =2

3.
1 1
Ta chiing minh bat dang thiic phu: - + - > *) vOi Vx,y >0
g gthucphu: 7+ 2= == (%) y
That vay, tacéo:
(*)(:)’“Ly zi
Xy X+Yy

& (x4y)?>4xy (vix,y>0)
& (x+y)?—4xy >0
& (x—y)?>0 (ludn ding)

Vay () ding va dang thiic 6 () xay ra < x = y.
Ap dung (%) taco:

1 1 1 1
o> -~
p—a p—b~ p—a+p—-b ¢
1 1 1 1
b == )
p—b p—c  p—b+p—c a
1 1 1 1
TR -2 0
p—c p—a p—c+p—a b
Cong tling vé clia (1), (2) va (3) ta dudc :
5 1 4 4 4
p—a p b p—c a b c
1 1 1
& + + >2 —|——+—
p—a p— b p—c b ¢
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Pang thiicxdyra< p—a=p—-b=p—csa=b=c

¢—< Bai 5 (6 diém) (Danh cho thi sinh truong THCS Nguyén Cao) v/ >—

1.

2.

2014—2013 .~ 2014* —20132

SosanhA=————vaB=——>———
O S A = 501442013 47 T 20142420132
Tim 2 sb tu nhién ab va ¢ sao cho tong clia : tong, hiéu, tich, thuong clia

chting bang 200 vaa < b;a+b =c

< . % . . S —-b b— —d —d
Choa,b,c,dlacacsodddng.ChUngmlnhrangZ+C+c+2+2+aZz+b

4. Cho céc sb thuc a,b,c khac nhau déi mot va thuodc doan [0;2]. Tim gia tri
nho nhét ctia biéu thic: P = ! + ! + !
o (@=b? (b-c)? (c—a)?
1.
20147 —-2013* (2014 —2013)(2014 +2013)
© 20142420132 (2014 +2013)2 —2.2013.2014
(2014 —2013)(2013 +2014)
(2014 +2013)2
~2014-2013
©2013+2014
VayB > A
2

Via < bnén

Via+b=cnénab=10a+b > c. Tt d6 theo gia thiét ta c6 :

— — — — — 1
ab+c+ab—c+ab.c+ab:c =200 < ab. (2+C+E> =200 ()

ab=10a+b > 11a
1
c=a+b>2a=2+c+->2+2a

c
Do dé, tu () suyra 11a.(242a) <200 = a <2 =a € {1;2} (via # 0)

e Néua=1.Viab'c=10a+bic=9a'c(Vic=a-+b)

Nhuvay9:c=ce{1;3;9}

+ Vic=1=b=0(oaivia <b)
+ V6ic =3 = b=2.Thay vao (x) thiy khong théa man
+ V0ic =9 = b=8.Thay vao () thay thoa man

e Néua =2.Lapluannhutrénsuyrac € {3,6,9,18}

+ VBic=3=b=1(loaivia < b)

+ V0ic =6 = b=4. Thay vao () thay khong théa man
+ V6ic =9 = b="7.Thayvao (x) thay khong théa man
+ VBic =18 = b =16 (loai)
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Vay ab = 18 va ¢ = 914 2 s6 tu nhién can tim.

3.

L e N a—b b—c c¢c—d d-—a
Bat dang thiic can cha inh tuong duo Gi >0

a ang ccanc ngmln ng ngV 1b+c+c+d+d+a+a+b_ (**)

Taco:

a—b+b—c+c—d+d—a
b+c c¢c+d d+a a+b

a-t+c b+d c+a d+b
= -1 1 1 _
b+c +c+d +d+a +a+b

at+c c+a b+d d+b
= —4
(b+c+d+a>+(c+d+a+b)
—ato) [ Yty (L) a4
B ‘\b+c d+a ‘\c+d a+b

4 4 ap dun 1+1> 4
—_—— ung —+ - > ——
a+b+c+d P 'gx y  x+y

1

>(a+c). +(b+d)

a+b+c+d
=0

Vay () dudc chiing minh, tit d6 ta cé diéu phai chiing minh.
b+c=a+d <${b:d

ct+d=a+b

Dang thiic xay ra < {
a==¢

Khong mat tinh tong quét gid stta > b > ¢
x4 N T AT A A
Chuyrangneux+y+z=0th1;+;+Z—2:(—+;+—)
Dod6pP=— 4+ 4 1 + + 2(*)
“(a—b)? (b—c)? (c—a)? a
1
a—b+b—c+c—a
a—b>0
Via>b>cnén{b—c>0 .Tudotaco:
a—c>0

DitQ =

Q:a—b+b—c c—a
1 1 1
a—-b b—c a-c
4 1 . 1 1 4
— Apd —4—-> V. >0
“(a=b)+(b—c) a—c ( p]mgx+y‘_x+ny )
4 1 3
- = >0
a—c a—c a-—c
o 3 .9
Mmkmwmcem&%$0<a—c§2:>Q2§:>P:Q 21.
b—b a=2
Dang thiic xay ra < {a 7T s de=a
a—c=2 0
c =

A .2 . 2 A 2 S 9 . S ~ ~ .
Vay gia tri nho nhat cua P la 7 dat dugc khi (a,b,c) = (2,1,0) va cac hoan vi.
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IR Qucv62014-2015

< Bail @diémv )

Phan tich thanh nhan t ;

1.3x% — 7x 2. x% +2xy+6y—9 3. (2 —2x)(x*—2x—1)—6
1.
3x2 —Tx =x(3x—7)
2.
2 0 (2 202
X+ 2xy+6y—9=(x"+2xy+y°)— (y"—6y+9)
= (x—y)* = (y—3)?
=(x=3)(x—2y+3)
3.Pbatr=x>—2x thi:
(=20 (x> —2x—1)—6=1(t—1)—6
—2—1-6
= (t* —3t) + (2t — 6)

=t(t—3)+2(r—3)

=

-3)(t+2)

= (x* —2x—3)(x* —2x+3)
= (x+1)(x—3)(x* —2x+3)

,  Baiz Gdigm) v ) \
1. Giai phuong trinh :

a. (x*-32)+2(x-3)=0
X 3 —12x+33
b. + =
x+11 x—12  (x+11)(x—12)

2. Cho x,y théa man 5x? + 5y? + 8xy — 2x 42y +2 = 0.
Tinh gia tri ctia biéu thiic M = (x + )27 + (x — 2)2008 4 (y 4 1)209

1.
a.
(=3 4+2(x—3)=0< (x—3)(x+3)+2(x—3) =0
< (x—=3)(x+5)=0
o] x-3=0
x+5=0
o i x=3
x=-5
Vay phuong trinh da cho ¢6 2 nghiémlax=3vax= -5
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R 1140 —11 p xiA1aa e .
b. Diéu kién {x+ 7 (:){x# . VGi diéu kién do, taco :

x—12#0 x#12
x . 3 —12x+33
x+11 0 x—12 (x+11)(x—12)
x(x—12)+3(x+11) —12x+33

(x+11)(x—12) (x+11)(x—12)
& x? —9x+33=—12x+33
e +3x=0
S x(x+3)=0
0
-3

X » ~ N n
< | (thda man diéu kién)

Vay phuong trinh da cho c¢6 2 nghiémlax=0vax= -3

2.
Taco:

5x% +5y? +8xy —2x+2y+2=0
S 4P+ 8xy+y? )+ (P =20+ 1)+ (P +2y+1) =0

S4+y) +@=1)*+(+1)?=0
Sx+y=x—1=y+1=0

x=1
=

T d6 ta c6: M = (x+)2°07 4 (x—2) 208 4 (y41)2009 — |

,  Bai3z@diémv )

a n b n c
ab+a+1 bc+b+1 ca+c+1

1. Choabc=1.Ratgon M =

a2015 _|_b2015_,r_c2015

N 3 3 3 _ 1 —
2. Choa+b+c#0vaa’+b’+c’ =3abc. TInh N = (@t b+

\

1.
V6iabc=1,taco:
a b c
M = + +
ab+a+1 bc+b+1 ca+c+1
B a b n c
1] 1 1
Tharl Sa catc+1
c a ca
ac abc c
= + +
ca+c+1 ca+c+1 ca+c+1
ac 1 c

+ +
ca+c+1 ca+c+1 ca+c+1
=1
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2.

L .2 . . 1
Ta c6 dang thiic quen thudc a® + b + ¢ — 3abec = S(atb+e) [(a —b)?+(b—c)*+(c— a)z]
Do dé6 theo gia thiét suyra (a —b)> + (b—¢)*+ (c—a)> =0 a=b=c

R a2015 +b2015+62015 3. 2015 1
Vay N = = =
(a+b+c)2015 (3a)2015 — 32014
' { BaiaGdiémv ) ~

Cho tam gidc ABC nhon. Cac dudng cao AD, BE,CF cat nhau 6 H. Goi N 1a giao
diém ctia EF va AD. Chiing minh rang :

1. AH HD =BH.HE
2. ANAEF «~ NABC
3. FClatia phan gidc ctia DFE

4. Cho diém O bat ky ndm trong tam gidc ABC.
Xac dinh vi tri cia O dé OA.BC + OB.AC + OC.AB dat gia tri nh6 nhat.

1.
o AH HE
Dé thiy AAHE « ABHD(g — . _ " . AH.HD = BH.HE
¢ thay &=8)=or=9p~
2.
Taco:
AE AH
AAHE «~ ANACD = —— =22
CD=5=ac &
AF AH
AAHF ~ NABD = —— = —— (%)
AD AB

Tu () va (xx) suy ra :

AE AF _AH AH
AD AD  AC " AB
L AE _AB
AF ~ AC
T do, vi 2 tam giac AEF va ABC c6 chung goc A suy ra AAEF «~ AABC(c —g —c¢)
30
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Tit AAEF « AABC(cmt)=> AFE = ACB (%)
Chtng minh tuong tu cau 2, ta c6 AFBD «~ ACBA(c—g—c¢) = BFD =ACB (x;)
Tit (%) va (*;) suyraAFE = BFD = EFC = DFC = FC la phén gidc cia DFE
4.
Goi M 1a giao diém clia OA va BC. Khid6 tacé:
OA.BC = OA.(BM +MC) = OA.BM + OA.MC
> 28408+ 2Sa0C
=2(Sapc —Spoc) (1)

Dang thiic 6 (1) xay ra < AM L BC
Chiing minh tuong tu ta co :

OB.AC > 2 (Sapc —Saoc) (2)
OC.AB > 2(Sapc —SaoB) (3)

Tu (1),(2) va (3) suyra:
OA.BC + OB.AC + OC.AB > 6Sapc — (Spoc + Saoc + Saos) = 5Sasc

Dang thtic xay ra < O la truc tim clia AABC.
Vay OA.BC + OB.AC + OC.AB dat gia tri nhé nhat khi O 1a truc tdm cta tam giac ABC

< Bais(digm) v )

Viét s6 2007 thanh téng ctia k hop s6. Tim gi4 tri 16n nhat clia k

Tach 2007 thanh tong ctia 500 hop s6 nhu sau: 2007 =4 +4+---+4+6+9

498 564
Bay gio ta di chiing minh & < 500. Gia stt ngudc lai k > 500.
Vi 2007 12 56 1é nén trong k hgp s6 phai ton tai 1 hdp s6 12 56 18. Hop s6 1 nh6 nhét1a 9,
do d6 tong ctia k — 1 hdp sb con lai phai nh6 hon hodc bang 2007 —9 = 1998. Mt khac
k > 500 = k— 1> 500 = trong k — 1 hdp sb con lai phai c6 s6 nh6 hon 4 vi néu tt ca
déu16n hon hodc bang 4 thi tong ctia chiing sé 16n hon hoic bang 500.4 = 2000 > 1998
(mau thudn)= diéu gia s 12 sai.
Vay k < 500, két hop véi cach chia 2007 thanh 500 hgp sb 6 trén suy ra gid tri 16n nhat
cta k 1a 500.
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IR Qucv62015-2016 e

, < Bail Bdiém) v ) \
1. Phan tich da thiic thanh nhan t x? + 4x — 2xy — 4y +y?

2. Tinh nhanh gi4 tri ctia da thiicx®> —y> -2y — 1 taix=93vay =6

3. Chting minh ring (57 +2)2 — 4 chia hét cho 5 v6i moi s6 nguyén n

\ 7

1.

X dx— 2y —dy+y* = (& =2y +)") + (dx—4y) = (x—y)* +4(x—y) = (x—y) (x—y+4)

2.
DétA:xz—y2—2y—1,taCé:

A=X = (P +2+1) =2 (y+1)° = (x—y—D(x+y+1)

Taix=93vay=6tac6A=(93—6—1)(93+6+1) = 86.100 = 8600

3.
(5n+2)2—4=(5n+2)>-2>=5n(5n+4):5 VYnel
, < Baiz 6diém v > ~
1. Giai phuong trinh :
a. 2 =x>+2x—1
x—2 Cx—1 X
T 2014 2015 2016
1 1 1 .
2. Cho —+—-+—-=0(x,y,z#0). Tinh A = y—§+%+x—§
X Yy Z X y bé
3. Cho a,b,c1a do dai 3 canh clia 1 tam giac. Chting minh rang 442b? > (a2 +
bz_cz)z
1.
a. Taco:

2=+ 2% —1e2°—x*—2x+1=0
28 - —-(2x—1)=0
sx*2x—1)—(2x—1)
s -1D)2x—-1)=0
S x—1)x+1)(2x—-1)=0

x—1=0
S [ x4+1=0
2x—1=0
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= =
I
P—

=

A . ~ . A s R 1
Vay phuong trinh da cho c6 3 nghiémlax=l;x=—-1vax= 5

b.
x—2 = x—1 X
2014 2015 2016
x—2 x—1 X
T T (2015 - 1) B (2016 B 1)
x—2016 x—2016 x—2016
2014 2015 2016
1 1 1
—201 _ —
& (x=2016) (2()14 2015 +2016> 0
& 2016 =0 _ ! + ! >0
J— — 1 J—
o V15014~ 2015 ' 2016
& x=2016
Vay phuong trinh da cho c6 nghiém duy nhat 1a x = 2016
2.

111 1 11\ yr oyz /11 z
—+—+—:0¢—=—<—+—>:>y—2:—y—(—+—>:—<—+z)
Xy z x y oz x x\y z XX

Tuong tutaco:

Tudo suyra:

X y
=14+1+1=3

—1 -1 -1 11 1
= —X— =y — —Z.— Vi-+—-4+-=0
<

C6 thé stt dung dang thiic quen thudc a® + 5% + > = 3abc khia+b+c=0dé co :
1 N 1 L 1 1
[FCRNRNC R R s
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1 1 1
= XyZ. F+;+Z—3 =3
Yz ZX Xy
@;+y—2+z—2=

VayA =3

Xét B = (a* +b* — ) — 4d°D?
= (a® +b* — ¢* —2ab)(a® + b* — ¢* + 2ab)
= [(a —b)?— cz} . [(a +b)? — cz}

Via,b,cla dd dai 3 canh ctia 1 tam gidc nén:

{0§|a—b\<c {(a—b)2<c2
- >

= B < 0= 4d’h> > (a® +b* — *)?
a+b>c>0

Vay 4a*b? > (a2 +bp2— 02)2

' < Baiz @diém) v ) ‘
2 . 2 4 . 2 1
Cho biéu thic M = <x+2—x2+4x+4) : (x2—4+2—x>

1. Ratgon M

2. TimxdéM > -2

x+2#0
¥ +4x+4+#0
x> —4+£0
2—x#0

(2 4N (2
C\x+2 244x+4) \2—4 2—x

C2x+2)—4 2—(x+2)
(x+2)2 " (x—2)(x+2)
2x  (x—2)(x+2)

1. biéu kién & x # +2. V6i diéu kién dé, ta c6 :

C (x+2)% —x
~22-x)
O x+2
2.
Taco:
2 _
M> _2<:>M
x+2
P
x+2
& 0
x+2>
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Sx+2>0
Sx> =2

Két hop véi diéu kién 6 trén suy rax > —2 va x # 2 12 cac gia tri can tim clia x

, < Baid(Gdiemv \

Cho hinh vudng ABCD c6 canh bang a. Goi E, F lan lugt 1a trung diém ctia
AB,BC. M la giao diém cua CE va DF.

1. Chiing minh rang CE 1 DF
2. Chiing minh rang AMAD can

3. Tinh dién tich AMDC theo a

A D
1l WA
E¢ N
1l g 1l

W — :
B F C

1.

Dé dang chlmg minh du’dc ABEC = ACFD

= ECB=FDC = FDC+ECD 90° = DMC = 90° = CE L DF

2.

Goi N 1a trung diém ctia CD. Khi d6 AECN 12 hinh binh hanh = AN//EC.

Goi H 1a giao diém clia AN va DF thi HN//MC = H 1a trung diém ctia MD. Nhu vay AH
la trung tuyen caa AMAD

Mat khac vi CE | DF (cmt) nén AH | DM = AH la truc tAm ciaa AMAD

Tam gidc MAD c6 AH vuia la dudng cao, vira la duong trung tuyen = AMAD can tai A.
3.

Theo hé thiic lugng trong tam giac vuong CDF ta co :

1 1 1 5 avs
= = = MC=—=
M- T 2 5
2\/_a

Theo Pytago : DM = /CD? — MC? =

N 1
Tird6 Sype = ;MC.DM = aS
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, { Bais@diémv ) \

1. Tim tat ca cac tam giac vuéng c6 chiéu dai cac canh la nhitng so nguyén
c6 so do dién tich bang so do chu vi

2.2

2. Tim cé4c s6 nguyén duong x,y sao cho slal s6 nguyén to

x4y
3. Cho x,yla nhiing sé thuc khéng Am théa man x2 — 2xy +x — 2y < 0. Tim gia
tri 16n nhat ctia biéu thiic P = x> — 5y> + 3x
1.
Goi a,b,c la d6 dai 3 canh cta tam giac vuong thoa man yéu cau bai toan, trong do ¢
la d6 dai canh huyen. Khi d6, theo gia thiet ta c6 :

a,b,c e L+
az‘f‘bzzcz (+)
a? =(atbtc)sab=2a+btc) (+)

Xét (xx), taco :
(%) < ab—2a—2b=2c
= (ab—2a—2b)* = (2¢)*
& a*b? +4(a* + b?) + 8ab — 4ab(a+ b) = 4c?
Sab—4(a+b)+8=0 (Via*+b*=c*a,b>0)
S (a—4)(b—4)=8
Via,b>0=a—4,b—4 > —4.Tudo taco bang sau :
a—4[ 2141
b—4 | 4281
6| 8|5 |12

8|6 12| 5
10|10 |13 |13

OIS

Vay nhiing tam giac théa man yéu cau bai toan la tam gidc c6 do dai 3 canh 13 : 6;8;10
hoac 5;12;13
2.

2.2
o X
bat

21y P trong d6 p 1a s6 nguyén t6. Ta c6 :

.X2y2
iy P
&2y = p(P+y°)
—p)=py
2

o Xy
= py?ix
Viplasbnguyénténény*:x*= y>x

- . . A >
Tuong tu ta cung chiing minh dugc x > y. Nhu vay {x ; Yoox= y
y=Xx
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2,2 2
—x y X 3 A A A A 2. 2 .
2 g Por 1a s6 nguyén t6 nén phai c6 :

x=2k(keZ") - k=1
p = 2k?* 12 s6 nguyén tb x=2

Tudotaco p=

X@Y (6,y) = (2,2)
T;1c6x2—2xy+x—2y§0<:)(x—2y)(x—|—1) <0.Max,y>0suyra0<x<2y
Tudo, taco:
P=x>—5y"4+3x= 2P =2x>— 10y’ + 6x
= 2(x? —4y?) + (6x — 12y) — (2y* — 12y)
<—(2*—12y) (vi0<x<2y)
= —2(y* —6y+9)+18
= —(y—3)2+18
<18
=P<9

<x=2 —
P=9& Osx=2y o 6
y=3 y=3

Vay gi4 tri 16n nhat ctia P13 9, dat dugc taix =6,y = 3
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Qué v6 2016-2017 e

,  Bail @digmv ) \
1. Phan tich da thiic thanh nhan t& :

a. x> —9—2xy+y* b.a(x*+1) —x(a* +1)

2. Chting minh rang (5n+2)? — 4 chia hét cho 5 v6i moi sb nguyén n

1.
a.
92y +y*P=(x—y)? =32 =(x—y—3)(x—y+3)
b.
a(x* +1) —x(a®+1) = (ax®* —xa*) + (a—x) = ax(x—a) — (x—a) = (ax— 1)(x — a)
2.Taco:
(5n+2)2—4=(5n+2)>-2>=5n(5n+4):5 VYnel
,  Baizadiémv ~
1. Giai phuong trinh :
2 3
a. =
K—2[+2 [6—3x|+1
b. 9x2+1y2+272— 18x+4z—6y+20=0
2. Tim hinh chtt nhat c6 kich thudc cac canh la s6 nguyén sao cho sb do dién
tich bang so do chu vi
1.

a. Datr = |x—2|(r > 0). Khi d6, phuong trinh da cho tr6 thanh :

2 3

1+2 3r+1
<203t+1)=3(t+2)
&3t=4

(:)t—4
3

o 4 .
let:§taco lx—2| =

\S]

. ~ . A s 10 .
Vay phuong trinh da cho c6 2 nghiém la x = 3 Vaxr=gz
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b.
9x2 +y2 +272 — 18x+ 47— 6y+20=0
& (95 —18x49) + (12 —6y+9) + (222 +4z42) =0
S9x—12+(y—3)2+2(z+1)>=0
(
x—1=0
< 4y—3=0
z+1=0
\
(
=1
S y=
z=-—1
\
Vay phuong trinh da cho c6 nghiém duy nhat1a (x,y,z) = (1,3, —1)
2.

Goi a,b 1an luot 1a chiéu dai va chiéu rong ctia hinh chit nhat théa man yéu cau bai
toan (a,b € Z*;a > b).
Khi do, tu gia thiét ta c6 :

ab=2(a+b)< (a—2)(b—2)=4

Via,bcZ*vaa>bnéna—2>b—2>—1.Tudé cé 2 kha nang sau :

a—2=4 a==6
i =
b—2=1 b=3
—-2=2
.{a Sa=b=4

b—2=2

Vay c6 2 hinh chii nhat théa man yéu cau bai todn l1a 2 hinh chii nhat c6 kich thudc
3x6 va 4x4.

' < Bai3(5diém)v > )
. 9 1 x—73 X
h o A h’ A: -
Cho biéu thtic <x3—9x+x+3) <x2~|—3x 3x+9)
1. Ratgon A

2. Tim gia tri clia A biét x théa man x> —4x+3 =0

3. TimxdéA > 1

X —9x#0

Lpidukien {5370 L1770 i didukien dé ta co
x*+3x#0 x# 13
3x+9#0

A 9 L 1 [ x=3 X
S \x3—9x  x+3)  \x2+3x 3x+9
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3(x—3) x?
3x(x+3)  3x(x+3)

_ 9 N x(x—3) } :
x(x=3)(x+3)  x(x—3)(x+3)
9+x(x—3)  3x(x+3)

x(x—3)(x+3) 3(x—3)—

_ 3(x*=3x+49)
C (x—=3)(—x2+3x—9)
3
3—x
2.
Taco x> —4x+3=0< (x—1)(x—-3)=0< xz;

A sye « X « A ~ . 2, A . , 3 3
Keét hgp voi diéu kién xac dinh o trén suy rax = 1. Khi doA:mzz
3.

A>1& > 1
3—x
—1>0
<:>3_x >
X
&S —>0
3 >

& 0<x<3 (théaman diéu kién xdc dinh)

Vay 0 < x < 314 cac gid tri can tim clia x

,  Baia@diémv > ~

1. Tim cac s6 nguyén duong x,y,z théa man :

(x—y)} + (y—2)* +2015[x — z| = 2017

2. Cho da thtc F(x) = x* + ax?> + bx+c vGia,b,c € R.
Biet da thuc F(x) chia da thtiic x — 2 thi du 5, chia cho da thiic x+ 1 thi du
—4. Hay tinh gid tri cia P = (a® + %) (b° + ) (" +a’)

bat {azx—y =x—z=a-+b.Khido:
—y—

a® +b*+2015a+b| =2017 (*)

a’ + b?* chin

8 = a3+ b*42015|a + b| chan
a—+ b chan

e Néu a,b cuing tinh chin 1& = {
a’+b* 18

, = a3 4 b*42015|a + b| chan
a+ble

o Néu a,b khac tinh chan 1é = {

Nhu vay, ta ludn co a® 4+ b* +2015|a + b| chan Diéu nay mau thuan véi () nén khong
ton tai x, y,z nguyén duong théa man yéu cau.
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2.
Thuc hién phép chia da thiic cho da thiic ta co :

F(x) = (x—2). [x2+(a+2)x+b+2a+4} +c+2b+4a+8

F(x)z(x+1).[x2+(a—l)x+b+l—a}~|—c+a—b—1
N 2 1A 2b+4a+8=5 2b+4a= -3
Tu do, theo gia thiet suyra: crebtdar & Crebtaa
cta—b—1=-4 cta—b=-3
Suyra (c+2b+4a)— (c+a—b)=0=3a+3b=0=>a+b=0=>a>+b>=0
Tudotaco P = (a®+b%)(b° +c)(c" +a’) =0

, < Bais (Gdiém) v ) \

Cho hinh chii nhat ABCD. Goi H, K lan lugt 1a hinh chiéu ctia D va B trén AC va
M,N,P,Q lan lugt la trung diém cta AD,AH,BC,CK.

1. Chiing minh rang MNPQ 1a hinh binh hinh
2. Ching minh BQ 1 NP

3. Gia st AB = 2BC va diém E 1a diém trén canh BC. Tia AE cat duong thang

CD tai F. Chting minh ran L1 + !
o 8 SABE T AE? ' 4AF?
A, M , D
N
HA\K
| Q
B ' P ' C

1.
MN va PQ lan lugt 1a dudng trung binh clia 2 tam giac AHD va BKC nén :

1
MN//HD va MN = —~HD
2 (*1)

PQ//BK va PQ = %BK

Hon nitta HD//BK (L AC) va dé dang chiing minh dugc HD = BK  (x;)
MN//PQ

Tu %
(*1) va (%) suy ra MN = PO

= MNPQ la hinh binh hanh.

Goi/la trung diém ctia BK. Dé chting minh dugc AM QI 1a hinh binh hanh = AI//MQ/ /NP (x3).
Mat khac xét tam giac ABQ c6 BK | AQ valQ | AB(cung //BC)
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(*4)

= I la truc tdm cta tam giac ABQ. Do d6 Al | BQ
TU (x3) va (x4) suyra BQ | NP

3.

Cdach 1:

Goi M 1a chan dudng vudng géc ha tit F xudng dudng thang AB.

Khi do:
AF? = AM? + MF? = AM? + BC?
_ AM?  BC?
AF2 " AF2
& (AM)2+ AB” =1 (AB=2BC)
AF 4AF2
o () e (322
AE 4AF2 AF ~— AE
LI N 1
AB2 ~ AE2? " 4AF2
Cach 2 :

Qua A ké duong thang vudng goc v6i AF cat CD tai N.

1 1

Khi do, theo hé thuc lugng trong tam giac vudng thi : =
. Jng trong tam gi VXN gAll) A AFZZ%Nz (+)
Mat khéac dé thay AADN — AABE (g — = == AN=—
a \acdet ay/ (g g):>AE B 2:> 3
Thay vao (x) taco:
1 1 4
s = am T am
AD AF AE
4 1 4
= = AB =2AD
AB? AF2+AE2 ( )
IR B
AB2  AE?  4AF?
133 fi DUC PV
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Qué v6 2017-2018

< Bail 6diém) v ) \
1. Phan tich da thic thanh nhan td ;

a.2xr —5x+2 b.x* +x2+1

2. Giai cac phuong trinh sau :

2—x 1—x X X X 2x

ST b. _
2016 2017 2018 26—3) T2 Gr)(x=3)

a.

. e —1 1 4 4036
3. Rat gon biéu thic P = < a Xt > :

22 R21ox B—dx) x VO x # 0y x # 42

2% —5x42=(2x" —4x) — (x—2) =2x(x—2) — (x—2) = (x—2)(2x— 1)

A= 2+) — = (P 1) = = (P —x+ D24 x+1)

2—x _1—x X

2016 2017 2018
(:)2—x+1_ l—x+1 n —X 41
2016 -\ 2017 2018

2018 —x 2018 —x 2018 —x

2016 2017 2018
R
< (2018 —x) (2016 T 2017 2018) =0
1 1 1 1 1
& 2018=x=0 (2016 72017 2018 20162017 2018 0)

& x=2018

Vay phuong trinh da cho c6 nghiém duy nhat 1a x = 2018

N 3 pe a X 1ALz ,
b. Diéu kién {x?’é | . VGi diéu kién do, taco :
x —
X n x 2x
2(x—3)  2x+2 (x+1)(x—3)
x(x+1)+x(x—3) 4x

2(x=3)(x+1)  2(x=3)(x+1)
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& 2x% —2x = 4x
=22 —6x=0
< 2x(x—3)=0

x = 0(thda man diéu kién)
x = 3(khong théa man diéu kién)

Vay phuong trinh da cho c6 nghiém duy nhatla x =0

3.
p_ x—1 N x+1 4 4036
C\2—2x 242 xP—4x) " x
=D H+2)Fx+)(x—2) -4 x
B x(x—2)(x+2) 4036
B 2x% -8 X
x(x—2)(x+2) 4036
o 2(x*—4)
4036(x2 —4)
1
2018
, < Bai2(diémv ~
1. Cho x,y nguyén théa man |x — 3y + 1|+ x> — 4x+4 < 0. Tinh gid tri ctia biéu
thiic A = (x_ 1)2018 +y2019
2. Cho n1a s6 tu nhién 1é. Chiing minh ring > — n chia hét cho 24
3. Cho 2 s6 chinh phuong lién tiép. Chiing minh rang tong ctia 2 s6 d6 cong
vGi tich cua ching la 1 s0 chinh phuong 1€.
1.

x—3y+1|+x>—4x+4<0
& x=3y+1]+(x—2)2<0
Slx=3y+1|=x-2)>=0

x=2
=

Suyrad = (x— 1)2018 42019 — 5
2.

nw—n=nm?-1)=m—-1)n(n+1)
Vi (n—1).n.(n+1) la tich cia 3 s6 tunhién lién tiép nén (n —1).n.(n+1) : 3

Hon niia, vinlé nén (n—1)(n+1) latich 2 s6 chan lién tiép = (n—1)(n+1) : 8

Tur do, do 3 va 8 nguyén to cung nhau, suyra (n—1).n.(n+1) : 24
Vay néu n 12 s6 tu nhién 1& thi n° — n chia hét cho 24
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3.

Xét 2 s6 chinh phuong lién tiép a? va (a+1)? (a € N).

Tacéh:

A+ (a+1)>+d? (a+1)?
a+1)%+ [a2+a2.(a—|—1)2]

a+1)?+2(a+1)a*+a
a+1+a*)?

(
(a+1)*+ [a2—|—2(a+l)}
(
(

Laicoa+1+a*=ala+1)+11alsdlé.
Vay tong ctia 2 s6 chinh phuong lién tiép véi tich cta ching la 1 so6 chinh phuong 1é

, { Bai3 Gdiémv \

Cho tam gidc ABC nhon (AB < AC). Cac dudng cao AE, BF cit nhau tai H. Goi M
la trung diém ctia BC, qua H vé duong thang a vuong goc véi HM, duong thang
acat AB,AC lan luot tai I, K

1. Chting minh rang:
a. Hai tam gidc AEC va BFC dong dang
b. ABC = CFE
2. Qua C ké dudng thang b song song véi IK, b cit AH,AB theo thii tu tai N va
D. Ching minh NC = NDva HI = HK

BH CH

HE "HF THG >6

3. Goi G la giao diém clia CH va AB. Chting mlnh

A
F
K
Y H
|
B [
E| M c
N

1.
a.~
Dé thdy AAEC <~ ABFC(g—g)
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b.
N EC AC — —
2.
) g . . [ HAK = HBE , ) o
Xét2tamgiacAHK vaBHM c6< — _—_ (2 gbc nhon c6 canh tuong ting vudng goc)
AHK = HMB
AH HK
= ANAHK ~ABMH(g—g) = — = —— (%)
EM A%H HI
Tuong tuta cé6 AAHI ~ ACMH = — = ——
ngtutaco CMH = oM = HM (%)

Tu (+) va (+x) vado BM = CM = HK = HI
Tu day do /K //CD dé dang ching minh dugc NC = ND

3.
Taco:
AH +BH +CH -6
HE HF HG
< (A—H+1)+(ﬁ+l)+<C—H+1) >9
HE HF HG
AE BF CG 9
< HE +HF +HG ~
Détx:zl;;yzzi;z:flg thi ta can chiing minh x4y +z > 9.
Thatvay :

1

1 1 HE HF HG
_l__ p—
XYy

TS A TBF TG
S S S
_ HBC + HAC + HAB
Sapc  SaBc  Sasc

_ Supc +SHac +Suas
SaBc

=1

N 4, 22 . « I 1 1
Tu do, ap dung bat dang thiic quen thudc (x+y+z) <—+—+—> >9suyra:x+y+z>9
Xy z

Diéng thiic xdy ra < x = y = z & AABC déu. Nhung theo gia thiét thi AB < AC nén tam
giac ABC khong deu, do d6 dang thic khong xay ra hay x+y+z > 9. Vay ta c6 dieu
phai chiing minh.

,  BaiaBdigmv > \

1. Tim cac s6 nguyén duong x, y,z théa man :

X =y =2 =3xyzvax’ =2(y+z2)

2. Cho day sb6 gom 5 s6 tu nhién bat ky a;,a», a3, as,as. Chiing minh rang ton
tai 1 so chia het cho 5 hoac tong ctia 1 so0 so lién tiep trong day da cho chia
hét cho 5

\ /

1.Taco:
X3 —y3 —7 = 3xyz
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<:>x3—y3—z3—3xyz:0
& (=) +3xy(x—y) -2 = 3xz=0
& (=9 =2 + Bry(r—y) - 302] =0

S (x—y—2z) [( —y)? +z(x—y)+z2}+3xy(x—y—z):0
& (x— )[(x y)? -l-z(x—y)—l—zz—l-Sxy] =0
e x—y—2)(P+yY?+2+xy+zx—2zy)=0
@%(x y—2z) [(x+y)2+(z+x)2+(y—z)2] =0
X—y—z=0
(x+y)?+(z+x)?2+(y—2)?%=0

e Néux—y—z=0«¢ x=y+z Thay vao gia thiét x> = 2(y+z) tacé:

=0 (loaivix>0)

2 _ Ay x
x*=2x=x(x—2) 0@[)622

VGix=2tacoy+z=2vaviyznguyénduong=y=z=1
o Néu (x+y)2+ (z4+x)?+(y—2)? =0 y=z=—x = y+z= —2x.Thay vao gia thiét
X =2(y+z)taco:

P =-2xex(x+2)=0s [;Ci(iz (loai vix > 0)

Vay (x,y,z) = (2,1,1) 12 bd s6 nguyén duong can tim.
2.
Xét ddy gom 5 s6 hang sau :

S] = daj

S =a1+a
S3=a1+ar+a3
Sy=ay+ar+az+ay
Ss=a1+ax+az+as+as

e Néu ton tai S;(i = 1,5) chia hét cho 5 thi bai todn dugc chiing minh.

 Néu S; khong chia hét cho 5 véi moi i = 1,5 thi theo nguyén ly Dirichle, ton
tai 2 86 Sy, S, vOi m < nym,n € {1,2,3,4,5} c6 cling so6 du khi chia cho 5. Suy ra
S, — S, chia hét cho 5. Mt khac S, — S, cho ta tong clia n —m s6 lién tiép ctia day
ai,az,as,dq,ads.

Vay ta c6 diéu phai chiing minh.
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Qué v6 2018-2019 e

,  Bail Gdigmv > \
Phan tich da thic thanh nhan t ;

l.x3—x+3x2y—|—3xy2+y3—y 2.)62—2xy—8y2
3. x* +2019x* +2018x+2019

1.
S —x43x2y 302+ —y = (& + 3%+ 307 +3) — (x+y)
= (x+y)’ = (x+)
= (x+3) [(x+3)? 1]
=x+y)x+y—1)(x+y+1)
2.
X2 —2xy—8y? = (x> — 2xy+)?) —9?
= (x—y)* = (3y)°
= (x—4y)(x+2y)
30
x* 4+2019x% +2018x+2019 = (x* —x) +2019(x> +x+ 1)
=x(x— 1) +x+1)+2019(* +x+1)
= (x> +x+1)(x* —x+2019)
,  Bai2 @Gdiémv ) \
X xX—y y? 1 X
Cho A = — : + .
y2—|—xy x2+xy x3—xy2 X+y y
1. Ratgon A
2. Tinh gia tri cia A biét 2x> +y2 +2xy —6x—2y+5=0
1.
xy#0
Diéu kién ¢ x+y#0 .V6i diéu kién do, taco :
x—y#0

<=

- X x=y y2 1 .
A= (y2+xy x2+xy) ' <x3—xy2+x+y> '
_ x? Cye=y) . y? n x(x—y) X
xy(x+y)  xy(x+y) )\ x(x=y)(x+y)  x(x—y)(x+y) | "y
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_ P —y+y? x(r—y)a+y) ¥
xy(x+y) Y2 +x2—xy x

_Xx=)

o X

=2

2x2+y2+2xy—6x—2y+5:0@(x+y—1)2+(x—2)2=0@{x !
y=-

, < Baisz@diémv ) \

1. Cho da thic P(x) = (x4 5)(x + 10)(x 4 15)(x +20) 4 2016. Tim s6 du trong
phép chia P(x) cho da thiic x> +25x + 120

2. Tim céc cip sd nguyén (x,y) théa man 18x% — 3xy — 5y = 25

\ /

1.
Taco:

P(x) = (x+5)(x+10)(x+15)(x+20) +2016
[(x4+5)(x+20)] . [(x+10)(x+15)]
= (x*> 425x 4 100) (x> 4 25x + 150)

Pt s =2 +25x + 120 thi P(x) = (7 — 20)(z +30) = 12 — 10r — 600 chia r du —600.
Vay so du trong phép chia P(x) cho x> 4 25x + 120 1a —600

2.

