BAI TAP DAI SO TUYEN TiNH

1. BAI TAP VE KHONG GIAN VECTOR

Bai 1.1 Gia sit A 1a mot ma tran vuong cép n, va C(A) = {B | BA = AB}
la tap hop tat ca cac ma tran vuong phutc ciap n giao hoan duoc véi A. Ching
minh rang: C(A) 1a khong gian vector con clia khong gian vector My, va
dim C(A) > n.

Bai 1.2 Cho S 1a khong gian con cua khong gian cic ma tran vudng phtc cap
n M, sinh bdi tap tit ca cdc ma tran c6 dang AB — BA. Ching minh rang:
dim S =n? — 1.

Bai 1.3 Cho A, B 1a cac khong gian vector con cua khong gian vector hitu han
chiéu V sao cho A+ B =V. Goi n =dimV,a = dim A,b = dim B. Lay S la
tap tat ca cdc ty déng cau f cua V ma f(A) C A, f(B) C B. Chiing minh rang
S 1a khong gian con cua khong gian tit cd cdc tu dong cau cta V' va hay biéu
thi s6 chiéu cua S qua a, b, n.

Bai 1.4 Cho T la tu dong cdu cua khong gian vector V. Gia st © € V
ma Tz = 0,7 'z # 0 v6i m Ia s6 nguyén nao d6. Chdng minh ring:
x,Tx, Tz, ..., T™ 'z doc lap tuyén tinh.

Bai 1.5 Cho FE 1a mot khong gian Euclide n chiéu. Chung ta néi hai co s& (a;)
va (b;) cing huéng néu ma tran chuyén tir co sO (a;) sang co s& (b;) c6 dinh
thic duong. Gia st (a;) va (b;) 1a hai co sO truc chudn cing huéng. Ching
minh rang (a; + 2b;) cling 1a mot co s6 clia F cung hudng véi (a;).

Bai 1.6 Cho ¢ 1a 4nh xa tuyén tinh tr V' vao W, trong d6 V' va W la cac khong
gian vector hitu han chiéu. Goi L, Z la khong gian vector con cua V va W.
Ching minh rang:

a) dim (L) + dim(kero N L) = dim L

b) dim L — dimker ¢ < dim (L) < dim L

¢) dim Z < dimp~'Z < dim Z + dim ker ¢
Bai 1.7 Cho cédc dong céu cta cdc IKK-khong gian vector hitu han chiéu ¢ :
V — W9 : W — Z. Chiing minh rang:

a) dim ker(¢.¢) = dimker ¢ + dim(Im ¢ N ker 1))

b) dim ker(¢.¢) < dimker ¢ + dim ker ¢

c) rank(¢).) = rank ¢ — dim(ker ¢ N Im )

d) rank(¢.¢) > rank ¢ 4 rank ¢y — dim W
Bai 1.8 Gia st P, (@, R 1a cdc ma tran vuong cap n. Ching minh rang:

rank(PQ) + rank(QR) < rank ) + rank(PQR).
Bai 1.9 Cho V va W 1a cdc khong gian vector hitu han chiéu. 7: V — W 1a
anh xa tuyén tinh, X la khong gian vector con ctia khong gian vector W Chiing
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minh: dim(7'X) > dim V — dim W + dim X. Hon nita néu 7" toan énh thi ta
c6 dang thiic.

Bai 1.10 Cho A va B 1a cdc ma tran vuong cdp n. Ching minh rang khong
gian nghiém cla hai phuong trinh AX = 0 va BX = 0 bang nhau khi va chi
khi ton tai ma tran C' kha nghich sao cho A = CB.

Bai 1.11 Cho A 12 ma tran vuong phiic cap n sao cho trA* = 0v6ik =1,...,n.
Chiing minh rdng A 1a ma tran luy linh.

Hint Gia sit A c6 dang chéo hod Jordan véi cac khoi Jordan tuong tng véi cac
gid tri rieng A, ..., )\, phan biét. Khi d6 A* 1a ma tran c6 cdc phan tir trén
dudng chéo chinh 1a cdc gid tri rieng A\F. T gid thuyét tr(A*) =0,1 <k <m
ta c6 h¢ phuong trinh:

Tu hé nay tasuy ra \; = 0,1 < ¢ <m. Vay A s€ 1a ma tran luy linh.

Bai 1.12 Cho A la ma tran phtc cap m sao cho day (A™)>°, hoi tu dén ma
tran B. Chiing minh rang B dong dang vé6i ma tran dudng chéo ma cac phan
tir trén dudng chéo chinh bang 0 hoac 1.

Hint: Do A?" = A" A" suy ra B? = B. Vay ta c¢6 diéu cin chiing minh.

Bai 1.13 Cho W la khong gian vector n-chiéu, U va V' 1a cac khong gian con
cia W sao cho U NV = {0}. Gia stt uy, ug,...,ux € U vd v1,0s,...,uy € V
voi k > dim U + dim V. Ching minh rang ton tai cic s6 Ai, Ao, ..., Ay khong
doéng thoi bang 0 sao cho

k k
=1 =1

Khang dinh trén con ding khong néu k& < dim U + dim V.

Hint Chi y rang ta ¢6 don cdu U x V' — W nén s6 chiéu ctua U x V khong
qué n.

2. DANG CHINH TAC



Bai 2.1 Cho ma tran:

Ching minh rang: méi ma tran B sao cho AB = BA ¢6 dang:
B = al + bA + cA?,

VOi a, b, ¢ 1a cac s6 thuc nao do.

Bai 2.2 Cho A 1a ma tran cap n ¢6 n gia tri riéng phan biét. Chiing minh rang:
mdi ma tran B giao hodn dugc v6i ma tran A c6 dang: B = f(A), v6i f 1a mot
da thic hé s6 thuc, bac khong qua n — 1.

Bai 2.3 Cho
1 2
A= (1 _1> .
Hay biéu thi A~! nhu 1a mot da thic ctia A véi hé so thuc.

Bai 2.4 Véiz € R, dat

1
x
A, = 1
1

S e

_ ==K
HR}_\)—!

a) Chang minh rang det A, = (z — 1)3(z + 3).
b) Ching minh rang néu =z # 1,3, thi A;' = (z — 1)}z +3)'A_, .

Bai 2.5 Tinh A0 véi

Bai 2.6 Ching minh hoac dua ra phan vi du: V6i moi ma tran vuong phiic A
c4p 2, ton tai ma tran vuong phitc B cap 2 sao cho A = B2

Bai 2.7 Cho

000 1
0000
A=100 0 0
0000

Véi s6 nguyén n nao thi s& ton tai ma tran vuong phitc X cap 4 sao cho X" = A.

Bai 2.8 Khang dinh sau ding hay khong:
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To6n tai ma tran vuong thuc A cip n sao cho
A* +2A +51 =0,

néu va chi néu n 12 sd chin.

Bai 2.9 Phuong trinh nao c¢6 nghiém la mot ma tran vuong thuc (khong nhat
thiét phai chi ra nghiém):

000
X3=[1100
2 30
35 0
2X°+X =[5 1
09
X6+2X4+10X:O_1
1 0
34 0
X*=1(0 3 0
00 -3

Bai 2.10 Cho z 1a s6 thuc duong. Hdi ¢6 ton tai hay khong mot ma tran vuong

thuc cép 2 sao cho
—1 0
2004 _
AT = < 0 —1- x) '

3. VECTOR RIENG VA GIA TRI RIENG

Bai 3.1 Cho M 1a ma tran vuong thuc cap 3, M3 =1 va M # I.
a) Tim cac gia tri riéng cua M.
b) Cho mdt ma tran c¢6 tinh chat nhu thé.

