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Chuong 1

Day so va cac bai toan vée day
sO

1.1 Giéi thisu

Chon dé tai vé day sb, ching t6i da tif truéec minh mot nhiém vu vo cliing kho
khan, bdi day 1a mot linh vyc rat kho va rat rong, sit dung nhiéu kién thitc khac
nhau clia todn hoc. Hon thé, trude dé da c6 kha nhiéu cudén sach chuyen khéo veé
dé tai nay. Du vay, ching t6i vin mudn c6 gang déng gép mot s6 kinh nghiem va
ghi nhan cta minh thu lugm dugc trong qua trinh gidng day nhitng nim qua.

Tap tai lieu nay khong phai 14 mot gido trinh vé day s6, lai cang khong phai
134 mot cam nang huéng dan giai cac bai toan day sb6. Tap tai lieu nay ding hon
hét 13 nhitng c6p nhit clia tac gid vé nhitng phuong phap giai cic bai toan day
s6 cting vdi nhitng nhan dinh doi khi mang day tinh chii quan cta tac gia. Vi vay,
hay coi day 1a mot tai lieu mé. Hay tiép tuc trién khai, lien he va dac két kinh
nghiém, ghi nhan nhitng cai hay va gép y cho nhiing cai chua hay, tham chi chua
chinh xéc.

Trong tai lieu nay, khong phai tat ci cac van dé cua day sd deu dude dé cap
t6i. Vi du phan day sé va bat dang thic chi duge néi dén rat so sai, cac bai toan
day s6 ma thyc chat 1a cac bai toan vé dong du ciing khong dudce xét tdi... Hai
mang 16n ma tap tai lieu nay chi ¥ dén nhat 1a bai toan tim s6 hang téng quat
clia mot day s6 va bai toan tim gisi han day so.

Trong tap tai lieu nay, cac van dé va cac bai todn c6 mic do kho dé khac
nhau. C6 nhitng bai c6 ban, c¢6 nhitng bai khé hon va c6 nhitng bai rat khé. Vi
vay, can phai lya chon van dé véi mitc do thich hgp (vi du ¢6 mot s6 van dé va
bai todn chi dung phai & mitc k¥ thi chon ddi tuyen hosic qubc té).

Viét tap tai lieu nay, tac gid da st dung rat nhiéu nguon tai lieu khac nhau,
tuy nhién chi c6 mot sé bai c6 ghi ngudn gdc, mot s6 bai khong thé xac dinh duge.
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Tac gia ciing da sit dung cac bai gidng clia cac thay Phan Dic Chinh, Nguyén
Van Mau, Lé Dinh Thinh, Ding Hung Thang, Nguyén Minh Dic... trong bai viét
cuia minh.

Cudi cuing, tap tai lieu nay khong khéi c6 nhitng nham 1an va thiéu sét, tac
gia rat mong nhan dude sit gép ¥ clia tat ca cac thay co gido. Va rat mong ring,
v6i n6 lyc chung clia tat ci ching ta, tap tai lieu sé tiép tuc dude hoan thién va
bé sung.

1.2 Dinh nghia va cac dinh ly cg ban

Dinh nghia 1.1. Day s6 la mot ham s6 t& N vao mot tap hop so6 (N,Q,R,C)
hay mot tap con nao dé ciia cdc tap hop trén). Cdc s6 hang cia diy soé thuong
dugc kij hieu 1a up, Vn, T, Yo thay vi u(n),v(n), z(n),v(n). Bin than day s6 dugc
ky hiéu la {x,}.

Vi diy s6 1a mot truong hgp dic biét ciia ham sd nén né ciing c¢6 cac tinh
chat ciia mot ham sb.

Dinh nghia 1.2. Day s6 {x,} dugc goi la day tang (gidm) néu vdi moin ta cé
Tna1 < Tp(rni1 < xy,). Day s6 tang hodce day so giam duge goi chung la day don
diéu.

Diy s6 {xn} dugc goi la bj chan trén néu ton tai s6 thuc M sao cho vdi moin
ta co x, < M.

Diy s6 {x,} dugc goi la bi chan dudi néu ton tai so thuc m sao cho véi moi n
ta c6 x, > m.

Mot day so vita bi chdn trén, vita bi chan dudi duoc goi la day bi chin.

Daéy s6 z, dudc goi la tuan hoan vdi chu kyj k néu x,, 1) = o, vdi moin € N. Day
50 tuan hoan vdi chu ky 1 goi la dday hdng.

Dinh nghia 1.3. Ta néi day so6 {x,} c6 gidi han hitu han a khi n dan dén vo
cting néu vdi moi € > 0, ton tai s6 tu nhién No (phu thuéc vao day s6 x, va €)
sao cho vdi moin > Ny ta cé |z, — a| nhé hon e.
lim z, =a<€>03INy € N :V¥n > Nyolzn —a| <e
n—oo
Ta néi diy so {x,} dan dén vo cing khi n dan dén vo cung néu vdi moi so
thuc duong M lon tuy o, ton tai so tu nhién Ny (phu thudc vao day so x, va M)
sao cho vdi moin > Ny ta cé |z,| lon hon M.
lim z, =00 < VM > 03Ny € N :Vn > Ny |z| > M.
n—oo
Day s6 c6 giéi han hitu han dude goi 1a day hoi tu. Day s6 khong c6 gisi han
hodc dan dén vo cung khi n dan dén vo cung goi 13 day phan ky.
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Dinh 1y 1.1 (Tong, hiéu, tich, thuong cac day hoi tu). Néu {x,}, {yn} la cdc
day hoi tu va cé gidi han tuong tng la a,b thi cdc day s6 {xn + Yn}, {Tn — Yn},
{znyn} va {xn/yn} cing hoi tu va cé gidi han tuong dng la a + b,a —b,a.b,a/b.
(Trong truong hop day sé thuong, ta gid si y, va b khdc khong)

Dinh 1y 1.2 (Chuyén qua gidi han trong bat ding thiic). Cho day s6 {x,} c6
gidi han hitu han |, néu INg E N:Vn > Ng ta c6 a < x, <b thia <z, < b.

Dinh 1y 1.3 (Djnh Iy kep). Cho ba day s6 {xn}, {yn}, {zn} trong dé x,, va z, cé
cung gidi han hitu han 1, va Ng € N : Vn > Ny ta c6 x, < y, < z,. Khi dé y,
ctng c6 gidi han la 1.

Dinh ly 1.4 (Day don dieu). Mot day tang va bi chan trén hay mot day giam
va bi chin dudi thi hoi tu. Néi ngdn gon hon, mot day so6 don diéu va bi chan thi
hot tu.

Dinh ly 1.5 (V@ day cac doan thang Iong nhau). Cho hai day so thuc {ay}, {bn}
sao cho

a) Vn € N, a,, < by;

b) VnBN, [an+1, bnt1] C [an, bnl;

¢) by, — ap — 0 khi n — oo.
Khi dé ton tai duy nhat sé thuc | sao cho Nlay, by = 1.

Dinh ly 1.6 (Bolzano Veierstrass). Tw mot day bi chan luon cé thé trich ra mot
day con hoi tu.

Dinh nghia 1.4. Déy {z,} duogc goi la diy Cauchy néu Ve > 03Ny € N: Vm, n >
Nolzm — x| < e.

Dinh nghia 1.5 (Tiéu chuan Cauchy). Déy s6 {x,} c6 gidi han hitu han khi va
chi khi no la day Cauchy.

Ciap s6 cong. Day s6 {x,} dugc goi la mot cap s6 cong khi va chi khi ton
tai d sao cho

VneN z,11 =z, +d.

d dudc goi 1a cong sai clia cap s6 cong, xg 1a s6 hang dau, x,, 1a s6 hang thi n.
Ta c6 cac cong thic co ban sau:

T, = xg + nd

Sp=x0+ 21+ + Tp
=nzo+n(n—1)d/2
=n(zxo + Tp_1)/2
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Cép s6 nhan. Day s6 {z,} dugc goi 13 mot cap sé nhan khi va chi khi ton tai
q sao cho
Vn € N, Tpi1 = qTy.

d dude goi 1a cong boi ciia cap s6 nhan, xg 1a s6 hang dau, x,, 1a s6 hang thi n.
Ta c6 cac cong thic co ban sau:

LTp = qn:EO

Sp=wo+ w1+ -+ 201 =(¢" —1D)ao/(q—1)

Néu |q| < 1 thi {x,} dugdc goi 1 cAp s6 nhan Iui vo han. Tong clia cap sé nhan
lui vo han dugce tinh theo cong thic

S=m/(1-q)

Day Fibonacci. Day s6 Fibonacci 13 day s6 duge dinh nghia béi

fo=0,fi=1,VneN, foio= for1+ fn.

Day s6 Fibonacci c6 rat nhiéu tinh chat tha vi va xuat hién mot cach ty nhien
trong nhiéu linh vuc khac nhau. Ching ta c6 cong thiic sau day dé tim sé hang
tong quét ctia day s6 Fibonacci:

Cong thiic Binet.

(%) -(=5)
2 2

V5 '
No6i chung, cac day s6 xac dinh bédi cong thitc truy hoi frio = fur1 + fn (V6
fo, f1 bat ky) dugc goi la day Fibonacci mé rong.
Day Farey. Day Farey F,, v6i mdi s6 nguyén duong n 1a tap hop cac phan sb
t6i gidn dang a/b v6i 0 < a < b < n va (a,b) = 1 xép theo thit ty ting dan.

fn:

Vidu 1.1.
Fy={0/1,1/5,1/4,1/3,2/5,1/2,3/5,2/3,3/4,4/5,1/1}.

Ngoai trit Fy, F,, c6 86 1é cdc phan ti va 1/2 luén nam & gitta. Goi p/q, p'/q" va
p"/q" la cdc s6 hang lién tiép trong day Farey thi

pd —qp' =1, vap'/qd = (w+p")/(a+d").

S6 cdc s6 hang N(n) trong day Farey dugc tinh theo cong thic

N(n) =1+ o(k) =1+ ¢(n).
k=1
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1.3 Moét sé phuong phap giai bai toan ve day sb

Phuong phap gidi cdc bai toan day s6 rat da dang nhu chinh yéu cau cta
chiing. D6 c6 thé 13 mot tinh chat sé hoc, mot tinh chat dai s6 hay mot tinh chat
giai tich. Duéi day ching ta sé xem xét nhitng phuong phap co ban nhat.

Tuy nhién, c6 thé dua ra hai nguyen 1y chung dé giai cac bai toan day s6 1a

- Ding ngai viét ra cac s6 hang dau tién ciia day s6

- Ditng ngai tong quat héa bai toin

1.3.1 Day s6 thyc: mot sdé dang day sb dic biét

Day s6 dang zp41 = f(zn)

Day 1a dang day s6 thuong giap nhat trong cac bai toan vé gidi han day so.
Day s6 nay sé hoan toan xac dinh khi biét f va gia tri ban dau z¢. Do vay si hoi
tu clia day s6 sé phu thuoc vao tinh chat ctia ham s6 f(z) va zg. Mot dic diém
quan trong khac ciia day s6 dang nay 1a néu a 1a gi6i han ctia day s6 thi a phai 1a
nghiém ctia phung trinh x = f(z). Ching ta c6 mot s6 két qua co ban nhu sau:

Dinh nghia 1.6. Ham s6 f : D — D dudc goi la mot ham so co trén D néu ton
tai 86 thuc q,0 < q < 1 sao cho |f(z) — f(y)| < qlz — y| vdi moi z,y thuoc D.

Dinh 1y 1.7. Néu f(x) la mot ham s6 co trén D thi day s6 {x,} zdc dinh bdi
29 =a € D,xny1 = f(x,) hoi tu. Gidi han cia day so la nghiém duy nhat trén
D cia phuong trinh x = f(x).

Chitng minh. Vé6i moi n > m thi 4p dung dinh nghia ham s6 co, ta c6
|Tn — Tm| = | f(2n-1) = f(@m-1)| < glTn-1—Tm-1| < < @m|Tp—m — 20| (1.1)

Tw day |z, — zo| < |zp — Tp—1| + -+ |21 — 20| < (Gn—1 + -+ 1)|z1 — 20|, Suy
ra {z,} bi chin. Xét e > 0. T (1.1), do ¢ < 1 v& |zy_p, — x| bi chiin nén ta suy
ra ton tai N sao cho ¢V |z, _,, — xg| < €. Suy ra {z,} 14 day Cauchy v& do d6 hoi
tu.

Vi du 1.2 (Viet Nam, 2000). Cho déy so6 {x,} zdc dinh nhu sau

0 =0,Zp41 = \/Cc—VC+ Ty

Tam tat ca cdc gid tri clia ¢ dé vdi moi gia tri xg € (0,¢), x, xdc dinh vdi moi n
va ton tai gidi han hitu han lim,_ .o T,.
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Giai. Dé z; ton tai thi ta thi c—v/c + z,, > 0 v6i moi xg € (0, ¢) hay c(c—1) > z
v6i moi g € (0,¢),suyrac>2. Véic>2thi0 <z <+/c. Néu0 <z, <+/c
thi ¢ — \/c+ 2z, > ¢ — 2,/c, suy ra x,41 tOn tai va ta ciing ¢6 0 < 2,41 < /c.

Dat f(z) = Ve— e+ th f(z) = —1Vz +a/e— Vet

V6i moi x € (0,+/c) ta ¢6 (c+ z)(c — Ve+x) > c(c — Je++/c) > 2(2 —

24+V2) > 1. Tt d6 suy ra |f'(z)| < ¢ < 1 v6i moi z € (0, /), tic f(z) la

ham s6 co trén (0,+/c), suy ra day s6 da cho hoi tu. Vay tat ca cac gia tri ¢ can
tim 1&a ¢ > 2.

Mot trusng hgp nita ciing c6 thé xét duge sy hoi tu ciia day s6 {z,,} 1a truong
hop f don dieu. Cu thé la

Néu f 1a ham s6 tang tréen D thi {z,} sé la day don di¢u. Day s6 nay tang
hay gidm tuy theo vi tri ctia g so vG6i 1.

Néu f 1a ham gidm trén D thi cac day con {xap}, {z2p+1} 1a cac day don dieu
(va ngugc chiéu nhau).

Vi du 1.3 (Vo dich sinh vien Moskva, 1982). Cho day s6 {x,} zdc dinh bdi
x9 = 1982, 241 = 1/(4 — 3xy,). Hay tim lim, o0

Giai. Tinh toan tryc tiép ta thay 0 < zo < 1,23 > z9. Vi f(z) = 1/(4 — 3z) la
mot ham s6 tang tu [0, 1] vao [0, 1] nén tur day, {z,},>2 13 mot day s6 tang va bi
chan trén béi 1 do d6 c6 gidi han. Gia st gi6i han 1a a thi ta c6 a = 1/(4 — 3a)
hay a =1 (gia tri a = 1/3 loai do day tang).
Cau héi: Vé6i nhitng gia tri ndo cila x¢ thi diy s6 xac dinh véi moi z va c6 gidi
han? Khi nao thi giéi han 1a 17 Khi nao thi giéi han 1a 1/37

Trong truong hop f 1& ham gidm, ta c6 thé chitng minh day hoi tu bang cach
chitng minh hai day con trén cting hoi tu vé mot gidi han.

Tuy nhién, kh6é khan nhat 14 gap cac ham s6 khong don dieu. Trong trudng
hgp nay, ta phai xét ting khodng don diéu cia n6 va sy hoi tu ciia ham sb sé tiy
thuoc vao gia tri ban dau.

Vidu 1.4. Tim tat c cdc gid tri cia a dé day so {x,} zdc dinh bdi xg = a,Tny1 =
2 — 22 ¢6 gidi han hitu han.

Giai. Ham s6 f(r) = 2 — 22 tang trén (—oo,0) va gidm trén (0, +00). Phuong
trinh f(x) = = ¢6 hai nghiém la z = —2 vd x = 1. D6 la nhing do kién quan
trong trong 161 gidi bai toan nay.

Dau tién, ta nhan xét ring néu a < —2 thi do f: (—o00, —2) — (—o0, —2) va
13 ham tang, 71 = 2 — a? < xg nén day s6 {x,} gidm. Néu day {z,} bi chan dusi
thi né hoi tu vé nghiém clia phuong trinh x = 2 — 22, dieu nay mau thudn vi day
gidm va xy < —2. Vay {x,} khong bi chin dudi, tic khong c¢6 giéi han hitu han.
Néu a > 2 thi 1 < —2 va ta cling suy {x,} khong c6 giéi han hitu han.
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V6i a = —2,1 thi day s6 c6 gi6i han. Xét zg € [—2,2]. Ta ching minh day s6
c6 giéi han hitu han khi va chi khi ton tai n sao cho x,, = —2 ho#ic z, = 1. That
vay, gia st x, c6 giéi han hitu han 14 b va x,, ¢ {—2, 1} v6i moi n. Khi d6 b = —2
hodc b = 1. Gi& sit b = —2 thi ton tai Ny sao cho z,, ndm trong lan can —2 véi
moi n > No. Nhung néu z,, = —2+¢€ thi x,.1 = —2+4e—€2 > x,,, suy ra day =z,
tang ké tit Ny v khong thé dan vé 2. Néu b = 1 ké tit n > Ny ndo dé z,, thuoc
lan can 1. Xét

Tppo —Tp=2—2—-22)2 —2, =22, —22) (22 — 2, — 1)

Tai l1an can 1 thi :L"?L — 2, —1<0. Vinéuaz, <1 thi z,,1 > 1 (va ngugc lai
xp, > 1 thi 2,11 < 1 - ching ta dang xét trong lan can diém 1!) nén c6 thé gia
st 2, > 1. Khi d6 2 — 2, — 22 < 0 suy ra 2,42 > x,. Tiép tuc nhu vay, suy ra
1 <oy < Tpio < < Tpyor < -+ mau thuin véi gia thiét b = 1. Vay diéu gia
sit 1a 2, titc 14 day s6 chi c¢6 gidi han khi ton tai n sao cho x,, = —2 ho#c x,, = 1.

Sau khi thu duge két qua nay, ta sit dung ham nguge f~!(z) = £v/2 — x dé
xay dung tat ci cac gia tri a théoa man diéu kien dau bai.

Trong vi du trén, ta da sit dung gia thiét ton tai giéi han dé thu gon mién D,
tit d6 mot ham c6 bién thién phitc tap trd thanh mot ham don dieu.

Day sb6 dang z,41 = , + (z,)® va dinh 1y trung binh Cesaro

Day la truong hop dic biet cia day s6 dang x,41 = f(x,). Tuy nhién, véi
day s6 dang nay van dé hoi tu ctia x,, thuong khong duge dit ra (vi qua don gidn
va gidi han chi c¢6 thé 14 0 hosic co). 0 day, ta sé c6 mot yéu cau cao hon 13 tim
bac tiém can ciia x,, cu thé 1a tim b sao cho x, = O(n?). Véi cac day sb c6 dang
nay, dinh 1y trung binh Cesaro sé t6 ra rat hitu hieu.

Dinh 1y 1.8 (Trung binh Cesaro). Néu day s6 {x,} c6 gidi han hiu han la a
thy day sé6 cdc trung binh {x1+ xo + -+ 3,)/n} ciing cé gidi han la a.

Dinh Iy nay c6 thé phét bi¢u dusi dang tuong duong nhuu sau: Néu limn — oo(z,41—
Zp) = a thi lim, o z,/n = a.

Ta chitng minh dinh 1y & cach phét biéu 2. Ré rang chi can chitng minh cho
truong hop a = 0. Vi limy, 00 (Zp 1 — ) = 0 nén v6i moi € > 0 ton tai, Ny sao
cho v6i moi n > Ny ta ¢6 |z, 1 — x| < €. Khi d6, v6i moi n > Ny

|zn/n| <{lzng| + |2No 41 — 20l + -+ |20 — 2na[]/n < [zng|/n+ (n — No)e/n.

Gitt ¢6 dinh Ny, ta c6 thé tim duge N1 > Ny sao cho |zyo|/N1 < e. Khi d6 véi
moi n > Np ta sé c6 |x,/n| < 2e. Vay lim,—,o z,,/n = 0.

Dinh 1y trung binh Cesaro c¢6 nhiéu ting dung quan trong trong viéc tim gidi
han day s6 va c6 thé phat biéu cho cac trung binh khac nhu trung binh nhan,
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trung binh diéu hoa, trung binh lily thita. Tuy nhién, & day ta chi khai thac cach
phét biéu 2 ctia dinh 1y dé 4p dung cho cac day s6 c6 dang x,11 = =, &= (z,)%. Dé
tim s6 3 sao cho x,/n® c6 gi6i han hitu han, theo dinh Iy trung binh Cesaro, ta
chi can tim g sao cho ) ; — a7, ¢6 gi6i han hitu han a. Khi d6, lim, . 23 /n = a,
suy ra limx,/n] = a], tic 1a = 1/7.

Vidu 1.5. Cho day s6 {z,} dudc xdc dinh bdi xg = 1/2, 211 = T, — 2. Chiing
minh rang lim, .o ne, = 1.

Giai. Trong bai nay, 8 = —1 do d6 ta sé thit v6i v = —1. Dé dang chitng minh
duge lim,,—o0 n, = 0. Ta co

21 — 1/xn = (2n — Tpy1)/Tpi1®n = 22 /(2 — 22)2p = 1/(1 —2,) — 1.
T d6 ap dung dinh 1y trung binh Cesaro, suy ra liml/nx, = 1, suy ta limnz, =
1.

Vi du 1.6. Cho ddy so {x,} dugc xdc dinh bdi xg = 1, 2,41 = sin(xz,). Chiing
minh ring lim \/nz, = /3.

Giai. Day sb da cho khong c¢6 dang 11 = z, + (2,)® (?) nhung két luan cia
bai todn goi cho ching ta dén dinh 1y trung binh Cesaro. Vi 8 = —1 nén ta sé
thit véi v = —2. D& dang ching minh dugce rang limz, = 0. Xét

1/2% —1/2% = [22 — sin®(z,,)]/22 sin®(2,) — 1/3

(Dung quy tac L’Hopitale)

Tit d6, theo dinh 1§ trung binh Cesaro lim 1/nx2 = 1/3, suy ra limlim /n.x,, =
V3.

Nhu vay, ta c6 thé tim v néu biét 3. Trong trudng hop khong biét 3 thi ta
phai dy doan.

Vi du 1.7 (Chon doi tuyén Viéet Nam, 1993). Ddy s6 {a,} dugc zdc dinh bdi
a1 =1 vd apqy = an + 1/\/ay, . Hay tim tat cd cic so thuc 3 dé day s6 (a,)?/n
c6 gidi han hdu han khdc 0.

Giai. Truéc hét ta chiing minh a,, dan t6i vo ciing khi n dan t6i vo cting. That
vay, ta co (L?H_l = a2 + 2\/a, + 1/a, > a2 + 2. Suy ra (L?H_l > 14 2n suy ra
(dpem). Tré lai bai toan, xét

a2 = a3 = (4 + 1/ y/an)P 2 — a¥? = (14 1/a%/2)%/2/(1/d3/?)

Dat =z = 1/(1?/2 thi + — 0 khi n — oo. Do do6 limnéoo(ai/fl — af’/z) =

limg_o(1 + x)%/2/x = 3/2 (Quy tic L'Hopitale) Tit d6 suy ra lim af/z/n =3/2.
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V6i 3 > 3/2 suy ra giéi han bang oo, v6i 3 < 3/2 suy ra gidi han bang 0. Vay
B = 3/2 1a gia tri duy nhat thod man yéu cau bai toan.
Cau hoi:

1) Lam sao c6 thé dy doan duge gida tri 57

2) a va 8 ¢6 moi quan he gi?

1.3.2 Day s6 nguyén

Day s6 nguyeén 1a mot phan quan trong trong 1y thuyét day s6. Ngoai cic van
dé chung nhu tim s6 hang téng quat ciia day sb, tim cong thitc tinh tong n sd
hang dau tién... cAc bai toan vé day s6 nguyén con quan tam dén tinh chat s
hoc ctia day s6 nhu chia hét, dong du, nguyén to, chinh phuong, nguyén t6 cing
nhau... Cac bai toan vé day s6 nguyéen rat da dang. Trong nhiéu trudng hop, day
s6 chi 1a cai bé ngoai, con ban chat bai toan 1a mot bai toan s6 hoc. Trong céc
phan dudi day, ching ta sé it dé cap dén nhiing bai toan nhu vay ma chuyeén
chting vao phan bai tap.

Nguyén ly Dirichlet va day sb nguyén

Nguyén 1y Dirichlet 14 mot nguyéen 1y hét siic don gidn nhung lai vo ciing hitu
hiéu trong cac bai toan chitng minh, dic biét 1a chitng minh sy ton tai clia mot
déi tuong thod man mot diéu kien nao dé. St dung nguyeén 1y nay, ngusi ta da
chiing minh duge nhiéu két qua rat manh, vi du nhu dinh ly Fermat-Euler vé
téng hai binh phuong, dinh 1y Weil vé phan bd déu... O day ta néu ra hai két
qua lién quan dén day sb:

Dinh ly 1.9 (Weil, vé phan bb déu). Néu « la s6 vo ti thi day {na},—1 phan
bo deu trén khodng (0,1).

Dinh 1y 1.10 (Vé su tuan hoan ctia cac sé du). Cho day s6 nguyén {z,}
xdc dinh bdi cong thite truy hoi Tpip = a1Tpik—1 + -+ arpx, va k s6 hang dau
tien nguyén. Khi dé, vdi moi so nguyén duong N, day so du cia x, khi chia cho
N sé tuan hoan.

Tiép theo ta xét mot vai vi du vé viéc sit dung nguyén 1y Dirichlet trong céc
bai toan day so.
Vi du 1.8. Chitng minh rang néu 1 < a1, as, ..., apt1 < 2n thi ton taii < j sao
cho a; | a;.
Giai. Mbi sb a; c6 thé viét dusi dang a; = 2%7r; v6i r; 1a s6 18. Céc s6 74 chi ¢o
thé nhan n gia tri tit 1,3, ...,2n — 1. Vi c6 n + 1 s6 nén theo nguyeén ly Dirichlet,
ton tai ¢ < j sao cho r; = r; va tuong ung ta cé a; | a;.
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Vidu 1.9 (Tap chi AMM). Xét n s6 nguyén duong ay < as < -+ < a, < 2n
sao cho [a;, aj] > 2n vdi moi i # j. Chitng minh rdng aq > 2n/3.

Giai. Néu a; < 2n/3, ta xét n+ 1 86 2ay, 3a1, as, . . ., a,. Cac s6 nay déu khong
16n hn 2n va khong c6 sd nao 1a boi clia s6 nao. Diéu ndy mau thuan véi két qia
bai toan trén.

Vidu 1.10. (Canada, 2000) Cho A = (ay, as, ..., ay) la day cdc s6 nguyén thudc
doan [—1000, 1000]. Gid st tong cdc s6 hang ciia A bang 1. Chimg minh ring ton
tai mot ddy con (chita it nhat 1 phan tt) cia A cé tong bang 0.

Giai. Ta c6 thé giad st trong A khong c6 phan tit nao bing 0, vi néu ngugc
lai thi bai toan hién nhién. Ta sip xép diy A thanh day B = (b1, ..., bagoo) bing
cach chon dan tit cdc s6 hang ctia diy A theo quy tac sau: by > 0,by < 0. Véi
mdi i > 3 chon b; 14 s6 c6 dau ngude véi dau ciia tong s;—1 = by + -+ + b1
(vi sao luon thyc hien duge?). Bang cach xay dung nhu thé, ta duge 2000 s6
51,892, .-, S2000 NAmM trong doan [—999, 1000]. Néu trong s6 s; c6 mot s6 bang 0
thi bai toan diang. Trong trudng hop ngudge lai, theo nguyeén 1y Dirichlet ton tai
i < jsao cho s; = s;. Khi d6 bj11 +---+b; = 0.

Hé dém co sé va day sb6 nguyén

Hé dém co s6 co6 thé dimg dé xay dung nhiéu day sb6 c6 tinh chat rat tha
vi. Nhin trén phuong dién ctia mot co s6 khéc, c6 thé rat kho nhan ra quy luat,
nhung néu chon ding co s6 thi bai toan trd nén vo cung don gian.

Xin nhic lai 1 v6i b 1a mot sd nguyén duong 16n hon hay bang 2 thi moi s6
nguyen duong N déu c6 thé biéu dién mot cach duy nhat dudi dang

N:al...ak(b):albk_l—l—---—l—akvc’iilSal <b-1,0<aq,...,ak<b-—1.

D6 1a dinh nghia hé dém co s6 dang co ban nhat. Tuy nhién, c6 thé 14y mot day
s6 nguyén bat ky (c6 tri tuyet doi ting nghiem ngat) 1lam he dém co s6 vi du he
dém co s6 (—2), he dém co s6 Fibonacci (3=4—-2+1,17=13+3+1...)

Cac he dém thuong st dung nhat 1 he dém c s6 2 va ¢ s6 3. Dudi day ta xét
mot vai vi du:

Vidu 1.11 (IMO 1983). Ching minh hodc phii dinh ménh dé sau: Tu tap hop
105 56 nguyén duong dau tien luon cé thé chon ra mot tap con gom 1983 s6 sao
cho khong cé ba s6 nao lap thanh mot cdp so cong.

Giai. Ta chitng minh ménh dé tdng quat: Tit 3n s6 tu nhién dau tién luon cé
thé chon ra 2n sb sao cho khong c6 ba s6 nao lap thanh mot cap s6 cong. That
vay, xét trong hé dém co s6 3 tap hgp tat ca cac s6 c6 < n chit s6. Chon cac s6
ma trong biéu dién tam phan ciia n6 chi chita chit s6 2 va chit s6 0. Khi do c¢6 2n
s6 nhu vay va khong c6 ba s6 nao trong chiing lap thanh mot cap s cong.
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Vi du 1.12 (Singapore 1995). Cho diy s6 {f,} zdc dinh bdi f1 =1, for, = fn
Va4 fony1 = font1-

(Z) Tinh M = max{fl, ceey f1994}

(ii) Twm tat c cac gida trin, 1 <n < 1994 sao cho f, = M.

Giai. Kinh nghiém mot chit ta thay ngay f, chinh la tdng cac chit s6 ciia n
trong hé dém nhij phan. T day do 1994 < 2048 = 211 suy ra M = 10.

Vi dl.l 1.13. Ddy 50 {fn} d’L[O'C rdc dmh bdi f1 = 1,f2n = 3fn,f2n+1 = f2n+1.
de tinh flOO-

Giai. f, dugc xac dinh nhu sau: Xét biéu dién nhi phan ctia n r6i tinh gia
tri ctia s6 nhi phan nay trong hé tam phan. Vi 100 = 26 + 25 + 22 nén figg =
36 4+ 35 + 32 = 981.

Vidu 1.14. Day s6 {a,} duge zdc dinh bdi 0 < ag < 1,a, = 2a,_1 néu 2a, 1 <
1 vad an, = 2an,_1 — 1 néu 2a,_1 > 1. Héi ¢6 bao nhiéu gid tri ag dé as = ay.

Giai. Phan tich: Khi tinh a, theo a,_; ta c6 thé lya chon mot trong hai cong
thitc. Tat nhien, v6i ag da chon roi thi tat ca cac buée tiép theo déu xac dinh mot
cach duy nhat. Tuy nhién, ta c6 thé chon ag nhu thé nao dé dé sau d6 cac cong
thiic tinh theo ding kich ban da cho. C6 2° = 32 kich ban nhu vay. Vi du véi kich
ban (1,1,2,1,2) ta c6 x1 = 2z, w9 = 221 = 4xg, T3 =229 — 1 =8xg — 1, 14 =
2:E3 = 16:E0 - 2, Ty = 2:E4 —1= 32:L'0 - 3.

Giai phuong trinh 2o = x5 ta duge z9 = 3/31. Tat nhién, dé c6 dugc mot 1si
giai hoan chinh, ta can phai lap luan chiit ché dé thay ring cac xo thu dugc la
khac nhau va v6i mdi xg thu duge, day s6 sé "di" ding nhu kich ban da dinh.
Tuy nhién, phan tich nay goi chiing ta huéng dén hé nhi phan. Va ta c6 161 giai
dep mit sau:

Néu ag = 0, d1dads . . . 1a biéu dién nhi phan ctia ag thi a; = 0, dodsdy . . . That
vay, néu 2ag < 1 thid; = 0va a1 = 2ag = 0,dadzdy . .. con néu 2ag > 1 thid; =1
va aq :2(10 -1 :0,d2d3d4...

Hoan toan tuong tu, a2 = 0, dsdads . . ., ...,a5 = 0, dgdrdg . . . Nhu vay as = ag
khi va chi khi ag 14 phan s6 nhi phan tuan hoan chu ky 5. C6 2% = 32 chu ky tuan
hoan nhu vay, trong d6 chu ky 11111 cho ching ta ag = 1 (loai). Vay tat ¢ c¢6
31 gid tri ap théa man yeu ciu dé bai. D6 1a 0, (00000), 0, (00001), . .., (0, 11110).
Tinh sang hé thap phan doé la céc gia tri 0,1/31,2/31,...,30/31.

Sé phiic va day s6 nguyén

S6 phiic c6 nhitng ting dung rat quan trong trong toan hoc néi chung va trong
1y thuyét day s6 néi chung. Nho s6 phiic, ching ta cé thé thay dude mdi quan he
gitta ham lugng giac va ham mi. Nho s6 phitc, moi da thitc bac n déu c6 du n
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nghiém va vi vay dinh 1y Viét mdi phat huy dugce tac dung. Duéi day ta xét mot
s6 vi du vé tng dung ctia s6 phiic trong cac bai toan tinh tong va day truy hoi.

Vi du 1.15. Véi s6 nguyén dwong n, héay tinh
An) = €04 G2 4o BRI,

Giai. Cothé dit B(n) =CL+Cht+.--+C(n) = C2+C3 +--- 16i sit dung cac
cong thrc

A(n)+ B(n)=B(n+1), B(n)+C(n) =C(n+1), C(n)+ A(n) =A(n+1)

dé tim cong thitc tinh A(n). Tuy nhién dya theo cach tinh CO+C2 +- - .+ C2[n/2]
bang cich thay x = 1,y = 1 va o = 1,y = —1 vao cong thiic nhi thitc Newton, ta
c6 cach giai khac kha dep nhu sau: Goi € 14 s6 thda man phung trinh €2 +e+1 = 0.
Do €3 =1 nén ta c6

(1+1)"=A(n)+ B(n)+ C(n)
(14 €)™ = A(n) + eB(n) + ¢2C(n)
(1+ €)™ = A(n) + €B(n) + ¢C(n)

Tit day suy ra 3A(n) = 2" + (1 + )" + (1 + €%)". T day, ding cong thiic
Moivre ta tim dugc
A(n) = [2n + 2 cos(np/3)]/3.

Vi du 1.16. Tinh tong S,(z) = C2 + Clcosx + - - -+ C? cosna.
Giai. Dat Tn(z) = 0+ Clsinz + -+ 4+ C"sinnz thi S, (z) + iT,(z) = CY +

n

Cl(cos x+isinz)+- - +C"(cosz+isinx)? = (1+cosz+isinx)"” = 2[cos(x/2)[cos(z/2)+

isin(x/2)]]" = 2" cos™(z/2)[cos(nxz/2) + i sin(nx/2)].
T d6 suy ra S, (x) = 2" cos™(x/2) cos(nz/2).

Vi du 1.17 (AMM). Cho diy s6 {u,} zdc dinh bdi ug = 3,u; = 0,uy =
2, Up+3 = Upy1 + Up. Chitng minh rang u, luén chia hét cho p néu p la s6 nguyén
to.

Giai. Phuong trinh dic trung ctia day s6 c6 dang 2 — 2 — 1 = 0. Néu phuong
trinh dic trung nay c6 nghiém nguyén thi ta cé thé st dung dinh 1y nho Fermat
dé chitng minh két luan ctia bai toan. Tuy nhién, céc nghiém nay khong nguyen,
tham chi phung trinh chi ¢6 1 nghiém thiyc. Ta phai cau citu dén sy trg gitp cla
s6 phiic.

Goi u, v, w 1a ba nghiém ctia phuong trinh thi u+v+w = 0, ww+vw+wu = —1,
suy ra u? + 02 + w? = (u+ v+ w)? — 2(uv + vw + wu) = 2. T d6 ta co thé két
luan

Up = Up + Vp + Wy,
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4t NS ~ £ 12 N -1 ~i 4 —q
V6i p la s6 nguyen t6 1¢ thi w” = —(v + w)P = —vP —wP — Y- Clo'wP ™.
Tuong ty v? = —wP—uP =Y i = 1P Clw'uP ™" wP = —up—vf”—Zf:_ll Chu'vP".
Tir d6 suy ra 3(u? + v + wP) = — S} CL(v'wP™" + w'uP~" 4 u'vP™)

Bay gio, chi y rang C} chia hét cho p v6i 1 <i < p—1° (vi p la s6 nguyeén t6)
va (viwP~ 4+ wiuP~ + ulvP~?) 1a s6 nguyen (biéu thitc dbi xting ddi véi u, v, w)
nén vé phai 1la mot sé6 nguyéen chia hét cho p. Vay véi p nguyén t6, p > 3 bai toan
da duge chiing minh. Cudi cliing chii ¥ ug = 2, u3 = 3 ta c6 bai toan dang v6i moi
.

Day s6 dang [na]

Day s6 dang x, = [na] c6 nhiéu tinh chat s6 hoc tha vi. Néu a > 1 thi
{[na]}n>1 1a day céc s6 nguyen duong phan biet, ¢6 su bién thién gan gidng mot
cap sb6 cong nhung lai khong phai 14 mot cap s6 cong. Day sd nay dac biet thu vi
khi a 1a s6 vo ti bac hai. Ta c6 mot két qlia quen thudc sau day

Dinh ly 1.11. Néu a,b la cdic s6 vo tyj dung thod man diéu kién 1/a+1/b =1
thy hai diy $6 x, = [nal,y, = [nB],n = 1,2,3, ... lap thanh mot phan hoach cia
tap hop cdc s6 nguyén duong.

Chitng minh. Xét hai day s6 o, 2a, 3a, ...va 3,23, 33, ... Khong mot so6 hang
nao trong cac s6 hang trén la s6 nguyén. V6i mdi s6 nguyén duong N, c6 [N/a] sb
hang ctia day thi nhat nam ben trai N va [N/3] s6 hang clia day thit hai. Nhung
N/a+ N/B = N, vi a, 3 1a cac sd vo ti, phan 1é clia cac s6 N/a va N/3 1a cac
s6 duong c6 tong bang 1 (do déng thiic trén). Suy ra c¢6 [N/a] + [N/B] =N —1
s6 hang clia cd hai ddy ndm bén trai N. Vi bén trdi N + 1 c6 N s6 hang clia ca
hai day nén gitta N va N + 1 c¢6 ding mot s6 hang clia mot trong hai day, tit d6
suy ra dieu phai chiing minh.

Cau hoi: C6 thé phat biéu va chitng minh dinh 1y ddo nhu thé nao?

Hai day s6 trén vét hét tap hdp cac sd nguyén duong. Diéu nay cho ching ta
mot huéng suy nghi: néu hai day sd vét hét tap hop cac s6 nguyén duong thi c6
kha ning chiing sé c6 dang trén. Va nhiéu bai toan da dude xay dung theo huéng
nay. Chung ta xét mot vi du

Vidu 1.18 (AMM). Gid st {f,} va {gn} la hai day s6 nguyén duong dugc xdc
dinh nhv sau

1) fi=1

2) gn =na —1— f,, trong dé a la s6 nguyén lon hon 4,

3) fax1 la s6 nguyén duong nhé nhat khdc cdac s6 fi, fo, ..y fry 91, 925 vy Gn-

Chiing minh rong ton tai cdc hang s6 o, 3 sao cho f, = [nal, g, = [nB] vdi
motn=1,2,3,..



1.3. Mot s6 phitong phap giai bai toan vé day s6 17

Giai. Theo cach xay dung {f,} va {g,,} 1ap thanh mdot phan hoach cia N*. Gia
st ta da tim dugc a, b thdoa man diéu kién dau bai, khi do, ta phaico 1/a+1/3 = 1.
Ngoai ra, khi n da 16n thi na — 1 = f,, + gn ~ na+ np, suy ra a + 3 = a. Vay
@, 3 phai 1a nghiém ctia phuong trinh 22 — az 4+ a = 0.

Xét phuong trinh 22 — az 4+ a = 0 c¢6 hai nghiem a < 5. Vi a > 4, «, # 1a cac
s6 vo ti. Day s6 {f,} va {gn} dugc xac dinh mot cach duy nhét, do d6 dé chiing
minh khéng dinh ctia bai toan, ta chi can chiing minh {[na]} va {[n3]} théa man
cac diéu kien 1), 2), 3).

R6 rang [a] = 1, [nf] = [n(a — a)] = na + [-na)] = na — [na] — 1 (do na vo
t1).

Gia st [na) = [mp) =k, dat na=k+r,mf=k+sv6i0<r,s<1thi

n+m=*k(l/a+1/8)+r/a+s/B=k+r/a+s/B,

didu nay khong thé xay ra vi 0 < r/a + s/3 < 1. Nhu vay véi moi m,n ta cé

[na] # [mp].
Tiep theo,

[(n+1)a] > [na]+1, [(n+1)8] > [nB]+ 2> [na] + 1.

Cubi cung gia st k 13 mot s6 nguyen bat ky va n = [(k + 1)/a]. Néu n > k/a
thi k < na < a(k+1)/a=k+1va[na] = k. Néun < k/a thi (k—n)3 >
kB —pk/ao=pPk(l—1/a) =k, (k—n)B<kB—-pF(k+1)/a—1)=k+1, suyra
((k— )] = b

Tt cac nhan xét trén ta suy ra mdi sé6 nguyén duong k c6 mat trong day so
ding mot lan va hai day s6 {[na]} va {[ng]} thoa man diéu kién 3) (dpcm)

Ghi chi: Trong 10i gidi trén, ta da khong dung dén két qua ctia dinh 1y & trén
va d6 cling chinh 1a mot cach chiitng minh khac cho dinh ly.

Cac bai toan vé day s6 dang {[na]} thuong lién quan dén phan hoach va cac
day s6 gan tuyén tinh (2,40 ~ Tm + ). Xin xem thém mot sé vi du trong phan
bai tap.

1.3.3 Day s6 va phuong trinh

Day s6 c6 mbéi quan hé rat chat ché véi phuong trinh. Didu nay cé thé thay
rat roé qua hai vi du co ban: phuong trinh sai phan tuyén tinh dudc gidi bang viéec
xét nghiém ciia phuong trinh dac trung, giéi han cia diy sb ciing thuong dudc
gidi ra tit mot phuong trinh. Vé van dé nay, xin doc thém & cac muc tuong ting
trong bai nay. Day 14 mot trong nhitng noi dung quan trong nhat trong phan day
sb.
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1.3.4 Mot vai thu thuat khac
Sap xép lai thit tu

Sap xép lai thit tu 1a mot tha thuat thuong duge ap dung trong cac bai toan
lien quan dén bat dang thic trong day sb. Viec sdp xép lai thit tu cac sb trén
dudong thing dan dén cac tinh chat dic biét ma mot day s6 bat ky khong co,
chang han néu a < b < ¢ thi |c — a| = |c — b| + |b — a|. Ciing nhu cac nguyeén ly
c6 ban khac, nguyén 1y don gidn nay to6 ra kha hitu hiéu trong nhiéu truong hop.
Vidu 1.19 (Viét Nam 1998). Ton tai hay khong mot day so thuc {x,} thda
man diéu kién

1) |xn| < 0,666 vdi moin=1,2,3,...

2) |Tm — xn| > 1/n(n+1) + 1/m(m + 1) véi moi s6 nguyén duong m f.
Giai. Gi st ton tai day s6 nhu vay. Vi mdi s6 nguyen duong N, ta sip xép lai
cic sO 21, ..., xy theo thit tu ting dan

Tit S xyp < - <IN

Khi doé |5L'iN_$i1| = |:EZ'N—ZEZ'N_1|-|—' . '—|—|ZEZ'2—:EZ'1|1/iN(iN+1)+1/iN_1(iN_1+
D)+ +1/ig(ia+1)+1/i1(i1+1) = 2> 1/ig(ip+1)—1/in(in+1) —1/i1(i1+1) =
A(N).

Vi iq, 19, ...,in chi l1a mot hoan vi cta 1,2, ..., N nén ta co

AN) =2 1/k(k+1) = 1/in(in + 1) = 1/iz(ir + 1)
—2(1 = 1/(N +1)) = 1/in(in + 1) — 1/ir(iy + 1)
>2(1-1/(N+1))—-1/1.2—-1/23=4/3—-2/(N +1)
Bay gio chu y rang |z;ny — ;1| < 220,666 < 4/3. Chon N du 16n sao cho 4/3 —

2/(N + 1) > 220, 666, ta suy ra mau thuan. Vay khong ton tai day s6 thda man
yéu cau dé bai.
Vidu 1.20 (Lién X6 1986). Gid st a1, as, ..., ay la cdc s6 duong tuy 1j. Chiing
minh bat dang thic

1/ay +2/(ar +az) +---+n/(a1 + -+ an) <4(1/a1 +1/ag +-- -+ 1/ay)

Giai. Vé phai khong thay doi néu ta thay doi thi tu ctia a; do dé ta chi can
(va phéi) ching minh bat dang thiic ding cho truong hgp tdng bén trai lén
nhat. Diéu nay xay ra khi a; duge sap theo thit tu tang dan. That vay, gid st
0< by <by <...< by, lacac s6 a; duge sap xép lai. Khi d6 r6 rang véi moi k ta
€6 by + -+ b <ap+ -+ ag va

/a1 +2/(a1+az)+---+n/(a1+--+an) < 1/b14+2/(b1+b2)+- - -+n/(bi+- - +by)
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V6i moi k, ghép cac s6 hang ctia tong bén phai thanh cap ta c6 danh gia sau
(2k—1)/(b1+- - ~+bok—1)+2k/(b1+- - ~+bok—1) < (2k—1)/kbp+2k/(k+1)by < 4/bg

T d6 suy ra bat dang thitc can chiing minh.

Phép thé luong giac

Nhiéu day sb6 dai s6 véi cong thitc phiic tap co6 thé tréd thanh céc day sé don
gian nho phép thé luong gidc. Thi thuat nay dic biét hieu quan trong cac bai
toan chiing minh mot day s6 1a tuan hoan hay khong tuan hoan. Dé 4p dung
dugce thu thuat nay, dieu can thiét 14 biét cic cong thiic luong gidc va mot chit
nhay cam toan hoc.

Vidu1.21 (Viét Nam, 1990). Cho {x,} la ddy s6 théa man dieu kién |z1| < 1,
Tpt1 = (—xp+ /3 —322)/2 (n > 1)
a) x1 phdi théa man diéu kién gi dé tat cd cic s6 hang cia diy s6 déu duong?
b) Day so trén cé tuan hoan khong?

Diéu kien |z1| < 1 va dang clia ham s6 goi ngay cho ching ta phép dit
x1 = cos ¢ v6i ¢ thudc (0,7) khi d6 z9 = (—cosp + 3sinp)/2 = cos(¢ — 27/3).
Tt d6 suy ra x,41 = cos(p — 2n7/3). Tt day c6 thé dé dang tra 1di cac cau héi
clia dé bai.
Vi du 1.22 (KVANT). Cho day s6 u, zdc dinh bdi: vy = 2,un1 = (2 +
Un) /(1 —2uy).

a) Ching minh rang u, # 0 vdi moi n nguyén duong

b) Chitng minh ddiy khong tuan hoan

Giai. Dit ¢ = arctan?2, tan = 2. Khi d6 néu u,, = tanz thi u,,; = tan(¢ + z),
suy ra u, = tan(nyp). St dung cong thitc tan2x = 2tanxz/(1 — tan?z) suy ra
u2 = 2u,/(1 — u2). Tt day néu 2 = 0 thi u, = 0. Néu ton tai n sao cho
u, = 0 thi sit dung tinh chat nay, ta suy ra ton tai s sao cho uss + 1 = 0 hay
(2 +ugs) /(1 —2ugs) = 0 hay uss = —2, 2us/(1 —us) = —2. Suy ra us vo ti. Diéu
nay vo ly. Phan b) 1a he qua ctia cau a).

Vi du 1.23. Tim cong thic tong qudt tinh s6 hang ciia day s6 xo = a, Tpp1 =
2 — 2.

Giai. Néu |a| < 2 thi dit a = —2 cos p, ta dugc z, = —2cos(2nyp). Néu |a| > 2,
dat a = —(a + 1/a) thi ta dugc z, = —(a®" +1/a2").

Vi du 1.24 (Thé Nhi Ky 1997). Hai diy {a,}, {b,} dugc zic dinh bdi a1 =
a, by = B, any1 = aay, — Bby, bpy1 = Bay, + aby,. C6 bao nhiéu cdp (a,b) théa man

a1997 = b1, bigg7 = a1 ?
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Giai. Ta c6 a2, + b2, = (a®+ b?)(a2 + b2) nén yeéu cau bai toan xay ra chi
khi o2 + 3% = 1. Dat a = cos ¢, 8 = sin ¢ thi a, = cos(ny), b, = sin(ny). Tit dé
suy ra loi giai ctia bai toan.

Phép thé luong giac thudng duge ap dung trong cac bai toan c6 cong thiic
"ggi nhé" dén cac cong thitc lugng giac hodc c6 két qui giong tinh chat ham
lugng giac (chang han tinh tuan hoan hoac tinh bi chan). Tuy nhién, phép thé
lugng gidc c6 thé xuat hien ¢ nhitng truong hop ma tudng chimg khong dinh dang
gi dén véi lugng giac.