Taco:

18x% — 3xy — 5y =25 < 18x* — 25 = y(3x +5)
_ 18x*-25

y—W(VixEZnén&H—S#O)
25

3x+5
= 3x+5€UQ25) ={-25;-5,—1;1,5;25}

Sy=6x—10+

Ma3x+5chia3du2nén3x+5e{-25—-1;5}
e VGi3x+5=-25cx=—-10=>y=-71
¢ V6idx+5=—1ex=-—2=y=—47
e VGi3x+5=5cx=0=>y=-5
Vay cac cdp (x,y) théa man yéu cau bai todn 1a (x,y) € {(—10,—-71);(—2,—47);(0,—5)}
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, < Baid(7diém)v ) \

1. Cho tam giéc ABC vudng tai A c6 AB < AC. Ké duong cao AH. Trong ntia
mit phang cé chita dinh A, bo 1a du’dng thang BC vé hinh vuong AHDE
(D thudc doan HC). Goi F la giao diém ctia DE va AC. budng thang qua F
song song voi AB cat duong thang qua B song song v4i AC tai G.

a. Chiing minh ta gidc ABGF la hinh vuong
b. Ching minh t gidc DEHG la hinh thang
c. Chiing minh 3 dudng thang AG, BF, HE ddng quy
2. Cho tam gidc ABC vudng tai A. Tt diém M thudc mién trong tam gidc ké
MI,MK,MH lan lugt vudng goc v6i AB,AC,BC(I € AB,K € AC,H € BC). Tim

vi tri clia M thudc mién trong tam giac dé tong MI% + MK? + MH? dat gia
tri nho nhat.

1.
a.
A E
\ e
\‘ ,,l
‘\ p 4
\ ’ F
“I l,’ ="
il
S e N
——— ’ -~
B H \ D C
\
\
\
\
G

Vi BAF = HAE = 90° = BAH = EAF

BAH = EAF (cmt)
Xét 2 tam giac vuong BAH va EAF co

AH =AE
= ABAH = AFAE(géc nhon-canh géc vuong)= AB = AF
AB//FG(gt)
Xét ttt gide ABGF o6 4 “F//BOEY 4 g6 1a hinh vusng,
AF 1 AB(gt)
AF = AB(cmt)
b.

Goi I 1a giao diém clia 2 duong chéo AG, BF clia hinh vudng ABGF. Khi d6 IA = IG =
IB=1F.

Xét tam giac BDF vuongtai Dtaco ID =IB=1F.

SuyralD =1A =1G = ADAG vubngtai D = AD | DG

MaAD | EH (viAHDE la hinh vuong)= DG//HE = DEHG la hinh thang.

c.

Tit IA = ID(cmt)= [ nam trén duong trung truc clia AD.

Ma EH la duong trung truc cia AD = I € EH.

Vay 3 duong thang AG, BF, HE dong quy tai /

2.
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Goi AD 1a dudng cao clia tam gidc ABC = AD cb dinh.

Taco:

MP? + MK?*+MH? = MI> + AI> + MH? (MK = Al)
= MA% + MH? (Pytago)
MA + MH)? b)?
, A+ mip (az+bz > @,W,m)

X AD?
Ma: MA+MH > AH > AD = MI*> + MK? + MH?* > —— = const
MA+MH = AD
MA =MH
Vay MI? + MK? + MH? nh6 nhat khi M 12 trung diém clia AD v6i AD 1a dudng cao clia
tam giac ABC

Dang thiic xay ra < { & M 1a trung diém ctia AD.

< Bais(digm) v )

Cho cac sb nguyén a,b,c,d thdba man a® +b> = 2(c* — 84%). Chling minh ring
a+b+ c+d chia het cho 3.

Taco:

a4+ b3 =2(c* - 84°)
Sd+b =—(A+d*)+3 — 154°
sd+b 4+ +d® =3 154
& (a+b)* —3ab(a+b)+ (c+d)® —3cd(c+d) =3¢ — 15d°
& (a+b)* + (c+d)* =3ab(a+b) +3cd(c +d) + 3¢ — 15d°
& (a+b+c+d)? —3(a+b)(c+d)(a+b+c+d) =3ab(a+b)+3cd(c+d)+3c — 15d°
& (a+b+c+d)? =3(a+b)(c+d)(a+b+c+d)+3abla+b)+3cd(c+d)+3c — 15d°

Vi3(a+b)(c+d)(a+b+c+d)+3ab(a+b)+3cd(c+d)+3c — 1543 chia hét cho 3 nén

(a+btc+d)i3=a+b+c+d:i3
Vay a+ b+ c+d chia het cho 3.
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Tién Du 2018-2019 (BANG A) -

,  Bail Gdigm) v ) \

2+x 4x2 2—x .x2—3x
2—x x2—4 24x) 22—x3

Cho biéu thic A = (

1. Tim diéu kién xac dinh roi rat gon A
2. Tim gia triciaxdéA <0
3. Tim gia tri cia A trong truong hgp |x — 29| = 26

4. Tim c4c gia tri nguyén cta x dé A c6 gia tri nguyén

1. )
24+x#0
2—x#0 x#0
Diéu kién xac dinh { x2 —4 £ 0 Sx#3 . V6i diéu kién d6, ta c6 :
x> —3x#£0 x # 42
22 —x2#0
A_<2+x_ 4x? _2—x>.x2—3x
2—x x2—4 24x) 2x2-x3
_[ (24 x)? N 4x? B (2 —x)? o x=3
R—-x)2+x) 2—-x)2+x) 2-x)2+x)| x(2-x)
8x+4x>  x(2—x)
JECEECEE R
4x?
T x-3
2.

42
W7A0nénA<0<:>L3<0<:>x<3.
X

x<3

Két hop véi diéu kién xac dinh suyra { x £ 0 1a cac gi4 tri can tim clia x
x# 12

3‘

x—29=26 x=>54
pr—29] =26 [ x—29=-26 [ x = 3(loai)
e , . 4547
VGix=54tacoA = 13- 11664
4.

VéixeZtaco:

42
AEZ@LEZ
x—3
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36
S4x+3)+——=€Z

x—3
36
e
x—3

=x—3e€U@B6) ={£1;£2;£3;+4;+6;+9;+12;+18;+36}

=

Ta c6 bang sau :

x—3 -1 -2 -3 -41-6|-9|-12|-18|-36|1|2(3|4|6|9 |12

18

36

x | 2(oai) |1 |0(loai|-1|-3|-6| -9 |-15|-33|4|5|6|7[9|12|15

21

39

Vayx € {—33;-15;-9;—-6;-3;—1;1;4;5;6;7;9;12;15;21;39} 1a cac gia tri can tim cua x

,  Baiz @5 diém v ) \

Giai cac phuong trinh sau :

L. x> —3x+2+[x—1/=0

1 6y 2
2. = +
3y2—10y+3 9y2—1 1-3y

x 3+x (1_6_X) 1
r 5
3.x—2 4 _—3_ 3

2 2

e Néux—1>0< x> 1 thi phuong trinh da cho tr6 thanh :

P -3x424x—1=0x>-2+1=04 (x—1)> =0« x= 1(thda man x > 1)

e Néux—1 <0< x < 1 thi phuong trinh da cho tré thanh :
34241 -x=0&x"—4x+3=0
< x—1)x—=3)=0

& ii ; (khong thdéa man x < 1)

Vay phuong trinh da cho c6 nghiém duy nhéatla x = 1
2.

Le xi A 1A 1 .
VGi diéu kién y #£ 3,y # ig, taco:

1 6y 2
= +
3y2—10y+3 9y2—1 1-3y
- 1 B 6y 2
By-Dr-3) GBy-1D)@y+1) 3y-1
3y+1 _ 6y(y—3) o 2=3)By+ 1)

< By-1D(-=3)3y+1) @y-1)(-3)3y+1) @Gy-1)(y—3)3y+1)
<3y+1=6y(y—3)—2(y—3)3y+1)
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o3y r1=6-2y
& 5y=35
& y = 1(théa man diéu kién)

Vay phuong trinh da cho c6 nghiém duy nhatlay =1

3.
x 34x (1_6_35).1
2 4 4 2

3
2

& 12(7x+3) = 8(39 —x)
< 3(7Tx+3)=2(39—x)
& 23x =69

&Sx=3

Vay phuong trinh da cho c6 nghiém duy nhat1a x =3

, < Baiz@dibmv > \

1. Tim phan du trong phép chia da thic (x+2)(x+4)(x+6)(x+8) 42018 cho
da thitc x* + 10x+21

2. Chox+y=1vaxy#0.Haytinh:

X y o 2x-y)
B= —
y—1 x3—1+x

P=(x+2)(x+4)(x+6)(x+8)+2018
=[(x+2)(x+8)] . [(x+4)(x+6)] +2018
=(x*+ 10x+ 16) (x> + 10x+24) + 2018

Dit r = x> + 10x 421 thi P = (t — 5)(t + 3) +2018 = 12 — 2r +-2003 = s du trong phép
chia P cho r 1a 2003.
Vay phan du trong phép chia da thic (x +2)(x +4)(x 4 6)(x + 8) + 2018 cho da thic
x> +10x+211a 2003

2.
Voix+y=1vaxy#0,taco:
y  x y X
BT -1 FB=(ty)P P (rty)?
_ Y X
-~ Bay(xy) =y “Bay(xdy) =3
o 1
C —3x—y? —3y—x2
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1 1
T3yt 3xt+y?
B R O R
By +a)(Bx+y?)
_3—y) - (r—y)x+y)
x2y2 +9xy +3(x3 +y3)
(x—y)[3—(x+y)]
x2y2 +9xy +3[(x +y)3 — 3xy(x +y)]
_2(x—y)
x2y2+3
Tt d6 suy ra B =2019

(vix+y=1)

, { Baia@diém)v \
Cho tam giac ABC nhon, cac duong cao AA’,BB',CC’ va H la truc tam

HA/ H B’ n HC'
BB’ cc’
2. Goi Al la phan giac cta tam giac ABC; IM, IN theo thi tu la phan giac ctua
AIC va AIB. Chiing minh rang AN.BI.CM = BN .IC.AM

1. Tinh tong

(AB +BC+CA)?
"2+ BB"?+CC?

3. Tam gidc ABC nhu thé nao thi dat gia tri nh6 nhat.

Taco:
HA’ n HB' n HC' _ Supc  Suca n SHAB
AA’ BB ' CC Sapc  Sapc  Samc
_ Supc +SHca + SHAB
Sasc
=1
2.

Theo tinh chit dudng phan giac cho cac tam gidc ABC,AIB,AIC ta c6 :
IB_AB AN Al CM IC
IC  AC’ NB IB° MA Al
IB AN CM AB Al IC _AB IC _
IC ‘NB MA AC IB Al AC IB
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= AN.BI.CM = BN .IC.AM

3.
Dung dudng thang d di qua C va vudng géc véi CC'. Goi D 1a diém dbi xiing v6i A qua
c{ = CA=CDvaAD =2CC'.
Ap dung dinh ly Pytago cho tam giac BAD vuong tai A, ta co :
BD? = AB* + AD?

& BD? = AB* +-4CC?

= AB* +4CC"”* < (BC+CD)* (BC+CD > BD)

& AB*4+4CC? < (BC+CA)*> (CA=CD)

& 4CC? < (BC+CA)? —AB? (%)

Dang thiic xay ra & («) khi va chi khi :
BC+CD = BD < 2BAC +ACB = 180° < BAC = ABC < CA = CB
Tuong tutaco:

4AA" < (AB4CA)> —BC*  (xx)
4BB"? < (BC+AB)* —CA?  (xx%)

Tu (), (xx) va (xx*) suy ra:

4(AA” + BB 4 CC") < (AB+BC +CA)?

(AB+ BC +CA)?
AA”? +BB"> +CC? ~

Dang thiic xay ra < AABC déu.

. (AB+BC+CA)? . A
ay A<A’2 iBB ,2+ n Cé"z dat gia tri nho nhat la 4 khi tam giac ABC deéu.

,  Bai5s 5diém v ~

Cho céc sb x,y thda man 5x2 4 5y2 4 8xy — 2x + 2y + 2 = 0. Tinh gi4 tri cia biéu
thic :

M = (x+y)2017+(x_2)2018+(y+1)2019

502+ 597+ 8xy—2x+2y+2=0
S AP+ 20 +)+ (P =2+ 1D+ (3P +2y+1)=0
S4x+y) +x—1)2+(y+1)>=0
Sx+y=x—1=y+1=0

x=1
-~
TUdO M = (x+y)2°17 + (x — 2)2018 4 (y+1)2019 = |
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Thanh pho Bdac Ninh 2019-2020

 Bail @Gdiémv )

1) Chiing minh (x+y)(x* —x*y +xy?> —y?) =x* —y*
2) Phan tich da thtic thanh nhan t& (x> — 3x +2) (x> — 7x+ 12) — 24
1 1 1

3) Giai phuongtrinh: .
1

8

T 516 2Tt 12 2 0x120 2 1lx130

Loi giai
1) Taco:

(42 =y 07 =3 = (1) [0 =) + (07 =)

(X+y)[ (x— y)+y (x—y)}

2)Taco:

(@ —3x+2)(F* = Tx+12) — 24 = (x — )( 2)(x—3)(x—4)—24
[(x—1)(x—4)] [(x—2)(x—3)] —24
= (x? 5x—l—4)(x —5x+6)—
t(t+2) 24 (t=x"—5x+4)
=12 4+21—-24
= (> 461) — (41 +24)
=1(t+6)—4(t+6)
=(r—4)(+6)

= (x* — 5x)(x* = 5x + 10)
= x(x—5)(x* — 5x+ 10)

3)Taco:

1 1 1 1 1

Tt 6 2 Txr 12 T 9x120 T _11x+30 8

1 1 1 1 1
T 6=3)  G=3—4 T G—4x—5)  x=35)x—6) 8
N 1 B 1 L 1 B 1 i 1 _ 1 L 1 B 1 _1
-2 x—4 x-3 x-5 x—4 x—6 x—5 8
1 1

X
N 1
x—6 x—-2 8
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-+ 1
(x—2)(x—6) 8
S (x—=2)(x—6)=32
&x?—8x—20=0
< (x+2)(x—10)=0

N x=-2
x=10

Vay phuadng trinh da cho c6 2 nghiémlax=—-2vax=10

,  Baiz Bdigmv > \

. ) 2 22 2 )

Cho bidu thic P = = — [~ 42— Y ) _ X7V 420,y +
x x% +xy xy xy+y2 | x4 xy+y?

O,X#—y

1) Ratgon P

2) Tinh gia tri ctia P biét x2 +y2 + 10 = 2(x — 3y)

Loi gidi

1) V6ix#0,y#0,x# —y,taco:

b2 2 P2 2\ x4y
x  \x2+xy xy xy+y2 | X2 xy+y?
2 X y2—x2 y X+y
Cx \x+y xy x+y | xX24xy+y?
2 xX—y y2—x2 x+y

2 y—x

2)Taco:

4y +10=2(x-3y) & x> +y*+10—2x+6y=0
S x—1)2+(+3)*=0
Sx—1=y+3=0
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1-3 2
Taix=1,y=-3tac6P=—— ==
aix , ¥ 3taco 1.(03) 3

2 . . -
Vay P = 3 voix,y théa man x* +y? + 10 = 2(x — 3y)

, < Bai3(Gdiém v ) \

1) Tim cac cip s6 nguyén (x,y) théa man x2 +x+3 =2

2) Cho céc s6 nguyén a,b,c,d thdéa man a® + b + > = 24°.
Chiing minh rang a + b + ¢+ d chia het cho 3

3) Tim a,b,c biét a® +b*+c2 = ab+bc+cavaa® + b3 + 8 =3

Loi giai
DTaco:

X 4x+3 =y2 S A +4x+ 12:4y2
S dy? - (2x+1)2 =11
S 2y—-2x—1)2y+2x+1)=11

Vix,y € Z nén xay ra cac kha nang sau :
2y—2x—1=1 x=2
. &
dy+2x+1=11 y=3
2y—2x—1=-1 x=-3
. =
2y+2x+1=-11 y=-3
2y—2x—1=11 x=-3
. =
2y+2x+1=1 y=3
2y—2x—1=-11 x=2
. &
2y+2x+1=-1 y=-3
Vay cdc cap (x,y) théa man yéu cau bai todn 1a (x,y) € {(2,3):(2,-3):(=3,3):(=3,-3)}
2) VBix,y € Z, taco (x+y)> = (P 4+y}) =3xy(x+y) i3
Apdungtacé:
_(a+b)3—|—(c—|—d)3—(a3+b3+c3+d3)} :3

= -(a+b)3+(c3+d3)—3d3)] 3 (Vidd +0°+ 3 = 2d%)

= '<a+b)3+(c+d)3} 3
= (a+b+c+d):3
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=a+b+c+d:3 O

3)Tacod:
b+t =ab+bctcasa’+b*+cE—ab—bc—ca=0
& 2a% +2b* +¢* —2ab —2bc —2ca =0
& (a—b)*+(b—c)*+(c—a)*=0
Sa—b=b—c=c—a=0

Sa=b=c
Maad+b8+c8=3= a=b=c=1
a=b=c=-1
, { BaidGdibmv > \

Cho hinh vuéng ABCD c6 canh bang 4, hai dudng chéo cit nhau tai 0. Liy diém
I thudc canh AB, diém M thudc canh BC sao cho 10M = 90° (I,M khong trung
v6i cac dinh ctia hinh vuéng). Goi N 1a giao diém clia AM va DC, K 1a giao diém
clia OM va BN

1) Chiing minh ré“mg ABIO = ACMO va tinh Sp;0s theo a

2) Tinh BKM

1 1 1
3) Chu inh =
) Chung minh 775 = 775 + 23

Loi gidi
OB = 0C
1) Xét ABIO va ACMO ¢6 : { IBO = MCO = 45° = ABIO = ACMO(g.c.g)

10B = MOC = 90° — BOM

Vi ABIO = ACMO(le‘) = Spio = Scmo- Tu do:

B 1 A
K
M O
. O
N C D
1 a’

Sgrom = S1o +Ssom = Scmo + Spom = Spoc = ZSABCD =7
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AM  BM
2) ViAB//CN nén 2N = MC (*1) -
Hon ntia tt ABIO = ACMO(cmt) = Bl =CM = [A = BM. Tu dé suyra:
BM 1A (%)
—_ = sk
MC 1B
< AM IA —

Mat khac cung tu ABIO = ACMO(cmt) = OM = OI = AIMO vudng can tai O
= IMO =45° (x4)

Tu (x3) va (x4) suyra: BKM = 45°
AM  AB AB __ND

Ta c6 : AABM ~ ANDA am _ a5
3) Taco: NDA(g-8) = 4 = ND = AM — AN

AB?> CD?> ND? CD? ND?+AD?

T do = = =1
2AM2 —{;ANQ AN? +AN2 AN?
CD CD
= — =1 AB=CD
AM? +AN2 (vi )
hay : L | + 1
Y cpr T am? T an?
, < Bais Bdigmv > ~
1) Cho céacsé thucx >0,y >0,z > 3 théa man x+ y+z = 6. Chiing minh rang
27
< L
Xz s

2) Cho1010 s6 nguyen du’dng phan biét, moi so khong vuogt qua 2018. Ching
minh rang trong cac s6 d6 luén ton tai 2 sb6 c6 tong bang 2019

Loi giai
1) Tit gia thiét tacd : 2x+2y+z=12—27<9
Ma theo AM — GM :
2x+2y 47> 3v/4xyz

=9 > 3{/4xyz

27
=xyz < T U

2 - 2 3 N
bangthucxayras x=y= 5vaz=3

2) Goi 1010 s6 nguyén duong doé la a;;az;...;ai010

Xétday: by;by;...;b1010 VOi by = 2019 —a; Vi=1,1010

Vi q; nguyen duong khac nhau va khong vugt qua 2018 nén b; cung nguyén du’dng
khac nhau va khong vugdt qua 2018. Theo nguyén ly Dirichle, ton tai it nhat 2 s6 a,, va
b, bang nhau. Ttcla tacé:

ay, = 2019 —a,, = a,, +a, = 2019

Vay ta c6 diéu phai chiing minh. O
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Tit Son 2017-2018 -

,  Bail@diémv \
2 2
x“+x x+1 1 2—x
Cho P = : —
° x2—2x+1 < X 1—x+x2—x)
1. Ratgon P

2. TimxdéP <1

3. Tim gid tri nh6é nhat ctia P khix > 1

\ 7

« X oA 0 2,0 « X PN - ~
1. biéu kién {x 7 e . Voi diéu kién do, taco :

x
4x <x+1 1 2—x2)
P=— : -+

x-—2x+1 X I—x x*—x
Cx(x41) (D=1 4x+2—x2
C(x—1)2° x(x—1)
Cox(x41) 0 x+1
o (x—=1)2 T x(x—1)
Cx(x41) x(x—1)
S (x—1)2 x+1

P<lesP-1<0
2

& —1<0

x—1
—x+1
x—1
ex—1<0(viK*—x+1>0)
Sx<1

<0

x<1
Két hop véi diéu kién xac dinh suyra  x #0 1a cac gi4 tri can tim clia x.
x#—1
3.Khix>1taco:
x? (x—2)?
x—1 x—1
P=4&x=2

P—4=

Vay khi x > 1 thi P dat gia tri nh6 nhét 12 4 tai x =2
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,  Biiz@diémv \
» A 2 ~ 1 1 1 N 2 1
1. Cho cacso x,y,zthoaman -+ -+-=5va —— - =25.
Xy z Xy z

Tinh gia tri clia biéu thlic A = (x+ 5y +z)20!8

2. Tim cac s6 nguyén x,y théa man x° + 3x = x>y + 2y +5

\

1 1 . .
—;¢ = —.Khido taco (x)
y z
Tu(l)=a+b=5—c= (a+b)*>=(5-c)?
Tl (2) = 2ab = ¢*> +25

l.Détazl;b: {a—f—b—i—c:S (1)
X

2ab—c* =25 (2)

Do dé:
(a+b)? —4ab = (5—c)*> —2(c*+25)
& (a—b)*=—(c+5)?
& (a—b)*=—(c+5)?%=0
Sc=—-S5vaa=>b
1
S 1A . =-5 ="z
Thay lai vio hé (+) tacé { © = 3
a=b=35 x=y=—_
5

Tudésuyra:A = (x+5y+2)2018 =1
2.
¥ +3x—5 +x—5
_ =X
x2+2 x2+2

C3x=xy+2y+50y=

VéixeZthi:
x—5
X242

Sx—5'x%42

yEL & €7

= (x—=5)(x+5) x> +2
S x2-25x%42
=27 %42

=x*+2€{3,9,27} vix*+2>2

e Néux?4+2=3ex2=1< [x

4
+ x:1:>y:1—§—>loai
6 .
+ x:—l:y:—1—§:—3—>thoaman

e Néux?+2=9=x2=7— loai

=5

e Nbu+2=2762=25% [i——s
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+ x=5=y=>5— thoaman

10
=-5=y=-5—— —loai
+ X y 27 d

Vay céc cdp (x,y) théamanla (x,y) = (—1,-3) va (x,y) = (5,5)

, { Bai3Gdiémv \
1. Choa,b,cthébamana+b+c=0.
Chiing minh N = 1 — (ab+ 2c?)(bc + 2a%)(ca + 2b*) 1a s6 duong

2. Tim da thiic f(x) biét rang f(x) chia cho x+3 du 1, chia cho x—2 du 6, chia
cho x? + x — 6 dugc thuong 1a 2x va con du.

ab+2c¢* = ab+c* —c(a
bc+2a* = be+a® —a(b
ca+2b* =ca+b*—b(a
=N=1+(a—b)>(b—c)*(c a)zzl

+
+c) (b—a)(c—a)
+

2. Goi r(x) 1a da thiic du trong phép chia f(x) cho x> +x — 6.

f(x) = 2x(x* +x—6) +r(x) = 2x(x —2)(x +3) + r(x)
r(x) =ax+b

Ma f(x) chiachox+3dul, chiachox—2du6nén:

Khi dé, theo gia thiét ta c6 :

, eb=3a+1=6-2a{""
r(x) chiachox—2du 6 ax+b=a(x—2)+6 b

{r(x) chiachox+3du 1 {ax+b=a(x+3)+1

Nhu vay r(x) = x +4 = f(x) = 2x(x> +x—6) +x+4 = 2x3 +2x> — 11x+ 4
VAy f(x) = 2x(x* +x—6) +x+4 =2x>+2x*> — 11x+ 4

, < Baid6diEm v \
Cho tam gidc ABC vudng tai A(AB < AC). Ké dudng cao AH. Goi D, E lan lugt 1a
hinh chiéu ctia H trén AB,AC. Goi O la giao ctia AH va DE.

1. Chiing minh AABC «~ AAED

AB3

2. Chuang mmh CE = A3

3. Goi P,Q lan lugt 1a trung diém ctia BH,CH. Chiing minh truc tim cta
AAPQ la trung diém ctia doan OH

4. Cho BC cb dinh. Tim diéu kién ctia tam giac ABC dé Sypyr 16n nhat
1' —_— —_—
Dé thay ADHE la hinh chti nhat = DEA = HAE
Ma HAE = ABC(2 géc nhon c6 canh tuong iing vudng géc)= ABC = DEA
Tit d6 ta c6 AABC «~ AAED(g —g)
2‘
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B
™™P
De&l——nH
: I~ ~~~~~~~~ Q
O e
A E C

Dé dang chiing minh dugc (theo cach cm hé thiic lugng trong tam gidc vuong) ta co :

BD.AB = BH? BD AB BH\*
S pae ()
CEAC=CH CE AC

CH
BH .BC = AB> BH AB?
y A= —2(**)
CH.BC = AC CH AC
. . BD AB?
TU — =
(x) va (xx) suy ra CE — AC3

3.

Goi I 1a trung diém clia OH.

Vi PO la duong trung binh ctia tam giac ABH = PO//AB = PO | AC = O la truc tam
ctia tam giac APC = OC 1 AP(x}).

Lai c6 IQ la dutng trung binh ctia tam gidc OCH = 1Q//O0C (*;)

T (%1) va (x;) suyraIQ | AP = I la truc tam ctia tam giac APQ

Vay truc tAm ciia tam gidc APQ la trung diém ctia OH.

4.
Theo hé thiic lugng trong tam giac vuong, ta co :

1 1 1 4 4 BC
2

= > = = AH <
AH? AB? +AC2 ~ AB2+AC? BC? -
, BC?
=Sappe <AH” < e = const

BC? AB =AC
SADHE = — & . < AABC vudng can tai A
4 ADHE la hinh vudng

A ooz BCP i NP
Vay Sapme 10n nhat bang e khi tam giac ABC vuong can tai A.

, < Bais diém) v ) \

Cho a,b,c 12 cac s6 duong théa man abe = 1. Chiing minh ring :

1 1 1
M =
ab—l—a+2+bc+b—|—2+ca+c+2

\ V.

3
< Z
~4

: 1 1
Ap dung BDT quen thuoc — + — >

> vGix,y >0,taco:
Xy x+y

i I 1/ i
— P L
abtat2 (ab+1)+(a+1)_4<ab+l+a+1)
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1 1 1 1 1
= <= i
betb12 (bc+1)+(b+1)_4(bc+1+b+1>
1 1 1 1 1
= <z +
cat+c+2 (ca+1)+(c+1)_4<ca+1 c+1)
Suyra:
M<1 N 1 +1 1 n 1 n 1
— 4 ab—|—1 bc—|—1 ca+1 4\a+1 b+1 c+1
1 abc L abc +1 1 L 1 L 1
~ 4 b+abc bc+abc  ca+ abc 4 \a+1 b+1 c+1
1 b +1 1 n 1 n 1
4 c—i—l a+1 b—l—l 4\a+1 b+1 c+1
1 L 1 4 b . 1 n c L 1
4 a+1 a+1 b+1 b+1 c+1 c+1
3
4
Pang thiicxayra<a=b=c=1
Cadch 2 : . .
Dé y dén déng thi = 1 khi abc = 1 va sti dung BDT
eydencang Cab+a+12+bc+b+21+ca+c+1 tabe=1vastudung
b b .
Cauchy-Schwarz dang 242 > latb)y ta co
x oy xX+y
9 1
1 1 16 16 9 1 1
— S 16 _'_1_6:_. _+_
ab+a+2 (ab+a+1)+1 " ab+a+1 1 16 ab+a+1 16
Tuong tuvasuyra:

M<9 1 N 1 N 1 +3_3
— 16 \ab+a+1 bc+b+1 ca+c+1 a
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Tit Son 2018-2019 _

,  Bail Gdigm) v ) \

2 o 2
1. ChOA:<2+x— 4x _2 x>.x 3x

2—x x2—4 24x) 22—x3

a. RatgonA
b. Timxd€A >0
c. Tinh gid tri ciia A trong truéng hgp |x—7| =

2. Chiing minh rang B = n® —n* +2n> + 2n* trong dé n € Nvan > 1 khong phai

12 s6 chinh phuong.
1.
x#0
a. Diéukién { x £ +2 . V6idiéukién d6, tacé:
x#3
A 2+x 4x? 2—x _x2—3x
C\2—x 24 24x) 242-i3
2+ x)? 44— (2-x)?%  x-3
B 24x)(2—x) " x(2—x)

_ 8x+4xr x(2—x)

24 x)(2-x)" x-3

 4x(2+x)  x(2—x)

(24 x)(2-x)" x-3
4x?

- x-3

b. Trong diukiénx#0thiA>0<x—3>0<x>3

c. Tac x—7| =4 & [ X i 21%5102_11 vi khong thda man diéu kién xac dinh)
Taix=11tac6A = 4112 _ 12
T T

B=n®—n*+2n° +2n*
=n*(n®—1)+2n*(n+1)
=n’(n+1) [ (n— 1)+2}
(
(

n2(n+1) [(n 1) - <n2—1>}
=n*(n+1)*(n* —2n+2)
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Mavéin > 1 thin? >n?>—2n+42> (n—1)? = n® — 2n+2 khong phai la s6 chinh phuong.
Do d6, B khong phai la so chinh phuong

,  Baiz@diémv > \

1. Chox,y,zth6aman3(x?+y?472) = (x +y+z)? vax?018 42018 4 72018 _ 57673

2y 4, 2018
Tinh A — (’%) 12019

2. Choa+b+c=0.Tinh gia tri cua:

_|_
P_2_2 22 p

3Py 42 = (x+y+2)t e3P +y + ) — (x+y+2)2 =0
S22 +y?+22) = 2(xy+yz4+2x) =0
S x—y)*+ -2 +@Ez-x>=0
Sx=y=z

=3

Suy ra 3.x2018 = 27673 = 332018 oo | "5

e Véix=3tacox=y=z=3=A4=2020

e VGix=-3tacox=y=z=-3=A=2020

Vay A = 2020
2.
Véia+b+c=0,taco:
a’ b? c?
Q= PN S LS S, B B S, SR
a? b? c?

b1 aro—a - (arbE_a b

a? b? c?

= b " 2ca T 2ab

A+b+3
2abc

@ +b>—(a+b)

2abc

—3ab(a+b)
2abc

__3abc

~ 2abc

. 3
V@Yin
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< Baisz@diémv )

1. Tim x,y nguyén th6a man x> — xy = 6x — 5y — 8

2. Tim cdc sb6 nguyén x théa man x> + x — p = 0 véi p 1a s6 nguyén tb.

X —xy=6x—5y—8 x> —6x+8=y(x—5)(%)
Néu x = 5 thi tlt (x) suyra3 = 0.y (vo lj)= x # 5. Do d6:

(my PoOEB_ 3
y= x—5 N x—5

VoixeZthiye Z<x—5€UB3)={-3;—-1;153}

=53] -1 3
x | 2| 468
y [ 0] 0|88

[—

Vay céc cap (x,y) théaman I (x,y) € {(2,0); (4,0): (6,8); (8,8)}
2.

Prx—p=0sp=x*+x=x(x+1)

Khi x € Z thi x(x+ 1) 12 56 chdn = p chdn. Ma p 1a s6 nguyén t6 nén p =2, tiicla:

PHx=2C4x-2=0(x—1)x+2)=0s f:l_z
Vay cdc gid tri can tim cia x1a x € {1; -2}
, < Baid6dism v > \

Cho tam giac ABC vuong tai A, dudng cao AH. Goi M 1a diém bat ky trén canh
BC
(M # B,M # C). D, E lan lugt 1a hinh chiéu vuéng géc ctia M trén AB, AC.

1. Chiing minh AM = DE va tim vi tri clia M trén BC d&€ ADME 1a hinh vudng.
2. Chiing minh DHE = 90°
3. VEDK | BC=K,EN 1 BC =N.Ching minh MK = HN

4, Chl’Ing minh SpkNE = SpME + SDHE
1.
De thay ADME la hinh chtt nhdt nén AM = DE.
ADME la hinh vuéng < DAM = MAE hay AM la dudng phan giac ctia tam giac ABC.
2.
Goi I 1a giao diém clia AM va DE.
Vi ADME la hinh cht nhét nén 7 1a trung diém ctia AM va DE.

. N . , AM
Xét AHAM vuongtaiHtaco:IH =1A=IM = >
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~
Sao
~
~

- 05
- ~o
- ~
- S~
- S~

>
m
O

. DE . ) —

MaAM =DE = IH = - = IH = ID = IE = ADHE vudng tai H hay DHE = 90°
3' —_— —_— —_— —_—
ViDHE = AHM =90° = DHA = MHE

~ 4 DH AH
Tu d6 de thay ADHA ~ AEHC(g — — =
y (gAFgI) :*ngf a1
Lai c6 ADKM «~ NAHC(g —g) = — = —
. €59 = e = gy 2
Tt a — =
U (1) va (x;) suy ra i HEDS3) .
Mit khac AKDH « ANHE = —— = —— (%4
HE NH
TU (x3) va (x4) suy ra bK _ DK = KM = NH
. 3 4 SUY I o = NH -
Diéu can chiing minh tuong duong véi Spye = Skpr + SueN(*)
P ME __ Spug _ ME’
ADME «~ ADKH theo ti s0 dong dang =
A A KH SKDH KH?
De thay ME S ME?
ADME « AHNE theo ti s6 dong dang DME _
NE ~ Sunye  NE2
KH? + NE?
Suy ra Skpw + SHEN = — g2 SDME

Ma KH = MN (vi KM = HN)= KH? + NE* = MN? + NE? = ME?
Nhu Véy SKDH:F SHEN = SpmE = (*) dﬁng
Tu d6 ta c6 diéu phai chiing minh.

, { Bais (1 diémv ) ~

Cho 19 diém phan biét ndm trong 1 tam giac déu canh bang 3, trong d6 khong
c6 3 diém nao thang hang. Chiing minh rang luén tim dugc 1 tam giac cé 3 dinh

V3

12 3 trong s6 19 diém da cho ma dién tich khéng 16n hon e

\

/

Chia tam giac déu canh 3 thanh 9 tam gidc déu canh 1 nhu hinh vé, méi tam giac déu
s tea e q1s V3
canh 1 c6 dién tich la %

Theo nguyén Iy Dirichle, luén tim dudc 3 diém trong 19 diém di cho nam trong cling
1 tam giac nho. Tu do6 ta c6 dieu phai chiing minh.
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Tu Son 2019-2020

x2

, < Bail @diémv )

10

1

Cho biéu thiic Q = (

a. Rutgon Q
b. TimxdéQ >0

\

x3—4x_5x+10+x—2

c. Tim x nguyén dé Q nhan gia tri nguyén

):<x+z+

6 — x2
x—2

)

a) )
x> —4x#0
. 5x+10#0
Diéukiénxacdinh:{ , _» £0
x+2+6_X2
x—2

\
V6i dieu kién (%) ta co :

£0

@{x#o
x#£2

X2—4 6—x*

0— X 2 n
S \x2—4 x+2 x-2

)

x—2 + x—2

)

:{ x o 2(x—2) x+2 }

(x—=2)(x+2) (x+2)(x—2) (x—2)(x+2)] x—2
6 x—2

:(x—Z)(x+2)' 2

3

Cox+2

b)

3
0>0& ——>0x+2>0x> -2
x+2

Vay x > —2 1a nhiing gi4 tri can tim clia x.

¢) V6i x nguyén ta co :

3
0cZls —cZex+2eU
X

+2

Ta c6 bang sau :

x+2

-3

-1

)

-3

Vay nhiing gia tri can tim ciaxlax e {—5;-3;—1;1}
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, < Baiz Gdiém) v ) \

a. Tim tat ca cac s6 tu nhién » thoa man 2n+ 1 va 3n+ 1 1a cac sbé chinh
phuong va 2n+ 9 1a s0 nguyén to

b. Cho n1a s6 tu nhién 1é. Chting minh ring n® — n chia hét cho 24

c. Tim s6 du khi chia da thtic (x+2)(x+4)(x+6)(x+8) +2019 cho x* + 10x +21

\ /

a‘

. |2n+1=p? . ,
bat ,g€N)(x).Khido, taco:
: {3n+1:q2 (p,q €N)(%)

2n+9=25p>—16¢*> = (5p—4q)(5p+4q)

Vi 249 12 s6 nguyén t6 nén phaico 5p —4q =1 = 16¢*> = (5p—1)% (1).
Mat khac tl () suyra: 3p> —2¢*> = 1 = 24p> — 164> =8 (2)
Thay (1) vao (2) ta dudc :

24p* — (Sp—1)? =8 p*—10p+9=0 (p—1)(p—9) =0 p:;

e Néup=1=n=0=2n+9=9khong phdila s6 nguyén to
e Néup=9=n=40=3n+1=121=112va2n+9 = 891as6 nguyén t6

Vay n = 40 1a gia tri can tim clia n
b’
Taco:

nw—n=m-1)n(n+1)

Vinlasé tunhiénlénénn—1van+11a2s6 tunhién chan lién tiép. Do dé (n—1).n: 8.
Mit khac n— 1;n;n+4 112 3 s6 tu nhién lién tiép nén (n— 1).n.(n+1) i 3.