Bai 3.2 Cho F' la mot truong, n va m la cac s6 nguyén va A 1a mot ma tran
vuong cdp n v6i cdc phan tir trong I sao cho A™ = 0. Ching minh rang:
A" = 0.

Bai 3.3 Cho V' la khong gian vector hitu han chiéu trén trudng s6 hitu ti Q, M
1a mot tu dong céu cua V, M(x) # x, Vo € V' \ 0. Gia st M? = Idy, véi p 1a
mot s6 nguyén t6. Ching minh rang s6 chiéu cua V' chia hét cho p — 1.



Bai 3.4 Chiing minh rang ma tran

1 1,00001 1
1,00000 1 1.00001
1 1,00000 1

c6 mot gid tri riéng duong va mot gia tri riéng am.

Bai 3.5 Cho a, b, c 1a cac phan ti bat ki cha trudng F, hdy tinh da thic t6i ti€u
clia ma tran

o = O
_ o O
o o Q

Bai 3.6 Gia st A, B 1a cic tu dong cau cua khong gian vector hitu han chiéu
V trén truong F. Ping hay sai cidc khang dinh sau:

a) MOoi vector riéng ciia AB 1a mot vector riéng ctia BA.

b) Moi gia riéng ciia AB la mot gia riéng ciia BA.

Bai 3.7 Cho
a b
= (2 )

1a moOt ma tran thuc vé6i a, b, ¢,d > 0. Chiing minh ring A ¢ mot vector riéng
x
( ) c R?,
Y

Bai 3.8 Cho A la ma tran vuong phiic cdp n va P(t) 1a mot da thic bac m.
Chdng minh rang néu A, \o, ..., \, 12 cdc gid tri riéng clia ma tran A thi:

D) [P(A)] = P(\).P(As) ... P(A).

2) P(\1), P(X2),..., P(\,) la cac gia tri riéng cua P(A).

Bai 3.9 Cho A va B la cic ma tran d6i xung thuc thoa man AB = BA. Ching
minh rang A va B c¢6 chungl vector riéng trong R™.

voi z,y > 0.

Bai 3.10 Goi S la tap khong réng gdm cdc ma tran phic cap n giao hoan duogc
v6i nhau timg doi mot. Ching minh rang cdc phan tir cia S ¢6 chung mot vector
riéng

Bai 3.11 Goi A va B la cic ma tran phic cap n sao cho AB = BA?. Gia st
rang A khong c6 céc gid tri riéng ¢6 modun bang 1, chiing minh rang A va B
c6 chung mdt vecto riéng.



Bai 3.12 Cho ¢ la tu dong cdu tuyén tinh chéo hod dugc cua R™. Ching minh
rang khong gian con W cta R™ 1a bat bién d6i véi ¢ khi va chi khi trong W
chon dugc mot co s& gém céac vector riéng cua .

Bai 3.13 Cho A va B la hai ma tran chéo hoa duoc va giao hoan dugc véi nhau.
Ching minh rang ton tai mot co s cia R” gém toan céc vector riéng cia A va
B.

Bai 3.14 Cho A la ma tran phic cdp n va da thic t6i ti€u c6 bac k.
1) Ching minh rang néu A\ khong 1a gié tri riéng cua A thi ton tai mot da
thic py bac k& — 1 sao cho py(A) = (A — \E)L.

2) Goi A, Ao, ..., A; 1a cac sO phiic phan biét va khong la gid tri riéng cua
A. Chiing minh rang: ton tai cdc s phic ¢y, cs, ..., ¢, sao cho

k
> (A= ME) =E.

i=1

Hint Xét déng thic py(A)(A — AE) = p(A) — p(\)E = p(A\)FE suy ra dugc da
thic py. V6i mbi \; ton tai cdc py, tuong tng. Xét hé pt theo cdc 4n ¢; ta thu
duoc hé Cramer do d6 ton tai cic ¢; can tim.

4. HANG VA PINH THUC

Bai 4.1 Cho A 1a ma tran vuong thuc cap n va A! 1a ma tran chuyén vi clia né.
Ching minh rang A*A va A clng hang.

Bai 4.2 Gia stt P va Q 1a cdc ma tran vuong cap n thdéa man céc diéu kién
sau: P? = P,Q* = Q va I — (P + Q) kha nghich. Chiéng minh ring P va Q
c6 hang bang nhau.

Bai 4.3 Cho
aq bl 0 0 ... 0 0
bl (05} bg 0 ... 0 0
|V
0O 0 0 0 ... ap1 by
0O 0 0 0 ... b1 ay,

Gia su b; # 0, v6i moi 7. Chiing minh rang:
a) rank7 >n — 1,



b) T c6 n gia tri riéng phan biét.

Bai 4.4 Cho (a;;) 1a ma tran vuong cdp n v6i cic a;; 1a cic s6 nguyén.

a) Ching minh rang néu s6 nguyén k 1a mot gia tri riéng clia A thi dinh thitc
cta A chia hét cho k.

b) Gia sit m 1a mot s6 nguyén va mdi dong ctia A ¢6 téng biang m

n
E Qg5 = M, i:1,2,...,n.
J=1

Chidng minh rang dinh thic cia A chia hét cho m.
Bai 4.5 Cho dinh thitc Vandermonde (phtic)

1 a a2 ... a
1 a a® ... a7
A= : .
2 n
1 a, a; ay

vGi a; 1a cac s6 phic.
a) Chang minh rang A kha nghich khi va chi khi cdc a; d6i mot khdc nhau.
b) Né&u cac a; doi mot khac nhau va by, by, ..., b, 1la cdc s6 phic tuy y.
Ching minh rang ton tai duy nhat da thic f bac n vé6i hé s6 phic sao cho
f(al) :bi, Vi = 1,2,...,71.

Bai 4.6 Cho vi du mot ham lién tuc f : R — R3 v6i tinh chét1a f(vy), f(va), f(v3)
lap thanh mot co s& ctia R?, trong d6 vy, ve, v3 12 cdc s6 thuc phan biét.

Bai 4.7 Cho fi, fo,..., f, 1a cdc ham nhan cédc gia tri thuc lién tuc trén [a, b].
Ching minh rang {f1, f2, ..., f»} phu thudc tuyén tinh khi va chi khi

det (J fi(x)fy(x)dz) =0,
Bai 4.8 Ky hi¢u M, la khong gian cdc ma tran vuong thuc cip 2. Cho

(1) ()

Xét phép bién ddi tuyén tinh L : Myyo — Moyo xdc dinh boi L(X) = AXB.
Hay tinh vét va dinh thic cua L.

Bai 4.9 Ky hiéu M3, 3 la khong gian cdc ma tran vuong thuc cip 3. Cho

1
A=10
0

S NN O

0
0
1
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o . 1
Xét phép bién doi tuyén tinh L : M3,3 — Msy3 xdc dinh boi L(X) = §(AX+
X A). Hay tinh dinh thic cua L.

Bai 4.10 Ky hiéu Ms3,3 la khong gian cdc ma tran vuong thuc cdp 3. Gia st
A € M3y3,det A = 32 va da thic t6i ti€u clia A 1a (A — 4)(\ — 2). Xét anh xa
tuyén tinh: L, : M3y3 — Mjy3 xdc dinh boi L4(X) = AX. Hay tinh vét cia
Ly.

