PONG DU THUC

A. Kién thirc
1. Binh nghia: Néu hai s6 nguyén a va b khi chia cho sé nguyén dwong m c6 cung s6 du thi
tandi a doéng du véi b theo modun m
Ki hi¢u: a=b(modm)
- Nhu vay a=b(modm) < (a—b)m
- Hé thtic ¢6 dang a =b(modm) goi 1a mot dong du thic
Trong d6, ta co: a la vé trai, b 1a vé phai, m 1a médun
- Néu a=0(modm) thi aim
*) ChG y: Néu a chiacho b du r thi a=r(modb)
2. Tinh chat: Dya vao a=b(modm) < (a—b):m
Véi a,b,c nguyén, m 1a s6 nguyén duong, ta co:
+) Tinh chat 1: Ta c6 a=a(modm) (tinh chat phan xa)
+) Tinh chat 2: Néu a=b(modm) thi b=a(modm) (tinh chat déi xtng)
+) Tinh chat 3: Néu a =b(modm);b = c(modm) = a = c(modm) (tinh chat bac cau)
+) Tinh chat 4: Cong hai vé cia mot dong du véi cling mot so
Néu a.=b(modm) = {a+c =D +c(modm)

a—c=b—c(modm)
+) Tinh chat 5: Cong, trir tirng Vé ctia nhiéu dong du c6 cing modun

a+c=b+d(modm)

Néu a=b(modm);c=d(modm)=
( ) ( ) {a—c_b—d(modm)
+) Tinh chat 6: Nhan hai vé cia mot dong du véi cling mot sd

ac = bc(modm)

Néu ab(modm):{ , (cez)

ac = bc(modm.c)
+) Tinh chat 7: Nhan tirng vé cta nhiéu dong du c6 cing modun
Néu a=b(modm);c=d(modm) = ac = bd (modm)

M& rong: Véi a,a,,...,a, va b,b,,...,.b 14 cac sé nguyén
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Néu & =b,(modm),....a, =b, (modm) thi (a,....a,) = (b,..., )(modm)

+) Tinh chat 8: Nang hai vé cua mot dong du thuc véi ciing mét lity thira

Néu a=b(modm) = a* =b*(modm)(k € N)

+) Tinh chat 9: Chia hai vé cua mot dong du véi cing mot sé nguyén té cung nhau véi
modun

Néu ac =bc(modm);(c,m)=1=> a=b(modm)

Vidu: 20=8(mod3) = 5.4=2.4(mod3),(3,4)=1= 5= 2(mod3)

3. Dinh Iy Fermat: Vi p la s nguyén to, a 1a so nguyén ta c6: a® =a(modp)
bic biét: Néu (a, p)=1=>a"* =1(modp)

B. Mot sb wng dung cia ly thuyét dong dur

Ung dung 1: Ung dung trong bai toan chieng minh chia hét

Pinh hwéng dang toan: Bé ching minh s6 nguyén A chia hét cho s6 nguyén m ta di ching
minh A=0(modm). Y tudng la nhu vady nhung trong thuc té viéc chang minh nay khéng
phai don gian. Doi hoi nguoi 1am toan phai c6 sy quan sat tinh té va nhitng bién ddi théng

minh, ti mi m&i giai quyét tét bai toan

Bai 1: Chitng minh rang

a) 41*° —1:7 chia hét cho 7 b) 2 -2(ne N) chia hét cho 15
c) 3 —2™ chia hét cho 31 d) 24" +14" chia hét cho 19
e) 2% 115 chia hét cho 31 f) 2019® —9 chia hét cho 13

Loi gidi

a) Ta c6: 41=-1(mod7)= 41*® = (-1)"*(mod7)=1(mod7)

= 41 ~1=0(mod7) = (41°%° -1):7

b) Ta co: 2* =1(mod15) = (2*)" =1(mod15) = 2" =1(mod15) = 2*".2 = 2
= 2*" =2(mod15) = 2*""* - 2= 0(mod15) = (2" - 215

