Chuwong IV. BAT PHUONG TRINH BAC NHAT MOQT AN
Chuyén dé 21. BAT PANG THUC
A. Kién thirc can nhé
1. Dinh nghia
* Hé thie dang a > b (hay a <b; a =b; a <b)) goi 1a bt dang thiic.
*g>be a-b>0,a<be a-b<0,

2. Tinh chét

a)a>be b<a d) Tinh chét nhan:

b) Tinh chat béc cau: *a>be ac>bc néuc>0
a>b; b>ce a>c a>be ac<bc néu c<0
a<b,b<ce a<c a>b e ac =bc néu ¢ =0

¢) Tinh chat cong: * a<b e ac<bc néu ¢ >0
a>hb= a+c>b+c a<be ac>bc néu c<0
a<h= a+c<b+c a<b e ac =bc néu ¢ =0

e) Cong vé v6i vé clia hai bt dang thie ciing chidu duoc mot bat ding thirc cung chiéu.
f) Trir ting vé cua hai bat dang thirc ngugc chiéu ta dugc mot bat dang thirc cting chiéu voi bat dang thirc
thir nhat. (Khong duoc trir vé v6i vé cuia hai bt dang thirc cung chiéu)
g)a>b>0=a">p"(neN);
|a‘ > ‘b‘ = a">b",
a> b = a2n+1 >b2n+1 .
h) Vi m>n>0 néu a>1= a" >a";
a :1 = al?l :a/l;

m

O<a<l=>a"<da".

, 11
) Néw ab>0 vi a>b thi —<
a

3. Cac phuong phap chirng minh 4 > B; ( A< B tuong tu):

1) Dung dinh nghia ching minh 4- B >0 (Xét hiéu hai vé).

2) Bién doi twong dwong: A>B < A >B © A4,>B, © ..o 4, >B,;
Néu 4, > B, dungthi 4> B ding.

3) Phan chitng: Gia sit A <B dan t&i mot didu vo 1y. Vay 4> B.

4) Chitng minh bang quy nap todn hoc:

+ Bude 1: Chirng minh bat dang thire dung voi n =n, .



+ Buée 2: Gia st bat déng thie dung voi 7 =k (k =n,) | ta chimg minh bat ding thic ding v6i n =k +1

Tir d6 két luan bat dang thirc dung voi moi s6 ty nhién 7 =n, .

(Phuong phap quy nap toan hoc thuong duoc sir dung khi trong bat dang thirc ¢ su tham gia ctia n véi
vai tro ctia mot s6 nguyén duong tiy y hodc s6 nguyén duong lay moi gia tri bat dau tir 7, nao do).
5) Phurong phdp tong hop:

+ Str dung tinh chét va cac hang bat dang thuc.

+ Str dung tinh chét bic cau (lam troi) 4>C; C>B= A>B.

4. Mot s6 hang bat ding thirc
a) a* >0 Ya.Déau“="xdyra < a =0;
b) |a| =a Va.Du“="xayra = a>0;
¢) Bat ding thirc gia tri tuyét doi:
* |a+b| <|a|+|b| (Dhu“=> xay ra = ab >0).

* ‘a- b| Z|a

- 18] (Déu “=" xay ra = ab =0 va |a| =[b)).
d) Bat dang thirc tam giac: voi a; b; ¢ 1a 3 canh tam giac:
a+b>c;,a-b<c
e) Bit ding thirc Cauchy (dugustin Louis Cauchy [1789 — 1857 nha todn hoc Phdp]: Véi n sb khong 4m

a,,a,,....a, (n€IN*) ta co:

n
a +a,+..+a,

Za,a,..q, .
n

A Ce__9 2 —_— —
Dau “="xayra < a, =a, =...=a,.

* Chii y: Vai dang bét ddng thirc cu thé hay gip co thé st dung nhu bd dé:

2

ath >ab hay (a+b) >4ab; a* +b> >2ab.

f) Bat dang thirc Bunyakovsky [Victor Yakovievich Bunyakovsky (1804 — 1889) nha todn hoc Ngal.

V&i moi bd 1 86 (a;a,;..5a,); (b3 by;..5b,), ta co:

(ab +ab,+..+ah ) <(a’+a’ +..+a ) (B +b> +..+b>)
Diu“="xayra = 3 dé a, =tb,(i =L,n). Néu b, #0 thi ddu “=" xayra < ~-=-2 =..="

* Chi y: Dang cu thé hay gip (a2 +0°)(x* + yz) >(ax +by)2,

B. Mt s6 vi du



Vi du 1: Cho a va b 1a hai s6 bat ky ching minh rang

2
a+b

2

a’ +b’
<

2

ab <

* Tim cdch gidi: Bai toan nay thyc chat gdm hai bai toan: Chtrng minh

2

).

a+b a+b

2

2 2 2
Sa +b ):

1) 5

2) ab <

Tur (1) va (2) ta suy ra két qua.
Vé6i mdi cau 1) hodc 2) ta déu co thé dung 4 cach: Bién ddi twong dwong; Xét hiéu hai vé; phan chung va
téng hop.
Gidi
Ta ching minh
2

a’ +b’

ath < 5 bang ca 4 cach:

1) 5

Cdch 1: Bién doi twong dirong:

2
a+b

2

at+b* a*+2ab+b* a’+b?
< =14 <

2 4 2

© a’ +2ab+b’ <2a° +2b> & -a’ +2ab- b* <0
o -(a*- 2ab+b*) <0 = - (a- b) =<0 (hién nhién dtng).

Diu “="xayra < a =b.
Cach 2: Xet hiéu

2

a+b _atz+b2 &’ +2ab+b’- 24’ - 21’ _-(a-b)2 <0
2 2 4 4 B
2 2 2
Vay a;b <4 +b .Déau“="xdyra < a =b.

Cdach 3: Phan chung

2

a+b a’ +b’
>

2

Gia st = a* +2ab+b* >2a° +2b°

o -a*+2ab- b >0 - (az- 2ab+b2)>0© - (a- b)2 >0 vo ly.

2 2 2
Vay a+b L +b .
2 2
Dau “="xayra < a =b.