Bai 4.11 Ky hiéu M;,; la khong gian cic ma tran vuong thuc cdp 7. Gia
st A € M7.7 12 mot ma tran chéo v6i duong chéo chinh gobm 4 hang tr +1
va 3 hang tir -1. Xét 4nh xa tuyén tinh L, : My, — Myy7 xac dinh boi
La(X)=AX — X A. Hay tinh dim L,.

Bai 4.12 Cho F' 1a mot truong, n va m la hai s6 nguyén, M,,y, la khong
gian cidc ma tran cap m X n trén truong F. Gia st A va B la hai ma tran c6
dinh cta M,,,. Xét anh xa tuyén tinh L : M,,«, — M,,x, xac dinh boi
L(X) = AX B. Chtng minh rang néu m # n thi L suy bién.

Bai 4.13 Gia su A, As,..., A1 12 cdc ma tran cdp n. Ching minh rang
tim duoc n + 1 s6 x1,x9,...,7,.1 khong déng thdi bang 0 sao cho ma tran
ZElAl + IQAQ cee 4 xn—&—lAn—s—l suy bién.

Bai 4.14 Gia su A 1a ma tran cip n hang r. Tim s6 nghiém doc 1ap tuyén tinh
ctia phuong trinh AX = 0 v6i X 1a ma tran cap n.

Bai 4.15 Cho A 1a ma tran vuong cap n. Chiing minh ring néu A? = F thi téng
hang clia cdc ma tran A — F va A + F bang n (F 1a ma tran don vi).

Bai 4.16 Cho A la ma tran vuong thuc cdp n. Chiing minh ring: det(A%+ E) >
0. Khi nao thi dang thic xay ra.

Bai 4.17 Cho tam thiic bac hai p(z) = 2> 4+ az + b thod man p(z) > 0, Vz € R
va A 1a mot ma tran vuong thuc cdp n. Chiing minh rang: detp(A) > 0.

Bai 4.18 Cho f(x) Ia da thiic hé s6 thuc c¢6 bac duong, hé s6 dan dau bang 1
va f(z) >0, Vo € R, A 1a mot ma tran vuong thuc cdp n. Ching minh rang
det f(A) > 0.

Bai 4.19 Cho A 1a ma tran vuong cép n. Ching minh rang: det(AA'+ E) > 0,
trong d6 A' 1a ma tran chuyén vi clia ma tran A va £ la ma tran don vi clng
cép vai A.

Bai 4.20 Cho A va B la céc ma tran thuc cap n. Ching minh rang: det(AA" +
BB") > 0.



Cac dé thi Olympic

PE OLYMPIC PE NGHI 2003

Bai 1: Cho
2 -1 0 O 0 0 O
-1 2 -1 0 0O 0 O
0o -1 2 -1 0O 0 O
o 0 -1 2 0O 0 O
A= ) ) .
o o o o0 ... 2 -1 0
o o o o ... -1 2 -1
o o0 o o0 ... 0 -1 2

Ching minh rang moéi gia tri riéng cua A 1a mot s6 thuc duong.
Bai 2: Cho A 1a ma tran vuong thuc cép n va A’ 1a ma tran chuyén vi clia né.
Ching minh A'A va A cing hang.

Pé thi chon déi tuyén Olympic ciia Truong nam 2003

bé so 1:

Bai 1: Dinh thic cia mot ma tran vuong thay d6i nhu thé nao khi thay méi
phan t bang phan tr doi xting véi n6 qua dudng chéo thi hai.

Bai 2: Gia st z; # 0,Vi = 1,2,...,n. Hay tinh dinh thic sau:

ay a9 as ... Qp
—T i) 0 Ce 0
0 —T9 X3y ... 0
0 0 0o ... z,

Bai 3: Xd4c dinh cdc s6 nguyén duong m, n, p sao cho da thitc 23 42371 423 +2
chia hét cho da thic 22 — z + 1.

Bai 4: Cho

S

I
/|\
N[ =D |G
DN [N [ =
N———

Hay tinh A0 va A~7.

Bai 5: Cho A 1a ma tran vuong cap 2. Chitng minh ring A* = 0 khi va chi khi
A2 =0.



Bai 6: Ky hiéu M3, 3 lakhong gian cac ma tran vuong thuc cidp 3. Cho

1
A=10
0

o NN O

0
0],
1

Xét phép bién déi tuyén tinh L : M3,3 — M3y 3 xac dinh boi L(X) =
X A). Hay tinh dinh thidc cua L.

(AX —

1
2

Pé so 2:

Bai 1: Tinh dinh thtc cip n ma phan ta & dong i cot j 1a |i — j|.

Bai 2: Gia st P va @ la cac ma tran vuodng cap n thod man cdc di€u kién sau:
P? = P;Q? = Q va I — (P + Q) kha nghich. Ching minh ring P va Q c6
hang bing nhau.

Bai 3: Ky hiéu M;3,3 la khong gian cdc ma tran vuong thuc cdp 3. Gia st
A € Msys, detA = 32 va da thiic t6i ti€u ctia A 1a (A — 4)(\ — 2). Xét dnh xa
tuyén tinh L4 : Mszy3 — Msy3 xdc dinh boi L4(X) = AX. Hay tinh vét cua
ma tran A.

Bai 4: Ky hiéu M, 1a khong gian cac ma tran vuong thuc cap 2. Cho

1 2 2 1
i) )

Xét phép bién doi tuyén tinh L : Myyo — Moyo xdc dinh boi L(X) = AXB.
Hay tinh vét va dinh thic cua L.

Bai 5: Cho my,ms,...,m, la nhitng s6 nguyén ting doi mot phan biét, r» > 2.
Chidng minh rang da thic

flz)=(x—my)(x —may)...(x —m,) —1

khong cé nghiém nguyén.

Bai 6: Chiing minh rang véi moi ma tran A cdp m x n ta luon ludn c6 bat dang

thiic sau: I
ATAL <D ai
k=1 i=1
BAI TAP PAI SO PAI CUONG
Bai 1 Cho R 1a mot vanh ¢6 don vi 1. Gia st rang Ay, As, ..., A, 12 céc

Ideal trdi cia R saocho R = A1 P Ao P - - - P A,, (xem nhu mot nhém cong).
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Chiing minh rang ton tai cic phan tir u; € A; sao cho v6i moi a; € A;, a;u; € A;
va a;u; = 0 néu 7 # j.

Bai 2 Ching to ring nhém G dang cdu v6i nhém con (nhém cong) céc s6 hitu
ti né€u va chi néu G dém dugc va moi tap con hitu han clia G déu chia trong
mot nhdm con xyclic vo han cta G.

Loi gii
1. KHONG GIAN VECTOR
Bai 1.1 Xét 4nh xa tuyén tinh:
T : My — Mosn
B AB — BA.

Khi d6 S = ker T" 1a khong gian vector con cua khong gian cic ma tran M,,.,.
D¢ y ring, néu C' 1a ma tran kha nghich thi

AB = BA

khi va chi khi C~'ACC'BC = C~'BCC~AC. Néu D,,...,D, 1a cic ma
tran doc lap tuyén tinh thi C—'D,C, ..., C~ D, C ciing doc lap tuyén tinh. Do
d6 dé don gian ta gia sit A c¢6 dang Jordan, vé6i khéi Jordan thi ¢ cap & la:

a 1 0
A= -
0 a 1
0 0 a
Khi d6 A; giao hoan véi
by by ... by
B
0 by bo
0 0 b
Do d6 A giao hoan véi
By
B —
B,

11



Vi trong B ¢6 n bién nén dim C'(A) > n.
Bai 1.2 Ta can chira S ¢6 n? — 1 vector doc 1ap tuyén tinh. D6 1a cdc ma tran:
Mij = Mszk:j — M@Mlk 1 75] (co n®>—n phéin tw)

My — M;; = MjjMj — MjyM;; j # 1 (c6 n — 1 phan ti), trong d6 ma
tran M;; 12 ma tran c¢6 phan tir 1 & vi tri 47, cdc vi tri khdc déu bang 0. Do d6
dim S > n? —1, mat khac S # M, », nén dim S < n?. Suy ra: dim S = n? — 1.

