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SU DUNG TOA PO VECIO
DE GIAI MOT SO BAI TOAN BAI SO

PO THANH SON
(GV Khoi chuvén Todn — Tin, DHKHTN - DHOG Ha Nii)

Bai viét ndy dé cip mdt phuwong phip gisi mét s dang toan vé
dai s& nhu chimg minh bét ding thire, tim gid trj nhé nhit cia biéu
thirc chira céc can thirc bic hai, giai phuong trinh, ... Vin d& nay
khéng maéi! Ban dge ¢6 thé da biél trong mét s6 i liéu hign hianh
{dudi dang cic bai Wp), nhumg con tin man chura duge hé thong.
Bai viét ndy cd ping hé théng hoa vén dé, gitp ban doc ¢6 thé vén
dyng phuong phip xdc dinh 10a d§ vecto, hodic wa 4 digm giai
quyet cdc dang todn ndi wén. Trde hét ching ta nhac lai vai diém
co bin vé vecto trong hé toa dd Descartes vudng goc vy,

Cho ba vector i = (x.. »i)i ¥ = (%, 3a¥ L gidi. Vé trdi coa BDT co thé viét dudi
.I.'- = (xs, 1) thoa T:nujifi: kign i@+ ¥ +3#=0  dang Joea 1P +14yf(x-1? +1. Trén  mat

|14 WwW=n+v . 1 do 2 . =
( B?;‘f dai céc vec]tfr iV, lan lugt 12 I:h :'E?I iT] .;j]i ;'&(E'}ézfg‘;.nx:i a5 {;‘é?r:;:i!'; ”'
O e UL = T SN re-vrr P v e vrr NN

Ta biét ring vai diéu kign (*) thi u+v2w Ty BDT tam gidc u + v 2 w ta ¢6 diéu cén
hay m+m > m _ chig minh. Ding thirc xay w khix=0.

Diing thirc xdy ra khi va chi khi i 17+, hay ;:;:;;}”Tié:: iR AR Oy
220 Két qua db goi cho ta thiét lip méi

7
Y2 Yo v2b? -ﬁ&+9+J2b1 —E]-J'i"l+%

quan h giira cac bidu thirc dai s& trong bai toan
15413
13

dang xét1 véi d§ dai cua cic vecto trong mit 1 1342
phing toa dg. + 5 -
Phwong phdp. Khi gdip cdc bai todn dai s6 A . HP—
ma mai hidy thite deri dew cdn bdc hai Lavi gidi. Ta bién dbi céc biéu thirc
JANB.... diege biéu dién dwdi dang tong cia ‘.'ﬂ}z —6b+9 = J{:E +[b~3'.'! :

hai binh pheomg NA={R + & NB=|B+B.. T —
Ta thiét ldp céic vecto cé tpa d thich hep trén J:b’ oo o J{b ~a) +[b -i] :
hé truc tpa do Descartes Oxy sao cho dg dai « 3 9 , 3

cde vecter 36 tirong 1img bing JA JB.... Sau ds

nghi¢m lai rang tong cdc vecle bang vecto e
khdng fhode ¢ mot vecio biing tong cde vecto B (2, 0) v lip cic vecto AN = (b, b-3);
can igi), roi sue dung bar dang thiec (BDT) vé dg s Y
dai ba canh clia tam gidc hode BDT vé do dai MN = [h—a,b“—]; BM =[a-2,—].
dwimg gép khiic dé di dén két qua bai todn. 3 3

Pé lam rd cho phuong phép, ching t8i xin Khi do AN = B2+ (630 ;
dura ra mit 50 thi du minh hoa sau ddy. : Vb +(b-3)

. ; 3 : 2
Thi dy 1. Chimg mink rdng véi moi sd thye'x oy _ J{h+u}1+[b _E] it T et
taco Nx® + 2x+ 245" —2x+22 243, 3 9

da+4 =

(n

Xét céc diém M(d.—?} s N(b.B):A4(0,3);
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Gia sir M, la diém dugc xac dinh bgi
BM= -2BM, (2) ; (d) la duémg thing co
phrong trinh (PT) : 2y — 3y = 0 di qua M ;
(d? ! (d) v () di qua M,. Tir (2) 1a xac dijnh

duge MM, = %BM va PT cia (d) la
2v - 3y~ 9 = 0. Goi H la giao diém cia (") véi

AB. ta thay AB L (d") tai H va AH = ”'I';ﬁ,
Theo BDT vé dé dai dirimg gap khiic 1a ¢6
15J13
13
BDT (1) duge chimg minh. Dﬂng thirc xdy ra
khi M la giao diém cia (d) v&i AB, con N la

giao diém cia AB véi dwong y = x. Toa d6 cla
M la nghiém cha hé PT :

3x+2y-6=0 18 12
§ ¥ Etatfiies
][ 2x-3y=0 (lJ‘Is
Toa dd cua N la nghiém cua hé
Jx+2y—-6=0
{ = N[E.—ﬁ).mcdéb= 9
y=x 5'5 5
Tém lai, ding thire xay ra khi va chi khi
18 6
gy |22 2
@v=(55:5)

Thi du 3. Tim gid tri nho nhit cwa ham s6

AN+ NM + MM, 2 AM, 2 AH =

],[in:dl’a a= 1—
13

Fix) = 2 |cosx|+|sinx + cosx]|.

Lii giai. Trén mdl phﬁng tpa 46 Oxy, 1a
chon diem A(cosx, 0); B(0, cosx) : C(-sinx, 0)
va lip cic vector AB = (—cosx, cosy) ;

C = (~sinx, —cosx); CA = (cosx + sinx, 0).

Taco AB= 2 |cosx| ; BC = 1,
con CA = [ginx + cosx|. Theo BDT tam giac
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AB + CA = BC, suy ra Flx) = 1. Do db gia trj
nho nhat cua ham so F{x] la 1, dat duge khi va

chikhicosx=0¢> x = E+kn(t e L)

Thi du 4. Giai phieerng 1rinh

I\f:t‘z -2x+ 5—\{;‘! —6x+10 | =

Li gidi. PT da cho co theé viét lai dudi dang
Joe-1?+a—Jx-32+1|=d5 ()

Trén mjt phing toa dé Chy, lap céc vecto
i=(x-1,2), ¥i=(x-3, 1), suyra w=ii-v=

2, 1). Hién nhién ring w = 5. Ap dung BDT

lam giﬁc taco|u-vl<w(2) Tir(l),(2)ta

thay viéc giai PT (1) duge chuyén vé giai PT

IT-i = x = 3. PT nay co nghiém 1 = §, Viy PT

d3 cho ¢6 n,ghlf;m duy nhat x = 5.

Chung ta tiép e sir dung phtmng phap trén
viio bai toan chimg minh BDT vai cac bién rang
bude.

Thi du 5. Cherng minh
Jta—cP +(b-d )’ = —;[JTJ e +d"—]
trong do a, b, ¢. d la cdc 56 dwong thoa mdn
did kign |22 = I3,

ac + bd
Livi giai. Diéu kién rang budc cia bai ra co
b d
thé viét dudi dang | —4—5—| =3 .

b d
l+—.—

a ¢

h d

bitk)= — >0 k= — >0khido b = kya;
[/} c

d = kyc. Xét cac diém A(a. b) thude nira dudmg
thang v = kyx va Blc, d) thude nira dudmg thing
¥ = kax (véi x > 0) trén mat phing toa dd Oxy.
Trong tam gidc OAB (O la gﬂc topa d§) ma

AOB =60°1a c6 BDT : AB> E{c},nus],

trong d6 04 = Vo +b? : OB= c? +d? ;

conAB= Jla-c)? +(b-d) .

Tir d6 ta ¢6 diéu phai chimg minh. Pang thic
xnynkh:ﬂd=(?3c;a1+b =+ d. Db
két thiic bai bao xin mdi céc ban tyr thn‘ sirc
minh vd&i cac bai todn sau :
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1. Chirng minh ring :
a) Vx? +4+2vx? —dx+5 25

Vol mol x < % )

Ve a+ 2 2 2 1
yimoix = - E :

(#D: Chon A (0, 2} B(—1. —1): M (x, 0); cin
M, la dié¢m xéc dinh béi MB=2BM ).

e) Va? —4a+8 + 1052 — 18649 +

Jiﬂhl —2ab+a* = J29

v moi s6 thue a, b.
(HD: Chon A(0, 3). B(2, =2): M(b, 3h), N(a, D)

d) V10x7 —24x+16+J1337 —18xy+10x2
+ \,I'['I3_'|-'z —'ll’.‘¢_1-':+.3'2 +~~..|'I::2 —12z+40 = 62

viri mi x, v, =
(HD: Chon A(-2, 6); B(4, 0); M(0, =) :
N(2y. 3¥); P(3x, x)).

¢) Vs5b2 —8b+4 + J5b% —8Bab +5a>
+ 2Jsa? —dua+l= E—;@ vt maoi a, b,
2. Giai phuong trinh

lul'r.rl +4x+13 —J.‘I.’z —-2x+2[=35.
. Tim gia tri nhd nhat cia cac biéu thic
a) P = J2|sinx| +|sin x —cosx|;

BYO = 3? —dx+13+x% +6x+10 ;
) R=J4a? =2 3 +1 +;\I'r4:r:—2ﬁa+3.
{HD: Chon A(0. 13- B (J3.00: Mia. [3.an
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DUNG TINH CHAT TIEP TUYEN M
BA DUONG CONIC BE GIAI TOAN

PHAN CUNG BUC
(GV khai PTCTT. DHKHTN-DHOG Ha Noi)

! -2
Ba duimg cong Elip (E) : — S I Hyperbol (H} :
? 2 '
1—., n'll—d.zl va Parabol (P): " = 2px thudmg duoe goi chung la ba
o k-

dutmg conic vi do la ba nghi¢ém hinh thu dwgc khi ciit mat non
tron xoay [::[me} h:ﬁng, mot mit phiing. O bai nay, ching 161 su
dung cdc khai niém, cic ki hi¢u, eic phuong trinh (PT) dang chinh
tic... cita ching da duge xay dymg trong sach gido khoa (SGK).

Khi giai mét bai toan cé lién quan dén tiep
tuyén coa ba diromg conic, hoc sinh [hu—:’:rng ¢l
théi quen s dung I"humtg leap iai tich",
nghia I xuit phat tir PT cua ticp tuyen, viéL PT
cic duomg co lién quan, tim tpa dd cua mot
diém biang cich giai h PT hai duong di qua
du:m dd, tim quy tich cua diém chuycn dong
bang cach tim PT ciia dmmb quy tich... Day la
mot phurong ;}hép co ban, d-: trinh hﬂ_‘," nhung
thuimg niing vé tinh todn va ritt dé bi nham lan.
Do do, chang tdi mudn trac dbi thém mot
phl.mrng phap khac, do la "Phtmng phap hinh
hope". ':‘l'lun;= ta s& khai théc cac tinh chat hinh
hoe cia tiép tuyén dé ¢o i yal thudn tiy hinh
hoe, trmh ha} gon gang hon v it tinh toan hon.
Vi Ih:. s¢ tét kigm duge thon gian khi lam bai
v nhit i trong phong thi.

Co 56 Ii lugn caa phuong phip niy la dinh li
di dl.r';rt: trinh bay trong cac bo SGK ci, chﬁnj_..
han cudn Hinh hpc 12 (G5, Vin Nhu Cuong
chil bién).

Binh li. Cho diém M tiy ¥ thudgc i?':rrmg canic
(C) Goi (1) la tidp nvén qua M déi vei (C).
Khi do

1) Néu (C) la (E) thi (1) la phin gide ngodi
cua goc FLMF;.

2) Néu (C) la (H) thi (1) b phdn gidge trong
cua goc F M.

3) Néu (C) L (P) thi () la phdn gide trong
cua goc FMF;.

fH I hinh ..'J'H';.ie_r vricng goc cud M én didmyg
chwin (e,
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Cic két qua sau nhin dugc tryre ticp tir dinh li
trén, Co thé chung minh cac ket qua nay bing
phurong phip giai tich. Cac ban hiy the xem.

Két qua 1. (Néu (C) lér (E) hoge (H).

Goi Ep. Es theo thir e la cde dicm doi ximg
ciea Ky Fr qua (1) thi E;, M, F; thode E; M.
F ) thdng héing vi FiE» = F2E; = 2a
{xem h.l va h.2).

Hinh 2

Tir 46 néu cho M chuyén dong trén (6) thi
quy tich cia £y la dudng tron 1dm F> bdn Kinh
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2a (ki higu (Fy, 2a)) va coa E; la dwéng tron
(F): 2a). Ngoai ra, néu goi H\, H3 theo thir tyr 13
hinh chiéu vuong goc cua Ky, Fiy 1€n (1) thi quy
tich ciia Hy va Hy la dirdmg tron (€0, a).

Két qua 2. (Néu (C) la (P)).
Gpi H la diém
doi wime cua F
gua (1) thi H thude i
ducng chuarn fd).
Goi K ld hinh
chicu vuong pdc
cwa F lén (1) thi K
thuge  ftrue  fung
ih. 3). /
Biy gidr ching 1a
dwa mot vai thi dy

Hinh 3

minh hoa.
Thi dy 1. Gia s M la diém thude (E):
0

—,-+h—,=1 va (1) la tiép tuvén qua M dai véi
JERNY
(E). Dieong thang (d) qua O. vuong goc v ()
cat MF), MF> lan lwgt o My, M>. Tim quy tich
cia cdc diém My va M> khi M thay déi trén (E).
Liri gidi. (h.4). Vi khi M thay doi trén (E),
() L (¢) nén diFF\Ey din dén M3 ia trung diém
cua £,/ nén FaMp = éf-': £y =a . Viy quy tich
clia My la dwong tron (F: a)
E, $'

Hl
l--"'""'d‘TH

L ¥ -

A\ F, 0 r, '

fill

o

Hinh 4

Twong . quy tich coa My la dwdng tron
(Fy:a). ;

{Cac ban tr lam phan dao).

Thi du 2. Cho diém M ty v thuge (H):
2 .;.,:-'

=] va (1) la .‘hfp m,w."rr cria (H) qua M.

]

(1) cdr truc tung o N. Goi N), N> la hinh chiéu
vudng goc cua N lén MF;, MF; Chimg mink
duwdmg thang (N )Ny di qua mdgt diém cé dinh
khi M thay doi trén (H).

Liri giai.
(h. 5).
Buimg
thang qua F,
SONg song
vl MF; cait
N1N} tal E.
Tirdinh li
trén ta thay
AMNN; can
tai M suy ra
AEF\N, cin .
tai Fy = FE = F,N, md ANN,F, = ANN,F,
= F\N, = FyN2. Viiy F\E = FaNs, ddn dén i
giac F |£!-;N; la hinh binh hanh. Do do hai
dl.m'ng chéo cua nd ¢t nhau tai trung dlem cua
moi duimg. Vay NiN> luén qua diém O cb dinh
(dpecm).

Thi dy 3. Cho parabol (P): y° = 2px. Hay

dung dwomg (ron f{}',‘) vira m:p Xt vai tia Ox
tai tiéu diém F vira tiep xiic v (P).

Lii  piai.
(h. 6) Gia sur
dwrbng  1ron "
() tiép xli¢
voi (P) tai M
Tiép  tuyén
chung (f) ciaa
(P) va duimg
tron ((0)) qua
M ¢t truc
hoianh o N,
Do (n 1la
phén gidc trong cua AMF nén NMF=FNM .
Mat khic NM = NF nén ANMF déu, suy ra
MFN = 60",

Viy dlem M la giao diém cua (P) véi dm‘mg
lhﬁng <o dinh di gua F, lap vdi tia FO mit goc
60" vari (P). Tir d6 tim () xac dinh va suy ra
ciach dymg dudmg tron (). Bdi 1odn co hai
nghiém hinh d6i ximg nhau qua Ox.

Cac ban hﬂy gml |ﬂl cdc thi du trén bﬁng

phuong phép giai tich dé c6 su so sanh gilra hai
phuong phép.

Hinh 5

.

Hinh 6
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NHUNG CACH TIEP CAN
MOT BAI TOAN TU' NHIEU
GOC BO KHAC NHAU

NGUYEN DANG PHAT
(Hd Néi)

Trong ki thi chon hoc sinh gidi Qudc gia
THPT mén Todn, Bang A nam hgc 2004-20035
co mdt bai toan hinh hoc phang (bii 2) ma dé
va dap an da duge gidi thigu trén 1ap chi THTT
50 340, thang 10/2005. Bai viet nay giai thi¢u
vai ban doc nhimg cich tiép can va khai thac
bai toin db dudi nhitng gée dd khic nhau, Dé
ban doi: dé theo doi, trude hét xin nhic lai ni
dung dé toan.

Bai 2. Trong mdr phdng cho duimg tron (O)
tdm ) ban kinh R va hai diém A. B c6 dinh trén
dweemg tron do sao cho chiing khong thang hang
vari O, Xét mor diém C trén (O), C khong trimg
vii A va B. Dhng cdc deomg trom sau: (Oy) di
qua A va tiép xiic vai BC tai C, va (O3) di qua
B, tiép xiic voi AC 1ai C. Hai deomg tron (0)
va (Qy) cdt lai nhau @ diém D khdc C. Chimg
minh rdng :

{)CD <R,

2) Pueing thing CD luén di qua mgt diém co
dinh khi C di dong trén () va C khing tring
vai A va B

Ldi gigi 1, D6 chinh la dap én cua bai toan
trén THTT s6 340. Dap 4n ndy la mét phuong
an gidi cia bai toan, trong do sir dung den dinh
li sin, dinh 1i cdsin va céng thirc bién doi lugng
gidc (Hinh hoe 10).

Liéri gidi nay khong doi hoi v& thém hinh phy
ma van lgp ludn chat ché khi xét day du hai
tridmg hop vé goc ACB ¢6 thé nhon hay t0,
tuy viée doi héi can thiét phai huy dong dén céc
dinh 1i sin va cdsin khong duge ty nhién cho
lam. Vi vily, chiing ta cé co s¢ dé tin chic ring
¢6 nhicu cach nhin (ticp cin) bai toan tir nhimg
goc di khic nhau sao cho liri giai dura ra duge
tr nhign hon,

Lai giai 2. 1) Theo gia thiet thi cac cip doan
thing O)C, () vi LC, 0 theo thir ty
vuong goc voi BC vi CA. Ta dé suy ra
(N0 Ta mét hinh binh hanh, vi viy trung
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diém J cia OC ciing 14 trung diém cia 0,05, |
Mat khac, () la duong trung trge cua D,
cat CD tgi trung diem J cia no. Tir d6 suy ra
LIED va tam giac OCD la vuong ¢ D. Bai vay
ta ¢6 CD < OC = R, dpem. Ngoai ra, dé thay
ring: CDmyx = R s> D= 0 <> OC 1 AB.

2) Vi B khéng d6i ximg vai A qua O nén day
AB chia dubmg trdn () thanh hai cung: cung
lén AyB chita géc nhon ¥ va cung nhé Ay'B
chira goc ti v = 1807 - y. Ta xét hai tnrimg
hgrp:

eNéuC e AyB thi ACB =y <90"; khido 0
va D ndm ciing phia vai C d6i véi AB. Goi C' la
giao diém thir hai cia tia CD va (0), thé thi D
thugic dogn CC' va tia DC’ nam trong goc (gitra
hai tia) ADB. Goe CDA la gbe ndi tiép cia
dudmg tron (0y) chiin cung bit cia cung ADC

nén CDA = Im“-%sdiﬁé . Béi viy goc ADC'
ké bii ciia DA ¢6 sé do ADC' = —;MADC vé
do d6 ADC"' = ACB, trong d6 gbe (gitra hai tia)

ACE la goc ngi uﬁp cua dudng tron () co
mot canh chua diy cung CA cua () va canh
kia la tia 1iép luyf:n CB 1ai C cia (0))).

(Chinh vi I¢ do ma ta ciing xem va goi goc
(eiira hai tig) ADC', ké bit cia CDA ¢6 mit
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canh chira ddy DA va canh kia DC" ma tia ddi
ctia nd chira diy DC cia (O)) la goc ndi tiép
suy rﬁng_chﬁn cung ADC ciia dwémg trén (0))
ngoai tiép ACDA). Vi cach quan niém do va
lip lufin twong ty, ta duge: C'DB= ACB (hai

goc ngi tiép cla (03) cing chin cung CDB),
Tir d6 ADB=AOR va D thuge cung AOB

chira goc AOB= 2y cua dudng tron (40B),
dong thoi dubmg Ihﬁng DC" cling tirc 1a duwomg
thing CD di qua mot diém co dmh la trung
diém P cua cung bii cua cung AOB thuge
diecmg tron (AOB).

o Néu C € Ay'B thi ACB =+ = 180"y >90°;
khi d6 D nim khic phia v&i C doi véi (4B) va
do d6, D van ndm cing phla vari O d6i vai (AB).
Trong trudmg hop nay déi vii (0)) va (1) theo
thir tyr ta c6: ADC= ACB' va CDB=A'CB (ban
doc tr vé hinh), tmng d6 CB' 1a tia d6i cua tia
CB;, CA' la tia d6i cua tia CA. Mat khic
ACB'= A'CB = 180° - ACB= y. Tir dé ADC

= CDB =

ra trong trrémg hop goc ACB nhon da xét &
trén van con nguyén hiéu lyc.

Sau ddy céc phuong dn gidi tiép theo (chi dé
ciip loi gidi phan 2) cua bai toan,

Lo gidi 3. RO rang |oi giai 2 trén déy chi doi
hoi von kién thirc hinh hoc mdn Toén bic
THCS, nhung nhit thiét lap ludn phai chit ché,
xét diy du hai truong hop vé géc ACE. Tuy
nhién, néu_sfr dung gdc :f;'r:h hirgmg giita hai
dweemg  thang imndr:] va giita hai vecto
[mod 2x] thi loi giai s& ngén gon hon; ngodi ra,
con dé dang chi ra dugc quy tich cia diém D,
Thét viy, ta ca:

(DA, DC)=(AD. AC) + (CA.CD) =
=(CA, CD) +(CD. CB) = (CA. CB) [mod n].
Tuong iy
(DC, DB)=(CD. CB)+ (BC, BD) =
=(CA, CD) +(CD. CB) = (CA. CB) [mod =).
Tir d6 suy ra:
(DA, DBy = 2AD4A. DC) = ADC., DR) =
2(CA, CB) = (OA,OB) [mod 2x).

—ﬂ—EAUB v cac két ludn rin

Ping thirc (DA. DB) = (04, OB) [mod 2x)
ndi lén ring: (DA,DB) =(0A,0B) [mod 2x].

Sau 46, ta d& dang két ludn durge fing:
Néu {C} 14 (O)\ {4, B} thi

{D} la AOB \ {4, B} ({C} - ki hiéu tdp hop
cac diém O).

Cé the chimg minh diéu dé bing cach chi ra
r&ng néu mot dl.m'ng thing (tia) bat ki di qua P,
cit (O) & hai diém C). Cy va ciit cung AOB &
diém D thi hai ciip duomg tron (0)), (Oh) vi
(O"). {O'zé) img vé&i hai diém C,, C; déu nhin D
la giao dim thir hai, khac C cia ching (xem
hinh v&). Ngoai ra, ciing tir cic ding thire thu
dugre ve goc dinh hudng, két luin néu ra & loi
gidi 2 vin con nguyén hiéu lye.

Loi giai 4. Vi C di dng trén (O) nhumg
C € {4, B) nén ta lai dc biét cha y dén A va B,
hai vj tri bj loai trir ciia diem C. Quan sat khi
C — A (hofc C — B) ta nhin ra ring dén khi
C = A thi () trd thanh "dweing tron diém A,
(CA) tr& thanh tiép tuyén (44) tai A cia (0) va
() tring (), D = C = A va do db (CD) ciing
chinh 1a (4A4). Ciing vay. cho C — B dén khi
C=8 lhl D= C = B va khi d6 ;CD] chinh la
tiép tuyén (BB) tai B cia (O). Dicu do khién ta
dir dodn (CD) di qua P = HAE (BE), Goi E
va F theo thir wr 14 giao diém thir hai cia
(PA) v&i (0)) va cia (PB) voi (O,). Thé thi:
AEC = ACB =y= CFB rdi dit BAC = va
CBA = B thi ECA = a va BCF = p (do
PAB=ABP=y). Tt d6 E, C, F thing hang,

EF/{AB, do d6 AE = BF. Tir diy suy ra diém P
¢6 ciing phwong tich véi (0)) va (0y); bi vy
P phai thuje dudng thing CD.

Lai gm.f 5. Vi ba dudng Ihlng AP, BPva CD
déu xuat phat tir cc dinh cia tam gidc ABC nén
viée chimg minh (CD) di qua P cé thé hi vong
nha vao dieu kién di cioa dinh Ii Céva. Ban doc
¢ thé nr kiém nghiém diéu nay trén co si dinh

li Cev_a dudi dang legng gidce.
Cudi cimg, diém C di dong trén (0) kéo theo
tim (J; cha (G)) (i = 1, 2) cling chuyen djng theo.
Trong khi {D} Ia mét cung tron AOB \ {4, B}
thi {0} (i =1, 2) lai la dwimg tron loai bo di
hai diém. P& nghi ban doc chi 16 hai dudng tron,
quy tich d6 cua O va O;.
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Trong THTT 50 339 {‘Jflﬂﬂﬁ} va 340
[lﬂa’!ﬂﬂﬁ} ching tdi di glm thiéu vai ban doc
khai niém gﬁc dinh hudng cia hai vecto va géu:
dinh hudmg cia hai du&mg Ihﬁng ciung mdt vai
hé thirc lién quan 16i 56 do cia chﬁng Tmng
bai nay, ching tdi s& gidi thiu ing dung cua
goc dinh hwdng trong viéc giai mdt so bai toan
hinh hoc. Viéc sir dung goe dinh hudng sé giap
livi gidai ngfin gon, trong khi dang goc khdng cd
hm:mg phiu phu thuél: vao hinh vé, phai xét
nhiéu vj tri trong d6i caa cac hinh.

Trong bai nay thay cho cach néi bén diém A,
B. C. D cing thude mét dudmg tron, ta ndi bén
diém A, B. C. D dang vién.

Bai todn 1. Cho tam gidc ABC. Vé phia ngoai
no ta dung cde tam gidc déu ABE, ACF. Ggi G
la tam tam gidc ABE va K ld trung dfé‘m cla
doan EF. Chimg minh ring tam gige KGC

vudng va co ml goc b&ng 6.
.E A FL
F
f (
Hinh 1
Léi gidi. Khéng mat tinh tong qudt gia sir

(A8, AC) 14 gic dl.ru'ng (h. DL diém P sao
cho K la trung diém cia GP thi tir gisc EGFP 1a
hinh binh hanh nén GE = PF. Tir gia thiét G la
tdm tam giic déu ABE, ta c6 GA = GE. Viy

GA=PF (1)
Tir gia thiét tam gidgc ACF déu, 1a cd
CA=CF (2)

VNMATH.COM °
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ING DING GOC EINH HUONG
VAC VIEC CIAI MOT §C
DAl TOAN HINE HOC

NGUYEN MINH HA
(GV DHSP Ha Noi)
Mt khic (FP, FC) = (GE, FC) (mod 2r)
(vi FP v GE cing hudémg) nén
(FP,FC) = (GE,GA)+(GA,CA)+
+(CA,CF)}+(CF,FC) (mod 21)

—(FP, Fﬁ}z——?ﬂﬁﬂ', AC)-3 + 7 (mod 2n)
=(FP, FC)= (AG, AC) (mod 2r).
Suyra PFC =GAC (3)

Tir (1), (2), (3) suy ra: ACGA = ACPF. Tir 46,
dé dang thdy CG = CP va GCP = ACF = 60°,
suy ra AKGC vudng tai K va KGO = 60",

Bai todn 2. Cha tam gide ABC vii AA' BR'".
CC’ la cdc dwdmg phdn gidc trong. Goi M la
diém bat ki khing thuge BC, CA AB. Cdc diém
X, Y. Z theo thir tue la diém ddi xitng cia M qua
Ad', BB, CC'. Ching minh rang AX. BY, CZ
dong quy hodc déi mgt song song.

Léi gidi. Trude hét xin phat biéu khéng chimg
minh mdt nhin xét.

Nhin xét. Cho ba diém A, B, €' va duimg
thing A. Goi 4", B, " theo thir tyr la cic diém
déi ximg ciia A, B, C qua A. Khi dé:

(AB,AC) = (A'C', A'B") (mod 2m).

TFriv lai viéc giai bai toan 2 (h.2).

Goi Ay, By, €y la cic diém doi ximg cia M
qua BC, CA, AB. Dé thay AB) = AM=AC, (1).

Mait khic, theo nhin xét trén, ta cd

(AX, 4B;) = (AX, AC) + (AC, AB;) (mod 2)
= (AX ,AB;)=(AB,AM) +(AM,AC)(mod 2r)
= (AX,AB))=(AB, AC) (mod 2n).

Tuwong tir nhur viy, ta co

(AX, 4AC))= (AC,4B) (mod 2n)
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Hinh 2

Tir d6 suy ra

(AX, AB))+ (AX, AC|) =0 (mod 2x)
nén AX la phan gidc goc B, AC, (2)

Tir (1), (2) suy ra: AX I3 trung tryc cia doan
B,Cy. Tuwong ty nhir vy, BY, CZ theo thir ty la
trung tryc cia Cydy, A By.

Tir 6, ta c6 két luin sau:

Néu A;, By, C; khong thiing hang thi AX, BY,
CZ dong quy; néu A, By, C| thing hang thi AX,
BY. CZ d6i mgt song song.

Béi toan 3. Cho ur gidgc ABCD ma cde cdp
canh dai khing song song ni tiep dheemg tron
fO). Goi E, F lan lugt li giao diém cia AC va
BD, AD va BC. Goi I, M, N theo thi t la trung
diém cia EF, AB, CD. Chimg minh rdng:

2) Penoy+ Prioy= EF

b) AITEM en AINE.

Léi gidi. Truge hét xin phat biéu khéng
chimg minh mt nhdn xét quen thude.

Nhfn xét. Cho tir giac ABCD ma céac cip
canh déi khéng song song, Goi E, F, K lin lugt
la giao diém cua AC va BD, AD va RC, AB va
CD. Khi d6

a) Trung diém cia cdc doan AC, BD, KF
thing hing.

b) Trung diém cia cic doan AB, DC, EF
thang hing.

¢) Trung diém cia cac doan AD CB, KE
thing hang.

Tac gia coa nhdn xét trén la nha todn hgc noi
tiéng ngudi Dirc K.Gauss. Cac ban co thé xem
chimg minh nhin xét nay & loi giai bai T7/308
THTT s6 312 (6.2003). -

Trdr lai viée giai bai todn 3 (h, 3).

Hinh 3

a) Goi P la giao cia EF véi dudmg tron ngoai
tiep tam gidgc BCE(P# E ). Taco :
(PF, PB) = (PE, PB) (mod =)
(PF, PB) = (CE, CB) (mod =)
(PF. PB) = (CA, CB) (mod n)
(PF, PB) = (DA, DB) (mod )
(PF, PB) = (DF, DB) (mod ).
Suy ra bén diém B, P, O. F déng vién.
Tir 46 suy ra
*?E"lm + ?ﬁim = EE + ﬁ ﬁ
= EF.EP + FE. FP = EF(EP-FP)=EF
b) Theo_nhan xét trén, /, M, N thing hang
(chi ¥: I ndm ngoai doan MN).
Ta thay hai tam gidc JEM va INE cé goec MIE
chung nén
AIEM e AINE & TE* = IMIN
& TE* =IM.IN
o %Fsl =%qﬁ+ Ee‘}.%rfm EC)
© EF* = FAFD+FA BC+EB FD +EBEC
& EF® = FAFD+(FE + EA).EC+ EB.FD +EREC
L EFI = ﬁ;{ﬂ} + sug.f.[ﬂ} . ﬁ‘ﬁ+ ﬁﬁj
+EB.EC
& 0= FB.EC + EBFD
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e 0= FB.EC.cos(FB, EC)+
+ EB.FD.cos(EB, FD) (n
Chi ¥ ring néu A4 nim gira Fva D, B nim
gifa Fva Cthitacod:
(FB, EC) = (BC, EC) (mod 2n)
= (FB, EC)= (BC, AC) (mod 27)
= (FB, EC)= (BD, AD) (mod 2x)
= (FB, EC)= (BE, FD) (mod 2r)
= (FB, EC) = (BE, EB)+(EB, FD)(mod 2x)
= (FB, EC)=n+ (EB, FD) (mod 2n) (2)

Twong ty néu D nim giita F va 4. C ném gita
Fvi B ta cung cb (2).
Suy ra

cos(FB, EC) = —cos (EB, FD) (3)
Mt khic, AFAB e» AFCD; AEAB w» AEDC

nén FD-CD-EC = FB.EC=EB.FD (4)
Tir (3), (4) suy ra (1) ding. Tir 46 suy ra dpem.

Bai toan 4, Cho tam gidc ABC. Goi M la
diém bat ki va H, K, L theo thir twe [ hinh chieu
clia M trén cde dwemg thang BC, CA, AB. Tim tdp
hgp nhitng diém M sao cho H, K, L thdng hdng.

Lari giai. D thiy, khi M tring vdi cic diém
A, B, C thi théa man dicu kién dé bai.

A

Hinh 4

Khi M khiic 4, B, C (h. 4) ta thiy:
H K, L thing hang
< (HK, HL) = 0 (mod =)
< (HK, HM) + (HM, HL) =0 (mod ) (1)

Cha ¥ ring, cdc bé bdn diém K, M, H, Cva L,
M, H, B dong vién.
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(HK, HM)=(CK,CM)(modr)
(HM, HL) =(BM,BL) (modn) (2)

Tir (1), (2) ta ¢6 : H, K, L thing hang-

< (CK. CM) +(BM, BL) = 0 (mod 7)
& (CA, CM) +(BM, BA) = 0 (mod =)
& (CA, CM) = (BA, BM) (mod n)

& M, A, B, C dong vién.

Viy M thudc dudmg tron ngoai tiép tam gidc
ABC (khong ke cac diém A, B, C).

Tom lai: H. K. L thiing hang < M thujc
dudng trn ngoai tiép tam gidc ABC (khéng ké
cac diém A, B, C).

Puromg thing chita ba diém H, K, L ndi trén
duge goi la duong thing Simson cia tam giac
ABC img vai diém M.

Bai todn 5. Cho tam gidc ABC ngi tiép dwomg
tron (Q). MN la mgt dwomg kinh cua (O).
Ching minh rang: Cde dwémg thing Simson
cia tam gidc ABC img vdi hal diém M, N thi
vudng goc voi nhau

Lo gidi. (h. 5) Goi X, ¥ 14 cic hinh chiéu ciia
M trén AB, BC theo thir tyr va £, T la cac hinh
chiéu ciia N trén AB, BC theo thir tr. Ta cin
chimg minh XV L ZT.