Cdch 4: Tong hop:
Taco: (a-b) =0 - (a?- 2ab+b*) <0 -a? +2ab- b* <0



a’+2ab+b> a*+b°
<

o a’+2ab+b* <24 +20° = J =

a+b
2

2
a’ +b*
<

Hay = (1). Déu“="xdyra < a =b.

2

atb (2) = 4ab <a® +2ab + b*

2) Chimg minh: ab <

© 0<a’- 2ab+b* = 0 <(a- b)’ hién nhién ding.

2 2 2
Tu (1) va (2) suy ra ab < a+b] < Zb .Dau“="xdyra < a =b.
N a+b ’ V)
* Nhan xét: | ——=| =ab o (a+b) =4ab;
; I ANARY
Tur bai toan a) ta c6 thé suy ra < 5
A A a+b ’ a’ +b’ . A LA, al , A N \ . X .
That vay do 5 < 5 hai vé bat dang thitc déu duong nén binh phuong hai vé ta co
a+b) [a2+p?) @ +p* ) at+b?
| = (1); ciing c6 bai toan a) ta lai co <— (2). T (1) va (2) ta co:
a+b)' _a* +b*
< .
2 2

Vi du 2: a) Ching minh rang (a- 9)(a- 8)(a- 7)(a- 6) =-1 Va

b) Chirng minh (a2 +b’ )(x2 +y2)2(ax +by)2 Va,b va X, .
Ap dung chirg minh (2x +3y- 3z) <13(x* +y* +27 - 2yz),
* Tim cdch gigi: a) Hoan vi nhan t& (a- 6) & vé trai va thuc hién phép nhan (a- 6)(a-9) va
(a- 8)(a-7) ta thdy xuét hién - 154 & hai két qua, ta nghi dén viéc dit 4n phu. Ta xét hidu hai vé dé
chung minh.
b) Xét hiéu hai vé va bién d6i.

Giai

a) Xét hicu (a- 9)(a- 6)(a- 8)(a- 7)- (- 1)
=(a*- 15a+54)(a* - 15a +56)+1
Dit o’ - 15a+55 =b thi biéu thirc trén bing (b- D(b+1)+1 =5 =0

vay (a- 9)(a- 8)(a- 7)(a- 6)=>-1.



b) Xét hicu (a® +5°)(x* +2)- (ax +by)

=a’x*+a’y’ +b°x’ +b’y’ - a’x* - 2axby - b*y’

=a’y* - 2aybx +b*x* =(ay- hx) =0

vay (@ +5?)(x* +1?) =(ax +by)’ Va,b va %Y. Du“=" xiy ra = ax =hy.
Ap dung: Ta viét bat déng thiae (2x +3z- 3t)2 S13(x2 +z20 +1 - ZZI)

Dusi dang [2x+3(z- 0)]” <(22+3*)[ > +(2>- 221 +1°)|

Hay [2x+3(z-t)]2$(22+32)[x2+(z-t)2}

bat z- 1 =Y thi (22 +32)(x* +?) =(2x +3y)’ dung theo bat dang thic vira chimg minh & trén.
Vidu 3:
a) Chirng minh tong cac binh phuong cua hai s6 bat ky khong nho hon hai lan tich hai sé do.

b) Chirng minh véi x >0 thi x +% >2 (tbng mot sd dwong véi nghich ddo cia nd khong nhoé hon 2).
¢) Chtng minh véi a,b,¢,d 13 cac s6 duong va thoa man abed =1 thi ab+cd =2 va o> +b> +c* +d* >4.
* Tim cach giaiz a) Luuy (a- b)Y =0
b) Khtr mau, chuyén vé xuét hién hiang bat dang thuc.
¢) Luu y do abed =1 nén cd :i, st dung két qua b) dé chimg minh.
Gidi
a) Goi hai s6 a va b. Hién nhién (a- b)Y =0 < a*- 2ab+b> =0
o a’ +b*> >2ab
b) Véi x >0; x+% >2 o x*- 2x+120 < (x-1) =0 dang.
Diu “="xayra < x =1,

1
¢) bat ab =x. Do a,b,c,d >0 va abed =1 nén cd =
a

= ab+cd :ab+L :x+l >2
ab X

* Ta ludn c6 a® +b*> >2ab va c* +d* >2cd
Nén a> +b° +c* +d* =2(ab+cd) =4
Déu “="xdy ra < a =b =c =d =1.

Vidu 4:



a) Chung minh a” +b° +¢* >ab +bc +ca, Va;b;c

b) Chimg minh @’ +b° +¢* <2(ab +bc +ca) véi a;b;c 1a 3 canh mot tam gidc.

* Tim cach giai:

a) Bat dang thic co ¢ +5> ta nghi t6i sir dung bat ding thirc o> +b> >2ab ...

b) Véi a, b, c 12 ba canh cua tam giac phai sir dung bat ding thirc tam giac.
Gidi

a) Taco a’ +b* >2ab; b*> +c* =2bc; ¢* +a” >2ac.

Cong vé vai vé ba bit diang thirc cing chiéu trén ta co

2(a.'2 +h° +cz)22(ab+bc+ca): a’+b*+c* =ab+bhc+ca.

Diu “="xayra © a =b =c.

b) Ap dung bat dang thirc vé ba canh trong mét tam gidc:

b-c|<ae (b- ) <d’

lc- al<b e (c- a) <b?

|a- b|<c o (a-b) <

Do dé (b- ) +(c- a) +(a- b)Y <d® +b* +¢*

& b -2bc+c’ +c*-2ca+a’ +a’ - 2ab+b’ <a’ +b* +¢’

o a?+b>+c <2(ab+be+ca).

* Chii y: a) Ta con cach rat hay sir dung: bién d6i twong dwong:

a’+b’ +c’ >ab+bc+ca = 2a’ +2b° +2¢° >2ab+2bc +2ca

< a’-2ab+b’ +b* - 2bc+c* +c? - 2ac+c* =0

o (a- b)Y +(b- ¢ +(c- a)’ =0 hién nhién ding.

DAau “=” xayra < a =b =c.

