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e Dung b6i duwéng hoc sinh gioi cac16p 8,9
e Giup On thi vao 16p 10 chuyeén toan

e Phan dang va phwong phap giai r6 rang



Yor gici lhié
4 ;

Cac em hoc sinh va thay gido, o giao than mén !

Cudn sach Bi quyét gidi todn vé s6 nguyén t6'va hop s’ dregc cac tac gia bién soan nham
giup cac em hoc sinh hoc tap t6t mén Toan & THCS hién nay va THPT sau nay.

CAc tac gia c8 gang lua chon nhitng bai tap thudc cac dang dién hinh, sdp xép thanh
mot hé thong dé€ boi dudng hoc sinh kha gidi cac 16p THCS. Sach dugc viét theo cac chu
dé twong ting véi cac van dé quan trong thuwong duoc ra trong cac dé thi hoc sinh gioi toan
THCS, cling nhu vao 16p 10 chuyén mon todn trén ca nwde. Mdi chu dé duoc viét theo cau
trac ly thuyét can nhd, cac dang toan thuwong gap, bai tap ren luyén gitp cac em hoc sinh
ndm ving kién thirc dong thoi ren luyén dugc cac kién thire da hoc.

Mbi chu dé cé ba phan:

A. Kién thifc cin nhé: Phan nay téom tat nhitng kién thikc co ban, nhitng kién thitc bs sung
can thiét d€ lam co so giai cac bai tap thudc cac dang ctaa chuyén de.

B. Mgt s6 vi du: Phan nay dua ra nhiing vi du chon log, tiéu bi€u chita dung nhiing ki
ndng va phuwong phap luan ma chuong trinh doi hoi.

Mbi vi du thwong cd: Loi giai kém theo nhitng nhan xét, Itu y, binh luan va phuong phép
giai, vé nhitng sai [am thuong mac nham gitip hoc sinh tich Iy thém kinh nghiém giai
toan, hoc toan.

C. Bai tdp van dung:

Phéan nay, cac tac gia dwa ra mot hé thdng cac bai tap dwoc phan loai theo cac dang
toan, tang dan do kho cho hoc sinh kha gioi. Cé nhitng bai tap duoc trich tir cac dé thi hoc
sinh gioi Toan va dé vao 16p 10 chuyén Toan. Cac em hay cd gang tu giai.

C4c tac gia hi vong cudn sach nay la mot tai liéu c6 ich gitp cac em hoc sinh nang
cao trinh d6 va nang luc giai toan, gép phan dao tao, b6i dudng hoc sinh gidi & cap THCS.
Mic dit da c6 nhiéu c8 gang trong bién soan song cudn sach nay van khé tranh khoi
nhing sai s6t. Chung t6i mong nhan dwgc nhitng y kién dong gop cua ban doc.

Xin chan thanh cam on!
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CHUYEN DE BOI DUGNG
SO NGUYEN TO, HQP SO

A. Kién thiic can nhé

1. Dinh nghia s6 nguyén t6, hop s6.

1) S6 nguyén t6 1a nhitng s6 tu nhién 1én hon 1, chi ¢6 2 wdc s6 1a 1 va chinh no.
Vidu:2,3,5,7,11,13,17, 19....

2) Hop s6 1a s6 tw nhién 16n hon 1 va c6 nhiéu hon 2 udc.
Vidu:4c63udcsd:1; 2 va 4nén 41a hop so.

3) Cac s 0 va 1 khong phai la s6 nguyén t6 cting khong phai la hop s6.

4) Bat ky s6 tu nhién 16n hon 1 nao cling ¢6 it nhat mot wdc s6 nguyeén to.

2. Mot s6 tinh chat.

e C6 v0 han s6 nguyén to.

e Néu s6 nguyén t6 p chia hét cho s6 nguyén t6 q thi p=q.

e Néu tich abc chia hét cho s6 nguyén td p thi it nhat mot thira s6 cua tich abe chia hét cho

sO nguyén to p.

e Néu a va b khong chia hét cho sd nguyén t0 p thi tich ab khong chia hét cho s6 nguyén

top.

o Néu A 1a hop s8 thi A ¢6 it nhat mot wdc nguyén t8 khong vuot qua VA,

Chitng minh. Vi n lahgp sdnén n=ab vdi a,beZ,1<a<b<n va a la wéc nho nhat caa n.

Thé thi n>a’. Do d6 a<+/n.

3. Phén tich mot s6 ra thira s6 nguyén to:

® Phan tich mot s6 tw nhién 16n hon 1 ra thtra s6 nguyén to 1a viét s6 d6 dudi dang mot

tich cdc thtta s6 nguyén t6.

+ Dang phan tich ra thita s6 nguyén t8 ctia mdi s6 nguyén t3 1a chinh s6 do.

+ Moi hop sd déu phéan tich duoc ra thira s6 nguyén td, phan tich nay la duy nhat néu

khong tinh thit tu cac thira so.

Chang han A =a”.b”..c’, trong d6 a, b, c1a cac s6 nguyén t va «, f3, ..., y e N’

Khi d6 s6 cac wdc s6 ctia A duge tinh bang (o +1)(f+1)...(y +1)

a”" -1 p"M-1 -1

a-1 b-1 c-1

Tong cac wdc s6 cua A dugce tinh bang

4. S8 nguyén t6 cung nhau.

Hai s6 a va b nguyén t8 cling nhau khi va chi khi (a,b)=1.
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Cac sO a, b, c nguyén t6 cung nhau khi va chi khi (a,b,c) =1.
Cac s6 a, b, ¢ d6i mot nguyén t& cting nhau khi va chi khi (a,b)=(b,c)=(c,a)=1.
5. Cach nhén biét s6 nguyén td.
Cach1
Chia s6 d6 Ian Iwot cho cac s6 nguyén to tir nhé dén 1on: 2; 3; 5; 7...
- Néu c6 mot phép chia hét thi s6 d6 khong la s6 nguyén t6.
- Néu thyc hién phép chia cho dén ldc thirong s8 nho hon s8 chia ma cac phép chia van c6
sO du thi s6 d6 la s6 nguyén to.
Cach 2
- M6t s0 ¢6 hai wdce s6 16n hon 1 thi s6 d6 khong phai la s6 nguyén t6.
- Néu A 1a hop s6 thi A c6 it nhdt mot wde nguyén t8 khong vuot qua /A,
- Vé6i quy tat trén trong mot khoang thoi gian ngén, véi cac ddu hiéu chia hét thi ta nhanh
choéng tra 10i dwoc mot sd o6 hai chir sd nao d6 la nguyén t6 hay khong.
B. MOT SO DANG TOAN SO NGUYEN TO, HOP SO
7~ Dang 1: Chitng minh mét s6 1a s6 nguyén t6 hay hgp so

Bai toan 1. Néu p va p° +8 la cac s6 nguyén t8 thi p° + 2 la s6 nguyén t3.

Hudng dan gidi
Xét p=3k+1 (k nguyén) thi p?+8:3,1a hop s6.
Xét p=3k+2 thi p’+8:3,1ahop sb.
Vay p=3k, ma p lasénguyéntdnén p=3.

Khi d6 p?+2=11, 1a s6 nguyén t3.

Bai toan 2. Chting minh rang n* +4 1a mot s6 nguyén t6 khi n=1,

Hudng dan gidi
Tacod: n*+4=n*+4n° +4—4n° =(n2 +2)2 —(2n)2
=(n2 + 2—2n)(n2 +2+2n) = [(n—l)2 +1}.[(n +1)° +1}

Néu n>1 thi ca hai thira s6 trén déu 16n hon 1. Nhw vay n* +4 1a mot s6 nguyén t&
khi n=1.

Bai toan 3. Chting minh rang véi moi s3 tw nhién n>1thi n®+n*+11a hop s6.

Hudng dan gidi
Ta cé: n°+n* +1:(n2 +n+1)(n3 —n+1) .

Ma n>1nén n*+n+1>1 vasuyra n°+n*+11a hop sd.
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Bai toan 4. Chttng minh rang néu 2" -1 la s6 nguyén t& (n>2) thi 2" +1 la hop s6.

Hudng dan gidi
Trong ba sd nguyén 2" -1, 2"; 2" +1 c¢6 mot s6 chia hét cho 3. Mat khac, 2" khong
chia hét cho 3, do d6 mét trong hai s6 2" -1; 2" +1 phai c6 mot s6 chia hét cho 3, nghia la
mot trong hai s8 nay phai c6 mot hop s8. D& cho 2" -1 1a s§ nguyén t& (n>2) nén chan

chin rz‘”mg 2" +1 la mot hop s6.

Bai toan 5. Cho p va 8p—1 la cac s6 nguyeén t6. Chitng minh 8p +1 1a hop s6.

Hudng dan gidi
Vi 8p-1las6 nguyén t6 nén p # 2.
Né&u p=3 thi 8p+1=25 13 hop s6.
Néu p>3 thi 8p(8p-1)(8p+1):3. Vi p va 8p-1 la cc s6 nguyén t5 16n hon 3 nén
8p+1 chia hét cho 3 hay 8p+1 la hop so.

Bai toan 6. Chiing minh ring véi mbi s6 nguyén duong n, ludn chon duge N +n** +1

s0 nguyén duong lién ti€p ma tat ca déu la hgp so.

Hudng dan gidi
Xét A =(n" +n*" +2)14 22
A, = (0" + 0™ +2)4-33

A o, oo, = (n2°2° +n? 4 2)!+ (n2°2° +n® 4 2)5 n%% 4 n 4 2

n=e4+ns 41
Day A A,,.. mo aoms, la cac hop so lién tiép.

~ Dang 2: Chitng minh mét sd bai toan c6 lién quan dén tinh chit cia s6 nguyén t6

Bai toan 1. Chitng minh rang néu p va p+2 la hai s§ nguyén t8 16n hon 3 thi tdng ctia
chtng chia hét cho 12.

Hudng dan gidi
Tacd: p+(p+2)=2(p+1)
¢ p la sd nguyén t6 16n hon 3 nén p la sd nguyén td 1é, suy ra:
p+1:2=2(p+1)i4 (1)

Lién hé tai liéu word mon toan: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

e p,p+1 p+2 labasd nguyén lién ti€p nén cé mot s6 chia hét cho 3, ma p va
p + 2 khong chia hét cho 3 nén :

p+1:3=2(p+1):3 (2)
Tt (1) va (2) suy ra: 2(p+1)i12. (dpcm)

Bai toan 2. Chitng minh rdng moi wéc nguyén t& ctia 20141 déu 16n hon 2014.

Hudng dan gidi
Goi p la wéc nguyeén to ctia 2014!-1
Giastr p<2014=1.2.3..2014 p=>2014!: p
Ma (2014-1): p nén 1: p. Diéu nay mau thudn dan dén p > 2014.

Bai toan 3. Cho cic s6 p=b°+a,q=a’+c,r=c*+b Ia cic s§ nguyén t& (a,b,ce N*).

Chting minh rang ba s8 p, g, r c6 it nhat hai s§ bang nhau.

Hudng dan gidi
Trong 36 a, b, ¢ ¢6 it nhat hai s6 ciing tinh chan 1é.
Gia st hai s8 cing tinh chan 1é1a a va b.
Suyra p = b°+ a lasdnguyén td chdnnén p = 2.
Suyraa =b =1.Khidég=c+1lvar=c+1lnénqg =r.

Vay trong ba s p, g, r cd it nhat hai s6 bang nhau.

Bai toan 4. Cho s0 tu nhién N>2va sd nguyén t6 p théaman p—1 chia hét cho n dong

thoi n®—1chia hét cho p.Chting minh rang N+ p 1a mot s§ chinh phuong

Hudng dan gidi
Tacé: n’-1=(n-1).(n°+n+1)ip; (p-1)in=p-1=n=p=n+l
Vi p>n+1=(n-1) khong chia hét cho p
Do dé: (n-1)(n® +n+1):p < (n® +n+1)ip
bat: p-1=kn, k>1=p=kn+1 (¥
Suy ra (n2+n+1)§(kn+l):>kn+1s n*+n+1
ekn<n*+nek<n+l (1)

Taco: k(n”+n+1)-n(kn+1)i(kn+1)=[(k-1)n+k :(kn+1)
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Do k>1nén (k-1)n+k >0
Suyra (k—-1)n+k>kn+l=k>n+1 (2)
Te (1) va(2)suyra: k=n+1=> p=kn+1l=n’*+n+1
=n+p=n’ +2n+1:(n+1)2
Vay N+ pla moét sO chinh phuong.
~ Dang 3: Tim s nguyén t6 théa min diéu kién nao dé
Da6i voi dang toan tim sO nguyén to thoa man diéu kién cho trudc, chiung ta thuong
stt dung cac tinh chat ctia phép chia s6 nguyén sau d€ giai:
* Trong n sO nguyén lién ti€p cé mot va chi mot s6 chia hét cho n.
* Moi s6 nguyén t6 16n hon 2 déu c6 dang 4n+1.
* Moi s6 nguyén t6 16n hon 3 déu c¢6 dang 3n+1.
* Moi s6 nguyén t6 16n hon 3 déu c6 dang 6n+1.
Chitng minh:
e Xét m la s6 nguyén t6 1én hon 2
Mbi s8 tw nhién khi chia cho 4 c6 mot trong cac s0 du 0, 1, 2, 3 do d6 moi s6 tu nhién
déu viét duoc dudidang 4n—-1;4n;4n+1;4n+2.
Do m la s6 nguyén t6 16n hon 2 nén khong thé chia hét 2 do d6 m khong cé dang 4n
va 4n+2.
Vay moi s6 nguyén t0 16n hon 2 déu c6 dang: 4n+1
Khong phai moi s6 c6 dang 4n+1 déu la s6 nguyén to.
Chang han 4.4 -1 =15 khong la s8 nguyén & .
e Xét m la s6 nguyén t6 1én hon 3
+) Ta thdy moi s6 nguyén t6 16n hon 3 déu phai c6 dang 3n+1 vinéu c6 dang 3k thi
s€ chia hét cho 3 nén khong thé 1a sd nguyén to.
Khong phai moi s6 c6 dang 3n+1 déu la s6 nguyén t6.
Chang han 3.5 + 1 =16 khong la s nguyén tJ.
+) Mdi s6 tu nhién khi chia cho 6 c6 mot trong cacs6 du 0, 1, 2, 3, 4, 5 do d6 moi s tu
nhién déu viét duoc dwdi dang 6n-1;6n;6n+1;6n+2;6n+3
Do m 1a sd nguyén t8 16n hon 3 nén khong thé chia hét 2 va 3 do d6 m khong cé dang
6n va 6n; 6n +2; 6n + 3.
Vay moi s6 nguyén t6 16n hon 3 dé c6 dang: 6n+1.
Khong phai moi s6 ¢6 dang 6n+1 déu la s6 nguyén to.
Chang han 6. 4 + 1 =25 khong la s nguyén tJ.

* Vi du minh hoa:

Bai toan 1. Tim tat ca sd nguyén t0 p sao cho p +2 va p +4 1a cac s6 nguyén to.
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Hudng dan gidi
V6ip=2thip+2=4vap+4=6khong phaila cic s6 nguyén to.
Voip=3thip+2=5vap+4=7lacacsdnguyén to.

V6ip >3 ma p 1a sO nguyén t0 nén p c6 dang p =3k + 1 hoac p =3k +2
Néu p=3k+1 thi p+2=3k+3=3(3k+1):3 khong la s& nguyén té.
Néu p=3k+2 thi p+4=3k+6=3(3k+2):3 khong la s6 nguyén t5;

Vay véi p=3 thip+2 vap +41lasonguyeén to.

Bai toan 2. Tim tat ca sO nguyén td p sao chop+2; p+6; p+8; p + 14 déu la cac s6 nguyén to.

Hué6ng dan gidi
Truong hop 1: p = 5k ma p nguyén td nén p = 5, khi do:
p+2=7 p+6=11,p+8=13;, p+14 =19 déu la sd nguyén t6 nén p =5 thdéa man
bai toan.
Truwong hop 2: p =5k + 1, khi d6: p + 14 = 5k + 15 = 5(k + 3) ¢ it nhat 1a 3 wéc 1, 5 va
(p +14) nén p + 14 khong 1a s6 nguyén to.
Vay véi p =5k + 1 khong ¢ ton tai p nguyén td thdéa man bai toan
Truong hop 3: p = 5k + 2, khi d6: p + 8 =5k + 10 = 5(k + 2) ¢d it nhat la 3 wéc 1, 5 va
(p +10) nén p + 10 khong la s6 nguyén to.
Vay vodi p = 5k + 2 khong ¢ ton tai p nguyén td thdéa man bai toan
Truwong hop 4: p =5k + 3, khi d6: p +2 =5k + 5 =5(k + 1) c6 it nhdt 1a 3 wéc 1, 5 va
(p+2)nénp + 2khong la sd nguyén to.
Vay véi p = 5k + 3 khong ¢ ton tai p nguyén td thdéa man bai toan
Trieong hop 5: p = 5k + 4, khi d6: p + 6 = 5k + 10 = 5(k + 2) c6 it nhat la 3 wéc 1, 5 va
(p+6)nénp + 6 khong la sd nguyén to.
Vay voéi p = 5k + 4 khong ¢ ton tai p nguyén td thdéa man bai toan

Do d6 p=51as0 can tim.

3

Bai toan 3. Tim sO tw nhién n sao cho la s& nguyén to.

Hudng dan gidi
n®—1:9=n’—1:3= nchia cho 3 du 1 (vinéu n chia cho 3 du 0 hoéc 2 thi n’ chia
hét cho 3 duw 0 hoac 2).Dat n=3k+1 (ke N). Ta co
n*—1 (3k+1)°-1 27k®+27k*+9k

3 5 =3k®+3k? +k = k(3k? +3k +1)
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3 3 .
L 3 56 nguyen 5, phai c6 k =1. Khi dé n=4 va - 1:%:7,1%6

bé

nguyeén to.
Dip s6: n=4.

Bai toan 4. Tim s6 nguyén t& p sao cho 43p+1 lalap phuong ctia mot s6 tu nhién.

Hudng dan gidi
Dit 43p+1=n’(neN) thi 43p=(n—1)(n* +n+1)
S6 43p ¢ bdn wdc nguyén duong la 1,43, p,43p nén o ba treong hop:

n-1=1
a) ) Khi dé n=2 va 43p:22+2+1:7,10ai.
n“+n+1=43p
n—1=43 :
b) { ) Khi d6 N=44 va p= 44’ +44+1=1981:7, loai.
n“+n+l=p
n4+n+1=43
C { + :— Khi d6 n(n+1)=42=n=6,p=>5 (la s6 nguyén td).
n—1=p

Dip s6: p=5.

Bai toan 5. Tim tat ca cac s6 nguyén to p dé p vira la tong vira la hiéu cuia hai s6 nguyén to.

Hudng dan gidi
Gia st ton tai s nguyén td p thoa man diéu kién dé bai.
Khi d6 p lasOnguyéntsléva p=p,+p,=p,—p, véi p,, P,, Ps, P, la cac sd nguyén to.
Vi p 1a s6 nguyén t& 1é nén p,, p, khong cling tinh chan 1é. Nhung vay sé c6 mot s§
nguyeén t6 la 2 va gia st p, =2.
Lai vi p la s& nguyén t& 1é nén p,, p, khong thé cung tinh chan 1é. Ciing sé c6 mot s§
nguyeén t6la 2. Do p, > p, nén p, =2.
Tk p=p,+2=p,—2 tasuyra p, p,, p; la ba s6 nguyén to 1é lién tiép.
Chi cObobasd 3;5; 7 lathbaman p=5=3+2=7-2.
~ Dang 4: Nhan biét s6 nguyén t6, sw phan bd nguyén t6 trong tip hop s6 tw nhién
Tt 1 dén 100 c6 25 s nguyén td, trong tram thit hai c6 21 s6 nguyén t6, trong tram
thit ba ¢6 16 s6 nguyén tg, ... Trong nghin dau tién cd 168 s6 nguyén td, trong nghin
tht hai c6 145 s6 nguyén t5, trong nghin th ba ¢ 127 s6 nguyén tJ, ... Nhu vay
cang di xa theo day s6 tw nhién, cac sd nguyén t0 cang thwa dan.
* Vi du minh hoa:

Bai toan 1. Néu p>5 va 2p+1 la cdc s6 nguyén t6 thi 4p+1 la sd nguyén t6 hay la hop s6?
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Hudng dan gidi
Xét ba 8 tw nhién lién tiép: 4p,4p+1,4p+2. DY rang trong ba s8 nay chac chan co
mot sO chia hét cho 3.
Vi p>5 las6nguyén ténén p c6 dang 3k +1 hodc 3k +2.
+)Néu p=3k+1 thi 2p+1=6k +3=3(2k +1) : 3, mau thuan vdi gia thiét.
+)Néu p=3k+2 thi 4p+1=4(3k+2)+1=12k +9=3(4k+3) : 3 hay 4p+1 la hop sd.

Bai toan 2. Tim sO ty nhién k dé day :K +1,k + 2,k +3,...,k + 10 chita nhiéu s6 nguyén t0 nhat.

Hudng dan gidi
e V6i k = 0tacodayl,2,3,..,10 chtta4 s6 nguyéntdla2, 3,5,7.
e Véi k = 1tacdday?2, 3,4, ..., 11 chita5s6 nguyén tdla2, 3,5, 7, 11,
e Véi k = 2tacdday 3, 4,5, ..., 12 chtta 4 sd nguyén té 1a 3, 5, 7, 11.

e V6i k>3 day k+1,k+2,...,k+10 chira 5 s lé lién ti€p, cac sO 1é nay déu 16n

hon 3 nén c6 mdt sd chia hét cho 3, ma 5 s6 chan trong day hién nhién
khong 1a s6 nguyén td. Vay trong day co it hon 5 sd nguyén to.

Tém lai véi k =1thi day k+1Lk +2,k +3,...,k +10 chita nhiéu s6 nguyén t6 nhat.

Bai toan 3. Chting minh rang trong 30 s& tu nhién lién tiép 16n hon 5, c6 it nhat 22

hop s0.

Hudng dan gidi

Trong 30 s tw nhién lién ti€p da cho, c6 15 s8 chan, chung déu 16n hon 5
nén 1a hop s6. Ta tim dwgc 15 hop so.

Chia 15 s6 1€ con lai thanh 5 nhém, mdi nhém gdm ba s& 1¢ lién tiép. Trong
ba sO 1é lién ti€p, ton tai mot sd chia hét cho 3, s6 d6 16n hon 5 nén la hop s6. Co 5
nhém nén ta tim thém dwoc 5 hop s6.

Trong 30 sO tw nhién lién tiép, ton tai mot s6 chia cho 30 du 5, mot sO chia
cho 30 du 25, gia st a=30m+5 va b=30n+25. Cacsd a va b 1la hop sd (vi chia hét
cho 5 valén hon 5), dong thoi khong trung véi cac hop s6 da tim duoc (vi a va b
khong chia hét cho 2, khong chia hét cho 3). Ta tim thém duoc 2 hop s6.

Vay c6 it nhdt 15+5+2=22 (hop s0).

Bai toan 4. C6 ton tai 1000 sO tu nhién lién tiép déu l1a hop s6 khong?

Hudng dan gidi
Goi A=2.3.4....1001.
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Taco: A =A+2=2.34..1001+2:2
A, =A+3=234.1001+3:3

Ao = A+1001=2.3.4....1001:1001
Day A, A,,..Ay, g0m 1000 hop sd lién tiép.

Vay ton tai 1000 sO tu nhién lién tiép 1a hop so.

Bai toan 5. (Tong quat bai s6 4)
Chiting minh rang c6 thé tim duoc 1 ddy s6 gom n s6 tw nhién lién tiép (n > 1) khong
c6 sO nao la s6 nguyén to ?

Hudng dan gidi
Ta chon day s6 sau:
a =(n+1)H2 a,:2, 8 >2 nén a lahopso
a, =(n+1)4+3 a,:3, a, >3 nén a, lahop sd
a, =(n+1)H+(n+1) a,i(n+1), a,>n+1 nén a, lahop sd

Day a,,a,,a,,....,a, 0 trén sé gom co n s ty nhién lién ti€p trong d6 khong cd sd nao
la s6 nguyén td ca.
Nhin xét: Mot van dé duoc dat ra: Co nhiing khoang rat 16n cac sd tw nhién lién tiép
déu 1a hop s6. Vay c6 thé dén mét lae nao d6 khong con sd nguyén to nita khong? Co
sO nguyeén td cudi cung khong? Tt thé ki III trede Cong nguyén, nha toan hoc cd Hi
Lap O - clit (Euclde) da chting minh rang: Tap cac s& nguyén t3 1a vo han.

Bai toan 6. Chiing minh rang khong thé c6 hitu han s nguyén to.

Hudng dan gidi
Gia st chi ¢6 hitu han s6 nguyeén to la p,, p,, ..., p, trong dé p, 1a sd 16n nhat trong
cac s6 nguyeén to.
Xéts8 A=p,p,..p,+1thi A chiacho mdisdnguyéntd p, (1<i<n) déudul (1).
Mit khac A la hop s6 (vi n6 lon hon s6 nguyén t6 lon nhatla p,) do d6 A phai chia
hét cho mot s6 nguyén td nao do, tiec la A chia hét cho mot trong cac s6 p; (1<i<n)
(2), mau thuan véi (1).
Vay khong thé c6 hitu han s6 nguyén td (dpcm).