Tanni-:{

Hinh §

Thit vdy, ta thiy, cdc b bén diém M, B X, ¥
va N, B, Z, T dbng vién,

Ta cé: (XY, ZT)

= (XY, MY) + (MY, NT) + (NT, Z1) { modr)
= (XY, £ = (XB, MB) + 0 + (NB, ZB) (modr)
= (XY, ZT) = (NB, MB) ( modr) (vi XB, ZB
trung nhau)
= (XY, ZT) = ;{nmd %) (vi MN la dudng kinh
cia (0).

Suy ra XY 1 ZT (dpem).

(Ki sau ddng tiép)
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Bii todn 6. Cho tam gidc ABC néi tiép deomg
tron (O, R) va truc tam H. Goi A;, B), C; la
diém d6i xing cia A, B, C qua BC, CA, AB theo
thir te. Chimg minh rdng: A;, B, C; thing
hang khi va chi khi OH = 2R.

Léi giai. (h. 6)

o

X

-’\“

B

Hinh 6

Qua 4y, By, Cy theo thir nr dymg cac dwimg
thdng song song vén BC, CA, AB. Cac dwimg
thing ndy déi mft ciit nhau tai Ay, By, C; . Goi
Ay, By, Cp la trung diém cia B3Cy, Ca43, A8,
theo thir tyr. Dé thiy A, B, C theo thir ty la trung
diém cta ByCy, Cody, ApBp vi cdc tam gidc
ABC, A3B,C3, ApByCy cb6 cling trong tam. Ta ki
higu trong tdm chung cia ching la G.

Ta théy:
2 -2
AABC Gy Ay ByCo—Gs A3 B,Cy (1)

Gid sif (O3, Ry) 14 dudmg trdn ngoai tidp tam
gidc A2B3Cy. Tir (1) dé thiy Ry = 4R. Ciing tur
(1), ciing véi ch § vé dudmg thing Euler, ta c6:
GO, = 4GO = OyH = 20H (vi OH = 30G),

VNMATH.COM
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ING DING 60C DINH HUONG
VA0 VIEC GEHII MOT §0
BAI TOAR HING Hoc

(Tiép theo ki truedc)
NGUYEN MINH HA
(GV DHSP Ha Ngi)

Viy theo bai toan (BT) 4, ta c6 : 4, By, C)
thiing hang <> céc hinh chié¢u cia H trén B2Cy,
C3A43, A3B; thang hing &> H thujc dudmg tron
tdm (3 ngoai tiép Ad1B:Cy < O:H =R,

& 20H=4R < OH = 2R (dpcm).

Bii todn 7. Cho hinh binh hianh ABCD. Hai
dicomg chéo AC va BD cat nhau tai E. Xét hai
diém M, N doi ximg véi nhau qua E va M khing
ndm trén cdc dudmg thing AB, CD con N khing
n&m trén cdc dwdmg thang AD, BC. Chimg minh
r&ng cdc dwimg tron ngogi tiép bin lam Bide
ABM, CDM, ADN, CBN cimg di qua mgt diém.

Léi gidi. (h. 7).

Hink 7

Néu hai dirimg tron (ABM) va (CDM) cit
nhau thi ta goi dlsm chung khéc M cia chung la
K. Néu hai dudmg trdn (4BM), (CDM) tiép xic
véi nhau tai M thi K tring véi M, lic dé dwdng
thing MK dugc hiéu 14 tiép myén chung ciia
(ABM) va (CDM). Véi quy uée trén, ta cé:

(KA, KD) = (KA, KM) + (KM, KD) (modr)
= (KA, KD) = (BA, BM) + (CM, CD) (modr)
= (KA, KD) = (CD, DN) + (AN, CD) (modr)

(vi ABI/ICD. BMI/DN, CMI{AN).

Suy ra: (KA, KD ) = (NA, ND) (modr)
nén K thudc dudmg tron (ADN) (1
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Tuong tw, K thudc dwing trén (CBN)
Tir (1) va (2) suy ra dpem.

Bai todn 8. Cho uir gidc ABCD. Chirng minh
rdng cdc weomg tron Euler cia bon tam gidc
BCD, CDA, DAB, ABC cing di qua mgt diém.
Lai gidi.(h. 8).
GoiX Y, 2T
U,V la trung
diem cia AB,
CD, AC. DB,
AD, BC theo
thir tr. Két qua
sau ddy la quen
thudc: JL’I" ZT. v ¥
Uy déng qéu}r

di

tai trung
moi dwing. Ta

ki hiéu trung
dlem chung cua chiing la 0.

Ap dung két qua nhin dugc [rong BT7 cho
hinh binh hanh XUYV va hai diém Z, T, ta thay
cac dudmg tron (YTV), (UZY), (XTU), (VZX)
cing di qua mét diém (1).

Mit khac, cac duimg tron (¥TV), (UZV),
(XTU), (VZX) theo thir tr la dudmg tron Euler
cia cac tam giac BCD, CDA, DAB, ABC (2).

Tir (1) va (2) suy ra dpecm.

Nhdn xé1. Trong BTR, co thé tha.;i,.r Elé thiét "tir
gidc ABCD" bang gia thiét "bon diém A4, B, C,
D ma khéng c6 ba diém nao thing hang".

Bai todn 9. Cho tam gidc ABC va diém M
khing thuge cdc dwdmg thing BC, CA, AB. Goi
fwy), (og). (ve) theo thir e la anh cua cdc
duemg tron (MBC), (MCA), (MAB) gqua cic
phep doi ximg truc BC, CA, AB. Chimg minh
rdng cdc cfudwg tron fwy), (wg), (oc) cing di
qua mgt diém va trung diém cua dogn fhﬂng noi
diém do véi M thupe duomg tron Euler cia tam
gide ABC.

L gidi.

(h. 9).

Goi H, K. L
la hinh chiéu
cia M trén
cic dirirng
!hing BC, CA,
AB theo thir
tr. Goi E F,
G la trung

(2)

Hinh &

Hinh 9
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diém cia cac doan MA. MB. MC theo thir ty.
Qua phép vi ty tdm M, ti s6 1/2, dé thay

Vit (wq) = (HGF) ; (wg) = (KEG)

(0¢) — (LFE) (n

Mit khic, vi cic dudng tron (HGF), (KEG),
(LFE) theo thir tir la duwémg tron Euler cia céc
tam gidc MBC, MCA, MAB nén theo nhin xét
cudi BT8 v&i bg bon diém 4, B, C, M ta co:
Cac duomg tron (HGF), (KEG), (LFE) cung di qua
mt diém thuge dwmg tron Euler cia tam gidc
ABC. Goi diém nay la P. bap= VH (P (2).

Tir (1), (2) ta c6: Céc dudmg tron (w4), (wg),
(w¢) ciing di qua diém Q va trung diém coa MO
chinh la P (thugc duong tron Euler coa tam
giac ABC).

Chin bai toan trén khéng thé gidi thiéu day di
vai tro cua goc dinh huéng trong viéc gidi todn
hinh hge. Tuy nhién, do khudn khé c6 han cua
bai béo, xin tam dirg & ddy. Sau day 1a mt vii
bai toin dé& ban doc rén luyén ki ning sir dung
goc dinh hudng.

Bai tip 1. Cho tam giac ABC va cic diém
Ay, By, C) théa man diéu kién: 4\B = A,C;
BIC=BiA; CiA=C B va
(AC,4B)+(BABC)+(CB,Ci4) =0

. (mod 2m)

Chirng minh rang:

(AB1 A C)) eé{ﬁ.?ﬂ} (modn);
(BiC1,BiA) = %{H:—A.m_'m (modn);
(C1A4.CiBy) = 12{5 B,Cy 4) (mod).

Bai tip 2. Cho tir gidc ABCD. V& phia ngodi
né ta dyng cic tam gidc dong dang ADE,
BCF. Cic diém M, N, P theo thir
tr thufc cic dogn AB, DC, EF sao cho

Chimg minh ring M, N, P thing hang.

Bai tép 3. Cho tam gidc ABC ndi tiép
dudmg tron tim . Dudng thing A di qua O.
Goi 4, By, C‘l theo thir ty 1d hinh chiéu cia A,
B, C trén A. Cac dudmg thing A4, A, Ac theo
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thir ty di qua 4, B}, C) va vudng goc vii BC,
CA, AB. Chimg minh ring A4, Ag, Ac dong quy
tai mjt diém thude dwiomg tron Euler cia tam
glac ABC.

Bai tip 4. Cho tam gidc ABC ndi tiép duimg
tron (). Phén gidc trong clla cic goc
BAC, CBA, ACB cit (O) tai 4,, By, C; theo
thir tr. M 1a mit diém thudc (0). Gia sir Ay 1a
dudmng thing Simson cia cdc tam gidc ABC,
AB\Cy img véi diém M theo thir ty. Chimg
minh ring A L Ay,
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Bai tiip 5. Cho tam gidc ABC. Céc diém M, N, P
(khéic 4, B, C) theo thir ty thujc cac dudmg thing
BC, CA, AB. Chimg minh riing céc dubng tron
(ANP), (BPM), (CMN) ciing di qua mét diém.

Bai tip 6. Cho tam gidc ABC va diém P
khong thude cic durong thiing BC, C4, AB. Cic
durimg thang AP, BP, CP theo thir tir cit cdc
dirimg thang BC, CA, AB 1ai A°, B, C". Chimg
minh ring tdm cac dudmg tron ngoai tiép cde
tam gidc APB' APC', BPC', BPA', CPA', CPB'
cung thugc mdt dwomg tron khi va chi khi P4a
trong tdm hodc tryre tim cia tam gidc ABC.



TRUNG HOC CO SO

Tinh chét sau day cta tdm dudmg tron ndi tiép
tuy don gian, nhumg c6 nhifu img dung trong

giai toan hinh hoc.
Tinh chat. Néu [ la tam diromg tron néi tiép
tam gidc ABC thi BIC = 90" + &;—C ;
A That vay, trong
tam gidc BIC (h. 1)
6 EF(".‘ =
= 180° - (IBC+ICB)

> | - —
( = Wk +
H Hﬁulrf IEI)' zt.ﬂﬂ:‘ n{:ﬂ]

= 180" - %usc-"- BAC )=90"+ E;F_
Ta s€ |8n luot dp dung tinh chat trén vao giai
cic dang todn: chimg minh, tim tdp hop diém,

dumg hinh, ... d€ thay rd hon gid tri cla tinh chit
do.

Thi du 1. Che
tir gidge ABCD néi
tép dicong trdm
taim 0. Goi 0y,
0. 03 0y lan
lwot la tam duwdng
trén noi tiép cdc
tam gidc ABC,
BCD, CDA, DAB.
Chitng  minh nr
g-l.df 0;030304
la hinh chit nhdr.

Lai gidi. (h. 2).

Vi 0, la tdm dudng tron ndi tiép tam gidc
ABC nén theo tinh chét trén, tacd

Hinl 2

AOC =9n“+% (1
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VE MOT TiNH CHAT
CUR TAM DUONG TRON
NOI TIEP TAM GIAC

LE THI NGOC THUY
(GV. Trugng Cao dang Sur pham Nghé An)

BOC= 90° ﬂ;—“

Mit khic, vi O, 1 tam duomg tron ni tiép
tam gidc BCD nén BO,C =90° + EI;—C
Do BAC = BDC nén BEE? :Jﬁf,
Suy ra tir gidc BO,05C noi ti€p , nén
C010; = CBO, = E‘!;D‘

Tuong wrtacd A Oy = ABOy = %
Tir do

CO,0: + AQ, 0y =

—

CBD + ABD _ ABC
2 2

Tir (1) va (2) suy ra ;0,04 =90".

Tuong tr, ba géc con lai cla wr gidc
0101030,1 déu hing 90" nén tf E,lliﬂ 0]0203\‘9‘
la hinh chif nhat.

Thi du 2. Cho gdc xOy = 90°. Trén tia Ox cé
mot diém A cd dinh. Trén tia Oy cé mot diém B
chuyén dong. Duedng tron ngi tiép tam gidc AOB
tiép xiic véi AB tai M va riép xiic vai OB tai N.
Chimg minh ditgng thang MN luén luén di qua
mor didgm o6 dinh.

Laéi giai. Xét truémg hop OA < OB (h. 3).

(2)

0 N
Hinh 3
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Goi [ 13 tAm dubng tron ndi i€p tam gidc
AOB va H 1a giao diém ciia Of véi MN., Khi dé,

theo tinh cht trén ta o6 AIO = 90° + ABO

Ta lai c6 tam giéc BMN can tai B, nén

NMB = 90" - ABO . Do d6 AJO+NMB =180".
Suy ra AIH + AMH = 180°, nén tit giac ATHM

noi Liép.
Suy ra [HA = IMA =90" hay OHA = 90",

Ta lai 6 AOI = 45" hay AOH = 45", nén
tam giic AOH vuong cin tai H va H thuoc nira
mat phing bér AQ 6 chifa B.

Vi A, O cd dinh nén H cé dinh vi do dé
dutng thing MN luén luén di qua diém H
c6 dinh.

Trudng hop OA 2 OB chimg minh twong tu.

Thi du 3. Cho mia dudng tron tdm O, duimg
kinh AB va C la mot diém chuyén dong irén
mita duomg tron dy. Goi H la chan dudmg vuong
goc ha nr C xudng AB va I la tém didmg tron
ndi tiép tam giac COH. Tim tdp hap diém 1.

L gidi. (h. 4).

e Phdn thudn. M
Goi M la C
trung diém
ciia cung AB.
Xét trutmg
hop C chuyén
dong trén
cung nho AM.
Khi dé, vi [
la tam dudng
tron ndi tiép tam gjin: COH nén

1o = qn“+f? =90°+ %::135“

H 0 B
Hinh 4

Do AAIO = ACIO (c.g.c) nén AIO = CIO =

135". Vay I nim trén cung chira géc 135" dung
trén doan AQ.

Tuong ty, néu C chuyén dong trén cung nho
MB thi I nim trén cung chifa géc 135" dung trén
doan OB.
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® Phdn dao. Ban doc tr chimg minh .

 Két ludn. Vay tap hap diém I khi C chuyén
dong trén nira dudng tron dudmg kinh AB la hai
cung chia géc 135" dung trén hai doan AO vi
OB (ciing thudc nira mat phing bé AB chifa nira
duimg tron dudmg kinh AB da cho).

Tuwong tr nhu tinh chit trén, ban doc hiy
chimg minh tinh chit sau day lién quan dén tim
duimg tron bang tiép cua tam gidc:

"Néu J la tdea duimg tron b:'mg tiép géc A cia

tam gide ABC thi BIC =90° - E;E— :

Cic ban hily 4p dung hai tinh chét trén dé gidi
cic bai todn sau day:

Bai 1. Gia sir diém C chuyén dong trén nira
dutmg tron dutmg kinh AB, H la chan duimg
vudng goc ha tir C xudng AB. Phin gidc cic goc
ACH vi BCH thir ty cit AB tai E va F. Goi [ 1a
tdm duimg tron ngoai tiép tam gidc CEF. Chimg
minh géc AIB khéng d6i va dudmg thing C/
luén ludn di qua mot diém cb dinh.

Bai 2. Cho tam gifc ABC c6 A - C = 90".
Chimg minh cic duémg phin gidc trong va phin
gidc ngoai géc B bing nhau.

Bai 3. Cho duimg tron tim O dudmg kinh AB
cd dinh va mot di€ém C chuyén dong trén dutmg
tron. Tim tap hop céic diém [ va J 1dn Ieot 1 tam
dutmg trom nd1 Liép va tim dutmg tron bang Lép
goc C cha tam gidc ABC.

Bai 4. Cho AB 1a mot day cd dinh cila dudng
tron tdm O va C chuyén dong trén cung 1dn AB.
Goi M la trung diém AC va H la chan dudng
vudng goc ha tir M xudng BC.

a) Chitng minh duémg thing MH luén ludn di
qua mot diém cé dinh. Tim tép hop diém H.

b) Goi I la tAm dudmg tron ndi ti€p tam gidc
AHB. Chimg minh géc AIB khong ddi. Tim tap

hop diém /.

¢) Chimg minh dubmg thang HI luon ludn di
qua mdt diém cf dinh.

Bai 5. Dyng tam gidc ABC biét vi tri cdc tim

dudng tron ngoai tiép, duimg tron ndi Uép va
duimg tron bang L#p géc A cla tam gidc do.



TRUNG HOC CO 8

KE THEM BUONG YUONG 6OC
DE GIAI Cfic BAI TOAN HINH HOC

V0 HOU BINH
(Ha Néi)

Vig¢e ké thém dudng trong bai todn hinh hoe
nham tao thém nhimg moi quan hé gilta céc veu
16 vé canh va gbc trong bai toén. Ké thém
dudmg vudng goc 12 mit cach thudmg duge nghi
dén khi chua tim ngay duge o giai cia bai
toan,

Ké thém dwcng vuing goc nhu thé nao ?

Ta thuomg ké thém duimg vudng géc trong

céc trudmg hop sau day,

1. Ké dwimg vubng goe nhim tao ra nira
tam gide déu

Thubng ding cdch ndy khi gidi bai todn co
goe 602, 1202, 30°, 150°,

Thi du 1. (Lép 8). Cho tam giac ABC cé
A= 120°, AB = 4, AC = 6. Tinh d§ dai dudmng
trung tuvén AM.

Léi gigi(h1)  H
Keé BH LAC
Tam gidc
ABH vudng
tai H co
BAH =607

nén AH =i’.‘é§=z.

T C
Hinh 1

Ap dung dinh [i Pythagore, ta tinh dwgc
BH=23.Con CH = HA+ AC =2 + 6~ 8 K¢

MK L CH thi Hﬁmﬁfﬂﬂll nén AK = 2.

VNMATH.COM
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Ta lai ¢o MK=E;-= 3 nén AM = AR + MK?

=4+43=7 Viy AM=\7.

2. Ké dwing vudng géc nhim tgo ra tam
gisic vudng ciin

Thudng ding cach niy A
khi giai bai todn ¢6 goc
45", 135", %

Thi dy 2.(Lap 8). Cho i
tam gidc ABC o
A= 45" Chimg minh
rang dién tich cla tam
gidc 4BC bing
AB®+AC?-B(?

2 .

Lo giai (h. 2) Gid sir AC2 AB. Ké BHLAC
Ta co tam gidc ABH vudng cén tai H. Dat AN
= BH =m, HC =n. Khido
AB* +AC*-BCi=
= (m\&r)z +{m+n)? —(m? +n?)
=2m(m+n)=2.BH.AC =45.45c.

Thi du 3. (Loép B). Cho tam gisc ABC ¢
A=135°,BC=5, duimg cao AH = |, Tinh d6
dai cac canh AR va AC

Hinii 2

Ké CK1AEB. Ta
cd CAK=45°
nén tam gidc
ACK vudng céin
tai K. Dt i H C
AB=1x, - 5
AK=KC =y, Hini 3
Tacd

AHBA v AKBC (g.g) nén

()

Xéttam gide BKC vudng, ta cd
BK? +KC=BC? &3 x? +2xy+2y! =25 (2)

Tir (1) va (2) ta tim duge (x; y) = (V5:V5)
it
hofic (x; ¥) = [u"li},- %].Tir do suy ra

AB=\5; AC=v10 holic AB=10: AC=+S.
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3. Ké duimng vuing goc nhim tao ra tam
gidc vudng

Thi du 4.(Lop 8). T giagc ABCD c6 O A
giao diém hai duimg chéo, AB = 6, 04 = §,
(OB =4,0D=6. Tinh dé dai AD.

Levi giai. (h.4)

H

& B

D
A Hinh 4
Ke AH L OB.Dat BH =x, AH=y. Ap dung
dinh |i Pythagore vao cdc tam gidc ABH va
AOH tacod v2 +y? =36 vi (x+4)? +y? =64,
3
Tir do a tim duge .-.:E. }12=$.
AD*=HD? + AH? =y2 +(x+10) =166. Viy

AD = /166.

Do do

4. Ké duimg vubng goc nhim tgo ra hai
tam gidc vudng bing nhau

Thi du §. (Lop 9). Cho tam gidc ABC vudng
tai A, duong phan gidc BD. Biet BD = 7,
DC = 15. Tinh d ddi AD.

Lai giai. (h. 5)

fn E C
Hinh 5

Ke DE 1 BC. Ta c6 AABD=AEBD (canh
huyén - gboc nhon) nén DA = DE, BA = BE,
suy ra BD la duong trung tryc cua AE. Goi H
la giao diém cia AE va BD. Lay K ddi ximg
vai D qua H. T gidc AKED 1a hinh thoi. Dt
EK = ED = AD = x. DH = HK = y. Tam giac

EBD wuing nén ED?*=DB.DH, suy ra

=7y (1). Do EKNAC nén ZK _ BK
ch RD

x  T-2y

— = : 2).

15 7 2

Tir (1) va (2) suy ra 30x° + 49x — 735 = 0.
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Nghi¢m duong coa phuong trinh 1d x = 4.2,
Vv AD =42,

5. Ké dwimg vuéng géc nhim tao ra hai
tam gidc vuidng dong dang

Thi du 6. Cho tam gide ABC ngoai Iiég dudong
tron (O). Goi D, E. F theo thir wyr la tiep diem
trén cac canh BC, AB. ‘AC‘. Goi f la chin duimg
vudng goc ke tir D den EF. Chimg minh ring
BHE =CHF .

Livi giai.(h. 6)

Ke B, CK
vudng goe vai
EF. Tam giic
AEF can 1ai A
nén BEI =CFK .
Taco
ABElen ACFK
(g g

Tir d6 suy ra

BI_BE _BD _HI o ABHI o» ACHK

CK CF_ CD HK
Do dé BHE = CHF .

A

Hinli 6

Dé luyén tép, cdc ban hay lam cac bii tip sau:

Bai 1. (Lép 7). Cho tam gidc ABC co
B=120", AB=17, BC = 8. Tinh ) dai AC.

Bii 2. (Lép 7). Cho tam gide ABC cb B = 45°,
C=120°. Trén tia déi cia tia CB ldy diém D
sao cho €D = 2CB. Tinh s6 do goc ADB,

Bai 3. (Ldp 7). Cho tam gide ABC (AC > AB),
dudng phin gidc AD. Trén canh AC lay diém E
sa0 cho CDE = RAC . Chimg minh ring DB = DE.

Bii 4. (Lop 8). Cho tam gide ABC vubng cén
tai A (AB < AC), duing cao AH. Trén canh AC
Iag diem E sao cho AE = AB. Goi M 1a trung
dieém cua BE. Ching minh rang HM 14 tia phin
giac cua goc AHC.

Bai 5. (Lap 8). Cho tam gide ABC vubng cin
tai 4. Cic diém D, E F theo thir ty ndm trén

cac canh AB, BC, CA sao cho AD = BE = CcF

, DB EC FA’
Chimng minh rang AE vudng goc vai DF.

Bai 6. (Ldp 9). Hai dudmg tron (O) va () c6
ciing ban kinh R, cat nhau tai 4 va B, trong do
OA0' = 90°. V& cit tuyén chung MAN. Tinh
tong AM + AN theo R.



PHUONG PHAP

GIAT TOAR | co=

Dinh li cotang. V&i moi tam gide ABC ta co
cotgd = b+ -a

454mc

cotgd + cotgB + cotgC =

. Tir d6 suy ra

@ +H +¢

“iSec

trong do6 S,pc ki higu dign tich tam gidc ABC.
Chieng minh. Sir dung cong thirc (1) va cong

@+ +c

e
thirc S5 = —bcsin A, ra cotgd = .
A 2 suy gA Sor

Chimg minh tuong ty ciu a) ta cd

&+l -b & +b -
COtpl = —————————— o]l = ———
e 45 4mc: & 45 4nc
Tir d6 cod

cotgd + cotgB + cotgC = ML (dpcm).
488

Bo @é 1. Trong tam giac ABC véi AM |a trung
tuyén, MAB = @, MAC = f. Khi d6 ta c6 hé
thir cotga+ cotgC = cotgff + colghB.

(Hé thirc ndy dwgc suy tryc tiép tir dinh i
cotang cho cic tam giac ABC, ABM, ACM vai

- |
Iwu ¥ rling Sy = Sacw = ‘igm )

Bo dé 2. Gia sir M la mjt diém trén canh BC
cotos ghio A BC o cho S o TiiB s
MC n

AMB = B. Khi d6 12 ¢6

a) (m + n)cotgfl = m.cotgC — ncotgh ;

b) meotga = (m + n)cotgd + n.cotgh.

Chitng minh. a) Dyng AH L BC, lic d6 H s&

nim trong doan BM hofic dogn MC, gia st H
thuje doan BM. Lic do
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SUDUNG DINH LI COTANG
DE GIAI TOAN

NGUYEN BA DANG
(8¢ GD- BT Hai Duong)

Trong sdch gido khoa Hinh hoc l&p 10 ching ta dd lém quen
véi dinh Ii cosin thé hién sy lién quan gilra canh va géc cla tam
gidc: Vgi tam gidc ABC bdt ki, BC = a, AC = b, AB = ¢ ta c6
B +cl -a

2be

(1). Tir dinh Ii nay ta c6 két qua sau ddy.

BM = BH + HM = AH(cotgB + cotgf),
MC = HC — HM = AH(cotgC - cotgp). Do 46,
BM _ cotgB + cotgf _m

MC cogC—-cotgf n'

Suy ra

(m + n)cotgd = m.cotgC — n.cotgh (dpcm).

b) Tir M ké MENAC (E € AB), lic d6
MEB=BAC , sir dyng ciu a) vio tam gidc ABM
ta ¢6 hé thirc can chimg minh.

Tiép theo chﬁrﬁm s& sir dung dinh Ii cotang
v céc bo dé trén dé gidi mdt 50 bai toan sau dy.

Biii todin 1. Cho tam gide ABC, duémg trung
tuyén AM vi AMB = @ Chimg minh ring

colga= sin(B-C)
2sinBsinC

Li gigi. Hé thic can chimg minh twon
dwong véi 2cotga = cotgC - cotgB. Ap dyng
dé 2 cho trudmg hop M la trung diém cia BC ta
6 diéu phai chimg minh.

Bii todn 2. Gia sir M la diém trong tam gic
ABC sao MAB=MBC=MCA = a (M; @ tuong
img dugc goi la diém va goc Brocard).

a) Chifng minh ring

colga = cotgd + cotgB + cotgC.

b) Xéc djnh
dang tam gidc A
ABC @é gbc a ()
lém nhét.

Léi gigi. (h.1).

Ap dung dinh i

cotang cho céc

tam gidc MAB, a a
MBC, MCA ta B C
durge Hinh |
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_ MA+S-MB _ MB +a - MC?

R T S 45ac
MC+BP-ME _ @ +P+
4Suca 4Smc
Suy ra cotga = cotgd + cotgh + cotgC.
b) Ta c6 cotgd + cotgB + cotgC
= M = cﬂtga .
48 4w

Mit khic a” +b° + ¢* 2 4Suc~/3 (ding thic
xay ra khi @ = b =¢) nén cotga = /3, suyra
a < 30°. Gée a 16n nhét bing 30° khi tam gide
ABC dku.

Bii todn 3. Cho tam
gidc ABC c¢6 B=2C.
Trén canh BC ldy
diém D sao cho BD =
2DC, kéo dai AD vé
phia D sao cho AD =
DE. Chimg minh
2BCE-CBE = 180°.
5 Li gidi. (h. 2) Vi

BD = 2DC nén theo
bo dé 2 ta cbd

JeotgD = 2cotg(C — cotgB = 3cotgD, (1)
Trong tam gidc ABE vdi BD la trung tuyén.

Hinh 2

Ap dung cic bo dé trén, ta cd
cotgB, = cotgB + cotgE, — cotgd, (2)
2cotgD, = cotgkE, — cotgd, 3)

Tuong tyr trong 1am gide ACE, ta cé
cotg(C, = cotgC + cotgE; — cotgA, (4)
2cotgD; = cotgd; - cotgE; (5)
Tir (1) va (3) thay vao (2) duge

cotgB, = cotgB + %t:cmmc-omgm

_ cotgB+4colgC

e

Do B=2C nén cotgh = e o itnd suy ra
' llcuth

- Jootg €1

e 6cotgC ©
Tir (1) va (5) thay vio (4) cé
cotgC, = cotgC — %{zcmgc-cutgﬁj

- ™

* JcotgC

Dé c6 2BCE -CBE = 180° ta chimg minh
cotg2C = cotgh,. Thit viy

cotg’C) -1
3 ! 2cotgCy

Thay (7) vao (8) duge

Scotg?C -]
$ ' 6cotgC”

Tir (6) va (9) co dpecm.

(8)

(9)

Bai todn 4. Tiép twyén vdi dudmg trdn ngoai
tiep tam gidc ABC tai B va C cét tiép tuyén tai A
véri dudmg tron 86 theo thir ty & D va K. Puong
thing BK cét AC tai M, dutmg thiing CD cit canh
AB tai N, goi O la trung diém ciia BM. P la trung
diém CN, duimg thing BP cit dudng thing CQ
tai /. Chimg minh ring tam gidc BIC cén.

Léi gidi. (h.3). Gia st BC=a, AC=b, AB=c.

Ta cb CM _ Scax _ BCsin BCK

Hinh 2

a’cotgCBM = (a® + ¢*)cotgB + c’cotgC.
Trong tam gide BCM, CQ 14 trung tuyén cé
cotg BCQ = 2cotgC + cotgCEM

&P +e2 P
—_ C
= cotgB+ = cotg

= 200tgC+cotgh+- (corgh+ootgC)
cotg BCQ = 2(cotgR + cotgC) + cotgd .

cotgBCQ = 2cotgC +

Tuwong tyr

cotg CBP = 2(cotgB + cotgC) + cotgA
nén tam gidc BIC 13 tam gidc cén.

BAI TAP

Bdi 1. Cho tam gisc ABC, M la trung diém
ciia BC va AB = AM. Chimg minh:

I) 3cotgh = cotgC :

2) sinA = 2sin(8 - C).

Bai 2. Chimg minh riing hai trung tuyén BM
va CN cia tam gidc ABC vudng gioc v&i nhau
khi va chi khi

cotgA = 2(cotg8 + cotgC).

Bai 3. Tiép tuyén véi dudng tron ngoai ticp
tam gidc ABC tai A va B cit nhau tai D, dudmg
thing DC ciit canh AB & E, goi I 4 trung diém
clia CE. Xac dinh dang cia tam giic 4BC dé
gbc IBC Iém n
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Bay gitr ta s& tong quét hod bdi todn 1 bing
cich xem diém A nhu mét suy bién cua dudng

tron ().

@ Bii todn 3. Cho hai dudmg tron (O) va(0')
¢ ngodi nhau. Dung cdc tiép tuyén chung
ngodi BB' va CC' cua hai dwdmg trén (B, C
thugc (0); B', C' thugc (0°)). Goi D, E ruong
ung ld trung diém cia BB' va CC"Tir mgt
diém M thuge duomg thing DE, diyng cdc tiép
tuyén MF, MG véi cdc dwomg trén (0), (0)
weomg umg (F, G la cdc tiep diém). Chimg

minh rdng MF = MG.

Loi gidi

Goi bén kinh cac dudmg tron (OQ) va ()

tvong img laRvar (R2zr)
o Néu R = r thi d& thiy bai toan ding.

® Néu R>r thi tia BB’ cét tia CC' tai N (ném
trén tia O0"). 00 cit BC va B'C' lan luot tai
Hva K. DE cit 0'O tai I. Dymg hinh chir nhét
VTPQ thi B'S = ¥S < ¥Q = TP = PB (h.2) nén
c6_diém chung
vii (0) va (0), do d6 M ndm ngodi (O)

dwomg thing DE khéng
va(0). Dt O'O=a,tachd

NO'_NC_NK_r OK_ NO'_ r
NO NC' NH R OH 00 R-r
ﬂNﬂ*li‘_

=F

Tuongtytach NO= 2.,

-r

Trong tam giéc vubng NO'C", ta ¢6
OKON=F = 0K= M; OH =

a a

22
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R(R-r)

ra  r(R-a)

Dodé NK=NO'-KO'=
—r a
Tuong ty ta duge NH = o R0 >
R-r a P
Suyra 2/H=KH=NH-NK=g- 8
a

Ta c6 (néu M triing vai I thi coi MI=0).

MP =M -0F=MP + 107 - R
= MP + (IH + HOY - R’
= MP + IH* + HO* + 20H.HI - R*
_ [@ -(R-r¥F  R(R-ry
M2 + i + 7 +
5 R(R-r)[@—(R-r}¥] _ @

&
_ MF+{a+R+r}(a—Rrr}[a-R+r]{a+R4r]
4a
=MP+X (4)
(s hang thir hai cua két qua trén dat 14 X)

Hoan toén trong tyr ta ciing bién doi dugc
MG =MP + X (5)

Tir (4) va (5) suy ra MF = MG (dpcm).

Néu BB' va CC 14 céc tiép tuyén chung trong
thi ta c6 bai toan sau diy.

© Bai toin 4. Cho hai dwimg tron (0) va
(0') & ngodi nhau. V& cdc tiép tuyén chung
trong BB' va CC' (B, C thuge (0); B', C' thugc
(0). Goi D, E twong ung ld trung diém cua
BB' va CC', M la mgt diém bdt ki thujc duing
thing DE. Dung cdc tiép tuyén MF va MG
véi (0) va (0) twong ving (F, G la cde tiép
diém). Ching minh rang MF = MG.

Vigc chirng minh xin danh cho ban doc.

Tir két qua ciia bai todn 3 xudt hién cdu héi:
Cé diém M ndo ném ngodi dudng thing DE
thod.man hai doan tiép tuyén MF va MG bing
nhau khdng ? Céc ban hdy lam bai toan sau,

© Bai toin 5. Cho hai dwimg tron (0) va
(O') ndm ngoai nhau. Tim tdgp hop diém M sao
cho khi dung cdc tiép tuyén MF, MG vdi cdc
dwdimg trén (0) va (0" ) tuomg ng (F, G la
ede tiép diém) thi luén cé MF = MG.

Pé kiém tra nhirng dy doan trong bai viét nay,
tdi df sir dung su hé trg cia phin mém hinh
hoe Cabri Geometry Il Plus. Cédc ban cé thé
tii tir mang internet theo dja chi
hrtp:/iwww.cabri.com/vi/page/frilogicielphpeabrild.



HIC LU
SALJ

THIEM
WOAN

_CCI rit nhiu hwdmg dé hinh thanh cic bat
dang thic (BET) néi chung va BDT trong hinh
hoc ndi riéng. Trong bai viet ndy trinh bay mdt
cdch hinh thanh mét s& BDT trong tam gidc tir
mét BDT co ban trong hinh hoe ép 10.

Cho tam gidc ABC vdia= BC, b= CA, c = AB.
Goi S 1a dign tich A4BC; r va R la ban kinh
dudmg tron ndi tiép va ngoai tiép tam gidc; m
ms, m, 1a dp dii cdc dwomg trung tuyén x
phat tir 4, B, C theo thir ty. Trong hinh hgc 10

ta d4 biét: Vi moi vecto a , ta ludn ¢b |aff > 0.
Gia sir M la mdt diém bat ki cing céc s6 thyc &

B.y.tachd (crm+ﬂ'!-_d’§+rM_C]z 20.

