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Chuong 1

Tam thidc bac hai va cac van dé lién
quan

Bat dang thic co ban va cling 1a quan trong nhét trong chuong trinh dai s6 bac trung hoc phd
thong chinh 1a bat déng thiic dang sau day

x? > 0,Vx € R. (1.1)

Dau déng thitc xay ra khi va chi khi 2 = 0.
G#n véi bat ding thitc (1.1) 1a bat dang thitc dang sau

(.1‘1 — JJQ)Q > O,V.%‘l,.l‘g S R,
hay
a:% + a:% > 2x1x0, Vri,x0 € R.

Dau ding thitc x4y ra khi va chi khi x; = zo.

Bét déng thiic (1.1) 14 dang bac hai don gidn nhét clia bat ding thitc bac hai ma hoc sinh da
lam quen ngay tit chuong trinh 16p 9. Dinh Ii Viete déng vai tro rat quan trong trong viéc tinh toan
va ude lugng gia tri clia mot sé biéu thitc dang dbi xting theo cac nghiém ciia phuong trinh bac hai
tuong ting. Dic bigt, trong chuong trinh Dai s6 16p 10, mang bai tap veé tng dung dinh 1i (thuan va
dao) vé dau clia tam thitc bac hai 1a cong cu hitu hiéu ctia nhiéu dang toan & bac trung hoc pho
thong.

Xét tam thitc bac hai f(z) = az? + bz + ¢, a # 0. Khi do
b\2 A

af(z) = (aa:+ 5) B

véi A = b? — 4ac. Tit déng thitc nay, ta co két qua quen thuoc sau.

Dinh 1y 1. Xét tam thic bac hai f(x) = az® +bx +c¢, a #0.
i) Néeu A <0 thi af(z) >0, Vo € R.
) L s b
ii) Néeu A =0 thi af(x) > 0 Vz € R. Dau dang thic zay ra khi va chi khi x = ~35°
iii) Néu A >0 thi af(z) = a*(z — x1)(z — x2) vdi

b VA
.CULQ = —%:Fm (12)

Trong truong hop nay, af(x) <0 khi x € (x1,x2) va af(x) >0 khi z < x1 hodc x > x3.



Ta nhic lai két qua sau.

Dinh 1y 2 (Dinh If ddo). Diéu kién can va di dé ton tai s6 a sao cho af(a) < 0 la A > 0 va
x1 < a < g, trong do x1 2 la cic nghiem cia f(x) zdc dinh theo (1.2).

Nhan xét riang, cac dinh Ii trén déu duge mo ta thong qua bat ding thiic (két qua so sanh biét
thitc A v6i 0). Céc dinh Ii sau day cho ta tiéu chuan nhan biét, thong qua biéu dién hé s6, khi nao
thi tam thitc bac hai f(z) = ax?® + bx + ¢, a # 0, c6 nghiem.

Dinh ly 3. Véi moi tam thic bac hai f(x) cé nghiém thuc déu ton tai mot nguyén ham F(z), la
da thiic bac ba, c6 ba nghiém deu thuc.

Chitng minh. Khi f(z) c6 nghiém kép, tiic f(z) = a(x — z0)?, thi ta chi can chon nguyén ham dudi
dang
Flz) = %(x — )%,

Khi f(x) ¢6 hai nghiém phan biét, tic
flz)=alx —z1)(x — z2), 1 <m2, a#0,

ta chon nguyeén ham F(z) thod man diéu kien

T+ X2
F<7> — 0.
2

Khi d6, 16 rang ham F(x) c6 cyc dai va cyc tiéu lan lugt tai 1 va 2o va diém udn ctia do thi tuong
ing 1a M(‘“Qﬂ, 0). Tu day suy ra diéu can chitng minh. O

Dinh 1y 4. Tam thic bac hai f(x) = 32> + 2bx + ¢ c6 nghiém (thuc) khi va chi khi cdac hé s6 b, ¢
co dang

(1.3)

b=a+p+7y
c=af+ By +ya

Chaing minh. Diéu kién di 13 hién nhién vi theo bat déng thitc Cauchy, ta cé

A = —3c=(a+F+7)* =3B+ 7+ )

=a” + 2 +7% — (af + By +a)
1

S T S P SERT S DR
a8+ RBP4 A - 0

Diéu kién can. Gia st phuong trinh bac hai c6 nghiém thic x1, z9. Khi d6, ton tai da thiic bac ba
c6 ba nghiém thuec, 1a nguyén ham cua f(z), tic la:

F(z) = (z+ a)(x+ 8)(z + 7).
Tit day ta suy ra diéu can ching minh. O

Tiép theo, trong chuong nay, ta xét cac dang toan co ban vé bat dang thitc va cyc tri ¢6 sit dung
tinh chat ctia tam thiic bac hai.
Xét da thitc thuan nhat bac hai hai bién (xem nhu tam thiic bac hai doi véi x)

F(z,y) = ax® + bxy + cy®, a #0,
A= (b% — dac)y?.



Khi d6, néu A <0 thi aF(z,y) >0, Vo,y € R.
Vay khi b? < 4ac v a < 0 thi hién nhién

az® + cy® > |bxy|, Vz,y € R.
Truong hop riéng, khi @ = ¢ = 1, b = 2 thi ta nhan lai dudc két qua
2 +y? > 2ay|
hay

u—+v
2

Vé sau, ta st dung cac tinh chat ctia dang phan thitc bac hai

> vVuv, u,v = 0.

_amrt 4 bz 4o
a9x? + box + ¢

v6i diéu kien
ag >0, fo(z) = asx?® 4+ box 4+ o > 0, Vz € R,
dé tim cuc tri cia mot s6 dang toan bac hai.
Bai toan 1. Tuim gid tri lon nhat va gid tri nho nhat cia ham so
Cmzt bzt
apa? + box + ¢

vdi diéu kién
az >0, fo(z) = asx® + box + o > 0, Vz € R.
. ) c ) a > .
Giai. Nhan xét rang khi = 0 thi y(0) = L va khi 2 — oo thi y — -1 Tiép theo, ta xét cac gia
C2 a2
c a
triy# — vay# —.
C2 a9
2 c a .
Gié st y la mot gié tri ctia biéu thiic, y # 2w Yy # —L. Khi ds phuong trinh tuong ing
()] as
mz?+ bz +e
ax? 4+ box 4+ cy

phai c6 nghiém, hay phuong trinh
(agy — a1)x? + (bay — b1)x + (coy — 1) = 0 (1.4)

phai c6 nghiém.
Do (1.4) 1a phuong trinh bac hai nén diéu nay tuong duong véi

A = (boy — b1)2 —4(agy —a1)(cay — 1) =20

hay
9(y) == (b% — 4&262)y2 + 2(b1bg + 2agc1 + 2a1c2)y + b% —4ai1c1 =0

phai c6 nghiem. Vi g(y) c6 b3 — 4azca < 0 nén theo Dinh Ii déo clia tam thiic bac hai, thi

A = (blbz + 2a1c0 + a201)2 — (4(1161 — b%)(4a262 — b%) > 0. (1.5)

Y1 <Y < Yo,



o b1by + 2asc1 + 2a1¢c9 £ VA
N b% — 40,262 ’

Y1,2

va A’ duge tinh theo cong thic (1.5).
Suy ra maxy = yo va miny = y;, dat duge khi ing v6i mdi j (j = 1,2), x4y ra dong thoi

A = (bay; — b1)? — 4(azy; — a1)(cay; — 1) =0,
by —b

T = .
J 2a2yj—a1

Xét mot vai vi du minh hoa sau day.
Vidu 1. Cho z, y la cdc s6 thiuc sao cho
20° +y* +ay > 1.

Tim gid tri nhé nhat clia biéu thic
M = 2% + 2

Giai. Dat 222+ y? + 2y = a, a > 1. Khi d6
M_ 24y
a 2224y +ay
P M 1
1) Neuy =0 thi — = —-.
j a 2
2) Néu y # 0 suy ra

M_ 41 @
a  2024+t+1 0y
Ta chi can xac dinh cac gia tri — < o 580 cho phuong trinh
a
M 2 +1

o 224t
¢6 nghiém.
Nghia la phuong trinh
M N, M M
(2= -1+ =+ —-1=0
a a a
c6 nghiém. Thé thi biét thitc A phai khong am. Ta c6

s () A ) () s

a a

hay

2
—7(%) i 12(%) _4>0.
a a

Giai bat phuong trinh bac hai nay ta duge

6—2\/§<%<6+2\/§.
7 a 7

Suy ra
6—-2v2 _ 6—2V2
a > =

M > > M.
7 7




6 — 2/2
Vay min M = 7[ dat duoc khi va chi khi
x = My
=M
{2$2+12y+$ , VAN )= V2(1 — 2My)
s 2= TMy + TME
_MO

G My = ———0
VO T oM, — 1)
Vi du 2. Cho

2+ y2 +ay =1.
Tim gid tri lon nhat va nhé nhat clia biéu thic
A =2 —ay+ 22

Giai. Ta c6 thé viét A dudi dang

_ 2% — xy + 2y°
1) Néuy=0thi A=1.
2) Néu y # 0 thi
P -t+2
24t y
Can xéc dinh A dé phuong trinh
P —t+2
C2+t+1

c6 nghiém. Diéu d6 tuong duong vdéi viéc phuong trinh
(A-DE2+(A+1)t+A-2=0
c6 nghiém, tic la
A=(A+1)?—4(A-1)(A-2)>0.
Tu do6, ta duge

7f2\ﬁ<A<7+2\ﬁ

3 3
Vay max A = H;\ﬁ, dat dugc khi
_ Arl x:my
~2(1-43)"  hay (s -1
4 2(A2—1)

2 2 =1 —
vy Y T 64, + 342

va min A = 7_32\ﬁ, dat dugce khi

2 2 =1 —
oty +axy Yy ﬁ—GAH—BA%

trong d6 A, As lan lugt 1a gia tri nhé nhat va gia tri 16n nhat.



Vi du 3. Cho 2? +y?> — 2y = 1. Tum gid tri lon nhat, nhé nhat cia biéu thic
M =zt +yt — 2%
Giai. Tu gia thiét suy ra
1:w2+y2—xy>2xy—xy:xy
1= (z+y)* - 3wy > —3zy
Tt d6 ta c6 —3 < xy < 1. Mat khac, tit gia thiét ta c6 % + y? = 1 4+ zy nén

zt + y4 = —$2y2 +2zy +1

4 4—x2y2:—2t2+2t+1, t=2xy

Tty

Vay can tim gia tri 16n nhat, nhé nhat ctia tam thitc bac hai

1
f(t) = =2t + 2t + 1; —3<t<l
Ta c6 . 3
st - 1(3) -3
dat duge khi va chi khi .
myzﬁ, vaarl+yt—ay=1
hay la
(2.y) € <\/5:F1 \/5i1> (_\/Ezpl _\/5i1>
'Y 2\/§ ’ 2\/§ ’ 2\/5 ’ 2\/5
Vay nén
v f( 1) 1
min M = —— ==
3 9’
dat duogc khi va chi khi
_ 1 _ 13
22yt —ay=1 y::Fé.