~ Dang 5: Chitng minh ¢6 v6 s6 s6 nguyén t6 dang ax+b (véi xe N va (a,b)=1)

Day 1a dang toan twong d6i kho, chting ta thuong giai bang phuwong phap phan
chttng.Véi dang toan nay, ¢ trinh do THCS cac em chi giai quyét dwoc nhitng bai
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tap o dang don gian nhu 3x-1 va 4x+3. Viéc ching cac bai tap & dang nay
phtec tap hon, cic em sé& g&p nhiéu khé khin chit khong thé dé dang chitng minh
duoc. Chang han chiing minh vé vd s6 s6 nguyén t3 c¢6 dang 4a + 1; 6a + 1.........
phtec tap hon nhiéu.

* Vi du minh hoa:

Bai toan 1. Chting minh rang c6 v6 s8 s6 nguyén t6 dang 3k —1.

Hudng dan gidi

® Nhdn xét: Moi s6 tu nhién khong nhé hon 2 ¢6 1 trong 3 dang: 3k;3k +1 hodc
3k —1. Nhitng s6 c6 dang 3k (vdi k >1) la hop s6, vay néu la s6 nguyén td thi phai
c6 dang 3k +1 hodc 3k —1. Xét 2 s6 ¢ dang 3k +1: d6 las6 (3k, +1) vasd (3k, +1)
Vivoi k, k, e Z thi(3k, +1)(3k, +1) =9k k, + 3k, +3k, +1=3(3kk, +k +k,)+1=3k, +1,
do d6 tich ctia nhitng s6 nguyén c6 dang 3k +1 la sd c6 dang 3k +1.

o Nhin xét: Mdi s co dang 3k —1 sé c6 it nhat mot wdc nguyén to cd dang do.

That vay, rd rang n c6 wdc cung dang véi nd vi ban than n la wdc cua n. Goi p la wdc
nhé nhéat trong cac wdc nhu thé. Néu p la sd nguyén td thi nhan xét duoc ching
minh. Néu p 1a hop s6 thi p phan tich dugc thanh tich cac thira s6 nguyén td 1é (do
p 1é). Cac thwra s6 nay khong thé c6 cung dang 3k +1 (vi khi d6 theo chiing minh
trén thi p sé c6 dang 3k +1). Vay it nhat mot thira s6 nguyén td c¢6 dang 3k —1. Do
wdc cuia p cling la wéc ctia n nén n ¢é wéc nguyén to dang 3k —1.

Bay gio ta sé chirng minh c6 v0 s cdc s6 nguyén t0'cé dang 3k —1.

Gia st chi ¢6 hitu han sd nguyén t6 ¢6 dang 3k -1 1a p,, p,,..., p, -

Xéts6 N =3p,p,...p, —1 thi N c6 dang 3k -1

Theo nhan xét trén thi N ¢6 it nhat mot wdc nguyén t6 c¢6 dang 3k —1. Nhung tw
cach xac dinh N thi N khong chia hét cho bat ctt s6 nguyén td nao c6 dang 3k —1.
biéu mau thuan nay ching to gia st trén 1a sai. Vay c6 vo s cac s6 nguyén to co
dang 3k —1.

Bai toan 2. Chting minh ran ton tai v6 s cac sd nguyeén t8 cé dang 4k +3.

Hudng dan gidi
® Nhdn xét: Moi s6 ti nhién khong nho hon 2 la s6 nguyén t6 thi phai c6 dang
4k +1 hodc 4k +3 . Xét 2 s8 c6 dang 4k +1: d6 1a s& (4k, +1) vasd (4k, +1)
thi (4k, +1)(4k, +1) =16k k, + 4k, +4k, +1=4(4kk, + k, +k,) +1=4k, +1, do d¢ tich cua
nhtng sd nguyén c6 dang 4k +1 14 s6 c6 dang 4k +1.

e Nhdn xét: Moi s6 c6 dang 4k +3 sé c6 it nhat mot wdc nguyén t3 cd dang do.
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That vay, rd rang n cé wdc cung dang véi nd vi ban than n la wdc cua n. Goi p la wdc
nho nhdt trong cac wéc nhu thé. Néu p la s6 nguyén to thi nhan xét dwgc ching
minh. Néu p 1a hop s6 thi p phan tich dwoc thanh tich cac thira s6 nguyén t5 1é (do
p 1é). Cac thwra s6 nay khong thé c6 cung dang 4k +1 (vi khi d6 theo chiing minh
trén thi p sé c6 dang 4k +1). Vay it nhat mot thira s6 nguyén t6 c6 dang 4k +3. Do
wdc cuia p cling la wéc ctia n nén n ¢ wdc nguyén to dang 4k +3.

Bay gio ta sé chirtng minh c6 v0 s0 cdc s6 nguyeén t6'cé dang 4k +3.

Gia st chi ¢6 hitu han s6 nguyén t6 c6 dang 4k +3 1a p,, p,,..., P, -

Xét s6 N =4p.p,...p, -1 thi N c6 dang 4k +3. Theo nhan xét trén thi N c6 it nhat
mot wéc nguyén t6 ¢d dang 4k +3. Nhung tir cach xac dinh N thi N khong chia hét
cho bat ctt s6 nguyén t& nao cé dang 4k +3. Diéu mau thuan nay chiing to gia st
trén 1a sai. Vay c6 vo s6 cac sO nguyén to c6 dang 4k +3.

~ Dang 6: St dung nguyén ly Dirichlet trong bai toan s4 nguyén té

Bai toan 1. Cho p >5 1a s8 nguyén t8. Chting minh rang ton tai mot s§ c6 dang 111...11
chia hét cho p.

Hudng dan gidi
Ta xét day so: 1,11,111,...,

111...1
—
p

Néu trong day trén khdng c6 s6 nao chia hét cho p thi ta cho tirong ting mbi s8 véi s8 duwe
cta phép chia. Tap hop cac s6 dw chi c6 1,2,3,...,p—1 gdbm p—1 phén tr (vi 0 khong thé
c6 trong tap nay).

Nhung vi chiing ta c6 p s6 ¢ dang trén nén theo nguyén ly Dirichlet ton tai hai s6 c6 cung

sO du. Gia str cacsd do6 la: 111...1 va 111...1 véi m>n.
— —

m n

Khi d6 1<n<m< p.Nhuwvay: 111...1-111...1=111...1000...0=111...1.10"
T T ~ ~

Tich nay chia hét cho p vi (p,10)=1 suy ra 111...1 chia hét cho p vané ciing nam trong day

trén. Ma 1< m—n < p mau thuan véi gia thiét khong c6 s8 nao trong day chia hét cho p.

Bai toan 2. Chting minh rang trong 12 s6 nguyén t3 phan biét luon chon ra dugc 6 s3 ky
hi€u p,, P,, Py, Pss Ps, P sao cho ( P - pz)( Py~ ps)( Ps + p6)51800‘

Hudng dan gidi
Vi ba s0 nguyén t6 dau tién la 2,3,5 nén trong 12 s6 nguyén t0 phan biét da cho
ludn cé it nhat 9 s6 16n hon 5. Vi s6 nguyén t6 16n hon 5 nén: 9 s6 trén khi chia
cho 4 c6 s6 du la 1 hodc 2. Theo nguyén ly Dirichlet phai ton tai it nhat 5 s6 khi
chia cho 3 c6 cung s6 du. Ma 5 s6 nay lai khong chia hét cho 5, vi thé trong 5 s6
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dy c6 it nhdt 2 s6 ma ta c6 thé gia sw 1a p,, p, sao cho (p,—p,):5. Ngoai ra hién
nhién ta ¢ (p,— p,):3 dan dén (p,- p,)i15
Xét 7 s6 con lai. theo nguyén ly Dirichlet ton tai 4 s6 c6 cung s6 du khi chia hét
cho 3. Pem 4 sd nay chia cho 5 cho hai kha nang xay ra:
Néu cé 2 s8 (chang han p,, p,)ma (p,—p,)i5. Rd rang (p,—p,)i2 va (p,—p,)i3.
Vi (5;3;2)=1 nén ta cé (p,—p,):30. L4y hai s6 ps, p, bat ki (ngoai ra py;, p,, Py, P;)
da chon thi pg, pg 1é (do s6 nguyén t6 khac 2) nén (ps+ pg):2.
Tir &6 suy ra (p,— P, )( P, — Py )( Ps + P ):30.30.2=1800.
Néu 4 s& nay khi chia cho 5 ¢6 cac s6 dw khac nhau la 1,2;3;4. Gia st (p;—1)i5,
(Ps—4):5 thi (ps+ ps—5)5 hay (ps+ ps):5
V6i 2 s6 con lai p;, p, third rang (p,—p,):3 (theo cach chon 4 s& trén)
Do p; P,; Ps; P 1€ nén (ps+pg):2,(p;—p,)i2.
Ttr &6 suy ra (ps+ P ):10 va (p;—p,):6.
Do d6 (p,—p,)(Ps— Ps)(Ps+ Pg ):30.10.6 =1800
Vay ton tai p,, P,, Ps, Py, Ps, Ps la cac sO nguyén t6 phan bién sao cho
(P.—P,)(P,— Py)(Ps + Pg ):1800.
7~ Dang 7: Ap dung dinh 1y Fermat
Cho p las6 nguyén t6 va a la sd nguyén sao cho (a, p)=1. Khi d6: a"*=1 (mod p).
Chting minh
Xét cac 0 a, 2a, ..., (p—1)a. Dé thdy, khong c6 sd nao trong p-1 sb trén chia hét
cho p va khong c6 hai s6 nao c¢6 cung s6 du khi chia cho p. Vay khi chia p-1 s ndi trén
cho p, tanhan duwoc cacsd6 duwlal, 2, ..., p-1.Suy ra a.(2a).(3a)...(( p-1) a)51.2.3.( p-1)
(mod p)hay (1.2.3..(p-1)).a"*=1.23..(p-1) (mod p)
Vi (1.23..(p-1),p)=1 nén a**=1(mod p).

* Vi du minh hoa:

Bai toan 1. Tim s6 nguyén t6 p sao cho 2° +1 chia hét cho p.

Hudng dan gidi
Gia st p la s6 nguyén td thoa man 2° +1:p.
Theo Pinh If Fermat: 2° =2(mod p) = 2° —=2ip =>3=(2" +1)-(2° -2)ip= p=3.

Véi p=3tacd2°+1=9: 3.

Bai toan 2. Cho p la sd nguyén t8 16n hon 2. Chitng minh rang c6 v6 s s8 tw nhién thoa
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n.2" —1chia hét cho p.

Hudng dan gidi
Taco 2°'=1(mod p), tatim n=m(p—1) sao cho n.2"=1 (mod p).
Ta cé: n.2" =m(p—1).2"" " =m(p—1)(mod p) =n.2"=-m=1(mod p)
=m=kp-1(keN").
Vay, v6i n=(kp—1)(p—1) (keN*) thi n.2> -1ip

Bai toan 3. Cho p 1a s6 nguyén t8, chitng ming rang s& 2° —1chi c6 wéc nguyén t8 cé dang
2pk+1.

Hudng dan gidi
Goi q la wdc nguyén td cua 2° -1 thi q 1é, nén theo Dinh 1i Fermat:
2t 1ig=> (2P -1,2' —1)=2"""Y _1ig=qg-1ip, vinéu (g—1,p)=1 thi 1liq, vO li.
Mit khac, g—1 chan suy ra q -12p=>q=2pk+1 .

C. BAI TAP AP DUNG
Bai 1. Tim s6 nguyén t6 p sao cho cac s6 sau ciing la sO nguyén to:

a)p+2vap+10.

b) p+10 va p +20.
Bai 2. Chitng minh rang néu n va n?+ 2 1a cdc s8 nguyén t& thi n*+2 ciing 1a s§ nguyén t3.
Bai 3. Chttng minh rang néu a, a +k, a + 2k ( a,k € N* ) 1a cac s8 nguyén t8 16n hon 3 thi k
chia hét cho 6.
Bai 4. Chting minh rang néu p la s6 nguyén t3 16n hon 3 thi (p - 1)(p + 1) chia hét cho 24.
Bai 5. Mot sO nguyén t6 p chia cho 42 ¢6 duw la mot hop so r. Tim r.
Bai 6. Mot s8 nguyén t8 p chia cho 30 c6 s6 du 1a r. Tim r biét rang r khong la s6 nguyén
to.

Bai 7. Chirng minh rang s& 11...1211...1 1a hop s8 véi n>1.
n n

Bai 8. Tim n s6 sao cho 10101...0101 (n chit s6 0 van + 1 chit s6 1 xen ké nhau) la s nguyén to.
Bai 9. Cac s0 sau la s6 nguyén t6 hay hop s6.

a) A=11..1(2001 chit s5 1);

b) B= 11...1 (2000 chit s8 1);

) C=1010101;

d) D=1112111;
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e) E=1!+2!+3! +.+100!;
g)G=3.5.7.9-28;
h) H=311141111.
Bai 10. Cho ne N* chiing minh rang cac s& sau 1a hop sd:
a) A=22"" 13
b)B= 27"
cC=2
Bai 11. Cho p la s nguyén t3 16n hon 5, chting minh rang p* =1 (mod 240).

+7;

26 n+2

+13.

Bai 12. Chiing minh rang day a, =10" +3 ¢4 v6 s8 hop sd.

Bai 13. Chiing minh rdng v6i mdi s6 nguyén t8 p c6 vo s6 dang 2" —n chia hét cho p.
Bai 14. Tim ne N* @& n®—n’+n-1 la s6 nguyén td.

Bai 15. Tim cac s6 X, Y € N* sao cho x* +4y* la s6 nguyén to.

n(n+1)(n+2)
6

Bai 16. Tim tat ca cac sd nguyén t6 p c6 dang +1 (n21).

Bai 17. Cho ne N*, chting minh A=n*+4" 1a hop s6 véi n> 1.
Bai 18. Giai phuwong trinh nghiém nguyén 4(a—x)(x—b)+b-a=y*> (1)
trong d6 a, b 1a cac s6 nguyén cho truede va a > b.
Bai 19. Cho tap hop A gom 16 s6 nguyén duong dau tién. Hay tim s6 nguyén duong Kk
nho nhat cé tinh chat: Trong moi tdp con gom k phan t&r cia A déu ton tai hai s6 phan biét
a, b sao cho a’+b* 1a sd nguyén td.
(Trich dé thi hoc sinh gidi l6p 9 tinh Bic Ninh 2017-2018)

Bai 20. Chttng minh rang néu a,a+m,a+2m la cic s6 nguyén t& 1én hon 3 thi m chia hét
cho 6.
Bai 21. Cho tap A={6;12;18;24}. Tim s nguyén t5 p sao cho p cong véi mdi phan ti cta
A cling la nguyén t6.
Bai 22. Tim s6 nguyén t6 p sao cho p*+2 cling la s& nguyén t3.

(Vong 2, THPT Chuyén — Dai hoc Quoc gia Ha Noi, nam hoc 2007 —2008)
Bai 23. Cho cac biéu thitc A= x* +4;B = x* + x+1. Tim cac sO tu nhién x d&€ A va B déu la
cac sO nguyeén to.
Bai 24. Gia st phuong trinh X’ +ax+b+1=0 c6 hai nghiém nguyén duong. Chitng minh
rang a’+b* 1a hop sd.
Bai 25. Giai phuong trinh  Xx* —mx+n =0 biét phwong trinh c6 hai nghiém nguyén duong
phan biét va m, n la cac sd nguyén t6.
Bai 26. (Trich dé vao 10 Chuyén Vinh nim hoc 2013-2014)
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T A oA 1A . oy 2013n*+3 .. . n
Gia st n la s6 nguyén t6 16n hon 2. Chitng minh rang — 8 la s6 nguyén duong.

Bai 27. (Trich dé thi hoc sinh gi6i I6p 9 Ninh Binh nam hoc 2018-2019)
Tim tat ca cac by ba sd nguyén to (p;q; I’) sao cho pgr=p+q+r+160.
Bai 28. (Trich dé thi hoc sinh gidi 16p 9 Bic Ninh nim hoc 2018-2019)
Tim s6 nguyén t6 p thoa man p’ —4p+9 1a s6 chinh phuong.
Bai 29. (Trich dé thi hoc sinh giéi I6p 9 Phii Yén nam hoc 2018-2019)
Tim hai s& nguyén t& p, g sao cho 8q+1= p°.
Bai 30. (Trich dé thi hoc sinh gioi I6p 9 Thdi Binh nam hoc 2018-2019)
Tim t4t ca cc bd sd nguyén duong (X;y;z)sao cho );:FZ% la s6 hitu 4 va
X’ +y% +12° 1a s8 nguyén t6.
Bai 31. (Trich dé thi hoc sinh gioi lop 9 Quang Nam ndm hoc 2018-2019)
Cho s8 nguyén t& p(p>3) P vahaisd nguyén duonga,bsao cho p* +a* =b.
Bai 32. (Trich dé thi hoc sinh giéi I6p 9 Thanh Héa nam hoc 2017-2018)
Cho @, b1a cac s& nguyén duong thdéa man p=a’ +b* 1a s6 nguyén t6 va p—5 chia
hét cho 8. Gia st X,y la cdc s6 nguyén thoa man ax”’ —by” chia hét cho p. Ching
minh rang ca hai s§ x,y chia hétcho p.
Bai 33. (Trich dé thi hoc sinh giéi I6p 9 Thanh Héa nam hoc 2016-2017)
Cho p la s8 nguyén t& 16n hon 5. Chting minh p*'° -1 chia hét cho 60.
Bai 34. (Trich dé thi hoc sinh giéi I6p 9 Nghé An ndm hoc 2016-2017)
Tim tat ca cac s6 nguyén to khac nhau m, n, p, q théa man
1 1 1 1 1

—t—t—+—+
m n p q mnpq

Bai 35. (Trich dé thi hoc sinh giéi I6p 9 TP Ha Ngi nam hoc 2014-2015)

=1

2" 4+21 41 lahop sd

Cho n nguyén duong. Chitng minh rang A=
Bai 36. (Trich dé thi hoc sinh gidi I6p 9 Vinh Long nam hoc 2015-2016)
Cho p va qla cac s6 nguyén td 16n hon 3 va thoa man p=q+2 . Tim s6 dw khi chia
p+q cho 12.
Bai 37. (Thi vao 16p 10 chuyén Lé Hong Phong niam 1981)
Chting minh rang néu p va p®+2 1a hai s& nguyén t6 thi p®+2 cling la s& nguyén
to.

Bai 38. (Trich dé thi hoc sinh gioi l6p 9 Nghé An ndm hoc 2014-2015)
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Tim sO tu nhién n sao cho s6 2015 c6 thé viét dwgc thanh tong cta n hop sd nhung
khong thé viét duoc thanh tong cua n+1hop so.
Bai 39. (Trich dé thi hoc sinh gidi I6p 9 Thanh Héa nam hoc 2014-2015)

Tim tat ca cac sd nguyén t0 p, g sao cho ton tai s6 tw nhién m thoa man: P9 _ m” +1 .
p+tq m+1
Bai 40. (Trich dé thi hoc sinh giéi I6p 9 Hdi Dwong nam hoc 2014-2015)
Tim s8 nguyén t6 p sao cho cac s6 2p” —1; 2p® +3; 3p” +4 déu la s6 nguyén té.
Bai 41. (Trich dé thi hoc sinh giéi 16p 9 Cém Thity ndm hoc 2011-2012)
Tim s8 tu nhién n d&€ A =n*" +n*"
Bai 42. (Trich dé thi hoc sinh gioi I6p 9 Tién Hai ndm hoc 2016-2017)
Tim tat ca cac sO nguyén duong a, b, ¢ thoa man:
a-b\2
b-cv2

Bai 43. (Trich dé thi hoc sinh giéi I6p 9 Gia Loc ndm hoc 2015-2016)

+11a s6 nguyén to

lasS httu i va a’ +b® +c¢? 1a s6 nguyén td

Tim s6 nguyén t6 k d€ k* +4 va k* +16 dong thoi 1a cdc s6 nguyén t6.
Bai 44. (Trich dé thi hoc sinh gi6i I6p 9 Luc Nam nam hoc 2018-2019)
Cho p la sd nguyén t8 16n hon 5. Chting minh p* —1 chia hét cho 100

Bai 45. Gia str a, b 1a cac s0 tw nhién sao cho p= b |2a-b

1a sO nguyén to0. Tim gid
4\ 2a+h sy &

tri I6n nhat cta p.
Bai 46. (Trich dé chon hoc sinh gioi 6p 9 Amsterdam nam hoc 2018-2019)
Tim tét ca cdc bd ba s6 nguyén dwong (p; q;n), trong d6 p, q la cac s6 nguyén t6
thoa man: p(p+3)+q(q+3)=n(n+3)
Bai 47. (Trich dé vao 10 Chuyén toin Hai Phong nam hoc 2019-2020)
Tim céac s6 nguyén td p, g thoa man dong thoi hai diéu kién sau:
i) p?q+ pchia hét cho p®+q
ii) pg?+q chia hét cho g° - p
Bai 48. (Trich dé vao 10 Chuyén todn Quang Binh nam hoc 2019-2020)
Cho ahc 12 s6 nguyén t6. Chirng minh ring phuong trinh ax? +bx+c =0 khéng c6
nghiém httu ti.
Bai 49. (Trich dé thi HSG TP. Ha Noi nam hoc 2013-2014)
Tim s& tw nhién 1 ¢& 25" "' -12 1 s6 nguyén t&
Bai 50. (Trich dé vao 10 Chuyén Tin Lam Son nam hoc 2015-2016)
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Cho day s6 tu nhién 2; 6; 30; 210; ... duoc xac dinh nhw sau: s6 hang tht k b:?mg tich
ctia k s6 nguyén t8 dau tién (k =12;3;...) . Biét ring c6 hai s& hang cua day s8 d6 6 hiéu
bang 30000. Tim hai s& hang d6.
Bai 51. (Vong 2, THPT chuyén Dai hoc Vinh, nam hoc 2009 - 2010)
Chitng minh rang véi moi s6 nguyén t8 1é p déu khong ton tai cac s6 nguyén dwong m,n
thoa man : l=i2+i2
p m* n
Bai 52. (Trich dé vao 10 Chuyén Quang Nam nim hoc 2018-2019)
Tim hai s6 nguyén t3 p va @, biét rang P+ va p+4q déu la cic s6 chinh phuong.
Bai 53. (Trich dé vao 10 Chuyén Hdi Dwong nam hoc 2018-2019)
Tim t&t ca cac s8 tie nhién n,k d& n® +4%"1a s6 nguyén t&
Bai 54. (Trich dé vao 10 Chuyén Vinh Long niam hoc 2018-2019)
Tim cdc s tu nhién X thoa man biéu thic P =—x" +x* +14x+49 1a s8 nguyeén t&
Bai 55. (Trich dé vao 10 Chuyén Phu Tho nam hoc 2015-2016)
Chting minh rang néu s6 nguyén n 16n hon 1 thoa man n* +4 va n”* +16 la cac s§
nguyeén td thi n chia hét cho 5.
Bai 56. (Trich dé vao 10 Chuyén Amsterdam nam hoc 2014-2015)
1) Cho s6 nguyén duong n thoa man n va 10 1a hai s6 nguyén t6 cung nhau. Chitng minh
(n* =1):40
2) Tim tat ca cac s6 nguyén t6 p va cac sO nguyén duong x,y théa man { P 2_ 1=2x(x+2)
p"-1=2y(y+2)
Bai 57. (Trich dé vao 10 Chuyén TP H6 Chi Minh nam hoc 2014-2015)
Cho cac s6 nguyén dwong a, b, ¢ sao cho §+E =%
a) Chting minh rang a + b khong thé 1a s§ nguyén t3.
b) Chitng minh rang néu c > 1 thi a + ¢ va b + ¢ khong thé dong thoi la s6 nguyén t&
Bai 58. (Trich dé vao 10 Chuyén Thdi Binh nam hoc 2014-2015)
Cho a, b, ¢, d 1 cic s6 nguyén dwong thoéa man: a’ +ab+b?* =c? +cd +d?. Chung
minh a+b+c+dlahop so.
Bai 59. (Trich dé HSG I6p 8 Gia Vién niam hoc 2014-2015)
Tim s8 tw nhién n d€ pla s6 nguyén td biét: p=n°®-n*+n-1.
Bai 60. (Trich dé HSG I6p 8 Thanh Chwong niam hoc 2012-2013)
Ching minh Vne N*thi n® +n+2 1a hop s6
Bai 61. (Trich dé HSG I6p 8 Biic Ninh niam hoc 2018-2019)

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Cho a,b,c la cac sd nguyén khac 0, a ¢ sao cho% = %. Chting minh rang
a’ + b’ + c*khong phai la s6 nguyén td.
Bai 62. (Trich dé HSG I6p 8 Triwec Ninh nam hoc 2017-2018)

Cho pva 2p+1la s8 nguyén t& 16n hon 3. Chiing minh rang 4p +11a hop s8
Bai 63. Cho s6 nguyén t& p > 3. Biét rang cd s6 tu nhién n sao cho trong cach viét thap
phan ctia s§ p" ¢6 dung 20 chit s6. Chiing minh rang trong 20 chit s& nay c6 it nhat 3 chit
s giong nhau.