Binh phuong v6 huréng hai vé cia
MA — MB = BA din t5i
2MA.MB = MA*+ MB® - AB.

Tir 46 qua phép bién ddi twong duong ta di dén
bt dang thirc sau:

(a+ B+ NaMA’ + BMB* + yMC) >

2 a'By+ blay+ctafl (*)
DAu bing trong BET (*) x4y ra khi va chi khi
am+ﬁﬁi+fuc“-ﬁ,

Bay siiulm ta xét cdc vj tri bigt cia M vi chon

cdc 56 @ fB, ythich hgp dé cé céc bit ding thirc
khéc mang ban chithinh hoc hon.

I. Cic biit ding thirc lién quan dén dwimg
trung tuyén

a) Khi M la trong tdm tam gidc ABC, ta s& cé
cic BDT lién quan dén dwémg trung tuyén. Lic
d6 BDT (*) trds thanh:;

(a+ f+ nam,’ + fmy’+ ymc')

> %(ﬂ‘ﬂf* Fay+cap) (1%
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&' THAI VIET THAO
(56 GD-DT Nghé An)

—Chgn @=a, fi= b, y= c thay vao (1*) dugc:

am,’ + bmy’ +cm.’ = %abc (1)

Bit diing thirc (1) c6 cac dang tuong duong sau:
1

2 1
- Ma +-T."-+E‘HEER

he ’iakhr 2
(do 2§ =E=ﬂh: =bhy =ch).

® 3@ + b +c*) +9abe

<2a+b+cia +b' + )
(ding céng thire dudmg trung tuyén).
-Chona=p-a,f=p-b, y=p-cvai
= OB oy O (1Y),

Ta bién ddi a'(p - b¥p - c)
L
p-a p

- Sl[i_]-i) - S[ﬂ_-p-m}
p-a p p-a
Bién dbi twong ty véi b(p - a)(p - c) va
¢’(p - a)(p - b) rdi 4p dyng hé thirc
| 1 1 4R+r
- - =
p-a p-b p-c pr

(Xem THTT sé 337 thang 7.2005 trang 6 hé
thirc 17, hodc quyén Phwong trinh bdc ba va
cdc hé thiee hinh hoc trong tam gide cioa Ta
Duy Phugng, hé thirc (16) ta thu dugc :

(p-a)ym, + (p-b) m;> + (p—c)m. 2> 9S(R-¥).
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_Chwaﬂmi'ﬂ= i‘r-i “w}rvﬂo

a ﬂ m!.‘
(1*) ta duge

amem,+bm_m,+ c.m,m,> %abe (3)

= Chon a = be, f = ca, ¥ = ab, thay vido (1*)

ta cd
2 r 2 3 3
mi +’"_b+ﬁ22(ﬂt’-‘_) @
a b ¢ 4\ ab+bc+ca
A b) Bay gid ta
X goi AK, BN,
CP theo thir tyr
P 1A céc ﬂ'll"élygg
trung tuyen
’ ““4 cia tam gidc
T ABC;  dung
. K e hinh binh hanh
APCH, dé thay

a

AK = m,, KH = my, HH-»:,.NH-E.

NA = -"%,m:= %(hinh i),

Ap dung bét diing thirc (*) cho tam gide AKH
v&i M tring N, ta thu duge:

(a+ B+ paa’ + p5+ i)
= d(m,' By + mi'ay+ m. af) (2%)

Tir BT nay bing cich chon & A y thich hop
ta durge Iop cde BDT méi dudi diy:

— Chon a=m,, f=ms, y= m. thay vio (2¥)
ta dugre:
@’.mg+ b*my + ¢*.m.= dmgmym, (5

— Chwa:i‘._ﬂ:ﬁ;’r-.m—‘th‘rm
e

(2*)tacé:
be.m, + ac.my + ab.m = dmgmp.m, (6)

~ Chon a = a, f=p, = ¢* thay vio (2%)
sau khi bién d8i ta thu dugc:
be.m, + ac.my + ab.m,

5-‘2—5,‘({& +B2+e2)a* +b' +c') (N

Ap dung BDT Ptolémée cho cac tir gidc GNAP,
GKCN, GPBK v bién dbi 1a dugc:
be.my+ ac.my + abm.> & my+ B.my + &*.m, (8)

Két hop (5), (7) va (8) ta duge diy BDT kép sau:
dmymym,. < be.my+ ac.my + ab.m,

< 12(-5-,_."{:21 +b? +c? Wa' +b* +c*) (9)

— Chon = a, 8= b, y= ¢ thay vio (2*), sau
khi két hgp v&i (4) ta co tiép:

3 : e | 2 2 1
{a+b+c)a® +b* +¢ )zf_"—...f*_.pf"_
dabe a & ¢
Na® +b +c*) 10)
4(ab+bec+ca)

Ap dung BPT Bunhiacovski ta co
a b c a+b+c i

V 1 NIVIZ Y1 1 IsNsN\vIVI

Tir ddy két hgp vdi (10) suy ra

a+b+ec [a?+b+c
D+ + i
me+m+m. s - J = (11

- Chon a = b'c?, B= o y= a thay vao
(2%), sau 46 sir dyng BDT

3(am.) + (b.m) + (e.m)* | >

z (a.m,; + b.my + c.mc}! , ta dugc:

.f\r.J'm.ﬂll.J-mm:'.J':'t,_,s%-..-’.u?'.ﬁr2 +bic? +cigt  (12)

) Goi L |a diém Lemoine cia tam gidc ABC
nghia 14 giao diém cia ba dudmg thing ddi
ximg v&i ba trung tuyén qua ba duémg phin

gi twong img theo timg dinh cla A4BC.
Khi d6 d€ théy :
= 2m be 2myac
a® +b?4e2’ a? +b? 402’
2m ba
e
a® +h? 4c2

Ap dung bit ding thirc (*) cho tam gidc ABC
v&i M tring L 1a dugc .

(et B+ P albem,)’ + Blacm,) + Kabm.) |
z(@+ b+ )iafy+ bay+clap) (3*)

Trong BDT nay ta cling chon cic b sb a, g, y
thich hgp dé duge cac BDT méi.

— Chon a=a, = b, y= c. thay vao (3*) ta
duge BDT:

4(bem, + acm,® + abm? ) > (a' + B + %) [(13)

BDT nay cin duge viét & dang sau:

abla — b)Y + be(b — ¥ + calc—a) =

2 a'la-bMa—c) + B (b-c)(b<a) + Flc—alc—b).
Két hop céc BDT (10) va (13), tacéd
(a+b+cla +b +c’}

= d(bem,t + acmy® + abm2) = (& + b + 2P (14)

—Chon a= = y=1 thay vio (3*) ta dugc:
(bem, V¥ +(cam, ) +(abm.)? 2
(a® +6* +)
12
— Chon a=4d’, fi=§, y=c thay vio (3%)
am, + b +cm2 >
(a® + 5% + * Y (ab + be +ca)
2
Ha' + b + M)

= (15)

(16)

Quc&ckﬁtxﬂihﬂnﬁﬂlﬂyrﬁngdémuduwm
BDT dep ta cdn co sy lya chon bd sé « A 7 thich
hgp. Bong thdi sy chuyén hod vi tri cia A nhur
di xét & cde phin (b) vi (c) cling dua t&i cac BT
dep khac. Ta cdn chd ¥ ring, néu diém M thoa min
xMA+yMBE+2MC = 0, thi khong nén chgn cic sb
@ Ay ti 1 v&ix, v, z i lac d6 xdy ra diu diing thirc.

(Ki sau diing tiép)



HINH THANH
CACB
G

TRONG
TU MOT BAT

(Tiép theo ki trudc)

e

BAN

THAI VIET THAO
(56 GD-OT Nghé An)

Il. Cic bit d‘in; thirc lién quan dén dwing
tron ngoai tiep

Khi cho M tring véi tim duong tron ngoai tiép
tam gidc ABC., BDT (*) trdr thanh
Ria+ B+ ' za'Br+ blay+claf  (4%)
Bén diay bing mdt s6 phép bidn dbi, ta cd mét
s6 trurdmg hop dic biét ciha nd.
—= Chen a = = ythay vao (4*) duge

R > a*+b?+c?

9

— Chon @ =a, = b, y= cithay vao (4*) dugc
R =2r,;

— Chon a = = —y thay vao (4*) dugc
R+a+ize;

— Chon a = be, i = ca, y= ab thay vdo (4*)
ta dugc

(ab + be + ca) abe

oY an
a’+b? +c?

(17)

— Chon & = b+c, # = cta, y = atb, thay vio
(4*) va bién dbi ta durge
BR(R-2r) > (a—b) + (b—c) + (c—a)’ (18)

Pé vy ring a = 2R.sind, b = 2R.sinB, ¢ = 2R.sinC
thi BDT (4*) c6 dang

(ot f+° = 4(By.sin’A+aysin’ B+af.sin’ C)(5*)

BET nay goi cho ta nhidu lién tudng tdi tinh
lrgng gidc coa nd.

— Chon a=c, F=a, y= b thay vio (5%) cb
P’ = ab.sin’d + be.sin®B + casin’C  (19)

— Chon @ = cosd, # = cosB, ¥ = cosC thay
vao (5*) véri chi ¥ cosd+cosB+cosC =1+%,
ta duge BBT

(R +r) = a’.cosB.cosC + & .cosC.cosd +
+ ¢ cosd cosh (20)

II. Céc bit diing thirc vé dwirng trén ndi tidp

Ap dung BPT (*) cho truémg hgp M tring vé&i
tim T dwdng tron ndi tiép tam giac ABC durge

(a+ 8+ P (aTA* + BTB + »TCY)
2 @fy+ Bay+ caf.

VNMATH.COM
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Tir BDT nay ta chon cédc bd sé (@ £ ) thich
hgp sé di tdi cac BT mdi.

— Chon = = y thay vao (6*) dugc BET
TA*+ TH + ?‘C‘z————-ﬂzﬂ:"té 21)
— Chon o = — ﬂ:._b_ = £ shav vin
Ta’ ™ e
(6*) va bién ddi ta duge

i A povic iR o
a.sin—+b.sin—+c.sin— 2 p (22)
2 2 2
- Chon a=p —a, f=p—b, y=p —c thay vao
(6*) ta dugc
TA2 TH: TC?
+ +

=8 R-r)
rﬂ & T
1 1 1 BR-9r
Cﬂ? + g"'? —S."_ {231

. A . B S
— Chon a = smz.ﬁ= smE. y= S‘Il'l-z* thay
vao (6*). Sau khi bién ddi ta c6 tiép

Slﬂz"'il“z"'-'-"" sini sin— siﬂE
2 2

= X (a. cosl;¥+ b.cns-:—+c+cus—) (24)

r 2
Nhir vy mdi chi qua nam truong hgp dic bigt
cia diém Af ma ta d3 dé xuat duge 24 BDT.

Dudi diy ching 16i dua ra mdt s6 BDT khiéc co
durge bing cach lam nhu trén. ban doc ty giai
xem nhur bai tép.

Bai 1. Cho tam gidc ABC. Chimg minh ring
r 4+ 4 26r + 24 Rr—p?
trong d6 r, . r. r. 1& cdc ban kinh dudmg tron
bang tiép trong cac goc A, B, C cha tam giac ABC.
Bai 2. Cho tam gide ABC va mdt diém P tay ¥
trong tam gidc. Goi A4y, 8y, C; 14 hinh chiéu
vudng goc cua P trén cac canh BC, CA va AB
theo thir tv. Dt P4 = d,, PB = &, PC = d,
PAy= ry, PBy=r;, PC= ry. Chirng minh rang:
ﬂ} J{ r.l + r;_z o F_'lt :I
> d, sin’d + dy’sin’B + dy’ sin’C

b) (@’ + b* + NS + 5 + 8.7)
= SI(R|2 + R}z + Rg:!] 3
TR T 2 2 X
& TS IB s IOT <220 %
a+b+c

O day I la tam dudng tron ndi tiép tam giac
ABC, &, 5,. Ss. 8. la dién tich cdc tam giac
ABC, PBC, PCA va PAB trong (mg.

Bai 3. Cho tam gidc 4BC va mét diém M bit ki.
Chirng minh réng:

(et P aMB* MC* + BMC? . MA® + yMA* . MBY)
> o MA’ By+ B MB. ay+c” . MC. af,

vii @, 0, ¥ la cdc s thye thy ¥-
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PHUONG PHAP

GIAT TOARN

Tmng bii fviét_ nay, ching ta xem xét vige su
dung hai bat dang thae (BDT) sau dé chimg

. - i B+ - i = #
minh mot so bai toan ve bat dang thire:

(D(1+z) sleaz voi z>-1 va acfo:l]. Ping
thire xay ra khi va chi khi @ =0 hodc a=] (bat
ding thirc Bernoulli).

(ii1+z) < 1+2* vai 250 va as|, Ding thir
xiy ra khi va chi khi a=1.

Chirng minh (ii)

ST (L .

+I +I

A ti
..-L_] :_ar—l_ l'ré [_-_] 2-_-__
l+z l+z 14z 1+:z

Cong theo vé hai BDT trén ta duge

[L]ﬂ+(iJ"2J_+ X

l+z) 4z 14z l+z

=0 viaa<|nén

Tirdd suyra 1+ 2(142) . O
< Nhgn xét
1) Trong BDT (ii) cho z== (véi x, v li sb

¥
thye duong) 1a nhan duge cac BDT (ii) cho hai
so thyre dwong x, v nhu sau:

(x+y) €@+ voiasl.

2) Bing phuong phap quy nap hojic phuong
phdp nhr trén ta chimg minh duge BDT (ii) cho
(m=2) 50 thyre duong xy. %, .. Xu o

(% +x, bty ) S 44 4@ vhi a<l.
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. Ung dung cua
8% HAI BAT DANG THUC

(GV Knoa Todn - Tnhoc:
DHKHIN. - DHQG TP HCM)

Biy gity chiing ta viin dung ching dé giai quyét
cic bdi todn sau day.

Q Bail. Cho a la mat 50 thire niam tromg
doan [0:1]. Ching minh rangl+a =2 > 1+o°

Chirng minh. Do :iE!U'. I] nén dp dung bit
dang thire (i) ta ¢6

2=(1+1) < l+a.l=1+a

(1

Mit khac, do | — @ € [0; 1] nén theo bat ding
thire (1) taco

2 <l4(l-a)=2-a.

-

e

Tir do suy ra

2-a

=1+d (3)

Biy gilr ta chimng minh
2-a
Thit vy, dé thiy BDT (3) twong duong vai
BDT ding afa-1) >0.
Tir dé, két hop hai BPT (2) vd (3) ta cb
221+a.0
& Nhin xér. Sit dung BDT 20214a’ véi
a € [0; 1] ta s& giai duge cdc bai todn sau day.
1} Cho 4. a,. .. a, (m=z1) lacic 50 thye
khong am thoa man dicu kién & +@ +.+@,=1.
Chirng minh ring 29 +27 4.+ 2" > m+l,

2) Cho x, %, ... x, (m21)lacac 50 thyre.

Chirng minh ring
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g leosx| +2]sinx|ms'rz| +"_+llsin.r.sin.u...sinx,,_.,mmtml
SSInGSinG .. Sinx,_ Sinx,| = 0],

Hudng ddr. Tong binh phuong cac s& mii & vé
trai bang 1.

© Bai 2. Cho a, b li cde 56 thuwe diromg ndm
trong khodng (0;1) . Clurng minh rdang

1) a":u%; 2) &+ >1.
Churng minly
1) Do a>—2—>0 nén

e+l

}[ + ] =g e ()
) ]
= 1+
a o
Via e (0: 1) nén dp dung BET (i) 1a cd

ﬂ{[l+i) 5[+a_i= 1
(] el

Két hgp BDPT nay va BDT (4) ta nhén dugc
BDT cin chimg minh.

2) Do a>—2—>0 va b::ni:-ﬂ nén
c+1 b+l

b
a’-m-.—,[L] {LT-_ S
a+1 b+l [ 1Y [ ])“
1+— 1+—
a) b
Via, # € (D: 1) nén é&p dung BDT (i) ta cd
L]
l}-c[l+—l+) $l+b.-|—=a—+h.
a a a
ﬂ{[l+l)"5l+ml=ﬂ.
b b b
Két hop hai BDT trén va BBT (5) ta dugc
1 1 a b
ﬂa*ﬁ,}a+b+a+b-a+b a+h
a b

« Nhdn xé1. Bang phuong phap trén ta c6 thé
chimmg minh bai todn tong quiat sau: Cho
By s b, (MZ2) & céc st thyre duong cd
téng bing 5. Chimg minh ring
(S-a)' +{5—a)? +.o(S—a, ™ >m-1.

Huwdmg diin, Wéu ton tai mot chi sd k (1sk=m)
sao cho a =1 thi véi moi i=k va I<i=m tacd
S—a>a=l. Suy ra (S§—a)'>1. Ti 46 cb
dirgre BDT cén chimg minh.

Trong trrdmg hop tit ca cic sé o (1<i<m ) déu

niam trong khoang (0: 1) thi ta giai tirong tr nher
trong cau 2) cua bai toan nay.

© Bai3. Cho a. ., .... u, (m22) I cdc 56
thwe dwong va a. 3 la hai soi thec eleromig thoa
mdan diéu kién a=0  Chimg minh ring

] [}

(@ +a +orae Yo <(d +af +..4al ) .
Chirng minh. BDT can chimg minh trong
durong v

"J'
(gt +.tir ) < o +d +.. 42"

g s g g
Hay (x +x, +..+x. ) Sx* +38 4+ +x7 vbi

_‘_=({r)0.j=l._ﬂf-
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Do a¢zfF>0 nén — = |. Lic 46 dp dung BET
o

(ii) cho cac sd thuyc duong 5. %, .. x, va

red < 1 ta nhiin duge BT cén chimg minh.
o

@ Bai 4. Cho a, b, ¢ lacde sd thre dieerng vir
n & mgt 56 nguyén dwong ldm hom 1. Chirng

5 o [ B J 'l
frafr rl o + o +
IBRNEINES, J.’H»:.' \!L‘hﬂ a+b

Chirng mink. Vi D{ESI nén ap dung BET
n

>2

2 2 2
(iYtacd O<(b+c) =b" +c".

Két hop BET trén va BDT Cauchy cho hai sd
duong cd

2 1 3 3

2 2 x F
a" +(b+c)w
0 < gfa(b+c) s +{B+i) -Sﬂ’-rh#'—ff--.

2 2
?
Tirdésuyra pl—— = s
¥R {oec gal(b+c)
E 2
a” B 2a"
2 ) 2 2 2z 2z
a® +b4 +cn g +bhn+cn
2

Ping thirc xay ra khi va chi khi n=2 wva
a=b+c.
2

Tuong ty: d 2 — 2&:
cH+a = 2

|| c
Vat+h = e 2 L

a® +b" +c"
Cong theo vé ba BET trén nhan dugc

2 2 2

[ a +J b _'_J c )Za'+2b"+2|:'"
Vb+e c+a a+b £ 2 2

a’ +b" +c”

Péng thire xdy ra khi va chi khi »=2 wva
a=b+c, b=c+a, c=a+b.

va

=2.

Piéu nay khong thé cé vi a, b, ¢ la céde sé thyc
duong. Tir 46 suy ra dpem.

<« Nhgn xét: Bat diang thic trén da duge chimg
minh trong THTT s& 341, thang 11/2005 khi
n=3_, nhung phuong phap chirng minh trong dé
khé mé& rong cho truomg hop » 13 mét sb
nguyén duong Ién hon 1 bét ki. Tuy nhién, véi
viéc sir dung ¥ trdmg trong bai viét dé cing véi
BET (ii) chang ta ¢é mét chimg minh kha gon
trong trudmg hop »n= 1 nguyén duong thy y.
Mgoai ra, ciing bing cach sir dung BET (ii) cho
nhiéu s6 ching ta c¢6 thé chimg minh bai toan
thng quat sau:

Cho a, @y, wa @, (m=3) la cac 56 thue duong
¢6 tdng bing & va n 12 mdt s6 nguyén duong
lém hon 1. Chimg minh rdng

i+ —a’——-+...+n o >2.
S—aq S—a, S—a,




il

TRUNG HOC CO SO

Khi dd duge hoc cée kién thie vé dudng
tron (goc noi tiép; tam giic ngi ticp, ngoai
liép; tir gide ndi tiep, ngoai tiép; ...) thi vige
giai mdt Idp cac bai todn tré nén dé ding. Con
néu chua hgc vé dudmng tron thi céc bai todn
nhu vy co giai quyet duge khong? Ching ta
hdy xét dieu d6 qua cic két qua sau.

E? Bai todn 1. Chimg minh rdng mét e giac
loi ¢o hai gde doi bir nhau khi va chi khi tén
tai mot diém cdeh déu bf:rp dinh cua nr gidc.
{Dd chinh la ue gide ngi tiep).

Chiing minh. a) Gid su o gide ABCD cb
A+C = B+ D= 180°. Khéng mat tinh ting quat

gia sir BzA. Néu B>4 thi C>D, ta liy
diém M sao cho ﬁ;‘:!';;lf ;!, A?Eb = El, cac
tia BM va CM cat AD lan lugt tan P va N suy ra
B = E'| nén tam giac MBC can tai M (h. 1).

Hinh |

Tir cac tam gidc cdn BMC, ABP, CDN suy ra
cac trung trire cia AB, BC. CD chinh 14 céc
phan giac cia tam gidc MNP nén ching dong
quy tai () va rd ring OA4 = OB = OC = 0OD.
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NEU CHUA BIET VE

(Trudmg hgp diém M tring v&i N va P thi ¢é
MA = MB = MC = MD). Néu B=A thi C=D,
tr giac ABCD 1a hinh thang can, két ludn hién
nhién ding.

b) Nguge lai, Néu wir gidc ABCD co diém O
théa min OA = OB = OC = OD. Gia sit O nam
trong tir giac (h. 2){vdi cac truomg hop con lai
chirg minh twomg ). Khi d6 ta ¢é

- f‘
B-00r-9,
g =o0e- 2,
2
~ 0,
=90° - —:
b 2
b =900- %

Hinh 2
nén B+D= 360° - %(6; +07+0) +F}¢}
=360° - 180°= 180°= A + C.0)

'ﬂ? Bai todn 2. Chung minh rdng mot tir gide
loi cd tong hai canh doi bdang nhau khi va chi
khi ton 1ai mét diém edch déu bon canh cuia i
gidc. (Dé chinh la v gidc ngoai tiép).

Chirng minh. a) Gia sir ur giac ABCD c6
AB+CD=AD+ BC (h. 3).
Khéng mit tinh 1dng quat, gia sir AB 2 BC.

Néu 4B > BC thi AD > CD, lay M trén canh
AB sao cho BM = BC, N thudc canh 4D sao
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Finh 3

cho DN = DC. suy ra AM = AN. Tir cic tam
giac can AMN, BMC, DCN suy ra phin giac
clia cic goc A, B.D 1ache trung tryuc ciia tam
gidc CMN nén s,h-.mg, ﬂnm_.. quy 1ai /. RO ring f
cach déu bon canh ea tir giic.

Truomg hop AB = BC, AD = CD thi [ la giao
diém cia BD vi phan gidc goc A.

hl Neuge lai, néu i gmc AB( D co dw:m I cach
deu bon canh cua tir gmc thi dé thﬂy I la glan
diém bon dwong phan gide cia cdc goe trong 1

gidc. Do d6 vige chimg minh AB + €D = AD + BC
hodan toan dom gian, (cdc ban tr vé hinh vi kiem

tra lai dicu dé),

& Bai todn 3. Cho ur gide l6i ABCD. Chiing
minh rdng iir i gidc ¢o hai goe doi bit nhau khi

va chi khi 4‘{ ‘B= 4.’3'.'3‘

Chieng minh. Trieong hgp BC // AD d€ thay
hai diéu kién trén déu tlmng ducrng v i gise
ABCD 1a hinh thang cén. nén di¢u can chimg
minh 1a hién nhién.

iia sir hai duimg thang BC va AD cit nhau
tai () sao cho B nam gitra O va (" (h. 4).

ir

tinh <

— j}l = Aﬁ'
() ﬁ
f}{. o0

T'a 6 ;ﬁ}f' bt vini A'Ef‘
e AMMB en AOCD (gg) <

& AOAC w» AOBD < ACB = ADB.
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* Chii y. Tir ,-iﬁ; ADB 1a dé é ding suy ra
duge: .!:-‘..4{" B."I LBD {AD ABU Al’.D
& Bai todn 4. (Dinh 1i P1o1eme) Chimg mink

rang néu e gide ABCD ¢ hai goc doi bii
nhau, thi AB.CD + AD.BC = AC.BD.

Cheeng minh, (h. 5)

| ¥
Hinh 5

Theo bai todn 3 ta cd RAC=BDC, BCA=BDA.
Trén AC liy K sao cho ABK = DBC

= AABK e ADBC (g.5.) = EE

B CD
= ABCD =BD AK (1

Ciing ¢ AABD en AKBC (g.2.)
= AD.BC = BD.KC (2)

Cong (1) va (2) theo timg v dirge dicu phai
chirmg minh.

& Bai todn 5. Cho tir gidge ABCD 6 hai gic
dai bit nhan. Hg DA, DBy, DCy theo thi e
vudng gde vai BC, CA. AB. Chimg minh rang
ba diém Ay, By, C, thang hang. (Dwdimg theing
Simson).

fh.‘rﬂg mmh Néu €' tring véi A vi A, tring
vari C thi két luan la hién nhién. Néu €y thude
doan AB va cac diem durere béi tri nhur hinh 6

Hietls 6



Van dung cac quan diem bien chung

cua tu duy toan hoc
d ay

© rhin I6n cc ban hoc sinh kha, gidi toan
mong munn dat két qua tot trong hoce tap mon
Todn dd cd ging tw hoc, ty tim 10i 1o gidi céc
bai todn qua cac sach tham khao boi durdng mén
Todn & trong nurde va trén the gidi. Dic biét cac
dang todn trong bao Todn hpe va tudi tré,
nhirng 1&i gidi phong pha da dang coa nd da co
sire cuon hit dang dao hoe sinh trong ca murdre.

Tuy nhién, theo chung toi, dé viée tu ht;u: tr
tlm thi vi phét trién kién thirc nhu di néu tren
t6t hon, céc ban can guan tim ding mirc dén
viéc khai thac tiém nang kién thirc va ki ning
sich gido khoa (SGK) toan & truémg THPT.

Tir tiém ndng SGK, néu cic ban ¢6 cich nhin
nhan bi¢n chimg cia tr duy toan hoc thi céac
ban sé& tim duge cac phuong thire phat trién,
md rfmg kién thirc SGK, tao buwde ngodt cho
vige tiép cén véi cac dang todn kho,

(2] Chﬁng ta quan tdm mot sd quy ludt bién
chimg cta tr duy toan hoc dudi diy va vie
vin dung chiing vao viéc phat trien kién thirc

SGK toan.

a. Xem xé1 cde dii twgng todn hoc, cic quan
hé giita chiing trong cdc méi lién hé giita cdi
chung va cdi riéng

Mdi cdi riéng co thé dwge chita ding trong
nhiéu cdi chung. cdi hao trimm nad theo mdt $0
quan hé ndo dé khdc nhau va nguece lai, nhiéu
cdi riéng co thé chira dymg .frﬂng cung mot cai
chung theo mét moi quan hé nao dé giita ede
doi hegmg.

Thi dy 1. Tir bai toan sau da}' trong SGK Hinh
hoe 10 :"Chirng minh rirlg néu G la trong lam
clia tam gl.’in: ABC thi GA+GB+GC =0"

thé phat trién theo hai hudng den nhﬂrng cai
chung, cai tong quat khac nhau:

Hudng 1. Xem trong tim ( cia tam gidc ABC

theo quan di€ém dién tich: Sgpe = Siea = Seaw

= %5 , vai § la dién tich cia tam giac ABC.
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Todn

DAO TAM
(GV khoa Todn DH Vinh)

Khi dé hé thire can chimg minh twong duong véi

hé thire: %S.Eﬂ v %Sﬁﬁ ’ ;R.E;EF =0.Chiy
rhng tong ba hé sb cia biéu thirc vecto vé Irdi
bing S. Tir d6 chiing ta c6 thé de xuat bai todn
1ong quat sau: "Goi O li diém bat ki trong tam
gidc ABC. DAL §, = 53 = "u;m.

Chirng minh ring S, 04 + S, 08 + i: OC =0"

Sﬂfﬂ 1 TZ L S’I‘H A

Hé thirc can chimg minh trong duvong vai

—. 5, o
Od=-=20B- 220OC (1)
hY S

pé chirng minh (1)
ta dung hinh binh
hanh nhin O4 lam
duimg chéo OEAF,
trong d6 hai canh
OE, OF lin luot
thugc ciac duimg
thang BO, CO(h. 1).

Theo quy tic hinh
binh hanh ta cb;
OA=OF + OF .

Hinde 1

Tir d6. Od = - 2= OB - EU{‘

OB oc

Seon OB - 280E 56

SI S!
Do AENOC va AFINOB nén

- S S —
OA=--20B--0C.0O

lSl =

& Nhdn xét. 1. Néu dé y S, + §; + 8, = S, khi
dd co the md rong cho truong hop di¢m O
ndm ngoai tam giac ABC, thudc mién gid tao

hay OA=-
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bai hai tia C4, CB. Ching ta cé bai toan téng
quat khéc sau:

"Goi (’J la diém nam ngohl tam giac ABC,
thuoc mién goc tao bai hai tia CA va CB; Goi

Sz, 53 ldn lugn 14 dién tich cdc tam gidc
(}BC. OAC, UAE. Chimg minh ring

S, 04 + 5, OB-8,0C =0 "

Ban doc c6 thé ty chimg minh nh& st dung
hinh binh hanh CMON: trong 46 M, N lin lugt
thude céc tia OA va OB.

2. Néu dé y thém S, + 5 — §; = S thi c6 thé wong
quat cac trudmg hop trén thanh bai toan sau:

"Néu O la diém bédt ki trong mat phing (4BC),
khang thudc duéng thing chira canh nao cia
tam gidc ABC. BJt 8 = Soppe o« & = Socas
81 = 5.4 thi cé thé chon cac dau "+" hodc "-"
thich hgp sao cho ding thirc +5,04 + §,08
1 SJE =0 ding".

Huomg 2. CO thé xem G la trong tam cia
tam giac ABC khi va chi khi GB+GC =2GM =
GK =-GA, v&i M la trung diém BC. Khi do
trong  GA+GB=-GC , GA+GC =—GB . Hay
cic vecta GA . GE‘ GC déi mdt khac phuong
vit tong hai vecte bit ki trong ba vecto trén néng

tuyén viri vecto con lai. Khi do GA+GB+GC = 0.

Tir nhin xét trén ching ta c6 bai todn téng
quat sau "Cho »n vecto doi mit khiac phurong
va mng clia #n — 1 vecto bat ki trong n vecto
trén cong tuyén véi vecto con lai. Chirng minh
ring t{:}ng 1 vecto chu a trén bhng vecto
khong". Ban doc ¢6 thé ty kiém tra tinh ding
dén coa bai todn tdng quit trén.

kad‘y 2. Xem xét cic dbi twgng, cic quan I'u:
cac tinh chét tr nhic¢u trudng hl;rp riéng coa
mot cai chung; Tir d6 sir dl_gng cac thao tac tur
duy: so sanh, phén tich, tong hep, khai quat
héa, téng quat hoéa dé dé xuat bai todn mdi,
bai toan tong quat.

Chiang han, ching ta dé dang kiém tra trong
hinh vutng hodc hinh thoi ABCD cb cic dirimg
chéo cit nhau tai O thoa mén:

AB* + BC? + CD* + DA?

=2(04% + OB + OC* + OD") 2)
nhé st dung dinh 1i Pythagore va chi can sir
dung hai dirémg chéo vudng gde vari nhau,

Béi vai hinh chir nhéat hodc hinh binh hanh
ABCD c6 céc dudng chéo cét nhau tai 0 ciing
théa man ding thirc [2) Trnng trirémg hop nay
kh: Chll'l‘lg minh chi can sir dung O la wang
diém cia mit dudéng chéo va sir dung cong
thirc 46 dai dudmg trung tuyén tinh theo ba
canh cua tam gidc.

Phéan tich, so sénh cach sir dung cac %mﬁ thiét
cua cac truéng hop chimg minh cu thé co thé
dé xuit bai todn tong quat sau:

"Ta gidgc ABCD ¢6 cac duang chéo cét nhau
tai O, cin va da dé AB* + BC* + CD” + DA?

= 2(04%* + OB + OC* + OD*) la tir g.ac do co
hai dm‘.mg chéo vudng goc hodc O la trung
diém cia mjt trong hai duirng chéo.
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b. Xem xét cic ddi twgng todn hoc, cdc quan hé
giiva chiing theo quan diém vin dgng bien doi

Chiing ta cdn ddc biét quan tam xem xét cdc
doi twogng, cde quan hé trong bai todan theo
quan diém vdn déng ur cdi n‘eng dén cdi
chung (thé hign trong gidg thiét ciia bai todr)
dé tong gudat hoa cdc bai todn, tim 16i kién
thire mdi.

Thi du 3. Cic ban hoc sinh di duge lam quen
vai bai todan sau trong SGK Hinh hoc Fl.’:p 10:
“*Cho gdc xOy va diem A nﬁm trong goc do.
Diyng durémg tron qua 4 va tiép xic vdi hai
canh Ox, Oy",

Béi todn trén dugc giai nhix sir dung phép vi
tw, bang cach xem duéng tron can dung 1a anh
cia duwdmg tron (¥) ban kinh R dwoc chon tay
¥ va tiép xt0c vai hai canh Ox, Oy coa goc qua

phép vi ty Vi véi k = g“' A’ la giso diém

cha 04 vai dudmg tron (6.

Tir dé néu xét diém la trudong hop dic bigt
cuia du&ns irdm khi bﬁn hinh bang 0 thi cé thé
phat biéu bai todn mdi. tdng quat sau: "Cho
goc xOy va dudmg tron (8) tAm [ bdan kinh R
ndm trong goc do. Hay dyng dudng tron ()
tiép xtic v&i Ox, Oy va tiép xiic v&i durimg
rén (S5)". Vige dyng dudmg tron (@) quy v vé
dyng dudng tron tim K di qua [ va tiep xic
vai Ox" va 09, ki higu la (K). Trong d6 O'x’
va Oy’ lin lugt song song vai Ox, Oy va cich
déu ching mét khoang bing R (dd xét & bai
todn ban dau).

Gid sir dudng tron (K) ed ban kinh o. Khi do
durdmg tron can dyng cd tdim K ban kinh bang
d - R (xem hinh 2).

Hinh 2

Dudi ddy 1a nhirng bai tip danh cho cédc ban:

Bai tip 1. Hay trinh bay cac cach tong quat
héa bai todn sau, d& xuat cac bai todn mdi:
"Gipi [ la tdm vong tron ndi liép tam giac ABC.
Chirng minh ring ald + bIB+cIC =0. Vi a,
b, ¢ la 46 dai cie canh cia tam piac ABC".