Vidu5:

a) Chirng minh rang véi ba s6 a,b,¢ tiy ¥ ta luon co:

+h+c)
uZab+bc+ca

b) Chirng minh (Ba) +Bb) +(Bc) =3 v6i a+b+c =l.
* Tim cach giai:
a) Taco (a+b+c) =a* +b* +c* +2ab +2ac +2bc . Do d6 co thé bién ddi twong duong bing cach nhan hai

vé voi 3 roi xét hiéu hai ve.



b) Khé chimg minh tryc tiép. Ta doi bién dé chimg minh.
Gidi

+h+e)
a) uzd) +bc+ca = (a+b+c) =3ab+3bc+3ca

X¢ét hiéu

(a +b+c)2 - 3ab- 3bc- 3ca =a* +b* + ¢ +2ab +2ac + 2bc- 3ab - 3ac- 3bc

=a*+b* +c* - ab- ac- bc :%(Za2 +2b% +2¢% - 2ab - 2ac- 2bc)
=%(612 -2ab+b* +b* - 2bc+c* +¢” - 2ac+a2)

1 2
:5[(51- bY +(b- ) +(c- a) >0 . Ching to @Zdb+bc+ca-

Déu “="xayra © a =b =c.
* Chii y: a) C6 thé bién déi tuong dwong tiép tir (a+b+c) >3ab +3bc +3ca
= a?+b*+c* +2(ab+ac+bc) =3(ab +ac +bc)

o a’ +b” +¢* >ab+ac +bc bét ding thire di duge chimg minh & vi du 4.
Ta c6 thé dung cac cach khac (phan chimg, tong hop déu duoc).
b) Cach I: Dat 3a =1+3x; 3b =1+3y; 3c =1+3z,

Do a+b+c=1ma3(a+b+c)=3+3(x+y+z). Suyra x+y+z =0,
Taco: Ba) +(b) +Bc) =(1+3x) +(1+3y) +(1+32)
=1+6x+x> +1+6y+)  +1+6z+2° =3+6(x+y+z)+(x* +17 +2?)

=3+(x2+y2+zz)23 (do x+y+z=0)

Vay GaY +(3bY +Ge)' 23 Diu =" xiyra © a =b=c =
Cdch 2: Str dung bat dang thirc Bunyakovsky ta co:

(P +32+3) @+ +c?)>Ba+3b+3c) =9(a+h+c) =9
= 27(a* +b* +¢*) 29> 9a* +9b” +9¢* >3

. 1
Hay (a) +(Gb) +(3c) =3. Dau “=" xdyra < a =b =c :§.

Vi du 6: Ching minh néu @ >- 1 thi véi moi s6 nguyén duong n, ta déu co

(U+a) =1+na (Bdt dang thirc Becnuli)



* Tim cdch gidi: Bt dang thirc ¢6 sy xudt hién ctia 7 v6i vai trd 12 mot s6 nguyén duong tuy ¥. Ta sir dung
phuong phap quy nap toan hoc dé ching minh.
Gidi
Véi n =1 tacé (1+a)=1+a hién nhién ding.
Gia sir bai toan dung véi sb nguyén duong n =k tac la (1+ a) =1+ka.
Nhén hai vé véi s6 duong (1+a) taco U+a)" =U+ka)U+a). Taco

(U+ka)l+a)=l+a+ka+ka®* =1+k+Da+ka* =1+ (k +1)a
Vay (+a)" =1+ (k+1)a

Bai toan ding v6i moi s6 nguyén duong 7 =(k +1) . Theo nguyén 1y quy nap bai toan dung véi moi sb
nguyén duong n.

Vidu 7: Véi a,b,c 1a cac s6 duong ching minh rang:

1

I 1
4+
C

a) (a+b) é+% >4. b) (a+b+c)

9

>9.

* Tim cdch gidi: Cac bat dang thirc khi bién doi vé trai déu xuit hién cac sé duong nghich dao. Do d6 ta sir

dung két qua cta vi du 3b): mot s6 duong cong véi nghich dao cta nd khong nho hon 2 khi chimg minh.

Gidi
a) (a+b) L A R S L P SN
a b a b a b a

b .
(theo vidu 3 ta co 4 va — la hai s6 duong nghich d4o cua nhau).
a

Dau “="xayra < a =b.

I 1 1
e+

a b c

:1+£+£+2+1+2+£+£+1

c a c a

b) (a+b+c¢)

a b

=
a

a ¢
4=

c a

c b
— 44—

C

=3+ + + >3+2+2+2=9

Dau “="xdyra © a =b =c.
* Nhan xét: Tt hai bat dang thuc trén ta c6 thé suy ra nhitng bai toan tuong tu:
ChO asba c, d’e >0 Chl'l'ng minh

1 1 1 1
—t—+—+—
d

(a+b+c+d)
a b c

=16

1 1 1 1 1
—t—F—+—+—

a b ¢ d e

(a+b+c+d+e) >25

Tong quét cho 4,;4a,;4a5;...;a, >0 ta co



(a,+a, +a,+..+a,) IO S >n’, (n=2;n€N)

a4 4 a,
Chtng minh:
, 111 1
Taco: (@ +a,+a, +..+a )| —+—+—+..+—
al a2 a3 an
a, a a, a a a a, a a a a
SSS7I o) [ S Y e UUR: of (R LRy Y G A ) e IS S o (e
& 4 43 4 a, 4 43 a4 a, 4 4, a4,

>n+2(-1D)+2(n-2)+2(m-3)+..+22+2 =
n(n- 1)
2

2 2
=n+n -n=n

n+2[l+2+...+(n- 1)] =n+2X%

Dau “="xayra < a, =a, =a; =... =a,.
Vi du 8: Cho x;y;z >0, Chitng minh rang:

x+y+z>§

y+z z+x x+y 2

* Tim cach giai: Ta thay néu cong 1 vao mdi hang tir & vé trai, sau khi quy dong mau ta thay xuat hién nhan

tir chung (x+y+2). Vi thé ta bién dbi vé trai bang cach thém bét cung s 3 dua vé cac dang toan di ching

minh.
Gidi
Bién d061 veé trai ta co:
X z X
Yy = 14— 1|+ +1]-3
y+z z+x x+y |(y+z Z+x X+y

1 1
+

_ x+y+Z+x+y+Z+x+y+Z
y+z z+x x+y

-3

-3=(x+y+2z)

Vv+z Z+Xx xX+y
1 1 1
+ +
v+z z+x x+y

:%[(H W+ (4 2)z+3)]