Vi du 1.25. Véi moi 6 tu nhien n > 1 va n so thuc duong 1, xo, ..., T, ddt
f= maX{$17 1/$1 + x2, ..., 1/5L'n—1 + Zn, 1/$n}
Hay tim min f.

Giai. Tudng chitng nhu bai toan nay khong lien quan gi dén luong gidc. Va hon
thé, ciing ching lién quan gi dén day s6. Tuy nhién, diéu kién dat gi4 tri nhé nhat
clia f sé tao ra mot day so! Ta ching minh rang néu 1, x9, ..., 7, 14 n s6 thuc
ma tai d6 f dat min thi ta phdicé z1 = 1/z1+ 22 = ... = 1/2p1 + )y = 1/ 2.
Va bai todn day s6 da xuat hién: V6i mdi s6 nguyen duong n, xét day s6 {zx}7_;
xac dinh béi 1 = a vd 2 = x1 — 1/x—1, V61 k = 2,...,n. Hay tim a sao cho
1/x, = x1. VA bai toan cudi ciing nay c6 thé giai nhu sau. Dat 1 = 2cos ¢ thi
Tg = 2cosp — 1/2cosp = (4cos® ¢ — 1)/2cosp = sin® ¢/ sin? ¢, 13 = 2cos p —
sin 2¢/ sin3p = sin4¢p/ sin 3p... Tiép tuc nhu vay suy ra x,, = sin(n+1)p/ sinnep.
Tt d6 déng thitc 1/x, = z1 sinng/sin(n + 1)¢ = 2cospsin(n + 2)¢ = 0. Dén
day, tu diéu kien zy, duong ta suy ra ¢ = 7/(n+ 2) va min f = 2 cos(w/(n + 2)).
Cau hai:

1) Tai sao ¢6 thé khang dinh khi f dat min thi cac gia tri trén day phai bing
nhau?

2) Tai sao c¢6 thé dat z; = 2cosg?

3) Lam sao c6 thé du doan ra cach dit trén?

4) Phép giai trén con chua chit ché & diém nao?

5) Moi s6 thuc x déu c6 thé biéu dién dusi dang = 2 cos ¢ hodc, v = a+1/a.
Diéu d6 c6 y nghia gi?

Day s6 phu

Khi khdo sat syt hoi tu clia mot day sb ta thuong dinh 1y vé day dn dieu va bi
chin. Néu diy khong don diéu thi c6 thé thit xét diy véi chi s6 chin va day véi
chi s6 18. Tuy nhién, c6 nhitng day s6 c¢6 "hanh vi" phic tap hon nhiéu. Ching
tang giam rat bat thuong. Trong mot sé truong hop nhu thé, ta cé thé xay dung
mot (hodc 2) day s6 phu don diéu, chiing minh céc day s6 phu c6 giéi han va
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sau d6 chiing minh day s6 ban dau c6 ciing gidi han. Tat nhién, day s6 phu phai
duge xay dung tiur day s6 chinh.

Vi du 1.26. Ddy s6 {a,} dugc zdc dinh bdi ayx > 0,a2 > 0 va apy1 = 2/(an, +
an_1). Chiing minh rang day s6 {a,} hoi tu va tim gidi han cia day s6 dé.

Giai. Xét hai day

M, = max{an, Gni1, Gni2, Gni3}

my, = min{ay,, @ni1, Gng2, Gnis}

Ta chitng minh M,, 1a day s6 gidm va m,, 1a diy s6 tang. That vay, ta sé chiing
minh a,14 < max{a,i1,an+3}. T day suy ra M,,11 = an+1 hodc an,4o hodc
ant+3 va o rang khi d6 M,, = max{an,, an+1, nio, ants} > Myyp. That vat
néU apia > apys thl 2/(ants + any2) > angsg suy ra 2 > (apgs + Gny2)anys.
Khi d6 ap41 = 2/an+3 — Qn42 = 2/an+3 - 2/(an+2 + an+3) — Gpt2 + Apyqa =
2ap+2/(Anss + Ani2)ants — Ani2 + Gpia > aptq suy ra dpem. Vay ta da ching
minh duge M,, gidm. Tuong tu m,, tang. Hai diay s6 nay déu bi chan nén hoi tu.
Cubi cuing, ta chi con can chiing minh hai giéi han bang nhau.

Vi du 1.27. Déy s6 {a,} dugc xdc dinh bdi ay > 0,a2 > 0 ¥4 ani1 = /Ay +
Vn_1. Chiing minh rang day s6 {a,} hoi tu va tim gidi han cia day s6 dé.

Giai. Xét day s6 M,, = max{ay, ani1,4}.

Néu M,, = 4 thi a,,an,.1 < 4, suy ra a,o < 4, tu d6 M, 1 = 4.

Néu My, = apy1 thi angr > ap, 4. Khi d6 \/Gn1 = ani1 — /Gnr1 > /Gni1,
suy radani2 = \/anty/ant1 < \fapty/an—1 = apy1 suyra My = max{ani1, Gpio,4} =
Ap+1-

Néu M, = a, thi a, > apq1,4. Khi d6 anqo = /@y + /aGnr1 < 24/ay. Suy ra
Mn—l—l <a,=M,.

Vay trong moi truong hop thi M,, 1 < M, tic la day {M,,} 1a day s6 gidm.
Do M, bi chan duéi bdi 4 nén day nay c6 giGi han. Ta chiing minh gidi han nay
bang 4. Thuc vay, gid st gidi han 14 M > 4. Khi d6 véi moi € > 0, ton tai N sao
cho v6imoin > Nthi M —e < M, < M +¢€. Chon n € N sao cho My, 19 = apio
(theo cac 1ap luan & trén va do M > 4 thi ton tai chi s6 n nhu vay). Ta c6

M—e< Muyio =apr2 =+/an+ Jan—1 <2vVM +¢

hay M(M —4) —e(2M +4—¢€) <0
Mau thuin vi M > 4 v& € ¢6 thé chon nhd tuy .
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Phuong phap sai phan

Dé tinh tong n s6 hang dau tién ctia mot diy s6, mot trong nhitng phuong
phap hiéu qua nhat 13 phuong phap sai phan: Dé tinh téng n s6 hang dau tién
ctia day s6 {an}, ta tim ham s6 f(n) sao cho a, = f(n + 1) — f(n). Khi d6
ag+ -+ ap—1 = f(n) — f(O)

Mot trong nhing vi du kinh dién chinh 14 phuong phap méa Bernoulli va
cac nha toan hoc thé ky 18 da dua ra dé tim cong thic tinh tong S(k,n) =
1% 4+ 2% 1 ... 4+ n* Dung phuong phap hé sb6 bat dinh, ho tim da thtic f(n) sao
cho n* = fr(n+1) — fr(n) va tit d6 tim duge S(k,n) = fr(n+1) — fi(n). Phuong
phap nay hiéu qua hon phuong phap xay dung cong thiic truy hoi, vi dé tinh S,
ta khong can phai diing dén cac cong thic tinh Sy_1, Sk—2

Khi du doan céc ham f, ta c6 thé sit dung tich phan rdi tuong tu héa qua.
Vi du tich phan ctia da thic bac k la da thic bac k + 1. Vay thi A fr = ng suy
ra fr phai c¢6 bac k + 1.

Tuy nhién, khéac véi tich phan, doi khi cac ham roi rac khong c6 "nguyén
ham". Trong truong hgp dé ta khong tinh duge tong ma chi c6 thé danh gia tong
bang cac bat dang thic.

Vi du 1.28. Tim phan nguyén cia tong S = 1/1 +1/v/2+ -- -+ 1/4/100.

Giai. Ta can tim mot danh gia cho S. Nhan xét rang ham 1/1/z ¢6 nguyén ham
la 24/, ta xét ham s6 f(n) = 2y/n. Khi d6 f(n+1) — f(n) =2v/n+1—-2yn=
2/ (VT T+ v,

Suy ra, 1/vn+1 < f(n+1) — f(n) < 1/y/n. Tt do, 2(v/101 — 1) < S <
2(v/100 — 1) + 1, suy ra [S] = 18.

Vi du 1.29 (Dé dé nghi Toan qubc té 2001). Cho x1,xo,..., T, ld cdc s6
thue bat ky. Chitng minh rdang

i /(L+af)+me/(I+a] +a3) + - 4o, /(L+al+ - +27) < Vn.

Giai. Dt vé trai cia bat ding 14 A. Ap dung bat déng thic Bunhiacopsky ta
co

A? <nfaf/(L+al)? 23 /(L+ 2t +23)° + -+ /(L ai + - +ap)’]
Dé chitng minh bat dédng thic dau bai, ta chi can chitng minh
vi/(1+2])? +25/(1+ 27 +25)° + -+ a2 /(L +af + - +27)° < 1.
Nhung diéu nay la hién nhién do bat dang thiic

o/l a4+ <1/Q+a2+-4ar ) —1/A+ 22+ +23).
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Vi du 1.30. Xét day s6 {xy}n=1 cho bdi: Tpio = [(n — 1)xpe1 + x,]/n. Chiing
minh rang vdi moi gid tri ban dav 1,2, day s6 da cho hoi tu. Tim gidi han ciia
day nhuw mot ham so theo x1, To.

Giai. Ta c6 tir cong thiic clia day s6 Tpio — Tpni1 = —(Tpyr — Tn)/n = (vp —
Tn-1)/n(n—1) =---=(=1)"(z2 —21)/nl. TU d6 suy ra Tni2 = (Tnt2 — Tny1) +
(Tpg1 —xp) + -+ (w2 — 1) + 21 = 21 + (22 — 21) Ky, trong d6 K, =1 —-1/1! +
1/2! — -+ + (=1)n/n!. Tu day suy ra diy s6 c6 gi6i han va giéi han d6 bang
1+ (g — x1) /€0

Cau hoi:

1) C6 thé tong quéat hoa bai toan trén nhu thé nao?

2) Hay tim sai phan clia cac ham s6 arctan(n). Tu d6 dat ra bai toan tinh
tong tung tng.

3) Tim sai phan ctia ham s6 In(n). Tit d6 tim danh gia cho tong 1+ 1/2 +
st 1/n'

4) Tit cong thitc sin3z = 3sina — 4sin3x c¢6 thé lap ra cong thic tinh tong
nao?

1.4 Mot sé6 phuong phap xay dung hé théng bai tap
1.4.1 Xay dung day hoi tu bang phuong trinh

C6 thé xay dung day s6 hoi tu vé mot s6 a xuat phat tit mot phuong trinh cé
nghiém la a theo cach sau:

Vi du 1.31. Xét a = V2, « la nghiém cia phuong trinh o = 2. Ta viét lgi dudi
dang
a=2/a & 2a=a+2/a & a=(a+2/a)/2

va ta thiét lap day so x, thod man xo = a,Tpy1 = (Tn + 2/x,)/2. Néu day nay
hoi tu thi gidi han sé la /2. Tuong tw nhu vy, ta cé thé zay dung duge day s6
tién vé can bac k cia m nhu sau:

Ty = Q, Tpt+l = (:En + m/$fz_1)/2

Ciing véi giéi han can dén 1a /2, ta c6 thé xay dung mot day sé khéac theo
"phong cach" nhu vay:

2
To=a, Tnt1 =1+ x, —x;/2

Tat nhién, trong tat ci cac vi du trén, ta chi c6 duge phuong trinh véi nghiém
theo ¥ mudn khi da ching minh duge sy hoi tu ctia day s6. Vi vay, can can than
v6i cach thiét 1ap bai toan kiéu nay. Vi du, véi day s6 2,11 = 1 + x, — 22 /2 thi
khong phai v6i g nao day ciing hoi tu, va khong phai lac nao gisi han ciing la.
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Mot cach tong quat, ta c6 thé dung phuong phap tim nghiem xap xi Newton
dé xay dung cac day s6. Dé tim nghiém ctia phuong trinh F(z) = 0, phuong phap
Newton dé nghi chon zg tuong ddi gan nghiém do6 va xay dung day truy hoi

Tpi1 = Tp — F(x,)/F (z2)
khi d6 day z, sé dan dén nghiém ctia phuong trinh F(z) = 0.

Vi du 1.32. Xét ham s6 F(x) = 22 — 2, thi F(2)/F'(z) = (2? — 2)/2x va ta
dugc diy $6 Tni1 = (Tn +2/1,)/2.
Xét ham s6 F(x) = 23 — x thi F(x)/F'(z) = (2% — 1) /(322 — 1) va ta dugc day
56

Tnin = 203322 — 1)

1.4.2 Xay dung day truy hoi tir cip nghiém ctia phuong trinh
bac 2

Chiing ta thay, tit hai nghiém ciia mot phuong trinh bac 2 c6 thé xay dung
ra cac day truy hoi tuyén tinh bac 2 (kiéu day s6 Fibonacci). Tuong tu nhu thé,
c6 thé xay dung cac day truy hdi tuyén tinh bac cao tit nghiém ctia cac phuong
trinh bac cao. Trong phan nay, ching ta sé di theo mot huéng khac: xay dung
cic day truy hoi phai tuyén bac nhat tit cap nghiém ctia phung trinh bac 2.

Xét phuong trinh bac 2: 22 —ma £ 1 = 0 ¢6 hai nghiem 1a o v 3. Xét mot s6
thuc a bat ky. Xét day s6 2, = a(a?” +2"). Khi d6 22 = a2(a2"" + 2" +2) =
a1 + 2a?, tit dé suy ra day sb x, thoa cong thic truy hoi: x,11 = 22 /a — 2a.

Vi du chon a = 1/2,m = 4, ta c6 bai toan: Tim cong thiic tdng quat ctia day
6 z, dugc xac dinh bdi xg = 2, 1,41 = 222 — 1.

Tuong tu nhu vay, néu xét z,, = a(a®" + £%") thi 23 = (zg(oz?’n+1 + 33" 4
3(a3" + %) = a®(zpq1 £ 32,). Tit d6 suy ra day sb z,, thoa cong thitc truy hoi
Tpy1 = 2 Ja® — (£3z,,).

Vi du xét «, 3 14 hai nghiém ctia phuong trinh 22 — 42 — 1 = 0,a = 1/4,
ta dugc bai toan: Tim cong thic tong quat cia day sb6 z, duge xac dinh béi
o = 1,2,11 = 1623 + 3z,,. Hodn toan tuong ty, c6 the xay dung cac diy truy
hoi phi tuyén dang da thitc bac 4, 5. Bing phép dui truc, ta c6 thé thay doi dang
cua cac phuong trinh nay.

Vi du 1.33. néu trong diy o = 2, Tpi1 = 2:13% — 1 ta dat x, = yp, — 1/2 thi ta
dugc day yn thod: yo = 5/2,ynt1 = 2(y72L ~ Yn)-

Néu o, 8 1a cac s6 thie thi trong hai s6 c¢6 it nhat mot sé c6 tri tuyet doi 16n
hon 1, vi vay day s6 khong hoi tu (Trit truong hgp hai nghiém déi nhau va day
la day héng). Tuy nhién, néu chon «, 8 1a cap s6 phiic lien hop ¢6 modun nhd
hon hay bing 1, ta c6 thé tao ra cac day tuan hoan hoic day hoi tu. Cha § rang
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chon a, 3 & day chinh 1 chon m va ciing chinh 1a chon zg. Do d6 tinh chat cta
day s6 sé phu thuoc rat nhiéu vao xg.

Vi du v6i diy s6 thod z,,1 = 222 — 1, néu x¢ = 2 thi z,, = [(2+v3)?" + (2 -
v3)2"]1/2; néu 2o = 1 thi z,, 1a day hing; néu zg = cosa thi z,, = cos(2").
Cau hoi:

1) Xét xem vé6i nhiing a, b, ¢ ndo thi phuong trinh sai phan z,, 1 = az? +bx, +c
giai dude bang phuong phap trén?

2) Hay tim dang ctia cac day truy hoi tao duge bing cach xét x, = a(a*" +5*")
véi k= 4,5.

1.4.3 Xay dung cac day sé nguyén tir 15i giai cac phuong trinh
nghiém nguyén

Mot day truy hoi tuyén tinh véi hé s6 nguyen va cac sd6 hang dau déu nguyéen
sé chita toan s6 nguyén. D6 1a didu hién nhién. Thé nhung c6 nhitng day s6 ma
trong cong thic truy hoi c6 phan sb, tham chi c6 ca can thic nhung tat ca cac
s6 hang clia n6é van nguyén. Day mdi 1a diéu bat ngs. Tuy nhién, néu xem xét
k¥, ta c6 thé thay ching c6 mot moi quan he rat truc tiép.

Chitng ta hay bat dau tit bai toan quen thuoc sau: Chitng minh rang moi s6
hang ctia day s6 {a,} xac dinh béi ag = 1, ay+1 = 2a, + /3a2 — 2 déu nguyen.

Chuyén vé va binh phuong cong thic truy hdi, ta duge

2 2 2
ap.q — 4api1a, +4a;, = 3a;, — 2

@aflﬂ —4an+1an—|—afl—|—2 =0
Thay n bang n — 1, ta dugc
2 2 _
a, —4danapn_1 +a, 1 +2=0
T day suy ra an—1, apy1 la hai nghiém ctia phuong trinh
2 —dapr+a2+2=0

Suy ra: a,41 + an_1 = 4a, hay a,y1 = 4a, — a,_1. TU day suy ra tat cd cac sd
hang trong diy déu nguyeén.

C4 cong thitc ban dau 1an cong thitc hé qua a,.1 = 4a, — a,_1 déu goi cho
chiing ta dén véi phuong trinh Pell. Qua that 1a c6 thé xay dung hang loat day
s6 tuong ty bang cach xét phuong trinh Pell.

Xét phuong trinh z? — Dy? = k. Gia st phuong trinh ¢6 nghiém khong tam
thudng (xo, o) va (a, 3) 1a nghiém co s6 clia phuong trinh 22 — Dy? = 1. Khi do,
néu xét hai day {z,}, {yn} xac dinh bdi x,11 = az, + BDYn, Yni1 = Brn + ayy
thi x,, y, 1& nghiém cta 2% — Dy? = k.
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Tt hé phuong trinh trén, ta c6 thé tim duge

Tni1 = azy + B\ D(23 = k); ynt1 = ayn + Bk + Dy}

va nhu vay da xuat hién hai day s6 nguyeén dudc cho bdi mot cong thitc khong
nguyen.

Vidy, v6i D = 4a(a+1),k=1thitaco zo =a=2a+1,yo=F=1.Ta
dugce hai day s6 nguyén sau day:

ro=2a+1, T =2a+1+4a(a+1)(x2 —1)
Yo =1, Ynp1 = 2a+ 1+ /da(a+ 1)y2 +1

Cudi ciing, chi ¥ ring ta c6 thé tao ra mot kidu diy s6 khac tit két qua an—1, angt
la hai nghiém cta phuong trinh

2 —dapr+a2+2=0
trén day: Theo dinh 1y Viet thi apt110,-1 = afl + 2, suy ra
ant1 = (aj +2)/an—1
va ta c6 bai todn: Cho day s6 {a,} xac dinh béi ag = 1,a; = 3 va apy1 =
(a2 4+ 2)/a,_1. Ching minh ring a, nguyén véi moi n.
1.4.4 Xay dung day sb la nghiém ctia mo6t ho phuwong trinh phu
thudc bién n

Xét mot ho phuong trinh F(n, z) = 0. Néu véi mdi n, phuong trinh F(n,z) =
0 c¢6 nghiém duy nhat trén mot mién D nao d6 thi day sb6 x,, da duge xac dinh.
Tt mbi lien he giita cac ham F(n, z), diy s6 nay c6 thé c6 nhitng tinh chat rat
tha vi.

Vi du 1.34. V§i moi s6 tw nhién n > 3, goi x, la nghiém duong duy nhat cia
phuong trinh 2" —x? —x—1 = 0. Chitng minh rang limx,, = 1 va tim limn(z,—1).

Vi du 1.35. Chitng minh rang vdi moi n nguyén duong, phuong trinh
142/ (z—1)+2/(z—4)+---+2/(x—n?) =0

c6 nghiém duy nhdt x,, thuoc khodng (0,1). Tim lim, oo T, .

Vi du 1.36. Chiing minh rang vdi moi n nguyén duong, phuong trinh
Vz+2/(x—1)+2/(x—4)+---+2/(x—n*) =0

c6 nghiém duy nhdt x,, thuoc (0,1). Tim lim, o Tp.
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Dé tao ra cac phuong trinh ¢6 nghiem duy nhét trén mot khoang nao do, cé
thé st dung tong ctia cac ham don dieu. Riéng v6i ham da thiic ta c6 thé si dung
quy tic Dé-cac vé s6 nghiem duong ctia phuong trinh: Néu day céc hé sb cia
phuong trinh déi dau k lan thi phuong trinh c6 khong qué k nghiém duong.

Vi du phuong trinh % — 22 — nz — 1 = 0 ¢6 nghiem duong duy nhat zg, con
phuong trinh 2% — 22 + nz — 1 = 0 ¢6 nhiéu nhat hai nghiem duong.

Khi xay dung cac ham F(n, z), c6 thé sit dung cong thitc truy hdi. Nhu trong
vidu trén thi F(n+1,2) = F(n,z) +1/(z —n —1). Xay dung F(n, z) kiéu nay,
day nghiém z,, sé dé c6 nhitng quy luat tha vi hon. Vi du, véi day sb trén, ta co
Fn+1,2,) = F(n,z,) +1/(x, —n—1) < 0. T day, do F(n+1,0") = co ta
suy ra r,,1 nam gitta 0 va z,,, tic day z, gidm.

Cau hoi:

1) C6 thé xay dung day sd nao v6i ho ham s6 F(z) = x(x — 1) ...(x —n)?

2)Cho0<a; <as <---<ap<--- lamot day s6 duong tang nghiem ngat.
Xét ho phuong trinh 1/2+1/(x1 —a1)+---+1/(z —a,) = 0 ¢6 nghiem duy nhat
@y, thuoc (0, aq). Khi ndo thi z,, dan vé 0 khi n dan dén vo cung?

1.5 Ly thuyét day s6 dudi con miat toan cao cap

1.5.1 RG3i rac héa cac khai niém va dinh ly cta ly thuyét ham
bién sb thuc

Day s6 1a ham s6, do d6 n6 c6 day di cac tinh chat chung ctia ham s6. Tuy
nhién, do tinh chat dic biet cia N, mot s6 khai niem nhu dao ham, tich phan
khong duge dinh nghia cho cidc diy s6. Nhung thic ra, day s6 ciing c6 cac khai
niém tuong ng vé6i cac khai niém nay. Bang cach so sanh va phép tuong tu, ta
c6 thé tim duge nhitng dinh 1y thd vi clia 1y thuyét day s6. D6 1a qua trinh roi
rac hoa.

Roi rac hoa ctia dao ham f/(z) chinh 1 sai phan Az, = x, —z,_1 cia day s6.
Ciing nhut dao ham ctia ham bién s6 thuc, sai phan ding dé xét tinh ting gidm
ctia day s6. Tuong tu nhu vay, ta dinh nghia sai phan cap 2 va ding dé do tinh
16i 16m ctia day. Roi rac héa ctia khai niém tich phan chinh 1a kh&i niém tdng:
S(zy) = xo+- - -+ x,. Hai khéi niém nay nguge nhau: A(S(xy,)) = xn, S(Axy,) =
Ty

Vidu 1.37 (Dinh 1y Stolz). Xét hai daiy s6 {x,} va {y,} trong dé {y,} la day
56 duong tang va dan dén vo cung. Thé thilimx, [y, = im(z,—2n_1)/(Yn—Yn_1)
vdi gid thiét la gidi han & vé phdi ton tai. (So sanh vdi quy tic L’Hopitale)
Chitng minh: Dat lim(x, — xp—1)/(Yn — Yn—1) = A. V6i moi € > 0 ton tai
N7 sao cho v6i moi n > Ny ta c6 |(xn — Tn-1)/(Yn — Yn—1) — A| < €, suy ra
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A—e<(xp—xn-1)/Yn — Yn—1) < A+ €. T day, do y, 1a day ting nén ta co6

(A=) (yny —yn—1) <N, —on -1 < (A+€)(yny —Yny—1)

(A=€)(Yn —Yn-1) < 2p — Tp—1 < (A+€)(Yn — Yn—-1)
Cong cac bat dang thic trén lai, ta dugc
(A=) (Yn —yny—1) <@ —zn—1 < (A+6)(Yn — yn,—1)
Chia hai vé cho ¥, ta dugc
A—etlzn, — (A= yn—1]/yn <zn/yn < A+ e+ [zn, — (A+ yn,—1]/yn
Vi y,, dan dén vo cling nén ton tai No > Nj sao cho

[$N1 - (A - E)y]\h—l]/yn > —€eva [$N1 - (A + E)y]\h—l]/yn <e€

v6i moi n > Np. Khi d6 véi moi n > Ny ta c6 A — 2¢ < x,/yn < A + 2¢ va diéu
nay c6 nghia 1a limz,, /y, = A.
Cau hoéi: Dieu kién y, ting va dan dén vo cung c6 can thiét khong?

Vi du 1.38. Chiing minh rang néu day s6 {x,} thod man diéu kién x,+1 — 2z, +
Tn_1 > 0va ki, ko, ..., k. la cdc so tu nhién thod man dieu kién k1 +ko+- - -4k, =
r.k thi

Ty + -+ Tk, > TR

(So sdnh vdi bt dang thitc Jensen)

Vi du 1.39. Cho diy s6 {x,} thod man dicu kién xgp 1 — 22 + 21 > 0 0di
moi k = 1,...,n. Ngodi ra xg = 41 = 0. Chitng minh rang x;, < 0 vdi moi
k=1,...,n.

(Dao ham bac 2 khong am, suy ra dao ham bac nhat 1a ham tang va chi c6

nhidu nhat 1 nghiém, suy ra chiéu bién thién ctia ham s6 chi c¢6 thé 1a 0 gidm —
cyc ticu rdi ting — 0)

Vi du 1.40. Cho ddy s6 duong {ay,}. Biét rang ton tai gidi han

n

lim Zi:A<oo.

n—00 a
=1 'k

Dat s, = a1 + as + - - - + an. Chitng minh rdng tong lim, S ey k‘zak/si cting
c6 gidi han hdu han khi n — oo.
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Giai. Dich sang ngon ngit ham s6, ta c¢6 bai toan sau "Néu f(x) 1a ham s6 tang
dx

(z)

trong d6 F(x) 14 nguyén ham ctia f(z)". Bai nay c6 thé gidi biang

tir RT vio R va ton tai tich phan suy rong [;° thi cling ton tai tich phan

o T2 f(z)dx
gy

phuong phap tich phan timg phan nhu sau:

Axdr 1 [Adz?) 1, 2% A A 22 f(z)dx
/0 Fl@) 5/0 Flo) §<F(:13)‘0+/0 2 () )
22
va im0

F(x) F(x)

nhu vay chi can chiing minh ton tai [

Cau hoi:
1) Dinh 1y Rolle ¢6 dang rdi rac nhu thé nao?
2) Cong thitc tinh tich phan timg phan c¢6 dang roi rac nhu thé nao?

1.5.2 Phuong phap ham sinh va bai toan tim s hang téng quat

Cho day sb ag, a1, ..., an, ... Ham sinh F(x) ctia diy s6 nay 1a biéu thiic hinh

thic

F(z)=ap+aix+---+apa" +---
Cac phép toan trén ham sinh duge thuc hién mot cach ty nhién va chung ta
khong quan tam dén tinh chat gii tich ctia ching (ban kinh hoi tu ctia chudi
tuong ng c6 thé bing 0). Phép toan dac biét nhat ctia ham sinh 1a phép nhan:

Néu F(x),G(x) 1a ham sinh cta cac day {a,}, {b,} tuong ting thi F(z).G(x)
la ham sinh ctia day {¢,} trong dé ¢, = > ( aibp_;.

So dd tng dung ctia ham sinh vao bai toan tim s6 hang téng quat ciia day s6
nhu sau: Gid stt ta can tim s6 hang tong quat ctia day s6 {a,} cho bdi mot cong
thiic truy hoi nao d6. Ta thiét 1lap ham sinh F(z) cla {a,}. Dua vao he thic
truy hoi, ta tim duge mot phuong trinh cho F(x), gidi phuong trinh, ta tim dugc
F(x). Khai trién F(z) theo luy thita x (Khai trién Taylor), ta tim dugc a, véi
moi n.

Vi du 1.41. Tim s6 hang tong quat cia day s6 {a,} zdc dinh bdi: ag = 3,a1 =
2, any2 = dapy1 — 6ay,.

Giai. Xét ham sinh F(x) = ag + a1z + asx?® + - - + apyox™? + - -, V6i moi n
tu nhién, ta thay a, s bing 5a,1 — 6a, thi dugc

F(x) = ap + a1z + (5a1 — 6ag)x® + - - - + (Bans1 — 6an)x™ 2 + -

=ap+a1r +5z(a1r + -+ a2+ o) —62%(ap + e+ -+ apa™ + -

= ag + arz + 5z(F(z) — ag) — 62%F ()
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Suy ra F(x) = (3 —132)/(62? =5z +1) =7/(1 - 2x) —4/(1 - 32) = 7(1 + 2z +
22?4+ 22)"+-+) =41+ 32+ Bx)?+ -+ Bz)" + )

Tw d6 a, = 7.2™ — 4.3™.

Trén ly thuyét, khi tim duge F(x), ta phai diing cong thitc Taylor dé tim khai
trien cia F(x). Day 1a mot bai toan phitc tap. Tuy nhién, trong nhic¢u truong
hop, cong thitc nhi thic Newton tong quat dudi day da du dung:

A+2z)*=14az+[ala—1)/22*+ -+ [a(a—1)...(a —n+1)/nl]z" +---

Vi du 1.42. Day s6 {a,} zdc dinh bdi ag = 1,apan + a1an,_1 + -+ + apag = 1
vdi moi n. Hay tim cong thic tong qudt cia ay,.

Giai. Xét ham sinh F(x) = a9 + a1z + asx?® + -+ apx™ + ---. TU cong
thic truy hoi ta suy ra F2(z) = 1 +z+ 22+ -+ 2"+ = (1 —2)7t. T
day F(z) = (1 — z)~Y/2 Khai trién F(z) theo cong thitc Newton, ta tim dugc
an, = Cn /2%,

1.5.3 Dai s6 tuyén tinh va phuong trinh sai phan

Trong phan trén, ching ta da st dung phuong phap ham sinh dé giai bai toan
tim cong thitc tinh s6 hang tdng quat ctia mot day s6. Trong phan nay, ta sé xem
xét cAu tric nghiém cltia phuong trinh sai phan duéi goc do dai s6 tuyén tinh.

Xét phuong trinh sai phan thuan nhat: z,,x = a12p46_1 + - + agw,. D@
thay rang néu day s6 {z,}, {yn} thod man phuong trinh nay thi {ax, +by,} ciing
thod man phuong trinh v6i moi a, b. Nhu vay tap hop tat ca cac day so6 thod man
phuong trinh sai phan trén 1ap thanh mot khong gian véc-to. Hon thé, ta c6 dinh
ly:

Dinh 1y 1.12. Tdp hop tat cd cdc day so thod man phuong trinh sai phan
Tptk = 01Tpyk—1 + -+ QpTn.
la mot khong gian vécto k chiéu.

Ching minh dinh 1y nay kh4 don gidn: Day s6 sé hoan toan xac dinh néu
biét k s6 hang dau tien. Goi {z},}(i = 0,k — 1) 1a day s6 6 % = 0 néu i # j va
x! = 1. Khi d6 c6 thé chiing minh dé dang ring cac day {z}},...,{zF} doc lap
tuyén tinh va v6i moi day {z,} ta c6

Ty = 2020 + -+ wpg kT

Nhu thé, cau tric nghiém clia phuong trinh sai phan tuyén tinh thuan nhat
13 da r6. Ta chi can tim mot co s nao d6 ciia khong gian nghiém 13 c¢6 thé mo
ta dude tat ci cidc nghiém ctia phuong trinh sai phan. Co s ma chiing ta dua ra
& trén khong c6 tinh tudng minh, do dé khé c6 thé sit dung trong viec thiét lap
cong thiic tong quat. Dé xay dung mot co s khac tot hon, ta c6 dinh ly:
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Dinh 1y 1.13. Néu \ la nghiém boi v ciia phuong trinh ddc trung

k k=1

¥ — a1z e —ap =0

thi cdc day s6 {\"},...,{n"~'A\"} thod man phuong trinh sai phin T,y =
A1Tptk—1 + -+ apxy.

V6i dinh 1§ nay, ta c6 thé tim du k day s6 tuong minh tao thanh mot co sé
cua khong gidan nghiém.
Cudi cling, néu ta gap phuong trinh sai phan tuyén tinh khong thuan nhat

Tnik = 01 Tnik—1 + -+ ap2n + f(n).

thi nghiém tong quat ctia phuong trinh nay sé c6 dang la tong ctia nghiém tong
quat clia phuong trinh sai phan tuyén tinh thuan nhat tuong ting véi mot nghiem
riéng ctia phuong trinh khong thuan nhat.

Dé tim nghiém riéng, ta van dung phuong phap hoan toan tuong tu nhu trong
phung trinh vi phan: Néu f(n) la da thtc thi ta z, tim du6i dang da thic, 1a
ham mi thi tim dudi dang ham mii... O day, truong hdp co s6 la nghiem kép ciia
phuong trinh dac trung ciing duge xit Iy tung tu nhu trong phuong trinh vi phan.

1.5.4 St dung xap xi trong du doan két qua

Trong nhiéu truong hop, du doan duge két qua da la mot nita, tham chi 2/3
16i gidi. Ching ta da gip nhiéu tinh hudng 1a 15i giai dau tién thu duge mot cach
rat kho khin, nhung sau dé thi hang loat 15i giai dep hon, gon hon xuét hién. Vi
sao ching ta khong nghi ngay dude nhitng 15i gidi dep? Vi ching ta chua biét dap
s6. Khi biét roi thi c6 thé dinh huéng dé dang hon rat nhiéu. Duéi day, ching ta
sé xem xét mot s6 tng dung clia xap xi trong viec dir doan két qua.

Trong vi du vé day s6 z, 41 = sin(x,), chung ta da ap dung dinh 1y trung
binh Cesaro dé tim giéi han /nz,, mic dit diy s6 khong c6 dang quen thuoc
Tpi1 = Tn £ (2,)% Thé nhung, néu dé y ring z,, — 0 khi n — oo, ma tai lan
can 0 thi sinz ~ z — 23/6 thi ta sé thay tinh quy luat ciia két qua da tim dugc
G trén.

V6i phuong phap tuong tu, ta cé thé thay day dang .11 = =, + (2,)% &
hang loat cidc diy s6 c6 bé ngoai khac han nhw: z,11 = In(1 + x,), 7,01 =
Ty, COS Ty, Tny1 = arctg(wy) ... (DI nhién, phai kiém tra diéu kién x, — 0 khi

Ta ciing c6 thé giai thich dugc vi sao trong bai toan a, 11 = an+1//an 6 phan
trén, ta da tim duge s6 3/2. Ta ¢6 any1 = an+1/\/a, = an(l—l—l/af/z). Via, — oo
khi n — oo nén v6i moi f ta c6 agﬂ = al(1+ 1/(15’/2)ﬁ ~ ab(1 —|—ﬁ/a§/2) =
al + ﬁaﬁ“"’”. Do d6 dé higu s6 nay xap xi hing s6, ta chon b = 3/2.

Ta xét mot vi du khéc
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Vi du 1.43 (DHSP, 2000). Cho ddy s6 {a,} zdc dinh bdi: a1 = ag = 1, an41 =
an + an_1/n(n+1). Chitng minh ring diy {a,} cé gidi han.

Giai. Dé thay {a,} 1a day tang. Vi vay ta chi can ching minh day {a,} bi chin
trén. Ta co
Unt1 = ap + ap_1/n(n+1) < ap[l+1/n(n+1)]

T day suy ra
ant1 < [1+1/n(n+1)]...[14+1/23laz=[1+1/n(n+1)]...[1+ 1/2.3]

Nhu vay ta chi can ching minh tich [1+ 1/n(n+1)]...[1 4+ 1/2.3] bi chan. Két
quéa nay khong phiic tap va c6 thé ching minh hoan toan so cap. Tuy nhién,
nhiing kinh nghiém vé day s6 1/n(n + 1) ggi cho ching ta t6i mdi quan he gitta
tich trén va tong 1/2.3+- - -+ 1/n(n+1). Theo huéng dé, chiing ta c6 thé dua ra
mot két qua tong quat hon va két qua do dude du doan tir viec sit dung xap xi.

Gia st ring {x,,} 1a day sb thuc sao cho tong z1 +- - -+, c6 gisi han hitu han
khi n — oo. Khi d6 x,, — 0 khi n — oo. Vi vay, v6i n du 16n thi z, ~ In(1+ x,,).
Do dé6 tong In(1 + 1) + -+ -+ In(1 + z,) cling c¢6 gidi han hitu han khi n — oo vi
c6 nghia la tich (1 +z1)...(1 4 z,,) cang vay. Ta c¢6 dinh ly

Dinh 1y 1.14. Cho day s6 thuc {x,}. Khi dé néu tong x1 +-- -+ x, cé gidi han
hi@u han khi n — oo thi tich (1 + z1)...(1 4+ z,) cing c¢é gidi han hidu han khi
n — oo.

Cau hoi:

1) Ménh dé dao ctia dinh 1y trén c¢6 ding khong?

2) Cho n > 3 va x,, 14 nghiém duong duy nhat ctia phuong trinh 2" — 22 —
x —1=0. C6 the dy doan dugc lim,, o n(x, —1)?

1.6 Bai tap

Bai 1.1 (Canada 1998). Cho m la s6 nguyén duong. Xdc dinh day ag, a1, as, . . .
nhu sau: ag = 0,a1 = M V& Qpy1 = M2ay, — ap_1 véin = 1,2,... Chiing minh
rang vdi moi cip sdp thii tu cac so tu nhién (a,b) vdi a < b la nghiém cia phuong
trinh (a® +b%)/(ab+ 1) = m? khi va chi khi (a,b) = (an, ani1) vdin la mot s6 tu
nhién nao dé.

Bai 1.2 (Bulgari 1978). Cho ddy s6 {a,} xdc dinh bdi ani1 = (a2 +c¢)/an_1.
Chaing minh ring néu ag, a1 va (a3 + a3 +c)/apar la s6 nguyeén thi a, nguyén vdi
moi n.

Bai 1.3. Trong mot day vo han cdc s6 nguyén duong, moi mot so hang sau lon
hon s6 hang trudc dé hodc la 54 hodc la 77. Chitng minh rdang trong day nay ton
tai s6 hang cé hai chit so tan cung giong nhau.
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Bai 1.4 (Séc-Slovakia 1997). Chiing minh rang ton tai day so tang {an}S,
cdc 6 nguyén duong sao cho vdi moi s6 ty nhién k, day {k + a,} chiia hitu han
50 nguyén to.

Hudng dan: Dung dinh 1y Trung hoa vé s6 du.

Bai 1.5 (Putnam 1995). Dat S(a) = {[na]|ln = 1,2,3,...}. Ching minh
rdng tap hop cic sé6 nguyén duong N* khong thé phan hoach thanh 3 tap hop
S(), 5(8),5(7)-
Bai 1.6 (Putnam 1999). Day s6 {a,}n=1 dugc zdc dinh bdia; = 1,as = 2,a3 =
24 va voi n > 4.

2 2
an = (6a;,_1an-3 — 8an-1a5,_5)/an—2an3
Chitng minh rdng véi moi n, a, la so6 nguyén chia hét cho n.

Bai 1.7. Trong day s6 nguyén duong {ay}r=1 tong ciia 10 s6 hang dau tién bing
100, con tw aii, moi a, bing so cic chi s6 i < n sao cho a; +1i > n. Biét ring
a1 = 10. Chitng minh ring ké tw mot chi s6 nao dé, tat cd cic so hang cia diy
bing nhau.

Bai 1.8 (Balkan). Cho xg < 1 < 29 < -+ <z, < -+ la ddy so6 khong giam
cac so tw nhién sao cho vdi moi s6 tu nhién k, so cdc so cia day nay khong vugt
qua k la hitu han (va ky hiéu la yy, ). Chiing minh rang vdi moi m,n

Z%—I—ZM >(n+1)(m+1)
0 0

Bai 1.9 (Bulgari 87). Xét diy so {x,} wdc dinh bdi x1 = w0 = 1,242
14z,41 — o, — 4. Chitng minh rdng vdi moi n,x, la binh phuong ciia mot s
nguyeéen.

On

Hudng dan: Xét day u; = us = 1,up42 = 4upyq — up,. Chitng minh rang
UpyoUpy — ufH_l = 2 sau d6 chting minh ring z,, = u2. C6 thé ding y tudng bai
nay dé xay dung cac bai toan khac nhu thé nao?

Bai 1.10 (Canada 1988). Cho hai diy s6 {xn}, {y.} xdc dinh bdi v, =
4y — xp_1,20 = 0,71 = 1 0@ Ynt1 = 4Yn — Yn—1,%0 = 1,y1 = 2. Chiing minh
rang véi moi n, yfl = 3:13% + 1.

Bai 1.11 (Canada 1993). Cho y1,¥2,¥s, ... la ddy so xdc dinh bdi y1 = 1 va
vdi moi s6 nguyén duong k

Yak = 2Yok, Yak+1 = 2Y2k + 1, Yakt2 = 29241 + 1, Yar13 = 292541

Chitng minh rang day so yi,v2,y3 ... nhan tat cd cac gid tri nguyén duong, moi
gid tri ding mot lan.
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Bai 1.12. Gid st rang s, la day s6 nguyén duong thod man diéu kién 0 <
Sptm — Sn — 8m < K vdi K la mot s6 nguyén duong cho trudc. Véi s6 nguyén
duong N c6 ton tai cdc so6 thuc ay,as, ...,ax sao cho

Sp, = [ain] + - - -+ [agn] vdi moi n=1,2,.. .N?

Bai 1.13. Cho ay = 1,by = 2,¢1 = 3. Goi S(n) la tdp hop cdc s6 nguyén duong
a;, by, c; voi 1 < n. Xay dung ay,, by, ¢, nhu sau:

ani1 = 80 nguyén duong nhé nhat khong thuoe S(n);

bni1 = 80 nguyén duong nhé nhat khong thuoc S(n) va khdc anyq;

Cnt1 = Qg1 + bpyr;
Goi dy, la day tang cdc chi s6 n sao cho b, = ay, + 2. Ching minh ring

a) dg/k — 6 khi k dan dén vo cung

b) Néu B la so6 nguyén thi (dy — 6k)/2 = B vdi v6 s6 cdc chi so k.

Bai 1.14 (AMM). Cac day s6 {an}, {bn}, {cn} dugc xdc dinh nhu sau: a; =

1,b1 =2,¢c1 =4 va
a, = 56 nguyén duong nhé nhat khong thuoc {ay, ..., an_1,b1,...,bp_1,C1,+.,Ca1}
b, = 56 nguyén duong nhé nhat khong thuoc {ay, ..., an_1,0n,b1, ..., bn_1,C1,...,Cn1}
Cn = 2by,+n—ay,. Hay ching minh hodc phii dinh ring 0 < n(1++/3) —b, < 2

V0T Mot N.

Bai 1.15 (AMM). Cho a1 = 1 vd apt1 = an + [an] vdin = 1,2,... Ching
minh rang a, la s6 chinh phuong khi va chi khin = 28 +k —2 vdi k la sé nguyén
duong nao do.

Bai 1.16 (Bulgari 1973). Cho ddy s6 {a, }n=1 dugc zdc dinh bdi a1 = 2, apy1 =
az —a, + 1.
a) Ching minh rang (an, amy,) = 1 vdi moi m # n.

b) Chitng minh rang lim > 1 1/a; = 1.

Hudng dan:
a) am — 1 =am—1...an(a, — 1)
b) 1/ar =1/(ar — 1) — 1/(ap+1 — 1)

Bai 1.17 (Ba Lan 2002). Cho trudc so6 nguyén duong k. Day so {a,} dugc zdc
dinh bdi a1 = k +1,a,41 = a2 — ka,, + k vdi moi n > 1. Chitng minh ring vdi
moi m #n ta c6 (am,an) = 1.

Bai 1.18 (KVANT). Cho 1 < ag < a1 < -+ < ay la cdc $6 nguyén duong.
Chatng minh rdang

1/[ag, a1] + 1/[a1, a9] + - - -+ 1/[an—1,a,] <1 —1/2"
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Hudng dan: V6i a < b,1/[a,b] = (a,b)/ab< (b—a)/ab=1/a — 1/b.
Bai 1.19 (Ba Lan 1997). Diy s6 ai, as, ... xdc dinh bdi

a1 = 0,ap = ag,jg + (=1)"" T2

Vi méi sé tu nhién k, tim s6 cic chi s6 n sao cho 28 < n < 251 g a,, = 0.
Huéng dan: Dung hé dém co sb.

Bai 1.20 (Viét Nam, 1998). Cho diy so {a,} dugc zdc dinh bdi ag = 20, a1 =
100, api2 = 4ap41 +5a, +20 voin =0,1,2,... Tim s6 nguyén duong h nhé nhat
thod man diéu kién an.p — an chia hét cho 1998 vdi moin =0,1,2,...

Bai 1.21 (Chon d6i tuyén VN, 1993). Goi ¢(n) la ham Euler (nghia la o(n)
la s6 cdc ude s6 nguyén duong khong lon hon b va nguyén té cing nhau vdi n).
Tim tat cd cac so nguyén duong k > 1 thod man diéu kién:

Véi a la so6 nguyén >1 bat ky, dat xo = a, Tpy1 = kp(z,) vdin =0,1,... th
(zy,) luon bi chan.

Bai 1.22 (My 1997). Cho diy sé tu nhién ay,as, ..., a1997 thod
a; +a; < a5 < a;+a;+1
vdi moi i, j nguyén duong thod i+ j < 1997. Chitng minh rang ton tai so thuc x
sao cho a, = [nz] vdi moin =1,2,...,1997.
Hudng dan: Ching minh rang a,/n < (am, + 1)/m v6i moi m, n.

Bai 1.23. Cho day so {a,}
a) [Lién X6 1977] Chiing minh rdang néulim(a,+1—ay,/2) = 0 thilima, = 0.
b) Twm tat cd cac gid tri a sao cho néu lim(a,1 — aa,) =0 thi lima, = 0.

Bai 1.24 (CRUX). Tuim s6 hang tong qudt ciia day s6 {pn} zdc dinh bdi py =
Lpnyr = 5pn(5p;lz - 5]9% + 1)
Bai 1.25. Dady s6 {a,} dugc xdc dinh bdi ay > 0,as > 0 v@ api1 = /p+/An_1-

Chaing minh day s6 {a,} hoi tu va tim gidi han.

Bai 1.26 (LMO 1989). Day s6 thuc {ax}r=1 thod man dieu kién ax1 = (kay +
1)/(k — ay). Chiing minh rang day soé chita vo han sé hang duong va vé han so6
hang am.

Bai 1.27 (LMO 1989). Diy s6 thuc {ay}r=1 thod man dieu kién |ay, + an —
Amin| < 1/(m+n) vdi moi m,n. Ching minh rang {ay} la cap so cong.
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Bai 1.28. Vdin > 2, goi x, la nghiém duong duy nhat cia phuong trinh " =
R R

a) Ching minh rang limz,, = 2.

b) Hay tim lim(2 — z,,)*/™.

Bai 1.29 (Bulgari 82). Cho x1,...,z, la cdc s6 thuc thugc doan [0,2]. Ching

minh ring
n n
E E |$i—:£j|§n2.

i=1 j=1
Dau bang xdy ra khi nao?
Huéng dan: Sap lai thit t!

Bai 1.30 (Bulgari 86). Cho day so thic {a,}22, thod man dieu kién apiq <
(1+k/n)a, —1,n=1,2,... trong d6 0 < k < 1. Chiing minh rang ton tai so6 tu
nhién t sao cho a; < 0.

Hudng dan: ant1/(n+1) < ap/n—1/(n+1).

Bai 1.31. Hai day so {a,},{b,} wdc dinh b3i a1 > 0,by > 0,ap41 = a, +
1/bp, bpy1 = by + 1/ay,. Chiing minh rang asg + bso > 20.

Hudng dan: Xét ¢, = (a, + by)2.

Bai 1.32 (Canada 1985). Cho 1 < 1 < 2. Vdin = 1,2,... ta dinh nghia
Tpi1 = 1+ x, — 22 /2. Chitng minh ring véi moi n >3 ta 6 |z, — /2| < 1/2".

Bai 1.33 (PARABOLA). Cho a,b > 0. Hai diy so {an},{b,} wdc dinh bdi
ay = Vab,by = (@ +b)/2, aps1 = Vapbn, bps1 = (an + by)/2. Chitng minh ring
vdi moi n nguyén duong ta cé |b, — ap| < |b—al/2™.

Bai 1.34 (IMO 1978). Cho {a,} la diy cdc s6 nguyén duong phan biét. Ching
minh rdng véi moi n ta cé

f:ak/kﬁ > f}/k.
k=1 k=1

Bai 1.35 (Putnam 2001). Gid st {an}n=1 la ddy so tang cdc s6 thuc duong
sao cho lima,/n = 0. C6 thé ton tai vo s6 cic s6 nguyén duong n sao cho
Qn—i + anyi < 2an véi moii=1,2,...,n—1 hay khong?

Bai 1.36 (Ao - Ba Lan 2001). Cho ay,as, ..., a0 la diy so thod man dieu
kién
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1. Téng 20 sé6 hang lién tiép cia day sé la khong am.