Bai toan 2 (Thi HSG Toan Viet Nam 2003). Cho ham s6 f xdc dinh trén tdp so thuc R, lay gid
tri tréen R va thod man diéu kién

f(cotz) = sin2x + cos 2z, x € (0, ).
Hay tim gid tri l6n nhat va gid tri nhé nhat cia ham so
g(x) = f(sin® z) f(cos® z).
Giai. Ta c¢6

f(cot ) = sin 2x + cos 2z

2cotx +c0‘52:1;—1
cot2z+1  cot2z+1
cot?z +2cotz — 1

- cot2z +1 , ¥z € (0;m)




V6i méi t € R déu ton tai z € (0,7) sao cho cot z = ¢, ta duge

P42t -1

flt) = PO , Vt e R.

Do do sin® 22 + 32sin? 2z — 32
9(@) = flsin* ) f(cos” a) = g Tt ey W ER
Dat u = %sinQ 9. Dé théy, « € R khi va chi khi u € [0, i] Vi vay
gleiﬂr%lg(x) - oéﬂlgmh(“) va Iggﬁcg(az) - 0£2¥/4h(u),
trong do ,
U 8u — 2
A =

Ta tinh dao ham ctia ham h(u)
(—5u® + 4u + 6)
(u? — 2u +2)?

W () = 2

< 1 N P 1
Ta dé dang chiing minh duge h'(u) > 0 Vu € [0, i] . Suy ra ham h(u) dong bién trén [O, ﬂ . Vi vay,
1
trén [O, Z]’ ta co
min A(u) = h(0) = -1

va
1

max h(u) = h(%) =2

) 1 .
Do d6 min g(z) = —1, dat dugc chang han khi z = 0 va maxg(z) = 25 dat dugc chang han khi
0

Bai toan 3 (Thi HSG Toan Viét Nam 2003). Cho ham sé f zdc dinh trén tap hop so thuc R, ldy
gid tri tréen R va thod man dieu kién

f(cot z) = sin2x + cos 2z, Vz € (0, ).
Hay tim gid tri nhé nhat va gid tri l6n nhat cia ham so g(x) = f(z)f(1 — z) trén doan [—1;1].
Ta c6

f(cot z) = sin 2z + cos 2z

- 2cotx +cot2x—1
cot?z+1  cot?x+1
cot?x 4+ 2cotx — 1

= Va € (0;
cot2zx +1 Vo € (0m)

Tu do, v6i luu y rang v6i moi ¢ € R déu ton tai z € (0, 7) sao cho cot z = t, ta dugc

421

S e R.
f(@) py o €



Dan t6i,
2?2(1—z)?+8z(1 —x) —2

= l1—2z)= Vx € R.
5 1 1
bat u = z(1 — z). Dé thay, khi = chay qua [—1, 1] thi u chay qua [— 2, ﬂ
Vi vay,
_min g(x) = _min, h(u) va  max g(z)= e, h(uw),
trong do
2
u 4 8u — 2
hiu) = L T2
(u) u? — 2u + 2
Ta c6 )
2(—5 4 6
W (u) — (—5u”® + 4u +6)

(u? —2u + 2)?

T viec khao sat dau ctia A/ (u) trén [—2;1/4], ta thu duge

min h(u)—h<m> =434

_qugi 5
va )
max h(u) = max{h(—2);h(1/4)} = —.
—2<u<3 25
1
Vay, trén [—1;1], ta ¢c6 ming(z) =4 — v/34 va max g(x) = %

Bai toan 4 (MO Nga 1999). Cho ham so

f(z) = 2® + ax + beos .
Tim tat ca cac gid tri cia a,b sao cho phuong trinh f(x) =0 va f(f(x)) =0 cé cung mot tap hop
nghiém thuc (khdac rong).

Giai. Gia st r la mot nghiém cua f(z). Khi d6 b = f(0) = f(f(z)) = 0. Do d6 f(x) = z(zx + a),
suy ra hoac » = 0 hoéc r = —a.

Vi vay

F(f(@)) = f(@)(f(x) +a) = z(z + a)(2® + az + a).

Ta chon a sao cho 22 + azx + a khong c¢6 nghiém thyc ndm giita 0 va —a.

That vay néu 0 hodc —a la nghiém ctia phuong trinh 22 + ax + a = 0, thi phai ¢6 a = 0 vi khi
do f(f(z)) khong c¢6 nghiém nao khéac.

Néi cach khac, A = a? —4a < 0 hay 0 < a < 4.

Vay v6i 0 < a < 4 thi hai phuong trinh da cho cé cting tdp hgp nghiém x =0, z = —a.

Bai toan 5. Cho tam thitc bac hai f(z) = ax® + bx + ¢ thod man diéu kién
DS L O] <1 [f)] < 1

Tim gid tri lon nhat cia | f(z)| véi x € [—1;1].

10



Giai. Ta co

o) = [FOELED _ pgp]a 4 [LOSED 4 o
MWy IO Gy 4 o - a)

Suy ra
Lo Lo 2
f(a:)<§|x +a:|+§]x —z|+ |1 — 27
1
zi(lw2+x\+1x2—x\)+\l—x2|
Viz € [-1;1] nén (22 + z)(2? — z) = 2%(22 — 1) < 0. Do d6

1 1
§(|x2+x|+|m2fx|)+|1fx2|:§|x2+xfx2+x|+1fx2
= |z|+1—2?

<

NSy
NS

= —(|lz| = 3)° +

-Vay _max [f(z)] = .

= Ot

Suy ra | f(z)| <

11



Chuong 2

Mot s6 dong nhat thic quan trong

Trude hét, ta c6 nhan xét rang tit mot ding thic da cho doéi véi bo sb thuc ta déu c6 thé mé rong
(theo nhiéu cach thitc khdc nhau) thanh mot déng thitc méi cho bo s phiic. Chéng han, ta c6 thé
coi moi s6 thyc a da cho nhu 1a phan thuc ctia mot s6 phitc 2 = a + ib (b € R).

Ta néu mot s6 dong nhat thic vé sau can st dung.

Dinh 1y 5. Vdi moi bo s6 (aj,bj,uj,v5), ta luon co dang thite sau:

n n n n
E ajuj E ijj — E ajbj E ujvj
j=1 j=1 j=1 j=1

= Z (ajbk — bjak)(ujvk — ukvj). (2.1)
1<g<k<n

Nhan xét ring, tit dong nhat thic nay ta thu duge dong nhat thitc Lagrange sau day déi véi bo
sO phiic.

Dinh 1y 6. Vdi moi bo s6 phiic (aj,b;), ta luon cé dang thic sau
n n n
D lai?> 7 1bl? - ’ Zajbj’ = Y [agbr —axby. (2.2)
j=1 j=1 j=1 1<j<k<n

Chiing minh. . Tit ddng thic (2.1), bing cach thay a; bdi aj, v; bdi bj va u; béi aj, ta sé thu duge
(2.2). O

He thiic (2.2) cho ta bat dang thitic Cauchy sau day ddi v6i bo s6 phiic.

Hé qua 1. Vdi moi bo s6 phiic (aj,bj), ta luon cé bt ding thic sau
n n n
> lagP> b = ‘Zajbj‘- (2.3)
j=1 j=1 j=1
Gia stt ta ¢6 bo cac cap s6 duong (ag, by) sao cho
— €la,f], a>0, k=1,2,...,n.
Khi do6, theo Dinh 1i ddo ctia tam thitc bac hai thi
()
(5 b/ \bo, )7

12



hay
aj + afbi < (a+ Bagby, k=1,2,....n

Tu day suy ra
n n n
Za% —{—aﬂZbi < (oz—{—ﬁ)Zakbk.
k=1 k=1 k=1

Theo bat déng thitc Cauchy, thi

n

(o) (o0 3o)" < 5 (3ot + 003 10).

Vay nén

() (w0 2o)" < o+ 3 e

T day, ta thu duge bat déng thic ddo Cauchy.

Dinh ly 7. Gid st ta c6 bo cic cip s6 duong (ag,by) sao cho

LS [, 8], >0, k=1,2,...,n
b
Khi do
( Gk) ( ) Ezakbk,
k=1 k=1
trong do

A= G o

2

Nhin chung, rat nhiéu bat ding thic nhan dugc tit cac ddong nhat thic. Vi vay, viec thiét lap
dugc cac dong nhat thiic dude coi nhu mot phuong phéap hitu hieu dé sang tac va ching minh bat
déng thrc.

Bai toan 6. Chiing minh ring vdi moi by ba s6 (x,y,2), ta luon cé ding thiic sau
(22 +2y — 2)* + 2y + 22 — 2)? + (22 + 22 — y)? = 9(a? + ¢ + 2?).
Hiay tong qudt hod?
Bai toan 7. Ching minh ring vdi moi bo bon s6 (x,y, z,t), ta luon cé ding thitc sau
(z+y+z—t)>+y+z+t—a)’+(+t+r—y?+{t+ar+y—2)> =4 +y> + 2% +1?).
Hay tong qudt hod?

Bai toan 8. Ching minh ring vdi moi bp s6 (uy, vk, pr), ta luon cé ding thic sau

n

n n
Z (upv; + ujvg)pipr = 2 ( Z UkPk) (Z UlcPk)-
=1 =1

Jk=1

Bai toan 9. Ching minh ring vdi moi bp s6 (uy, vk, pr), ta luon cé ding thitc sau

n

n
> (uv; + ugve)pspr = 2(Zukvkpk>-

4, k=1 k=1

13



Chuong 3

Bat dang thitc Cauchy (dang thuc va
phiic)

3.1 BAat dang thic Cauchy

Tiép theo, thuc hién theo ¥ tudng ciia Cauchy! déi véi tong

n

n n n
Y@t -y = @l -2y wyi+y vl
i=1 =1 i=1

i=1

ta nhan dugc tam thitc bac hai dang
n n n
FO) =Y =2ty g+ Y ¥l 20, EER,

nén A < 0.

Dinh 1y 8. Vdi moi b6 s6 (z;), (vi), ta luon cé bit ding thic sau

n

n 9 n

() < (Xa2)(X#) (3.1)
i=1 i=1 i=1

Daéu ding thiic trong (8.1) xdy ra khi va chi khi hai bp s6 (z;) va (y;) t3j lé vdi nhau, tic ton tai cip

56 thuc o, 3, khong dong thoi bang 0, sao cho

ar;+ Py; =0, Vi=1,2,...,n.

Bat déng thitc (3.1) thudng duge goi la bat dang thitc Cauchy? (doi khi con goi la bat dang
thitc Bunhiacovski, Cauchy - Schwarz hoac Cauchy-Bunhiacovski).