T dé suyra (n—1).n.(n+1):24. Vay n® —nchiahétcho24 O
c.
Dt {P: (x+2)(x+4)(x+6) (x+8) +2019

5 .Khido, taco:

O=x"+10x+21
P=(x+2)(x+4)(x+6)(x+8)+2019 = [(x+2)(x+8)] . [(x +4)(x+6)]
= (x> 4 10x+ 16).(x> + 10x+24)
=(0-5).(2+3)

=0*-20-15

Suy ra P chia cho Q c6 s6 du biang -15
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, < Baisz@diémv ) \
1. Phan tich da thtc sau thanh nhan tt A = x* + 2020x2 + 2019x + 2020

2 ~ 1 1 1 - .« s . 2 e R -
2. Choa,b,c #0thoaman — + b + — = 0. Tinh gia tri cua biéu thuc :
a C

2020
P <%+bc+ca_4>
c

a2
10
A = x* +2020x% +2019x + 2020
= (x* —x) + (2020x% 4+ 2020x 4 2020)
= x(x—1)(x® +x+1)4+2020(x*> +x+1)
= (x? +x+1)(x* —x+2020)
2

Ta chitng minh dang thtic () : x> +y* 4+ 22 = 3xyz véix + y+z = 0.
That vay, taco :

Oy 42 = (x4+y) =B +y) — (x+y)°
= —3xy(x+y)
= —3xy.(—2)
= 3xyz
]

. 2 ., 1 1 ,
Ap dung dang thiic (x) chox=—;y=—;z=—-taco:
a C

S

1 1 1 3

BB TE T we

1 1 1
=abc. < + =+ —3) =3
c

P
ab bc ca
<:>C_2+p+b_2:3

Tidésuyra:P = (3—-4)2020=1
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, < Baid 6diém) v ) \

Cho hinh vuéng ABCD c6 canh a. Trén tia déi clia tia BC lay diém E sao cho
BE < BC. Ké CK vudng géc véi AE tai K. Goi H 1a giao diém clia AB va CK. Qua
H ké duong thang song song véi CE va qua E ké duong thang song song vdi AB,
ching cat nhau tai Q.

a. Chting minh rang ABCH = ABAE va tii gidc BEQH 1a hinh vuéng
b. Chiing minh BD.BQ = BK.DQ

c. Lay F trén canh CD sao cho DF = BE. Goi G 1a trong tim AAEF. Chiing
minh rang khi E di dong trén tia doi cta tia BC nhung do6 dai BE luén nho
hon a thi AGDB c6 dién tich khong doi

a.
Xét 2 tam giac vuong BCH va BAE c0 :

BC = AB(ABCD la hinh vudng)
{B/CT-I — BAE (2 gbc nhon ¢6 canh tuong ting vudng goc)
=/ABCH = ABAE(gbc nhon-canh géc vuong) [
=BH = BE
=BEQH la hinh vuong [J

b.

Goi I 1a giao diém ctia BQ va EH thi I la trung diém clia BQ va EH.
. A . . N £ EH

Xet AKEH vuong tai K co K1 1a trung tuyen = KI = N

Ma EH = BQ = KI = Bl = QI = ABQK vudng tai K = BK | DQ

Dé dang chiing minh dugc : BQ | BD

Tit d6 ta c6 : BD.BQ = BK.DQ = 2.Sppy [l
c‘

Dé dang chiing minh dugc AABE = AADF tit d6 suy ra AAEF vudng cantaiA  (*).
Goi M la giao diém ctia BD va AF, N la giao diém ctia BD va EF. Khi do :

AM DM —
AAMD ~ ANMF (g.g) = YN - ME AAMN ~ ADMF (c.g.c) = NAM = MDF =45° (x7)
Tt (%) va (*;) suy ra AN la duong phan giac cia AAEF va do AAEF can tai A nén AN
- NN £ N AN 1 2
cung la duong trung tuyen = G € AN va NG = 5 = Scep = 3 -Sagp = %

Vay Sggp ludn khong déi O
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, { Bais (1 diémv ~

Trén 1 dudng tron ta lay 1000 diém phan biét roi danh sé theo thi tu cling mot
chiéu tir 1 dén 1000. Bit dau tir 1, cii 15 s6 ta danh dau mot so, tic 1a danh dau
cac s0 1;16;31;46;...Tiép tuc qud trinh nay qua 1 s6 vong cho dén khi s6 1 bi danh
dau lan thi hai. Héi truéc ltic d6 con lai bao nhiéu s6 khéng bi danh dau.
Méi lan danh ddu bat dau tii 156 1 < a < 15 dén s6 cudi cling 986 < b < 1000 clia vong
tron 12 ta tién hanh danh du céc s6 c6 ciing so6 du khi chia cho 15. Néu lan tht i ta
danh dau cac sb c6 cuing s6 du 1a r; thilan thi i + 1 ta danh diu nhiing sb c6 cuing s6
ri+5néur; <10
ri — 10 néu Iy Z 10
V6i nhan xét do, ta co :

dula

e Lan thit nhét ta danh d4u cac s6:1;16;31;...;991 c6 cling s6 du khi chia cho 151
1

e Lan thii 2 ta ddnh dau cdc s6 :6;21;36;...;996 c6 cling sb du khi chia cho 1512 6

e Lan thi 3 ta danh diu céac s6 :11;26:41;...;986 c6 cung s6 du khi chia cho 15 1a
11

Bét dau lan thi 4 thi s6 1 bi danh d4u lan thi 2. Nhu vay truéc khi s6 1 bi danh dau
lan th hai thi so cac s6 da bi danh daula:

991 — 1 996 — 6 985 — 11
1+ 1+

15 15 5 F1=200

Vay s6 cac s6 khong bi danh dau trudc khi so 1 bi danh d4u lan thit haila : 1000 —200 =
800 (s)
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Yén Phong 2013-2014

, < Bail Gdiemv ~
° 1 2 5—x 1—2x
ho biéu thic A = — :
Cho biéu thtic (1_x+1+x 1_x2> 21

1. Rutgon A

2. Tim cdc gi tri nguyén ctia x dé A nhan gia tri nguyén

3. Timxdé|A| =A

\

. x# +1 \
1. Dieu kién 1 .Véidieukiéndoétaco:
X# =
2
1 2 S—x 1—2x
A= — :
(l—x+1+x 1—x2> x2—1

x+14+2(1—x)—(5—x) ¥*—1

1 —x2 1—2x
2 X -1
C1-x21-2x
2
S 2x—1
2.VoixeZtaco:
Acls 2 €L
2x—1
2x—1=-2
o 2x—1=2
2x—1=-1
2x—1=1
- ! o
x=-—3 (thda man dk)
3
& | x=5 (thda man dk)
x=0 (théa man dk)
| x=1 (khong théa man dk)

A 1 3 N ~ .oz « A S 2
Vayx € 535 0 ; la cac gia tri can tim cua x.
3.

2 1
|A\:A<:>A20<:>2 120<:>Zx—1>0<:>x>§

X —

% Lo 3e X A . . x> < . cs e A s 2
Keét hgp vai dieu kién xac dinh suy ra 2 lacacgia tri can tim cua x
x#1
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,  Biiz@diémv \

Giai cac phuong trinh sau :
1. ¥ —x?—12x=0

x—214 x—132 x—54
+ +

2.
86 84 82

=6

K- —12x=0
sx(x*—x—12)=0
S x(x+3)(x—4)=0

x=0
& | x+3=0
x—4=0
x=0
& | x=-3
x=4

Vay phuong trinh da cho c6 cac nghiém lax=0,x = -3 vax =4.
2.

x—214+x—132+x—54 e
86 84 82

x—214 x—132 x—54
—1 —2 —3) =
(5 ) () () -
0

x—300 x—300 x—300
& - -

36 84 82
o (x—300) 4L+ ¢
o ‘86 84 ' 82

& x—300=0
< x =300

Vay phuong trinh da cho c6 nghiém duy nhat 1a x = 300

,  Bai3Gdiémv ~

Cho hinh thang ABCD vuéng tai A va D. Biét CD = 2AB = 2AD va BC = av/2. Goi
E 1a trung diém ctia CD

1. TG giac ABED la hinh gi ? Visao ?
2. Tinh dién tich hinh thang ABCD theo a

3. Goi/la trung diém ctia BC, H 1a chan dudng vudng géc ké tit D xuéng AC.
Tinh HDI

1.

Dé thay ABED la hinh vuong
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2.
TUBC =av2=AB=AD =avaCD =2a. T dé:

(AB+CD).AD _ 3d®

S —
ABCD ) D)

3. Goi F = ACNDI -
ABEC va ABED la 2 tam giac vudng can tai £ nén DBI = 90°.

Trong tam giac DBI vuong tai B cO IB _ 1B _1
g g g 1a BD_BC_Zl

a
T t iac AD ongtaiDcO — = — = —
rong tam giac ADC vuong tai D c6 DC 32" 3

Tit d6 suy ra ADBI «~ ACDA(c — g — ¢) = IDB = ACD
Theo tinh chat géc ngoai suyra:

HFD = FCD+FDC

— ACD+IDC
— IDB+IDC
— BDC = 45°
= HDF =45°
Vay HDI = 45°
' < Baid@dibmv
1. Tim gi4 tri nh6 nhat ctia biéu thiic A = x> — 2xy+2y2 — 4y +5
. s .12 A 2 o R . 3 1
2. Tim gia tri I6n nhat cua biéu thic B = L
B 4+x?+x+1

A=x"—2xy+2y> —dy+5=(x—y) >+ (y—2)>+1>1

A=1&x—y=y-2=0x=y=2
Vay A dat gia trinho nhatla 1 khix=y=2
2.Dbieu kiénx # —1
3(x+1) 3(x+1) 3
B+2+x+1 (E+Dx+1)  x2+1~

B=3ex*=0cx=0
Vay B dat gia tri I6n nhatla 3 khix =0
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, < Bais 2diém) v ) \

1. - Danh cho thi sinh dai tra
Cho a,b,c 1a do dai 3 canh cua 1 tam giac, p la ntta chu vi. Chiing minh

rang:
1 1 1 I 1 1
+ + >2| —+—-+-
p—a p—b p—c a b c

2. - Danh cho thi sinh THCS Yén Phong
Choa,b,c,d1a cac s6 duong. Chitng minh rang

a—b+b—c+c—d >a—d
b+c c¢c+d d+a a+b

\

1.3.

. . PR . 11 4 .
Ta chiing minh bat dang thuac phu: —+ - > Ty (%) vGi Vx,y > 0
Xy XTy
That vay, tacéo:
(%) < x+y > 4
xy x4y

& (x+y)?>4xy (vix,y>0)
& (x4+y)?—4xy>0
& (x—y)?>0 (luon ding)

Vay () ding va dang thiic & () xdy ra < x = y.
Ap dung (x)taco:

1 1 1
> -
p—a p—b~  p—a+p-—>
1 1 1
> (2)

_|_ =
p—b p—c p—b+p—c
1 1 1
—- > =
p—c p—a p—c+p—a

SI= Q= |~

Cong tiing vé clia (1), (2) va (3) ta dugc :

4
c
+— LI
p—a p—b p-—c a b ¢
Dangthlicxayra< p—a=p—b=p—c<a=b=c

2.

2 .2 N a—b b—c c—d d—a

Bét d&ne thiic cAn chi inh . S

at dang thic can ching min tlIdngdUGngvdlb+c+c+d+d+a+a+b_O (xx)

Taco:
a—b b—c c¢c—d d-a

b+c+c+d+d+a+a+b

_a+tc 1+b—|—d 1+c+a 1+d+b
b+c c+d d+a a+b

B a+c+c+a L b+d+d—|—b 4
\b+c d+a c+d a+b
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1 1 1 1
= : b+d). —4
(atc) (b+c+d+a>+( +d) (c+d+a+b)

4 4 1 1. 4
> —_— i htd)—— 4 (apdung-+->——
2(a+e) o era T (ap ungx+y_x+y)
—0

Vay (+*) dudc chiing minh, tit d6 ta c6 diéu phai chiing minh.
2 - 2 b == d b - d
Dang thuc xay ra < resar & {

ct+d=a+b a=c
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Yén Phong 2015-2016

. < Bai 1 (2 diém) v/ > ~
2 2
Chobié?uthfrcA:< 2= 2).x§+x§ VOixy £ 0,x+y£0,x £y
Xo—XxXy XxXy—y X==Yy

1. Ratgon A

2. Tinh gia tri ctia A khi x >y > 0 va 2x> + 2y* = 5xy

y X x2y+xy2
A:(z_ - _2)' 2_ 2
Xo—=Xy XxXy—y XT=y
Y= oty
xy(x—y) (x=y)(x+y)
G ) o
Xy X=y
_ Xty
=

2.Khix>y>0thi:

262 +2y* = 5xy 262 +2y* —5xy =0
& (2% —4xy) — (xy—2y2) =0
& 2x(x—2y) —y(x—2y)=0
< (2x—y)(x—2y) =0
Sx—2y=0
Sx =12y
=A=-3

\

1. Cho a,b,c thdéa man a +b + ¢ = a® + b> + ¢2 = 2. Chiing minh rang M =
(a®> 4+ 1)(b> +1)(c* + 1) viet dugc dudi dang binh phuong ctia 1 biéu thiic

2. Cho a,b,c théa man a(b+c)? +b(c+a)* + c(a+b)* = 4abe va a®13 + p?013 +
, .2 . 2 o R - 1 l
¢?%13 = 1. Tinh gi tri ctia biéu thiic M = 3015 + 2015 + 23013

 Baiz2diémv ~

1.

Theo gia thiét ta c6 2(ab+ bc +ca) = (a+b+¢)* — (@ +b*+c*) =2 = ab+bc+ca = 1.
Tudoésuyra:

(@+1)(B*+1)(c*+1)
= (a® 4 ab + bc + ca) (b* + ab + bc + ca) (> + ab + be + ca)
= (a+b)(a+c).(b+c)(a+b).(c+a)(b+tc)

+b
[(a+Db)(b+c)(c+a)]’

M

® 0973.793.825 173 i DUC PV



im0, O =c

Tit d6 ta c6 diéu phai chiing minh.
2.
a(b+c¢)? +b(c+a)* +cla+b)* = dabe
& a(b® 4 2bc+ ) + b(c* 4 2ca+ a*) + c(a* + 2ab + b*) — dabc = 0
& ab* +ac® + b 4 ba* + ca* + cb* +2abc = 0
& (ab* +ba*) + (ac® + bc?) + (ca® + abe) + (cb* +abc) = 0
& ab(a+b) +c*(a+b)+cala+b)+chb(a+b) =0
& (a+b)(ab+c* 4 ca+ch) =0
& (a+b)(b+c)(c+a)=0
a+b=0

< | b+c¢c=0
c+a=0

Két hop véi diéu kién ¢20'3 + p2013 4 (2013 — 1, suy ra trong 3 s6 a,b, ¢ c6 2 s6 dbi nhau
va so con laibang 1. Tudotaco M =1

,  Bai3@5diém v > \

1. Phantich a® +b* +¢* — (a+ b+ ¢)? thanh nhan t.

2. Timxbiét (x> +x4+2)3 — (x+1)3 =20 +1

3. Chting minh biéu thiic N = 2x2 + 7y? — 6xy -+ 10x — 30y +45 ludn nhan gia tri
duong v6i moi x,y

A+ +3—(a+b+c)’
= (a+b)(a®* —ab+b*) — (a+D) (a+b+c)2+c(a—|-b—|—c)—l—cz}
—(a+b) |

= (a+b)(a® —ab+b* —a® — b* — ¢* —2ab — 2bc — 2ca— ca—cb — ¢* — ¢?)
= (a+Db)(—3ab — 3bc — 3ca —3c?)

= —3(a+b)(ab+bc+ca+c?)
= —3(a+b)(b+c)(cta)

a —ab+b2—(a+b+c)2—c(a+b—|—c)—c2]
2

X 4x+2)P3 —(x4+1)°=x0+1

( )

o (P Hx+2P7 —1=)P P+ x+1)°

o (P Hx+ 1) (P Hx+2)2+ (P Hx+2)+1| = (P +x+1) x4—x2(x+1)+(x+1)2]
o P4+ x+2)2 4+ (P +x+2) F1l=x -2+ D+ x+1)? Girl4x+1>0)

o (P Hx+2)? = P 1)—x+2=0
S 62 +38° +3x+6=0

& (+1)(Bx+6)=0
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<3x+6=0
Sx=-2
Vay phuong trinh da cho c6 nghiém duy nhat1a x = —2
30
N = 2x> +7y* — 6xy+ 10x — 30y + 45
= (2% = 2xy + %) + (2% + 4y* — 4xy + 10x — 20y + 25) + (2y* — 10y +20)
5

2
:(x—y)2+(x—2y+5)2—l—2( —5) +—->=—>0

TuynhiénvineZt =n* >’ > 1= n* - 1|=n* - 1<’ -1 <i®+ 1=’ +1].
Nhu vay (*) khong xay ra, do d6 phdicén* —1=0=n=1
Vay n = 11a gia tri can tim.

,  BaiaBdibmv > \

Cho tam gidc ABC vudng tai A, duong cao AH. Goi E, F theo thit tu'1a hinh chiéu
vuong goéc cua H 1én AB,AC. D 1a 1 diém trén canh BC. Goi M,N theo thi tu la
hinh chiéu vudng goc ctia D 1én AB,AC. Chiing minh :

AC? HC
1. ACP’=CH.BCVa —s = —
Va B’ T HB

CF AC?

' BE AB3

3. DB.DC = MA.MB+ NA.NC

B
E. H
. D
1 ad
A F N C
. AC CH
Dé thay AACH « ABCA(g —g) = 3= Ac = AC? = CH.BC
Hoan toan tuong tu ta cting c6 : AB> = BH.BC
AC?> CH
Dodd — = ——
AR T BH

Dé dang chiing minh dudc (theo cadch cm hé thiic lugng trong tam gidc vuong) ta co :

BE.AB = BH? N BE AB  [/BH\? )
—— = == *
CF.AC = CH? CF AC CH
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BH AB?

CH AC2 () (cmt)
BE AB?
Tt (
: (%) va (x*) suy ra — CF = AC3
’ MB MD MB NA
Dé thay ABMDADNC = a
Y ND_ NC VoA~ z\gc( %)
MB.NC MB2.NC CD
MA = = MAMB=—""—MB*~—
Ttt (+ %) suy ra NANAA}A NAleélA CBDD
NC=—"—""=NANC=——""—NA*>"—
MB MB BD
= MA.MB+NA.NC = (MB? +NA2)CD 8022 —gp.cp
’ ' BD ‘BD
< Bais(diém) v )
Tim x,y nguyén thdéa man x*(y> — 3) = y(y — x)

Tacox*(y* —3) =y(y—x) & (> =3 +yx—y*=0 (1)
ViyeZ=y*—3+#0,dodétacoi(1)laphuong trinh bic2an xcé:

A=y +4y*(y* = 3) =4y — 11y? =y (4y* — 11)

y=0

Dé x nguyén thi diéu kién can 1a A phaila 1 s6 chinh phuong, tic 1a phai cé [ 4y 11 = K2

 Néu y =0, thay vao phuong trinh da cho ta c6 x =0
e Néudy?—11=4k%*taco:
49—k =11 2y—k)(2y+k) =11
Nhu thé 2y — k va 2y + k déu 1a uéc ctia 11 va do d6 ta ludn c6 :

2y—k+2y+k=1+11=12 o y=3
2y —k+2y+k=—-1—-11=-12 y=-3

+ V6iy = 3, thay vao phuong trinh ban dau ta c6 :

x> =33—x) 2’ +x—3=0=>x=1

+ V6iy = —3, thay vao phuong trinh ban dau ta c6 :

6> =334+x) 2% —x—3=0=>x=—1

Vay (x,y) € {(0,0);(1,3); (—1,—3)} 1a cac cdp s6 thda man yéu cau bai toan.
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Yén Phong 2016-2017 e

, < Bail(15diém v

1. Phan tich cac da thiic sau thanh nhan t :
a.3x> —Tx+2 b. x* +2017x* +2016x +2017

, .2 . 2 X — <A N
2. Tinh giatricuaP = Ty biet x? —2y> =xyvax+y#0
x+y

3x2 —Tx+2=(3x*—6x) — (x—2) =3x(x—2) — (x—2) = (x—2)(3x— 1)

x* +2017x% +2016x 42017 = (x* — x) + (2017x% +2017x+2017)
=x(x—1)(x®+x+1)4+2017(x> +x+1)
= (x> +x+1)(x* —x+2017)

2.Vix+y#0nén:

Cx—y (P

x+y o (x+y)?

(2 —2y% +)?)
(x+y)?

_ xy+y?

(x+y)?
y

:)?y

(Vi x* —2y% = xy)

1
:>x—y:y(:>x:2y:>P:§

C6 thé xti 1y bai toan theo cach khac nhu sau :

x2—2y2=xy<:>x2—2y2—xy—0
& (7 = 209) + (v —2y%)
S x(x—2y)+y(x—2y) =0

& (x+y)(x—2y) =0
Sx—2y=0 (vix+y#0)

@x:Zy:>P:§

Hodcx’ -2y’ =xy e x> -y’ =xy+y> & (x—y)(x+y) =y(x+y) ©x—y=y o x =2y
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,  Baiz 25diém v ) ~

2+x_ 4x2 2—x> 23y

1. ChOA:<2—x 24 24x) 208

a. Tim diéu kién ctia x d€ A c6 nghia roi riit gon A
b. TimxdéA >0

2. Chiing minh rang v6i moia,b,c € Rtacé:

a(b—c)(b+c—a)*+cla—b)(a+b—c)* =b(a—c)(a+c—b)*

1.
2— 0
2+xzo x7:0
a. A xac dinh khi va chi khi: 2“;#0 edxt+2
2
3
x> —3x#0 X7

V6i dieu kién trén ta co :

A <2+x_ 4x2 2—x> . x2—3x

2—x x2—4_2—|—x o2 — 3

C2+x)?+4ar—(2-x?% x-3
(24x)(2—x) “x(2—x)
8x+4x>  x(2—x)
24+ x)(2-x)" x-3
4x(2+x)  x(2—x)
24+ x)(2—x)" x-3
4x?

x—3

b. Trong diéu kién x4c dinh cliaA thiA >0&x—3>0< x> 3

2.
batb+c—a=x;a+b—c=y,cta—b=z
y+z xX+y x+z
T i e T
Khido: b—c= —a—u'a—b— —c—g'a—c—b—x—y_x
TYTAT AT Ermem A e=omi T
T d6, dang thic can chiing minh tuong duong vdi :
Y+zy—2 o X+22Z—X 5, X+Yyy—x 5
. X . Y= —Z
2 2 2 2 2 2
o (VP -2) P+ -)y =0 -2

2

o 2y — 2% = (y?

—x?).z>  (ludn ding)
Tit d6 ta c6 diéu phai chitng minh.
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, { Bai3z@diémv ~
1. Giai phuong trinh :

1\? 1\? 1 1\?
8<x—|——) +4(x2—|——2) —4(x2—|——2) (x+—> = (x+4)?
X X X X

2. Tim céc cip s6 nguyén duong (x,y) théa man x> —y2 +2x—4y—10=0

3. Tim céc s6 nguyén duong n sao cho n° + 1 chia hét cho n3 + 1

\

1. bieukiénx # 0

2, Y 1 1 2 . ~ A o 1 ~ ~ ~
Dé y rang x> + - = (x—i— —) — 2. Khi do6 neu ta dat r = x + — thi phuong trinh da cho
X X X
tré thanh :

82 +4(12 —2)? —4(r* —2)1* = (x+4)?

& 16 = (x+4)?
- [ x+4—4
x+4=-4
- [ x=0 (loai)
x=—8 (thda man diéu kién)

Vay phuong trinh da cho c6 nghiém duy nhat1a x = —8

2.

Taco: x> —y*+2x—4y—10=0& (x+1)> -~ (y-2)’ =7 (x+y—D(x—y+3)=7
Vix,y€Z" = x+y—1>0,do dé c6 2 khanangsau:

x+y—1=1 x=3 .
o & — loai
x—y+3=7 y=-1
—1=7 =3
o {5 & o — thdéa man
x—y+3=1 y=35

Vay (x,y) = (3,5) 1a cip sb nguyén duong can tim.
3.V6ineZt taco:

Rl +len?@+ ) - -1)int+1=2n’ -1’ +1

_ n?—1=0
n? — 1] > |n® 4+ 1| (%)

Tuynhiénvine Zt =’ >n? > 1= 2 —1|=n* - 1< -1 <+ 1=’ +1|.

Nhu vay (*) khong xay ra, do d6 phdicon* —1=0=n=1
Vay n = 1 la gia tri can tim.
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,  BaiaBdiém)v ) \

Cho hinh vuéng ABCD. Qua A vé 2 dudng thang d va d’ vudng géc véi nhau. Biét
d cat BC va CD lan lugt tai R va S. d’ cat BC va CD lan lugt tai P va Q.

1. Chting minh rang cac tam gidc AQR, APS vudng cian

2. OR cat PS tai H. Goi M, N lan lugt 12 trung diém ctia QR va PS. Chiing minh
AMHN la hinh chit nhat.

3. Chiing minh R la truc tam ctia tam giac SQP

4. Chiing minh MN la duong trung truc ciia AC

5. Chting minh M, B,N, D thang hang.

1.

) .. N N ., |AB=AD
Xet2 tam giacvuongABRvaADQCcO ¢ —  — ) ) ) )

BAR = DAQ(2 gbc nhon c6 canh tuong tng vudng goc)

= AABR = AADQ(g6c nhon-canh goc vuong)
= AR = AQ = AAQR vuoOng can tai A
Chiing minh tuong tu ta c6 AAPS vuong can tai A
2.
Trong tam giac POH c6 fTP\Q = IjQ\P = 45° (vi AAQR va AAPS vudng can tai A)
= PHQ = 90° = QH | PH(x))
AM L QR hay AM 1 QH

(%2)
AN L PShay AN L PH

Matkhacvi2 tam giac AQRvaAPSvuongcantaiA nén: {

Tu (x1) va (x2) suy ra AMHN la hinh chti nhat.
3.
Tam giac PQS c6 QH va PC la 2 dudng cao. Ma QH N PC = R = Rla truc tim cua APQS

4.
. . R . R . R 2
Xét 2 tam giac AQR va COR ta c6 : AM = MC = % = M thudc duong trung truc cua

AC(*3)

® 0973.793.825 180 i DUC PV



im0, O =c

. . N . PS A . 2
Xet 2 tam giac APSva CPS c0 : AN =CN = 5 = N thudc duong trung truc cua AC(x4)
T (x3) va (x4) suy ra MN la dudng trung truc cua AC
5‘
Vi ABCD 14 hinh vuéng nén BD la dudng trung truc ctia AC. Do d6, 2 dudng thang MN
va BD trung nhau = M, N, B, D thang hang.

< Bais (1 digmv >

201 .
010x 42680 VoireR
2 +1

Tim gi4 tri nh6 nhat ctia M =

Taco:

M 4335 = 20102080, 45

x+1

~ 335x2+2010x+3015

N x2+1

 335(x*+6x+9)

N x2+1

_ 335(x+3)? -0
x2+1  ~

= M > 335

Dang thiic xay ra < x+3 = 0ex=-3
Vay M dat gia tri nh6 nhat bang -335 taix = —3
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Yén Phong 2017-2018 e

. < Bai 1 (2 diém) v/ > \
. x2—2x 2x2 1 2
ho biéu thic A = — [ ———
Cho biéu ¢ <2x2+8 8 —4x+2x2 —x3 ( X x2>

1. Ratgon A

2. Tim gia tri nguyén ctia x dé A nhan gia tri nguyén.

\

N N x#0 2o 3e A A . ,
1. biéu kién { 7 . V6i diéu kién do, taco :

xX#2
P R 2x* L2
S\ 2x24+8 8 —dx+2x2—x3 x x?
X2 —2x 2x2 X2—x—2

22 +4) (2 +4)(2-x) x?
(=2 (x—2) 44 (x+1)(x—2)
22+ (x—2) x?
X+ 4x (x+1)(x—2)
2(x24+4)(x—2) x?
Cx(+4)(x+1)
2x2(x2 +4)
_x+1
 x

2.VoixecZ,taco:

1
AEZ@XJr €7
2x

2
N (x+1)
2x

1
S —-c7
X

e

x=1
x=-—1

Thit lai thay x = 1 va x = —1 déu thoa man.
Vay nhting gia trican timctaxlax=1vax= —1

, < Bai 2 (2 diém) v/ > \

1. Tim cac cip s6 nguyén (x,y) thoa man 5x% 4 2xy+y> —4x—40 =0

2. Cho a,b,c,d 1a cac s6 nguyén duong théa man a2 + ¢? = b? + d2.
Ching minh a+ b+ ¢+ d la hgp so.

52+ 2xy+y? —4x—40=0< (x+y)?+ (2x—1)2 =41
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Vix,y € Z= (x+y)?%(2x—1)?1a 2 s6 chinh phuong. Ma 41 chi phan tich dugc thanh
tong ctia 2 so chinh phuongla 16 va 25. Hon nita 2x — 1 1a so 1é nén chi xay ra kha nang
sau:

xty=4 x=3&y=1
(x+y)2=16 x+y=—4 x=3&y=—7
{(2x—1)2:25 Y[ 2125 T x=—2&y=6
dx—1] = —5 x=-2&y=-2

Vay cac cdp sb6 nguyén (x,y) théamanla (x,y) € {(3,1):(3,-7);(=2,6);(-2,-2)}
2.Taco:

P+ =0 +d* = (a+c)* —2ac= (b+d)* —2bd

& (a+c)* = (b+d)?* =2ac—2bd

[a—i—c (b+d)] (a+b+c+d)=2(ac—bd)
= [(a+c)—(b+d)| (a+b+c+d)i2

Ma (a+c)—(b+d) vaa+b+c+d cingtinh chdnlé nén ca (a+c)— (b+d) vaa+b+c+d
déu chan. Mat khac a,b,c,d nguyén duong = a+b+c+d >4.Dod6,a+b+c+dla
hop s6

,  Bai3@diémv ) ~
1. Tim a,b sao cho f(x) = ax® + bx> 4 10x — 4 chia hét cho da thiic g(x) = x> +
x—=2

2. Gidi phuong trinh (x* —5x+1)(x> —4) = 6(x — 1)?

x=1

PHx—2=0x-1Dx+2) =0 [x:—Z

Nhu vy, da thiic g(x) chi c6 2 nghiém lax = 1vax = 2.
Tt d6, f(x) chia het cho g(x) khi va chi khi :

{f(l):o {a+b+6:0 {a:4
= =
(—2) _8at4b—24=0 b=2

Vaya=4vab=2

- 2_5 1 S ~ 2, <
2. bat {Z x2 4x+ = b—a=5x—5=>5(x—1). Phuong trinh da cho tro thanh:
= X" —

6
ab = —

b— 2
25( a)
& 6(a—b)* —25ab =0
& 6a® —37ab+6b> =0

& (6a® —36ab) — (ab—6b*) =0
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& 6a(a—6b) —b(a—6b) =0
& (6a—b)(a—6b) =0

- a=6b
b =6a
e Voia=6btaco:

X2 —5x+1=6x"—4)
=502 +5x—25=0
S +x-5=0

- +1 2 21
X+=- ) =—
2 4

(:)x+l=—i\/ﬁ
2 2
V21—1
T
< Lo V2141
2

e VGib=6ataco:

X —4=6("—5x+1)
& 502 —30x+10=0
et —6x+2=0
e (x-3)%2=7
ex—3==+V7

x=3+7
< [x:?)—ﬁ

. ~ . A 1s 21—-1 21+1
Véyphu’dngtrmhdachococacnghlemlaxe{\/_2 ;—\/_2+ ;3+\/7;3—ﬁ}

, < Bai4@diemv ~
Cho hinh vuéng ABCD. Trén tia déi clia tia CD 14y diém M bt ky (CM <CD). Ve
hinh vuéng CMNP (P nam giiia B va C), DP cat BM tai H, MP cat BD tai K

1. Chiing minh ring DH | BM

PC PH+KP
BC DH MK

3. Chiing minh MP.MK + DK.BD = DM?

\ V.

1.

2. Tinh Q0 =

CD =BC

Xét 2 tam giac vudng DPC va BCM c6
PC=CM
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A " D
_—l LLI
K
P
1 D
B ' c
H 4
N M

= ADPC = ABMC(Z canh goc vuong)

= PDC CBM hay PDC PBH

DPC = BPH (d01 dinh)
PDC = PBH (cmt)

= APDC « APBH(g — g) = PHB = PCD = 90° = DH | BM
2.

Vi DH va BC la 2 dudng cao cta tam giac DBM nén P la truc tam ctia tam giac DBM =
MK cuing la duong cao ctia tam giac DBM. Tu d6, suyra :

Xét 2 tam giac PDC va PBH c6 {

PC PH KP

C=5c " oH "MK
_ Sppm Sppm N Sspp
Spem  Spem  SpBM
_ Sppm + Sepm + SeDP
SpBm
_ Spem
SpBm
=1
3.~
Dé thay :
MP CM
APCM ADKM(g g) = W = W = MPMK = CM.DM(*)
DK DM
ADKM -~ ADCB(g —g8) = p = 7o = DK.BD = DM.CD(+)

Tt (*) va () suy ra MPMK + DK.BD = CM.DM + DM .CD = DM(CM +CD) = DM?

, < Bais (1 digmv > \

Cho 3 s6 x,y,z théa man 0 < x,y,z < 1 v x+y+z = 2. Tim gi4 tri nhé nhét ctia
biéu thtc

PRGN V) O e Vs
< X y
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Ap dung bat dang thiic AM-GM, ta c6 :

z (x—1)2 z
R So1-x (1
Z +4_ Z 4 (1)
(y—17* x (y—1)?2 x
“>2 S=1-y (2
X +4_ X 4 y @)
(z=1)7 |y (z—1)?%y
2> “=1-z (3
. t52 — (3)
Tudésuyra:
—1)? —1)? —1)2
(Gl A S Ot MU, k) A S RV S S
Z 4 X 4 y 4
—1)2 —1)? —1)2 5
PN Cnd Yo Y Y PP TS
d X y 4
1
<:>A2§ (Vix+y+z=2)

1 déng thic 6 (1), (2), (3) x4
A:_@{ang co (1,2 () xiyra

2 x+y+z=2

WIN Wi

A .2 . 2 A 2 S 1 .
Vay gia tri nho nhat cua A la > dat dugckhix=y=z=
Chuy:
Ta c6 thé stt dung bt dang thiic Cauchy-Schwarz nhu sau :

O D e Vi R Ve [ R ) R Ll
Z X y x+y+z

| =
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Yén Phong 2018-2019 e

. < Bail (2 diém) v/ > \

e x—3 x+42 9 —x2 3x—9
Cho biéu thiic P = - 1=
© bret e (2—x+x—|—3 x2+x—6> ( x2—9>

1. Ratgon P

2. Tim gia tri nguyén ctia x dé P nhan gia tri nguyén.

x#0
1. Diéu kién { x #£2 . V6i diéu kién dé, ta c6 :
x# 43
P x—3+x—|—2_3—x (- 3
2—x x+3 x-2 x+3
_x+2_ X
 x+3 x+3
_x+2
x
2.VéixeZ,taco:
PEZ@HZEZ
X
2
Sl+-€Z
X
2
S —-ceZ
X
x==1
x==x2

Két hop véi diéu kién xac dinh suy ra nhiing gid trican tim cliaxlax = +1 vax = —2

, < Baiz2diémv ~
1. Tim 2 s6 a,b biét da thiic f(x) = x* — x> — 3x? + ax + b chia cho da thtic x> —

x—2du2x—3

2. Cho x,yla 2 s6 khac 0 va x+y # 0. Chiing minh rang :
1 l+l " 3 l+l " 6 l+l 1
(etyP A\ 33 ) )P\ ) )P\ )y

f)=x*—x* -3 +ax+b= (" —x—-2)x*> = 1)+ (a— x+(b—2)

2 .2 « A , _1:2 :3
Do do, theo gia thiet ta co “ =
b—2=-3 bh=—1
Vaya=3vab=—1
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Taco:

1 (1+1)+ 3 <1+1>+ 6 <1+1>
x+y)3 A\ ¥ )\ ¥ ) x4y \x

X4y 3 +y%) | 6(x+y)
B34y 224yt ay(x+y)
()P —xy+y?) 3Py +2xy)
 Ya+y)? X2y (x4 y)*
X% —xy+y? 3
TP | 2R ty)?
_xz—xy+y2+3xy

By} (x+y)?
()’
PP

1

T 3y3

5

 Bai3 2diém)v )

1. Tim s6 nguyén duong n dé 3n — 16;4n — 21;5n — 23 déu la s6 nguyén td.

2. Tim cac cdp s6 nguyén (x,y) théaman (x—y)3 =y> +y2 +y+1

|—

De y rang (3n —16)+ (51— 23) =8n—391a ) le nén trong 2 0 3n— 16 va 5n — 23 phai
c6 156 12 s6 chan. Hon niia, ca 2 s6 d6 déu 1a s6 nguyén t6 nén c6 2 kha ning sau :

* 3n—16 =24 n=6.Khid6 4n—21 =5va5n—23 =7 déula sd nguyén to = n =6
la 1 gia tri can tim.
e 5n—23=2<n=>5Khido4n—-21=—-1—loai
Vay n = 61 gid tri can tim clia n
Iz).oyEZnényZZ ly| = y*+y>0.Tuddsuyra:

V<Y 4y 4y + 1<+ = -y =y + Py +1=(y+1)°
(x—yP?=@+1)

Vay céc cdp (x.y) cAn im 12 (x,y) € {(1,0):(~1,~1)}
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,  BaiaBdiémv ) \

Cho hinh thang vuéng ABCD c6 A = D =90° va CD = 2AB=2AD.Ké DH L AC(H €
AC). Goi M,N,Qlan lugt la trung diém ctua CD,HC va HD

1. Chting minh rang ABMC vuéng can
2. Chiing minh rang AQ | DN

3. Goi Gla giao diém ctia DN va HM. Chiing minh rang :

4(HQ+HN)? =9HG? +8HQ.HN

A B
H
N
Q
G

D l:l M :ll ‘C
1.
De dang chiing minh dugc ABMD la hinh vuong, tu dé suy ra ABMC vuong can tai M
2.

NQ la duong trung binh ctia tam giac CDH = NQ//CD = NQ | AD
= Qla truc tdm ctia tam giac ADN = AQ | DN
3.

4(HQ+HN)* =9HG? + 8HQ.HN < 4(HQ? + HN?) =9HG? (%)

g A Cor s S aos £ A CD o .. .
Vi tam gidac CDH vudng tai H va HM la duong trung tuyen nén HM = - Tu do, viG

2 CD
la trong tAm ctia ACDH = HG = FHM === = 9HG? =CD? (%)

Theo Pytago ta ¢6 : HD?+ HC? = CD? = 4HQ? +4HN?* = CD?* (%% x)
TU (%) va (x* ) suy ra () dung.
Vay 4(HQ+HN)? = 9HG? +8HQ.HN

, < Bais(diém) v ) \
1. Cho tam gidc ABC(AB < AC). Qua trong tdm G cua tam giac, ké duong

thang d cat cic canh AB,AC theo tht tu tai D va E. Chiing minh rang
AB AC

AD TAE

2. Cho5 ) nguyen duong d6i mot khac nhau sao cho moi so khong c6 ude
) nguyen t6 nao khéc 2 ‘va 3. Ching minh rang trong 5 s6 d6 ton tai 2 s6
ma tich clia ching 1a 1 s6 chinh phuong.
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1.
Goi AM va BN 1a 2 dudng trung tuyén clia tam giac ABC.
Ké BH,CK song song v6i DE (H,K € AM). Theo Talet, ta c6 :

AB AC AH AK AH+AK
— =t —==——— (x)
AD AE AG AG AG
Mat khac:AH + AK = AM — MH +AM + MK = 2AM + MK — MH
Deé thay ABMH = ACMK (g.c.g) = MH = MK = AH +AK =2AM ()

N < AB AC AM
Ta va suyra —+-—=2.— =3
, (k) va (o) suy ra o5+ - = 2.5
G()i 5 Sé dachola X1,X2,X3,X4,X5.
Tu gia thiet suy ra :
x; = 24130
xp = 292 30
x3 = 2% 30
xy = 2% 3b4

X5 = 295 .3bs (ai,b; € N,Vi= 7)

Xét 5 86 ay,as,a3,a4,as. Theo nguyén ly Dirichle, ton tai it nhat 3 s cling chan hoic
cung lé. Do d6, luén chon dugc 3 s0 ma tong cta 2 so bat ky trong 3 so la so chan.