¢) Ta c6: 3° =1(mod13) = (3°)” =1(mod13) = 3® =1(mod13)
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= 3"3=3(mod13) = 3" = 3(mod13)

12

Lai c6: 2° =12(mod13) = ~1(mod13) = (2° )" =1(mod13) = 2" =16(mod13) = 3(mod13)
Do do: 3™ -2 =3-3(mod13) = 3" — 2" =0(mod13) = (3" - 2"°):13

d) Ta cd: 24="5(mod19) = 24" =5 (mod19) (1)

Lai cO: 14 =-5(mod19) = 14"" = -5 (mod19) (2)

Tir (1)(2) = 24" +14°" =5 1 (—5""")(mod19) = 0(mod19)

Hay 24" +14"" chia hét cho 19

€) Tac6: 2° =1(mod31) = (2°)" =1(mod31) = 2% =1(mod31)

= 2285 24 =1 2* (mod 31) = 2% =16(mod31) = 2%°** +15=16 +15(mod 31) = 2°°** +15 = 0(mod 31)
hay 2%%° +15 chia hét cho 31.

f) Ta c6: 2019 = 4(mod13) = 2019 = 4**° (mod13)

679

CO: 4° =-1(mod13); 2020 = 673.3+1=> 2019%% = 4** (mod13) = (4°) " .4(mod13) = —4(mod13)
2019%% —9 = -4—-9(mod13) = —-13(mod13) = 0( mod13)

Vay 20192 —9 chia hét cho 13

Bai 2: Chitng minh rang
a) 11 -1 chia hét cho 100 b) 20" —1 chia hét cho 341
c) 1991*" —1997"*® chia hét cho 10 d) 2°+2% chia hét cho 100
e) 13257 _1 chia hét cho 183
f) 1979'°™ —1981*** +1982 chia hét cho 1980

Loi giai

a) Ta ¢6: 11=-1(mod4) =11° =1(mod4) = (11 -1):4 (1)

11° = 21(mod 25) = 11* = —4(mod 25) = (112)2 = (—4)2 (mod 25) =-9(mod 25)
11°.11=-9.11(mod 25) = —99(mod 25) =1(mod 25) = 11° =1(mod 25) = (115)2 =1(mod 25)

=11° =1(mod 25) = (11° ~1):25 (2)
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Tur (1)(2) =11° -1 chia hét cho 25

b) Ta c6: 341=11.31;20 = —2(mod11) = 20" = (-2)* (mod11) = [(—2)5]3 (mod11)

= 20" =1(mod11) = 20*° -1 chia hét cho 11 (1)

Lai c0: 20° = 2(mod31) = 20" = 2°(mod31) =1(mod31) = 20" —1 chia hét cho 31 (2)
Tur (1)(2) = 20" -1 chia hét cho 341.

c) Cach 1: Chang minh hai sb c6 tan ciing giong nhau

Ap dung véi Va,k e N, ta co:

a=0(mod10)= a“ = = 0(mod10)

a=1(mod10) = a“ =1(mod10)

a=5(mod10 =5(mod10)

)= a“
a=6(mod10)=> a“ = 6(mod10)

Ap dung:
1991=1(mod10) = 1991 =1(mod10) (1)

1997 = ~3(mod10) = 1997 = (~3)"™ (mod10) 1097 =[(-3)* | (mod10) =1(mod10) (2)

Tir (1)(2) =1991°" —1997"* =0(mod10) = 1991 —~1997*** chia hét cho 10.