Nhan xét rang, bat dang thitc Cauchy ciing c6 thé dugce suy tryuc tiép tir dong nhat thitc Lagrange
sau day

! Augustin-Louis Cauchy 1789-1857

2Tai Viet Nam va mot s6 nuée Dong Au, bat ddng thiic nay dugc mang tén 1 "Bét déng thitc Bunhiacovski","Bét
déng thiic Cauchy-Bunhiacovski" hodc "Bat ding thic Cauchy - Schwarz". Con bat ding thic giia cic gia tri trung
binh cong va nhan thi dugc goi 1a bat ding thic Cauchy. Thuc ra, theo cach goi ciia cic chuyén gia dau nganh vé
bat ding thitc (Hardy G.H., Littlewood J.E., Polya G., Bellman R.,...), thi bt d&ng thtc tich phan dang (2.1) méi
mang tén 13 bat déng thitc Bunhiacovski.
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Dinh ly 9 (Lagrange). Vdi moi b6 so (x;), (yi), ta luon cé dong nhat thic:
n n n 2 n
(fo) (Z?J?) - (Zfﬂzyz) = Z (ziyj — 9ijz')2‘
i=1 i=1 i=1 ij=1,i<j
Tuong ty, ta ciing ¢ cac dang thiic dang sau day (Ban doc dé& dang tu kiém chiing tric tiép).
Bai toan 10. Vdi moi bo s6 (x4, v:), ta luon cé ding thic sau
Ey(x + y)Er(2)Er(y) — Er(z + y) B2 (x) Er(y) — Er(z + y) Er(2) B2 (y)
1 n n n 2
OIS
i=1 j=1 j=1
trong do

El(x) = in, Eg(&?) = Z Tily-
=1

ij=L,ij
Nhan xét rang, tit dong nhéat thic nay ta thu duge bat dang thic sau day
Hé qua 2. Vdi moi bo s6 duong (x;,v;:), ta luon cé bt ding thitc sau

Ey(z+y) _ Eao(x)  FEa(y)
Eizty) ~ Biw) | Bi(y)

trong do

Ei(x) = in, Es(x) = Z TiT;.
i=1

i,j=Li7#]

Veé sau, ta dic biet quan tam dén truong hgp tuong tng véi hai cip s6 (1,1) va (a,b). Khi do
bat ddng thiic Cauchy tring v6i bat ding thic giita trung binh cong va trung binh nhan.

Hé qua 3. Vdi moi cap so duong (a,b), ta luon cé bt ding thic sau
2(a+b) > (Va+ vb)?,

hay
a+b> 2v/ab.

3.2 Dang phitc ciia bat dang thiic Cauchy
Tiép theo, ta xét mot s md rong khac (dang phiic) ciia bat déng thitc Cauchy.

Dinh 1y 10 (N.G.de Bruijn). Vdi bp so thuc ay, ..., an va bo s phic (hodc thuc) z1, ..., z,, ta déu
co
S 2 _1/v 2 ~ 5 2
S < H(S bt |3 ) (5),

k=1
n
Dang thic zay ra khi va chi khi ap = Re (Mzx) (k=1,...,n), trong dé \ la s6 phic va Y. N2z} la
k=1

50 thuc khong am.
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Chitng minh. Bang cach thic hién dong thai phép quay quanh gbc toa do ddi véi cac zj, cing mot
gbc, ta thu duge
n

Z arpzr = 0.

k=1
R6 rang phép quay nay khong anh hudng dén gia tri cia modul céc sb.

n n
Sl |34
k=1 k=1

Vay, chi can chitng minh cho trusng hop

, lzk] (E=1,...,n).

n
Z arpzr, = 0.
k=1

Néu ta dat zp = 2, + iy (k=1,...,n), thi

n 2 n 2
S awa] = (awan)” < (
k=1 k=1

3

Vi

ta nhan dugc

B
Il
—

3
3
3

ta thu dugde diéu can ching minh. O

16



Chuong 4

Tam thic bac (a) va tam thic bac

(v, )

Ta c6 nhan xét ring bat déng thitc Cauchy dudi dang so dang
r?+1>2z, Ve €R (4.1)

c6 thé xem nhu bat dang thiic tam thiic bac hai trong truong hop dau déng thitc xay ra khi va chi
khi z = 1.

Khi dé, ta d& dang mé rong cho tam thitc bac a (a > 1) dé c6 bat ding thitc twong ty nhu (4.1)
bing cach thay s6 2 bdi s6 o. That vay, ta can thiét lap bat ding thic dang

r® +(?) > az, Vz € RT (4.2)

sao cho dau dang thiic vAn xay ra khi va chi khi = = 1.
Thay = = 1 vao (4.2), ta nhan dugce (?7) = a — 1, tic la (4.2) c6 dang

*+a—1>ar, VoreRT. (4.3)

Day chinh 13 bat ding thic Bernoulli quen biét.

St dung dao ham, ta dé dang ching minh (4.3).

That vay, xét ham s6

fey)=2+a—-1—azx, >0.

Tacé f(1) =0va f/(x) = ax® ' —a=a(z* ! —1). Suyra f/(z) =0 khi vichi khiz = 1 vax = 1
1a cye tiéu duy nhét ctia f(z) tren RY nén f(x) > f(1) = 0.
Nhan xét 1. Trong dp dung, ddc biét trong cic dang todn zdc dinh gid tri l6n nhat hodc nhé nhat,
bat ding thiic Bernoulli dang (4.3) chi dugc sit dung trong cic truong hop ddam bdo chdc chdn ring
déu ding thic zdy ra khi va chi khi x = 1.

Trong nhiing truong hop, néu dau ding thic xdy ra khi va chi khi x = xo > 0 cho trudc, ta can
thay (4.8) bdi bat dang thiic sau day

x

(0%
<—) +a—1 >a£, Vr € RT. (4.4)
i) i)

Tiép theo, ta lai c6 nhan xét ring bat ding thitc Cauchy dudi dang so dang
2 4+1>2z, VzeR (4.5)
c6 thé xem nhu bat ding thitc tam thitc bac (2,1) (ing vdi luy thita 2 va luj thita 1 ctia z), trong

truong hgp dau dang thic xay ra khi va chi khi z = 1.
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Khi d6, ta d& dang md rong mot cach ty nhién cho tam thitc bac (o, 8) (o > 8 > 0) dé co bat
dang thiic tuong tit nhu (1.14) bing cach thay luy thita 2 bdi s6 o va luy thita 1 béi 3.
That vay, ta can thiét lap bat déng thic dang
2+ (7) = (77)2P, vz e RT (4.6)
sao cho dau déng thiic van xay ra khi va chi khi z = 1.
St dung phép déi bién 2’ =t va % =7, ta c6 thé dua (1.15) vé dang

T+ (7) = (?Nt, VteRT (4.7)
So sénh véi (4.3), ta thay ngay can chon (?) =~ — 1 va (??) = . Vay nén
V49 —1>~t, VteRT,

hay
« «
%+ = — 1> —2° VreRT, 4.8
3 3 (4.8)

dau dang thic xay ra khi va chi khi z = 1.

Ta nhan duge bat ding thiic Bernoulli ddi véi tam thitc bac («, 8) ing véi trusng hgp dau ding
thitc xay ra khi va chi khi x = 1.

Dé stt dung bat dang thitc Bernoulli cho trusng hgp dam bao chic chin ring dau ding thiic xay
ra khi v& chi khi x = zg (29 > 0) cho trudc, ta chi can thay (4.8) bdi bat déng thitc sau day

Dinh 1y 11. Gid st cho trudc xg > 0 va cdp s6 («, 3) thod man diéu kién o > (3 > 0. Khi dé

(G +5-15(a) vee w

Déu ding thic zdy ra khi va chi khi x = xg.

Bai toan 11. Cho bo cdc s6 duong a,b,c; o, 3 vdi o > 3. Chiing minh rdng

5+ 0+ ()= G+ @)+ ()

Giai. Ta sit dung bat ding thitc (4.8). Ta c6
(03

RO B O
) s a(ly, -
CRENE G
) () ()] 25 )

Cong cac vé tuong tng cta (4.10) ta thu duge

G+ () =6+ Q)+ ()
Tiép theo, ta xét dang tam thic bac (a, §):
flz) = az® + bz’ + ¢

v6i dieu kien o > 0 > B va aa + b8 =k > 0.
Truong hop rieng, khi k& = 0, ta thu dudc dang phdn thiic chinh quy va sé dudce xét chi tiét &
chuong tiép theo.

Ta c6 két qua sau day.
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Dinh 1y 12. Tam thic bac (o, 5) dang
f(@) = az® + baP + ¢,
trong dé a,b >0, a > 0> 3 va ac +bB =k >0 c6 tinh chdt sau:
f(2) > f(1), Vo> 1.

Chitng minh. Dé ¥ ring
f(z) = aax®t 4+ pB2P?

va trong khoang (0, 4+00), ta ¢6 f'(x) = 0 khi va chi khi

k
r =ux9, trongdd xzg= 1—@<1.

Do vay, f(z) dong bién trong [1,+00), nén

flz) = f(1), Vo > 1.

Hé qua 4. Tam thic bac (o, ) dang
f(x) = az® + baP + ¢,
trong dé a,b >0, a > 0> 3 va aa + b3 = 0 ¢ tinh chat sau:

min f(z) = f(1).

x>0
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Chuong 5

Mot s6 bat dang thiic co dién lién
quan

Tiép theo, ta xét bat ding thic dang noi suy sau day.

Dinh ly 13. Vdi moi cip day so thuc a = (ay,...,a,) vab= (by,...,b,) va 0 <z <1, ta déu cé
(Zakbk—i—xZaz > <(Zai—i—ZmZaiaj)(ZbQ—i—Qbeb)
z;ﬁ] k=1 1<J 1<J

Ro6 rang, vdi x = 0, ta thu dugce bat ding thite Cauchy.

Ching minh. Xét tam thitc bac hai theo y:

(Zak+2x2azaj)y —2(Zakbk+x2az )y+ibi+2x2bibj

3

1<J i#] k=1 1<j
n n 2
(1—2x) Zaky—bk —|—x< (aky—bk)) )
k=1 k=1
Dé thay f(y) > 0 v6i moi y, va vi vay ta suy ra ngay duge dieu can chiing minh. O

Stt dung dong nhat thiic, ta thu duge mot mé rong ciia bat dang thitc Cauchy.
Dinh ly 14 (H.W.Mclaughlin). Vdi moi bo so thuc a = (ay,...,an) va b= (by,...,by), ta déu cé
2n 2n 9
(2%2) (Z@) (Zaz z) (Z(aibn—i-i - an+ibi)) :
i=1 i=1 i=1
Déu ding thic zdy ra khi va chi khi
CLibj — ajbi — an_H'er_j + anﬂ-bnﬂ- =0

Va4
aibm_j — ajan + am_ibj — anﬂ-bi =0

ung véi mot 1,5 =1,...,n.
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Chaing minh. Chitng minh duge suy truc tiép tit dang thic
2n

2n on , . 2
<z;a22> <;@2> - (;aibz‘) - <z;(aibn+l- — an+ibi)> —

1= 1=

2
= g (a;ibj — ajb; — antibptj + angjbpis)+
1<i<j<n

2
+ Z (aibpyj — ajbpyi — anyibj + any;ibi)”.
1<i<jsn

Tuong ty, ta c6 thé md rong bat ding thitc Cauchy cho bén bo sb.