Khong mat tinh tong quat, gia st 3 s6 d6 14 a;, az, as.

Lai xét cac s6 by, by, bs. Trong 3 s6 nay, ludn tim dudc 2 s6 c6 cuing tinh chan 1é, gia st

12 b, va b,. Nhu thé ta cé :

ay +a; chan
b1+ b chin

Vay ta c6 diéu phai chiing minh.
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Qué Vo 2014-2015

{ caulGdigmyv >

Tinh hop Iy cac biéu thiic sau :

15 15 1 3 4 22.10+23.6
1.27-.=—13-.= 2.2|-—= = il B
4'8 4'8 '2 4‘+ 9 221524
1.
5 15 5 1 1 5 35
27-.=—13====(27>-13- | ==.14="—=
4°8 4°8 8< 4 4) 8 4
2.
1 3 4 —1] 2 1 2 7
2= —= — =2 |—|4+Z=-t ==
1-3rVa=2 |7+ 3=3+2=]
3.
22.1042°6 221042212 2222,
2215-24  2215-224 2211
, { cauzGdiémv \
Tim x biét :

2
L 3(x—2)+; =4

2

1
. - =5=7
x—|—3'

3. 2x—1)"=(2x—1)°

1.
2 2 2 48 16
3(x—2)—|—§:4<:>3x—6+§:4<:>3x:4+6—§<:>3x:?<:>x 5
16
Vayx= —
ayx =~
2.
1 35
1 1 x+-=12 X =—
x+=|-5=7T x+-|=12& % & 3
3 3 Xt =-12 w2t
3 3
35 37
VA :—hu = ——
ayx = = hodcx 3
3.
2—1=0 x:%
(2x—1)7:(2x—1)5<:>(2x—1)2.[(2x—1)2—1]:0<:> a-1=1 & | _i
2—1=-1 —0
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1
Vay x = EhoéCx: 1 hoacx=0

, { caus@diémv > \

1. Cho a,b,c 1a 3 sb thuc khac 0 thda man didu kien “ 72~ — PHeza _
C

—C+a_b.Tinh gid tri clia biéu thic P = <1+é> (1+ﬁ> (1+%)
a C

2. Dathitic f(x) = ax* + bx+c c6 a,b,c 12 cac s6 nguyén va a # 0. Biét rang v6i
moi gid tri nguyén ctia x thi f(x) chia hét cho 7. Chitng minh rang a,b,c
chia het cho 7.

a+b—c B b+c—a B ct+a—>b
c - a N b

=r=(0) (2)-(5)

e Néu a+ b+ c # 0 thi theo tinh chit ctia day ti sé bang nhau ta c6 :

e Néua+b+c=0thi

= —2,dong thoitacé:

a+b—c B b+c—a B ct+a—>b B at+b—c+b+c—a+c+a—>b B at+b+c B

c a b a+b+c a+b4c
at+b—c=c
Suyra{b+c—a=a =a=b=c=P=38
c+a—b=5>b

VayP=—1khia+b+c=0vaP=8khia+b+c+#0
2.
Vi f(x) chia hét cho 7 v6i moi gia tri nguyén ctia x nén :

f(0):7 c:7 ci7 a:7
f(1):7 S qat+b+ciT = Na+b:T = \b:T
f(=1):7 a—b+c:7 a—b:7 c:7

Vaya,b,c déu chia hét cho 7

, < Caud 6diém)v > \

Cho tam gidc ABC vudng can tai A. Goi / 1a giao diém clia dudng phan giac trong
g6c Bva goc C. E, F lan lugt 1a hinh chiéu ctia A 1én BI va CI.

1. Chting minh rang AABE = AACF
2. AEIF latam giac gi ? Tai sao ?

3. Chiing minh rang 2EF? = A
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He~E

1.
Vi tam gidc ABC vudng cén tai A nén ABC = ACB = 45°
Ma BI va CI la 2 tia phan giac cia AABC = ACI = ABI = 22.5° hay ABE = ACF
. . A N , JAB=AC(gt
Xet 2 tam giac vuong ABE vaACF cO { — /(g\)
ABE = ACF (cmt)
= AABE = AACF (goc nhon-canh goc vudng)
2.
Chung Al
AE = AF(A\ABE = AACF)

= AAIE = AAIF (canh huyén-canh géc vuong)
= IE=IF = AEIF cantail

3.
GoiCINAB=GvaBINAC=H -
Vi BI va CI la cac tia phan giac cia AABC = Al cling 1a phén gidc ciia AABC = IAB =
45°

Ma FAB = ACI = 22.5°(2 g6c nhon c6 canh tuong Ging vuong goc)

= FA la phan giac ctia IAB

Nhu vay AAIG c6 AF vua la duong cao, vuia la duong phan giac

Xét 2 tam giac vuong AIE va AIF c6 {

Al Al = AG
= AAIG cantaiA = . e (*1)
F la trung diém cua IG

. . - , |Al =AH

Chung minh tuong tu ta cung co . e (%2)
E 1a trung diém cua HI
. X < g < e HG , HG?

Tu (%1) va (%) suy ra EF la duong trung binh cua ATHG = EF = - = EF- = e (*3)

Xét tam gidc HAG vuodng tai A c6 HG?> = AG?> +AH?.
Ket hgp (#1), (%) suyra HG? = 2AI*  (x4)
Tl (x3) va (x4) suy ra 2EF? = AI?

{ causdiémv )

Viét s6 2007 thanh tong clia k hgp s6. Tim gid tri I6n nhét ctia k

T4ch 2007 thanh tong ctia 500 hop s6 nhu sau: 2007 =4 +4+---+4+6+9
N e’

498 56 4
Bay gio ta di chiing minh & < 500. Gia stt ngudc lai k > 500.
Vi 2007 la so 1é nén trong k hgp so phai ton tai 1 hgp so la so 1é. Hgp so 1é nho nhat1a 9,
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do d6 tong clia k— 1 hgp s6 con lai phai nhé hon hodc bang 2007 — 9 = 1998. Mt khac
k > 500 = k—1> 500 = trong k — 1 hop sb con lai phai c6 s6 nh6 hon 4 vi néu tt ca
déu16n hon hodc bang 4 thi tong ctia chiing sé 16n hon hoic bang 500.4 = 2000 > 1998
(mau thuan)= diéu gia st 1a sai.

Vay k < 500, két hop véi cach chia 2007 thanh 500 hgp sb 6 trén suy ra gid tri 16n nhat
cta k 1a 500.
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Queé Vo 2015-2016

, { caul@digmv >
Tinh gia tri ctia cac biéu thtc sau :
3 /2 5 9 4594 -2.6°
lLA=-:(2-2)4+2 2.B=_ "
4 (3 9)+4 210,38 1 68.20
/2 5 2 3
4 AN i
N e 3 5 7
3C—9 <2> +10,4) +5—3—%
35 7
1'
3. (25 +9_3 6 5 +9
4°\3 9) "4 4\9 9) 4
_31+9_1 27 28 7
49 4 12 12 12 3
7
VAV A = —
ay 3
2.
459426 210 38 _ 210 39
T 2103816820 210384538210
o 21038(1-3) 1-3 1
S 21038(14+5) 1+5 3
VayB = —
3.
A 5 1 2 3 2 3
4 2 3 5 7 4 1 4 3 5 7
= |- = 4 | _Z -
€= < > I A B ‘9 2‘+ ot (T 2 3
3 5 7 3 5 7
_ 1 4+1 117
18 9 2/ 18 18
VayC =1
, { cauzdiémv >
1. Tim x biét :
1 21 1 2 3
a.d3=:2x—1|== b. 3% 4 3¥+1 1342 4 33 — 1080
2 22
2. Cho f(x) = ax* 4+ bx+ ¢ v6ia, b, c 1a cac s6 hitu ti.
Chiing minh rang f(—2).f(3) < 0bietrang 13a+b+2c =0
1.
a
1 21 7 21
3_c2x—1=" e Zi2x—1] =22
=g e s = 0
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7 21
x—1|=z:=
& 2x=1f=7:5
1
& 2x—1|=—

11
2x—1=—
A - 311
x—1=——
3

A A
Vay x = 3 hoacx=—=

b.
34 3% 302 33 — 1080
&3 (1+34+3%+3%) = 1080
& 3540 = 1080
&3 =27
Sx=3
Vayx =3
2.

f(=2)=4a—-2b+c

_ 2
fxX)=ax"+bx+c= {f(3) g4 3bte

Nhan thiy :
f(=2)+ 13 )—13a~|—b—|—2020
:Sf( 2)=—-/f(3)
= f(- )f(3):—[ (3)° <0
Vay f(-2).f(3) <
, £ caus@diémv \

1 1 1
a+b+b+c+c+a - 2015°

Tinh gia tri clia biéu thtic § = + +—=
b+c c+a a+b

a b <
2014 2()%5 -~ 2016°

Chting minh (a—b)(b—c) = (¢ —461)

1. Choa+b+c=2016va

2. Cho 3 s a,b,c thoba man

\

1‘
Tit gia thiét ta c6 :

aibro (L] 2016
“ INaxb  bre ct+a) 2015

a—}—b+c+a+b+c+a+b+c B 2016
a+b b+c c+a 2015

&1+ TR L L
+b b—|— c+a 2015
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w3y 6
2015
2016 4029
S S= 3015 2T 2015
) 4029
Vay S = =015
a b c

-

= k. Theo tinh chit ctia day ti s6 bang nhau ta c6 :

D _ _
A 014 =~ 2015~ 2016
a b a—>b

k=014~ 2015 2014 —2015 ¢~ 0=k
b c b—c
k= 3015~ 2016 2015—201¢ ~ 2~ ¢~ %

a C a—=c¢

k= 3012 ~ 2016~ 2014—2016 ~ ¢ ¢~ %

Suyra:{(a_b)(b_c):k2 = (a—b)(b—c) = (c—a)? S5

(a—c)? = 4k? 4
)2
Vay (a—b)(p—c) =
,  Caud Gdigmv > \

Cho tam gidc ABC vudng can tai A. M 1a trung diém ctia BC. Lay diém D thudc
doan MB. H va I theo tht tu la hinh chieu cta B va C xuong AD. Chiing minh
rang:

1. BH = Al
2. BH?+CI? c6 gia tri khong thay doi.

3. IM la phan gidc ctia goc HIC

1.

. y . . [ BAH = ACI(2 géc nhon c6 canh tuong ting vudng g6
Xet 2 tam giac ABH va CAI co :{ (2 g6c nhon 6 can ng (ing vudng goc)

AB =AC(vi AABC can tai A)
= AABH = ACAI(canh huyén-géc nhon) = BH = Al

2.
Tir két qué ctia cau 1., ta c6 : BH? 4 CI? = AI* 4 CI? = AC?* = const
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Vay BH? +CI? c6 gia tri khong thay doi.
3.
Vi AABC céan tai A nén AM | BC
GoiICNAM =N = N la truc tdm cua AADC = DN | AC = DN//AB = NDB =ABC =45°
Tam giac MND vuong tai M va c6 NDB = 45° = AMND vuong can tai M = MD = MN
Dung ME | AD =E vaMF 1 IC = F.Xét 2 tam giac vuong DEM va MNF c0 :

MD = MN(cmt)

MDE = MNF (2 gbc nhon c6 canh tuong Gng vudng goc)

= ADEM = ANFM (g6c nhon-canh goc vudng)

= ME = MF -
= MI la phén giac cta HIC
, £ Caus@Ediémv > ~

1. Viét 2016 thanh téng clia cac s6 nguyén duong. Ching minh ring tong
cac lap phuong cta cac so nguyén do chia hét cho 6.

2.2
. % N X7y < 4 ~ %
2. Tim cac so0 nguyén duong x,y sao cho Pea la so nguyén to.

\ /

1.
VéiacZ tacd:a®> —a=(a—1).a.(a+1)

—1l,a a+1laSSonguyenhenUepnen (a—l) (a+1)i6=a*—a’6.
Gla st tach 2016 thanh tong cac s6 nguyén duong 2016 = a; +a + ... + ag. Khi d6 :

(aP+al’+ .. +a’)— (a1 +ar+ ... +a)
:(6113 —a1)+ <6123 —az)—{—...—{— (ak3 —ak) :6

Maa; +ay+...+a;=2016 6 néna® +a’ +... + a1 6
Tu do ta c6 dieu phai chiing minh.

> x2y2 L 1s % £ .
bat -—— = p, trong do plaso nguyén to. Taco:
x“+y
22
24y P

& 27y = p(+y7)

&y —p)=py

= py? i x?
Viplasénguyénténény?:ix>= y>x

- . . Al )X 2
Tuong tu ta cung chiing minh dugc x > y. Nhu vay { ; Yoox= y
y-X
2?2

— 2 _—~_.Do plasb nguyén t6 nén phaico :
oy~ 2-Dop guy p

x=2k(keZ") - k=1
p = 2k? 1a s6 nguyén t6 x=2
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Que Vo 2017-2018
, { caul@digmv > \
1. Tinh hop Iy cac biéu thiic sau :
o —18+ 4 +5+ 9 710 7 9 2 c 24260 23153
25 25 13 7 13 "19'35 35719 35 T(25)2 63.102

. 2 34 . R R i
2. Tinh (——x4y5 ) . (—?xzy). Chung to biéu thuc co gia tri khong am vai

17
moi x,y
1.
a
7 +—18+ 4 +5+ 9 —7+—18 N 4 N 9 +5__1+1+5_5
-25 25 13 7 13 \25 25 13 13) 7 7 7
bt
710 79 2 710479-219 7.19-219 519 1
19°35 3519 35 35.19 3519 3519 7
c‘
2026 25158 210 293353 . 25.33.53_1 1 4
(25)2 63102 210 23332252 ° 253352 5 5
2.
2 4.5 34 2 2 34 4 2\(.5 4 6.6
EE— . R fry —_——, = — . . = - >0 v
, { Cauz 6digm)v > \
1. Tinh hop Iy cac biéu thiic sau :
39 15
a |5 -3 =2 b.3+2x—3:24—[42—(22—1)}
c 1+3y 145y 1+7y
12 5x 0 4x
N ~, A A 2 ~ 2 2019 ’, .’ . ?
2. Cho x,y la cac so nguyén duong thoa manij Y~ 27 Tinh gia tri nho
x+y 2018
nhat ctia x
1.
a
9 215
§_3x2 :E 2 2
2 2 £_3x2__g
2 2
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342V 3 =04 [42—(22—1)} 34277 =24—(16-3)
3423211
&2 3 =3
S x—3=3
Sx=6

C.
. 14+3y 145y 147y

bat = =
T T T P

Theo tinh chat ctia day ti s0 bang nhau thi :

., S+15y 4420y 5435y

= k thi ta cung co 0 e 2On k

_ 5+15y  4+20y 5+35y S5+15y+4+4+20y—(5+35y) 4 1

k = — = —
60 20x 20x 60 + 20x — 20x 60 15
2.
x+2y 2019 y 1 x+y X
— 7 o — = —2018 < X =2017 = x=2017
ty 208 Ty T s T y x Y

Vi y nguyén duong nén y > 1. Do d6, x nhé nhat bang 2017 khi y = 1

, < Caus 6diémv > \

Cho xAy = 60° ¢6 tia phan giac Az. Tit diém B trén Ax ké BH vudng géc véi Ay tai
H, ké BK vudng goc véi Az va Bt song song vGi Ay. Bt cat Az tai C. Tu C ké CM
vuong goc voi Ay tai M.

1. Chiing minh tam gidc ABC cén tai B va K 1a trung diém clia AC

2. Chiing minh tam gidc KMC déu

3. Cho BK = 2cm. Tinh cac canh ctia tam giac AKM

B, C
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1.

Vi BC//AM = I BCA = CAM

Ma CAM = BAC = BAC = BCA = AABC can tai B

BK 1a dudng cao clia tam gidc ABC = BK ciing la dudng trung tuyén ctia AABC
= K la trung diém ctia AC

2.

Tam gidc AMC vudng tai M c6 MK 1a dudng trung tuyén nén MK = KC

= AKMCcantaiK (x).

- - ., N , = EL}]\\/[ —
Hon nua cung trong tam giac vuong AMC co CAM = — = 30° = ACM = 60°  (sx)
TU (*) va (**) suy ra tam gidc KMC déu.
3.
AABK vudng tai K c6 BAK = 30° = AB = 2BK = 4cm
Theo pitago AK = vVAB? —BK? = /12 =2/3 = KM = AK = 2/3
ABCM = AMHB = HM = BC = AB = 4cm
) R . , o AB
Tam giac ABH vuong tai H cO ABH =30° = AH = - = 2cm

T do suyraAM = AH +HM =2+4 = 6¢cm
Vay céc canh cla tam gidc AKM 1a AK = KM = 2+/3cm va AM = 6¢m

,  causdibmv ~
~1

Y

1. Tim s6 nguyén x dé A c6 gia tri nguyén biét: A =

. oy 1 1 1
2. ChlmgmlnhrangWJr%Jr%Jr...Jrﬁ > 11

3. Cho day gom 556 tu nh1en bat ky ai,az,as, as, as. Chu’ng minh rang ton tai
1 56 chia hét cho 5 hoic téng ctia 1 sb s6 lién tiép trong day da cho chia
hét cho 5.

Ta co

Vi—1 4
A= i3 1+\/§_3 (PK O <x#09)

AceZl <

Chu y rang : can bac 2 ctia 1 s6 nguyén duong hoic 1a 1 s6 nguyén hoic 1a s6 vo ti.
.4 P
Do d6 i3 €Z = x—3€U(4) ={+1,42,4+4}. Taco bangsau :
—

Ji—3[4A[2]-1[1]2]4
@ | 1|4 16]25]49

Vay x € {1,4,16,25,49}

2.

Taco:
1+1+1++1>1+1+ 1 1
V1IoV2 V3 V1210 V121 V121 121 V121

® 0973.793.825 202 i DUC PV



im0, O =c

3.
Xét ddy gom 5 s6 hang sau :

Si=a

Sr)=a1+a
S3=a1+a+a3

Sy =a1+ar+az+ay
Ss=a1+axy+az+as+as

e Néu ton tai S;(i = 1,5) chia hét cho 5 thi bai toan dugc chiing minh.

« Néu S; khong chia hét cho 5 véi moi i = 1,5 thi theo nguyén ly Dirichle, ton
tai 2 86 Sy, S, vOi m < nym,n € {1,2,3,4,5} c6 cling so6 du khi chia cho 5. Suy ra
S, — S, chia hét cho 5. Mt khac S, — S, cho ta tong ctia n —m s6 lién tiép clia day
ay,az,as,dq4,ds.

Vay ta c6 diéu phai chiing minh.
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Thudn Thanh 2011-2012 e

, { caul@digmv > \
1 2 3 1 1
3,75:~ —6-.0,3 (20+05_E) 2= ;
Tim x biét 43 x=11=
, 124 1,05+0,95 4
575
[ 1 2 3 1Y\ .1
L 0,5—— ) .2=
3,755 630,3 (20+ 15) 7|
4124 1,0540,95 T4
575
_15 1 20 9 30 4 15
71303 (60+@_@ 47
4°4 3 4
Tz 2 o
575
5
o2 g 4
N
o (B35 9T
2 8)7" 7
47 47
—X=—
8 4
47 47
X —
48
Sx=2
Vayx =2

{ cauz@5diémv

2. 12x—15 20z —12 15y —20
Tim x, y,z biet x7 Y — Z9 *_ yll <

vax+y+z=438

Theo tinh chat clia day ti s6 bang nhau ta c6 :

12x—15y  20z—12x  15y—20z  12x—15y+20z— 12x+ 15y — 20z
79 11 74+9+11
= 12x— 15y =20z —12x =15y —-20z =0
& 12x =15y =20z
XY

et Y _Z
5 4 3

=0

Theo tinh chat clia day ti s6 bang nhau, ta lai cé :

z  xtyt+z 43

y_ —_— = — =
4 3 54443 12

X
5
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x=20
= qy=16
z=12

Vayx=20,y=16vaz=12

< Caus @5diém v >

Tim da thtc f(x) roi tim nghiém clia f(x) biét rang :

x+ 2x2(4y —1)— 4xy? —9y° — flx)= —5x7 4 8x%y — dxy* — 9y’

Taco:
X4 2x%2(4y— 1) —4xy? —9y° — f(x) = —5x° + 8x%y —4xy? — 9y°
&0 — 2% — fx) = —5x°
& f(x) =6x° —2x%
Tacoh:

f(x)=0e6x" -2 =0
& 2%0Bx—1)=0

o _x:O
3x—1=0
[ x=0
< 1
|73
A . A1 s 1
Vay f(x) coanhlemlax:OVax:§
, { Caud Gdigmv > \

A N, . N 4 A A 2 N R . Ny~ N 5 A
Mot nguoi dung 17 sovoncua minh deé kinh doanh va lai dugc 12%. Dung 11 50

von cf{a minh dé kinh doanh khéc ngudi ay 1ai dugc 10%. S6 von con lai, ngusi
ay bi 10 trong loai kinh doanh thi 3 1a 8%. Tinh ca 3 loai kinh doanh, nguoi ay
1ai 2 296 000 dong. Hbi so von clia ngudi ay la bao nhiéu ?

\ V.

Goi s6 von ctia ngudi d6 1a x (dong). Theo gia thiét ta c6 :

N PSP S SR 2. i az1ms A A 1s . 4 12
* Dung 17 sovoncua minh dé kinh doanh nguci do laiso tiénla: T 12% = 775%
N 5 A A 2 N Rq . N, s oq~e A e X S 5 1
* Dung 17 S0 voncua minh dé kinh doanh ngudi do lai so tién 1a : T 10% = 27~

< A A N . P E N, s 1R A e X N 4 5
* Dung so von con lai dé kinh doanh ngu6i do 10 so tién la : (1 T ﬁ) Xx.8% =
4

275"
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Nhu vay, tinh ca 3 loai kinh doanh, ngudi d6 13i s6 tién 1a :

12 | 4 41
Xt X~ X =

2757 T 221 T 275 T 5507

Theo bairataco: %x = 2296000 < x = 30800000

Vay s6 von clia ngudi dé 1a 30 800 000 (dong)

, { Caus @digm)v > \

1. Cho tam giadc ABC c6 B+ C = 60°, phan giac AD. Trén tia AD lay diém O.
Trén tia d6i ctia AC lay diém M sao cho ABM = ABO. Trén tia dbi clia AB lay
diém N sao cho ACN = ACO. Chiing minh rang :

a. AM = AN
b. AMON la tam giac déu
2. Cho tam gidc ABC vudng can 6 A. Qua A vé duong thang d thay d6i. Vé BD

va CE vudng géc véi d(D, E € d). Chiing minh rang tong BD? + CE? khong
thay doi.

Xét tam gidc ABC c6 B+ C = 60° = BAC = 120°

Tu do suyra(%:@zm:@vzwo
Chung AB

Xét 2 tam gidc ABO va ABM c6 { ABO = ABM (gt) = AABO = NABM(g.c.g)
BAO = BAM = 60°(cmt)

=AM = A0 (%)

Ching minh tuong tu ta c6 AACO = AACN(g.c.g) = AN = AO  (*x)

T (*) va (**) suyra AM = AN

b.

Ta c6 AMAO = ANAO = AMAN = MO = NO = MN = AMON déu.

2.
Xét 2 tam giac ABD va ACE ¢0 :
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¢
o

AB = AC(gt)
ABD = CAE (2 gbc nhon ¢6 canh tuong tng vudng goc)
= AABD = ACAE (canh huyén-géc nhon)

= AD =CE
Do dé BD? + CE? = BD? + AD? = AB% = const
Vay BD? + CE? khong thay doi.
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Thudn Thanh 2012-2013 e

,  caul@diémv ~

Tinh gia tri cac biéu thiic sau :

o\? /3\° 1
_122_ [ Z N -
Lame (2 (2

11 1 1
2. B=(142+...+90).(12.34 — 6.68) : <Z+ ————— )

> (9\* [/3\° 1
a=2-(3) (1)
92 3% 1
AR
3431

B

=32

—132

2.Vil12.34—-6.68=0nén B=0

,  cauzediémv ~
1. Tim x biét [2x—6|+5=9

2. Cho x,y,z1a cac s6 khac 0 va théa man x? = yz,y? = zx, 22 = xy.
Ching minh rangx=y=1z¢

1.
2x—6|+5=9
& [2x—6| =4
- [ 2 6=4
2x—6=—4
- _x 5
x=1
2.
2 _ 2 2
Tﬁ{xz—yz :>Z:x—:y—:>x3:y3:>x:y
yo=2zx y X

Tuongtuvasuyrax=y=z
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, { caus@diémv > \
Cho 2 da thtic:

P(x)=x -2 +3x* —0x* + 11x—6
O(x) =3x* +x° —2(x* +4) — 10x* 4+ 9x

1. Tinh H(x) = P(x) — O(x)

2. Chting t6 rang H(x) # 2012 v6i moi x € Z

H(x) = P(x) — Q(x)
= (X =2 +3x* =9 + 11x— 6) — (3x* +x° —2(x* +4) — 104> + 9x)
=x?42x+2
2. V6i x € Z, xay ra 2 kha nang sau :
e Néuxlasoléthi H(x) =x>+2x+21as61é = H(x) #2012
X2 4
e Néuxlasbchinthi{ oyiqa = x2+2x+2 74 = H(x) #2012
2 74

Vay H (x) #2012 v6i moi x € Z

, { Cauda Bdigmv > \

Cho tam gidc ABC(AB < AC). M 1a trung diém ctia BC. Trén tia dbi clia tia MA lay
diém E sao cho MA = ME.

1. Chting minh rang AC = BE va AC//BE

2. Goi/la diém trén doan AC, K 1a diém trén doan BE sao cho Al = EK. Chiing
minh M, I, K thang hang.

3. TuE ké EH L BC(H € BC). Biét HBE = 50°, MEB = 25°. Tinh HEM va BME

AM = ME(gt)
Xét 2 tham gidc AMC va EMB c6 { CM = MB(gt)
AMC = EMB(dbi dinh)
= ANAMC = AEMB(c.g.c) = {A/C\: BE/\
CAM = BEM = AC//BE
2,
AM = ME(gt)
Xét 2 tam gidc AIM va KEM c6 { Al = KE(gt) = AMI = EMK
IAM = KEM (cmt)

Ma 2 géc nay 6 vi tri d6i dinh = I, M, K thang hang.
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3.
Trong tam giac MBE ta co:

MBE + MEB + BME = 180°
= BME = 180° — MBE — MEB = 180° — 50° — 25° = 105°
BME 14 géc ngoai tai dinh E clia tam gidc HME nén:

BME = EHM +~HEM
= HEM = BME — EHM = 105° —90° = 15°

{ caus(digmv >
Tim x,y € N biét 36 — y> = 8(x — 2010)? ]

Vi 8(x—2010)2 12 56 chin nén 36 — y? 12 s6 chin = y = 2k(k € N). Thay vao ta dudc :

36 — (2k)? = 8(x—2010)?
&9 —k* =2(x—2010)?

Ma 2(x—2010)2 >0valasé chdnnén k> <9 =k <3vak’lasdlé. Suyrake {1,3}

+ Néuk=1=y=2, déngthbi (x—2010)’ =4 & [i:;gigzz_z & [ii;géé

+ Néuk =3 =y =06, dong thoi (x —2010)> =0 < x— 2010 = 0 < x = 2010
Vay (x,y) € {(2,2012);(2,2008);(6,2010) }

® 0973.793.825 210 i DUC PV



1im; g O = o0

Thuan Thanh 2013-2014

{ CaulGdigmyv

] [Gs)or]

3

1
1. [3--05:(2
[32 0,5 (

1 1

5 3 2

28 1+1+1+1+1+1+1+1
"9 26 12 20 30 42 56 T2
3 5 7 13 31\ /1 1
" \9.13 925 1925 19.69/) "\ 13 69
1.Taco
1 3 1 1\|][ 1
—_05: (2422 242- ).
[32 0,5 (5+3 2)] (+ 3) 0,75]
(7 113\ [/, 7 3]
~\2 2730 3)'4
(7 15\ 133
“\2 13)°3°4
_ 6113 6l
2674 8
2.Taco:
8 1+1+1+1+1+ L 1
926122030425672
8 11+1+1+1+ N +1
9 1223 34 45 56 67 7.8 89
8 . 1+1 1+1 1 1 1 1 1+1 1+1 1+1 1
9 2 2 3 3 4 4 55 6 6 7 7 8 8 9
8
& (.1
5-(1-5)
8 8
:———:0
9 9
3.Taco:
5+7 13 319 4 16 9+19 6+50 19
9.13 925 1925 19.69 9.13 9.13 925 925 1925 1925 19.69 19.69
1 1 1 1 1 1 1 1 1 1 1 1
—_ _+____ _|_ _____
139139252525192596969
_, 1 1
~“\13 69
5 7 13 31 1 1
Tit d6 (=—-=)=2
osuyra (9.13+9.25+19.25+19.69) (13 69)
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,  cauz @ diémv > \

1. Chting minh riang v6i moi s6 nguyén duong n thi 372 — 2"+2 4 3" 2" chia
het cho 10.

3 62 63

1267128

2 . 1\"
2. Tim so tu nhién n biét : (5) =

Taco:
3I’l+2 . 2n+2 + 3n . 2}’1 — 32 (3}1 o 2]1) _|_ (3]’! o 2}’1)
—10(3"—2"):10 VneZ'

Vay 3"+2 — 272 4 3" _ 2" chia hét cho 10 v6i moi s6 nguyén duong n
2.

Tacéh:
1\" 123 62 63
2) 4768771267128
(123 6 6
2)  22°23°24772.63°2.64
o (LY (2 “123 6263
2) \2) 2347763 64
o (LY (2 “
2)  \2) ‘64
1" /1\* 1
(-2
(=) =[xz
() - (z)
& n=69
Vay n = 69
, { causGdigmyv > \
2 ty:z=3:4:5
1. Timx,y,zbiét * 277"
2x° 42y —3z-=—100
A . s R A A A 1 A . 2 A - A
2. Ba dong khoai co tong cong 196 kg. Neu lay di 3 50 khoai 0 dong thi nhat,
1 A . 2, A - . N 1 A . 2 A P S A . S .
Zsokhoalddongthuhalvagso khoai 6 dong thu ba thi so khoai con lai
clia 3 déng bang nhau. Tinh s6 khoai 6 méi dong ltc dau.
1.
Ta co
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.
X2 2x?

— = 2
92 182 b2 22 32
2 X Y d 2
Suyra: {2 _ 2 _ 2 2 2 2
Y 16 32 k 18 32 75
¥ _p
(25 75 o
Theo tinh chat ctia day ti so bang nhau ta c6 :
2_2_962_2_)/2_3_962_2962—1—2)12—322_—100_4
18 32 75 18432-75 =25
k=2
k=-2
x=06
. Néukzzthayvéo(*)tacé y=238
z=10
x=-—6
e Néuk=—2thayvao (*)tacé { y=—8
z=-—10

Vay (x,y,z) = (6,8,10) hoac (x,y,z) = (—6,—8,—10)
2.
Goi s6 khoai ctia déng khoai thi nhat, thit 2 va thii 3 1an lugt 1a x, y, z (kg).
Theo gia thiettacox+y+z=196va:

SR SR
3- Y7475
2x 3y 4z

3 4 5

X _Y _z

1’816 15

Ap dung tinh chét cia day ti s6 bang nhau ta dugc :
Xy _z _ xtytz _ 196
18 16 15 18416+15 49
x=4.18=172
= {y=4.16=64
7z=4.15=60

—4

Vay s6 khoai 6 3 déng thii nhét, thi 2 va thi 3 1an lugt 1a 72 kg, 64 kg va 60 kg.
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, { Caud @5diém v > \
Cho tam gidc ABC c6 3 géc nhon. Vé doan thang AD | AB va AD = AB (D va C

nam khac phia d6ivGéiAB). Ve doan thezlng AE | ACVaAE = AC (E va Bnam khac
phia do0i v6i AC). KE AH | BC,DK | AH,EF | AH.Ching minh rang :

1. DK =AH va BE = DC

2. DC | BE

3. DE di qua trung diém clia KF

1.
Xét 2 tam giac vuong ABH va ADK c0 :

AB = AD(GT)

ADK = ABH (2 gbc nhon c6 canh tucng Gng vudng goc)
= AABH = ADAK(g6c nhon-canh géc vudng)

= AH = DK
Xét 2 tam giac ABE va ADC c0 :

AB = AD(GT)

AE = AC(GT)

BAE = DAC(= 90° + BAC)
= AABE = ANADC(c.g.c)
= BE = DC

2.
Goi J 12 giao diém clia BE va DC. Xét 2 tam gidc ABE va JBC ta c6 :

{@75 +BAE +AEB = 180° () BL)

JBC + BJC + BCT = 180° ()

. SR . [ BAC = 180° — (ABC + ACB
Tu (*) suyra: ABE +BAC+AEB =90°.Ma ¢ — — ( + )
AEB = ACD(Vi AABE = ANADC)

Suyra:

180° + ABE +ACD — (ABC + ACB) = 90°
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& (ABC — ABE) + (ACB — ACD) = 90°
& JBC+JCB=90° (xx%)

Thay (***) vao (**) suy ra BJC = 90° = BE 1. DC
30

Theo két qua cau 1., ta c6 : AABH = ADAK = AH = DK (%)

Chtng minh tuong tu ta cing c6 AACH = AEAF = AH = EF (x;)

Tu (x1) va (xp) suyra DK = EF.

Goi I la giao diem ctia ED va FK. Xét 2 tam gidc vuong DIK va EIF c6 :

DK = EF(cmt)
KDI = FEI(So le trong)
= ADIK = AEIF (gbéc nhon-canh géc vudng)

= KI=FI
= I 1a trung diém cta KF

Vay DE di qua trung diém ctia KF.

{ caus(15diémv

Cho tam giac ABC vudng tai A, dudng cao AH va diém D nam giita A va H. Trén
tia doi cia HA lay diém E sao cho HE = AD. Duong thang vuong goc v6i AH tai
D cat AC tai F. Chiing minh rang EB | EF

m

AP dung dinh ly Pytago cho céc tam gidc vudng EFD va EBH ta c6 :

EF?=ED?*+ FD?
BE? = BH? + HE?
= EF?+BE? =ED*+ FD*+ BH* + HE*> (%)

Mat khac theo gia thiét HE = AD = DE = AH. Tit d6 thay vao (*) ta c6 :
EF*+BE? = AH> + FD?* + BH? + AD? = (AH? + BH?) + (FD* + AD?)  (x%)
Lai 4p dung dinh ly Pytago cho 2 tam giac vudng ABH vaAFD taco:
AH? + BH? = AB?

FD? + AD? = AF?
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Thay vao (**), suy ra : EF? + BE? = AB*> + AF?
Ma tam gidc FAB vudng tai A nén AB> + AF? = FB?(Pytago)

Suyra:EF?+BE? = FB?> = AEFB vudng tai E (Pytago ddo)
Vay EB | EF
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Thudn Thanh 2015-2016 e
, £ Ciul@diémv ~
1. Tim x biét:
a.%+i:x:—3 b. |[3x—5| =4 c. 5 452 =650

3a—2b B 2¢—5a B 5b—3c

2. Tim 3 s6 a, b, ¢ biét vaa+b+c=-50

5 3 2
l.
a
IV DRI DU DI INNNE L DUV B (I8 c) DI
4747 4 47T T TN T \Ta )T T s
1
Vayx=——
YX="15
3x—5=4 3x = x=3
|3x_5|_4<:>[3x—5:—4 <Z>[3x—l gl
3
. § 1
Vayx:3hoa0x:§
C.
55 4+5%2 = 650 < 55(1+52) = 650 < 55.26 =650 = 55 =25 < x =2
Vayx =2
2. 3a—2b 2c—5a 5b—3
batk = 4720 _ 20720 _ 227 °¢ Khidétach:
5 3 2
_ 3Ba—2b) 3(2c—5a) _2(5b—3c)
25 9 B 4
_15a—10b  6¢c—15a _ 10b—6¢
25 9 4
Theo tinh chét clia day ti s6 bang nhau ta c6 :
_15a—106 _6c—15a _ 10b—6c _ 15a—10b+6c—15a+10b—6c _ 0 _
25 9 4 25+9+4 38
N a b ¢
TlIdosuyra3a—2b:2c—5a:5b—3c:0:>5:gzg
Lai 4p dung tinh chat day ti s6 bang nhau ta dudc :
b +b+ 50 a=-10
a C a C —
= === = =—-5= = —
2 3 5 24345 5 b=-15
c=-25
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Vaya = —10,b = —15,c = -25

, { Cauz 6digmv > \
b 2011

b
1. Cho g == vaa+b+c7é0 Tinh —~—— — 016
A N A L% 1A 2
2. SO A dudgc chia thanh 3 so ti 1€ theo 5!
phuong ctia 3 s6 d6 bang 24309. Tim A

\ V.

1.
Theo tinh chat clia day ti s6 bang nhau ta c6 :

3.1
1l e Biét rang tong cac binh

a b ¢ a+b+c
_:—:—:—:1 i b 0
b ¢ a b+c+a (Viatbtc70)
=a=b=c
bS 2011
Tudoé ——— 2016 =1
2.
Gia st so0 A dudc chia lam 3 s0 x, y,z theo ti 1é da cho. TiclaA =x+y+zva:
. _2.3-1: o2_ -3_ -1
xy.z—5.4.6 x.s—y.4—z.6
X_Y_ 2y
24 45 10
Theo tinh chat day ti s6 bang nhau ta c6 :
2 2 2
2=(2) =(2) = (X
24 45 10
X2 y2 Z2
T 576 2025 100
Py
~ 576+2025+ 100
24309
- 2701
=k =3 hodc k = —3
x=172
e Neuk=3={y=135 =A=724135+30=237
z=730
x=-72
e Nbuk=-3={y=-135 =A=-72—135-30=-237
z=-30

Vay A =237 hoac A = —237
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, < CausGdigmv > \

Cho tam gidc ABC can tai A. Trén canh BC lay diém D. Trén tia dbi clia tia CB 1ay
diém E sao cho BD = CE. Cac duong thang vudng goc vGi BC ké ti D va E cat AB
va AC lan lugt tai M va N.