Bai ."g'p 2. Téng quit hoa bai todn sau: "Cho
tam giac MNP. Qua cac dinh M, N, P v cic
dudmg thing a, b, ¢ lin lugt song song vai
NP, MP; MN. Cac dudmg thing a, b, e déi mén
cat nhau tai A, 8, C. Chimmg minh rdng cac
canh cia tam gidac ABC nhin M, N, P la cac
trung diém.
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Tim nhicu cach
chu'ng minh mot he thurc

1hd bicn dos ol tuohg duong

NGUYEN VIET HAI

(Ha N&iD
Cho tam giac ABC vii g

AB=¢c,BC=a,CA=b,

Tir mdt hé thire néu khéo sir dung cac phép J'mu ddi ta co thé

a+hb+c=2p GoiS§,
R, r theo thi ty la
dién tich, bin kinh
dwbng tron ngoai tiép,
ban kinh dudmg tron
ngi tiép tam gidc
ABC. Goi rg, s, r. la
ban kinh duwdong tron
bing tiép tam gidc

nhiin durp nhiéu g thsre fvong daicomg, ma maoi ¢ there do co
m'!if u'!url Fie g N¢ gori el tar time ran cicl :Ir.r..—n wainely fireriiy
trmg. Néu ta ching minh diwege mit trong cde hé thire nay thi
sty ra diegre tar ca cac hg thire fwong dwong veri no. Nlue viy,
khdng nhitng ta tim dwge nhi¢n cach chirmg mink hé thire ban
diau mi con cd cach .mf:m toian dign hon, hé Ifnm" fiorn v :m
he¢ mm Eliic shvau ve fiinh H'HH. mleerng I.":rm" mhdr vdi mhau vé
moi guan hé todn hoe, Piéu nay dwoe mink hoa qua viée xét

ciach clirng mink mgi 50 h¢ thire frong tam gidac doroi day,

ABC wrong Ung wvdi
cic goc CAB, ABC,

BCA. Dat CAB =2a, ABC=2p, BCA =2y.  Chitng minh. (Cdch I)

Trong bai nay s& sir dung mdit s6 hé thirc quen Pa T= + 3 o,k
biét sau. p-a p-b p-c
S=pr= E—Jp{p-a](p Bp-c). (I  Tachd
. I . | _ 2p-a-b _ c
Tir do o pr’ = (p -a)(p - b)(p - ¢) (I1) p-a p-b (p-afp-b) (p-aXp-b)
Khai trién vé phai cia (I1) rdi thay abe = 4Rrp
vio va rat gon duge Tuong tr cd
ab + be + ca-p=4Rr+ ¥ (11 N S
: -a p-¢ (p-a)p-c)
Ta ciing biét: P | E t
a
r Fa b F T + = ‘
1ga= == 1gf= —=—, = = = =
p-a p p=b p p-b p-c (p-bXp-c)
r r
1gy= - e (IV) o
p-c p Tir do
c h a
+

@ Bai todn, Chimg minh rdng trong tam gidc 1 p-a)p-b) (p-aXp-c) +{F—blﬂ—f}
ABC co hé thiee
1,1 _4Rer -
p-a p-b p-c pr

_ cp-c)+b(p-b)+a(p-a) _ 2p (a* +b? +)
(p—aX p-b)p-c) pr?
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_ 2pt—(a+b+c)? +2Uab+bc+ca)
- =
_ 2ab+bec+ca)-2p’

pr '

Thay hé thire (I1I) vio phéin thic cudi cing
néu trén ta co dicu phai chimg minh.

Bién ddi twong duong hé thire (1) duge,
A I

+ +
p-a

=4R+r.
p-b p-c g

Ap dung hé thirc (IV) ta chuyén viéc chimg
minh hé thirc (1) dén chirng minh hé thirc sau:
rotn +r. =4R+r (2)

Chirng minh. (Cdch 2)

Sir dung hé thirc (I) va (IV) co
pr St _plp-bXp-c)

i p—a - S(p—a) S

plp—a) p-c)
S £ ]

. —Plp—aXp-b) _(p—aXp-b{p-c)
[s S 1 S

Tir dé

S((r, +n)+(r.—r))

= plp—cXp—a+p-b)+(p—aXp—-b)p—(p—c))
= c(p(p—c)+(p-a)p-b))

= f{Zpi —-p{a+b+c]+aﬁ} = cab = 4RS.

Tueng tyr r, =

Gian wée § & vé diu va vé cubi cha day ding
thire ta duge (2).

Lai bién 46i twong duong hé thirc (1) theo
cach khic dwugce

4R+r _ p _p . P
r p—a p-b p-c

gr=ir it
= + |+ +1 |+ +1].
p-a p—b p-c
Tir d6 ta chuyén viéc chimg minh hé thirc (1)
vé chimg minh hé thirc

33
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g 8 g2 B 5 @)
P—ﬂl’

p-b p-e r

Chirng minh. (Cdch 3)

Goi Oy, Oy, O; la tam dudng tron bang tiép
tam gidc ABC twong (mg v&i cic goc CAR,
ABC, BCA (xem hinh v&).

Tir (1) va (IV) ¢6

_Es_=£= a_rl" =ESH|K."

p-a p-a

Twong tir ¢

bS
S 25.‘); AC 4

p—b

cS
__'_‘; = ZSH:.AB '

D& thiy G,AC + 0, AC=E-I"-1=W nén

A L 04, Tuong tw cd A4 L Os4 va
A L 0,05, O:B L 0,05, 0,C L 0,0

Ta :i.ing'mi
CO,A=CIO, =CAl + ACl = a+y =CB0,.

Tir &6 cb
A
AD, 0105 <> AO,BC nén 2% - -rﬂ ,
a [+
Taco
_ 0,04 a
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AP P
CO5 o
r, = ptge (theo (IV)) nén

ap’ _ pIRsinla
—=

Chii y riing 40, =

z‘gr.*ﬂzﬁlq = =48p (V)

pPlga.cos a  sina.cosa

Mit khac sir dung (1), (IV) co
Lﬁ',w_,,,_,_ =8+8, +Senac ¥ 5048

= S+E.rﬂ +E.r;., +£J‘l
2 2 2
a¥ bS cS

S+ -+ -
Ap-a) 2(p-b) Up-c)

S[ a b c

—| 2+ + +

2 p—a p-b p-c

Tir (V). (V1) v4 § = pr suy ra hé thirc (3).

VI

Ta lai bién ddi hé thire (1) twvong duong vai

r ] r AR+r
+ + = .

p—a p-b p-c P

Sir dung (IV) ta chuyén viéc chirng minh hé
thirc (1) vé chirng minh hé thirc
4R+r

tger +tgd + tgy = (4)

Churng minh. (Cdch &)
Sirdyung (IV) ta co
p=(p—a)ta= —~_ +2Rsin2a.
g

Ap dyng cong thirc lrgng gidc cia goc chia

r 4 R
déivhitga=rtacop= — + .
8 P t 1+r?

Quy déng miu sd rdi viét trong dang phuong
trinh ddi véi ¢ ta dugc

prl—(AR+ 1YW +pt—r=20 (V1)

Nhur viy ¢ = tge la nghiém cha phurong trinh
bdc ba (VII). Tuong ty nhu thé 120, tgy cing
la nghiém cia phuvong trinh béc ba (VII). Ap
dyung dinh li Viéte cho tlfang ba nghiém coa
phueng trinh bic ba (V1) ta co hé thirc (4).

Trong bai tip | dudi diy hwdéng din cich
chimg minh hé thirc (4) (coi 1 cach (5)) bing
cac phép bién dbi lugng gidc. Vai mbi hé thic
(13, (2). (3), (4) ta c6 cach chimg minh twong
tng nhung vi ciac hé thirc nay tuong duong
v&i nhau nén néu xuat phat 1ir mat tréng nam
cach chimg minh 43 néu thi di theo mii tén
trong so dg dudi ta chirng minh dwge hé thirc
(1) va ca céc h@ thic (2), (3). (4). Cing d&
dang thiy néu sir dung (1V) ¢6 thé bién ddi hé
thirc (2) twong duong viri hé tharc (4).

S dd lién hi giia cdc h§ thirc
wva cdcl chirng minh

Cich |

Cich 2

Heé thic (2)a—= Heé thic (1) —= Hé thifc (3)
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>~ i
—= He thic (4)

Mdri cac ban lam cac bai tip sau co lién quan
dén cac hé thic trén va cich chimg minh
chiang,

Bai 1. Sir dung cac phép bién dbi lugng giic
dé chirng minh cdc hé thirc sau:
5 AR _ B8R
P 2R(sin2e+sin2f+sin2y)
I

cose.cos f.cosy

b) -—;— =lga.tgfB.igy .

Tir d6 suy ra hé thire (4) (cdch (5)).

Bai 2. Chirng minh ring e
p—a p—b P—c
la ba nghiém cia phuong trinh biac ba

pr:'.r1 —( AR +r)rx? +px—1=0.

Tir 46 suy ra hé thire (1).

T e

S o(p-a) a 2Rsin2a
=tga+cotga= —+ L2

p—a r
dit x = b i quy dong miu sb.
p-a

Bai 3. Chimg minh cac hé thirc sau:
a) ptga =7{plbfp_ﬂ :

b) pltge + tgf) = 4Rcos » :

c) cos2a + cos2ff + cos2y= | + 4sinasinGsin y

r
= | 4 — :

d) 2p(tga + 1gf + 1g7) =
= 6R + 2R(cos2a + cos2 8 + cosdy).

Tir 46 suy ra hé thic (4).

Bai 4. Goi ¢4y, O3, (O theo thir twr la tam
dudmng tron bang tiép tam gisc ABC tuong tmg
v cde gée CAB, ABC, BCA. Hay dya vao bai
tép 3b va S, =Sian +S s € chimg minh

Sencnon = 2Rp (V). Tir 46 suy ra h§ thirc (3).

Bai 5. a) Chimg minh riing hé thire (3) tuong
duong véri mdi hé thire (5), (6) sau:

2 2 2
St =4p[£—l] (5)
p—a p=b p-c F
a‘tga + P1gfl + gy =4p(R-r) (6)

b) Hiy chimg minh hé thie (5) b:‘?ng cach quy

dong mau s6 va dya vao khai trién cong thuc

Heron theo a, b, ¢ thanh

168" = 2(a™b” + b’ + ’a’) — (a* + B* + ).
e

pP—a p—a

Hudng déin: a) Bt 2




Il. Khai thic bai toin theo nhimg hwing
khic nhau

1. Bai toan cye tri xuét phat (gbc) la mot bai
toan cyc tri hinh hoc trong mit phang. lién
quan dén do dai doan thing, cu thé la chu vi
cia mt tir gidge ndi tip mdt dwdng tron cho
trude cd6 hai duong chéo vubng goc & mit
diém cb dinh cho trude ndm trong duimg tron
do. Biy giir thay chu vi bai dién tich, ta cd
ngay bai tofin twong tyr phat biéu nhu sau:

Bai toin 1. Trong cdc nr gidc 16i ABCD ngi
tiép dheomg tron (O a) cho triede sao cho cde
dudng chéo AC va BD vudng gic véi nhau ¢
mét diém P c6 dinh ndm trong diecmg tron
(OP = d < a), hdy xdc dinh n gide cé dién
tich lém nhdt va wi gide co dién tich nho nhai
va Hnh cdce dién tich do theo a va d.

Néu dit AO0B = 2x, BOC = 2y, COD= 2z,
DOA = 2t thi lic 46 ACB=ADB = x, ..,

ﬂ?hfi?} =f’tacdﬂ{x.y.:,r{§.x+:

=y+:=i AB _ BC _CD DA _

2" sinx siny sinz sing

Pé y ring x, y dwge rang bude bai didu kién
1 -

sinlx.siny = '5—1 Ta c6 bai todn cyre trj lugng
a

2a.

gidc sau:

Bai todn 2. Tim gid trj lon nhdt va gid irj nho
nhat cua biéu thirc lgmg gide sau
flx, y) = sinx + cosx + siny + cosy,

vaiD<x, y< —;— thoa mdn diéu ki¢n
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Tiép can va khai thac
MOT BAI TOAN CUC TRI Hwoc
. )
P

(Tiép theo ki trudc)

NGUYEN DANG PHAT
(Hé& NG

sin2e.sin2y =K (0 <k < 1),

2. Ngoai ra, |& ty nhién ching ta lién tudng
dén bai toan twong ty (m& rong) trong hinh
hoc khong gian. Sy twong ty nay kha phong
phii vi s "lién tuéng" nay co thé xuit phat tir
nhimg cich nhin khic nhau hodc xét theo
nhimg khia canh, goc d6 khac nhau. Ching
han, thay dudng trdn béi mit cdu, goc vudng
bai goc tam dién vudng, tir gidc ndi tiep co hai
dutmg chéo vuéng goc bai hinh bat dién ndi
tiép mat céu, la hop cia hai chop tir gidc co
chung diy va ¢6 ba duimg chéo (ciing la ba
ddy cung ciia mit ciu) ddng quy tai mjt diém
c¢6 dinh ndm trong mit cdu va vuéng goc vai

“nhau timg d6i mdt. Theé thi ta ¢6 cac bai todn

twong tyr trong khong gian nhir sau:

Cho mdt cau (€) tdm O, bdn kinh a va mét
diém P ¢d dinh ndm trong mdt cdu (OP =d < a).
Xét cdc hinh bdr dign 16i K(C.ABA'B".C") ngi
tiép mét cdu (€) ndi trén sao cho cdc ddy
cung AA', BB', CC' ciia (¥) ciing la cdc dieomg
chéo cua K, doi mdt vudng gic voi nhau o

diém P.

Bai todn 3. Hay xdc dinh hinh bat dién c6 thé
tich lén nhat va hinh bat dign ¢6 thé tich nho
nhdt va tinh cdc thé tich dé theo a va d.

Bai todn 4. Hay xdc dinh bdt dién K, co tong
d¢ dai ede canh (trén cde mar) lim nhat va
hinh bdt dién . K, cé tong d6 dai cde canh nho
nhdt va tinh cde d¢ dai lén nhat Iy vé nho
nhat I, theo a vé d.
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Bai todn 5. Hdy xdc dinh hinh bdt dién . %y cé
di¢n tich toan phéan lém nhdt va hinh bdr dién

's ¢d di¢n tich toan phdn nho nhdt va tinh
cde dign tich Sg, 8% dé theo ava d.

Chi thich vi goi ¥ hwing giai bai todn 4 va
tong quét hoa bai todn dé

Ek: gidi bai todn 4, trude hét ching ta hay phat
biéu ndi dung bai todn 4 sang ngn ngir dai 56
(trén co 50 1ong quat hoa bai toan cyc tri dai
s6 duge phét biéu trong loi giai 2 dudi dang
ngon ngir d;u sO cia ndi dung bai toan cyc tr;
hinh hoc gbe & trén). Roi tir db _ching ta dé
xuat duge mét bai todn mdai tong qudt hon
nira vé curc (ri dai 50 sau déy.

Bai todn 6. (84 todn cuc tri dai 50).
a) Phit biéu bai toin
Xét 2n bién sé thiee cheemg x, X' (i = 1,2, ..., n)
thoa mdn cde dicu kién sau;

:r-,,fu? - £ x,x" < a+fal=-H

rx' =b3(l]-::b£a',|

=
T

(1)

(2)
f:(xf +x7) =da’ +2(n - 2)0°, (n22) (3)
=]

Tim gig tri lon nifa'.l Pu va gid tri nho nhdt

Pu ctia ham 2n bién x, x', (i € {1, 2, .., n}),

(n 22) sau ddy:

PUW X e 3L 5 30)

- T (w5 e e e ()
LA ]

Chii thich: Néu dat p,=p,(x:xix,:x"))
thi (*) duge viét gon lai hon nhur sau:
plx x5 pI LA AT R )

150 < psn

X )=

vi dudi diu Y e tat cd %{n—l)n=£‘,‘;’ ham
p,(x;¥,ix,;x',) cia bon bién x,x,x,,x,
voi l Si<j<n trong dd p (x.x"ix,.x',) co

dang la tong ciia bon can thic bic hai & vé
phai caa (*).
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b) Gyi y phuwong dn gidi
bit X =x+x', X ,=x,+x";
xP+xT4xt4x? = 4alix,=2b. X, = 2a.

Thé thi 4b? =4xx', < X? sda; ;
X} +X7 =dal +4b*.
Tir d6, hiy thiét lap cac BDT va BT sau:
2b=x,5X,5$2a,<2a
i)ﬂz = 4a’ +2(n-2)b2 +2nb?
=l
= 4a’ +4(n-1)b* = X7 +(n-1)x?
p; = (X, +X,) +4a,(X,+X,)+d4(a} +b*)

Py 5Py, =2[“u q"i+,’a§ +b? ]
p,zp, =4 fjau (a, +b) .

¢) Pip si

py =(n-1) (2n(2a” +(n-20b%) +
+2n(a? +(n-17) )

o X=X=_.=X,= %,Hnﬂ1+n{n—1}b! -

Pu= ‘1[{""1_}\'flﬁ‘{ﬂ"f b) + %[n— l}[n—Z}ﬁ\E]ﬁ}

X =x+x', =2a,(ie{l,2,..n})
="
X,=2b, j#i.

(4)

Chii thich,
*Véin=2thi p, =2(av2+Ja? 5| v

P =4 Ja(a+h) ; ta thiy lai két qua da thu
durge & phin | (cic loi giai 1, 2).

* Vi n =3 (va do db 2n = 6) thi ndi dung bai
toan 6 chinh la npr dung ngon ngir dai s¢ cua
bai tocn 4. Béi viy, cho n = 3 vio céc vé phai
cia cac biéy thirc 54} va (5) & trén ta duge
ngay tirc khic dap so cia bai todn 4.

*) Twong d6i dé hon ca 1a cic bai todn 1, 2, 3
danh cho ban doc ty gidi xem la bai tdp, Ban
nio co didu kién vé théi gian vi mudn tap thé
thao ve tri tué, xin hdy thir sire voi cac bai
todn 4 va 5. Chice céc ban thanh cong,
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TRUNG HOC CO SO

Mo mam,
!d.u' doan see
den loi gidi

NGUYEN PUC TAN
{(GV TP HA Chi Minh)

- Trong gidi todn vi dac bigr la giai cic .btii\-

 todn vé cue Irj, vige md mém va die dodn
- két qud_bai todn 6 vé thiéu ti nhién dé tic
&  chinh® thich hop tim ra Iii giai

n I mit suy nghi rit dpc dio vi
tao.

Bii viét ndy nhim trao di cimg ban doc
lﬂf_ ﬁﬁ:-ﬂm"'ﬂéﬂ lii giai cho ba bdi todn
. ewe trf hay va kho sau diy. i

3 Bai todn 1. Tim kich thiede ena tam gide cé
dién tich lem nhdt ngi tidp ducmg tron (O R)
cheo triede.

(Dé thi tuvén sinh vao ldp 10 trwvomg THPT
chuyén Lé Hong Phong TP. Ho Chi Minh,
1993 - 1994)

Mo mim vi dw dodn. Tam gidc ABC ndi ticp
dudng tron (€ R), vé durimg cao AH thi 8, =
I
A 1ém nhat, lic 46 A ndm chinh giira cung BC
v lam giac ABC can tai A. Twong W, néu co

\H.BC. Néu ¢ dinh BC thi S 16m nhét khi
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dinh AB thi Sy lém nhit khi tam gidge ARC
cin tai C. Vi vay, ta dy dodn S, lin nhat
khi tam giac ABC /i tam gidgc déu, lic do

L r 1 =
4
Tir d6 goi ¥ cho ta di chimg minh S,y < MY
4

Lai giai.(h.1)

Vi tam giac ABC
bat ki ni tiep duiomg
tron (O; R), ke AH
vi OK cling vudng
goc vai BC. Bat
OK=x(0<x<R),
ta co

BC=2yR2-02:

)

‘-\'“-»...____
AH<AK < OAd+ OK Hind 1
=R+x
= 1
Do dd Sapc :;.AF'J.BC

5%1!\’4- ¥)2VRZ-x2 = BRI -2 T RI— 2
4 1 i
="—_f'—i[%v#-' -y j+§(u‘rit.\|‘ﬁ3 -xt ]

.*"h_p dung BDT Cauchy vii hai so khong am din
dén
243 1382 V31
Sapr S 2yt el Ll
ABC S 2[4”1’ 1]+3.‘—2-[3.1 +R2-x?)

33R?

l"‘.; X ‘E' BT *
-mr a
Déng thire xiy ra khi va chi khi:
H=K :
Onimgita Ava kK 4::}1

ghf:v" R2 =2 =\f3x

Tiic la tam gide ABC déu co canh bing B3 .01

IBai toan 2. Xét cdc i gide l6i ABCD 6 AB
= BC = CD = a Tim gid tri lom nhat cua dién
tich nr gide ABCD.

M mdm vi dur dodn. Nhian thay

AB=AC

BAC =607,

37
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Samo = Sanc- + Sipc € Sy + %AH.CD.

Néu ¢6 dinh tam gidc ABC thi Sy 16m nhit
khi ACD=90° Tuong ty, ¢ dinh tam gidc
BCD thi Sgu s 16m nhit khi ABD=90° . Vi viy,
ta dy doin Sy, 16n nhdt khi ABC=ACD=90°
n: giac ABCD la hinh thang can (4D7BC) ndi
tiép duomg tron duomg kinh AD = 2a co AR =

33a2
=,

BC = CD = a, lic d6 5 450n =

3\&1

Tirdo goi y cho ta di chimg minh S, <

Lavi gidi, (h.2).
VEAH L CD,
BK1 AC.

Dt AC=x
(0<x<2a)
khi dé

i

- ' Hinh 2

BK =l —
4

viAH < AC=1x. Tacod

Simn = Sam-+ S = %BK&C#—%.{HCD

1 / , ot |
SiFr———X + =X
2 4 2
2 f3 i
:l.i-ﬁ ,‘:r-"— J—i +-~.I"_ u.—-.
2 4 6

Ap dung BDT Cauchy vdi hai s6 khong am din
dén

Smnszl.zﬁ. [u"—"?'+£] J—[r.r I-?]
_3\.&”3

4
Déng thire xay ra khi va chi khi
H=C

2
’,J_iﬂ_{l -, |ACD =90°
¥ AC—J.—"H.

_Ji‘
-4

38
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Viy gid tri lom nhét coa dién tich wr gidc

:Nr_ 3a

ABRCD la —da! duge khi nd la hinh thang
can (ADVBCyed AR=BC =CD= % =g 0

@ Bai todn 3. Cho . v la hai 56 dieemg. Dt §

5 - ) al & | ]

la s0 nho nhat trong cdac so x. vy + — . —. Tim
— . X

gid tri lém nhdi ciia S. Y

Mo mim vi du dodin. Khi cho x =y =1
Xy
thitacoxy=l;x =xy+ | =2. Khidod
S=x=142.Ta du doan S 16n nhat bing
V2 .Goi § cho viée di chimg minh 5 < 2 .

Loi gidi. Gia sir S > Y2 thi x>42, 1543,

¥y
}--rl‘nﬁ (1). Suyra lng ‘-.*-r:::f-f.dudﬁ
X X

9 .
_-.-+—«:£+£=JE.ME|U thuan vai (1),
o 1 2
Viy S=> 213 sai, suy ra §< JE Ding thirc

K
2

xay ra khi va chi khix= 2

Cdc ban hay rén luyén thém bing cach tim i
giai cho céac bai todn sau day.

Bai 1. Cho diém [ co dinh ndm trong diong
tran (€ R) vén | khong tring véi 0. AC. BD la
hai diy cung di dong qua [ va vuéng goc vai
nhau. Xdc dinh vi tri cla cac diy AC, BD dé
dién tich tam giae JCD Iém nhat,

Bai 2. Tim kich thudc caa tam giac co chu vi lom
nhat néi tiép trong dudmg tron (€ R) cho trude.

Bii 3. Cho & la s6 nho nhit trong céc so x, L
.'El L Lt (vdi x, . =t 1a cac 86 duong).
vy

Hay tim gia trj lén nhit cia .
Bii 4. Cho x. y la cic sb dwomg. Gia sir S 1a so

P H H I I 5 o
Iém nhat trong ba 56 x, —, » + — Haiy tim gia
v X

tri nhé nhat cua 8.
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Trong
mdit 56 bai todn hinh hoc
o lién quan dén goc, nhieu khi
vé tia phan gide ciia mot gée nhdm tgo
thém méi guan hé vé gée, canh 3€ giip
gidi bai todn dé dang hon. Ta thiing
Vé tia phdn gide ciia mot géc
frong cdc triong hop
chicri deiy.

oTrong bai toan co dé cip ¢ moi quan hé
goc nay vai mira goc kia. ta thuomg vé tia phan
gidc cua goc lon,

& Bai todn 1. Cho tam gidc ABC cdn tai A.
Trén canh BC lay diém D sao cho CD = 28D,

So sdnh EEFJ va %J’E‘I(_ s

: e [
Nhin xét. Dé so sainh BAD va > DAC , ta vé

tia phan gidc AE ctia DAC (h. 1),

Lévi gidi. Do ADC > B=C nén AC > AD. V&
tia phin gidc AE va trung tuyén AM cia tam
gide DAC. Ta co \

ED  AD
8 ——=— <],
EC  AC
suy ra ED < EC

CM &

t'.LME::-E

Tir dé CAE > CAM (1

8]

o ABAD = ACAM (c.g.c) = BAD =CAM (2)

Tir (1) va (2) suy ra BAD < %EEEEI

39
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VE TIA PHAN GIAC
P A '
CiA MOT 6OC

PE GIAI TOAN
THAI NHAT PHUONG

(GV THCS Nguyén Van Trdi, Cam Nghia,
Cam Ranh, Khanh Hoéa)

& Bai toan 2. Chimg minh ring:
sin2x = Xsinx.cosx (0° < x < 45").

Nhdn xét. Bai toan dé cp 16 goc 2x va goc r.

Ta vé tia phian gidc cia goc 2x.

Loi gigi. (h2). V&

tam giac ABC vudng ’.;

tai 4 O B= 2x vi o

tia phin gide BD. b8

Goi do dai céc canh \ \
R 1 5 S

M f

BC, CA, AB thir tr
lia, b, c.
i
Taco
E:E:L Hinh 2
£ a c+a

= DA= 2 po= 22

c+a c+a

Ta ¢6 cong thire vé dudmg phin gide (xem

THTT s 340 thang 10.2005):
r]
BD' = BA.BC - DADC = ca- 2.
{c+a)*

_ calc? +2ca+c?)

_ cal(c? +2ca+a’=b?)

(c+a)? (c+a)
! 2ctag
c+a
er | Ah 2 2
Tit 86 2sinx.cosc = 240 AB _ 2bc* %7a
BD BD c¢+a c+a

=sin2x. 0

hlm-

9\:’5 tia phin gidc cua m:;ﬂ goe dé tao ra duge
céc quan hé vé goc va vé canh mdi.
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© Bai todn 3. Cho tam gide ABC cdn tai A cd
A =36 Tinh 22,

BC
Nhiin xét. VE tia phan gidgc BD thi tao ra duge
quan hé vé goc By=A, D =C v& quan hé vé
canh AD = BD = BC. (h.3).
Ldvi gidi. V& tia phan gidc BD. Tacd B =72°:2
=36°= A; Dy=A+B, =72°= C nén
AD=RBD=RC
Theo tinh chét duémg phén gidc thi

D4_DC__4C A
AB BC AB+BC
suy ra DC' = AR ;
AB+ BC
Mit khac DC = AC — AD D
= AR - BC nén 1
AB.BC TR 1
AB+BC B (
= AB BC = AR’ - BC? Hinh 3
= [iﬁi] —A—B—I =0,
BC) BC

AB |+J§
Tir 46, tinh duvge — .0

BC 2

GVE tia phin gidc cia mdt goc khl dy doan
duge mdt dudng di qua mdt dlcm ¢d dinh nam
trén tia phin gidc cia mot goc co dinh.

& Bai todn 4. Cho gde xOy khdc 180° va mot
diém M trong géc d6 sao cho MH + MK = a
(a i dd dai cho triede) vai H va K theo thir fqr
la chin dwimg vuring goc ké tie M xuong Ox v
Ov. Chimg minh rang dwcmg tron ngoai tiép
tam gidgc MHK di qua hai diém co dinh khi M di

ding ireng goc xOy.

Nhin xét. Vé hai vi tri cia hinh ta du doan
duge dwdmg ron (MHK) di qua C thuje tia
phin gidc coa goc xOy. (h. 4).

L gidgi. Do OHM =OKM = 90° nén duimg
tron ngoai tiép tam gide MHK di qua diém 6
dinh €2,

V& tia phin gidc Oz cta goc xOy.

40
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Hinh 4

QuaMké AB L O: tai Cvaid € Ox, B e Oy.

Ké Al L Oy tai I thi O4 = OB. Néu C khac M
thi € thude duimg trén (MHK) do MCO = 90",
Tacd: Sum=Sami + Suon

| 1 |
(=1 —l;f}B,fH = EIM.MH +;fJH.MK

= Al = MH + MK = a => A c¢6 dinh

= Bva C ¢ dinh.

Viy duomg tron (MHK) di qua hai diém cd dinh
OvaC.0

Méri céc ban tham gia giai mdt s6 bai todn
sau diy.

Bai 1. Cho goc x vai 0" < x < 45", Chimg minh
ring: a)cosly = cos’x — sin’x;
2tanx

b)tan 2x =

1 2tanx
—: ¢) sin2r=—

l-tan? x l4+tan?x

Bai 2. Gia st M 1a mot diém & trong tam
giac ABC sao cho CM = CB, Chimg minh ring
AB> AM.

Bai 3. Cho tam giac ABC (AC > AB). Trén canh

AC lay diém D sao cho CD = AB. Goi E va F

theo thir tu la trung diém cia AD va BC. Chimg

minh ring {.TE-':"':%

Bai 4. Cho tam gidc ABC ¢6 A =2(B-0).

BC = a,CA = b, AB = ¢. Chimg minh ring
a’b=(b-e)b+c).

Bai 5. Cho tir gidc ABCD ¢6 DAC = 130,

DBC = 110°, ABD=BAC = 30", Tish ADC

va BCD.



Cob mhiéu bai todn hink hoc khdng gian ma khi gidi cac
bai todn di fa cdn tim chan duimg vadng goc ha tir mol
diem xudng mot mdt phang. Chdng han, khi tinh
khoang cach i moi diem dén mai mai pthx, finh gic
tao boi mot duimg I'hd'n_g vii mot mat phdng, xde dinh
sb do gic ph:ing cua nhi dién, tim thiél dién cia ml
liisth chap bi cdt bai mat mat phang di qua mot duing
thang vd viidng goc vot miol mal phﬂng naa dd... Viee
xac dinh dwoe chan dwimg vuong goc co vai tro guan
trong dé tim ra lii gidi cde bai todn. Nhidu hoe sinh
thuimg boi roi trude cde dang todn nhe viy. Bai viét
ity wham phdan loai mot 50 dang todn thuimg gdp va
dica ra phuong phdp giai chiang. Tac gia hi vong qua
bii bdo cung cdp cho cde ban hoc sink phuomg phdp
nhan biél va giai guyét dupe cde bai todn tuemg fr va
heen wiva Ia gigi dupe dé thi vio Pai hoe vi Cao ding.

@ Bai toan. Cho mr phang (P) va diém M
Ehang thuge mar phang dé (M hoge (P) thoa

man diéu ki¢n cho trwde). Xac dinh ehan dimg
viedng goc H ha ue M xudng (P).

Trude hét, can hiéu rang xic dinh H khong don
thuiin la thé hién vi tri ctia H trén hinh v& ma 1a
phai chi ra dudc cic tinh chit cua H. Diém H ¢
nhiéu tinh chat thi cang co loi cho ta khi giai
todn. Dudi day la mot 0 truing hop thuimg gap
vii phuong phip xir 1i trong moi truémg hop do.

1. Trong mat phing (P) c¢6 mot diém A
vio mot duomg d khong di qua A sao cho
MALd

¢ xic dinh [/
ta tién hinh cic
bude sau: (h.1)

M

e =74

Hinh |

* Trong mat
phing (P) k¢
duémg thing d’
di qua A va
d 1d.

» Trong mat phing (M, d'), dung MH L d'. H 1
diém ciin tim.
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HA TU MOT DIEM
XUONG MOT MAT PHANG

DO THANH SON
(GV DHKHIN - DHG HA No)

Thi du 1. Cho hinh chép tam gide déu S ABC
xdc dinh chan divimg vidng gac ha ti A dén mr
phang (SBC).

Lot gidi. Hinh chop SABC c6 diy la tam gidc
déu ABC va chan dudmg cao ha tir § xuéng mat
phing (ABC) trung véi iruc thm lam guic
ABC. Tir dd SA L BC. Trén BC liy diém [ sao
cho 81 | BC vi trén S ldy diém H sao cho
AH L 51 Khi d6 H |a diém phai tim.

Thi du 2. Cho hinh chép S ABCD, div ABCD la
hinh vuong. Canh SA vudng géc véi mdt phang
(ABCD). Xic dinh chdn didmg vudng goc ha tir
C xudng mdt phéng (SBD).

Lai giai. (h. 2)
Ta ¢6 SA 1 BD,
AC L BD nén BD
L mp{SAC), suy
ra BD L 5C. Goi
0 la giao diém
cia AC va BD,
khi dé SO L BD.
Chan duimg
vubng goc ha tir
C xubng mat
phing (SBD) nim
tréen  SO. Ha
CH L 50 thi H
la diém cdn tim,

2. Trong mat
phang (P) b hai
diém A, B sao
cho MA = MB

Dé tim H ta tién
hinh cic budc
sau (h.3):

Hinh 3

41
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. Tmng midt phing (P) ké dudng trung tryc d
cia doan thing BC.

= Trong mat phing (M; d) dung MH 1 d. H 1a
diém cdn tim.

Thi du 3. Cho hinh rhdp SABC, d&) ABC la
tam gidc cdn tai A vad SAB=SAC . Xic dinh
chdn divdmg cao cia hinh chdp.

Lo gidi. Hai tam gidc SAB va SAC bing nhau
{c.g.c), do do SB = SC. Dung duimg cao AM cua
tam gidc ABC, khi dé AM la dudmg trung truc
cia BC. Chian duimng cao H ha tir § cia hinh
chdp ndm trén AM.

Thi du 4. Cho hinh Irdp ABCD A'B'CD® co
cic canh AB = AD va AAB=A'AD . Xeie dinh

chdn dwdmg vudng gdec ha nr dinh A" xudng
mdt phdng (ABCD).

Lai gidi. Tir gia thi®t ta suy ra A'B = A'D. Vi
ABCD la mot hinh thoi, nén duimg chéo AC cua
hinh thoi cling la duimg trung tryc cua doan 8D.
Chan duimg vuong gdc ké tir A' xudng mat phing
(ABCD) thude dubmg thing AC.

Thidu 5. Cho hinh chép nir gide déu SABCD.
Mat mdr phing (a) di qua AB edt cde canh SC
va SD ldn ot tai ede didm M va N. Xic dinh
chen dicdng vuéng géc ha vr § xudng mdr
phdng ().