. ) b
Sit dung ky thuat bat déng thitc Cauchy déi véi /a2 + b2 va — b
W

k k

Dinh 1y 15. Vdi moi bo s6 thuc ay, by, sao cho ai + bi #0,k=1,...,n, ta déu c6

ta thu dugc

n 9 n n a2b2 n n
b ) < 24 b7 k< 2N "p2,
(Zak k Z(ak k)k:1 aerb% Zak . k

k=1 k=1 k=1 k=

Bat ding thic dau xdy ra ddng thic khi va chi khi a va bty 1@ va bat dang thic sau zdy ra ding
thic khi va chi khi cdc vécto {|ag|}E_, va {|bk|}}_, truc giao.

Ta xét tiép cac bat ddng thitc Ostrowski va Fan-Todd.

Dinh 1y 16 (A.M.Ostrowski). Cho hai day khong tyj lé a = (a1,...,a,) va b= (b,...,by) va day
6 thuc © = (z1,...,2,) thod man diéu kién

n n
Z a;T; = O, Z bz‘l’i =1.
i=1 i=1

Khi do
n Zn: azz
le > - nz‘:l _ .
(B (50) - (B ew)

Déu ddng thic xdy ra khi va chi khi

n n
2 2
bkzai_akzbi
T = =1 =1 k=1,...,n.

( ;ag) ( ."lbg) ( :1 aibi)z,

K3 1= (3

Chitng minh. Dat
A=>"a;, B=) b, C=> ab
=1 =1 =1

Abl - CCLZ‘

VY= g e
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Dé thay rang day w1, ..., ¥y, thod man diéu kién bai toan. Moi day x1, ..., x,, tit gid thiét, ciing

thod méan .
A
> i —
P AB - C
Do do .
9 A
Z Yi AB — (2
=1
Moi day z1,...,Z,, theo gia thiét, thod man
Z v - Z =3 -
i=1
Vay nén
n
> Z V= e
i=1
chinh 1a diéu phai ching minh. O

Tiép theo, ta chitng minh dinh ly:
Dinh 1y 17 (K.Fan and J.Todd). Vdi moi day s6 thuc a = (ay,...,a,) va b = (by,...,b,) thod

man diéu kién a;b; # ajb; ing véi i # j, ta déu co

S a?

2 n | 2
(;:1 )<Z£:1b ) - (iflaz-b,)? ) <2> i=1 <J %J:#bazb)

Chatng minh. Ta thay

n a;a;
T (2) ZZ ajb —Jaz

%

c6 thé nhém thanh cac cip c6 dang

—1
n aiaj ajai . 3
<2> ((Zjbi - aibj + aibj - ajbi) (Z 7& J)

va ting cip nhu vay déu bang 0.
n

Vay ta chuyén dugc vé tong > a;z; = 0.
i=1

n
Tuong tu, cing ¢6 Y bjx; = 1.

Vay theo két qua ctia Dinh 1i Ostrowski vita chiing minh & trén, ta c6 ngay diéu can chiing
minh. O

Tiép theo, ta xét mot dang bat ding thic, thuc chat 1a bat ddng thic Cauchy, trong hinh
hoc gin véi tich trong trong khong gian tuyén tinh, thuong duge goi la Bat ding thic Cauchy -

Schwarz!.

'D5i khi duge goi 1a bét déing thitc Schwarz ( Hermann Amandus Schwarz, 1843-1921)

22



Truée hét, ta nhic lai tich vo huéng déi véi cap vécto
a=(ay,az,...,a,), b= (b1,ba,...,by)

trong khong gian R™ duge dinh nghia nhu sau
(CL, b) = Zajbj. (5.1)
j=1

Tu (5.1), ta thiy ngay réng
(a,a) 20, (a,a) =0« a=(0,0,...,0).

Theo bat ding thitc Cauchy, ta cé

[N
—~
o
[N}
~—

(a,b) < (a,a)7(b,b)7.
Dé y ring, tich vo huéng (5.1) c6 cac tinh chat sau day.

(i) (a,a) >0, VaeR",

(ii) (a,a) =0« a=(0,0,...,0),

(iii) (aa,b) = a(a,b), Yo € R, Va,b e R",
(iv) (a,b+¢) = (a,b) + (a,c), Ya,b,c € R",
(v) (a,b) = (b,a), Va,beR".

Dinh nghia 1. Khong gian vécto vdi tich (a,b) cé cdc tinh chat (i)-(v) dugc goi la khong gian vdi
tich trong.

Vi du 4. Gid st () la bo s6 duong cho trude. Khi dé, tich vé hudng vdi trong (v;)

(a,0) =Y vjab; (5.3)
j=1

la tich trong, tic la, cé cac tinh chat (i)-(v).

Dinh 1y 18. Déi vdi moi khong gian vdi tich trong (a,b), ta déu cé bat dang thitc Cauchy-Schwarz

N

(a,b) < (a,a)? + (b,b)2. (5.4)
Déu dang thic zdy ra doi vdi cdp vécto a,b khac 0 khi va chi khi b= Aa vdi 0 # X\ € R.
Chiing minh. St dung tinh chat
(v—w,v—w) =0,
ta thu dugc

(v,w) < %(v,v) + %(w,w). (5.5)

Vi (5.4) luon luon thod méan khi mot trong hai vécto bang 0. Vay, ta chi xét cac vécto khac 0. Ta
dat

N v N w
v= i, W= 1
(v,v)2 (w, w)2
Khi d6, theo (5.5) thi (v,w) < 1. T do, ta c6 ngay (5.4). O

23



Dic bigt, ddi véi khong gian cac ham s6 lién tuc trén mot doan thang [a, 3] cho trude, ta cé bat
déng thitc Bunhiacovski?.

Dinh 1y 19. Vdi moi cip ham s6 f(t),g(t) lién tuc trén doan thdng |, (], ta déu co

(/j f(t)g(t)dt>2 < /j[f(t)]th/j[g(t)]th.

Chitng minh. St dung tinh chat

/B (f(t) . Ag(t))zdt >0, VAER,

ta suy ra
AN —2BA+C >0, VAeR,
trong do
B N B N B
A= [gpa, o= [P = [ g
Tu day, ap dung dinh li vé dau ciia tam thic bac hai, ta c6 ngay diéu can chitng minh. O

Tiép theo, ta dé dang kiém ching
Vidu 5. Gid stV = Cla, 8] la khong gian cac ham lién tuc trén [«, 5]. Khi do, tich vo hudng ciia
cdp ham so f(t),g(t) € V dugc dinh nghia nhu sau

B
(f.9) = / F(Hg(t)dt (5.6)

chinh la tich trong, tic cé cac tinh chat (i)-(v).
Tuwong tu nhu trudng hop khong gian R”, ta c¢6 thé dinh nghia tich (5.6) v6i trong.

Vi du 6. Gid stV = Cla, 8] la khong gian cdc ham lién tuc trén o, 3] va w(t) la ham sé lién tuc
va duong trén |a, 8]. Khi d6, tich vo hudng cia cdp ham so f(t), g(t) € V vdi trong w(t) dugc dinh
nghia nhu sau

(0,900 = | w()f D0y (5.7
la tich trong, tic c¢é cdac tinh chat (i)-(v).

Céc ting dung ctia bat ding thitc Schwaz va Bunhiacovski trong phép tinh tich phan sé duge dé
cap & cac chuong sau.

2Victor Yacovlewich Bunhiacovski 1804-1889
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Chuong 6

Phuong phap bat dang thitc Cauchy

6.1 Do gan déu va sip thd tu day cip diem
T bat dang thic
ar% + a:% > 2x1x0, Vr1,70 € R,
ta suy ra véi moi cap s6 khong am x,y véi tong bing 1 cho trude thi tich zy dat gia tri 16n nhat
N 1 1
bing - khiz =y = =. Va
ang o khi z =y = o. Vay

(6.1)

e

Y <

Néu ta c6 mot cip s6 khong am khac, chdng han u, v v6i tdng bang 1 thi tich uv ciing c6 tinh chat

nhu da néu va ]
uv < T (6.2)

Phai ching ta c6 thé cho mot tieu chuan dé cé thé sip tht tu cap sb6 zy v uv?

Nhan xét rang, ta khong thé sip thy tu tat ci cac cip s6 duong theo mot trinh tir thong thusng
tren duong thing duge. Tuy nhién, déi véi cac cap sd duong cé chung téng thi néu dé § dén truong
hgp diic biet ddm béo dau ding thiic x4y ra khi cic s6 hang (hoiic thita s6 dbi véi tich) bing nhau,
thi ta c6 thé phat biéu thi tu cac cap dé dusi dang van hoc rang tich zy dat gia tri 16n nhat trong
truong hop cap sd do la deéu, tic 1a z = y.

Dinh nghia 2. (i) Xét cdc cip s6 khong am x,y vdi tong khong doi (dé don gidn, ta chon x+y = 1).
Ta goi hiéu

p(Z‘) y) = max(x, y) - HliIl(:E, y),
la do léch cia cdp s6 x,y hay la do gan déu cia cdp s6 x,y

(ii) Cap x1,y1 duge goi la gan déu hon (d¢ léch nhé hon) cip xo,ys (hay cip xo,ys dude goi la
za déu hon cip x1,v1), néu

p(r1,y1) < p(2,92)-

Nhu vay, theo dinh nghia trén thi cip z,y luon c6 do lech p(x,y) > 0 va do lech bang 0 khi va
chi khi x = y, khi d6 cip z,y 14 cip gan déu nhat v cac cap 0,1 va 1,0 sé 1a nhitng cip xa déu
nhéat.

V6i cac quy udc nhu trén, ta cé thé sip thi tu céc tich zy véi téng « 4+ y = 1 khong doi theo
ngon ngit "gan déu" nhu sau.

Dinh ly 20. Xét cic cap sé khong am x;,y; (j = 1,2) vdi tong khong doi (dé don gidn, ta chon
z+y=1). Khi dé
T1Y1 2 T2Y2

khi va chi khi cdp x1,y1 gan déu hon cip x2, Y.
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Ching minh. .

Xét cac cap s6 khong am z,y véi tong bang 1 khong ddi. Khong méat tinh téng quat, coi
0 < 2 <y. V6i mdi e > 0 di nhd, dé dam béo z 4+ & < y — £ (chi can chon € € [0, 45%). Dé thay
rang cip T + €,y — € gan déu hon cap x,y da cho. Ta chi can chitng minh réng

zy < (z+e)(y—e) (6.3)
la du.
Diéu nay la hién nhién vi (6.3) tuong duong véi bat déng thitc e(y — x —¢) > 0. O

Thit ti sip dude theo ngon ngit "gan déu dan" cho ta mot cach tiép can tit nhién v6i nhiéu bai
toan ctia thuc tién. Chang han, khi ta c6 ciip s6 tu nhién z,y c6 tong bing mot s6 18 thi cip sé do
sé khong bao gio 1a cip s6 nguyén bang nhau duge. Khi dé khai niem gan déu nhat (ma khong phai
la déu) sé c6 ¥ nghia thyc tién.

Nhan xét riang, d6i véi cac cip sd duong cé chung tich thi ta ciing c6 thé phat biéu thit tu cac
cap do dudi dang van hoc ring tong x + y dat gia tri nhé nhat trong truong hop cip s6 dé la déu,
tic la z = y.

