HSG TOAN 9 ME LINH 2023-2024
Cau 1: (5 diém)

a) Giai phuong trinh: Y2—x=1—+vx—1.

202 2
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53 —m) la mét tich cua 2019 thtra s6. Tinh S

(két qua dé dudi dang phan sb t6i gian

b) Cho S=

Cau 2: (5 diém)

a) Biét a,b la cic sb nguyén duong thoa min a’—ab+b’ chia hét cho 9, chimg minh rang ca
a va b déu chia hét cho 3.

b) Tim tat ca cac sb nguyén duong n sao cho 9"+11 1a tich ctia k(k € N,k>2) sb tu nhién
lién tiép .

Cau 3: (3 diém)

a) Cho x,y,z 1a cac sb thuc dwong nho hon 4. Chimg minh ring trong cac sd
1 —+ 1 1 —+ 1 1 —+ 1 ludn ton tai it nhat mot s6 16n hon hodc bang 1.
x 4—y’y 4-z"z 4—x

b) Vi cac sd thuc duong a, b, c thay d6i thoa man diéu kién a*+b*+c*+2abc=1, tim gia
tri 1én nhit cta biéu thirc P=ab+bc+ca—abc

Cau 4 (6 diém)

Cho tam gidc ABC vuong tai A (AB <AC). Buong tron (I) ndi tlep tam gidc ABC tlep Xuc
v6i cac canh BC, CA, AB lan luot tai D, E, F. Goi S 13 giao diém ciia AI va DE

a) Chimg minh tam giac IAB ddng dang véi am giac EAS.

b) Goi K 1a trung diém cua AB va O 1a trung diém ctia BC. Chtrng minh rang ba diém K, O,
S thang hang

¢) GoiM la giao diém ciia KI va AC. Puong thang chtra duong cao AH cua tam giac ABC
cat duong thang DE tai N. Ching minh rang AM= AN

Cau 5: (1 diém)

Xét bang 6 vudng cd 10 10 x gdm 100 hinh vudng c6 canh 1 don vi. Nguoi ta dién vao mdi 6
Vuong ctia bang mot s6 nguyén tiy ¥ sao cho hiéu hai so duogc dién & hai 6 0 chung canh bat ky
déu co gia tri tuyét d6i khong vuot qua 1. Chimg minh rang ton tai mot s6 nguyén xuét hién
trong bang it nhat 6 1an.



DAP AN
Cau 1:

a) Giai phuong trinh: Y2—x=1—+v/x—1.
PKXb: x>1

_3 p—
Dat{g;\/—vi_){véiasl,sz

3
a=2—x

b 1=>a3+b2=1
=X—

=

T (*)tacoé: a=1-b=b=1-a
Thay b=1—a vao hé thiic a’+b’=1=a’+(1—-af'=1 = a’+a*—2a+1=1

o d’+a*=2a=0 < ala®*+a—2|=0 = ala+2|la—1)=0

* Néu a=0 (théa min) = b=1. Ta duoc i:){j = X=2(Thoa min DPKXD)
* Néu a+2=0 = a=—2=b=3 Ta dugc 2_31::_98 = x=10(Thoa man PKXD)

1
0

2—Xx
x—1

* Néua—1=0 < a=1=b=0. Ta dugc

< X=1 (Théa man PKXD)

Vay phuong trinh c¢6 tap nghiém S=|1;2;10]
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Cau 2:

a)

b)

Ta c6: [a*+ab+b?|:0=4|a*+ab+b?|:9

=[[2a-b/+3b%:9

Ma 3b*:3 nén (2a—b)*:3 ma 3 1a s6 nguyén té nén (2a—b):3
(2a—b|:3nén(2a—bf:9

T (1) va (2) =3b%:9=b*:3 ma 3 12 s6 nguyén t6 =b: 3.
(2a—b|:3vab:3=2a:3mal2;3|=1néna:3

Vay ca a va b déu Chi?. hét cho 3. ’ ,

Ta co tich cua tir ba so tur nhién lién tiép trd 1én thi chia hét cho 3

Theo d& bai 9"+11 14 tich k s6 tu nhién lién tiép ma 9"+ 11 khong chia hét cho 3 nén
k=2

Dit 9"+11=ala+1) véi a 13 s6 nguyén duong

9"+11=ala+1] = 4.9"+45=4a’+4a+1

= [2a+1P=(2.3"=45 « [2a+1-2.3"|(2a+1+2.3"|=45

Vi a,n nguyén duong va 2 a+1+2.3">9 nén xdy ra cac truong hop sau:
2a+1-2.3"=9(1]

2a+1+2.3"=5 (2]

Ta(1)va(2)tacd 4a+2=14 = a=3=9"+11=12 = 9"=1 = n=0|(Logi|
2aq+1-2.3"=15(3

2a+1+2.3"=3 (4]

Te(3)va(4)tacd 4a+2=18 = a=4=9"+11=20 = 9"=9 = n=1(théa|
2a+1-2.3"=45/(5

Da+!+2.3"=1 (6]

T (5) va(6)tacd 4a+2=46 = a=11=9"+11=132 = 9"=121 = n€ 2

THI:

TH2:

TH3:

Vayn=1.
Céu 3:
1 1 1 1 1 1
5 —+ >0;,—+ >0;,—+ >0
a) Taco x 4-y y 4-—z z 4—x

Theo bat dang tirc Cauchy Schwarz ta co:

2

1 1 1 1 1 1
36=([Vx.——=+V4—y. ——+/y.—+Vd—z. ———+z.—4—x.