Loi gidi. Ta c6 MN//CD//AB. T giic ABMN
la mot hinh thang cin. Vi vay dudng thing di
gua trung diém hai ddy la dudng trung tryc
cia hai canh ddy dé. Vi 5A = 5B, nén theo trén
chan dudng vudng géc M ké tir § nim trén
dudng thing di qua trung diém hai ddy hinh
thang ABMN.

Thidu 6. Cho ba tia Ox, Oy, Oz khéng cing nam
trong mor gt phdng théa mdan diéu  kién

5} = r_5—3 . Xeic dinh chdan dudmg vudng gdc ha
tie mat didm M thudc Ox xudng mét phdng (vOz).

Lot gigi. Ta ldy trén cdc tia Oy, Oz cdc diém
A, B sao cho OA = OB. Cac tam giic OMA va
(OMB bing nhau, do dé MA = MB. Chéan duing
vuong géc H ha tir M xudng mat phing (y0z)
ndm trén dudng thing di qua O va trung diém
cua doan thing AB.

3. Tén tai mot dudmg thing a vuong goc vai
mat phing (P)

Pé tim # ta cén ti€n hanh cdc budc sau day.

® Xdc dinh giao tuyén ciia mat phiing (P) v mat
phang () di qua a va M.

e Ké qua M dudmg thing song song vdi a cét
giao tuyén tai /. DS la di€m cdn tim.

Thi du 7. Cho hinh chdp ur gide dén SABCD.
Bén trong ram gidc SAB ra ldv diém M. Xec dinh
chdan dwimg viudng gdc ke tr M xudng mer
phdng (ABCD).

Lo gidi. Goi O 1a giao diém cia AC va BD, ta
cd 50 L mp (ABCD). Duting thing SM cit AB
tai V. Dudmg thing di qua M song song vdi 5
cit ON tai H. H la diém cén tim.
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Thi du 8 Cho hink chip SABC cé ddy Ia tam
gide ABC vudng rai C va canh SA vudng géc v
mp (ABC). Xde dinh chdn diedmg vudng gdc ha nir
didm M thude canh AB xudng mdit phdng (SBC).
Léi gidi. Ta c6 BC L mp (SAC). Vi viay néu
chon trén SC difm K sac cho AK L SC, thi
AK 1 mp (SBC). No1 B véi K va chon trén
duirng BK diém H sao cho MH//AK. H la diém
cén tim.

4. Piém M thudc mat phiang () vudng gioc
vioi mat phing (P)

Dé tim H ta cén

e Xdc dinh giao tuyén 4 cia mat phing (P) va
mit phang (Q).

e Chon trén d diém H sao cho MH L d. H 1a
diém céin tim.

Thi du 9. Che hinh chop SABCD ca day la hinh
chii nhdt ABCD. Canlt bén SA L mp{ABCD ).

1) Xide dinh chin dwimg vudng géc ha tiv diém
M ndm trén dieemg SA xudng mdr phdng (SBC).
2) Goi @ la giao diém ciia AC va BD va (@) Ia mat
phdng di gua O song song vai BC, Xdc dinh chdn
diecng vudng géc ha tie S xudng meat phdng ( a).
Lén giai. 1) Tir gia thi€t bai todn suy ra mp(SAB)
1 mp(S5BC). M thudoc mat phing (SAB), nén
chin duimg vudng goc ha tir M xung mat
phéng (SBC) nidm trén duing thing SB.

2) Vi BC L mp(SAB) va BD//mp{a) nén mp{c)
L (SAB). § thudc mp(SAB), do dé chan dubmg
vubdng goc ha tir § xudng mp(e) nim trén giao
tuyé&n cha (@) va (SAE).

¢ két thic bai viét, dé nghi cic ban hiy giai
cie b tap sau day.

Bai 1. Cho madt lang tru dimg ABC A'B'C’ o diy
ABC la tam gide can tai A. Goi (@) 1a mat phang
di qua A va trung diém hai canh bén BB, CC’
Adc dinh chin didmg vuong géc ha o mot trong
ciic digm sau day xuong mit phing ( ak:

1) Tirede dinh A', B, € cia hinh lang try:

2) Tir trung dié¢m [ ctia 8C;

A) Tir trong tam & cia tam gidec A'B'C"

Bai 2. Cho hinh vuong ABCH. Trén duong
thing o di qua A vudng goc vai mit phing hinh
vudng, ta lay diém S (khac A). Xic dinh chin
dising vuong gée ha vir didm C vi trung diém
ctia canh BC xuong mal phang (SBO).

Bai 3. Cho hinh chop SABCD o6 54 = 8C,
58 = 8D va diy ABCD la hinh thoi.

1) Xic dinh chan duimg vudng géc ha tir giao
dié¢m ciic diring chéo diy xudng mot mat bén.
2) Xiac dinh chin dwing vuong goc ha tir A
xudng mit bén (SBC).



TRUNG HOC CO SO

Trong ki thi Todn Quéc 1€ = IMO lin thu 44
dugc t0 chic tai Tokyo Nhat Ban ngay
13-14/7/2003 ¢6 mdt bai todn hinh hoc do
Phdn Lan dé nghi (Bai 4, thi ngay 14/7/2003)
nhur sau:

@ Bai toan(*). Che ABCD la mét ti gide néi
tiép. Goi P, Q va R twong itmg la chdn cdc
didmg vudng gic ha tx D xudng cdc duing
thing BC. CA va AB. Chimg minh ring
PQ = OR khi va chi khi cde dwomg phan gidc
ciia cde gée ABC va ADC cat nhau tai mét
diém nam trén dieomg thang AC.

Khi vé hinh bai todn (*). ching ta nhin thiy
rang ¢ nét cia bai todn dudng thang Simson.
Trwdc hét ching ta chimg minh bii todn do.

$IBai todn 1. Cho ABCD la mét it gide noi
tiép. Goi P, Q va R nrong inmg la chan cdc
diéng vudng giéc ha tir D xudng cdc duimg
thing BC, CA va AB. Chitng minh rdng P, Q,
R thuéc mot dwomg thang (goi la dwing thing
Simson).

Lai gidi. (h.1)

Noi 0 vin R,
Q voi P. Ta
phai chimg
minh

AQR = COP.

That vay, tir
dé bii ta cd
cdc wr gidc
AQDR, DCPQ,
BPDR déu |a ur
gidc ndi tiép.

e

D
Hink 1

43
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YE BAI TOAN IMB

~
la

GV

Dodé AQR=ADR (1); COP=PDC (2).

Mt khic RDP=ADC (ciing bl véi ABC).
Nén ADR=PDC (3).

Vay tir (1), (2), (3) suy ra AQR=CQP .0}

o Trd lai bai todn (*). Ta thiy ring dé PQ = QR
thi RQ = 'EPR. Vay phii chang chc dudng

phén gidc cua
cic goc ABC
vi ADC cit
nhau ta E
trén AC s tao

ra tinh chat u
1é doan thang?

Thiu
ching ta cé
modt i gidi
dep sau day.

Trén tia déi cua
tia DA 14y diém
M sao cho

DM =DA (h.2).

vay,

Hinh 2

Theo tinh chit phin gidc trong cua tam gidc,
ta ¢6 E thudc AC khi va chi khi

45 D4 [ 28) o 82 K
BRC DC\ FC BC DC

Mat khic ABC=MDC (ciing bl véi ADC )
nén  AABC o» AMDC < ACB=MCD,
CAB = CMD ; ma tir gidc AQDR ndi tiép nén
DRQ=DAQ va RDQ=CMD (= CAB)

RO DR DR

& ADROAAMAC (gg) & 220 _ IR 4
BEISUC WA 2AD
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RP RD
Di thély AADCARDP (g.8) nén o =22 (5
Y AMICiO> 1h6) M = )

Tur(4) vi (5) suy ra RQ = éRF RO =0P.

Khi giai xong bai todn (*). Ching ta c6 thé
phét biéu bai todn dyng hinh sau day.

©Bii todn 2. Cho tam gidc ABC ndi tiép
dwing tron (0). Hay dung diém D trén cung
AC sao cho: Néu P, Q. R uwemg g la chan

cde ducmg vuong gdc ha i D xudng cdc dicong
thang BC. CA, AR thi PQ = OR.

Lai giai. Dua viio bii todn (*) ta ¢6 cach dung
nhi sau (h.3) :
- Dung  dudng
kinh MN vubng
M goc vii AC.
~ Néi BN cit AC
tai E.

B

0 - N6i ME cin
4 c dl{bng tlrbn [ﬂ}
: tai D. Diém D la
diém phai dung.

DN
Hinh 3

Bai toin ludn
dung duoc va cb
mol nghiém
hinh.

Néu cho D bit ki trén dudng tron ta cé bin
toin tong quat hon sau day.

@Bai toan 3. Cho tam gidc ABC ndi tiép
dwimg tron (). Tim tdt cdc diém D trén
dwimg tron sao cho thoa mdn diéu kién: Néu
P. 0, R twong img la chdn cdc dudmg vudng
goc ha tir D xuéng cdc dwimg thang BC. CA,
AB thi ton rai hai wrong ba doan PQ, OR, PR

la bang whau.

Qua lon giai bin 10an 2, 1a thay bai todn 3 s€ co
ba nghiém hinh (xin danh cho ban doc).

Khi phat trién tir ban todn (*) dén bai todn 3,

bat chot toi phat hién ra ring %=% néu

VNMATH.COM “

. AB BC
viet lai la —=—— thi goi v cho ta dén
il DA DC Bl ¥

duimg phin gidc cua cic pde BAD va BCD.
Lai sit dung bai todn (*) thi hai dubing phan
gidc cla cdc géc BAD va BCD cit nhau tai

mot diém nam trén BD. Ta c6 bai toin sau
day.

@ Bai todn 4. Cho ABCD la mét ti gidc néi
tiép. Goi P, Q, R twomg veng la chdan cac dieimg
vuong goc ha tir D xuong cdc ducmg thang BC,
CA, AB. Goi I, K, H neemg g li chdn cde
diwomg vuong gic ha nr C xudng cde duong
thang AB, BD, DA, Chimg minh ring PQ = OR
khi va chi khi IK = OH.

Tuy nhién, néu chua biét duge bai todn (*) thi
béi todn 4 con cach giai nao khic chiang? (Xin
danh ban doc).

D¢ két thic bai viét nay, mi cic ban tham
khao mot s6 bii tap sau diy.

Bai 1. Cho tam giac ABC nhon va noi uép
duong tron (). Diém M thay déi trén (0),
Goi H, I, K lin luct 1a cic diém déi ximg vdi
M qua BC, CA, AB. Chimg minh ring:

a) I, H, K thing hing.

b) Dutmg thing IHK luon di qua mot diém co
dinh.

Bai 2. Cho tam gidc ABC noi tliép dudng tron
(0). Chimg minh ring khéng tén tai hai diém
M. N uén duimg tron (Q) sao cho hai duting
thing Simson cia M, N di vdi tam gidc ABC
song song vai nhau.

Bai 3. Cho ur gidc ABCD ndi ti€p duing tron
(0). Goi R, P twong g la chin dudng vudng
goc cita D xudng AB, BC. Goi I, H wrong ing
li chin dubng vuong goc cua C xudng AB.
AD. Chitng minh rang KP = IH.

Bai 4. Cho 1 gidic ABCD noi tiép duong tron
(0). Goi R, P teong (ing la chin dudng vudng
goc clia D xudng AB, BC. Goi I, H tuong img
la chin dubmg vuong goc cia C xudng AB.
AD. Goi E, F tuong img la chin dudng vudng
goc cia B xuong AD, DC. Chimg minh rang
IH, RP, EF cit nhau tai mot diém.



Gid sit fiA, B, C) la biéu thite chita cdc ham 56

lweng gidc ciia cde géc trong tam gide ABC.
Gia sit cdc goc A, B, C théa mdn hai diéu kién:

1) AA) +fiB) > zf["“ﬂ ]

hose fIA)A(B) = fz["f] (m)
déng thirc xay ra khi va chi khi A = B;
T
2)f(C) + f{f]aw[mi]
3 2

C+ -
hodc f(C). [[ ];: fil— (2)
dang thirc xay ra khi va chi khi C = % :
Khi cdong (hode nhdn) (1), (2) ta sé ¢d BET
flA) + fiB) +fIC) > 3.{{%] 3)
hoic f'f«‘flffﬂ}-f'{c}if"'[%} (4)

Pang thirc xay ra khi vachikhiA=8=C.

Twong ty ta ciing cé bét ding thie véi chiéu
nguoc lai.

D¢ minh hoa cho phuong phép trén ta xét cic
bai toan sau day.

Thi du 1. Chimg minh rdng vai moi tam gidc
ABC ra fudn co

45
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7Ihuong phap
GIAI MOT DANG BAT DANG THUC LUONG GIAC

trong tam gidc

NGUYEN LAI
(GV THPT Luong Vi&n Chanh, Pha Yén)

1 1
1++/sin A 1+u':|n

Léi gidi. Ta cé

S S~ 2
l+vsind  14+/sinB ~ 2++/sinA+/sin B

2 ..4 . N 4
2+J2{5md+5mﬂ] 2+2\/ A+B

3'\!1—
I+a."q|n( -u'E +~Jr_

A-B
2

Sin——

3 LGOS

2

=
1+;Jsm£
2

1 | 2
e I S S —
I++/sind |++/sinB vk A+B

)

(5

A+ B

{mdaﬂsf{f!}*f{ﬂlﬂf( >

Tuang tu

] 1
+ =
1++/5inC I+Jsinﬁﬂ" |

(6)
C+60°

sin

Cong theo vé (5) va (6) ta co
] 1 1 |

——m e e e — e
l+/sind  1+4/sinf  1++/sinC  1++/sin60°

|
+
1+Js'

22
J. A+B
1+, sin
2

4

14+/sin60° '

C+60°

mn—-—

2
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| 1 |
Su + +
A I+JsinA l+35inﬂ 1+]sin{2'

3 W2

c I+Jsinﬁﬂ' -\E#ﬁ :

Ding thirc xay ra khi va chi khi tam gidc ABC

déu.

Thi du 2. Chimg minh rdng véi moi tam gide

ABC ra ludn co

[1+Ehid]'(l+si|:B]'[l+sh:C]E[l+

Lai gidi. Ta c6

[aatvs)

| 1 1
+ +

= 1+
sind sinB sindsinB

2
2 1
z 4 +
Js'mzl.sinﬂ [Jsindsinﬂ']

4
1

= |1+

V2

2

)

f ¥
o T .
L 1-cos(A+B) |

| l i
| (I. +m].(|+m} 2 !+—_+ ﬂ] [:‘l]
2

[w:- dang /(A).f(B)2 f? (ﬂ]]

2
Tuong ty

- [Hm_

A+B

)

T f
= |14
\ ﬁnA.ﬂ'nB] | y/oos(A-B)—cos(4+B)

| |
[l+ - ).[I; - Jz 1+
sin(’ sin6i® [ sinc +;ﬂ°

Nhén theo vé cua (7) va (8) 1a cd

1

(' 7 Ea.lg)‘[] * sin:B]'(“sh:C]'(]

+ "
sin60?
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]1 (8)
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-I H

(] )
sy (19=0) (1oL ) (1oL )
(i) 03

Ding thic xay ra khi va chi khi wam gidc
ABC déu.

Thi du 3. Chiing minh rang véi mei tam gidc
ABC 1a luén co

.

-

sim"i+sin“£+si|'||‘£2i !
2 2 64

Lai gidi. Truong hop tam gidc ABC ti hoac
vudng.

Gia su A = max |A, B, C} 2 90°, lic do
C+ﬁnﬂ)
=0.

cnsﬂ—zq =0 va -:os[

Ta cd

3
sin¢ A 1sine 2 [simz 4 sin? E]
2

2

1{. cosA+cosBY | A+B  A-BY
= - | -—| = - |-cos——Co5——
8 2 8 2 2

3
1 A+B . A+RB
z —[l—cos—) =5in®
8 2

4

= sin‘-"—{ﬂin"ﬁa 2sin® ArE (9)
2 2

[oﬁdans f(A)+ f(B)> 2![55—3]]

Tuong tu

5'm°%+si.n*% 2 zsian+ﬁﬂ“ (10)

Cong theo v€ cia (9) va (10) ¢6

sin"% +5in® E +sin® E * sin"E

2
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C+60°

|

= 4sin"£t

oA+ B .
z Z[SIn‘T+stn‘

> dsin® A+ B+C+60°

60° 3

= sin"%ﬁin“g-t-sin‘— z 3sin‘T=-6—4 (11)

Truimg hop tam gidc ABC nhon, cic BDT (9),
(10) va (11) ludn diing.

Thi du 4. Chung minh rdang vai moi tam gidc
ABC ta ludn cd

(cosA + sind).(cosB + sinB).(cosC + sinC)

AL

Lo gidi. Taco
(cosA + sinA).(cosB + sinB).(cosC + sinC)

=22 r.us[,d -*-E*JJN[H- 4:—]. coz[{‘ - -E] g

Nén BDT di cho duoc viét lai dudi dang
o a5 -2} ol 2)< (2. 5]
- C} > T thi v€& trdi clia bifu

* Néu max|A; B;
thirc (*) khong dwong nén BDT da cho ludn ding.

» Néumax{A: B, C| < -3£ﬂ11

ol el ol )
SENE

. .;.[m{4+3_§]+cus{.q..ﬂ;.}
sqpreo{aeng)] s i3]

ol el (it

< cos? [T-— (12)
[cﬁdans f(A).£(B) sﬁ(‘*ﬂ ]]
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Tuong tu

T

C'.!._
Mo . 1,_.1_”] 3
ms(( 4].1:05[3 4]50&5[ 3 a “.}

Do dé nhin theo vé cua (12) va (13) va tuong

W ta cé
Zeol3-3)
— OS5 ———
4 3 4

s ) m(: z
ottt gl

5::::-;‘[” E)
3 4

o))
cor(3-SH(2 )

Do do
{cosA + sind).(cosB + sinB).(cosC + sinC)

“J-(J' J']

Diéing thic xay ra khi va chi khi tam gidc ABC
déu.

M cédc ban tifp tuc giai cic bai todn sau day
theo phuong phap trén.

Chimg minh réng véi moi tam gidc ABC, ta c6
1) tm‘%ﬂaﬂg van’ S S—L:

2°\3

232"

—— ms[A

| 1 |
+ b

sin” A sin" —
2 2
(m 1a s6 thue durong);

51N E

2

3) Am%+3cos%+f.'ms—5 —(1+\fr}.

4) Néu tam gidc ABC nhon thi
T r I
m”[?"’f}““[: -s)eof )

> —1_(1+43)".cosA.cos B.cosC.
22



PHAM DUC HOE

(GV trudng THCS Nguyén Luong Béng.
Thanh Mién, Hdi Duong)

Trong Sich gido khoa Hinh hoc 9 t4p hai
trang 105 cd bai todn s8 9, ndi dung nhir san
©Bai todn 1. Cho ram gidc ABC vudng & A.
Trén canh AC ldy mét diém M va vé dwimg
tron €, duong kinh MC. Dudng thing BM cdt
%, tai D. Dudng thdng DA cdt ', tai S. Chimg
minh rdng:

a) ABCD la tit gidc ndi tiép.
b) CA la tia phdn gidc ciia géc SCB.

Léi gidi. a) Do tam gidc ABC vubng tai A nén
BAC =90’ (1)

D nim trén dudng tron %, nén BDC =90° (2)
Tir (1) va (2) suy ra tir gidc ABCD ndi tifp

dudmg tron &, dung kinh BC.
b) Tacé BCA = BDA (géc noi ti€p ciing chn
AB ciia %)) 3
Xét ba trutmg hop:
+) Trudmg hop S nim trén cung nhé MD (h. 1).
Xét dutmg tron (F,):

MDS = MCS (cing chin MS) (4)

Tir (3) va (4) suy ra BCA = MCS .

VNMATH.COM
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Hinh 1

+) Trudmg hop D ndm trén cung
nho MS (h. 2).

8

Xét duimng tron
(¢):

MDA = MCS
(cing bil v&i
MDS) (5)
Tir(3) va (5) suy
ra BCA = MCS.
+) Trubmg hop D tring v4i §. Khi dé AD
li ti€p tuy€n cla dumg tron (%)) Ta cb
BCA=BDA =MCS.

Khi giai ciu b) nhiéu ban thudmg chi xét mot
truomg hop (tdy thudc vao hinh vE ra). Hon

nita chic it ban dit dugc cic cau hoi: Vi tri
clia diém M thé nio dé diém D ndm trén cung

nhé MS? Diém S nim trén cung nho MD?
Diém S triing v6i D?

@ Bai todn 2. Cho tam gidc ABC vudng tai A.
Didm M di dong trén canh AC, vé duimg tron
€, dwomg kinh MC, BM cdt 6, tai D, dwimg
thdng AD cdt ¢ tai 8. Xdc dinh vi tri ciia diém
M trén canh AC dé:

a) Diém S ndm trén cung nhd MD .

b) Diém D ndm trén cung nhé MS.,

Lai gidi. a) (h. 3) S thudc cung nhé MD khi
va chi khi MOS < MOD .

Do hzi tam gidic OMS va OSD déu cén tai O
nén suy ra E"‘m}a'i}ﬁ = Ea""m:-.q"'ﬁﬁ (6)

Hinh 2
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S

Hinh 3

Néu goi giao diém cla ¥ v&i BC la [ thi
MIC = 90° din dén vt gidc ABIM ndi tiép duoc,
nén ABC = IMC (ciing bii véi AMI ) )

Lai do /CM = MCS (bai todn 1 cAu b) va MC

14 dutmg kinh cla dudng tron €, nén [ va §
d6i ximg nhau qua MC ¢6 IMC=CMS  (8)
Tix (7) va (8) dén dén OMS = ABC 9

Tix (6) va (9) suy ra ABC >90° — ABM
mw-ﬁ>w-aﬁamcﬁ.
b}l@plu&ntuﬂngmmuﬁkﬁtquﬂlhut}ccung
nhd MS khi vA chi khi ABM >ACB. Vi M
thuoc canh AC nén cdn c6 diéu kién AC > AB.

Tir bai todn 2 din dén suy nghi:
Khi nio hai diém S vi D triing nhau? Tir d6 ta
c6 bai todn sau.

QBai todn 3. Cho tam gidc ABC vudng tai A,
Diém M thuge canh AC, vé duing trén 6,
dwdng kinh MC, BM cdt ', tai D. Xdc dinh vi
tri cia diém M trén canh AC dé AD la tiép
tuyén ciia dudng tron €.

Lap ludn twong tv bai todn 2 ta thdy AD la ti€p
tuyén cla dudng twon %, khi va chi khi

ABM = ACB . Dé cho M thuéc canh AC nén
cdn co difu kién AC > AB.

Dén day ta thdy dang phai suy nghi vé vj tri
ciia diém M. Do diém M c6 thé thay déi trén
canh AC nén nhiéu diém khéc ciling thay déi
theo. Cic ban hdy quan sit tia Al, né thay déi
nén giao diém K cila né véi dudmg tron
ciing thay d6i theo. Din ta dén bi todn sau.

@ Bai todn 4. Cho tam gidc ABC vudng tai A.
Diém M thay déi trén canh AC. Dung ducmg
tron €, dwing kinh CM . Goi giao diém cia BC
vai dwong tron 6, la 1, giao diém cua Al véi
diwomg tron €, la K. Tim tdp hop diém K.

Lo gidi. (h. 4).
Do hai tia Af
vi AS doi
ximg nhau
qua duimg
kinh MC cia
duémg trdn €,
vi A thudc
duimg  thing
MC nén ta dé
dang chimg
minh duge K
va D d6i xing
nhau qua AC.

Do BDC = 90°
nén c6 thé chi

ra dugc quy
tich diém D khi M chuyén dong trén canh AC la

cung nho AC ciia dudmg tron duimg kinh BC.

Tir d6 ta dy dodn quy tich diém K khi M
chuyén dong trén canh AC 1i hinh d6i xing
véi cung nhd AC qua canh AC. Quf tich nay
la mét cung tron cha dudmg tron ¢ d6i xing
vl dutmg tron dudng kinh BC qua canh AC.
Tir dé 1a xdc dinh dugc dwimg tron & nhu sau:

- L4y B’ d6i ximg véi B qua canh AC;
~ Dung duimg tron %, duimg kinh B'C.
Sir dung k&t qui cia cdc bai tdp trén ta dé

dang chii:ng minh dum: B, M, K thing hang
suyra B' B'KC = MKC =90°.

Viy quy tich diém X khi M chuyén dong trén

canh AC la cung nhd AC ciia duimg tron dutmg
kinh BC.

Nhur vay néu quan sét 16t, nghién ciru ki thi chi
tir mot bai tdp trong sich gido khoa, ching ta
¢6 thé khai thic duge nhidu két qua thd vi
Chiic cic ban gat hai duoc nhiéu két qua.

Hinh 4

49

VNMATH.COM



VNMATH.COM

Wi cch g cho mat b toan
Wi cch gidi
CHO MOT BAI TOAN
HINH HOC

PHAM BAO
(32 Nguyén Khuyén, Ha Ngi)

rong chvong trinh hinh hoc Trung hoc co

s cb dinh li: "Trong mét tam gide cdn,

dudng phdn gidc cia hai géc ddy bdng
nhau". Chimg minh dinh i nay qua dé. Tuy
nhién dinh li ddo: "Néu mér tam gidc cé hai
ducng phdn gidc trong bdng nhau thi tam gidc
dé cdn" thi khong phii vay. Hon nita néu dio
sdu suy nghi vin c6 thé phét hién ra nhiéu
cdch chimg minh cho dinh i dio nay.

Céch thir nhdt. Tam giic ABC c6 hai duémg
phan gidc trong BE vi CE bing nhau,
B| =8 ;G =C: (h. 1).

Tie D ké DF song

song va bing BE, ta
cd ACDF cén (CD =

DF) nén Wﬁfzﬁ
(R+R=C+G).

Ti gidic BDFE la
hinh binh hinh nén

B=FK, BD = EF.
Gid sit B, #C; , khong
giam tdng quiét ta coi
B,>C, thi F, >Cy = F <G licd6 EF > CE
hay BD > CE.

ABDC va ABEC ¢6 canh BC chung, DC = BE,
BD > CE nén C; > B, mau thuln v6i B, >C, .
Vay B, =C; nén B=C tiic 1A AABC cin.

Hinh 1

Cédch thir hai. Xét ABDC vi ABEC c6 BC
chung; CD = BE. So sdnh canh BD va CE. Bat
BC=a,CA=b, AB=c(h.1).
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Theo tinh chat dudng phan gidc trong o = 2
DA b
BD a

DA+BD a+h’

nén

Suy ra BD = 2 Tuong ty CE= -22_,
a+h a+c

Néu BD > CE thi
ac ab

>—— =cla+ + b),
a+b a+c G c) it h)day

aic-b+E-BF>0=(c-bla+b+c)>0
nénc>b.

Tuong ty néu BD < CEthic<b. Dod6 BD=CE
& c=b. Viy AABC can.

Cdch thit ba. Tao hai tam gidc MDC va NBE
¢6 dién tich bing di¢n tich tam gidc ABC bing
cdch trén canh BC kéo dii vé phia B 1dy doan
BM = b, vé phia C 14y doan CN = ¢ (h. 2).

Hinh 2

Khi d6 D cich déu hai canh BC va AC nén
S‘,'_w_" = Spu’. Tir dé Suy ra SDHE = Sm. lmﬂg tu

S = S o S SM=%CDMH:

T =~;-ﬂ£.nx-. CE = BE nén BH = NK.
Mat khéc

MH = (ﬂ+ﬁ}ﬂi.ﬂ%; NK = {a+c}sin%.

Suy ra {u+b]sin%= {u+c]$ingu¢n

i B ol Rl , B
a[smz sm-;]+bsmi-r:5m3—l] (1)
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Thay b= 2RsinB = 4R5ingms-g,

¢ =2RsinC = 4R sm%cm%ﬁu (1

ta co

ﬂ[ﬁﬂg "sin—ﬁ}k Ms’nﬁ s'nE [mg—rmg] =0.
2 2 2 2012 2

Vi 4Rsm£sin£:~ﬂ.cbn [sinE—sinE] vi
2 2 2 2

{m%-cm%) l1a hai dai lugng cung ddu

nén déing thitc trén chi ding khi %z% tirc 1a

AABC can.

Céch thir tu. Goi O 14 giao cha BE va CD, tirc
0 13 tAm dudmg tron ndi tiép AABC. P, Q, R
I4n luot 14 hinh chi€u cia O trén BC, CA, AB.
Taco BP = BR, CP =CQ; AQ = AR. (h. 3).

Hinh 3

Mat khic PM = PB + BM = PB + CQ + QA;
PN=PC+CN=PC+BR+AR.

Do 46 PM = PN, OP 1 MN. AMON cin,

OM = ON, M, =N,, AMHO = ANOK (vi
OM = ON; MH = NK theo chitmg minh & céch

trén), Suy ra HOM=KON, HOM =C, + M, ,
KON=B +N, nén C, = B,. Viy AABC cn.

Cdch thit nam. Ding cong thirc tinh dién tich

tam Eiﬂl’:: S,mg =%absml:'. Smn =‘;—b,CDSiIl %1

1 el
Spcp =—a.CD sin—
BCD 2 a sin 2
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IﬂbCDEE
ta tinh duwoc CD =
a+b
Iart:ME
tuong tu BE =
a+c
nén BE=CD
2ar cos E anmsE
= L 2
a+c at+b

— r{a+b}ms%-b[n+c]cns%=ﬂ

= bc[ms-ﬂ-—ung]+a[cut:£—-bms£] 0
2 2 2

2

& br[msf —msEJ +
Z 2

+2akcos£cus£[sin£—siu£J =0
2 2 2 2

Lip ludn twong ty nhv cdch thi hai ta cd

%{- va do viy AABC cAn.

Nhgn xét. Trong ndm cAch giai trén ngodi viéc sir
dung chung gia thiét duémg phdn gidc BE = CD
thi cdch thit nhit sir dung dinh nghia duimg
phén gidc chia géc thanh hai phdn bing nhau,
céch thit hai sir dung tinh chét duémg phan
gidc chia canh d6i dién thanh hai phén ti 18
voi canh bén; cich thi ba sir dung tinh chét
mét diém trén dubmg phin gidc cich déu hai
canh clia géc (d€ tao nhiing tam gidc ¢6 dién
tich bing nhau); cdch thi tr sir dung triet dé
tinh chét cich déu hai canh d€ nhan ra diém O
la tdm dudng tron ndi ti€p; cdch thif nam sir
dung coOng thic dién tich tam gidc d€ khai
thic tinh chét chia géc thinh hai phdn bing
nhau. Tém lai tr mOt gia thi€t don gidn DY
ddi hai dwomg phdn gidc trong cida mdt tam
gide bdng nhau ta c6 nhifu cdch khai thic
khic nhau d€ tir d6 sing tao dugc nhiéu cich
giai khic nhau.



-

."d. %
[
L

TRUNG HOC CO SO

S i L L L L L TSR EEEEEE .,
-

Viéc uing dung hinh hoc dé gidi bai todn
dai 36 & chweng trinh THCS gud ld cén
khd mdi mé va la ldm doi vai hoc sinh.
Nhing viéc tmg dung nay nhiéu khi mang
lai cho ngieci hoc két qud kha thi vi véi loi
gidi ngdn gon va doc ddo. Xin mai cdc ban
doc va tham khdo vai vi du sau ddy:

- -l--l----ﬂ-"'..-..ll....-'

E T R ——
e L T T LT pep—

L

OThi du 1. Cho hai s6 duong a vi b. Chig
minh rang Ja+Jb>Ja+b .

LoV gidi. Nnaa wly (Va) =a: (V&) =5
nén ta nghi dén viéc tao ra tam gidc ABC
vuong tai A c6 canh AB = va; AC = /b . Khi
dé theo dinh li Pythagore ta c6 BC = Ja+b.

Do AB + AC > BC nén £+J5>Ja+b.

@Thi du 2. Cho cdc 56 thuc dwong a, b, ¢ véi
b > ¢. Chitng minh rdng

N +b* —Ja* +¢? <b-c.

Loi gidi. Tix cic biéu thic va® + b , Va® +¢2
v cic s6 duong a, b, ¢ ta nghi d€n viéc tao ra
cac tam gidc vudng HAB via HBC c6 hai canh

goc wvudng tuong
A ing ld @, c va a, b
" (h. 1). Khi dé ta

L g™ 6 AB = Va2 + 2,
| BC = Ja? + b7 . Do

b>c¢>0nén BC >
AB, HC > AH. Bai
/N toian dwa vé chimg
: minh ring BC - AB
< HC - HA.
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UNG DUNG HINH HOC

- P =

"kl deé giai ,
= Y mét sé bai toan dai s6

LE BA HOANG
(Phong GD-BT Tx.Héng Linh, Hé Tinh)

Trén HC, BC lin luot 14y céc diém M, N sao
cho HM = AH, BN = AB. Dé thiy AB = MB =

BN suy ra ABMN cén tai B nén M =N,. Mat
khic Ni+N: = My+M:+M; (= 180") nén
N:>M; e BC - AB< HC - HA.

@Thi du 3. Cho céc sé thue dueng a, b, .

Chitng minh rdng Ja® + B B +c2 > bla+c).
Ddng thicc xdy ra khi nao?

Lai gidi. VE tam giidc A
AHB vubng tai H véi
AH = a, BH = b. Trén
tia ddi cua tia HA ldy
diém C sao cho HC = ¢. ¢

NGi B véi C (h. 2). Ha K
AK vudbng géc vai BC.
Khi d6 ta c6 c

ISAR‘ = B.HA’C HE"JI 2
= AK.BC < ABBC

hay bla+c)=< Jal + 52 JbY 4ol |

Diu "=" xay ra khi va chi khi AK=ABe K= R
< AABC vuong tai B < b" = ac.

QO Thi du 4. Cho cde 56 thue duong a, b, ¢
thude khodng (0 ; 1). Chimg minh rang
all=b)+b(l-¢)+e(l-a)<l.

Lo gidi. Mdi s¢ hang &
vé i a(l = b), K1 - ©),
ol - a) co thé xem la
tich do dii hai canh cla
mdt tam gidc nén goi ¥
dén vé tam giic déu .
ABC ¢ canh bing 1. &
Trén cic canh AB, BC

b L

b N
Hinh 3
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va CA lay cdc difm M, N va P saoc cho AM = a.
BM=b,CP =c.
Ta cd 25 ur + 2850w + 2ops <28 apc
hay a(l — b)sint0” + bl — c)sin&0”
+ ol — a)sin60” < 1.1 . sin60”
Suyraa(l =)+l —c)+c(l —a) < 1.

OThi du 5. Cho ba 36 duwong x, ¥, =, thda
mdn hé thitc xyz(x + v+ z) = 4. Tim gid tri nho
nhdt cia bidu thite P = (x + y)Mx + z).

Léi gidi. Tir tich xyz(x + v + z) ta nghi dén
cong thitc Héron tinh dién tich tam gidc.