Dinh nghia 3. (i) Xét cic cip s6 duong x,y vdi tich khong doi (dé don gidn, ta chon zy =a > 0).
Ta goi hiéu

p(z,y) = max(z,y) — min(z,y),
la do léch cia cdp s6 x,y hay la do gan déu cia cdp s6 x,y

(it) Cap x1,y1 dude goi la gan déu hon (dé léch nhé hon) cap xo,y2 (hay cap x2,ys dude goi la
za déu hon cip x1,y1), néu

p(x1,y1) < p(z2,Y2).

Nhu vay, theo dinh nghia trén thi cap z,y luon c¢6 do lech p(x,y) > 0 va do lech bang 0 khi va
chi khi # = y, khi d6 cip x,y 1a cap gan déu nhat va cic cap 0,1 va 1,0 sé 1a nhitng ciap xa déu
nhat.

V6i cac quy u6c nhu trén, ta c6 thé sip thit tir cac tong x + y véi tich zy khong déi theo ngon
ngit "gan déu" nhu sau.

Dinh ly 21. Xét cic cip s6 duong x;,y; (7 = 1,2) vdi tich khong doi (dé don gian, ta chon
r1+y1 S 22+ Y2

khi va chi khi cdp x1,y1 gan déu hon cip x2,ys.

Chaing minh. Xét cac cap sd duong z,y véi tich bing 1 khong déi. Khong mét tinh tdng quat, coi

0 <z <y. Véimdie>1,dédim bao ex < (¢)"ly (chi cin chon € € (1, %)

D& thay ring cap ze,y(¢)~! gan déu hon cap x,y da cho. Ta chi can chitng minh ring
r+y>ae+yle)? (6.4)
la du.
Diéu nay 1a hién nhién vi (6.4) tuong duong v6i bat dang thic ex < . O

Dinh li sau day déng vai tro trong tam déi véi hai cap s6 sap dude thi t.
Xét hai cap s6 (2,2 — z) va (y,2 — y) v6i

hoac
0<y<z<l.

Khi d6, theo dinh nghia, 6 rang cip s6 (z,2 — z) gan déu hon so v6i cip s6 (y,2 — y). Vay neén, ta
cO
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Dinh 1y 22 (H.W.Melaughlin, F.T.Metcalf). Vdi moi cip diy s6 duong a = (ai,...,a,) va b =
(by,...,by) sao cho1 <2<y <2 hoic0<y<2<1, ta déu cé

(L) (L) > (S aiti=) (S t).
k=1 k=1 k=1 k=1

Day chinh 14 mot dang noi suy bat dang thitc Cauchy trong [0,1]. T két qui nay, ta dé dang
thu duge ngay bat déng thic Cauchy quen biét.
Qua trinh sip déu c6 thé diing dé diéu chinh bo s6 nhu sau:

Bai toan 12. Cho

B— {a1 +az az +as a2005 + 2006 @2006 1 a1 }
2 2 ’ 2 ’ 2
la mot hodn vi cia bo s6
A ={ay,az,...,a2006}

Chitng minh rdng
a1 = Gz =+ = 02006-

Chaing minh. Theo bat ding thic Cauchy, thi

a%%—aiﬂ S (ak+ak+1)2
2 - 2 ’

Dau dang thiic xay ra khi v& chi khi a, = ar41, k= 1,2,...,2006, trong d6 asggr := a1. Do B la
mot hoan vi ciia A, nén

2006 2006 2 , 2 2006
Za2zzak+ak+l :Z(ak+ak+1)2
k=1 k=1 k=1
Diéu nay chi x4y ra khi dong thoi a1 = ag, as = as, ..., aoe = a1, dieu can ching minh. O

Nhan xét 2. Van dé sdp thit tu gan déw doi vdi bo s6 tuy i sé duge dé cdp trong cdac chuong sau.
Ddc biét qud trinh sdp thit tw gdn chdt ché vdi gid thiét ciia Karamata khi mé rong cdc bat dcfng
thic co dién doéi vdi lop ham 101, 1om va tua 163, lom.

6.2 Ky thuat tach va ghép bo sb

Trong nhitng nam gan day, ching ta thiy c6 kha nhiéu dang bat ding thic trong cac dé ky thi
Olympic qubc té, vo dich qudc gia ctia nhiéu nuée trén thé gidi. Rat nhi¢u bai toan vé bat diang
thitc xuat phét tit cic phép bién doi biéu thitc dbi xting theo cac kiéu (dic thi) khac nhau.

Trong muc nay ching ta dua ra mot s6 dang bat dang thiic 1ay tit cac ky thi Olympic qubc té
va Olympic qubc gia clia mot s6 nude ma cach gidi dya chii yéu vao ki thuat tach, ghép va diéu
chinh bo hé s6 {a;} trong bat ding thitc Cauchy. Dé minh hoa va dé tinh toan don gidn, ta chi
yéu xét cac vi du véi cap bo ba bién. Thiic chat ciia ki thuat nay cling chinh 13 cach sap thit ty va
diéu chinh bo s6 theo qua trinh gan déu hodc déu theo ting nhom.

Bai toan 13. Cho a,b,c > 0. Chiing minh rang
a® b2 c?
),
b+c c+a a+b

a+b+c<2(
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Giai. Ta viét vé trai dudi dang

a b c
+b+c= Vb+ec+ Veta+ Va+b.
¢ T hre T eraV T e
Theo bat déng thic Cauchy, ta cé
a? b2 2
(@a+b+e)?< (b+c+c+a+a+b)[(b+c>+(c+a)+(a+b)].

Tu day ta thu duge diéu can chiing minh.
Bai toan 14. Cho a,b,c > 0, a®> + b*> + ¢ = 1. Chaing minh ring

11 1
(—+—+—) —(a+b+c)>2V3.
a b c

Giai. T heé thic hién nhién

(V3z —1)*(2V/3z +3) >0, Va >0,

suy ra
1 4
- —az \f — 2342
a

Tuong tu, ta cling co
1 4
= - f — 2V/30%,
b
1 4
-—c2 f — 2v/3c2.
c

Do d6
(b ) twsbea (e (o) ()
> (23 oyt + (B2 _ovae) + (A2 _avae) —2v
diéu can chitng minh.

Nhan xét 3. Bdng phuong phdp tuong tu, ta dé dang ching minh bat ding thic sau:

n
V6i moi cip s6 duong a,b va bo s6 duong xy, vdi tong > :L‘z =1, ta déu co
k=1

n n

a(Z;k) + (Zxk) > (an £ b)y/n.

k=1 k=1

Bai toan 15. Cho a,b,c > 0. Chiing minh rang
1/2 1/2 1/2
<a+b)/+( b+c>/+< c+a>/<61/2.
a+b+c a+b+c a+b+c
Giai. Dat
T::< a+b )1/2+< b+c )1/2+( c+a )1/2'
a+b+c a+b+c a+b+c
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Khi dé, ta c6

T2:[1_<aa+—£—li>_c>1/2+1.(mym_i_l.(cﬂic)yzr.

Theo bat diang thitc Cauchy, ta cé

a+b b+c c+a )_

T2 < (12 4+ 12 12(
(T4 17+ )a—f—b—l—c a+b+c a+b+ec

Tu day suy ra

(aj——li)_—?—c>1/2 (a—?—tj—c)lﬂ (a—ci——il;ic>l/2<61/2'

Bai toan 16 (APMO 1991). Cho hai bo s6 duong a1, as,...,an va by, ba, ..., b, cé chung tong:
n n
-3
k=1 k=1

Chitng minh rdng

k
ag
Z ay, + by ;
Giai. Stt dung bat dang thitc Cauchy
n 2
2 ak
(Z%) > (ak + br)
k=1 el
Suy ra
n 2
> ak)
i af (kzl _Iv,
n 9
k=1 ik + i Z (ak + bk) k=1
k=1

diéu can chitng minh.
Bai toan 17. Cho a,b,c >0, a + b+ ¢ = 1. Chitng minh rdang

ab n bc L
clb+c) alc+a) bla+b)

[\CR V]

Giai. Ky hiéu
ab be ca

M= c(b+c) +a(c—i—a) +b(a—i—b)’

Theo bat déng thitc Cauchy, ta cé

[ab /bc /ca 2

1/ b+ Vb+c —&-1/ \/c—l— a+ \/a—i-
< 2(a+b+c)] 2(a+b+c)].

(b+c) (c+a) b(a+b)
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Mat khéac, ciing theo bat dang thic Cauchy, thi
(a+b+c)* > 3(ab + bc+ ca),

W= B 5svera

ab be ca

> —.
c(b+c) + a(c+ a) + bla+b) ~ 2
Bai toan 18 (Japan MO- 2004). Cho a,b,c >0, a + b+ ¢ = 1. Chiing minh rang

w

1+a 140 1—|—c (b ) (6.5)

1—a 1—-b 1—c¢ aij+

Giai. Ta viét (6.5) dudi dang

1+4a 1+b 1+4c¢
l-a 1-b 1-c¢
_gg 20 B % <2(9+9+9)
l—a 1—-b 1—¢ \a b ¢
@2@(1— ! )+2b(1—i)+2c(1— ! )>3
c l—a a 1-0 b 1-—c

<:>a<i_bj—c>+b<(1z c—l—a) (% a—i—b) 3
3
2

ab be ca

c(b+c) +a(c+a) +b(a+b)

=

Diéu can chiing minh nay chinh 1 bat ding thiic & bai toan 1.17.

Bai toan 19 (MO Romanian 2004). Ching minh ring, vdi moi a,b,c > 0, ta déu cé

a N b 4 c S 27 (6.6)
be(c+a)  cala+b)  ab(b+c)” 2(a+b+c)? '
Giai. Dt
a 4 b . c B
be(c+a)  cala+b)  ab(b+c)
Ta c6

\/Z+\/7+\F2:
R o i

a+b+c)=M[2(a+b+c).

[bc(c+a)+ca(a—l—b) b(b+ )M(

Mat khac, cling theo bat ding thiic Cauchy, thi

(el oy sseisl
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hay

\F \/7 \f a+b—|—c)

27
2(a+b+c)?

nén suy ra (6.6):

2

Bai toan 20 (MO USA). Xét cic so duong a,b,c thod man dieu kién abc = 1. Tim gid tri nhé
nhat cia biéu thic

po Lo 1
a?2(b+c)  bic+a) ca+b)
Giai. Ta c6
1 1  1\2
CTETRI
a b ¢
1 1 1 2
= \/b—l—c—i- ve+a+ \/a+b>
( avb+c c+a cva+b
<P[2(a+ b+ c)].
Mat khéac, cling theo bat ding thic Cauchy, thi
(Lalidy oyl 1,1y
a b ¢/ 7 \ab bc  ca
hay
1 1 1\2_ 3(a+b+c)
S I S 2 b
(a b c) abe Slatb+e).

Tu day suy ra P >

w\w

3
aPminzikhia:b:c:l.