Bai 64. (Trich dé vao 10 Chuyén Vinh nam hoc 2015-2016)
Tim céac s6 nguyén td p, ¢ théa man p+q =2 (p - q)2 .
Bai 65. (Trich dé HSG I6p 6 Hoang Héa 2018-2019)
Tim tat ca cac s6 nguyén td p, q sao cho 7p+q va pg+11 déu la sb nguyén td.
Bai 66. (Trich dé HSG Iép 6 Song L6 2018-2019)
Biét abcd 12 nguyén t8 c6 bon chit s6 thoa man ab; cd ciing 13 cac s8 nguyén t&
va b? =cd +b—c. Hay tim abcd
Bai 67. (Trich dé Chuyén Khoa hoc tw nhién Ha N¢i nam 2009-2010)
Tim s6 nguyén duong n sao cho tdt ca cac s6
n+1,n+5n+7n+13,n+17 n+25 n+37 déu la nguyén tG.
Bai 68. (Trich dé HSG I6p 6 Gia Binh 2018-2019)
Gia st p va p?+2 la cac sd nguyén t6. Ching to p°+ p? +1 ciing 1a s nguyén t6.
Bai 69. (Trich dé HSG lép 6 Nghia Dan 2018-2019)
Tim hai s6 nguyén t3 X, Y thoa man Xx* —y* =45,
Bai 70. (Trich dé HSG I6p 6 Nhw Thanh 2018-2019)
1) Chting minh rang hai s6 2n+1 va 10n+7 1a hai s8 nguyén t& cling nhau véi moi
sO tw nhién n.
2) Tim cdc sd X,y nguyén td d& x* +23=y°.
Bai 71. (Trich dé HSG I6p 6 Nong Cong 2018-2019)
Tim s8 nguyén t8 ab(a >b > 0), biét ab—ba 1a s8 chinh phuong
Bai 72. Tim t4t ca cdc sd nguyén t8 p d€ 4p° +1 va 6p° +1 cling la s& nguyén té.
Bai 73. Gia st p va q 1a cdc s8 nguyén t& thoa man dang thiic p (p - 1) =q ((f - 1) .
a) Chttng minh rang ton tai s6 nguyén dwong k sao cho p —1 = kq,q> —1 = kp.
b) Tim tat ca cdc s8 nguyén t& p, q thdéa man dang thic p ( p— 1) =q (q2 — 1) .

(Trich dé vao 10 Chuyén Khoa hoc tw nhién Ha Noi 2017-2018)

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

Bai 74. Cho p, q, 1, s 1a cac s6 nguyeén t& 16n hon 3. Chitng minh rang p* —q* + 1> —s* chia
hét cho 24.
Bai 75. Tim tat ca cac cip s8 nguyén 8 (p;q) sao cho p*—2q* =1.

Bai 76. Chiing minh rang v6i moi s3 nguyén td p thi p® +pT_1 khong phai la tich ctia hai

sO tw nhién lién tiép.
Bai 77. Tim cac sd nguyén td p, q, r théa man p?+q° =r
Bai 78. Tim cac s6 nguyén td p,q,r théa man cac diéu kién sau:
5<p<q<r;49<2p’—r*;2q° -1’ <193
Bai 79. Tim tat ca cac by ba sd nguyén td a,b,c d6i mot khac nhau thoa man diéu kién
20abc < 30 (ab +bc+ ca) <2labc

Bai 80. Tim c4c s6 nguyén t3 p, q va s6 nguyén x thoa man x° + px+3q=0

2

4 A ~ A? \ + 1 \ /4 ~ 4
Bai 81.Tim s6 nguyén to p dé p;— ! va L > la cac s6 chinh phirong.
. s L (F)(2xs1)
Bai 82. Chitng minh rang néu ton tai s6 nguyén duong x thoéa man 012 la mot

s0 chinh phwong thi x 1a hop so.

Bai 83. Tim tat ca cac sd nguyén t6 p sao cho la 1ap phwong cua mot s6 tw

p’-p-2
2

nhién.

Bai 84. Cho bay s nguyén t6 khac nhau a,b,c,a+b+c,a+b—-c,a+c—b,b+c—a trong do6

hai trong ba s8 a, b, c c6 tdng bang 800. Goi d 1 hiéu gitta s8 16n nhat va s6 nho nhat trong

bay s6 nguyeén t6 d6. Hoi gia tri 1on nhat ctia d c6 thé nhan la bao nhiéu.

Bai 85. Cho p 1a sd nguyén t6. Tim tat ca cac s6 nguyén k sao cho k*-pk la so

nguyén duong

Bai 86. Tim s0 nguyén duong n I6n nhdt sao cho s6 2016 viét dwoc thanh

a,+a,+a, +..+a_ trong do cac s6 a,;a,;a,;..;a, la cac hop so. Két qua trén thay doi nhu

thé ndo néu thay s 2016 bang s& 2017.

Bai 87. Tim tat ca s6 nguyén t6 p, q, r thoa man phuwong trinh (p + 1)(q + 2)(r +3)=4pqr.

Bai 88. Cho s6 tu nhién n>2, xét cac s6 a,;a,;..;a_ va cac sO nguyén t0 phan biét

n

PP, P, thoa man diéu kién p, |a1 —a2| =p, |a2 —a3| =..=p,la, —a1|. Chttng minh rang

a,=a,=..=a_.

n

Bai 89. Ton tai hay khong s6 nguyén t8 a, b, ¢ thoa man diéu kién a® +2011=c.
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Bai 90.Tim tat ca cac s6 nguyén td p sao cho véi moi sd nguyén t6 p dé ludn ton tai cac s6
N » ~ n_ 3 3

nguyén duwong n, x, y thbaman p =X +y".

n’+8n”+1

Bai 91. Tim tat ca cac sd nguyén dwong n sao cho phan nguyén cua . la mot s6
n

nguyeén to.

2 2
Bai 92. Cho p 1a s8 nguyén t5 sao cho A=>"PY 13 55 tyy nhién. Khi d6 A= p+1.
Xy

Bai 93. Tim t4t ca cdc s6 nguyén t6 p va q théaman p’ —q° =(p+ q)2 .
Bai 94. Cho a, b 14 cac s8 nguyén va p 1a s6 nguyén t3 1&. Chitng minh rang néu p* 1a wéc
cia a’ +b* va a(a+b)2 thi p* cling la wéc cia a(a+b).
Bai 95. Tim cdc s6 nguyén khong 4m a,b sao cho a’ —b*—5a+3b+4 la sd nguyén td.
Bai 96. Cho da thite f(x)= ax’ +bx*+cx+d vdi a la s8 nguyén duong. Biét
f(5)- £(4)=2012. Chitng minh rang f(7)-f(2) la hop s3.
Bai 97. Cho da thttc bac ba f(x) voi hé s6 ctia x* la mdt s6 nguyén duwong va biét
f(5)—£(3) =2010 . Chting minh rang £(7)—f(1) 1a hop s6.
Bai 98. Tim t&t ca cac bd ba s nguyén duong (m;p;q) sao cho p, q la s6 nguyén t3 va
2" p*+1=q’.
Bai 99.Tim s4u s6 nguyén t& p,; P,; Ps; Ps; Ps; Pe thoa man p’ +p;+p;+p; +p: =p.-
Bai 100. Cho s6 nguyén t6 p dang 4k +3. Ton tai hay khong sd nguyén a nao thoa diéu
kién (a2 +1)§p
Bai 101. (Trich dé thi HSG thanh phdHa N§i nam 2019-2020)
Tim tdt ca cac bo ba s6 nguyén duong (x,y, p) voi p la s6 nguyén td thoa man
X* + p?y? =6(x+2p).
Bai 102. Cho a,b,c la cic s§ nguyén duong. Chting minh a+b+2+vab+c? khong phai la
sO nguyén to.

(Tuyén sinh vao 16p 10 chuyén TP Ha N§i, 2017).
Bai 103.
a) Chitng minh rang véi moi s& nguyén t8 khac 2 va khac 3 ¢6 dang: 6m+1 hoac
em-1.
b) Chitng minh rang c6 v6 s6 s6 nguyén t& ¢6 dang 6m-1.

(Thi hoc sinh gi6i quoc gia 1991 — 1992)

Bai 104. Tim cac sd nguyén td X, Y,z thoa X’ +1=1z.
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Bai 105. Chiing minh rang néu 1+ 2" +4"(n € N*) 1a s6 nguyén t& thi n=3" véi ke N.
Bai 106. Cho a,b,c,d € N* thoa man ab=cd . Chitng minh rang: A=a"+b"+c"+d" 1a hop

sOvoimoi Ne N,

n(n+1)
2

Bai 107. Tim tat ca cac sO nguyén t0 p dang -1 (nx1).

) N ~, 2 s N . ~ AN ab A A A
Bai 108. Tim tat ca cac s6 co hai chit s6 ab sao cho —— 1a s0 nguyén to.

[a—b)
Bai 109. a) Cho 2* +1 1a s& nguyén t& (goi la nguyén t3 Fermat). Chitng minh rang k =0
hodc k =2".
b) Cho 2 -1 1a s6 nguyén t& (goi 1a s6 nguyén t& Mersenne). Chiing minh rang k 1a s&
nguyeén to.
Bai 110. (Thi hoc sinh gioi TP H6 Chi Minh 1995 — 1996)
1) Cho biét x,y,z la cac s6 nguyén sao cho (x-y)(y-z)(z—x)=x+y+z.Chttng minh
rang ta co: x+y+z 1a boi s8 ctia 27.
2) Chttng minh rang véi k nguyén duong va a la s§ nguyén t6 16n hon 5 thi a* -1
chia hét cho 240.
Bai 111. Chitng minh rang: (p — 1)! chia hét cho p néu p 1a hop s8, khdng chia hét cho p
néu p la s6 nguyén to.
Bai 112. Chting minh rang: moi udc nguyén t3 cta 1994! — 1 déu 16n hon 1994.
Bai 113. Chitng minh rang: n > 2 thi gifta n va n! c6 it nhat 1 s8 nguyén 3 (tr d6 suy ra c6
v sO sO nguyén to).

p

. Chting minh rang m 1a hop s6 1¢ khong

Bai 114. Gia st p la s nguyén to 1é va m=

chia hét cho 3 va 3" =1 (mod m).

Bai 115. Chting minh rang day s& 2003+ 23k véi k =1,2,3.... chtta v6 han s 1a Iy thita cta
cung mot s6 nguyeén to.

Bai 116. Tim bay s nguyén t5 sao cho tich ctia chiing bang tong céc lily thita bac sau ctia
bay so do.

Bai 117. Tim tat ca cdc s6 nguyén t8 p c6 dang p =a’ +b* +c* véia, b, c 1a cac s& nguyén
duwong thoa man a* +b* +c* chia hét cho p.

(Trich dé todn 10 chuyén sw pham Ha Noi ndm 2011-2012)

2 2

Ty

Bai 118. Tim tat ca cac cdp sd nguyén duong (X, Y ) sao cho

la s& nguyén duong va

la wdc so cua 1995.
Bai 119. Mot xi nghiép dién t trong mot ngay da giao cho mot ctra hang mot s6 may tivi.

S6 may nay la mot sd c6 ba chit s6 ma néu tang chit s6 dau lén n lan, giam cac chix s6 tht
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hai va th ba di n lan thi sé dwoc mot s6 méi 16n gap n lan s6 may da giao. Tim n va sd
may tivi da giao.

Bai 120. Tim 3 s6 nguyén td sao cho tich ctia chung gap 5 lan tong cta ching.

Bai 121. Cho n 1a s8 nguyén duwong. Chtng minh rang luén ton tai n s& tu nhién lién tiép
sao cho chung la hop so.

Bai 122. Cho s8 nguyén duong n thoa man 2" -1 1a s6 nguyén 3. Chitng minh rang n 1a
sO nguyén to.

Bai 123. Tim s6 nguyén t& p dé 2° + p’ ciing la s6 nguyén td.

Bai 124. Cho p,q 1a cic s6 nguyén t6 va phuong trinh x* - px+q=0 c6 nghiém nguyén
dwong. Tim p va q .

Bai 125. Cho p,q,r la cdc s6 nguyén t6 va n 1a cac sd ty nhién théa p"+q" =r° . Ching
minh rang n=1 .

Bai 126. Cho p la s6 nguyeén t& dang 4k +3 . Chiing minh rang x*+ Yy’ chia hét cho p khi
va chikhi x va y chia hétcho p .

Bai 127. Tim c4c s8 ty nhién m,n sao cho x =3 **"%1 1 4 13 s nguyén t&.

Bai 128. Tim t4t ca cac s3 tw nhién a,b,c sao cho &’ +b’ +c¢® —3abc 1a s§ nguyén t6.

Bai 129. (Trich dé thi HSG qudn Thanh Xudn ndm 2019-2020)

Chiing minh rang, néu p va 8p®+1 la hai s§ nguyén t5 1é thi 8p*+2p+1 la s&
nguyén to.

Bai 130. Tim c4c s8 nguyén t3 a,b,c va s nguyén duong kK sao choa’+b? +16¢* =9k* +1 .
Bai 131. Tim cac s6 nguyén t6 p va q sao cho p?|g°+1 va q*|p°-1.

Bai 132. Ta goi p, gla hai s6 nguyén t0 lién tiép, néu gitta p va g khong cé sO nguyén t6
nao khéc. Tim ba s8 nguyén t0 lién ti€p p, g, r sao cho p’ +q* +r’ ciing la s6 nguyén tJ.

Bai 133. Cho s6 A =%. Chttng minh A la mot hop so.
Bai 134. Cho pva p+2 la sd nguyén t& ( p>3 ). Chting minh rang p+16.
Bai 135. Cho p va p+41a cicsd nguyén t8 (p>3). Chimg minh réng p+8 la hop sd.
Bai 136. (Chuyén Viing Tau 2016-2017)
Tim c4c cdp s6 nguyén t8 (p,q) thoa man p’-5q° =4.
Bai 137. Chting minh rang trong 12 s6 nguyén t3 phan biét luén chon ra dugc 6 s3 ky
hiéu p,, P,, P;, Py, Ps, P sao cho (p,—p,)(P,— Ps)(Ps+ Pg ):1800.
Bai 138. (Dé thi HSG Todn TP.HCM nam hoc 2004 — 2005)
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i s i w w NS L L PP
Tim tat ca cac s nguyén dwong n sao cho phan nguyén cua 3 la mot s6
n

nguyeén to.
Bai 139. Cho p,q la hai s8 nguyén t& sao cho p>@>3 va p-q=2. Chitng minh rang:
(p+q)i12.
Bai 140. Tim sd nguyén t0 p sao cho p+10 va p+14 la cac sd nguyén to.
Bai 141. Cho p 1a s6 nguyén t6 16n hon 3. Chtrg minh 2007 — p? chia hét cho 24.
(D#é tuyén sinh Chuyén Toin Amsterdam 2017).
Bai 142. Tim ba sO nguyén té p, g, r sao cho p?+q° =r.
Bai 143. a) Chttng minh rang s6 du trong phép chia mot s6 nguyén t& cho 30 chi ¢6
thé la 1 hodc la mét s6 nguyén td. Khi chia cho 60 thi két qua ra sao?
b) Chttng minh rdng néu tong ctia n liiy thita bic 4 cta cac sd nguyén 3 16n
hon 5 1a mét s6 nguyén to thi (n,30)=1.
Bai 144. Tim tat ca cac by ba s6 nguyén t6 a, b, ¢ sao cho abc<ab+bc+ca.
Bai 145. Cho day s6 nguyén dwong a,,0,,...,a, duoc xac dinh nhu sau: a,=2, a, la wdc
nguyén t 16n nhét cta a,a,...a, , +1 véi n>2. Chttng minh rang a, #5 v6i moi k.
Bai 146. Tim tat ca cdc s6 nguyén t& p dé 2° + p’ cling la s6 nguyén td.
Bai 147. Tim ne N* dé& n* +n®” +1 1a s6 nguyén t0.
Bai 148. a) Tim cac sO nguyén t6 p dé 2p+1 1a 1ap phuwong cia mét s6 ty nhién.
b) Tim céc s6 nguyén t6 p d€ 13p+1 1a lap phuong ctia mét s6 ty nhién.
Bai 149. Cho a,b,c,d e Nthéamana>b>c>dvaac+bd =(b+d+a-c)(b+d-a+c)
Chiting minh rang ab + cd 1a hop s8.
Bai 150. Cho c4c s6 nguyén duong a,b,c,d théa man: a* +b* =c? +d*.
Chtang minh a+b+c+d lahopso.
(Trich dé thi HSG I16p 9 Nghé An 2014-2015)
Bai 151. Chting minh rang néu 1+2" +4"(ne N) 1a s8 nguyén t& thi n=3" véi keN.
Bai 152. Tim s0 tu nhién n sao cho s6 2015 c¢6 thé viét duoc thanh tong ctia n hop sd nhung
khong thé viét dwgc thanh tong ctia n + 1 hop s0.
(Trich dé thi HSG lép 9 Nghé An 2014-2015)
n(n+1)

Bai 153. Tim tat ca cac sO nguyén t6 p dang -1 (n>1).

. 2n+1
Bai 154. Chting minh rang s6 A = 2? +31 la hgp s6 vdi moi s6 tw nhién n.
(Trich deé thi HSG lop 9 Nghé An 2017-2018)
Bai 155. Cho neN’, chitng minh rang 22" 419 va 2" 437 45 1a nhing hop s6.
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~ Bai 156. Chitng minh réng khong ton tai cac s& nguyén dwong m,n,p vi p nguyén
t6 thoa man:  m™" +n™" =p™"
(Trich dé thi HSG Iép 9 TP. Ha Ngi 2017-2018)

Bai 157. Tim sO ty nhién n sao cho n+3 la s6 nguyén t6 va A=2n+7 la lap phuong cta
mot sO ti nhién.
Bai 158. Chting minh rang néu b 1a s§ nguyén t& 16n hon 3 thi s§ A=3n+1+2009b° la
hop s6, v6i moi sO tu nhién n.

(THPT chuyén Quang Ngdi, nam hoc 2009-2010)

HUONG DAN GIAI

Bai 1. a) b) Bap s6: p = 3. Xét p dudi cac dang: p=3k, p=3k+1, p=3k+2 (keN).
Bai 2. n=3.
Bai 3. SO nguyén t6 16n hon 3 ¢6 dang 6n +1, 6n + 5. Do d6 3 s6 a, a + k, a + 2k phai ¢ it
nhat 2 s0 c6 cuing mot dang, hiéu la k hodc 2k chia hét cho 6, suy ra k chia hét cho 3.
Bai4.Taco (p-1)p(p+1):3 ma(p,3)=1nén
(P-D(p+D:3 (D)

p 1a s6 nguyén t6 16n hon 3nén p la s 1é, p - 1 va p + 1 1a hai s& chén lién tiép. Trong hai
s6 chén lién ti€p, c6 mot s6 1a bdi ctia 4 nén tich ching chia hétcho 8 (2).
Tt (1) va (2) suy ra (p -1)(p + 1) chia hét cho hai s6 nguyén t& cung nhau 3 va 8.

Vay (p-1)(p+1):24.
Bai5. Taco p=42k +r=2.3. 7k +r (k, r eN, 0 <r <42). Vi p la s6 nguyén t0 nén r khong
chia hétcho 2, 3, 7.
Cac hgp s6 nho hon 42 va khong chia hét cho 2 1a 9, 15, 21, 25, 27, 33, 35, 39.

Loai di cac s chia hét cho 3, cho 7, chi con 25. Vay r = 25.
Bai 6. Taco p=30k +r=2.3.5k +r (kr eN,0 <r<30). Vi p la sd nguyén t6 nén p khong
chia hét cho 2, 3, 5.
Cac hgp s6 nhé hon 30 va khong chia hét cho 2 1a 9, 15, 21, 25, 27.
Loai di cac s6 chia hét cho 3, 5 thi khong con s6 nao nira. Vay r khdng phai 1a hop so.
r khong phai la hop s6 cling khong phai la s6 nguyén to, suy rar =1.
Bai 7. 11..1211..1=11..10..0+11..1=11..1(10" +1).

1. 1
— [S———
n+l n n+1 n+1

suy ra dpcm.
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(10" —1)(10™* +1)

Bai 8. p=1010...101=
9.11

n=1: p =101 la s6 nguyén to.
n>1: plahop sod.

Bai 9.T4t ca déu la hop s6.
a) A=11..1=1+1+..+1:3.

2001 2001

b)B =11...1:11.
—_—

2000

c¢) C=1010101:101.

d) D=1112111=1111000+1111:1111.

e) E:3 vi 14+21=3:3, con 34 44...+100! cling chia hét cho 3.

g) G=3.5.7.9-28 chia hét cho 7.

h) H=311141111 = 311110000 + 31111 chia hét cho 31111.
Bai 10. Chttng minh A:7;B:11;,C:29.
Bai 11. 240 =24 3. 5.
Bai12.n=6k +4, keN.
Bai 13. p =214y n chdn; p >2 18y n = (pk - 1)(p -1), keN*.
Bai14. n® —n*+n-1=(n-1)(n* +1), n =2.
Bai 15.
X' +4y* = (X +4x%y? +4y*) —4xPy? = (X2 +2y?)% — (2xy)? = (X* = 2xy + 2y*)(X* + 2xy + y?)
x=y=1thi x*+4y* =5 la s6 nguyén td.
n(n+1)(n+2) 1o (n+3)(n* +2) ‘

6 6

Véi N>24 thin+3>6van2+2>17.

Bai16. p =

n + 3 va n? +2 hodc mot s§ chdn, mot s chia hét cho 3; hodc mot trong hai s chia hét
cho 6, khi d6 plahop s6 véin=1, 2, 3 thi p=2, 5, 11 1a cac s6 nguyén td.
Bai 17. n chan thi A chia hét cho 2.
nlé, ddatn=2k +1 (keN¥), ta co:
n4 +4n — n4 +42k+l — (n2 + 22k+1)2 -2 n2 22k+l
— (n2 + 22k+1 _ n-2k+l)(n2 + 22k+1 +n.2 k+1)
=[(n-2)" + 2 ][ (n+2")* +2* |
Bai 18. Gia sit phuwong trinh (1) c6 nghiém x,y nguyén. Xét nghiém y nguyén duwong . Vi

a>bnén tlr (1) c6 x#a,x#b va 4@-x)(x-b)>0, suy rab <x<a. Bat a—x=m,x-b=n

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

~ thi m, n duong. Ltic d6 (1) tré thanh 4mn—m-n=y? (2) véi m, n, y nguyén duong. Bién
d6i (2) < (4m—1)(4n—1)=4y* +1 (3)

Vi tich cac s0 dang 4k + 1 lai ¢6 dang d6 nén sd 4m - 1 phal c6 wéc nguyén td dang p = 4k
+3. Tir (3) c6 (4y*+1)ip hay 4y?=-1 (mod p) (4). Suy ra (y, p) = 1. Theo dinh li nho

p-1

Fermat (2y)"" =1(mod p) = [(Zy)z} 2 =1(mod p) .

p-1

Tir do6 va (4) c6 (~1) 2 =1(mod p) = (-1

)2k+l =1(mod p) = mau thuan.

Vay phuong trinh (3) khong c6 nghiém nguyén.

Bai 19. Ta xét tdp T gdm cac s8 chan thudc tap A.Khidé |T|=8 vavéi a, b thudc T ta
c6 a?+b?,doddé k>9

Xét cac cap so sau:

A = {14} U {32} U {516} U {6;15} U {7;12} U {813} U {9;10} U {1114}

Ta thay tdng binh phuong ctia mdi cip sd trén déu la s6 nguyén t&

Xét T lamot tap con ctia A va |T |=9, khi d6 theo nguyén li Dirichlet T sé chtta it nhat 1
cdp ndi trén.

Véy kmin =9

Bai 20. C4c s6 nguyén 8 16n hon 3 déu la s6 1. Néu m 1a sd 1é thi a+m la s6 chan 16n
hon 3 nén khong 14 s6 nguyén t8. Vay m la sd chdn, m=2p (p la sd nguyén duong).
Néu p=3k+1 thibaso dachola a,a+6k+2,a+12k+4.

Néua chia cho 3 duw 1 thi a+6k+2:3 (loai).

Néu a chia cho 3 du 2 thi a+12k +4:3 (loai).

Vay p khong co dang 3k +1.

Tuong te p khong cé dang 3k +2. Vay p=3k = m=06k.

Két luan: m chia hét cho 6.

Bai 21. Ta thdy p=2 va p =3 khong thoa man.

Néu p=5k+1(k>1) thi p+24=>5k+25=>5(k +1) khong la sd nguyén to;

Néu p=5k+2 thi p+18=5k+20=5(k +4) khong la sd nguyén t6;

Néu p=5k+3 thi p+12 khong la s6 nguyén t5;

Néu p=>5k+4 thi p+6 khong la sd nguyén to;

Néu p=5klasénguyéntdthi k=1, nén p=5.

Khidé p+6=11, p+12=17,p+18=23,p+24=29.