2. |aja;i41] < 1 vdi moi i =1,2,...,2009.
Hay tim min ng({l a;.
Bai 1.37 (Ba Lan 2001). Cho day 50 {a,} wdc dinh bdi ag =1, a5 = ajz,9) +
apop,n = 1,2,... Ching minh rang ton tai k sao cho ay < k/2001!.

Bai 1.38 (Trung Qubc 1997). Cho ay,as,... la diy s6 thuc thod man diéu
kien anym < an + am v6i moi m,n. Chiing minh rang a, < may + (n/m — 1)an,
V0t Mot N > m.

Bai 1.39 (Singapore 1997). Cho day s6 {a,} zdc dinh bdi ag = 1/2, a1 =
ap +az/n,k=1,2,...,n—1. Ching minh ring 1 — 1/n < a,, < 1.

Hudng dan: Chiing minh bang quy nap rang (n+1)/(2n — k +2) < a <
n/(2n — k).

Bai 1.40 (Baltic Way). Gid st ay,as, ..., ag la cdic s6 khong am sao cho a; =
ag = 0 va it nhat c6 mot so khac 0. Ching minh rdang ton tai chi s6 1,2 <1i <8
sao cho a;—1 + a;r1 < 2a;. Khdng dinh c¢é con ding khong néu thay 2 & bat ding
thiic cuoi cing bang 1.9%

Bai 1.41. Ddy s6 a,, dudc zdc dinh bdi cong thite truy hoi

G

— n=0,1,2,...
1+ nay,

ag = 1, ap+1 =

Hay tim cong thic tong qudt cho ay,.

Bai 1.42 (Viét Nam, 1984). Ddy s6 uy,us, . .. dugc xdc dinh bdi: up = 1, uy =
2, Upt1 = 3Up — Up_1 vIiN =2,3,... Dit v, = Zlgkgn arcotguy.
Hay tim gidi han v, khi n dan dén vo cung.

Hudng dan: Dung sai phan.
Bai 1.43 (PTNK, 1999). Cho a > 1 va day s6 {x,} dugc zdc dinh nhu sau
X1 = a,Tpi1 = na® vdi mei n > 1.

Hay zdc dinh tat cd cac gid tri cia a dé day {x,} hoi tu.
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Bai 1.44. Cho diy so6 duong {a,}. Biét rdng ton tai gidi han

n

. 1
Jm ) o =A<

Dat s, = a1 +ag + - - + ap. Ching minh ring tong
" k2ay
cung co gidi han hdu han khi n — oco.
Huéng ddan: Ding cong thiic tinh tdng timg phan

Bai 1.45. Cho f : N — R thod diéu kién f(a+b) < f(a)+f(b) vdi moi |b—a| < k
(k la s6 nguyén duong co dinh). Héi cé ton tai gidi han f(n)/n khin dan dén vo
cung khong?

Bai 1.46. Cdc phan t¢ cia day so aq,as,as, ..., la cic s6 nguyén duong khdc
nhau. Chitng minh rang vdéi moi k ton tai n sao cho ton tai a, > n.

Bai 1.47. Ching minh ring néu ay > 2 va a, = a2 _| — 2 thi

1 1 1 1[ \/274]
a1 + a1a9 + ala2a3 T = 9t “ ’

Hudng dan: Dung lugng giac.

Bai 1.48. Day s6 duong a,, thod man dieu kién a, < ani1 + afl. Cé thé khing
dinh tong S, a;i dan dén vo cung khi n dan dén vo cung hay khong?

Bai 1.49 (THTT). Cho s6 thuc r > 2. Cho day s6 thuc duong {a,} thod man
dieu kién al, = a1 + -+ + an_1 vdi moin > 2. Ching minh rang day {a,/n} cé
gidi han hitu han khi n — oo va tim ¢idi han do.

Bai 1.50 (Chon d6i tuyén Viét Nam, 1985). Day so thuc {x,} dugc zdc
dinh bdi:

x1 =29/10, Tpy1 = (/22 — 1) +V3, n=1,2,3...
Hay tim s6 thuc nhé hon xoi_1 va lén hon xop, vdi moi k = 1,2, . ..

Bai 1.51 (Chon d6i tuyén Viét Nam, 1996). Tim tit cd cdic gid tri cia a
dé day s6 {x,} dugc xdc dinh bdi

zo = V1996
Tn+1 = a/(l + ZL'Z)

c6 gidi han hitu han khi n dan téi vo cung.
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Hudng dan: Chuyen vé dang x,41 = f(2,,), o = b.

Bai 1.52 (Viét Nam, 1997). Cho n la s6 nguyén >1, khong chia hét cho 1997.
Dat

a; =1+ ni/1997 vdi moi i =1,2,...,1996,

bj =7 +19975/n vdimoi j=1,2,...,n—1.
Ta sdp xép cdc 6 {a;} va {b;} theo thit ty tang dan:

1 < e << C19954n
Chiaing minh rang cpy1 — cx < 2 vdi moi k = 1,2,..1994 + n.
Bai 1.53 (Viét Nam, 1998). Cho a la mot s6 thyc khong nhé hon 1. Dat
1 =a,Tpy1 = 14+ In(22/(1+In(z,)) véi n=1,2,...

Chaing minh rang day s6 {x,} cé gidi han va tim gidi han dé.

Bai 1.54. Cho day s6 {x,} zdc dinh bdi, v1 = a,vpy1 = (223) /(322 —1) vdi moi
n > 1. Tum tat cd cdc gid tri cia a dé day so zdc dinh va cé ¢idi han hitu han.

Bai 1.55. Ching minh ring day s6 xzdc dinh bdi dieu kién x,y1 = ©, + 2 /n?
vdin > 1, trong dé 0 < x1 < 1 la day by chan.

Bai 1.56. Cho day s

an:\/1+2\/1+---\/1+(n—1)\/1+—n

Chitng minh rang lim,_sc a, = 3.

Bai 1.57. Ddy ay + 2a9,as + 2a3, a3 + 2aq, ... hoi tu. Ching minh rdang day
ai,as, as, ... cing hoi tu.

Bai 1.58. Cho day A(n),n =1,2,...thod man: vdi moi x thuc thilim, ., A([z"]) =
0. Chitng minh rdng lim A(n) = 0 khi n tién tdi vo cung.

Bai 1.59. Cho ham so
f(z) =+ Asinz + Beosz vdi A® + B? < 1.

Xét day so
ap = a,a1 = f(ag),. .., any1 = flayn),...

Chaing minh rang véi moi a, day s6 {a,} cé gidi han va hay tim gidi han dé.



1.6. Bai tap 40

Bai 1.60. Cho day s6 {a,}, dugc zdc dinh nhu sau: ag = a,a; = b,ani1 =
an + (an — ap—1)/2n. Tim lim, . a,.

Bai 1.61 (AMM). Cho {H,} la day so6 Fibonacci tong qudt, tic la Hy, Hy la
cac s6 nguyén bat ky va véin > 2 thi H, = H,_1 + H,_».

a) Hay tim T, phu thuéc vao Hy va Hs sao cho cdc s6 HapHap o+ T, HopHopya+
T,Hy, 1Hop 1 — T, Hyy 1Hopy3 — T déu la cdc s6 chinh phuong.

b) Chitng minh T la duy nhat.

Bai 1.62. Cho r la s6 thuc. Xdc dinh day s6 {x,} bdi v = 0,21 = 1,240 =
rTpy1 — Tp v0in > 0. Chitng minh rdng x1 + x3 + - + Topm_1 = :E?n

Bai 1.63 (IMO 1977). Trong mot ddy so hitu han cdc s6 thic, tong 7 s6 hang
lien tiép cia day luon am, con tong 11 sé hang lien tiép luon duong. Héi day s6
dé c6 thé cé nhiéu nhat bao nhiéu s6 hang.
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Chuong 2

Phuong trinh sai phan

2.1 Sai phan

2.1.1 Dinh nghia

Cho ham s6 y = f(z) xac dinh trén R, dat x = 9 + kh (k € N*) v6i g €
R, h € R, bat k¥, cho trude. Goi yx = f(zx) 1a gia tri cia ham s6 f(x) tai x = xy.
Khi do, Hieu s6 Ayy = ygr1—yx  (k € N*) dugce goi 1a sai phan cap 1 clia ham s6
f(x). Hieusd A? yp, := Aypy1—Ayr = A(Ay) (k€ N¥) dugc goi 1a sai phan cap
2 ctia ham s6 f(z). Tong quat, Aly, == A7y — ATy = A(AT L y) (k€
N*) dugc goi 1a sai phan cap i ctia ham s6 f(z) (i=1;2;---;n;---).

2.1.2 Tinh chat
Ménh dé 2.1 (Biéu dién sai phan theo gia tri ctia ham s6). Sai phan moi cdp
déu cé thé biéu dién theo cdc gid tri cia ham so:
Yo Y1925 5Yns 0t
Chirng minh. That vay, ta cé
AYr = Yr+1 — Yk
APy = Aypsr — Ayg
= Yk+2 — Yk+1 — (Yk+1 — Uk)
= Yk+2 — 2Uk+1 + Y-
Tuong tu, bing quy nap ta c6 thé chiing minh duge.
i

Ay = (—1)°Ciypsis, (dpem).

s=1

41
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Ménh dé 2.2 (Sai phan ciia hing s6). Sai phan ctia hing so6 bing 0.
Ching minh. That vay, v6i y = f(z) = C = const ta c6: Af(z) =C —C = 0.

Hon thé nita, sai phan moi cap clia hing s6 déu bang 0.

Ménh dé 2.3 (Tinh chat tuyén tinh ctia sai phan ). Sai phan moi cap la mot
todn i tuyén tinh trén tdp cdic ham so. Tic la.

Vi e N* Va; 8 € R, Vf(z);9(x): R — R, ta luon co:

Al(af(x) + Bg(x)) = oA’ f(z) + BA g ().
Ching minh. That vay, dat fr = f(zk) ; gx = g(zk), ta thu duge

A'(oufy + Bgk) = Z(—l)scis [ frrios + BGkri—s)
s=0

=« Z(_l)scisfk—l—i_s + ﬁZ(—l)SCfng—s
s=0

s=0
= aA'f + Algy.

Vay nén
Alaf(z) + Bg(x)) = aA'f(z) + BA'g(x) v6i moii € N* (dpem).

Ménh dé 2.4 (Sai phan ciia da thiic). Sai phan cip i ciia mot da thic bic n.
+) La mot da thic bac n —i khi i < n. +) La hang so khi i =n. +) Bdng 0 khi
1> M.

Chitng minh. Do sai phan moi cap 1a toan tit tuyén tinh nén ta chi can ching
minh tinh chat cho da thic y = P,(z) = z™.

+) Khii < n ta co6

1°) V6ii = 1 thi: Az" = (x + h)" — 2" = P,_1 () 1a da thic bac n — 1 déi
v6i x. Vay khing dinh ding véi i = 1.

2°) Gia st khing dinh ding véi i = k < n, tic la A*2™ = P,_;(z) 1a da thic
bac n — k déi véi x. Khi do6

= n—k($ + h) - Pn—k(:E) = Pn—k—l(:E)
la da thic bacn —k —1 =n— (k+ 1) d6i vé6i z.

Vay khing dinh ciing ding véi ¢ = k + 1. Tit d6, theo nguyén 1§ quy nap toan
hoc suy ra khing dinh ding véi moi i € N* (dpem).
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+) Khi i = n thi theo trén, A"(z") la da thic cdp n —n = 0 do6i véi = nén 1a
héing s6.
+) Khi i > n th

Al(z™) = AT (A"(z")) = AT"C (C = const) = 0.
Vay tinh chat da duge chitng minh tron ven.
Ménh dé 2.5 (Cong thiic sai phan timg phan).
A(frgr) = fuAgk + gr1 A fi

Ching minh. Ta c6

A(frgk) = fer19k+1 — fr9k
= fet19k+1 — fe9r+1 + fegr+1 — frgk
= g1 (frr1 — fr) + fe(9re1 — gr)
= [kAgk + gr+1A [k

Ménh dé 2.6 (Tong céc sai phan).
n
> Ayk =y — w1
k=1

Ching minh.

n
ZAyk = Ay + Ay + -+ Ay,—1 + Ay,
k=1

= —-—y1+tys—y2+-+Yn —Yn-1+Yn+1 — Yn
= Yn+1 — Y1-

2.2 Phuong trinh sai phan tuyén tinh

2.2.1 Mot s6 khai niém chung vé phuong trinh sai phan

Dinh nghia 2.1. Phuong trinh sai phan (cap k) la mot hé thic tuyén tinh chita
sai phan cdc cdp tdi k.

F(Yn; Ayn; A%yy; -5 AFy,) = 0. (1)
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Vi sai phan cac cap déu c6 thé biéu dién theo gia tri ctia ham s6 nén (1) c6
dang;:
a0Yn+k + Q1Yntk—1 + -+ agyn = f(n). (2)
trong d6 ag;ay;- - - ;ak, f(n) da biét, con yn, Yni1, -, Ynik la cic gid tri chua
biét.
e Phuong trinh (2) dugc goi 1a phuong trinh sai phan tuyén tinh cap k.
e Néu f(n) = 0 thi phuong trinh (2) c6 dang
a0Yn+k + @1 Yntk-1 + -+ agyn = 0. (3)
va duge goi 1a phuong trinh sai phan tuyén tinh thuan nhat cap k.
e Néu f(n) # 0 thi (2) dugc goi 1a phuong trinh sai phan tuyén tinh khong
thuan nhat.
b. Nghiém.
e Ham s6 y,, bién n thod man (2) dugc goi 1a nghiém ctia phuong trinh sai
phan tuyén tinh (2).
e Ham s6 ¢, phu thuoc k£ tham s thod man (3) duge goi 1a nghiém tong quat
cta (3).

e Mot nghiém y thod man (2) duge goi 14 mot nghiém riéng cta (2).

2.3 Phuong trinh sai phan tuyén tinh bac nhét

2.3.1 Dinh nghia

Phuong trinh sai phan tuyén tinh bac nhat (cAp mot) 1a phuong trinh sai
phan dang:
Uy =@, QUupt1 + bu, = f(n) n € N* (1)

trong d6 a; a # 0; b# 0 la cac hing s6 v& f(n) la biéu thiic ctia n cho trudc.

2.3.2 Phuong phap giai

A. Giai phuong trinh sai phan thuan nhat tuong tng.
11) Gii phuong trinh dic trung: aX +b = 0 dé tim ).
27) Tim nghiém ctia phuong trinh sai phan tuyén tinh thuan nhat tuong
ing: au,y1 + bu, = 0 duéi dang @, = c\" (c la hing s6 ).
B. Tim mot nghiém riéng v clia phuong trinh khong thuan nhat.
C. Tim nghiém tong quat ctia phuong trinh (1):

| o~
Up = Uy + Up.
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n

1
Vidu 2.1. Phuong trinh upy1 = 3up+1 co i, = C.3"; u) = —3 nén co nghiém

. 1 N P
tong quat la u, = C.3™ — 5 vai C la hang so bat ky.
Sau day ta trinh bay phuong phap tim nghiém riéng.

2.3.3 Phuong phap tim nghiém riéng cta phuong trinh sai phan
tuyén tinh cap 1 khong thuan nhat khi vé phai f(n) cé dang
dac biét

Truong hop 1. Néu f(n) = Pp(n) la da thic bac m doi véi n. Khi d6: +)

Néu A # 1 thi ta chon u* = Q(n) cing la da thic bac m doéi véi n. +) Néu

A =1 thi ta chon u} = nQ;,(n) trong d6 Q,,(n) cing la da thic bac m doi véi

n.

Vi du 2.2. Gidi phuong trinh sai phan:

Trog = 7
Tpt1 = 156z, —14dn+1

Giai. Taco f(n) = —14n+1 la da thitc bac nhat, A = 15 # 1 = chon z = an+b.
Thay vao phuong trinh ta dugc

an+1)+b=15(an+b) — 14dn + 1.

Suyraa =1; b = 0. Vay 2% = n con 4, = C.15" va nghiém tong quat
la: z, = C.15" +n. Ma zg = 7 nén C' = 7. Vay phuong trinh c6 nghiém:
Ty, = 7.15" + n.

=99
Vi du 2.3. Gidi phuong trinh sai phan: 0
Tn+l =Tpn —2n—1
Giai. f(n) = —2n—1 la da thtc bac nhat, A = 1 = chon x} = n(an +b). Thay
vao (1.2) duge:

(n+Dan+1)+bl=nlan+b)—2n—1=>a=—-1; b=0= 2, = —n’
Coni,=C1"=C=2,=C—n’> mazg=99=C—0%=99 < C =99. Vay
phuong trinh (1.2) ¢6 nghiem: z,, = 99 — n?.

Truong hop 2. f(n) =p.f" (p; 3 # 0). Khi do:

+) Néu X # 3 thi ta chon = = d.f" (d € R).

+) Néu A = 3 thi ta chon z¥ = d.n.f" (d € R).



2.3. Phuong trinh sai phan tuyén tinh bac nhat 46

Vi du 2.4. Gidi phuong trinh sai phan: {:Eo =8

Tpy1 = 2z, + 3" (1.3)
Giai. Do A =2 # 3 = 3 nén ta chon z} = d.3". Thay vao phuong trinh (1.3)
duge d =1 = ¥ = 3". Con &, = C.2". Vay z,, = C.2" + 3". Thay vao diéu kién
bién duge C = 7.
Tra 1oi: phuong trinh da cho ¢6 nghiém z,, = 7.2 4 3™.

Vi du 2.5. Gidi phuong trinh sai phan: {:Eo =101
Tpy1 = T2 + 771 (1.4)

Giai. Do A =7 = nén ta chon =} = d.n.3". Thay vao phuong trinh (1.4) dugc
d=1= xf =n.7" Con &, = C.7". Vay x, = C.7" + n.7". Thay vao diéu kién
bién duge C = 101.
Tra 16i: phuong trinh da cho ¢6 nghiém x,, = (101 + n).7".

Truong hop 3. f(n) = a.sinnx + f.cosnx  (a+F # 0;x # kr; k € Z). Khi
do, ta chon u) = A.sinnx + B.cosnx véi A; B € R 1a cac hing s6.

:E(]:l
Vi du 2.6. Gidi phuong trinh sai phan:
idu idi phuong trinh sai phan {\/iwm_l::nn—sin% (1.5)
1
Giai. Co A= —; f(n) = sin 2~ nen ta chon z} = A. cos % + B.sin .

V2 4 4 4

Thay =¥ vao (1.5), bién doi v so sanh cac hé s6 ta dugc A=1; B=0= 12} =
1., 1 nm S .
—)" = x, = C.(—=)" + cos —. Thay vao dieu kién bién

zg = 1 ta duge C' = 0. Vay phuong trinh da cho c¢6 nghiém z,, = cos v

Cos % Con &, = C.(

Truong hop 4.
m
HOESPFAGE
k=1
Khi d6 ta chon nghiém rieng z;, clia (1) dudi dang: «; = > " | 2, trong d6 =z,
tuong tng la nghiém riéng ctia phuong trinh sai phan (1) véi VP = fi(n).
To = 17

Vidu 2.7. Gidi phuong trinh sai phan: )
Tpt1 = 2T, —n°+2n+1+6.2" (1.6)

Giai. C6A=2; filn)=-n?+2n+1; fo(n) =6.2" =

= &, = C.2"; 2ty = an® + bn+ c; ahy = d.n.2"
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Vay ta chon x = an?® +bn+c+d.n.2". Thay vao (1.6) va so sanh cac hé s6 dugc:
a=1;b=c=0; d=3. Vay: 2, = C.2" + n? + 3n.2". Thay vao diéu kién bién
xo = 17 ta duge C' = 17 va do d6 nghiém ctia phuong trinh sai phan da cho la:

Ty = 17.2" + n? + 3n.2".

2.3.4 Bai tap
Giai cac phuong trinh sai phan tuyén tinh sau:

1. Up+1 = Uy — 6N+ 15 up = 1.
Dap s6: up, = 3n+1— 3™,

2. Upt+1 = Uy +2n?; u =

1
Dap s0: u,, = §(2n3 —3n%+n+3).

3. Upt1 = dup — 3" ;5 up = 1.

1
bap so: u,, = 5(5” +3™).

4 Upt+1 = 2up + 6.2 5 ug = 1.
Dap s6: u, = (3n+1).2™.
5. Upt+1 = Uy + 2n.3" ;5 ug = 0.

P 1
bap so: u,, = 5[(271 —3).3"+3].

6. Ups1 — 22Uy = (n? +1).2"; ug = 1.

Dap so: u, = (

n(2n? _63n +7) N 2> on

7. Upt1 — 2Up =N+ 3" 5 ug = 1.
Dap s6: u, = 2" +3" —n — 1.
2.4 Phuong trinh sai phan tuyén tinh cap 2
2.4.1 Dinh nghia
Phuong trinh sai phan tuyén tinh cip hai 14 phuong trinh sai phan dang:
up = @, ug = 0, aupta + bupyr +cup, = f(n), neN* (1)

trong dé a, b, ¢, a, B 1a cac hing s6, a # 0, ¢ # 0 va f(n) la biéu thitc chita n
cho truée.
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2.4.2 Cach giai

+) Giai phuong trinh thuan nhat tuong tng. +) Tim nghiém riéng clia phuong
trinh khong thuan nhat. +) Tim nghiém tong quét ctia phuong trinh (1) dusi
dang;:
Up = Uy + Uy,

A- Gidi phuong trinh thuan nhat tuong ing
AUpto + bupi1 + cuy =0 (2)
17) Giai phuong trinh diic trung:
a X+ bA+c=0. (3) détim \
2%) Tim nghiém téng quat clia phuong trinh thuan nhat tuong tng.

Trudng hgp 1: Néu (3) c¢6 hai nghiem phan biet: A = A\; ; A = Ay thi:

i = AN + B,
trong d6 A va B dugc xac dinh khi biét uq va us.

Trudng hgp 2: Néu (3) ¢6 nghiem kép: A\; = Ay = A thi:

iin = (A + Bn) A",
trong d6 A va B dugc xac dinh khi biét uq va us.

Trudng hgp 3: Néu A 1a nghiém phic, A = x + i.y thi ta dat

r=A= 72142, tan@z%, ee( T ”).

)

lic d6 A = r(cosf + i.sinf) va

Uy, = 1" (A. cosnf + B.sinnf),
trong d6 A va B dugc xac dinh khi biét uq va us. Vi du

ro=2; 1 =-—8
Vi du 2.8. Gidi phuong trinh sai phan: 0 !
Tpt2 = —8Tpy1 + 97y
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Giai. Phuong trinh dac trung:
M 48\ —9=04< A=1 hoic A =—9. (Hainghiém phan biat.)

Vay: &, =, = A 1" + B.(-9)" = A+ B.(—9)".
Giai diéu kién biéen:

o =2 A+B=2 A=1
& &
r1 = —8 A—-9B = -8 B=1

Vay phuong trinh da cho c6 nghiém: z,, = 1+ (—9)".

=1, =16
Vi du 2.9. Gidi phuong trinh sai phan: 0 o
Tpto = 8Tpt1 — 162y,

Giai. Phuong trinh dac trung:
M —8A4+16=0 < A =Xy =4 (c6 nghiem kép).

Vay: &, = z, = (A+ Bn).4".
Giai diéu kien biéen:

zo =1 A=1 A=1
=4 =4
2 =16 (A+B).4=16 B=
Vay phuong trinh da cho c6 nghiém: z,, = (1 4 3n).4™.

Vi du 2.10. Gidi phuong trinh sai phan: 0 P LT

Ipt2 = Tp+l — T — N

Giai. Phuong trinh dac trung:

14+iv3 1—1iv3
MN_A+1l=0e 2= +2Z\/_ hodc \ = 2Z\/_ (Hai nghiém phic.)
Co: J3
14iv3
A= +2Z :cos%+i.sin%:>r:1;9:%.
Nghiém téng quat: &, = x, = A.cos % + B.sin %

Giai diéu kién bién:
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nm
Vay phuong trinh da cho c¢6 nghiém: z,, = cos KR Bai tap Giai cac phuong trinh

sal phan sau:
L Yni2 =4Yn+1 —3yn VO yo=1; y1 =1.
2. Ynt2 = 8Ynt1 — 16y, V6L yo=1; 1y =1
3. Yn+2 =2Yny1 — 2yn VOl Yo = % sy =2.

B- Cdc phuong phdp tim nghiém riéng ctia phuong trinh sai phan tuyén tinh cap
hai khong thuan nhat
aUn+2 + bun—l—l + cup = f(’I’L)

vdi vé phdi c6 dang ddc biét Truong hop 1.
f(n) = Px(n) la da thic bac k ddi véi n.

Khi d6: +) Néu phuong trinh diic trung (3) khong c6 nghiem A = 1 thi ta chon

trong d6 Q(n) la da thitc bac k nao d6 doi véi n. +) Néu phuong trinh dic trung
(3) c6 nghiém don A =1 thi ta chon

x, =nQk(n)

trong d6 Q(n) la da thitc bac k nao d6 doi véi n. +) Néu phuong trinh dic trung
(3) c6 nghiém kép A =1 thi ta chon

Ty = ank(n)

trong d6 Qk(n) 1a da thitc bac k nao d6 ddi véi n.

Vidu 2.11. Tim mot nghiém riéng x;, ciua phuong trinh sai phan:
Tpto = —4Tp41 + Dy + 12n 4 8.
Giai. Phuong trinh dac trung:
M44\-5=0eA=1 hoic A=—-5; f(n)=12n+8.
Chon z}, = n(an+b). Thay vao phuong trinh da cho va so sanh céc hé s6 ta duge

a=1;b=0.
Vay phuong trinh da cho c6 mot nghiém rieng 1a z7 = n?.
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Vi du 2.12. Gidi phuong trinh sai phan:
2%p42 — DTpt1 + 2z, =n?>—2n+3 udi rg=1; 1 =3.

Giai. Phuong trinh dac trung:

1
2X2 — 5\ +2 =04 A =2 hoic /\:§;f(n):n2—2n—|—3.

N D N . 1
Vay phuong trinh thuan nhat c¢é nghiém tong quat &, = A.2" + B(§)"

Chon z¥ = an? + bn + c. Thay vao phuong trinh da cho va so sanh céc hé sb ta
dugca=-1;b=4; c=-10.

Vay phuong trinh da cho c6 mot nghiém rieng 1a = = —n? + 4n — 10.

Do d6 phuong trinh da cho c6 nghiém tong quat la:

1
xn, =A2" + B(§)" —n? 4 4n — 10.
Thay vao cac diéu kién bién ta tim dude A = 3 ; B = 8. Vay nghiém ctia phuong
trinh da cho la: .
T, =3.2"+ 8.(5)" —n? 4 4n — 10.
Truong hop 2.
f(n) = Pi(n).8" trong d6 Py(n) la mot da thic bac k doi véi n.

Khi do6: +) Néu 3 khong phéi 1a nghiém clia phuong trinh dic trung (3) thi ta
chon:

T, = Q(n)

trong d6 Qx(n) 1a mot da thitc bac k ndo dé ddi véi n véi he s6 can duge xac
dinh. +) Néu 3 1a mot nghiem don ctia phuong trinh dic trung (3) thi ta chon:

xy =n.Qr(n)

trong d6 Qr(n) 1a mot da thiic bac k nao d6 doéi véi n . +) Néu 3 1a nghiem kép
cia phuong trinh dic trung (3) thi ta chon:

x5 =n2.Qr(n),
trong d6 Qx(n) 1a mot da thiic bac k ndo dé déi véi n .
Vidu 2.13. Tim mdt nghiém riéng cia phuong trinh sai phdan sau:

2%pt2 + 5Tpi1 + 22, = (351 + 51).3™.
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Giai. Tac6 3 =3; Py(n) = 35n+ 51 1a da thiic bac nhat.
Phuong trinh dac trung:

1
A2 45 +2=0< A=—-2:=)\; hoidc A=—5 =X (A1; X2 # ).

Chon z¥ = (an + b).3". Thay vao phuong trinh da cho va so sanh cac hé sb ta
dugc:a=1; b=0.
Vay phuong trinh da cho c6 mot nghiém riéng la: =) = n.3".

Vidu 2.14. Tim mdt nghiém riéng cia phuong trinh sai phan sau:
Tpt2 — DTpt1 + 62, = (8n+ 11).2™.

Giai. Taco B =2; Py(n) =8n+ 11 la da thiic bac nhat.
Phuong trinh dac trung:

M_BA+6=0oA=2:=); hoic A\=3:=Xy (M =03; A #03).

Chon z¥ = n(an +b).2". Thay vao phuong trinh da cho va so sdnh cac hé s6 ta
duge: a = —4; b= —23.
Vay phuong trinh da cho c6 mot nghiém rieng 1a: 2 = —(4n? + 23n).2".

Vidu 2.15. Tim mdt nghiém riéng cia phuong trinh sai phdan sau:
Tpgo — 10x,41 + 252, = (n +2).5"

Giai. Taco B3 =5; Py(n) =5n+ 10 la da thiic bac nhat.
Phuong trinh dac trung:

M —10A4+25=0oA=5:=)¢ (nghiemkép) (A =X =0)

Chon z = n%(an +b).5". Thay vao phuong trinh da cho va so sanh cac he sb ta

4
dugc: a = —; b= —.
T Ty )
Vay phuong trinh da cho ¢6 mot nghiém riéng la: o) = Z—O(4n +7).5".

Truong hop 3.
f(n) = Pyn(n).cosnf + P(n).sinnf

trong d6 P, (n) ; P;(n) lan lugt 1a cac da thitc bac m ; [ ddi véi n.
Ky hiéu k = Max{m;1} vh goi p = cos 8 +isinB (i> = —1). Khi do:
+) Néu p khong la nghiém ctia phuong trinh dic trung (3) thi ta chon:

xy = Tg(n).cosnf + Ri(n).sinng
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trong do, Tk(n) ; Ri(n) la cac da thic bac k doi v6i n nao do.

+) Néu p 1a nghiém ctia phuong trinh diic trung (3) thi ta chon:
xy = nTk(n).cosnf + Rk(n).sinnf

trong do, Tk(n) ; Ri(n) la cac da thic bac k doéi v6i n nao do.

zo=1;21=0
Vi du 2.16. Gidi phuong trinh sai phan: . onw
Tnt+o = 2Tp41 — Ty + Si0 5

Giai. TacéPm(n)EO;Pl(n)zl;ﬁ:gép:i.

Phuong trinh dic trung: A2 — 2\ +1 =0 c6 nghiem kép A =1 (#i = p).

Nghiém tdng quat ctia phuong trinh thuan nhat : £, = an + b.

nmw nm
Nghiém riéng ctia phuong trinh da cho ¢6 dang: x}, = ¢. cos — + d. sin —.

2 2
Thay x} vao phuong trinh da cho, riat gon va so sanh cac he s6 ta dugc:

1 1
3 d:0:>$;:§cos%

C =
Phuong trinh da cho c6 nghiém téng quét la:

— an+b+ = cos
Ty, = an 20052

Giai cac diéu kien bien:

b 1 .
— —:1 a= —=
r1=a+b=0 b:§

Vay phuong trinh da cho c6 nghiém:

1
Ty = 5(1 —n—l—cos%)
Vidu 2.17. Tim mot nghiém riéng cia phuong trinh sai phan sau:
Tpt2 — 3Tpt1 + 22, = (n — 2). cos % + (3n+1).sin %

Giai. Taco Py(n)=n—2; B(n)=3n+1; ﬁ:gép:i.
Phuong trinh dac trung:

M_BA+2=0A=1:=X;A=2:=X (A; X2 #p).

53
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Nghiém riéng ctia phuong trinh da cho c6 dang:
xy = (an + ). cos% + (en+d).sin %

Thay z; vao phuong trinh da cho, rit gon va so sanh cac he s6 ta duge:

a=1; b:c:d:0:>:n;:n.cosg.

nm
Vay phuong trinh da cho ¢6 mot nghiém riéng la: x; = n. cos -

Truong hop 4:

fn) =" fr(n).
k=1

Khi d6 ta tim nghiém riéng cia (1) duéi dang;:
m
Ty, = Z Tpk
k=1
trong d6 «, la nghiém riéng ctia phuong trinh: (1) véi VP = fi(n) va duge tim
theo mot trong cac truong hgp trén.
Vi du 2.18. Tim mdt nghiém riéng cia phuong trinh sai phan sau:
Tpao = DTpi1 — 62, +2" +n — 1.
Giai. Phuong trinh dac trung:
M —B5A+6=0&A=2:=X; hoic A=3:=)-2.
f(n)=2"+n—1:= fi(n)+ fa(n) v6i fi(n)=2"; fo(n) =n—1.
D6i véi phuong trinh: 2,10 = 5,41 — 62, +2"  (1.8) do A\ = 2 = 3 nén ta chon
nghiém riéng: z; = an.2". Thay vao (1.8) roi chia ca hai vé cho 2" ta dugc:
1 * 1 n n—1
—2a=1a=—-=>z,)=—2n2"=-n2"".
2 2
D6i v6i phuong trinh: 410 = 52,41 — 62, +n — 1 (1.9) ta chon nghiém rieng:

x}, = cn+ d. Thay vao (1.9) roi so sanh cac he s6 6 hai vé ta dugc:

1 T, 1 1
Czi;d:Z:>$"2:§'n+Z'

Vay phuong trinh da cho c6 mot nghiém riéng la:
% * X 1 1 1 1
Ty =Ty + Tpo = _E.n.Q" + 3 + 1" Z(l + 2n — n.2" ),

Bai tdgp Tim cac nghiém riéng ctia cadc phuong trinh sai phan sau:
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—

Yn+2 — OYn+1 + 6y, =0

2. 8yn+2 — O6ypt1 +yn =27

3. Ynt2 — 3Yna1 2y, =5"+2n +3n+1
4 Ynso = Yng1 + 2yn =17

5. Ypg2 + Yp =sin %

6.  4Aynt+2 + AYnt1 +yn =2

70 Ynt2 — 2Ynt1 +Yn =5+ 3n

8. Unt2 — 2Unt1 T Yn=2"(n—1)
9. Ynt2 — 3Ynt1 + 2y, = 3"

. nm
10. 8Yn+2 — 6Yn+1 + Yn = 58in 7

2.5 Phuong trinh sai phan tuyén tinh cap 3

2.5.1 Dinh nghia
Cho a,b,c,d,a, 3,y 1a cac hing s6 € R; a#0; d # 0 con f(n) 1a mot ham
s6 bién s6 n. Phuong trinh:

u=a;u=0;u3=ry
AUp+3 + bupyo + cunt1 + duy, = f(n) quad(1)

dugce goi 1a phuong trinh sai phan tuyén tinh cap (bac) ba.

2.5.2 Phuong phap giai
Phuong trinh sai phan tuyén tinh cap ba luon giai duge. Nghiem téng quat
ctia n6 c6 dang:
Up = Up + Uy,
trong do, @, la nghiem téng quat ctia phuong trinh sai phan tuyén tinh thuan
nhat, con v} 13 mot nghiém riéng nao do6 ctia phuong trinh da cho. Cdch tim 4,
Xét phuong trinh dac trung:

aX + A2+ e +d=0 (2)
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+) Néu (3) c6 ba nghiem thyc phan bigt: A\; # Ao # A3 # A\p thi:
Up, = C1 AT + Coy + C3 A5

+) Néu (3) ¢6 mot nghiém thiyc boi 2 vA mot nghiem don: Ay = Ao # A3 thi:
Up = (C1 4+ Con) AT + C3 A5

+) Néu (3) ¢6 mot nghiem thuyc boi 3: Ay = Ay = A3 := )\ thi:
Ty, = (C + Con + C3n?) N3

+) Néu (3) c¢6 mot nghiem thyc Ay va hai nghiém phiic lien hop:
2.3 = r(cosf £ isind) thi

Up = C1AT + 1r"(Co cosnb + C3 sinnb)

Treén day ta ky hieu Cp; Cy; O3 1a cac hang s6 ma sé duge xac dinh bang cach
thay 4, vao cac diéu kién bién va giai hé phuong trinh thu duge. Cdach tim

Trudng hgp 1. Néu f(n) = P,(n) 1a da thic bac m ddi véi n thi: +) Khi
(3) khong c¢6 nghiem A = 1 thi ta chon: u) = @ (n) trong d6, @ (n) la da thic
bac m do6i v6i n. +) Khi (3) ¢6 nghiem don A = 1 thi ta chon: v} = nQ,(n)
trong do6, Q,(n) 1a da thitc bac m d6i véi n. +) Khi (3) c6 nghiem boi hai A =1
thi ta chon: u} = n?Q,,(n) trong dé, @,,(n) la da thiic bac m déi véi n. +) Khi
(3) c6 nghiém boi ba A = 1 thi ta chon: u} = n3Q,,(n) trong d6, Q,,(n) 1a da
thic bac m dbi véi n.

Trudng hgp 2. Néu f(n) = A.u™ ( A ; pla cac hing s6 cho trude) thi: +)
Khi p khong 14 nghiém ctia (3) thi ta chon: ) = B.u™ véi B 1a hing s6 duge xac
dinh béang cach thay u} vao phuong trinh da cho. +) Khi x 1a nghiém don cta
(3) thi ta chon: v} = B.n.u™. +) Khi g 14 nghiém boi hai cta (3) thi ta chon:
ul = B.n?.p"™. +) Khi p 14 nghiém boi ba (3) thi ta chon: v}, = B.n3.u".

2.5.3 Vidu

r1=0; 20=1; 23=3
Vi du 2.19. Gidi phuong trinh sai phan: ! 2 3
Ty = TTp_1 — 11lzp_o 4+ bxy_3

Giai. Phuong trinh dac trung:
AT +11A-5=0: ¢6 ba nghiém: Ay = Ao =1; A3 =5.
Vay phuong trinh c6 nghiém tong quat

Ty = (01 + an).ln + (C3.5" = C1 + Con + C3.5™.
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Thay vao diéu kién bién ta dugc hé phuong trinh:

13
Ci1+Co+5C3=0 CIZ_E
C1+2C+25C3 =1 = ngg
C1+3C,+125C5 =3 Cs = %

Vay phuong trinh da cho c6 nghiém:

1

16(5"—1 +12n — 13).

Tn
ro=1;21=2; 20=3

Vi du 2.20. Gidi phuong trinh sai phan: {

Giai. Phuong trinh dac trung:

A —3M+3X—1=0: c6nghiem boi ba: A\; = Aoy = A3 = 1.

Vay phuong trinh thuan nhéat cé nghiem tdng quat

In = (C1 + Con+ C3n?).1" = Cy + Con + Can®.

Tn43 — 3Tpg2 +3Tpg1 — Ty =1

57

Do f(n) = 1 = 1.1" nén ta chon nghiém riéng z¥ = B.n3.1" = B.n?. Thay vao

phuong trinh da cho roi so sanh cac hé s6 ta duge
1

= —nd.

Vay nghiém téng quat ctia phuong trinh da cho la:

1
Tp =x) + &y = C + Cyn + Csn® + =n?.

6
Thay vao cac diéu kién bién va giai hé phuong trinh thu duge ta co:
1
Ci=1;Cy = 3 ; O3 = —3 Vay phuong trinh da cho c6 nghiém la

1+ 12+13
e - — "N —-n .
n 3" 73 6
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2.5.4 Phuong trinh sai phan tuyén tinh cap &
Dinh nghia Phuong trinh
a0Yn+k + W1 Yntk—1 + -+ aryn = f(n) quad(1)

dugce goi 1a phutong trinh sai phan tuyén tinh cap k. Cdch gidi A. Gidi phuong trinh sai phan tuyé
1°) Giéi phuong trinh dac trung

aoX N +a N b a A+ ap =0 (2) dé tim k.
2°) Tim nghiém tong quat clia phuong trinh thuan nhit tuong tng.

e Néu (2) c¢6 k nghiem thyc khac nhau 1a Ay, Ag, ---, A thi nghiem tong
quat 1a
:ljn = Cl/\? + Cg/\g + -+ Ck/\z (3)

trong d6 c1, c1, -+ -, cx la cac hang s6 tuy .
e Néu (2) c6 nghiem thuc \; boi s thi nghiém tong quat la:
s—1 ' k
Un = (Z Cj_;.i’l’LZ) /\;L + Z CZ/\?
i=1 i=13i#j
e Néu phuong trinh dic trung (2) c6 nghiém phic don \j = r(cos f+i.sin 0)
thi A\j = r(cosf — i.sinf) cing la nghiém ctia (2). Dat A\ = Aj. Dé thu
dugc cong thitc nghiem tong quat, trong cong thiic (3) ta thay bo phan
Cj/\? + Cj+1/\?+1
béi bo phan tuong tng:
c;r" cosnb + cjy1r" sinnf.
e Néu phuong trinh dic trung (2) c6 nghiém phtc boi s
/\j = /\j+1 == /\j+s—1 = T’(COSQ + 1. Sin@)
thi (2) ciing c6 nghiém phtc boi s lien hop véi A; 1a /\_J ma ta dat 1a
/\j+s = /\j+s+1 == /\j+23_1 = T’(C089 — 1. sin@).

Trong trudng hop nay, dé thu dude cong thitc nghiem tong quat, trong cong
thic (3) ta thay bo phan

n n n
GAT + G+ Cas 1A e
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béi bo phan tuong dng
s—1 s—1
( Z cj+m’>r" cosnb + ( Z cj+s+ml>r" sinnd.
i=0 i=0

B. Tim nghiém riéng ctia phuong trinh sai phan tuyén tinh

khong thuan nhat. Viéc tim nghiém riéng ctia phuong trinh sai phan

tuyén tinh khong thuan nhat cap k lam tuong tuy nhu tim nghiém riéng cia
phuong trinh sai phan tuyén tinh khong thuan nhat cap hai va cap ba.

C. Tim nghiém téng quat ctia phuong trinh sai phan tuyén tinh cép k.

Nghiém téng quat c6 dang

Yn = Un + Un,
trong do6: +) y, 1a nghiém clia phuong trinh sai phan tuyén tinh cap k. +) 9, 1a
nghiém ctia phuong trinh thuan nhat tuong tng. +) v 14 mot nghiém riéng cta
phuong trinh khong thuan nhat.



Chuong 3

Xac dinh sé hang tong quat
ciia mot day sé

Viéc tinh gi6i han ctia mot day s6 duge cho béi cong thite truy hoi thuong
phai qua giai doan chiing minh sy ton tai gi6i han ctia day da cho va sau do6 su
dung hé thitc nlggo Tyl = 7}1_}120 x, d6i v6i day hoi tu bat ky. Dieu d6 thuong
duge thie hién bing cach sit dung nguyen 1y Weierstrass ( diéu kién da dé day
hoi tu ) hodc nguyeén 1y hoi tu Bolzano - Cauchy. Qua trinh dé gip khong it kho
khin. Mot trong nhitng phuong thitc khic phuc kho khan dé 1a chuyén tir cach
cho day biang cong thitc truy hoi sang cho day bang phuong phap giai tich, tic
14 x4c dinh day bing cong thiic s6 hang tong quéat ciia né. Bai toan xac dinh sb
hang tdng quat ctia mot diy s6 dugce cho bdi hé thiic truy hoi 1a bai todn thusng
gap trong chuong trinh pho thong. Bai toan dé dugc phat biéu nhu sau. Xac dinh
s6 hang tdng quat ctia day s6 (x,,) duge cho bdi he thitc truy hoi.

? ? ? ( ) quad(l)
f(@ntk; Togk—13 -+ 5 Tnpr;znin) =0 (1)
trong dé aq;am;--- ;o 1a cac s6 € R, cho trude, con f 1a mot biéu thitc chia

k + 2 bién, cho trude. Thuc chat bai toan dang xét 1a bai toan xac dinh ham s6
xp, = z(n) thod man phuong trinh sai phan (I) véi cac diéu kién bien (x). Do do,
doi khi ta ciing goi bai toan xac dinh day s6 dugce cho béi hé thiic truy hoi (1) 1a
bai toan gidi phuong trinh sai phan (7).

60
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3.1 Tim s6 hang tong quat ctia day (dang da thiic)
khi biét cac s6 hang dau tién
Vi du 3.1. Cho diy so:
1;—1;—1;1;5;11;19;29;41; 55; - - - .
Hay tim quy ludt biéu dién cia day s6 dé va tim sé tiép theo.

Giai. Lap bang mot s6 sai phan ban dau:

y= |1 -1 -1 1 5 11 19 29 41 55
Ay -2 0 2 4 6 8 10 12 14
A%y 2 2 2 2 2 2 2 2

Ta thiy sai phan cap hai khong do6i nen day sb 1a day cac gia tri clia da thitc bac
hai:
y=an®>+bn+c (a#0)

trong d6 n 1a s6 thi ty clia cac s6 trong day s6. Cho n = 0; 1; 2 (Danh s6 cac
s6 bat dau tir 0) ta nhan duge hé phuong trinh:

C:l a:1
a+b+c=-1 < qb=-3
da+2b+c= -1 c=1

Vay day s6 tuan theo quy luat sau:
UYp = n?—3n+1
S6 hang dau tien 1a yg = 1, s6 hang tiép theo s6 hang 55 sé ting véi n = 10 nén
sé la:
y10 = 102 = 3.10 + 1 = 71.
Vi du 3.2. Cho diy so:
—5;—3;11;43;99;185;307;471; - - - .
Hay tim quy ludt biéu dién cia day s6 dé va tim hai sé6 hang tiép theo.

Giai. Lap bang mot s6 sai phan ban dau:
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y= |-5 -3 11 43 99 185 307 471
Ay 2 14 32 56 86 122 164

A%y 12 18 24 30 36 42

Ay 6 6 6 6 6

Ta thiy sai phan cap ba khong dbi nén day sb 1a day cac gia tri ciia da thic bac
ba:
y=an®+bn’>+cn+d (a#0)

trong d6 n 1a s6 thit tu clia cac s6 trong ddy s6. Chon =0; 1; 2; 3 (ddnh sb
thit tu cac s6 hang bat dau ti 0) ta nhan duge heé phuong trinh:

d= -5 a=1
a+b+c+d=-3 N b=3
8a+4b+2c+d=11 c= -2
270+ 9b+ 3c+d =43 d=-5

Vay day s6 tuan theo quy luat sau:
Un =n+3n?—2n—5.

S6 hang dau tién 1a yg = —5, hai s6 hang tiép theo s6 hang 471 sé ttng v6in = 8;9
nén sé la:

ys =8 +3.82-28-5=0683; yg =9+ 3.92 — 2.9 — 5 = 949.

Chi 7j: 1) Quy luat tim dugc trén la khong duy nhat vi hién nhién, cac s6 hang
da cho ciing thod man, ching han quy luat:

Yn = n3+3n%2—2n—5+P(n).(n+5)(n+3)(n—11)(n—43)(n—99) (n—185) (n—307) (n—471)

trong d6 P(x) 1a mot da thiic bat ky. Vay thuc chat trén day ta méi chi tim duge

mot quy luat ma day cac s6 da cho thod man ma khong tim duge tat ca cac quy

luat ma day cac s6 da cho thod man. 2) Nhé ring A%(az? + bx + ¢) = Const,

nhung néu A%y = Const thi chua chic 1 (khong thé suy ra duge) y = ax?+bx+c.
Bai tap tuong tu

Bai toan 3.1. 1 Véi méi day so sau day hay: a) Tim mot quy luat biéu dién ciia
day s6. b) Viét hai s6 hang tiép theo cia moi diy so theo quy ludt viia tim dugc
do:

1. :1;—-2;-2;1;7,16;28;43;61;- - - .
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2. :1;6;17;34;57;86; 121;--- .

8. :2:3;7;,14;24;37; - - -.

4. :3;5;10;18;29; - .

5. :5;1;5;14;28;47;71;100;134;173;217; - - -.
Bai toan 3.2. 2 Tim quy ludt cia cdc day so sau:

1. 2;2;8;26;62;122;212;338; ---.

2. 1;6;17;34;57;86;121;162;209;262; --- .

8. —5;—3;11;43;99;185;307;471;683;949 ; - --

Bai toan 3.3. 3 Tim cong thic sé hang tong qudt cia day so khi biét cdc so
hang dau tien.

1. {8;14;20;26;32; ---}.

2. {-0,5;1,5; —4,5; 13,5; —40,5; ---}.
3456

) 2. 2. 2. 2. Z .

3 {727374757 }

4. {1;3;1;35 -}

5. {5;7;11;19;35; --- }.
6. {1;2;6;24;120; ---}.
3
4

1 4 6
7. 9. . __. R
{ ) 27 37 ) 57 }
8. {0,3;0,33;0,333; ---}.
1 1 3 1 5
9 13igigigigi ok

3.2 Cong thitc truy hoéi 132 mot bieu thic tuyén tinh
Truong hop hé thitc truy hoi da cho la hé thic tuyén tinh.
ATyt + A1 Tptk—1 + -+ ATy = f(’I’L)

vdi ag; ay;- - sag (ag #0; ap # 0) la cde hdang s6 thy bai todn cé thé dugc zem
nhu mot phuong trinh sai phan tuyén tinh va dugc gidi nhu trong chuong trudc.
Tuy nhién, ciing cé thé gidi bang cdc phuong phdp khdc.
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3.2.1 Vidu
Vi du 3.3. Tim s6 hang tong qudt cia day so (x,) duoc cho bdi hé thic truy
hoi.

Trog = 99

Tpt1 =Tp —2n —1 (1)

Giai. Coi (1) la phuong trinh sai phan tuyén tinh cap 1. Do f(n) = —2n —1 la
da thic bac nhat, A = 1 = nén ta chon z}, = n(an +b). Thay vao (1) dugc.