Bai toan 21. Chiing minh ring, vdi moi bo s6 duong a,b,c thod man diéu kién abc = 1, ta déu coé

1 1 1 1

ad(b+c) * b3 (c+a) * c3(a—|—b) 2

(ab+ bc + ca).

Giai. Ta co

:<7 a(b+c)+; b(0+a)+; c(a+b)>2
ar/a(b+c) b\/b(c+ a) cy/cla + b)

1 1 1
4 (botc)  Bleta) Cz(a+b)}[2(ab+bc+m)].

Mt khéc, theo gia thiét abe = 1, ta co
1 1 1\2
(7 + -+ 7) = (ab + bc + ca)?.
a b c

Tit day suy ra ngay dude diéu can chiing minh.
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Bai toan 22. Ching minh rang, vdi moi by so duong a,b,c, ta déu cé

«! + a i 1( +b+c).
Pleta)  Patd)  @bre > 2" ¢
Giai. Ta co
a? b2 A\2
<—+—+— =
b c a
< ¢447 —C  Vite)
= + +b+———Vb+
<b\/c+a crat cva—+b ¢ \/b—i—c C>
at bt ct
< 2 b .
[bQ(C—I—a)+02(a—|—b)+a2(b—|—c)}[ (a+b+c)

Mat khéac, cling theo bat ding thic Cauchy, thi
2 2

a b2 c2\2 9
- . _ > .
(b-+c-+a) > (a+b+c)

Tit day ta suy ra diéu can ching minh.
Bai toan 23. Ching minh rang, véi moi bp so duong a,b,c, ta déu cé

a® n bs c® 1
b3(a+c) 03(a+b) (b+c) 2

(ab+ bc + ca).
Giai. Ta co

3

(5+%

3\ 2

+5)

b3 3 2
= Vbe + ba + ———=Vca + cb + ———=Vab + ac
<b\/bc + ba cvea + cb avab+ ac )
al b0 b

s [b?’(a‘i‘ c) * A3(a+b) * a3(b+c)} 2(ab + be + ca)).

Mat khac ciing theo bat ding thitc Cauchy, thi
33 3

a 2 2
—+—+—) = (ab+bc+ca)’.
( 5 : ) (ab + be + ca)

Tit day ta suy ra diéu can ching minh.
Bai toan 24. Cho hai bo so duong p,q,r va x,y, z. Ching minh ring

P 9 q o T2 L 5 2 2
x° + + —>2* 2 (zy+tyz+zx) — =(x°+y° + 2°9).
P et s (zy +y )= 5@ +y )

Giai.
bat
,
A e LR V]
q+r r+p p+q
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Ta st dung bién doi sau

P 9 2 q T 9 2 2 2 2
M:(ix—kx)ﬂ—( + )—i—(iz—}—z)—x—l— +z
P +y Y proys (" +y )

= (p+a+2)( AN )= @4 y? 42
- g+r T+p ptg Y '
1 T Y
= (VT + )+ (Vi F ) (s s
— (2 2+ 7).
Theo bat déng thitc Cauchy, thi
(VaT? + ) + (Vi a?) (s + 5

> (z+y+2)°
Suy ra

—_

M= S(z+y+2)° = (2% +y° +2%),

[\)

hay
L T S
M > (zy +yz + zx) 2(x +y+27).
Dau ding thitc x4y ra khi va chi khi

y+z—v w+z—-y x+y—2z

Bai toan 25. Vdi a,b,c > 0, tim gid tri nhé nhat cia biéu thic

3a 4b 5c
= + + .
b+c c+a a+bd

Giai. Ta c6

P

o) () () -

4 5
—12
(a+b+c)(b+c+c+a+a+b)

=l s verar s ][5

5+
+(@)2+< aib)g] =

> = <\f+2+f>

Vay mm_7<\f+2+\f) — 12, khi :

b+c_c+a_a—|—b
V3 2 V5
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6.3 Thw tu va sap lai thit tu ctia bd sé

Ky thuat sip lai thit tu clia bo diy s6 cho trude dé phit hgp véi dic thit cia bai toan dong vai tro
rat tich ciic trong viéc dinh huéng sang tac bai tap ciing nhu dinh huéng cach ching minh cac bat
déng thic. Cha ¥ ring, sau khi sip lai thi tu bo s6, ching han = > y > z, ta thiy ngay ciip s6
r — 1,y — z gan déu hon cip = — 2,0. Vi vay, tng v6i moi o > 1, ta dé& dang kiém chitng ham s6
f(t) =t c6 tinh chat
fla—2)+£(0) = flz—y) + fly — 2),
hay
(—2)"2(@-y)*+(y—2)"
Mot cach téng quét, véi mdi bo s6 sip duge
T Z2 Xy 2 2 Ty,
va v6i moi o > 1, ta déu co
(x1 —xp)* = (11 —22)* + (22 —23)% 4+ - + (Tp—1 — 0)™.
Bai toan 26. Gid sita > b > c > 0. Chiing minh rang
a’b  b’c 02a b
CT + 5 + bT za+b+c
Giai. Ta c6 bién ddi sau
a ~c b —a c ~b 2
(a+b+c)?= (E\/BE\/E +—Vepvet 5\/6;\/6)

a’b  b’e c*a 2b a’c  ba
<?+ﬁ+mﬂ )
Ta chitng minh bat dang thic:

a’b b e  Fa _ ab®  b? ca?
ZrtetErat ety
That vay, ta co

a’b  b2e  Fa _ ab?  b? ca?

CRA Ty
& a*b® + v + A 3b4 bt + Bat
& a’b3(a—b) + b303(b —o)+3d®(c—a) =0
s P-4+ a—b)+3Eb—c)+EdP(c—a) =0
o a3 - S)a—b)+ [aS(a—b)+b3(b—c)+a3(c—a)} >0
& @0 =) a—b) +Ea}c—b) + b} (b—c)| >0
& (b —c)a—b)+b—c)(b*—a®) =0
=

(b—c)(a —b)[a*(ab® — ) + *(a® — b%c) + abe(a® — ¢?)] = 0.

Tu day suy ra

2 2 2
9 a*b  bc c*a\?
(a+b+c) (cT—i_?_‘_bT)
hay
a’b  be Pa
a+b+c<

2ttty
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Bai toan 27. Gid stta > b > c > 0. Chiing minh rang

Giai. Ta co

c cce
2 2 a?\/a®? b A2
As+s+3)(m+5+5)
(a+b+c><b3+c+a3)

Tiép theo, ta chiing minh bat dang thic

b2 62 CL2 a2 b2 2

B 3T

That vay, ta c6 cac bién déi tuong duong sau

2 2 a? a? b2 02

Stpta2Etats

b503 +cPad + a5b3 a’c® + b5a + 23

=
& a3 (a® — b?) + A — ) + Pad(? —a?) > 0
& a3 — A+ A)a® -0 FPE 0 — ) + PP —a?) =0
s ad0 - a® - )+ A0 - ) (a® - ) =0
Suy ra
(1 . 1 1)2 <a2+b2+02)2’
Vab Voo | e b?
hay

1+14_1<ﬁ+w+8
Jab | Vbe Vea S B3 @B
Bai toan 28 (IMO 1995). Cho cdc s6 duong a,b,c thod man diéu kién
abc = 1. Chiing minh ring

a? b2 2

P
b+c+c+a+a+b

DO o

Giai. Dit be = x, ca = y va ab = 2. Theo gia thiét, ta thu dugc

1 1
—_ = x, _= y — =2
a b e
va
r+y+z=3.
Ta dua bat dang thitc da cho vé dang
22 % 2

| W

P
y+z z+4+zx x4y
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Do vai tro ctia a,b,c ciing nhu ctia z,v, z binh ding, khong mat tong quat, ta co6 thé gia thiét
az2b>chay 0 <z <y<z Khidé
> <y <z
1 < 1 < 1
y+2z  z4+x x4y

Suy ra

.’IJ2 y2 Z2 - $2 y2 22

+ + > + +
y+z z2z4+2x x+y y+tx z4+y x+=z

5132 y2 2,2 - .%'2 y2 22

+ + > + + .
yt+z z4+zr x+y x+z y+xr z+y

Tit day, cong cac vé tuong ting, ta nhan dudc

2 2 2 2, .2 2, .2 2, .2

T z l/z°4+ 2 +x z° 4+
+2 4 > +Y + 225,

y+z z+r x+y 2\ zT+2z y+x zZ+y

Theo bat ding thitc Cauchy, thi

2 2 2
x2+22>($‘;'z) ’ y2+x2>(y‘;95) ’ 2+y2>(2-;y) ’

va vi vay

1 $2+Z2 2 2 2 2
7( +y +x +z +y
2\ 4z Y+ z+y

Tt day, ta thu duge diéu can chiing minh.
Nhan xét 4. Sau khi sdp lgi thit tu, ta cing cé thé st dung truc tiép bat ding thic Chebyshev
2 2 2

(a:+y—|—2)<x y+z)<x+y+z
3 y+z z+zx z+y/ y+z z4+z z+y

Tw cdc két qud quen biét (iing vdi zyz = 1)

rT+y+=z >, T n Y n z > § ’
3 y+z z+zxz x4y 2
ta thu duwgc bat ding thite can chiing minh.

6.4 Diéu chinh va lya chon tham sé

D6i v6i mot s6 bat dang thitc dong bac dang khong déi xing thi ddu dang thitc trong bat déng
thitc thuong xay ra khi gia tri clia cAc bién tuong ting khong bing nhau. Vi vay, can Iya chon ki
thuat hop 1y dé gidi cac bai toan cyc tri dang khong déi xting la rat can thiét. Mot trong nhing ki
thuat co ban nhat chinh 13 xay dung thuat toan siap thi tu gan déu. Trong truong hop dang bac
hai, ta di st dung phuong phap mién gia tri nhu da néu & trén. Trong phan nay, ta néu thém mot
k¥ thuat nita nham diéu chinh bo s6 bang tham s6 phu. Ta dua vao cac tham s6 tu do can thiét
thuong la cac gia tri trung gian duge xac dinh sau theo cach chon dac biét dé tat ci cac dau déng
thiic dong thoi xay ra. Tham s6 phu duge dua vio mot cach hgp li dé phuong trinh xac dinh ching
c6 nghiém.
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Bai toan 29. Cho s6 duong a. Xét bo s6 duong x,y, z thod man diéu kién
Yy +yz+ zx = 1.
Tim gid tri nhdé nhét cia biéu thic
P =a(a* + %) + 22

Giai. Ta thay biéu thic P dbi xing theo z,y, do vai trd ctia « va y la binh ding nén ta cé thé dat
2

z

5 = ar? = ay?,a > 0 duge chon sau.

Theo bat diang thitc Cauchy (hosic bat ding thitc AG) cho 2 s6 duong, ta c6

2
9 2 [o [ |a /
ax +5>2 2:102 ay +— yz :c+y Y.

Tit cac bat ding thic trén, ta nhan dugc

o [0 «
(a+\/;>(x2+y2)+z2 > 2\/;(acy+yz+zx) :2,/5.
+ /Oé
(0% =a
2 )

oz_—l—l-\/l—l-Sa

Chon « sao cho

hay

2 4
Ta thay dau dang thic x4y ra khi va chi khi

[\

z
= ar? = ay?