Cach 2: Chtring minh chia hét cho 2 va 5
Ta c6: 1991=1(mod2) =1991*" =1(mod2) (1)

1997 =1(mod 2) =1997"** =1(mod 2) (2)
Tir (1)(2) =199 ~1997*** =0(mod 2) =199 ~1997** chia hét cho 2 (3)

Lai ¢6: 1991=1(mod5) =1991* =1(mod5) (4)
1997 = 2(mod5) = 1997*** = 2** (mod5) (2)=(2*)"" (mod5)=1(mod5) (5)
T (4)(5)=1991*" —1997"** chia hétcho5 (6)

Lai c6 (2,5)=1=>1991*"" —1997"** chia hét cho 10.
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d) Ta cé: 2 =1024 =-1(mod25) = (2°) = ~1(mod 25) = 2% +1=0(mod 25) = (2% +1):25 (1)
mat khéac 2°:4 (2)

Tir (1)(2) = (2’ +2%):100

e) Ta c6: 13=1(mod3) =13 =1(mod3) = (13***™ -1):3 (1)

Lai c6: 13° =1(mod 61) = (13°

)41152263

=1(mod61) = (13" —1):61 (2)
Ma (3,61) =1=> (183%™ _1):183.

f) Ta c6: 1979 =—-1(mod1980) =1979"*" =—1(mod1980) (1)

1981 =1(mod1980) =1981'*** =1(mod1980) (2); 1982 =2(mod1980) (3)

Tir (1)(2)(3) = 1979 —1981°** 11982 = —1-1+ 2(mod1982) = 0(Mod1980)

Vay 19797 —1981*! +1982 chia hét cho 1980.

Bai 3: Chitng minh rang
a) 22 _4 chia hét cho 31
b) 2222%% 1555522 chia hét cho 7
c) 2014% —256 chia hét cho 2016

Loi giai
a) Ta c6: 2° =1(mod31);2002 = 5.400 + 2 => 2% = (2°)**.2%;2° =1(mod 31)
= (2°)*° =1(mod31)
= (2°)*° 22 =1.2%(mod 31) = 2% = 4(mod 31) = 2% —4 chia hét cho 31
b) Ta cd: 2222 = 3(mod 7) = 2222° = 3°(mod 7) = 5(mod 7) = 2222%% =5"""(mod 7) (1)
Lai cd: 5555 = 4(mod 7) = 5555° = 4% = 2(mod 7) = 5555%% = 5"""(mod 7) (2)
T (1)(2) = 2222°% +5555%% =5 4+ 2! (mod 7) (3)
Mat khac: 5=-2(mod7) = 5" = (-2)"" = 2" (mod 7) = 5" + 2" =0(mod 7) (4)
Tu (3)(4) = 2222° + 5555717
c) Ta co:
2014° = 2008(mod 2016); 2014° = 4(mod 2016) — 2014° = 2014°.2014° = 2008.4 =1984(mod 2016)
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— 2014% = (2014°)? =19842 =1024(mod 2016) = 2014% =1024° = 64(mod 2016)
— 20147 =1024° = 256(mod 2016) = 2014 — 25632016

Bai 4:

Chting minh rang: A=220"" +119%" +69%" 1102

le

Loi giai
Taco: A:2
+) 220 =1(mod3);119 = —1(mod3);69 = 0(mod 3) = A=1"" +(=1)*" = 0(mod3); A:3
+) 220 = —1(mod17);119 = 0(mod17);69 =1(mod17) = A= (—1)**" +1%°" = 0(mod17) = Ai17
Vay A:2.3.17 =102 (dpcm)

Bai 5:

Chiing minh ring: A= (7" +77):20 (c6 100 chit s6 7)

Loi giai
Taco:20=4.5
Pit B=7" (997.chu.s0.7) = A I¢
A=78+77=(-1)® +1=—-1+1=0(mod 4) (1)
Ta cé: B=(-1)(mod4) = B =4k +3(k e N");7® = 2° =2*** =168 =1".3=3(mod5)
A=3+77=80=0(mod5)(2) = A= 0(mod 20)(vi:(4,5)=1)

Bai 6: Chitng minh rang
a) 20 —1 chia hét cho 11 b) 2% +3% chia hét cho 30
C) 5557 +222%° chia hét cho 7 d) 1234% —1388 chia hét cho 2014