1. So sanh DM va EN
2. Puong thang BC cit MN tai I. Chting minh 7 14 trung diém ctia MN

3. Chiing minh rang duong thang vudng goéc véi MN tai I luon di qua 1 diém
co dinh khi D di chuyeén trén BC

1.

Vi AABC can tai A nén ABC = ACB.

BD = CE(gt)

MBD = NCE (vi NCE = ACB)
= ABMD = ACNE (g6c nhon-canh géc vuong) = DM = EN

2.

. . R R ., | DM =EN(cmt)
Xeét 2 tam giacvuong DMIvaENIcO: < —  —

DIM = EIN (d6i dinh

= ADMI = AENI (géc nhon-canh géc vudéng) = IM = IN = I 1a trung diém ctia MN.
3.
Goi H 14 giao diém clia duong thang vuong géc véi AB tai B va dudng thang vudng géc
vOi AC tai C.

Xét 2 tam giac vuong BMD va CNE c0 :

AB = AC (vi AABC cén tai A)

AHchung

= AABH = AACH (canh huyén-canh géc vuoéng) = BH = CH

BH = CH(cmt)

BM = CN (vi ABMD = ACNE)

= AMBH = ANCH (canh huyén-canh géc vuéng) = MH = NH = H thudc trung truc
clia MN. Vi 1a trung diém ctia MN nén dudng thang vuong géc v6i MN tai I chinh la
duong trung truc cia MN. Do d6, dudng thang nay luon di qua diém H cb dinh.

Xét 2 tam giac vuong ABH va ACH c6 :{

Xét 2 tam giac vuong MBH va NCH c0 :
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{ causa Bdiémv

Cho tam gidc ABC vuong tai A. Trén AB va AC theo tht tu lay 2 diém M va N sao
—_— 1 —_—— 1 —_— M 3 . —_—
cho ABN = ~ABC;ACM = §ACB. Tinh so do goc MNB

—

N

ﬁv 1 B

A M

Goi E 1a giao diém clia BN va CM va F 1a giao diém clia 3 dudng phan gic trong tam
gidc BEC.Khidotaco:

1/\

E=§Z=§§=§ABC

Ci =Gy =Cs = ;ACB
j@+@:§<@+@> — 60°
— BEC = 120°

= E| =E;=E3=E4=60°

Tit d6, dé dang chiing minh dugc :
AEFB = AEMB(g.c.g) = EF = EM
AEFC = AENC(g.c.g) = EF = EN
=EM =EN

Suy ra AEMN cén tai E. Ma MEN = 120° = MNE = NME = 30°
Vay MNB = 30°
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IR 7hwdn Thanh 2016-2017 e

, < Caul@6diémv > ~
Tim x, y,z biét :

1 15 3 6 1
. X+§’—4——2 2. —EX‘i'?—gX—E
3. |2x =27V + 3y +10)218 =0

4.3(x—1)=2(y—2); 4(y—2)=3(z—3) va2x+3y—z=150

1

1‘
+1 4=-2& +1 =2
X 3 = X 5 =
T
x+-=2
& ]
=22
¥
©
5
A 11
X=——
i 5
2.
15 3 6 1 3+1 15+6
——— Xt o==x—=ES -t =—=x+=x
2775 2772 127 "5
13 49
14~ 20"
13 49 130
YT 14720 343
3.
[2x— 27177 + (3y+10)" =0
&2x—27=3y+10=0
27
xX=—
2
<Y 710
Y=
4.
) 3=1)=2(y-2) x—1 y—2 z-3
Ta co S6(x—1)=4(y—2)=3(z—-3) < = = %
{4()’—2):3(z—3) =) =40=2) =33 & = 3= ™

Tu (*),bién d6i va ap dung tinh chét ctia day ti s6 bang nhau ta c6 :
2(x—1) 3(y—2) z-3 2x—-1)+3(y—2)—(z—3) 2x+3y—z—5 50-5
4 9 4 44+9—4 N 9 9

Tudosuyrax=11,y=17vaz=23
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,  cauz @ diémv > \

1. Cho ham sb f(x) xac dinh véi moi x € R. Biét rang véi moi x ta déu c6

f(x)+3f (%) = x%. Tinh f(2)

2. Cho x,y,z1a cac s6 nguyén duong va x+y+z1a s6 1. Cac s6 thuc a, b, c thoa
. a—b b—c c—a ; . N
man = = .Chung minhranga=b=c¢
x y z

\ /

1.
R .1,
Lanludgtchox=2vax= Etaco:

r+3r(3) =4
r(3) -5 @
)

3 13 13
2 :——4 2)=—— = ——=
8/(2) =3 —4e8f(2) =2 & f(2) =~
13
Va 2)=——
ay f(2)=—55
2.
Vix+y+zlé nénx+y+z+# 0. Theo tinh chat ctia day ti s0 bang nhau ta c6 :
a—b_b—c_c—a_a—b+b—c+c—a_0
x 0y oz X+y+z B
=a=b=c
Vaya=b=c
Nhdn xét : Dé bai chi can cho du kién du dé suy ra x+y +z # 0 la dugc.
,  caus@diémv ~

Ba 16p 7A,7B,7C c6 94 hoc sinh tham gia trong cay. Méi hoc sinh 16p 7A trong
dudgc 3 cay. M6i hoc sinh 16p 7B trong dudc 4 cay. Méi hoc sinh 16p 7C trong
dudc 5 cay. Hoi méi 16p c6 bao nhiéu hoc sinh, biét ring s6 cay méi l6p trong
dudgc la nhu nhau.

Goi s6 hoc sinh ctia 3 16p 7A4,7B,7C lan lugt 14 a, b, ¢ (hoc sinh)

a+b+c=9

3a=4b=5c (%)

a b ¢

, 0 15 12

Ap dung tinh chat ctia day ti so bang nhau ta c6 :

a b c a+b+c 94

_ = — = :—:—:2
20 15 12 20415+12 47

Theo bairataco {

Tu (*) suy ra

a=40
= ¢b=20
c=24
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Vay s6 hoc sinh ctia 3 16p 74,7B,7C lan luct 1a 40,20 va 24 hoc sinh.

, { Caud Gdigmv > \

Cho tam glac ABC can tai A(A < 90°) D la trung diém ctia AC. Trén doan thang
BD lay diém E sao cho DAE = ABD. Tit A ké AG L BD(G € BD),ké CK 1. BD(K €
BD)

1. Chiing minh rang AK = CG

2. Tt C ké CH L AE(H € AE). Chitng minh EC 12 phan gi4c ctia HCK

3. Chting minh DAE = ECB

1.
Xét 2 tam giac vuong CDK va ADG c6 {

CD = AD(gt)
KDC = ADG(dOl dinh)

= ACDK = AADG(canh huyén-géc nhon)
= DK = DG

. . . , | AD =CD(gt)
Xet 2 tam giac ADK va CDG co e~
DK = DG(cmt)ADK = CDG(do6i dinh)
= AADK = ACDG(c.g.c)

=AK=CG

2.

Tu ACDK = NADG(cmt) = CK = AG (%)

AB = AC(gt)

ABG = CAH (gt)

= AABG = ACAH (canh huyén-géc nhon)

= AG=CH (%)

Tu (%1) va (xp) suyraCK = CH

Xét 2 tam giac vuong ABG va ACH c0

CK =CH (gt)
chung EC
= AECK AECH (canh huyén-canh goc vuong)

= ECK = ECH = EC1a phan giac cta HCK
3.
Theo tinh chat goc ngoai ctia tam glac ta c6: AEK = ABE + BAE

Ma ABE = DAE = AEK = DAE + BAE = BAD

Xét 2 tam giac vuong ECK va ECH c6 {
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_— _— 180°—AEK 180°—BAD —
Vi AECK = AECH (cmt)= KEC = HEC = - = . —ABC (%3)

Ma theo tinh chét goc ngoal talaico: KEC EBC +E ECB (x4)
Tu (x3) va (*4) suy ra EBC+ECB ABC:> ECB = ABE
Theo gia thiét ABE = DAE = DAE = ECB

{ caus@diémv >
1. Tim gi4 tri nh6 nhat ctia P = [x —2015| + 2016 — x| 4 |x — 2017

2. Tim x,y nguyén théa man xy +x —y = 4

1. Xét cac kha nang sau :

e Néux < 2015 thi:
P=2015—x+2016 —x+2017 —x = 6048 — 3x > 6048 — 3.2015 = 3

e Néu 2015 <x <2016 thi:
P=x—-2015+2016 —x+2017 —x = 2018 —x > 2018 — 2016 = 2

e Néu2016 <x <2017 thi:
P=x—2015+x—2016+2017 —x = x—2014 > 2016 —2014 =2va P =2 < x = 2016

e Néu x> 2017 thi:
P=x—2015+x—20164+x—2017 = 3x — 6048 > 3.2017 — 6048 = 3

Nhu vay trong c4c truong hop trén, P nh6 nhit 1a 2 khi x = 2016

Chii § : c6 thé sit dung bat dang thtic |a+ b| < |a| + |b| nhung phai chiing minh bt
dang thiic dé.

2.Taco:

xy+x—y=4< x—1)y+1)=3

Vix,y€Z= (x—1),(y+1) € Z. Ta c6 bang sau:

x-1 1]/-1
y+1 | 3| -3
X (210
y [(2]-4

Vay (x,y) = (2,2) hoac (x,y) = (0,—4)
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nam hoc 2019-2020

PHAN I-TRAC NGHIEM (3 diém)

{Cﬁu 1
Khi x = 7 biéu thtc 4 co gia trila
x= :
Vx+2-1 & )
1 4 4
A. - B. — C.- 2
; NG ; D
LCﬁu 2
Trong cadc ham s6 sau, ham s6 nao dong bién trén R ?
Ay=1—x ey:2x—3 C.y=(1-v2)x D.y=-2x+6
Cau3
S6 nghiém ctia phuong trinh x* —3x2+2=01a:
Al B.2 C.3 (D W
 Caud >
Cho ham s6 y = ax?(a # 0). Diém M(1;2) thudc do thi ham s6 khi :
1 1
ea:2 B.azz C.a=-2 D.a:Z
{Cﬁu 5

Tit mot diém A n3am ngoai dudng tron (0) ké 2 tiép tuyén AB, AC t6i dudng tron
(B,C1a cac tiép diém). Ké duong kinh BK. Biét BAC = 30°. S6 do clia cung nhé CK
la:

(A K% B. 60° C. 120° D. 150°

L Cﬁu 6
Cho AABC vuong tai A. Goi H 1a chan dudng cao ha tit dinh A dén canh BC. Biét

HB 1 <. N
AH = +/12cm, HC = 3 Do dai doan BC la:

A. 6cm e 8cm C. 4v/3cm D. 12cm
PHAN II-TU LUAN (7 diém)
, { Bail @diémv ~

(VX+1)+(Vx—1)* 3/x+1
(Vx+1)(vx—1) x—1

a) Ratgon biéu thiic A

Cho biéu thiic A = vhix>0,x# 1

b) Tim x1a s chinh phuong dé 2019A 1a s6 nguyén
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a) V6ix>0,x#1,taco:

_ x+2 3Vx+1

gl
2208 - (- )
-1y
(VEF (A=)

A

C2yx—1
Vr+
b) Taco:
20194 = 2019 2yx— 1 =2019(2— 3 = 4038 — 6057
Vx+1 Vx+1 Vx+1
6057
2019A € Z 7Z
9A € ®ﬁ+1e

Ma x1a s6 chinh phuong nén /x € Z. Do d6 :/x+1 € U(6057) = {1;3;9;673;2019; 6057}
Wiyax+1>1)

Vx+1]1 673 | 2019 | 6057
X 0]4]64]672%2]2018% | 6056°

w
©

Két hop véi diéu kién ban dau ta c6 nhiing gia tri can tim cliax1a:

x € {0;4;64;672%;2018%; 60562}

{ Baiz(digmv >

An dém sb bai kiém tra 1 tiét dat diém 9 va diém 10 clia minh thay nhiéu hon
16 bai. Tong so diém cua tat ca cac bai kiém tra dat diem 9 va 10 dé6 la 160. Hoi
An dudc bao nhiéu diém 9 va bao nhiéu diém 10 ?

Goi s6 bai kiém tra dat diém 9 va diém 10 ctia An lan lugtla x va y (x,y € N*)
x+y>16 (1)

Theo gia thiét ta c6 :
9x+ 10y = 160 (2)

Tu (2) suyrax:10 vado y > 0 nén 9x < 160. Suy ra x = 10.
Thay vao (2) suyray = 7. Khi d6 x+y = 17 théa man (1)
Vay An c6 10 bai kiém tra dudc 9 diém va 7 bai kiém tra dugc 10 diém.
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. < Bai 3 (1,5 diém) v/ > \

Cho dudng tron (0), hai diém A, B nam trén (0) sao cho AOB = 90°. Diém C nam
trén cung 16n AB sao cho AC > AB va AABC c6 3 géc déu nhon. Cac dudng cao
Al BK clia AABC cit nhau tai H. BK cit (0) tai N khac B, Al cit (0) tai M khac A.
NA cét MB tai D. Chiing minh rang :

a) T giac CIHK noi tiép mot dudng tron
b) MN la duong kinh cta (0)

c) OC song song voi DH

a) Xéttua giac CIHK c6 CIH,CKH 1a 2 gbc dbi va CIH + CKH = 90° +90° = 180° nén
CIHK la ti giac noi tiep (DPCM)

90° = AOB = sdAB
ACB = %sm

—

. . 1 —
b) Xét (0) co = ACB = EAOB =45°

AAIC vudng tai I c6 ACI = 45° = CAI = 45°
Laico:
—_— 1 — —~
90° = NKC = 7 (sdAB +sdNC)
= sdNC = 90°
R
= NAC = ESdNC =45°
Tit d6 : NAM = NAC + CAM = 90° = MN la dudng kinh clia (0)
c) Vi NAC = CAM nén C la diém chinh gitta cung MN = OC 1. MN (*)
Xét AMND c6 MA,NB la 2 dudng cao va MANNB = H = H la truc tam AMND

= HD 1 MN (**)
Tu (*) va (**) suy ra OC//HD
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’

< Bai5(1,5 diém) v > \

a) Cho phuong trinh x> — 2mx —2m — 1 = 0(1) v6i m la tham sb. Tim m dé
phuong trinh (1) c6 2 nghiém phén biét x;,x, théa man :

Vx1+x+V/3+x1x0=2m+1

b) Cho 2 s6 thuc khéng 4m a, b théa man a2 + b* = 2. Tim gia tri 16n nhat, gia
a+b3+4

tri nho nhét ctia biéu thiic M =
) ab—+1

a) Phuong trinh (1) ¢6 2 nghiém phan biétx;,x; & A' = (m+1)> >0 m# 1
X1 +x2=2m
X1Xp = —(2m+ l)

VAL Fx2 /3 4+ x1x =2m+ 1
S V2m+V2—2m=2m+1
S V22m—1=2m—2m
& (V2=2m—-1)(V2=2m+1) =V2m(vV2m—1)(v2=2m+1)
S 1-2m=V2m(V2m—1)(vV2—2m+1)
& (V2m—1) [@(@HH(@H) =0
SV2m—1=0

1
em=; (thoéa man dk)

Khi do, theo Vi-etta co: .Tudo:

A 1 S .oz . P N 2
Vay m = 3 la gia tri can tim ctua m

b) Tita® +b* =2 vaa,bkhong am dé thiy v/2 < a+b < 2. C6 2 cach xii Iy bai toan :

* Cach 1:

3 —3+6t+8 ., A A
batr=a+beM=f(t) = — 1a ham nghich bién trén [v/2;2]. Do
do:

Min M = f(2) =3vaMaxM = f(v/2) =2v2+4
* Cach 2:
Theo AM-GM :

A+ +1>3absad+b+4>3ab+3 <M >3

B <
b3§\/§b2
Matkhacab+1>1=>M<d’+b’+4
Tudosuyra: M <22 +4

Vay Min M = 3 vaMaxM =2v2 +4

Laic6:0<a,b<V2= = d+ b <V2(a2+ b)) =22
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nam hoc 2018-2019

PHAN I-TRAC NGHIEM (3 diém)

LCﬁu 1

Phuong trinh x> — 3x — 6 = 0 ¢4 2 nghiém 1a x;, x,. Téng X1 +x béng :
(A E B. -3 C.6 D.—6

LCﬁuZ

Puong thang y = x+ m — 2 di qua diém E(1;0) khi :
Am=-1 B.m=3 C.m=0 szl

Cau3

Cho tam gidc ABC vudng tai A,ACB = 30°,AB = 5cm. D6 dai ACl1a :

5V3 5
A. 10cm B. cm 5v/3cm D. —cm
; (C NG
{ Cau 4
Hinh vuéng canh bang 1, ban kinh dudng tron ngoai tiép hinh vuéngla :
1 2
Al B.1 C.v2 0
Cau5
Phuong trinh x2 + x4 a = 0 v6i x 12 4n, a 1a tham s6 c6 nghiém kép khi :
-1 1
A.— - C.4 D. -4
i 0;
I Cau 6
3 2
Cho a > 0, rt gon biéu thic % tadugc ket quala:
A. a? 0 a C. +a D. —a
PHAN II-TU LUAN (7 diém)
' < Bai 1 (2,5 diém) v/ >

x+2y=35

a) Giai hé phuong trinh {
3x—y=1

b) Tim toa d6 giao diém A, B ctia do thi 2 ham s6 y = x> va y = x+2. Goi D,C
la hinh chiéu vuéng ctia A, B trén truc hoanh. Tinh dién tich t& giac ABCD
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a)Taco:
x+2y=35
3x—y=
2
- x+2y=35
6x—2y=2
2y =
- x+2y=35
Tx =11
x=1
=
Vay hé phuong trinh da cho c6 nghiém duy nhat 12 (x;y) = (1;2)
b)
51Y
4 ................. :A
Yawa
C: _D X
—/—2 -1 0 1 2 3 4 5

Toa dd ctia 2 diém A, B 1a nghiém clia hé phuong trinh :

x=2
y=x y=4
5 & = A(2;4) vaB(—1;1)
xX*=x+2 x=-—1
y=1
Taco:
¢ _(ADFBO).CD _(4+1).3 _15
ABCD = > =5 =3
, < Baiz( diémv ) ~

Nhan dip tét thiéu nhi 1/6, mot nhém hoc sinh can chia déu 1 s6 lugng quyén
V0 ‘thanh cac phan qua dé tang cac em nho tai mdt mai 4m tinh thu’dng Neu
moi phan qua giam 2 quyen thi cac em c6 thém 2 phan qua niia, con néu moi
phan qua glam 4 quyen thi cac em c6 thém 5 phan qua nta. Hoi c6 bao nhiéu
phan qua va méi phan qua cé6 bao nhiéu quyén vé.

\ /

Goi s6 phan qua la x va s6 quyén v6 clia méi phan qualay (x,y € N*;y > 4)
Theo bairataco:

(r=2)x+2) = (-4 x+5) =xy
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Sxy+2y—2x—4=xy+5y—4x—20 =xy
2y —2x=4

= Y x
Sy—4x =20

=10 N

& {X (théa man diéu kién)

y=12
Vay c6 tat ca 10 phan qua va méi phan qua cé 12 quyén vé.

, < Bai 3 (2,5 diém) v/ > \

Cho dudng tron dudng kinh AB. C,D ndm trén dudng tron sao cho C,D nam
khac phia d6i v6i duong thang AB, ddng thoi AD > AC. Goi diém chinh giita ctia
cac cung nho AC,AD lan lugt 1a M,N. Giao diém clia MN v6i AC,AD lan lugt 1a
H.I.Giao diém ctia MD v6i CN 1a K.

a) Ching minh ACN = DMN, tit d6 suy ra MCKH ndi tiép
b) Chiing minh KH song song vdi AD

c¢) Tim lién hé gitta s6 do 2 cung AC,AD dé AK//ND

N D

a)

ViNlac diém chinh gifta cung AD nén sdAN = sdND.

Ma ACN va DMN lan lu’dt la2 goc noi tlep chén 2 2 cung ANvVAND nén ACN =DMN [
Xét ta giac MCKH c6 : HCK HMEK (vi ACN = DMN theo cmt)

— MCKH la tii giac noi tiép. O

b)

Vi MCHK la t glac noi tlep (cmt) nén HKM HCM

MaH CM ADM 2 goc noi tiép cung chéan cung AM)

Suyra: HKM = ADM .

Ma 2 géc nay nam 6 vi tri dong vi = HK//AD [

c)

Xét ta giac NIKD c6 INK = IDK (V1 2 cung AM va MC bang nhau)

= NIKD lata glac noi t1ep = IKN = IDN

Ma IDN = ACN (cung béng 1 nita s6 do cung AN)

Suyra: /KN = ACN = IK //AH.Két hop v6i HK / /AI chiing minh 6 trén ta c6 AIKH 1a
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hinh binh hanh (x;)

Mit khac néu AK//ND thita c6 IAK = NDA = IMK = IAMK la t gidc noi tiép = TKA =
IMA

M2 [MA = NDA = IAK

= JKA =IAK = ATAK cantail = JA =K (x3)

Tit (x2) va (+3) suy ra AIKH 1a hinh thoi = IH | AK hay MN | ND = MND = 90°

_ dA
_ 360°—saaD — 34C
Ma MND = . 2 nén:
—_ sdAC
360° — sdAD — >
—90°
2
_ sdAC
:>sdAD+—82 = 180°
~ 2 N - dA/\é
Vay dé AK//ND thi sdAD + ST — 180°
, { Baia(diémv ~

a) Cho cdac sb thuc duong a,b,c théa man a+ b+ ¢ = 3. Tim gia tri nh6 nhat
ctia biéu thiic A = 44> 4 6b* + 3¢2

b) Tima,b € Z* biét phuong trinh x> — 2ax — 3b = 0 va x*> — 2bx — 3a = 0 déu c6
nghiém nguyén

\

a)
Ap dung bat dang thiic Cauchy-Schawrz, ta c6 :

2
9=(a+b+c)= (%-Za—l-%-\/gb—l—%-\/gc)

< [(é)er (%)Z <%>2] : {(2a)2+ (\/6b>2+ (ﬁcﬂ
= E.(4a2—|—6b2—|—362)

4
= da® 4+ 6b* +3c% > 12(%)

a=1
2 e 4 ? b :3 2
bang thtic 6 (x) xay ra < atote b=
4a = 6b=3c 3
C:§
R . . 2 . 4
VayAdatGTNNbanngtala:l;b:§vac:§

Chii y: c6 thé dung AM-GM nhu sau :

b)
A} =a?+3b

Xét 2 phuong trinh : x> —2ax—3b=0 (1) vax? —2bx—3a =0 (2) co :
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Via,b € Z* nén (1) va (2) déu c6 nghiém thi diéu kién can la A} va A} 1a s6 chinh

phuong.
Khong mat tinh tong quat, gia st a > b. Khidé ta co :

@ <a®+3b=A] <a’*+4a+4=(a+2)?
= A =a*+3b=(a+1)?
= 3b=2a+1
=2a=3b—1 (%)

Vi A, = b* 4 3ala s6 chinh phuong nén 4.A, = 4% + 124 ciing la s6 chinh phuong. Tiic

la:
47+ 12a=k* (keN;k>4via,becZh)
SAb?+6(3b—1)=k>  (vi*))
& 4b? + 18— 6 = k?
& 16b* +72b — 24 = 4k>
& (4b+9)* —4k* = 105
& (449 —2k)(4b+9+2k) =105 =3.5.7

Vi4b+ 9+ 2k > 21 nén xay ra cac kha nang sau :

L Jabrorak=35 _ fk=3
4b+9—2k =3 4b = 10 (loai)

L Jarora=105 [k=26
4b+9—2k=1 b=11

L Jaroraa=21 k=4
4b+9—2k=5 b=1

+ V6ib = 11, thay vao (x;) suy raa = 16. Thit lai thiy théa man

+ V6ib = 1, thay vao (x;) suy ra a = 1. Thit lai thiy théa man

Vay cac cdp (a;b) théa man yéu cau bai toan 13 : (a;b) € {(1;1),(11;16),(16;11)}
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nam hoc 2017-2018 -

, { Bail@5diémv >

2x =4

1) Giai phuong trinh :
) p & {x +y=35

x—2 1

1
x+24/x \/)_c+ Vx+2

vGix >0

2) Rut gon biéu thiic P =

1)
Taco:
2x =4 x=2 x=2
& &
{x—i—yzS {x+y:5 {y:3
Vay hé phuong trinh da cho c6 nghiém duy nhat 12 (x;y) = (2;3)
2)
V6ix>0,tacoh:
pox=2 L 1
CxH2vx Vxo Jx+2
o x=2 Va2 N VX
CVERVEF2) Va(VE+2)  Va(Va2)
X —2—/x—2+/x
o Va(Vx+2)

x—4
Vx(Vx+2)
 (VE-2).(/F+2)

VAN

Jr—2

,  Baiz@diémv )

Cho phuong trinh x> — 2mx+m?> —1=0 (1) v6im1a tham sb
1) Giai phuong trinh (1) khim =2

2) Chting minh rang phuong trinh (1) lu6n c6 2 nghiém phan biét v6i moi m.
Goi x1;x; 1a 2 nghiém ctia phudng trinh (1). Lap phuong trinh bac hai nhan
x% — 2mx% +m%x; —2va xg — 2mx% + m?x, — 2 1a nghiém.

1)
Khi m = 2, phuong trinh (1) tr6 thanh :

Podx43=0s |
x=3

Vay v6i m = 2 phuong trinh (1) c6 2 nghiémlax=1vax=3
2)
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Xét phuong trinh (1) : x> —2mx+m> —1=0c6: A =m? — (m*> —1) = 1

Suy ra phuong trinh (1) luén c6 2 nghiém phan biét x;;x; véimoim [O.

. =2

Theo Vi-ettaco:{ s ) "

X1.Xp =m~ — 1
baty, = x? - 2mx% +mPx; —2vVay, = x% - 2mx% +m?xy —2
Chu y bién déi :
X —2mx4+m?—1=0ox*—2mx+m* =1

=x° —2mx* +m*x =x

:>x3—2mx2+m2x—2:x—2
Suyra:y1 :x1—2véy2 :x2—2. Do do:

Yi+y2= (x1—2)—|—(x2—2) =x1+x—4=2m—4
yiva = (x1—2)(x2 —2) =x1x2 — 2(x1 +x2) +4=m> — 1 —2.2m+4=m* —4m+3

Tt d6 ta c6 phuong trinh bac hai nhan y; va y, lam nghiém la :

¥ —(Q2m—4)y+m* —4m+3=0

,  Baisz(1diémv \

Mot nhém gom 15 hoc sinh (ca nam va nii) tham gia budi lao dong trong cay.
Cac ban nam tréng dudgc 30 cay, cac ban nu tréng dudc 36 cay. Moi ban nam
trong dudc s6 cay nhu nhau va méi ban nii trong dugc s6 ciy nhu nhau. Tinh
s6 hoc sinh nam va s6 hoc sinh nit clia nhém biét méi ban nam tréong dugc
nhiéu hon méi ban nit 1 cay.

\

Goi s6 hoc sinh nam va s6 hoc sinh ni ctia nhém lan lugtla x, y (x,y € N*;x,y < 15)
Khi do :

+ S6 cay méi ban nam trong dugc 1a : 30 (cay)
x

A AR oA .. 36 .
+ SO cay moi ban nu trong dugc la : — (cay)
y

x+y=15 (1)
Theo bairataco: < 30 36

0301 o Tu (1) = y = 15 —x. Thay vao (2) ta dugc:

X y
30 36 B
X 15—x
30(15 —x) —36x B

1

x(15—x)
& 450 — 66x = x(15 —x)
&2 —81x+450=0

x =75 (khong théa man diéu kién)
x = 6 (thda man diéu kién)
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Vay s6 hoc sinh nam ctia nhém 14 6 hoc sinh va s6 hoc sinh nit1a : 15— 6 = 9 hoc sinh

, < Bai 4 (3,5 diém) v/ > \

Tit mot diém M nam ngoai dudng tron (0) ké 2 tiép tuyén MA, MB véi duong
tron (A, B1a 2 tiép diém). LAy diém C trén cung nho6 AB (C khong triung v6i A, B).
Tt diém C ké CD vudng géc véi AB, CE vudng goéc véi MA, CF vudng goc véi MB
(D € AB,E € MA,F € MB). Goi I 1a giao diém ctia AC va DE, K 1a giao diém ctia
BC va DF. Chiing minh ring :

1) T gidc ADCE noi tiép 1 dudng tron
2) Hai tam giac CED va CFD dong dang
3) Tia dbi clia tia CD 14 tia phan gidc ctia ECF

4) IK//AB

1)
Xét ta giac ADCE c¢6 ADC +AEC = 90° +90° = 180°
Suy ra ADCE la ti gidc noi tiep .

2)
CED CAD
Vi ADCE la tii giac noi tiép theo cmt nén (*1)
EDC = EAC
CFD = CBD
Chiing minh tuong tu ta cé CDBF latigidcnditiépnén< —— (%)
FDC = FBC
CAD = FBC
Mat khac ta co (%3)
EAC = CBD
CED = CDF
T (%1);(*2);(x3) suyra< — _—~— = ACED - ACDF(g.g)0
(¥1); (x2); (x3) suy {CDE:CFD (8-8)
3)

Tit ACED « ACDF (cmt)=> ECD = FCD
. | ECx=180°—ECD
Ma< — —
FCx=180°—FCD
Do dé : ECx = FCx = Cx 14 tia phan giac clia ECFO
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4)
Tt giac CIDK ¢6 :
ICK +IDK = ICK +IDC +KDC

— ICK +CBA + CAB

= 180°
= CIDK lata glac noi tiép
= CIK = CDK = CAB = IK//AB O
, < Bais (1 digmv > ~

1) Gidi phuong trinh: (x> —x+1)(x> +4x+ 1) = 6x?

2) Cho 4 s6 thuc duong x,y,z,7 théa man x+y+z+r = 2. Tim gia tri nh6 nhét
cua:

(x+y+z)(x+y)
xyzt

1)

Xét phuong trinh : (x> —x+1)(x> +4x+ 1) =6x> (1)

Datr =x>+1 (¢ > 1) thi phuong trinh (1) trd thanh :

A=

(t —x)(t +4x) = 6x> < 1>+ 3x — 10x* = 0
& (t—2x)(t+5x) =0

t—2x=0
t+5x=0

e VOit—2x=0taco: x> +1-2x=0& (x—1)?=0=x=1

. . —5++v21
-let+5x=0taco:x2+1+5x:0<:)x:T\/_
< LA N —5++v21
Vay phuong trinh (1) c6 tap nghlemlaS:{l;ST\/_}
2)
Ap dung bat dang thiic AM-GM, ta c6 :

x+y>2/xy
x+y+z=(x+y)+z>2¢/(x+y)z
x+y+z+t=x+y+z)+t>2y/(x+y+z2)t

Nhan vé véi vé ctia 3 bat dang thiic trén ta dugc :

(x+y)(x+y+2)(x+y+z+1) > 8/ ayat(x+y)(x+y+2)
& (x+y)(x+y+2) > 16xyzr  (vixty+z+r=2)
(x+y+2)(x+y)

xyzt

S A=

> 16
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_ 1

xX=Yy x:y:Z
A=l6e {FTY=7 e,
Xt+y+z=t 2
X+y+z+i=2 t=1

|
iz=—vat=1
)

e

Vay gid tri nh6 nhat clia A 12 16, dat dudc taix =y =
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nam hoc 2016-2017 -

, < Bail Bdigm) v ) ~
1) Tinh gia tri ctia biéu thiic P = v/x+ 1 v6ix = 8

2) Giai phuong trinh x> —4x+3 =0

. R 1 1 -1 _.
3) Rut gon biéu thuc A = <\/}_1 + \/)_c—|—1> . \/;2 vOix > 0;x # 1
1)
Véix=8taco:P=x+1=/8+1=19=3
2)
Phuong trinh x*> —4x+3 = 0 ¢c6 A’ = 4 — 3 = 1. Tt d6 suy ra phuong trinh ¢6 2 nghiém
N 2 1 2—1
phan biét 14 : x; — +1\/_:3; X = lf:1
3)
V6ix>0;x#1taco:
1 1 —
Vai—1 " x+1 2
VI x—1
T VA-D.VAED 2
_ WA
CVx+1
, < Bai 2 (1,5 diém) v/ > \
A . x+2y=m s £
Cho hé phuong trinh vOim la tham so
2x+5y=1

1) Giai hé phuong trinh khim =0

2) Tim m dé hé phuong trinh c6 nghiém duy nhéat (x,y) sao cho x,y 1a 2
nghiém ctia phuong trinh > — (3m — 1)t +m* +9m — 13 = 0 v6it 1a an s

\

1)
V6im = 0, hé phuong trinh da cho tré thanh :

x+2y=0 2x+4y=0 y=1 x=-2
& & &
2x+5y=1 2x+5y=1 2x+5y=1 y=1
Vay v6i m = 0 thi hé phuong trinh da cho c6 nghiém duy nhat1a (x;y) = (=2;1)
2)

x+2y=m (1)
2x+5y=1 (2)
Tt (1) = x = m—2y. Thay vao (2) ta dugc:

Xét hé phuong trinh :(7)

2m—=2y)+5y=1<2m+y=1<y=1-2m
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=x=m—2y=m—2(1—-2m)=5m—2

Nhu vay, hé () luén c6 nghiém duy nhét (x;y) = (5m —2;1 —2m)

Xét phuong trinh : 7> — (3m — 1)t +m* +9m—13=0 (3)

Theo Vi-et, dé x;y 12 2 nghiém clia (3) thi can:

xy=m*+9m—13 < (5m—2)(1—2m) =m*+9m—13

o mt+10m> —11=0
s m?—1)(m*+11)=0
S mt—1=0
S m= =1

Thii lai thAy m = +1 théa man. Vay nhiing gia tri can tim ciam 1am = 1 hodcm = —1

,  Baiz(digmv > \

Quang dudng tit Bic Ninh dén Ha Noi dai 30km. Mot 6 t6 di tit BAc Ninh ra Ha
Noi r6i tit Ha Noi vé Bac Ninh. Biét van toc lidc dilén hon van toc lac vé 1a 10km /h
nén thoi gian vé nhiéu hon thai gian di 12 9 phat. Tinh vén toc ctia 6 t6 khi di tir
Bac Ninh ra Ha Noi

Goi van toc clia 6 t6 ldc di tit BAc Ninh ra Ha Noi la : x(km/h) (x> 10).

Khi dé, van tdc clia 6 to ltic tit Ha Noi vé Bac Ninh 1a : x — 10(km/h).

Theo bai ra ta c6 phuong trinh :

30 30 9

& x2—10x—2000=0

x = —40 (khong théa man diéu kién)
x = 50 (thda man diéu kién)

Vay van toc clia 6 t6 Iic di tit Bic Ninh ra Ha Noi 12 50km /h

. < Bai 4 (3,5 diém) v/ > \

Cho tam gidc ABC c6 3 géc déu nhon, BAC = 45°. Goi O 1a tam dudng tron ngoai
tiep AABC. Cac duong cao BD,CE cat nhau tai H.

1) Chting minh rang ti gidc ADHE ndi tiép 1 dudng tron

2) Chiing minh rang AHDC vuéng can tai D
« DE
3) Tinh tiso —
) Tinh t1 so BC

4) Chting minh ring OA 1 DE
1) —_— —_—
Xét tit gidc ADHE c6 : ADH + AEH = 90° +90° = 180°
Suy ra ADHE la tt giac noi tiep [
2)
Xét AACE vudng tai E c6 CAE = 45°(gt)= ACE = 45°
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Xét ACDH vuong tai D co DCH = ACE = 45° = ADCH vuong can tai D (.
3)
Dé thay BCDE la tii gidc noi tiép nén EDH = BCH. Tit d6 ta c6 :

DE HD
AEHD ~ ABHC(g. — =
N A A . .~ HD 2
Ma ADCH vudng can tai D theo cmt nén e - g
Va DE _ V2
YBC T 2

4)
Ké tiép tuyén Ax ctia (0). Khi d6 OA L Ax, dong thoita cé:

—  — 1
XAB = ACB = EsdAB(*l)
Mt khac, BCDE 1a i giac noi tiép nén ACB = 1@(*2)

Tu (%) va (%) suyra: XAB = AED.Ma 2 gbécnay nam 6 vi tri so le trong nén Ax//ED =
OA L EDVIOA 1 Ax[O

, < Bais(digm) v ) ~
1) Gidi phuong trinh : x> 4+2x —3 = 4/2x+3

2) Cho 3 s6 thuc a,b,c thda man a + b = 4¢. Chiing minh rang :

2V a2 —ab+ b2+ v a? —2ac+4c2 + /b2 —2bc +4c2 > 8¢

1)

, N A -3
Xét phuong trinh x> 4-2x — 3 = 4/2x+3 (1). Dieukién 2x +3 > 0 < x > > (%).
Taco:

(1) > +4x+4=2x+3+4/2x+3+4
& (x+2)2 = (V2x+3+2)?