(n+Dan+1)+b =n(an+b) —2n—1=>a=—1; b=0=z = —n?.

Cong,=Cl"=C=1z,=C—-n? mazg=99= C—0>=99 < C =99. Vay
phuong trinh (1) c6 nghiém. z, = 99 — n?.
Giai (Cach 2). Tw hé thic da cho ta co.

Trog = 99

1 =29 — 1

ro = T1 — 3

ITpn—1 = Tp—92 — (2’1’L — 3)
Tp = Tp—1 — (2n—1)
Cong titng vé cdc ddang thie trén, ta dugc
Tp,=99—[14+3+5+ -+ (2n—1)] =99 — n?

Vay cong thic sé6 hang tong qudt cia day sé can tim la x, = 99 — n?.
Vi du 3.4. Tim s6 hang tong qudt cia day so (x,) duoc cho bdi hé thic truy
hoi.

Trog = 8

Tpt1 = 2z, + 3" (2)

Giadi. Do A =2 # 3 = 3 nén ta chon x}, = d.3". Thay vao phuong trinh (2)
duge d =1 = xt = 3". Con 2, = C.2". Vay x,, = C.2" +3". Thay vao diéu kién
bien duoc C = 1.

Tra loi: phuong trinh da cho c6é nghiém. x, = 7.2" + 3™.

Giai (Cach khac). Dat y, = x, — 3", ta dugc

Yyo=8—-1=7 o Yo =17
Yny1 +3.3" = 2(yn + 3n) +3" Yn+1 = 2Yn
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T dé c6 (yn) la cap s6 nhan = y, = 7.2" = x, = 7.2"+3" la cong thic s6 hang
tong qudt can tim .

Vidu 3.5. Tim tat cd cic diy s6 (a,) thod man any1 = 2" — 3ay, va (a,) la mot
day sob ting.

Giai. Xét phuong trinh sai phan. an+1 = 2" — 3a, (3).

Dat a, = up,.2". Thay vao (3) dugc.

3 1
Upg1.2"T = =30, 2" 4+ 2" & Uy = —5tn+ 5 (3.1)
Phuong trinh nay c¢é nghiém tong qudt la.
3 1 1

Ta co.
(an) 1 & any1 > ay
2 1
< —3C.(-3)" + 5.2" > C.(=3)" + 5.2" vdi moin € N

1
& 4C.(-3)" < 5.2" vdi moi n € N. (x)

1
+) Vai C >0 thi (x) < 200 > (—g)" vdi moi n € N. Ta khong chon duge C' vi

khi n chan thi (—g)" — +o00.

+) Vgi C <0 thi (%) < % < (—g)" vdi moi n € N. Ta cing khong chon dugc
C vi khin lé thy (—g)" — —00.

+) Voi C =0 thi a, = é.2" la day so tang.

PN 1
Vay day so can tim la. a, = 3.2".

Vidu 3.6. Choa; q; dla cic so6 € R, cho trude. Hiy zdc dinh sé hang tong
quat cia day so (u,) duge cho bdi cong thiic truy hoi.

Uy =a
- (4)
Upt1 = qup +d (n > 1)
Hay zét tat cd cdc truong hop cé thé zdy ra doi vdi cdc tham sé a; q; d.

(Déy s6 dugc cho bdi cong thitc trén con duge goi la cap s6 nhan - cong)
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Giai.
+) Néu q =0 thi (4) zdc dinh day s6 c6 cong thic s6 hang tong quat
uy=a; u, =d, Yn e N, n > 2.
+) Néu q =1 thi (4) zdc dinh mot cap s6 cong cé cong thic s6 hang tong qudat
up =a+ (n—1)d.
+) Néu d =0 thi (4) wdc dinh mot cip s6 nhan cé cong thic sé hang tong qudt
Up =a-q" L.
+) Ta zét truong hop d #0; ¢ #0; q# 1. Dat uy, := v, + « (vdi a chon sau)

ta dugc
WHel{t-"e L (4.1)
Upt1 +a=q(v, +a)+d (n>1)

d R . 4 )
Chon a = T—a ta duge (4.1) la hé thic truy hoi xzdc dinh mot cap so nhan vdi
—q

cong boi q va do dé

Vidu 3.7. Choa; b; p; qla cic s6 € R, cho trude. Hay zdc dinh s6 hang
tong qudt cia day so (u,) dugc cho bdi cong thic truy hoi.

u=a; u=>o
Unt1 = (P + Q)un — Pqup—1, (n>1) (5)

Hay zét tat cd cdc truong hop cé thé zdy ra doi vdi cic tham séa; b; p; q.

Giai. DPat v, = up — puy_1 ta cé duogc
-1
v =up —pug=a—pb; vpt1 =quy, = v, =v1- ¢ ().

Ap dung lién tiép (a) ta co.

n—1
Up — PUn—1 = V14 .
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T cic ddng thic trén dé dang nhan dude két qud sau.
pn _ qnb pn—l _ qn—l
—Dq
Unp = p—q pP—q
np" b — (n—1)p"a néup=q

a néup#q

Vidu3.8. Choa; b; p; q; r la cic s6 € R, cho trudc, pr # 0. Biét rang
phuong trinh

pt? +qt+r =0 (a)
c6 hai nghiem thuc t = t1 ; t = to. Hay xdc dinh s6 hang tong qudt cia day so
(uyn) dugc cho bdi cong thic truy hoi.

{ulza;ugzb - (6)

PUni2 + QUpp1 + 71U, =0 (n > 1)

HDG. Chia hai vé ciia phuong trinh cho p roi st dung dinh lyj Vieete, dua vé vi
du 5.

Vi du 3.9. Xdc dinh s6 hang tong quat ciia ddy so duge cho bdi hé thic truy hoi:

20 = 101
Tpi1 = T.2, + 771 (1.4)

Giai. Coi (1.4) la phuong trinh sai phan tuyén tinh (cap 1), khong thuan nhat,
vdi hé s6 hang s6. Do A\ = 7 = 3 nén ta chon x} = d.n.7". Thay vao phuong
trinh (1.4) dugec d = 1 = z} = n.7". Con &, = C.7". Vay x, = C.7" + n.7".
Thay vao diéu kién bién dudec C = 101.

Trd loi. phuong trinh da cho cé nghiém. x, = (101 +n).7™.

Giai (Cach khac). Dat x, = y,.7". Ta thu dugc hé thiic truy hoi doi véi day
56 (yn)-

x0 = 10.7° Y0 =101

yn+1.7"+1 =Ty, 7"+ s Yn+1 =1Yn +1

T dé6 ta thay (y,) la day so cong vdi s6 hang dau yo = 101, cong sai d = 1. Theo
cong thic sé hang tong qudt cia day sé cong ta duoc

UYn = Yo +n.d & y, = 101 + n.
Badi vay
Ty = (101 +n). 7"

la cong thite s6 hang tong qudt cia dday so can tim.
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Vi du 3.10. Xdc dinh cong thitc s6 hang tong quat cia day s6 (x,) duge cho bdi
hé thidc sau .

zo=1; 1 =16

Tpto = 8Tpt1 — 167y,

Giai. Coi hé thic da cho la phuong trinh sai phan tuyén tinh (cap 2) thuan
nhat, vdi hé s6 hing so. Ta cé phuong trinh ddc trung.

AN —8A4+16=0 < A\ = A\y =4 (co nghiem kép).

Vay. &, = x, = (A + Bn).4™.
Gidi diéu kién bien.

= =
21 =16 (A+B).4=16 B=
Vay phuong trinh da cho cé nghiém. x, = (1 + 3n).4™.
Giai. Dat x, = y,.4". Ta thu dugc hé thic truy hoi doi vdi day so6 (yn).

yo.4" = Zo Yo =1
y1.4! =1 SR =4

4n+2 =8 4n+1 — 16 4n -9 _
Yn+2- = 0.Yn- “Yn- Yn+2 = <LYn+1l — Yn

Dat tiép zp = Yni1 — Yn (n > 0) ta dugc

=3
=0 Sz, =3 YVn>0
Zntl = 2 VN >0

Nha vay, ta duge hé thic truy hoi doi véi day s6 (yn) la.

Yo =1
Y1 =4
Yntl =Yn+3 (’I’LZO)

T dé ta thay (y,) la day s6 cong vdi s6 hang dau yo = 1, cong sai d = 3. Theo
cong thic sé hang tong qudt cia day sé cong ta duoc

Yn =Yo +n.d =y, =1+ 3n.

Badi vay
Ty = (1+3n).4"

la cong thite s6 hang tong qudt cia dday so can tim.
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Bai tap
1. Tim s6 hang tong qudt ciia day s6 (uy,) dugc cho bdi.
Up+1 = Uy — 6N+ 15 up = 1.
Dadp s6: u, =3n+1— 3™
2. Tim 56 hang tong qudt cia day s6 (u,) duge cho bdi.
Upt1 = Up + 2n? ;up = 1.
Dap s6: u, = %(2713 —3n% +n+3).
3. Tim s6 hang tong qudt cia day s6 (u,) duge cho bdi.
Upt1 = duy — 3" 5 ug = 1.

Dap s6: up, = =(5" + 3").

N —

4. Tim s6 hang tong qudt cia ddy s6 (u,) dugc cho bdi.
Upa1 = 2up +6.2" 5 ug = 1.
Ddp s6: u, = (3n+1).2™
5. Tim s6 hang tong qudt ciia day s6 (uy,) dugc cho bdi.

Upa1 = Up + 2n.3" 5 ug = 0.
- A 1 n
Dap so: u, = 5[(211 —3).3" +3].
6. Tim s6 hang tong qudt ciia day s6 (uy,) dugc cho bdi.

Upp1 — 2up = (2 4+1).2"; ug = 1.

Dap s6: u,, = ( 5

7. Tim s6 hang tong qudt cia ddy s6 (u,) dugc cho bdi.
Upt1 — 2Uup =n+ 3" ;5 ug = 1.

Dép 6. up =2" +3" —n — 1.

n(2n® —3n +7) N 2> on

69
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3.3 Cong thitc truy hoi la mot hé biéu thic tuyén tinh

Xét bai todn sau: Xdc dinh so hang tong qudt ciia cac day s6 (x,,) ; (yn) thod
man hé thic truy hoi dang.

r1=a;y =0 (%)
Tpy1 = pTn +qun (1) (I) vdi a;b;p;q;r;s la cdc hing s6 € R
Yntl = T%n + SYn (2)

Phuong phap giai. Trong (1) thay n bdi n + 1 va bién doi ta duoc.

Tnt2 = PTnil + qYni
= pTnt1 + q(ran + syn)
= PTnt1 + qrn + $(Tnt1 — PTn)
=Tn+2 — (P + 8)Tns1 + (ps — qr)azn, =0

T (1) ta cing c6 xo = px1 + qy1 = pa + gb. Vay ta thu duge phuong trinh sai
phan tuyén tinh cap hai thuan nhat:

T1=a; T9 =pa+qb

Tyt — (P + 8)Tpi1 + (ps — qr)zn, =0

Ma ta da biét cdach gidi ¢ chuong trude. Gidi phuong trinh nay ta tim dugc x,,.
Thay vao (1) ta tim dugc yy,.

3.3.1 Vidu

Vidu 3.11. Tim x, ; yn thod man.
r1=1;y1=1
Tpi1 = 4y — 2y, (1)
Ynt+l = Tn + Yn quad(2)

Giai. Trong (1) thay n bdin+ 1 ta dugc

Tpy2 = 4Tpi1 — 2Ynia
=4z — 2(xn + Yn) = dxpg1 — 22, — 2y,
=4z — 2Ty + Tpy1 — 4Ty = Dxpy1 — 62,
= Tnt+2 — OTpy1 + 62, = 0.
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T (1) ta c6: v = 4x1 — 2y = 4.1 — 2.1 = 2. Vay ta cé phuong trinh sai phan

tuyén tinh thuan nhat:

Ty =1; 20 =2
Tn+o — OTpy1 + 62, =0

Gidi phuong trinh nay ta dudc x,, = 2"~'. Thay ,, vao (1) dugc y, = 2"~. Vay
T, =27t

_ 2n—1

hé da cho cé nghiém.{
Yn =

Vidu 3.12. Tim x, ; yn thod man.

x0=2;yo =0
Arp11 = 2z, — 3y, (1)
2Ynt1 = 2y, + yn quad(2)

Giai. Ldp luan tuong tu vi du trén ta dudc phuong trinh sai phdan tuyén tinh

thuan nhat:
{:Eo =2,z =1

Tp+2 — Tpy1 + T =0
Phuong trinh ddc trung.

/\2—/\+1:0<:>/\:cos%:|:isin%.

Vay phuong trinh trén cé nghiém tong qudt.

T, = A. cos% + B.sin %

Thay vao diéu kién bién dugc A =2; B=0 = x,, = 2cos % Thay tiép vao (1)

Qo 4 | nr
Cc Yy = —=sin —.
nmw
T, = 2cos 3
Vay hé da cho cé nghiém: 4  “nm . Baitap Tvm x,, yn thod man:
sin

yn:ﬁ ?

xo =2;yo =2
1 3
1. Tpyl = §$n - Zyn .

Yn+1 = Tp+ §yn
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zo =050 =06

2. Tnt1 = 3Tp + Yn -
Yntl = OTp — Yn
zo =2y0=1

3. Tpt1 = 2%p — Yn -
Yntl = Tp+ 4y,
zo = —Liyo =2

4 Tpt1 = 2% — 8Ypn -
Ynt1 = 2z, — Oy,
zo =Ly =1

. Tp+1 =4, — 2y, +9n —3.
Yn+l =Ty +Yp+3n

1 1 1
; 0 Yo \/5
’ TIpn+l = Tn — Yn )

Yn+tl = Tp+ Yn

3.4 Coéng thic truy hoi la biéu thic tuyen tinh véi hé
sO bién thién

Lij thuyét vé phuong trinh sai phan tuyén tinh vdi cdic hé s6 bién thién cho
dén nay van chua hoan chinh. Viéc gidi cdc phuong trinh sai phan tuyén tinh vdi
cac hé so bién thién la rat phic tap. Trong phan nay ta sé chi zét mot so6 dang
ddc biét, don gidn cia cdc phuong trinh sai phan tuyén tinh vdi cdic hé s6 bién
thién chi yéu bang phuong phdp dat day so6 phu, dva vé phuong trinh sai phan
tuyén tinh.

Vi du 3.13. Tim u,, biét rdang.

n
up =03 Upyp = n——l—l(un+1) vd mot n > 1.

Giai. Tw gid thiét c6: (n + 1)uns1 = nuy, +n. Dat x, = nuy,, ta cé

1 =0; Tpy1 =2y +n.
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Gidi phuong trinh nay ta dugc:

-1 -1
:En:%. detacé:un:n2 .

Vi du 3.14. Tim u, biét rang.

n(n+1)

Uy ; Un41 (n—|—2)(n—|—3)

(up, + 1) vdi moin > 1.
Giai. Tu gid thiét co:

(n+ 1) (n+2)%(n+ 3ups1 = n(n + 1)3(n + 2)u, + n(n+1)%(n +2).
Dat z, = n(n +1)%(n + 2)uy, ta cé

21 =0; Tpi1 = Ty +n(n+1)%(n+2).

Gidi phuong trinh nay ta dugc:

(n—1Dnn+1)(n+2)(2n+1)
10 '

Ty =

Vay ta cé dap so:
(n—1)2n+1)
10(n+1)

n =

Vi du 3.15. Tim:
T

I, = /2 sin” z dzx.
0

Giai. St dung cong thic tich phan ting phan ta cé.

m il
Jp = —cosz.sin" 1 :E‘OE + /02 (n — 1) sin" 2 z cos? x dx
il
= /2 (n—1)sin" 2 2(1 — sin® 2) da
0

= (n— 2 sin" %z —sin"z) dz
=~ (n=1) [ 2 ) d
=(n—1)(Jn2—Jn)

n+1
n+-2 n+2 n()

73
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Dé théy: Jo = g . Jy =1. Tt dé va tw (1) ta c6
+) Khin chan (n=2k) thh
1
J2 — §J(]
3
J4 - ZJQ
)
Jﬁ == 6J4
2k —1
Jor = o7 Jok—2

Nhan tung vé cic dang thic trén va it gon ta dugc.

g L3 (2k-1) 7  (2k—D
T T4 (2k) 2 (2R

T
5

+) Khin Ié (n =2k +1) th.

2
Jg — ng
4
J5 == Js
6
J7 — ?J5
2k
Jok+1 = mJ%—l-

Nhan tung vé cic dang thic trén va it gon ta dugc.
24.--- (2k) (2K

e T N OT AR S OIS ITE
Pap sb.

P V1L S 15}

TR 2 AT QI

Vi du 3.16. Tim x, biét rdang.

r1=a>0; .01 = g(n).ak (1) vdi moin > 1,

trong dé g(n) > 0 vdi moin € N*; k € RT.

74
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Giai. Tuw gid thiét suy ra =, > 0 vdi moi n € N*. Lay logarit Neper hai vé cia
(1) ta dugc
Inz,y1 =Ing(n) + k. Inz,. (2)

Dat y, = Inx,, khi dé (2) cé dang.
Yn+1 — kyn = hlg(’l’L). (3)
Dt tiép y, = k" Y, khi dé (3) cé dang.

Ing(n) lng
Unp+1 — Up = o = Up = U —|—Z .

Tw gid thiét 1 = a > 0 = u; = Ina. Vay.

un—lna—l—zlng n:k‘"_1< +Zlng )

Cuoi cung, ta co:

n— n—1 lng(i) 1
T, = ek Yna+ i=1 :1 ) _ = exp (kn 1 ln +Z ng ) ) )

=1

Vi du 3.17. Tim x, biét rdang.

fin+1) ok
fFn) "

Trong do f(n) > 0 vdi moin € N* con k € N*, cho trudc.

r1=a>0; Tpy1 = (1) vdi moin > 1.

Giai. Tw (1) ta co:
Tn+1 ZEfL

fln+1)  fE(n)’
khi dé (2) c6 dang: v,y1 = vE. (3). Dat tiép day so

(2)

L,
Dat day phu: v, = ——,
f(n)
phu: u, = Inw,, khi dé (3) cé dang.

Upa1 = Ky = u, = C.K" (V6i C la hdng s6).

a a a
Mizxi=a=v1=—=u=ln— =C.k=u, =ln—£k""'. Vay ta co.
' ey ! f(1) f(1)
a
k"=1lIn En=t

un = e fQ) = (%) . Hay la. on = f(n)(——)F""".
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Vi du 3.18. Tim 56 hang tong qudt cia day so (z,) biét ring x1 = a va
Tnt1 = a(n)zy, + b(n) quad(6)

trong dé a(n) ; b(n) la cdac ham s6 doi véin € N, a(n) # 0, Vn € N,

Giai. Ddt day so phu

n—1
Ty, = Yn. H a(k)
k=0

. . a
Khi do ta cé y1 = —a(O) va
b(n
(6) © Ynt1 —yn = n(i) =g(n). quad(6.1)

[Tr=o a(k)

Tu ding thic (6.1) ta dé dang nhan dugc

n—1 n—1
yn =11+ g(k) = ﬁ +Y g(k).
k=1 k=1
Vay nén ta cé
n—1 —
= (il * ) H

la cong thite s6 hang tong qudt can tim.

Vi du 3.19. Tim s6 hang tong qudt cia day s6 (x,) biét rang ©1 = a ; 2o = b
va
Tpt2 = a(n)xpy1 + b(n)z, + f(n) quad(7)

trong dé a(n) ; b(n); f(n) la cdc ham soé doi véin € N, b(n) # 0, Vn € N va ton
tai s6 p # 0, ton tai ham so6 q(n) # 0Vn € N sao cho:

p+a(n) =a(n) ; p.q(n) = =b(n). (*)
Giai. St dung diéu kién (%) ta co thé viét lai (7) dudi dang
(Znt2 = prnt1) — q(n)(2nt1 — p2a) = f(n) quad(7.1)
Dat yn, = xpy1 — pry (x1). Khi dé, (7.1) c6 dang.

Yn+1 = Q(n)yn + f(n) Y1 =b—pa:=a.
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Theo vi du 6, ta tim duoc
(a +n§ J (k) >ﬁ(k:) h(n), n > 1
Yn = (—7oy ———) 11 a(k) :==h(n), n> 1.
9(0) k=1 H;?:O a(4) k=0

Thay y, vao (x1), gidi phuong trinh sai phan tuyén tinh cap 1 thu dugc ta tim
dugc cong thic sé6 hang tong qudt can tim la.

n—1
h(k
T, =ap” ! —I—pn.z %, n> 1.
P
Vi du 3.20. Tim s6 hang tong qudt cia day s6 (z,) néu biét
x1=1;20=2; xpio=(n+1)(zp41+x,), n>1. (7)

Giai. DPat z, = nly,. Khi do, (7) cé dang

nly, = (n—1D[(n— Dxp_1 + (n — 2)lzy_9]

hay la
1
nyYyn — (n - 1)yn—1 —Yn—2 = 0 (yn —Yn—1 = _E(yn—l - yn—2)7 Vn > 2.
Tw do co
(=t 1 1
Yn — Yn—-1 = T Y3 — Y2 = G Y2—n =5

Viét cic dding thie trén roi cong lai ta duge

n—1 (_1)k—1 n—1 (_1)k—1
yn=y1+27k' =1—|—27,n23.
k=2 ’ k=2

Vay cong thic sé6 hang tong qudt can tim la
n—1
-1 k—1
mn:n!<1+z%>, n > 3.
k=2 )

Bai tap

Tim x, biet rang:



3.5. Cong thiic truy hoi dang phan tuyén tinh véi hé s6 hing 78

1 I =0
. n .
Tpt+1 = 7’L—|—1($n+1)
{:L'l =0
2. n(n+1)
1
1
I 25
3. {:U (n+1)2 nnt1) -
s n(n+2) n+2 '
4 I =a
C|#e = D@+ 1)
I =2
5. on + 4.3"
Tl T T T iy D+ 2)
33
T =8 x90 = —
6. N _2(n—|—1%(n—|—3)$ Ly nnt2) o n(n+3)
w2 m+22 "t )m+3)" T n+2

3.5 Coéng thic truy hoi dang phan tuyén tinh véi hé
s6 hang

Trong phan nay ta sé tim s6 hang tong qudt cia day sé6 duge cho dudi dang
cong thite truy hoi dang phan tuyén tinh vdi hé sé hing thong qua cdc vi du cu the.

Vi du 3.21. Tim day s6 (x,) thod mdn cdc diéu kién sau.

1 =a>0; Tpy1 = v0t mot n > 1.

Tn +
Giai. Tw gid thiét suy ra x, > 0 vdi moi n € N*. Ma.
Ty 1 2

—14+ 2
$n+2 Tn41 In

Tp4+1 =

1
Dat y, = —, khi dé ta duoc.

n

1
yn+1=2yn+1<:>yn+1—2yn—1=0;y1=a-
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Gidi phuong trinh sai phan nay ta duoc:

(a+1)2"1 —qa a

= . Hay la. =
Un a @ dn (a+1)2n"1 —¢q

Vi du 3.22. Tim day s6 (x,) thod mdn cdc diéu kién sau.

Tn + . .
To=a; :En+1:w vdi moin € N. (1)
Ty + S

trong do a,p,q,r,s € R, cho trudc.

Giai. Loi gidi cia vi du nay thu duoc truc tiép tit Bo dé sau.

B6 dé 3.1. Néu y, va z, la nghiém clia hé phuong trinh sai phan.

Yn+l = DPYn +Qq2n 5 Yo =a0a
- (2)
Zntl =TYn +S2n 5 20 =1

thi z,, = In la nghiém cia phuong trinh.

Zn
o _ bxn+gq
To=0a; Tpntl = — -
Ty + S
. . PN .. Y% _a ..
Chiorng minh. That vay, ta c6: g = = = 1= a. Ngoai ra.
20
Yn
— +
R Ty A R
Tny1 = = = = :
Zn+1 TYn + SZp rZt s Ty + S
Zn

79

T dé suy ra dpem. T Bo dé trén ta cé duge cich gidi cia phuong trinh sai phan
dang phan tuyén tinh (1) bang cdch lap va gidi hé phuong trinh (2). T dé thu
dugc nghiém cia (1) theo Bé de. Vi du cu thé zem trong loi gidi cia vi du 3 sau

day.

Vi du 3.23. Tim day s6 (x,) thod mdn cdc diéu kién sau.

T, + 1 . .
20=0; Ty = ——— wvdi moin > 1.
—x, +1
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Giai. Xét hé phuong trinh

Yo =0; z0=1
Yn+l = Yn + 2n
Znt+l = —Yn + 2n

Gidi hé nay ta duoc.

Yn = (\/i)nSin % ; An = (\/i)n cos %
T dé, theo Bo dé da chimg minh trén ta duge nghiém cia phuong trinh da cho
la.

. nw
(v/2)"sin — nr

nm
Zn (\/E)n Ccos T 4

Vi du 3.24. Tim cong thiic s6 hang tong qudt ciia day so (x,) duoc cho bdi hé
thite truy hoi sau

bx,,
T1 =05 Tntl czn +d quad(4)
Trong do, a, b, c € R*, d € R.
1 d
Giai. DPaty, = —; ¢ =p; —:=q ta dugc
Tn b b

1

(4) © Yn41 = P20+ 45 1=
D6 la hé thic xdc dinh diy s6 nhan - cong. Cong thitc sé hang tong qudt cia day
56 nay da dugc zdc dinh trong phan trudc (zem vi du 4 muc 2.1 ciia chuong nay).

Vi du 3.25. Xdc dinh s6 hang tong quat cia dday sé cho bdi heé thic truy hoi
sau.

J— 1 . J— 1
LT Il =T
Giai. Ta xdc dinh mot s6 so hang dau tién.
J— 1 . J— 2 . J— 3
Ty = 2 ; L2 = 3 ; 3 = 4

Ta sé ching minh day s6 da cho c¢é s6 hang tong qudt

Ty = quad(*)

n+1



3.6. Heé thiic truy hoi phi tuyén 81
bing phuong phdp quy nap. That vay, theo trén, (x) da ding téi n = 3. Gid su
(x) ding tdi n, khi do

11 a1
n+2

$n+1:2_$n_2_ mn —
n+1

Vay (%) ctung ding tdi n + 1 nén theo nguyén ly quy nap todn hoc, (x) ding vdi
moi n € N*. Dé chinh la dieu phdi ching minh.

Bai tap
Tim day so thod man diéu kién sau:
1. $n+1:%;$0:1.
2. Tyl = ;iz :i ; xg = —1
3. $n+1:%;$0:0.
4 $n+1=%;$0:0
J. Tp1 = % 3 Lo =
6. an:Z;i’;xO:o.
7. :En+1:2$‘:ﬁ;$0:0.

3.6 Hé thic truy héi phi tuyén

Trong phan nay ta zét cac vi du gidi cdac phuong trinh sai phan phi tuyén. Ly
thuyét tong qudt gidi cdc phuong trinh dang nay cho dén nay con chua xay dung
dugc. Trong phan nay chi yéu ta sé zét cic phuong trinh cé thé duge tuyén tinh
hod bing phép dat ham phu hodc bang phuong phdp quy nap todn hoc.
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3.6.1 Quy trinh tuyén tinh hoa mo6t phuong trinh sai phan
Tuyén tinh hod mot phuong trinh sai phan nghia la dua mot phuong trinh sai
phan & dang phi tuyén vé dang tuyén tinh. Gid st day so (uy) thod man dieu
kién.
Uy = &1 5 U2 = Q2 -+ Up = O
Up = f(Up—1,Up—2,  ,Up_t) vFi n;k € N*; n >k

Trong dé f la mot da thie dai s6 bac m hodc la phan thic, hodc la biéu thic siéu
viét. Gid st ham s6 f(Up_1,Un_2, - ,Un_k) €O thé tuyén tinh hod duoc, khi do
ton tai cdc gid tri x1;To;- -+ ;X Sao cho.

Up = T1Up—1 + ToUp—2 + -+ + TUp—p (1)

DE tum x1; xo; - - - ; xp trude hét ta zdc dinh Ukt1; Wht2s * * * 5 UDk-
Tw cong thic lap da cho ta cé.

upt1 = flag; 13-+ 5 az; 1) 1= Qg
Ukg2 = fQpy1; ar; -5 a3;02) 1= agqo
- quad--- quad--- quad
ugp, = f(aop—1;Qop—2; - 5 Qpy1; Q) 1= Qop,
Thay cac gid tri uy;ug;- -+ ;up dd cho va cdc gid tri ugs1; Ukso - - - ; Usk VU tim

dugc & trén vao (1) ta dugc hé phuong trinh tuyén tinh gom k phuong trinh vdi
k an x1;z0; - - 5 T

Ug+1 = T1Q + ToQg—1 + -+ + Ty
Uk+2 = T1Qk+1 + ToQ + - - - + T2 (+)

- quad--- quad--- quad

U2k = T1Q2k—1 + T2Q2k—2 + -+ + Tk

Giai hé phuong trinh nay ta thu dugc nghiém: x1;xe;- -+ ;xp. Thay vao (1) ta sé
dugc biéu dién tuyén tinh can tim.

Up = f(Un—1,Un—2, "+, Un—k) = T1Up—1 + T2Up—2 + - - + TpUn_k

Sau dé ta ching minh cong thite biéu dién trén bang phuong phdp quy nap todn
hoc.
Cha y. Néu hé (*) vo nghiem thi ham f khong thé tuyén tinh hod dugc.
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3.6.2 Vidu
Vi du 3.26. Cho day s6 (a,) thod man.

2

az ,+2 » )
m=ay=1;a,=-"-—-1"Z= () vdi moin >3

an—2

Hay tuyén tinh hod, tim s6 hang tong qudt. Ching minh rang a, nguyén vdi moi
n € N*,
Giai. Gid st a, c6 biéu dién tuyén tinh la:

an = Qap—1 + Bap—2 +7. (1)

Ta co.
2
ai+2 1+2
pr— :—:3'
3 aq 1
242 942
g=Bre_ 224y
as 1
2492 12142
a5:a4+ = + = 41.
as 3

Thay az =3 ; ag = 11 ; a5 =41 vao (1) ta thu duge hé phuong trinh.

aaz + Bar +v = as a+B8+vy=3 a=4

aaz + Bas+v=a4 S {3a+F+y=11 S<p=-1

aay + Baz +v = as lla+ 38+~ =141 v=0
Vay ta co:

ap = 4ap_1 — Qp—2 (2)

Ta sé ching minh day so (a,) thod man (*) cé biéu dién tuyén tinh la.
ap=az=1; ap, =4ap_1 — an—2 vdi moin > 3. (3)

That vay, vdin =3 ta co: a3 = 4.as —a; = 4.1 — 1 = (2) ding vdi n = 3.
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Gia st (2) ding tdi n = k tic la: ap, = dag—1 — ag—2 (k> 3). Ta co.

B a2 + 2  (dap—1 — ag_o2)% +2
ak—1 ak—1
 16aj_; — 8ag_1ap—2 +aj_, +2

Q41

ak—1
2 2
B 15a; | —4ap_1ap_2 +aj,_; —4ag_1ap_2 + ag_1ax_3

ag—1
( Nho ring: az_oy +2 = ag_1ax_3)

15&%_1 —4dag_1ak_o + ak_l(ak_l —4ap_o + ak_g)

ak—1
2
15a3_; —4ar_1ap_2

ap—1
(Do ax—1 — 4ag—2 + ar—3 = 0)
= 15a_1 — 4ag—2 = 4(ap—1 — ar—2) — ax—1
=:4ak — Qf—1-
Vay (2) cing ding tdi n = k + 1. Theo nguyén ly quy nap ta dugc (2) ding vdi

moitn € N; n > 3.
T (3) ta thay ngay Vn € N* : a,, € Z. Ngoai ra, ta da ching minh dugc.

ay = (122: 1—1_2 () & ap=azx =1 (%)
an = Op17T 2 (n>3) an = 4an_1 — ap—o (n >3) '
an—2

Dé tim s6 hang tong qudt ta gidi phuong trinh (**). C6 phuong trinh ddc trung:
M—AA+1=0A=2+V3 hodc A=2-+3.

Do dé:
an = a.(24+ V3" +b.(2—V3)". (4)

Thay vao diéu kién bién ta tim dugc

1 5 1 5
a=-B3-——%);b==-3+—%).
Vay ta c6 sé hang tong qudt can tim la.
= 3= )2+ VB L B4 )2 V)"
"2 V3 V3
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Vi du 3.27. Cho day s6 (uy) thod man.
Up =@ Upy1 = AUy + /U2 +cvdia® —b=1;a>0;a>1 (x)

Hay tuyén tinh hod ddy so treén.

Giai.
Uil = AUy + /DUZ + ¢ & upy1 — auy, = /bu + ¢
= (Ungr — aup)? = bu? + ¢
2 2 2
= uy 1 + (a° — b)u;, = 2aupf1uy +
= U2 |+ ul = 2au,i1u, +c (1)
= u2 —u | = 2aupun_1 + ¢ (2)
Tru tung vé (1) va (2) ta dugc .
2 .2 _9 B
Up 1 = Uy = 20U (Upt1 — Un—1)
Ma upy1 — up—1 > 0 nén suy ra.

Un+1 — 20Up + Up—1 =0

Noi cach khac:

(+) & UL =« ; ug = aa + Vba? + ¢
Unt+1 — 20Up + Up—1 =0

Nhu vay viéc tuyén tinh hod da thuc hién zong.
Vi du 3.28. Cho day s6 (x,,) thod man.

L,
a++/z2+b

Hay tuyén tinh hod ddy so trén.

Tl =Q; Tpyl = vdiaz—bzl;a>0;a>1(**)

Giai.
T 1 a b
Tpil = i o = — +4/14+— (3)
a++/x:+b Tpnt1  Tp Tn,

1 ¢ .z
Dat u, = —. Khi dé ta co thé viét (2) dudi dang.
L,

1
ul = =5 Uy = aup +Vbud +1 vdia? —b=1;a>0;a>1
Y

Dé6 chinh la phuong trinh sai phan ma ta da tuyén tinh hod trong vi du 2 & trén.
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Vi du 3.29. Cho day s6 (uy) thod man.

a—l—ufl

up=a; uy=3; Uppr = vdia; a; BER (%)

n—1

Hay tuyén tinh hod ddy so treén.

Giai.

2
a—+u
Lo Un1Un—1 = ui +a (1)

Up4+1 =
n—1

= UpUp—2 = ui—l +a (2)
Tru tung vé cia (1) va (2) ta duge.

2 2
quadiy4+1Un—1 — UpUp—2 = U, — UsH_4

2 2
& Upp1Un—1 + Up_1 = Uy, + UpUp—2

Up . Un—1
Up+1 + Up—1 Up, + Up—2

Uun, o Upr . up af .
U1 +Un—1  Up+Up—o  uztu; oi+a+p2

Do dé uy, = k(ups1 + up—1) hay la.
(*)@{ulza; ug = 3

ktupt1 — up + ktp—1 =0
Nhu vay viéc tuyén tinh hod da thuc hién zong.
Vi du 3.30. Cho day s6 (xy,) thod man.

x2 4 2bx, — by 1 +C

vt oy PER; n>2 (1
b+$n—1 ﬁ ()

r1=a; x3=0; Tpny1 =

Hay tuyén tinh hod ddy so treén.

Giai.
x2 4 2bx, — by 1 +C h— (xp +0)2+c

2
b+ Tn—1 Tp—1+ b ( )

(1) e zp +b=

Dat y, = x, + b ta dugc phuong trinh sai phan.
c+ yg

yi=a+b;yp=0+b; ypp1 = vdic; a; BER (¥)

n—1

Dé6 chinh la phuwong trinh sai phan ma ta da tuyén tinh hod trong vi du 4 & trén.



3.6. Heé thiic truy hoi phi tuyén 87

3.6.3 Mot sb vi du khac

Vi du 3.31. Xdc dinh 56 hang tong qudt cia day s6 {f(n)} (n € N) dugc cho
bdi.
f0)=2; f(n+1)=3f(n)+/8f%(n)+1 (1) vdi moin >0

Giai. Tu gid thiét ta c6: f(n+1) —3f(n) = /8f2(n) + 1 > 0 neén.
(f(n+1)=3f(n))* =8f*(n) + 1= fP(n+1)+ f*(n) = 6f(n) f(n+1)+1 (x)
Thay n bdi n — 1 ta dugc:
)+ fAn=1)=6f(n—1)f(n) +1 (+x)

Trir ting vé (*) va (**) ta duge

Pin+1) = fAn=1)=6f(n)(f(n+1) = f(n—1)) (x*%)
Tt gid thiét ta con cé f(n) > 0 vdi moin (chiing minh bing quy nap). Ngodi ra.
f(n+1) > 3f(n) = 9f(n—1)43/8f2(n — 1) + 1 > f(n—1) = f(n+1)—f(n—1) >0
nén: (xxx) < f(n+ 1)+ f(n—1) =6f(n). Vay ta dugc phuong trinh sai phan

tuyén tinh.

F0)=2; f(1) =6+ V33
f(n+2) = 6f(n+1)+ f(n) =0

Gidi phuong trinh nay ta dugc.

(8 +/66)(3 +/8)" L= V66)(3 — V/B)"
8 8

f(n) =
Dé thay f(n) zdc dinh nhu trén thod man (1).
Vi du 3.32. Xdc dinh s6 hang tong qudt ciia day so6 {f(n)} (n € N*) dugc cho

bdi.
) = 3 _fPn) +a o
f(l):avf(2)—ﬁ7f(n+1)—m(*)UO'ZTTLOZ’I’LZQ

Giai. Khi do, (*) co thé dugc viét lai dudi dang.
fn+1)f(n—1)= f*(n) +a vdi moin > 2
Trong ding thic trén thay n bdin — 1 ta dugc .

f(n)f(n—2) = f2(n—1)+a vdi moin >3
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Tru tung vé hai ding thie sau ta duge.
Fn+1)f(n—1) = f(n)f(n —2) = f2(n) — fX(n—1) vdi moin >3
Hay la.

fn+1)f(n—1)+ f2(n—1) = f(n)f(n —2) + f2(n) vdi moin >3

T dé cé.
7n) = fn—1) vdl Mot n
Fa D)+ fn—1)  F(m)+ fn_2) "oz
. _ f(n) ' )
Dt g(n) = T DL D) (n € N\ {0;1}) ta cé.
g(n) = g(n—1) vdi moin € N\ {0;1}
Do do.
gn)=gn—-1)=---=g(2) = 12) af

fE) M)~ e+ ta
Ta dugc phuong trinh sai phan tuyén tinh
f)=a; f2)=0; kf(n+2) = f(n+1)+kf(n) =0 (n=1)
Gidi phuong trinh nay ta duge biéu thiic cia f(n) can tim.
Chu y: Cdc phuong trinh dang.

fP(n+1)+2bf(n+1) —bf(n) +c

1) fln+2)= F) 10 , (neN") (1)
(Trong do: f(1) =, f(2)=[)
2) f(n+1)= f*(n neN, n>2) (2)

) (
(I1+af?(n)f(n—1)
(Trong dé: a >0, f(1)=a #0, f(2)=F+#0)
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6 thé dua duge vé dang cia vi du trén. That vay, ta co.

f2(n)+2bf(n) + % —bf(n—1)—b*+c
fln—=1)+b
[f(n) +b]2 —b[f(n—1)+b]+c
f(n—=1)+b
[f(n) + b +c
(n—1)+b
2
<:>f(n+1)+b:Lb;_:_bc vdi moin > 1

1
)+ b Ta duge.

()& fln+1)=

Q
3
+ =
Q

89

Dé la phuong trinh cé dang da xét & vi du 2 & trén. Tu cdc dieu kién clia phuong

trinh (2) ta c6 f(n) # 0 vdi moin € N*, do do.

1 _1+af?(n)
Dm0

(o)

f(n—1)
_g*(n) +a ;
Trong do, g(n) = %, Vn e N*, g(1) = é, g(1) = %

Do la phuong trinh c6 dang da zét ¢ vi du 2.

Vi du 3.33. Xdc dinh s6 hang tong qudt ciia day so6 {f(n)} (n € N*) dugc cho

bdi.
f(1) = g ; fin+1) =nf(n) +nn! vdi moi n € N*

Giai. Ta cé nghiem tong qudt cia phuong trinh f(n+1) —nf(n) =0 la.

flm)=C12.--- (n—1)=C.(n—1)!

Ta sé tim nghiém riéng cia phuong trinh da cho dudi dang f*(n) = C(n).(n—1)\.

Thay vao phuong trinh da cho dugc:

C(n+1).n! =nC(n).(n—1)!+nn! & AC=C(n+1)—C(n) =n vdi moin € N
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T day dé dang co.
1 2 * 1 2
Oln) = 2 (0% —n) = f* = 2 (n* —m)(n— 1)
Do dé nghiém tong qudt cia phuong trink da cho la.

fn)=C.(n—1)+ %(n —1)%(n—1)!

N 1
Thay vao dieu kién bién duoc C = 1. Vay f(n) = (n — 1)! + §(n — 1)} (n—1).

Dé thay f(n) zdc dinh nhu trén thod man bai ra.

Vi du 3.34. Xdc dinh 56 hang tong qudt cia day s6 {f(n)} (n € N) dugc cho
bdi.
f0)=8; f(n+1)=2f*n) — 1 vdi moin € N

Giai. Ta c6. Néu 3 =1 thi.

F(0) =1
F1) =2f2(0)—1=1
f(2) = 2f2(1) 1 =
f(3) =2f2(2) 1=

Bing phuong phdp quy nap ta ching minh duge: ¥n € N, f(n) =1. Néu = —1
thy tuong tu ta ciing chiing minh duge: Vn € N, f(n) = 1. Néu |8] < 1 thi ton tai
0 sao cho cosf = 3 < 6 = arccos 3. Khi do, ta co:

f(0) = cos § = cos2°9

fa) = 2f2(0) —1=2cos’0 —1=cos2'6
f(2) =2f*(1) — 1 =2cos*20 — 1 = cos 2°0
f(3)=2f%(2) — 1 =2cos*2%0 — 1 = cos 2°¢

Bing phuong phdp quy nap ta chimg minh duge: ¥n € N, f(n) = cos2™0. Néu
|B] > 1 thi ton tai 6 sao cho cosh@ = 3. Khi dé, ta cé:

f(0) = cosh § = cosh 2°9

f(1)= 2f2(0) —1=2cosh?6 — 1 = cosh 2'0
f(2) =2f*(1) — 1 = 2cosh? 20 — 1 = cosh 22¢
f(3) =2f%2) — 1 = 2cosh?2%0 — 1 = cosh 20
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Bing phuong phdp quy nap ta chiing minh duge: ¥n € N, f(n) = cosh?2"0. Vi
6, -0
e’ +e

coshf = (G nén: = B. Gidi phuong trinh nay ta duoc.

=8-3R —-1 hoic ¢ =p+/p32—-1

J(n) = % [(69)2n + ﬁ] = % [(ﬁ —V/B -1+ (B+ \/ﬁ)ﬂ

Dé thay cdc day s6 zdc dinh nhu trén thod man phuong trinh da cho. Vay ta cé.

1 khi B=1
L=0 s
ool orn Bie=-

cos 2™ arccos 8 khi || <1

S [ VB + 5+ V] k|6 >1

Vi du 3.35. Xdc dinh s6 hang tong qudt cia day s6 {f(n)} (n € N) dugc cho
bdi.

f0)=a; f(n+1)=af*(n)+b (n€N) vdiab= —2
HDG: Ddt f(n) = —bg(n),n € N*, ta dugc.

9(0) = —5 =B g(n+1) =2(n) ~ 1 (neN).

Do chinh la vi du 4.

Vi du 3.36. Xdc dinh s6 hang tong qudt ciia day s6 {f(n)} (n € N) dugc cho
bdi.
f)=a; f(n+1)=f*(n) —2¢*" (n € N*) vdia>0.

HDG: Dat f(n) =2a2"""g(n),n € N*, ta dugc.

g(1) = —5- =0 g(n+1) =2¢°(n) — 1 (n€N").

Do chinh la vi du 4.

Vi du 3.37. Xdc dinh 56 hang tong qudt cia day s6 {f(n)} (n € N) dugc cho
bdi.
b? — 2b

fn+1)=af*n)+bf(n)+c neN) (1) vdia#0; c= PP
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Giadi. Khi dé ta co.

(1)@f(n+1)+%:a:f(n)+%:2+bz;#+%
o[+ L) B2
=a -f(n)+% 2
& g(n+1) =ag’(n) (vdi g(n) = f(n)+ %)

2

= g(n+1) = alg(n)]2 = alag’(n — 1)) = a[g(n — D]’ =

= () = Mok o

2a
. 2n71_1 i 2n71
= g(n) = Mot o]
. 2n71_1 i 2n71 i
= f) =@ Mok P

Bing phép quy nap ta dé dang ching té dugc f(n) zdc dinh nhu trén thod mdn
phuong trinh da cho. Vay ta dugc ddp so.

f)=a ot 2 1 X e,
2a 2a

Vi du 3.38. Tim day s6 (x,) thod mdn cdc diéu kién sau.

22 +d

T1=0a; Tptl = vdi moim > 1. (1).

2z,

Giai.
+) Néu d =0 thi ta cé ngay.

1 1.,
Tpyl = §:En =, = a.(i)" L

+) Xét truong hop d > 0. Gid st uy;v, la mot nghiém cia hé phuong trinh
sai phan.

up=a; v, =1
Upy1 = u2 +dv2 , (2)

Un+1 = 2UpUp
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U
khi dé, x, = — la nghiém ciia phuong trinh (1). That vay, ta cé:
Un
T = o % =a = Khdng dinh ding vdi n = 1.
U1

Gid st khing dinh diung tdi n, tic la: x, = Un 1, nghiém cia (1). Khi do.
v

n

2
n

Uny1 U2 +dvd 02 a2 +d
Vpi1 Uy, Uy, o ln 2%y,
Un

U

Tp4+1 =

Viy xpi1 ciing la nghiém cia (1). Tic la khdng dinh cing ding téin + 1. Theo
nguyén Iy quy nap todn hoc, khing dinh trén ding vdi moi n € N*. Vay, dé gidi
(1) ta di gidi (2). Viét lai (2) dudi dang.
up=a; v, =1
Upt1 = u2 + dv2 (%) . (3)
Vdvp 41 = 2V duy v, €3]
Cong ting vé (*) va (**) ta dugc.
Up4+1 + \/E'Un+1 = (up + \/c_llvn)2 vot moin > 1.
T dé cé.
Uny1 + Vdvp = (ug + V) = (a+Vd)*. (4)
Tru ting vé (*) va (**) ta dugc.
Upt1 — \/Evm_l = (up — \/gvn)2 vot moin > 1.
T dé cé.
Uni1 — Vv = (u1 — Vdv)¥ = (a — Vd)*". (5)
T (4) va (5) ta co.

s = & @ VD + (0~ VD]

Vpgl = 57 [(a—l— V)" = (a—Vd)? }
Do z, = Z—n nén tw (6) ta co.

n

Al VAT (o= VAT
v
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C6 thé kiém tra nghiem nay thod man biang cach thit vao (1).

+)Xét trudng hgp d < 0. Dat d = —q (¢ > 0). Tuong tu trén, ta sé ching
minh.

Gid st uy; v, la mot nghiém cua hé phuong trinh sai phan.

up=a; v, =1

_ .2 2
Un4+1 = Uy — qUy ) (7)
Un+1 = 2UpUp

U
khi dé, x, = — la nghiém ciia phuong trinh (1). That vay, ta cé:
Un
Uy

a .
T = o =71 =a = Khang dinh ding vdéi n = 1.

: U
Gid st khang dinh diing tdi n, tic la: ©, = — la nghiem cia (1). Khi dé.
v

n

2

u'ﬂ
2 2 — — 4 2
. l_un+1_un—qvn_v% _xp,+d
ntl = = = = .
Upi1 Uy Uy, o Un 2%y,
Un,

Vay xpi1 ciing la nghiém cia (1). Tic la khing dinh cing ding téin + 1. Theo
nguyén Iy quy nap todn hoc, khing dinh trén ding vdi moi n € N*. Vay, dé gidi
phuong trinh (1) ta di gidi hé (7). Viét lai (7) dudi dang.

up=a; v =1
Upt1 = U2 — qu2 (% * %) . (8)
in/QUni1 = 20\/qupUn (¥ * *%)

Trong dé i la don vi do (i* = —1). Cong timg vé (***) va (****) ta duoc.

Unt1 + 0/qUp1 = (up + i\/§vn)2 vdt moi n > 1.

Un+1 +’i\/§vn+1 = (’LL1 + ’L.\/al)l)zn = (a —|—Z\/§)2n (9)

Tru tung vé (***) va (****) ta dugc.

Unt1 — I/qQUpy1 = (Up — i\/§vn)2 vdi moi n > 1.

Uny1 — iy/QUni1 = (u1 —i/qu1)¥" = (a—1iy/g)*". (10)
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T (9) va (10) ta co.

Upi1 = % [(a +iva)* + (a—iva)*]
Vpg1 = 21—\/6 [(a+iya)* = (a—iyg)*']

Do z, = Un nen tir (6) ta co.
v

n

. (11)

(a+iy@* "+ (a—iyg)?
(a+ Z'\/§)2”71 — (a— Z'\/§)2”71 '

Ciing c6 thé kiém tra nghiem nay thod man bing cdch thit vao (1).

Ty = 1,/q

Vi du 3.39. Biét rang diy so (xy,) c¢6 dang x,, = f(n), trong dé f(x) la da thic
bac khong qud 2. Hay xdc dinh cong thic tong qudt clia dday so biét ba sé hang
dau: x1, T2, T3.