Susc =[p(p—aXp—bNp—<c) véi a. b. ¢ 1a
dd dai cac canh cia tam gidc ABC, p la nia
chu wi.

Vai x, v. z 1a
cdc s6 duong
nén ldy cdc
doan thing
c6 A48 dai ldn
lirgt la x + .,
¥y 4+ T X
Tudn la dd dai
ba canh cuia
mét tam giac
ABHC (h.4) va
x=AM = AN,y = CN = CP, z = BM = BP vai
M, N, P la cic ti€p diém cia A8, AC va BC
vigl duding trom ndi tép tam gidc ABC.

Hinh 4

KhidétacOp=x+y+ =z
=plp—alp—-blp—c)=(x+y+zdxyz =4.
Suy ra

2S.nc =2 pip—aXlp—BNp—c)= AB.AC.sinA
hay 4 = (x+ yMx + z).sin A .

MaD<sinA=<l1lnétnP=(x+yNx+2z)=4.
(x+ y)x +2) =4 <> sind = 1 <> A= 90"

S lx+ ¥ +(x+ 2P =(y+ P

= x(x+ y+2)= vz

Két hop xyz{x + y + z) = 4 cd yz = 2. Chon

y=z= 2 thix=2— JZ. Vay P dat gia tri

nhd nhédl bang 4, ching han khi x = 2 — /2 ;

=z= /2.
& Thi du 6. Cho cdc s& diuwong a, b, ¢ va

-u'r;-l-\.l'r!;-l-xh—':?, Chumg minh rdng hé
phuong trinh sau cd nghiém duy nhdt:

Jy—a+~z—a =1
vz—b++x—b=1
Wax—c+fy—ec=1.

Lén gidi. Xét tam gidc déu ABC o6 canh bang 1.
Ap dung két qua sau: "Néu M la mor diém bdi
ki ndm trong tam gidc d€u, thi t1dng cdc
khodng cdch tiv M xudng ba canh bdng chiéu
cao cuia né”.

V& dudmg thing
song song voi SC
cidch BC mdL
khoang a wva
dutmg thing song
song vdi AC cach
AC mdt  khoang
JE chiing cét nhau
tai M (h. 5). Tir k&t
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nhdt ceaa bifu thie M=

gua trén va gia thift suy ra khodng ciach tr M

xudng AB 1a /¢ . Tir dinh 1i Pythagore ta nhan

thdy x = MA*, y = MB*, z = MC® 1A mot

nghiém cia hé di cho. Bing phan chimg ta cé

th€ dé diang chiimg minh dugc hé da cho cé

nghiém duy nhit trén.

& Thidu 7. Cho a. b, c ld cédc 56 duong thujc
3

khodng (0; 1) va & + 8 + & = = . Tim gid tri nho

5>
1 1 1
+ oA
1—a® 11—

2 1-2

Loi gidi. Dyng nira duirng tron tAm 0. duimg
kinh AB= 1. Do 0 < a < 1 nén trén nira duimg
tron dé ldy diém
Msaocha,rlﬂ-f:a
ta cd AMB = 90°
<> AMILBM ntn
28488 = AM .BM

=aT—a? .

Hinh 6

D& thiy 2S.pw = 2S.pm. (VOiM, 12 diém
chinh giira ctia nira dwimng tron da cho) (h. 6).
a1—a? =OM.AB =-;--1 ='E=> zf{l—a!)si

luyﬁ z4a® Ping thirc xdy ra khi va chi khi
M= M‘, C:}a'z = -1-.

2
Hoan toéan tuong W ta ciing od e = 42

z4c? dodé M = L + L + 1
1—¢? l—a? 1—-562 1-—¢2

=4+ P )= 4.% - 6.
Vay M dat gid tri nhd nhét bang 6 khi a® = b*

NE

:(’:Lc:;sa:b:r_-=—_
2

Pé k€t thiic bai viét chiing toi xin mdi cdc ban
lam quen v&i phuong phip di trinh bay o trén
qua cic biii tap sau:

Bai I. Cho a > b > ¢ > 0. Chuiing minh rang

J::—-—Jt_; < Ja—b.

Bdi 2. Cho a > c: b > ¢ > 0. Chimg minh ring
J.c(a - ) + -J(-:'(b —c) <fab .
Bdai 3. Cho x, y. z, r la céic 56 thuc duong thuéc
khoang (0 ; 1). Chimg minh ring
Ml=+yl—2)+z(l =)+l —x)<2.
Bai 4. Chimg minh rdng v&i moi 56 thuc
duong a, b, c, d ta ludén cé
Jat + 2B + )+ Jla? +dNB? +d?)
= {a+ b)c + d).
Bai 5. Chimg minh ring v&i moi 56 thuc duong
a, b, c ta ludn cd
| @z + B2 —Ja® +c2|<ib—ci.

Bai 6. Cho a, b, ¢ 14 céc s& duemg thude khoang

W:ldvaa+b+c= —L@-&ﬁagminh ring

2
=62 .

1 1 1
a{1—al}+b{]-b?]+c(l—c11
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Khai thac
MOT DINH Li HINH HOC
¢ truong pho thong

DAO TAM
(GV khoa Todn, BH Vinh)

huong trinh va sdch gido khoa (SGK)
todn hién hanh & bac THCS va THPT
da chii trong cdc hoat dong ciia hoc

sinh dé tu ho phdt hién, hinh thanh va ching
minh céc dinh If tean hoc.

Trong bai viét nay ching t6i quan tam dén
viéc luyén tap cho hoc sinh cdc hoat dong tri
tué nham khai thdc cic dng dung cua dinh li.
Tir d gép phin ciing c& sau sic dinh 1i Thales
va van dung gidi toan & mdc do phét trién
tiém nang SGK todn nham bdi dudng hoc sinh
khi gidi.

Viéc luyén tap cdc hoat dong khai thic cic thé
hién khic nhau cta mot dinh 1i todn hoc duge
tién hanh theo trinh ty sau:

1. Phat hién thém cdc dang todn Ung dung
dinh i va xay dung thuat giai tuong img.

2. Lira chon cdc bai todn géc nham van dung
khic sau cdch giai & trén.

3. Lua chon va phat trién céic bai toin nang
cao mitc do khé khan nham rén luyén nang lyc
huy dong kién thifc trong qué trinh giai todn.

Dudi day ching toi mo ta dang todn Chiing
minh ba diém thang hdng nho sit dyng dinh li
Thales. (Dang todn nay chua dugc dé cip mét
cdch hé thong khi vin dung dinh li trén trong
SGK Hinh hgc 8).
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I. Cac ciach van dung dinh li Thales dé
chitng minh ba diém théng hang

Cich 1. Dé chimg minh ba diém A, B, C thing
hing ta lam theo cac budc sau:

~ V& dudng thing a di qua A, sao cho Bva C
thuéc mot nira mat phang b 12 dudmg thang a.

~ V& cidc dudng thang BM va CN song song
véi nhau sao cho M, N thudc «.

o Bt I B
CN AN

C6 thé kiém tra tinh A
ding din cua ching
minh bang cach sau:

Vé duong thang AB
cat tia CN tai C,. Khi
do vi BM/IC\N nén
theo dinh li Thales

trong tam gidic AC\N Hinh I
L
N AN
B
Tir cdc hé thic (1) va (2) suy ra Y :_1_3_1"91'
CN ON

Tir d6 CN = C,N suy ra hai diém C va C,
tring nhau.

Cdch 2. Ching minh A, B,
C thang hang theo cic
bude sau:

— V& duong thang a di qua
diém B, sao cho A va C
thuéc hai nira mat phéng
khac nhau vdi b la a.

- Vé AM va CN song
song voi nhau sao cho

cic diém M, N thudc a. Hinh 2
i pifah 2w DY
CN BN

Cdch 3. Ching minh cic diém A, B, C thing
hing theo cdc budc sau:

— Xéc dinh géc xAy sao cho B, C thuéc mién
trong cua goc do.
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vV INIVI/Z] 1]

— W& BE song song /‘:\

vai CF;, Cic diém E. ril b

F thudc tia Ax; vé BI Ef | %

song song voi1 OJ. [ / >K\

va J thudce tia Ay, ‘,/ Eb X ;

— Chuang to "l/\l/(\
BE Bl ; o g
S iy, B)
cF i Hinh 3

Ban doc cé thé kiém tra tinh ding dan cia cdc
ciach 2 va cdch 3 nhé sir dung dinh li Thales.

IT. Lara chon cdc bai toan gdc nham khic
sau cach giai 1

@Bai toan 1. Cho tam gidc ABC. Pudng
thiang MN song song var canh BC; M, N [ldn
{teot thuge cde canh AB va AC. Goi [ va J twong
wng la trung diém cia dogn MN va canh BC.
Chiing minh ba diém A, 1, J thdng hang.

Lot gidi. Do I, J nam vé
mot  phia  cha  dudng
&Y thing AB va MI/BJ,
: nén hai budc ddu cia

‘L'_i_ﬁ\\___ cach 1 da théa man.
r N Vay dé chitng minh ba
E % di€m A, {, J thing hang
/ ! \ chi cdn ching 1o
o, — |_ N LAV g8
" f . Br AB

Hink 4
That vay, do MMN/BC

nén theo dinh li Thales ap dung cho tam giac
ABC ta co
1
amM MmN MV

AM _ MN _wMi
AB  BC 1

B

BC

=
Chi ¥. Cé thé dién dat bai todn 1 trén nhu
bé dé vé hinh thang: V&i hinh thang MBCN,
cdc canh bén cat nhau tai A; cdc diém [, J 1a
cdc trung di€m hai canh day, thi A, /, .7 thang
hang.

©/Bai toan 2. Cho tam gidc ABC. Goi O la
giao diém cdc dwéng phdn gide trong ciia tam
gidce dé; O la giao cua AG vai phdn gidc
ngodi ciia goc B. Gid sit cdce didm H va K la
hinh chiéu cia O, va O lén BC. Diém [ la
diém dot aing ctia K qua tam O. Chitng minh
réing A, I, H la ba diém rhing hang.

Lot gidi. Do cac i
diém [, H nim A
vé mot phia
duomg AC va
oo H nén fi
theo cdch 1 dé
lap luan A, I, H
thing hang chi
cdn chimg to |

oi A0

OH A, i o
That wvay. goi Hinh 5
cic diem M va
N 1a cdc hinh chigu clia O va O, lén dudng thang
AQ AM OM  OK  Of
Ay, AN ON OH OH
(Ap dung dinh 1li Thales cho tam gidc AON va
tinh chat cia dudmg phan giic). (h. 5).

AB. Khi do

1.\ \JIVI

N\ |/ R

III. Cac bai toan nang cao mic dd kha
khan duge giai nhir van dung ciach 1 va cac
bai toan gdc

& Bai toan 3. Cho tam gidc ABC nhon. M la
diém di déng trén canh BC. Cdc diém P, Q lan
ferot g hink chidu cua M 1én cde canht AB, AC.
Tim quy tich trung diém ciia doan PQ.

Cé thé lap luan chirmng td phdn thuan cua bai
todn quy tich trén chuyén vé chimg minh ba
diém thang hang nhu sau:

Chi ddn. Goi O la trung diém cia doan PQ.
Cic diém B,, €, 1a chan cdc duirng cao cua
tam gidc ABC v& tir B va C.

Kht M tring
vai cdec diém
B hoac C thi
O tring voi
trung diém E
cila B8, hoac
trung diém F
cha =
Phin thuin
din 16i chimg
minh O, E, F thing hang (h. 6).

Gei K 1a giao diém ciia MQ va CE; I 1a giao
diém cia MP va BF; Khi dé theo bai todn 2
cdc bd ba diém (B. I, F) va (C, K. E) 1a ciac bo
ba diém thing hang va [ la trung diém cia
PM, K la trung diém cua MQ.

Pé chimg minh E, O, F th:fmg hang theo cach 1,
ol Fr

EB FB'

That vay. do Of la dudng trung binh ciia tam
gidc PMQ va KM = KQ. Suy ra i giac OIMK
1a hinh binh hanh.

Tixr OffMK suy ra
of MK CM  Fi

= = = . Tir d6 suy ra dpcm.
EB EB CB FB

ta chimg minh Off/EEB va

OffEB. Ta lai <o

@’Bai todan 4. Cho tam gidec niton ABC. Hinh
chiv nhdar MNPQO noi riép trong tam gide do,
sao cho cdc dinh M va N Idn fwor thude cdc
canf AB va AC; Cdc dinh P va Q thudc canh
BC. Tim quy rich tdm O cua hinh chir nhdr
MNPQ khi M chay trén canh AB.

Chi ddn. Phian thuan cia bai todn qu¥y tich
dugc 1ap luan nhu sau: Goi E, F. [ lan lugt 1a
trung diém ciia cdc dean MN; PQ va BC. Khi
M trimg v&i A thi hinh chir nhat suy bién thanh
duding cac AH, khi dé O tring vdi trung diém
K cba AH. Khi M wriing véi B thi O wrang vdi
trung diém [ cia doan BC. Ban doc cd thé
ching minh £, O, £ thing hing nh& van dung
cich 1, suy ra A, E, [ thing hang va O thuoc
doan /K.

Ban doc cé thé van dung cdc cach 1, 2, 3 dé
giai cac bai todn sau:

Bai toan 5. Cho tam gidc ABC cd cac trung
tuyén BB, va CC,. M 1a diém di déng trén
canh BC. Cic dudng thang MP, MO ldn lugt
song song vai CC,. BB, va P, @ lan lugt thuoc
cédc canh AR, AC. Tim quy tich cdc diém S sao
cho td giac MPSQ 1a hinh binh hanh.

Bai toan 6. Ching minh ridng trong mét tam
gidc thi truc tam, trong tim va tdm dudng tron
ngoai ti€p tam giic do thang hang.

Bai toan 7. T gidc ABCD vira noi ti€p trong
modt dudng tron tAm O vira ngoai ti€p mot
dudmg tron tdm { va c6 cac dudmng chéo cat
nhau tai P. Chitng minh ring cdc diém P, O, [
thing hang.



Chudn bi
_eavo=—1\ Cho ki thi

tot nghiép THPT
va thi vao

Dai hoc

DANG THANH HAI - TRAN TUYET THANH
(GV Hoc vién Phong khéng - khéng qudn)

rong nhing nam gin day, bai todn xic
dinh cdc y€u (6 trong tam gidc khi biét

trudc mot sd véu 10 nao dé, xuat hién
trong DE thi tuyén sinh vio Pai hoc vi Cao
ding khd nhiéu. Nhim giip cdc ban chudn bi
thi vao Dai hoc nam viing kién thuc phin nay,
bai viet gidi thieu mét s¢ dang todn thuimg
gap va phuong phap toa do trong mat phang dé
giai cdc bai todn dé.

LOAL L. Xdc dinht cac véu 1o trong 1am gide
khi biét tricoc toa dé ciia mét dinh va phicong
trinh cua hai ducng 6 cing tinl chdt (hai
ditang trung tuyén, hai duong cao, hai diong
phan gide trong) di qua hai dinh con lai.

Bai toan 1. Cho tam gide ABC ¢é dinh A2 : 2)
va hai duong cao lan fugt o6 phicong trink
v =3y -4 =0x+y-2=0 Lap pheong
trinfi ciig cdc dwong thang AB, BC va CA.

Lot gigi. Tho truc tiép toa do cla A vio
phuong trinh (PT) cia hai duong cao, ta thay
khong thoa man nén ciac dudng cao xudl phdt
titdinh B va C (h. 1).
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Gia sir duéng cao Bl ¢d PT 9x 3y -4=0"

dutmng cao CK co PT
x+y-2=0.

Duong thang AR

qua A(2;2) vi nhin

vectod  chi phuong '
cia CK Ta u=(1;1) °

lim  vecto  phdp

tuyén nén co PT

Dx=-2)+1(y-2)=0 <> x—y=0.

Hinle {

buong thang AC qua A (2 ; 2) vi nhan vecto
chi phuong ciia Bf 1a v = (I ; 3) lam vecto
phdp tuyén nén cé PT

Lix=2)+3.(y-2)=0 = xr+3y-8=0.

Toa do cua C la nghiém caa hé PT

Ja+3y-8=0 [x=-1
<>{
|- -"::'_‘

1\ s = (—1:3).
Ry

Toa dé cua B 1a nghiém cia he PT
f

2

x=y=0 ,'1"_3
&4

9x -3y 40 l‘_ 2

T3

Tir d6 dudng thing BC ¢c6 PT  7x+5v-8=0.

= Bi

| b2
(W] | [ ]
—

Bai todn 2. Cho tam gide ABC ¢6 AQ2 -
cde duwong phan gidc trong ctia ede gée Bva C
lan o cd phatong trinh

x=2y+1=0; x+y+3=0.
Ldp plucong trinh dicng thang BC.

1) va

Lot giai, Goi
A’ A" lin luot
la cic diém
doi cua xing

A qua cic
duong  phan
gidc BI, CJ

(h. 2). Khi dé
A', A" nam trén
dubmg thing BC,

Goi HH = AA'm Bl. Do H e Binén H(2t-1 1)
(chuyén PT BI vé dang tham s6), lic do
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AH = (2 - 31+ 1). Mat khic BI ¢6 vecta chi
phuong la o = (2 1), va do AM L u nén
AH. =0, SuUy ra

-+ 1lu+1)=0=1=1=H(l; 1)

Vil la trung di¢m cla AA ', nén

'.'l';,- =iy =0

¢ HTRATT 4 A0;:3).

L El‘l—’” — ¥4 =il

Tuong tu, goi K = AA” »n CJ ta tim duge
K@ ;-3) vatirdd A"(-2;-5),

Vay duomg thing BC qua A' vad A" ¢6 PT
dx-yvi3=0

LOAI 2. Xdc dinh cac véu 10 trong tam gidc
khi biér trudc toa dé cua mot dinh va phiong
trinht cia hai ducng khde tinh chat (diccng
tring tuven va didng cao, dicdng cao va diwong
phdn gide trong, dicomg trung vén va dieong
phéan gide trong).

Bai todn 3. Xdc dinh 10a do dinh B cua tam
gide ABC, biét C(4 : 3) va cde ducmg phdn
elde ong, trung tuvén ke nr dinht A lan firgn
co phuong trink
42y —5=0 ; 4y +13y-10=0.

Loi gidi. (h. 3)

Goi C' la
diem  doi
xtmg cua C
qua  dudng
phan  gidc
AD. Khi do
C'e AB.

Goi H=AD~CC' thi H{(5-2t,1)
— Cif =(1 — 2t ;t—3) (chuyén PT AD vé
dang tham so). Mat khic AD c¢6 vecto chi

Hinh 3

phuong la u=(-2:1), vi do CH Lu Suy ra
Tirdo -2(1 -2+ 1(1 - 3)=0

e 5-5=0=t=1 = H{3G: 1)

Do A li trung diem coa CC’, nén

-

X =2xy —xp =2
K A = C'(2 ;~1).
]. Vor=2¥y Yo =-
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Vi A=ADAM (M 1 trung diém cua BC)
nén toa do cua A la nghiém cua hé PT

I[_\ + 2y —5=1) !'_:._,_f:}
Yt © = A(9;-2).
Ldr 4 13y -10=0 y=-2

Khi d6 dudng thing AB ¢6 PT x+7y+5=0
nén B(-71-5 ; 1) (chuyén PT AB vé dang tham
54).

—13s54 3 ;
M;x] {chuyén

A

Vi Me AM suy ra .-"rf|
PT cliia AM vé dang tham s0).

Lai vi M ia trung di¢m cta BC nén
(~135+10 =147 -2

£

|2s=3+1.
SuyraB(-12; 1).

Bai toan 4. Xic dinh toa do dinh A cua tam

gidc ABC, biét C(4 ; -1) va dwong cao, trung

tuyen ke tiv dinh B lan Lot c6 plurong trinh
2v—3y+ 12=0; 2v + 3y =0.

Lot giai. (h. 4). Ta

cod dudng thing

AC qua C (4 -1) H
va nhan vecto chi M

phuong cua dudng

cao bH a4
=(3:2)
veclo phap tuyén.

lam Hinh 4
Do dé dutmg thang AC co PT
- +20v+ =0« 3x+2v-10=0.
. (20410 ) . 5
Do A e AC nén A| ——— ;1| (chuyén P1
A

L3
AC vé dang tham s8).

Vi MeBM suy ra M(3s ;
BM vé dang tham s6).

~25) (chuyén PT

Mt khic, do M la trung diém cta AC nén
[ ST
G ¢ N ]
]L 2y =ya+ ¥

Bai todan 5. Cho tam gidc ABC ¢6 A(-1 . 3),
duwomg cao BH nam trén dicdng thang y = x,
phdn gide trong goc C ndmn trén ducmg thang
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x4 3y + 2 = 0. Vit phuong trinh duing
thang BC.

Lov giai. (h. 5)
A Puting thiing
H AC qua
A(-1; 3), va
nhén vectd
chi phuong
B cua dudng
o i . cao Bi
laa=(1;1)
lam vecto
phap tuyén
nén co PT

L+ D+L(y-3)=0 ox+y-2=0

D
Hinl 5

Do C = AC ~ €D nén 10a do cla C 13 nghiém
cua hé phurgng trinh
x+v-2=0 (x=4
A i = C(4;-2).
lx+3v+2=0 ly=-2

Goi H' la diém d6i xing cia H qua CD v
K=CD~HH . Khidé H'cBC.

Do K eCD suyra K(-3t-2;1) (chuyén PT CD
vé dang tham s6). Tirdé HK =(-3r—3:1-1).
Mat khéc, CD ¢6 vecto chi phuong 1a v=(-3;1).
Do HK Lv suy ra HK.v =0

<:>IUr+8=U_—:>.':--i.. - ;
5 5 5
Do K 1a trung diém cia HH ', nén
{.T”' :2,1';( =Xy r[ ] ]3\I
= —hEn jiee— L,
Y =2¥k = yu 5 5y

Vay dudng thing BC qua C va H ¢6 PT

I 13
X+- v+
_IS = —]53 o x-Ty-18=0.
44— =24

3 5

LOAIL 3. Xic dinh cdac yéu 16 trong tam gidce
kii biét tricgc toa dé ciia mér sé diém dic biét
ndo do cia tam gidge (chdng han, chdin ba
diong trung ruyén, chin ba didéng cao, chdn
ba diwong phdn gidc trong,...).
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Bai toan 6. Cho tam gide ABC ¢6 cd ba géc
déw nhon. Vidt plucong trink dwimg thing cliia
canh AC cia tam gidc, biét toa do chdan edc
duong cao ha tir cdc dinh A, B, C tirong iing la
Af—1:-2); B2 2); Ci(=1:2).

Lai gidi. (h. 6).
Goi H a tryc tam 4
cua tam gidc ARC.

Tir tinh chit cua
tr gidc ndi tiép, 1a
chimg minh duoc
H la tam duong
tron ndi Uép tam B

gidc A,B,C,.

Dutmg thing A, B, Hinh 6
coPT 4x-3y-2=0,

Dudng thing B,C c6 PT  y-2=0.

Khi dé PT cap duimng phin gidc cla goc Aﬁﬁ,
—3v=2
i) i Y
5
x=2y+2=0 (&)
<
2v+y-6=0 (4,),

Thay toa do cua A,, C, vio phuong trinh cia
~1-2.(-2)+2=5>0
-1-22+2=-3<0

(&) ta duge {

= A\, C, nam v¢ hai phia khdc nhau cﬂu(;_h ).
Hay (A) 12 phan gidc trong cia goc A BC,
(tite 13 BB,).

Suy ra dudng thing AC la phan gidc ngoai ciia
goc ABC, . Hay duong théng AC chinh la
(A;) v&c6 PT  2x+y-6=0,

Liu . 1) Hodn toan tuong tu, cdc phéin gidc
ngoai cta cic goc BEC[. Ef(.._ffh tuong \ng
la cidc dutng thang BC, AB cla tam gidc ABC.
2) Cach giai trén véan con hiéu luc khi tam gidc
ABC ¢6 dang bat ki. Khi dé duong thang BC
la phin gidc ngoai clla gdc ;‘_ITR“ con cac
duding thing AB, AC lin luot 1a cic dutmg
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phan gide trong cua cdc goc Bl‘{:r% g 4Tt3|?| .
(Ban doc ty v€ hinh)

Vi khuon kho clia bai bdo, bii todn xdc dinh
cac yéu L6 cla tam gidc, khi biét toa do chin
ctia cdc phan gidc trong cla tam gidc dd xin
danh cho ban doc.

D¢ luyén tap, mdi cdc ban lam cdc bai 1ap tric
nghiém sau day.

Hay khoanh 1on vao cde chif cai ding trude

cau trd loi diing.

1. Cho tam gidc ABC, ¢d B(2 ; -1); duting cao
va phin gidc trong cua cdc goc A va C tuong
img ¢6 phuong trinh:

3x-4y+27=0, x+2y-5=0
Khi dé toa do cua dinh A la:

i @_14?} (79 147}
(1313 Lm’ 13
(19 14?

] ra
B

D) Ci ba dap 4n trén déu sai.

2. Cho tam gidc ABC cd A(~2 ; 3); hai phan
gidc trong cua cdc goc B va C lwong g co

phuong trinh 4v - 2y - 1 =0, x + 3y - 2=0.
Khi do phuong trinh duong thang BC la:
A)x=0 B) y=0.
C)x+y=0 D) Mot dép dn khdc.
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3. Cho tam gidc ABC ¢o gdc Bt va toa do
chan cac dudng cao ha tir cdc dinh A, B, C
teong tng 1a M(=1; =1} N(1: 9); P(9 < 1.
Khi d6 phuong trinh dutng thang AC la:

A) (5313|1413 )y -4 + 10413 =0;
m(s Vi) {1413 ) y=4 10413 =0;

0) (5-V13x) (14413 ) y-4-10413 =0,
Dj Mot dap so khac.

4, Cho tam gidc ABC c6 A(-2; 1} va cic

dudng cao cd phuong trinh:

20-y+1=0; 3x+v+2=0.
Khi dé duong trung tuyén qua dinh 4 cua tam
giac ABC c6 phuong trinh [&:

Byx+ 18y +20=10)
Dyx+ 18y =20

A) 18y +20=0;

Cyx-18y-20=0; =0

5. Cho tam gidc ABC cd phan guic trong AD,
duong cao CH lin lugt ¢é phuong trinh
x=-y=0, t+2v+3=0.

M(0 ; -1) 14 trung diém cua AC vd AB = 24M.
Khi dé toa do cla diem B li;




TRUNG HOC CO SO

3t dung ti s6 hrng gidc

HOANG HAI DUCNG
(GV fruong THCS Chu Manh Trinh,
Van Giang, Hung Yén)

Trude het ta nhac lai mot nhan xét trong Sdch
giao khoa Toan 9 tap mot, trang 78:

*VE 0" < < 90" thisina+cos a= 1:

OD<sinek<|:0<cosa<].

Vo0 << f<90"thi sina <sing:

tanez < tanff ; cosa = cosff ; cota = cotfs,

Diéu nguge lai cing ding.

Dudi day la mat s6 bai toan minh hoa.

WIBai toan 1. Chirng minh rdng véi hai cung

nho rong mor dieong iron. cung fom hon cang
dev tom hon, day lon hown cang cung lon hon.

Loi giai(h.])
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Xet dwong tron (€ 1 R) va hai day 48 va (D,
KeOH LAB. OK L CD D

thi CK =KD ; AH = HB.
AB=2HB = 1R sin(h

CD=2KD=2Rsiney. |

Tacé AB > CD 2

& AOB>COD n B
< Oy >0 < sinh > sin Hink |

< AB> CD.

W Bai toan 2. Chirng minh rang trong cdc
tam gide can co cimg di¢n tich. tam gidc co
canh day nho hon la tam gide co goe o dink

nha hon, l

4 / (
Hinh 2

Loi giai. Xét tam
gide ABC can tai
A co cang dién
tich 5. K¢ duong
cao AH (h.2).

Trong tam giac vudng AHC, ta co
A | A
AH= HAC.cot— = = BC.cot—.
2 2 2
: ] s Lo A
Doddo § == BC.AH =—-B(C°.cot —.
5 4 2

5 X - N N & ,‘1
Do § khong d6i nén BC nho nhat <> cot -

Iém nhét > BAC nho nhét. (1

IBai toan 3. Cho diém M cd dink néim trén
doan thang AB. Trén ciung nira mdt phing bo
AB vé cac tia Ax, By vuang goc vai AB. Mo
goc vuong dmnh M thay doi cat hai tia Ax. By
{an hrot tai C. D, Xae dinh vi {n’ C. D dé tam
gidace MCD co dién tich nho nhat.

Loi giai(h.3)

Dat AMC '=BDM = X v

¢ pusy ol
thi MC' = ! ik

COSe e
MB

sing

Sur';: = l MO MD a J
2 A M s

M . Hinh 3
25ine .cosa

MD =

Taco
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Ap dung BDRT Cauchy cho hai so sing vi
cosa, ta ¢d

. MAMB
L 1 o e " y = 5
sin“ex +coset

= MAMB .

Sy = MAMB & sina = cosa ¢ o= 45",

Vay tam gidgc MCD c6 dién tich nho nhét bang
MA.MB khi cac diem C, D dvoc xédc dinh trén
cac tia Ay, By sao cho 4C = AM ; BD = BM.

W Bai todn 4. Cho hai dwang tron (0 R) va
(O R tiép xiic ngodi nhau tai A. Qua A vé
hai tia vuong goc voi nhau, ching cat (O; R) va
(O R) theo thir ne tai B. C. Xac dinh vi iri cac
tia do dé tam gide ABC eo dién tich leom nhit.

Lavi gial.

L

Hinh 4

Ké OD L AB. O'E L AC (h.4). Dt AOD =
: a (0" < o < 90%thi 4B =24D

O AE =
2Rsmea, AC=24F=2R coser

i o I 3 ;
Vay Sy = - AB.AC = RR"Isina.cosa

R.R'

< R RYsina+ cos a) =
Si-= R R khising=cosa s a=45".
Vay tam giac ABC ¢ dién tich lon nhit bang
R.R'khi cac tia AB, AC lan lrot tao vai cac tia
A0, AQ thanh cic goc OAB =" AC = 45",

WBai toan 5. Cho hinh chiv nheit ABCD eo
canh BC = | va AR = 3, Trén canh AB lav
diém N sao cho 0.2 < AN < 1. Dwong trung
tre cia DN lan leat cat AD, DC o E. F

15
5

Ching minh véing Sy, =

VINIVIZAZ T 1 1.\o\UVIVI

Lot gidi. (h.5)

Hinh 3

Pat EFD = @ (0° < @< 90%) = ADN = a.

Goi DN EF = M. taco
MD Inwzl._ﬂl: |
2 cosa  2cosa
EF = ME+ MF = MDtana + MD.cote
= MD(tana + cola) = 7] ______
§iN (r.cos o
|
‘I;!‘.l':'nI i T -E.IF._.';l'fD — —]‘__ "
2 8sinacosia

Ap dung BDT Cauchy cho bdn sd diong
COs’r  COST@ oS’

3 3 3

SN ta co

- 1 ] 44
, cos’a cosle cosla (sm—m s’

‘Hﬂ = i
3 3 4 J
sin? er.cosa | I "\h
o T et
27 256 8sincrcos’a 9
Pang thirc xay ra khi sinet - ‘EO%E esa=30"
!
R

BAI TAP

Bai I. Cho dudng tron (O ; ). Hai ddy AB va
€' cat nhau tai diém P ¢ ngodi duong tron.
Biét APO>(CPO. So sanh khoing cich tir O
den ABva CD.

Bai 2. Cho dudmg tron (O : R), diém P & mién
trong dudng tron. Har day APB va ('PD thay
doi nhung luén vudng goéc vai nhau. Xac dinh
aid tri lon nhat cia dién tich 1 giac ACBD.

Bai 3. Hai anh em chia tai san la mot miéng
d’il hinh tam giac. Ho muon chia doi dién tich
miéng dat nay bing mot bd rdo ngin nhit.

Tinh do dai bo rdo nay theo dién tich tam giac
va g6c nho nhat cia tam gide dé.



"rong qud trinh ty tim t6i vé cdc logi diém

. ddac bigt trong fam gidc t6i bdt gdp mot s6

g tinh chét vé diém Schiffler coa tam gidc. Téi
cdm thdy rat tdm dac vdi cdc tinh chdt ndy. Tuy
nhién, cé mét diém t6i cdm thdy khéng that sy
vua ¥ Id cdc tinh chat va dinh If duoc phét bigu
mét cdch rdt don gidn nhung cdc cdch ching
minh lai phdi si dung dén céng cu tém i cu,
phuong phdp toa dé - mét phuong phdp hién doi
nhimg khéng tién dyng déi voi hoc sinh, ké cd
hoc sinh gidi. Mong muén frinh bdy vén dé cho
trong sdng hon da théi thic 16i di tim loi gidi so
cdp hon, «dep mat” hon cho bdi todn. Dén nay
t6i da thu dvoc nﬁu‘rng k&t qud nhdat dinh xin duoc
trinh bdy cing ban doc irong bdi viét ndy.

Ta bdt dau bing bai toan sau vé dinh nghia
diém Schiftler cua tam giac:

IBai toan 1. Gia sw [ [a tim duwemg tron nji
H'r':n tam gide ABC. Khi dé hin duome thang
Fuler cua cdc tam gidge BIC, CIA, AIB. ABC
um;o quy tai mot diem S goi la diém Schiffler
cua tam gide ABC.

Clirng minh. Goi O 1 tim dudng tron ngoal
ti-‘f‘p tam giac, G la trong tam tam giac. M la
trung diém BC, &7 la trong tdm tam giac BIC,
Al cat BC tai D, cat duong tron () tai J,
duom_ tron (1) licp xtc vai canh BC tai K, (G5
cit OG tai S, cat AM tai F (h.1),

Ré ring J la tam duong tron ngoai tiép tam
oige BIC. Do dd JG la duong thang Euler cua
tam giac BIC.
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@ TAM GIAC

LE DUC THINH
(GV THPT NK Tran Ph, HSi Phong)
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Ap dung dinh
Ii Menelaus
cho tam gidc
(GOM v cat
tuyén SEJ

la cod

é-l'_: f() EM

SO M HG

Suy ra

SG JIM FG ‘

SO JO EM Al

= LB (R 14 ban kinh dufmg tron ngoal
R EM

ticp tam gidc 4BC).