X+2=v2x+3+2 (*1)
X4+2=—vV2x+3-2 (%)

V6i diéu kién (x) 10 rang (x,) khong thé xdyraviVT >0 > VP
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Xét (x;)taco:

x>0

x=-—1
& x=3

x>0

X2 =2x+3
(*1) =

< x =3 (thdéa man (x))
Vay phuong trinh (1) c6 nghiém duy nhétla x =3
% co:
4(a* —ab+b*) = (a+b)> +3(a—b)> > (a+b)*> =2V a2 —ab+ b2 > |a+b| = |4c|

1
(a+2¢)* = Va2 —2ac+4c2 > §|a—|—2c|

1
(b+2¢)* = /b2 —2bc +4c? > 5B +2¢]

3 1
a? —2ac+4c* = Z(a—Zc)z—i-Z(a-i—Zc)z >

3 1
b? —2bc +4c* = Z(b—zc)2+z(b+2c)2 >

Bl— A=

Cong vé v4i vé clia 3 BPT trén ta dudc :

1 1
2V a2 — ab+ b+ a? — 2ac +4c? + /b2 — 2bc + 4c? > |4c|+§|a+2c|+§|b+20|

1 1
24c+§(a+2c)+§(b+26) =8¢ [

a=>ob

a=72c

b=72c

Déngth&cxéyra@ c>0 Sa=b=2c>0
a+2c>0

b+2c>0

\a—l—b:4c
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nam hoc 2015-2016 _

,  Bail Bdigm) v ) \

1) Giai phuong trinh 3x+2 =x+3

2) Tim m dé ham s6 y = (m — 2)x+ 1 dong bién

3) RﬁtgonbiéuthﬁcA: 3+a+\/5 . 3_a—5\/ﬁ VvOix > 0;x # 25
Va+1 va—>5

\ /

1)
Taco:

1
3x—|—2:x—i—3<:>2x:1<:>x:§

Vay phuong trinh da cho c6 nghiém duy nhét1a x = %
2)

Hamsdy= (m—2)x+1doéngbién & m—2>0cm>2
Vay nhiing gia tri can tim ciam 1am > 2

3)
V6ix>0;x#25taco:
B atva) (, a—5/a
() (-%)
— 3+ va).3-va)
=9—a

,  Baiz2diém) v ) \

Cho phuong trinh x*> — 2mx +2m — 10 = 0 (1) v6i m 1a tham s6
1) Giai hé phuong trinh khim = —3

2) Tim m dé hé phuong trinh (1) c6 2 nghiém phan biét x;;x, sao cho 2x; +
x2=—4
1)
V6i m = —3 phuong trinh (1) tré thanh :

X 4+ox—16=0< x=2
x=-8
Vay v6i m = —3 thi phuong trinh (1) c6 2 nghiém phan biétlax=2vax= —8
2)
Xét phuong trinh (1) ¢6: A’ = m?> —2m+10 = (m — 1)*> 49 > 0 ¥m. Do d6 phuong trinh
(1) ludn c6 2 nghiém x;;x, v6i moi m.
X|1+x2=2m (1)

Theo Vi-et ta co :
x1.xp=2m—10 (%)
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Theo baira: 2x; +x; = —4 (x3)

. JE =2 =-2m—4
Tt (1), (x3) taco hé: i = am oM "
2x1+x = —4 xp =4m+4

Thay vao () taco:

m= -3
(—2m—4)(4m—+4) =2m—10 < 4m>* + 13m+3=0< —1
—

4

2 . A N _1 A ? ~
Thulai thaym = -3 vam = T déu thoa man.

A ~ .z « X N 2 N - _1
Vay nhung gia tri can tim cuamlam = -3 hoacm = e

 Baiz(digmv >

Mot manh dat hinh chit nhat c6 chu vi biang 28m. Dudng chéo clia né dai 10m.
Tinh chieu dai va chiéu rong cia manh dat do.

Goi chiéu dai va chiéu rong ctia manh dat 1an luct 13 a,b(m) (0 < b < a < 28)
Khi d6, duong chéo ctia manh dat la : va% + b2
Theo bairataco:

2a+b)=28 _ fa+b=14 o Ja=14-b

Vva*+b2=10 a’+b* =100 (14 —b)? +b*> = 100

(thda man)

a=14—b a=14—b
= =
b*—14b+48=0 b=6hoict =8

Vay chiéu dai va chiéu rong ctia manh dat 1an lugt 1a 8m va 6m
/ \ . o A \
/ N\ Bai 4 (2,5 diem) v/ J \
Cho ntta dudng tron tAm O, duong kinh AB = 2R. Trén tia d6i clia tia AB 14y diém
E (E khéac A). Tiep tuyen ké tu E cat cac tiep tuyen tai A va B ciia dudng tron (O)
lan luot tai C va D. Goi M la tiep diém cua tiep tuyen ké tu E.

(khong thda man)

I
© O O ®

S 2 > 9
I

1) Chitng minh rang t gidc ACMO ndi tiép 1 dudng tron

s DM CM
2) Chu inhrang — = —
) Chung minh rang DE = CE
3) Chting minh rang khi E thay ddi trén tia d6i clia tia AB thi tich AC.BD
khong doi
1) — —
Xét tit gidc ACMO c6 CAO+CMO = 90° +90° = 180°
Suy raACMO la ta giac nditiep [

2)
CM _ CA
. X, 2 .4 £ s CM =CA C_E a C_E
Theo tinh chat cua tiep tuyen ta co '{DM DB =9 DM DB (*1)
DE DE
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.CA CE CA DB

Mat khac vi AC//BD né ‘DB =DE " CE_DE (%2).
N DM CM

Tu (*1) (*2) suyra: _DE = _CE

3)

AC  OA
Dé dang chiing minh dudc AAOC «~ ABDO(g.g) = 30~ pp — AC-BD =B0.0OA = R?
Vay khi E thay d6i trén tia d6i ctia tia AB thi tich AC.BD luén khong déi [
’ < Bai 5 (1,5 diém) v/ > \
S A .« s . 2 A 2 5 2 1
1) Cho ala s6 thuc duong. Tim gia tri nho nhat cua S = 21 1 (a 2+ )
a a

2) Cho dudng tron (O,R) va 2 day cung AB,CD (AB > CD). Hai dudng thang
ABva CD cat nhau tai M. Ching minh rang MA +MB > MC + MD

1)

Theo BDT AM-GM, taco:

2 2
a +a —|—122 a—l—l
a’+1 4a a2+1 4a

Pr1>2W21=2a="2 >2
a

Tudo suyra:

a 5(a®>+1
__a_ S@+)
a?+1 2a

2
a a“+1
_<a2+1+ 4a >+

9
>142-2
> 1+

a’+1
a

|0
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a a’+1

11 =
S=—<a?2+1 4a Sa=1
2 a*=1

~ . 2 A 2 N 11 .
Vay gia tri nho nhat cua S 1a 5 dat dugc taia =1
2)
Goi E, F lan lugt 1a trung diém ctia AB,CD. Khi d6 : OE 1 AB,OF 1 CD

ViAB > CD nén OE < OF.
x .z | MA+MB=2ME
D& thay { "4+
MC+MD =2MF
Theo Pytago : ME = VMO? — OE?;, MF =+/MO? — OF?
Ma OE < OF suyra ME > MF (%)
Tu (x) va (xx) suyra: MA+MB > MC+MD O

(%)
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nam hoc 2014-2015

. < Bai 1 (1,5 diém) v/ > \

Cho phuong trinh x? 4+ 2mx — 2m — 6 = 0 (1) v6i m 1a tham sb.

1) Giai phuong trinh khim =1

2) Tim m dé phuong trinh c6 2 nghiém x;;x, théa man x? +x3 nhé nhat

\ /

1)

x=2

x=—4

Vay v6i m = 1 thi phuong trinh (1) c6 2 nghiém phan biétlax=2vax=—4

2)

Phuong trinh (1) c6 A’ = m? +2m+6 = (m+ 1) +5 > 0 Vm. Do d6, phuong trinh (1)
luén c6 2 nghiém phan biét x;;x,.

Khi m = 1 thi phuong trinh (1) tr6 thanh : x> + 2x -8 =0 <

, =-2
Theo Vi-ettaco: X +x "
X1.Xp = —2m—06

=12 +x5 = (x1 +x2)% =200 = 4m? +4m+ 12 = 2m+1)2+11 > 11

2 2 —1
x+x5=112m+1=0m=—

2
A _1 N ., . X ~ 2

Vaymzjla gia tri can tim cuam

, < Bai 2 (1,5 diém) v/ > \

Trén cung 1 hé toa do, goi (P) 1a d6 thi ham s6 y = x? va (d) 1a do6 thi ham sb
y=—x+2

1) V& cac do thi (P) va (d). Tit d6 x4c dinh giao diém cta (P) va (d) bang do
thi

2) Tim a,b dé do thi A cia ham sb y = ax+ b song song véi (d) va cat (P) tai
diém c6 hoanh do bang -1

1)

(d) | (P)

4 3 -2 10 1 2\34

(P) va (d) c6 2 giao diém 12 A(—2;4) va B(1;1)
2)
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, a=—1
Taco:A//(d) & *
//(d) {b L, ©
Mit khac, diém c6 hoanh do bang -1 thuoc (P) 1a C(—1;1). Do d6, A cat (P) tai diém
c6 hoanh do bang -1khivachikhiCe A& 1 = —a+b (xx)
Thay a = —1 vao (x) ta dugc b = 0 (théa man (x))
Vaya = —1vab =01acac gia tri can tim.

, < Baiz@diémv > \

1) Mot ngudi dap xe dap ti dia diém A dén dia diém B, quang dudng AB dai
24km. Khi tu B vé A nguoi do6 tang van toc thém 4km/h so v6i luc di, vi vay
thoi gian ve it hon thai gian di la 30 phut. Tinh van toc cta xe dap khi di ti
A dén B.

2) Giai phuong trinh : /x++/1—x+/x(1 —x) =1

\ V.

1)
Goi van tbc clia xe dap khi di tit A dén B 1a x(km/h) thi van toc khi di tit B vé A 1a
x+4(km/h) (x> 0). Theo bairataco:

24 24 1
—_—— = — 4) =192
" rid 2<:>x(x—|— )

S 44x—192=0

x =12 (théa man)
x = —16 (khong thda man)

Vay van toc clia xe dap khi di tit A dén B1a 12km/h
2)
Xét phuong trinh \/x+ 1 —x+/x(1 —x) =1 (2)

N >0
Didukién { " = S0<x<1(%)
1-x>0

2_
batr=/x++1—x(t>0)thi x(l—x):t 7 I.Phlmngtrinh(Z)trfjthénh:

-1
-1
2
=12 42t-3=0

PN t=1
t = —3 loai)

-+

Vbir=1taco:

x = 0 thda man (*))
x =1 thda man (*))

VitVli—-x=1& /x(1-x)=0& [

Vay phuong trinh (2) c6 2 nghiémlax=0vax=1
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 BaiaBdiém) v )

Cho tam gidc ABC c6 3 géc nhon va 3 dudng cao AA’, BB',CC’ cat nhau tai H. Vé
hinh binh hanh BHCD. buong thang qua D song song voi BC cat AH tai M.

1) Chitng minh rang A, B,C,D,M cung thudc 1 dudng tron

2) Goi 0 1a tam dudng tron ngoai tiép AABC. Chiing minh rang BM = CD va
BAM = OAC

3) Goi K 1 trung diém clia BC. Duong thang AK cit OH tai G. Chiing minh
rang G la trong tAm ctia AABC