Vay p =5 la s6 nguyén td thoa man dé bai.

Bai 22. Dt A= p*+2,néu p=2 thi A=18 khong la s§ nguyén t3.

Néu p =3 thi A=83 la s6 nguyén t6.
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Néu p>3 thi p lénéncodang p=3k+1 hodc p=3k+2.
Khi d6 A= p*+2 chiahét cho 3 va A>3 nén A khong la s6 nguyén t5. p =3 la sd nguyén t&
thoa man dé bai.
Bai 23. A= (X" +4x° +4)—4x* = (X* +2)* —4x" = (X* = 2x+ 2)(X* + 2x + 2).
Néu x=0 thi A=4 khong la s6 nguyén to.
Néu x=1 thi A=5,B =3 la cac sd nguyén to.
Néu x>2 thi A=[x(x—2)+2](x*+2x+2) la tich ctia hai s8 tw nhién lén hon 1 nén A la
hop s6. Vay x=1 théa man dé bai.
Bai 24. D& phuong trinh da cho c6 hai nghiém x,X, (¥, %, € N”) thi ta phai c6 :
A>0=a*-4(0+1)>0
Theo dinh ly Vi-ét ta co:
XtX=-a_ a=-(x+x)
XX, =b+1 b=xx,-1
Tacod: a’+b” =[—(x+ xz)]2 + (%%, —1)°
=X +2XX, + X; +X7X5 — 2%, X, +1
=X+ X+ XX +1= (xf +1)(x22 +1)
Do x,X, € N" nén suy ra:
x*+leN X2 +1eN
va
XF+1>2 X2 +1>2
Vay a*+b” e N,a’ +b” 2 4;a” +b” = (x{ +1)(x; +1) = a’ +b’ 1a hop s8.
Bai 25. Goi x, X, la cac nghiém ctia phuong trinh da cho. Theo dinh ly Vi-ét ta cé:
X +X,=m
XX, =N
Do m,n 1a cac s6 nguyén td suy ra x, =1, X, =n ( gia st X, X,).
Tkt X, +X, =m=1+n=m=m,n 1a hai s6 nguyén t0 lién ti€p =n=2,m=3.
Ta c6 phuong trinh: x> —3x+2 =0, phuong trinh nay cé hai nghiém 1a 1 va 2.
Bai 26. Vin la s& nguyén t& 16n hon 2 nén 2013n* +3 = 2008n” +5(n—1)(n+1)+8:8
Vin la s6 nguyén t6 1é nén ta c6 diéu phai chitng minh.
Bai 27.
1. Khong mat tong quat gia st p<q<r .
Véi p=2: 2qr=q+r+162 < 4qr—-2q—-2r =324
& 2q(2r-1)—(2r-1) =325 < (29 -1)(2r -1) =325 =5 -13.
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3<29-1<2r-1=9<(29-1)*<(2r-1)(29-1) < 9<(29-1)* <325 <3< 2q-1<18.
Do 2q-11a uéc caa 5°13 nén 2q-1e{5;13}.
Néu 20-1=5<q=3=r =233 (loai).
Néu 20 -1=13< q=7 = r =13 (thoa man).
par=p+q+r+160 < p(qr-1)—q-r=160
< (qr-1)(p-1)+agr-1-q-r=160 < (qr-1)(p-1)+q(r—-1)—(r—1)-2=160
< (ar-1)(p-1)+(q-1)(r-1) =162.
Néuplé =0;r le = (qr—1)(p—1)+(q—1)(r—1):4 ma 162 khong chia hét cho 4=
Vo ly.
Vay bd ba s6 nguyén t& can tim 1a (2;7;13) va cac hoan vi.
Bai 28. Dt p*—4p+9=t'(te N)
Bién d6i thanh p(p”—4)=(t-3)(t+3) (1)=pl(t-3)vpl(t+3)
Trieong hop 1: Néu plt—3
Dit t—3=pk(keN)
Khi d6 thay vao (1) ta cé:
p(p2 —4) = pk(pk +6) < p* —pk*—6k-4=0
Coi day la phuwong trinh bac hai an p diéu kién can d€ ton tai nghiém cua phuong trinh la:
A=k*+4(6k+4)=k*+24k+16 la mdt s6 chinh phuong.
Mit khéc v6i k>3 ta d& chimg minh dugc (k) <k* +24k+16 <(k* +4)’
Suy ra cac treong hop:

2

k*+24k+16=(k* +1) < 2k’ ~24k-15=0 (loai)
2

k*+24k+16 =(k*+2) < k*~6k-3=0 (loai)

2 (1.2 2 2 . .
K* +24k+16=(k* +3) < 6k*~24k—-7=0 (loai)

Do d6 phai c6 k < 3. Thur truc ti€p dwgc k=3 thoa man.
T doétacd t=36;,p=11.

Luu §: HS c6 thé 1am nhu sau khi thay vao (1)

p(p* —4)=pk(t+3) = k(t+3)=p’ —4=p’ =kt +3k +4
Mt khac ta ¢6 (t-3)* =p’k® = t* —6t+9 =k’ (kt +3k +4)
&t —t(6+K7)+9-3k>—4Kk* =0

Coi day 1a phuwong trinh bac hai an n diéu kién can d€ ton tai nghiém cua phuong trinh la:
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A=(6+1°) ~4(9-3K° ~4k*) =K® +24K° +16k* =k* (k* +24k +16) 1a mdt s§ chinh
phuong. Muoén vay thi k* +24k+16 phai la mot sd chinh phuwong.

Sau d6 cach lam giong nhu trén.

Trieong hop 2: Néu plt+3

Djt t+3=pk(k e N)

Khi d6 thay vao (1) ta c6:p(p’ —4) = pk(pk—6) < p* —pk +6k—4 =0

Coi day la phuong trinh bac hai an p diéu kién can d€ ton tai nghiém cua phuong trinh la:
A=k*-4(6k-4)=k"-24k+16 la mot s§ chinh phuong.

Mit khac véi k>3 ta dé chiing minh duoc (k2 —4)2 <k* —241<+16<(1<2 )2 Suy ra cac
treong hop:

k! —24k+16=(k* ~1) & 2k> ~24k +15=0 (loai)

K24k +16= (K ~2) = K ~6k+3=0 (loai)

K2 ~24k+16 = (K* ~3) & 6k ~24k+7 =0 (loai)

Do d6 phai ¢6 k <3 Thu truc ti€p duwgc k=3 thoa man.

Tt dé suy ra t=3;18 twong tng p=2;7.

Vay tap tat ca gia tri p can timla {2;7;11}

Bai 29. Ta c6 p?chia cho 3 du 0 hodc 1.

Xét p*chia cho 3 dw 0, viplasdnguyén tdnén p=3,suyra q=1, vd li.

Xét p* chia cho 3 du 1, suy ra 8q chia hét cho 3 ma (8;3)=1nén q=3= p =5thoa man.
Vay p=5;q=3 thoa man bai.

X+ Yy+/2019
y +2+/2019

Bai 30. Ta ¢6 :F(m,neN*,(m,n):l)

nx—my=0
= mx—my = (mz —ny)~/2019 :>{ ) :>1:1:>xz:y2
mz-my=0 'y z
X4yt z? =(x+z) —2xz+yr=(x+z) -y =(x+y+z)(x+z-y).
Vi X+ Y+21asdnguyén 1én hon 1 va x> +y* +z°1a s8 nguyén t& nén
X+y + 2P =X+Y+12
X—y+z=1 '
Tedésuyrax =y =z = 1.

X+ y~+/2019
y +2+/2019

Kétluan (x;y;z)=(L11).

Tht lai =1va x> +y*+2° =3 théa man yéu cau bai toan.
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 Bai3lL.Tach: p’+a’=b’< p’=(b-a)b+a).
Cacudccuap?lal, p vap?; khong xay ra treong hopb+a=b-a=p
Do d¢6 chi xay ra truong hopb+a=p*vab-a=1.

p+1 p° -1
2

Khi dé b= va a= suy ra2a=(p-1)(p +1).

Tieplésuyra p+1, p-11ahaisd chin lién ti€p = (p -1)(p + 1) chia hét cho 8.

Suy ra 2achiahétcho8 (1)

Tt p nguyén t6 16n hon 3 nén p khong chia hét cho 3. Do d6 p c6 dang 3k+1 hoac 3k+2.
Suy ra mot trong hai s6 p + 1; p —1 chia hét cho 3 . Suy ra 2a chia hétcho3  (2)

Tte (1) va (2) suy ra 2a chia hét cho 24 hay a chia hét cho 12 (dpcm).

2_
Xét 2(p+a+1) =2(p+ p2 1+1} =2p+p2+1=(p+1)2 la s8 chinh phuong.

Bai 32. Do p-5:8 nén p=8k+5 (keN)
Vi (axz )4k+2 —(by2 )4k+2 5<axz —by? ) p nén P T

Nhén thé,y a4k+2 . X8k+4 _ b4k+2 . y8k+4 _ (a4k+2 + b4k+2 ) X8k+4 _ b4k+2 (X8k+4 + y8k+4)

Do a®2+b%% = (a2 4 (b2 "1(a? +b?) = p va b< p nén X +y***ip (¥)

Néu trong hai s6 X, y c6 mot s6 chia hét cho p thi tir (*) suy ra so thit hai cling chia hét cho
p.
Néu ca hai s X,y déu khong chia hét cho p thi theo dinh 1i Fecma ta ¢6 :

8k+4

x4 = xP* =1(mod p), y*** =y =1(mod p)

= x*** + y¥** = 2(mod p) . Mau thuan véi (*).Vay ca hai s6X va y chia hétcho p.

Bai 33. Taco:

p —1=(p)™ -I" =(p* -1).A=(p-D(p+1(p* +1).A (1) (AeN)

Vi P 1a s8 nguyén t8 1én hon 5 nén p la s8 1&, suy ra p — 1, p +1 12 hai s6 chan lién tiép

=(p-D(p+D):4 (2

Vip -1, p, p+1 1a ba 8 tu nhién lién tiép nén (P —1) p(p +1):3. Nhung p khéng chia hét

cho3nén (P-1)(p+1):3  (3)

Vi p khong chia hét cho 5 nén p c6 mot trong céc dangdK £1; 5k +2

_Néu p=5k+1¢hm p®=25k”+10k +1=5n+1

-Néu p=5k*2thi p®=25k*+20k +4=5I-1

Ca hai treong hop trén déu cho ta p“ -1=5q:5 (4) ( (n,I,geN)

Vi 3, 4, 5 1a cac s6 nguyén td cung nhau tung do6i mot nén tir (1), (2), (3), (4) suy ra
P*™® —1 chia hét cho 4.3.5 tic 1a chia hét cho 60

Bai 34. Khong mat tinh tong quat gia se mM<n <p<q.
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1 1 1 1 1 1 1 1 1 1
Néu m>3 thi —+—+—+—+ <S—+—4+-+—+——-—<1
m n p q mpg 3 5 7 11 357.11
Vay m= 2va(1)tr0thanh1+£+E+L:_()
n p q 2npgq 2
Néu n>5tacol+1+l+ 1 <1+£+1+; l
n p g 2npg S5 7 11 25711 2
11 1 1
Vay N =3 va (2) tro thanh —+— +———<:>(p 6)(q 6)=37
P g 6pg 6

suyra P=7 va =43.

Vay (m;n;p;q) 1a(2;3;7;43) va cic hoan vi ctia né.

Bai 35. Ta co:

2A=2°""242"12=58"+2

Do8=1(mod7)=8"=1(mod 7)= A=5+2=0(mod 7) = A7
Mt khac ta chiing minh duwgc A > 0 nén A la hgp s6.

Bai 36. Do q la s6 nguyén t& 16n hon 3 nén q ¢6 dang 3k+1 hodc 3k+2 vdi ke N'.

+Néu q=3k+1, khi d6 do p=q+2 nén p=3k+3 chia hét cho 3, truong hop nay loai do

p khong phai la sd nguyén t6.

+Néu q=3k+2,khidodo p=q+2 nén p=3k+4.Do p la sd nguyén t6 nén k phai la s

tu nhién lé. Khi d6 ta dwoc p+q= 6(k + 1)512 . Vay s6 du khi chia p+q cho 121a 0.

Bai 37. p®+2=p*-1+3=(p-1)(p+1)+3

Trong ba s0 ty nhién lién ti€p: p—1 p, p+1 cd mot s6 chia hét cho 3. SG d6 khong thé la
p—1 hodc p+1 vinéu gia st nguoc lai, ta suy ra p°+2 chia hét cho3va p*+2>3,voly,

vi p’+2 1a s6 nguyén t6. Vay p phai chia hét cho 3, ma p 1a s6 nguyén t&, do d6 p=3.

Khi p=3= p°+2=3"+2=29 1a s8 nguyén td.

Bai 38. Gia st 2015=4a, +a, +...+4a,, trong d6 a,;a,;...;a,la cac hop s6

Theo bai ra ta c6

+ Madi s6 hang a,;a,;...;a, khong thé viét thanh tong hai hop s6 (1)

+ Tong hai hop s6 bat ki khong thé viét thanh tong 3 hop s6 (2)

Do 2015 1a s6 1é nén ton tai it nhat mot hop s6 1€, hgp s6 d6 phai b:?mg 9vi1;3;5;7;11;13

khong phai la hop so.

Néu cé hop s51é a, >15=a, =9—(a,—9) véi (8, —9)>61a s6 chdn nén a,bang tong hai

hop s6- trai vdi (1)

Mit khac khong c6 qua mot hop s6 bang 9 vi néu c6 hai hop s6 bang 9 thi 9+9=6+6+6 trai
voi (2)
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Do dé: 2015=9+a, +a,+...+a, v6i a,;a,;..;a, 1a cic hop s8 chin
=a,+a,+...+a, =2006 (3)

= cac hgp s6 phai nhan cac gia tri 4 hodc 6.

Vinéu a, 1a hop s8 chdn va a, >8=a, =4—(a, —4)1a tong hai hop s8, trai véi (1)
S6 hop s8 bang 6 chi c6 thé 1a mot vi néu c6 hai hop s6 bang 6 thi 6+6=4-+4+4
Giastr a,=6=>a,=a,=..a, =4=(n—-2).4=2000= n =502

Vay s0 tu nhién can tim la n =502

A+ o gy

Bai39.Néu p=Qq thi Pp= .
=4 P +1 m+1

Do MeN vaplasdnguyéntdnén 4:(m+1) =>m=0m=Lm=3 = p=2;, p=>5.

Néu p #(q thipg vap +glanguyén t6 cung nhau vi pq chi chia hét cho cac uwéc nguyén t6
la p va g con p + g thi khdng chia hét cho p va khong chia hét cho 4.

Goi r1a mot wéc chung cia M* +1 va m+1= [(m +1)(m —1)]5I’ = (m®=1):r

= [(m*+1) = (m* -1) [ir = 2ir = r =1 hoge r =2.

+) r=1lsuyra p+q=m+1, pg=m’+1= p,q 13 hai nghiém ctia phuong trinh

X* —(M+Dx+m?+1=0 vbnghiémdo A=-3m*+2m-3=—(m-1)"-(2m*+2)<0
+) r=2suyra2pg=m’+1va 2(p+q)=m+1=> p, q la hai nghiém ctia phuong
trinh 2X* = (M+1)X+m? +1=0 v6 nghiém do

A=-Tm*+2m—-7=—(m-1)° —(6m* +6) <0.

Vay bo cac s6 nguyén t6 (p; q) can tim la (p;q) =(2;2); (p;q) = (5;5).

Bai 40.
+) Néu p=7k +i; k,i nguyén, i thudc tap {+1,+2;43} . Khi d6 p’ chia cho 7 c6 thé du: 1;4;2
Xét p>2=2p° -1 2p°+3& 3p°+4>7

Néu p®chiacho7 du1thi 3p®+4chia hét cho 7 nén trdi GT

Néu p’chiacho7dw4thi 2p*—1 chia hét cho 7 nén trai GT

Néu p°chiacho7 du?2thi 2p*+3 chia hét cho 7 nén trdi GT
+) Xét p=2 thi 3p* +4=16 (loai)
+) Xét p=7k, vi p nguyén td nén p =7 la nguyén to, co:

2p*-1=97; 2p*+3=101; 3p®+4=151déu la cic s6 nguyén to
Vayp=7
Baidl. x¢tn=0thiA=1 khong phai s6 nguyén t6
n=1thi A =31as6 nguyén t&
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Xétn>1taco:

A=n""-n*+n"" -n+n*+n+1=n? [(1'13)670 —1}+n[(n3)667 —1}+(n2 +n+1)

M [(n3 ) - 1} chia hét cho ("' ~1)suy ra [(“3 )"~ 1} chia hét cho (n” +n+1)
Tuwong tu: [(n“” )667 - 1} chia hét cho (n2 +n+ 1)

Do d6 véin>1 thi A chia hét cho (n2+n+1)nénAlé hop s6.

Vay n=1la gia tri can tim.

Bai 42.

a—b\/E_i

b-cV2 ¥y

Via,b,c,x,y € Z= ay-bx € Z = (by—cx)\/ze Z
-bx=0 =b

ay —bx j{ay X

bat

(x,y € Z, xy#0) = ay—bx = (by —cx)v2 (¥)

by —cx=0 cx = by

Ma 2 e Inéntl‘r(*):>{
= acxy =b>y = ac=Db? (vixy #0)
a’+b?+c2=(a+c)>—2ac+b?=(a+c)>—Db?=(atc—Db)(atctb)
Via?+b?+c?lasdnguyéntdvaa+c-b<a+c+b

= at+tb-c=1= a+b+c=a2+b*+? (1)
Ma a, b, cnguyén deong nén a< a% b< b? c< 2 2)
Tw (1) va (2) = a=b=c=1, thi lai: Thdéa man, két luan

Bai 43. Vi k 12 s8 nguyén t6 suy ra k> +4>5, k> +16 > 5
-Xétk=5n (neN) maklasdnguyén td nén k =5.

Khi d6 k?+4 =29; k?+16 = 41 déu la cac sd nguyén to.
Xétk=5n+1 (neN)=k*=25n"+10n+1=k* + 45

= k’ +4 khong la s6 nguyén td.

-Xétk=5n+2 (neN)=k*=25n"=20n+4 = k* +16:5

= k” + 16 khong l1a s§ nguyén t3.

-Xétk=5n+3 (neN)=k*=25n*+30n+9 = k*+16:5

= k’ +16 khong la s8 nguyén t3.

-Xétk=5n+4 (neN)=k*=25n"+40n+16 = k* +4:5

= k’ +4 khong la s6 nguyén td.

Vay d€ k* +4 va k® +16 1a cac s8 nguyén t& thik = 5.
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Bai 44. Ta c6 p®~1=(p*~1)(p*+p+p°+ p* +1).

Do p lasd nguyén t6 1on hon 5 nén p la mot s6 1é.

= p°+1va p®—11acacsd chin

= p* —1 chia hét cho 4

= p? —1 chia hét cho 4

Vi p lasdnguyén t6lonhon5 = p la mot s6 khong chia hét cho 5.

Lap luan ta dwoc p* -1 chia hét cho 5.

Lap luan ta dwoc p* + p** + p® + p* +1 chia hét cho 5.

Suy ra p* -1 chia hét cho 25.

Ma (4;25)=1nén p*-1. (dpcm)

m
n

. - 2 g 2
Bai 45. Tir gia thit suy ra b chan, ta dit b=2c thi p=C [27C o 40" _8°C 45 2P _
2\b-c c a+c c

a—c=km?

a+c=kn? :>2C=k(n2_m2) va 4pn:km(n2—m2)_
+c=

voi (m,n)=1vak :(a—c,a+c):>{

Néu m, n cung lé thi 4pn:km(n2—m2)f8 — p chin, ticla p=2.

Néu m, n khong cling 1é thi m chia 4 dw 2. (do 2p khong 1a s& chén khong chia hét cho 4
2 4 A .2 . /4 \ ~ 2 A \ ~ 2 A A . A,

va Tp 1a phan s8 t8i gian). Khi d6 n 1a s6 1é nén n*—m’ 1a s6 1é nén khong chia hét cho 4

suy ra k 1a s6 chia hét cho 2. Dt k =2r ta c6 2pn= rm(n2 —mz) ma (n2 —mz,n):l =rin

dat r=ns ta cd6 2p=s(n—-m)(n+m)m do n-m , n+m déu la cac s6 1é nén n+m=p,

n-m=1,suyra s, m<2 va (m;n)=(12) hoac (2;3). Trong ca hai truong hop déu suy ra

p<5.Véi p=5thi m=2,n=3,s=1,r=3, k=6, c=15, b=30, a=39.
Bai 46. Khong mat tinh tong quat, gia st p <q.

Treong hop 1: p=2

= p(p+3)=2(2+3)=25=10

=10+q(q+3)=n(n+3)

«10=n’+3n-q*-3q=(n"-q°)+(3n-3q)

<10=(n-q)(n+q)+3(n-q)

<10=(n-q)(n+q+3)
Vi p(p+3)+a(q+3)=n(n+3) ma p; g; " 1a cac s6 nguyén duong =>n>q=2.
=>n+0q+3>2+2+3=7

Ma 10=1.10=25
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n+qgq+3=10 n+q=7 n=4
= = =
n-q=1 n-q=1 q=3

So vdi diéu kién thoa man.

Vay bo ba s6 nguyén duong (p;q;n) can tim la (2;3;4).

Trueong hop 2: p=3
= p(p+3)=3.(3+3)=3.6=18
=18+q(q+3)=n(n+3)<18=n"+3n-q¢*-3q=(n"-q°)+(3n-3q)

<18=(n—-q)(n+q)+3(n—q)

<18=(n-q)(n+q+3)
Vi p(p+3)+a(gq+3)=n(n+3) ma p; g; N 1a cdc s6 nguyén duong =n>q=>3.
=>n+q+3>3+3+3=9
Ma 18=1.18=2.9=3.6

n+q+3=18 n+q=15 n=8
= = =
n-q=1 n-q=1 q="7

So vdi diéu kién thoa man.
Vay bd ba s6 nguyén duong (p;q;n) can tim la (3;7;8).
Truwong hop 3: p>3
Ta sé chtiing minh véi 1 s6 nguyén a bat ki khong chia hét cho 3 thi tich a(a+3) ludn chia
3dul.
That vay:
Néu a:3 duvl =>a=3k+1=a+3=3k+4
=a(a+3)=(3k+1)(3k+4)=9k* +15k +4:3 du 1.
Néu a:3 duv2 =a=3k+2=a+3=3k+5
= a(a+3)=(3k+2)(3k+5)=9k*+21k +10:3 dw 1.
Tré lai bai toan chinh:
Vigq=p>3=p1t3q13.
= p(p+3)+q(q+3):3 du2.
Ma n(n+3):3 dw1 (néu n{3) hodc n(n+3):3 néu n:3.
= p(p+3)+q(q+3)=n(n+3)
Suy ra khéng c6 bo ba s6 nguyén duong ( p;g;n) thdéa man yéu cau bai toan.

Bai 47. Ta co:
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p’q+pip’+q=q(p’+0q)—(p*q+p)=0>—pip’+q.

pg’ +0:q° - p=(pa’+q)-p(a*-p)=p*+qig* — p.

o’ —p=—(p*+q) =g’ +q+ p* - p=0(WN).

g’ -p=p°+q<(q+p)(a-p-1)=0<q-p-1=0<q=p+1.
Ma p, q la hai s6 nguyén t6 nén p =2,q =3 (thoa man bai toan)
Bai 48. Gia s phwong trinh ax’ +bX + ¢ =0 ¢6 nghiém hiu ti, khi d6
A=b*-4ac=m?,(meN).

Suy ra b’ >m? hay b >m. (1)

Ta 6 4a.abc = 4a(100a +10b + c) = 400a® + 40ab + 4ac
=(400a’ +40ab +b*) - (b* - 4ac) = (20a+b)’ —m’
=(20a+b+m)(20a+b—m)

Do abCc 1a s§ nguyén t§ nén (20a+b+m)3ﬁ hogc (20a+b—m)fﬁ, suy ra

20a+b+m>abc (2)
Tk (1) tacé 20a+2b=20a+b+b>20a+b+m
T (2) tacod 20a+b+m>100a+10b +c>100a +10b

Do do
20a+2b >100a +10b < 2(10a + b) >10(10a + b) < 2 >10 (vo ly)

Vay A khong thé€ 1a s6 chinh phuong nén phuong trinh ax’ +bx+c=0 khong co
nghiém httu ti.

Bai 49. Ta c6 2n’—6n+2=2[n(n-3)+1]

Vin(n-3)channénn(n-3)+1=2k+1 véi ke NuU{-1}.

Suy ra 52" °"? —12 = 25%*1 +1-13113

Vivay 52" °"? _12nguyén t& hay 5" "2 -12=13

nén nn-3)+1=1,suyran=0hodcn=3.

Bai 50. Xét day s6 c6 dang 2;2.3;2.3.5;...

Gia st hai sb can chonla a=2.34.5..p,;b=235..p,, voi p,, p,, (n < m) 1a cac sb nguyén t thur

n va thir m.