2
zy+yz+zx =1

hay
1

V= i
v14+8a—1

2¥1+8a

Vay gia tri nhd nhat ctia biéu thic da cho bang

—1++v148a
—y

min P =

Bai toan 30. Cho u,v la cdc s6 duong. Xét bo s6 duong a,b, c thod man diéu kién
ab+bc+ca=1.
Tim gid tri nhd nhat cla biéu thic

Q = ua® + vb* + .

37



Giai. Ta phan tich
u=x+y, v=z+t l=m+n,

trong d6 x,y, z,t, m,n 1a cac sd6 duong sé dude chon sau.
Theo bat déng thitc Cauchy cho 2 s6 duong, ta c6

za® + th? > 2V/atab, ya® + nc® > 2/ynac, zb® +mc* > 2/zmbe.

Tit cac bat ding thic trén, ta nhan dudc

Q > 2V xtab + 2/ynac + 2v/zmbe.

r b
ra? = tb? Tt ag
Dau ding thitc x4y ra khi va chi khi ya® = nc? hay {2 = a2 Suy ra
2b% = mc? Z CCQ
m b2
xzn = ytm. (6.7)

Chon z,vy, z,t,m,n sao cho
rt=yn=zm =«
thod man (6.7)
Ta c6

(x+y)(z+t)(m+n)=uv
& (zztat+yz+yt)(m+n) =uv
& xzm 4+ xtm + yzm + ytm + xzn + xtn + yzn + ytn = uv
S (r+y+m+n+t+z2)a+ 2xzn = uv.
Ma (zzn)(ytm) = o nén xzn = Vas.
bat ¢ = /a thi
2¢° + (u+v+1)¢*> —uv = 0. (6.8)
RO rang (6.8) ¢6 nghiem duong duy nhat, ky higu 1a go.
Vay min P = 2qg v6i go 1a nghiém duong duy nhat ctia phuong trinh (6.8).

Nhan xét 5. Hai bai todn trén hoan toan cé thé gidi dugc theo phuong phdp tam thitc bic hai thong
thuong.

Bai toan 31 (Thi chon doi tuyén Viet Nam dy IMO-1994). Xét bo s6 thuc a,b, c,d thod mén diéu
kién

<A+ +E+d><1.

| =

Tom gid tri l6n nhat va gid tri nhé nhat cia biéu thic sau

Q= (a—2b+c)*+ (b—2c+d)?*+ (b—2a)*+ (c — 2d)*.

38



Giai. Do vai tro cia a va d, b va ¢ 1a déi xing trong biéu thiic trén, ta du doan rang diém cuc tri
sé dat dugc tai cac bo s6 thod méan diéu kien a? = d?, b? = ¢?. Véi p 1a s6 thuc duong (duge xac

dinh sau), theo bat ding thitic Cauchy - Bunhiacovski, ta cé

2 2b2 2
Q+BMC%+?;+%>>(w—%+@2

b 2 2

P > _
(p+2(p—+mz)/(b 2a)

d> 2¢% b 9

— R — > —
(1—|—3p)(1 + » —l—p)/(d 2c+)

(p+2ﬂjf+2f)>(c—2®2

Cong vé véi vé 4 bat déng thitc trén, ta nhan dudc

1
Q< (5+5p)(a® + ) + 21

Bay gio ta can chon p > 0 sao cho

1+2
L+p= g,
p

1
Thay p = +2\/5 vao (6.9), ta thu duge

5(3 +v/5)
Qs ———

Dau déng thic x4y ra khi va chi khi

[

a>0,c>0,b<0,d<0
_ —|b| = |c
jaf = ld| = | & = |

A+ +E+d2=1

Giai hé trén tng vé6i p = , ta nhan dugc

+5
2

Vay, gia tri 16n nhat ctia biéu thic bing

max Q = M7
2
khi a, b, ¢,d thod méan diéu kién (6.10).
Tiép theo, ta tim gia tri nhé nhat.

(b + ).

(6.9)

(6.10)

V6i cach phan tich twong ty nhu trén, viéc tim Min @) dugce trinh bay hoan toan tuong tu.
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Ta co
Q =5(a* +d*) + 6(b* + c*) + 2a(c — 4b) + 2d(b — 4c) — 8bc
>a&+fﬂwwhm%—;ﬁ&+@—%m—;Wf+w—%m—&m
hay
Q> (5-p)(a®+d?) + (6 - 1—7)(192 +c?) +2(§ —4)bc.
b p

8
Chon p trong khoéng (2,5) sao cho — —4 < 0 va vi vay
p

Q= (5—p)a®+d*) + (6— 1;)(1)2+c2)+2(i —4)(1)2—1—02)

_ a? 2 _9 24 2
Q> (G -p)a* )+ (2= )0+ ).

. 9 3+ v45
Tiép theo,chon p sao cho 5 —p=2— —, titc p = % € (2,5), ta duge
p
3+ v45 7— 45
Q= (5—%)(a2+b2+02+d2)2T.
Dau déng thic x4y ra khi va chi khi
pa =c—4b 3
pd =b— 4dc ¢ /9 + 2 3+ V45
b—c hay 2 %—I—p V(’iip:_‘_T.
- b:c::Fi
a2+b2+c2+d2:% 29 +p?
Vay
. 7 — /45
minQ = —

Bai toan 32. Xét b so x,vy, z thod man diéu kién

16
2 2, .2 2
x —xy =
+y +z27+ 55 y=a",
trong dé a la s6 duong cho trude.
Tim gid tri lon nhat cia biéu thic

P =zay+yz+ zx.

Giai. V6i ¢ tuy § (duge chon sau) trong (0,1), 4p dung bat ding thitc Cauchy cho 2 s6 khong am,
ta co

q(z* +y*) = 29/22%y* > 2qzy
(1—q)x?+ % > 2 1;2(11‘222 > 2 %:rz
2 — —

%—®ﬁ22>21f¢%>21fw

25 25
Cong cac vé tuong dng ciia cac bat déng thic trén, ta nhan dugce

16 —
a? > (2q+%>xy+2 Tq(yz+zaz). (6.11)
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Dé xudt hién biéu thitc P & vé phai ctia (6.11) ta chi viéc chon ¢ sao cho

2

52 r=y—=+2
= _ — _y_
r=y= - hay 3@\/3
2 2 24 2 = a2 Z=t——.
'ty +z —|—25xy a 5\/§
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Chuong 7

Cac gia tri trung binh

Ta st dung céc gia tri trung binh dé thyc hién quy trinh sip thi tu gan déu trong bat déng thiic.

Chiing ta biét ring diic diém ctia nhiéu bat dang thiic 14 dau bang xay ra khi va chi khi tat ca
hodc mot vai bién s6 bang nhau (xuit phat tit bat ddng thiic co ban 22 > 0!, diic biet 1a bat ding
thic dai so.

Phuong phap don bién dua vao dac diém nay dé lam giam bién s6 ctia bat ding thic, dua bat
déng thiic vé dang don gidn hon. Dé c6 thé chitng minh tric tiép bang cach khao sat ham mot bién
hodc ching minh bing quy nap.

Dé chiing minh bat dang thic

f(z1,22,...,2n) >0, (7.1)

ta co thé chitng minh

1+ %2 $1+$27...,9§n>. (7.2)

f(:cl,:cgj...,xn)zf( 5 g

hoac
fz1,29,...,@p) > f(w/xla:g, Tz, ... ,xn). (7.3)
Sau dé, chuyén sang viéc chiing minh (7.1) vé chiing minh bat dang thiic

flx1, o, 23, ..., 2y) > g(x1,22,...,24)

titc 14 chitng minh bat déng thiic ¢ it bién s6 hon. Di nhién, cac bat déng thiic (7.2) c6 thé khong
ding, hoiic chi ding trong mot s6 diéu kién nao dé. Vi ta chi thay déi hai bién s6 nén c6 thé kiém
tra tinh ding déng ctia bat déng thic nay mot cach dé dang.

Ta xét cac bai toan sau dé minh hoa phuong phap.

Bai toan 33. Ching minh rang néu z,y,z,> 0 th
2(2? +y? + 22) + 3(ay2) 3 > (x +y + 2)%
Ching minh. Xét ham

F(z,y,2) =2+ 4% + 22) + 3(ay2)?? — (x + y + 2)?
=2+ 2+ 22— 2wy — 2yz — 222 + 3(3:yz)2/3

Khong mat tinh tdng quat, ta gia sit z < y < 2, ta can ching minh F(z,y, z) > 0.
thitc hién don bién bang trung binh nhan, ta sé chiing minh

F(z,y,z) > F(x,\/yz,\/yz). (7.4)
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That vay, xét hieu d = F(x,y, z) — F(z, /yz, \JYZ).

d=ax>+y?+ 22 — 2zy — 2yz — 222 — (:U2+yz+yz—2$\/77—2x\/17—2yz)
+ 3(xyz)?/? = 3(xyz)?/?
:y2+z2—2yz+4x\/y>—2x(y+z)
= (y—2)" +22(~y — 2 + 2\/y2)
y— 2 = 2a(yj - Va)
— VERLT + VP - 2]

= (
= (
= (V= VAPl + 2 = 20) + 23] 2 0

VY
VY

Viz <y <zsuyray+z > 2z T do suy ra bat dang thic (7.4) ding.
Mat khac

F(x,/yz,\/yz) = 2* — dx\/yz + 3(wyz)*/?
Ma

2 + 3(zy2)?? = 22 (ay2)?? + (ay2)?? + (ay2)??
> 4(a?y? )V = Sz
nhd ap dung bat ding thitc cosi cho bén s6 khong am z2, (zyz)?/3 | (zyz)?/3,
(zy2)*3. Do vay F(x,\/yz,/yz) > 0. Tit d6 suy ra bat ding thiic can chiing minh. O

Bai toan 34. Ching minh rang néu z,y, z,t > 0 thi

3t + 92 + 22+ tD) Aoyt > (x +y+ 2+ 1)

Ching minh. Xét ham

F(z,y,2,t) = 3(a* + y> + 2% +t3) + dy/ayzt — (v +y + 2 +1)?
=2(2? +y? + 22 +1?) — 22y — 2x2 — 2t
— 2yz — 2yt — 22t + 4\/wy2t
Khong mat tinh tong quat, ta c6 thé gid stz < y < z < t, ta can chiing minh F(x,y, z,t) > 0, trude
hét, ta c6 F(x,y,2,t) > F(x,y,Vzt,/2t). That vay, xét hieu d = F(z,y, z,t) — F(x,y,Vzt,V/zt).
d =202+ 19> + 22 +12) — 22y — (2wz + 2at + 2yt + 22t) + 4/zyzi—
— [2(2® + y? + 2t + 2t) — 22y + 22V 2t + 22/ 2t
+ 2y 2t + 2yV/ 2t + 22t) + 4y/Tyzt]
= 2(22 + %) — dat — 22(2 4+ t) — 2y(z + t) + 4 + 4ozt + 4y /2t
2t — 2 — (Vi — V) — 2(VE— V)
(VI VAPRVE+ VR — 20— 2y

Doz <y<z<tnén
2VE+ 2 =20 -2y =20t +z—2 —y+2Vzt) >0

suy ra d > 0.
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Tiép theo ta chitng minh
F(z,y,0,0) > F(z, (yo®)'7?, (yo®)'/?, (ya®)'/?)

véi a = V/zt. Dt 3 = (ya?)'/3 suy ra y = g—z, ta phéi chiing minh

3

F(ﬂf,%,a,a) > F(xaﬁ)ﬂvﬁ)

3
Vax<ﬂ—2<a.
S 2=

That vay xét

53
F(w,g,a,a)—F(xﬂﬁﬂ)z
3 3
= 2(2? +ﬁ +a? +a?) - [( 20 5 )+ 2za —I-i—l- ﬁ + 202 4 4/ 233~

[($+w¢+ﬁ?+ﬁ) @wﬂ+mﬁ+2m%+%ﬂ+%?+m¢+4waﬁ
6 9 ﬁ3 /83
2<¥+2a> ( +4£UO&+7+205 >+6xﬁ
:2Uﬁ+a2—%f) Uﬁ+aa—3m

2 3
= 2<? - a) +22(36 — % —2a)

33—~ s >4ﬁ q/f)?