[Ap dung két qua vi du 7b voi (x+y) =a;(y +2) =b;(z + x) =c].
Vidu 9: Cho @,b,c >0 chimg minh rang:
a) (a+b)(b+c)(c+a)=8abc

2

I 1 1
_

ab bc ca

1 1 1
+ +

>4
a+b b+c c+a

b) 3

* Tim cdch gidi: Dé c6 (@a+b)(b+c)c+a) thir xét (a+b) (b+c) (c+a) vita co (x+y)2 >4xy (bt

dang thic Cauchy).
Gidi



a) Taco (a +b) >4ab. Tuong ty (b +¢Y =4bc; (c+a) =4ca.
Do a@,b,c >0 nén 2 vé ciia ca ba bat dang thirc déu duong nén ta nhan vé voi vé duoc:
(a+b)Y (b+c) (c+a) =64a°h* = [(a +b)(b+c) e+ a)] ’ E[SabC]2

= (a+b)(b+c)c+a)=8abe do cac bidu thuc trong ngoic [ ] déu duong.

Dau “="xdy ra © a =b =c.

b) Taco 1 1 1 _a+b+c :8(a+b+c)

ab bc ca abc 8abc

Tur cdu a) da ching minh (a +5)(b +c)(c +a) =8abe ta co:

1 1 1 8(a+b+c)

e —t— >
ab be ca (a+b)b+c)c+a)

111 4(a+b)+4(b+c)+4(c+a)

b e T Gean)broera)

sal Ll 8 + 8 + 8 1)
ab be ca)] (b+c)e+a) (c+a)a+b) (a+b)b+c)
1 4

sihen (@+b) =dab e —>—— ..
Mait khac ab (a+b) tuong tu ta co:
RIS S IR SRS TOU SO SN SDRN SR B
be (b+c)y ac (c+a) ab bc ca (a+b)y ((B+c)y (c+a)
Cong vé véi vé caa (1) va (2) ap dung hang dang thirc ¢ vé phai:

1 1 1

Ayt 2+ 2xp+2xz+2yz =(x+ y+2) véi x = ;Y= ;z = ta co:

y zZ y A yZ y z VO1 a+b y b+c cta

11 1 1 1 1)
3 —+—+— | >4 + + (3) (dpcm

ab bc ca a+b b+c c+a (dpem)

Dau “="xay ra © a =b =c.

S B I
. . A=—+ + +...+ > *
Vidu10: Cho & =5 ™ o 3™ 1317 Gn+ Dn +5) Y@ "EN™.

1
Chy inh 4<—.
ung min 20

* Tim cdch gidi: Bai toan c6 sd tong quat n véi n€IN*. Ta c6 thé chimg minh bang quy nap toan hoc. Tuy
nhién timg hang tir ctia A c6 quy luat c6 thé phan tich sau d6 rat gon nén ta sir dung phuong phap tong hop.
Gidi

Nhan xét: voi k €IN*



1 1| @k+5)- (4k+1)| 1( 1 1

4k + D@k +5) 4| @k+D@k+5) | 4|4k +1 4k +5
Dode: A=ttt 1 1 o1 1
00 TS 979 13 " 4n+l 4n-5) 415 4n+s5) 20

Vi du 11: Chimg minh rang Vx€R:
|x +1012| +|x - 1004| 2016
Gidgi
Ap dung bét ding thirc |a +b| <|a|+|p|
x+1012|+|x - 1004| =[x +1012[+[1004 - x| =[x +1012+1004- x| =2016 .

Dau “="xayra < - 1012 <x<1004.
C. Bai tap van dung
21.1.

b . .
a) Cho A=%+—.Ch1’rngminh A=2néuab>0 va A <-2néu ab<0;
a

2
a+b+c

3

2 2 2
b) Chimg minh Va,b,c thi 2 *¢ 5

3

3
a +b

atb) _ - Vab20.

¢) Chirng minh

Hwéng din giai — dap s6
a) Véi ab>0.Tacod (a- b)Y =0 o* +b* =2ab
Chia hai vé cta bét ding thirc cho ab >0ta c6

2 2
@ +b 2@4: g+é22.Déiu“=”xé1yra@a:b.
ab ab b a

Véi ab<0.Taco (a+b) =0 < a* +b> =-2ab . Chia hai vé ciia bit déng thirc cho ab <0 ta co

a’+b*> -2ab a b
< o+ <=2,
ab ab b a

Dau “="xayra < a =-b.

b) Ching minh: Tir (a - bY +(b- ) +(c- a) =0
= 2(a® +b* +¢?) =2ab +2ac + 2bc

= 3(a? +b2 +c2) =a +b* +c* +2ab + 2ac + 2be
= 3(a? +bp* +c*) 2(a+b+c)

Chia 2 vé ciia bat ddng thirc nay cho 9 ta ¢ dpem.



Dau “="xdyra < a =b =c.

3
a+b

@ +b _a +3a’b+3ab’ +b - 4a’ - 4B

¢) Xét hiéu
2 8

-3a2(a- b)+3b*(a- b) _-3(a- b)@* - b*) -3(a- bY (a+b)
- 8 - 8 - 8

<0 véi a,b =0,

Dau “="xayra < a =b.
21.2. Ching minh rang:
a) at+b*+c* +3>2(a+b+c), Va,b,c;
b) a+b*+c*+d* =a(b+c+d), Ya,b,c,d .
)@’ +b’+c’ +d>+e’ =alb+c+d+e), Ya,b,c,d,e
d) @’ +b’ +c* +d’ +ab+cd =6, Ya,b,c,d >0 va abcd =1.
Huéng dén giai — dap sb
a) Ta c6 néu nhén, chuyén vé, tach 3 =1+1+1 thi xuét hién a*- 2a+1=(a- 1) .... Do d6: ta co
a’+b*+c* +322(a+b+c)
o a’-2a+1+b-2b+1+c" - 2c+1>0
o (a- 17 +(-1) +(c-1) =0 dung.
Dau “="xayra © a =b =c =1.
b) V& phai co ab+ac +ad . Néu nhan 4 vao hai vé, chuyén vé va tach 44> =a® +a* +a*> +a° két hop véi
céc hang tir khac s& xuat hién hiang dang thuc.
Do d6 Nhan hai vé v6i 4 ta dugc 4a” +4b* +4c* +4d> >4ab +4ac +4ad
o (a-26) +(a- 2¢) +(a- 2d) +a* =0 ding,
Dau “="xayra < a =b =c =d =0.