Bai 1.3Lay f,ge Svar,s € R.Khidétacé: Yo € A, (rf+sg)(v) = f(rv)+
g(sv) € A Vi f,g bat bién d6i v6i A. Tuong tu ta ciing ¢6 (rf + sg)(v) € B.
Vay rf + sg € S, hay S 1a khong gian vector con cua khong gian vector cac
tu déng cau cta V. Dé tinh s6 chiéu ctia S ta chi can tinh s6 chiéu cia khong
gian cac ma tran bat bién v6i A va B. Goi Ay, By 1a khong gian vector con clia
Vsaocho A=ANB@QA,B=ANB@E B;. Khi d6 dim(ANB) =r =
a+b—n,dimA; =a—r,dim By =b—r. Ly {uy,...,us_,} 1a c& s cua A,
{v1, ..., 0.} lacosd cua AN B, {wy, ..., w,_,} 12 c& s& cha By, Mbi tu dong cau
bat bién doi véi A, B thi phai bat bién doi véi AN B. Do d6 f(u;) duge biéu
thi tuyén tinh qua {uy, ..., uq_r, 1, ..., v, }, f(v;) chi c6 thé biéu dién tuyén tinh
qua {vy,...,v.}, f(w;) dugc biéu dién tuyén tinh qua {vy, ..., v, Wy, ..., Wp_; }.
Suy ra ma tran cta f cé dang:

a—1r( M 0 0
r M2 M3 M4
b—r 0 0 M5

trong d6 s6 phén tir khdc 0 nhiéu nhat 1a (a —r)*> +rn+ (b —7r)* =a® + b +
n? — (a + b)n. Vay dim S = a® + b* + n? — (a + b)n.
Bai 1.4 Gia st rang c6:

aot +aTr+ - +apTFr + -+ ap T 2 =0.

Tac dong T™ ! vao hai v€ ta c6: agT™ 'z = 0, suy ra ag = 0. Bang quy nap
ta c6 ap = 0,Vk = 0,m — 1 suy ra di€u phai ching minh

Bai 1.5 Goi P 1a ma tran chuyén tir (a;) sang (b;). Khi d6 I + 2P 1a ma tran
chuyén tir (a;) sang (a; + 2b;). Ta c6 A 1a gid tri riéng cta [ + 2P khi va chi
khi 5()\ — 1) 1a gid tri riéng cua P. Do (a;) va (b;) 1a cac co s6 truc chuén nén
P 1a ma tran truc giao va cac gia tri riéng cua P la 1, suy ra cdc gia tri riéng
cia I +2P la 3,—1. Do d6 0 khong phai la gia tri riéng cta [ +2P nén [ +2P
kha nghich va (a; + 2b;) 1a co s§. Hon nita det P = (—1)*17 véi a, 3 1a boi
clia cdc gid tri rieng 1, —1 ctia P. Do d6 det(I +2P) = (—1)*3°. Videtp > 0
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nén « la s6 chan. Vay det(I +2P) > 0, hay (a;) va (a; + 2b;) cing hudng voi
nhau.

Bai 1.6 a) Xét anh xa tuyén tinh han ché ctia ¢ 1én L ta co:
olr: L — oL,

ker p|, = ker o N L. Do d6: dim ¢(L) + dim(ker p N L) = dim L.

b) Suy ra tir a) v6i chd ¥ rang dim(ker o N L) < dim ker (.

c) bat L = ¢~ 'Z va chi y rang: ¢L C Z. Tix cau b) ta ¢6: dimp 17 <
dim p(p~1Z) + dimker ¢ < dim Z + dim ker ¢.

Mat khéc: ker ¢ C L nén tur a) ta co:

dim (L) + dimker ¢ = dim L (1).
Ta ciing ¢6: ¢(L) = Z N (V) nén
dim p(L) =dim(Z Ne((V))
=dim Z + dim ¢p(V) — dim(Z + ¢(V))
>dim Z + dimp(V) — dim W
=dim Z — dimker ¢. (2)
Tir (1) va (2) ta c6 diéu phai ching minh.
Bai 1.7 a) bat L = Im ¢ va 4p dung bai tap 1.6.a ta c6:
dim¢ (L) + dim(ker¢y N L) = dim L
hay
dim Im(¢.¢p) + dim(ker p N L) = dim V' — dimker ¢
dimker ¢ + dim(ker o N L) = dim V' — dim Im(v.¢) = dim ker(¢).¢.

b) Suy ra tir cau a) véi chi y rang: ker oL C ker ¢
c¢) Suy ra tir 1ap luan & ching minh cua cau a).
d) Suy ra tir cau ¢) v6i chd y rang: kervy NImy C ker .

Bai 1.8 Sur dung bai tap 1.7 cau c) ta co:
rank(PQR) = rank(PQ) — dim(ker(PQ) N Im R)
rank(QR) = rank @) — dim(ker @ N'Im R)
Suy ra:

rank(PQ) + rank(QR) =rank(PQR) + rank @ + dim(ker @ NIm R)
—dim(ker(PQ) N Im R)
<rank(PQR) + rank @
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Bai 1.9 Xét danh xa tuyén tinh: ' : V/p-1x — W/x duge cho boi: F(T) =
T(z). Khi d6 F 1a don nh. That vay, néu F(5) = 0 thi T(y) € X do dé
y € T71X hay 7 = 0. Tir d6 suy ra:

dim(V/7-1x) < dim(W/x)

hay

dimV —dim7T7'X < dim W — dim X.
Vay

dim7T7'X > dimV — dim W + dim X.

2. Dang chinh tac

Bai 2.2 Do A ¢6 n gia tri riéng phan biét nén A chéo héa duoc, tic 1a ton tai
ma tran C kha nghich sao cho C~'AC = P 1a ma tran chéo. Khi d6, ma tran
B giao hoin duoc v6i A khi va chi khi ma tran Q = C~'BC giao hodn duogc
voi P. Gia str:

A0 0

0 A 0
P =

0 0 A\

trong dé \; 1a céc gia tri thuc khdc nhau ting doi mot. Bang cach thir truc tiép
ta c6: () giao hoan dugc véi P khi va chi khi ) c6 dang:

w0 - 0
0 po -+ 0
Q=1|--- - -
0 - 0

trong d6 p; la cdc gia tri thuc nao d6. Bay gio ta cin tim cdc sO thuc
Qg, 1, ..., ,—1 Sao cho

Q=ayl +a1P+ -+ o, P!
Diéu nay thuc hién duoc nho viéc giai hé phuong trinh tuyén tinh:
To+ T+ AN T e =
To+ Aoxy + -+ )\g_lxn_l = g
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Tu dé ta suy ra:
B = Oé()] + OélA + 4 Oén_lAn_l

(Ppcm).
Bai 2.3 Ta c6 da thic dac trung cta A la:

XA(/\) = )\2 -3
1
. Do d6: A? — 31 =0 hay A? = 31, suy ra A kha nghich va A~! = §A.