Tacé b—a=235..p, —2.35..p, = 30000 < 2.3.5.p, ( Pyuy-Prss- P —1) = 2.3.5.10000
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Ta thay 2.3.5.1000 t6n tai wdc ciia 3 nén a va b co chira sé nguyén t6 3 nén p, >3 va 1000 khong
c6 uéc nguyén td khac 2 va 5 nén a khong c6 ude khac 2 va 5 nén p, <5.Tu d6 ta dugc
+Néu p, =3, taduoc p,,,.p,,,--P, =10000, khong ton tai p, thoa min
+Néu p, =5 taduge p,_,.p, ,...p, =1001=7.11.13 = p_ =13, tir d6 ta duoc
a=2.35=30;b=2.3.5.7.11.13=30030
Bai 51. Gia st ton tai sO nguyén td p 1é sao cho:
l=i2+i2<:> p.(m* +n*) =m’n’ = m’n’ip,
p m’ n
Ma p la s6 nguyén t6 nén m:p hodc n:p.
Néu m:pthi m=kp(ke N")
= p.(m*+n?)=(kpn)" = m’ +n* = pk’n’ = (m*+n* )i p
Ma m:p nén n:p.
Vay m>p,n>p=m’> p?n’*>p’
:%s%: p<2.Volivi p 1asdnguyén t&1é.
p+q=a’
Bai 52. Theo dé taco { p+4q=b?, suy ra b?—a%=3q < (b—a)(b+a)=3q
abeN”
Tk q 1a sd nguyén td va a+b =2 nén ta cd cac truong hop sau:
b-a=1

b+a=3q suy ra b=a+1va 2a+1=3q,suyra q lé.

+TH1:{

Taviét q=2k+1 (ke N")
Khi d6 2a=3q-1=6k+2 hay a=3k+1va p=a®—q=9k*+4k =k (9K +4)
Do p nguyéntonén k=1 va p=13,q=3.

b-a=3
+TH2:{ , suyra b=a+3 va q=2a+3
b+a=q
Lai c6 p=a’ —q=a2—2a—3=(a+l)(a—3). Do p nguyéntdnén a=4 va p=5q=11.
cTH3: 0 279 absast
b+a=3
Suy ra b=2 va a=1khi dé q=1 khong phai s6 nguyén t6.
Bai 53.
Ta co:

n®+ 4% =nf 1 (224)° = (n?) 4 2.2 - (222)" —(2%n)’

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

=(n*+ 22"‘1)2 —(2"‘1.n)2
=(n*+2*" = 2""n)(n* + 27 + 2"n)

Do n,k 1a cac s6 tw nhién va n® + 4% 1a mot s8 nguyén t& nén

n® 4 42K+ — (nz 42k _ 2k+1.n)(n2 492kl 4 2k+1.n)
— n2 + 22k+1 _ 2k+1.n 1
on-220+2(2) =1

o(n-2) +(2) =1

[ n-2=0 k=0 8 2k+1
= =>n+4"""=1+2+2=5
2k :1 n:l
n-2=1
= (VN
By o

n—2k=—1(VN)

i 2=0

Vay n=1k =01la cac gia tri can tim.

Bai 54. Ta co:

P=(7+x+x")(7+x-x*)

Tacd 7T+x+x°>1

x=3
x=-2 (L)
Vay Xx=3= P =19 (thoa man).

Vi P la s6 nguyén t6 nén T+x-Xx° =1<:>X2—X—6:0<:>[

Bai 55. Ta c6 vGi moi s& nguyén m thi m*chia cho5dw 0, 1 hodc 4.

+Neéu n* chiacho5dw1thl n*=5k+1=n>+4=5k+5:5 (keN).

nén n* +4 khong la s6 nguyén td.

+ Néu n* chia cho5dw4 thi n*=5k+4=n>+16=5k+20:5 (keN").

nén n’ +16 khong la s6 nguyén to.

Vay n*i5 hay n chia hét cho 5.

Nhéan xét. Bai toan ap dung tinh chéat chia hét, chia ¢ du ctia mét s6 chinh phuwong khi

chia cho 5; tinh chat s6 nguyén td, hop sg,...

Nhéc lai kién thic va phwong phép.

e Mot s6 chinh phwong khi chia cho 5 chi ton tai s6 du 0 hoac 1 hodc 4. Ching minh:

+ m =5k =m" =25k’ chia 5 du 0 (dtng).
+ m=5k+1=-m" =25k +10k +1 chia 5 dw 1 (dtng).
+ m=>5k+2=>m" =25k* +20k+4 chia 5 du 4 (dtng).
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+ m=5k+3=m’ =25k’ +30k+9 chia 5 du 4 (ding).

+ m=>5k+4=>m* =25k + 40k +16 chia 5 dw 1 (dtng).

o Ap dung tinh chét chia hét, chia c6 du vao bai todn; “SS nguyén t&” 1a s8 chi c6 hai
uwdcla 1 va chinh no.

+ 1 chia 5 du 1 thi (n2 +4) :5 nén (n2 +4.) khong phai 1a s6 nguyén td (loai).
+ 1 chia 5 du 4 thi (nz + 16) {5 nén (nz + 16) khong phai 1a s6 nguyén t& (loai).

+ Do do6 néu (n2 +4) va (nz +16) 1a s6 nguyén td thi chi con ton tai treong hop n* chia
hét cho 5. Khi d6 n chia hét cho 5.
Bai 56.
1) Cho s6 nguyén duong n thoa man n va 10 1a hai s6 nguyén t6 cung nhau. Chiing minh
(n* —1):40
Vin va 10 nguyén t6 cung nhau nén n khong chia hét cho 2 va 5.
= n chi ¢d thé ¢ dang 10k + 1 va 10k + 3 véik € N.
Ta cé: n* —1=(n* =1)(n* +1) = (n-1)(n+1)(n* +1)
Donlénénn-1:2;n+1:2van*+1:2=n*-1:8.(1)
eNéun=10k+1=>n2=(xl)2=1(mod 10)=>n2-1:10=>n‘-1:5(2)
Tt (1) va (2), chay (5;8) =1suyrani-1:40
eNéun=10k+3=>n?2=(3)2=9 (mod 10) > n?+1:10=>n*-1:5(3)
Tt (1) va (3) chuy (5;8) =1 suy ran*—1: 40
Vay trong moi treong hop tacon* -1 : 40
p—-1=2x(x+2)

2) Tim tat ca cac s6 nguyén t6 p va cac sO nguyén duong x,y théa man { ,
p*-1=2y(y+2)

Tt (1) = p - 112 58 chdn = p 1a s8 nguyén t& 1é.
Trie tiing v€ cua (2) cho (1) ta duoc
p*—p=2y"-2x"+4y-4x < p(p-1)=2(y - x)(y + x+2)(*)
= 2(y-x)(y +x+2)ip. Ma (2;p) =1nén xay ra 2 TH:
ey-xip=>y-x=kp(k €N¥)
Khidétk (*) > p-1=2k(x+y+2)=>kp-k=2k¥(x+y+2)=>y-x-k=2k}(x+y+2)
(loaivix+y+2>y-x-k>0;2k>1=2k’(x+y+2)>y-x-k)
ey+x+2ip=>x+y+2=kp (k € N¥)
Te(*)=>p-1=2k(y -x) > kp-k=2k(y -x) = x+y +2 -k =2k*(y — x) (**)
Ta chting minh k=1. That vay nfu k 22 thi tle (**) = x +y =2k (y = x) +k =22 8(y —x) (Vi y
-x>0)
5927y > 7y <14x >y <2x
Do d6 tir (2) = (p - 1)(p + 1) = 2y(y + 2) < 4x( 2x +2) < 4x(2x + 4) = 8x( x +2) = 4(p — 1)
(Vi2x(x +2) =p -1 theo (1))
= p+1<4 = p <3, mau thuan véi p la s6 nguyén td 1é.
Do doé k=1, suy ra
{x+y+2:p {x+y+2:p {x+y+2:p {y:3x+1

= = =
p-1=2(y—Xx) X+y+1=2(y—X) y=3x+1 p—-1=4x+2
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 Thay p—1=4x+2vao (1) ta cd: 4x+2=2xX(x+2) < 2x+1= X +2x < X2 =1= x =1

=y =4, p=7 (thoa man)
Vayx=1,y=4vap=7.
Bai 57. a) Ta co: 1+£:1=>aLIO:E:>c(a+b)=ab(*)
a b c ab ¢

Gia str a + b la sd nguyén t6, khido tie (*) = ab i (a+b) = a:i(a+b)hodch: (a+b)
Diéu ndy mau thudn do0<a<a+b,0<b<a+b.
Vay a +b khong thé la s6 nguyén to.

b) Gia st a + ¢ va b + ¢ dong thoi la s6 nguyén t6.
Ti c(a+b)=ab=ca+cb=ab=ca+ab=2ab-ab=a(b+c)=b(2a—c)=a(b+c)ib (**)
Ma b + c1a s6 nguyén td, b 1a s6 nguyén duwong nhé honb +cnén (b +c¢, b) =1
Do do ttt (**) suy raa i b.
Chttng minh twong tetacéb(a+c)=a2b-c)=>bia
Vaya=b. Tk () @ a=b=2c
Do d6 a+c=b+c=3c, khong la s6 nguyén t6 véi c > 1 (mau thuan vdi gia st)
Vay a + c va b + c khong thé dong thoi la s6 nguyén t6.
Bai 58. Ta co
a’+ab+b*=c’+cd+d*=>a*+2ab+b*=c’+2xd +d*+ab-cd
<=>ab-cd =(a+b)’-(c—d)*=(a+b+c+d)(a+b-c—d)(*)
Néu ab-cd =0.Doa+b+c+d>0=>a+b-c-d=0=>a+b+c+d=2(c+d)lahopsd
do c+deN*vac+d>1
Néu ab—cd #0. T (*) @ ab-cd i (a+b+c+d).
a’+ab+b*=c’+cd +d*=>3(ab-cd)+(a®—2ab+b*)=c*—2cd +d*
=>3(ab-cd)=(c-d)*-(a-b)*=(c—d+a-b)(c-d-a+b)=0
=>(c-d+a-b)(c-d-a+b)i(a+b+c+d)
Giastra+b +c+d lasdnguyén to thi ta co
c-d+a-bia+b+c+dhoacc-d-a+bia+b+c+d
Diéu ndy mau thudn do—(a+b+c+d)<c-d+a-b<a+b+c+d;
—(a+b+c+d)<c-d-a+b<a+b+c+dva(c-d+a-b)(c-d-a+b)#0
Vay a+b+c+dlahop so.
Bai 59. Bién doi duoc p=(n”+1)(n-1)
Néu n = 0;1 khong thoa man dé bai
Néu N =2théa man dé bai vi p=(2°+1)(2-1)=5
Néu N > 3khong thoa man dé bai vi khi d6 pcd tr 3 w6ctrolénla Ln—-1>1 va
n+1>n-1>1
Vay n=2thi p=n°-n’+n-1las8 nguyén t3.
Bai 60.

Tacé: n®+n+2=n+1+n+1=(n +1)(n2 —n+1)+(n +1)=(n +1)(n2 —n+2)

Do VneN*nén n+1>1va n° —n+2>1.vay n°+n+2 1ahop s8
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2 2
22122 =%<:>(a—c)(b2—ac)=0:>b2=ac

Bai 61. Ta cé:

Ma

a’+b?+c’=a’+ac+c’=a’+2ac+c’—b?=(a+c) —b*=(a+c+b)(a+c—b)
Ta thdy a@” +b* +¢* > 3do d6 néu a” +b? + ¢°1a céc s6 nguyen t3 thi xay ra cac truong
hop sau:

a+c—b=La+c+b=a’+b’+c*=a*+b*+c°=2a+2c-1
:>(a—1)2+(c:—1)2+b2 =l=a=c=1b=+1 (ktm)

2)a+c+b=la+c-b=a’+b’+c*=a’+b°+c*=2a+2c-1
:>(a—1)2+(c—1)2+b2=1:>a=c=1,b=i1 (ktm)
Ja+c+b=-La+c-b=—(a’+b’+c*)=a’+h’+c’=-2a-2c-1
:>(a+1)2 +(c+1)2 +b’=1=a=c=-1Lb=+1 (ktm)
fa+c-b=-La+c+b=—(a’+b*+c’)=a’ +b*+c’=-2a-2c-1
:>(a+1)2 +(c+1)2 +b’=1=a=c=-1Lb=%1 (ktm)
Bai 62. Do P 1asd nguyén t616n hon 3nén c6dang p=3K+1 p=3k -1 véi k >1
+Néu p=3k+1thi 2p+1=6k +3=3(2k +1)
Suy ra 2p+1 1a hop s6 (vo ly)
+Néu p=3k—-Lk>1thi 4p+1=12k —3:3.(4k —1)
Do K >1nén 4k —1>3.Do d6 4p +11a hop s6.
Bai 63. Do p la s6 nguyén t6 va p >3 nén p khong chia hét cho 3. (*)
p" €6 20 chit s6. Cac chir sd chi c6 thé1a0,1,2,3,4,5,6,7,8,9 gom 10 chir s ddi mot khac
nhau.

Néu khong cé qua nhiéu hon 2 chit s6 gidng nhau thi mdi chit s6 phai c6 mat dting 2
lan trong cach viét s6 p~.
Nhu vay tong cac chit s6 ciasd prla:2(0+1+2+3+4+5+6+7+8+9)=90:3 nén p~ :3
Diéu nay mau thuan (*).

Vay trong so p" phai c6 it nhat 3 chit s6 giong nhau.
Bai 64. RO rang p, ¢ phan biét. Khong mat tinh tong quat ta gia st p < ¢g. Xét cac treong
hop sau:

2

Truong hop 1. p = 2. Khong théaman vi p + ¢ 1é, con 2 ( D — q) chan.
Truong hop 2. p = 3. Khi d6 tim duoc ¢ = 5.
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Truong hop 3. p 2 5. Goi 7;, 7, lan luot 1a s6 du ctia phép chia p, ¢ cho 3.
Rorang 1, 1, € {1,2}.

Néu r, =7, thi 3 | p+g va 32(p—g) . Khong théa mén.

N&u 7, # 1, thi 3[p+q va 3 | 2(p—¢) . Khong thoa man.

vay (p; )= (3 5), (5 3).

Bai 65. Ta co: p, q 1a s6 nguyén td nén pg+11la sd nguyén t6 16n hon 11

= pq+1llasdlésuy ra pg lasd chin.
Do 7p+qlasd nguyén t& 1én hon 7 nén p va q khong thé ciing tinh chan I¢.

*) TH1: p=2thi 7p+q=14+(q. Ta thay 14 chia 3 du 2

+) Néu q chia hét cho 3, do q 1a sd nguyén td nén g =3.

7p+q=17; pq+11=17 (T/m)

+) Néu q chia cho 3 dw 1 thi 14+(qchia hét cho3 = 7p+qla hop sd

+) Néu q chia cho 3 dw 2 thi 2q chia cho 3 dw 1 nén pq+11=2q+11 chia hét cho 3

= pq+11 la hop so.

*) TH2: q=2thi 7p+q=7p+2

+) Néu 7p chia hét cho 3 thi p chiahétcho3nén p = 3=7p+q=23,pq+11=17 (Thoa
man)

+) Néu 7p chiacho3dw1 chiahétcho3 = 7p+2 la hop sd

+)Néu 7p chia cho 3 du 2 thi p chia cho 3 du 2 nén 2p chia cho 3 du1 = pq+11=2p+11 chia
hét cho 3 nén pqg+11 1a hop sd.

Vay: p=2,q=3 hoacp=3, q=2.

Bai 66. Vi ab; cd 1a cdc s6 nguyén td nén b,d 1é va khac 5

Talaico b® =cd +b—c < b* ~b=9c+d <b(b-1)=9c+d

Néu b =1 (khong thoa man)

Néu b=3 nén 9c+d=6=c=0,d=6 (khong thoa man)

Néu b=7=9c+d =42=d =42-9c = c=4,d =6 (loai)
Néub=9=9c+d=72<d=72-9c=c=7,d =9 (thoa mén)

=aef{l;2;7}

Vay abed e {1979;2979;7979}
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Bai 67. Trong 3 s8 &, b, ¢ ¢6 it nhat hai s6 ciing tinh chén 1é.

Gia st hai s8 cling tinh chdn 1é1a a va b.

Suyra p = b+ a lasdnguyén td chdnnén p = 2.

Suyraa =b =1.Khidég=c+1lvar=c+1lnénqg-=r.
Vay trong ba s p, g, r cd it nhat hai s3 bang nhau.

Bai 68. +) Voi p=2 thi p’+2=8 khong la s6 nguyeén té.

+) V6i p=3 thi p®+2=11va p®+ p’+1=37 déu la s6 nguyén t6.

+)Véi p>3=p=3k+l(keNk=>2)

= p2+2=(3ki1)2+2=9k216k+3=3(3k2iZk+1) :3 nén p*+2 lahop s6.

Vay chicéd p=3 thi p’+2 va p®+ p°+1 déu la s6 nguyén t6.

Bai 69. Ta c6: x> =45+ Y.

Ta thay x*>45 va X 1a s6 nguyén t6 nén X phai la sd nguyén t& 1é. Suy ra X* 1a s6 1&.
Ttr d6 suy ra y* 1a s6 chdn, ma y 1a sd nguyén t8. Suy ra y=2; x=7

Vay x=7 va y=2 thoa man yéu cau bai toan.

Bai 70. 1) Dat d =UCLN (2n+1,210n+7)

Suy ra 2n+1:d. Vivay 5(2n+1)id.

Ma 10n+7:d nén 10n+7-5(2n+1):d

= 2:d

Do d6 d =2hoac d =1.

Néu d =2thi 2n+1:2 (vO ly).

=d=1.

1=UCLN (2n+1,10n+7)

Vay 2n+1va 10n+7 la hai s6 nguyén t6 cung nhau.

2)

- Néu 1a s& nguyén t6 1 thi y° =x*+23 1a s6 chan. Vay Yy’ =2 (loai).
- Néu x=2 thi y*=2°+23=27.Vay y=3.

Bai71. Tacé: ab—ba=9(a—h)

—ab—ha=3*(a-bh)
D¢ ab-ba 1a s6 chinh phwong khi @ — b 1a s6 chinh phurrong
Do a,blacicchirsdva 0<a,b<9=>1<a-b<8
=>(a — b) la s6 chinh phuong khi (a—b) e {1,4}
+Néu a-b=1= ab e {21,32,43,54,65,76,87,98) ma ab 1a s§ nguyén t& va la s6 1é =>ab = 43
+Néu a-b=4= ab e {51,62,73,84,95} ma ab la s§ nguyén t5 va la s 1é =>ab =73
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Vay abe{43;73)
Bai 72. Vip la sd nguyén td do d6 ta duoc 4p® +1>5 va 6p> +1>5

Diat x=4p” +1=5p” —(p-1)(p+1); y =6p* +1= 4y =25p” - (p-2)(p+2)
Khi d6
e Néu p chia cho 5 du 4 hodc dw 1 thi (p—1)(p+1) chia hét cho 5
Suy ra x chia hét cho 5 ma x >5 nén x khong la s6 nguyén to.
e Néu p chia cho 5 du 3 hodc dw 2 thi (p—-2)(p+2) chia hét cho 5
Suy ra 4y chia hét cho 5 ma (4,5)=1 nén y chia hét cho 5ma y>5
Do d6 y khong la s6 nguyén t6
Vay p chia hét cho 5, ma p la s6 nguyén td nén p=>5.
Tht v6i p=5 thi x=101; y =151 1a cac s6 nguyén té

Tim tat ca cdc s6 nguyén td p d€ 4p” +1 va 6p° +1 ciing la sd nguyén td.

Bai 73. 1. Gia st p va q la cac s6 nguyén t& thoa man dang thikc p (p — 1) =q ((f — 1) .

a) Chttng minh rr?mg ton tai s6 nguyén duwong k sao cho p —1 = kq,¢* —1=kp.

- _O J 4
Nou p—g thitacd p—1=¢—1=|" 17" didunay voli vip, qla cic s3 neuyén to,
p=q p q p=q=1 y P q guy

Do vay p = ¢, khi d6é do p va qla cacsd nguyéntonén p —1iqg va ¢° —1ip.
Nhu vay ton tai cac s6 nguyén duwong m, n thoa man p — 1 = mgq;¢° — 1 = np, thay vao

7 “ L ox A p—1=kq
dang thtrc da cho ta dwgc m = n. Do vay ton tai s6 nguyén duong k sao cho |, L= ko'
g —1=FKp

b) Tim t4t ca cac s8 nguyeén t8 p, q thoa man dang thite p ( p— 1) =q (q2 — 1) .

Thé p = kg + 1 vao hé thitc ¢° — 1 = kp ta dwoc ¢’ —lzk(kq-i—l)(:)(f —kq—k—-1=0.
Xem phuong trinh la phuong trinh bac hai an g, khi d6 d€ phuong trinh c¢6 nghiém
nguyén duong thi

A=k + 4(k - 1) = k' + 4k + 4 phai la s6 chinh phuong.
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2

Ta cé k* <l~c4+4l<:—|—4<(l<:2%—2)2 nén ta duoc A:<k2+1)

Tird6 ta duge k' + 4k +4=(F +1) & k=k & k=1

Thay vao hé thitc da chotaduoc ¢ —¢q—2=0&q¢=2= p=3.

Vay cacs6 p = 3;q =2 la cac s6 nguyén td can tim.

Bai 74. Trudc hét ta chimg minh vdi p 1a s6 nguyén t8 1on hon 3 thi p? —1 chia hét cho 24.
That véy, ta cé p*~1=(p-1)(p+1).

Do p la s6 nguyén t& 16n hon 3 nén p-1 va p+1 1a hai s6 chén lién tiép.

Suy ra ta dugc p® —1=(p—1)(p+1)chia hét cho 8.

Mt khac ta lai ¢6 (p—1)p(p+1) chia hét cho 3, ma p la s8 nguyén t6 16n hon 3 nén p
khong chia hét cho 3. Do d6 p* —1=(p-1)(p+1) chia hét cho 3.

D&y la (3;8) =1 nén ta dugc p* —1=(p—1)(p+1)chia hét cho 24.

Chtrmg minh hoan toan twong tw thi ta dwoc q° —1;1> —1;s* -1 cling chia hét cho 24.
Tacod p*—q° +1° -5’ :(p2 —1)—(q2 —1)+(r2 —1)—(52 —1).

Do d6 ta dwoc p* —q” +r1” —s” chia hét cho 24.

Bai 75. Tt p> —2q” =1 ta dwogc p*> =2q” +1. Do d6 ta suy ra duoc p 1a s6 nguyén t6 1é.
T d6 ta dat p=2k+1 véi keN'.

Khi d6 ta duoc (2k+1) =2¢° +16 4K* +4k +1=2¢% +16 2k (k+1)=¢?

Do d6 q° 1a s8 chdn nén q la s6 chdn. Ma q la s6 nguyén td nén q=2.

Thay vao p*>—2q° =1 ta suy ra duwoc p=3.

Vay cap s nguyén t6 (p; q) = (3;2) thoa mam yéu cau bai toan.

Bai 76.

e Truong hop 1: Néu p=2 suy ra p’ +pT_1 khong nguyén
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e Truong hop 2: Néu p=4k+1, khi d6 ta duoc p’ +pT_1 = (41<+1)3 +2k las61énén

- ]- 21\ ’ 2 . A « A N A
p’+ pT khong thé la tich ctia hai s tu nhién lién tiép.

e Truong hop 3: Néu p=4k+3.Gia st p’ + p; ! la tich cta hai s6 ty nhién lién tiép

Khi d6 ta c6 p’ +T_1 =x(x+1) < 2p(2p2 +1) = (2x+1)2 +1 v6i x 1a s6 ty nhién.

Tt d6 suy ra (2x+1)2 +1:p vOolivi p=4k+3.

Tt cac treong hop trén, ta c6 diéu phai chitng minh.

Bai 77. Do p va q la cac s6 nguyén td nén p;q>2, do d6 suy ra r >3, mar la s6 nguyén to
nénr lasolé.

Ttr d6 suy ra p? va q° khéc tinh ch&n 1é nén p va q khéc tinh chén 1é.

Nhw vay trong hai s6 p, q ¢6 mot s6 chdn, khong mat tinh tong quaét ta gia st s8 d6 1a q.
Khi d6 q=2 nén ta dwoc p® +2° =r. Dén day ta xét cac truong hop sau:

e Néu p=3, khi d6 tac6 3°+2° =r hay r=17 la mot sd nguyén to.

e Néu p >3, do p la sd nguyén t0 nén c6 dang p=3k+1 hoac p=3k+2 véiklaso
nguyen duong.

Ttr d6 suy ra p* chia 3 dw 1 hay p° :3n+1(neN*).

Lai c6 plas§lénén 2° =(3-1)" =3m-1(meN’).

Tix d6 ta duwoc p* +2° =3n+1+3m-1=3(m+n):3 nénla hop 8. Do d6 trudng hop nay loai.
Vay bd ba s6 nguyén t6 can tim la (p; q;r) = (2,' 3;17),(3; 2;17) .

Bai 78. Tt 49 <2p° —1%;2q° —1* <193 ta c6 2q° -193<r* <2p*-49,do d6 q° -p*> <72.