2 2 2 2
a a

¢) Nhan xét: ab 22%.[); ac =2.%.c; ... do d6 ta nghi tGi viéc tach g* thanh % +T +7 +aj dé ghép voi

2 2 2 2 r
b ,c”,d",e". Tacd

A+ ++d* =a(b+c+d+e)

a’ 5 ? 5 a’ s a’ 5

= -ab+b |+ -ac+c |+ -ad+d |+ -age+e | =0
4 4
a > (a > la > (a ?

e [E-b +|—-c| + E-d +|—-e| =0 dung.

* Chii y: Cach khac: Néu nhan hai vé véi 4 ta bién d6i twong dwong thanh



(a-2b) +(a- 2¢) +(a- 2d) +(a- 2¢)’ =0 dung.
d) Véi a,b,c,d >0, ap dung bat dang thirc Cauchy:
a® +b* >2ab; ¢* +d* =2cd do do

a?+b*+c +d* +ab+cd =3(ab+cd)

Do abcd =1= ab +cd =ab +Lb >2 . Ta cd dpem.
a

21.3.

3 _ 3 3 _ 3 3 _ 3
a) Cho a.b.c #0. Chung minh a 2b + b 2C LC-a
ab bc ca
b c
et
a+b b+c c+a

>1,

b) Cho a,b,¢ >0 . Chimg minh

Hwéng din giai — dap s

3 - 3 2 r 2 r 2
2) Nhan xét £ =% -2 Do 46 bt ding thirc bién déi thanh
a

ab> b
a:+b:+C: 2é+5+3© 2121 +2 b +21 & >2.é+2.£+2E
b> ¢ a a b c c a a b c
al’ (b a b a
Ap dung bat dang thirc x° +y° >2xp ¢o | —| +|— 22.5.— =2.—.
c c c

Xét twong tu 161 cOng v€ vai vé cac bat dang thirc cung chiéu ta dugc dpem.

b) Vi a,b,¢ >0 nén a+b+c>a+b>0.Dung phuong phip lam troi

= 2 < “ . Tuong tu b < b va € < - . Cong vé véi vé ba bit dang thirc cung
a+b+c a+b a+b+c b+c a+b+c c+a
chiéu ta duoc
a b c at+b+c
a+b+b+c+c+a>a+b+c:1'
21.4.
a) Chirng minh Vx,y >0, ta co SL"‘L;
x+y 4x 4y

b) Ttr 46 chimg minh Va,b,c >0 ta co:

4 4 4 1 1 1
+ + <—4+—+—
2a+b+c 2b+c+a 2c+a+b a b c

Huéng dén giai — dap sb
a) Bién d6i tuong duong: Vx,y >0

11 1 1 _x+y

<—+—< <

< o (x+y) =4xy
x+y 4x 4y x+y 4xy




e X +2xp+)t 24y o 17 - 2xp+ )t 20 (x- y)2 >0 dung.

Dau “="xayra © X =y,
b) Ap dung bat dang thirc vira chimg minh ta c6:

1 1 1 1 1 1 1 1
— <+ -+ <—+—+— (1)
2a+b+c 8a 4(b+c¢) 8a 4b+4c 8a 16b 16¢

Tuongty — <4+ 4 1 ()
EY htc+a 8b 16c 164
1 o1

<

— <—+—+—  (3)
2c+a+b 8¢ 16a 16b

Cong vé voi vé cua ba bat dang thuc cung chiéu (1); (2); (3) ta duoc:

1 1 1 1 1 1
+ <—+—+— hay
2a+b+c 2b+c+a 2c+a+b da 4b 4c

4 4 4 I 1 1
<—+—+—

+ + <
2a+b+c 2b+c+a 2c+a+b a b ¢

Dau “="xayra < a =b =c.
21.5. Chiing minh:

a) a +b* +abc =ab(a+b+c) v§i a,b,c >0;

b) & +b* +¢ =3abc vé6i a;b;c =20 ;

o) 8(a* +b* +¢*)=(a+b) +(b+c) +(c+a) véi a,b,c >0,
Hwéng din giai — dap sb

a) Xéthieu @’ +b° +abc- ab(a+b+c)=(a+b)(a- b) =0

b) Xét hicu @’ +b” +¢’ - 3abc =(a +b+c)a® +b> +¢* - ab- ac- be)

(a- b)2+(b- 0)2 +(c- cz)2 >0
2

=(a+b+c).

¢) Bién dbi thanh

M +0)- (@+b) +4(B* +)- (b+c) +4( +a°)- (c+a) =0

Xeét 4(a” +8)- (a+b) =(a+b)[4(a* - ab+b7)- (a+bY |
=3(a+b)(a- b) =0.

Tuong tu voi 4 +)- (b+c) va 4(c +a’)- (c+a) ta suy ra dpcm.

21.6. Cho a,b,c 1a @6 dai cac canh ciia mot tam giac. Chirng minh

a) ab+c-a)+b*(c+a-b)+c*(a+b-c) <3abc;



b) a4 b +-C <2,
b+c c+a a+b

Huéng dén giai — dap sb
a) Vai tro a,b,¢ nhu nhau, khong mat tong quat gia st a =b >c >0 . Bién ddi bat ding thirc da cho dugc bat
dang thuc twong dwong:
a+b’ +c +3abc- a*(b+c)- b* (c+a)- ¢ (a+b) =0
< a’ +b’+c +3abc- a’b- a’c- b’c- b*a- c*a- *b >0
= a’(a-b)+b*(b- a)+c(2ab- a’ - b:)+c(c2 - bc+ab- ac) >0
= (a- b)(a2 - bz)- c(a- b)2 +clc-a)(ce-b)=0

o (a-bY (a+b-)+cla- )b-¢)=0.

Hién nhién dung vi a =b; a+b>c; a =c; b 2c¢ >0,

. That vay xét hi¢u

I y X X X+
b) Truéc hét ta chimg minh véi Xx,y,k 13 cac sO duong va ;<1 thi ;< "y

X x+k _k(x- y)
y y+k y(y+k)

<0 do y(y+4)>0 va x- y<0 (do gia thiét X <).