Giai. Gid st f(x) = ax® + bz + c. Theo gid thiét ta cé

a+b+c =1
da+2b+c =uxo
8a+4b+c = x3

Gidi hé nay ta dugc
T 2x9 + x3

a =
2
- 9r1 — 8xo + 3x3
N 2
c =3xr1—3x2+ x3

Vay

s 2x9 —|—:E3n2 _ 9r1 — 8xo + 3x3

fn) . .

la ham sb can tim.
Giai. Viét f(n) dudi dang.

fm)=a(n—-2)(n—=3)+b(n—1)(n—3)+c(n—1)(n—2).

n +3r1 — 3x2 + x3.

Lan lugt chon =1, 2, 3 ta dudc

21 = f(1)=a.(l—2)(1—3) =2a ;»a:%
2= f(2)=b.(2-1)(2—-3)=—b =b=—u
3

r3=fB)=cB-1)B-2) =2 =c=7
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Vay cong thic can tim cé dang

_n
2

T3

—(n—=2)(n—3)—x2(n—1)(n—3)+ — 5

(n—1)(n—2).
Vi du 3.40. Xdc dinh s6 hang tong quat cia dday sé cho bdi heé thic truy hoi

sau.
T, + 1

1=0; rpp1 =

Giai. Viét lai dieu kién da cho dudi dang.
21 =0 quad (1)

29 = x1 + 1 quad(2)

3x3 =x2 +1 quad(3)

(n—1)z, =242+ 1 quad(n —1)
NTp = Tp—1 + 1 quad(n)

Nhan hai vé ciia diang thic thit k & trén vdi (k — )' cong ting vé cdc ding thic
thu dugc va rit gon cdc s6 hang dong dang ¢ hai vé ta dugc.

1
| =1! ... — 1) = |
nle, =142+ +(n 1).:>:En—n!. E k!

la cong thite s6 hang tong qudt can tim.

3.6.4 Bai tap.

1. Xdc dinh s6 hang tong qudt cia day s6 {f(n)} (n € N*) dugc cho bdi hé
thite truy hoi.

f)=a; fn+1)=2a>" f2(n) — "M (n € N*) vdia> 0.

Pap sb.
" (neN*) néua=a
—a quadkhzn— 1 B
néu a = —a
Y khin > 2
f(n) = a2 " cos2n10 (n € N*) néulal <a
1 1)2n— 1 27171 2”*1
Ea(" ) [(a +Va?— a2> + (oz —va?— a2>
(n € N*) néulal > a
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2. Xdc dinh 56 hang tong qudt cia day s6 {f(n)} (n € N) duoc cho bdi hé thic
truy hos.

fO)=a; f(n+1)=af*(n)—3f(n) (neN) vdia>0.

Pap sb
3" a a(nGN) néu |a| < 2
—= cos 3" arccos —
Vva ~ Va
1 3n 3n
f(n) = e [(a\/a— Vala —4> + (oz\/a—l— Vala —4> ]
p 2
(n € N) neéu |a| > 7a
3. Xdc dinh 56 hang tong qudt cia day s6 {f(n)} (n € N) duoc cho bdi hé thic
truy hos.

fO)=a; f(n+1)=f3(n)—3a>"f(n) (neN) vdia>0.
Pap sb.

2\/53n cos 3™ arccos %ﬁ (n € N) néu |a| < 2va
1 3n 3n
f(n) = 55 [(a — Va2 — 4a> + (oz +vVa? - 4a>

(n € N) néu |a| > —

Va
4. Xdc dinh s6 hang tong qudt cia day s6 {f(n)} (n € N) dugc cho bdi hé thitc
truy hoi:
2
fO)=a; f(n+1)=af*(n)+3f(n) (neN) vdia>0; |a|> NG
Pap sb:
av/a a’a av/a a’a
- /== | *
f(n) \/EKQ 4+1> +<2+ 4—|—>](n6N)
5. Xdc dinh s6 hang tong qudt ciia day s6 {f(n)} (n € N) duogc cho bdi hé thic
truy hoi:
fO)=a; f(n+1)=f3n)+3d¢> f(n) (neN) vdil|a| >2Va.
Pap sb:

n

’ + (oz — Va2 —|—4a>3n] (n € N).

f(n)= 2% [(a—l— a? —|—4a>
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6. Xdc dinh s6 hang tong qudt cia day s6 {f(n)} (n € N*) dugc cho bdi hé
thite truy hoi:

fO) =a; f(n+1)=af’(n) +0f*(n) + cf(n) +d (n € N)

. v b(e—3) b
’UO'Z(1>07C—£7d— 94 7oz>—£.
Pap sb
f=(a+2) W o L e
n) = — - .
“ 3a “ 3a
7. Xdc dinh s6 hang tong qudt cia day s6 {f(n)} (n € N) dugc cho bdi he thiic
truy hoi:
FO)=as f(n+1)=af’(n) +bf*(n) +cf(n) +d (n€N).
Sia>0: _b2—|—9a'd_b3—|—18ab)‘ J2 b
vora T T3 YT T ot va 3a
Pap sb:
)= e | (Wa- Va7 3)” + (Wat viZasd) |~k (ne )
f(n_23”\/5 vVa — v/ v4a + Yva v¢a 35 " .

b
Vo v = —).
(Voin=at )
8. Xdc dinh s6 hang tong qudt ciia day s6 (x,) (n € N*) dugc cho bdi hé thic
truy hoi:
n—+1

Ty, + 1

T1=0a; Tpi1 = (n>1).

Pap sb:
n—1 1
_ | _
Ty = n.(a—l—z k:!)'
k=1

9. Xdc dinh s6 hang tong quat ciia day so (x,) (n € N*) dugc cho bdi hé thic

truy hoi:
2

33—z,

1= Tpyl = (n>1).

2
Pap sb:

3.2n—1_9
Tn = gon-1 1"



Chuong 4

Phuong trinh ham sai phan
bac hai

Trong chuong nay, ta gidi hai bai todn vé phuong trinh ham tuyén tinh thuan
nhat bac hai doi véi ham tuan hoan va phdn tuan hoan cong tinh; phuong trinh
ham tuyén tinh thuan nhat bac hai doi véi ham tuan hoan va phdn tuan hoan
nhan tinh. Ta sé gidi quyét hai bai todn trén dua vao két qud cia cdc bai todn ve
phuong trinh ham tuyén tinh bac nhat da cé trong tai lieu tham khdo [3].

4.1 Ham tuan hoan va phan tuan hoan céng tinh

Dinh nghia 4.1. Cho ham s6 f(x) va tap M (M C D(f)) Ham f(z) dugc goi
la ham tuan hoan trén M néu ton tai s6 duong a sao cho

Ve € M ta déu c6x+a e M
flx+a) = f(z),VeeM

a dudc goi la chu ky cia ham tuan hoan f(z).
Chu k3 nhé nhat (néu cé) trong cdc chu ky cia f(x) duge goi la chu ki co s

ctia ham tuan hoan f(z).

Dinh nghia 4.2. Cho ham s6 f(x) va tap M (M C D(f)) Ham f(z) dugc goi
la ham tuan hoan trén M néu ton tai s6 duong a sao cho

Yo € M ta déu c6x+a e M
flx+a)=—f(z),VeeM

a dudc goi la chu ky cia ham tuan hoan f(z).
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Chu k3 nhé nhat (néu cé) trong cdc chu ky cia f(x) duge goi la chu ki co s
ctia ham tuan hoan f(x).

Dinh nghia 4.3. f(z) dugc goi la ham tuan hoan nhan tinh chu ky a (a /
{0,1,—1}) tréen M néu M C D(f) va

VeeM=arlz e M
flaz) = f(z),Vo € M

Dinh nghia 4.4. f(z) dugc goi la ham phdn tuan hoan nhan tinh chu kj a
(a ¢ {0,1,—1}) tren M néu M C D(f) va

VeeM=atlz e M
flax) = —f(z),Vo € M

4.2 Phuong trinh ham sai phan bac hai véi ham tuan
hoan va phan tuan hoan

Bai toan 4.1. Cho a € R\{0}; o, 3 € R, 3# 0. Tim tat cd cic ham f: R — R
thod man diéu kién:

flx+2a)+af(z+a)+8f(x)=0 (4.1)

Phuong trinh cé dang (1.2.1) dugc goi la phuong trinh tuyén tinh thuan nhat bac
hai

Giai. Xét phuong trinh

Mta\+4=0 (4.2)
(goi la phuong trinh dac trung cia phuong trinh (1.2.1))
Co
A=a®—4p

a) Truong hgp A >0
Khi dé phuong trinh (4.2) ¢6 hai nghiém thue A # Xo. Ap dung dinh ly Viete:

A+ A= —«
Adg =03

thay vao (4.1)

(4.1) & f(z+2a)— M+ X)f(x+a)+MAaf(z)=0
& f(@+42a) = A f(z+a) = Alf(z +a) — AL f(a))] (4.3)
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Dat g1(z) = f(x +a) — M\ f(x), (1.2.8) tré thanh

g1(x 4+ a) = Aag1(z) (1.2.3%)
. h u Ao > 0
Dat g1(x) = |Ag|a.h(z). Khi dé ta c6 h(x+a) = {_(}f():p) Z;Z /\z “0 Khi do ta
co
f(x+a) = A f(z) = |Aa|ahi(z) (4.4)
Doi vai tro Xy cho A1 va bién doi tuong tu ta dugc
fl@+a) = Aaf(x) = [ M| = ha() (4.5)

Tri (4.4) cho (1.2.5) ta dugc
(A2 = A1) f(x) = [Xo|ahy (@) — |Ag] @ ho()
Vay

F(@) = o=y | PalE (@) = D[ Ea(a)

trong dé hy(x) va ha(z) la hai ham tuy y thod man:

h bu Ao >0 h fu A1 >0
hi(z +a) = (@) méu A : holz +a) = 2(2) new A
—hi(z) méu A2 <0 —ha(z) méu A1 <0
b) Trudng hgp A =0
Tic la
o2

a2—4ﬁ:0hayﬁzz

a
Khi dé phuong trinh (1.2.2) c6 nghiém kép A1 = Ay = —5 Do do
2

(41) & f(r+2a)+af(z+a)+ %f(:n) =0

& flat20)+(5)fa+ra=—S[fa+ra+ (@)  @6)
Dit f(z +a)+ 5f(z) = g(x)
bl) Trudng hgp —% =1hay a = -2.
Khi d6 (1.2.6) trd thanh
f@+2a) - f(z+a) = flz+a)— f(z)
& fle+a)— f(z) =g(x), (1.2.6%)
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vdi g(x +a) = g(x)
Ta c6 g(x) = %g(:ﬂ) = 28g(x+a)—2g(x), phuong trinh (1.2.6%) trd thanh

fle+a)— T +a) = f(z) — Zg(x)

Dat f(xz) — Zg(x) = h(x) ta c6

trong do h(x) la ham tuy ¢ sao cho h(x + a) = h(z).

« R
b2) Trudng hgp 0 < —3 # 1 hay 2 # a < 0 Bai todn quy ve viéc gidi phuong
trinh dang

o
vdi g(x+a) = —Eg(:n)

Tuong tu viéc gidi (1.2.3%) ta cé

g(z) = (—%)fhl(x), v6i hy (z + a) = hy(z)

Suy ra
f@+a) = (~3f(@) = (~5) (@)
- f(:v;a) B f(j) ()
(-3)* (-3
NS LD (OO wn
(3% (5 -3
Dat
e e e
(—5)a —3
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Tuong tu cach giai (1.2.6%) ta co

() = k1 () + :”hz(:”)
= k‘l(iﬂ) - 2$Zl(1($)
= @) = (D) [la(a) - 20)

trong do ki(x) la ham tuy g thod man ki(x + a) = k1(z).
b3) Trudng hop —5 <0 hay a > 0.
Bai todn quy veé viéc gidi phuong trinh

fle+a)+ 3 f(@) = g(x) (48)

i gz +a) = (~$)g(@).
Tuong tu viéc gidi (1.2.3%) ta cé

o) = | = 2yt = (2) "yt (19)
vdi h3(x +a) = —hz(x) (vi =5 <0)
T (4.8) va (4.9) ta co
fata)+ 21@) = (3) hata)
%> a %> a
L I ()
(5 @)
Dat
()
vdi hg(x) la ham tug ¢ thod man: hy(z+a) = —hy(x), (vi: hy(z+a) = W =

2h3(z)

= hy(z))
Khi do ta co
Lz + a) + I2(z) = hy(x). (1.2.9%)
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Ta c6 hy(x) = O py (1) = —Zhy(z + a) — Z=2hy().
Vi vay (1.2.9%) tré thanh ke(x) = —ka(z)

vdi ka(x) = Io(x) + “%hy(x).

Suy ra

2(x — a)hs(x)

aa

IQ(JE) = k‘g(:E) —

vdi ko(x) la ham tuy g thoa man ko(x + a) = —ko(x)
Vay
az 2(x — a)hs(x)
£(a) = (2% ko) - 2E= D0l
aa
¢) Trudng hop A <0 B
Phuong trinh (1.2.2) c6 hai nghiém phic lien hop A1, Ao € C; A\ = Ag, do
do dat \y = p —iq, Az = p+iq suy ra [Ao| = [M] = [A2]\/P? + @2, arghs = ¢ =
argAi,tanp = g. Bién doi tuong tu nhu truong hop 2\ > 0 ta duge

g1(z +a) = A2g1(x) ()

vdi g1(x) = f(z+a) — A\ f(z).
Nhu vay ham: g1 : R— C

Ta co
g1(x +a) g1(z)
(x) © gi(x+a)= elnAzg1(:E) & (B%IT = elnAz'eflnAg
gi(r+a)  gi()
eStndy  gglnh
glz+a)  qi(z)
eI g nde
Dat
g1(z)
e£1n>\2 = hl(ZE) (410)
Ta co

hi(z +a) = hi(zx)
Doi vai tro clia A1, A2 cho nhau va bién doi tuong tu nhu trén ta dugc
ho(x 4+ a) = ha(x)
Vi
92(x)

e%ln)\l
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Tw (4.10) va (4.11) ta co

{91(56) ew A2y ()
g2(z) = ea "My ()

Ta chiing minh hy(z) = ha(z)
That vay, trudc hét ta chimng minh g1(z) = go(x).
Ta c6 gi(z) = f(z +a) — A f(z),
Lay xo bat ki, o € R. o
Ta c6 g1(xo) = f(zo + a) — A1 f(zo) = f(zo+a)—A1f(zo) = f(zo+a)—A2f(z0) =
92(o).
Vi xo bat ky nén Vo € R ta cé

91(z) = g2() (4.12)
Tiép theo ta chiing minh
e%ln)\g _ efln)\l

That vay

e%ln)\g _ e§(1n|)\2|+iarg)\2+2k7ri)

e% In [A2] 'eiarrg)\gfeiﬂmrf

osin|Xe| COSSDJE

a

"%f))(cos( "; Jisn(-=75))

cos( >—|—zsm
1n|>\2| Z( z ( 2]€7TIIJ)

z carg\ix .ok rax
_ ea1n|)\1| i T

ef(1n|)\1|+iarg)\1+2k’7ri) _ efln)\l (413)

d day: (argh1 = —p; arghe = p; —k =Fk')
Ti (4.12) va (4.13):

gi(x) 1 _ ga(2)
P

ey ey & h(z) = ha(z)

Theo trén ta cé cic ham hy: R—C; ho: R—C
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Nhu vay ta sé dat: hi(z) = m(x) + in(z); trong dé cic ham:
m: R—-R; n: R—R
Theo ching minh trén: hi(x) = ho(z) = ha(z) = m(z) —in(x)
Quay tré lai bai todn ban dau ta cé

{f(:v )= Af(e) = et 2l (o) (4.14)
[ +a) = dof (2) = €2 "M ha)

Tru (??) cho (77)

1 M T x
fla) = g [ e () — e " (a)
1 [z SESFSW
= o [t ) — T ()]
1 [ =z . . T . .
_ v _eg(ln|)\2|+mrg)\2+2km) hy (ZE) _ eg(ln|)\2|+mrg)\2+2km) hg(:l?)

Vi ham ea™*2 |4 ham da tri, ta sé chon mot nhanh lién tuc bang cdach chon
k=0, nén ta co:

1 [ =z . T .
f(ZE) _ eg(1n|)\2|+mrg)\2)h1($) _ eg(ln|)\2|+mrg)\2)h2($)}
Ao — A1 L
1 [z z
= esIn|Ao| (COS pr 4 4sin ﬁ)hl(m) _ exin|A (COS pr isin ﬁ)hg(:n)}
Ao — A L a a a a
e§1n|>‘0| r o o
= 5 cos F(hl(:n) — ho(x)) 4 isin F(hl(:n) + hg(:l?))}
Z1n|Xo| -
_ ¢ 2id _22’ cos %’I’L(:E) + 2i sin %m(:n)}

ZIn|Xo| -
= oS ﬁn(:z:) + sin ﬁm(:ﬂ)}
g L a a
Aol a
= ol [cos ﬁn(:z:) + sin ﬁm(:n)}
q a a

Trong dé n(x) va m(x) la hai ham s6 bat ky thod man

n(x +a) =n(x); m(z+ a) = m(x)
n:R—-Rm:R—-R

N=p—i __
LZPMR ] = e = VPR 4 ¢% argha = o = arghy
A2 =p+iq
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tanp = g; argia = —
p
Két luan:
+) A >0

1
YD

= f() [Pl (@) = 2] E.ha(a)

hi(x) va (ho(z) la hai ham tuy 4 thod man:

h(z + a) hi(x) néu g > 0
T +a) = )
! hi(x) néu X <0

1
ha(z + a) ho(x) néu A >0
T +a) = )
? —ho(x) mnéul <0

+) A =0
Truong hop 1: o = ~2 = f(x) = h(z) + 42
h —h
h(z) v g(z) la hai ham tu o thod man: | " %) = h(@)
g(z+a)=g(z

Truong hop 2: =2 #a <0

hi(x 4+ a) = hy(x)

k1(x) va hy(z) Lo hai ham tuj § thod man:
1($) Va4 1(1}) a nar nam uy y oa man {k1($+a) :kl(;lj)

Truong hop 3: o > 0

= @) = (3)F oty - 22 2eD)]

2 aa

ho(x 4+ a) = —ho(x)

k 0 h la hai ham tug § thod man:
o(x) va ho(x) la hai ham tuy § thod man {k‘g(:z:—l—a):—kg(:n)

+) A <0

flx) = [ol= [cos ﬁn(:z:) + sin gm(:z:)}
q a a

m(x) va n(zx) la hai ham tuy § thod man

{m(:ﬂ—l—a):m(:n); m: R—R
n(x+a)=n(x); n: R->R
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Al =p—iq; Aa=p+iq
M| = |A2] = |Xo| = V@® + % arghs = argh = ¢
Cac vi du ap dung

Vi du 4.1. Tivm tat ca cic ham f: R — R thod man diéu kién:
fx+2) = 8f(x+1)+ 15f(z) = 16 (1)
Loi giai. Dat f(x) = g(z) + C; (C: zdc dinh sau)
(1) & g(x+2)—8g(x+1)+ 159(z) + 8C = 16.

Chon C =2
= g(x+2)—8g(x+ 1)+ 15g(z) = 0.

Xét phuong trinh dac trung:

AN —8\+15=0; A=1>0
:>/\1:3; /\2:5

Ap dung cong thiic nghiém vdi I > 0 ta 6
1 1
9(z) = 55" (2) = 3°ha(2)] = f(a) = 5[5 (2) — 3%ha(2)] + 2

hi(x) va ho(x) la hai ham tuy § thod man

hl(ll,'—l—l):hl(:l?); hi: R—=R
hg(:l? + 1) = hg(:l?); ho: R—R

Vi du 4.2. Tim tdt cd cic ham f: R — R thod man diéu kién

4.3 Phuong trinh v6i ham sb tuan hoan, phan tuan
hoan nhan tinh

Phuong trinh ham la mot chuyén dé co bin cia chuong trinh todn cho
cac truong THPT Chuyén. Cdc bai todn vé phuong trinh ham ciing la nhimg bai
tap thuong gdp trong cdc ki thi hoc sinh gidi todn cap Quoc gia, thi Olympic khu
vic hay Olympic Quoc té. Phuong trinh ham tuyén tinh bac hai la mot van de
quan trong trong lop phuong trinh ham ndéi chung. Trong chuong trinh toan cho
cac truong THPT chuyén,phuong trinh ham tuyén tinh bac hai duge dé cdp trong
truong hop A > 0 ciia phuong trinh ddc trung: A2 + aX + 3 = 0(x) doi vdi ham
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tuan hoan cong tinh; cdc truong hop A =0 va A < 0 ciia phuong trinh (x) chua
dugc dé cip dén. Ngoai ra, phuong trinh ham tuyén tinh bac hai doi véi ham tuan
hoan nhan tinh chua dudc dé cdap dén cd ba truong hop: A > 0; A = 0va A < 0
ctia phuong trinh (x). Hon thé nia, phuong trinh ham tuyén tinh bac hai doi vdi
ham tuan hoan cong tinh va nhan tinh cing chua duge dé cap dén. Bdo cdo nay
dua ra ba bai ciia phuong trinh ham tuyén tinh bac hai vdi vé phdi la ham s6 dos
vdi ham tuan hoan va phdn tuan hoan nhan tinh.

4.3.1 Dinh nghia
Cho a € R\{0;1; -1}; o, 3 € R. Tim tat ca cic ham: f : R\{0} — R théa
man diéu kiéen:
f(a*z) + af(az) + Bf () = g(x).

trong doé g(x) la ham cho trudc.

4.3.2 Mot s6 bai toan

Bai toan 4.2. Cho h(x) la ham tuan hoan nhan tinh chu ky a trén R(h(az) =
h(z)); a € R\{0;1; —1}; o, 3 € R. Tim tat cd cic ham: f : R\{0} — R théa man
diéu kién:

f(@®x) + af(ax) + Bf(z) = h(z). (4.15)
Loi giai:
Xét phuong trinh dac trung:

MNirar+6=0; A=a%—140. (4.16)

a) Truong hop A > 0:
Phuong trinh (2.2.40) c6 hai nghiém thuc: A\, # ho. Ap dung dinh Iy Viete ta
duoc:

Thay vao (2.2.89):

A+ Ay = —«
AA =03

(2.2.39) & f(a?z) — (A1 + Xo) flax) + Mo f(x) = h(z)
& fa’z) = Mf(az) = Xolf(az) — M f(2)] = h(z) (4.17)
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Dat g1(z) = flax) — A\ f(z) ta co:
(2.2.41) & gi(ax) — Aagi1(z) = h(z) (4.18)
al) Truong hop 1:\; =1 hodc Ay = 1.

Khong mat tinh tong qudt ta gid si: Ao = 1. Khi dé:
(2.2.42) & g1(ax) — g1(z) = h(x) (theo Bai todn 1.1*- chuong 1)
1 h
= g1(z) = g(z) + % trong dé g(x) la ham tay 1§ sao cho:
nla
g9(az) = g(z). Hay:

In |z|h(x
fla) = f(@) = gla) + o (419)
Doi vai tro Ay cho A1 va bién doi tuong tu ta co:
g2(ax) — A1ga2(z) = h(z)
trong do:ga(x) = f(ax) — f(z).
Vida=1wva A\ # Aoy = A # 1. Theo Bai todn 1.3* chuong 1 ta cé:
h(:E) log|,| |A\1]
= — la] 1ML
2(a) = 72 +[ao% Mg )

trong doé q(z) la ham tuy § sao cho:

q(x) néu Ay > 0

q(ax) = p

—q(z) mnéul <0

Hay:
h(:E) log|,1 [A\1]
flaz) — f(z) = T T |z [8lal Mg () (4.20)
Tru (2.2.48) cho (2.2.44) ta duge:
In|z|(1 = A1) —In|al 1 log, ||
= _ la| 1
fia) = PR = o) + 2 (o) + el ).

a2) Truong hop 2: A\ 1l vi e #1=14+a+ [ #0.
(inéul+a+B=0= A =1 hodc \g =1 diéu nay mau thuan vdi gid thiét.)
Ta co:

h(a%x) + ah(az) + Bh(z)
l+a+p

lta+p

Me) =155

h(z) =
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h(a’x) h(ax)

(2.241) & f(a2:E) — m + Ol(f(a:E) - m) (4.21)
+B(f(x) - %) =0
Dit g(a) = 1(2) - 1D 10 o

(2.2.45) & g(a*z) + ag(ax) + Bg(x) = 0.
Theo bai todn 1.2- chuong 1- truong hop A > 0 ta cé:

1
YDV

9() (|| o81el el hy () — || oB1el il ()]

trong do: A1, \o la nghiém cia phuong trinh: A\? + o\ + 5= 0.
hi(x), ha(x) la hai ham tuy § sao cho:

hi(x) néu Ag > 0 ho(x) néu Ay > 0
hi(ax) = ) i halax) = )
—hi(z) néula <0 —ho(z) mnéuA; <0

Tw do ta co:
h 1
_ (v) + [
1+a+8 X—X\

f(z)

|$|log‘a‘ |>\2|h1($> _ |$|10g\a\ |>\1|h2($)]

b) Truong hop A = 0.
2
Phuong trinh dac trung (2.2.40) c6 nghiém: \y = Ay = —% = (= %

o2
(2.2.41) & f(a*z) + af(az) + Zf(:n) = h(x))

& f(az) + %f(a:n) + % [f(a:n) + %f(:n) = h(x) (4.22)

Dt g(z) = f(az) + % F(z) thi:

(2.2.46) & g(az) + %g(:ﬂ) = h(z) (4.23)

b1) Trudng hop 1: o = 2: (2.247) & g(ax) — g(x) = h(x). Theo Bai todn

1 h
1.1*- chuong 1 ta cé: g(x) = k(x) + M

trong do k(x) la ham tuy 4 sao
In |al
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cho:
k(ax) = k(x). Khi do:

fla) - f(0) = k(z) + o
& fla) - fla) - I — k@)
In |az|)?h(az) — (In|z|)%h(z) — (In|a|)?h(x
o o) - o) - (e llPHer) = QPR el
(In|az|)?h(ax)
& flax) — f(x) — [W—
(In|z|)2h(z) In|ax|h(az) In|z|h(z)\;
~2(Inal)? —( 2Inla] mmﬂ)]_mw
nlaz|)? —In|alIn|ax
(In|z|)? —In|a|In|z|;
T sy @
_(ln|a:n|)2 In |a| In |az| ) —
< flax) 2(Ina])2 h(azx)
— [f(x) mm&magmmhaﬂ:m@ (4.24)

nl|z)? —Inla|In|z

(2.2.48) & p(az) — p(z) = k(x).
Theo Bai todan 1.1* chuong 1 ta cé: p(z) = I(x) +

h(z), khi do:

In |z|k(z)
In |al

, trong do I(x) la
ham tuy 4 sao cho: I(ax) = I(x).

In |z|k(x) n (In|z])? — In|a|In|z|

f@) =I@) + = Snja)z @)

b2) Trudng hgp 2: o # —2;a < 0:

@zwn@gm@+%m@:h@y

Theo Bai todn 1.3* chuong 1 ta co:

h(z)
a+1

2h(z)

+ |$|10g\a\ I%Iql( ) = —

g(x) = + || 812 gy ()



4.3. Phuong trinh véi ham s6 tuan hoan, phan tuan hoan nhan tinh 113
trong dé qi(z) la ham tuy ¢ sao cho: ¢1(ax) = q(x) (vi a <0). Ta co:

flaa) + 2p@) = 2y popos-9)g, )

o+2
& flax) + 51(w) = 285 = om0
(4.25)
& flax) + 510 = 5 [555 + dpracag ] = ol 1Dy a)
(4.26)
@ 4h(ax a 4h(x o (—
& flaz) + 5 f(@) - [(oH(—Q)L 2 (a Jf 2))2} = |51 Fgy ()
4h(ax « 4h(x ool (—Q
& fla) - ! 2;2 +3 @~ ﬁ] = [af el "Ry (2) - (4.27)
Dat fi(zx) = f(x) — (;U:E:I;))z ta c6

(2.2.49) & fi(az) + Fi(x) = [a] 81 5)gy ().

Ap dung két qué Bai toan 1.2-chuong 1 (truong hop A = 0,a < 0, # —2) ta
duoc:

filz) = |$|log\a\(—%) [k1(z) — M]

aln |a

trong do: ki(x) la ham tay ¢ sao cho: ky(ax) = ki(z). Do do:

4h(x) log) (= 2) 2In[z|qi(x)
= \a\ _—
f=) (a+2)2 *lzl i [kl(:p) aln|al ]
b2) Trudng hop 3: a > 0, khi dé (2.2.47) < g(ax) + %g(:ﬂ) = h(x)
Theo Bai todan 1.3*- chuong 1 ta co:
h(x) log),| |2 | 2h(z) 1
= — o la] Og‘ ‘
o) = g + Il Blap(e) = 2 e (o

trong dé qa(x) la ham tuy § sao cho: ga2(ax) = —qo(x) (vi a > 0). Tw dé co:

2h(x)

S el Fa(e) ()

flaz) + f( ) =
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Bién doi tuong tu nhu truong hop 2 trén ta co:

(¥) & f(azx) - % - %[f(:v) - (j}jfg;))z] = |z['°81el 2 gy () (4.28)
Dit fo(x) = f(z) — (j}jf:;))z ta c6:

(2.2.50) < folaz) + %fz(lﬂ) = |o[%B101 2 gy ()

Ap dung két qud Bai todn 1.2- chuong 1 (truong hop A = 0,a > 0) ta duge:

a 2In |7 lg2(x)

= |z|'°8lal 2 |k _ 2 lalH2\)
falie) = faf'o5e1 % [ka(a) — = e
trong do ko(x) la ham tuy § sao cho: ko(ax) = —ko(z). Vay:

4h(x)
(a+2)?

B 21n|§|<12($)}
aln |a

f() = o+ o801 # [ ky(z)

¢) Truong hop A <0< 1+ a+ 3 #0. (Chitng minh hoan toan tuong tu nhu
Bai toan 2.1.) ta co:

14+ a+p h(a%x) + ah(az) + Bh(z)

o) = Tag @ = ltatg
(Vi: h(a*z) = h(az) = h(x))
a? ax x
(2.2.39) @f(a%)—%—l—a[f(a )_1i(alﬁ] BLf( )—1filﬁ] =0
(4.29)
Dat g(z) = f(x) — | fgn—)i_ 3 ta co

(2.2.51) & g(a’z) + ag(ax) + Bg(z) = 0.

Phuong trinh dac trung: N> +aX+ 5 =0, A < 0 nén cé hai nghiém phic lién
hop A1, Ae. Theo Bai toan (1.2)- chuong 1 (truong hop A < 0) ta co:

¢ In|x|

nfe]
o[ [ ¢ nz|
g In|al

g(z) n(x) + sin m(:n)}

In |al

trong do:

M=p—ig; Ma=p+igs M| =X = VP2 +¢?
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tangp = g; argp = arg \; = ¢
P

m(x),n(x) la hai ham tay § théa man: m(az) = m(x); n(ax) = n(zx). T dé ta
co:

In|z|
flx) = h(z) + [ Ag|MTe] [cos gpln|$|n( ) + si goln|:n|m($)

= x) + sin
l+a+p q In |al In |a

Bai toan 4.3. Cho h(x) la ham phdn tuan hoan nhan tinh chu ky a trén R
(h(az) = —h(x)); a € R\{0;1;—-1};a,3 € R. Xdc dinh tat cd cic ham f :
R\{0} — R théa man dieu kién:

f(az) + af(azx) + Bf(z) = h(z). (4.30)

Loi giai:
Xét phuong trinh dac trung:

Mtad+3=0 (4.31)

6 A =a? —40.
a) Trudng hop A > 0 : Phuong trinh (2.2.53) ¢6 hai nghiém thuc Ay # ha. Ap
dung dinh li Viete ta co:

A+ A= —a N ..
{/\1/\2 _ 5 thay vao (2.2.52) ta co:
(2.2.52) & f(a®z) — (A1 + X2) flaz) + M Aaf(x) = h(x) (4.32)
& f(a*z) = Af(az) = Xa[f(az) — M f ()] = h(x) '
Dat g1(x) = f(ax) — M\ f(x), khi do:
(2.2.54) & gi(ax) — Aag1(x) = h(z). (4.33)

al) Trudng hop 1: A\ # 1 va A\ = 1.
(2.2.52) & f(a®z) — (A + 1) f(azx) + A\ f(x) = h(z).

(2.2.55) & gi1(ax) — gi(xz) = h(x). Theo Bai todn 1.2* - chuong 1 thi: g1(z) =

h
k(z) — % trong do k(x) la ham tay y sao cho: k(ax) = k(x).
Hay
h(z)

flaz) — A f(z) = k(z) — 5 (4.34)
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Doi vai tro Ay cho A1 va bién doi tuong tu ta dugc:

g2(az) — Aiga(z) = h(x) trong dé: ga(w) = f(ax) — f(x).
Vi A1 # £1 nén theo Bai toan 1.4*(ii)- chuong 1, ta co:
h(z)

ﬁ _ |$|10g\a\ I/\1|q($) _ N\

ga() = || 8 Pilg(r) +

trong doé q(z) la ham tuy § sao cho:

q(x) néu Ay > 0
q(ax) = )
—q(z) mnéul <0

Khi do: )

flaz) = f(a) = [t Mlg(r) — 37 (4:35)
Tru (2.2.56) cho (2.2.57) ta duge:

) 1 _ |08l Il

=5+ T 1on [k(@) = laf*#1 ()]
a2) Trudng hop 2: Ay = —1 va A2 =1
(2.2.52) & f(a*z) — f(x) = h(x).
(2.2.55) < g1(ax) — g1(x) = h(x). Theo Bai toan 1.2*- chuong 1 ta co:
g1(z) = k(x) — @, trong do k(x) la ham tay y théa man: k(ax) = k(x).
Vay:
h
flaa) + £(z) = k(@) - 22 (4.36)

Doi vai tro clia A1 va Ay va bién doi tuong tu ta duge:
92(ax) + ga(z) = h(x) trong dé g2(z) = f(azx) — f(iﬂ)

Theo Bai toan 1.4*(i)- chuong 1 ta cé: go(x) = q(x) — —%—— vdi q(x) la ham

tuy 4 sao cho: q(ax) = —q(x).

Hay:

In |£|h(x

flaz) — f(@) = gfa) — 1)
In |al

k(z) —q(z) | Infgl
2 41n|al

(4.37)

Tru (2.2.58) cho (2.2.59) dugc: f(x) =
a3) Trudng hop 3: A\ # +1; oy = —

(2.2.52) & f(a®z) — (A — 1) f(azx) — A\ f(x) = h(z).

h(zx).
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(2.2.55) gl(azn) ) = h(z), theo Bai todn 1.4*(i)- chuong 1 ta co:

(x
(z)
al

g1\z
|h

, trong do q1(z) la ham tuy ¢ sao cho:q(ax) = —q1(x).

) ¥
0 (x) = o) — e

Vay:
In |Z|h(x)

In |a

flaz) = Af(z) = qu(z) - (4.38)

Doi vai tro A\ cho Aa va bién doi tuong tu ta co:

g2(ax) — A\1ga2(x) = h(x), trong dé ga(x) = f(ax) + f(z).
Vi A1 # £1 nén theo Bai toan 1.4*(ii)- chuong 1 co:
h(x)

— | [198a) M1l _
(o) = a8 Mgy () — S

trong dé qa(z) la ham tuy ¥ sao cho:

q2(x) néu Ay > 0
q2(az) = J
—q2(xr) néu X <0

hay:
h(z)
A +1 '

flaz) + f(x) = |z|' 8l Mlgy(ar) -

Tru (2.2.61) cho (2.2.60) ta duge:

(4.39)

)\1—1—1

In |25
10) = e ggeh(@) + g el () )]

Ina[(Ar +1)2

a4) Trudng hop 4: A\ #+1, Ao # 1 = 1+a+ 3#0.
2

Ta c6: h(zx) = %h@) _ a7z -I;:l_hciaj)ﬁ—l- Bh(x)

(Vi: h(a?z) = h(azx) = h(z).)

h(ax)

h(a®x
(2.2.52) < f(a2z) — M), alf(az) - 1+a+s

l+a+p
+ﬁ[f($)—%] =

1+
(4.40)

Dit ) = ()~ 1o

Phuong trinh dic trung: N> 4+ o\ + 8 =0 ta c6: A > 0 nén cé hai nghiém thuc

ta cé: (2.2.62) < g(a’x) + ag(ax) + Bg(x) = 0.
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phdn bZét /\1, /\2.
Ap dung két qud Bai todn 1.2- chuong 1 (truomg hop A > 0) ta co:
B 1

A=\

9(a) (a5 X2lhy () — o510 M g )

trong dé hy(x), ho(z) la hai ham tay 4 théa man:

hy (az) = hi(x) néu Ay >0 ho(a) = ha(z) néu \; > 0
' —hi(z) néudy <0 2

Vay:

_ h(x) 1
Cl4a+B A—\

f(z)

|:|$|log‘a‘ |>\2|h1($> _ |$|10g\a\ |>\1|h2($)

b) Trudng hgp A =0
2

Phuong trinh (2.2.58) c6 nghiém: \y = \g = —% = (= %.

2
(2.2.52) & f(a?z) + af(azx) + O‘Z F(z) = h(z)

& f@’a) + Sf(ax) + S[f(ax) + SH@)] =h(@)  (441)

Dt g(x) = f(az) + % F(z) thi:

(2.2.63) = g(az) + %g(w) = h(z). (4.42)
b1) Trudng hop 1: a = —2, khi do: (2.2.64) & g(ax) — g(x) = h(z).
Theo Bai toan 1.2*- chuong 1 ta cé: g(x) = k(x) — @ trong do k(x) la ham
tuy ¢ thoa man: k(azx) = k(z). Ta co:

Flaw) — £(z) = k() ~ "2 s faz) - @) + M2 = (o)
& flaz) — (o) + 5[ MOTY i
& flaz) ~ M0 (g(ay - My oy (4.43)
Dat p(z) = f(x) — @, khi dé: (2.2.65) < p(az) — p(x) = k(zx). Theo Bai

todn 1.1*- chuong 1 ta co:
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1 k
p(z) = q(z)+ ngna?p) trong dé q(z) la ham tuy y théa man: q(az) = q(x). Vay:

h(z) n In |z|k(z)
4 Inja|] -~

b2) Trudng hgp 2:a = 2.

Khi do: (2.2.64) < g(az) + g(x) = h(z). Theo Bai todan 1.4*(i)- chuong 1 ta co:
In|%|h(x , o .

g(x) = g1(x) — |1;||a|( ) vdi g1(x) la ham tuy §: g1(ax) = —g1(x). Ta co:

Flax) + ) = gu(a) — i
& flar) + o) + e < gy (0
& fla)+ f(a)+ 2 he) = (o)
o o)+ + gl Ul + (k) + ol
- ln|l$n|l|1(§|azn) ) ln|h§1||l;?:n)} o
o flan) + j(o) - L2l n) _ QalPbD)
B h(;) In |il|?é|a:c) In |1 §||2|(:g) o
e s - s s
bl i,
& flaz) + 20lal 1§(|;||;|)(;n |a$|)2h(a:n)—|—
 play 4 20D ) gy, ()

2(In |af)?

31 In|Z|— (1 2
e

(2.2.66) < fi(azx)+ fi(z) = gi(x). Theo Bai toan 1.4*(ii)- chuong 1 ta co:

h(z) ta co:
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ﬁuﬁwmw—mﬁﬁﬁﬁmuwwmmm@wmz—mu»my
In|Z 3lnlalln|Z| — (In 2
R e r e )

b@ThmMHWp&a<Qa#—%¢%#iL
g(ax) + gg(:z:) = h(z). Theo Bai todan 1.4*(ii)- chuong 1 ta co:

h(x og 1|2
() = 25 paos 51y, a)
2
2h a
= 2] ¢ fafsa D gy ()

trong dé qi(z) la ham tuy ¢ théa man: q1(ax) = q1(x).(Vi: a < 0). Nhu vay

2h a
= D) | oo 2

flaz) + 5 ()

& flaz) + 3 f (@)= =3

2h a
(':U) — |$|10g‘a‘(_§ ql(;ﬁ)
2 h h
(hiaw) | o h()
221

o o) + 31~ o5
<@ﬂmﬂ—é%gz+%vm%wé%%A=MW““%m@>

« _a
+ —g1(x) = |z['°81a1 (=)

4h(zx)
Da = -, (2.2.
it 0) = F(o) ~ [ (2267) @ galer) + 5
Theo Bai toan 1.2- chuong 1 (truong hop A = 0;a < 0;a # —2) ta co:
21n¢14Q1($)}
aln |a

91(517) — |$|log‘a\(—%)q1($) [pl( ) _

trong do p1(x) la ham tay y: p1(az) = p1(z). Vay:
4h(x) log) (—2) 2In[z|qi(x)
= la] _—_—|.
f@)=gap t e Pler) = =
M)ﬁﬂmghqwka>&a#2¢>%#ilKMdd
g(ax) + gg(:z:) = h(z). Theo Bai toan 1.4*(ii)- chuong 1:
2h a
(517) + |$|log‘a‘ 5(]2(:17)

:T

h X o a
o(a) = 2 e 8l
2

(4.45)
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vdi qa(x) la ham tay ¢ théa man: qo(ax) = —qo(z) (Vi: > 0). Do do:

o)+ 5160) = 2 4 15 i) (1)
Bién doi tuong tu nhu truong hop 3 ta dugc:
4h 4h R
(+) & flaz) = 73 Eag))z + 517 - (o f‘%ﬂ = | el Sgy(z) (446
Dit ga(z) = 1(2) - g ta e

o og &
(2:2.68) & ga(x) + 5 g2() = |a] el g ().

Theo bai toan 1.2- chuong 1(truong hop A =0;a > 0;a # 2):

_2hlle)

aln |a
trong dé ps(x) la ham tay y théa man: pe(ax) = pe(x). T dé ta co:
4h(zx)
(a—2)?
¢) Trudng hop: A < 0 Dé dang ching minh dugc 1 — a+ 3 # 0. Ta co:

g2(x) = 2|8l T [py ()

2l le)

+ |:L,|10g\a\ 2 [pz(ll?) oln |a|

flz) =

-« a’z) + ah(ax x
- 128 5 1 st i
(Vi: h(a*z) = —h(ax) = h(z))
20 M@ e hlar)
(2.2.52) & f(a’z) — 5 ey I [f(az) 1h_(j)+ﬁ] o
+ﬁ[f($)_ 1—04‘1’6] =0
Dat g(x) = f(x) — % ta co:

(2.2.69) < g(a’z) + ag(azx) + Bg(x) = 0.

Phuong trinh dac trung: N> +aX+ 5 =0, A < 0 nén cé hai nghiém phic lién
hop A1, Ae. Theo Bai toan (1.2)- chuong 1 (truong hop A < 0) ta co:

In |z|

Ao|lal 1 1

= Aol [cos(p n|$|n(:n) +sin? n|$|m(:n)
q

9(x) In |a In |al
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trong do:
A =p—iq; da=p+ig e [N =[] = [Xe] = VP> + ¢2
tangp = g; argp = arg A\; = ¢
P

m(x),n(x) la hai ham tay § théa man: m(az) = m(x); n(ax) = n(zx). T dé ta
co:

In |z|
__ h=) [ Xo| ™l [ ¢In |z . pln|z]
fz) = p— n(x) + sin In]al m(x)|.
Nhan xét 2.2 Sau khi thit lai hai bai todn trén ta nhan thay: Trong biéu thiic
nghiém cia tat cd cac truong hop, phan biéu thic cé chita h(x) la nghiém riéng
ctia phuong trinh: f(a*x) + af (ax) + Bf(x) = h(z).

Bai toan 4.4. Cho g(z) la ham tuan hoan nhan tinh chu ky a, (g(az) = g(x)); h(z)
la ham phdn tuan hoan nhan tinh chu ky a, (h(ax) = —h(x));a € R\{0,1,-1};a, B €
R. Xdc dinh tat cd cac ham: f : R\{0} — R théa man dieu kién:

In |a

flaz) + af(ax) + Bf(z) = g(x) + h(z). (4.48)
Loi giai:
Xét phuong trinh dac trung:
N4+a\+5=0A=0a—-40. (4.49)

a) Trudong hgp A > 0: Phuong trinh ddc trung cé hai nghiém thuc: A1 # Aa.
al) Trudng hop 1: A\ # +1; o = 1.
Ap dung dinh ly Viete:

1+ XA =—«
A=p
(2.2.70) & f(a®z) — (M + 1) f(az) + A1 f(z) = g(x) + h(x) (4.50)
Xét phuong trinh:
fi(@®z) — (A + 1) fr(az) + M fi(z) = g(). (4.51)

Ap dung két qud cia Bai todn 2.4 (truomg hop al) va nhan xzét 2.2 ta cé biéu
CInfz[(1 - A1) —In|al

thiic g(z) la nghiém riéng cia (2.2.73). Thay vao ta dugc:
Injal(1— ;)2
In|a?z|(1 — A1) —Inla| , 5 In|az|(1 — A1) —In|al
— (M +1
el =z Y@®) - )= vlan)+

In|z|(1— A1) — In|al
In|al(1 — \1)?

+ A\ g(:E) :g(:E)
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Thay (2.2.74) vao (2.2.72):

~In la?z|(1 — A1) — In|a|

(2.2.72) & f(a%a) g(a’z)—

In |a|(1 — A\1)?
- O+ 1) [flaw) - P I g )
R A (IR
Dit fale) = (o) - PP = g0 (i) ta oo

(2.2.75) & f(a®z) — (M + 1) folaz) + A1 fo(z) = h(2).
Ap dung két qua Bai todn 2.5 (truong hop al) ta duge:

h(z) 1
Cat D) T

falw) = 5 () — a1 Mg ()]

trong doé k(x); q(x) la hai ham tay y théa man:

— k(2): alaz) = @) w0
k(ar) = k(x); ¢(ax) {_q(:E) néu A\ <0

Tw (i) va (i) ta co:

h(z) In|z|[(1— A1) — In|al 1
1) mala— oz Y@y,

f) =

a2) Trudng hop 2: A\ = —1; Ay = 1.

Bién doi tuong ty nhu truong hop al) ta dugc:
In| | @ In |Z| )+
41n|al v nat I\

flz) =

123

(4.53)

(i)

[k(z) — |a] 8o Pilg ()]

trong doé k(x),q(x) la hai ham tay § théa man: k(azx) = k(x); ¢(ax) = —q(x).

a3) Trudng hop 3: A\ # +1; Ay = —1.

Bién doi tuong ty nhu truong hop al) ta cé:
A1+1

|5 |h(z) 9()

@) =t taan-xn

)+ [|$|10g\a\|>‘1|q2($)—Q1($)
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vdi q1(x), g2(x) la hai ham tay ¢ théa man:

(az) (2): ga(az) q2(x) néu Ay >0
ar) = —q1(x); q2(ax) = )
n n o —q2(xr) mnéuX <0

a4) Trudng hop 4: Ay # +1; Ay # +1.
Bién doi twong ty nhu truong hop al) ta cé:

h 1 O, 2 O, 1
) =17 Eﬁ 5 fgclﬁ + 5y el el (@) — faf oot Pl ()

trong dé hy(x), ho(z) la hai ham tay 4 théa man:

hi(x) néu g > 0 ho(x) néu Ay > 0
hi(x) =

h =
—hi(z)  néuly <0 2(7)

b) Trudng hgp A =0
b1) Trudng hgp 1: a = —2
Bién doi tuong ty nhu truong hop al) ta cé:

In |z|k(z)
In |al

h(z) (In|z|)? —1In|a|In|z|
= h
r R TEYP A S
Vai k(x), q(z) la hai ham tay g théa man: k(az) = k(x), ¢(ax) = q(z).
b2) Trudng hgp 2: a =2
Bién doi tuong ty nhu truong hop al) ta cé:

3In|a|In|Z| — (In|z|)?

e )+ S g - )

fla) = :

vdi g1(x), go() la hai ham tay y théa man: gi(ax) = —g1(x); g2(ax) = —ga(x).
b3) Trudng hop 3: a < 0; a0 # —2
Bién doi tuong ty nhu truong hop al) ta cé:

4h(x) 4g(x)
(@=2)*  (a+2)

_ 2hlela();

log|q(—=95)
2 T ] ’ [pl(:E) aln |al

trong do: p1(x), qi(z) la hai ham tuy §: p1(az) = p1(z); q1(az) = q1(2)
b4) Trudng hgp 4: a > 0; «a # 2
Bién doi tuong ty nhu truong hop al) ta cé:

21 [2jga(x)
aln |a

4h(x) n 4g(x)

(Oé — 2)2 (Oé T 2)2 + |;L'|10g\a\ Pl [pz(;p)

]
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trong do: pa(x), g2(z) la hai ham tuy §: p2(az) = —p2(2); g2(az) = —ga(z)
c) Trudng hgp A < 0 Bién doi tuong tu nhu truong hop al) ta cé:

inja|
h(z) g9(z) | Ao| Tl [ ¢ln|z|

B . @ln|z]
l-—a+p 14+a+p q In |al n(z) + sin m(z)

In |a

f(z)

trong do:
A\ =p —iq; Ao = p+iq la nghiem phuong trinh: \> + a\ + 3 = 0.
& |Xo| = [M] = [Xo| = V/P* + ¢

tan p = g; arg Ay = arg A1 = ¢; m(x), n(x) la hai ham tay § théa man: m(ax) =
p
m(x); n(ax) =n(x).