Bai 2.4 a) Tinh toédn tryc tiép ta c6 det A, = (z — 1)*(z + 3).
b) Néu = # 1,3 thi A, kha nghich va da thic dac trung cua A, la:

xt) = (z—t—1)>*z—1t+3).

Suy ra da thic t6i tiéu cha A, la: m(t) = (x —t — 1)(z — ¢t + 3), do dé:
(x — I — A)((x + 3)I — A,) = 0, khai trién ta ¢6 duge: (z — 1)(z + 3)I —
2(x — 1)A, + A2 = 0. Nhan hai v€ v6i A;! va bién déi ta c6

Al =—(z-1)-1(z+3)"A_, 5.

T

Bai 2.6 (Giai van tat) Chon A = (J}) thi s&€ khong ¢6 mot ma tran vuong phiic
B cép 2 ndao ma A = B2

Bai 2.8 Khing dinh diing.

Gia stt A ton tai, suy ra A ¢ da thiic t6i tiéu chia hét t? 4 2t + 5 1a da thic
bat kha qui tréen R Vay ma(t) = t* + 2t + 5. Vi da thic dic trung va da thic
ti ti€u c6 cling nhan tir bat kha qui nén

xa(t) =ma(t)"

suy ra n = deg x4(t) phai 1a s6 chan.
Nguoc lai, n chdn, ta thdy Ay = ({Z3) 12 mot nghiém cta phuong trinh

t? + 2t +5 = 0. Do d6 ma tran kh6i géom " khoi Ag trén duong chéo chinh la

\)

ma tran thda méan yéu ciu cua dé bai.

hoa 3. Vector riéng va gia tri riéng
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Bai 3.1
a) Do M 1a nghiém cua da thic 2° — 1 nén da thic t6i tiéu ctia M phai l1a
udc cua 2° — 1. Mat khac, M c6 it nhat mot gia tri rieng thuc, nén da thic t6i
tiéu c6 nhan tir (x-1). Vi M # I nén da thic t6i tiéu cia M khong thé 1a x — 1.
Do d6 da thic t6i tiéu cia M 1a m(x) = 2® — 1. Vay M c6 1 gia tri riéng 1
b) Mot ma tran ¢6 tinh chat nhu vay la:

1
M=10
0

o™ S
“"_‘“’l& o

Bai 3.2 Do A" = ( nén da thic t6i ti€u p(x) clia A phai 1a udc chia ™. Suy ra
p(x) = 2%, v6i k < n. Vay A" = 0.

Bai 3.3 Do M? = [ nén da thic t6i ti€u p(z) cua M phai 1a ude cla
o’ — 1= (-1’ +.. . +1)

Do M (x) # x v6i moi = # 0 nén 1 khong 1a gid tri riéng, suy ra p(x) 1a ude
ctia (zP~'+...+1). Nhung (z~! + ...+ 1) 1a da thic khd qui trén truong Q
nén p(z) = (zP~ 1+ ...+ 1).

Mait khéc, da thitic dic trung y,; va da thic t6i tiéu c6 chung nhan tir bat
kha qui. Do d6 xa(7) = (p(x))*, k > 1. Vay dimV = rank M = deg xn =
k(p —1). (Ppcm)

Bai 3.5 Da thuc dat trung la
x(t) =t* —ct?* — bt — a.

Ta sé& ching t6 day 1a da thic t6i tiéu. That vay, chon 2y = (1,0,0), khi d6
xg, Azg = (0,1,0), A%z = (0,0, 1) 1a doc 1ap tuyén tinh. Gia st A Ia nghiém
ctia mot da thiic bac 2, tic 12 ky A2 + ky A + ksl = 0, suy ra ki A%z + ko Az +
kswg = 0 vata cé ky = ky = k3 = 0, diéu ndy 1a vo ly. Vay da thiic t6i tiéu
phdi ¢6 bac 3, hay x(t) = t* — ct? — bt — a.

Bai 3.6 a) Sai, chan han A= (}1), B=(}1).

b) Ding. Gia sit A\ # 0 la gia tri riéng Gng v6i vector riéng x cua AB. Khi
d6 BA(Bx) = B(ABx) = ABz nén \ s€ la gia tri rieng cia BA (vi B(z) # 0).
Néu A = 0 1a mot gia tri riéng cua AB thi BA ciing suy bién, do d6 BA ciing
c6 gid tri riéng 1a 0.

Bai 3.7 Da thuc dac trung cua A:

xa(t) =t* — (a+ d)t + ad — be
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¢6 nghiém

1
tio = %(a+d) i%\/Z: §(a+d:|: V (a — d)? + 4be).

bat A = 1(a+d++/(a — d)? + 4bc) va v = (x,y) 1a vector riéng ting véi = > 0.
Bi€u dién hang tir ddu tién clia Av ta duoc:

ax + by = %(a—kd—i—\/Z)x
2y = (d — a+ VA)z.
Dob>0vad—a++vA>0nény>0. Ppcm
Bai 3.8 1) Goi p(\) = |A — AE| 1a da thic dat trung cua ma tran A. Goi P(t)

12 da thic bac m va aq, as, . . . oy, 12 cdc nghiém (thuc hodc phic ké ca boi) cla
P(t). Ta c6:

e(A) = (=D"A = A1)(A = A2)... (A= \y)
P(t) =c(t — aq)(t — ag)...(t — ).

Do dé
P(A) = ¢(A — ayE)(A — asE)...(A — an E),
P(A)] = ™| A — 0y E||A — anF|.| A — ap E| = ¢ ﬁ olas).
Mat khac: .
p(5) = (~1)"(as — A — M)l — M) = [T — )
Vi vay

2) bat p(t) = P(t) — X va ap dung két qua trén ta co6:

[p(A)] = p(A1).p(A2)...p(An)

hay
[P(A) = AE| = (=1)"(A = P(M))(A = P(A2))-.(A = P(An)).
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Vay cdc gid tri rieng ctia P(A) 1a P(\1), P(Xa),..., P(\,).

4. HANG VA PINH THUC

Bai 4.1 Trude hét ta ching minh: dim(ker A’A) = dimker A. R rang: ker A C
ker A*A, ngugc lai gia stt v € ker A’A thi A'Av = 0, suy ra (A"Av,v) =
(Av, Av) = 0 hay Av = 0, tiic 1a v € ker A. Do vay dim(ker A*A) = dim ker A,
tir d6 ta c6 rank(A'A) = rank A.