Do a<b+c; b<c+a; c<a+b nénta co:

a a+a b b+b c c+c
< ; < ; <
b+c b+c+a c+a c+a+b a+b a+b+c

Cong ve voi vé ba bat dang thure cung chiéu ta dugc:

a b c 2(a+b+c)
+ + < =2.
b+c c+a a+b a+b+c

21.7.
a) Chimg minh (2x- 3)(2x- 6)(2x- 7)(2x- 10)+36 =0 D4u “=” x4y ra khi nao?
b) M =x°- x4+ x*- x+1>0 Vx.
Huéng din giai — dap sb
a) Nhan xét: néu nhan (2x-3) véi (2x-10) va (x- 6) voi (2x-7) s& clng xuat hién 4x> - 26x . Do d6
c6 thé dit bién phu. Bién doi vé trai
(2x- 3)(2x- 6)(2x- 7)(2x- 10)+36 =(4x> - 26x +30)(4x* - 26x+42)+36
Dit 4x*> +26x+36 =y taco: (y- 6)(y+6)+36 =)7 - 36+36 =)” =0.
Diu “="xayra & y =0 < 4x*- 26x+36 =0 < 2x’ - 13x +18 =0

= (x-2)2x-9)=0< x =2;x =4,5 .



b) Taco M =x" (- D+x(x*-1)+1

*Véi x =1 nén ¥ >1= X' -1>0; x**®>1 dodo M >0 (1),

*V6i x<ltaco M =x""+x*(1- ¥ )+(- x)

Do 1>x nén 1>x* hay 1- x*” >0; 1- x>0; x*°>0; x* >0 nén M >0 ().

T (1) va (2) = dpem.
21.8. Cho @,b,¢ >0 ching minh rang

a b c a+b b+c c+a 15
+ + + + + >
b+c c+a a+b c a b 2

Huéng dén giai — dap sb

Ta co:
atb brc cta _|a bl fa el 224242=6 (1)
c a b b a c a c

Theo ching minh & vi du 8 thi:

a + b + c zi 2)
b+c c+a a+b 2

__9

Tir (1) va (2) suy ra dpem. Dau
Céch giai khac:

xay ra khi a =b =c.

Pit 4=—%+ b L_C +a+b+b+c+c+a
a —_—
) b+c c+a a+b c a b

Tacd 24 = 24 + 2b + Zc +2

b+c c+a a+b

a+b b+c c+a
+ +
c a b

2a 2b 2c
+ +

_ 1+3
b+c c+a a+b

2 2

at+b b+c c+a
+ +

c a b

+

2a b+c
+ +
b+c 2a

2b  c+a
+ +
c+a 2b

2¢ a+h
+
a+bh 2c

3
+=

2

c
F—F—F—+—
¢c a ¢ b

b a ¢ b
+ +
a

a
. b

. ) _ 1
Ap dung bai toan: véi x >0 thi x+— =2 ta co:
X

24 22+2+2+%(2+2+2)=6+9:15=> AZ%S,

Dau “="xdyra < a =b =c.
* Can tranh sai lam sau day khi giai bai toan nay:
a b c a+b b+c c+a
A= + + + + +
b+c c+a a+b c a b

a b+c
+
b+c a

b c+a
+
c+a b

c b+c
+
a+b a




1 : % N S S ST = a4
Do x+— =2 v4i x>0 nén 4=2+2+2 =6 két qua sai. Sai lam ¢ cho néu xét riéng timg cap thi ding
X

nhung xét dong thoi ca ba cip sb thi ddu ding thic khong thé xay ra vi khi Ay
a=b+c;b=c+a; c=a+b= a+b+c=2(a+b+c)vo ly.
21.9. Cho X; %52 1a cac s6 duong. Chirng minh rang:

9
CXx+y+x’

21+1+1

x+y y+z z+x

Hwéng din giai — dap sb

| 1 |
+ +

x+y y+z z+x

Bién dbi thanh [(x+y)+(y +2)+(z+x)] >9

bit x+y =a; y+z =b; z+x =c ta dugc

1 1 1
(a+b+c)| —+—+= >9 . (Ban doc ty lam twong tu vi du 7).
a c
21.10.
2016 2016 2016 2016
a) Chung minh + + +.+———<1008;
1.3 3.5 5.7 2015.2017

b) Biét n!=1.2.3.....(n- Dn (n€IN*) Chimg minh G <1 véi
1 2 3 2015

ot
2! 31 41 2016!

. Ly . . 5
¢) Chuing minh v&i moi sO ty nhién n =1 tacd H < 1

,.H—i+L+L+L+ +¥
VO1 12 32 52 72 (271-1)2.

Hwéng din giai — dap so
a) Pat B :L+L+L+“.+;
' 1.3 35 5.7 2015.2017

thi2B:1-l+l-l+...+ ! - ! =1-
3 3 5 2015 2017 2017

b) Nhan xét véi k €IN*; k >1 ta co:

k-1_ k-1 k11 1
k' G-Dk G-D% G-Dk (k-1 k!

<l= dpcm

Dod(’)G:l-l+L-L+...+ L1 =I- : <1.
1 2t 21 3! 2015! 2016! 2016!

¢) Ta lam troi bang cach tir hang thi hai ctia H ta bét mdi mau s6 1 don vi.



<i+ ! + ! +..+ !
2 31 5-1 7 (@n-1r-1

1 1 1
—+

21.11. Ching minh:

! < 1_, + 1_’ + 1’ +...+ ,)1 < ! .
2016 2015 +1 2015 +2 2015°+3 2015 +2015 2015

Hwéng din giai — dap s6
Nhan xét: 2015” +2015 =2015(2015+1) =2015.2016
1 1 1
: < < ;
20152016 2015 +1 2015

1 1 1
< < .
2015.2016 2015 +2 2015%°

1 1 1
< < :
20152016 2015* +3 2015°°

Ta co

1 1 1
= < X
2015.2016 2015* +2015 2015°

Cong vé voi vé cac bat dang thic trén ta co:
2015 <S < 20152 hay 1 <S< 1 .
2015.2016 2015 2016 2015

= ! + ! + ! +...+ ! }
20157 +1 20157 +2 20157 +3 2015% +2015

Véi S

21.12. Tim céc sd nguyén X, ,Zz,! thoa min bét dang thirc:

X+ Y+ + 0 +13<xy+3y+2z+6¢.