Loi giai
a) 2° =-1(mod11);10 = —1(nod11) =>10° = —1(mod11) = 2°.10° =1(mod11) = 20° =1(mod11)
= 20° —1=0(mod11)
b. 2° =—1(mod13) = 2% =—-1(mod13);3* =1(mod13) = 3¥ =1(mod13)
= 2% +3% =—1+1(mod13) = 0(mod13)
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C) 555 =2(mod7) = 555 = 2***(mod 7);2° =1(mod 7) = (2*)™ =1(mod 7) = 555’ =1(mod 7)
222 = -2(mod7) = 222°*° = (-2)**(mod 7)

C6: (-2)* =-Umod7) =[(-2)°* | =—L(mod 7) = 222°** = (~1)(mod 7)

= A=1-1(mod7) = 0(mod 7)

d) Ta co: 1234% = 778(mod 2014) = 1234° = 778° =1500(mod 2014)

— 12347 =1500° =1234(mod 2014) = 1234%12347" = 778.1234(mod 2014)
—1234% =1234.1234.778 =1388(mod 2014) = (1234% —1388): 2014

Bai 7: Str dung dinh li Fermat nho
Chung minh ring: A=10° +10" +10' +...+10° —-5:7

Loi giai
Vi 7 12 s6 nguyén t6 nén (7,10) =1 nén theo dinh ly Fermat nhé ta c6:
10° =1(mod7) =10%* =1 =1(mod 7)
Véi moi sb ty nhién n khac 0 thi: 10" +2 =1000....02:2,3 = (10" + 2):6 = 10" = 4(mod 6)

n-1
Pat 10" =6k +4(k e N) =10 =10°** =10%*.10* =1.1* (mod 7) = 10* (mod 7) = 10° = 10* (mod7)

10 =10*(mod7);10"°° =10*(mod 7).......;10°" =10*(mod7) = A=10.10* —~5=0(mod7) = A:7

Bai 8: Str dung dinh li Fermat nho
Chting minh rang: A=14+2% 1 3% | 11331111

Loi gidi
Vi 11 14 s6 nguyén t6 nén theo dinh ly Fermat nho ta co: a'* =11(mod11),va e Z
= a” = (a")" =a" =a(mod11) = a™*" = (a"*")"' = a"*(mod11) = a(mod11)

Ap dung két qua trén ta duoc:

193 4 2% 4 41331 =1+ 2 +....+1331=886446 = 0(mod11) = A‘ll

Bai 9:
Chang minh rang: A= (22%" —22):3234

Loi gidi
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Ta co: 3234=3.22.7°

+) Co: A=0(mod22)

+) 22 =1(m0d3) = 22% =1(mod3)

+) 22=1(m0d7) = 22% =1* =1(mod 7) = 22% =7k +1

A=22" —22=22(22™ ~1) = 22| (22")" —1] = 22.(22 ~1)[ (22)° +(22")° +...+ 22" +1]
+) 22=1(m0d7) = 22* =1 =1(mod 7)

bat B=(22)°+(22)° +...+ 22 +1=B =1+...+1=7=0(mod7) = A=0(mod49)

7.chu.so.1

Vay A=0(mod3.22.49) = dpcm.

Bai 10:

Chting minh rang A=7.5*"+12.6" chia hét cho 19 v&i moi s6 ty nhién n

Loi giai
Tacod: A=75"+12.6"=7.25"+12.6"
Lai c6: 25=6(mod19) = 25" =6"(mod19) = 7.25" = 7.6"(mod19)
—7.25" +12.6" =7.6" +12.6" (mod19)
= 7.25" +12.6" =19.6" =0(mod19) = A=7.5"+12.6"19, Vne N