A ommmmmeal
~
P2 o
/, A
~
’
‘ B' s
4 N
’ \
/ \
f \
’ Cv \
/ \
\
]
\
i H \
]
]
! 1
; G ;
1 1
| \O '
! | [}
1 | 1
B [ | "
1 ]
\ A K
’ N 7C
A ’
\\ Vi
’
A 4
\\ ,'
\\ ,/
’
M~ =Y
~~~~~~~~~~

1)

Dé dang chiing minh dudc ABDC va ACDM 14 cé4c tG gidc noi tiép. Tu dé suyraA, B,C,D, M
cung thudc 1 duong tron [
2)

Trong (0), 2 day cung BC va MD song song v6i nhau nén 2 cung BM va CD bang nhau
=BM=CD [

Vi ACD = 90° nén AD la duong kinh cta (0). Tudé taco :

OAC = DAC=BAM O

3)
HCDB 1a hinh binh hanh nén BC va HD cit nhau tai trung diém méi duong. Ma K 1a
trung diém BC nén K ciing 1a trung diém ctia HD.
. . S s X A X AH
Xet AAHD co OK la duong trung binh nén : OK//AH va OK = —
Tu d6 theo Ta-let ta co :
GK OK 1 2
2 2 S GA=ZAK
GA AH 2 =G 3
Ma AK 1a dudng trung tuyén ctia AABC nén G 1a trong tdm clia AABC [
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, { Bais@diémv ) ~
1) Tim gia tri nh6 nhét ctia P = a® 4+ ab+b> —3a —3b+2014

2) C6 6 thanh phd, trong dé cti 3 thanh phd bat ky thi c6 it nhét 2 thanh phd
lién lac dugc v6i nhau. Chiing minh rang trong 6 thanh pho noi trén ton
tai 3 thanh pho lién lac dugc véi nhau.

1)
Taco:

2P = 2a° 4 2ab + 2b* — 6a — 6b + 4028
= (a®* 4+ 2ab+b*) + (a* —2a+ 1)+ (b* —2b+ 1) — 4(a+b) +4026
= (a+b)*>—4(a+b)+4+(a—1)>+(b—1)*>+4022
= (a+b—2)*+(a—1)>+(b—1)>+4022
> 4022
= P>2011

P=2011<a+b—-2=a—1=b—-1=0&a=b=1

Vay gia tri nho nhat cia P1a 2011, dat dudc taia = b = 1

2)

GOI 6 thanh ph6 da chola T1;T7; T3; Ty, T5; T6

Xét thanh pho 7. Trong 5 thanh pho con lai ton tai it nhat 3 thanh pho lién lac dugc
v6i T hoac it nhat 3 thanh pho khong lién lac dudc v6i 7;.

e Néu trong 5 thanh phé con lai, ton tai it nhat 3 thanh phé lién lac dudc véi 7;.
Gia sti 3 thanh phé dé 1a 7»; T3; T;. Theo gia thiét, trong 3 thanh phé 7»; T3; 74 téon
tai 2 thanh phé lién lac dugc v6i nhau. 2 thanh phé nay cling véi thanh phé 7
tao thanh 3 thanh pho lién lac dudc véi nhau. Ta c6 diéu phai chiing minh.

e Néu trong 5 thanh phé con lai, ton tai it nhat 3 thanh phé khénglién lac dugc véi
7. Gia sti 3 thanh phé d6 14 7»; T3; T4. Xét cac bo 3 thanh phé (T;, 1, 13); (Ty, 1>, T3); (Ty, T3, T ).
T gia thiét suy ra 7, T3 lién lac dudc véi nhau, 75, Ty lién lac dugc véi nhau, 73, 74
lién lac dudc véi nhau. Nhu vay bo 3 thanh phé 7»; T3; 74 tao thanh 3 thanh phé
lién lac dugc v6i nhau. Ta cé diéu phai chiing minh.

Vay trong 6 thanh phé néi trén ton tai 3 thanh pho lién lac dudc véi nhau O
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nam hoc 2013-2014 _

, < Bail Bdiém) v ) \

1) Cho biéu thiic P = x + 5. Tinh giatricaa Pkhix=1

2) Ham s6 y = 2x+ 1 dong bién hay nghich bién trén R? Vi sao?

3) Giai phuong trinh x> 4 5x+4=0

\

1)

Khix=1tacOP=x+5=1+5=6

2)

Ham s6 y = 2x+ 113 ham s6 bac nhat c6 hé s6 a =2 > 0nén y = 2x+ 1 1a ham s6 dong
bién trén R

3)

x=-—1
x=-4

Vay phuong trinh da cho c6 2 nghiém phan biétlax=—1vax=—4

Taco:x24+5x+4=0<

, < Bai 2 (2 diém) v/ > \

mx+3y=>5

(m 1a tham s0)
2x —my =

Cho hé phuong trinh {

1) Giai hé phuong trinh v6im =2

2) Tim m dé hé phuong trinh c6 nghiém (x,y) théa man y = 2x
1)
Khi m = 2, hé phuong trinh da cho tré thanh :

Sx=y=1

2x+3y=5 2x+3y=5
X+ 3y @{x—ky
X=y

{2x—2y:O

Vay v6i m = 2 thi hé phuong trinh da cho c6 nghiém duy nhét (x,y) = (1,1)
2)

mx+3y=5 (%)

2x—my=0 (%)

Khiy = 2x thayvao (x;) taco:2x—2mx=0< x=0hodacm =1

Xét hé phuong trinh (7) {

e Néux =0 = y=2x=0. Nhung khi d6 (*;) khong dudc théa man

A 1 N A d N
e Neum = 3 thi hé () tro thanh:

3y=>5 =
{x—I— Y & thda man y = 2x

2x—y=0

SR

y:

Vay m = 1la gia tri can tim cia m
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< Bai 3 (1,5 diém) v/ >

Khoang céch giita 2 bén song A, B 1a 30km. Mot ca no di xudi dong tit A dén B roi
lai ngugc dong tu B vé A. Tong thai gian ca n6 di xudi dong va ngugc dong l1a 44.
Tinh van toc cua ca no khi nudc lang biét van toc dong nudc la 4km /h

Goi van toc clia ca né khi nuéc lang 1 a(km/h) (a > 4)
Khi do6 :

+ Van toc ca no khi xudi dong 1a : a +4(km/h)
+ Van toc ca nd khi ngudc dong 1a : a — 4(km/h)

Theo bairataco:

30 30 ’ B a = —1 (khong thda man)
a+4+a—4_4{:)a —15a—-16=0¢< a = 16 (théa mén)

Vay van toc clia ca n6 khi nuéc lang 1a 16(km/h)

. < Bai 4 (2,5 diém) v/ > \

Cho tam giac ABC c6 3 géc nhon noi tiép dudng tron tAm O. Hai dudng cao
AD,CE cat nhau tai H. Vé duong kinh BM ctia duong tron tam O

1) Chiing minh rang EHDB 14 tii gidc noi tiép

2) Chiing minh rdang AHCM 13 hinh binh hanh

3) Cho ABC = 60°. Chiing minh rang BH = BO

A

1)
Xét t gidc EHDB c6 BEH + BDH = 180° = EHDBla tii gidc noi tiép [
2)

AH//CM (1 BC)

= AHCM la hinh binh hanh .
AM//HC (L AB)

Xét ta gidc AHCM c6 : {

3)
Ké dudng kinh AN. Dé dang chiing minh dugc BHCN la hinh binh hanh nén BH =
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CN (x)
Xét AONC cén tai O c6 ONC = ABC = 60° = AONC déu = CN = ON = BO (xx)
Tu (%) va (xx) suyra BH = BO [.

' < Bai5 (1 digm v \

1) Cho a,b,cla cac sb thuc thda man abe = 1. Tinh gid tri ctia biéu thiic :

1 1 1
a+ab+1 +b—l—bc+1 +c+ca+l

2) Chting minh ring néu tam gidc ABC c6 C = 24 va AC = 2BC thi tam giéc
ABC la tam giac vuong

\ 7

1)
VGiabc=1,tacod:
Mo 1 n 1 N 1
ab4+a+1 be+b+1 cat+c+1
1 a ab
= + +—
ab+a+1 abc+ab+a a*bc+ abc+ ab

B 1 . a n ab
ab+a+1 l+ab+a a+1+ab
B 14+a-+ab
ab+a+1

=1
2) Trén tia d6i ctia tia CB lay diém D sao cho CD = CA

A

Dé dang ching minh dudc :

AB BC

AABC —~ ADBA(g. =
= AB> = BC.BD
& AB? = BC.(BC +CD)
& AB? = BC.(BC+CA)

CA?
& AB*> = BC* + = (CA=25C)

& 2AB? = 2BC? 4+ CA?
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& 2(AB* + BC?) = 4BC* + CA?
& 2(AB* +BC?) =2CA*> (CA =2BC)
& AB* + BC? = CA?

=/AABC la tam giac vuéng [J
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nam hoc 2012-2013

, < Bail @diém)v ) \
1) Tim gia tri clia x dé cac biéu thiic sau c6 nghia:\/3x—2;\/%
2) RutgonA = 2+Vv3)v2-v3
24+V3
1)
2
\2/3x—2cénghia(:>3x—220<:>x2g
\/%cénghiaﬁbc—l>0@x>%
2)
Taco:
2 3)vV2—+v3
A= CHVIV2ZV3 L a va e Ve @ va) = vi=1
V2+V3
,  Baiz 2diémv > \

1) Giai phuong trinh v6im =2

\

Cho phuong trinh mx? — (4m —2)x+3m—2=0 (1) v6im1a tham s6

2) Chting minh rang phuong trinh c6 nghiém véi moi gia tri ctia m

3) Tim m nguyén dé phuong trinh (1) c¢6 cac nghiém déu nguyén

1)
Khi m = 2, phuong trinh da cho tr6 thanh :

X —bx+d=0a | ¥
x=2

Vay v6i m = 2 thi phuong trinh da cho c¢6 2 nghiémlax=1vax=2
2)
Xét 2 kha ndang sau :

 Néum =0, phuong trinh (1) tr6 thanh : 2x—2 =0 < x =1

 Néum # 0 thi (1) 1a phuong trinh bac hai c6 :

AN=02m-1)?—m@Bm—-2)=m?>-2m+1=(m—1)>>0

= (1) c6 nghiém vdi moim # 0

Vay phuong trinh (1) luoén cé nghiém véi moi gid tricaam O
3)
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Khi m = 0 thi phuong trinh (1) c6 nghiém duy nhétla x = 1
-2 2
Khi m # 0 thi phuong trinh (1) c6 2 nghiémla:x; =1vax, = 3mm =3

V6im e Z thi:

xneEZesmelU2)={+1;£2}

Vay nhiing gi4 tri can tim ciam lam € {0;1;—1;2; -2}

 Baisz@diémv >
Mot manh vudn hinh chit nhat c6 chu vi 1a 34m. Néu ting thém chiéu dai 3m
va chiéu rong 2m thi dién tich tdng thém 45m?. Tinh chiéu dai, chiéu rong ctia
manh vuon.

Goi chiéu dai va chiéu rong clia manh vudn dé 1an lugt 1a a, b(m) (a > b > 0)
Theo bairataco:

2(a+b)=34 2a+2b =34 b=5 a=12 .
& & = (thoéa man)
(a+3)(b+2)—ab=45 2a+3b =139 2a+3b =39 b=5

Vay chiéu dai va chiéu rong cia manh vuon lan lugt 1a 12m va 5m

,  BaiaBdibmv > \

Cho dudng tron tam O. Tit diém A ndm ngoai (0) ké céc tiép tuyén AM,AN véi
duong tron (M, N la cac tiep diém).

1) Chting minh ring AMON néi tiép dudng tron dudng kinh AO

2) Puong thang qua A cit (0) tai B,C (B nam gitta A va C). Goi I 1 trung diém
BC. Chting minh 7 ciing thudc dudng tron duong kinh AO

3) Goi K 1a giao diém ctia MN va BC. Chiing minh rang AK.AI = AB.AC

1) Vi AAMO va AANO lan lugt vuong tai M va N nén AMON noi tiép duong tron dudng
kinhAO O
2)

 Néu duong thang AB di qua O thi tring v6i O
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* Néu dudng thang AB khong di qua O thi OI L BC = AAIO vuong tai I = I thudc
duong tron duong kinh AO

Vay I thudc duong tron duong kinh AO O
3)
Goi H 1a giao diém ctia MN va OA

e Truong hop 1 : dudng thang AB khong di qua O
Dé dang ching minh dudc :

AB AM

- = = 2
AABM ~ NAMC(g.g) = = AC = AB.AC = AM* (%)
AK AH

Mat khac theo hé thuc lugng trong tam giac vuong, xét AAMO ta co :
AH.AO =AM?  (%3)
Tu (*1), (*2), (x3) suyra: AB.AC = AK.Al

e Truong hop 2 : dudng thang AB di qua O
Khi do K trung v6i H va I trung v6i O = AK.Al = AO.AH
Lap luan nhu truong hgp 1 ta ciing c6 : AB.AC = AK Al

Vay AB.AC = AK.AI O

{ Bais (1 diémv )

Cho céc sb thuc x,y théa man x > 0;y > 0;x+y = 1. Tim gia tri 16n nhat va gia tri
nhé nhat ctia A = x> +y?

Tix+y=1=y=1-x.Vix>0;y>0nén0<x<1.
Taco:

A= 4y =+ (1—-x)? =27 —2x+1

1 2
o A=2x2— Y 151
A=2x 2x+1—2( 2) +52>5
2 Loz 1
Dangthu?cxayra<:>x:5:>y:5

e A=2x"-2x+1=2(x-D+1<1vi0<x< 1
Péng thiic xay ra < [iil

+x=0=y=1
+x=1=y=0

A .2 . 2 A 2 N 1 . 1 N .2 .1 2 A 2 N
Vay gia tri nho nhat cua A 1a > datdugctaix=y= 5 vagia tri I6n nhat cua A 1a 1, dat
dugc tai (x,y) = (0,1) hodc (x,y) = (1,0)
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nam hoc 2011-2012 -

, < Bai 1 (1,5 diém) v/ > \
1) Sosanh 2 s63v/5va4y3
, 3+v5 3-5
2) Ratgon A = —
) & 3—v5 3+V5
1)
Taco:
2 2
(3\/3) :45;(4\@) — 48
2 2
N (3\/3) <(4\/§)
=3V5<4/3
2)
Taco:
4_3tV5 3-45
3—vV5 3+V5
 (B34+V5)2P-(3-V5)?
(3+4/5).3—/53)
_12V5
4
=35
, { Baiz2diémv ~
Cho hé phuong trinh {2x+2y :;m_l v6im 1a tham s6
x—2y=

1) Giai hé phuong trinh vGim = 1

2) Tim m dé hé phuong trinh c6 nghiém (x,y) théa man x2 —2y% = 1
1)
VG6im = 1 thi hé phuong trinh da cho tré thanh :

2x+y=4 2x+y=4 2x+y=4 x=2
= = =
x—2y=2 2x—4y =4 S5y=0 y=0

Vay v6i m = 1 thi hé da cho c¢6 nghiém duy nhétla (x,y) = (2,0)
2)
Taco:

{2x—|—y=5m—1 - {2x—|—y:5m—l N {2x+y:4

x—2y=2 2x—4y=4 Sy=5m—35
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= 2

5—m

{2x—|—y:4 x="—
=

y=m—1

y=m—1

Tit d6, hé da cho c6 nghiém (x,y) théa man x> — 2y> = 1 khi va chi khi :

<S_Tm>2—2(m—1)2:1

& —Tm?*+6m+13=0

m=—1
& 13
m=—

7

A ~ .oz . A S 2 N - 13
Vay nhtuing gia tri can tim cuamlam = —1 hoacm = =

 Bai3@diémv )

Mot ngudi di xe dap tit A dén B cach nhau 24km. Khi tli B tr6 vé A ngudi dé ting
van toc thém 4km/h so véi lac di, vi vay thai gian vé it hon thadi gian di la 30 phut.
Tinh van toc cua xe dap khi di ti'A dén B

Goi van toc clia xe dap khi di tt A dén Blax(km/h) (x > 0)
Van toc xe dap khi tu Bve A la x+4(km/h).
Theo bairataco:

24 241
x x+4 2
2 4+4x—192=0

x = 12 (théa man)
x = —16 (khong thda man)

Vay van toc clia xe dap khi di tit A dén B1a 12km/h

. < Bai 4 (3,5 diém) v/ > \
Cho dudng tron tdm (O, R), day cung BC cb dinh (BC < 2R) va diém A di dong
trén cung 16n BC sao cho AABC c6 3 goc nhon. Cac dudng cao BD va CE caa
AABC cat nhau tai H.

1) Chting minh rang ADHE 1a t gi4c ndi tiép
2) Gia sii BAC = 60°. Tinh khoang cach tlt O dén BC theo R

3) Ching minh rang dudng thang ké qua A vuong géc véi DE ludn di qua 1
diém cb dinh.

4) Phan gidc ctia ABD cét CE tai M, cit AC tai P. Phén gidc ctia ACE cit BD tai
N, cat AB tai Q. Ta giac MNPQ la hinh gi? Vi sao?
1)
Dé dang ching minh
2)
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Ta c6 BOC = 2BAC = 120°. Tit d6 xét ABOC cAn tai 0. Ké dudng cao OI va xét AOIC ta
co:

1 — O ocC
—_ = °© = I = — I = — =
> cos60 coslOC oC =0 7

| =

A A DA N 2 . N A Y R
Vay neu BAC = 60° thi khoang cach tu O dén BC bang 5
3)

Ke tiep tuyen Ax cia (O) = Ax L OA. Tach:

— 1
YAB = ACB = _sdAB (+)

Dé thiy BEDC 1a tit gidc noi tiép = ACB = AED ()

Tit (x) VA (x) suy ra : xAB = AED

Ma 2 g6c nay 6 vi tri so le trong = Ax//ED. Mat khdc Ax L OA = OA L ED.
Vay duong thang qua A va vuéng goc v6i ED luon di qua diém O co dinh O
4)

Goi K 1a giao diém ctia BP va CQ

Vi BEDC 1a tt gidc noi tiép nén ABD = ACE

:>,®:P/BTD=A/C\Q: Q/CTE Tudésuyra:

KBC +KCB = KBC +ECB+ECK
— MBC + BCE + EBM = 90°
= BKC = 90°
— BP 1 CQ

Suy ra M va N lan lugt 1a truc tAm ctia cac tam giac BCQ va BCP

= OM 1 BC;PN 1 BC

= OM//PN (1) ) -

BCPQ la tti giac noi tiep = QPB = QCB

BCNM 12 tti gidc ndi tiép = NCB = KMN

= QPB = KMN = PQ//MN ()

T (%1), (*2) suy ra MNPQ la hinh binh hinh. Ma MP | QN theo cmt nén MNPQ la hinh
thoi.
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< Bais (1 diém) v )

Cho biéu thtic P = xy(x —2)(y +6) + 12x> — 24x + 3y* 4 18y + 36. Chling minh ring
P luon duong véi moix,y € R

Taco:
P =xy(x—2)(y+6) + 12x> — 24x+3y* + 18y + 36
= xy(x—2)(y+6) + 12x(x —2) +3(y* + 6y + 12)
=x(x—=2)(y* +6y+12) +3(y> + 6y +12)
= (> +6y+12)(x> —2x+3)
= [0+372+3] [e-12+2]
>0Vx,ye RO
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nam hoc 2010-2011 -

, < Bail digmv > \
e (1 va\. Ja
ChObleuthuCP_<%+\/E+l>'\/E+a
1) Ratgon P
2) ﬁmadéP:13—3

1)
biéukién:a >0
V6i dieu kién trén, ta co :

(1, va). a
P_(%+\/5+1)'\/5+a
atya+l ata

Va(va+1)  a

_a++/a+1
=
2)
po B atvetl 13
3 Vva 3

©3a—10/a+3=0

& (Va-3)(3va-1)=0
i3

Ja

a =

W | =

(thda man)
a =

)
O — O

A ~ o2 . A S 2 N - 1
Vay nhung gia tri can tim cuaalaa =9 hoaca = 9

 Baiz 2diémyv >

Mot doi cong nhan du dinh 1am xong cong viéc vdi 500 ngay cong tho. Tinh sb
ngudi cia doi biet rang néu bo sung thém 5 cong nhan thi so ngay hoan thanh
cong viéc giam di 5 ngay.

Goi s6 cong nhan ctia doi 1a a (ngudi) (¢ € N*). Theo bairatacé:

500 500 ) B a = 20 (thda man)
a  a+5 Seat3a=300=0s1 55 (khong thoa man)
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Vay doi doé c6 20 cong nhan.

'  Bai3@diémv \

Cho2hamsdy=—x+2vay=x?

1) Vé do thi (d) cia ham s6 y = —x+2 va db thi (P) clia ham sb y = x? trén
cung 1 hé truc toa do

2) Tim giao diém ctia (d) va (P) bang db thi va kiém tra lai bang phuong phap
dai so.

3) Tim ham s6 y = ax+ m biét do thi (d') clia n6é song song véi (d) va cat (P)
tai diém c6 hoanh dé bang 2

1)

(d) | (P)

2)
Tit d6 thi ta c6 (P) va (d) c6 2 giao diém 12 A(—2;4) va B(1;1)
Toa dd giao diém ctia (P) va (d) 1a nghiém ctia hé :

x:
2 2 _
y=x y=x y=1
2 2 =
x*=—x+2 x+x—-2=0 x=-2
y=4

Vay (d) va (P) c6 2 giao diém 1a A(—2;4) va B(1;1)
3)
Taco: (@) ))<=~ ()
' m 2
Mit khdc, diém c6 hoanh d6 bang 2 thudc (P) 1a C(2;4). Do d6, (d') cat (P) tai diém
c6 hoanh dé bang 2 khi va chikhi C € A & 4 = 2a+m (x)
Thay a = —1 vao (xx) ta dugc m = 6 (thoa man (x))
Vay ham so cantimlay = —x+6.
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,  BaiaBdiém)v ) \

Cho nita dudng tron (0), duong kinh AB = 2R. Ké 2 tiép tuyén Ax, By clia nita
dudng tron. Tiép tuyen thi ba tai M cta nita dudng tron cat Ax tai D va cat By
tai E.

1) Chiing minh ADOE la tam giac vuong
2) Chiing minh AD.BE = R?

3) Xac dinh vi tri ctia M trén ntta duong tron sao cho dién tich ADOE dat gia
tri nho nhat.

1)
Theo tinh chét ctia tiép tuyén taco 01 =0,va03 =0,
Suyra:
~ ~  01+0,+05+04
0, +05 = 1+ 242— 3+ 4 _ 900
= DOE = 90°
= ADOE la tam giac vudng[]
2)

Theo hé thic lugng trong tam giac vuong DOE ta cé :
DM.ME = OM* =R* (%)

Hon niia, theo tinh chét tiép tuyén ta c6 : DM = DA;ME = BE [
Tl (1), (2) suyra: AD.BE = R*> [13)

. 1 .
Taco:Spoe = E.OM.DE. Do dé:

Spor nho nhat < DE nho nhat
< DE la khoang cach gitta Ax, By
< DE//AB
& M la diém chinh gitta cung AB

Vay dién tich tam gidc DOE nho nhét khi M 1a diém chinh gi{ta cung AB.
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< Bais (1 diém) v )

Cho (x+ x2—|—\/2010> . (y+\/y2+\/2010> — /2010. Tinh S = x + y

Tit gia thiét suyra :

(<x+ 2+ 201) (x— x2+\/m>.(y+\/y2+\/2010)=\/2010.<x— x2+\/m)
<x+ 2010) <y+ y2+m).<y—\/y2+\/2010>:\/2010.<y— y2+¢m)
(_ /3010, (y+ y2+\/2010>=\/2010 <x o 2010)
(x4 V2 + V2010) (—v/2010) :\/_O(y yzwm)

\
(
—(y+\/y2+\/2010) 2412010 (%)

—(x+ x2—|—\/2010>: V2 +/2010  (%2)
\

Cong vé v6i vé clia (x;) va (x,) ta dugc :
—x—y=x+ysx+y=0

Vay S =0
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Nam hoc 2019-2020 e

, < Bail (2 diém) v/ > \
=223 +3x2 —38x+5

1. Tinh gia tri clia biéu thiic A = khix=2++3

VX2 —4x+5

2. Cho2hamsby=x*vay= (m—1)x—1 (v6i m 12 tham s6) c6 do thi lan lugt
la (P)va (d). Tim m dé (P) cat (d) tai 2 diem phan biét A(x;;y1),B(x2;y2) sao
cho y;? — 2% = 18(x* — x%)

Loi gidi

x=24V3= (x-22=3ax=4x—1
Tudotaco:
O =xdx—1) =4’ —x=4(4x— 1) —x = 15x— 4

Txt =x(15x—4) = 15x% —4x = 15(4x — 1) —4x = 56x — 15
=t =283 +3x% —38x+5=56x—15—2(15x—4) +3(4x— 1) = 38x+5=—5

Dong thoi Va2 —4x+5=/(x—2)2+1=2
iz -5 ..
Tudé6 A = 7V01x22—|—\/§
2.
(P) cat (d) tai 2 diém phan biét khi va chi khi :
phuong trinh x> — (m — 1)x+ 1 = 0 ¢6 2 nghiém phan biét

m>3

<1 )

SA=m-1?-4>0s

ViA(xy;y1),B(x2;y2) € (P) nén:

vt =32 =18(x? —x2%)
<=>X16 —XZ6 = 18()613 —X23)
Sx+x’ =18 (vix] #x)
< (xg +x2)3 —3xpnp(x;+x2) =18 (%)
X1+xx=m—1

. Thay vao (x;) ta dugc :

Theo Vi-et, taco :
X1X2 = 1

(m—1)>=3(m—1)=18
S (m—4)(m* +m+4)=0
S m=4(vi m*+m+4> 0,Vm) (thda man (%))

Vay m = 4 1a gia tri can tim ctia m
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,  Baiz 25diém v ) \

V2 +2xy+4 = 2x+ Sy
Sx24+Ty—18=Vx*+4

2. Cho x,y,z khéng 4am théa man x +y+z = 3. Tim GTLN, GTNN cua :

1. Giai hé phuong trinh {

M=/x2—6x+25+/y2 —6y+25+/22 —62+25

Loi gidi
1.

2
1A . 2 4=2x+5 1
Xét hé phuong trinh {y eyt x+5y (1)

524+ Ty—18=vVxt+4 (2)

.Taco:

(1) (% =)+ (2xy—2x) — (dy—4) =0
S (y—1)(2x+y—4)=0

y—1=0
2x+y—4=0

e Néuy—1=0< y=1.Thayvao (2) ta dudc:

454+ /217
521l = /P tdeor=+ +2—4(datx2=t)

e Néu2x+y—4=0<y=4—2x Thayvao (2) ta dugc:

52— 14x+10 =Vt +4 =2 +2x+2./x2—2x+2 (3)

bat Va2 +2x+2 =a;vVx*—2x+2=bthia,b >0va (3) tr6 thanh :
6a* —b* = ab
< (a—2b)(a+3b)=0

a—2b=0
a+3b=0

< a—2b=0(via,b>0)
Taco:
a—2b=0
V24 2x+2=2v/x2—2x+2
S +2x+2=4(x"—2x+2)

&3 —10x+6=0

547
X = 3

20
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a=3—x
, b+c=6 R
e Dat{»h=3—y .Khido atbte vaM =Va? +16+va>+164+Va? +16
0<a,b,c<3
c=3—-z2
e Tim Min

Theo BDT Minkowski ta co :

M= Va5 16+ Va2 +16+Va £ 16> \/(a+b+c)+(4+4+4)2 =6V5

Péng thiicxayra< a=b=c=2

e Tim Max 1
UCT v6i didu kién 0 < a < 3 ta dudc Va2 + 16 < “——= (x)
That vay :

(%) < 9(a®+16) < (a+12)* < 84> —24a < 0 < a(a—3) < 0(dtng)

Hoan toan tuong tuvasuyra: M < 14
bang thic xay ra khi (a,b,c) = (0,3,3) va cac hoan vi

,  Bai3z(5diém v > \

1. Tim tAt ca cac cip s nguyén duong (x,y) théa man (xy+x+y) (k2 +y*+1) =
30

2. Cho nla s6 nguyén duong thda man /122 + 1 1a s6 nguyén. Chiing minh
rang 2v/12n% + 1 + 2 1a so chinh phuong.

Loi gidi

1.
Vix,yeZt nénxy+x+y>3;x>+y>+1>3, déngthbixy+x+y:3<:>x:y: 1 va
¥+y’+1=3ox=y=1.Honnta:

x% +y2 > 2xy
CH1>2r =+ 41> xy+x+y
Yy +1>2y

xy+x+y=>5

2y 41=6 & (x,y) = (1;2) hodc (x,y) = (2;1)

Do d6 chi xay ra kha nang sau : {

2.
Vi12n2 +11as6 1é nén theo bairatacé:

V12n24+1=2m+1,mecZ

< 3n% =m(m+1)(x)
= m chia hét cho 3 hoic m chia 3 du 2
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+ Néum chia 3 du 2 thim =3k +2,k € Z.
Tu (*) suy ra: 3n> = (3k+2)(3k+3) & n?> = (k+1)(3k+2)
k+1=p?
VIUCLN(k+1;3k+2) =1nénphdicé < 3k+2=¢> ,(p,q€Z)
pqg=n
Nhung 1 s6 chinh phuong hoic chia hét cho 3 hoic chia 3 du 1 nén khéng thé
ton tai ¢ € Z ma ¢*> = 3k +2 = trudng hgp nay khong xay ra

+ Néu m chia hét cho 3 thim = 3k,k € Z.
Tu (*) suy ra: 3n> = 3k(3k+ 1) < n? = k(3k+1)
k= p?
VIUCLN(k;3k+1) =1 nénphdic6 { 3k+1=¢> ,(p,q€7)
pg=n
=>m=3p*vaqg>=3p>+1
=2V12n2 +14+2=202m+1) +2 =4m+4 = 12p* + 4 = 4¢*> = (2¢)?
= 2v12n% +1+21a so chinh phuong.

 Baia@diémv \
Cho tam giac ABC c6 3 goc nhon, AB < AC. Céc dudng cao AD, BE,CF cit nhau
tai H. Goi (0) la duong tron ngoai tiep ti giac DHEC. Trén cung nho EC cua (O)
lay diém ] khac E sao cho /C > IE. Duong thang DI cat duong thang CE tai N,
duong thang EF cat duong thang CI tai M.

1. Chiing minh NI.ND = NE.NC
2. Chiing minh MN vuong goc véi CH

3. buong th:fmg HM cét (0) tai K khac H, duong thang KN cat (0) tai G khéc
K, duong thang MN cat duong thang BC tai T .
Chtng minh rang 3 diém H, T, G thang hang.
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1.
, ND NE
Ta c6 : ANDE v ANCI = — = — = NI.LND = NE.NC
) TNC T NT
Tachﬁngminh:ﬁl\(?:lﬁl\c:m — AEF = MEC
= MENI 1a tii gidc noi tiép = EMN = EID = AHE = AFE
— MN//AF = MN_LCH
3.
Ta c6 : NMC = [HC = NDT => ADNT « AMNI => DN.NI = MN.NT
Lai c6 : AKNI ~ ADNG = DN.NI = NK.NG
Suyra: MN.NT = NK.NG = AMNK < AGNT (c.g.c) = TGK = HMN

MéH/MTV=FTC7(:>T/G7{=PTC7(=FTG\K:>TGEHGhay3 diém T, G,H thang hang.

< Bais(diém) v )

Cho 2020 cai keo vao 1010 cai hop sao cho khéng c6 hop nao chita nhiéu hon
1010 cai keo va moi hop chua it nhat 1 cai keo. Chiing minh rdang c6 thé tim
dugc 1 so hop ma tong so keo trong cac hop doé bang 1010.

* Goia;la s6 keo c6 trong hop thiti (i = 1,1010)
Khi d6 theo gia thiét 1 <a; < 1010vaa; +as + ... +ajgio = 2020

d DétSi:a1+a2+...+aivéii: 1,1010
Khi d6 0 < S; <2020 v6i Vi = 1,1009 va Sp19 = 2020

o Xét dﬁy S$1,52,...,81009 g6m 1009 sb
Néu trong day nay ton tai mot s6 chia hét cho 1010 thi né phai bang 1010, ta c6
diéu phai chitng minh. Ngugc lai, néu khéng ton tai s6 nao chia hét cho 1010
thi theo nguyén Iy Dirichle, ton tai it nhét 2 s6 c6 ciing s6 du khi chia cho 1010.
Gid st 2 s6 d6 12 S, va S, (S, > Sp). Do d6 (S,, — S,):1010, két hgp v6i 0 < §; <
2020,Vi =1,1009 suy ra S,, — S, = 1010, ta co diéu phai ching minh
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Néam hoc 2018-2019 e

,  Bail @5diém v ) \

a+\/a2—b2_a—\/a2—b2 4Va* —a’b?
a—Va =0 a+Va® -2 ] b?

1. Rt gon biéu thitc P =

VGi |a| > |b| >0

2. Cho phuong trinh x> +ax+b =0 (1) v6ix1a 4n, a, b 12 tham s6. Tim a, b biét
X1—x2=25

3 3 _
x| —x; =35

phuong trinh (1) c6 2 nghiém x;,x, théa man {

Loi giai
1.
V6i |a| > |b| > 0,taco:
at+va*—b*> a—va*—b*\ 4Va*—a*b?
P= — : 3
a—vVa*—b* a+Va*—b? b

O i ) W

b? '4 a*(a® —b?)
_ 4ava®-b?
4|a|.v a* — b?
_a
|al
|1 néua>0
T | =1 néua<0
2.
Taco:
X]—xp =25 X]—Xxp =25 X1—xp =5 X]—xp =25
303 <93 2 2 = 2 A
x]—x; =235 x{+x1xp+x5 =7 (x1 —x2)°+3x1x00 =7 X1xp =06
x1=26
—= 5 = 5 X :1
X1 =x2+ - x; X7 + PN 2
XQ(X2—|-5)—6:0 X2+SX2—6:O x1=-—1
X2:—6

Tit d6, phuong trinh (1) ¢6 2 nghiém théa man diéu kién clia bai toan khi va chi khi
noé c6 2 nghiémla 1va6hodac —1va—6

S a3 A2 . 1 b=0 =7
e 1vaé6la2nghiém cua phuong trinh (1) @{ ax & {a

36 +6a+b=0 b=6
pS S oA 2 N 1_ b:O :7

e —1va —61la2nghiém cua phuong trinh (1) at =
36-6a+b=0 b=6
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Vay cac gi4 tri can tim clia a,b 12 (a,b) € {(=7,6);(7,6)}

,  Baiz 25diém v ) \

1. Giai phuong trinh v/x+3++/3x+1=x+3

2. Cho cac sb thuc a,b,c théa man 0 < a,b,c <2 vaa+b+c = 3. Tim gia tri

224 2
2 A ez . 4 A 2 b
16n nhat, gia tri nho nhat cua P = @ ot
ab+bc—+ca
Loi giai
1.
. . A A 3>0 1
Xét phuong trinh : /x+3+4+/3x+ 1 =x+3 (1). Diéu kién XS = Sx>—=
3x+1>0 3
=vx+3 £ y LA
pit{ * X (a,b > 0) = 3a> —b*> = 8. Két hgp véi (1) ta c6 hé :
b=+3x+1
a+b=ad o b=a’>—a N b=a>—a
3a> - b* =38 3a>— (a*—a)* =8 —a*+2a* +2a°>-8=0
N b=a’>—a o b=a’>—a - a=?2
—(a—2)*(a®>+2a+2)=0 a=2 bh=2
N . Vx+3=2
Tudotaco: X Sx=1
V33x+1=2
Vay phuong trinh (1) c6 nghiém duy nhéatlax =1
2.

* Tim Min : D& thay a® 4+ b2+ ¢? > ab+bc+cava do a,b,c > 0nén:

B a? + b* +¢? S ab+bc+ca 1
ab+bc+ca " ab+bc+ca

Dang thiicxdyra<a=b=c=1
* TimMax:Vi0 <a,b,c<2nén:
(@a—2)(b—2)(c—2) <0< abc—2(ab+bc+ca)+4(a+b+c)—8<0

& 2(ab+bc+ca) > abc+4 (via+b+c=3)
=ab+bc+ca>2 (viabc>0)

2032 2 2
< 4z a*+b*+c (a+b+c) 9 9 5
Tudosuyra: P = = —2=——-2<_--2==
y ab+bc+ca ab+bc+ca ab+bc+ca -2 2
2 Yoz =2)(b—=2)(c—=2)=0 2 LA &
bang thic xay ra (C;) )(E Je=2) & trong 3 sO a,b,c cO moOt SO
aoc =

bing 0, mot s6 bang 1 va mot s6 bang 2
A . < 5
Vay Min P =1vaMax P = 5

® 0973.793.825 274 i DUC PV



im0, O =c

, { Baiz5diémv ~

1. Tim tAt ca cac cap s6 nguyén tb (x,y) thdéa man x2 —2y% = 1

2. Chting minh rang néu hiéu céc lap phuong ctia 2 s6 nguyén lién tiép 1a
binh phuong cta 1 so tu nhién » thi n la tong ctia 2 so0 chinh phuong lién
tiép

Loi gidi

1‘

Vi x,yla cdc s6 nguyén t6 nén néu x,y déu khac 3 thia? = b* = 1 (mod 3).

Khi d6 x*> — 2y* = 2(mod 3). Nhung x> — 2y?> = 1 nén x,y khong thé cting khac 3, tic la
c6 it nhat 1 so phai bang 3.

e Néux=23thi:3%2—-2y?=1= y=2 (théa man)
e Néuy=3thi:x*—2.3%=1= x> =19 (khong théa man)
Vay x = 3 vay = 212 c4c gia tri can tim.
éié sti (a+1)> —a® =n? v6iala 1 s6 nguyén nao d6. Taco :
(a+1P —a®=n* 3 +3a+1=n"
& 12a* +12a+3=4n*—1
&32a+1)>=2n—1)(2n+1)

2n—1=3p? 2n—1=p?
Vi(2n—1;2n+1) = 1 nén phai cé (x1){ 2n+1 = ¢? hoac () 2n+1 = 34>
pqg=2a+1 pg=2a+1

Trong d6 p,q1a cac s tunhién 1é.
Tuy nhién (x;) khong thé xdy ra vi tit 2n — | = 3p?> = 2n+ 1 = 3p?> +2 = ¢*> nhung 1 s0
chinh phuong khong thé chia 3 du 2. Do do6 xét (x;) taco :

2n—1=p?=2k+1)?=n=20>+2k+1=k>+ (k+1)*

Vay ta c6 diéu phai chiing minh.

,  BaiaBdiém) v ) \

1. Tit 1 diém A ndm ngoai dudng tron (0) ké 2 tiép tuyén AB,AC clia (0) v6i
B,C la cac tiep diém. Goi H la giao diem ctia AO, BC. Duong tron duong
kinh CH cat (0) tai D khac C. Goi T la trung diém cta BD.

a) Chiing minh rang ABHD 13 tii giac néi tiép.

b) Goi E 1a giao diém clia dudng tron dudng kinh AB va AC (E khéac A); S
12 giao diém ctia AO va BE. Chiing minh 7S//HD

2. Cho 2 dudngtron (0;) va (0,) cat nhau tai A, B. Goi MN la tiép tuyén chung
clia 2 dudng tron véi M € (01), N € (0,). Qua A ké dudng thang d song song
v6i MN. (d) cit (01),(0,),BM,BN lan lugt tai C,D,F,G (C,D khac A). Goi E
12 giao diém ctia CM,DN. Chiing minh EF = EG
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Loi gidii

-
- ~=

a)

Ta c6 : ABD = BCD (*1) (cung bang 1 ntia s6 do cung BD)
Hon niia dé thay A0 1a tiép tuyén tai H clia dudng tron duong kinh CH nén :

AHD = HCD = BCD  (%,)

Tit (%) va (%) suy ra : ABD = AHD = ABHD 1 tit gidcnditiep O
b)
Vi ABHD la tii gidc ndi tiép nén dé dang chiing minh dugc

AD BD 2TD TD
ABCD  AAHD AD _ BD _ D
¢ (8-8)= 25 = B¢ ~2mC — HC

Tit d6, két hop v6i TDA = AHC = 90° suyra:

ATAD «~ ACAH(c.g.c) = TAD = CAH
= TAS = DAE = EBD = SBT

= ABT S 1a tii gidc ndi tiép
=TS//HD O

2.
276
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——————
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G C.--H ™A K “D F
| ll . [ “
‘. 0 E
O \ |2 ]

E

Goi H, K lan luot 1a giao diém clia O\ M va O,N v6id va I 1a giao diém ctia AB vGi MN.
Khi do6, de thay H, K lan lugt la trung diém ctia AC,AD va MNKH la hinh chit nhat. Do
do:

D
MN:HK:%

Hon nita MN//CD = MN la dudng trung binh clia ACDE = M, N lan lugt 1a trung
diem ctia EC va ED. Tu d6 ta c6 MH la duong trung binh ctia AACE = MH//AE =

AE L GF (%3)
MI NI
Theo Talet F = AG (%4)

Mait khdc, theo tinh chat clia phuong tich ta c6 : IM> = IA.IB=IN?> = IM = IN  (*s)
Tu (*4),(*5) = AF = AG (*6)
T (x3) va (xg) suy ra AE la duong trung truc cua FG = EF = EG [

< Bai5 (05 diém) v >

Cho 20 s6 tu nhién, méi s6 c6 uéc nguyén td khong vugt qua 7. Chiing minh
rang ton tai 2 so trong 20 so da cho ma tich ctia 2 so dé6 la so chinh phuong.

Loi giai
Goi 20 s6 tunhién da cholaa; (i =T,20). Theo gia thiét ta c6 :

a; = 2™ 3" 5Pi 74 (mi,nhpia%’ GN)

m; — 0 néu m; chan

Xét tuong Ging { va ap dung cho n;, p;, ¢;. Khi d6 mo6i bo (m;, n;, pi, q;)

m; — 1 néu m; 18
sé tuong ting vdi 1 bd gdbm 4 phan t{i ma médi phan t(t 12 0 hodc 1 (ta goi 1a bd (0,1)).
Co tat cala 2* = 16 bo nhu thé. Do d6, theo nguyén ly Dirichle, ton tai 2 so trong 20 so
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da cho ma cac m;,n;, pi,g; cia 2 s6 d6 cling tuong ting véi 1 bo (0,1).Khéng giam tinh
tong quat, gia st d6 la a; va ap. khi do :

my+my =2x;ny +ny =2y,p1 +pr=22,q1 +q> =2t

Suyra:aj.a, = (2°.3V.5°.7 )2 12 1 s6 chinh phuong. Ta c6 diéu phai chitng minh. [
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Nam hoc 2017-2018 e

,  Bail @5diém v ) \
_ — Vx3 — —
ChoZbié?uthﬁ’chwvéQz s 2V61x20;x;£4
V=2 Vx+2

1. Ratgon PvaQ

2. Tim tat ca cac gia triclaxdé P = Q

Loi giai
1.V6ix>0;x#4,taco:

po23E2_ (rodVD 4 (VE-D) _ (VE-DRVERD o

o Vx=2 Vx—2 Vx—2
Q_\/F—ﬁ+zx—z_(xﬁ+2x)—(ﬁ+z)_(ﬁ+z)(x—1)_x_1
- Vx+2 B VX+2 o Vx+2
2.
Vi=1+3

P=0&2/x+1l=x—1&x-2/x—2=0
0 2V/x+1l=x—1x-2Vx = Vx =1—1+/3 (vd nghiém)

& x = 4+2v/3 (thdéa man)
Vay cé4c gia tri can tim cliaxlax =4 +2/3

, { Baiz25diém v ~

~ A 2 ~ b , .z . 2 « R
1. Cho cac so thuc duong a,b,c thoa man g =2 =S Tinh gia tri cua biéu
C a
thic :
_ 4a+6b+2017c
~ 4a—6b+2017c

x4+ 2y=xy+4

2. Giai hé phuong trinh
7P 8 {xz—x+3—x\/m:(y—3) y—3

Loi gidi

l‘

Via,b,c >0=a+b+c>0.Do do, theo tinh chat cua day ti s0 bang nhau ta c6 :
a b ¢ a+b+c 2027
—=—-=-=———=1l=a=b=c=P=——

b ¢ a b+c+a ¢ ¢ 2015

2‘

¥ +2y=xy+4 (1)

N <6
. Didu kién {x =
y >

Xét hé phuong trinh
°P 8 {xz—x+3—x\/6—x:(y—3) y=3 (2)
Taco:

x=2

(e (@—4)—(xy-2y)=0 (x-2)(x+2—y)=0< [y:x+2
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e Néux=2.Thayvao (2) tacé:
(y=3)V/y—-3=ley-3=1<y=4

e Néuy = x+2. Thay vao (2) ta dugc :

—x+3=(x—D)Va—1+xv6—x(3)

Theo AM-GM :

(x—DvVx—14+xvV6—x< (x—l)zz—(x—l) +x2—|—(26—x) =x>—x+3

Do d6, (3) vo nghiém. Vay hé phuong trinh da cho c6 nghiém duy nhét (x,y) = (2,4)

'  Bai3z(15diém v > ~

1. Cho cac sb thuc duong a,b,c thod man a+ b+ ¢ < 3. Tim gi4 tri nh6 nhat
ctia biéu thic :

2 2 2

+6a+3 b-+6b+3 +6¢c+3
Mza > a + > —I—C > ¢
a‘+a b>+b c“+c

2. Cho tam giac vudng c6 do dai cac canh 1a c4c sb tu nhién c6 2 chil sb.
Neu doi cho 2 chit so ctia so do canh huyen ta dugc so do cua 1 canh goc
vuong. Tinh ban kinh dudng tron ndi tiep tam giac do.

Loi giai
1.
o @H6at3 b2+6b+3  A46c+3
~ a’+a b2 +b +c
S U RIS D SIS
N a a+1 b b+1 c c+1
I 1 1 1 1 1
=343(-4—+-]+2
* (a+b+c>+ (a+1+b+1+c—|—1)
9 9 . I 1 1 9
>3+3. +2. Apdung: —+—-+->
N a+b+c a+1+b+1+c+1 (p 8 y z_x+y+z)

9 9
> 3+3.§+2.8 (Via+b+c<3)

=15

Dang thiic Xay ra <> a = b = ¢ = 1. VAy gid tri nh6 nhét clia M 13 15
2.
Gia st tam giac da cho la AABC vudng tai A.
AB = ab; BC = ba

_ VOi0<a<bhb<91<c<h,0<d<9
AC =cd

Theo gia thiét, dat : {
Ap dung Pytago :
BC?=AB* +AC? & ba’ = ab” +cd’
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scd =ba —ab

sod =99.(b7 — d?)

—cd 133

=cdi33

= cd € {33;66;99}
e Néucd =99 = ba > cd =99 (VO Iy)

e Néucd=66=b>—a*> =44 (a—b)(a+b) =44
Do b —a;a+ b cing tinh chan 1é nén b — a;a + b phdi ciing chan. Tuy nhién 0 <
b—a < a+b < 18 ma 44 chi tach dudc thanh tich ctia 2 s6 tu nhién chinla 2 va
22. Do vay, khéng ton tai a, b thda man.

e Neucd=33=>0-d*=114 (b—a)la+b)=11.Vi0 <b—a<a+bnén:

b—a=1 a=>5
=
at+b=11 b=6

Nhu vy AB = 56;BC = 65;AC = 33. Tit d6 ta c6 ban kinh dudng tron ndi tiép

AABCla:
_Smc_ __ ABAC 5633
~ p  AB+BC+CA 564+65+33
,  BaiaBdidm) v ) \

Cho AABC c6 3 géc nhon, AB < AC ndi tiép duong tron (0). Tiép tuyén tai A
ctia duong tron cat BC tai M. Ké dudng cao BF cia AABC. Tu F ké duong thang
song song vGi MA cat AB tai E. Goi H la giao diém ctia BF,CE; D la giao diém cta
AH, BC.
. s . MC AC?
1. Chting minh rang MA> = MB.MCva —— = —
MB AB?
2. Chiing minh rang AH | BC

3. Goi I 1a trung diém ctia BC. Chting minh ring E,F,D,I cing nam trén 1
duong tron.

4. Tu H ké dudng thang vudng goc v6i HI cat AB,AC lan lugt tai P,Q. Chiing
minh rang H la trung diém ctia PQ.

Loi gidi
1 MA MB
Tacé: AMAB ~ AMCA(g.g) = — = — = MA> =MB.MC O
MC _ MA

Mit khac ciing tli 2 tam giac trén dong dang, ta c6 :

MA _AB:>AC2 _MC* MC* MC
MC AC ~AB2 MA2 MBMC MB

® 0973.793.825 281 i DUC PV



im0, O =c

MAE = AEF (MA//EF) s e A
Vi — = ACB = AEF = BEFC la ti giac noi tiep

ACB = MAE  (cung chin cung AB)

Ma BFC = 90° = BEC = 90° = H 1 truc tam ctia AABC. Do d6 AH 1. BC O

3.

Vi ABFC vuong tai F va c FI 1a trung tuyén nén FI = IB = ABFI can tai I. Tl d6 theo
tinh chat géc ngoai ta co :

FIC — [BF 1 IFB = 2BF ()

Mit khac BEHD,AEHF,ABDF 1a cac ti gidc noi tiép nén :

FiBD — AED
FAH — FEH  — 2IBF — 2HBD — HED + FEH — FED (%)
FBD — FAT

T (x1),(%2) = FIC = FED = EFID la t gidc noi tiép hay 4 diém E, F,1,D cling nam
trén 1 duong tron O

4.

Goi K, L 1an lugt 1a trung diém clia BE,CF. Tacé:

HE BE KE

AHBE «~ ANHCF =
HF CF LF
Xét AHKE va AHLF c6:
HE KE
— = —(cmt) e
HF LF = AHKE «~ AHLF(c.g.c) = HKE = HLF  (x*3)

KEH = HFL = 90°

Laico:IK la du’dng trung binh ctia AEBC = IK//CE = IK 1 AB = KPIH la t@ giac noi
tiép = HKE = HIP (4)
Chting minh tuong tu ta cung co HLF = HIQ (*5)

T (*3), (%4),(*xs) suy ra : HIP HIQ. Mat khéc HI L PQ = AIPQ can tai l. Do do, HI
ciing 1a dudng trung tuyén ctia AIPQ = H la trung diém ctia PQ [
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, < Bai5 (05 diém) v ) \
Cho 2n+1 s nguyén, trong do6 c6 dung 1 s6 0 va cac sb 1:2;....n moi sb6 xuat
hién 2 lan. Chiing minh rang vdi moi so tu nhién », ta ludn sap xeép dugc 2n+ 1
so nguyén trén thanh 1 day sao cho v6i moiso m € {1;2;...;n} c6 ding m so nam
giua 2 som

Loi giai
Trudc hét ta c6 nhan xét sau day :

* V6i day gom cacs6 1é: 1;3;5;...;2k + 1 mbi s6 xuét hién 2 1an, ta c6 cach sap xép
th6a man yéu cau bai toan bang cach dung thém 1 6 trong nhu sau :

2k+1;2k—1;..;1;00;1;..,2k— 1;2k+ 1

e V6i day gdm cac s6 chan : 2;4;6;...;2k mbi s6 xuat hién 2 1an, ta c6 cach sap xép
thoa man yéu cau bai toan bang cach dung thém 1 6 trong nhu sau :

2k;2k —2;...2; 00,0052 .52k — 252k

Tré lai bai toadn, xét 2 kha nang :

e Néun = 2k+1, ta cé cach sap xép théa man yéu cau bai toan nhu sau :
2412k — 1;s 1 2K 1502k — 152k + 15,2k — 2;2k — 4;..: 2 2k ;[0]:2; ... 2k — 4; 2k — 2
e Néun = 2k+1, ta c6 cach sap xép thdéa man yéu cau bai toan nhu sau :

2k — 132k — 3.1 2k | 1. 2k — 3:2k — 152k — 2: 2k — 4:..: 2 O [ 2k |: 2 ..: 2k — 4:2k — 2

Vay, ta c6 diéu phai chiing minh. O
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Nam hoc 2016-2017

,  Bail @5diém v ) ~

1. Phan tich da thic P(x) = x* 4 5x* + 5x* — 5x — 6 thanh nhan t

2. Rt gon biéu thic :

Q:\/_ 4(x—1)+\/x+ 4(x—1).(1_

1
1) véix > 1,x#2

x2—4(x—1) X—
Loi gidi
1.