4.3.3 Mot s6 vi du ap dung

Vi du 4.3. Cho g(z) la ham tuan hoan nhan tinh chu ky 3, (g(3x) = g(x)); h(x)
la ham phdn tuan hoan nhan tinh chu ky 3, (h(3z) = —h(x)). Xdc dinh tat cd cdc
ham f :R* — R sao cho:

f9z) — 7f(3x) +10f(x) = 5g(x) + 21h(z).
Loi giai:
Xét phuong trinh ddac trung: X2 —TA+10=0< A\ = 2; Ao = 5.
dp dung Bai toan 2.6 (truong hop a4) ta co:

h 1
fx) = %) + @ 5 [l2l"8 Phaw — [ 2haa]

trong doé hy, ho la hai ham tay §: hy(3x) = hy(x); he(3x) = he(x)
N 1 1
Vi du 4.4. Cho g(z) la ham tuan hoan nhan tinh chu ky —g,(g(—gzn) =
N 1 1
g(x)); h(x) la ham phdn tuan hoan nhan tinh chu ky\—g, (h(—gzn) = h(x)). Xdc
dinh tat cd cac ham: f: R\{0} — R sao cho:

1 1
F(gu) +2f(=32) + f(z) = 4g9(x) = Th(z) + 13.
Loi giai:
Dat g1(z) = 4g(z) + 13 = gl(—%:n) = g1(x).
Xét phuong trinh dic trung: N2 +2X+1=0,A=0= A\ = Ay = —1 hon nia
a =2, dp dung bai toan 2.6 truong hop b2) ta co:

4g9(z) +13  In9In|3z|— (In |z])?

In [3z|g:1 ()
fl@) === 2(In 3)2 1

In3

Th(zx) + + g2(),

g1(x), go(x) la cac ham tuy ¢ théa man: gl(—%:n) = —gl(:n);gg(—%:n) = —go(x).
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Vi du 4.5. Cho ham g(z) la ham tuan hoan nhan tinh chu ky —e, (g(—ex) =
g(x)); h(x) la ham phdn tuan hoan nhan tinh chu ky —e, (h(—ex) = —h(x)). Xdc
dinh tat cd cdac ham: f: R\{0} — R sao cho:

f(e*x) — 2V3f(—ex) + 4f(x) = h(z) — 3g(x).
Loi giai:
Xét phuong trinh ddc trung: \2 — 23X +4 =0, A = —1 < 0 phuong trinh ¢é cdc
nghiém:
. . V3
M=V3—i:d=V3+ir=|\| =|N\e| =2;¢=1;cosp = o T e=
dp dung Bai todn 2.6 (phan c) ) ta cé:

_ h(z)  3g(x)
54+2V3 5-2V3

trong dé m(z),n(z) la hai ham théa man: m(—ex) = m(z);n(—ex) = n(z).

T
6

() +2ln|m|[cos7rln|:1:| mln|z|

n(z) + sin

m(:E)] )
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Chuong 5
Day s6 sinh béi ham sé

5.1 Ham sb chuyén déi phép tinh sé hoc va dai s

Trong muc nay, ta khdo sat mot so tinh chat co ban cia mot so dang ham so
thong qua cdac hé thic ham don gidn. Ta ciing khdo sat mot s6 dang ham bdo toan
va chuyén doi cdc tinh chat co ban cia phép tinh dai sé nhu giao hodn, phan bo
va két hop.

Bai toan 1. Xdc dinh cdc ham s6 f(x) xdc dinh va lién tuc trén R thod man
diéu kiéen
fle+y) = fle)+ fly) + f(2)f(y), Yo,y eR. (1)
Giai.
Dat f(x) = g(x) — 1, ta thu dugc
g(x+y) —1=g(x) —1+9g(y) - 1+[g(x) - 1[g(y) - 1], Yo,y €R

hay
g(x+y) =g(x)g(y), Vr,y €R. (2)

Do f(z) lién tuc tréen R nén g(x) cing la ham lién tuc trén R. Suy ra (2) co
nghiém g(z) = e**,a € R va (1) c6 nghiem

flx)=e"™ —1,a R
Bai toan 2. Cho ham s6 F(u,v) (u,v € R). Gid si phuong trinh ham:
fle+y) = Flf(x), f(y)l, Yo,y eR (3)

c6 nghiém f(x) xdc dinh va lien tuc tréen R. Ching minh rang F(u,v) la ham doi
zing (F(u,v) = F(v,u) va cé tinh két hop

F[F(u,v),w| = Flu, F(v,w)], Yu,v,w € . (4)
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Giai.
Nhan zét rang tinh doi zing cia F(u,v) duge suy truc tiép tu (3). Mat khdc,
theo (3), ta co

flety+z)=flle+y)+ 2] = F{F[f(2), fW)], f(2)}, Vo,y,2€ R (5)
fl@ty+z)=flo+ (y+2)] = flly+2) + 2] = F{F[f(y), f(2)], f(2)}
= F{f(2), Flf(y), f(2)]}, Va,y,z €R. (6)
Tix (5) va (6) suy ra (4):
FIF(u,v),w] = Flu, F(v,w)], Yu,v,w € SF.
Bai toan 3. Gid sit phuong trinh ham:
fle+y)=F[f(z), f(v)], Vz,y eR

vdi ham s6 F(u,v) (u,v € R) la mot da thic (khdc hdng), cé nghiem f(x) zdc
dinh va lien tuc (khdc hang) trén R. Chiing minh rang F(u,v) c¢é dang

F(u,v) = auv + bu + bv + c. (7)
Giai.
Gia st F(u,v) la da thic bac m theo w va bac n theo v. Khi do, do F(u,v)
doi xing nén m = n. Theo (4) thi

F[F(uvv)vw] :F[u,F(v,w)], Vu,v,w € C\}f

nén vé trdi la mot da thic bic n theo w con vé phdi la da thic bac n® theo w.
Suy ran® =n hay n = 1. Vay F(u,v) c¢é dang

F(u,v) = auv + bju + bav + c.
Do F(u,v) la da thic doi ziing nén by = by va
F(u,v) = auv + bu + bv + c.

Nhan zét rang, vdi F(u,v) = auv +bu+bv+c va F(u,v) thod man diéu kién
(4) thi
ac=b*—b.
Vay vdi a # 0 thi
)
a

ac=b>—-bsc=

, a#0. (8)
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Bay gio, ta chuyén sang xét cic dang ddc biét cia (7).
Bai toan 4. Cho da thic F(u,v) = bu+bv+c, b # 0. Xdc dinh cic ham s6 f(x)

zdc dinh va lién tuc trén R thod man diéu kién

fle+y)=F[f(x), f(y)], Yo,y eR
tic la
fle+y)=bf(x)+bf(y) +c, Va,yeR. (9)
Giai.
Nhan xét rang, néu b # 1 thi tw (9) vdéi y = 0, ta cé ngay f(x) = const. Khi
b= % va ¢ = 0 thi moi ham hdng déu thod man (8). Khi b = % vac# 0 thi (9) vo

1
nghiém. Cac truong hop khac (b # 1, b # 3 thi nghiém cia (9) la f(x) = 1%%
Xét truong hop b= 1. Khi dé (9) c6 dang
fle+y)=f@)+ fly)+c Vo,yeR

va phuong trinh ham nay cé nghiém f(xr) = ax — c.
2

Bai toan 5. Cho da thitc F(u,v) = auv + bu + bv +

, a #0. Xdc dinh cac

ham so f(x) xdc dinh va lien tuc trén R thod man diéu kién

flz+y)=F[f(z), f(y)], Vz,y €R

tiie la )
flaty) =af(2)f(y) +bf(z) +bf(y) + ——, Yo,y €R. (10)
Giai.
Nhan zét rang, néu dat
fo) = h(:n()l b

thi thi tw (10) ta nhan dugc
Wz +y) = h(z)h(y), Yo,y €R

va phuong trinh ham nay cé nghiém h(x) = e**. Suy ra nghiém cia (10) c¢é dang

Bai toan 6. Gid st f(z) la nghiém cia phuong trinh ham:

flax +by+c) = Af(z) + Bf(y) + C (abAB #0), Vx,y € R (11)
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Chaing minh rang ham s6 g(x) = f(x) — f(0) thod man phuong trinh Cauchy
9z +y) =g(x)+9(y), Vr,y eR.

Giai.

R u v—c u
Lan luot dat x = —, y = ;
a

C .
c b’ a b
y=-3 vao (11), ta thu duge cic ding thic

f(u—l—v)zAf(%) +Bf(—”_c) iG]
c

s=ar(%) +r(-

b
F(0) = Af(0)+ BF( ~3) +

F(v) = Af(0) + Bf(

Suy ra
flutv) = f(u) + f(v) = f(0).
T day suy ra diéu phdi ching minh.

Bai toan 7. Gid st ham s6 f(x) lién tuc trén R la nghiém cia phuong trinh
ham:

flax +by+c) = Af(z)+ Bf(y) + C (abAB #0), Vz,y € R. (11)
Chitng minh rang khi dé6 A = a, B = b.
Giai.
That vay, nghiém cia

g(x+y)=g(x)+g(y), Vr,y eR

trong ldp cdc ham lién tuc la ham tuyén tinh g(x) = ax. Do vy, nghiém f(x) cé
dang f(z) = ax + 3. Thé vao (11), ta thu dugc A =a, B =b va

ac—C=(a+b-1)5. (12)

Bai toan 8. Gidi va bién ludn phuong trinh ham sau trong I6p cdc ham sé f(x)
lien tuc tréen R:

flax +by+c) = Af(z) + Bf(y) + C (abAB #0), Vz,y € R. (11)

Giai.
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Theo Bai todn 7, thi diéu kien can dé phuong trinh ham (11) cé nghiem la
a=A,b=B.

Gid st dieu kién nay duge thod man. Theo (12), ta chia cdc truong hop riéng
dé khdo sdt.

Xét cdc truong hop sau:

Truong hgp b+a=1, c=0.
Khi do, (11) c6 dang
fla+ (1 - a)y) = af(2) + (1 - a)f(y) (@bAB £0), e,y €R.  (13)

Ta thu duoc (13) thudc 16p ham chuyén tiép cic dai lugng trung binh cong. Vi
vay (13) cé nghiém f(x) = ax + B, a, 3 € R.

Truong hgp b+a=1, c#0.
Khi do, (11) c6 dang

flax+(1—a)y+c)=af(zx)+ (1 —a)f(y)+ C(abAB #0), Vz,y € R. (13)
Dat f(x) = %:17 + h(x). Ta thu duge (13) dudi dang

h(ax 4+ (1 — a)y + ¢) = ah(z) + (1 — a)h(y), Vz,y € R. (14)

Dé kiém tra, phuong trinh (14) chi cé nghiem hing tug § (vem (12)) va vi vdy,
C
(13) co nghiem f(z) = s + 3, B eR.

Truong hop b+ a # 1. Theo Bai toan 6 thi nghiém cia (13) ¢é dang f(x) =
ax+ . Theo (12) thi ac— C = (a+b—1)B. Vay néu cho o € R gid tri tuy 4 thi

ac—C
ﬁ_a—l—b—l'
Cha ¥

Néu khong doi héi nghiém cia (11) la ham s6 lién tuc trén R thi cdc ding
thitc a = A, b= B va (12) c6 thé khong thod man. Tuy nhién, ta van cé cic tinh
chat dai s6 sau day.

Bai toan 9. Gid st phuong trinh ham
flaz+y) =Af(z) + f(y) (aA#0), Vo,y eR (15)

c6 nghiem khdc hdang. Ching minh rang néu a (hodc A) la so6 dai s6 vdi da thic
toi tieu P,(t) (tuong tng Pa(t)) thy A (tuong ing a) la s6 dai s6 va

Pu(t) = Pa(?). (16)
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Giai.
Ta thay f(0) = 0 nén f(az) = af(x) va bang quy nap todn hoc, dé dang chiing

minh
flakz) = A* f(z), keN. (17)

Giad st

n—1
Pa(t) =" + Zritla 705+, Tn—1 € Q
=0

Khi do, theo (17) thi

fl@+ nié ri)a| = fla") + nié rif(a'z)
(A" + ni:l r@) F(x).
Vi f(z) khdc hing nén -
A" 4 ni ry =0 (18)
=

va vi vay A la so dai s6. Suy ra P,(t) la wdc cia Pa(t) va do Pa(t) la da thic
toi tiéu nen cé (16).

Nguge lai, néu A la s6 dai s6 thod man (18) thi thuce hién quy trinh ngugc lai,
ta thu duoc

n—1
a" + Z =0 (19)
=0

va tw dé suy ra (16).

Bai toan 10. Gid s phuong trinh ham

flax +y) = Af(z) + f(y) (aA#0,a€Q), Vz,yeR (20)

c6 nghiém khdc hang. Chiing minh rang khi dé a = A.
Giai.
That vay, theo Bai todn 9 thi P,(t) la da thic bac nhat va vi vay Pa(t) ciing
la da thiic bac nhat (vdi hé so bac cao nhat déu bing 1) nén a = A.
Bai toan 11. Gidi phuong trinh ham sau trong ldp cac ham so6 f(x) lién tuc trén
R:
fx+y)=a"f(z)f(y) (a>0), Yo,y eR. (21)

Giai.
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Dé thay f(1) > 0. Néu f(1) = 0 thi tix (21) ta c6 ngay f(x) = 0. Xét truong

hap f(1) > 0. Bing quy nap, dé dang kiém chimg hé thic
(nzfn)z2

flnx) =a 2 [f(z)]", Vn e N".

Vay voi x =1 thi
71/27’)1/

J(n) = a™

()], ¥n e N*.

Voi x = m, ta thu dugc
n

(n?—n)(2)?

fm)=a" 2 [f(%)r, vm,n € N*.

va

Suy ra

Do f(1) > 0 nén cé thé viét

1
c= _5 +10gaf(1)

Tw (21) suy ra
flx) = a%m2+cm, Vr € Q7.

(23)

Do f(x) lien tuc nén (16) thod mdin vdi moi x € RT. Véi x <0, ta dit —x =y

va do f(0) =1 nén t gid thiét (21) ta nhan dugc
1 = a—mzf($)a(m2/2)—cm’
hay
1
flx) = a§m2+cm, Vo e R.
Nhan xét.

Bdng cach dat ,
f(@) = a* Pg(x)
ta dua (15) vé dang quen biét

gz +y)=g(x)g(y), vz €R.

Bai toan 12. Xdc dinh cic ham s6 f xdc dinh va lién tuc trén R thod man diéu

kién
flx+y)+ f(z) = f(z)+ fly+ 2), Vz,y,z € R.

(1)
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Giai.
Dat f(0) = a thi vdi z =0 trong (1) ta thu dugc

flz+y)+a=f(z)+ f(y), Vo,y eR. (2)

Dat f(x) = g(x) + a. Ta (2) ta nhan duge

g(x+y)=g(x)+g(y), Vr,y €R. (3)

Phuwong trinh (8) cé nghiém g(z) = ax, a € R.
Suy ra phuong trinh (1) c¢é nghiém

f@)=az+B, @,fER.

Thit lai, ta thay ham f(z) = ax + B thod man dieu kién bai ra.
Bai toan 13. Xdc dinh cic ham s6 f xdc dinh va lién tuc trén R thod man diéu
kién
flz+y)f(z) = f(2)[fy) + f(2)], Vo,y,z €R. (4)
Giai.
Thay y = z = 0 trong (4), ta thu duge f(0)f(x)=0. Vay f(0)=0. Vdiz=0
tha
flx+y)f(0)=f(z)[f(y) + f(O)], Y,y eR

hay
f@)f(y) =0, Ve,y € R.

Suy ra f(z) = 0.

5.2 Ve cac day s6 xac dinh béi diy cac phuong trinh

Trong todn hoc, c¢é rat nhiéu truong hop ta khong xdc dinh duge gid tri cu thé
doi tugng ma ching ta dang xét (vi du 56, ham s6) nhung van cé thé thuc hién
cdc phép todn trén cic doi tuong dé. Vi du ta cé thé khong biét gid tri cdc nghiém
ctia mot phuong trinh, nhung van biét dude tong cia ching:

Vidu 5.1. Tim tong cic nghiém ciia phuong trinh cos® x—>5 cos® x+3 cosz—1 = 0
trén doan [0, 2].

Doi khi ta can tinh tich phan ctiia mot ham ma ta khong cé biéu thic tuong
minh:

Vi du 5.2. Ching minh ring vdi moi t > 0, phuong trinh x> +tx — 8 = 0 luon
c6 1 nghiém duong duy nhat, ky hiéu la x(t). Tinh f07[:n(t)]2dt.
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Trong bai viét nhé nay, ching ta sé dé cap dén mot tinh hudng cdn bin khdc,
dé la khdo sdat nhiing day so xdc dinh béi day cic phuong trinh.

Bai toan 5.1. Cho day cic ham s6 f,(x) xzdc dinh bdi cong thic tuong minh
hodc truy hoi thod mdn diéu kién: cdc phuong trinh fn(x) = 0 c6 nghiem duy
nhat x,, € D. Can khdo sdt cdac tinh chat cia x, nhu khdo sat su hoi tu, tim gidi
han...

Ching ta bdt dau ti mot bai todn thi tuyén sinh vao khoa Todn truong Dai
hoc Déc lap Matxcova nam 2000.

Bai toan 5.2. Ky hiéu x,, la nghiém cia phuong trinh

1 1 1
r x—1 r—n

thuoc khodng (0, 1)
a) Ching minh day {x,} hoi tu;
b) Hay tim gidi han do.

Binh luan: Day x,, dugc xdc dinh duy nhat vi ham so

1 1 1
fulz) = =+ +t
r -1 r—n

lien tuc va don diéu tren (0,1). Tuy nhién, ta khong thé zdc dinh duge gia tri cu
thé ctia x,. R4t may mdn, dé ching minh tinh hoi tu cla x,, ta khong can dén
diéu dé. Chi can ching minh tinh don diéu va bi chan la di. Vi tinh bi chdn,
moi thit déu on v 0 < z,, < 1. Vi tinh don diéu, ta chi § mot chiat dén méi lién
hé gita fn(x) va fpe1(x) trong dé

1

r—n—1

frt1(2) = fol@) + fog1(z) = folz) +

Day chinh la chia khod dé ching minh tinh don diéu cia x,.
Loi gidi. R6 rang x,, dudc zdc dinh mot cach duy nhat, 0 < x, < 1. Ta cé

fot1(@n) = ful(zn) +1/(xn —n—1)=1/(zn, —n —1) <0,

trong khi dé f,41(0%) > 0. Theo tinh chdt ciia ham lién tuc, trén khodng (0, x,,)
c6 it nhat mot nghieém cia foi1(x). Nghiem dé chinh la x,y1. Nhu thé ta da
chiing minh dugc x4 1 < Ty, tic la day so6 {x,} don dieu gidm. Do day nay bj
chan dudi bdi 0 nén day s6 da cho cé gidi han.
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Ta sé ching minh gidi han néi trén bang 0. Dé ching minh diéu nay, ta can
dén két qua quen thudc sau:
1 1 1 1 )
+2—|-3—|-"'+n> nn
. . . . . . 1 1
(C6 thé ching minh dé dang bang cdach s dung danh gid In (1 + —> < — ).
n n
That vay, gid st limz, = a > 0. Khi dé, do day s6 gidm nén ta cé =, > a
vt MOL N.

Dol+—+—+---+—— 00 khin — oo nén ton tai N sao cho vdi moin — N
n

2 3
1 1 1 1
ta col+—-—4+-4+--4+—>—
2 3 n a
Khi do véin > N ta co
1 1 1 1 1 1 1 1 1
0=—+ + -+ < —4—+—4+ -+ —< -+ -=0,
Ty Tp—1 Tp—Mn x, —1 =2 T, a

mau thuan. Vay ta phdi cé limx,, = 0.

Bai toan 5.3. Chon la mot s6 nguyén duong (n > 1). Chitng minh rdng phuong
trinh 2" = x +1 ¢6 mot nghiém duong duy nhat, kj hiéu la x,,. Chiing minh ring
x, dan vé 1 khin dan dén vo cung va tim

lim n(x,) —1).

Loi giai. R0 rang x, > 1. Dat fpo(z) =xp —x —1. Khi dé fr1(1) = -1 <0 va
fn+1($n) = $Z+1 — Tp — 1> ZUZ — Ty — 1= fn(:En) =0.

Tw dé ta suy ra 1 < xpy1 < Ty . Suy ra day {z,} ¢ gidi han hiu han a. Ta
ching minh a = 1. That vay, gid st a > 1. Khi dé x, > a vdi moi n va ta tim
duge n di lon sao cho: zlr > a"™ > 3 va x, + 1 < 3, mau thuan vdi f,(x,) = 0.
Dé gidi phan cudi clia bai todn, ta dat x, = 1 + vy, vdilimy, = 0. Thay vao
phuong trinh fy(x,) =0, ta duge (14 y,)" = 24 y,. Lay logarith hai vé, ta dugc

nin(l +y,) = In(2 4+ y,)

T dé suy ra
limnln(l +y,) =1n2

Nhung imIn(1 4 y,,) /yn, = 1 nén tw day ta suy ra limny, = In2, tdc la

lim n(x, —1) =1n2.
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Bai toan 5.4 (VMO 2007). Cho s6 thuc a > 2 va f(z) = a'%2" 10 42" ... +
T+ 1.

a) Chitng minh rdng vdi moi s6 nguyén duong n, phuong trinh f,(x) = a luon
c6 diing mot nghiem duong duy nhat.

b) Goi nghiém dé la x,, ching minh ring day {x,} cé gidi han hiu han khi
n dan dén vo cung.

L&i giai. Két qud cia cau a) la hién nhién vi ham f,(x) tang trén (0, +00). Dé
dang nhan thay 0 < x,, < 1. Ta sé chitng minh day x,, tdng, tic la T,y 1 > Ty.
Tuong tu nhu ¢ nhing 101 gidi trén, ta zét
fror1(zyn) = alO:EZHl + :EZ—H +z+- -+ 1l=z,fu(z,) +1=ax, +1
Vi ta di c6 fny1(1) =a'® +n+1 > a nén ta chi can ching minh ax, +1 < a la
R a—1 .
SE suy 164 Ty < Tpy1 < 1. Nhuw vdy, can ching minh x, < ——. That vdy, neéu
a
a—1

a

Ty > thi

falzn) > alO(

— (a— 1)10<%>n+a —(a— 1)(@ ; 1>n> a

(doa—1>1). Vay day sé6 tang {x,} ting va bi chdn bdi 1 nén hoi tu.

Nhan xét 5.1. Mot lan nida moi lien hé foi1(x) = xf,(x) + 1 lai gitip ching ta
tim dugc moi quan hé gitta x, va T,q1. T 107 gidi trén, ta cé thé ching minh

. a—1 a—1
duge rang lim x,, = ——. That vay, dat c = —— < 1, theo tinh todn & trén thi
a a

fu(e) = falzy) = ke (vdi k= (a—1)((a—1)? = 1) > 0)
Theo dinh lij Lagrange thi
fale) = fal@n) = f1(€)(c—xn) vdi & thudc (a4, c)
Nhung f'(€) = (n+ 10)a0¢"® + ng"=t 4+ ... + 1 > 1 nen t day suy ra
kc" >c— x,

Tw do ta co
c—kc" <z, <c

Va ¢é nghia lam limx,, = c.
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Bai toan 4. (VMO 2002) Cho n la mot s6 nguyén duong. Ching minh ring
phuong trinh
1 1 1

r 1 a1 T

N

n?r —1
c6 mot nghiém duy nhat x, > 1. Chiing minh rang khi n dan dén vo cung, T,
dan dén 4.

Binh luan: Viéc ching minh phuong trinh cé nghiém duy nhdat x, > 1 la

hién nhien. Moi lien hé fni1(x) = folz) + cho thay x, la day

((n+1)2x—1)
P 2 A~ 1 1 1 1 PN &
s0 tang (¢ day fn(x) = :Ej—l— P + -+ e 5) Deé bai cho san
gidi han cia x, la 4 da lam cho bai todn tré nén dé hon nhiéu. Tuong tu nhu
cdch ching minh limz, = ¢ & nhan zét tréen, ta sé dung dinh ly Lagrange dé
danh gid khodng cdch gitta x, va 4. DE lam diéu nay, ta can tinh f,(4), vdi

1 1 .
falz) = :Ej—l- -] + 4 e ¥ Rat may man, bai tinh f,(4) nay

lien quan dén 1 dang tong quen thudc.
Loi giai: Dat f,,(x) nhu trén va goi x, la nghiém > 1 duy nhat cia phung trinh
fa(z) =0. Ta co

1 1 1 1 1 1 1
f"(4)zm+16—1+"'+4n2—1_§:ﬁ+ﬁ+"'+(2n—1)(2n+1)
1,1 1 1 1 1 1 1 1
—5s(i-5* 5 5t tm 1w i m

Ap dung dinh 1y Lagrange, ta cé

1 !
1 = | fa(@n) = f(@)] = [ (e)llzn — 4|
vdi ¢ thuoc (xy,,4)
Nhung do
1 1

=12 {e—17

, 1
(0] = b

9
Nén tu day |x, — 4] < 1 Suy e limx,, = 4.
n
Trong vi du trén (va trong phan nhan zét ¢ bai todn 3) ching ta da s dung
dinh lj Lagrange dé ddnh gid hiéu sé gitta =, va gid tri gidi han. O vi du cudi

cung cia bai viét nay, ta tiép tuc néu ra ing dung dung dinh ly nay trong mot
tinh hudng phic tap hon.

1

2
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Bai toan 5. Cho n la mot s6 nguyén duong > 1. Ching minh rang phuong
trinh 2" = 22 4+ x + 1 ¢6 mot nghiém duong duy nhat, ky hiéu la x,,. Hay tim so6
thuc a sao cho gidi han lim, ..o n®(x, — Tpy1) ton tai, hitu han va khdc 0.

Binh luan. Dé thay gid tri a, néu ton tai, la duy nhat. Twong tu nhu & bai

In(3)

n
Dinh ly Lagrange sé giup ching ta danh gid hiéu x, — Tpy1 vad ching minh duw
dodn nay.

Loi gidi. Dat

todn 2, ¢ thé ching minh dudc ring x, ~ 1+ . Tw do co du dodn la a = 2.

Py(z)=2" -2 -z —1.
Ta co
Poi(z) =" —2? —2 —1=2""" — 2" + P,(z) = 2™(z — 1) 4+ P,(2).
Tw do
Poy1(zy) = 2™(zn — 1) + Po(xy) = (22 + 2 + V(2 — 1) = 23 — 1.

Ap dung dinh 1§ Lagrange, ta cé

/

(!Ei +xy + 1)(517n - 1) = Pn—l—l(inn) - Pn+1(517n+1) = (517n - $n+1)Pn+1(C)

/

vdi ¢ thuoc (Tpy1, %), Poq(x) = (n+1)z" — 22 — 1.
Tw do

(n+ 1)>:En+1 +1+ > —2zp01 — 1= Py (2p11) < Ppyq(c) <

Tn41
< Phyi(zn) = (n+1) (2] + zn +1) — 22, — 1.

Tv day, voi luu 4§ limz, = 1, ta suy ra

lim P;L+1(C)

n—00 n

=3
Tiép tuc st dung limn(x, — 1) = 3, ta suy ra

lim nP,. i (c)(xn — Tny1) = lim n(x? + 2, +1)(2, — 1) = 31n(3)

n—oo
P/
& lim n%(z, — :En_i_l)L(C) = 31n(3)
n—oo
P, (c
& nhn(r)lo n2(Tp — Tpi1) nhn(f)lo L() = 31n(3)
— — n

& lim n?(z, — zpe1)3 = 31n(3)

n—oo

& lim n*(z, — Tpe1) = In(3)

n—oo
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Vay véi ¢ = 2 thi gidi han da cho ton tai, hitu han va khdc 0. Dé thay vdi
c > 2 thi gidi han da cho bang vo cung va vdi ¢ < 2 thi ¢idi han da cho bang 0.
Viy c =2 la dap so6 duy nhat cia bai todn.

Qua cdc vi du trén, ching ta thdy cong cu co bin dé khdo sdt cic day sé cho
bdi day cdac phuong trinh la cdc dinh lyj co ban clia gidi tich (vé ham lién tuc, ham
don di¢u, dinh lj vé sy hoi tu ciia day so don diéu va bi chan, dinh lj Lagrange)
va moi lién hé mang tinh truy hoi gitta cdc phuong trinh. Hy vong rdng viéc phan
tich cdc tinh huéng ¢ 5 vi du trén day sé giip ching ta ¢é mot cdch nhin tong
quat cho cdc bai toan & dang nay.

5.3 Dinh ly vé ba ménh dé tuong duong

Dinh 1y 5.1 (Vé ba ménh dé tuong duong). . Cho déy so {cx} vdi 0 < cp < 1,
k=1,2,3,.... Xét cic day so

n n

X, = H(l +¢); Y= H(l — ).

i=1 i=1

Khi dé ba khdng dinh sau la tuong duong
(i) lim X, = 4o0,

n—-4o0o

(i) lim Y, =0,
n—-+400
n
(iii) nll)r_{loo (Z; ci> = +o00.

Ching minh.
Xét khing dinh (i)= (iii).

Gid st Y ¢ <M, v0i 0 < M < 4o00. Khi do
i=1

n n

H(1+Ci) < <1+%Zci>n< <1+%>n<eM,

i=1 i=1

n
vo Iy vi rdng lim X,, = +00. Do dé lim (Z ci> = +o00.

n—-4o0o n—-4o0o i=1

Xét khing dinh (ii3)= (i). Diéu nay la hién nhién ding vi ring

H(l +¢i) > ZCZ'-
i=1

i=1
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Xét khang dinh (i3)= (iii). Nhan zét ring, ing vdi bo n s6 bat kyj a1, as, . . ., ap
vdi 0 < a; <1, thi
n n
Y ai>1-]J0—a)
i=1 i=1

Dé dang kiém tra tinh ding ddn cia bat ding thie nay bing qui nap.
n n

Do lim [](1—c¢;) = 0 nén tng véi méim luon ton tain sao cho [](1—¢;) <
n—+o00 ;4 i=1

1
3 Tw do ta co

n n 1
Zci>1_H(1_Ci) > 5
=1

i=1

+00
Suy ra ) ¢; = 400.
i=1
Xét khing dinh (i)= (ii). Ta cé

n n n
1> H(l — ) = H(l + ¢;) H(l —¢).
i=1 i=1 i=1
n n
Nhung vi lim J[(1+¢;) = +oo nén lim [[(1—c¢;) =0 (theo nguyén ly kep).
=0 = =0 =

Do do lim Y, =0.

n—-4o0o

O

Bay ¢io ta chuyén sang phan dp dung dinh 1y trén dé gidi quyét mot s6 bai
todn.

5.4 Mot sb bai toan vé udc lugng tong va tich

Bai toan 5.5. Cho ddy so thuc tang {u,} cé tinh chat

lim w, = +oo.
n—-+0o00

Chitng minh rang luon ton tai k € N sao cho

up | U2 Uk
U2 us3 Uk+1

< k — 2007

(ta gid st uy > 0).
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Giai.
Ta st dung bién doi tuong duong sau

k
Fo (24240 ) 500076 3 (1- 22 > 2007,

Uz U3 k41 im1 Wit+1
NS N Uy
Do {u,} la day tang nén 0 <1 — <1
w Ui+1
Datci=1— ——. Suyra 0 < c; <1. Mat khdc, ta co
Ui+1
- e =TT -
1 iy Yitl Un+1

n
tién dan tdi 0 khin — +oo. Vay nén 3. ¢; = +oo (T 2)= 3). Do dé Ik € N dé
i=1

M-

Ui4-1

k
(1 _ ) =3¢ > 2007,
=1

=1

Bai toan 5.6. Cho day s6 {a,} duong cé tinh chat lim a, = +oo. Chitng minh

n—-4o0o
rang luon ton tai k € N sao cho

a; < 9632007
ar+az+---+a;

] =

i=1

-
I

Giai. o
Dat ¢; = ! Via;>0nén0<c¢ <1 wva
ar+az+---+a;
(1/ (1/ PR (1/_
| a2t iy s o
ar+az+---+a;
Suy ra

n

ai
1—¢)=
};[2( 2 ar+ag+---+ap

tién dan tdi 0 khi n — +o0.
n n
Via; > 0wva lim an:—l—oo,néani:+oohay3k€NdéZci>2

632007
)
n—+00 i=1 i=1

diéu phdi chiing minh.
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Bai toan 5.7. Xét day tat ca cdc s6 nguyén t6 {p,}, 2 =p1 <p2 <p3 < ---.

Chatng minh rdang
“+o0o

1
;p—n—"FOO.

Giai.

Bai toan 5.8. Xét diy so {a,} wdc dinh bdi cong thic

1 2n—1
al = §,an+1 = man, n:1,2,....
Chatng minh rdang
+o00o
Zan =1
n=1

Giai.
Bai toan 5.9. Cho day so {a,} duong, ting va khong bi chin. Chitng minh ring
“+o0o

Z [arccos( n >r = 400.

Qa
n=1 n+1

Giai.

5.5 Bai tap

Bai 5.1. Cho day s6 {a,} duong, ting va khong bj chan. Chiing minh rang




Chuong 6

Mot so 16p ham chuyén doi cac
cap soO

Trong chuong nay sé mo td mot sé lop ham sé chuyén doi cdc cap so.
6.1 Cap so6 cong, cap so6 nhan va cap so dieu hoa

Trong chuong trinh todn bic trung hoc, cdc bai todn vé cap so cong va
cap s6 nhan da duge dé cdap khd day di. Ddc biét, trong cdc sdach gido khoa va
sdch boi dudng, nang cao cé mot so lugng rat ldn cdc bai todn vé tinh tong, zdc
dinh s6 hang tong qudt, diéu kién dé mot day lap thanh mot cap so,... . Vi vay,
trong muc nay ching ta chi yéu tap trung khdo sdt mot so ddc trung cé lien quan
truc tiép dén day so la cdc cap so cong, cap s6 nhan va mot vai dang cap s6 mé
Tong.

Dinh nghia 6.1. (i) Day so {u,} (hodc (u,)) thod man dieu kién
Up— U =Up — UL = = Upg] — Uy =

duogc goi la mot cap so6 cong.
(ii) Khi déy s6 {uy,} lap thanh mot cap so6 cong thi hieu d = uy — ug duge goi
la cong sai ciia cap so da cho.

Nhan zét rang khi cho mot day hitu han s6 {ug,u1, ..., us} thod man diéu
kién
U —U) = U — U =+ = Usg — Ug—]
thi ta ciing néi rang day hitu han da cho lap thanh mot cap s6 cong vdi cong sai
d=u; — ug.

145
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Dinh nghia 6.2. (i) Daiy so {un} (un # 0 vdi moin € N) thod man diéu kién

w oty _ U

UuQ (3] Un

duogc goi la mot cap so6 nhan.
ii) Khi day so {uy,} lap thanh mot cap s6 nhan thi thuong q = n duoc qoi
(i) y P P 94 g
ug

la cong boi ciia cdp so6 da cho.

Nhan zét rang khi cho mot day hitu han so khdac 0 : {ug,u1, ..., us} thod man
dieu kién
wo_ vy U
Up Uy Us—1
thi ta cting néi rang day hwu han da cho lap thanh mot cap so nhan vdi cong boi
Uy
p=—.
U

Ta ludn cé6 moi lien hé gitta cap s6 cong va cap so nhan sau ddy.
Bai toan 6.1. (i) Néu day s6 {u,} la mot cip so cong thi day s6 {v,} vdi
vp=a"", YneN, a>0

s€ lap thanh mot cap s6 nhan.
(ii) Nguoe lai, néu day so6 {u,} la mot cap s6 nhan vdi cdc s6 hang duong thi
day s6 {v,} vdi
vy = log, un, Vn,eN, 0 <a#1

s€ lap thanh mot cap s6 cong.

Giai Chitng minh dugc suy ra truc tiép tw Dinh nghia 6.1 va 6.2 O

Dinh nghia 6.3. Day s6 {u,} (un # 0 vdi moi n € N) thod man dieu kién

2Up_1Unt1
Up = ——

= , Vn e N*
Up—1 + Upt1

duogc goi la cap s6 diéu hoa.

6.2 Day s6 tuan hoan

Tuwong tw nhw doi véi ham so thong thuong, ta cé thé coi day s6 {x,} nhu
mot ham f(n) = x, xdc dinh trén tap N va nhan gid tri trong R. Ta chi quan
tam dén hai logi day tuan hoan co ban la tuan hoan cong tinh va tuan hoan nhan
tinh.
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Dinh nghia 6.4. Day s6 {u,} dugc goi la mot day tuan hoan (cong tinh) néu
ton tai s6 nguyén duong | sao cho

Uptl = Up, Vn € N. (1)

S6 nguyén dwong | nhé nhat dé day {u,} thod man (1) duoc goi la chu ky co sé
cia day.

Trong thuc hanh, dé ching minh mot day da cho la tuan hoan, khong nhat
thiét phdi zdc dinh chu ky co sd ctia no.
Nhan xét 6.1. Ddy tuan hoan chu ky 1 khi va chi khi day doé la mot day hang.

Tuwong tu, ta ciing cé dinh nghia vé day tuan hoan nhan tinh.
Dinh nghia 6.5. Ddy s6 {u,} dudc goi la mot day tuan hoan nhan tinh néu ton
tai s6 nguyén duong s (s > 1) sao cho

Ugp = Up, YV € N, (2)

S6 nguyén duong s nhé nhat dé day {u,} thod man (2) dugc goi la chu ky co sé
cta day.

Bai toan 6.2. Ching minh rang day {u,} tuan hoan (cong tinh) chu ky 2 khi
va chi khi day cé dang

un=zlat B+ (@A~ afeR 3)

Giai Gid st ug = a, uy = 8 V4 Upyo = Up, ¥n € N. Khi dé ta thay ngay (bing
quy nap toan hoc) day {u,} cé dang (3). Nguoc lgi, moi day zdac dinh theo (3) la
mot day tuan hoan chu ky 2. O

Bai toan 6.3. Chiing minh rang day {u,} tuan hoan nhan tinh chu ky 2 khi va
chi khi day co dang

tug j  vdi nlé,
U =
" Nugesr  vdin=2"(2k+1), m e N* ke N.
Giai Chitng minh duogc suy triuc tiép tu hé thitc truy hoi.

Bai toan 6.4. Ching minh rang day {u,} tuan hoan chu ky 3 khi va chi khi day
c6 dang
\/§ . 2nm

Up = %[a+ﬁ+7+(—a—ﬁ+2v)] COS%TW%—T(a—ﬁ) sin == o, B,7v €R. (4)
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Giai. Gid st ug = o, up = 8, ug = 7y V@ Upy3 = Uy, Vn € N. Khi dé, ta thay
ngay (bang quy nap todn hoc) day {u,} cé dang (4).
Nguge lai, moi day xdc dinh theo (4) la mot day tuan hoan chu ky 3 :

a76777a76777""

Bai toan 6.5. Cho k € Q\ Z. Chiing minh rang ddiy s6 {u,} zdc dinh theo cong
thic
wy =1, u1 = =1, upqy1 = kuy, — up—1, n € N*

khong la mot day tuan hoan.
Giai. Khi |k| > 2 thi
[unt1| = [kl[un| — |un—1| > 2|un| — [up—1].

Néu luon luon xdy ra |uy,| < |un_1| vdi moi n € N* thi ta c6 ngay dieu phdi chiing
minh. Néu xdy ra |um| = |um—1| > 0 thi suy ra

[t | < Jumyr| <---

va do dé day {u,} khong la mot diy so tuan hoan.
Xét |k| <2 wvoi k= ]—9, (p,q)=1,2< q€Z* peZ. Bing quy nap theo n ta
q
thu duoc

Pj .
uj:qj—il’ pJGZ, (pjv(J):lv \V/JG{L?TL}

T dé suy ra
Pn+1

_P _
Up4+1 = —Up — Up—1 = n
q q
trong do
Pt = PPn— ¢’Pn-1 € Z
va (ppi1,q) = 1. Do q > 2 nén uy, # uy khi n # m va day {u,} khong la day so
tuan hoan. O

Bai toan 6.6. Xdc dinh cdc gid tri cia k € Q dé day 56 {u,} zdc dinh theo cong
thiic
up =1, uy = =1, upqp1 = kuy — up—1, n €N

la mot day so tuan hoan.
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Giai.
Theo két qud cia Bai todan 4, khi |k| > 2 va

K <2, k=

Q3

vdi (p,q) = 1,

2 < q € Z* th day {u,} khong la day so6 tuan hoan.

Xet |k| <2 vk € Z.

Vdi k = 2 thi {u,} la mot cap s6 cong vdi cong sai bang —2 nén hién nhien
day {u,} khong la day tuan hoan.

Voi k=1 thi {u,} la day tuan hoan chu kyj 6 :

Uy =—-2,u3=—-1,ug=1,u5 =2, ug = 1,uy = —1,
Voi k =0 thi {u,} la day tuan hoan chu ky 4 :
u =1, up =—-1,upg=—-1,ug=1,u4 =1, u5 = -1,
Voi k = —1 thi {u,} la day tuan hoan chu ky 3 :
=1, u=—-1u=0u3=1, uy = —1,
V6i k = —2 thi {u,} la day tuan hoan chu ky 2 :
=1l uy=—-1u=1u3=-1,uq4 =1,

O

Dinh nghia 6.6. a) Ddy s6 {u,} dudgc goi la mot diy phan tuan hoan (cong
tinh) néu ton tai s6 nguyén duong | sao cho

Upt] = —Up, Vn € N, (5)

S6 nguyén dwong | nhé nhat dé day {u,} thod man (5) duoc goi la chu ky co sé
cia day.

b) Day s6 {v,} dugc goi la mot day phan tuan hoan nhan tinh néu ton tai so
nguyén duong s (s > 1) sao cho

Vsgn = —Vp, Vn € N. (6)
S6 nguyen duong s (s > 1) nhé nhat dé day {v,} thod man (6) dugc goi la chu
ky co s6 cua day.

Nhan xét 6.2. a) Day phdn tuan hoan véi chu ky | la mot day tuan hoan chu
ky 2.

b) Day phdn tuan hoan nhan tinh chu ky s la mot day tuan hoan nhan tinh chu
ky 2s.
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Bai toan 6.7. Chitng minh rdng moi day {u,} phdn tuan hoan chu kj r déu cé

dang
1

Uy = §(vn — Upegr) VF8 Upgor = U (7)

Giai. Gid st upyy = —up, Vn € N. Khi dé, ta thay ngay rang day {u,} tuan
hoan chu ky 2r va

Up = §(un - un—l—r)a

tie la co dang (7).
Nguoc lai, kiém tra truc tiép, ta thdy moi day wdc dinh theo (7) déu la day
phdn tuan hoan chu ki r. O

Bai toan 6.8. Cho f(x) la mot da thic vdideg f =k > 1, f(x) € Z 1ing vdi
moi x € Z. Ky hiéu r(k) = min{2%| s € N*, 2% > k}. Ching minh rang day so6
{(-1)/®}  (k=1,2,..) la day tudn hoan vdi chu ki r(k).

Giai. Ta c6 k!f(x) € Z[z]. Biéu dién f(x) dudi dang

f(:c):a0+a1<f> +---+ak<2’>,

(i) ::z:(:n—l)--];:!(:n—k+1)

Ta can chiing minh f(x +r(k)) — f(x) chia hét cho 2 véi moi x € Z.

Nhan xét ring
i i

chia hét cho 2 véi moi i € N*, 25 >4, x € Z. That vdy, ta cé

trong do

1
M;==[2+2)(2°+2-1)...(2°+z—i+1) —z(@x-1)...(z —i+1)]
7!
T s6 hién nhién chia hét cho 2°. Mat khdc, s6 ma ciia 2 trong khai trién cia i!
la
_ S
Z[g] <Z§—Z§2’
j=1 j=1

nén M; chia hét cho 2 vdi moii € N*, § <25, x € Z. T dé suy ra

()0
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chia hét cho 2 vdi moii € Z, i <k, Yz € Z. Do aj € Z nén
k
fle+rk) = f(x) =) a;T;
§=0
chia hét cho 2, diéu phdi chitng minh. O

Bai toan 6.9. Xdc dinh day s6 {u,} thod man dieu kién

Ugpt1 = 3Up, Vn € N. (8)
Gidi. Datn+1=m, m = 1,2,.... Khi dé c6 thé viét (8) dudi dang

U1 = SUm—1, Vm € N*

hay

Vo = 3V, Vm € N* (9)
v

Um = Um—1, Ym € N*, (10)
T (9) ta c6 vo = 0. Dt v, = m'°823y,, m € N*. Khi dé (9) c6 dang

Y2m = Ym, M € N*.

Vay {ym} la mot day tuan hoan nhan tinh chu ky 2. Khi dé theo Bai todn 2 ta cé

n =

tug j  vdi nlé,
Yok+1 vdinco dang 2™(2k + 1), m € N* k € N.

T dé suy ra

logy 3
m 82 Ym+1,

Um = Un4+1 =
Va1

Yn

tug j  vdi nlé,
Yok+1 vdinco dang 2™(2k 4+ 1), m € N* k € N.

Bai toan 6.10. Xdc dinh diy {u,} thod man dieu kién

Uopi1 = —3u, +4, Vn € N. (11)
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Gidi. Datn+1=m, m=1,2,.... Khi dé c6 thé viét (11) dudi dang
Uom—1 = —3Um—1 +4, Vm € N*
hay
Vo = —3Up, +4, VYm € N* (12)
VO Uy, = Upp—1 -
Dat vy, = 1+ . Khi dé (12) ¢6 dang
Tom = —3Tm, Vm € N*. (13)
Dt x,, = ml°823y,, m € N*. Khi dé (13) c6 dang
Yom = —Ym, m € N*.

Vay {ym} la mot day phdn tuan hoan nhan tinh chu ky 2.
Khi dé, theo Bai todn 2, ta cé

tuy ¥ vai nlé,
Un =< —Yars1 vdi ncé dang 22" (2k +1), m,k €N,
Y2k+1 vdi ncé dang 22™(2k + 1), m € N*, k € N.

T dé suy ra
U = V1 = 1+ (m + 1)10g2 3ym+17

tuy ¥ vai nlé,
Yn = —Yoks1 vdincé dang 222k +1), m,k €N,
Y2k+1 vdi ncé dang 22™(2k + 1), m € N*, k € N.

6.3 Ham so6 chuyén doi cap so cong

Bai toan 6.11. Néu day s6 {uy,} la mot cap so cong thy day s6 {v,}

Vi v, = auy, + b, Yn € N sé lap thanh mot cap so cong.
Giai. Gid s {u,} la cdp s6 cong vdi cong sai bing d.

Xét day s6 {v,} vdi v, = au, +b, ¥n € N.

Ta c6 vo = aupg + b,v1 = auy +b...v, = auy, +b,v,41 =a(n+1) +0b.

Khido

V] — V) =UVp — VU] = V3 — Vg = Upt] — Up = ad

Vay déiy {v,} la cap s6 nhan vdi cong sai bang ad O
Van dé dat ra la ta di tim tat c¢d cdc ham s6 c6 tinh chdt chuyén cip s6 cong
thanh cdp sé cong. Xét bo dé sau.
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B6 dé 6.1. Cho cdp so cong {a,} va ham s6 f : R — R thod man diéu kién

f<:v+y> _f(=) +f(y)7 .y > 0,
2 2
Khi dé day {f(an)} la mot cap so cong.
Chitng minh. T gid thiét, ta cé cdc hé thitc
ag—ayg=-:+""=0ap —Ap—1 = Ap41 —Aap = ...

Suy ra

20y = Gp_1 + @ny1, Yn € N*
Khi do

f(an) _ f(an—l + an—l—l) _ f(an—l) + f(an—l—l) '
2 2

T dé ta c6 {f(an)} la mot cap so cong. O

Bai toan 6.12. Tim ham s6 f(x) xdc dinh va lien tuc trén R thod man diéu
kién:

§(EEE) LD

2 2
Giai. Dat f(z) — f(0) = g(z), ta cd g(x) lién tuc trén R, vdi g(0) = 0 va

g<m+y> :g(:v)+g(y)7 vr.y € R
2 2
Lan lugt cho y =0 va x = 0, thi
z, _ g(x)
9(3) ==~
va W)
y Y
2y = L2 R.
9(5) == Vo€
Do dé:n—i—y - y
=g(= 4 R
g( 2 > g<2>+g<2>’ Vo, €
Vay

g(x+y)=g(x)+g(y), Vr,y €R

Vig(z) lién tuc trénR,nén phuong trinh trén la phuong trinh Cauchy va do do
g9(z) = ax.Suy ra f(z) = ax + b, (a,b € R).
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6.4 Ham so6 chuyén doi cap s6 cong vao cap s6 nhan

Bai toan 6.13. Néu day s6 {uy,} la mot cap so cong thy day s6 {v,}
Vi v, = a¥r, Yn € N,a > 0 sé lgp thanh mot cap so nhan.

Giai. Gid st {u,} la cap s6 cong vdi cong sai bang d.
Xét day s6 {v,} vdi v, = a“r, Yn € N,a > 0.

Ta c6 vg = a0, vy = a™ ...v, = a”, vpyq = a1t
Khido
Y1 _ Y2 _ B _Ungl _ 4
Vo U1 V2 Un

Vay day{v,} la cép $6 nhan vdi cong boi bing a®

B6 dé 6.2. Cho cdp so cong {a,} va ham s6 f : R — R thod man diéu kién

f<$;y> =V f(@)f(y), Y,y >0.

Khi dé day {f(an)} la mot cap sé nhan.

