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A-1 Let S be a setof real numberswhich is closedunder
multiplication(thatis, if a andb arein S, thensois ab).
Let T and U be disjoint subsetf S whoseunion is
S. Giventhatthe productof ary three (not necessarily
distinct) elementsf T' is in T andthatthe productof
ary threeelementof U is in U, shov thatat leastone
of thetwo subsetd", U is closedundermultiplication.

A-2 For whatpairs(a, b) of positive realnumbersdoesthe

improperintegral
/ (\/\/:U+a—\/_— \/\/_—\/a:—b) dx
b
corverge?

A-3 The numberd; d; . .. dy hasnine (not necessarilydis-
tinct) decimaldigits. The numbere;es ...eq is such
thateachof thenine9-digit numberdormedby replac-
ing justoneof thedigits d; is did> . . . dy by thecorre-
spondingdigit e; (1 < ¢ < 9) is divisible by 7. The
numberf; fs ... fo is relatedto ejes . . . eg is the same
way: thatis, eachof theninenumberdormedby replac-
ing oneof thee; by the corresponding; is divisible by
7. Shaw that, for eachi, d; — f; is divisible by 7. [For
exampleif dids . ..dy = 199501996, theneg maybe?2
or 9, since199502996 and199509996 are multiplesof
7.]

A-4 Supposeave have a necklaceof n beads.Eachbeadis
labeledwith anintegerandthe sumof all theselabels
isn — 1. Prove thatwe cancutthe necklaceto form a
stringwhoseconsecutie labelszy , zs, - . . , 2, satisfy

k
dwi<k-1  for k=1,2,...,n
i=1

A-5 Letxy,,,.. ., 2, bedifferentiable(real-valued)func-

tionsof asinglevariablef which satisfy
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W = Qp1T1 + ap2T2 + -+ + CppTn
for someconstantsa;; > 0. Supposethat for all 1,
z;(t) — 0 ast — oo. Arethefunctionsz,, zs, ..., z,

necessariljinearly dependent?

A-6 Supposehateachof n peoplewritesdown thenumbers
1,2,3in randomorderin onecolumnof a3 x n matrix,
with all ordersequally likely and with the ordersfor

differentcolumnsindependenbf eachother Let the
row sumsa, b, ¢ of the resultingmatrix be rearranged
(if necessaryjothata < b < ¢. Shaw thatfor some
n > 1995, it is at leastfour timesaslikely that both
b=a+1landc=a+ 2asthata=b=c.

B-1 For apartitionw of {1,2,3,4,5,6,7,8,9}, let w(z) be
thenumberof elementsn the partcontainingz. Prove
thatfor ary two partitionsw and«’, therearetwo dis-
tinct numbersz andy in {1,2,3,4,5,6,7,8,9} such
thatm(z) = n(y) andn’'(z) = #'(y). [A partition of
asetS is acollectionof disjoint subsetgparts)whose
unionis S.]

B-2 An ellipse,whosesemi-axeshave lengthsa andb, rolls
without slippingon thecurve y = ¢sin (£). How are
a, b, c related giventhatthe ellipsecompletesonerev-
olutionwhenit traversesoneperiodof thecurve?

B—3 To eachpositive integerwith n? decimaldigits, we as-
sociatethe determinanof the matrix obtainedby writ-
ing thedigitsin orderacrosgherows. For example for

8 6\ _

17

50. Find, asa functionof n, the sumof all the determi-

nantsassociateavith n2-digit integers. (Leadingdigits

are assumedo be nonzero;for example,for n = 2,

thereare9000determinants.)

n = 2, totheinteger8617we associatelet

B—4 Evaluate

of2207 -

Expressyouransweiin thefort I—b‘/E,Wherea b,c,d
d s Uy Ly
arei tﬂjers.

B-5 A gamestartswith four heapof beanscontaining3,4,5
and6 beansThetwo playersmove alternately A move
consistof takingeither

a) onebeanfrom aheap providedatleasttwo beans
areleft behindin thatheap,or
b) acompleteheapof two or threebeans.
The playerwho takesthe last heapwins. To win the

game,do you want to move first or second? Give a
winning stratey.

B-6 For a positive realnumberea, define
S(a) ={|nal :n=1,2,3,...}.

Provethat{1,2,3,...} cannotbeexpresseasthedis-
joint union of threesetsS(a), S(3) and S(vy). [As
usual,|z] is thegreatesinteger< z.]