P(x) =x* + 523 + 557 — 51— 6 = (x* + 57 + 62%) — (x> + 5x + 6)
= (2 +5x+6)(x*—1)
=x+2)(x+3)(x—1)(x+1)

2. .
bé yrang:

X 4(x—1)=x—2\/mz<\/ﬁ—1>2
X+ 4(x—1):x+2\/ﬁ=<\/ﬁ+1>2
P —4x—1)=(x—2)?

Tit dé suy ra:

Vri—1-1 +]\/m+1( X2

|x —2| x—1

vx=1-1+vx—1+1 ,_»
|x — 2] x—1

1—-Vax—T+vx—1+1 x—=2 2

2—x x—1 1—x

Vi—1—-1++vx—-1+1 x—2_ 2
x—2 x—1 /x—1

+ Néul<x<2thiQg=

+ Néux>2thig=

1. Giai phuong trinh 2(2x—1) —31/5x— 6 =+/3x—8

2. Cho 4 sb thuc a,b,c,d khac 0 théa man : a,b 12 2 nghiém clia phuong trinh
x?> — 10cx — 11d = 0; ¢,d 1a 2 nghiém ctia phuong trinh x*> — 10a — 116 = 0.
TinhS=a+b+c+d

, { Baiz2diémv ~
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Loi gidi

1.

2% —1)=3V55—6 =3 -8 4(2x— 1) — 6v/5x —6—2v/3x—8 =0
o (5x—6—6\/5x—6—|—9) + <3x—8—2\/3x—8—i—1) —0
2 2
N (\/Sx—6—3> n (\/3x—8—1) —0
e Var—6-3=13r—8—1=0

Sx=3

Vay phuong trinh da cho c6 nghiém duy nhat1a x = 3

2.
a+b=10c (1)
=1 2
Theo Vi-etta co : ctd=10a ().
ab=—11d (3)
cd=—11b (4)

T (1),(2) = b+d =9(a+c)(x1) = S=10(a+c) (5)
Tit (3), (4) = abcd = 121bd = ac = 121 (x7)
Hon nita, a la nghiém ctia phuong trinh x> — 10ac — 11d = 0 va ¢ la nghiém ctia phuong
trinh x2 — 10ac — 11b =0 nén:
a®>—10c—11d =0
¢ —10a—11b=0
= a*+c*—20ac—11(b+d) =0
& (a+c¢)*—=99(a+c)—2662=0 (vi(*1),(*2))

a+c=-22
at+c=121

e Néua+c=—22.Thayvao (5) = S = —220
e Néua+c=121. Thay vao (5) = S = 1210
Vay § = —220 hodc S = 1210

{ Baiz(diémv >

3a*+ 3+ +2

Cho 3 s6 duong a, b, c. Tim gid tri nh6 nhét clia M = 3
(a+b+c)

Loi giai
Theo AM-GM
3a* +1=d* +a* +a* +1>4Va4 a4 a* 1 = 4d°
3p4 1 =b* b4 b4 1> 4VbAbh b4 = 4b°
4(a® +b3) + 3

=M= (a+b+c)d (+)
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Mat khac véi x,y > 0 thi:
(=)’ (x+) 205 27 +)7 > 2Py +xy?
4 +7) 2 (x+y)° (o)

Ap dung (xx), tit (x) suy ra :
(a+Db)*+c3 < (a+b+c)* 1

~ (a+b+c)P T 4(a+btc)} 4

at=b*=1
2 - 2 a:bzl
bang thucxayra< {a=»> & _
a+b=c <=

A .« 2 . kd A 2 S 1 . S
Vay gia tri nho nhat cua M la 7 datduoctaia=b=1vac=2

,  Baia@dibmv > \
Cho duong tron (C) tAm O, ban kinh R va day cung AB < 2R. Tii A, B vé 2 tiép
tuyen Ax, By cua (C). Lay diém M bat ky thudc cung nho AB (M khac A, B). Goi
H,K,Ilan lugtla chan duong vuong goc ha tt M xuong AB, Ax, By

1. Chiing minh ring MH? = MK.MI

2. Goi E 1a giao diém ctia AM va KH, F 1a giao diém ctia BM va HI. Chiing
minh rang dudng thang EF la tiép tuyén chung ctia 2 dudng tron ngoai
tiép cac tam giac MEK va MFI

3. Goi D 1 giao diém tht hai cia cic dudng tron ngoai tiép 2 tam giac MEK
va MFI. Chiing minh rang khi M di chuyén trén cung nho AB thi duong
thang DM luon di qua 1 diém c6 dinh.

Loi gidi

1.
1.
Vi Ax, By la 2 tiep tuyen ctia (C) va AKMH ,BIMH la céc tG gidc n6i tiep nén :

MIH = MBH = MAK = MHK
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MKH = MAH = MBI = MHI
= AMIH -~ AMHK (g.g)
MI MH

= —— = MH?* = MI.MK
MH ~ MK
2.
Theo chiing minh trén ta c6 :
ﬁB\A — ﬁH\K e — °
MAB =MHI

= MEHF 1a ti gidc ndi tiép

Ma EHM = HBM = HIM = EFM = HIM = FIM, suy ra EF 12 tiép tuyén ctia dudng tron
ngoai tiép AFIM

Chiing minh tuong tu ta c6 EF 12 tiép tuyén dudng tron ngoai tiép AMEK. Vay EF 1a
tiép tuyén chung ctia 2 dudng tron noéi trén.

3.

Ta c6 MFE = MHE = MBA = EF//AB

Goi C 1a giao diém clia DM va EF, Q 1a giao diém clia DM va AB.

Vi EF 1a tiép tuyén chung ctia 2 dudng tron ngoai tiép AMEK va AFIM nén :

E?=CM.CD
¢ cM.c = CE =CF
CF?=CM.CD
CE CM CF
Ma theo Talet: — = — = AQ = BQ.
QA CQ " BO

Vay Q la trung diém clia AB. Do dé, khi M di chuyén trén cung nhé AB thi DM luén di
qua 1 diém co dinh la trung diém ctia AB.

, < Bai5 (15 diém) v ) ~

1. Tim 3 s6 nguyén t6 a,b,c théaman a < b < ¢ va bc — 1 chia hét cho a, ca— 1
chia het cho b, ab — 1 chia het cho ¢

2. Cac nha khoa hoc gip nhau tai hdi nghi. Mot s6 ngudi 1a ban clia nhau.
Tai hoi nghi, khong c6 2 nha khoa hoc nao cé so ban bang nhau lai c6 ban
chung. Chiing minh rang c6 1 nha khoa hoc chi cé ding 1 ngusi ban.

Loi gidi

Taco:
(bc—1):a= (ab+bc+ca—1):a
(ca—1):b= (ab+bc+ca—1):b
(ab—1):c= (ab+bc+ca—1):c
Hon niia vi a, b, ¢ 1a cac s6 nguyén t6 nén a, b, c ddi mot nguyén tb cting nhau. Do dé :

(ab+bc+ca—1):abc = ab+bc+ca—1 > abe(x) (viab+bc+ca—1>0)
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Néu a > 3 = abc > 3bc > ab+bc+ca > ab+bc + ca— 1 — mau thuin véi (¥). Do do, a =2.

., J2p—1: R N 2 oA
Khi do: ‘. Lap luan tuong tu nhu o trén suy ra 2b+2¢ — 1 > be ()

2c—1:b

Néu b > 5= bc>5c>3b+2c>2b+2c—1— mau thuan véi (xx). Do do, b = 3 (vi
b>a).Tuab—1:c=5:c=c=5
Thit lai thay a = 2,b = 3,c = 5 théa man. Vdy a = 2,b = 3,c¢ = 5 1a cac gia tri can tim
2.
Goi k12 s6 ban clia cdc nha khoa hoc c6 nhiéu ban nhét tai héi nghi va goi A 1a 1 trong
s0 cac nha khoa hoc d6. Gia stt, nha khoa hoc A c6 cac banla A;;A,;...;A;. Theo cach
goi va theo gia thiet :

e Cac nha khoahocAy;A;;...;A; khong ai co nhiéu hon & ngudi ban

e Khong co6 2 nha khoa hoc nao trong so cac nha khoahoc A ;As;...; A 6 sb nguoi
ban bang nhau vi ho ¢6 ban chungla A

Nhu vay, cdc nha khoa hoc A1;A,;...; A chi c6 thé c6 sé ban 1a 1;2;...;k. Tiic 1a trong s6
cac nha khoa hoc nay cé 1 ngudi chi cé dang 1 ban.
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Nam hoc 2015-2016 e

, < BailA5diém v >

1. Ch0286a1:1+\/§;a2:1—\/§.Tinha1+a2

2. N < 2 :1
2. Giai hé phuong trinh {x+ Y
2x—y=-3
Loi giai
1.
alta=1+V2+1-v2=2

2.

x+2y=1 x+2y=1 x+2y=1 x=—1
= = =
2x—y=-3 4x —2y=—6 Sx=-5 y=1
Vay hé phuong trinh da cho c6 nghiém duy nhat1a (x,y) = (—1,1)

, { Baiz(15diém v ~

e Va va o 4/a—1 1 ..
ho biéu thiic A = - : Gia> 4
Cho biéu thuc <\/5—|—2 \/5_24— ! \/E+2V1a_0,a7é

1. Rat gon biéu thiic A

2. Tinh gia tri cia A khia = 6 +4+/2

Ldi gidi
1.
o a va aja1)
“\va+2 Va-2' a—4 | Ja+2
| Jalya—2) - val(ya+2) +aya-1
- (Va+2)(va—2) (Va+2)
_a—2\/5—a—2\/5+4\/5—1_ -
T Varda—p Vat?
1
S
2

Vi6+4v2=(2++v2)’néntaia=6+4v2taco:

1
S —
2422 V2 2
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,  Baiz@5digmv \

Cho phuong trinh x> — (2m — 1)x+m(m—1) = 0 (1) véi m 1a tham s6

1. Giai phuong trinh (1) v6im =2
2. Chiing minh rang phuong trinh (1) ludn c6 2 nghiém phan biét véi moi m

3. Goi x1,x, 12 2 nghiém ctia phuong trinh (1) (x; < x). Chiing minh ring
x% —2x+3>0

Loi gidi

1.
V6i m = 2 phudng trinh (1) tré thanh :

X_3x42=0s | 7
x=2

Vay v6i m = 2 thi phuong trinh (1) c6 2lax=1vax=2
2.
Xét phuaong trinh (1) c6 :

A=(2m—1)>—4m(m—1)=1

Do dé, phuong trinh (1) ludn c6 2 nghiém phan biét v6i moi m
3.
Duia vao két qua A = 1, phuong trinh (1) ¢6 2 nghiém 1a m va m — 1. Hon niia vix; < x;
nénx; =m—1vax, =m. Tudbétaco:

Xt —20+3=(m—1)>-2m+3=m>—4dm+4=(m—-2)*>0 Ym

,  Baia@dibmv > \

Trong mat phang cho dudng tron (0), ABla day cung c6 dinh khong di qua tam.
Goi I 1a trung diém clia day cung AB, M 1a 1 diém trén cung 16n AB (M khac A, B).
Vé duong tron (0) di qua M va tiép xtic v6i AB tai A. Tia MI cat (0') tai diém thit
hai N va cit (0) tai diém thi hai C.

1. Chiing minh ABIC = AAIN, ti d6 chiing minh ANBC 1a hinh binh hanh.

2. Chting minh BI 14 tiép tuyén dudng tron ngoai tiép tam giac BUN

3. Xac dinh vi tri clia M trén cung 16n AB dé dién tich ANBC 1216n nhat.

Loi gidi

BI = Al(gt)
Xét ABIC va AAIN c6 { BIC = AIN(déi dinh) . Suyra ABIC = AAIN(g.c.g)
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Tuw ABIC = AAIN theo cmt = IN = IC. Nhu vy, t giac ACBN 0 2 dudng chéo AB,CN
cat nhau tai / 1a trung diéem ctia moi duong. Do d6, ACBN la hinh binh hanh.

2.
Xét duong tron (D) ngoai tiép tam gidc BUN vaké DK | BN = K. Khi dé, tacé :

BDK = BMN = BAC = ABN
=ABN + NBD = BDK + NBD = 90°
=BD 1 AB

= BI 1a tip tuyén ctia (D)

3.
Goi /12 chiéu cao ha tit C xudng AB. Ta c6 :

SaceN = 2.Sapc =AB.h
Vi AB = const nén Sycpy 16n nhat < h 16n nhét < C 1a diém chinh gitta cung nho AB.

Khi d6, M 14 diém chinh gitta cung 16n AB.

,  Bai5sA5diEm v \

1. Tim nghiém duong ctia phuong trinh :
2015 2015
<1+x—\/x2—1> —|—<1+x—|— \/x2—1> — 92016

2. Trong mit phang cho 2015 diém thda man trong 3 diém bat ky luén c6 it
nhat 2 diém c6 khoang cach nhé hon 1. Chiing minh rang lu6n ton tai 1
dudng tron c6 tim la mot trong 2015 diém va ban kinh 14 1 chta it nhat
1008 diém trong 2015 diém da cho.

Loi gidi

1.
l+x—Vx2—=1>0
l+x+vVx2—1>0
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Tu do, theo AM-GM :

2015 2015 2015 2015
<1—|—x—\/x2—1> —|—<1+x—|—\/x2—1) ) <1+x—\/2—1) .<1+x—|—\/x2—1>

= 2,/(2+2x0)2015
>24/(242)205 (vix>1)

_ 92016

Dang thiic xay ra < x = 1. Thit lai thay x = 1 théa man phuong trinh da cho. Do d6,
x = 1 1a nghiém riéng duy nhat cia phuong trinh da cho.

2.

Xét diém M bat ky trong 2015 diém da cho. C6 2 kha ning sau day :

* Néu 2014 di€m con lai déu cdch M mot khoéng nhé hon 1 thi 2014 diém d6 déu
nam trong dudng tron (M, 1). Ta c6 dieu phai chiing minh.

* Néu trong 2014 diém con lai, ton tai 1 diém c6 khoang cach dén M khéng nho
hon 1, gia st d6 1a diém N. Xét 2 dudng tron (M,1) va (N,1). Vi MN > 1 nén
theo gia thiét, 2013 diém con lai phai c6 khoang cach dén M nhé hon 1 hoic
c6 khoang cach dén N nhé hon 1. Tiic 1a 2013 diém nay phai nam trong 1 trong
2 duong tron (M, 1);(N,1). Theo nguyén ly Dirichle, c6 it nhat 1007 diém nam
trong 1 duong tron. Gia st d6 1a (M, 1). Vi M cling nam trong (M,1) nén (M, 1)
chiia it nhat 1008 diém. Ta c6 diéu phai chiing minh

Vay luén ton tai 1 dudng tron cé tam 1a mot trong 2015 diém va ban kinh 1a 1 chia it
nhat 1008 diéem trong 2015 diém da cho.
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Nam hoc 2014-2015

,  Bail @diémv )

Cho biéu thic P = (vx—1) <11__x\/\/;

1. Rat gon P

2 » 2 2 < A A
2. Tim so0 chinh phuong x dé P la so nguyén.

2
+\/)_c> (1_—ﬁ> v6ix>0,x#1

1—x

Loi gidi

1.
V6ix>0,x#1taco:

p (i) (25 )

1—vx)’
1—x

2
1 —/x)(1+x++/x) 1—/x

NG

VA (1 4/

= (VE—1) (x4 V) (;)2

1

1+/x

= (Vx—1) (1+vx)) s

=x—1

2

2
A=

2
P Vil

Hon nita /x — 1 > —1 nén chi xay ra cac

+ /x—1=—1<x=0 (thbaman dk)

+ /x—1=1<% x=4 (théa man dk)

+ /x—1=2<«<x=9 (thda man dk)

Vi x1a s6 chinh phuongnén \/x—1 € Z. Do dé:

€2 Vx—1€UR)={-1;-2;1;2}

kha nang sau :

Vay cac gia tri can tim clia x1a x € {0;4;9}
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,  Baiz 2diém)v ) ~
» A 2 ~ N b -
1. Chocacsothu’ca,b,c,x,y,zthoamanf+)—;+§:lvail+—+E:0. Chung
a b c Xy z
minh rang:
2 2 2
Xty
czz+bz+c2_1

2. Tim céc s6 nguyén a dé phuong trinh x2 — (34 2a)x+40 —a = 0 c6 nghiém
nguyén. Tim cac nghiém nguyén do.

Loi giai
1.
Diéu kién abcxyz # 0
b b
4 _+f:0@ayz+ Z)Hrcxy:0<:>ayz+bzx+cxy=0 (*)
X vy z xyz
Tacéh:
X 'y z X 'y Z 2
—F+-t+-=1l=|-+-+-] =1
a b ¢ a b c
2 2.2
X y Z Xy ¥z X
S S5+ 5+5+2(=+—+— ) =1
a2+b2+c2+ (ab+bc+ca)
2 2 2 b
I Al
a b c xyz
2 2 .2
Xy oz .
sS4+ h+5=1 (@)

2.
Xét phuong trinh x> — (3 +2a)x+40—a=0(2)cH:

A= (3+2a)* —4(40 —a) = 4a* + 16a — 151
Dé phuong trinh (2) c¢6 nghiém nguyén thi diéu kién canla:
A=k (keN)e 2a+4)? -k =167< (2a+4—k)(2a+4+k) =167
Do 167 12 s6 nguyén t6 va 2a +4 +k > 2a+4 — k nén xay ra 2 kha ning sau :

. 2a+4+k=167 - a=40
2a+4—-k=1 k=83

. 2a+4+k=—-1 o a=—44
2a+4—k=—167 k=83

Vaya =40 hoaca = —44
Khi a = 40, giai phuong trinh (2) dugc 2 nghiém x = 0;x = 83
Khi a = —44, giai phuong trinh (2) dugc 2 nghiém x = —1;x = —84
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,  Baiz15diém v ) \
1. Cho hé phuong trinh {x—i—my - 3”; v6i m 1a tham s6. Tim m dé hé
mx—y=m"—

phuong trinh c6 nghiém duy nhét (x,y) théa man x> —2x—y > 0
2. Cho a,b,cla 3 canh ctia 1 tam gidc thoa man 2¢ + b = abc. Tim gia tri nho
nhat cta:
_ 3 4 s
bt+c—a ct+a-b a+b-—c

Loi gidi

1.
= 1
Xét hé phuong trinh (7) {x my 3”; (1) LTt

1) = x=3m—my.
mx—y=m=—2 (2) (1) "

Thay vao (2) ta dugc :
mBm—my)—y=m* -2 m+1)2-y)=0y=2=x=m
Tudo:

2 2 m>1+\/§
—2x— 0 —2m—2>0
X X y> = m m > @[m<1_\/§

Vay nhiing gid tri can tim ctiam1am > 14++/3 hodcm < 1—+/3

2. -

St dung BDT quen thudc — + - >
Xy

Vx,y > 0,taco:
x+y

B 3 4 5
N b+c—a+c+a—b+a+b—c
1 1 1 1 1 1

- <b+c—a+c+a—b> +2(b+c—a+a+b—c) 3 (c+a—b+a+b—c)
4 8 12
2% 2

4 6
+

>

2
2
c

< . 2 1 ,
Matkha02c+b=abc:>g+—=a. Do do:
C

6 [ 6
S>2a+->2/2a-—=4V3 (AM—GM)
a a

a+b—c=b+c—a=c+a—>b

Dang thiic xdy ra < 2C+b6:abc Sa=b=c=3
2a = —
a

Vay Min S = 4v/3 dat dudc taia=b=c= /3

® 0973.793.825 295 i DUC PV



im0, O =c

,  BaiaBdiém) v ) \

Cho tam giac ABC c6 3 goc nhon noi tiép duong tron (0) (AB < AC). Cac tlep
tuyén tai B,C cit nhau tai N. Vé diy AM song song v6i BC. Dudng thang MN cat
(O)taiM,P

o1
1. Cho biet —— = —.Tinh BC
obiet 5+ e = 16 T

BP CP
2. Chut h —=—
Chiing minh rang AC = AB

3. Chiing minh rang BC, ON,AP dong quy.

1.

Theo tinh chat ctia tiép tuyén ta c6 NB = NC. Két hgp véi OB = OC suy ra NO la dudng
trung truc cia BC. Goi K 1a giao diém ctia ON va BC thi K 1a trung diém ctia BC

= BC =2.BK.

Xét tam giac OBN vuong tai B c6 BK la duong cao nén :

11 N 11 N 11
BK?2 BN? BO? CN? BO? 16
—~BK =4=BC=2BK =28

2.
Taco:
BP NB
ANBP ~ ANMB —_— = —
CP NC
ANCP -~ ANMC —_— =
(88) = yo = 27 ()
s AN BP CP
M =NB tu —_— =
aNC nén tu (xp), (x2) = MEB = MC (%3)

Mat khac AM//BC nén AMCB la hinh thang can = AB = MC;AC = MB (x4)

N BP CP
T (*3), (x4) suy ra C 4B
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3.
Goi Q1a giao diém clia AP va BC. Ta chitng minh Q = K, t(c 1 chitng minh Q 1a trung
diém ctia BC hay BQ = CQ.
That vay, tacéo:

BO PB

ABPQ «~ AA . — =—
0 CO(g 8):>AQ ac )
cQ PC

< S A .. BP CP __ PR
Tu (xs), (*¢) va ket hgp v6i iC = 4B da chung minh o trén suyra:

Bo _co _
Ao~ ap ~Be=ce

Vay BC,ON, AP dong quy tai K 1a trung diém ctia BC.

,  Bais 5diém v \

1. Cho dudng tron tdm O ban kinh 1 va tam giac ABC c6 3 dinh niam trong
duong tron va c6 dién tich 16n hon hodc bang 1. Chiing minh rang diém
O nam trong hodc nam trén canh ctia tam giac ABC.

2. Cho tap A = {1;2;3;...;16}. Hay tim s6 nguyén duong k nhé nhat sao cho
moi tdp con gom k phan t ctia A deu ton tai 2 so phén biét a,b sao cho
a®>+b*1a 1 s6 nguyén to.

Loi gidi

1‘
Gia st O nam ngoai mién AABC. Khong mat tinh tong quat, gia sit A va O nam khac
phia doi véi BC. Khi d6, goi F 1a giao diém ctia OA va BC; AD la duong cao cia AABC.
Taco:

AD.BC

AD <AF <AO=1;BC <2= Sppc = < 1 — mau thuin véi gia thiét
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Vay diéu gia st 1a sai, tiic 12 diém O nam trong hodc nam trén canh clia tam gidc ABC.
2. .
V6ia,b € Avaa,bdéulasé chan (hoaclé) thi ta co {a2 + b2 la s0 chan

a +b->?2
= a%+b*1ahgp sb.
Do d6, tap con X cuia A thoa man yéu cau bai todn kh()ng thé chita cac phan tit déu
chan (hoac le) dugc. Tap A gom 8 s0 chan (8s616) nén k > 9. Ta ching mlnh k=9la
gia tri nhé nhéat cua k th6a man yeu cau bai todn, ttc la moi tap con X gom 9 phan ti
bat ky clia A ludn ton tai 2 phan tu phan biét a,h ma a® + b 12 36 nguyen to
Chia A thanh 8 cip s6, méi cip gom 2 phan tii x,y ma x2 + y? 14 s6 nguyén t6 nhu sau :

(1,4) (2,3) (5,8) (6,11) (7,10) (9,16) (12,13) (14,15)

Theo nguyénly Dirichle, trong 9 phan ti clia X luén ton tai 2 phan tt phan biét thuoc
cling mot trong 8 cip s6 néu trén. Tt d6, ta cé diéu phai chiing minh.
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Nam hoc 2013-2014 -

,  Bail 5diém v \

. x+2 Vx+2 1 Vx+1l o,
1. RutgonA = : v@Gix >0 1
& (x\/}—1+x+ﬁ+1+1—\/}) rt a1 oz 07

(V3-1).v/10+ 63

2. Chox= . Tinh gid tri cia P = (x* +4x —2)?013

V2144543

Loi gidi
1

V6ix>0,x#1taco:

P s VX+2 L ! o Va1
C\xya =1 x+VaHl T—yx ) Txt /a1

A2+ (Va+2)(Vr—1) = (x+Va+1) x+vatl

(Vi—1)(x+y/x+1) Vit
x—1
T (W D(Va-)
x—1
:x—l

=1

2.
0+6V3=(V3+1)  (V3-DW3+1) _ 1 _ =,
21+4v5=(2v/5+1)? 25+ 1+3 V5+2
=2 H4x—2=(x+2)2—6=—1
=P=-1
Vay P = —1
,  Baiz@diémv ) )

Cho phuong trinh 2x2 —4mx+2m?> —1=0 (1) v6i m 12 tham sb.

1. Chting minh rang véi moi gid tri cia m, phuong trinh (1) luén c6 2 nghiém
phan biét

2. Goi 2 nghiém ctia phuong trinh (1) 13 x;,x,. Tim m dé :

2x} +dmxy +2m* —9 < 0

Loi gidi

® 0973.793.825 299 i DUC PV



im0, O =c

1.
Xét phuaong trinh (1) c6 :

A =(2m)?-202m*—1)=2

Do d6, phuong trinh (1) ludn c6 2 nghiém phan biét v6i moi m
2.
Vi x; la nghiém cta (1) nén:

2x%—4mx1+2m2—1 :O:>2x%:4mx1 —2m? + 1
= 2x} 4+ 4mxy +2m* — 9 = dm(x; 4 x2) — 8
Theo Vi-et : x| +x; = 2m. Do do :
263 +4mxy +2m* —9 < 0= 4m(x; +x—2)—8 <0
& 8m*—8 <0
S-1<m<]1

Vay cac gid tri can tim ctiamla —1 <m < 1

, < Bai 3 (1.5 diém) v/ > ~
1. Chox,y > 0théaman x—y = x> +)°. Chiing minh rang x> +y* < 1
2x=y>+1
2. Giai hé phuong trinh { 2y =22 +1
27=x*+1
Ldii gidi

1.
Vix,y >0 nén tl gia thiét suyrax >y >0.Taco:
x—y=x+y >x -y = (x—y)(F +xy+)°)

=1 >x2+xy~|—y2 >x2+y2

Vay 2 +y* < 1

2.

Cong ve véi ve cua 3 phuong trinh ta dugc :
x—12+(-1)+z-12=0cx=y=z=1

Thii lai thay x = y = z = 1 théda man hé phuong trinh. Viy hé phuong trinh da cho c6

nghiém duy nhatla (x,y,z) = (1,1,1)

,  Baia@diémv \

Cho dudng tron tAm 0, dudng kinh BC = 2R. Diém A nam ngoai dudng tron sao
cho tam giac ABC nhon. Tu A ké 2 tiep tuyen AM,AN véi (O) (M,N la cac tiep
diem). Goi H la truc tdm tam giac ABC, F la giao ciia AH va BC. Chiing minh
rang:

1. 5diémA,O0,M,N,F cung nam trén 1 duong tron.
2. M,N,H thang hang

3. HA.HF = R?> — OH?
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1.
Dé thay 5 diém A, 0,M, N, F cling nam trén dudng tron duong kinh A0.
2

Goi I 12 giao diém clia AO va MN; K 1a giao diém clia CH va AB thi I 14 trung diém clia
MN;0A 1 MN va CK la duong cao ctia AABC
Xét AAMO vudng tai M c6 MI la duong cao nén:

ALAO = AM? (%))
Theo tinh chat phuong tich talai c6 :
AM? = AK.AB=AH AF (%))
Tit (%), (x2) = ALLAO = AH.AF = OIHF 1a tG giac ndi tiép. Do d6 :
HIO = 180° —HFO =90° = OI L HI

Ma OI L MN val € MN nén M, N, H thang hang.
3.
Theo chiing minh phan 1 thi AMFN 14 i gidc noi tiép. Do d6 :
AH.HF = HM.HN = (IM — HI)(IN + HI) = IM?> — HI?
=MO?—0I° — (OH* — 01%)
= MO* — OH* = R* — OH?

, { Bais@diémv ) ~
o X HV2013

1. Tim tat ca cac bo sd nguyén duong (x,y,z) thda man ————— 1a s6 hitu
0 SO nguy g (x,.2) T V2013

ty, dong thoi x2 + y? + 22 12 s6 nguyén to.

2. Tinh dién tich clia ngli gidc 16i ABCDE biét cac tam gidc
ABC,BCD,CDE,DEA,EAB cung c6 dién tich bang 1.

® 0973.793.825 301 i DUC PV



im0, O =c

Loi giai
1.
2 2 V2013 . R a2 .
Glasu’)H_y—:mvdlm,HEN*Va(m,n):l.KllldotaCO:
y+zv2013 n
x+yV2013 m
— =& (x+yVv2013).n = (y+zv2013).m
STy (x+yv2013).n = (y+2v2013)
& (nx—my)+V2013(ny —mz) =0
<:>{nx—my:O
ny—mz=0
X y m
y z n
= y* =xz (1)
Tudotaco:

P=xX+y 4+ =X +2z+7 -y =(x+2)*—y = (x+y+2)(x—y+2)

Vi x,y,z nguyén duong va P1a s6 nguyén td nén phdi cox—y+z=1=x+z=y-+1 (%)
Tu (*1),(*;) suyra:

(42 —dxz=(y+1)2 -4’ = (x—2)° = -3y*+2y+ 1= -3y’ +2y+1>0=y=1

T d6, vixz = y> = 1 vax,z nguyén duong nén x = z = 1.
Thit lai thay x = y = z = 1 théa man yéu cau bai toan.
Vay (x,y,z) = (1,1,1) 1a b s0 nguyén duong can tim.
2.
ViSAEB = Saep =1 :>AE//BD

D

Chting minh tuong tuta c6 : AC//ED;BE//CD;AD//BC
Goi F la giao chtaACva BD vadat Sppc =x= Sapr =1—x  (x < 1).

A A < A A 1A FC S
Ta c6 ABFC dong dang véi ADFA theo hé sb tilé k = — = “2F€ — *
FA  Spma  1—x
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Sprc - x?
Suyra: — =k = *

Mat khac vi AEDF la hinh binh thanh nén : Spgs = Spga = 1. Do do tui (%) ta co :

(l—x)Z:’“:)xz(l—x)zc)xz—?vﬂ—l:O(:)x: (vix<1)
Tuw do:
3—vV5 5445
Sapcpe = Spea +Spra +Spep +Sapr = 1+1+1+1— 5=
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IR Vim hoc 2012-2013 e

< Bail @5diémv

1. Rut gon bi€u thiic: A = \/4—\/10—2\/3—\/4+ V10-2v5

2. Gidi phuong trinh x? 4 v/x2 —2x — 19 = 2x + 39

Loi gidi

1.
Dé thiyA < 0.Taco:

A2:4—\/10—2\/§+4+\/10—2\/§—2\/(4+\/10—2\/5).(4—\/10—2\/5)
:8—2\/16—(10—2\/5_)
=8-21/6+2V5
=8-2(v5+1)
—6-2V5
=(V5-1)
TudoviA<0=A=1-+/5
2

Xét phuong trinh x? + v/x2 — 2x — 19 = 2x+ 39 ()
bats = vx?—2x—19 (t > 0). Phuong trinh (x) tr6 thanh :

t =4 (thda man)

240490 =
t“+1t—20 0<=>[t:_5(kh6ngth6am2~ln>

Nhu vay :

-5

mzmxz_zx_ss:oﬁ[j?

Vay phuong trinh da cho ¢6 2 nghiémlax=7vax= -5

, < Baiz2diémv ~

1. Cho a,b,c théa man 4a — 5b + 9c = 0. Chiing minh ring phuong trinh
ax® + bx+ ¢ = 0ludn c6 nghiém

xy+y*+x="Ty

2. Giai hé phuong trinh {g (x+y) =12

Loi gidi
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€ _2 néub+£0
e Néua— 0 thi tir gid thift = —5b+9c = 0= |  — g Uo7
b=c=0
Phuong trinh da cho tré thanh :
xzénéub#o

bx+c=0% 9
x€Rneub=c=0

 Néu a # 0 thi phuong trinh da cho 14 phuong trinh béc hai ¢6 :

A = b* — 4ac = 25A = 25b* — 100ac
= (4a+9¢)* — 100ac vi 4a — 5b+9c = 0 = 5b = 4a+9c
= 16a*> — 28ac + 81¢?
= (2a—7c)* +12a* +32¢* > 0 =

Do d6, phuong trinh da cho c6 nghiém

Vay phuadng trinh da cho luén c6 nghiém.

2. .
x+ty+-=7
y

(I). Véidiéukiény #0tacod: (I) < {
;(XJF)’) =12

i h xy+y* +x="Ty
Xethe g(x+y):12

< X 1A Jat+tb=T a=3vab=4
Data—xjty,b_;tacohf_:.{a.b:12 [a:4vab:3

+y=3 sz
y R 35

+ V6ia=3;b=4tacod 4

< ==

Y735

(O8]

. ,Jxty=4 x=
+ V6ia=4.b=3taco{ x =

Vay hé (I) ¢ céc nghiém I3 (x, y) = (15—2 %) va (ny) = (3:1)

, < Bai3(1L5diém v ~

1. Cho 3 s6 duong a,b,c théa man a+ b+ ¢ = 1. Chitng minh rang :

(14a)(1+b)(1+¢) >8(1—a)(1—b)(1—c)

2. Phan chia 96 : 1;2;3;4;5;6;7;8;9 thanh 3 nhém tity y, méi nhém 3 sb. Goi
T; 1a tich 3 so ciia nhom thi nhat, 75 1a tich 3 so ciia nhém thi 2, 73 1a tich
3 s0 ciia nhom thit 3. Hoi tong Ty + 1> + T; 6 gid tri nho nhat la bao nhiéu?

Loi gidi
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1.

Via,b,c>0néntha+b+c=1=1—a,1—b,1—c>0.Tudo, theo AM-GM :
l+a=(1-b)+(1—c)>2/(1=b)(1—c)
l+b=(1-c)+(1—a)>2/(1—c)(l —a)
lte=(1—a)+(1—b)>2/(1—a)(1—b

= (1+a)(14b)(1+c)>8(1—a)(1—-b)(1 —c)

2 P 2 1
bang thlicxayra<a=b=c= 3

2.
Theo AM-GM :
T\+T+Ts>3YT.1.Ts =3v1.2.3.4.5.6.7.8.9
=3v/72.72.70
>3.71 =213
MaT\+Th+Ts€ZnénT; +T, +T; > 214.
T, =189="72
Mitkhacnéuchon{ 7, =3.4.6=72 thiT}+T>+T; =214,
Ty =2.5.7=170
Vay gia tri nhé nhat clia T + 7> + T3 1a 214.
'  Baid@5diém v ) ~

Cho dudng tron tAm O ban kinh R va day cung c6 dinh BC khac dudng kinh.
Goi A 1a 1 diém chuyén dong trén cung 16n BC sao cho tam gidc ABC nhon.
AD, BE,CF la cac dudng cao ctia tam giac ABC. Cac duong thang BE,CF tudng
ing cat (0) tai diém tht haila Q. R.

1. Ching minh QR//EF

., . EF.R
2. Ching minh Sygor = —

3. X4c dinh vi tri clia A dé chu vi tam gidc DEF 16n nhét.

Loi gidi
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1.
Dé thiy BCEF 1a tt gidc noi tiép = FEB = FCB (%))
. = R S P
Lai c6 FCB = ROB (x*;) (cung bang 5 80 do cung BR).
Tit (%1), (*2) = FEB = ROB = EF/ /OR
2.
Tit BCEF 12 ti gidc noi tiép = FBE = FCE => AQ = AR = OA L QR

N OA.EF R.EF
MaEF//QR theo cmt = OA L EF = Sapor = 5=
3.

Chiing minh tuong tu cau 2, ta co :
FD.R ED.R
SBDOF = T§SCD0E =5

R.(EF + FD+ DE)
2

= Sapc = Saeor +Sepor +ScpoE =

2.8
— EF + FD+ DE = =2ABC

Do d6, chu vi ADEF 16n nhét khi va chi khi Ssc 16n nhat. Ma BC c6 dinh nén Sysc
16n nhat khi khoang céch tit A den BC 16n nhat. Dieu nay c¢6 dugc khi A la diém chinh

gitta clia cung 16n BC.
Vay vi tri can tim ctia A la diém chinh gitta cung 16n BC.
, < Bai5 (15 diém) v ) \

1. Tim 2 s6 nguyén a, b dé a* + 4b* 1a s6 nguyén t6.

2. Hay chia 1 tam giac bét ky thanh 7 tam giac can trong dé cé 3 tam giac
bang nhau.

Loi gidi

Taco:
P =a* +4b* = (a® +2b*)* — 2d°b* = (a® — 2ab + 2b*)(a® + 2ab + 2b?)

Vi a2 — 2ab + 2% = (a — b)? 4+ b > 0;a% + 2ab + 2b* = (a+b)*> +b* > 0 nén dé P 1a sb
nguyén to thi phai c6 a*> — 2ab + 2b*> = 1 hoac a®> + 2ab +2b* = 1

(a—b)*=1

b2 — 0 (1)
> 2ab+20* =1 (a—b)>’+b* =1

(a—b)*>=0

b* =1 @)

+ Tacé (1) =b=0=a>=1= P =1 khong tha man

a=b=1

= P =5— thoaman
a=b=—1

+ Taco (2) &
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(a+b)?=1

B —0 (3)
> +2ab+ 20 =1% (a+b)*+b* =14

(a+b)>=0

e (4)

+ Tacé (3) =b=0=a’=1= P=1— khong thoa man

a=1vab=-1

G —1vib—1 = P =5 — thoaman

+ Taco (4) &

Vay cac bd s6 (a,b) can tim 12 (a,b) € {(1,1);(=1,—1);(=1,1);(1,—1)}
2.
Truong hgp 1 : tam gidc ABC khong can

:‘ -

Gia st BC la canh 16n nhét clia AABC.
e Dung dudng tron (A, AC) cat AB tai D
« Dung dudng tron (B, BD) cit BC tai E
e Dung dudng tron (C,CE) cit AC tai F
* Dung dudng tron (A,AF) cat AB tai G

Goi O 1a tam dudng tron noi tiép AABC.

Vi ABDE cén tai B nén BO la trung truc ctia DE = OD = OE

Chiing minh tuong tu ta c6 OD = OE = OC = OF = OG. Nhu vay AABC dugc chia
thanh 7 tam gidc can la AFG;BDE;COE;COF;FOG;DOG, trong d6 dé dang ching
minh dudc 3 tam gidc COE; COF; DOG bang nhau. Vay cach chia nhu trén théa man
yéu cau bai toan.

Truong hgp 2 : tam gidc ABC can va gia sit AABC can tai A
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Goi D,E,F;H,I,G lan luot 1a trung diém clia AB, BC,CA; DF,DE EF. Khi d6 tam giac
ABC dugc chia thanh 7 tam gidc BDE,CEF,ADF,DIH EIG, FGH,HIG. Dé dang chting
minh dudc day la 7 tam gidc can va 3 tam gidc DIH,EIG,FGH bang nhau. Nhu vay
cach chia nhu trén théa man yéu cau bai toan.
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IEN  Vam hoc 2011-2012 e

, < Bail (2 diém) v/ > \

Cho phuong trinh x> — 2(m+2)x+6m+ 1 = 0 (1) v6i m 1a tham s

1. Chiing minh rang phuong trinh lu6n c6 2 nghiém phan biét véi moi gia tri
cuam

2. Tim diéu kién ctia m dé phuong trinh c6 2 nghiém phan biét 16n hon 2.

Loi gidi

1.

Phuong trinh (1) c6 A = (m+2)? — (6m+1) = (m—1)? +2 > 0 Vm. Do d6, phuong trinh
(1) luén c6 2 nghiém phan biét véi moi m.

2.
Dit ¢ = x — 2 thi phuong trinh (1) tr6 thanh : 12 — 2mt +2m —3 =0 (2)

Vi (1) c6 nghiém vGi moi m nén (2) cing c6 nghiém v6i moi m. Goi 71,1, 1a 2 nghiém

2 N . . t th = 2
cua (2) thi theo Vi-et ta co 1=
t1th =2m—73

Phuong trinh (1) ¢6 2 nghiém 16n hon 2 khi va chi khi phuong trinh (2) c6 2 nghiém
duong, ticla:

tH+tH >0 2m >0 3
& Sm> =
t1.tp >0 2m—3>0 2
A 3 N .2 . X N 2
Vay m > 5 la gia tri can tim cua m
,  Baiz2 @Gdiémv ) \
1. Cho a,b1a 2 s6 thuc duong théa man a — v/ab—6b = 0. Tinh gia tri cia biéu
. a+b
thitcP= ———
a+vab+b
2
oot . —3y=2
2. Giai hé phuong trinh * ) Y
9y*—8x =28
Loi giai

1.
Via,b>0nén:

a—Vab—6b=0s (Va+2Vb)(va—3Vb) =0 Va—3Vb=0<a=9b

Do do:
a+b 10b 10

P: — —_
a+ab+b 9b+3b+b 13
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2.

2— =
Xét hé phuong trinh (1) {x =2 (1)

9y —8x=8 (2)
Nhan ca 2 vé clia (1) v6i 4 rdi trit tiing vé tuong ting cho (2) ta dugc :

2x—3y=0
2 19y (Ov2 _ Ry — B _ y
4x— 12y — (9" —8x) =0« (2x—3y)(2x+3y+4) =0< vt 3y+d—0
e Néu 2x—3y=0= 3y =2x. Thay vao (1) ta dugc:
2—-2+/3
5 x=1-3 =>y= 3\/_
X =2x-2=0&
24243
x=1+V3 =>y= +3\/_

e Néu2x+3y+4=0= 3y=—2x—4. Thay vao (1) ta dugc:

x? 4 2x+42 = 0 (v0 nghiém)

Vay hé (I) ¢6 cac nghiém la (x,y) € (1 _ V3, 2—32\/5) ; <1+\/§7 2+§\/§>

, { Baiz(L5diémv

1. Cho cac s6 thuc a,b thdéa man a+ b # 0. Chiing minh rang :

2
a*+b* + (H—ab) >2
a+b

2. Cho céc sb thuc duong a,b,c théa man a +b+c = 1. Tim gid tri 16n nhat
ctia biéu thtc :

M = \/a2+abc+ \/b2+abc+ \/c2+abc+9\/abc

Loi gidi

1+ab\? 1+ab\?
a*+ b+ ta >2&ad+b+ ta —2>0
at+b at+b

1+ab\?>
b): —2(ab+1 >0
& (a+D) (a—i—)+(a+b) >

( 1+ab
S |a+b—
a+b

2
) > 0 (ludn dung)
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1+ab\?
Vay a* + b* + <i> >2
: at+b

2 " 2 1+ab
Pang thic xayra < b—
& y at a+b
2.
béyrangkhia+b+c=1taco:

—0ea’+ab+br =1

a+bc=ala+b+c)+bc=(a+b)(a+c)=a*+abc=a(a+b)(a+c)
Tuong tuvasuyra:

M =/a(a+b)(a+c)+\/bb+c)(b+a)+/clc+a)(c+b)+9Vabe
= | Vaa+b)(a+c)+ Vabe| + |v/bb+e)(b+a) + Vabe]
+ [\/c(c+a)(c+b)+\/%] + 6V abc
:ﬁ[mwﬂ +\/5[\/m+\/%]
+/e [\/er \/cE] +6Vabc

Theo AM-GM :
Varbata+vhes LI OHC i pie=n
\/5:%- (1-v3a) S%(I—I—Sa)

Tuong tuvasuyra:

1
M< —=(1+3a+1+4+3b+1+43c)+6Vabc
23
=3+ 6Vabc
1 . a+b+c\® 1
< — < —
<V3+6 57 Vlabc_( 3 ) 57

53
3

Dang thiicxayra< a=b=c=

W)W | —

A .« s . ke A 2 N 5 . 1
Vay gia tri nho nhat cua M la %_, datdugctaia=b=c= =

 Baia@diémv

Cho 2 dudng tron (0) va (0') cit nhau tai 2 diém A, B. Vé duong thang (d) qua A
cat (0) tai C va cat (0’) tai D sao cho A nam gitta C,D. Tiep tuyen cua (O) tai C
va tiép tuyen cua (0’') tai D cat nhau tai E.

1. Chting minh BDEC 14 ti giac noi tiép

2. Ching minh BE.CD = BC.DE + BD.CE

Loi gidi
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-
et ———

1‘

Ta c6 ABD = ADE (cung bing 1 nita s6 do cung AD)
ABC = ACE (ciing bang 1 nita s6 do cung BC)

Tudo:

CBD +CED = ABD +ABC +CED = EDC + DCE +CED = 180°

Suy ra BDEC 1a tii gidc noi tiép

2.
Xét 2 tam giac EBC va ABD c0 :

CBE = ABD (= ADE EC EB

CEB=ADB DA DB
Chiing minh tuong tuta co :

EB ED
ANEBD ~ ANCBA = — = — = EB.CA = BC.DE
CBA = B CA = EB.C. C (%2)

Tu (*1),(*;) suyra:

EC.DB+DE.BC = DA.EB+EB.CA=EB(DA+CA) =EB.CD

< Bai5 (05 diém) v )

Cho tam giac ABC. Trén tia BA 1ay diém M, trén tia d6i cia tia CA 1ay diém N sao
cho BM = CN. Chiing minh rang duong trung truc ciia MN lu6n di qua 1 diém
c6 dinh

Loi gidi

Goi I 1a diém chinh giita clia cung BC khong chita A va (d) 1a trung truc ctia MN.
BM = CN(gt)

Xét 2 tam gidc MBI VANCI ¢6: { MBI =NCI =~ = AMBI = ANCI(c.g.c)
IB=1IC
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SuyraIM =IN =1 € (d).
Vay trung truc ctia MN luon di qua 1 diém co dinh la diém chinh gitta ciia cung BC
khong chtia A.
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Nam hoc 2010-2011

d

, < BailA5diém v >
Cho ham sb y = f(x) = —x|x| c6 do thila P

1. Chiing minh ring f(x) nghich bién v6i moi x € R

2. Tim toa do giao diém ctia P v6i duding thang y = —2x

3. Ve do thi P

Loi giai
1.
Xét x1,x, € Rvax; < xp. Xét cac kha ndang sau :
* x1 <0<x.Khido f(x;) > 0> f(x2)
* x1 <x2<0=x>x3.Khid6 f(x;) =x} > x5 = f(x2)
° 0<x; <xp=—x7>—x3.Khidé f(x;) = —xF > —x3 = f(x2)

Nhu vay ta luén cé f(x;) > f(x2), do d6 f(x) nghich bién véi moix € R

2.
Toa d6 giao diém clia P v6i duong thang y = —2x 1a nghiém ctia hé :
=y = O
) -2 =y
Y g = Y N S| x=2vay=—4
—x|x| = —2x x(]x|—=2)=0 x=-—2vay—4

Vay céc giao diém clia P va dudng thang y = —2x1a 0(0;0),A(2; —4), B(—2;4)

3.

)  Baiz2diém) v )

Cho phuong trinh x?> — 2x —2|x —m| +2 =0
1. Giai phuong trinh khim = 1

2. Tim m dé phuong trinh da cho c6 ding 2 nghiém.

Loi gidi
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1.
Khi m = 1, phuong trinh da cho tr6 thanh :

=2 —2x—1|4+2=0& (x—1)>=2jx—1|+1=0

& (k-1-1)>=0
Shx—1]=1

[xO
=
X

2
Vay v6i m = 1 thi phuong trinh da cho c6 2 nghiém la x = 0;x = 2.
2.

2 o ale— _ fx)=x*—4x+2m—2=0 (1)véix>m
X -2 2 m|+2_0©[x2—2m+220 (2)véix<m

e Néum = 1 thi theo két qua cau 1, phuong trinh da cho c6 2 nghiém  (x)

e Néum < 1 thi phuong trinh (2) v nghiém. Do d6, phuong trinh da cho c6 diing
2 nghiém khi va chi khi phuong trinh (1) c6 2 nghiém phan biét tha man m <
x1 < x. Diéu nay c6 dugc khi :

N=6-2m>0
2
f(m) >0 & m2< sm<l—vV3
S_2> m-—2m—2>0
2— m

Kéthopvéim<1=m<1-v3 (%)

e Néu m > 1 thi phuong trinh (2) c6 2 nghiém phan biét x; = —/2m—2 < x, =
v2m—2 < m. Do d6, phuong trinh da cho c6 diang 2 nghiém thi phuong trinh
(1) hoac vo nghiém hoac c6 2 nghiém déu khong 16n hon m

+ Phuong trinh (1) v6 nghiém khi va chi khi :
N=6-2m<0&m>3
+ Phuong trinh (1) ¢6 2 nghiém déu khong 16n hon m khi va chi khi :

AN=6-2m>0

S S2<m<3

Kéthopvéim>1=m>2 (x3)

T (*1), (*2), (¥3) suy ra nhiing gia tri can tim clia m 1a : m = 1 hodc m > 2 hodc m <
1-v3

,  Bai3@diémv ) \

1. Cho 2 s0 dudng x,y théa man x+y = 3,/xy. Tinh P = a
y

LA N . -1 1
2. Tim cac so nguyén duong x,y thoaman — + — = 5
Xy
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Loi gidi

x+y:3\/x_y<:>\/¥+\/¥:3
y X

Détt:\/g(t>0).Khid(’)tac6:
y

L _3+V5
| _
t+-=3er-3%+1=0s 2
t t_3_\/§
2
. V('jit:3+\/§:>P:t2:7+3\/§
2 2
. V6it2—3_2\/§:>P:t2:7_23\/§

2.
2 2 1 1 N e <A
Giasux>y>0= - <-.Tugiathietsuyra:
Ay

P 1 1

e Neuy=3=-=—
x 2

P 1 1

e Neuy=4=-=—
x 2

Vay céc cap (x,y) can tim la (x,y) € {(4,4);(3,6);(6,3)}

,  BaiaBdibmv > \

Cho tam gidc ABC c6 3 gbc nhon noi tiép duong tron tam O, ban kinh R. Ké cac
duong cao AA’, BB’ ,CC’. Goi S la dién tich tam giac ABC, §’' la dién tich tam giac
A'B'C.

1. Ching minh AO | B'C’
2. Chang minh § = EP'R trong do6 P la chu vi tam giac A’B'C’

. . s’
3. Chiing minh cos?A + cos?B +cos’C = 1 — 5

Loi gidi
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1.
Goi D, E la giao cua dUOng thang B'C' v6i (0).
Dé thiy BCB'C' 14 tii gidc ndi tiép nén :

AC'B' = ACB < DAB +ADE = ACB (tinh chit goc ngoai tam gidc)
1 1 1
—SdAE + —sdBD = —sdADB
& 2sdA + 2sd 2sdA
= sdAE = sdAD

Do d6, A 1a diém chinh gitia cung DE = OA | DE = OA 1L B'C’
2.
Chiing minh tuong tu ta cing c6: OB L A'C";0C L A'B'. Tu dé :

1
S = SAC’OB/ —+ SBA’OC/ —+ SCB’OA’ = E(AOB,C/ —I—BOA/C/ + COA/B/)
1 1
= 5.R(A’B’ +B'C'+C'A") = PR
3.
Xét 2 tam giac vubng ABB' va ACC' ta cé :

AB AC )
A=20 _0  0RA =
COSM=UAB ~ ac aBAC )

Hon nita dé thay:

AB'.AC’ _ Sapc

ANAB'C' -~ NABC(g. =

N S vel
T (%), (%) = cos’A = Agc .

Chtng minh tuong tyva suyra:

Sincr Spacr Seam  S—8 Y
2 2 2 AB'C BA'C CA'B
cos“A+cos™ b + cos 5 S S S S
' < Bais(1L5dim) v \

1. Hai so 22019 ya 52010 yjét canh nhau hoi c6 bao nhiéu chit s6?

2. Cho tam giac ABC c6 duong phan giac trong . BE hdp v6i canh AC goc 45°
(BEA = 45°). V& dudng cao AD. Chiing minh riang EDC = 45°
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Loi giai
1.
Gia st s0 22910 ¢4 ¢ chii s6 va s6 52919 ¢ b chiit 6. Taco :
10a—1 <22010 < 10a
lob—l <52010 < 10[)
= 1097110771 < 22010 52010 1092 10?
o 10a+b—2 < 102010 < 10a+b

Sat+b—-2<2010<a+b
S a+b=2011

Vay Hai s6 22010 va 52010 viét canh nhau héi c6 2011 chii sé.
2.

Theo tinh chat géc ngoai ta c6 :
DAx = ABD +ADB = 2B +90°
= %EX)C:EHSO (x1)
Hon niia ciing theo tinh chit géc ngoai ta c6 :
A1 =A; = ABE + AEB = B +45° (%,)
T (#1), (x2) = A; = %5& = ACla phan giéc ctia DAx.

Nhu vy tam giac ABD c6 BE la phan giac ctia goc trong tai dinh B, AE la phan giac ctia
g6c ngoai tai dinh E nén DE cling la phan gidc tai géc ngoai dinh D. Do d6 ADE = 45°

® 0973.793.825 319 i DUC PV
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