Bai 4.2 Ta c6:
rank P = rank P(/ — P — Q) = rank PQ
rank @ = rank(/ — P — Q)@ = rank PQ
Vay ta ¢6 diéu phai chiing minh.
Bai 4.3 a) Ma tran con ¢6 dugc bang cach bo dong 1, cot n ¢6 hang bang (n—1).
b) Gia st A la gid tri riéng cla A tic 1a det(A — AI) = 0. Theo cau a)
rank(A — AI) = n — 1 nén dimker(A — A\I) = 1, suy ra khong gian con riéng

Gng véi gid tri riéng A 1a mot chiéu. Do A 1a ma tran d6i xing nén A ¢6 dt n
gid tri riéng ké ca boi. Vay A c¢6 n gid tri riéng khac nhau.
Bai 4.4 a) Ta c6 det(A — XI) = (=1)"A\" + ... + ¢;(—1)*\" + ... + ¢, trong d6
¢, = det A (a;; nguyén nén ¢; nguyén). Néu k la gid tri riéng nén

(=1)"" + ...+ (1)K + ... +det A= 0

suy ra k la uGc cta det A.

b) Lay = = (1,...,1) ta c6 Az = mx nén m la gid tri riéng cha A. Theo cau
a) ta c6 m la udc cua det A.
Bai 4.5 a) Ta c6: det A = [[(a; — a;), do d6 A kha nghich khi va chi khi céc

i>j

a; khiac nhau timg doi mot.

b) Gia st f = cog+cix+ - -+ c,x" 1a mot da thiic bac n hé s phiic sao cho
f(a;) = b;, ta c6 hé phuong trinh 4n 1a ¢;, i— = 0,n

co+cray + -+ cpal = by
co+ crag + -+ + cpay = by
co + c1ay + -+ cpa, = by,
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hé phuong trinh trén c¢é dinh thitc Crame khac 0 nén c¢6 nghiém duy nhat. Vay
ton tai duy nhét da thic f bac n véi hé s6 phic sao cho f(a;) = b;.

Bai 4.6 Xét ham f(t) = (1,¢,¢*) thi f 1a ham lién tuc. Khi d6néut;, i =1,2,3
khac nhau ting doi mot thi

1t t
1ty 3
det 1ty 82 # 0.
1ty t2
Bai 4.8 Xét ciac anh xa tuyén tinh
La(X)=AX
Lp(X)=XB.
Ma tran cua L4 va Lp lan luogc la:
=1 0 20 2 000
0 1 0 2 1 400
Ma=121 0 30l ™=]00 20
0 -1 0 3 0014

Suy ra det L = det L. det L = 25.5%, Tr(L) = Tr(Ms.Mp) = 24
Bai 4.9 Lay X = (z;;), ta cé:

T11 %%2 L13
L(X) = %Igl 2£L‘22 %%23
T31 35532 T33
X (e oA \ AT o 3 81
Dé thdy moi ma tran M;; déu la vector riéng cua L. Suy radet L = 2. (5)4 = —.
Bai 4.12 Truong hop m > n. Taviét T' = T oTs, trong d6 15 : My s — Myuxn
dugc xdc dinh boi: TH(X) = XB va Ty : Myxn, — My, duge cho boi:
Ti(Y) = AY. Vi dim M, «,,, = nm > n? = dim M,,,, nén T, khong don énh,
suy ra 7' cling khong don danh hay 7" khong kha nghich.
Truong hop m < n xét tuong tu.

Bai 4.13 Goi vy, vs, ..., 0,41 1 cdc vector c6 toa do 1a cot dau tién cla cdc ma
tran Ay, Ay, ..., A, 11 tuong ung. Khi d6 n+ 1 vector nay phu thuodc tuyén tinh.
Do d6 ton tai n + 1 s6 thuc 1, xs, . .., T,+1 khong dong thoi bang 0 sao cho

T1U1 + X2U3 + -+ V1 Tpy1 = 0.
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Lic d6 ma tran x1 Ay + 2945 + -+ - + 241 Apq1 €0 cOt ddu tién bang 0 nén ma
tran x1 Ay + 29 As + -+ - + 1A, 41 suy bién.

Bai 4.14 Do A 1a ma tran cip n c6 hang r nén ton tai cdc ma tran kha nghich
P, sao cho A = PI,, () v6i I,,, 1a ma trdn c6 dang:

I, 0
[n,r - (0 0) Y

(ttic 12 ma tran c6 r phan tir ddu tién trén duong chéo chinh bing 1 cdc phan ti
con lai bang 0). Ta ¢6 nhan xét sau: k ma tran X1, ..., X doc lap khi va chi
khi cac ma tran Q X, ..., QX} doc 1ap tuyén tinh (do ) 1a ma tran kha nghich).
Phuong trinh AX = 0 tuong duong véi I,,QX = 0, nén tit nhan xét trén dé
tim s6 nghiém doc 1ap tuyén tinh ctia phuong trinh AX = 0 ta chi can di tim s6
nghiém doc lap tuyén tinh cua phuong trinh /,,,Y = 0. Ma tran Y thoa phuong
trinh [,,,Y = 0 phai c6 dang sau:

T n—r
r{ 0 0
Y_n—r<Y1 Yy )

Suy ra s6 nghiém doc lap tuyén tinh cua phuong trinh AX =0 1a n(n — 7).

Bai 4.15 Xem A la tu dong cau tuyén tinh cua R”. Diéu can chiing minh
rank(A—FE)+rank(A+FE) = n tuong duong v6i dim(ker(A— E))+dim(ker(A+
E)) = n. That vay, v6i moi x € R" ta c6

T = %(m—i—Am‘) + %(m — Ax)
. !
trong d6 E(x + Az) € ker(A — E) va 5(1‘ — Azx) € ker(A+ E).
Mat khéac ker(A + E) Nker(A — E) = {0} nén
R" = ker(A + E) P ker(A — E),
suy ra dim(ker(A — E)) + dim(ker(A + E)) = n (dpcm).
Bai 4.16 Ta viét
A2+ E = (A+iE)(A—iE) = (A+iE)(A+iE).
Suy ra
det(A? + E) = det(A +iE) det((A +iE))
= det(A +iE)det(A +iF) = |det(A +iE)|* > 0.
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Vay det(A? + E) > 0 dang thic xdy ra khi va chi khi da thiic dac trung cia A
nhan +7 lam nghiém.

Bai 4.17 Tir gia thiét ta c6 p(x) c6 hai nghiém phic lién hop A va ), do d6

pla) = (z = A)(z = X),
p(A) = (A= AE)(A—XE) = (A— \E)(A - \E).

Suy ra
det p(A) = | det(A — AE)]* > 0.

Bai 4.18 Do f(z) > 0 Vz € R va h¢ s6 dan dau bang 1 nén f(x) la tich cua
céc tam thic bac hai c¢6 dang 22 + ax + b khong am véi moi x. Theo bai 4.17
ta c6 dpcm.

Bai 4.19 Ta ¢6 (AA' + F) 1a ma tran d6i xdng nén né 1a ma tran ciia mot dang
toan phuong. Hon nifa, dang toan phuong nay xdc dinh duong. That vay, véi
moi z € R” ta c6

((AA" + E)z,2) = (AA'z, x) + (z,2) = (Ax, Az) + (2, 2) > 0.

Do d6 céc gia tri rieng cua A déu duong, vi vay dinh thitc cia A bang tich céc
gia tri riéng cua A ciing duong.

Bai 4.20 Giai tuong tu nhu bai 4.19

BAI TAP BO SUNG

Bai 1 Cho A la ma tran vuong cdp n, goi B va C' la cic ma tran tao boi
k cot ddu va n — k cot cudi tuong Gng cha ma tran A. MCR, det(A4)? <
det(B'B) det(A'A).

Bai 4: Cho E 1a khong gian vector hitu han chiéu va A € Aut(F). Ching to
cac diéu kién sau la tuong duong:

(i) A=1+ N, trong d6 N la tu dong cau luy linh.

(ii) Ton tai mot co s& ctia F sao cho ma tran cua tu dong cau A doi véi co
s& d6 ¢6 moi phan tir ndm trén dudng chéo chinh bang 1 con moi phan tir ndm
ngoai duong chéo chinh déu bang 0.