Bai 11:
Chting minh rang A=4>"4+3"2:13 vVne N

Loi giai
Ta c6: 42 =3(mod13) = (4%)" = 3"(Mod13) = 4.(42)" = 4.3"(mod13) = 4> = 4.3"(mod13) (1)
Lai cO: 3% = —4(mod13) = 3".32 = —4.3"(mod13) = 3" = —4.3"(mod13) (2)
= 47" 13" =4.3" —4.3" =0(mod13)

— A=4*""113"213 VYne N

Bai 12:
Chting minh rang: a® =a(mod30)vaeZ

Loi giai
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Taco: 30=2.35-6.5a’-a=a(a*-1)=a(@-n(@°+1) =a(a-1)(a+1)(a*+1)

6

Ta can chiing minh : a° =a(mod5)

+) Néu a =0(mod5) = a° = 0= a(mod5)

+) Néu a =+1(mod5) = a’° = (+1)° = a(mod5)

+) Néu a = +2(mod5) = a° = (+2)° = +32 = +2 = a(mod5)

Vay a’ =a(mod5) = a® = a(mod p)

Bai 13:
Chtang minh rang: A=1"+2"+3"+4"5<nl4(neN")

Loi giai
+) n=4k = A=1+16* +81" + (-1)*

+) n=4k +1= A=1+16*2+81 3+ (-)*.4=1+2+3+4=10=0(mod5)

+) n=4k+2= A=1+16*2° +813* + (-1)*.4° =1+ 4+9+16 =30 = 0(mod 5)
+) n=4k+3= A=1+16"2°+813 + (-D)*.4° =1° + 4* + 22 + 32 = 0(mod 5)
Vay A ludn chia hét cho 5 khi n khong chia hét cho 4

Bai 14:
Chtrng minh rang: A= (2°™° +3"25"):17,vne N”

Loi giai

Taco: A=32"8+9.3"5"=15"8+9.15" =17.5" =0(mod17)

Bai 15:
Chung minh rang: A=n"-n?+n-1:B=(n-1)?vneN,n>1

Loi giai
Taco: A=n"-n*+n-1=n*(n"?-1)+(n+1)
+) V6i n=2 ludén dung

+) Xétvai n>2
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A=n*(n=-)(n"°+n"* +...+n+1)+(n-1)
A=(n—l)[nz(n"‘s+n“‘4+....+n+1)+1}
C
n=1(modn-1) - n* =1(modn—-1),vk e N
Taconhanxetsau: _ nz (3 ™44 4 n4+1)=1.(1+....+ 1)(modn —1)=n— 2(modn — 1)

Cc-1

=C=n-1(modn-1) = C:(n-1) = Ai(n-1)°>,vn>2

Bai 16: Dung dinh ly Fermat
Cht:ng minh rang:
a) 2222%% 1 555522 chia hét cho 7
b) 18907 +1945%% + 2017%* chia hét cho 7
C) 19612 +1963* +1965® + 2 chia hét cho 7

Loi giai
a) Cach 1:
Ta c6: 2222 =3(mod7) = 2222%% = 3**(mod7)

Ap dung dinh Iy Fermat ta c6: 3" =1(mod7) = 3° =1(mod7)

925

55555 = 6.925+5 = 3% = (3°).3° =3°(mod 7) =5(mod 7) (1)

Lai ¢6: 5555 =4(mod7) = 55557 = 4% (mod7)

Ap dung dinh Iy Fermat ta c6: 4" =1(mod7)=>4° =1(mod7)

2222=6.370+2 = 4942 = (4°) " 4% = 4% (mod 7) =2(mod 7) (2)

Tir (1)(2) = 2222%% + 55552 =5+ 2(mod 7) = 0(mod 7) = 2222%% + 55557 chia hét cho 7.
Céach 2: Ta c6 2222 =3(mod7)=>2222" =3*(mod7) <> 2222" =81=4(mod7)

Nhu véy ta dugc 2222° =3.4=5(mod7) = 2222** =5""(mod7)

Tuong tu ta c4: 5555”% = 2" (mod 7)

Tir d6 ta dugc A=5"" 42" (mod7)=0(mod7)