Chitng minh. T gid thiét, ta cé cdc hé thitc

alr—ayg=-:+""=0ap —Ap—1 = Ap41 —Aap = ...
Suy ra
2ap, = ap_1 + apy1, Vn € N*
Khi do “ ‘e
-1 1
f(an) = f(n27n+) = \/f(an—l)f(an—l—l)'
T dé ta c6 {f(an)} la mot cap s6 nhan. O

Nhu vay ta cé hai ham sé trén chuyén cap s6 cong thanh cép sé nhan, van dé
dat ra la ta di tim tat cd cdc ham s6 cé tinh chat chuyén mot cap sé cong bat ky
thanh mot cdap s6 nhan. Trudc hét ta xét bai todn sau.

Bai toan 6.14. Tim ham f(x) zdc dinh va lién tuc trén R thod man diéu kién

1Y) = VI@TW), Yoy er

Giai. Theo dieu kién bai todn ta suy raf(z) >0, Vo € R.
Néu ton tai xo déf(xg) =0 thi

) = VT f) =0, Wy € R,

tie la f(z) =0
Xét truong hop f(x) >0, Vo € R. Khi dé ta co
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r+y
2

_ In f(z) +1In f(y)
2

In f(
hay

)

, Ve,y e R

z+y\ _ g(@) +g(y)
9( 2 > T2
trong dé g(x) = In f(z). Theo két qud Bai todn 4 thi g(x) = ax + b.
Vay f(x) = e a,b € R tug 4.

, Ve,y e R

6.5 Ham so6 chuyén doi cap so6 nhan vao cap so6 cong

Bai toan 6.15. Néu day so {u,} la mot cap s6 nhan vdi cic so hang duong th
day s6 {v,}
vdi v, = logh, Vn € N,0 < a # 1 sé lap thanh mot cap soé cong.

Giai. Gid st {uy} la cap s6 nhan vdi cong boi bang q. Xét day s6 {v,} v, =
logi™, Vn e N,0 <a# 1.

Ta co
Vg = Ingov U1 = Ingl y U2 = IOgZQ <oy Up = IOan

Khi do

V] — V) =Vg— V] =V3 —Vg++* = Up — Up_1 zlogg

Vay{v,} la cdp sé cong vdi cong sai bing log? O
B6 dé 6.3. Cho cip s6 nhan {a,} vdi a, > 0Yn € N va ham s6 f(x) thod man
dieu kién

f@) + f(y
fivam) = T ey 50

Khi dé day {f(an)} la mot cap so cong.

Chitng minh. Tw gid thiét, ta cé cdc hé thitc

@ . s R
aj (079 An+1
Suy ra
afl = ap_1Gny1, Yn € N*
Khi do

ap—1 + Gpt1
f(an) = f(\/ an—lan—l—l) = f(%)
T dé ta c6 {f(an)} la mot cap so cong. O
Van dé dat ra ta di tim tat cd cdic ham sé chuyén doi mot cap s6 nhan bat ky
thanh mot cdap so cong. Trudc hét ta zét bai todn sau.



6.6. Ham s6 chuyén déi cap s6 nhan vao cap so diéu hoa 156

Bai toan 6.16. Tim ham so f(x) xdc dinh va lién tuc trén R thod man diéu kién

iy = LIy e

Giai Viz >0,y > 0 nén cé thé dit v = e,y = €' va f(e*) = g(u).
Khi do g(u) lién tuc tén R va cé dang

utwvy  g(u)+g(v)
g ( 2 > T2
Theo két qud ciia bai todn 8.52 thig(u) = au + b.

Vay ta cé két qud f(z) =alnz +b,a,b€ R tuy 7.

Theo b6 dé 6.3 trén ta c6 ham s6 f(x) = alnz + b, a,b € R chuyén doi moi
cap s6 mhan thanh cap so cong.

, Yu,veR.

6.6 Ham s6 chuyén do6i cap s6 nhan vao cap so dieu
hoa
Ta xét bai toan sau.

Bai toan 6.17. Cho cap s6 nhan {a,} vdi a, > 0, Vn € N va cho ham s6
f: Rt — Rt thod man dieu kien

Chaing minh rang day {f(an)} la mot cap s‘ diéu hoa.

Giai. Tu gid thiét, ta cé cac hé thic

@ _ L G _tun
ago B B ap—1 B Gn B
Suy ra
afl = ap_1Gny1, Yn € N*
fhe 4o 2 (an-1) ans1)
an—1 An+1
an) = f(\/Gn_10n .
f( ) f( ! +1) f(an—l) + f(an—l—l))
T dé ta c6 {f(an)} la mot cap s6 dieu hoa. O

Bay ¢io ta di tim tat cd cdc ham sé cé tinh chat chuyén mot cip sé cong bat
ky thanh cdap so diéu hoda thong qua viéc tim tat cd cdc ham so cé tinh chat sau.
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Bai toan 6.18. Tim ham f(x) xdc dinh va lién tuc tréen R thod man diéu kién

— _ 2@f) +
TV = sy ey "OYER
Giai. Ta c6 2f(x) f(y)
o _ z)f(y z +
IV = fay s py RV ER
Suy ra
FVA) = ———— ey € R
@) W)
Hay
.t
1 fl&) ), *
[V R
) — Y Khi dé ta co
Dit g(:E)_f(:E).Kh do t
9(\/@):M’ Vr,y € R

Theo két qud ciia Bai todn 6.16 thy g(z) = alnz + b. DE f(x) lién tuc trong RT
thi g(x) # 0 vdi mei x € RY. Diéu dé tuong duong vdi a = 0,b# 0

Vay

f(x) =beR\{0} tuy ¥.



Chuong 7

Mot sb 16p ham chuyén déi cac
cap s6 trong tap roi rac

Trong chuwong nay sé mo ti mot s6 ldp ham sé chuyén doi cic cap so
trong tap hop Z,N.

7.1 Ham so chuyén doéi cap so cong thanh cap so cong
Trude hét ta zét bai todn sau.
Bai toan 7.1. Tim cdc ham so f(z) zdc dinh trén Z thod man tinh chat

flx+y)=f(x)+ fly), Vo,y € Z

Giai. Trudc hét ta khdo sdt ham so f(:n) trong tap hop N
Taix =0,y =0, ta duge f(0) =

Tai:pzl,yzl,tacéf()—2f()datf() a ta co f(2) =2a
Toiw=2,y=1,taco f(3)=f(2)+ ()=>f()= f(1) hay f(3) = 3a
Bing phép qui nap ta ching minh duge f(n) = nf(1) hay f(n) = na, V € N*

Voix,y € Z

Thay x = —y ta cé f(0) = f(z) + f(—x) = f(z) = —f(—=z). Khi do ta co
ham f(z) la ham [é.

Xétn € Z,n < 0= —n >0, khi dé theo chitng minh & phan trén ta cé

f(=n) = —na

s f(n) = —f(—n) = f(n) = na

Vay ham s6 can tim la f(x) = axVz € Z.
Bai toan 7.2. Tim ham sé f(x) zdc dinh trén Z thod man dieu kién:

f<:c42ry> flz ) ()

, Ve,y€eZ,x+y=2k,keZ

158
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Giai. DPat f(0) =0, f(x) =b+ g(x) thi g(0) =0, thay vao cong thic trén ta co

b+g(w;ry): b+9(w);rb+9(y)
jg(w;ry) _ g(w);rg(y)

Lan luot chon x =2k, y =0 , hodc x = 0,y = 2k ta c6

glx+y)  gl@)+g(y)

2 2

e g(r+y) =g)+g(yVe,ycZ
Theo két qud Bai toan 7.1 ta ¢6 g(x) = ax, Vo € Z
Vay f(x) =ax +b

Bai toan 7.3. Ching minh ring diéu kien can va di dé day so {a,} lap thanh
mot cap so cong la day da cho phdi thod man hé thic

2040 = A2m + a2n, Vm,n € N. (7.1)
Giai.
Diéu kién can.
Gid su day {a,} la mot cap so cong vdi cong sai bang d.
Khi do
an = ao+ (n—1)d, ¥n € N*.

Vay nén

aop, + a2m = 2a, + (2m + 2n — 2)d

Va
20m4n =2[ao + (m+n—1)d]
Tw do ta cé ngay cong thic 7.1
Dieu kién du.
Gid st diy {a,} thod man dieu kién 7.1. Ta chiing minh day {a,} la mot cap
50 cong vdi cong sai bang d = a1 — a,
Thay m = 0 vao cong thic 7.1 ta cé

2an = a, + azy,
Thay n = 0 vao cong thic 7.1 ta co

20, = Gy + a9
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Thay két qud trén vao cong thitc 7.1 ta thu duoc

20m4n = 20, + 2ay, — 2a,
Aman = Om + an — Gp (7.2)

Thay m =1 vao cong thic 7.2 ,ta co
Gnt1 = ap +d, d= a1 — a,
Vay day {a,} la mot cap s6 cong. O

B& dé 7.1. Diéu kién can va di dé mot ham sé chuyén moi cap sé cong nguyén
duwong thanh cép sé cong la ham dé chuyén tap cdc sb tw nhién thanh cap sé cong.

Chitng minh Diéu kién can.

Néu ham f chuyén moi cip sé cong thanh cdp s6 cong thi hién nhién ham f
chuyén tap cdc s6 tu nhién thanh mot cap sé cong vi tap cdc so tu nhién la cap
50 cong vdi cong sai nhé nhat la 1.

Dieu kién du.

Ham f chuyén tap cdc s6 tu nhién thanh cap s6 cong,tic la day {f(n)} la cdp
56 cong VYn € N.Day {a,} la cap s6 cong nguyén duong, vdi cong boi la d € N ta
phdi chiing minh day {f(ayn)} la cip so cong.

Vi day {f(n)} la cip so cong nén theo cong thiic 7.2 ta cé

fm+mn)= f(m)+ f(n) — f(o), Ym,n €N

Diy {ay} la cap s6 cong nguyén duong, vdi cong boi la d € N suy ra anyq =
an +d
Khi do

flani1) = flan +d) = f(an) + f(d) = f(0)

hay f(ant1) — flan + d) f(d) — £(0) khong doi.
Vay day {f(an)} la cap s6 cong vdi cong sai la f(d) — £(0)
U

Bai toan 7.4. Xdc dinh cdic ham s6 f : Z — RT chuyén moi cdp sé cong
{an}, an € Z thanh cdp s6 cong.

Giai. D€ gidi bai todn nay theo Bé dé 7.1 ta chi can zdc dinh cdc ham s6 chuyén
day sb tw nhién thanh cdp sé cong.Ham f chuyén day sé tw nhién thanh cdp so
cong thi ta co:

fm+mn)= f(m)+ f(n) — f(o), Ym,n €N



7.2. Ham s6 chuyén doi cap s6 nhan thanh cAp s6 nhan 161

fm+mn) = f(0) = f(m) = f(0) + f(n) — f(0), ¥m,n € N.
Dat g(n) = f(n) = f(0) ta 6

g(m+mn) = g(m)+g(n)

Khi dé theo bai todn 7.1 ta c6 g(z) = ax,Vx € N trong dé a = ¢g(1)

Do dé f(x) = g(z)+ f(0) .Dat f(0) =b thi f(x) =azr+bVr e N

Két hop Bai todn 7.2 ta cé:

Ham s6 chuyén doi moi cap s6 cong thanh cip s6 cong trong tap cdc s6 nguyén
la f(z) =azx+b,Vx € Z. O

Bai toan 7.5. Xdc dinh ham s6 f chuyén cdip s6 cong nguyén duong {a,} cho
trude thanh cap so cong {b,} cho trude.

Giai. Ta xét hai truong hop sau:

(i) Néu {a,} = N, theo két quda Bai todn 7.4 ta c6 f(x) = ax + b, Vo €
N,a,b e R.

(ii) Néu {a,} CN, ta c6 ham s6 f : N — R dugc xdc dinh nhv sau

fn) = {bn neun € {an} (7.3)

cn néun & {an}

trong dé c,, tug o trong R. chuyén cip s6 cong nguyeén duong {a,} cho trudc thanh
cap s6 cong {b,} cho trudc.

7.2 Ham s6 chuyén doéi cap s6 nhan thanh cap s6 nhan

Trén co sd cdc bai todn trén ta tim cdc ham sé chuyén cdc cip s6 khdc
trén tap hop sé nguyén. Trude hét ta di tim nhitng day s6 thuc hién phép chuyén
tiép mot dai luong trung binh cia cdp phan ti tuong wng cia day so.Cdc bai todn
nay lién quan chdt ché dén viéc chuyén tiép cdc cap s6, dén su phdong dodn cdc
cdp sb tong qudt.

Bai toan 7.6. Xdc dinh day s6 {uy}, sao cho

u(m;—n) = Vu(m)u(n), Ym,n, m;—n e N*. (7.4)

Giai. Ta c6

u(n) = (2L = Vulmyu(m) =/ [um) = u(m) |

2
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Dat u(1) = a,u(2) = (e > 0,8 > o).
a) Néu o =0 thi

1+2n—-1

5 )=+Vu(l)u(2n—-1) =0, Vn e N*

u(n) = u(

Vay u(n) =0 la nghiém duy nhat cia phuong trinh (7.4)
b) Neua >0 va 8=0 thi

u(n) = u(f) =Vul2ul2n—-2)=0, Vn>2

Suy ra

la nghiém cia phuong trinh (7.4)

162

c)Xét truong hop a > 0 va 3 > 0. Gid st ton tai n, > 3 sao cho u(n,) =0

Thé thi

No + Ny — 2
2

Chon ny, = 3 thi u(n, — 1) = u(2) =0, hay S =0, mau thuan .

u(ne — 1) = u( ) = Vu(no)u(n, —2) = 0.

Do dé, ta c6 thé gid thiét rang u(n) > 0, vdi moi n € N*. Khi dé

u(2) = u(3—;—1) — a@)u(l) = 0.
Suy ra 2@ P
W= T a
Mat khac
u(3) = u(*22) = \/u{@u)
Suy ra 5
@) _ (G g

u(4) = = = —
) u(2) Ié; a?
Bdng phuong phdp quy nap todn hoc, ta ching minh dudc ring

ﬁn—l

(07

u(n) =



7.2. Ham s6 chuyén doi cap s6 nhan thanh cAp s6 nhan 163

Ta co - )
Lk
Dat
a = ab,
{ B =ab*(a>0,b>0)
Suy ra

2
a By,
«

- a,

/3 =
Vay nghiém cia phuong trinh (7.4) la

a néun=1
u(n) = )
{0 néeun > 2 (Ya >0)

hogc u(n) = ab™ (a > 0,b> 0).
Bai toan 7.7. Xdc dinh day s6 {u,}, sao cho

m+n 2u(m)u(n) m+n

u( 5 ) = wm) + u(n)’ Ym, n, 5 € N* (7.5)
Giai.
u(m—l—n): 2u(m)u(n)
2 u(m) + u(n)
m+n 2
’LL( 9 ) ] 1

1
Dat ——, thi phuong trinh da cho tuong duong vdi

m-+n
2

v(m) —|—’U(’I’L)'

u( 5

)=

Theo Bai todan 7.2, ta ¢6 v(n) = an+ b vdi a,b > 0,a+ b > 0. Vay nghiém cia
phuong trinh (7.5) la

1
u(n) = ——,a,b>0,a+b>0.
an+b
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B6 dé 7.2. Chimg minh ring diéu kién can va di dé day cdc s6 duong {a,} lap

thanh mot cdp so nhan la day da cho phdi thod man hé thic
a2, = G2mG2n, Vr,y €N (7.6)

Chitng minh. Dt Ina,, = b, vdi moin € N. Khi dé a,, = € va (7.6) cé dang

e*bm +n = e, + ba,, Ym,n €N
Hay
2bm4n = bom + bon (77)
Theo bai todn 7.3 thi (7.7) la diéu kién can va di dé day s6 {b,} lap thanh
mot cap so cong vdi cong sai d = by — by.
T dé theo bai todn 6.13 suy ra diéu phdi ching minh.
Nhan zét:Tw cong thic (7.6) ta co
2

Xetm =0 ta co afl = agag, Xétn =0 ta co a;, = apasm

2.2
a’a
Suy 6 agmag, = —5
ag
2 2
) aza
Do dé a?,,,, = 5™
a aao
A~ nm
Nén apmqy = U
ago

Bai toan 7.8. Xdc dinh day cdc s6 duong {x,} thod man diéu kién
T = TmTn, Vm,n € N*

Giai. Ta c6 1., = T1Tpn. Suy Ta 1 = 1. Gid st n = p la s6 nguyén té. Khi dé
bang qui nap ta ching minh duge xx = (xp)* va néun = ppy? ... pgethi:
Tn = ($P1)a1 (:Epz)az s (:EPS)QS
Zp €O thé nhan gid tri tuy 4 khi p la mot s6 nguyen to.
Tw dé ta cé két luan:
Zp €O thé nhan gid tri tuy 4 khi p la mot s6 nguyén té va

Tn = ($P1)a1 (:Epz)az cee (:EPS)QS

khi n = p{*p3? .. p‘;s
Bay gio ta zét tiép bai toan sau:
Bai toan 7.9. Xdc dinh ham s6 f thod man tinh chat f(mn) = f(m)f(n) trong

dé m,n €N,
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Giai. Ta c¢6 f(1.n) = f(1)f(n). Suy ra f(1) = 1. Gid sin = p la s6 nguyén to.
Khi dé bing qui nap ta ching minh duoc f(p¥) = f(p)¥ va néun = p*pS? .. .pesthi:

f(n) = Flp)™ f(p2)** ... fps)™

f(p) c6 thé nhan gid tri tuy § khi p la mot s6 nguyen to.
T dé ta c6 két luan:
f(p) c6 thé nhan gid tri tuy § khi p la mot s6 nguyén t6 va

f(n) = f(p)* fp2)™ ... f(ps)™
khi n = p{tp3? ... p%s
Bai toan 7.10. Ching minh ham s6 f : N — R zdc dinh nhu sau vdi n =
piips? ... p%s , pi la cdc s nguyén to thy f(n) = f(p1)* f(p2)®2... f(ps)® trong

dé f(p;) tuy o, i = 1,2,3,... chuyén cip s6 nhan cé cong boi nguyén té thanh
cap s6 nhan.

Giai. Gid s c6 cap 56 nhan {nog"}, k= 0;1;2...,n9;q € N* ta phdi chiing minh
{f(nog®)} ciing la cép s6 nhan. That vay theo két qia bai todn 7.9 trén ta cé ngay
diéu phdi chiing minh.

Sau day ta zét bai toan

Bai toan 7.11. Ching minh rdng ham sé f chuyén moi cdp sé nhan thanh cdp
56 nhan khi va chi khi ham sé dé chuyén cap sé nhan c¢é cong boi nguyén té thanh
cap s6 nhan.

Giai. Pieu kién can.

Néu ham s6 f chuyén moi cdp s6 nhan thanh cp s6 nhan thi hién nhién né
chuyén cdp s6 nhan cé cong boi nguyén té thanh cap sé6 nhan.

Dieu kién du.

Néu ham s6 f: N — R chuyén cip sé nhan cé cong boi nguyén to thanh cdp
56 nhan. Gid s {u,} la cap s6 nhan ta phdi chimg minh {f(uy,)} cing la cap so
nhan. Véi u, = ugq™ ta zét hai truong hop sau:

Néu q la 56 nguyén to thi bai todn dudc chitng minh.

Néu q khong la s6 nguyén t6 thi ¢ = p{*ps? .. .p%s trong dé p;, i € N* la cdc
50 nguyén to. Khi dé ta co

fun) = fuog") = f(uo(p'p3* . ..p<")")
= f(uo(p1)™ " (p2)™*" ... (ps)™*")

— f(u(])f(oi;ll)nfazn . ‘fas.)n

(pZ) (ps
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Theo Bo dé 7.6 ta ching minh f?(umin) = f(um)f(u2,)
Ta 6 [ (umin) = (F (o) fo ™™ S ™ ™ £ ™)

2 2a1.(m+n) p2as.(m+n) 2a.(m+n)
= f*(uo)f f f

(p1) (p2) ) 2(105 ) ) B
f(u2m>f(u22n>(=f(u02>fgz,§ mfg;”; (f " (o) fET R S
2 [e%1 m+n [e) m+n Q. m+n
= fu )f(m f(pz f(ps

Vay ta cé diéu phdi ching minh.



Chuong 8

Mot sb6 bai toan xac dinh day
s6 trong 16p day tuan hoan
cong tinh va nhan tinh.

8.1 Mot s6 bai toan xac dinh day sbé trong 16p day
tuan hoan cong tinh

Bai toan 8.1. Xdc dinh day {x,} sao cho xp43 =z, +1,n=1;2;3;...

Giai. Dat xp, = § + yn. Khi dé ta cé

n+3 n
hay Yn+s = yn, Vn € N. Vay nén
Yo =Y3 =Y = - a tugy vdin=3kkeN
M=Y=yr=-+ < Yv=btugy wviin=3k+1,keN
Yo =Ys =Yg = -+ ctugy viin=3k+2,keN

Bai toan 8.2. Xdc dinh day s6 {x,} sao cho x,,3 = 2z,
n
Giai. Dat x, = 23 y,. Suy ra
n—+3
2 3 Yn4+3 = 2(2%?4%) < Yn+3 = Yn < Yn+3 = Yn-

167
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Vay nén
Yo =Y3=Y6 = """ a tugy vdin=3kkeN
M=Y=yr=--+ < Yp=btugy wviin=3k+1,keN
Yo =Ys =Yg = - ctugy viin=3k+2,keN

Vay x,, = Q%yn trong do
a tugy wvoi n=3kkeN
Yn =10 tugy wvdin=3k+1,keN
ctugy woiin=3k+2,keN
Sau day ta zdy dung bai todn tong qudt sau.
Bai toan 8.3. Xdc dinh day s6 {uy,} thod man dieu kién
Uptb = Up + d

Trong dé n,b € N,d €R

d
Giai. Dat u, = gn + V. Thay vao cong thic upyp = un + d, ta co

d d
g(n+b)+vn+b:gn+vn+d

Suy ra v,y = vy, do dé vy, la day tuan hoan cong tinh chu ki b

Vay u, = gn + v, vdi vy, la day tuan hoan cong tinh chu ki b.
Bai toan 8.4. Xdc dinh day s6 {uy,} thod man dieu kién
Unp4p = C.Unp,
trong do n,b € N*,¢ €R

e o n P
Giai. Dat u, = cvv, ta co

n+b n

Cb Uptb = CCOUy.

Suy ra vyip = v, do dé v, la day tuan hoan cong tinh chu ky b Vay u, = ctuy,
vdi vy, la day tuan hoan cong tinh chu ki b.

Bai toan 8.5. Xdc dinh day s6 {uy,} thod man dieu kién
Unyb = Cly +d,

trong do n,b € N*, ¢,d €R.



8.1. Mot s6 bai toan xac dinh day so trong I6p day tuan hoan cong tinh
Giai. Xét truong hop c = 1 theo két qua bai todn 8.3, ta cé
Uy = gn “+ vy,
vdi vy, la day tuan hoan cong tinh chu ki b.
d
Xét truong hop ¢ # 1. Dat u, = v, + T2 Khi do ta co
—c
d d
Upap + —— =c(vp+——) +d, YneN
1—c 1—c
hay
Upap = CUp.
Theo két qud bai todn 8.4, ta cé v, = | c |%:17n, trong do
Ty vor ¢ >0
Tn4+b = .
—Tn v0r ¢ <0
Vay nén
1 + C%:En, vdi Ty tuy Y $a0 cho Tpip = Ty, 001 ¢ >0
—c
f(x) =
d n ) .y .
T + | c|vxn, vdi x, tuy g sao cho Tpip = —Ty, vdi ¢ <0
—c
Két luan:
p N d . s ax A N .
-Neuwc=1 thi u, = gn + v, V01 vy, la day tuan hoan cong tinh chu ky b.
- Néuc# 1 thy
1 + c%:nn, vli Ty tuy Y $a0 cho Tpip = Ty, vdi ¢ >0
—c
f(x) =
d n » . »
1T +|c|bxy, v x, tug ¥ sao cho Tpip = —x, vdi ¢ <0
—c

Bai toan 8.6.

169
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8.2 Ham s xac dinh trén tap cac s6 nguyén
8.2.1 Ham sb chuyén ddi cac phép tinh sé hoc

Khi xét lop phuong trinh ham vdi cdp chi so tu do dang doi zing quen biét, ta
thuong s dung phép thé chi sé biang cdc bién mdi dé dua phuong trinh ham da
cho vé mot dang phuong trinh ham mdi da biét cich gidi. Tuy nhién, trong cdc
truong hop st dung phép thé chi sé tong qudt, nghiém nhan duge cia phuong trinh
mdi, nhin chung khong thod man dieu kién bai ra. Vi vay, nghiém ciua phuong
trinh mdi can duoc thi lai thong qua cdc di lieu cia bai ra. Ta zét mot so6 vi du
minh hoa.

Bai toan 8.7. Xdc dinh ham so f: Z — R thod man cdc diéu kién
fm+n)= f(m)+ f(n) +mn (m,n € Z). (1)
Giai. Tw phuong trinh (1) ta nhan duge
f(n+1)=f(1)+ f(n) +n, VneZ,

hay
fln+1)— f(n)=a+n, a= f(1), Vn € Z. (2)

Phuong trinh f(n+ 1) — f(n) = a +n la mot phuong trinh sai phan tuyén tinh
khong thuan nhat cap 1. Do phuong trinh ddc trung tuong ting cé nghiém \ = 1,
nén ta cé nghiém tong qudt cia phuwong trinh thuan nhat f(n+1) — f(n) =0 la

fln)=c (3)

Ta viét

Khi do, nghiém riéng cia (2) cé6 dang
f(n)* =n(dn+e).

Thay f(n)* vao (2) ta dugc

Vi f(n) = f(n) + f(n)* nén tw (3) va (4) ta c6 nghiém cia (2) la

f(n):c—i—%nz—i— (a—%)n. (5)
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Do f(1)=a, tu (5) ta c6 ¢ = 0.
Thay ¢ = 0 vao (5), ta thu duge nghiém cia (2)

L o

f(n):§n —|—<a—%>. (6)

Thit lai ta thay nghiém dang (6) thod man dieu kién cia dau bai.
Bai toan 8.8. Ton tai hay khong ton tai mot ham so f : Z — R thod man diéu
kién

fm+n)=f(m)+ f(n) +m+n, (m,neZ). (7)

Giai. Lap lai cdach gidi nhu doi vdi Bai todn 1, ti phuong trinh (1) ta suy ra
fin+1)=f1)+ f(n)+n+1

hay

fn+1)—f(n)=a+n vdia= f(1)+ 1. (8)
Phuong trinh f(n+ 1) — f(n) = a +n la mot phuong trinh sai phan tuyén tinh
khong thuan nhat cap 1. Do phuong trinh ddc trung cé nghiém X\ = 1 nén ta cé
nghiém tong qudt cia phuong trinh thuan nhat f(n+1) — f(n) =0 la

fln)=c (9)

Ta viét 1 1 1
_ 1 D2_2p2_ 2
=gt )T gt =g

Khi dé, nghiém riéng cia (8) ¢6 dang x!, = n(dn + €). Thay f(n)* vao (8) ta

duoc

f(n)* = %nz + (a - %)n (10)
Vi f(n) = f(n) + f(n)* nén tw (9) va (10) ta cé nghiem cia (8) la
f(n):c—i—%nz—i— (a—%)n. (11)

Do f(1)=a—1, tw (11) ta c6 c = 1.
Thay ¢ =1 vao (11), ta cé nghiém cia (8)

f(n) = %nz + (a - %)n—l— 1. (12)

Thit lai ta thay nghiém dang (12) khong thod man diéu kién cia dau bai. Vay
khong ton tai mot ham s6 f : Z — R thod man diéu kién

fm+n)=f(m).+ f(n)+ m+n (m,n€Z).
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Bai toan 8.9. Xdc dinh f: Z — R* thod man diéu kién

f(mn) = f(m)f(n) (m,n€Z).
Giai.
Ta c6 x1., = f(1)f(n). Suy ra f(1) = 1. Gid st n = p la mot s6 nguyén to.
Khi dé f(p*) = (f(p))* (quy nap) va néun =p*...p% thi

f(n) = (f(p1))™ - (f(ps)) .

Vay f(p) co thé nhan gid tri tug i khi p la mot s6 nguyén to.
Két luan:
f(p) c6 thé nhan gid tri tugy § khi p la mot s6 nguyén t6 va

f(n) = (f(p1)™ - (f(ps))™
khi n = pi* .. .tp%s.
Bai toan 8.10. Xdc dinh day f : Z — R thod man diéu kién
Fm+n)+ f(n—m)= f(3n) (m,n€Z,n>m).

Giai.
Cho m = 0, ta ¢6 2f(n) = f(3n). Suy ra f(0) = 0. Dat m = n ta dugc
f(2n) = f(3n). Suy ra, mot mat thi

f(4n) = f(6n) = f(9n)
vd mat khdc thi

f(4n) + f(2n) = f(9n).
T dé suy ra

Fln) = 57(3n) = 5 f(2n) =0

vdi moi n € 7.

8.2.2 Ham sb chuyén tiép cac dai lugng trung binh

Trong muc nay, ta di tim nhing ham sé thuc hién phép chuyén tiép mot dai
lugng trung binh cia cdp chi so sang mot dai luong trung binh cia cdp phan ti
tuong wng ctia ham so. Cdc bai todn nay lien quan chdt ché dén viéc chuyén tiép
cdc cdp so; dén su mo phdng cdc cap sé tong qudt, ching han, ta cé thé chuyén
mot cap so cong sang mot cap sé nhan, cap so dieu hod, ...

Dudi day ta zét mot s6 bai todn chuyén tiép cic dai luong trung binh co bin
trong chuong trinh phé thong.

1) Phép chuyén cac dai lugng trung binh cong
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Bai toan 8.11. Xdc dinh ham s6 u(n), sao cho

u(m;—n) :u(m);—u(n) (m’mm;n EZ>

Gidi. Pdt u(l) =a, u(2)=p. Ta co
() = <3+1> u(3)—|—u(1)'

2 ) 2
Suy ra
u(3) =2u(2) —u(l) =26 — a.

Tiép tuc qud trinh nhu vay, ta dudc

u@)=u<4;2>:uuygmm'

Suy ra
u(4) =2u(3) —u(2) =226 — o) — 8 =30 — 2a.

Bdng phuong phdp quy nap, ta thu dudc
u(n) =(n-1)6—-(n—2)a, Yn.
Vay
’LL(’I’L) = (ﬁ—OZ)’I’L+2OZ—ﬁ, \V/’I’L,
u(l)= «a, u(2)=2p0.
Dita=a+b; =2a+b, thha=p—avab=2a—_0.

Do dé, nghiém cia phuong trinh la u(n) = an + b; a,b tug 9.
2) Phép chuyén dai lugng trung binh céng sang trung binh diéu hoa

Bai toan 8.12. Xdc dinh ham s6 u(n) € Z sao cho

((m7) - it (00 7).

Giai. Ta co
(252) 2 o (24) =

Dat ﬁ = wv(n), thi phuong trinh da cho tuong duong vdi

U<m;n>:vmw;mm'
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Theo Bai toan 1, v(n) =an+b; a,b>0, a+b>0.
Vay nghiém cia phuong trinh la

1
u(n) = ——; a,b>0; a+b>0.
an +b

3) Phép chuyén dai lugng trung binh cong sang trung biuh nhan

Bai toan 8.13. Xdc dinh ham s6 u(n) sao cho

u (m;”> _ Va(m)u(n): (m,n,m;n> €z

Datu(l)=a, u(2)=p (>0,3>0).
a) Néu o =0 th

1+2n—-1

u(n) =u ( 5 > =+vu(lu(2n—-1) =0, Yn € Z.
Vay u(n) =0 la nghiém duy nhat cia phuong trinh .

b) Neua >0 va 8=0 thi

=Vu2u2n—-2) =0, Vn > 2.

2

u(n) = u (M)

Suy ra

a, néun=1
u(n) = )
0 neun>2

la nghiém cia phuong trinh.

174

c) Xét truong hop o > 0 va 3 > 0. Gid si ton tai ng > 3 sao cho u(ng) = 0.

Thé thi

w(ng —1) = u (W) — Valng)u(ng —2) = 0.

Chon ng = 3 thi u(ng — 1) = u(2) = 0, hay 8 =0, madu thuan.
Do dé, c6 thé gid thiét rang u(n) > 0 vdi moin € Z. Ta co

w(2) = u (3%1> — VaBull).
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Suy ra
u*(2) B
wB=Tn " @
Mat khac
442
u(3) =u (%) = Vu(4)u(2)
Suy ra
6_2 2
wove (5 _p
u(2) Ié; a?
Bdng phuong phdp quy nap todn hoc, ta ching minh dudc ring
n—1
Ma
gl (ot (BY”
a2\ 3 a
Dat
a = ab,
(a>0,b>0)
B = ab?
Suy ra
a? 1]
ﬁ = a, a = b

Vay nghiém cia phuong trinh la

a néun=1

u(n) = { (a=0)

0 néun>2

hodc u(n) = a.b™ (a>0,b>0).
4) Phép chuyén dai lugng trung binh cong sang trung binh bac hai

Bai toan 8.14. Xdc dinh ham s6 u(n), sao cho

o (22) < [FE (b 5),

2 2
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Giai. Ta co

2
Suy ra

u?(3) = 2u*(2) —u?(1) = 26° — o?

= u(3) =262 —a? (o< BV2).
Tuong tu

= (152 - R
Suy ra
u?(4) = 2u%(3) — u?(2) = 2(26° — &) — % =367 — 202

hay

u(4) = V35— 202 (a < ﬁ@.

Bdng quy nap todn hoc, ta chiing minh dudc hé thic

u(n) = v/(n—1)B32 — (n —2)a2, Vn > 3.
Nhan zét rang, ta luon cé

V=D = (0= 2)a? = (7~ a?)n + 207 - 2.
a’=a+b
B2 =2a+b.

a:ﬁ2_a2
b:2a2—ﬁ2.

Vay nghiém cia phuong trinh la u(n) =+van+b; a >0, a+b>0.

Suy ra

Nhan xét 8.1. Trong cd bon bai todn da néu & trén, néu ta thay m bdi (n + 1)
va n bdi (n — 1) thi ta cé thé dua ching dugc vé cic phuong trinh sai phan quen
biét.
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8.2.3 Phuong trinh trong ham sé véi cip bién tu do

Trong muc nay, ta di tim nhing ham s6 thuc hién phép chuyén tiép mot biéu
thitc dai s6 ctia cdp chi s6 sang mot dai luong khdc cia cip phan ti tuong ing
ctia day s6. Cdc bai todn nay lien quan chdt ché dén viéc chuyén tiép cdc ham
50; dén sy mo phong cdac ham soé ddc biét trong s6 hoc, dai s0, ...

Bai toan 8.15. Tim ham f : Z — 7 théa man cdc dieu kién f(1) =a € Z va
fm4+n)+ f(m—n)=2f(m)f(n), Ym,n € Z.

Giai. Chom =n =0 ta dugc f(0) = 0 hodc f(0) = 1. Néu f(0) = 0 thi thay
n =0 ta dugc 2f(m) =0 vdi moi m € Z. Do vay f(m) =0 va dng vdi a = 0.

Néu f(0) =1, cho m =n =1 ta thu duoc f(2) = 2a% — 1.

Tiép tuc thay m = 2;n = 1 vao diéu kién bai ra ta duge f(3) = 4a® — 3a. Tu
dé ta cé du doan f(n) = T,(a) vdi moin > 1.

D dodn dé dudc ching minh dé dang bang phuwong phdp quy nap.

Mat khdc, chom = 0 ta duge f(n)+f(—n) =2f(0)f(n) =2f(n) nén f(—n) =
f(n). Vay f(n) la ham chan. Vay ta dugc

1 khim =0,
flm) = a khim = %1,
Timi(a) khi|m|>1, m € Z.

. )
Bai toan 8.16. Tim ham f : Z — R théa man cac dieu kién f(0) # 0, f(1) = 3

fm+n)+ f(m—n)=f(m)f(n), Vm,n € Z.

Giai. Chom =n =0 ta duge, do f(0) # 0, f(0) = 2. Tiép theo, theo quy nap
ta dugc
fln)y=2"+2"" VneZ.

Thit lai ta thay ham nay thod man diéu kién bai ra.

Bai toan 8.17. Tim ham f : Z — [0, 4+00) théa mdn cdc diéu kién f(1) =1 va
1
fm+n)+ f(m—n)= §[f(2m) + f(2n)], Ym,n € Z, m > n.
Giai. Chom =n=0 ta duge f(0)=0. Chom =1, n=0 thi

P+ F() = 5172) + £(0)]

Suy ra f(2) = 4.
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Chitng minh bang quy nap ta dugc f(n

hat vy, do () + (k) = 31/(2K) ¢
2

)=
f(0)] nén co6 ngay f(2k) = 4k?.
Cing vay, do f(k+ 1)+ f(k—1)=s[f

)
[f(2k) + f(2)] nén ta co
Pk +1) = 572K +2 - f(k—1) = (k+ 1)

Bai toan 8.18. Tim cdc da thiic hai bién P(m,n) (m,n € Z) thod man diéu
kién

a) P(am,an) = a®?P(m,n) vdi moi m,n,a € 7,

b) P(b+c,a)+ P(c+a,b)+ Pla+b,c)=0 vdi moi a,b,c € Z,

¢) P(1,0)=1.
Giai.

Trong b) dgt b=1—a; ¢ =0 ta dugc

P(1—a,a)=—-1—P(a,1—a). (1)

Lai dat c =1 —a — b va két hop vdi a) ta dugc

Pla+b,1—a—0b)=P(a,1—a)+ P(b,1—5b)+2. (2)
Dat f(m) = P(m m) + 2. Khi dé f(1) = P(1, 0)—1—2—31)(1 (5) tré thanh
fm+n)= f(m)+ ( ) Dé la phuong trinh day chuyén doi phép cong
Flm+m) = F(m) + £(n), 5
f(1)=3.
Phuong trinh (3) cé nghieém duy nhat f(n) = 3n. Vay nén
P(n,1—n)=3n-—2. (4)

Bdng phuong phdp quy nap ta sé thu dugc

Pla,b) = (a—i—b)2(3aib ~2) = (a+b)(a—2b), Va,beZ

Tém lai P(m,n) = (m +n)%(m — 2n).

Bai toan 8.19. Cho da thic Chebyshev T, (x) = cos(narccosz). Ching minh
rang vdi m,n € Z; n > m va x € R thi T,,(x) la nghiém cia phuong trinh day
sau

Totm(x) + Ty () = 2T, (2) T ().
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Giai. Su dung dinh nghia T, (x) va phuong phdp quy nap hodc st dung cic cong
thic
cos(n + m)z + cos(n — m)xr = 2 cosnx cos mz

va
cosh(n + m)x + cosh(n — m)x = 2 cosh(nx) cosh(mx),

ta c6 ngay diéu phdi ching minh.
Bai toan 8.20. Tim ham f Z — 7 théa man cdac dieu kién
AN e€Z: —N < f(n) < N Vn € Z,
fm+n)+ f(m—n)=2f(m)f(n) Ym,n € Z. (1)

Giai. Chom =n =0 ta dugc f(0) € {0,1}. Gid s f(0) =0. Cho n =0 trong
(1) ta duge 2f(m) =2f(m)f(0)=0va f =0.

Gia st f(0) = 1. Cho m = 0 trong (1) ta thu dugc f(—n) = f(n) vdi moi
n € Z. Vay chi can zét n € Z. Cho n =1 trong (1), ta duoc

flm+1) =2f(m)f(1) = f(m—1)

va thu duge cong thic truy hoi theo f(1). Néu |f(1)| > 2 thi tw gid thiét ta cé
F(2m) = 2L ()P — 1

tiang va khong gidi ngi, trdi vdi gid thiét. Vay f(1) € {—1,0,1}.
Voi f(1) = =1 tht f(n) = (=1)" (quy nap).
Vaoi f(1) =1 thi f(n) =1.
Voi f(1) =0 ta duge day tuan hoan (quy nap)

fAm)=1, fAm+1)=0, f(4m+2)=-1, f(4m+3)=0.

Suy ra f(2) = 4. Chitng minh bing quy nap ta dugc f(n) = n?. Thdt vay, do

(k) + f(k) = (1/2)[f(2k) + f(0)] nén cé ngay f(2k) = 4k>. Cing vay, do f(k +
1)+ f(k—1) = (1/2)[f(2k) + f(2)] nén ta c6

f(k:+1):%f(%)+2—f(k:—1):(k‘+1)2.
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8.2.4 Mot sd dang toan lién quan dén day truy hoi
Bai toan 8.21. Ky hiéu

us

7
Up = / sin" xdx, n € Z.
0
Xdc dinh ham so f: Z — R theo cong thic

fn)=m+1Dug(n+1), neZ.

Giai. St dung cong thic tich phan tung phan, ta thu dugc

1 2 . pa—
Uy = — cos x sin ! :E’OZ —1—/ (n — 1)sin" 2 z cos? zdx
0

2 n—2 i 02
= / (n—1)sin"*z(1 — sin” z)dz
0

= (n - 1)(un—1 - Un)

Tw day suy ra
n+1

n—+ 2

gn+2)= Up, N E Z.

Tw (1) ta nhan dugc

fln+1)=(n+2)g(n+1)g(n+2)

n—+1
n -+ 2

= (n+1Dg(n+ Dun = f(n).

— (n+2)g(n+ 1),

Vay nén

Bai toan 8.22. Ky hiéu
™
Up = / cos" x cosnxdzx, n € Z.
0

Xdc dinh ham so f: Z — R theo cong thic

f(n) =2"uy,, necZ

180
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Giai. Ddt cos" x = u va cosnxdr = dv thi theo cong thic tich phan ting phan,
ta thu duoc

1 .7 T _ . .
U, = — cos” x sin :E|0 + cos" ! z sin x sin nzdz
n 0

1 ™
=5 / cos" ! z[cos(n — 1)z + cos(n + 1)z]dz
0

1 1 1 [™ n—l _ . .
= —Up—1 — =Up + = CcOs zsinx + sinnxdx
2 2 2 Jo

Vay nén
1 1 1 o 1 =
Up = Eun—l = Zun—2 == on—1 Uy = on—1 5

Bai toan 8.23. Xdc dinh ham s6 {u,} dugc tinh theo cong thiic

s

4 2n
Up = tan“" zdx
0

Giai. Ta viét u, dudi dang sau

s

4 2n
Up = tan“” zdx
0

s

= /4 tan®2 z[(tan® z + 1) — 1]dx
0

s

4 2n—2
= tan rdtanx — u,_1
0

2n—1

tan zz
= ST lo T un-1
B 1
Top—1 Ut
Do vy
1
Up + Up—1 = om—1’
1

Up—1 + Up—2 = o _ 3’
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Suy ra

w2 )
k=1

Bai toan 8.24. Xdc dinh ham so f: Z — R dugc tinh theo cong thic
1
= /:E"\/l —xdx, n€Z.
0

Giai. Dat 2" =u, V1 — xdr = dv tha

1
:/:E"\/Edm
0
1
= [~ e -+ 2 (e VT (1 - 2y
0
1
_ 2?” /(mn—l — ")W1 = zda
0
1 1
- 2?71 /(:E"_l\/m&r — 2?71 /:E”ﬂd:ﬂ
0 0
2;$n 1— 2_nf( )-
Vay nén )
n
f(n)= o — 3$n—1
Vi f(0) = § en ta c6 ngay
/ "1 —zdr =2——""_ (2n)t n € 7.
(2n + 31V

Bai toan 8.25. Xdc dinh ham f : Z — 7Z thod man cdc dieu kién

FO0)=1, F(f(n)=f(f(n+2)+2)=n VneL

182
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Giai. Nhan zét rang f la dnh za 1-1

flm)=fn) = [f(f(m))=[f(f(n)) = m=n.

Vay nén
f(n)=f(n+2)+2 VneZ
Suy ra
fn+2)=f(n)—2, f(0)=1, f(1)=f(f(0))=0
Vay nén
F2) = f(0) ~2= -1,
fB)=rf1)—-2=-2
fn)=—-(n—-1)
Tuong tu
F1 = f(1) +2=2,
F(-2) = f(0) +2=3,
F(-3) = f(1) +2=5,
fn)=—(n—-1)

Bai toan 8.26. Cho géc a vdi 0 < o < w. Xdc dinh cdp so a,b sao cho day ham
{P,(x)} dugc tinh theo cong thic

P,(x) = 2" sina — xsin(na) + sin(n — 1)«
luén luon chia hét cho f(x) = x? + ax +b.
Giai. Voin=3 th
Py(x) = 23sina — x sin(3a) + sin 2a = sin oz + 2 cos a) (22 — 2z cosa + 1).
T dé suy ra vdi f(z) =z + 2xcosa + 1 thi P3(x):f(x). Vdin >3 thi
Poy1(z) = 2Py (x) 4+ (2° — 2z cosa + 1) sinna.

Suy ra f(x) = 2% +2rcosa + 1.



8.3. Ham sb xéc dinh trén tap céc sb hitu ty 184

Bai tap

Bai 1. Xdc dinh ham so f : Z — R néu biét: f(1) = a, f(m+n) = f(n)+ f(m);
Bai 2. Xdc dinh ham s6 f : Z — R néu biét: f(1) =a, f(m—n) = f(n)+ f(m)
(m,n,m—n €Z).

Bai 3. Xdc dinh ham s6 f : Z — R néu biét f(%) = f(n)+f(m) (m,n
Bai 4. Xdc dinh ham s6 f : Z — R thod man diéu kién f(%) = f(m) — f(n)
(m,n, % € 7).

Bai 5. Xdc dinh ham so6 f : Z — R thod man diéu kién f(m +n) = f(m)f(n
(m,n € Z).

Bai 6. Xdc dinh ham s6 f : Z — R néu biét f(m+n)+ f(m—n) = 3(f(2m) +
f@2n), (myn,m—necZ).

Bai 7. Xdc dinh ham s6 f : Z — R thod man didu kien f(m + n) = L%
(m,n €Z).

Bai 8. Xdc dinh ham s6 f : 7Z — R thod man diéu kién f(%*’") =/ f(m)f(n)
(m,n, 2% € Z).

Bai 9 . Xdc dinh ham s6 f : Z — RT thod man diéu kién Tmin = %
(m,n, 22" € 7).

Bai 10 . Xdc dinh ham so f : Z — RYT thod man dieu kién f(m;n> =

~—

f(m)zél—f(n)z (m’ n, m;—n c Z)

8.3 Ham sb xac dinh trén tap cac sé hitu ty
Bai toan 8.27. Xdc dinh ham s6 f: Q — R thod man cdc diéu kién
flutv)=fpw) + f) +pr (p,v € Q). (1)
Giai. Twu phuong trinh (1) ta nhan dugc
fv+) =)+ fv)+v

hay
fw+1)—f(v)=a+v, a= f(1). (2)

Phuong trinh f(v + 1) — f(v) = a + v la mot phuong trinh sai phan tuyén tinh
khong thuan nhat cap 1. Do phuong trinh ddc trung cé nghiém X\ = 1 nén ta cé
nghiém tong qudt ciia phuong trinh thuan nhat f(v+1) — f(v) =0 la

fv)=c (3)
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Ta viét

Khi do, nghiém riéng cia (2) cé6 dang
fw)* =v(dv+e).

Thay f(v)* vao (2) ta dugc

fwy = (a3 (4)
Vi f(v) = f(v) + f(v)* nén ti (3) va (4) ta cé nghiem cia (2) la
f(l/):C—l—%I/z—I— (a—%)n. (5)

Do f(1)=a, tu (5) ta c6 ¢ = 0.
Thay ¢ =0 vao (5), ta thu dugc nghiém cia (2)

Ly

f(l/):§I/ —|—<a—%>. (6)

Thit lai ta thay nghiém dang (6) thod man dieu kién cia dau bai.

Bai toan 8.28. Ton tai hay khong ton tai mot ham so f : Q — R thod man
dieu kién
flptn)=fp)+fW)+p+n, (nveQ). (7)

Giai. Ldp lai cach giai nhu déi vdi Bai toan trén, ti phuong trinh (1) ta suy ra
fv+1)=f1)+ f(v)+v+1

hay
fv+1)—f(v)=a+v viia= f(1)+ 1. (8)

Phuong trinh f(v + 1) — f(v) = a + v la mot phuong trinh sai phan tuyén tinh
khong thuan nhat cap 1. Do phuong trinh ddc trung cé nghiém X\ = 1 nén ta cé
nghiém tong qudt cia phuong trinh thuan nhat f(v +1) — f(v) =0 la

fv)=c (9)

Ta viét
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Khi dé, nghiém riéng cia (8) c6 dang x., = n(dv + e). Thay f(v)* vao (8) ta
duoc

flv) = %I/z + (a - %)I/ (10)
Vi f(v) = f(v) + f(v)* nén ta (9) va (10) ta cé nghiem cia (8) la
f(v) :c—l—%l/2—|—<a—%>u. (11)

Do f(1)=a—1, tw (11) ta c6 c = 1.
Thay ¢ =1 vao (11), ta cé nghiém cia (8)

flv) = %I/z + (a - %)I/—I— 1. (12)

Thit lai ta thay nghiém dang (12) khong thod man dieu kién cia dau bai. Vay
khong ton tai mot ham s6 f : Q — R thod man diéu kién

fle+v)=fp).+fW)+p+v (nveQ).
Bai toan 8.29. Xdc dinh f: Q — R* thod man diéu kién
fw) = f(p) f(v) (p,veQ).

Giai. Ta c¢6 1, = f(1)f(v). Suy ra f(1) = 1. Gid st v = p la mot s6 nguyén
t6. Khi dé f(p*) = (f(p))* (quy nap) va néu v = p* .. .p% thi

FW) = (f(p1) - (f(ps)).