Hwéng din giai — dap s6

Do x,¥,2,t € Z nén ta co:
X' +y 427+ +13- xp- 3y- 2z- 6t <0
e (¥ - xy+0,25y2)+(0,75y2 - 3y+3)+(22- 2z +1)+(2 - 61+9) <0
o (x-0,5y) +3(0,5y- 1) +(z- 1Y +(1- 3)’ <0
= (x,y,z,t) =(1;2;1;3).

21.13. Chig minh rang véi moi s6 ty nhién n >2



1 1 1 1 37
S =1+ + + +o+—>
n+l n+2 n+3 2n 24

Huoéng din giai — dap s6
Ta chimg minh bang phuong phap quy nap toan hoc:
1 1 19 _37

-V6i n=2 thi S, =l+-+—=—>— dlng.
3 4 12 24

. s 37
- Gia st bt ding thirc dang véi n =k (k€N,k =2) tacla S, >£.

(s 37

Ta chirng minh bat dang thic dtng vai n =k +1, tac la S,,, > 1
1 1 1 1 37
+ + Fo—>
k+1 k+2 k+3 2k 24

1 1 1 1
+ + + +...+
k+2 k+3 k+4 2k+2

§ Sy Sy m e = ; >0
Do dd 2w ™ o = T i T kel 2Ge+ D)2k +1)

That vay: S, =1+

S

k+1

=1

37 (e
Suyra S, >S5, > - Vay bat dang thurc ding Vn =2 .

21.14. Chimg minh ring néu x| <2; |y|<2 thi ‘Z(X + y)\ <[4+x|.
Huéng din giai — dap sb

Do |x| <2

y[<2 nén x* <4; y* <4

Nghia 1a (4- ¥*)>0 va (4- »?)>0.

Taco: (4- x*)(4- »?)>0.

Ma (4- x2)(4- y?) =16+x%p? - 4(x? +y?)

—(16+8xy+x37)- 4(x + 2094 32) =@ xp) - [2(x+3)]* >0,
Do do: (4+xy) >[2(x+y)]" . Hay [2(x+ ) <[4+,

21.15. Ching minh rang néu a,b,¢ 13 ba sb thoa man diéu kién:

abc >0 1)
a+b+c>0 )
ab+bc+ca>0 (3)

thi @,b,¢ 1a ba sé duong.
Huéng dén giai — dap sb

* Ta su dung phuong phap phan chung:



Gia sir trai lai, trong ba s6 @,b,¢ c6 it nhat mot s6 khong duwong. Do vai trd ctia @,b,¢ nhu nhau nén khong
mat tong quét ta coi @ <0 . Nhung theo (1) a phai khac 0 viy a <0 vatacd bc<0.

Theo (3) ab+bc+ca =a(b+c)+bc>0 nén alb+c)>-bc>0

Ma a<0 nén b+c<0 suyra a+b+c <0 trai voi (2)
Vay a,b,c phai la ba sé duong.

21.16. Chiing minh rang véi moi sd tuy nhién 7 >2 ta co:

Hwéng din giai — dap sb
Bai toan c6 thé giai bang phuwong phap quy nap toan hoc (ban doc tu chimg minh). Cach khéc 1a ta sir dung

1
2"-1°

tinh chit bic cau, lam troi biéu thic hodc ting nhom cua biéu thirc: Bat 4 =1+ 5 + 3 +...+

[ 1 1
+ ot —
2} 15

Ta lam trdi & timg nhoém bang cach thay cic phan sb trong nhom bang phan sb 16n nhit ciia nhom, ta cé:

a) Ching minh 4 <n

11 1 1
e b = S
2 3 2°

1 1

+ +..+
2.-1-1 211_ 1

Taco: A =1+ +..+

A<1+l.2+L.4+L.8+...+L.2”'1 =l+1+1+...+1=n.
2 2 3 211—1
b) Chung minh 4>n:2.Ta co:
1 1 1 1 | | 1 1
A=l+—F | ot |+ oFr— [+ b [ ——— |- —
2 (3 2 5 2° 9 2 2" +1 2" 2"

Thay mdi phén s6 trong timg nhém bang phan s nhé nhét trong nhém ta co:

A>l+%+i2.2+L.22 st Ly Lon

2° 2" 2" 2 2" 2
Vay g <A<n.
21.17. Véi bdn s thue a,b,¢,d hiy ching minh:
(+ab) +U+cd) +(ac) +(bd) =1
(Pé thi Olympic Todn hoc Thanh pho Léningrat, nam 1985)
Huéng dén giai — dap sb
(A+ab) +U+cd) +(ac) +(ba)
=1+2ab+a’b* +1+2cd +c*d* +2(ac).(bd) + (ac) - 2abed +(bd )
=1+ +ab+cd) +(ac- bd) =I.

21.18.



3 3

a)Cho A =——+
l1+y 1+x

trong d6 X, 1a cac s6 duong thoa xy =1.

Chimg minh rang A >1.
(Pé thi chon hoc sinh gidi Todn 9 quén 9, TP Ho Chi Minh, ndm 2011 — 2012)
b) Cho ba s6 duong 4,b,¢ chimg minh
Ba+b)Q2c+a+b) <Qa+b+c).
(Dé thi chon hoc sinh gidi Todn 9 quén 9, TP Ho Chi Minh, ndm 2012 — 2013)
Hwéng din giai — dap s6

a) Do xy =1 nén

IS G G E b a () - 2007 e G ) - y?)
l+y 1+x (1+x)(1+y) l+xy+x+y
24 .2 2_2+ + 2 g 12
24 ) -2+ G )& e ) ¥ 4y’ =2xy =2
l+l+x+y
4-2+(x+y)2-1) 2+x+
Do dé A= J =2V oy (dpem),

24+x+y 2+x+y
b) Ap dung bét dang thirc 4xy <(x + y)2 ta co:
4GBa+b)Qc+a+b)<@a+b+2c+a+b) =4Qa+b+c)

= Ba+b)2c+a+b)<Qa+b+c) (dpcm)
21.19. Cho XY 14 hai s6 thuc duong. Chirng minh rang:
(1 +x2 )(1 + y2 ) Z(x +y)(1 +xy),

(Pé thi tuyén sinh vao 16p 10 chuyén trieong PHSP TP Hé Chi Minh, nam 2012 — 2013)
Huéng dén giai — dap sb

aE+h )
ta co

Ap dung bt dang thic ab <

G+ y) +U+xp) _(1+x2)(1 +37)+2x.2y
2 2

<(1+x2)(l+y2)+(1+x2)(1+y2)
N 2

(x+y)(1+xy) <

:(1 + 12 )(1 +y2):> dpcm.