Vay A chia hét cho 7

——
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b) Ta c6: 18907:7 =1890™ =0(mod7) (1)

1945:6(mod 7) = 1945™"° = 62*°(mod 7) = (1) (mod 7) = ~1(mod 7) (2)

2017 =1(mod7) = 2017*"* =1(mod7) (3)

Cong (1)(2)(3) theo vé ta duoc:

1890 +1945™ + 2017°** = 0+1-1(mod7) = 0(mod 7) = (1890" +1945™° + 2017 ):7
c) Ta c6: 1961=1(mod7)=1961""" =1(mod7) (1)

1963 =3(mod 7) = 1963 =3 (mod 7) =(3*)" .3? (mod 7) =2(mod7) (2)

1965 =5(mod 7) = 1965*%° =5"** (mod 7) =(5°)" .5(mod7) =-5(mod7) (3)

Cong (1)(2)(3) theo Vvé ta duoc:

1+2+(-5)(mod7) =-2(mod 7) = 1961*** +1963"*** +1965"** +2 chia hét cho 7.
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BAI TAP TU LUYEN

Bai 1: Chitng minh rang

a) 5" +2™* 42" chia hét cho 23 b) 112 +12°™* chia hét cho 133
c) 5% +26.5" +8" chia hét cho 59 d) 5722 437222 chia het cho 38
e) 132 +14%" chia hét cho 183 f) 22" +3™ chia hét cho 5

g) 7.5 +12.6" chia hét cho 19

Loi giai
a) Ta co: 5™ =525 = 25"5 = 2"5(mod 23) (1)
24 = "2 = 216 = 2".16(mod 23) (2); 2™ =2".2=2".2(mod 23) (3)
Cong (1)(2)(3) theo Vé ta dugc:
=52"+16.2" +2.2" (mod 23) = (5+16 +2).2" (mod 23) = 0(mod 23)

— 52 4 9™ 1 o chia hét cho 23.

b) Ta co: 11" =11".121=-12.11"(mod133) (1); 12*"* =144"12 =11"12(mod133) (2)
Tir (1)(2) =112 +12" = -12.11" +12.11" (mod133) = 0(mod133)

Vay 11™2 +122™ chia hét cho 133.
c) Tacd: 5" =5"25=25.5"(mod59) (1); 26.5" = 26.5"(mod59) (2)

8! =8 8 =64".8=5"8(mod59) (3)

Tur (1)(2)(3) = 5" +26.5" +8”"" = 25.5" +26.5" +8.5" (M0d59) = 0(mod59)
d) Ta cd: 5°".2"2 = 25"5.2".4 = 20.50" = 20.12" (mod 38) (1)

311222 =31.9.4".2=18.12" =18.12" (mod38) (2)

= 522" 137222 = 38,12" (mod 38) = 0(mod 38)

Vay 52%2m2 1 32 220 chig hét cho 38.

e) Ta co: 13" =13"13* =169.13" =169.13" (mod183) (1)

147 = (14%)" 14 =196".14 =14.13" (mod183) (2)

Cong (1)(2) theo vé ta dugc: 13" +14*"* =183.13" (mod183) = 0(mod183) =132 +14*™
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Chia hét cho 183.
f) Ta co: 2*™ =-3"""(mod5) = 22" + 3" = 3" + 3™ (mod5) = 0(mod5)

g) Tacé: 7.5 =7.25 "=7.6"(mod19) = 7.5” +12.6" = 7.6" +12.6" (mod19)

= 7.5 +12.6" =19.6" (mod19) = 0(mod19) = 7.5 +12.6" chia hét cho 19.