Su dung dinh 1i Menelans cho tam giac JAM

.S EA {:'U
ta c6 —
M EM G'l

Do " 1a trong tam ABIC nen
EA _,J4_Jd  JB | JI

S e 7 i

viri cat tuyen JG'E,

EM 0 T g T up T UD
(do JI? =JB2 = JA.JD) . Do do

B _GM 1AM
M EM 3 EM
1 [ E4 1 Ed 2
iy |\ EM J 4 A 3
21 2.2ID_2 0K _2 ¢
"3Up 3 34D 3 UM 3 UM

(r la ban kinh duong trén noi Hep AABCY

SG _JM EG UM 2 v 2

SO R EM R 3 JM 3 R

Tuong 1. ta thay cac dwomg thing Luler cua
cac tam giac CI4, AIB ciing cit OG 1ai S (xac
dinh bei he thie (1))

Vay cac duong thing Euler cua bén tam gidc
ABC. BIC, CIA. AIB dong quy 1ai S. 01

Mot tinh chat khac cua diém Schiffler duoe
md ta trong bai toan sau:

WBai toan 2. Cho tam gidc ABC ndi tidp
ducng tron () va f.1-. 1 fdn lieot 1 tam
duong tron hang tiép img voi cde goc 4, B. ¢
cua tam giae. Ay, By O twong wng la giao
diém cua cde cap dirong (Ol BO). (Of. CA4),
(Of. AB). Khi do cdc duong thang A4,, BB,
CCy dong quy tai diém Schiffler S cua tam
gide ABC,
(Xem .rnfp trang 27)



Chieng minh. (h. 2).
/"fﬂ_‘q—

¢

l|' r : &
B N @/’ C
] \

Hinh 2

‘|!J
]

Ta chimg minh A.S, /4 thing hang. Thit viy
sin (}I}' sin /f(_}E;' §in !E:i‘
_ sin I:E:_' sin MOG sin Uj:i.

sin MJG' sin AOG sin fm|

. 2
28 2S5y 28, 1

JG' MOOG OA.A4
Wit a0 28nan
MIJG' ACOG §LAAA
_2MJ A0 04 1A
Tl 20M L4 04
_2MJ BO OM

"~ BS 20M P

LP

(4 sin A

il

A l 1

=2sin— =1
2 .
2 sin —
2

Dao do theo dinh i Ceva dang lugng {}'iéc trong
tam giac AOJ, suy ra A4, OG,JG' dong quy.
Tire 12 A4 di qua S. Tuong tw, ta két lun
ring A4, BB,, CC, dang quy tai S.
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Nhu viiy tr hai bai toan trén ta thu duge diém
Schiffler § cia tam gide 4BC 14 diém déng
quy cua 7 duong thang, gom ¢6: 4 duong
thang Euler cta cdc tam giac BIC. CJ4, AIB,
ABC va 3 dudng thang A4, BB.C(,.

Bay gi0r ta hay theo doi mt cach mé ta khac
cua diem Schiffler duge néu trong bai wan:

Bai toan 3. Gia sir ditcng tron hang ticp
wng vai géc A cua tam gige ABC iép xic v
cde duong thang BC. CA, AB lan leot tai A",
B O Goi A7 la diém dai xing cia A’ qua
B'C". Twong tir ta dinh nghia dicm 8", O
Khi dé AA", BB". CC" dong quy tai diém
Schiffler § cua tam gide ABC

Chirng minh.
Bé dé 1. Voi cac ki hiéu nhu o bai todan | thi
Of) la dheomg thang Eider cua tem gide 4'B'C

F

Chitng minh. Dyng cic duomg thing qua A va
song song B'C",qua B va song song ("4, qua
(" va song song 4'B’. Cac dudng nay cat nhau
tao ra tam giac DEF (h. 3), Taco

AL LB'C'= Al LEF, BL LA'C'= Bl L DE.
Do do /) la truc tam tam giac DEF. Nhan
thiy O la tim duong tron Euler cua tam gidc
DEF. Nén Of) la duomg thang Fuler ctia tam
giac DEF. Ma dudng thing Euler cia hai tam
giac A'B'C’' via DEF cung phuang, va déu di
qua [, nén O, ciing la dudng thang Euler cia
tam gidc 4'B'C " (dpem).

Bo dé 2. Ba diém A, 4, A" thing hang.
Chitng minh. (h. 4) Theo bo dé I, néu goi I
la giao diém ctia O, va 4'4" thi A 14 tryre tam
tam giac 4 'B'C ",



Hinh 4

Goi [ la chan dudng phan gide ha tir 4 xuong -

e Tas Mol @
4 h, bic-a

(2) |

[4 L b L] r b I
(trong do r,, 1, twong tng 13 ban kinh dudng .
(ron béng ticp tmg voi dinh A. do dai dudmg |

cao ha tir 4 cia tam gidc ABC; @ = BC, b = AC.

¢ = AB). Mit khac
A'H AHBC <2008 A 2r.5m A
A'A" : AABC L

2t sin24'

8 sind' .sm B sinC" sin2A4% sin 2B s ("

—sm 24"
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Hon nira

. ——

o B
Ty BN Ty Ly B
2 7]

A

’ w A
A'=180"-B'-C'=90° -1--;.

Do do

AL S
A'A" =sinA4sinBesmC h+c-a

A=
Tir{2)va(3)suyra i A ‘
% IA '4I.4 1"

Viy 4,4, A4" thang hing,

Ra rang theo bo dé 2 va két qua bai ton 2 thi
bai toan 3 duwge chimg minh.

Qua chimg minh trén ta thay r?tng bai toan 3 1
mot bai todn kho v I gidi ctia nd van phai diing
dén két qua cia bai todn 2. Hi vong ring ban doc
¢ thé dua ra mot o giai dep hon nira cho bai
fodn 3. Rat mong nhan dugc sur gOp ¥ clia cac ban
dé hoan chinh hon nita bai viét nay.



MOT $6 8 BAI TOAM
cyc TRI HiNg Hoe

m@m@ HHONGLGIAN

NGUYEN THI THU HUONG
(GV THPT chuyén Hung Yén)

pc sinh THPT thuong ling tang khi
H gap cac bai todn cuc tri, nhdt 13 cyc
tri hinh hoe. Bai viét sau diy sé gép
phan gilip cdc ban tir tin hon khi gap cac dang
todn nay trong cac ki thi tuyén sinh vao Pai

hoc va Cao ding,

Céc bai toan téng quat dwoc xét trong khdng
gian vai hé tryc toa dj Descartes vubng goc
Oxyz. O phan 4p dung, ngoai thi du |, thi dy 2
duge giai chi tiét, cac thi du khac ching t6i
chi huéng dan giai hodc dua ra két qua d& ban
doc tir giai.

€ Bai toan 1. Trong khing gian véi hé toa
dé Descartes vuéng géc Oxyz cho mat phing
(o) ¢d phuong trinh (PT) Ax ~ By + Cz+ D=0
v hai digm M(x, ) Nxa L ys o) khong
thudc (@). Tim diém I trén mdt phang (@)
sao cho:

a) IM + IN li nho nhat

b) M — IN| la lém nhdt.

Cich gidi. a) Truoe hét ta xac dinh vi tri
twong ddi giita M va N se v6i mat phing (@)
bang cach xét

T= (Ax;+ 8By +Czy + D) Ax; + By; + Cz; + D)
e Néu 7> 0 thi M, N ciing phia dbi v&i mp(a);

V INIVIZAZN 1T 1 1.\o\UJUIVI
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Khi M. N cing phia vé&i nhau déi voi mp(a) ta
lam nhu sau:

Xéc dinh diém M' d6i ximg voi M qua mp(a),
licdo IM=IM Taco IM+ IN=IM'+IN2
M'N. Dang thirc xay ra khi va chi khi I, M, N
thang hang. Do d6 diém 7 thoa man a) 13 giao
diém ciia M'N va mp(a).

o Néy 7< 0 thi M, N khac phia déi véi mp(&).
Khi d6 diém [ can tim chinh 12 giao diém cua
duwong thang MN vai mp(a).

b)  Néu M va N ndm vé cling mot phia déi
voi mp(a) va MN // mp(a) thi ¢6 |IM — IM £
MN. Dang thirc xay ra khi va chi khi [, M. N
thang hang. Diém / can tim 1a giao cua MN
voi mp(a). Con néu MN//mp(a) thi khong xac
dinh dugc diém /.

s Néu M va N khic phia dbi vai mp(a) thi 1dy
diém M’ doi xing v6i M qua mp(a). Khi dé
(M~ IN| = [IM' - IN| = M'N. Ding thire xay
ra khi va chi khi /. A", N thang hang. Biém [
can tim 12 giao cua M'N véi mp(a).

W Thi du 1. Trong khong gian véi hé 1oa do
Descartes Oxy= cho hai diém M(1 ; 2 ; 3) va
N(4 : 4 5). Tim diém I thudc mat phang (xOy)
sao cho IM + IN nho nhdt.

Léi gidgi. PT mit phing (xOy) laz=0(4 = B
= = l} C=1)Taco =35>0, dodo M. N
nim vé cing mdt phia d6i véi mat phing
(xOy). Ta xac dinh { nhu sau:

Goi M’ 12 diém ddi ximg voi M qua mp(xOy).
Puong thang () qua M wudng goc vai

mp(x(y) ¢é vecte chi phuong « =(0:0; 1) nén
x=l

PTthamsécodang y y=2 (te R).

o |z=3+¢
Gia sor H=d v mp(xOy) thi H(1 ;2;3 +1).
Locdo 3 +¢=0,suyra ff(1:2;0).
Dodo M(1:2;-3)=> M'N =(3:2:8).Ta
co IM+IN=IM+IN>MN.
Dang thirc xay ra khi va chi khi /= M'N
mp(xQy). PT clia M'N: x‘]J;z:zf.



Didm f(Y + 3m ;2 + 2m ; — 3 + 8mr) cén tim
thudc MN, va mp{xQy)} nén -3 + 8m = 0.

W Thi du 2. Trong khing gian voi hé toa do
Descartes vudng gdc Oxyz. cho mdt phang (&)
co PT 2x—y+z+ 1 =0vd hai didm M3 ;1;0),
M—9 ;4 ; 9. Tim didm I trén mp(o) sao cho
M — IN| dat gid tri ion nhdt.

Léé gigi. Ta cd6 T = 6.(—12) < 0 nén M. N nim
vé& hai phia coa mp(a). Goi R la diém dGl
xing cia M qua mp(«). khi d6 duwdng thang
MR qua M(3 ; 1 ; 0) vudng gdc v&i mp(a) cd PT
x=-3 y—1 =
2 1
Goi H= MR mp(a@), suyra H(3+2¢; 1 —¢5148)
e MR. Vi H € mp{a) nén H(1 ;2; ~1),suy ra
R(-1;3;-2).
Ta c6 |[IM — IN] = [IR — IN] < RN. Pang thirc
xay ra khi va chi khi [, N, R thing hang. Lai co
RN = (-8 :1;11), do d6 RN & PT tham sb
x=—1—8¢
y=3+1

re KB
z=-2+11¢

Biém { cdn tim 1a giao cia RN voi mp( ).
-1 —Br;3+¢t;-2+111) e mp{ex) suy ra
K7:2;-13)

P Bai toan 2. Trong khéng gian voi hé truc

toa dé Descartes Oxyz cho dudng thing d va

cde digm M(x, ; y\ ;2 va N(x2; vz ; =2) khidng
thude d. Tim diém [ wrén dudmg thdng d sao

cho IM + IN bé nhdt.

Cdch giai.

s Truwong hop 1. M, Nvad nédm trong mdt mat
phing. Khi d6 ta thurc hién bai toan trong mit
phiing: Néu doan MN cit 4 thi giao dié¢m dé
chinh 1a diém 7 cén tim. Néu doan AN khing
cét d thi 1Ay M’ dbi xang vdi M qua J khi do
IM = M. Ta & IM + IN = IM' + IN > M'N.
Déng thirc xay ra khi va chi khi 4, A", N thing

hang, khi do FAf + IN bé nhit. Tir 46 7 1a giao
diém clhia M'N va d, suy ra toa d6 diém [.

o Trudng hop 2. MN va 4 chéo nhau. Cé hai
kha nang: _\.

*) Néu MN 1L a4 1

(h. 1) thi ta lam

nhwu sau: Goi (P)

la mat phing qua 7 N
MN wvudng goc ’

v&i A tai J, khi d6 o

MFPld,NJgLd M

va MJ + NJ = k Hink 1

(khéng dbi). Vai

mei f € & IM = JM , IN=>JN = M+ IN =2
JAM + JN. Péng thitc xay ra khi va chi khi
I = J, tir 46 tim duge toa A6 diém [, giao cioa
(Pyvad

*) Néu MN khing
vudng goc voi d ta
chuyén bai toan vé
mit phang Jd& giai
nhur sau {(xem h.2):
— }.(:ic dinh hinh
chigdu vudng goc
clia &V xubng 4.

— Gegi (R) la mit
phiang (W ; &) . (&)

14 mat phing qua H vudng goc & 5 () 12 mat
phéng chira & va diém M ; A = (P} {Q) =
A L dtai H. Trén A lay K sao cho KiH = NH va
K. M-ndm v& hai phia so v&i mat phing (R).
Khi dé v&i moi J € d thi ANJH = AKJH = JK
= JN = JM + JN = JM + JK = MK. Ping thic
xay ra khi J, M X thing hang tir &6 tim dugc
toa d6 didm J = J giao coa MK va d la diém
can tim.

W Thi du 3. Trong khéng gian voi hé toa dd
Descartes vudng goéc Oxyz, cho AR ;2 ; —1),
N(T ; =2 : 3) va dwong thing d cé PT
x+1 y-2 =z-2
. 3 -2 2 )
Tim diém I thudce d sao cho IM + IN nko nhdt.

Hrong din. Duimg thang d ¢6 vecto chi phuong
w=(3:-2:2): MN =(6:—4:4)— MN =2u :
Af & d nén MN // d, do d5 trén mit phing
(. MA) goi M’ la digm ddi ximng coa M thi
mit phéng () qua A1 = 2 ; —1) v vecto chi
phuong (3 ;: —2 : 2} ¢6 phuong trinh:
3x - 2v+2z+ 3 =0.

Goi H=d(a) = F{—1 ,2;2y=>M'(-3;2;5)
§ =d o MN = HIIWMN = I trung diém MN
nén {2 ;0;:;4)la didm can tim.

* Thi du 4. Trong khdng gian voéi hé
toa dé Descartes vuong goc Oxyc, cho
M3 112 1), N4 23 4) vd dwdng thing d 6
pr 21 -r-3_z-9

2 1
IM + IN who nhdt

. Time § thude o sao cho

chi phuong & = (1 ;-2 : 1) nén MN.a=1.1+
2(-2y+ 3.1 =0, suy ra MN | d.
Mat phing (P) qua MN vudng goéc v&i o tai 7
cOPTx—2p+=-—-2=40.

17 17 23

BDiém /= ()~ d nén 1[———]
37373

Cuédi cling mdi cac ban giii mét sé bai toan
turong o trén hé truc toa 34§ Oxyz.

1) Cho mat phang (&) €6 PT 2x —y +=+ 1 =0
va hai digm A3 ;1 ;0 M—9: 4 :9).

a) Tim diém 7 thuéc mat phéang (o) sao cho
[hﬁ + f?| dat gia tri nho nhét.

b) Tim diém 7' thude mat phéng () sao cho
|£'Af — ['NV| dat gia tr] Ion nhat.

2y Cho AR1 ;1 : 0). M3 : —1 : 4) vi dudng
thing ¢ co pr 31 _»y-1_z+2

1 -1 2
f trén o sao cho JAf + {N bé nhét.

. Tim diém

3) _Cho M(—1 :3 — 2), N(—9 ; 4 ; 9) va mat
phang (P} ¢6 PT 2x -y + z+ 1 =0. Tim diém
f trén mat phang (P) sao cho M + IN bé nhat,



TRUNG HOC CO SO

rong qud trinh m& réng dinh li Pythagore, ta
duge dinh li 4 diém nhu sau:

Véi 4 diém A, B, C, D ta luén c6: AC vudng goc
voi BD khiva chi khi AB2+CD2=AD2+B(2.

Hai vmg dung cia dinh li nay v& mbi quan hé
gilta cdc canh vdi hai dudng chéo clia mt tir
giac fa:

1) Néu tong binh phirong cdc edp canh doi dién
cua te gidc bang nhau thi hai ducmg chéo cua
nd vubng gdc voi nhau va ngiege lai,

2) Néu iﬁ'ng frinh phuong hai canh doi dién
ctia ti gidc bang téng hinh phuong hai dudmg
chéo thi hai canh déi dign con lai cia tit gide
vudng géc véi nhau.

Nét dep cia dinh 1i 4 diém 13 céc tir gidc ma
ching ta xét trong hai {mg dung khéng nhat
thiét 1a tir gidc 16i ma ¢ thé 1a t& gidc 1dm,
don hay khéng don.

Viéc chitng minh dinh Ii ndy, cic ban cé thé
tham khao bai viét cua tac gia Vo Kim Hug
dang trén sb bao thang 3 (237)/1997. Trong
bai viét nay, chiing t5i gi¢i thiéu (tng dyng cla
dinh Ii 4 diém vio piii quyét tét mdt 1op bai
toan chimg minh hai dudmg thing vuéng goc.
Mong mudn sé tiép sitc cho ban dpc mit
phuang phap giai toan.

W Bai todn 1. Cho hinh chit nhdt ABCD. Trén
tia d6i cua tia DA va tia dbi ctia tia CB ldn
luot ldy hai diém F va E sao cho DF = CE =
CD. Trén tia déi ciia tia CD Idy diém H sao
cha CH = CB. Chitng minh ring AE vuéng
goc vai FH.

Léi gidi. (h. 1). Dit AB = x; BC = y. Theo bai ra
tacé DF=CE=CD=EF=x,CH=BC=y.
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Net dep

CUA DINH Li 4 DIEM

NGO PUC MINH
(GV THCS Ngé Gia Tu, Héng Bdng.,
Ha&i Phong)

Sir dung dinh i
Pythagore, ta D
tinh duoc
AH? + EF
=27 + 2y + 24 (1) 1 ‘
AR + HE'
= 27+ 20+ 27 ()

Tir (1) va (2) suy ra
AH' + EF = AF* + HE",

Theo img dung ) tacdé AE L FA. O

Hinh I

€ Bai todn 2. Cho ti gidc ABCD ngi tiép
duong tron (0) déng thoi ngoai tifp mot
duomg trom khdc (O) co cdc tiép diém M, N,
P Q ldn lugt véi cdc canh DA, AB, BC, CD.
Chitng minh rang MP vudng géc vai NQ.

Léi gidgi. (h. 2).
Goi H la giao
diém cua 04
va MN, E 14 giao
diém cia OC
va PQ.

Ta c6 tr giic
ABCD ndi tiép
() nén A+C=
180° tir gidc
ABCD lai ngoai
tiép (0" nén

lr\

O'AM +o*cgz%§i +C=90°, suy ra

0'4M =CO'Q (cing phy véi 0'CQ).

Viy AO'MA en ACQQO' . Do d6 M= M4 .




Pit MA=AN=x, BN=BP=y,CP=CQ =z,
DO =DM=1t OM= 0'Q=r, khi d6 ta cd

r X .
L= & ¥ = xz. Tuong ty, ta co ¥* = yt suy
T Fr :

ra r=xz=yl

Do AM va AN 4 hai tiép tuyén cba (O') nén
0'4 1 MN va HM = HN. Trong tam giic
O'MA vudng tai M cd

1 1 1 4 1 1

. =

MIE MA O'M?  MN? i g
o N = 4x2r?  4x2.(xz) _4x’z
x24r2 xlaxz x4z

Hoan todn tuong ty, ta ciing ¢o

2 2 2
Pszdxz ;NPZ:‘IJ}I;MQ2=1’?{—.
x+z y+t y+i
42 2
Suy ra MN? + PQ* = xz Ae =4xz=4r2,
x+z x+z
2 2
NP2+MQI=4L+4N =4yr=4r2.
Y+t Y+t

Nhu viy MN? + PQ? = NP* + MQ?. Theo dinh
Ii 4 diém thi MP L NQ.

IBai todn 3. Gid su O Ia tdm duong tron
ngoai tidp tam gidc ABC. D 1a trung diém cia
canh AB, con E li trong tdm cia tam gide
ACD. Chiing minh rdng néu AB = AC thi OE
vudng gac voi CD.

Loi giai. (h. 3).

Goi M la giao
diém cia CE va
AB; N la giao
diém cha DE va
AC. Dat BC = a
viAB=AC=b.

Ap dung cong
thirc tinh d¢ dai
duimg trung tuyén,
ta cbd

Hinh 3

CAX+CD> _ AD?
2 4

CM?=
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_ 5b2+2a7 B2 9% +44?
8 16 36
suy ra CE? =l.‘;)Z +la2 :
4 9

Do DA = DB nén OD L AB. Trong tam gidc
vudng ODB ta co

2
oD = 0B* - B =0C? —[%AB’] =0C? -%bz .
Viy CE? +OD? = ocu%az (3)

Dé thay ND la dudng trung binh cla tam gidc
ABC nén DNzi;BC, suy ra DE:%Q 4

Tir (3) va (4) suy ra CE* + OD* = OC* + DE".
Theo dinh 1i 4 didm thi OF L CD.

¢ Bai toén 4. Cho & gidc ABCD c6 DAB=ABC

= BCD > 9. Chitng minh rdng dudmg thing
Euler cua tam gidc ABC di qua D.

Lo giai. (h. 4).

Goi DA N CB = M, AB n DC = N, cic duong
cao MM, NN, ciia céc tam gidc AMB va BNC

cét nhau tai 0. Do ﬁ?ﬁ:ﬁ:ﬁ&ﬁ nén
AMB, BNC du 1a cac tam giac cén.

Tir 46 suy ra
0 la tim
dubng trdn
ngoai  tiép
tam gidc
ABC.

Goi H 1a
trye tAm coa
tam giac
ABC. Vi
ABC > 90°
nén H ndm
ngoai AABC
va HA 1 BC
tai By,

HC 1 AB

tai C;. Nhu vy, ta s& c¢O cac tr gidc
AM|B|M, AB[C]C, CN|C|N va MACN la cac
tir giac ndi tiép.

Goi J, J lan lugt la trung diém cia M4 va CN.

Hinh 4



Khi @6 I J s& lan lugt 13 tim céc dudmg tron
ngﬂﬁl tlép tar gléc A1U|B]M v CN}C]N .

Tur d6 dé thay

HB.HA=HI? - 14> ; HC\.HC = HF - JC%,
HB.HA = HC\.HC suyra
HIt-[# = HJ? - JC? = HI? - HP? = [42 - JC? (5)

Twong ty taco OFF - OJ* = [4* - JC? (6)

Tu(5)va(6)suyra HI2+QJ =01*+H?
Theodjnh 1i 4 diémthi OF L [J {7)

Mit khic, do tir gidc MACN nfi tiép nén
DA.DM = DC.DN = (DI - I4AYDI + I4) = (DJ
—JOYDJ+JCy=> DP -DP =14 -JC* (8)

Tit (5) vi (8) suy ra HF + DF = DI + HP.
Theo dinh i 4 diém thi DH L IJ (9)

Tur (7) va (9) suy ra H, O, D thang hang.Ta

biét duong thing Euler cia tam gidc ABC di
qua trye tim H, trong tdm G va tim O cia

69

dutmg trdn ngoai tifp. Tl d6 suy ra dudmg
thing Euler ciia tam gidc ABC di qua D.

M cac ban sit dung dinh i 4 diém dé giai quyét
céc bai toan sau day.

Bai 1. Cho tir gidc ABCD ndi tiép mdt dudmg
tron ¢o hai dubng chéo cat nhau tai /. Ha IP,
10 lan lugt vudng goc vai AD va BC. Goi M,
N I4n lugt 13 cée trung diém cia 4B, CD.
Chimg minh ring PQ vudng goc véi MN.

Bai 2. Cho tir gidc ABCD ¢ hai dudng chéo
cit nhau tai O. Goi M. N lén lugt 13 trung
diém ciia AB va CD. Cic tam giac OAD, OBC
ldn lugt c6 trye tdm 12 H va K. Ching minh
ring HK vudng goc véi MN.

Bai 3. Trén cung nho AB cia dwdng tron
ngoai tiép hinh chit nhit ABCD ngudi ta ldy
diém M khac 4 va B. Goi P, Q, R va S thirty
[ hinh chiéu cia M trén céc dudng thing 4D,
AB, BC va CD. Chimg minh ring hai dudng
thing PQ va RS vudng gbc voi nhau va giao
diém cda ching nam trén mot trong hai dudng
¢héo hinh chir nhét.



== cho kit
tot nghigp THPT
va thi vao

U PHAN LU T b
va ung dung

LE QUAC HAN
(GV Bai hoe Vinh)

7 dién Ja mot mo hinh co ban va thudng
' géip nhét trong hinh hoc khong gian, dic

biét 12 trong cdc ki thi tuyén sinh vio
Dai hoc hay ki thi Olympic Todn, Sy phan loai
cdc i dién theo nhitng tiéu chudn nao dé sé
glip ching ta xic dinh nhanh k&l qui hay
phuong phdp gidi céc bai todn lién quan dén ny
dién thé hién mét cich tudng minh hay chim
khuat. Bai viét nay khong 6 ¥ dinh phan 16p
cac tif dién mot cich triét dé ma chi néu lén
nhitng kinh nghiém gia1 cdc bai todn lién quan
dén ut dién dirge phan loai theo nhimg dic trung
khéc nhau (nhung khong loai trir Yin nhau).

I. TU DIEN PEU

Pinh nghia. Tir dién déu 1a tit dién co tit ca
cdc canh bang nhau.

Tinh chit. Trong mot 1 dién déu:

a) Sdu mdt 1a nhitng tam gidc déu bdng nhau.
b) Chdn dudng cac ha tir mér dinh bdat ki
xudng mat doi dién la truc tam, trong tdm, tim
diweng tron ngoai tiép va idm dudng tron noi
tiép cua mat do.

Ménh dé 1. Gid sit ABCD la tir dién déu canh
bdng a. Khi dé

1) Tam mdt cdu ngogi tiép, tdm mdt cdu noi

tiép va frong tdm ciia 1k dién tring nhau.

s 5 )
2) Pudng cao cia uk dién bdng aTvd thé

3
tich cila i dién bdng azf .
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3) Bdn kink mdt cdu ngoai tiép tir dién R = e
vd ban kinh mdt cau néi tiép nit dién r = ET\LI:E

4) Céc cap canh daoi dién cia tf dién déi mot
vudng goc vai nhau.

5) Poan thang néi hai trung diém cia hai
cank doi dién bdt ki la doan vuéng géc chung
cila cdc dwong thing chita hat canh dy.

6) Khodng cdch giita hai canh déi dién bdt ki

P
bdng av2 :

T) Hinh hdp ngogi tiép tir dién déu ABCD canh

aV2

a la hinh ldp phuong cé canh bing -

Viéc chimg minh ménh dé trén kha don gian,
dé€ nghij cdc ban ty gidi xem nhu nhiing bai tap.
Biy gi¢ ching toi s&€ néu mot sd thi du tir
don gian dén phic tap dé ban doc budc diu
théy lgi ich clia viéc ndm vitng cdc kién thifc
néu trén.

*Thi 'dy 1. Trong khéng gian véi hé truc toa
dé vubng géc Oxyz cho Ala;0:0), B0 a; D),
CO:;0;a)véia>0. .

a) Got H 1d chdn dudng vuong géc ha i O
xudng mgt phang (ABC). Tim toa do diém H.
b) Goi D la diém déi ximg cita H qua O.
Chitng minh ABCD la vit dién déu.

Loi gidi. a) Vi AB = BC = CA = a2 nén
ABC la tam gidc déu. Ta lai ¢6 OA = OB = OC
= a nén OABC |3 hinh chép déu. Do d6 H 1a

trong tam tam giac ABC. Suy ra H[%;—E—;%J.
b) Vi O(0 ; 0 ; 0) 1a trung diém cla DH nén

Df_f’_;-ﬂ;—fl. Do d6 ﬁ=[4—”;5;fj.
7373 3'373

twr IDBI =1DCI = a2 nén ABCD 1a t dien
déu.



% Thi du 2. Cho tt di¢n déu ABCD canh
bing a.

a) Goi (&) la mdt phdng chita BD va song song
véi AC. Chitng minh rdng AB, AD, CB, CD
tao voi mp(a) nhitng goc bdng nhau.

b) Goi H la chdn duong vudng géc ha tr A
xubng mat phdng (BCD) va I la trung diém cila
AH. Mt phdng (v) quay quanh I, cdt cdc canh
AB, AC va AD rgi M, N, P. Chitng minh rdng

1

— 4 _._1_ + —1- nkg‘n mdt g.!d tri khong ddi.
AM AN AF

Loi gidi. a) V& hinh hop ABCDy.ABCD
ngoai tiép tir dién ABCD. Khi d6, dé thdy AB,
AD, CB vA CD déu tao vdi mp{a) mdt goc
bing 45° (mat phing (@) chinh 12 mat ddy
A,BC\D cta hinh lap phuong).

by (h. 1) Goi V
14 thé tich ti
dien  ABCD.
Khi d6

VA.EL'H = Vncmf

1
=Vason = EV‘

. V,
Ta co ~AMHE

Varr | ANAP Vaer _1 AMAP
6 & 'V 6 &
Céng ting v€ ba ding thic cubi chng, ta cb

VAHNF _ AM.AN + AN AP + AM AP

Tuong tw

2
Vv 6a? @)
T (1) va (2) suv ra .
AM.AN.AP_AM.AN+AN.AP+AM.AP
a’ B 6a2 )
2
Do dé AM.AN+AN.AP+AM.AP=6a hay
AM AN AP al
1 1 1
— =2
AN AP g \pem)
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IL TU DIEN GAN PEU

Dinh nghia. T di¢n gdn déu 1a tit dién cé cdc
cép canh d6i dién bang nhau timg déi mét (Tit
dién gdn déu con goi 1a ut dién cdn).

Tinh chat. Trong mgt ti dién gdn déu, 6

1) Cde mdi cda it dién ld nhimg tam gidc
bdng nhau.

2) Cdc mdt cua tir dién & nhilng tam gidc cé
ba goc déu nhon.

3) Doan thdng ndi hai trung diém cia hai
canh déi dién bdt ki la doan vuéng géc chung
cida cde dudng thdng chita hai canh dy.

4) Tdm mdt cdu ngogi tiép, tém mdt cdu noi
tiép va trong tdm cua tir dién tring nhau.

5) Hinh hop ngoai tiép ti dién la hinh hop
chit nhdt.

Viéc xét ménh dé ddo clia cdc tinh chdt trén
rt hitu ich va nhiéu khi viéc chitng minh (hay
bdc bd) tinh diing dan cda ching khong phai
lic nao ciing d& dang. Ching han xét ménh dé
sau day.

Ménh dé 2. Cho tit dién ABCD c6 1ém mdt cdu
ngogi tiép va tdm mdt cdu ngi tiép tring nhau.
Chitng mink ABCD 10 tit dign gdn déu.

Chitng minh. A

Goi O la tam mit

cflu ngoai tiép i

dién ABCD.

Ké OH L mp(ABC),

OK L mp(BCD).

Khi d6 H va K 54 b
thit ty 1a tdm cua

dudng tron ngoai

1i#p cc tam gidc €
ABC va BCD (h2), Hinh 2
nén BHC=2BAC

va BKC =2BDC. Vi hai tam gidc vuéng OHB
via OKB bing nhau, nén BH = BK. Két hop vai
HB=HC va KB= KC suy ra ABHC = ABKC (cc.c).

Do d6 BHC =BKC, din dén BAC=BDC.
Vaytacdthéﬁatﬁxfhﬁ?:a.
ngthﬁ:i‘ﬁé:ﬁ; ﬁ=ﬁ=y;
ABD = ACD =, CAD =CBD =7,
va E.I_f):ﬁa):ﬁ,.



Tacéd

a+B+y=180" (1)
ay+ 5+, =180°(2)
a+n+5=180" (3)
a,+p +y=180° (4)

Tir (1) va (2) suy ra
a+y=p+aq (3)

Tir (2) va (3) suy ra
a+n=y+a (6)

Hinh 3

Cong timg v& (5) va (6) dugc o = @,. Tuang tu,
cd f=p via y=y. Do d6 AABC = ADCB
(g.c.g) suy ra AB = CB vd AC = DB. Tuong tu
cé AD = BC nén ABCD 1a 1t dién gin déu
(h. 3).

X Thi du 3. Trong khong gian véi hé toa do
vuong goc Oxyz cho A(1 ;2 2), B(-1:2; -1),
C1:65-1),D(-1;6:2).

a) Chitng mink ABCD la tit dién gdn dén.

b) Xdc dinh toa dp trong tém cua tir dién ABCD.
c) Ldp phuong trinh mdt cdu ngoai tiép va ndi
tiép i dién ABCD.

Lok gidi. a) Vi AB=(=2:0;-3), CD =(~2:0:3)
nén 1ABI=1CDI =413. Tuong tr, cé
E={D;4;—3). ﬁ:{0;4;3) nén 1AC| =
IEEI:S; E=(—2;4;ﬂ), EE={2;4;0) nén
IAD| = 1BCl =24/5. Do dé ABCD 1a uf dien
gin déu.

b) Vi G 1a trong tam ctia 1¢ di¢n ABCD nén |
o 6] H'MEK.' zgﬂbf va

6[0;4;1).
2
— 3} 3
¢) Vi GA=.L1;-2;— , GB=| -1;-2:-=|,
2 2
. 3 — 3 R
GC:[I;Z;-EJ, GD =(];2;5J nén |GA|

V29

= IGBl =1GC| = |GT)’|=—2—. Do d6 tam
cua mit ciu ngoai ti€p ut dién ABCD 14 G vA

binkinh R = @ nén PT mat cdu dd6 1a

72

1y 29
2y(y-4)2 4| z—— | =22,
Xt +(y }+(z ZJ 2
Ta lai c6 d(G, (ABC)) = d(G, (ABD)) =

6
&G, (ACD)) = d(G, (BCD)) = —=.
Jo1
Do dé G ciing ]a tam mit cdu ndi tiép uf dién

=

ABCD va béan kinh mat cdu d6 14 r =

Vay PT mat cdu ndi tiép tit dien ABCD 1a
1Y 36
X +(y-4yP+|z-=| ==—.
(=4 [z 2] 81
1. TU DIEN VUONG
Pinh nghia. Tif dién vudng 1 uf dién c6 mot
goc tam dién ba mat vudng.

Tinh chat, Gid sw OABC la ni dién vuong,
OALOB OALOC,0BLOC, 0A=a,0B=h,
OC=c. Khi ds

1} Tam gidc ABC c6 ba goc nhon;
2) Goi H la truc tém tam gide ABC. Thé thi

OH la dudng cao cua tit dién OABC va
1 1 1 1

—  aman _+_>
OH? a* B 2

3) Goi @, B, yla cde gbe tao béi OH véi OA,

OB, OC. Khi dé cos? a +cos? f+cos? y =1 ;

4} S:;‘AB = SHAB'SHB(.'; SE’AL’ :SHAC .S_,g_m_';

Stac = Stac-Sasc -
5) Shua +Shac +Sbac = Shac
{Dinh If Pythagore trong khong gian).

Sip =%[ab+ ac + be +Ja?b? + bic? +c2a? ) .

7) Goi M, N, P la trung diém cia BC, CA va
AB, khi d6 OMNP la nr dién gan déu va

1 ]
Voune = E Voasc = aabc .