21.20. Chiing minh o° +5° >a°b* +a*b’ biétrang a+b =0.
(Dé thi tuyén sinh vao 16p 10 chuyén tinh Pong Nai, ndm 2012 — 2013)
Huéng din giai — dap sb

Xéthiéu a5+b5- a3b2_ azbs :az(az_ bz)_ b3(a2- bz)



=(a2 - 192)(613 - bz) =(a- b)2 (a +b)(a2 - ab+b2)20

do a+b>0: (a- b)Y >0 va a>- ab+b* =

21.21. Cho ba s6 duong a,b,¢ théa man abc =1. Ching minh rang:
1 1 1 1
+ + <—.
a’+2b°+3 b +2c°+3 S +2a°+3 2

(Pé thi chon hoc sinh giéi mén Todn 9 tinh Bdc Giang, ndam 2012 — 2013)

Hwéng din giai — dap s6
Taco: @ +2b>+3 =(a® +b>)+(p* +1)+2 >2ab+2b+2 .

Tuong tu: b* +2¢*> +3 >2bc +2c +2
¢ +2a* +3>2ca+2a+2.
Do d6

, 17 . lq . 11 gl 1 . 1 . 1
a +2b"+3 b +2c+3 ¢ +2a +3 2lab+b+1 bc+c+l ca+a+l

V6i abe =1 thi

1 1 1 | ab b
+ + = + +
ab+b+1 bc+c+l ca+a+l ab+b+1 b+l+ab l1+ab+b

=1= dpcm.

21.22. Cho céc sé duong *>V théa min x- y =x° + )’
Chung minh rang x* +y° <1.
(Pé thi tuyén sinh vao I6p 10 THPT chuyén tinh Bdic Ninh, nam 2013 — 2014)
Hudéng din gidi — dap s6
Tir gia thiét = x- y>0= x- y=x’ +)" >x°- p* =(e- p)a? +xp+ 7).
vay x- ¥ > (- ) +xy+y?) = P +ay+ P <12 22 +)7 <1 (dpem),
21.23. Cho ba s6 dwong *»¥>Z . Ching minh rang:

X y z 3
+ + <=
2x+y+z x+2y+z x+y+2z 4

(Dé thi tuyén sinh vao 16p 10 chuyén truong PHSP TP H6 Chi Minh, ndm 2013 — 2014)

Huéng dén giai — dap sb

Tt 4ab <(a+b) < 1 1
a+b 4

1 1
PR B
a b

voi a>0;b>0

X X X

1 1
= <= +
2x+y+z (x+y)+(x+z) 4

x+y x+z

Ta co




z

X+2y+z va x+y+2z

Tuong tu voi

x y z X v

— + <= l - 1 yi_1 + 1 z| 1 + 1
2x+y+z x+2y+z x+y+2z 4(x+y x+z| 4(yv+x y+z| 4lz+y z+x
1| x+ X+ + 3
= S A AN (dpcm).

4l x+y x+z y+z| 4
21.24.
. . . 1 1
a) Chirng minh rang néu x =y =1 thix"‘;Zy"‘;;
. . 1 1 1
b) Cho 1 <a,b,c <2 chitng minh rang (a +b +c¢) _+Z+_ <10,
a c

(Pé thi tuyén sinh vao I6p 10 THPT chuyén Tran Phii, Hai Phong, nam 2013 — 2014)
Huéng dén giai — dap sb
1 1 0o (x- )Gy-1)

1 1
a) xt—=y+—< x- y+—- —=0
X y Xy Xy

>0 ding vi x =y =1,
b) Do vai trd a,b,¢ nhu nhau, gia st 1 <a <b <c¢ <2;
y b c . 2
Dait x=—; y=—v6i 1 =x;y <2; xy <2= y <—,
a b X

Xét hiéu hai vé va ap dung két qua céu a) ta co:

(a+b+c) LS R ) DT R I I y_,_l + xy_,_L _ 7
a b ¢ X y Xy
slx+— |+ %+£ + 2+1]- 7:L+§-2:MSO
x X 2 2 x 2 2x

Dau “=" xay ra < x =1 hodc x =2 dong thoi xy =2
< (a,b,¢) =(1;1;2);(1;2;2) va cac hoan vi.
21.25. Cho hai s6 thuc @ va b théa mén a +b =2 . Chirng minh rang:
a’+b> <a* +b*.
(Dé thi vao I6p 10 chuyén Todn truong PHSP TP Ho Chi Minh, ndm 2014 — 2015)
Huéng dén giai — dap sb

Taco (a+b) <(a+bY +(a- b)Y =2(a* +5*)
Tuong tu (a® +6*) <2(a* +5*)= (a+b) (&> +5*) <4(a® +6*)(a* +b*)
Ma (a +b)2 =4 = (a2 +:bz)2 S(a2 +b2)(a4+b4)=> a’ +b* <a' +b",

21.26. Cho a,b,¢ >0 théa min abc =1. Chiing minh rang:
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(Dé thi hoc sinh gi6i 16p 9 truong PTTH Tran Pai Nghia, TP Ho Chi Minh, nidm hoc 2014 — 2015).

Hwéng din giai — dap s6
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Ap dung bat dang thirc ry SZ ;+; voi X >0; ¥y >0 va st dung gia thiét abc =1 ta co:
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ab+a+2 4\c+1 a+1 ’ uongtubc+b+2 4la+l b+l ’
_ Sl L+L (***)  Cong vé v6i vé clia ba bit ding thirc cung chiéu (*), (**) va (***) ta
catc+2 4\b+1 c+1 i ’
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