Bai 2:

Chang minh ring 19242°™" 11920 chia hét cho 124 véi moi n 13 s6 nguyén duong

Loi giai
Dat 19242%™" 11920 . Khi d6 chting minh duoc A chia hét cho 4

n
32004

Tac6 1924 =2(mod31) = A=2""" —2(mod31)

Mt khac ta cd 2004”4 = 2004" =4k va 20032 =2003" voi k 1a s6 nguyén duong.
Vi 2003 =3(mod5) = 2003* =3* =81 =1(mod5)

Do d6 2003 =1(mod5) hay 2003 =5m+1 véi m la s6 nguyén duong
Nhu viy ta cé 2% =2 =2,(2°)" =2(mod31)
Diéu ndy c6 nghia A=0(mod31)

Ma ta co (4,31)=1= A chia hét cho 124 véi moi s6 nguyén duong n.
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DANH CHO HQC SINH LOP 9 VA THI CHUYEN

Bai 1:
Cho n la mét s6 nguyén duong. Chiing minh rang sé6 A=2"+6"+8"+9" chia hét cho 5 khi
va chi khi n khdng chia hét cho 4

Loi giai
D& thy voi moi s6 nguyén duong n tacd A=(2"+1"+3"+4")(mod5)
Vi thé A chia hét cho 5 khi va chi khi 1+ 2" +3" +4" chia hét cho 5
Véi moi sé nguyén duong n ta ludn c6 biéu dién n=4t+r véi t 1a mot sé tu nhién va
re{0;1,2;3}. Trdo tacod: 1+2" +3" +4" =1+2 + 37 14 =1116'2" +81.3 +256'4"
Dé y rang 16 =1(mod5);81=1(mod5); 256 =1(mod5)
Do d06 tir hé thire trén ta duoc: 1+2"+3" +4" = (1r +2"+3 +4r)(m0d5)
+) Néu r=0=1"+2"+3"+4" =4(mod5)
+) Néu r=1=1"+2" +3" +4" =10(mod5)
+) Néu r=2=1"+2"+3 +4" =30(mod5)
+) Néu r=3=1"+2"+3" +4" =100(mod5)
Nhu vay A chia hét cho 5 khi va chi khi r e{1;2;3}, diéu nay dong nghia véi viéc n khong
chia hét cho 4.

Bai 2:
Chang minh rang véi moi s nguyén n>1 thi A=n"—n?+n-1 ludn chia hét cho da thic

B=(n-1)

Loi giai
Nhan thiy véi n=2 thitacd A=1va B=1 nén A ludn chia hét cho B
Vi n>2 thitaco

A=n"-n’+n-1= nz(n”’2 +1)+(n—1): nz(n—l)(n”’3 +n"* +...+n+1)+(n—1)

=(n —1)(n”‘1 N2 4. +n? +l)

——
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Taco n=1(modn—1)=n“=1(modn-1)
Nhu vay ta co n"* +n"? +...+n*=n—-2(modn—-1)=n"" +n"? +..+n*+1=n—-1=0(mod n—-1)
Diéu nay din d&én (n —l)(n”‘3 +n"+..4n +1) = O(mod(n —1)2)

Hay ta dugc A luén chia hét cho B

——
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Dang 1: Tim sé du ciia phép chia

Cach giai: Gia st tim s6 du cia A cho m ta lam nhu sau:

Buéc 1: Timsé x sao cho 0<x<m dé A=x(modm) (x la sb du cua A chiacho m)

Budc 2: Két luan

Bai 1: Tim s6 du
a) 92* cho 15 b) 1944 cho 7
c) A=1532°-1cho 9 d) A=3" cho 13
e) A=5"+7 cho 12 f) A=3"%4+4%" cho 11 va 13
Lo giai

a) Ta thay 92 chia cho 15 du 2

= 92 = 2(mod15) = 92* = 2*(mod15) (1)

Lai c6: 2* =1(mod15) = (2*)* =1®(mod15) = (2*)*.2% = 4(mod15) < 2** = 4(mod15) (2)
Tu (1)(2) = 92* chia 15 du 4.

b) Ta c: 1994 = —2(mod 7) = 1994%% = (—2)**(mod 7)

Lai cO: (=2)° = —1(mod 7) = (=2°)°.(~2) = (~2)(mod 7) < (~2)*™® = —2(mod 7)

=>1944"%® chia cho 7 du 5

c) Ta co:

1532 = 2(mod9) = 1532° = 2°(mod9); 2° = 5(mod 9) =>1532° = 5(mod 9) =>1532° —1 = 4(mod 9)
Vay sd dula: 4

d) Ta c6: 3° =1(mod13); 2003 = 3.607 + 2 = 3°® = (3°)*’.3?