Vay f(p) co thé nhan gid tri tugy i khi p la mot s6 nguyén to.
Két luan:
f(p) c6 thé nhan gid tri tugy § khi p la mot s6 nguyén t6 va

fw)=(fp)* - (f(ps))*
khi v = p{t .. tp%s.
Bai toan 8.30. Xdc dinh day f: Q — R thod man diéu kién
Flp+v)+ fv—p) = f@Bv) (mveQ,v=yp).

Giai. Cho p =0, ta ¢6 2f(v) = f(3v). Suy ra f(0) = 0. Dat p = v ta dugc
fQ2v) = f(3v). Suy ra, mot mat thi

flav) = f(6v) = f(9v)
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vd mat khdc thi
fdv) + f(2v) = f(9v).
T dé suy ra

f(0) = 5 f(30) = 5 F(20) =0

v moi v € Q.

Tiép theo, ta di tim nhimng ham sé thuc hién phép chuyén tiép mot dai luong
trung binh cia cdp chi s6 sang mot dai luong trung binh cia cdp phan ti tuong
tng ctia ham s6. Cdc bai todn nay lién quan chat ché dén viéc chuyén tiép cdc
cdp s6; dén su mo phdng cdc cip sb tong qudt, ching han, ta cé thé chuyén mot
cap s6 cong sang mot cap s6 nhan, cap so diéu hod,...

Dudi day ta zét mot s6 bai todn chuyén tiép cic dai luong trung binh co bin
trong chuong trinh phé thong.

1) Phép chuyén cac dai lugng trung binh cong

Bai toan 8.31. Xdc dinh ham s6 u(v), sao cho

u<u+u> _ u(p) +uv) (lewu e@>

2 2 2
Giai. Pdt u(l) =a, u(2)=p. Ta co
() = <3+1>_u(3)—|—u(1)'

B 2 2
Suy ra
u(3) =2u(2) —u(l) =26 — a.
Tiép tuc qud trinh nhu vay, ta dudc

u(3) (4;2) B u(4);—u(2)'

Suy ra
u(4) =2u(3) —u(2) =220 —a) — B =306 — 2.

Bdng phuong phdp quy nap, ta thu dudc
uv)=(m—-1)—(n—2)a, Yn.
Vay

u(l) = «, u(2)=p.

Dita=a+b; f=2a+b,thha=0—a vab=2a—[.
Do dé, nghiém cia phuong trinh la u(v) = an + b; a,b tugy 7.
2) Phép chuyén dai lugng trung binh céng sang trung binh diéu hoa

{u(u) = (B—a)n+2a—p0, Vn,
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Bai toan 8.32. Xdc dinh ham s6 u(v) € Q sao cho

u(,u—I—u) _ 2u(p)u u)) </L’V’/L+I/ 6@).

2 u(p) + u(v 2

Giadi. Ta co

u(,u—I—V): 2u(u)uu))@u<u—|—u>: 2

2 u(p) + u(v

1 1
u(p) — u(v)

Dat u(ly) v(v), thi phuong trinh da cho tuong duong vdi

. (u;u) IR0}

Theo Bai toan 1, v(v) =av+b; a,b>0, a+b>0.
Vay nghiém cia phuong trinh la
1

— . > . .
u(v) s a,b>0; a+b>0

3) Phép chuyén dai lugng trung binh cong sang trung biuh nhan

Bai toan 8.33. Xdc dinh ham s6 u(v) sao cho

«("54) = Viatuen (nnt5r) e

2
Giadi. Ta co

u(u)zu(

vV+v

Datu(l)=a, u(2)=p6 (>0,3>0).
a) Néu o =0 th

u(v) =u <1+227V_1> =+vu(l)u(2n—1) =0, Yv e Q.

Vay u(v) = 0 la nghiém duy nhat cia phuong trinh .
b) Neua >0 va 8=0 th

u(v) = u (%) = Vu2)u2n—2) =0, Vv > 2.

—+—

) = V) = VT = u)] = 0.

188
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Suy ra

0 néuv>?2

a, néuv =1
u(y):{

la nghiém cia phuong trinh.
c) Xét truong hop o > 0 va 3 > 0. Gid si ton tai ng > 3 sao cho u(ng) = 0.
Thé thy

no +no — 2> — Valng)ulng = 2) = 0.

1) (22

Chon ng = 3 thi u(ng — 1) = u(2) = 0, hay 8 =0, madu thuan.
Do dé, c6 thé gid thiét rang u(v) > 0 vdi moi v € Q. Ta cé

w(2) = u <ﬂ> — Vaull).

2
Suy ra
u?(2) B
w=Tn " @
Mat khdc
442
u(3) =u (%) = Vu(4)u(2)
Suy ra
6_2 2
wor® (&) _»
u(2) Ié; a?
Bdng phuong phdp quy nap todn hoc, ta ching minh dudc ring
v—1
'LL(V) = %, Vv 2 3.
ma
gl (ot (BY"
a’—2 [é] «a
Dat
{ g:“Z;(a>0,b>0).
=a
Suy ra
o? 16}
ﬁ = a, a =b.
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Vay nghiém cia phuong trinh la

hoac u(v) =a.b” (a>0,b>0).
4) Phép chuyén dai lugng trung binh cong sang trung binh bac hai

Bai toan 8.34. Xdc dinh ham s6 u(v), sao cho

u<u+u>: u2(p) + u2(v) (;L,u,“*”e@).

2 2

=4/ ——= =Vu:(v)=|u(v)| >0, Vv eqQ.

u(2) =u <ﬂ> = M

2 2
Suy ra

u?(3) = 2u?(2) —u?(1) = 23% — o2

= u(3) =262 —a? (o< BV2).
Tuong tu

u(3)=u <42L2> _ ),
Suy ra
u?(4) = 2u%(3) — u?(2) = 2(26° — &) — % =367 — 202

hay

u(4) = /36% — 202 (a < ﬁ\/%)

Bdng quy nap todn hoc, ta chiing minh dudc hé thic

u(v) = v/(n—1)8% — (n —2)a?, VYn > 3.
Nhan zét rang, ta luon cé

V=P = =2 = (T — P+ 207 - 7
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a?=a+b
3% =2a+b.

a=p%—a?
b=2a%— 3.

Vay nghiém cia phuong trinh la w(v) = vav +b; a >0, a+b>0.

Dat

Suy ra

Nhan xét 8.2. Trong cd bon bai todn da néu & trén, néu ta thay m bdi (n + 1)
va n bdi (n — 1) thi ta cé thé dua ching dugc vé cic phuong trinh sai phan quen
biét.

8.4 Phuong trinh trong ham sé véi cip bién tu do

Trong muc nay, ta di tim nhing ham s6 thuc hién phép chuyén tiép mot biéu
thite dai s6 ctia cdp chi s6 sang mot dai luong khdc cia cip phan ti tuong ing
ctia day s6. Cdc bai todn nay lien quan chdt ché dén viéc chuyén tiép cdc ham
50; dén sy mo phong cdac ham soé ddc biét trong s6 hoc, dai s0, ...

Bai toan 8.35. Tim ham f: Q — Q théa man cdic dieu kien f(1) =a € Q va
flu+n)+ flm—v)=2f(u)f(v), Vm,v € Q.

Giai. Chom =n =0 ta duge f(0) = 0 hodc f(0) = 1. Néu f(0) = 0 thi thay
n =0 ta dugec 2f(p) = 0 vdi moi m € Q. Do vay f(u) =0 va ung vdi a = 0.

Néu f(0) =1, cho m =n =1 ta thu dugc f(2) = 2a® — 1.

Tiép tuc thay m = 2;n = 1 vao diéu kién bai ra ta duge f(3) = 4a® — 3a. Tu
dé ta c6 du doan f(v) = T,(a) vdi moiv > 1.

D dodn dé dudc ching minh dé dang bang phuwong phdp quy nap.

mat khac, cho m = 0 ta duoe f(v)+ f(—v) =2f(0)f(v) = 2f(v) nén f(—v) =
f(w). Vay f(v) la ham chan. Vay ta duge

1 khim =0,
f() =< a khim=+1,
Tipy(a) khi|m|>1, m € Q.

5

Bai toan 8.36. Tim ham f: Q — R théa man cdc dieu kien f(0) #0, f(1) = 5

va

flpt+n)+ f(m—v) = f(p)fv), Vm,veQ.
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Giai. Chom =n =0 ta duge, do f(0) # 0, f(0) = 2. Tiép theo, theo quy nap
ta dugc
fwy=2v+27" Y €Q.

That lai ta thay ham nay thod man dieu kién bai ra.

Bai toan 8.37. Tim ham f: Q — [0, 4+00) théa mdn cdc diéu kién f(1) =1 va
1
Flptm) + flm—v) = 3[f(2m) + f(20)], Ym,v €@ m > n
Giai. Chom =n=0 ta dugc f(0)=0. Chom =1, v =0 thi

P+ F() = 5172) + £(0)]

Suy ra f(2) =
Chitng mmh bing quy nap ta dugce f(v) =
That vay, do f(k)+ f(k) = 3[f(2k) + f(0 ) nén cé ngay f(2k) = 4k2.
Cing vay, do f(k+1)+ f(k—1) = 3[f(2k) + f(2)] nén ta cé

f(k:+1):%f(%)+2—f(k:—1):(k‘+1)2.

Bai toan 8.38. Tim cdc da thic hai bién P(m,n) (m,v € Q) thod man diéu
kién

a) P(am,an) = a>P(m,n) vdi moi m,n,a € Q,

b) P(b+c,a)+ P(c+a,b)+ Pla+b,c) =0 vdi moi a,b,c € Q,

)

P(1,0)=1.
Gidi. Trong b) ditb=1—a; ¢ =0 ta dugc

P(1—a,a)=-1—P(a,1—a). (1)
Lai dat c=1—a — b va két hop vdi a) ta dugc
Pla+b,1—a—0b)=P(a,1—a)+ P(b,1—5b)+2. (2)

Dat f(u) = P(m,1 —p) +2. Khi dé f(1) = P(1,0)+ 2 =3 va (5) trd thanh
fim4n) = f(u) + f(v). D6 la phuong trinh day chuyén doi phép cong

{ flm+n) = f(u) + f(v),
f1)=3.

Phuong trinh (3) cé nghieém duy nhat f(v) = 3n. Vay nén

3)

P(n,1—v)=3n-2. (4)
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Bdng phuong phdp quy nap ta sé thu dugc

P(a,b) = (a +b)2(3—— — 2) = (a+b)(a— 2b), Ya,be Q.

a+b
Tom lai P(p,v) = (p+mn)?(m — 2n).

Bai toan 8.39. Cho da thitc Chebyshev T, (x) = cos(varccosz). Chitng minh
rang vdi m,n € Q; v > m va x € R thy T,(x) la nghiém cia phuong trinh day
sau

Totm () + T () = 2T, (2) T ().
Giai. Su dung dinh nghia T, (x) va phuong phdp quy nap hodc st dung cic cong
thic
cos(n + m)z + cos(n — m)xr = 2 cosnx cos mx
va
cosh(n + m)x + cosh(n — m)x = 2 cosh(nx) cosh(mx),
ta c6 ngay diéu phdi ching minh.
Bai toan 8.40. Tim ham f Q — Q théa man cdc dieu kién

weQ: —v< flv)<v YWweQ,

flp+n)+ f(m—v) =2f(u) f(v) Vm,v € Q. (1)
Giai. Chom =n =0 ta dugc f(0) € {0,1}. Gia st f(0) =0. Cho v =0 trong

(1) ta duge 2f(p) = 2f(p) f(0) =0 va f = 0.
Gia st f(0) = 1. Cho m = 0 trong (1) ta thu duge f(—v) = f(v) vdi moi
v € Q. Vay chi can zét v € Q. Cho v =1 trong (1), ta dugc

flu+1)=2f(u) f(1) = f(m —1)
va thu duge cong thic truy hoi theo f(1). Néu |f(1)| > 2 thi tw gid thiét ta c6
F2n) = 2 ()] — 1
tiang va khong gidi ngi, trdi vdi gia thiét. Vay f(1) € {—1,0,1}.
Vi f(1) = —1 thi f(v) = (~1)" (quy nap).
Voi f(1) =1 thi f(v) = 1.
Voi f(1) =0 ta duge day tuan hoan (quy nap)
FlAm) =1, fAp+1)=0, F(du+2)=—1, f(4u+3)=0.
)

Suy ra f(2) = 4. Chitng minh biang quy nap ta dugc f(v) = v?. That vay, do

f(k)+ f(k) = (1/2)[f(2k) + f(0)] nén cé ngay f(2k) = 4k%. Cing vay, do f(k +
1)+ f(k—1) = (1/2)[f(2k) + f(2)] nén ta cé

f(k:+1):%f(%)+2—f(k:—1):(k‘+1)2.
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Bai toan 8.41. Ky hiéu

2
Uy :/ sin” xdzx, v e Q.
0

Xdc dinh ham so f: Q — R theo cong thic
f(v) =@+ Dung(v+1), veQ

Giai. St dung cong thic tich phan tung phan, ta thu dugc

us

s 2 . —
Uy = —cos:nsin”_lzn|(]2 —1—/ (v — 1) sin” "2 z cos® xdx
0

= /2 (v —1)sin" 2 z(1 — sin® z)dx
0
= (V - 1)(“11—1 - un)
Tw day suy ra
v+1

glv+2)= L gln VE Q.

Tw (1) ta nhan dugc

fw+1)=w+2)g(v+1)g(v+2)

v+1
V+2u,,

=+ g+ Du, = f(v).

= (v+2)g9(v+1)
Vay nén

Bai toan 8.42. Ky hiéu
™
Uy = / cos” z cosnzdr, v e Q.
0

Xdc dinh ham so f: Q — R theo cong thic

fw) =2"u,, veQ.

194



8.4. Phuong trinh trong ham sé vdi cap bién tur do 195

Giai. Ddt cos" x = u va cosnxdr = dv thi theo cong thic tich phan ting phan,
ta thu duoc

1 .7 T _ . .
u, = — cos” x sin :E|0 + cos’ !z sin z sin naxdz
v 0

1 ™
=5 / cos” 1 z[cos(v — 1)z + cos(v + 1)z]dz
0

1 1 1 [™ vl _ - .
= —Up_—1 — =Uy + = CcOs zsinx + sinnxdzx
2 2 2 Joy

Vay nén
1 1 1 1

Uy = 5“1/—1 = Zuu—2 == ov—1 U1

. s
=iy

Bai toan 8.43. 3. Xdc dinh ham so {u,} duogc tinh theo cong thiic

s

4 2v
U, = tan“’ xdx
0

Giai. Ta viét u, dudi dang sau

s

4 2v
U, = tan“’ xdx
0
jus

= /4 tan? "2 z[(tan’ 2 4 1) — 1]dz
0

s

4 202
= tan zdtanx — u,_1
0

tan zz
=5, =1 I W

B 1

Ty 1

Do vy
1
Uy + Uy_1 = 90— 1
1

Uy—1 + Up—2 = 5 — 3’
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Suy ra

=i 3 )
k=1

Bai toan 8.44. Xdc dinh ham s6 f: Q — R dugc tinh theo cong thic
1
= /:E”\/l —xdx, veQ.
0

Giai. Dat 2¥ = u, V1 — xdx = dv thi

1
:/ZEV\/Ed:L'
0
1
_[- gznn(l “ofL+ 2?” /mv—lmu ~ 2)da

1
2
i /(:13”_1 — 2" )V1 — zdx
0

[y

1
2
:—V \/1—:Ed:L'—?V/:EV\/1—:L'd:L'
0

3
0
2 2
S - 5 1),
Vay nén
2v
1) 9y — 3"
2 p
Vi f(0) = 3 én ta cé ngay
B (2n)!!
/ V1 —xdx = 2(2 FENTE veQ.

Bai toan 8.45. Xdc dinh ham f: Q — Q thod man cdc dieu kién
fO)=1, f(fW)=ffrv+2)+2)=v WweQ
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Giai. Nhan zét rang f la dnh za 1-1

fw) =f) = ffw) =) = m=n.

Vay nén
fW)=fv+2)+2weQ.
Suy ra
fv+2)=fv) -2, f(0)=1, f(1)=f(f(0))=0
Vay nén
f(2)=f(0)—2=—1,
fB)=r1)—-2=-2
fv)=-(v-1)
Tuong tu
F1 = f(1)+2=2,
F(-2) = f(0) +2=3,
F(-3) = f(1) +2=5,
fv)=-(v-1)

Bai toan 8.46. Cho géc a vdi 0 < o < w. Xdc dinh cdp so a,b sao cho day ham
{P,(x)} dugc tinh theo cong thic

P, (x) = 2" sina — zsin(va) +sin(v — 1)«
luén luon chia hét cho f(x) = x? + ax +b.
Giai. Voiv =3 thi
Py(x) = 23sina — x sin(3a) + sin 2a = sin oz + 2 cos a) (22 — 2z cosa + 1).
T dé suy ra vdi f(z) = 2% + 2vcosa + 1 thi Py(x):f(x). Véiv > 3 thi
Pyi1(z) = 2P, (z) + (z? — 2z cosa + 1) sinva.

Suy ra f(x) = 2% +2rcosa + 1.
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Bai tap

Bai 1. Xdc dinh ham so f : Q — R néu biét: f(1) =a, f(u+n)= f(v)+ f(u);

Bai 2. Xdc dinh ham s6 f: Q — R néu biét: f(1)=a, f

(m,v,m —v € Q).

Bai 3. Xdc dinh ham s6 f : Q — R néu biét f(%) = f(v)+ f(p) (u,v, 2 €Q).

Bai 4. Xdc dinh ham s6 f : Q — R thod man dieu kién f(%) = f(u) — f(v)

(v, 2 € Q).

Bai 5. Xdc dinh ham s6 f : Q — R thod man dieu kién f(u+n) = f(u)f(v)

(m,v e Q).

Bai 6. Xdc dinh ham s6 f : Q — R néu biét f(u+n)+f(m—v) = %(f(Qm)—l—f@n)

; (mv,m—veQ).

Bai 7. Xdc dinh ham s6 f : Q — R thod man diéu kien f(u + v) = L&

(m,v e Q).

Bai 8. Xdc dinh ham 56 f : Q — RT thod man diéu kien f(“;"> — T

(1.1 52 € Q).

Bai 9 . Xdc dinh ham s6 f : Q — R thod man diéu kién =+ = %
2

(n,v, 5% € Q).

Bai 10 . Xdc dinh ham s6 f : Q — RT thod man diéu kién f(“;y> =

TP IO (1,0, 142 € Q).
Bai 11. Xdc dinh cic ham f: Q — Q thod man cdc diéu kien f(1) =2 va
fley) = f(@)f(y) — fla+y) +1,2,y€Q

8.5 Sit dung gidi han dé giai phuong trinh ham

Mot trong nhing tinh chat can thiét dé st dung gidi han la tinh lién tuc cia
ham s6. Khi st dung gidi han dé gidi phuong trinh ham nguoi ta thuong lam nhu
sau.
1. Xay dung mot ding thic ding vdi moi gid tri cia n sau dé lay gidi han hai
vé nho st dung tinh chadt lién tuc ctia ham so.

2. Tinh lién tuc khong cé tic dung doi vdi phuong trinh ham trong tap hitu ty
Q. Tuy nhién néu biét chdic chdn la ham lien tuc, ta cé thé thiét lap cong
thiic cho ham trong Q va suy ra cong thiic phdi tim tuong tu trong tap R.

Bai toan 8.47. Tim tat ci cac ham f: R — R lién tuc, thod man diéu kien

flx+y)=f(z)+ fly), Yz,y eR.
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Gidi. Chox =y =0, suy ra f(0) =2f(0, suy ra f(0)=0. Chox =y =1, thi
duge f(2) = 2f(1). Cho x =2, y =1 thi dugc f(3) = f(2)+ f(1) = 3f(1). Quy
nap ta duge f(n) =nf(1), vdi moin € N*.

Ky hiéu f(1) = a, suy ra f(n) = na, vdi moin € N*. Chox =n, y = —n
ta dugc 0 = f(0) = f(n) + f(—n). Suy ra f(n) = —f(n), f(—n) = a(—n), va
f(n) = an vdi moin € Z.

Dit x =y, ta c6 f(2x) =2f(x), f(3z) < f(2z +2) =2f(z) + f(z), f(32) =
3f(x). Suy ra

fimz) =mf(z), YmeN, z € R.

Tw " .
NI EORC)

suy ra f(n/m) = an/m. Suy ra f(x) = ax, vdi moi x € Q. Tu dé suy ra vdi moi
x € R luon ton tai {x,}5°, z, € Q sao cho lim x, =x. Ta c6
n—oo

flxn) = azy,.

Lay gidi han ta cé
lim f(z,) = hm (a:z:n)

n—oo
Tw do f(x) = ax, vdi moi x € R.

Bai toan 8.48. Tim tat ci cac ham lién tuc f : R — R thod méan diéu kién

flx+y)+ flxz—y) =2f(x) +2f(y).

Giai. Chox=y=0, suy ra f(0)=0. Chox =0 suy ra f(y)+ f(—y) = 2f(y).
Do dé f(—y) = f(y), tic la f(x) la ham so chan trén R.

Ky hiéu f(1) = a. Dat x = y = 1, suy ra f(2) + f(0) = 4 ()—4(1 Tw
do f(2) = 4a. Dat x = 2,y = 1 suy ra f(3) + f(1) = 2f(2) + 2f(1), f(3) =
2f(2)+ f(1) = 9a.

Ta chiing minh quy nap f(n) = an®. Ta gid st f(n) = an?, phdi chimg minh
fn+1)=a(n+1)%2 Chox =n,y=1, tacé f(n+1)+f(n—1) = 2f(n)+2f(1).
Suy ra f(n+1) = 2an? — a(n — 1)2 + 2a = a(2n? — (n — 1)%2 + 2). Tiép tuc khai
trién cho ta

f(n+1)=a(n+1)>
Do f la ham s6 chin nén f(—n) = f(n) = an® = a(—n)?. Ta 6 f(n) = an® vdi
moi n € 7.
Bay gio ta chiing minh cong thic f(nx) = n?f(x), vdi moin € N. Véix =y

ta c6 f(2x) + £(0) = 2f(z) + 2f (x) = 22f(x). Suy ra f(2x) = 22f(x).
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Gid st f(nx) = n?f(x), ta phdi chimg minh f((n+1)z) = (n+1)2f(x). That
vay f((n+1)z) + f((n —1)z) = 2f(nx) + 2f (). Suy ra

F((n+ 1)) = —(n = 1) f(a) + 2n* f(x) + 2f ()

Tw day tiép tuc khai trién cho ta f((n+ 1)x) = (n + 1)2f(z). Khi dé6 an® =
f(n) = f(m.2) =m?f(n/m). Suy ra f(n/m) = a(n/m)?, vdi moi m,n € N. Suy
ra ta c6 f(r) = ax?, vdi moi v € Q.

Vay vdi moi © € R luon ton tai {z,}5°, x, € Q sao cho lim x, = x. T dé
n—oo
f(xn) = az?, hay la
lim f(z,) = lim az?.
n—oo n—oo

Tuw dé f(x) = ax?, vdi moi x € R.

Giai (2). Ta co f(0) =0, cho x =y ta dugc f(2z) =4f(z). Suy ra

{2(?:)”3 _ % vz € R — {0).
Suy ra

9(20) = gx), gla) = L) (8.1
Suy ra

o0 =0(G) o)== ol

Do f lién tuc nén g lién tuc tren R—{0}. Suy ra g(z) = lim g(x/2") = g(0) = a.
Suy ra
g(x) =a, Vr € R—{0}.

Vay f(x) = ax?, vdi moi x € R — {0}. Do f(0) = 0 nén f(x) = ax?, vdi moi
z eR.

Bai toan 8.49. Gia st f : R — R va théa man cac diéu kién
1. f(1) =1,
2. fle+y) = f@)+ fly), v,y R,
3. f(x).f(1/x)=1, = #0.

Giai. Ta chitng té rang ham can tim la f(x) = x, vdi moi x € R. Theo bai todn
(8.47), tur dieu kien thit nhat va thi hai ta suy ra f(z) =z, vdi mei x € Q.
Bay gio ta ching t6 f(x la ham lién tuc. Can chiing minh hlim flx+h) = f(x)
—00

hay la fllirr(l](f(a:) + f(h)) = f(z). Tic la can ching t6 fllinr(l] f(h)=0.
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Néu a,b> 0 thi |a+b| = |a| + |b|, tw dieu kién thi ba suy ra rang vdi x # 0 ta
c6 f(x) va f(1/x) cung dau. Chi ¢ rang theo bat ddang thic gitta trung binh cong
va trung binh nhan, ta cé

(a4 3)| = |+ 13)| =1+ [1(3)]

>0/ f(0)-£ () =2
Suy ra
fy) =2 véi moiy > 2. (8.2)

Vay néu |y| < 3 hay |1/y| > 2 thi theo (8.2) ta c6 f(1/y) > 2.
Tu diéu kién thi ba ta co

L=1[f(y).-f(1/y)| = |f(y)].2.

Suy ra

)l <5 (83)
Néu |y| < 1, suy ra [2y| < 5, suy ra |f(2y)| < . Do do

)l < 5 (8.4

Bang quy nap, ta ching minh dugc

1

L
()] < ony V0i Mot ly] < ST

That vay, gia st |f(y)| < 2,1%1 vdi |y| < 1/271. Khi dé néu |y| < 1/2" thi theo

gid thiét quy nap ta co
1

ot = 12l
Suy ra 1/21 > |f(2y)|, hay la
1
on—1 > 2f(y).

Tic la |f(y)| < 1/2™ vai |y| < 1/2™. Vay illirr(l]f(h) =0, suy ra f(x) la ham lién

tuc tren R, ma f(x) =z, vdi moi x € Q. Vay

f(z) =z, vdi moizeR.
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Bai toan 8.50. Cho f : R — R lién tuc thdéa man diéu kien f(1) =1, f(z+y) +
flay) = f(@) + fly) + f(2)-f(y).

(a) Ching minh rang f(z) cong tinh: f(z +y) = f(x) + f(y).
(b) Hay tim tat cd cac ham f théa man diéu kien
fle+y)+ flzy) = f(@) + f(y) + f(2).F(y).
Giai. Cau (a). Cho y = 1, thi ta c6
fla4+1)=f(z)+ 1. (8.5)
Thay = bdi z + 1, ta c6
fe+1+y)+ f(@+1)y) = fla+1)+ fy) + f(z+1)f(y)

Vi f(z+1) = f(x) + 1 neén ta co

f@)+1+ fy)+ flz+1).f(y)
f@)+ fy) + f@)f(y) + 1+ f(y)
flx+y)+ flzy) + fly) + 1.

fla+y) +1+ flzy+y) =

T dé suy ra
fley +y) = flzy) + fy) (8.6)
Vay vdi u,v bat ky, ton tai x sao cho u = vz, suy ra T = = #0. Suy ra
Flu+v) = foa+v) = f(vz) + F©) = f(u) + f(0). (8.7)

Néuv =0 tht f(u) = f(u)+ £(0), suy ra f(0) =0. Thay x =y = 0 vao

fle+y)+ fley) = fo) + fy) + f(@).f(y),
ta dugc
f(0) + £(0) = f(0) + £(0) + f(0).£(0).
Suy ra
£(0) =0 (8.8)
T (8.7) va (8.8) suy ra f cong tinh.

Cau (b). T cau (a) suy ra f(z +y) = f(2) + f(y), va f(zy) = f(z).f(y)
Tic la ham f(z) via cong tinh via nhan tinh. Suy ra f(x) = x, x = 2, thanh

n’
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thit x € Q. Suy ra vdi moi x € R, luon ton tai x, € Q : x,, — = khi n — co. Do
fx) lien tuc trén R neén lim, o f(x,) = f(x), hay la © = f(x).

Gid st ham s6 khong gidm. Cho x = y, ta ¢ f(z?) = f2(x) > 0, suy ra
f(u) =0 vdi moiu>0. Neuzx >y th flx)=fly+x—y)=Ffly)+ flz—y) >
f@), vi f(x—y) >0 vdiz—y=>0.

Véi moi x € R — Q, ton tairy, :r, € Q sao cho

rp>x: lim r, =z (8.9)
n—oo
Ton tai sy, : Sp, € Q sao cho
Sp<zx: lim s, =z (8.10)
n—oo

Suy ra s, < x < ry. Do f la ham so khong giam nén f(s,) < f(x) < f(rn), hay
la
Sn < f(x) <rpe (8.11)

Léy gidi han cho ta

lim s, < f(z) < lim 7.
n—oo n—oo

Tw (8.9), (8.10) va (8.11), theo nguyén 1y kep ta cé6 x < f(x) < x. Suy ra
fle)=2. Chox=y=1,tadé tacé f(2)=2. Thayz=z—1vay=y—1 ta
co

fa+y)+ f((e—y)y+1)=flz-D+ fly+ 1)+ fle—-1).f(y+1). (8.12)
Choy =1, ta c6

fle+ 1)+ f(z) = f(@) + F(1) + f(=z).£(1).
Ding thic nay tuong duong vdi

Flx+1) = flz)+ L. (8.13)
Cho = =2, tir (8.12) cho ta
fR+y)+fly+1) =)+ fly+1)+f1).fly+1).

Vi (8.13) nen ti day ta o

fR+y)=F)A+ fly+1) =1+ fly+1),

hay
f2+y)=f2)+ f(y). (8.14)
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Cho x = 2, ti ddng thic
fl@+y)+ flzy) = fl) + f(y) + f(@).f (),

ta dugc
f@+y)+ f(2y) = f(2) + fy) + [(2)-f(y).

Phuong trinh nay tuong duong vdi

f(2y) =2f(y),

hay la
12y _ 1)
2y y
Dat g(x) = f(x)/x, © #0, ta c¢é (8.16) tuong duong vdi
g(z) = g(2z).
Suy ra

oo =5(3)=ol6)= = o(5)

204

(8.15)

(8.16)

(8.17)

Suy ra ton tai (z,)° vdi moi x € R sao cho x, — x, g(x) la ham so lién tuc trén

R — {0}. Thanh ra, lim g(x,) = g(x). Tic la

i o) =

Vi (8.17) nén tw day ta c6 g(1) = g(x), hay @ =g(z), f(1)
Cudi cung ta duge f(x) = x.
Suy ra f cong tinh.
Chii 4 rdng trong 3§ (b) néu can zét rieng x € Q thi ta cé
fn)=fl+1+- -+ 1) =nf(l)=n
—_—
n sb 1

Ta co

~—

= f(n).f(m/n)

tuong duong vdi moi

Suy ra

Vay f(m/n) =m/n, hay f(x) =z, vdi moi z € Q.

flx)/x.
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Bai toan 8.51. Tim ham f(z) xac dinh R* — R* (0 < x < +00) théa mén cac
diéu kien

L f(z.f(y)-fly) = flz +y) Yo,y >0,
2. f(2) =0
3. f(z)£0Vz €|[0,2).

Giai. Cho y =2 thi tu diéu kién thi nhat ta cé f(z.f(2)).f(2) = f(x +2). Tu
dieu kién thi hai suy ra f(x + 2) = 0 vdi moi x > 0. Vi diéu kién thi ba nén
f(x) #0 vdi moix €0,2), suyrat=x+2>2, suy ra f(t) =0 vdi moi t > 2.

Suy ra
f(z)=0, Vz>2. (8.18)

Vay

(8.19)

L. néu x € [2,+00)
f@) = {75 0 néuzxel0,2)
) <

Ta chi can tim ham f(z) vi 0 < x <2 thh f((2—2).f(x)).f(x)= f2—z+z) =
f(2)=0.
Suy ra f((2—z).f(z)) = 0. Két hgp vdi (8.18) ta c6 (2 —x)f(x) > 2. Suy ra

1/f(x) #0 va f(x) 22/(2—x). Do dé

1 2—x
— < . 8.20
7@ S 2 (520
Mt khac, f((y —x).f(x)) # 0, nén (y — x).f(x) < 2 theo (8.19). Ta c6 dinh
va cho y — 2, do tinh lién tuc cia f nén (y — x)f(x) — (2 —x)f(z) < 2. Vdi
2—x>0th f(x) <2/(2—x). Suy ra

1 2—x

> (8.21)

~
—~~
E
\
8

T (8.20) va (8.21) suy ra

Do do f(x)=2/(2—x). Tom lai
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Cach 2. Khi0<z<2,taco2—z>0,

f(2==).f(x).fx)=f2—z+a)=f(2)=0.
Do f(z)#0 nén f((2—x)f(x)) =0, suy ra (2 —x)f(z) = 2. Thanh thi,

(8.22)

Mt khac, f((y —x)f(z)) # 0 nén (y —x)f(x) < 2. Ta co6 dinh x va choy — 2,
do tinh lién tuc cia f nén (y —x)f(x) — (2 —z)f(z) < 2. Suy ra

(8.23)

—x°

Bai toan 8.52. Tim ham f(z) xac dinh va lién tuc véi moi > 0 va thod man
diéu kien
1. f(uw) = f(v) + f(u), Yu,v >0
2. lim f(z) =0,
z—1
3. f(x)#0,Ve>0.
Giai. Gid st f(x) #Z 0, vdi moi x > 0.

flx) = f(La) = f(1) + f(x),

suy ra f(1) =0. Lay x > 0, x, — x¢ khin — oo. Suy ra x,/xq — 1 khi n — oc.

Suy ra
lim f <$—"> — 0.
T

Vay f(zn) = f(zo, 32) = f(z0) + f(32) — f(20) + 0. Tic la

lim f(z,) = f(x0).

Tp—T0

fluww) = f(u) + f(v), Yu,v > 0. (8.24)
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Suy ra f(z") = nf(z), védi x > 0, n € N*. Do f(1) = 0 nén f(z") = nf(x)
ding khi n = 0. Hon nia, vdi moin € N* thi 0 = f(1) = f(a™,2™") = f(a") +
f@™h) =nf(x)+ f(z7"). Suy ra f(z7") = —nf(z), va

m

(@)= 7 ((#)") = ms@ ) = m ) = 2 f).
Suy ra f(z™m™) = 2 f(x), m,neZ. Do dé
f@") =rf(x), Ve >0 r Q.

Dic biet f(2") =r.f(2)=r.A, r€Q, A= f(2). Néuxz > 0 thi x = 219027 syy
ra vdi moi x > 0 thi ton tai mot day s6 hitu ty {r,}3° sao cho

lim 7, = logy x.

Suy ra
lim 2 = 2°82% = ¢
dan dén lim f(2™) = f(x), ma f(2'™) = Ar, — A.logyx khin — .
Suy ra

lim f(2'™) = A.logyx = f(x).

n—oQ

Do f(x) # 0 vdi x > 0 nén vdi moi x >0 ta c6 A #0, dat A =log,2, a >0 va
a#1, f(x) — Alog, z = log, 2.log, x = log, z. Vay

flx)=log,x, Vx>0, 0<a#1.

Bai toan 8.53. Tim f(z) xac dinh va lién tuc véi moi z > 0 va thod man diéu
kién

1. f(w) = f(u).f(v), Yu,v >0
2. lim f(2) = 1.

Giai. Ta c6 vdi moi x>0
flz) = f(Vzx) = f*(VE) > 0.

Suy ra f(x) >z, Vo > 0.
Néu ton tai xg > 0 dé f(xg) = 0 thi vdi moi x > 0 ta c6 f(x) = f(@o.35) =
fxo).f (%) = 0. Theo gid thiét ta ciing cé lirri f(x)=1. Vay f(x) > 0, vdi moi
Tr—
z > 0.
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Xét ham s6 g(x) = lim f(x), vdi moi x > 0 thod man diéu kién
9(u,v) =1In f(uw) = In(f(u).f(v)) =
=In f(u) + In f(v)
=g(u) +9(v)
va iliri g(z) =0.
Vay g(x) théa man diéu kién bai todn 8.52 & trén. Suy ra
g(z)=log,z, 0 <a#1, z>0.
Suy ra In f(x) = log, = logae. Inx. Do do
flx) =z
vdi . =log,e, (0<a#1)
Bai toan 8.54. Cho f:(—1,1) — R lién tuc va

2x
flx)=f (1 —|—:E2> , Vre[-1,1].
Chitng minh rang f(z) la ham héang.

Giai. Ta c6 dinh x, zét day so (x,)$° zdc dinh bdi

2z

— 8.25
14+ 22 (8.25)

zo=2>0, Tpy1 =

Day (x,) la day s6 tang. Suy 1a Tpi1 = Ty, hay 22,/ (1+22) > z,. T day ta cé

—1 <z, < 1. Theo bat ding thic gita trung binh cong va trung binh nhan, ta cé
2z,

Tn+l = m B
n

Do diy s6 (z,,) tang va bi chin dudi bdi 1 nén ton tai gidi han lim, o 1, =1 > 0.
Ta c6 (8.25) tuong duong vdi

- 21
e
t do ta col = 1.
Day s6
2z,
Flanin) = (1 ) = Sl

Lay f(z) = f(xo) = -+ = f(xn). Do f(x) lien tuc tréen [—1,1] nén lim f(x,)

n—oo
= f(1), hay f(z) = f(1) = ¢, vdi ¢ la hing so.
(truomg hop xog = x < 0 xét tuong tu)
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Bai toan 8.55. Tim tat ci cac ham f(z) xac dinh va lién tuc tren R — {0} va

théa man diéu kién sau
1
(f(2%) = a®)(f(x) —2) = 5 Ve #0.
Giai. Phuong trinh (8.26) tuong duong vdi
(2 f(2®) =) (af(z) —a?) = L.
Dat zf(z) — 2% = g(x), ta thu dugc

g(z*)g(z) = 1.

(8.26)

(8.27)

Suy ra g(x) # 0, vdi moi x € R. Ta ¢6 g(0) = £1 va g(1) = £1. Thay = bdi —x

vao trong (8.27) ta thu dugc

g(z*)g(—z) =1 = g(z*)g(x).

Suy ra g(—z) = g(x) trén tap doi xming qua goc toa do R. Suy ra g(x) la ham so

chén trén R, nén ta chi can xét g(x) trén tap x > 0 la di.
Xét0<xz <1, ta co

N S S
Suy ra g(x) = g(x?).
Lai co ) )
24 = _ — a((zH%) = (22
g(x%) @ g((z%)"%) = g(=™)

Suy ra g(zt) = g(2¥*). Viy ta thu duge

do lim z*" =0. Suy ra
0« 1

g(z) = lim g(z*") = g(0),

n—-4o0o

ma g(0) = £1. Suy ra g(x) = £1 = c.
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Xétx > 1, ta co

1 1 1 Lyn
g(r) = — = —— = g(a7) = --- = g(a'7)")
2
9@) ek

Qua gidi han, ta thu duge g(x) = lim ()" = g(1) vi vdi x> 1 thi lim, oo =

n—-—+00
1, suy ra g(x) =g(1) =+l =c.
Vay c = zf(x) — 22, hay f(z) = c¢/z + z, ¢ la mot hdang so.

Bai toan 8.56. Cho f:(—1,1) — R lién tuc thod méan diéu kién

f@) = f (1 i$m2> CVae(-1,1). (8.28)

Chitng minh rang f(z) la ham héang.
Giai. Xét0<x < 1. Ta cé dinh x, vét day s6 (x,)> nhu sau

1oyl m. (8.29)

o =T, Ip+l =
Tn
Day nay dugc suy ra ti viéc xét day so

2z, +1

Ty = —
1+a2

Ta chitng minh rang (z,)$° zdc dinh vdi moi n va

nlggo xn = 0. (8.30)
Tw (8.28) suy ra f(x) = f(xg) = f(x1) = -+ = f(an). Do f(z) lién tuc trén

(~L,1) nén f(x) = lim f{a,) = £(0).
Ta chitng minh day so (x,)5° bi chan.
Dé thay (2,)5° luon duong vdi moi n € N*. Ta ching minh x, < 1, vdi moi
n € N*,
Néun =0 thi xg = x < 1, ding theo gid thiét.
Gid st x < 1, ta ¢

1—\/1—JE%<1

LTk+1 = 4:17 X
k

Bat dang thite nay tuong duong véi 1—zp < /1 — z3. T day ta cé xp(xr—1) <0,

dieu nay luon ding vdi xp < 1.
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Suy ra (x,)5° la day so gidm.
Bay gio ta chiing minh day s6 (1,)5° bi chan bdi s6 0. That vat, vi (z,)$° la
day s6 gidm nén ton tei lim x, = ¢ (ta di chiing minh ¢ =0).
n—oo

Suy ra
. . 2x, +1 . 2z,
lim z, = lim ——— = lim 5
n—00 n—oo 1 4+ Tyiq n—oo 1 4 22

Tw dé ¢ = c/(1+ c?), suy ra ¢ = 0 hodc ¢ = 1. Do déy s6 gidm nén ¢ = 0, suy
ra limy, oo T, = 0. Vay day s6 (x,)$° gidm va bi chan bdi 0 vay day s6 (2,)° bi
chan.

Ta co 9

. Tn+1 _
o) = (=) = e
Suy ra f(x) = f(xpe1) = flzn) = -+ = f(x1) = f(0). Do f(z) lién tuc trén
(—1,1) nén lim f(z,) = f(0), hay la f(x) = f(0) = c vdi ¢ la mot hdang so.
n—oo

Truong hop —1 < x < 0. Ta chiing minh day s6 (x,)$° don dieu tang va bi

chdan bdi so 0.

Nhan zét. Bai toan 8.54 va 8.56 khdc nhau co ban & diéu kién nén & bai 8.54
et day $6 Tnp1 = L5, & bai todn 8.56 xét day s6 x, = 2oL sao cho day sb

14227 1+22
1—4/1—22

Tn

khong thé biang 1 duge, suy ra x, =

Bai toan 8.57. Cho f: R — R lién tuc, 0 < ¢ < 1. Gid st f thod méan diéu
kien f(x) = f(z% + ¢), Vo € R. Chitng minh ring f(x) I3 ham hing.

Giai. Nhan zét rang f la ham s6 chdn trén R. Suy ra, ta chi can zét x > 0. Xét
224+ c=2x, tic v6i 0 < ¢ < % thi ton tai hai nghiém phan biét o, B cta phuong
trinh

2 —x+c=0. (8.31)

Truong hop 1. Xét x € [0, ). C6 dinh xq, zét diy so
To =1, Tpy1 =22 +c (8.32)

Ta co
f(@ns1) = flah +¢) = f(za), V0,1,2,...,.

Suy ra
f(@) = fz1) = flz2) = - = f(an),

va f(x) lién tuc trén R. Suy ra lim f(x,) = f(z).
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Ta chimg minh (,)7° : nlg)(f)lo Tn = a. Suy ra lim f(z,) = f(a) vi f(x) liéen
tuc trén R, hay la f(x) = f(a), vdi moi x € [0,a], hay f(x) = ¢, vdi ¢ la mot
hdng so.

a) Ching minh nh—{{olo = o vdi (x,)7° wdc dinh bdi (8.52).

Ta c6 (1,)$° la day s6 ting. Xét g(x) =22 + ¢, ¢'(x) = 20 > 0 vdi x € [0, a.
Suy ra g(x) dong bién tréen [0,a]. Do dé, g(x1) > g(xo), tuong tu véi xo > x1 ta
c6 g(xe) > g(x1). Vay (z,)° la day so tang.

b) Chiing minh (x,)$° bi chan bdi o (bing phuong phdp quy nap). Vi zg =
x < a. Gid st (8.32) ding vdin =k: xp < a. Suy ra g1 = :Ei—l—c <a’+c=a
vi a la nghiém cia (8.31). Suy ra (8.32) ding vdin =k + 1.

T a) va b) suy ra nh—{go:p" = a.

Truong hop 2. Xét x € [a, (8], zét day so
To=T, Tpyl =T +c (8.33)

Chiing minh tuong tu nhu truong hop 1, (z,)° la day so giam., x, > «, suy ra
lim z, = a.
n—oo
Suy ra
f(z) = f(a), V& € [a, B].

Truong hop 8. x € [3,+00), zét day s6 xdc dinh bdi

T =20, Tpil = \VITn—C 00 Ty, = :E?LH +c. (8.34)
Chitng minh rang lim x, = f.
n—oo
Xét g(x) = /x — c. Tinh dgo ham cho ta

, 1
g(fﬂ):ﬁ

Suy ra g(x) dong bién trén 3, +0).

Ta ¢6 ©1 = \/2g — ¢ < x0, hay ©3 — z0 + ¢ > 0 luon ding do ¢ € [B, +00).
Néu z1 < xg thi day s6 (x,)° gidm.

Ta ching minh (z,)$° bi chin dudi bdi 3 bang phuong phdp quy nap. Néu
xg =z = B3, gid st x> B, xpi1 = Tk + ¢ = VB —c= [. Dieu nay luon ding
vi B la mot nghiém ciia 32 — B+c = 0. Suy ra ton tai nlg)(f)lo xn=1(>p). Tudo

>0, vdix € [B,+00).

lim z, = (. (8.35)

Ti day s6 (8.52) suy ra f(x,) = f(z2,4 +¢) = f(znt1). Lay

f(wo) = f(z1) = - = f(n).
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f(x) lien tuc trén [3,+00). Do dé

lim f(zn) = f(8),

n—oQ

hay la f(z) = f(B) = ¢, vdi c la hing so.
Phép chitng minh hoan tat.

Bai toan 8.58. Chitng minh riang khong ton tai ham s6 f : (0, — oo) — (0, +00)
thod man diéu kién

1. f(x) 1a ham s6 tang: Vo >y > 0 thi f(z) > f(y).
1
2. f (:17 v m) > 2f ().
Giai. Gid st f(x) ton tai, ta co dinh o > 0. Xét day so zdc dinh bdi

Tog=2x (8.36)

(8.37)

Diéu kién thit nhat trong dé bai cho ta

f(@ny1) = 2f(2n) 2 2(2f(2n-1)) = 22f(517n—1)

Vay ta co
flxr) = 28 f(x0) vdi moi k =0,1,2, ... (8.38)

1
T =xo+ ——

f(xo)’

To =21+ 77—,
f(z1)
1

Fla2)’

T3 =22 +

Suy ra
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T (8.88) suy ra

1 < 1
flar) ~ 2k f(xo)
Suy ra
n n
1 1 1 2
< =20+ D or =%+
P S00+ D gty T T 2 T )
k=0 k=0
v "1 1
ok 1
Pt 2 1-— 5
nen 9
Tn < a (z:no—l— >,Vn.
f (o)

Do f la ham s6 tang nén 2" f(xo) < f(xg) < f(a), vdi moi a. T day va (8.38)
ta suy ra f(a) > 2" f(xo) vdi moi n. Suy ra f(a) > oo, mau thudn vdi gid thiét
rang f(x) ton tai. Dieu mau thudn nay cho ta diéu phdi ching minh.

Bai toan 8.59. Tim tat ci cac ham f : R — R lién tuc tai = 0 v thod méan
diéu kien nf(nz) = f(x) + nw, trong d6 n > 1 14 s6 ty nhién c¢6 dinh nao do.

Giai. Chon = 0, tir dé thay gid trj nay vao biéu thic da cho, ta cé nf(0) =
F(0) 40, hay (n —1)f(0) = 0. Suy ra f(0) =0, vin > 1. Cing ti biéu thic da

cho, thay x bdi x/n thi - " T
nf (ns)= ()4

hay
nf(x) = f(%)—l—:n
Suy ra
@) = %f(%)% (8.39)

Suy ra



8.5. Sit dung gidi han dé giai phuong trinh ham 215

Trong (8.89) lai thay = bdi x/n? thi ta co

z 1 z z
1) =) e (8.41)
T (8.40) suy ra

flz) = %f (%) + fraczn® + % + g

T dé, ta cé thé ching minh quy nap theo k rdng

1 T T T T
=—f() 2 8.42
f(z) nkf (nk> + n2h—1 + 2k—3 +oot n (8.42)
Ta coé
S = L + L 4+ 4 E
k= 2k—1 " 2k—3 n
la tong cdp s6 nhan hitu han. Suy ra
1
T.= nx
Sy = n_ =
A TS |
n
Suy ra
nx
lim Sy =
e F T 2 +1’
va 1
. T
Jim 5 () = 0.5(0)

vi f(x) lién tuc tai x =0 suy ra f(z) = nx/(n? —1).
That lai, ta dude két qud ding. Vay
nx

f(z) = = , n>1, neN" zekR
ns —1

Bai tap
Bai 8.1. Tim tat cd cac ham f xac dinh va lién tuc trén R théa méan diéu kién
3 2 1
f(@?) =z f(z) = R Vo # 0.

Bai 8.2. Giasit f: R — Rlien tuc va f(z+y).f(z—y) = f*(z) véi moi z,y € R.
Chitng minh ring f = 0 hodc f khong c6 khong diém.
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Bai 8.3. Gid st f: R — R lien tuc va f(z — y).f(z +y) = f2(x).f*(y), véi moi
x,y € R. Chiing minh réng f(z) = 0 hodc f(z) khong c6 khong diém.
Bai 8.4. Tim ham lién tuc thod man

fx+y) = f(2) + f(y) + ax® + bry + cy®, Va,y € R.
Bai 8.5. Tim tat cd cac ham f : R — R lién tuc va théa man diéu kien

f@®) + f(x) =2® +x, Yz € R.
Bai 8.6. Gia stt a € R, f(z) lién tuc trén [0.1] thod man diéu kién
(0

(1

3. f(EY) = (1—a)f(z) +af(y), véi moi z,y € [0,1], x < slanty.

1. f(0)=0
2. f(1)=1

Tim cac gia tri ¢6 thé cua a.
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