(iii) Tat ca cac nghiém cla da thitc dac trung cua tu dong cau A (trong truong
déng dai s6) déu bang 1.
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Bai 6: Cho E 1a khong gian vector hitu han chi€u trén trudong phic. A € Aut(FE).
Ching t6 ring tu dong cau A c6 thé phan tich dudi dang téng:

A=S+N,

trong d6 S chéo hod dugc, N luy linh va SN = NS. Ching té rang S va N
c6 thé biéu dién dué6i dang cic da thic theo A.

Huéng dan: Gia sir Pa(t) = | [(t — ;)™ E; Ia hat nhan ctia
i=1

(A —t;I)™. Thé thi E 1a tong truc ti€p cla cac E;. Xdc dinh S trén E sao cho
Sv =73 tv;,dat N = A—S. Xét da thiic g(t) = > t;9;(t), trong d6 g;(t) duoc
chon sao cho thanh phan clia Av trong E; bang g;(t)v;. Khi d6 S = g(A).

Bai 7 Cho A, B 1a cdc ma tran vuong cdp n, thoa man diéu kién: AB = BA =0
va Im ANker A = {0},Im BNker B = {0}. Chiing minh rang: rank(A+ B) =
rank(A) + rank(B).

Huéng dan Ta c6 rank(A + B) < rank(A) + rank(B). Gia stt €1, e, . . . , €y
Va U, Ug, . .., us la cdc co 86 cua Im(A) va Im(B) tuong tng. Ta ching minh
hé vector ey, ey, ..., €, Uy, Us, . .., us doc 1ap tuyén tinh trong Im(A + B). That
vay, gia st Y Nie; + > pju; = 0, ta suy ra y N Ae; + > pjAu; = 0. Tir giat
thuyét AB = 0 ta ¢6 Im(B) C ker(A4), do d6 ta suy ra > \;Ae; = 0, hay
A Nei)) = 0. Tu dé ta c6 > Ne; = 0. Vay \; = 0. Tuong tu ta ciing
c6 p; = 0. Tém lai ta c6 hé vector ey, ey, ..., €5, U, Us,...,Us 12 cO SO cla
Im(A + B).

Vay rank(A + B) = rank(A) + rank(B).

Bai 8: Cho Ay, Ay, ..., A,, 12 cdc ma tran vuong doi xdng cép n thoa man di€u
kién A;A; = 0,Vi # j. Ching minh ring:

rank(A;) 4+ rank(Ay) + - - - +rank(4,,) < n.

Bai 9 Cho f, g la cdc tu dong cau tuyén tinh cua khong gian vector V' n-chiéu
thoa man diéu kién fog = go f, f luy linh va rank(f o g) = rank(f). Ching
minh c4c khang dinh sau:

a) Im(f) Nker(g o f) = {0},

b) Im(f) Nker(g* o f) = {0},
c) Tur d6 suy ra f = 0.

Bai 9 Cho f 1a mot dang cdu tuyén tinh ctia khong gian vector V' n-chiéu. Gia
st V=LEP N, dim(N)=m,0 < m < n. Ching minh rang ton tai s6 nguyén
k,(k <n®") saocho V = f*(L)E N.
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Bai 10 Cho ¢ 1a mot tu dong cau tuyén tinh cua khong gian vector hitu han
chiéu V.

a) Gia st da thic t6i ti€u cta o c6 phan tich p(t) = h(t)g(t), trong d6 h, g
1a cdc da thic nguyén t6 cing nhau. Chdng minh rang: V = L @ Lo, v6i
Ly = ker(h(p)), Ly = ker(g(¢)).

b) Gia str da thic t6i ti€u clia ¢ ¢6 phan tich p(t) = hy(t) ... hi(t), trong d6
hi(t),1 < i < k 1a céc da thiic d6i mot nguyén t6 cung nhau. Chiing minh rang:

v6i L; = ker(h;(¢)),1 <i <k.

Huéng dan a) Do h(t) va g(t) 12 hai da thic nguyén t6 cing nhau nén ton tai
cdc da thic u(t) va v(t) sao cho 1 = h(t)u(t) + g(t)v(t). Khi d6 méi vector
x déu c6 phan tich duy nhat thanh x = h(p)u(p)(z) + g(p)v(p)(z) trong d6
h(p)u(p)(z) € Ly va g(p)u(p)(x) € Ly.

Bai 11 Ching minh ring néu ¢ va ¢ 1a cdc phép bién doi doi xing, trong do
xdc dinh duong, thi cdc gid tri riéng clia i déu thuc va chéo hoa duoc.

Hint Do ¢ xdc dinh duong nén ton tai phép bién ddi toa do cliing dua ¢ va 1)
vé dang chéo. Tir d6 ta c6 két luan.

Bai 12 (Problem in net)

I have the following PROBLEM IN LINEAR ALGEBRA, I do not know the
answer. Assume that d and n are natural numbers and define f : R? — R by

f(2) = (T cos® (")) = 1/m,

=1

where z = (z!,...,2%). Hence 2! is the /th component of the vector z. Prove

or disprove the following CONJECTURE: For any given z1,...,z,, € R? the
(n,n)-matrix A given by

ai = f(x; — ;)
is positive semidefinite, i.e., the eigenvalues are nonnegative. (Comment: I know
that this is true for n > 2%, So the interesting case would be n < 2.)

Bai 13 Cho A, B 1a hai ma tran c6 tinh chat A> = A, B> = B. Ching minh
rang A dong dang v6i B khi va chi khi rank(A) = rank(B).
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Bai 14 Cho A va B 1a hai ma tran thuc cdp n thoa man di€u kién ton tai ma
tran phic V' sao cho A = VBV ~!. Chiing minh ring t6n tai mot ma tran thuc
U sao cho A=UBU.

Bai 15 Cho A 1a ma tran vuong cap n thoa man diéu kién A? = A. Hay tinh
da thic dac trung cta A.

Bai 16 Cho A, B la 2 ma trn vuong thuc cép n, gia su det(A+B) va det(A—B)
khéc khong. Ching minh riang ma tran

=5 3)

kha nghich.

Bai 17 Cho A 1a ma tran thuc cap n x m. Ching minh rang ton tai ma tran thuc
B cép n sao cho AA! = B2004

Bai 18 Cho phuong trinh AX = B, trong d6 A 1a hai ma tran cho trudc cap n,
X la 4n (X 1a ma tran cap n). Ching minh ring phuong trinh trén ¢6 nghiém
khi va chi khi rank(A) = rank(A|B), trong d6 (A|B) 1a ma tran cép n X 2n c6
dugc bang cach ghép ma tran B vao bén phai ma tran A.

Bai 19 Cho A 1a ma tran cidp n thoa A? = A. Ching minh ring phuong
trinh AX — XA = 0 c6 nghiém, can va du la: ton tai ma tran X, sao cho
X = AXy+ XoA — X,.

Bai 20 Cho f l1a da thic hé s6 thuc ¢6 bac n > 0 va pg, p1,p2, ..., P, 12 cac da
thic hé s6 thuc va c¢6 bac duong. CMR, ton tai cac s6 thuc ag,aq,as, ..., a,
n

khong dong thdi bang khong sao cho da thic Q(x) = Zaz(pz(x))Z chia hét

=0

cho f.

Bai 21 Cho A va B la hai ma tran luy linh, AB = BA. CMR
a) I — A kha nghich va A + B 1a ma tran luy linh.
b) det(/ + A) = 1.
¢) I + A+ B kha nghich.

Bai 22 Cho N la ma tran (phtc) luy linh va r 1a mot s6 nguyén duong. Chiing
minh rang ton tai ma tran phic A sao cho A" =1 + N.