3 =1(mod13) = (3°)™ =1%7 = (F)*".3? =9(mod13) = s6 dur 13 9

e) Ta co: 5% =1(mod12) = (5°)* =1(mod12) <> 5° =1(mod12) (1)

77 =1(mod12) = (7°)® =1*(mod12) < 7*° =1(mod12) (2)

Tu (1)(2) = A=5"°+7" chiacho 12 du 2

f) Tacod: 3° =1(mod1l) = (3°)*" =1(mod11);4°> =1(mod11) = (4°)*" =1(mod11)

— A=3%% 1 4% = 2(mod11) = b du 14 2

——
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+) 3° =1(mod13) = (3°)**.3=1.3(mod13) = 3*** = 3(mod13);4° = —1(mod13)
= (4°)*® .4 =1.4(mod13) = 4**® = 4(mod13) = A =3""" +4*® =7(mod13) = sédula’

Bai 2:
Timsé du A=776"° +7777"" + 7787 chiacho 3 va 5

Loi giai

Taco: 776 = —1(mod3) = 776" = (-=1)""®(mod 3) = 776'"® =1(mod 3)

777 =0(mod3) = 777" =0(mod3); 778 =1(mod3) = 778" =1(mod3) = A chia 3 du 2

+) Lai c6: 776 =1(mod5) = 776""° =1(mod5);777 = -3(mod5) = 777" = (-3)"" (mod5)

778" =3 (mod5) = A=1-3"" + 3" (mod5) = A=1+3.3""" —37 (mod5) =1+ 3" (3—1)(mod5)
=1+2.3"""(mod5);3* = —1(mod5) = (3%)**.3=3(mod5) = A=1+2.3=2(mod>5)

Vay A chia 5 du 2

Bai 3:
Tim s6 du trong phép chia A= (1997"°® +1998"% +1999%°)° cho 111

Loi giai
Ta c6: 1998 = 0(mod11);1997 = —1(mod11) — 1997 =1(mod11);1999 = 1(mod11)
=1999%° =1(mod11) = A= (1+0+1)" =2"° =1024 = 25(mod111) = A chia 111 du 25.

Bai 4:
Gia sir a,,a,,....a,, | cac s6 ty nhién théa man : a, +a, +a, +...+a,, =5*. Tim s6 du khi chia

A=a’ +a +..+a, cho 30

Loi giai
Taco: a® =a(mod30),VaeZ = A=a +a +...+ 8, =8 +a, +...+ &, =5 (mod 30)
C6: 5=-1(mod6) = 5% =1(mod6) = 5% = 25(mod 6)
Mt khéc: 5'° = 25(mod5); (5,6) =1=5'® = 25(mod30) . Vay s6 du 1a 25

——
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Dang 2: Tim chir sé tan cung cia mt sé

Bai 1:
Tim chit s6 tan cing cua:
a) 1677 b) 14+ o) [(4)]
Loi giai

a) Ta co: 167 = 7(mod10) = 1672 = 7°°°(mod10)

Lai c6: 72°° = 49" = (—1)"*® = —1(mod10)

Vay 7% cétancung la 9

b) Ta cé: 14*" = 44 (mod10);4* = (16)**(mod10) = 4" = 6% (mod10) = 4**** = 6(mod10)
Vay tan cung la 6

c) 4°%" =16>>" =6>*"(mod10) = 4>*" = 6(mod10) = 4>*" ¢4 tan cung la 6.

——
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