WThi du 4. Trong khong gian véi hé toa d6
vuong géc Oxyz cho M(1:0;2), N(1:1:0),
PO:1:2).

a) Viét phuong trinh mét phdng (a) di qua M,

¥



b) Goi A, B, C 14 giao diém cua mdt phdng ()
vdi cdc truc Ox, Oy, Oz. Tinh Vg0 va e

c¢) Chitng minh AP, BM, CN ddng quy tai mit
diém G. Tim toa do diém G.
d) Goi @y, @, @ la cdc géc tao boi 0G véi
OA, OB, OC . Chitng mink

cos? ¢y +cos? @, +cos? ¢, =1.

Lot gidi. (h. 4)
Phuong trinh mit
phang (a) 1
x+2y+z-4=0
nén A(2:0:0),
B(0;2;0)va
C({0;0;4).

Hinh 4

Xg+ X

Khi d6 xPszo, ye =281y,

2

Zp =%z£ =2 nén P |4 trung diém clia BC.

Do d6 AP la trung tuyén cla tam giac ABC.
Tuong tw, BM va CN la trung tuyén cia tam
gidc ABC nén AP, BM va CN déng quy tai G,

trong tim tam gidc ABC Tit d6 G(%?—i}.

3'3)
suyra 0G = 2'2;4) Eﬂ1
31'3'3) 3.
i=01:1;2).ViOd =(2;0;0)= 23, véi
ié 1
& = (1:0:0). T dé cose = ey
' | S FINFY RN

trong dé

=y

' 2
Tuong tr cos @, = ; COS @y =—= nén
T
cos? ¢ +cos? ¢, +cos? 3 =1.

WThi du 5. Trong khong gian voi hé toa do
vubng géc Oxyz cho A(e ; 0, 0), B(0; b; 0),
C(0:;0;c)vdia,b,clacdc sd duomg.

- a) Goi R vd r thir tw 1a bdn kinh cdc mdt cdu
ngoai tiéh vé ndi tiép it dién OABC. Chiing

minh rdng 2k >3(1++3).
r

b) Gid sit a, b, ¢ thay doi nhung luén thda min

diéu kién 1 + 1 +l L . Chimg minh mdt phdng
a b ¢ 2

(ABC) ludn di qua mot diém c& dinh.

Loi gigi, a) —=
;
Na +B +c? (ab+ac+beratb? +aict 45
abe

, Va0 Yabacke +Rab bl )
- abc
= 3(1++3) (theo BDT Cauchy).

b) Phuong trinh mét phing (4BC) 1a = 4—5‘; 2.1,

a
Theo gia thiét v+l+i=l nén E+E+E—l

a b c 2 ab c

Vay mit phing (ABC) luén di qua diém
M(2;2:2)c8 dinh.

Pé ket thic bai bio. Xin mdi cic ban 6n tip
lai bdng cich giai cdc bai todn sau day.

1. Cho tif dién déu ABCD canh a. Goi I, M, N
14n luot 12 trung diém clia AB, AC vaA CD.

a) Tinh khodng cich giita hai dudng thang BM
va AN.

b) Tinh khodng cich giita hai dudng thang
ANvaClL

2. Cho i dién gdn déu ABCD.,

a) Chiing minh cic mét cia ti dién 13 nhimg
tam giic bang nhau.

b) Goi a, B, ytuong \ing la cic géc tao bdi cic
mat phang (ABC), (ACD), (ABD) v6i mat
phing (BCD). Tim hé thic lién hé gilta cosa,
cosf, cosy.

3. Trong khéng gian vai hé toa do Descartes |
vudng géc Oxyz cho A(a;0,0), B(0:5;0)va
C(0; 0; c), trong d6 a, b, ¢ 14 cdc s6 thuc
duong va l+-1—+l=2.

a b ¢ .
a) Chimg minh mat phing (ABC) ludn di qua
mét diém cd dinh. Tim toa do diém dé.
b) Xédc dinh tdm, tim bdn kinh r clla mat cdu
ndi tiép ti dién OABC. Déng thoi ching minh

rﬁnglcrﬂ ¥ )
477 201443




TRUNG HOC CO SO

BA DUONG TRON
CAT NHAU TAI MOT DIEM

THAI NHAT PHUONG
(GV THCS Nguyén Véin Trdi, Khanh Hod)

- rong chuong trinh hinh hoc THCS ta
I hay pdp cac bii toan chiimg minh ba
dudng tron ¢it nhau tai mot diém, tirc
la ba dudng tron ¢b chung mot diém va doi
mot cit nhau (mdi cip ¢6 thém mdt diém
chung khac). Dudi day 1a mét so6 phuong
phép thudmg dung trong bai toan ching minh
ba durdmg tron ¢t nhau tai mot diém.

PHUONG PHAP L Di dodn dIUTI chung
cla ba duong tron (tr hinh ve) roi chiing
minh diém do thube mdi dudng tron, Tiép
theo chimg (o ring ba duong tron dé déi mot
¢it nhav,

WThi du 1. Cho fam gidge ABC khong vucng
cé ba dwong cao AD, BE, CF. Chitng minh
rdng ba dwong 1on ngoai tidp cia ba tam
gidc AEF, BDF, CDE edt nhau tai mot diém,

Léi giai. (h. 1)
Goi H 1a truc
tdm cua tam giac
ABC.

Vi AEH = AFH
= 90° nén 4. E
H F cing thude
duong tron dudng
kinh AH.

Tuong tuw B, D,
H, F cing thuje

A

fivh 1

VNVMIATH.COM
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dudng trén duong kinh BH va C, D, H FE
cung thuge dudng tron dudng kinh CH.

Do dé ba duong tron ngoai tiép cﬂﬂa ba tam
gic AEF, BDF. CDE ¢6 chung diém H va
doi mot cat nhau (vi ¢6 hai diém chung) nén
chiing cit nhau tai H.

PHUONG PHAP 2. Tim mot diém thude mét
dudmg tron rdi chimg minh diém dé thude hai
dudmg tron con lai. Tiép theo chimg to ring
ba dudng tron do doi mét cit nhau.

W Thi du 2. Tir mit diém A o ngedi dudng
trén (O ; Ry voi O4 # 2R ké hai ticp tuvén

AB, AC vor duong tron do (B va C li tiép
diém). (n:u E la trung diém ciia AO. Chitng
minh ring dieong tron (O), didng tron dwong
kink BE va dwong tron ngogi ticp tam gidc
AEC cdt nhau tai mot divm

Loi gidgi. (h. 2). Goi D 14 trung diém canh A8
I'la giao diém thir hai coa CD va (0), suy ra
I+ E(viOF #R).

Hinh 2

Xét AQ > 2R (chung minh twong wr khi
AQ < 2R). Ta ¢ to giac ABOC ndi ticp
duong tron tﬁm ) duﬁrnﬂ kinh 4Q nén £D 1

ABvA BED —EBPA BOA —%Bﬁ?‘ =BID.

Suy ra tir gide BDEJ ndi tiép dudomg tron

duong kinh BF (D
Tir 46, DIE = DBE = DAF = FAC, suy ra tr
giac AFTC ndi 1|ep (2)

Tir (1) va (2) ta thay duong tron (0), dutmg
tron duong kinh BE va dudng tron ngoai tiép
tam gidc AEC ¢6 chung dlcm I. Hién nhién ba
dupnb tron trén d61 mot cit nhau (vi ¢4 hai
diém chung). do d6 ba dudng tron trén cit
nhau tai /.



PHUONG PHAP 3. Tim mét diém chung cia
hai trong ba dudng tron rdi chimg minh diém
dé thude dudng tedn con lai. Tiép theo chimg
t ring ba dudng tron do déi mét cit nhau.

Thi du 3. Cho hai duing tron (0) va (O
et nhau tai A va B sao cho OACO" = 90°. Ve
ddy AC cua () ia tiép .'uyén ctia {O), vé day
AD cua (0) I tiép tuvén cria (0. Goi M va
N lan luor id frung diem cua AC vé AD.
Chirng minh ring ba duong tron ngogi ftep
cia ba tam gide AMN, BCM vé BDN cdt
nhay tai mot diém,

Loi gidi. (h. 3). Xét O va O' & khac phia dbi
vii AB (chimg minh twrong ty khi O va O' 0
ciing phia déi v&i AB).

Hinh 3

Taco AABC v ADBA{g.p).

Suy ra AAMB o> ADNB, nén AMB= DNB.
Vay tir gide AMBN ndi tiép. do dé ba duing
tron ngogi tiep cua ba tam gidc BCM, BDN va
BDN ¢4 di€m chung 8. Goi / va K lan lugt 1
tim dudng tron ngoai tiép cac tam giac BCM
vi BDN.

Gia sir I B K thing hang, ta «0 ADB=CAB=
MNB . Suy ra MN 13 tiép tuyén cua dudng
tron (K), do do MY L KN. Tuong tu ¢

MN 1 IM = MIK +NKI =180°

ma MK = 2MCB = 2DAB va NKI =
’r@é = 2CAB nén DAB + CAB = 90°
hay CAD = 90°, suyra N=0 va M=0". Do
do OAQ— 00" trai gia thiét. Viy I, B, K
khong thang hang.

VNIVIAT H.COIVI
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Do d6 cac dudng teon ngoai tiép tam gide
BCM va BDN cit nhau. D& thdy dudmg tron
ngoai tiép tam gidc AMN cit cdc dudng tron
ngoai tiép cac tam gidc BCM va BON.

Vidy ba dutng tron ngoai tiép ba tam gidc
AMN, BUM, BDN cat nhau tai B.

Bai tp

1. Cho tam gidc ABC vudng cdn tai 4. Hai dudng
phan giac BF va CE. Ching minh rang dudng tron
dudng kinh BF, duéng trén dudng kinh CE va
dudng trén (A; AB) cit nhau tai mot dlcm

2. Cho tam gidc ABC vudng tai A, M [a trung diem
cua AC, Dudng vudng géc voi MB tai M va duong
vudng goc vai AC tai C cat nhau tai D Chimg minh
Ting ba dutmng trom vai ba duwdng kinh M8, MD va
AC cit nhau tai mét digm.

3. Hai dudng wron (0) va (O) ¢At nhau tai A va B

sa0 cho OAQ" # 90°. Buéng 04 cit () tai C = 4.
Chimg minh rang ba dwdng trén (O3}, (O) va (QOC)
cét nhau tai mot didm.

4. Cho nia dwdng tron tim dudmg kinh A8, T'rén
tia d6i coa tia AB ldy dJcm M # A VE cit tuyén
MCD khéng qua O (C ndm gita M va D). Chunu
minh ba duong tron (MAD), (OA(] va (OB ot
nhau tai mdt diém,

5. Cho hai duong tron (O} va () cat nhau tai 4 va
B. Vé phia nua mat phang b OO chira B vE tiép
tuyén chung EF (E € () va F € {(0). Qua A v& cat
tuyén CD (C e (£7) va D e ({J7) song song voi £F.
CE va DF cat nhau tai /. Chimg minh rang ba dutng
tron (O), () va (IEF) cht nhau tai mot diém.

6. Tir mot diém A & ngoai duéng tron () ké hai tiép
tuyén AB va AC dén dudmg tron do (8 va C 1a tigp
diém). Trén tia déi cla tia O4 vi ¢ ngodi (O} lay
diém D. Qua O ke dudmg vubng goc viri CD cat AC
¢ F. Chimg minh rang ba .dui:rng trdn (BOD), (COF)
va {() cit nhau tai mdt diém.

7. Cho tam gidc ABC cin tai 4, ndi ticp duﬁn" tron
(O R). Trén tia déi cua tia 04 lay diém F sao cho

R . .
OF = 5 Goi M 1a trung digm cua AR, Ching minh

ring dudng tron ngoai tiép cua cac tam giac AFM.
BFC va dudng tron (O) cat nhau tai mot diém.

8. Cho hai duéng tron (O ; R) va (O . R ¢t nhau
tatAva Bvii R < Rr' va OAC # 90" Tia O4 cit ((lf']
tai O # A, tia O'A cdt (O) tai D = A. Trén ua 8D tay
BE = BC. Ching minh ring dudng tron ngoai tifp
tam giac CED va hai dun‘mg trén (), (07 cét nhau
tai mot digm.

9. Cho hai duinyg rin (O) va () cit nhau tai 4 val
B. V& tiép tuyén chung CD (C € (O, D € (O7) gin
diém 4 hom diém B. V¢ day AF cia duong tron (C)
ta tsép mven cia dudng ton (), A4 cit DF tai 1.
Ching minh ring ba ducmu tran (CN, (G va (1))
cit nhau tai mat diém.



TRUNG HOC CO SO

Vé mét ti giac DEP

vU HOU BINH

(Ha Ngi)
Trong nhiéu bai todn, ta gap tinh huéng sau:
Tit diém K ndm ngoai dudng tron (0), ké cac
ép tuyén KA, KC va cét tuyén KBD vai
dm‘mg tron do (h. 1). Ti gidc ABCD ¢ hinh 1
¢é nhiéu tinh chat tha vi, ta goi né 1a mot "Ti
gidc dep Té giac dac biét nay da ducc
nghién cttu trén THTT s6 thing 1/2001. Sau
day, chung ta cling tim hiéu thém mat s6 tinh
chilt cua "tif gidc dep”.

A. Vi tinh chat ciia ti gidc "dep"

Tinh chat sau day da nhan dugc trén THTT sd
thdng 1/2001.

Tinh chat 1. Trong tir gigc "dep”,
ctia hai canh dot bang nhau.

Tinh chét 1 ¢6 lién quan dén tich cua hai canh
déi cia mot tir gide noi ti€p, diéu d6 lam ta
nhd dén dinh ll Ptolemy: Trong mot tit gide
noi tiép, tich ciia hai didng chéo bdng téng
cde tich cia hai canh doi (ban doc tu chimg
minh dinh li nay).

cdc tch

A

a
Hinh 1

Xéttr gidc ABCD (h. 1), tace ABCD =AD.BC.
Theo dinh li Ptolemy ta ¢o
AB.CD+AD.BC= AC.BD.

VINIVIZAZ T 1 1.\o\UVIVI
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Tit hai dang thic trén suy ra
ABCD = AD BC = %AC.BD.
Tir dé ta nhan dugce tinh chat sau.
Tinh chat 2. Trong i gidc "dep”, tich cia hai
canh dot bing nita tich cria hat duong chéo.

Xét ui giac "dep” ABCD néi trén, goi M la
giao diém ctia AC va KO (h. 2).

Hinh 2

Do KA la tiép tuyén cua duong tron (0) nén
KA*=KB.KD (1)
Mat khic, AM la dudng cao cua tam gidc
vuong AKO nén KA® = KO KM (2)
T (1), (2) suy ra KB.KD = KO.KM.
Tir dé dé dang chiing minh dugc tinh chat sau.
Tinh chat 3. Tit gidc BMOD la tit gidic ndi tiép.
Xét tir gidc E
"dep” ABCD,
goi M la giao
diém cua AC
va KO, ké OH
vudng goc véi
BD. Kéo dai
({H cat CA ¢ i
E (h. 3).
Theo tinh
chat 3, nf gidc
BMOD la wr
gidc noi tiép
nén BMO=180"-BDO ., suy ra BME=BMO-90°
=180°~ BDO-90° -90°- BDO (3)
Ta lai c6 BOE=DOE =90°-BDO )
T (3) va (4) suy ra BME =BOE ,doddtacé
Tinh chat 4. Tit gide BMOE la it gidic ndi tiép.

Hink 3

Tir cdc tinh chit 3 va 4, ta suy ra nim diém E,
B, M, O, D thudc cung mdt dudmg tron, do do



ta ching minh duoc OBE=90°, ODE=90°,
hay EB va ED la céc tiép tuyén cla dudn
tron (). .

Tinh chat 5. EB va ED ld cdc tiép tuyén cua
dudng tron (0).

Nhdn xét. C6 thé dién dat tinh chét 5 nhu sau:
Néu tit gidc noi tiép ABCD cé cdc tiép tuyén
tai A va C déng quy véi ditong thdng BD thi
cdc tiép tuyén tai B va C ciing déng quy voi
duwong thang AC.

B. Khai thac cac tinh chat cua tir gisac "dep"
Ti gide "dep” con nhiéu tinh chat Ii thi thé
hién trong cac bai todn sau.

I Bai toan 1. X6t it gide "dep” ABCD. Goi N
la giao diém ciia AC va BD. Chimg minh rdng
NA_(ABY @T
NC \Bc) \cp)

Lai gidi. (h. 4). )

D

Hinh 4
Theo tinh chit 1 ta cé

AB.CD = AD.BC, suy ra % -

A0 k.
cD
DE thay

AAND o ABNC (g.g) nén 4 _AD
NB BC

NB AB
AANB e ADNC (g.2) nén —=— 6
7 (g.g) nén Ne-TD (6)

, NANB_AD AB

Nhan theo V& (5) V6 (6) €6 —oe = 20 2

n theo ¥€ (3) V01 (0) <0 Y e~ BCCD
NA _AB AD

hay — =———=kk=k2.
NC BC CD

\I?. 2
Vﬁ}r E. - [A_B ] =(f‘£] )
NC \BC) \CD

IBai toan 2. Xét tir gide "dep” ABCD. Goi M
la trung diém ctia AC. Chimg minh rdng

ADB=MDC .

V INIVIZAZN 1T 1 1.\o\UJUIVI
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Léi gidi. Cdch 1. (h. 5).

O
Hinh 5

Tacé ABD=ACD (géc noi tiép cing chin AD).

Tit tinh chit 2 ta ¢6 Aﬂ.{:ﬂ:é.;acm - MC.BD.

suy ra 28 -MC Tyt 46 AMBD <> AMCD
BD CD

(c.g.c),suyra ADB = MDC .

Cdch 2.(h. 6). E

Ké OH L BD,

cit CA o

E. Theo tinh

ch# 5, BE 1a 2 B
tiép  tuyén

cia  dudng

ron (O)nén K Mr o
BCD=EBD(T)

Theo cic tinh ¢
chat 3 va 4, Hinh 0

cic diém E,

B, M, D thudc ciing mot dudng tron nén
EMD=EBD (8)

Tit (7) va (8) suy ra BCD = EMD , din dén

BAD=CMD .

Xét hai tam gidc BAD va CMD c6

BAD=CMD (chimg minh trén),

ABD=MCD (géc ndi tiép).

Do d6 ADB=MDC .

Nhdn xét

a) Trong bai todn trén ADB=MDC , tiic 1a géc

tao boi DB va canh DA bing géc tao boi trung

tuyén DM va canh DC, ta goi DB la dutng

déi trung cha tam gidc DAC. Béng cich

chimg minh twong ty nhu ching minh bai

todn 2, ta cling ¢6 cdc két qua sau:
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Tinh Ktodng edeh i mot diém dépn
"@ khoén

DUC THIEN)
(GV THPT chuyén Hung Yén)

Trong SGK Hinh hoc ldp 11 ta dd biél cde phuong phap tinh khoang
cdch tic mot diém dén mot mdt phing vé khodng cdch gilta hai dudong
thdng chéo nhau. Cé hai bai todn co ban sau ddy.

3Bai todn L. Trong khdng gian cho diém M
khong thude mdit phdng (@), tinh khodng cdch
diM ; ()} ti M dén mdt phang (a).

Phicong phdp gidi
Cach 1. +Dung MH | mpla) tai H.
+ Tinh do dii doan thang MH.
Khidé6d(M; (a)} =
Cdch 2. Tim dudng thing A qua M va A cit
mp{a) tai I, rén A chon diém A (A=, A# M),

lic dé HM (@) _ ﬁ dan dén két qua:
dd(a)) A
o IM
diM ; —. d(A4;
(M (e = = (A (a))

Chit y. 1) Néu trén mp (@) ta tim duge duong,
thang a thich hop nae dé mi ¢ 1 mp(f), véi
mp(f) chia M thi ta nén Jam theo cach 1.

2} Néu fim duge mot dudng théng thich hop
di qua M cit mp(a) tai [ thi ta nén lam theo
cdch 2.

WBai toan 2. Trong khong gian cho hai
duimg thing chéo nhau a va b. Tinh khodng
cdeh gitta a va b (ki hidu d(a; b} la khodng
cach giita hai domg thdtng a va b),

Phuong phdp giai

Cdch 1. (Ap dung cho truémg hop a L b).

+ Dung mit phing(a) chifa b va (@) L atai A,

+Dung AB L btai B.
Khi do d(a ; b)Y = AB.

Cdch 2. Dung mp(a) chda b va mp(@)//a, khi
dédia-by=dia; () =dM (@) voi M € a.

VNMATH.COM

Céch 3. + Dung mp(a) chita a va mp(a)//b.
+ Dung mp(f) chita & va mp(F)//a.
Khi d6 d(a ; b) = d({a) : (D).

BAI TAP AP DUNG

Bai 1. Cho hinh chép SABCD cé ddy ABCD la
hinh vidng canh a: SA L mp(ABCD); SA = av/3.
Goi G 1 trong tdm tam gidc SAB. Tink khodng
cdch tie diém G dén mp(SAC).

S

Lot gidi

Cdch 1. Goi O
la tam hinh
vudong ABCD.
PBuong  thing
BG cit mp(SAC)
tai F (b 1).

Khi d6 Hinh 1
d(GyS4C) _FG _1 . {OBJ_SA

d(Bi(SAC) FB 3 |0BLAC
— OB 1 mp(SAC) nén d(B : (SAC)) = OB =

a\r 1 a2 av"_

~—V A
ad{G{?C})Bz 6

Cdch 2. Dung duémg thing di qua G va song
song vai SA, cit AB tal N khi d6 d(G ; (SAC))
=GN ; (SACY) = d(N ; (SAC)). Dung NH L AC
tai H, ta c6 NH L mp(SAC), suy ra

N SACH = N Ma 2 AN TG L e
a2

OB AB FB 3
NH = OB*——- Vay diG; (SAC)} = —

a\f”



Bai 2. Cho hinh chép S.ABCD c¢é ddy ABCD
ld hinh thot tdm O, canh a, BAD= 607,
50 L mp{ABCD) va k‘j'!f)-%:I

a) Tinh khodng cdch tit O va tir A dén mp(SBC).
b) Tinh khodng cach gitta AD va SB.

Li gidi.

a) Dimg O71BC
tai / (h. 2).
Nhan thayBC L
mp(SOF). Dung
OH L SI tai H,
lic do do

(OH 151
Hinh 2 OH 1 BC nér
OH 4 mp(SBC] Viay (0 ; (SBC)) = OH. T
oc a(

gia thiét, 1a thdy Of =
Kéo dai Of cat AD tai J, luc doif L ADva

a3

1 = 201 = = Ta thiy AIST déu, dung
Jus;mimﬁjump(sac;va.mso:%".

Vi ADY/p(SBC) nén d(A ; (ABCY) = d(J; (ABO))
=JL = 3_a. Lai cé6 OH = luﬁ’.,=3—ﬂ, suy ra
4 2 8

40 - (930))_?\:& dA: (SBCY) = 22,

b) Do AD/mp(SBC) suy ra
d(AD , 8B) = d(AD ; (SBCY) =JL = ;’43 :

Bai 3. Cho ling tru ABCA'B'C’ ¢é cdc mdt bén
déu la hinh vubng canh a. Goi D, E, F ldn hugt
la trung diém cdc canh BC, A'C’, C'B’. Tinh
khodng cdch gifta céc cdp dudng thdng sau:

a) DE vi AR",
byA'Bva BC".
Loi giagi. a) (h.3) :

Ta thidy DF cat ;

BC i K h LA
trung diém cla |

mdi dudng. Goi y
E’ la trung diém M 5
AC thi E'K//AR', B

A’ E [

ma BC cht mp(DFEE’) tai K va ABTimp(DFEE",
suyra d(AB'; DE) = d(AB'; DFEE")
= d(B'; (DFEE") = d(C ; (DFEEY).

Liy M’ la trung diém DE’ va CM’ cit AB 1ai

1, aﬁ_

M. Tacéd(C;, (DFEE)) =CM' = =CM=—-
a3 2

Vay d(Al"; DE) = :

b) (h. 4).

Vi B'CYimp(BAC)

v A'B thudc

mp(BA'C) nén

dA'B; B'C)

= dBC(BAT))

= d(F;(BA'D)).

Dung FH 1 AD i

H thi FA vudng

goc v6i mit phang

Hinh 4
(A'BCY, do dd d(F ; (BA'DY) =FH.
1 1 1 7

Ma

= “+ =.....__..,
FH* 4F? FD* 32

3a? a\ffl
nén FH-'-T ,suyra FH = T

a21
.

Viayd(A'B; B'C) =

CAC BAI TAP TU GIAI
Bai 1. Cho ling tru dimg ABC A'B'C’ va AA' = |; ddy
ABC 12 tam gidc vudngrai Ac6 BC=2: AB = NER
a) Tinh khoang céch tir A d&n mat phang (BCC'R".
b) Tinh khedng cach tit A dén mat phang (A'BC).
Bai 2. Cho hinh vudng ABCD canh a; I 1a trung diém

canh AB. Dung ST L mp(ABCD) va 5T = % Goi M, N,
P ldn hren 13 rung diém cda cdc canh BC, SD, SB.
Tinh khoang cich gitta cdc cdp dudng thang NP va
AC, MN va AP,

Bdi 3. Cho hai tia Ax va By chéo nhau, gde gida Ax
va By bing 60" vi AB = a |3 doan vudng géc chung
cia ching. Trén By 14y dlEITI € sao cho BC = a. Goi
D} 1a hinh chigu vudng goc cia C trén Ax.

a) Tinh khodng céch tir C dén mp(ABD} ;

b) Tinh khoang céch gitta AC va BD,

Bai 4. Cho hinh chép SABCD, diy ABCD 1a hinh thoi
m 0, 50 L mp(ABCD)  AC =4, BD =2, 50= /3 .
Goi M 12 trung diém cia SC. Tinh:

a) Tinh khoang céch tir A dén mp(SBC X

b) Tinh khoang cich giita SA va BM.



nay ai ciing biét. Nhung cang hoc |én, déc

bigt 1 khi thiét lap dudc cac céng thitc
lign hé gilta c4c ham s& luong gidc, ngudi hoc
cam thdy Lugng giac nhu mét bo phén cla Dai
s (va Giai tich). Cac dang toan co ban cla
Lugng gidc hoan toan mét & hinh anh dic frung
clia Hinh hoc phéng, vén la cdi ngubn cla
ching. Hon nifa, ching ta duding nhu chi thay
vai frd quan trong cla viéc sif dung céng cy
Wigng giac dé gidi cac bai toén hinh hoc, ma it
th8y vai trd clia hinh hoe trong viéc giai cac bai
toén fwgng giac. Dudi day, chang ta véi hanh
trang 13 cac bai toan lugng giac sé trd ve
*Thanh dia Hinh hoc phing Euclide”. M6t cudc
trd v& ngudn kha tha vi, vi cac ban s8 thdy mot
loat bai to&n Iwong giac khéng don gidn dugc
giai bang cong cu chinh 1& cac kién thire hinh
hoc phing véi mét kién thitc lugng gide duy
nhét: Pinh nghia ham s& lugng giac clia céc
goc nhon.

L uong giac b ngudn gde 1 Hinh hoc, diéu

1. Tinh gia tri ham sé hrong gidc cha mot
s0 goc gan dac biét

Khi méi ti€p xidc v6i mon Luong gidc, cic
ban di biét cdch tinh ham s§ lugng gidc cla
cdc gdc nhon dic biét nhu 30°, 45°, 60°, ...
Véi nhitng géc cd mai lién quan véi céc gic dé
(ching han: 15° =45°-30° 18°=90°: 5; ...),
ta tam goi la goc gdn ddc biét.

OBai toan 1. a) Tink sin 18°.
b) Chiing minh ddng thic cos36°, cos72° =i .

(a] o
Lk gii. 2) Nhan 361, 18° = Eg— v 36° = %

Dung tam gidc ABC c6 AB = AC = b vk
BAC = 36°. Khi d6 ABC = ACE =72°. Dyng

V INIVIZAZ T 1 1.\o\UIVI
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giac

LIt A
[]

| i~

LE QUSC HAN
(GV DH Vinh, Nghé Ary

dudng phén gidc BM cla tam gidc ABC. Khi
d6 ABCM cin tai B (do BMC = ABM + BAM
= 36°+36°=72° = BCA, 4

tir 46 BM = BC = a (h. 1).

Hon nita AABM can tai M,
Vi ¢6 ABM=BAM = 36°
nén AM =BM =a.

Vi BM la phén gidc trong
cliia AABC nén

AM _BA ., L _a _b
MC BC b-a a’

V5 -1
=.

suy ra a2+ab—b?={},ttrd6%=

KéAH.LBC,khidéBH=HC=% vi BAH

e ) BH a Jﬁ-ﬂl
= HAC = 18° né 1 ===,
HAC nén sin TR 2

b) Ké MK L AB, khi dé AK = KB = g nén

c0s36° = COSHM =ﬁ=—b-.
AM 2a

BH_a
AB  2b
1

nén <os36°, cos72° = i.i=—.

2¢ 2b 4
Chii ¥ ring néu chi sir dung kién thiic lugng
gidc thi 151 giai cla bai todn trén cling khéng
don gian chut nio.

Mat khdc cos72° =



I Bai todn 2. Tinh tan15°.

A K D Lot giai. Ta st dung
L bai todn quen thuéc
sau day: "Trong hinh
vitong  ABCD  canh
bang a ldy diem M sao
cho MBC=MCB=15°.
i Kht do tam gice ADM
la tam gidc déu’”.

Goi H va K thit tu fa
trung diém AD va BC
{h. 2). Khi d6 HK di qua M, HK = AB = a va
M L BC nén

Hinh 2

anl° = tan §1BH = 200 (1)
BH
Vi AAMD la tam gidc déu canh @ vi MK la
fl:
dudng cao nén MK = N7 Dodé
n =
3 a2
MH=KH-MK = a - f’;"; _d = J

Ta lai c6 BH = HC :‘2—‘ nén thay vao (1) ta ¢6

tanls® = Ew\.’iﬁ' )

2. Chitg minh bat ding thic va dang thie
luong giac
@ Bai toan 3. Cho x va v la hai géc nhon
thod mdn diéu kién x + y = 30° Chiing minh
bt dang thite
colr + coty 2 2 (2 +\E) )

Loi gidi. Dung tam gide ABC c6 CAB=x,
CBA = y vaAB=atuyy.

Goi M la diém chinh
gilfa cua cung ACB.
Khi d6 ACB = 150°
(vi x+v=30")va
AMB = ACB = 150°,
sUy ra

MAB =MBA = 15°
{h. 3).

Hinh 3
VINIVIAZA 11 1.\o\UJUIVI
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Goi H va K thit tu 1a chin cdc dudng vudng
gde ha tir C vi M xuéng AB. Khi dé

CH < MK = AK.tan15° = g(:z-\ﬁ) (xem

két qua bai toan 2).
Lai ¢ AH = CH.cotx, HB = CH.coly nén

AH + HB = CH. (cotx + coty)
< MK(cotx + coty)

< u(z—\"'g)

=a (cotx + coty). Suy ra

cotx + coty = 2(2+~ﬁ].
Piing thic xay ra khi va chi khi x =y = 15°,

Chit ¥ 1) Tir bai todn 3 ¢6 thé suy ra két qua
nhu sau:

Néu x vi y 1a hai géc nhon thay doi nhung
luén thod mén diéu kién x + y = 30° thi gia tri
nhé nhit cia biéu thic cotxr + coty bing

2(2+4/3) khix=y=15°.

2) Téng qudt. Néu x, y 1a hai géc nhon thay
d6i nhung luon luén thoa man diéu kién
x+y= ¢ trong dd ¢ 12 géc nhon cho trudce

e L gt a
thi cotx + coty dat gid tri nho nhat la 2001«-2—

kKhix=y= =
2

3. Chitng minh mot so hé thic trong
tam giac

Trudc hét, ta dua vio mot khdi niém méi so

v6i sdch gido khoa todn THCS hién hanh.

Cho tam gide ABC. Puong trén tiép xiic voi
mot canh cila tam gide va hat canh kia  kéo
dai dwoe gof la diucng tron bang tiép ciia tam
gidc. Nhu viy, mot tam gidc ABC ¢6 ba
duong tron bang tiép ng véi ba goc A, B, C
cla tam gidc do. Xeét dudng tron bang tiép géc
A. Tam [, cla dudng tron nay 13 giao diém
cha dutng phan gidc trong cua goc BAC va
hai dudmg phin gidc ngoai cua cic goc ABC
vit ACB clia tam gidc ABC. Goi H, E, F theo



thit tu 1a chin duong vudng goc ha tit 7, xudng
BC, AB, AC.Khido IH=1E=IF=rla
béin kinh dudng tron bang tiép géc A (h. 4).

Hinh 4
DitAB=c,CA=bBC=avalp=a+b+c
Tacd AE + AF=AB+ BE+ AC + CF
=BC+AC+AB=a+b+c

Do dé AE = AF = p.
Trong tam gidc vuong AET, cé

A ftlf'\ ,;A " :
tan —=—— =— nén /s, = plan—.
2 AE p 2

. B C
Tuong tucor, = plan? = planE.

Goi § la dién tich tam gidc ABC. Theo cong

thitc Heron ¢6 S = /p(p—aXp-b)Xp-c).

!V.Id[ khac § = S.‘ulf,,:!‘.' + S_.MJIHF - S.yﬁr”[‘ nen
W=br, +cr,—ar,=b+c-a)r,

=g+ b+c=2akr,=02p-2a)r,.

_ A
Vay S=(p —ajr, hay r, = :
p—a

- ) ) 3
Tuong twcod n, =——, 1, =

p-b P
ey §°
trdo r,.n = =plp —c).

(p—aXp-b)
VINIVIZAA T I 1.\o\UIVI
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Tuong tu
ror.=plp—ay r.r,=p(p —b):
Do do
Try il +rr,=plp=a)+(p-b)+{p-c)).
=p{3p-(a+b+c'])zp2 (1)
Lai co

Pyl ¥ Pl + 10,

[

= tanA t: £+ tzsmE tan£+ t;«mE l;an[—ﬁI
=p. E.p.d]‘l'} plan—.p. > p. Q.p. 5

r F4

S, A B B_C C 4
= p*| tan—.tan—+tan—.tan—+tan—.tan— | (2)
22 2 2 2 2

s )

Tur (1) va (2) ta da giai dugc bal toan sau.

B toin 4. Chitng mink rdng trong tam
gidc ABC ta co hé thire

tanﬁ.lanﬁ+ tan—.tan£+ tan-{;-.:,:-.mé =1,
2 2 2 2

BAI TAP REN LUYEN
1. a) Tinh sin15° va cos15®.
b) Chimg minh ring 1an36°.tan72° = /5.
2. Cho e va fF 1a hal goc nhon thoa man diéu
kién a + f=45°.
a) Ching minh hé thic
lang + tanff + tana.tanf = 1.
b) Chimg minh bt ding thic
lane + tanff 2 J2 -1

3, Chimg minh ring trong tam gidc ABC ta c6
cic hé thitc:

A B C
ajcot— +cot— +col—
2 2 2

A B
=cot— .col— .cot—.
2 2

2

b) cos*A + cos*B + cos’C + 2cosA.cosB.eosC = 1.