Mt khdc tir diéu kién 5<p<q<r ta duoc r>11, do d6 2p*> >49+121=170 hay p>11.
Vi (q—p)(q+p)£72 nén q-p=2 hodc q—p=>4. Xét hai truong hop sau:
e VOi q—p=2va q+p<36, khidd taduwoc p=11;q=13 hoac p=17;q=19.

+Néu p=11;q =13 thi 145<r* <193, suy ra r =13 = q (loai)
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+Néu p=17;q =19 thi 529 <r* <529, suy ra r =23 (nhan).
e V6i q—p=4 va q+p<18, khong ton tai vi p=>11.

Vay ba s6 nguyén td can tim la p=17;q=19;r=23.

Bai 79. Tir gia thiét suy ra §<l+%+l<%.Kh6nggiémtinht6’ng quét gidstt a>b>c>1.
a C

Suy ra E<§:>2c<9,d0 do ce{2;3}
3 ¢

e Vbi c=2 suyra 2 11 7

1 1
—<—+
a b 10 6 a

1 1
—<==

b 5 6 b b
Do d6 be{7;11}

+V6i b=7, khi d6 tix %<1+1<1 suy ra i<l<%:>ae{19,-23;29;31;37;41}

a b 5 42 a
+Vc’yib=11tfr1<l+l<lsuyrai<1<£:>a:13,doa>b
a b 5 66 a
oV('ric=3tfrgiéthié’tsuyral<l+l<£:>l<z:>b<6:>b:5(d0b>c)
3 ab 3 3 b
Thayb=5v;‘aol<l+l<£tadu’oc6<a<E:>a=7.
3 a b 30 2

Vay 6 cac bd ba sd nguyén t6 khac nhau (a,' b; c) thod man la:
(19;7;2),(23;7;2),(29:7;2),(31;7;2),(37:7;2),(41;7;2),(13;11;2),(7;5;3) va cac hoan vi
cta no.

Bai 80. Ta ¢4 x5+px+3q:0<:>x(x4+p)=—3q.

Vi q la s6 nguyén td va x la s6 nguyén nén tir phuwong trinh trén suy ra

X € {—1;—3;—q;—3q} .

Ta xét cac treong hop sau:

+Néu x =-1, khi d6 ttr phuong trinh trén ta duoc 1+ p =3q . Do q 1a s6 nguyén td nén

e Khi q=2 thita duwoc p=5

e Khi q>2 thi 3q 1as81é nén p la s6 nguyén t6 chan, do d6 p=2 nén q=1 khong phai

la s& nguyén to.
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+ Néu x =-3, khi d6 tir phwong trinh trén ta duwoc p+81=q, do d6 p 1a s& nguyén t5 chén
va qla s6 nguyén t6 1é. Ttr d6 ta duoc p=2;q=83.

+Néu x = —q, khi d6 tir phuong trinh trén ta dugc p+p* =3 . Truong hop nay khong xdy
rado p va qlasénguyénténén p+q* >3.

+Néu x =-3q, khi d6 tir phwong trinh trén ta dwoc p+81p* =1. Trwong hop nay khong
xdy ra do p va q 1a s nguyén t6 nén p+81q* >1.

Vay cac bo s (x; p; q) thda man yéu cau bai toan la (—1; 5;2),(—3,' 2; 83) .

Nhan xét: Ttr phuwong trinh x(x4 + p) =-3q ta suy ra duoc x chia hét cho 3 hodc x* +p chia
hét cho 3. Bén day ta xét cac truong hop nhu trén. Tuy nhién véi cach lam nay viéc ly luan
sé phttc tap hon.

p+1 , . p+1

Bai 81. Gia st ton tai cac s6 nguyén duong x va y thdéa man =X va =y

p+1=2x" (1)
p*+1=2y" (2)

Trit theo v& ctia dang thic (2) cho dang thirc (1) ta dugc p(p—l) = 2(y +x)(y —x) (3)

Khi @6 ta duwoc {

Suy ra ta duoc 2(y+x)(y—x)5p (4)

Mt khéc tir (1) ta thdy plas6lé va x>1>Tacd p+1=2x>=x>+x* >x+1=p>x.
Te (2 talaicd y>1nén p*+1=2y° =y’ +y’ >y’ +1=>p>y.

Ttr (3) ta suy ra duoc y >x. Ttr d6 ta dugc 0 <y —x <p.

Chu y p lala sd nguyén td 1é nén tir (4) ta suy ra duoc x=y:p.

Ma ta lai c6 0 < x+y <2p nén ta dugc x+y = p. Thay vao (30 ta dugc p—1=2(y—x).

Tk d6 suy ra y_szT"'l nén ta duwoc x = pzl;y: 3P4—1‘

2
Thay x=pTJrl vao (1) ta duoc p+1:2(pT+1j &Sp=7.

Thay p=7 vao (2) ta duwoc 7 +1=2y* = y=5.

Vay p=7 thoa man yéu cau bai toan.
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Nhan xét: Ngoai cach giai nhuw trén ta con cé thé giai bang cach xét cac kha nang cua p:

p?+1 (4k=1) +1
2

V6i p chdn khong xay ra, véi p=4k+1 khi d6 ta dugc =8k*+4k+1.

bén day ta tim cac gia tri ctia k d€ 8k* £4k+1 1a cac s6 chinh phuong.

(x+1)(2x+1)
2012

Bai 82. Gia st ton tai s6 nguyén duong x thoa man la mdt s6 chinh phwong.
(x+1)(2x+1)

Khi d¢6 ton tai s6 én d de
i do ton tai sO nguyén duong q dé 500

=q* hay (x+1)(2x+1)=2012q".

Vi 2012 chia hét cho 4 nén (x+1)(2x+1)§4. Ma 2x+1 las6lénén x+1:4.
Tt 46 ta duwoc x =4k -1 véi k 1a s6 nguyén duong.

Thay vao phuong trinh trén ta duoc 4k(8k - 1) =2012q* k(8k - 1) =503q>.

D&y la (k,8k—1)=1 va 503 1a s6 nguyén t5. Nén ton tai cac s6 nguyén dwong a va b sao

k =503a* k=a?
va
8k—-1=Db?

cho g=ab va (a,b):l.Tt‘rdétacécéché : 5
8k -1=503b
7. k = 503a2 oy \ A A hY 2 . 2 4 4 n \
+Vaoi Sk 1-b? hé nay vo nghiém vi b~ chia 8 chi c6 cacs6 dwla0, 1, 4.

7. k:a2 . 7 2
+V6i , - Khi d6 ta duge x=4k-1=4a"-1=(2a-1)(2a+1).
8k —1=503b

. \ L (x+1)(2x+1) 7
Néu a=1 thi x=3, khi d¢ ta duoc 015 =503 khong phai la s6 nhinh phwong.

Néu a>2 khidd x= (2a - 1)(2a + 1) la mot hop s0. Vay bai toan dugc chitng minh.
p’—p-2
Bai 83. Dat - n’ véin la mot sd tw nhién.

Vi p la s6 nguyén td nén ta xét cac truong hop sau:
e Truong hop 1: Véi p =2, khi d6 ta duwgc n=0 théa man yéu cau bai toan.
2

e Truong hop 2: V6i p>2, khi d6 ta cd P—Tp—z:ns <:>p(p—1):2(n+1)<n2—n+1).

Tt d6 ta dwge n+1ip hodc n* —n+1:p (vip la sd nguyén td 1é).
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+Néu n+1:p thita dugc n+1>p. Tir d6 ta duoc 2(r12 —n+1) >n’ +(r1—1)2 +1>n>p-1.
Tir d6 ta duoc p(p—l) < 2(n+ 1)(112 -n+ 1) . Do dé truong hop nay lai

+Néu n* —n+1ip, khi d6 ta dat n> —n+1=kp vdi k la s tw nhién khéc 0.

Thay vao phuong trinh p(p—l) = 2(r1+1)(n2 —n+1) ta duoc p= 2(n+1)k+1 .

Tir d6 suy ra n’ —n+1=2(n+1)k’ +k hay n’ —(21(2 +1)1r1—(21<2 +1<—1) =0.

Xem phuong trinh trén 1a phuong trinh bac hai an n. Khi d6 do 2k* +1 14 s6 1é nén dé
phuong trinh trén c6 nghiém nguyén thi A = (2k*+ 1)2 +4(2k* +k—1) phai Ia s& chinh
phuong le.

Ta thiy (2K +1) <A <(2k*+4) . Do d6 A=(2k*+1) +4(2Kk* +k~1)=(2K* +3) .

Tt d6 ta tinh dwgc k=3 suy ra n=20 nén p=127. Thw lai ta thdy p=127 thoa man yéu
cau bai toan.

Vay cacsdOcantimla p=2 va p=127.

Bai 84. Do vai tro ctia a, b, ¢ nhu nhau nén khong mat tinh tong quat ta gia st a<b<c.
Khi d6 sd nguyén t6 16n nhat la a+b+c va s6 nguyén t6 nho nhatla a+b—c.

Do d6 ta dwoc d = (a +b+ c)—(a +b —c) =2c¢, nén d€ c6 d 1an nhat ta can chon dwoc s6
nguyén t6 ¢ 16n nhat.

Cht y rang a, b, ¢ 1a cac s6 nguyén t& 1é vinéu a =2 thikhi d6 b+c—a 1a s& chdn 16n hon
2 nén khong thé la s6 nguyén t6. Do d6 ca bay s0 nguyeén to da cho déu la so 1é.

Ta xét cac truong hop sau

e Truong hop 1: Néu a+b =800, khi d6 sd nguyén t0 a+b—c>3 nén ta duwgc c<797. Vi
797 1a sO nguyén td va ta can 1dy ¢ 16n nhdt nén ta chon ¢=797.

Khi d6 ta duoc a+b+c=1597 va a+b—c=3. Vi 1597 va 3 déu la cac sd nguyén td nén ta
can chon cac s6 nguyeén td a, b sao cho 797 +a—b va 797 + b—a la cac s6 nguyén to.

La chon a =13 thita dwoc b=787 va 797 +a—-b=23;797 +b—a =1571 déu la cac so
nguyeén to.

Lac do ta dwoc d =2¢=2.797 =1594 .
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o Truong hop 2: Néu b+c¢ =800, khi d6 ¢ <800. Néu ta chon ¢ =797 thi ta duwgc b=3.
Ma talai co a <b nén a =2 khong théa man. Do d6 ¢ <797 nén d <2.797 =1594.

e Truong hop 3: Néu a+c =800, khi d6 ¢ <800. Néu ta chon ¢ =797 thi ta duwoc a=3.
Tt d6 ta dwoc a+b—-c>5 nénsuy ra b>799, do dé b > ckhong thoa man.

Do d6 ¢ <797 nén d =2c<159%4.

Vay gid tri 16n nhat caa d 1a 1594 véi cac s6 nguyén td duoc chon trong truong hop 1 va

a+b=2800.

Bai 85. Khi p=2 tacé: k? - pk =k’ —2k = /(k-1)° —1 do (k—1)" ~1 khong thé 12 s5
chinh phwong 16n hon 0.

Khi p >3 ta xét hai treong hop.

+Néu k chia hét cho s nguyén to p thita dat k =np khi d6 ta cé:

k?— pk =n’*p?—p*n=p’n.(n-1) do n.(n-1) khong théla s6 chinh phwong nén treong hop

nay ta loai.

+ Néu k khong chia hét cho p, tic la (k,p)=1 suy ra (k,k—p)=1. Do do
k? — pk =k (k- p) 1a s& chinh phuong khi va chi khi k, k- p 1a sd chinh phuong. Ttic la:
k=m?, k=p=n’= p=m’-n®=(m-n)(m+n) ma p lasd nguyén t5 nén ta suy ra
m-n=1 +1 +1)°

{m-i—n:p:m:pT:k:(p )

. Thtr lai ta thay thoa man.

+1 ’ A N12
Vay k :% voi p la sd nguyeén to 1é.
Bai 86. Ta xét bai toan tong quat: Tim s6 nguyén duong n 16n nhat sao cho sd nguyén
duong A (A >3) viét duoc thanh tong a, +a, +a, +..+a, trong d6 cicsd a,;a,;a,;..;a, 1a

cac hop so.

Giastt A=a, +a,+a,+..+a_trong d6 a ;a,;a,;..;a_lacachop sd. Khi d6 theo dé bai ta
phai tim s& n 16n nhét co thé.

Chti y rdng d€ cé n 16n nhat thi cac hop s8 a,;a,;a,;...;a, phai nhé nhat. Dé thay 4 1a hop
s6 chdn nhé nhat va 9 1a hop sd 1é nhé nhat. Do d6 véi moi s6 nguyén dwong A ta luén
6 A=4a+r, trong d6 ala s nguyén duwong va r€{0;1;2;3} . Dén day ta xét céc trudng

hop sau

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

e Truong hop 1: Néu r =0, khi d6 A =4a.Ma 4 la hgp s6 nho nhat nén sd k 16n nhat
lan=a
e Treong hop 2: Néu r=1, khi d6 A =4a+1.Ma 4 1a hop s6 nho nhatnén n<a
Xét n=a. Vi Alasd1énén ton tai it nhat mot s6 a, véi i=1;2;..;n la s6 1é. Khong mat
tinh tdng quat, gia st a, 1é, suy ra a, 29. Khi d6
a +a,+..+a >9+4(a-1)=4a+1+4>4a+1=A
Xétn=a—1,khid6taco A=4a+1=4(a-2)+9.Dodénlénnhatla n=a-1
e Truong hop 3: Néu r=2, khi d6 A =4a+2. Tuong tu truong hop2tacé n<a.
Xétn=atacd A=4a+2=4(a-1)+6 nénsdnlénnhatla n=a
e Truong hop 4: Néu r=3, khi d6 A =4a+3.Ma41a hop sd nho nhdtnén n<a.
Xét n=a. Vi AlasOlénén ton tai it nhat mot sd a, véi i=1;2;...;n las6 1é. Khong mat
tinh tong quat, gia s a, 1é, suy ra a, >9. Khi d¢6
a,+a,+..+a, 29+4(a-1)=4a+3+2>4a+3=A
Xétn=a-1,khid6tacé A=4a+3=4(a-3)+15=4(a-3)+6+9.Do d6 n16n nhat
lan=a-1
Két luan: Véi s& nguyén dwong A >3 va A chan thi A phan tich dwgc thanh a hop s6.
Vi s6 nguyén duong A >3 va A 1é thi A phan tich duoc thanh a—1 hop s6, trong d6 a la
thuong trong phép chia s6 A cho 4.
Ap dung: V6i A =2016=4.504 thi ta duoc n 16n nhat 1a 504 va A =2016=504.4.

Véi A=2017=4.504+1 thita dwocn lén nhatla 503 va A =2017 =502.4+9.
Bai 87. Gia st p, q, r la cac s6 nguyén t6 thoéa man phuong trinh
(p+1)(q+2)(r+3)=4pqr.
Ta cé p,q,r=2.Khi do ta xét cac treong hop sau
e Néu r=2, khi d6 phwong trinh trén tr¢ thanh 5(p+1)(q+2)=8pq.
Do (5,8) =1 va 5 la udc nguyén t6 cua pqnén ta duoc p=5 hodc q=5.

+Véi p=5, khi d6 ta duoc 5(5+ 1)(q+ 2) =8.5q = q =6 khong phai la sd nguyén to.
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+V6i q=>5, khi d6 ta dugc 5(p+1)(5+2)=8.5p = p =7 thoa man yéu cau bai toan.
e Néu r =3, khi d6 phwong trinh trén tré thanh (p+1)(q+2)=2pq

Tir d6 ta dwoc (p-1)(q-2)=4=1.4=2.2.Do p va qla céc s6 nguyén t& nén
q-2#2;q-2#4.

-1=4 =5
Nén tttr d6 ta suy ra duoc {p = {p

b1 3 thoa man yéu cau bai toan.
q — = q =

e Néu r>3, khi dd ta co 4pqr =(p+1)(q+2)(r+3) < 2r(p+1)(p+2)

Hay ta duoc 2pq <(p+1)(q+2)=(p-1)(q-2)<4.

Do d6 p—-1<4;q—2<4 vaplasdnguyén td nén ta dugc p=2 hodc p=3.

+Véi p=2 thi tit phuong trinh da cho ta duoc 3(q + 2)(r + 3) =8qr.

Do (3,8) =1 nén 3 phai la wéc nguyén t& ctia qr, ma q var la cac s8 nguyén t6, lai c6 r >3
nén suy ra duwgc q=3. Ttr d6 ta dwgc r=5 théa man yéu cau bai toan.

+Véi p=3 thi tit phuong trinh da cho ta duoc (q+ 2)(r + 3) =3qr

Hay ta duwoc 2qr—3q—2r=6<(q-1)(2r-3)=9=19=33.

2r-3=9 r=6
Laicd r>3 nén 2r-3> 3, do d6 tit phuong trinh trén ta duoc { :>{

~,khéng
q-1=1 q=2
théa man yéu cau bai toan.

Vay cac bd ba s6 nguyén t6 (p; q;r) thoa man yéu cau bai toan la (7; 5;2),(5; 3;3),(2; 3;5).

Bai 88. Dat p, |a1—a2|:p2 |a2 —a3|=...:pn a, —a1|:k véi k 1a mot s6 khong am.
.y k k k
Khi @6 ta duwoc |a1—a2|:—; az—a3|=—;...; an—a1|——
pl p2 pn
kt, kt, . N .
Hay a,-a,=—/a,-a,=—=;..;a, —a,=—" vdi t;t,;..;t nhangid trila 1 hodc -1.
pl p2 pn

VARG ? Ve <9 ’ A t t t t
Cong theo v€ tat ca cac dang thitc trén ta duoc k[—1+ 2+ 4+ —“j =0
Pi P> P Pa
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t t t t t t t t
batM=-"1+2+24+ +2M-—L="2434 +-0= Q

————. Suy ra Q la mot s6
P. P, Ps Pa Pi P> Ps Pn  P2P3Pn

nguyén. Ttr d6 ta duoc p,.p,...p, (Mp, —t,) =Qp, . Hay ta duoc

Py (P, P3P, M=Q) =t,.p,.ps.-p,

Né&u M la s nguyeén thi tir dang thitc trén suy ra vé trai chia hét cho p, con vé phai khong
chia hét cho p,, diéu nay vo li. Do d6 M khong thé la s6 nguyén, suy ra M #0.

t t t t
Do dé twr k(—1+—2+—3+...+—“J:0 ta suy ra duwgc k=0

pl p2 p3 pn

Diéu nay dan dén p, |a1 —a2| =p, |a2 —a3|:...:pn a_ —a1| =0

Hay suy ra duwoc |a1 —a2| :|a2 —a3| =..=[a, —a1| =0nén a =a,=..=a_.
Bai 89. Gia str ton tai cdc s6 nguyén t a, b, ¢ thoa man diéu kién a” +2011=c. Khi d6 ta

xét cac treong hop sau:

e Néu c=2,khidd a®+2011=2, diéu nay vo li do a, b 16n hon 1.

e Néu ¢ >3, khi d6 do cla s6 nguyén td nén cla s6 1é.

Ttr a® +2011=c ta suy ra dwgc a® +2011 1a s61é nén a® 1a s& chan hay a la s& chan.

Do a la s6 nguyén t6 nén ta dwoc a=2. Nhw vay 2° +2011 la s& nguyén t8. Ta xét cac kha
nang sau

+Khi b=2 thi ta dwoc 2° +2011=2015 1la mot hop s0.

+Khi b>3, dobla sd nguyén t6 nén b la s6 1é. Ta dit b=2k+1,ke N .
Khi d6 ta cé 2° +2011=22%"+2011=2.22%+2011=2.4% +2011 = 2.(3+1)k +2011

D& thay 2(3+1)" chia3 dw2 va 2011 chia 3 dw2 nén ta duoc 2.(3+1)" +2011 chia hét cho 3.

Do d6 2° +2011 chia hét cho 3. Suy ra 2° +2011 1a mot hop s0.
Vay khong ton tai cac s6 nguyén t6 a, b, c d€ a* +2011=c.

Bai 90. Ta xét cac treong hop sau

e Véi p=2,khidétontai n=1va x=y=1d¢ 2' =1°+1°.

* Véi p=3,khidétontai n=2 va x=1,y=2 d€ 3°=1°+2°.
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e Véi p>3, khi d6 gia st ton tai cdc sO nguyén duong n, X, y voin bé nhat thoa man
p =X +y’.

Do p>3 nénsuy ra(x;y)#(1;1), do d6 x* —xy +y? :(x—y)2 +xy>1va x+y>1.
Tacd x> +y° :(x+y)(x2 —xy+y2) nén (x3 +y3)§(x+y) va (x3 +y3)5(x2 —xy+y2).
Do d6 suy ra (x+y) va (x2 —xy+y2) phai cing chia hét cho p.

Suy ra (x+y)2 —(x2 —xy+y2) =3xy chia hét cho p. Do p 1a s6 nguyén té va p" =x’ +y’

nén ta duoc x va y chia hét cho p.

Ttr d6 suy ra n >3, khi d6 chia ca hai vé€ ctia p" =x’ +y® cho p’ ta dwgc

3 3
X
pn_3 ) [_j + [Zj -
P P
AY V4 AN . ~ 4 n A X 2 ~ A Ay e 4
Tir d6 suy ra ton tai sO ty cac s6 nguyén duong n—3;— ;X thoa man yéu cau bai toan.Tuy

nhién diéu nay lai ma thuan véi viéc nhon n nhé nhat.
Vay v6i p >3 thi khong ton tai cdc s6 nguyén duong n, x, y thoa man p" =x’ +y°.
Do d6 cac s6 nguyén to thoa man yéu cau bai toanla p=2 va p=3.

3 2 2
Bai 91. bat A= nasnirl_ LU 8_n+ i Ta xét cac treong hop sau:
3n 3 3 3n

e Truong hop 1: Néu n =3k vdi k 1a mét s6 nguyén duong, khi dé ta duoc

A =3k + 8k +
9k
Dé thay 3k* +8k < A <3k’ +8k+1 nénsuyra [A] {318 +8k+9ik}=3k2 +8k =k(3k+8).

D& [ A] 1a mot sd nguyeén t6 thi k=1, khi d6 [ A |=11 1a d6 nguyén t3. Tl d6 ta tim duoc
n=3

e Truong hop 2: Néu n =3k +1véi k la mot s6 nguyén, khi d6 ta duoc

A=3k2+2k+%+8k+§+ =3k*>+10k+3+ 1

9k+3 9k +3

Dé thay 3k*+10k+3 < A < 3k* +10k +3+1 nén suy ra

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC



Website:tailieumontoan.com

[A]=[3k2+10k+3+ L
9k

+3}:318+101<+3=(1<+3)(31<+1).

Nhu vay d¢ [ A | 1a mot s nguyén t& thi k+3=1 hodc 3k+1=1, tir 6 ta tim dwoc k=1.
Khi d6 [A]=3 lamot sd nguyén tsva n=1.

e Truong hop 2: Néu n=3k+2vdi k la mot s6 nguyén, khi d6 ta duoc

A=3k2+4k+é+8k+ﬁ+ L =3k*+12k+6+ 1 2
3 3 9k+6 9%k+3 3

Ta thay 0< L 24 nén suy ra
9k+3 3

[A] = [3k2 +12k+6+ 1
9k

+2 =3k2+12k+6=3(k2+4k+2)
+3 3

Suy ra véi moi k thi [A] ludn la sO nguyén to.

Vay dé [A] lasd nguyén t8 thi n=1 hodc n=3.

X=m
Bai 92. Goi d 1a wéc chung 16n nhat cua x, y tasuyra < y=nd

(m,n)=1
2 2 242 292 2 2 2 2
, X+ m<d®+ pn“d® m°+ pn . m°+ pn“:n .
Ta cod: A= by _ pz = PV 2+ pnimn = , P ,. =>m’in.
Xy mnd mn m°+pn°:m

Mit khdc ta ¢6 (m,n)=1 suy ra n=1 do d6 m*+ pim = pim ma p la s6 nguyén t& nén
m=1 hoac m=p.

+Néu m=1thi x=y=d= A=p+1.

dp)’ + pd?
+Néu m=p=x=dp,y=d khidd A:(p)—+p: p+1.
d’p

Ap dung vao bai toan ta suy ra dpcm.

Bai 93. Gia str p va q la céc s& nguyén t6 théa man p’ —q” =(p+ q)2 . Khi d6 ta duoc
p’—q’>0.

Ttr d6 ta dwgc p° >q° >2° nén ta dugc p>3.

Suy ra p khong chia hét cho 3. Ta xét cac treong hop sau:

e Néu q=3, khid6 p’—3° =(p+3) & p’—p’—6p-252=0< (p-7)(p* +6p+36)=0.

Do p®+6p+36>0 nén taduwoc p-7=0=>p=7.
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e Néu q#3 khidd p=3m=1;q=3n=*1 véim, nla cac sd nguyén duong.

+V6i p=3m+1 va q=3n+1 thi p°-q’:3 va (p+q)2 chia 3 du 1, nén khong théa man
yéu cau bai toan.

+ Véi p=3m+1 va q=3n-1 thi p’~q’ chia3duw2va (p+ q)2 chia hét cho 3, nén khong
thoa man yéu cau bai toan.