Bai 23 Cho A, B,C, D la cic ma tran cidp n, AC = CA. bat M = (é g)
Ching minh rang det(M) = det(AD — BC).
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Hint Gia st A kha nghich, ta phan tich: M = (X I) (O Y)’ vl Y =

D — CA™'B. Néu A tuy y thi thay A bdi A — A\l va dp dung lap luan trén.

Bai 24 Cho khong gian vector £ va E = M & N, goi p 1a phép chiéu lén M
theo phuong N. Cho u 1a todn ti tuyén tinh ctia E. Ching minh rang:

a) M la khong gian con bat bién clia v néu va chi néu pup = up.

b) M va N déu bat bién qua u khi va chi khi pu = up.

Bai 25 Néu v 1a todn tir tuyén tinh véi trén khong gian vector hitu han chiéu va
néu u giao hodn v4i moi phép chi€u c6 hang 1, thi u = A[.

Bai 26 Cho u 1a todn tlr tuyén tinh trén khong gian vector hitu han chiéu. CMR
a) Néu u chéo hod dugc va ton tai n € N sao cho ™™ = u™, néu va chi
néu u 1a phép chiéu.
b) Néu u chéo hod dugc va u™ = I v6i mot gia tri m € N*, thi u? = I.

Bai 27 Cho u 1a todn tir trén khong gian vector phic n-chiéu. Ma tran cta u
doi v6i mot co s6 nao d6 ¢6 dang:

0 0o . . 0 N
0 0 . . X 0
M p—y
0 A1 - . 0 O
A 0 . . 0 O

CMR, u chéo hod dugc khi va chi khi v6i méi & € {1,2,...,n}, néu A\, = 0,
thi \,11_x = 0. Tim da thic t6i tiéu cha u?.

Bai 28 Cho u va v 1a cdc toan tir chéo hoa dugc cta khong gian vector hitu han
chiéu E. CMR, tén tai dang cdu tuyén tinh f clia F sao cho f ou = v o f khi
va chi khi v va v c6 tap cdc gia tri riéng trung nhau va cic khong gian riéng
ing véi timg gia tri riéng cua u va v ¢6 cling s6 chiéu.

Bai 29 Cho u va v la cac toan tir chéo hod dugc trén khong gian vector F
n-chiéu. CMR, cic khang dinh sau 13 twong duong.

a) uv = vu.

b) Ton tai mot co s6 clia £ gdm toan cdc vector riéng cta u va v.

¢) Ton tai mot todn tir w chéo hod dugc cta E va cic da thic f,g € Rlz],h €
Rz, y] sao cho u = f(w),v = g(w),w = h(u,v).

Tu d6 suy ra, mot toan tu trén F giao hoan duoc véi u va v khi va chi khi
nd giao hodn duogc véi w.
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Bai 30 Cho uq,us, ..., u,, la cic toan ta chéo hod dugc cua khong gian vector
E n-chiéu. CMR, cé4c khang dinh sau 12 tuong duong:

a) u;u; = uzu; voi moi ¢, j € [1,m].

b) Ton tai mot co s¢ clia F gdm toan cac vector riéng cia u;.

¢) Ton tai todn tir w chéo hod dugc cua F va céc da thic f1, fo ,..., fin €
R[X],h € R[ X1, Xs, ..., X,] saocho fi(w) = u;, 1 < i <mvah(up,ug, ... uy) =

w.
Bai 31 Ching minh tinh chat sau cua dinh thic Gram
G(ay,ag, ... a5, by, ..., bg) > G(ay,...,ar)G(by,...,b).
Dang thitc xay ra khi va chi khi
(a;,b;) =0 (i=1,...,k;7=1,...,1)

hoac mot trong hai hé vector {ay,...,ax};{b1,...,b} 1a phu thuoc tuyén tinh.

Hudng dan Truc giao héa hé vector {ay, ..., ax, by, ..., k;} thanh hé vector truc

giao {al> "'aakaﬂlv "'7ﬁl} va {b17 "'7bl} thanh {pla ---701}-
Goi L; = {(ay,...,ag, by, ...,bx_1) va N; l1a phan bu truc giao cua L; trong V.

Ta c6 .

Qua trinh truc giao hoa ta c6

bi = yi + pi,

VOl y; = Z pj € (b1, ...,bi_1) va y; Lp;.

Mat khac ta ¢ phan tich
véi y; S Li, x; € Nz

Hon nita, ta c6 b; = (3; + x;, v6i x; € L; va (3; truc giao v6i L; nén (; € N;.
Vay ta c6 2 biéu dién b; = z; + ; va b; = (3, + ;) + 2. Suy ra 3; = z; va do

Al =zl < ol
Ta lai c6

bi) = (a1, aq) ... (g, o) (Br, B1) - (B, Br)
—GT‘(CLl, ey Ak < 1, 61> <ﬁlaﬁl>

)-
<Gr(a17 7a’k) <p17p1> <,017,01>
=Gr(ai, ..., ar).Gr(p1, ... p) = Gr(aa, ..., a).Gr(by, ..., by)

GT((Lb .. (Zk,bl, .
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Bai 32 Cho A la ma tran d6i xting thuc cap n véi cac dinh thic con chinh déu
khong am, A; la mot ma tran con cép k (k < n) & goc trén trdi cia ma tran A
va Ay la ma tran con cip k — n & géc dudi phai cua ma tran A. CMR,

det(A) < det(A;) det(Ay).

Bai 33 Cho V' 1a khong gian vector n chiéu va W 1a mot khong gian con m
chiéu cua V, (m < n). CMR, ton tai mot co s& cua V' khong chita mot vector
nao cua W.

Hint Goi {vy,...,v,,} 1acosd cua W va {uy,... , u,_} 12 co s& cua phan bu
tuyén tinh ctia W trong V. Khi d6 co s& {vq + uy, ..., 0 + U, Uty .oy Uy }
chinh 12 co s& can tim.
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11TH VIETNAMESE MATHEMATICS OLYMPIAD FOR COLLEGE STUDENTS 2003

Al. A is the 4 x 4 matrix 1] = A92 = Q33 = Q44 = A, Q12 = A9] = A34 — Ay3 —
b, ass = azy = —1, other entries 0, where a, b are real with a > |b|. Show that
the eigenvalues of A are positive reals.

A2. B is the 3 x 3 matrix with bll = a,bgg = d, b33 = q, b12 = b%,blg, =
a B

c,by = bg,bgg = p,by = ca, by = p%, where a, b, c,d, p,q are reals and

«, 3,7 are non-zero reals. Show that B has real eigenvalues.

A3. Dy is the k£ x k matrix with Os down the main diagonal, 1s for all other
entries in the first row and first column, and x for all other entries. Find
det Dy 4+ det D3 + - - - 4 det D,,.

A4. [, denotes the n X n unit matrix (so [1; = Iy = ... = [,,, = 1, other
entries 0). P and () are n X n matrices such that PQ) = QP and P" = Q®* =0
for some positive integers r, s. Show that I, + (P + @) and [, — (P + Q) are
inverses.

AS. A is a square matrix such that A?°% = 0. Show that rank(A) = rank(A +
A%+ ... 4 A™) for all n.

A6. Aisthe 4x4 matrix with a;; = 1421, ass = 1429, a33 = 143,04 = 14124,
and all other entries 1, where z; are the roots of x* — x + 1. Find det(A).

A7. p(x) is a polynomial of order n > 1 with real coefficients and m real roots.
Show that (22 4+ 1)p(z) + p/(x) has at least m real roots.
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