T =y Va—z U2 Va—x
<[x+4—y+y+4—z+z+4—x| ittt 1

X 4-—y ; 4—z 7z d—x

1.1 1.1 1 1
—+ +—+ +—+

= 36<12 — =
X 4—-y y 4-z z 4—x




- l+ +l+ 1 +l+ 1 >3 *)
x 4-y) \y 4-z| \z 4—Xx
Gid sir 3 56 ~+-——,—+——, 4L 42y nho hon 1
X 4-y'y 4-z z 4—x
Y SO S Y S S I <1+1+1=3(trdivdix*)
x 4-y| \y 4-z) \z 4—x
1 1 1 1 1, 1 . . .
Do dé6 trong cac so —+ ,—+ ,—+ ludn ton tai it nhat mot s6 16n hon
x 44—y 'y 4-z z 4—Xx
hoic bang 1
b)

Ta c6 2 P=2(ab+bc+cal—2abc
2(ab+bc+cal+a’+b*+c’—1vi [—2abc=a*+b*+c*—1|
tlavb+cf—1

Mit khic: a*+b*+c’+2abc=1

= a’b+2abc+c’=1—a’~b*+a’b’

= lab+cP=[1-a?/[1-b?

TU a’+b’+c*+2abc=1=d’<1,b’<1=1—a’>0,1—b>>0

Theo bat dang thirc AM —GM véi hai s6 1—a®,1—b’ ta c6:

2 212
abrel=l1-a?)l1-b)< %)
2 2
2—(a+b]2

Mit khac theo bat dang thitc AM —GM véi hai s6 (a+1) va 1 ta co:

la+bf+1>2.V(a+b/.1=2(a+Db|

2
L arb< latOIFL )

2 2
Tir (1) va (2) ta ¢6: a+b+c< (‘”g) 1, 2_(‘;”’) :%




9 5 5
y2P<——1=—=>P<—
Do do 4 4 3

1—-a’=1-b’ .
Déu“Z”xéyrakhi (a+bj2:1 wa:b:czi

a’+b*+c’+2abc=1

5 1
ay MaxP=— < a=b=c=—
Vay Max g = c=3

Cau 4:
A
E
F
A
M
L[]
B H| /D o C

— — 1 —
a) Tacd Al la tia phan giac cua BAC nén IABZE BAC,
: , — — 1 —
BI 1a tia phan giac ciia ABC nén IBA:E ABC

Theo tinh chat tong ba goc trong AAIB, ta co

BAC+ABC

Goc AIB=180°—(IAB+IBA)=180"— :

=180°—180°—C/2 (Do BAC + ABC=180"—C theo tinh chét tong ba goc cta tam
giac)

A~

—90°+&
2

Theo tinh chét hai tiép tuyén cét nhau ta ¢6: CE=CD = ACED cén tai C

A~

Suy ra DEC= 1800—%

Lai c6 goc AES=180"— DEC (hai goc ké bu)



0 A ~
=1800—M=900+£
2 2

Suy ra AIB = AES=90+c/2

Mit khac EAS=IAB (tinh chit tia phan giac)

Do d6 ATAB AEAS(g-g)

b)

Ta co AIAB AEAS(g-g) suy ra ASE=ABI=IBD

Tir giac IBDS c6 IBD+ISD=ASE +ISD=180" = Tir giac IBDS ngi tiép

Suy ra ISB=IDB=90°(G6c ndi tiép cing chin cung BI nho) ma WBZ%B/A\C =45’
(Tinh chét tia phan gic) suy ra AASB vudng can tai S

AASB vudng can tai S c6 SA 1a duong trung tuyén nén SA 13 duong trung truc ctia
AB. (%)

. 1
Mit khac AABC vudng c6 AO la trung tuyén nén OA=0B= 5 BC

Suy ra O thugc dudng trung truc ctia AB (**)
Tir (*) va (**) suy ra aba diém K, O, S thang hang

c)
. . AK _IK
Vi Al 1a tia phan gidc cua AAMK nén A3 (1)
. . IK _FK ..
IF /i AM (cung vudng goc voi AB ) = ST m (dinh 1y ta 1ét) (2)
_FK AK _ AM
Tr(l)va(2)= AM A SWrR LT T 3)

A
Mat khac ID/{ AN (cung vudng goc voi BC) = %(Hé qua dinh ly ta let)

ID

SA AKnénAN AK
SI ~ FK ID FK

Ma IF/{ KS(cung vudng goc vGi AB) = 4)

: ; , AM _ AN
Tu (3) va(4)tacod AF D

T giac AEIF c6 EAF = AFI = AEI =90° nén t giac AEIF 1a hinh chir nhat
Suy ra AF=EI=ID



AR — . AM _ AN _
Taco AF=ID VaAF_ID nén AM = AN



Cau 5:
Ta thay hai 6 vudng & hai goc ddi cta hinh vudng 13 xa nhau nhét

Goi céc so dugc dién vao moi 6 vuong d6 lan luot 1a a,,a,,as,...,d

Ta co
< _1<al_a2<1
Tuong ty ta co:

< _1<a2_a3<1

—1<a;3—a,,<1
Cong timg vé cac bat dang thirc trén ta co:
—18<a,—0a,,<18 = |a,—a,|<18

Via,,a,,as,,...,a;y 1a cac s6 nguyén nén chi co6 to61 da 19 s6 nguyén khac nhhau duogc
dién vao trong bang

C6 100 6 vudng trén bang nén theo nguyén 1y Dirichle thi s& c6 mot s6 xuét hién trén

bang it nhat 1a +1=6 (lan)