+Véi p=3m-1va q=3n+1 thi p’—q’ chia3du1va (p+ q)2 chia hét cho 3, nén khong
thoa man yéu cau bai toan.

+V6i p=3m-1va q=3n-1 thi p’-q’i3 va (p+q)2 chia 3 du 1, nén khong thoa man
yéu cau bai toan.

Vay cdp s6 nguyén t3 (p;q) thoa man yéu cau bai toan la (3;7) .

Bai 94. Ta c6 2a2b=a(a+b)2 —a(a2 +b2).

Do p* 1a wéc ctia a® +b* va a(a+b)2 nén p* cling 1a w6c ctia 2a’b.

Do p la s6 nguyén t6 1é nén suy ra p* 1a wéc cua a’b.

Néu a khong chia hét cho p” thi s6 mii ctia p trong a® khong vuot qua 2, khi d6 a* khong
chia hét cho p*. Do d6 b phai chita p®, diéu nay c6 nghia la b chia hét cho p?, tir d6 ta
duoc b* chia hét cho p*. Tt d6 suy ra a*> +b* khong chia hét cho p*, diéu nay mau thuan
voi gia thiét.

Do vay a phai chia hét cho p® nén a® khong chia hét cho p*. T a’ +b” khong chia hét
cho p* ta suy ra dugc b* chia hét p*, do d6 b chia hét cho p?

Déan dén a+b chia hét cho p* nén suy ra a(a+b) chia hét cho p*.

Vay p* cling la wéc ctia a(a+b).

Bai 95. Dat A=a’-b’-5a+3b+4, dé thdy A la s6 chan. Do d6 A la s& nguyén t6 khi va

chikhiA =2, hay A=a®-b’-5a+3b+4=2,suyra (a+b-4)(a-b-1)=2.

Ta xét cac treong hop sau :
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+ Truong hop
+ Truong hop
+ Truong hop

+ Truong hop
Bai 96. Ta c6 f(5)—f(4)=2012 < 6la+9b+c=2012

£(7)-£(2)=(343a+49b+7c+d)-(8a+4b+2c+d)=335a+45b+5c
= 305a +45b +5c+30a = 2012 +30a = 2(1006 +15a)

Vi ala s6 nguyén nén ta dugc f (7) —£(2) chia hét cho 2 va 1006 +15a khéc 1
Do d6 £(7)—£(2)la hop s6

Bai 97. Theo bai ra f(x) c6 dang f(x)=ax’ +bx* + cx+d véi a nguyén duong.

Ta c6 2010=£(5)—f(3)=(5"—3")a+(5" -3’ )b+(5-3)c=98a+16b+2c
=16b+2c =(2010— 98a)
Lai co:

£(7)=£(1)=(7"=1")a+(7* =1 )b+(7—-1)c = 342a +48b + 6c = 342a+ 3(16b+ 2c)
= 342a+3(2010-98a) = 48a + 6030 = 3(16a +2010)

Vi anguyén duong nén 16a+2010>1 . Vay £(7)-£(1) la hop s§

Bai 98. Bién d6i 2™.p’ +1=q’ thanh 2"p’ =(q-1)(q* +q’+q* +q+1)
Do q*+q’+q*+q+1 1énén q—1=2"p" véi k=0;1;2

+Néu k=0 khidé tacd q—1=2" Tk d6 ta duoc

2_(2m+1)5—1

p’ = o =2%m 1525 110.2*™ +10.2™ +5

Néu m >1 thi p? zS(modS)vé linén suy ra m =1, tit d6 ta dwoc p=11;q=3.
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+Néu k=1 khi dé tacd q—1=2"p do dé ta duoc p=(q—1)(q4 +q°+q° +q+1)

Do d6 dé p las6 nguyén to thi q-1=1=>q=2, ttdésuy ra q=31.

Thay vao phuong trinh ban dau ta dwge 2™.31% +1=2°, phuong trinh khong ¢6 m nguyén
duwong thda man.

+ Néu k=2 khi do6 ta c6 q-1=2"p* do d6 ta dwoc 1=q*+q° +q* +q+1 diéu nay vo li
do qla s6 nguyén to

Vay bo (m; p;q) = (1;11;3) la bd duy nhat can tim.

Bai 99. Tt gia thiét suy ra p, >2= p; =1( mod8).

Ma p} = 1;4(mod 8) nén trong 5s0 p, (i = 1;5) cO bdn sO béng 2, mot s6 16n hon 2.
That vay, gia st k 1a s6 s6 chén trong day p,,p,, Ps P.,Ps- Suy ra
P +p5+ps+p;+p: =4k+A (Alatdng binh phwong cua 5-k s6 1é)
(pf +p+pi+p; +p§) =4k +(5-k).1(mod 8) = 3k +5(mod 8)
Ma (pf +pi+ps+p; +p§)sl(mod 8) nén 3k+4i8=>k=4.
Nhén xét duoc chitng minh xong.
Bay gio tagiastt p,=p,=p,=p,=2,p5 >2
Tt d6 suy ra p; —p2 =16 < (p, —p, ) (p, +ps) =16
Tt d6 giai dwoc p, =5,p, =3.
Vay bd céc s6 nguyén t& céc s6 can tim 13 (p,; p,; Py PyiPsiPs ) trong d6 (p,;p,; PsiPaiPs)
duwoc xac dinh la (2; 2;2; 2;3) va cac hoan vi, con c6 dinh p, =5.
Bai 100. Gia str ¢4 s6 nguyén a dé (a2 + 1)5p hay ta ¢6 a* =-1(mod p)

p-1 p1
2

Suyra a”'=(-1)2 (modp) hay a"'-1=(-1)2 -1(modp)

Nhung theo dinh Ii Fecmat thi 2" —1=0(modp)

p-1
2

Nén ta duoc (—1) -1= O(mod p) ma p la s6 nguyén t6 dang 4k +3 nén

(-1)

p-1
2

-1= O(mod p) 2= O(mod p) , diéu nay vo li.
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Nén khong ton tai sd nguyén a thoa man yéu cau bai toan

Bai 101. Do 6(x + 2p) chia hét cho 3 nén tir phwong trinh da cho ta suy ra x* + p?y?
chia hét cho 3. Mit khéc, ta c6 dé'y rang, véi moi s6 nguyén a thi a2 chia cho 3 du 0
hodc 1. Do d6, &€ x* + p?y® chia hét cho 3 thi ta phai c6 x°va p?y?cling chia hétt cho 3.
Suy ra x va py cung chia hét cho 3.

Dat x = 3a vdi a nguyén duong. Phuwong trinh da cho ¢é thé duoc viét lai thanh

9a’ + p?y* =18a+12p (1)

Do 9a*, p?y* va 18a chia hét cho 9 nén ttr phuong trinh trén, ta suy ra 12p chia hét
cho 9, ttc la p chia hét cho 3. Ma p 1a sd nguyén td nén p = 3. Khi d6, phuwong trinh
(1) ¢ thé viét lai thanh a* + y* = 2a +4.

Hay (a—1)2+y2 =5 (2)

Vi (a-1)" > 0nén tir phwong trinh trén, ta suy ra y2 <5 . Doy la s8 nguyén duong
nén ta cé y e{1,2}. Bang phép tht truc tiép, ta im dwoc cac cdp sd nguyén duong
(a, y) théa man phrong trinh (2) la (3,1) va (2,2). Tte d6 suy ra, c6 hai bd (x, y, p)
thoa man yéu cau dé baila (9, 1, 3) va (6, 2, 3).

Bai 102.

Dit p=a+b+2Jab+c?, gidase a>b.

Cach 1: Xét p¢Z thi pkhong la sd nguyén to.

Xét peZ:Giastthi p lasénguyéntd = ab+c’ 1a s6 chinh phwong

= (a+b)’ -4(ab+c?)= p.(a+b+2\/ab+c2)5 p=(a-b+2c)(a-b-2c)ip.

THI1: (a-b+2c)ip=>a-b+2c>p=a+b+2Vab+c® =c>b++ab+c? >c¢ (loai)
TH2: (a-b-2c)ip=a-b-2c=0 hodc p<|a—-b-2c|

Néu a—b—2c:0:>c:a—;b:> p=2(a+b)=a+b=1 (loai).

Néu p<la-b-2c¢|<a+b+2c=+/ab+c* <c (v li) (loai).
Vay p khong thé la s6 nguyén to.
Cach 2: TH1: Jab+c? ¢ Z suy ra dpcm.
TH2: Yab+c’ =d ¢ Z"' = ab=(d -c)(d+c) voi d >c.
= 3r,ssao cho (r,s)=1 va a :H:L.
d-c b s
+) asir,(r,s)=1=3peZ’,a=pr,d—c=ps.

+) bris,(r,s)=1=3qeZ",b=gs,d+c=qr.
T d6 K=a+b+2d = pr+gs+(ps+ar)=(p+q)(r+s) lahop s6.
Bai 103. a) Mdi s8 tu nhién déu c6 thé viet dudi dang: 6m,6m+1,6m+2,6m+3.
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Moi s6 nguyén t6 khac 2 va khac 3 déu khong chia hét cho 2 va cho 3 suy ra chung chi c6
thé c6 mot trong 2 dang 6m+1 hodc 6m-1.

b) Goi p la s6 nguyén t6 16n nhat c6 dang 6m-1.

bat A=2.35...p la tich cac s6 nguyén td tir 2, 3, 5,... dén p.

Goi D=A+1

Néu D la s6 nguyén t6 thi bai toan duoc chiing minh vi D> p, D=2.35...p-1=6m-1.
Néu D la hgp s6 thi D c6 it nhat mot wdce s6 nguyeén td chinh la p,. Tacénéu p, < p thi p,
la wéc s6 caa D va p, la wdc s6 cta A.

= p, lauwdcsd cia A-D=1 (vdly vi p, la s6 nguyén td).

Néu p, > p tacd p, cling c6 dang 6m—1.

Vi néu khong mot wdc s6 nguyén té nao ctia D c6 dang 6m—1 ma chi c6 dang 6m+1 thi

tich ctia chung c¢6 dang 6m+1, vo ly vi trdi vdi cach dat D =6m—1. Tom lai ta luén ludn
tim dwoc s6 nguyén td dang 6m—1 16n hon p.

Vay ¢d v s0 s6 nguyén td ¢ dang 6m—1.
Bai 104. Vi X,y la cdc sO nguyén tdnén Xx>2,y>2 suyra Z>9.
zla s nguyén t& 1é nén x’ 1a s8 chan suy ra x =2, khi d6 z=2" +1.
Néu y 1é thi 2’ +1:3, suy ra z:3, vo li. Vay y chén, suy ray=2,z=2°+1=5.
Vay cac s nguyén td can tim la X =y =2,z =5.
Bai 105. Dat n=3"m voéi (m, 3) = 1. Gid st m > 1, xét hai trwong hop:
i) m=31+1(1 € N*). Ta c6:1+ 2" +4" =1+ 2% €D 4 4G 14 qCH 4 a2 (y65 = 2%,
suyra 1+2"+4" =a(@" -)+a’(a® - +a’+a+lia’* +a+1=1+2"+4" la hop s6.

ii) m=3l1+2,(l e N*). Ta c6:
142" 44" =14 2% G920 4 ¥ 0D _ 14 g342 4 g8 _ 9(a®3 _1)ya%(a® —1)+a’+a+Llia’ +a+l
(véi a=2%).

Suy ra 1+2" +4" la hop so.

Vay m=1 titclan =3~
Bai 106. Gia st (a, b) = t, khi do: a=ta,,c=tc, vdi (a,,c)=1.

Tl ab = cd suy ra ab=c,d = b:c,.

Pat: b=kc, = cd =a kc, = d =ka,.

Khi d6: A=a"+b"+c"+d" =t"a’ +k"c] +t"c] +k"a’ = (k" +t")(a +c') .
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Vi k,t,a,c, € N* nén A la hop sé.

n(n+1) e n“+n-2 _(n-1)(n+2)
2 2 2 '

Véin=2tacop=2.

Bai 107. Tacé: p=

Véin=3tacop=>5.
Véin >3 thi ”T—1>1va n+2 >1 nén p 1a hop s6.

n(n+1)_1

Vay véin =2, n=3 thi p 1a s6 nguyén td c6 dang
Bai 108. Vi a,b ¢6 vai tro nhw nhau nén c6 thé gia st a > b.

Gia st ﬁ = p voip la sd nguyén to. (*)

Suy ra abip=aip hodc bip= pe{2,357}.

— n? _n2_
Ttr(*)tacéab=ap-bp(a+p)(p_b)=pz®{a+p_p @{a_p P

p-b=1 b=p-1
Véip=2taco ab=21 hoic ab=12.
Véip=3tacod ab=62 hodc ab=26.
Véip=5vap="7tacodaco?2chirso (loai).
Vay cac sG ab can tim 1a 12, 21, 26, 62.
Bai 109. a) Gia st phan chiing rang k >0 va k # 2" v6i moi n.
Khidok=2".t, véitlé>1. Vo li v6i2k+1 la sd nguyén to.
Vay k=0 hoac k =2~
b) Gia strk =m . t v6i 1 <t <k, khi d6 2*- 1= (2')" -1i2' ~1= 2" ~1 la hop 8 vi 2:-1>1.
Vay k la s6 nguyén t6.
Bai 110. 1) Xét ba sd du cua ¥, Y,z khi chia cho 3.
* Néu ca ba s6 1a khac nhau: (0,1,2) thi X+ Yy +2:3 nhung khi d6 (x—y)(y—-2z)(z-X)
khong chia hét cho 3 (v ly).
* Néu c6 hai s6 du bang nhau thi X+ y +z khong chia hét cho 3 trong khi d6 mot trong ba
hiéu x—y;y—z hodc z—x chia hét cho 3 (vo ly) vi (x—y)(y-z)(z—x)=x+y+z.
Vay chi con truong hop ca 3 s6 x,y,z déu c6 cung s6 dw khi chia cho 3.
= (x-y)(y-2)(z—x):3.33=27
Ma: (x=y)(y-z)(z—X)=x+y+z=Xx+y+12:27

2) Tacé: @ -1=(a*) -1 =(a* -1).P
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Ta c6: a*—1=(a—1)(a+1) la tich ctia hai s6 chan lién ti€p a—-1>4 viala s6 nguyén t&
a>5.

— Atco mot sO chia hét cho 2 va mot sd chia hét cho 4.

= (a-1)(a+1):8

Xét ba so lién tiép: a—l,a,a+1; At c6 mét s8 chia hét cho 3 via khong chia hét cho 3.
= (a-1)(a+1):3=(a-1)(a+1):24

Taco: a*~1=(a-1)(a+1)(a’+1) vaalasdlé.

= a’+1 las§ chdn = (a’ +1):2

= (a-1)(a+1)(a’ +1):48

Lai vi a khong chia hét cho 5.

= a cd dang 5k +1,5k —1,5k +2,5k -2 = a* ¢4 dang 5m+1=>a*-1:5

Vi (5,4,8)=1=(a-1)(a+1)(a* +1):240

Bai 111. +) Xét truong hop p la hop so:

Néu p la hop s6 thi p la tich ctua cac thita s6 nguyén t6 nho hon p va s6 mu cac luy
thira nay khong thé 16n hon s6 mi cta chinh cac luy thtra &y cha trong (p — 1)!.
Vay: (p—-1)!:p (diéu phai chitng minh).

+) Xét treong hop p la s6 nguyén to:

Vip € P =>pnguyén t6 cung nhau v6i moi thita s6 cta (p —1)!
(vip>p-1=(p-1)l:p (diéu phai chitng minh)

Bai 112. Goi p la wdc s6 nguyén t6 caa (1994! - 1)

Gia st p <1994 =>1994. 1993 ..... 3. 2. 1 chia hét cho p

<=>1994! Choa hét cho p

ma (1994!-1):p=>1:p (vOly)

Vay: p khong thé nhé hon hodc bang 1994 hay p > 1994 (diéu phai chitng minh).

Bai113. Vin>2nénk=n!-1>1, do d6 k c6 it nhat mot wdc sO nguyén to p.

Ta chting minh p > n .That vay: néu p < n thi n! chia hét cho p

Ma k chia hét cho p => (n! — 1) chia hét cho p.Do d6: 1 chia hét cho p (voly)
Vay: p>n=>n<p<n!-1<n! (Diéu phai chitng minh)

p_ p p_ p
Bai 114. Taco: m=>= > 1_ap vsia=21p-3*1

2 4 2 4

a, b déu 1a cac s6 nguyén 16n hon 1 nén m la hop s6.
Ma m=9""+97? 4+ +9+1 vaplénénmléva m=1 (mod 3).
Theo dinh li Fermat, ta c6: 9" -9: p.

P_
(p,8)=1nén 9’3—938p:>m—139 J

p.
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p_
Vi m-1:2 nén m-1:2p, khi ¢6: 3"* -1:3*" —1§%= m. (dpcm).

Bai 115. Gia st ton tai s6 nguyén t6 p sao cho:
2003+ 23k = p" ).
Trong d6 k,n la cac s6 nguyén duong nao do.
Ttr (1) dé thay p khong chia hét cho s8 nguyén t8 23 nén (p,23)=1.
Theo dinh 1i nhé Fermat thi p? -1 chia hét cho 23, suy ra p*' c6 dang p** =1+23s véi
moi s6 nguyén duong t.
Ttr d6 p™" = (1+23s)p" = p" +23s.p" = 2003+ 23k +23s.p" hay p?*™" =2003+23(k +sp")
voéimoi t=1,2,3,....
Bai toan dwoc giai day du khi ta chi ra sy ton tai s6 nguyén t& p thda man (1). Ching han:
Véip=2céd 2003+23.91= 2"
Véip=3co 2003+23.8=3
Véip=4cd 2003+23.6=2141
Vi p = 2003 thi ton tai k theo dinh 1i Fermat thoa man 2003+ 23k = 2003%,
Bai 116. Goi bay s nguyén t61a p, p, pg...... P, -
Ta co: PP, PsPyPsPsPy = P+ P;+ P+ Py +ps+ps+p7 (%)
Ta can dung dinh li Fecma nho:
Néu s6 nguyén a khong chia hét cho 7 thi a°® =1(mod 7) .(C6 thé chtiing minh tryec tiép diéu nay
thong qua viéc bién d6i a° = (7k +r)° =7t +1 véi moi r thoa man 0<r <6, con t 1a s6 nguyén)
Gia st trong bay s6 nguyén td trén ¢6 k s6 khac 7 voi 0<k <7,
Néu k =0, nghia 1a ca bay sd trén déu bang 7 thi ta co
7.7.7.7.7.7.7 =75 7% 75 7+ 75+ 70+ 76 thda man (¥).
Néu k =7, nghia la ca bay s0 trén déu la s6 nguyén t6 khac 7 thi vé trai cua (*) khong chia
hét cho 7, con vé& phai cua (*) chia hét cho 7 theo dinh li Fec ma, diéu nay khong xay ra.
Vay chi xay ra bay s6 nguyén td trong dé bai déula 7.
Bai 117. Gidsw a2b>c.Tacé a‘ +b* +¢* = (a? +b* +¢?) —2(a’h? +b%*c? +ca?).
Viplasénguyéntdva p>3,suyra a’+b*+c* chia hét cho p khi va chi a’h? +b’c’® +c’a’
khi chia hét cho p hay a’h® +c*(a® +b”):p <> a’h® —c*ip < (ab—c?)(ab+c)ip.
Do p=a’*+b®+c®*>ab+c’>ab-c’>0 vaplasdnguyéntdnén ab—c*=0=>a=h=c

= p=3°=a=b=c=1vap=3.
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Bai 118. Gia st —— Y =k nguyén duong va k la wéc s§ ctia 1995 = 5.3.7.19 = 5n véi n=
X-y

3.7.19. Céc s6 nguyén td 3, 7, 19 déu c6 dang 22m +1) +1=4m +3
Goi wdc chung 16n nhat cua X,y la d =(x,y) thi x=du,y=dv véi (u,v)=1.
Theo gia thiét x> +y* =k(x—y) < dU®+Vv?)=ku-v) (D).
Xét hai treong hop:
1) k 1a wéc s8 ctian = K cd wdce sd nguyén td dang 4m + 3.
Ap dung ménh dé 2 vao (1) thi u?+v® khong chita cac wdc s& nguyén t8 ctia k nén k 1a wéc
s6 ctiad = d =kt. Ttr (1) 6 t(u*+v?) =u-v, do d6 u® <u®+v? <u—-v<u= (1) vd nghiém.
2) k =5m véi m 1a wéc s6 ctia m. Luc d6 (1) tro thanh d(u? +v?) =5m(u-v). Lap
ludn nhuw trén thi m la wéc s6 cua d. Suy ra d= m.t. Ttr 46 ta cd
tu?+v?)=5U-v) (2
Tt (2) ¢6 u®+Vv> <5(U—v)
A=u’+v*-5u-v)<0 (3)
Mat khac
4A=4u" - 20U+ 25+ 4v? + 20V +25-50 = (2u —5)* +(2v+5)* -50>1* + 7> -50> 0= A>0
Két hop v6i (3) phai c6 A= 0. Diéu nay xay ra chikhi 2u-5=+1vav=1,

u=3 u=2
nghia la va
v=1 v=1

X=3m X=2m
Tt A=0va(2)suyrat=1=d=m.Cdcs6 X,y phai tim la {y—m hodc {y—m trong
dé m 1a wéc cua n =3.7.19, nghia 1a m 1ay 8 gid tri sau: 1, 3, 7, 19, 21, 57, 133, 399.
Bai 119. Gia str s6 mdy tivi da giao la abc =100a+10b+c. Ta cd:
100(a+n)+10(b —n) + (c—n) = n(100a +10b +¢) hay
100a+100n+10b—-10n+c—n=100an+10bn+cn .

Ttr d6 ta duwoc: 100a+10b+c = % .

Nhung 89 1a 58 nguyén t& nén hodc n - 1 phai bang 1 hodc n phai chia hét cho n-1. Trong
ca hai treong hop ta déu tim dwocn =2 va abc =178.

Vay s0 may tivi da giao la 178.
Bai 120. Goi 3 s6 nguyén t6 phai tim 1a; a, b, c ta cb: a.b.c=5(a+b +c)=>abc : 5

Via, b, ¢ c6 vai tro binh dang

Gia su: a:b via €P =a=5
Khi dé: 5bc=5(55+b +¢)
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<=>5+b+c=bc
<=>bc-b-c+1=6
<=>b(c-1)-(c-1)=6
<=>(c-1)(b-1)=6

Do vay: b-1=1=> b=2

va c-l1=6va c=7
b-1=2=> b=3 (loaivic=4 ¢ P)

4

va c-1=3va C
Vai tro a, b, ¢, binh déng
Vay b0 s6 (a ;b ;c) can tim 14 (2 ;5 ;7)
Bai 121. it a=2.3.4..n(n+1)=(n+1)!

Xét n s6 a+2,a+3,..,a+n+1 Tathdy a+iii véimoi i=2,3,..,n+1.Suyra n s6 nay déu

la hop s6.

Bai 122. Gia st n la hop sd, tacé n=ab v4i 2<a<b<n .Khido
2" —1=2% -1=(2*-1)(2*"¥+2*"? +...+1) la hop s5. Diéu nay tréi véi gia thiét. Vay n la
sO nguyén to.

Bai 123. Ta xét cac treong hop sau

+) p =2, khi d6 2” + p* =8 1a hop s6.

+) p =3, khi d6 2° + p? =17 1a s& nguyeén t6.

+)p >3, khidé 2P+ p® =(2° +1)+(p°-1) .

Vi p 1é va khong chia hét cho 3 nén 2° +1:3 va p?-1:3.

Suy ra 2° + p®:3 nén 2° + p® 1a hop s6.

Vay p=3 lasd can tim.

Bai 124. Goi X, la nghiém nguyén duwong cua phuong trinh x> — px+q=0 , ta c6 giX, nén

X, =1 hodc x;=¢q .

+) X, =1tac61-p+q=0 < p=q+1 ,suyraq=2,p=3.
+) X, =0 tacé g°~pg+q=0 < p=q+1l,suyraq=2,p=3.
Vay (p.q)=(32) .

Bai 125. Giastt n=2 .

Trong ba s& p,q,r c6 mot sd chdn.
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*r=2,khido p"+q" =4 diéu nay khong xay ra
*p>q=2,tacd: p"+2"=r".
+#) n lé. Suy ra: (p+2)(p"t—-2p"*+..+2"H)=r" .
Vip+2>1va p"t-2p" % +..+2">2"">1
Néntacoé r=p+2 ,suyra p"+2" =(p+2)2 = p’+4p+4 . Diéu nay khong thé xay ra voi
n>3,
+) n=2k , ta cé: p** +2* =r? . Theo phuong trinh Pitago ta cé:
p*=a’-b*> ,2=2ab,r=a’+b’ véi a,beZ,a>b,(ab)=1.
Tacéd: b=la=2",suyra p“=4""-1<4"= p=3.
Hay 3“ =4“" -1 phuong trinh nay v6 nghiém.
Do ddtaco n=1.
Bai 126. *) Néu x hodc y chia hét cho p thi hién nhién s& con lai cing chia hét cho p.
*) Xét x,y cung khong chia hét cho p . Vi p lasdnguyén tdnén (x;p)=(y;p)=1.
Do @6, theo dinh li Fecma ta co:

4k+2

xP*=yP*=1(mod p) hay x***=y***(mod p)

=N (xz)2k+1 E(yz)zm(mod p).