Bat ding thic nay tuong duong véi mdi bat ding thic sau

35> 40 2
a o«
3Ba > 44/ FPa — —

B—4y/Ba+3a>0
(VB = vVa) (/B -3Va) >0

Bat ding thic cubi ding vi 3 < a. Vay (7.5) ding.
T do6 suy ra
53 ,33 2 3
F(l’,@,@,@) —F(l',ﬁ,ﬁ,ﬂ) Z 2(06— ?)2 +2JJ(4\/ BSOC_ 7 —204)

Vé trai cia bat diing thic nay 16n hon hodc bing

S A
(i -y St S 2 2 0
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ding. Vay
53
F(x,g,a,a) 2 F(x76757/6)
Ma
F(x7/87ﬂ7ﬂ) = 2‘%2 _6$ﬁ+4\/ xﬂ3
Ap dung bat ding thic cosi ta c6
222 + 4233 = 22 + 22 + V1B + V2B + Va3 + V1B > 62

Suy ra F(z,3,3,3) > 0, suy ra F(z,y,2,t) > 0. Vay bat dang thiic dugc chitng minh.

O

Bai toan 35. Cho a,b,c la cdc s6 khong am, sao cho a+b+c=d, n > 2, tim gid tri l6n nhat cia
biéu thiic (ab)" (e (ca)"
a c ca
P= .
1—ab+ 1—bc+ 1—ac

Chatng minh. Khong giadm tong quéat, ta gid sit a > b > c.
At (ab)”  (bc)"  (ca)”
a C ca
P(a,b,c) = .
(a,b,¢) l—ab 1—bc 1-—ac

Ta ching minh
P(a,b,c) < P(a,b+ ¢,0)

That vay ta xét hiéu

P(a,b,c)—P(a,b—l—c,O)

[a(b + )] (ab)" = (bc)"  (ca)"
- 1—a(b+c) [l—ab+ 1—bc+ l—ca}

Ta co

R A R
1—a(b+c) 1—a(b+c)

W (BT nb" e+ b 4+ A7)
=a
1—a(b+c¢)
a™b" a™b" na™b" e

~ 1—a(b—|—c)+1—a(b—|—c)+l—a(b+c)
Do a,b,c>0suyral—a(b+c)=1—ab—ac>1—abval—a(b+c)>1—ac, suyra

a™b" a™b" b co" a™c"

1—a(b+c) 1w 1—a(b+c) ~ 1—a(b+c) "1 ac

va
na™b" e na™b" e S b
l—alb+c¢) = 1—bec ~—1-—bc
Dau dang thitc x4y ra khi va chi khi ¢ = 0, suy ra P(a,b,c) < P(a,b+ c,0).
Vay ta can tim gia tri 16n nhat ctia
(a(b+ )" ad"

P = = > > =1.
(a,b+¢,0) I —abto  1—ad a>0,d>0,a+d
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Ta c6

(a+d)? 1
d< =-
¢ 1 1
Suy ra
(1/4)" 1
P(a,b 0) <
(:b+e.0) < 7777 = gant
Vay
1
Fnax = 3757
Dau ding thitc x4y ra khi va chi khi a = % b= % ¢ =0 va cac hoan vi ctia né. O

Bai toan 36. Cho a,b,c la cdc s6 thuc bat ky, chitng minh rang
4
— ?(a‘* +bt+ ) >0.
Chaing minh. Day 13 dé thi chon doi tuyén Viet Nam nam 1996, diing phuong phap don bién cho
trung binh cong roi thiyc hién buée sau ciing bang phuong phap dao ham.
Xét hieu d = F(a,b,c) — F(a, %3¢, b5<)

F(a,b,c) = (a+b)*+ (b+ )" + (c+a)!

d=(a+b*+ (b+c)*+ (c+a) - (a + bt 4
b+c

—2(a

b+c>

Y= (+0)+ 2(a +2( 5
(b+

)
)
o)*

b+
:(a+b)4—|—(c+a)4—2<a 20> %( b4—c4)
= a(4b® + 4% — (b+¢)%) +3a%(20* + 2 — (b —l— )+ 30+t - L+ 0)h
=3a(b+c)(b—c)* +3a*(b—c)* + (b — ¢)?(7b* + 7¢* + 10bc)
=3a(a+b+c)(b+c)* + + 2 (b— ¢)?(7b* 4 7¢% 4 10bc)
Hang tit 2 (b — ¢)%(70% + 7c? 4+ 10bc) > 0, ta xét hang tit 3a(a + b+ c)(b+ ¢)2.
Néu a, b, ¢ cing dau thi 3a(a + b + ¢) khong am, suy ra d > 0.
Néu a, b, ¢ khong cting dau, nhu vay trong a, b, ¢ c6 it nhat mot sd cing dau véi a, b, c. Khong
mat tong quat, gia st d6 1a a. Tt ding thic trén ta suy ra
b b
F(a,b,c)zF(a, +C) +C>
2 2
Nhu vay ta con phai ching minh F(a,b,c) > 0 v6i moi a, b hay 1a
2(a+b)* + (2b)* — Z(a* +2b%) > 0 (7.6)
Néu b = 0 thi bat ding thitc trén 13 hién nhién.
Néu b # 0 thi chia hai vé bat dang thiic cho b* va dit x = a/b, thé thi (7.6) trd thanh

20z + 1) 416 — 4z +2) >0

Xét ham
flx) =2(z+1)* — (2" +2) + 16.

Tinh dao ham ta dugc
f'(x) =8(x +1)° — 0o’

Suy ra f’(z) = 0 khi v& chi khi # + 1 = (2/7)3z hay z = —2,99294. Suy ra
Fnin = F(—2,9204) = 0,4924 > 0
Diéu nay cho thiy bat dang thitc rat chat. Vay bat dang thic dude ching minh. O
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Chuong 8
Bai tap ap dung

Bai 1. Cho tam thic bac hai f(t) = at? + bt + c. Dat

217 2 1 T
72_‘_7'%_ 7y Zl

Chitng minh rdng

f(@) + Fly) + f(z) = f(2) + f(y) + f(2), Yo,y,2 €R.

Bai 2. Xdc dinh cdc bo s6 o, 3,7 sao cho ing vdi moi tam thic bac hai
f(t) = at? + bt + ¢, ta déu cé hing ding thic

f(@) + fyr) + f(z1) = f(@) + F(y) + [(2), Va,y,2 €R,

trong do
ar+ fy +yz =1
oy + Bz +yr =y
az+ Pr+yy =2

Bai 3. Tum gid tri lon nhat, nhé nhdt ciia ham s6

_x2—2x—|—2

= T iori 2 trong doan [0; 2].

)

Bai 4. Tim gid tri lon nhdt, nhé nhdt cia ham s6

_ 3Vr+3+4v1—x+1
y_4\/:n+3—|-3\/1—a:+1'

Bai 5. Tim gid tri lon nhdt, nhé nhdt cia ham s6

Y= asin® z 4+ bsin x cos z + ¢ cos® .

Bai 6. Cho cdc so thuc ay,by,c1,a2,bo,co. Tim gid tri l6n nhat va nhé nhat cia ham so

aisinx + by cosx + ¢1

agsinx + bacosx + ¢y
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Bai 7. Xét cic tam thic bac hai f(z) = ax® + bx + ¢ thod man dieu kien
[f(@)] <1 Ve e [-1,1].

Chitng minh rdng

max(4a® + 3b%) = 16.
Bai 8. Gid s cdc so thuc x,y, z thod man diéu kién xy + yz + zx = 1. Tim gid tri nhé nhdt cia
biéu thitc

M = 2% + 2y + 522,

Bai 9. Cho z,y,z € R. Chiing minh rang vdi moi tam gigc ABC, ta déu cé

(g et (et (2
(1o (- 50 (-5

Bai 10. Choa > b > ¢ > 0. Chitng minh ring

a’b b C3a> b
CT $+b—3/a+ + c.

Bai 11. Cho 0 < x < 1. Chitng minh rang vdi moi bo s6 (ay), ta déu cé

n 1

Zakl‘ m(gai)Q

Bai 12. Chiing minh ring vdi moi bo so (ay), ta déu cé

" /n 2n 1, 3
< I

> ()< () (et

k=1 k=1

Bai 13. Chiing minh rang vdi moi bo s6 duong (ay) sao cho ay +as + -+ +ap, = 1, ta déu cé

= 1\2 1
Z(ak—l——> Zn"+2n+ —.
ag n

k=1

Bai 14. Chiing minh ring vdi moi bo so (ay), ta déu cé

’Zak‘ +‘Z ‘ n+2)Y di.

k=1
Bai 15. Ching minh rang vdi moi bo s6 (ajk, zj,yk) (j =1,2,...,m;
k=1,2,...,n), ta déu cé
U 2 il 12 , X 1/2
‘Zzajkxjyk‘ < VDC(ZI%’IQ) (Z !ykl2> :
j=1 k=1 j=1 k=1
trong do
=2 Z lajkl, C = gggnz:l |l
‘]:
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Bai 16. Tim cdc cdp s6 a,b thod man diéu kien a < b < 4 sao cho bt ding thic:
(x+y+2z—4)%<ayz
nghiém ding vdi moi z,y, z € [a,b] va hiéu b — a la lon nhat.

Bai 17. Ching minh rdang vdi moi a,b,c,x,y,z € R, ta luon cé

2
ax + by +cz+ /(a2 + 02+ ) (22 +y2 + 22) > sla+bto@+y+z)
Bai 18 (K.Fan and J.Todd). Gid st p;j(i,j =1,...,n;i# j) thod man diéu kién

pij =pji, P= Y py#0.

1<i<j<n

Chiing minh rang, khi dé véi moi cdp day so thuc ay, ..., a, vaby,..., b, sao cho abj # ajbi(i # j),

ta déu co
n

> af n
= = Py Y
EAEr) - (Fe) P\ anes)
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