Suy ra x=y(mod p) , do dé x*+y*=2x*(mod p) = 2:p voli.
Vay ta c6 diéu phai chiing minh.

Bai 127. Ta c6 3m? +6n—61=3k +2

Néu k=1 tacé x=3"?+4=9.27"+4:13 .

Suy ra k=0 hay 3m*+6n-61=2 < m’+2n-21=0 .
Vim?lévam?><21 nén m*=1,m*=9 .

*m=1=n=10

*Mm=3=>n=6.

Bai 128. Khong mat tinh tong quat, ta giastr a=b>c .
Ta cé a3+b3+c3—3abc:(a+b+c)(a2+b2+c2—ab—bc—ca) )
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Do d6 a’+b’®+c® —3abc 1a s§ nguyén t6 khi xay ra mot trong cac trieong hop sau:
a+b+c=1va a®+b*+c’—ab-bc—ca la s nguyén t6.

Tt a+b+c=1 = a=1b=c=0,khidé a’+b’+c®—3abc =1 khong 1a s8 nguyén td.
a’+b*+c?—ab-bc—ca=1va a+b+c 1a sd nguyén t6.

Tacé a®+b’>+c*—ab—-bc-ca=1< (a—b)2+(b—c)2+(c—a)2=2 .

a=b
=b
Suyraib-c=1 < {a = a+b+c=3b-1
c=b-1
c-a=-1
a-b=1
Hodc {b—-c=0 < b=c=a-1.
a-c=1

Vay céc s tu nhién can tim 1a (k;k;k —1) va cac hoan vi v6i 3k —1 la s6 nguyén t6.
Hodc (k;k -1k —1) va cac hoan vi v6i 3k —2 1a s6 nguyén t6.
Bai 129. Do p la sé nguyén t0 lé nén p=3k+lhoac p=3k

+Néu p=3k+1 thi 8p*+1=8(3k +1)" +1=3(24k’ +16k +3):3nén vo ly.

+Néu p=3k. Do p la sd nguyén t6 1é nén p=3, rd rang 8.9+1=731a s6
nguyén t0 ma 8p*+2p+1=72+6+1=791a sd nguyén t0.
Bai 130. Tt phuong trinh ta suy ra a’+b?+c¢” =1(mod 3) . Suy ra, trong ba s6 a,b,c ¢4 hai

soO chia hét cho 3.
a=b=3, tacd 18+16c* =9k’ +1 < (3k—4c)(3k +4c) =17

3k+4c=17 {k:B
=

Suy ra
3k-4c=1 c=2

¢ =3, khong maét tinh tong quat, ta gia st a=3 . Khi d6 ta 6 (3k —b)(3k +b) =152=19.8

3k+b=19 . 3k+b=38 k=7
+) vO nghiém +) =
3k-b=1 3k-b=4 b=17
3k+b=76 k=13 3k+b=152 N
+ P + vO nghiém.
3k-b=2 b=37 3k-b=2

Bai 131. Néu p=3 ,tacdq’|3°-1=2°7.11nén q=2 .

Xét p=3 ,taco p’|(q+1)(a*~q+1).
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Ma (q+1,q2—q+1)=(q +1,3)=1 hodc 3. Suy ra hodc p®|q+1 hodc p°|q°—q+1. Tir day, suy
ra p<q.
Néuqg=p+ltaco p=2,q=3 .

Xét q=p+2.Vi ¢ |(p-1)(p+1)(p° - p+1).

Do (g, p+1)=(q,p-1)=1 va (p* - p+1L p’+p+1)=(p*+ p+1L2p)=1 nén ta c6 hodc
9’| p>+ p+1 hodc g’ | p*— p+1.

Ma > p+2 nén qzz(p+2)z> p’+p+1>p?>—p+1.Suyra g*|p°-1.

Vay (p,d)=(2.3);(3.2) -

Bai 132. Néu cac s6 nguyén td p, g, r déu khac 3 thi p, g, r c6 dang 3k+1 suyra p?,
g°, r’ chiacho3 déudwla1.Khidd p*+q* +r’i3 va p>+q° +r>>3 nén p’ +q° +r’ lahop
sO.

Vay p=3, q=5, r=7,khi d6 p’ +q* +r* =3’ +5’+7° =83 la sd nguyén t0.

a’ -1
a-1

Bai 133. Dit a=5*.Taco A= =a*+a*+a’+a+1l

=(a2 +3a+1)2 ~5a(a+1)’.
Thay a= 5 ta duoc:

A=(a?+3a+1) 5% (a+1)
:(a2 +3a+1—51‘°’(a+1))(a2 +3a+1+513(a+1))

Tir d6 c6 dpem.
Bai 134.Vi p la sd nguyén td va p>3, nén s nguyén td p cd 1 trong 2 dang: 3k + 1,3k +2
voi ke N*.
Néu p=3k+1 thip+2 =3k+3=(k+1)=> p+2:3 va p+2>3
Do d6 p +2la hop s (trai véi dé bai p+2 1a sd nguyén t0)
Néu p=3k+2 thi p+1=3k+3=3(k+1) (1)
Doplasdnguyéntdvap>3 = p lé=k 1é = k+1 chdn=k+1:2 (2)
T (1) va (2) suy ra: p+1:6
Bai 135. Vi p la sO nguyén t6 va (p>3), nén s6 nguyén t0 p cé mot trong hai
dang: 3k +1;3k+2 vGi ke N’
Néu p=3k+2 thi p+4=3k+6=3(k+2)= p+4:3va p+4>3
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Do d6 p+4 lahop s (trai voi dé bai p+4 1a sd nguyén t0).
Néu p=3k+1 thi p+8=3k+9=3(k+3)= p+8:3 va p+8>3
Do d6é p+8 lahop so.

Vay sd nguyén td p cd dang p=3k+1 thi p+8 la hop sé.
Bai 136. Tt p°-5q° =4 < (p-2)(p+2)=509°

Do 0< p-2< p+2,q nguyén td nén p-2 nhan cac gia tri 1, 5, q, q°

Ta c6 bang sau:

p-2 p+2 p q
1 507 3 1
5 q° 7 3
p 5 3 1
p’ 5 3 1

Vay (p,q)=(7;3) thoa man.

Bai 137. Vi ba s0 nguyén t6 dau tién 1a 2,3,5 nén trong 12 sd nguyén t6 phan biét da cho
ludn co it nhat 9 s6 16n hon 5. Vi s nguyén t6 16n hon 5 nén: 9 sd trén khi chia cho 4 ¢
s0 du 1a 1 hodc 2. Theo nguyén ly Dirichlet phai ton tai it nhat S s khi chia cho 3 co
cung s6 du. Ma 5 sd nay lai khong chia hét cho 5, vi thé trong 5 s6 &y cd it nhat 2 s6 ma
ta c6 thé gia sw1a p,, p, sao cho (p,— p,)i5. Ngoai ra hién nhién ta c¢6 (p, - p,):3 dan dén

(p1_ p2)515

Xét 7 sO con lai. theo nguyén ly Dirichlet ton tai 4 s6 c6 cung sd du khi chia hét cho 3.
Pem 4 s6 nay chia cho 5 cho hai kha nang xay ra:

Néu c6 2 s8 (chdng han p,, p,)ma (p,—p,)i5. RS rang (p,—p,)i2 va (p,—p,):3. Vi
(5;3;2) =1 nén ta cé (p,—p,):30. L&y haisd py, p, bat ki (ngoaira p,, p,, s, P,) da chon thi
Ps, P 1€ (do s6 nguyén t6 khac 2) nén (pg+ p,):2.

Tte d6 suy ra (p,— P, )( P — Py )( Ps + P ):30.30.2=1800.

Néu 4 s6 nay khi chia cho 5 ¢ cac s6 dw khac nhau la 1,2;3;4. Gia st (p;-1):5,
(ps—4)i5 thi (ps+ ps—5)5 hay (ps+ ps):5

V6i 2 s6 conlai p;, p, third rang (p,—p,):3 (theo cach chon 4 s6 trén)
Do Py Py Psi Ps 1€ nén (ps + g ):2,(Ps = s )3 2.
Tir d6 suy ra (ps+ g )10 va (p,—p,):6.

Do d6 (p,— P, )(Ps— Ps)( Ps + Ps):30.10.6 =1800
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Vay ton tai p,, p,, Ps, Ps, Ps, Ps 1a cac s nguyén t6 phan biét sao cho
(p.— P,)(Ps— Ps)(Ps+ Ps )i1800.

3 2 2
Bai 138.Dit pa_+8n+1 n® 8n 1
3n 3 3 3

o Xétn=3Kk.
Ta cd: A=3k?+8k +i.8uy ra [A]:3k2+8k:k(3k+8).
[A] 1a s6 nguyén t6 <k =1. Khi d6 n=3.

e Xétn=3k+1

Ta cd: A=3k?+2k +1+8k +§+i:3k2 +10k +3+i.
3 3 3n 3n

Suy ra [A]=3k* +10k +3=(k +3)(3k +1).
[A] 1as6 nguyén td <>k =0.Khidé n=1.

e Xétn=3k+2.
Ta c6: A=3k2+4k+£+8k+E+i=3k2+12k+3+i.
3 3 3n 3 3n
Suy ra [A] =3k’ +12k +6 =3(k + 4k + 2) khong phai s5 nguyén t& Vk .
Bai 139. Do q 12 s6 nguyén t8 1én hon 3 nén q/3, vay q ¢6 dang 3k £1.

Néu q=3k+1 thi p=3k +3=3(k +1)§3. Mt khac, p>q>3 nén khong phai la sd nguyén

t6. mau thuan nay ching t6 q khong thé c6 dang 3k +1.
Doddé q=3k-1= p=3k+1.
Tt d6 p+q=6k:3.

Hon nita, vi p,q la hai s6 nguyén t6 lon hon 3 va (p+1)—(q+1)=2 nén p+1q+1 1a hai

s6 chan lién tiép. do d6 hai trong s6 p+1,q+1 cé mot s6 chia hét cho 4.
Khéng mét tinh tong quat, co thé gia st (q+1):4, tecla q+1=4m hay q=4m-1.
Suy ra: p=4m+1 vadodd p+q=8m:4.

Vi (3,4)=1nénsuyra (p+q)i12.
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© Bai 140. V6i p=3 thi p+10=13 va p+14=17 la cac sO nguyén to.
Véip>3thi p=3k+1.
e Néu p=3k+1 thi p+14=3k+15:3 ;
e Néu p=3k-1 thi p+10=3k+9:3.
Vay véi p=3thi p+10 va p+14 la sd nguyén t6.
Bai 141. Tinh chat: Néu p la sd nguyén t& 1on 3 thi p® —1 chia hét cho 24.
Chtng minh: p >3 nén p lasd1é dan dén p?-1=(p-1)(p+1) latich 2 s6 chdn lién tiép
nén chia hét cho 8 (*).
Lai co (p-1) p.(p+1) la tich 3 s6 chan lién ti€p nén (p-1) p.( p+1)chia hét cho 3. Ma 3 1a
s6 nguyén t6 nén trong 3 s6 (p-1), p,(p+1) phai c6 it nhat 1 s6 chia hét cho 3. Do p
khong chia hét cho 3 suy ra (p-1)(p+1) chia hét cho 3 (**). T (*), (**) suy ra p®-1:24.
Ta c6: 2007 - p® = 2016 —(p® —1):24 (dpem).
Bai 142. Gia st ¢6 ba s6 nguyén td p, g, r sao cho p’+q” =r.Khi dé r>3nén r lasdlé,
suy ra p, g khong cling tinh chan 1é. Gia st p=2 va g 1a s6 1é. Khi d6 ta c6 27 +q° =r.
Néu g khong chia hét cho 3 thi g° =1(mod3). Mit khéc, vi g 1é nén 27 =—1(mod3), tr d6
suy ra 2° +g*:3=ri3, vOo li. Vay g=3, lic d6 r =2 +3* =17 la s6 nguyén td.
Vay p=2, q=3, r=17 hodc p=3, q=2, r=17.
Bai 143. a) Gia st p la s6 nguyén td va p=30k+r v6i 0<r<30.Néu r lahop so thi r ¢
wdcnguyeén td g < V30 = g =2;3;5 thi g lan luot chia hét cho 2;3;5, vé 1i. Vay r=1 hodc r
la s6 nguyén to.
Khi chia cho 60 thi k&t qua khong con dung nita, chang han p =109 =60.1+49, 49 1a hop sd.
b) SO nguyén t6 p khi chia cho 30 chicé thédu 1, 7, 11, 13, 17, 19, 23, 29.
Véir=1,11, 19, 29 thi p> =1(mod30).
Véi r=7,13,17,23 thi p? =19 (mod 30).
Suy ra p* =1 (mod 30).
Gia st p,,p,,...,p, 1a cac s6 nguyén t& 16n hon 5.

Khi d6 g=p; +p; +...0} =n (mod 30) = g =30k +n 1a s nguyén td nén (n,30)=1.

Nhin xét: v6i p 1a s8 nguyén 6 16n hon 5 ta ¢ thé chitng minh p* =1 (mod 30) bang
cach 4p dung Dinh 1i Fermat.

Ta cé p* =1 (mod 2), p> =1(mod 3), p* =1 (mod 5) = p* =1 (mod 30).

Bai 144. Vi a, b, c dong vai tro nhuw nhau nén gia st a<b<c.
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Khi d6 ab+bc+ca<3bc = abc<3bc=a<3=a=2(vialasdnguyén t0).

Véia=2,tacd 2bc<2b+2c+bc =>bc<2(b+c)<4c =>b<4 =b=2 hodc b=3.

e Neéu b=2 thi 4c<2+4c thoa véi cla s6 nguyén t6 bat ki.
. Néu b=3 thi 6c<6+5c=c<6=c=3 hodc c=5.

Vay cac cap sd (a, b, ¢) can tim 1a (2, 2, p), (2, 2, 3), (2, 3, 5) va cac hoan vi cta
chiing, véi p 1a s6 nguyén to.
Bai 145. Ta c6 a, =2,0, =3, gid st véi n>3nao d6 ma cd s6 5 la wdc nguyén t6 16n nhat ctia
s0 A=23.0,..a, , +1 thi A khong thé chia hét cho 2, cho 3. Vay chi c6 thé xay ra A=5" voi
m>2,suyra A-1=5"-1:4.
Ma A-1=23.0,...a, , khong chia hét cho 4 do a,,...,a, , la cac sd 1é, vo li. Vay A khong co

wdc nguyén to Iénnhatla 5, ticla a, #5, Vke N*,
Bai 146. Vi p=2 ta c6 2° +p* =8 khong la s6 nguyén td.
Véi p=3 thi 2° +p’> =17 1a sd nguyén t0.

Véi p>3 tacd p?+2° =(p* —1)+(2° +1). Vi p 1é va p khong chia hét cho 3 nén
P —1:3va 22 +1:3, do d6 2° + p* 1a hop s6.

Vay, v6i p=3 thi 2° + p* la s6 nguyén t6.

Bai 147. Ta c6: n®® +n”®* +1=n*(n""" -1)+n(n**" =1)+n* +n+1.

2001

Véin>1tacd: n”® —1:n*-1:n"+n+1,

2003 2002
n

Do d6: n®® +n™®* +1in’ +n+1 va n’ +n+1>1nén n** +n™? +1 1a hop s0.

V6i n=1 thi n®®® +n*? +1=3 la s6 nguyén td.
Bai 148.

a) Giastk 2p+1=n’ (véi neN);nlasd1lénén n=2m+1(meN) , khi d6

2p0+1=2m+1> = p=m(4m* +6m+3).
Vip la sd nguyén t6 nén m=1, suy ra p=13.
Thtr lai, 2p+1=2.13+1=27=3°. Vay p=13.
b) Gidsw 13p+1=n’(neN);p>2 suy ra n>3.

13p+1=n’=13p=(n-1)(n* +n+1).

13 va p la cdc s nguyén t6, ma n-1>1 va n*+n+1>1 nén n-1=13 hodc n-1=p

i)  V6in-1=13 thi n=14, khi d6 13p=n’-1=2743= p=221 la s6 nguyén to

Lién hé tai liéu word mén toan: 039.373.2038 TAI LIEU TOAN HOC




Website:tailieumontoan.com

ii) V&i n-1=p thi " +n+1=13=n=3, khi dé p=2 la sd nguyén t0.

Vay, v6i p=2,p=211 thi 13p+1 la 1ap phuong cua méot s tu nhién.
Bai 149. B§ dé: Néu s6 nguyén duong a la mot wdc s6 ctia tich A=aa,...a, véi a € N va
a>a,vi=12,.,n thialahop sé.
Chitng minh: Gia st nguoc lai, a la s6 nguyén t6. Khi d6, do A:a nén trong cac sd a; phai
¢ it nh&t mot s a, chia hét cho a, tire ta phai 6 a; > a. Biéu nay mau thuan véi tinh chat
cua sO a, do d6 nd phai la hop so.
Trd lai bai toan: Gia thiét ctua bai toan c6 thé duoc viét dudi dang nhuw sau:
ac+bd =(b+d)’ —(a—-c)’,
hay a* —ac+c’ =b* +bd +d°.
Ta c6 (ab-+cd)(ad +bc) = ac(b” +d*)+bd (a* +¢?)
= ac(b® +bd +d*)+bd (a’ —ac+c?)
(ac+bd)(b” +bd +d?).

Do d6, ab + cd 1a udc cua (ac +bd )(b2 +bd +d? ) Theo b6 dé trén, dé chitng minh ab + cd
1a hop s6, ta chi can chitng minh dugc tinh dting dan cta hai bat dang thic:
ab+cd >ac+hd (1)
Va ab+cd >b*+bd +d*.  (2)
Bat dang thitc (1) hién nhién ding do ta c6 ab + cd —ac —bd = (a - d)(b - ¢) > 0. Nhu vay, ta
chi con phai xét bat dang thirc (2). Tir gia thiét, ta thay néu a <b +d thi:
a’—ac+c’=a(a-c)+c’ <(b+d)(b+d-c)+c?

=b®+bd +d* —(b—c)(c—d)<b®+hbd +d>.
Mau thuan nay cho thdy a > b+ d va nhu thé, ta cé:
ab+cd >(b+d)b+d? =b*+hd +d>.

Bat dang thitc (2) dwoc chiing minh. Bai toan duwoc giai quyét hoan toan.

Bai150. Via, b,c,deN =a+b+c+d>4 (1)

Xét @’ +b” +c* +d* —(a+b+c+d)=(a’ —a)+(b* ~b)+(c’ —c)+(d* —d)
=a(a-1)+b(b-1)+c(c-1)+d(d-1):2

Ma a® +b* +¢’ +d* =2(a’ +b*):2=a+b+c+di2 (2)

Tt (1)va (2) suy raa+b +c+dlahogp s6.
Bai 151. it n=3“m v6i (m,3)=1. Gia st m>1, xét hai truong hop:

iym=3/+1(/eN’) Ta cé:
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142" +4" =142 =11 %1 4 0% (v6i a=2"), suy ra
142" +4"=qa(@* -1)+d*(@” 1) +a* +a+1ia* +a+1=>1+2" +4" 1a hop s6.

ii) m=3/+2(/eN’") , Ta co:

k k
1+2n +4I‘) — 1+23 (3/1+2) +43 (3/+2) =1+a3l+2 +aﬁl+4

6/+3

=a(@®*”® -1)+ad’(@* -1)+a* +a+1:a’ +a+1 (V6i a=23k),

Suy ra 1+2" +4" la hop so.
Vay m=1 tkcla n=3".

Bai 152. Gia sit 2015=4a, +a, +...+4,, trong d6 a;;a,;...;a,la cac hop sd

Theo bai ra ta co

+ Mdi s6 hang a,;a,;...;a, khong thé viét thanh tong hai hop s8 (1)

+Tong hai hop s6 bat ki khong thé viét thanh tong 3 hop s6 (2)

Do 2015 1a s6 1é nén ton tai it nhat mot hop s6 1€, hgp s6 d6 phai b:?mg 9vi1;3;5;7;11;13
khong phai la hop so.

Néu cé hop s§1é a, 215=>a, =9—(a,—9) véi (8 —9) = 61a 56 chdn nén a bang tong hai
hop s6- trai vdi (1)

Mit khac khong c6 qua mot hop s6 bang 9 vi néu c6 hai hop s6 bang 9 thi 9+9=6+6+6 trai
voi (2)

Do dé: 2015=9+a, +a, +...+a, voi a,;a,;..;a, la cdc hop s6 chan
=a,+a;+...+a,=2006 (3)

= cac hgp s6 phai nhan cac gia tri 4 hodc 6.

Vinéu a, la hop s6 chdn va a, >8=a, =4—(a, —4)la tong hai hop s6, trdi vdi (1)

S6 hop s6 bang 6 chi 6 thé 1a mot vi néu c6 hai hop s6 bang 6 thi 6+6=4+4-+4

Giasr a,=6=a,=a, =..a, =4=(n—-2).4=2000 = n =502

Vay s6 tu nhién can tim la n =502

2 — —
Bai 153. Ta c6: p=1FY 47 +2"' 2_(n 1)2(n+2)

Véin=2tacd p=2;

Véi n=3 tacd p=5;
. L n-1 N A \ "
Vé6i n>3thi T>1 va n+2>1 nén p lahop so.

n(n+1)_1

Vay v6i n=2,n=3 thi p la s6 nguyén t5 c6 dang

Bai 154. Ta 6 2°™1=2.2"" chia3du2 Vne N
— 22™.=3k+2, (k e N)
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22n+1

— A=2%" +31=2%"131=4.(2°)+31=4.8"+31
Ma 8% chia7dw1Vke N =4.8" chia7due4Vke N
—4.8431:7 VkeN

= A=2"""431:7 ¥neN Ma A>7

= A la hgp s6 voi moi s6 tie nhién n.

Bai 155. @ Ta chiing minh 2° +19:23 véi moi n>1.
Ta cd: 2°=1(mod 1) = 2" =2 (mod 22) =2 =22k +2 (keN).

Theo DPinh li Fermat: 22 =1 (mod 23) =22 =22%2=4 (mod 23) =2* =1923.
Mt khac: 227 +19>23 nén 22 +19 1a hop s6 v6i moi ne N*.
e Ta chitng minh 2°"" +3""" +5!11 v6i moi n>1.
3¥-13"+1 3 -1 _3p+1

Bai 156. Ta cO m= ) =a.b vOi a= ,b
2 4 2 4

a,b déu la s6 nguyén t6 16n hon 1 nén m la hop s6
Ma m=9""+9"?+..+9+1vaplénénmléva m=1 (mod 3).

Theo Dinh 1i Fermat, ta c6 9° —9:p.

P
R . .97 —1.
(p,8)=1 nén 9"—9:8p:>m—1:9 :p.

p

Vi m—1:2 nén m-1:2p, khi @6 3" -1:3% X, (dpcm).
Bai 156. Gia st ton tai b s& (m,n,p) thoa man yéu cau dé bai. Dé thdy 0<m, n<p.
Phuong trinh da cho ¢ thé duoc viét lai thanh

(m +n)A =p™%, (1)

2018 2017 2017 .2 2017 2018

trong d6 A =m m ' n+m ' n - —mn”" +n

Néu A khong chia hét cho p thitw (1), tacd A =1 va

2018 _ 2019 2019

m+n=p m=" +n".

2018

Tir d6 dé thdy m =n =1 va p™"* =2, mau thuan. Vay A chia hét cho p.
Do m+n>1 nén tr (1) suy ra m +n chia hét cho p.Khi o, ta co
A =2019m™" (mod p).
Do A chia hétcho p va 0<m <p nén tir két qua trén, ta suy ra 2019 chia hét cho p,

hay p =2019. Tir day, dé thdy m va n khdc tinh chdn 1&, hay m = .

Bay gi0, ta viét lai phwong trinh da cho du6i dang)\ (m*)” +(n*)" =2019™",
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hay (m +n)(m2—mn +n2)=20192018,
trong do, B :(m3)672 —(m3)671(113)+...—(m3)(n3)671 +(n3)672. Do m #n nén
m*—mn+n*=(m-n) +mn>1,tr &6 ta c6 m*>—mn +n* chia hét cho 2019. Tuy nhién,

diéu nay khong thé xay ra do
m?*—mn +n* =3n’ (mod 2019)

m®—mn+n®> =0 (mod 2019).
Vay khong ton tai cac s8 m,n,p thoa man yéu cau deé bai.
Bai 157. Dit n+3=p= A=2p+1=2a’.
Suyra a las6 twnhiénlénén a=2t+1=2p+1=8t>+12t* + 6t +1.
= p=t(4t* +6t+3)la s6 nguyén td nén t =1=> p =13.
Suyra n=10,A=27.
Bai 158. Ta c6: A =3n+1+2009b” = (3n +2010b%) + (1-b*) = 3.(n+670b*) + (1-b)(1+Db).
Do b la s nguyén t6 16n hon nén b khong chia hét cho 3, do d6
(b-1)(b+1):3= A3, A>3.

Vay A la hgp s6.
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